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Properties of Bott manifolds and cohomological rigidity

SUYOUNG CHOI
DONG YouPr SUH

The cohomological rigidity problem for toric manifolds asks whether the integral
cohomology ring of a toric manifold determines the topological type of the manifold.
In this paper, we consider the problem with the class of one-twist Bott manifolds to
get an affirmative answer to the problem. We also generalize the result to quasitoric
manifolds. In doing so, we show that the twist number of a Bott manifold is well-
defined and is equal to the cohomological complexity of the cohomology ring of the
manifold. We also show that any cohomology Bott manifold is homeomorphic to a
Bott manifold. All these results are also generalized to the case with Z ;) —coefficients,
where Z,) is the localized ring at 2.

57525; 22F30

1 Introduction

A class M of closed manifolds is said to be cohomologically rigid if any two elements
M, N € M are homeomorphic whenever their cohomology rings are isomorphic.
One of the interesting problems in toric topology is to determine whether the class
of toric (or quasitoric) manifolds is cohomologically rigid. A quasitoric manifold is
a topological analogue of a toric manifold, which was first introduced by Davis and
Januszkiewicz [7] (see also Buchstaber and Panov [2]).

Since the class of toric or quasitoric manifolds is too large to handle, it is reasonable to
restrict our attention to a smaller but interesting subclass of manifolds. Namely, we
would like to restrict our focus to Bott manifolds or cohomology Bott manifolds.

A (complex) Bott tower {Bj | j =0,...,n} of height n (or an n—stage Bott tower) is
a sequence,

Tn Tn—1 F%) T .
(1-1) B,— B, — +--—> By — By = {a point},

of manifolds B; = P(C®&;_1), where £;_; is a complex line bundle over B;_; for
each j =1,...,n. In this case we call B; the jth stage Bott manifold of the Bott
tower. A smooth manifold M diffeomorphic to the top stage B, of a Bott tower is
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also called a Bott manifold, and, in this case, {B; | j =0, ...n} is called a Bott tower
structure of M .

The Bott towers was first introduced by Bott and Samelson [1] and later named a Bott
tower by Grossberg and Karshon [8]. Bott manifolds are known to have algebraic torus
actions; hence, they constitute an important family of toric manifolds. A cohomology
Bott manifold is a quasitoric manifold whose cohomology ring is isomorphic to that of
a Bott manifold.

The question we are interested in here is whether the class of (cohomology) Bott
manifolds is cohomologically rigid. So far, there is no counter example to the question,
but some positive results. Masuda and Panov considered the problem and showed that
any n-stage Bott manifold is diffeomorphic to the trivial Bott manifold (C P1)" if its
cohomology ring is isomorphic to that of (CP!)".

The notion of Bott tower was generalized to a generalized Bott tower by the authors
and Masuda [4], which is an iterated complex projective space bundles obtained from
the projectivization of the sum of line bundles over the total space of the lower stage
bundle, and the result of Masuda and Panov [12] was extended to generalized Bott
manifolds by the authors and Masuda [5]. Furthermore, any three-stage Bott manifolds
and two-stage generalized Bott manifolds are shown to be cohomologically rigid there.

Davis and Januszkiewicz [7] also introduced a real analogue of a quasitoric manifold
called a small cover. However, for small covers, the corresponding cohomology rings
are with Z,—coefficients. Moreover, we can define a real Bott tower to be iterated
R P! bundles, and a generalized real Bott tower is defined similarly. So one might
ask a similar cohomological rigidity question on whether two real Bott manifolds are
homeomorphic if their mod 2 cohomology rings are isomorphic. This is shown to be
true recently by Kamishima and Masuda [10] (see also the paper by the first author,
Masuda and Oum [3]). However, the same question for generalized real Bott manifolds
is not true, see Masuda [11].

However, not much is known about the cohomological rigidity of Bott manifolds whose
cohomology rings are not isomorphic to that of the products of C P!. In this article
we consider a special type of Bott manifolds. The twist number of a Bott tower (1-1) is
the number of nontrivial topological fibration n;: B; — B;_; in the sequence. Since
a Bott manifold may have more than one different Bott tower structure, the twist
number of a Bott manifold may not be well-defined. However, we show in Theorem 3.2
that the twist number of any Bott tower structure for a Bott manifold M is equal to
the cohomological complexity of M, which is the number depending only on the
cohomology of M . See Section 3 for the definition of cohomological complexity of a
Bott manifold. In particular, the twist number of a Bott manifold is well-defined.
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We prove in Theorem 5.2 that the class of one-twist Bott manifolds are cohomo-
logically rigid. Moreover, this result is extended to quasitoric manifolds whose Z—
cohomology rings are isomorphic to those of one-twist Bott manifolds in Theorem 5.4.
Theorem 5.4 is an immediate consequence of Theorem 5.2 together with Theorem 3.2
and Theorem 4.2.

A BQ-algebra of rank n is defined by Masuda and Panov [12]. In particular, the
cohomology ring of any n—stage Bott manifold is a BQ-algebra of rank »n over Z.
Theorem 4.2 says that the converse is also true; namely, any BQ-algebra of rank n over
Z is the cohomology ring of an n—stage Bott manifold.

It was proved by the authors and Masuda [5] that the class of three-stage Bott manifolds
are cohomologically rigid. An immediate consequence of this result together with
Theorem 4.2 is Theorem 4.3, which says that the class of 6—dimensional quasitoric
manifolds whose cohomologies are BQ-algebras over Z is cohomologically rigid.

So far, all the cohomology rings that we studied are cohomologies with Z coefficients,
but by careful observation of the proofs we can see that the same conclusion can be
derived with the 2-localized Z,)—coefficients. This is discussed in Section 6.

Throughout this paper, the integral cohomology ring of X is denote by H*(X') instead
of H*(X:Z) for simplicity.

2 A sum of two line bundles over Bott manifolds

Let {Bj = P(C®&;_1) | 0 < j < n} be a complex Bott tower of height n. By
the standard results on the cohomology of projectivized bundles, we can see that
the cohomology of B; is a free module over H*(Bj_;) on generators 1 and x; of
dimensions 0 and 2, respectively. The ring structure of H*(Bj) is determined by a
single relation,
X7 =c1(-1)x;.

where x; is the first Chern class of the line bundle y; that is the pull-back bundle of
the tautological line bundle of P(C @ &;_) = B; via the projection B, — Bj. Since
c1(§j-1) € H2(Bj_1), we can write

j—1
fi=caE-) =Y cjxi.
i=1
Therefore we have the ring isomorphism

@2-1) H*(Bp) = Z[x1,....xal/ I,
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where I = (xj(x; — fj)|j=1,...,n) and f; = Z{:_ll cijx; with deg x; =2 for all
j . Since complex line bundles are distinguished by their first Chern classes, the Bott
manifold By is determined by the above list of integers (¢;j | 1 <i < j <n).

It is convenient to organize the integers ¢;; into an nXxn upper triangular matrix:

0 cip - cin

(2-2) A= 0

"o Cp—1n

0

We call it the associated matrix of the Bott tower.

One of the basic questions in vector bundle theory is to determine when two bundles
with equal characteristic classes are isomorphic. In particular, we would like to know
the answer to the following question. Let & and 1 be sums of k complex line bundles
over a generalized Bott manifold B. Are two bundles & and n isomorphic if their total
Chern classes are equal? The answer is ‘yes’ when B is a generalized Bott tower and
n is the trivial bundle, see the paper [5] by the authors and Masuda. In this section, we
provide two more affirmative answers to the question. They are Proposition 2.4 and
Proposition 2.5. We first need the following lemma. We sometimes confuse a Bott
tower with its top stage Bott manifold when they are clear from the context.

Lemma 2.1 If B, is a Bott tower with the associated matrix

0 cip -+ cin
0
A =
T Cn—1n
0
such that ¢xy41 = Ciik+2 =+ = Ckn = 0, then By is diffeomorphic to a Bott tower
with the associated matrix
(0 1z - Clke1 Clkg1 G2 o € k)
0 -+ Cok—1 Cokt1 Ck4+2 7 Cop Cok
0 Ch—1k+1 Ck—1k+2 *** Ck—1n Ck—1k
A = 0 Ck+1k+2 *** Ck+in O
0 . . .
v Cp—1n 0
0 0
0
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Proof Note that this lemma can be seen by the fact that B, and Bj, are diffeomorphic
if two associated matrices are conjugated by a permutation matrix, see the paper [4] by
the authors and Masuda, or Masuda and Panov [12]. It is obvious that

A'=PAPT,
where P is the permutation matrix corresponding to a permutation

(1,2,....k—1.n k. k+1,...,n—1). O

The following lemma is a special case of Lemma 2.1, but since it will be used several
times later, we state it as a separate lemma.

Lemma 2.2 Let B, and B;, be two n—stage Bott towers. If the associated matrices to
them are

0 « x by 0 « x a; b
P : -
0 bp—z an—2 and 0 an— bp— |-
0 0 0 0
0 0

respectively, then By, and B, are diffeomorphic.

Consider an n—stage Bott tower as in (1-1) and a k —stage Bott tower {BJ’. lj=1,...,k}
for k <n. Assume there is a diffeomorphism f: Bl/C — By, . Then, a new Bott manifold
Bl/C 4 can be obtained by the pull-back of the fibration 7y 1: Bxy; — By via the
diffeomorphism fj . Then, the induced map fy;: B,’C +1 > Bi+1 is adiffeomorphism.
By inductive application of the above construction, we can obtain a new n—stage Bott

tower {B]’. | j=1,...,n} such that By is diffeomorphic to B, forall L=k +1,...,n.

Therefore, { BJ/. | j =1,...,n} is another Bott tower structure for the Bott manifold
B, = B;,.

Lemma 2.3 Let {Bj | j = 1,...,n} be an n—stage Bott tower whose k th stage
fibration my: By — Bj_; is topologically trivial. Then, there is another Bott tower
structure {BJ/ | j =1,...,n} for the Bott manifold B, , whose associated nxn matrix

has the zero vector for its k th column.

Proof Note that By is diffeomorphic to By_; x CP! = P(C @ C), where C is the
trivial complex line bundle over By _;. Then, B, = P(C®C) — By_; — ---— By
is a k—stage Bott tower with B] = By, . By the above argument, we can find another
Bott tower structure {B]’. | j =1,...,n} for the Bott manifold B, whose associated
nxn matrix has the zero vector for its kth column. a
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For example, consider the 3—stage Bott tower B3 — B, — B{ — By with the associated
matrix

2a b

0 c

000

Then, B, — By — By is a 2—stage Bott tower with the associated matrix

0 2a

0 0)°
and B, is a Hirzebruch surface. It is well-known that B, — B; is topologically a
trivial fibration so that B, is diffeomorphic to B} = C P'xCP!'=P(C®C), where
C is the trivial complex line bundle over C P!. Therefore, the Bott manifold B; has

another Bott tower structure Bg — Bé — B; — By whose associated 3 x 3 matrix
has the zero second column. More precisely, its associated matrix is

0
0

00 b+ac
00 c
00 0

Proposition 2.4 A sum of two line bundles over a Bott manifold is trivial if and only
if its total Chern class is trivial.

Proof Let B, be a Bott manifold with the associated matrix

0 cip -+ cCin

A= 0

"o Cn—1n

0

As before, let x; be the first Chern class of the line bundle y;, that is, the pull-back

bundle of the tautological line bundle of P(C@®&;_;) = B; via the projection B, — B;.
Let fj = Z{;ll ¢ijx;. For an element « € H 2(By), let y* be the complex line bundle
over B, with ¢; (y%) = a. Let &£ = y® & y# be the sum of two line bundles such that
c(¢()=1,and o = Z};l ajx; and f = Z;‘l=1 bjxj. Then,

1=c(€) =c(y®ey?)
= +a)(1+p)
=14+ (a+p)+ap.
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Therefore, a + B = 0 and aff = 0, which implies «> = 0 in H*(B,). On the other
hand,

a? =0in H*(B,),

n n
& Xz(aj)g)2 + Z 2aja;ixjx; = Xlaj?(x]2 — /jxj) as polynomials,

j=1 1<i<j<n j=1
2-3) <« aJZ-Cl‘j = —2aja; forall i < j.
Thus, £ = y* ® y~¢ with o = Z;'l=1 ajxj € H*(By) and ajz.c,-j = —2aja; for all
1<i<j=<n.

Now, we prove the proposition by induction on n. If n = 2, then the dimension of & is
equal to the dimension of Bj, so we are in the stable range. Hence, the total Chern
class classifies the complex vector bundle, so the proposition is true for n = 2. Assume
the lemma is true for B,_{. We now prove the lemma for B,,. These are three cases
to consider

Casel a, =0.

In this case, £ = 7,y (1)), where n=y* @y~ over B,_;. By the assumption, c(n) =1,
and by the induction hypothesis, 7 is trivial. So is &.

Case2 a, # 0 and a; = 0 for some k < n.

We may assume that ¢; # 0 forall i > k. By (2-3), ajz.cij =—2aja; forall i < j. Hence,
a,szckkH =—2ayp4gay forall 0 <€ <n—k. Since ay4¢#0 and a =0, cxx+¢ =0
for all £. Thus, cxr4+1 = Ckk+2 =+ = cxn = 0. Hence, B, is diffeomorphic to a
Bott manifold B;, with A’ in Lemma 2.1 as the associated matrix.

Let {x1,...,x,} and {y1,..., yn} be ordered generator sets of H*(B,) and H*(B;,)
respectively, as in (2-1). Let p: B, — By, be the diffeomorphism as indicated in the
proof of Lemma 2.1. Then, we can see that

p*(x1) = 1

P (Xk—1) = Vk—1
P*(xk) = Vn
P (Xk41) = Vi

,O*(Xn) = JYn—1-
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Therefore, p* () = a1y1 ++*+dg—1Vk—1 + ak+1Vk +* +anYn—1 + ag yn. Since
c(y*@®y %) =0in H*(By), c(p*(y*®y %)) =0 in H*(B,). Since ay =0 from
the assumption, we are in Case 1 for B),. Therefore, p*(y® @ y~%) is trivial on B,
and sois y* @y~ * on B,.

Case3 a; #0 forall j.

By (2-3), ajz.c,-j = —2aja; for all i < j; hence, ¢;j # 0 for all i, j. Note that B,
is a Hirzebruch surface, and the diffeomorphism type of a Hirzebruch surface B is
determined by the parity of c;,. Hence, if ¢y, is even, by the argument of Lemma 2.3,
the Bott manifold B, has another Bott tower structure {BJ’. | j =1,...,n} with the
associated matrix

0 ¢ty

A 0

n—1n

0
such that ¢}, = 0. In particular, there is a diffeomorphism f,: B;, — Bj. Since the
total Chern class of & is trivial, clearly the total Chern class of the pull-back bundle
SF(&) is trivial, too. Therefore, if we prove that the pull-back bundle f,*(§) over B;,
is trivial, then £ is also trivial. Therefore, for simplicity we may assume that ¢1, = 0.

But then by (2-3), either @ or a, is zero, which contradicts to the assumption of Case
3. Therefore, ¢y, is odd. By the same argument used above, we may assume that
Cip = 1.

Since ¢;j # 0 and aj # 0 for all j and i, by (2-3), ¢;ja; = —2a; forall i < j. Hence,
a, = —2ay. Moreover, since c13asz = —2a1, we have cy3a3 = —2a, = 4ay ; hence,
23 = —2c¢13. We claim that B3 with

01 ¢
0 —2¢
0
is diffeomorphic to B} with
01c
00
0

Thus, we may assume that B, has c;3 = 0. Then, by (2-3), a, or a3 must be zero.
Therefore, we are in Case 2, and the proposition is proved.
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The claim remains to be proven.

=P(CB(f®y;))
= P(C®({®y, )N ®73)
=Py, ®(f ®r;9).
The total Chern class of y5 & (y{ ® y, ©) is
c(y; &y ®y, ) =1 +exp)(I+cexy—exz) =1+cx;
since x% = x1x, in H*(B,).

On the other hand, ¢(C ® y{) =1 +cx;. Therefore Vs @ ®y, ) =Coyf as

bundles over B,. Thus, B3 = P(C & y{) = B}, which has the associated matrix
01c
00
0
This completes the proof. a

Now let B,_; = (CP")"~!, and, for « € H*(B,_1), let y® be the complex line
bundle over B,_; with ¢{(y%) = « as before.

Proposition 2.5 Let & = y%! & 2 and &, = yP1 @ yP2 be the sums of two line
bundles over B,_; = (C P')"~1 such that c¢{(£)) = ¢1(&>) and c3(§1) = c2(&,) = 0.
Then, £, and &, are isomorphic.

Proof Let H*(B,—1) = Z[x1, ..., Xn— 1]/( |j=1,. —1), and let ay, By be

elements of H?(B,_;) for k = 1, 2. From the assumptlon, we have a1 +ay =81+ 8>
and o106y = ,31,32 =0.

In general, for two elements, u = 27;11 u;x; and v = 21—1 vix; of H*(B,—1), the
identity v = 0 holds if and only if u;v; +u;v; = 0 for any j # i. From this, we can
see easily that if uv = 0, one of the following three possibilities follows.

(1) If at least three coefficients in # are non-zero, then v = 0.

(2) If exactly two coefficients in u, say u; and u;j, are non-zero, then v is either 0
or has exactly two non-zero coefficients with vjv; # 0 and u;v; +u;v; = 0.

(3) If only one coefficient in u, say u;, is non-zero, then v is either 0 or has exactly
one non-zero coefficient with v; # 0.
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Suppose «; has at least three non-zero coefficients. Then, (1) implies that oy = 0
and a; = B1 + B,. If both B; and B, are non-zero, then they should have at most
two non-zero coefficients at the same places by (1), (2), and (3), which contradicts the
assumption that ¢z; has at least three nonzero coefficients because «; + oy = 81 + B>.
Therefore, either f; = 0 or B, = 0, and two bundles, &; and &, are isomorphic.

Suppose that «; has exactly two non-zero coefficients. Then, (1) and (2) imply that
a», PB1,and B, are either zero or have exactly two non-zero coefficients at the same
places as «. This means that the bundles £; and &, are pullbacks of bundles over
(C P12 . Hence, those bundles are in a stable range, and hence, they are classified by
their Chern classes. Thus, &; and &, are isomorphic.

The case when o has only one non-zero coefficient can be similarly proved. a

3 Twist number and cohomological complexity

The twist number of a Bott tower {Bj | j = 0,...,n} is the number of nontrivial
topological fibrations Bj — Bj_1 in the sequence. However there may be several Bott
tower structures for a Bott manifold, so the twist number may not be well-defined for
Bott manifolds. In this section, we show that the twist number of a Bott manifold is
well-defined; namely, we show that the twist numbers of any Bott tower structure of
a Bott manifold is constant. A Bott tower with the twist number equal to ¢ is simply
called a 7—twist Bott tower.

Lemma 3.1 If a Bott manifold has a t —twist Bott tower structure, then it has another
Bott tower structure whose last t stages are nontrivial and all other stages are trivial.

Proof Let {B;|j =1,...,n} be a Bott tower structure of a Bott manifold B, with
the twist number equal to 7, and let A = (¢;j)i,j=1,...,n be the associated nxn matrix.
If the kth stage my: By — Bj_; is topologically a trivial fibration, then by choosing
a different Bott tower structure of By, if necessary, we may assume that the kth
column of A is zero. Now consider the k x k submatrix Ag = (¢ij); j=1,..k of A,
which is the associated matrix of the Bott subtower {B; |i = 1,...,k}. Then, the
kth column of Ay is also zero. By Lemma 2.2, there is another Bott tower structure
{B]|i=1,... k} for the Bott manifold By, whose associated matrix has the zero
(k — 1) st column. In particular the (k — 1)st fibration is trivial. By Lemma 2.3, we
can find a Bott tower structure {BJ’. | j =1,...,n} for the Bott manifold B,, whose
(k —1)st stage is topologically a trivial fibration. In other words, by choosing a different
Bott tower structure of a Bott manifold, we can push the non-first trivial stage of the
fibration down by one stage. By successive application of the above argument, we can
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find an appropriate Bott tower structure for the given Bott manifold B, whose top ¢
stages are nontrivial but the all other lower stage fibrations are trivial. This proves the
lemma. u

Let M be a Bott manifold, and let {B; | j = 1,...,n} be a Bott tower structure on
M ; hence, M =~ Bj. Then, the cohomology ring of M is isomorphic to

H*(M) = Z[x1,...,xn)/1,

where I = (xj(x; — fj)|j=1,...,n) and f; = Z{;ll cijx; with deg x; = 2. Here,

the numbers ¢;; can be determined by the Bott tower structure {B; | j =1,...,n} of
M . Indeed, ¢;;’s are the entries of the matrix (2-2). Note that the number of nonzero
/j’s depends not only on the choice of Bott tower structure {B; | j =1,...,n} on M,

but also the generators x;’s of the cohomology H*(M) of M. We now define the
cohomological complexity of M to be the minimum number of nonzero f;’s among
all possible choices of both Bott tower structures of M and the generators of the
cohomology ring of M . Then, from the definition, it is clear that the cohomological
complexity of M depends only on the topology of M, and, hence, it is independent
of the choice of Bott tower structure on M .

In the following theorem, we show that the twist number of any Bott tower structure
of a Bott manifold M is equal to the cohomological complexity of M . Since the
cohomological complexity is independent of the choice of Bott tower structure on M
the twist numbers of any two Bott tower structures of a Bott manifolds are identical.
Thus, the twist number of a Bott manifold is well-defined.

Theorem 3.2 Let M be a Bott manifold. Then, the twist number of any Bott tower
structure of M is equal to the cohomological complexity of M .

Proof Let
B, - B, —---— By — By = {a point}

be a Bott tower structure of M , whose twist number is equal to . By Lemma 3.1, we
may assume that
Bn—t e Bn—t—l —> e —> Bl

is a trivial Bott tower. Therefore, By = (CPY)t for £ =1,...,n—1.

Let s be the cohomological complexity of M . Then, it is clear that # > s in general.
Suppose ¢ > s. Since the twist number of M is ¢, we have

H*(Bp) = Z[x1,....xnl/{xj(xj = fj) | j=1,...,n),
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where
0 forl<j<n—t
Ji= .
21—1 cijxi forn—t<j=<n.

Since the cohomological complexity of B, is s, there is an isomorphism

Vi H*(Bn) = Z[y1, ... yal/(yi(vj —g)) | ] =1.....n),
where
forl <j<n-s,
{21—1 dijyi forn—s<j=<n.
We claim that there exists m (n—¢ < m <n) such that f,, =0 mod 2 and f,2 =

0 € H*(B;,—1). If the claim is true, then we can write as f,, + 2w = 0 for some
w € H?(B,,_,). Therefore,

8i =

2
e &Y ) = (1 w1+ fo ) = 1+ (o 2) =22
=1
Thus, by Proposition 2.4, y* & yfm"'w is a trivial bundle over B,,_;. Hence, P(C &

yfm) =Py"® )/f’"+w) = B,,_1 xC P'. So we can reduce the twist number of B,
to ¢ — 1, which is a contradiction.

We now prove the claim. Since ¥ is an isomorphism, we can write
n
vi=Y_bijv(x)).
j=1
Let B = (b;j) be the coefficient matrix. Note that det(B) =

Since ¥~ (y7) =0 in H*(By) for 1 <k <n—s, we have

n 2
v OH =W ) = ( > bij,-)
j=1

n
(3-1) = Z(bkj)zsz + Z 2bkjbk,-x,~xj~
j=1 1<i<j<n
n
(3-2) = Z(bkj)z(sz — fjx;j), which represents zero in H*(Bj)

— Xj(bk])2 (x — Z cljx,x,)

i=1
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By comparing the coefficients of (3-1) and (3-2), we have
j—1

(3-3) > 2byjbiixi = —(bij)* f
i=1

for 1 <k <n—s and 1 < j <n. This implies

(3-4) 2byjbii = —(bxj) cij.

where 1 <k <n—sand 1 <i <.

Suppose that all by; are even forn —7+ 1< j <nand 1 <k <n-—s. Since
t +n—s>n, det B must be even because, in general, if 4 = (% D) is an nxn matrix
and if D is a k x £ matrix all of whose entries are even with k + £ > n, then det B is
even. This is a contradiction. Thus, there is an odd number by,,, for some 1 <{<n—s
andn—t+1=<m=n.

Suppose fy, is not congruent to 0 modulo 2; that is, there exists an odd number cj,,
for some 1 <h <m—1. Then, from (3-4), 2bsmbin = —(biem)*Chm for 1 <k <n—s.
It implies that by, = 0 (mod 2) for all 1 <k <n—s, which contradicts the notion
that by, is odd. Thus, f;;, =0 (mod 2).

On the other hand, from (3-3), Zm_l 2bgmbrixi = —(brm)? frn With k = £, me =

i=1
m—1 bej

=2 j=1 B Xi Thus we have
2 -1
(5[ i
2 = bom
m—1 2 ji-1
3 ) 2 byjben )
= — +2 Z XjXp
J 27
j=1 ((be h=1 (bem)
F1 (b)) (F = fjxj)
- (bom)? Py
m
=0€ H*(Bmu—1).
This proves the claim. |

From the proof of Theorem 3.2, the following corollary follows immediately.

Corollary 3.3 The twist number of a Bott manifold M is well-defined; that is, any
two Bott tower structures of M have the same twist number.
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4 BQ-algebras and Bott manifolds

Recall that a 2n—dimensional manifold M is a quasitoric manifold over a simple
(combinatorial) polytope P if there is a locally standard n—torus 7" action on M and
a surjective map w: M — P whose fibers are the 7" —orbits. For a 2n—dimensional
quasitoric manifold M over a simple polytope P, there corresponds a characteristic
map x: F — Z" that is well-defined up to the sign where F is the set of all facets of
P. A characteristic map should satisfy the following two conditions:

e x(F) is a primitive vector for any F € F, and

e if nfacets F; ..., F, intersect at vertex v of P, then {x(Fy),..., x(Fy)} forms
a basis of Z".

Conversely, for simple polytope P and a map y: F — Z" satisfying the above two
conditions, there exists a unique quasitoric manifold up to the equivalence whose
characteristic map is x.

Two quasitoric manifolds wps: M — P and wy: N — P over P are equivalent if
there is a weak T"—equivariant homeomorphism ¢: M — N (that is, there exists an
automorphism p on 7" such that ¢(zx) = p(¢t)¢(x)) such that mx o = mpy.

Let P be an n—dimensional simple polytope with m facets, and let M be a quasitoric
manifold over P. Then, we can find a characteristic map y for M such that x(F;) =
(1,0,...,0),...,x(F,) =(0,...,0,1), where Fy,..., F, are the facets meeting at
one particular vertex p € P. Then, we can define an (m—n)xn matrix A whose
row vectors are X(Fy+1),..., X(Fm). This matrix A4 is called a characteristic matrix
of M. For details about quasitoric manifolds, we refer the reader to Davis and
Januszkiewicz [7]. We note that the Bott manifold B,, associated with the matrix A
in (2-2) admits the canonical nice 7" —action with which B,, becomes a quasitoric
manifold. The characteristic matrix of B, is then equal to A — [, where [, is the
identity matrix of size n (see Masuda and Panov [12] for details).

In this section, we will consider quasitoric manifolds whose cohomology rings resemble
those of Bott manifolds. For this, we need the following definition.
Definition 4.1 A graded algebra S over Z generated by x1,...,x, of degree 2 is
called a Bott quadratic algebra (BQ-algebra) over 7 of rank n if

(1) x,% =) i<k CikXiXk Where ¢j; € Z for 1 <k < n, (in particular, x12 =0) and

() H?:l xi #0.

A BQ-algebra over Z, is defined similarly.
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Originally, a BQ-algebra over Z; is defined in [12], and we extend their definition here
for our purpose. The cohomology ring of a Bott manifold is a BQ-algebra over Z. So
one might ask whether the converse is true; that is, if the cohomology ring of a quasitoric
manifold is a BQ-algebra over Z, then is the quasitoric manifold homeomorphic to
a Bott tower? A stronger affirmative answer to the question is given in the following
theorem.

Theorem 4.2 Let M be a 2n—dimensional quasitoric manifold over a simple polytope
P, and let A be a characteristic matrix of M . Then, the following are equivalent.

(1) M is equivalent to an n—stage Bott manifold.
(2) H*(M) is a BQ-algebra of rank n over Z.

(3) P is combinatorially equivalent to the cube 1", and A is conjugate to an upper
triangular matrix by a permutation matrix.

Proof (1) = (2) Clear.

(3) & (1) follows from [12, Proposition 3.2].

(2) = (3) If H*(M) is a BQ-algebra of rank n over Z, then H*(M:7Z,) is a
BQ-algebra of rank n over Z,. According to [12, Theorem 5.5] (or a result of the
authors and Panov [6, Theorem 1.6]) P is combinatorially equivalent to the cube 7".
Therefore, A is an nxn matrix. We may assume that

1 aypp - amn

ay 1 -+ azy
4=

ap1 dp2 --+ 1

We note that the conditions of a characteristic map implies that all principal minors
are 1, and, by general facts on the cohomology of quasitoric manifolds, we have an
isomorphism

H*(M) =Z[y1,....yal/{gj | j =1.....n),
where gj = y; Y i_,aijyi and aj; =1 forall i = 1,...,n. Since H*(M) is a
BQ-algebra over Z, there is a Z—algebra isomorphism

¢: H*(M) — Z[xy,....xn)/{xj(xj — f}) | j =1,....n),

i—1
where f; = Z{:l ¢ijx;. Therefore,

xXi= Y bij¢(y))
=1
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with det B = £1, where B is the nxn matrix (b;;). Since all principal 2 x 2 minors
of A are &1 by the conditions of characteristic map, we have 1 —a;ja;; = %1 for all
i#j.

We first claim that a;ja;; = 0 for all i # j. Assume otherwise. Then a;5as; = 2 for
some s and 7. Since ¢_1(x12) = (2}1:1 bljyj)2 =0in H*(M), we have

4-1) (ZbljJ’j) Zbu (.y] Zal]yl)
j=1

i=1
Compare the coefficients of ysy;—terms on both sides of Equation (4-1) to get
4-2) 2b15b1s = biyars + b as

Since agrars = 2 we have (ass, ars) = £(1,2) or £(2, 1). Therefore, Equation (4-2)
is equivalent to either (bys £b1,)% + b12t =0or (bs£b)*+ bfs = 0. The only real
solutions for Equation (4-2) is by = by; = 0. Hence, ¢ 1(x;) = Zj#’t bijyj.
We now consider the second relation x;(x,— f>) of the BQ-algebra. Here, f> =ci2x7.
Then, ¢~ (f2) = ¢~ (c12x1) = c12¢~(x1) has no ys and y,—terms. Note that

o (x202— o) = (x2)* — ¢ (x2)87 (f2)

= (szny) (szm)cn( Z bl]yj)
j=1 JFEst
—0e H*(M).

Therefore, we have the following equation.

(4-3) (szjyj) (szjyj)cl2< Z blm) = Zajgj
j=1 j=1

JF#sst

for some o € Z with j = 1,...,n. Since the second term of the left hand side
of Equation (4-3) has no y;sy,—term, no y2—term, and no y?—term, by comparing
the coefficients of y2 and y?, we can see that oy = b%s and o; = b%t. Hence, by
comparing the coefficients of ysy; of Equation (4-3) we get

2 2
2bysbos = arsous + asroty = arghy + arshy,,

which is of the same form as in Equation (4-2). Hence, b5 = by; = 0. Note that
¢~ 1(f3) also has no ys and y,—terms. Thus, by the same argument used above, we
can see that b3y = b3; = 0. Continue the similar argument for x;(x; — f;) to get

bis=b;j; =0 foralli=1,...,n
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This implies that the sth and ¢ th rows of the matrix B are zero, which implies det B =0.
This is a contradiction. Therefore, the claim that a;;ja;; = 0 for all i # j is proved.

We now claim that all principal minors of A are 1, by induction on the rank of the
minors. By the previous claim, any principal minor of rank 2 is 1. Assume the claim
is true for all principal minors of rank < k with k > 3. Suppose a negative principal
minor E of rank k exists. Since all proper minors of E is 1 and E = —1, by Masuda
and Panov [12, Lemma 3.3], we have

1 hj, O 0
0 1 hj 0
—1=E =det : ,
0 ... ... 1 hj_,
hj, 0 e 1
where h;; #0 forall i =1,..., k. Consider Equation (4-1) again, but now compare

the coefficients of yj; yj;,,,, where yj;, ., = yj;, for convenience. Then, we have the
relation

2
(4-4) 2b1jib1jigy = hjiblji'
Suppose one of byj, fori =1,...,k is zero. Then, from (4-4), all others must be zero,

too. By a similar argument applied to the second relation ¢~ (f3) = 12071 (x1), we
can see that by;, =0 forall £ =1,...,nand i =1,...,k. Thus, det B = 0, which
is a contradiction. Therefore, all b; j; are nonzero for i =1,... ,k, and, hence, so

are hj,’s. Then, -1 =2 =1+ (=1)k ]_[f-;l hj; . Thus, (=1)k ]_[f;l hj; = —2. By
multiplying each side of Equation (4-4) forall i = 1,...,k, we have

k 2 k 2
2"(]‘[ bl,-,.) - (—1)"“2(]‘[51],.) ,

i=1 i=1
which is a contradiction. This proves the claim.

Therefore, the theorem follows from [12, Lemma 3.3]. O

It was shown by the authors and Masuda [5] that three-stage Bott manifolds are
cohomologically rigid; that is, if M and N are two three-stage Bott manifolds whose
cohomology rings are isomorphic, then they are diffeomorphic. The following corollary
shows the cohomological rigidity of the class of 6—dimensional quasitoric manifolds
whose cohomology rings are BQ-algebras over Z.

Algebraic & Geometric Topology, Volume 11 (2011)



1070 S Choi and DY Suh

Theorem 4.3 Let M and N be 6—dimensional quasitoric manifolds whose cohomol-
ogy rings are BQ-algebras over Z.. If H* (M) = H*(N) as graded rings, then M and
N are diffeomorphic.

Proof Since H*(M) and H*(N) are BQ-algebraover Z, M and N are equivalent to
6—dimensional Bott manifolds. In particular, they are homeomorphic to 6—dimensional
Bott manifolds. Since all quasitoric manifolds are simply connected, by the result
of Wall [13] and Juppe [9], we can see that M and N are actually diffeomorphic to
6—dimensional Bott manifolds. Hence, the corollary follows from the above-mentioned
result of [5]. O

5 Cohomological rigidity of one-twist Bott manifolds

In this section, we prove the cohomological rigidity of one-twist Bott manifolds. Let
{B;j | 0 = j < n} be a one-twist Bott tower. By Lemma 3.1, we may assume that
B, = (CPYHY" ! Hence, H*(B,_1) = Z[xy.,... ,xn_l]/(xjg |x=1,...,n—1).
Let M(x) = B, = P(C & y%), where y“ is the line bundle over B,_; with the first

Chern class
n—1

a(y*)=a=Y aix; € H*(By_1).

i=1

Theorem 5.1 Let « and B be two elements of H?*(B,—;) where B,_; = (CPH*"1,
and let M («) and M (B) be one-twist Bott manitolds as defined above. Then, the
following are equivalent.
(1) M(a) and M(B) are diffeomorphic.
(2) H*(M(x)) =~ H*(M(B)) as graded rings.
(3) There is an automorphism ¢ of H*(B,_1) such that ¢(«) = B mod 2 and
¢(a®) = B>
4) Leta= Zf;ll ajxi and B = 27;11 bix;. Then, there is a permutation ¢ on
{1,....,n—1} such that a,;y = b; mod 2 for any i and |aq;)as(j)| = |bibj|
forany i # j.

Moreover, any isomorphism between H* (M («)) and H* (M (B)) preserves the total
Pontrjagin classes of M («) and M (f).

As an easy corollary of Lemma 3.1 and Theorem 5.1, we have the following theorem.
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Theorem 5.2 If M and N are two one-twist Bott manifolds whose cohomology rings
are isomorphic, then M and N are diffeomorphic.

Before we prove Theorem 5.1, let us note that
(5-1) H*(M(a)) = Z[x1, ... ,xn_l,ya]/(xlz, el xnz_l,yé —aYg),
where yq is the first Chern class of the tautological bundle of P(C @ y?). Moreover,
its total Pontrjagin class is
P(M(@)) = (1+ya)*(1+ (ya —)?)
(5-2) =1+a?

We first need the following lemma.

Lemma 5.3 The following are equivalent.
(1) H*(M(2):Q) = H*(CPH":Q).
(2) Thereis an element u € H*(B,_,: Q) such that (yo+u)?> =0 in H*(M (a): Q).

3) a=a;x; forsomei=1,...,n—1.

There are two diffeomorphism types in this case, and H*(M («)) = H*((CPY)") if
and only if a; is even in (3) above.

Proof (1)=(2) Since there are n linearly independent elements in the vector space
H?*((CPYH™: Q) whose squares are zero, so are H?(M («): Q). From (5-1), there are
n—1 linearly independent elements x1, . .., X,—; in H?(M(«): Q) whose squares are
zero. Thus, there is one more linearly independent element w = Z::ll CiXi +cnyo €
H?*(M(«): Q) such that w? = 0. Since w is linearly independent from X1, ..., X,—1,
the coefficient ¢, of yo is non-zero. Let u = ¢/ ' (3-0=] ¢ix;) € H*(By—1: Q). Then
(e +u)? = (c;H)*w? =0.

(2)=(3) Let u= Y"1 d;x; such that (yy +u)*> = 0. Then,

n—1 2
0= (ya + Z dixi)
i=1

n—1 n—1

= yé +2 Zd,-djx,-xj +2 Z dixiya

i<j i=1

n—1 n—1
=2 Z d,-djx,-x]- + (2 Z dix; +Ol)ya.

i<j i=1
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This implies that d;dj = 0 for all i # j, and 2 Z;’;ll dix;i +a = 0. From the first
condition, at most one, say d; is non-zero. From the second condition, we have
0=2d;x; +a. If we set a; = —2d;, then (3) follows.

(3)=(1) If @ =a;x;, then M() is diffeomorphic to B, x (CP1)"~2, where B, =
P(C @ y%) — CP!. Here, y is the tautological line bundle over C P!. However,
it is well-known that there are exactly two diffeomorphism type of B, depending on
the parity of a;. Namely, if a; is even, then B, = (CP')?, and if a; is odd, then
B is diffeomorphic to a Hirzebruch surface H. In the former case, H*(M («): Q) is
trivially isomorphic to H*((C P')":Q), and in the latter case

H*(H: Q) = Q[x1, x2]/(x], x5 — x1x2)
=~ Q[xy. x2]/{x. (x2 — 3x1)%)
~ H*((CP")*:Q),

which proves the lemma. a
We now prove Theorem 5.1.

Proof of Theorem 5.1 (2)=(3) Let ¢: H*(M(x)) — H*(M(B)) be an isomor-
phism. In the case when H*(M(x):Q) = H*((CP')":Q), Lemma 5.3 shows
that there are only two diffeomorphism types for M (a), which are (CP')" and
H x (CP')"=2, where H is the Hirzebruch surface. For these two types, we can see
easily that (2)=(3).

Therefore, we may assume that H*(M («x): Q) =~ H*(M(B): Q) is not isomorphic
to H*((CP')":Q). For each x; € H>(B,_1) C H*>(M (c)) as in (5-1), we have
¢(x;)?> =0 in H*(M(B)). On the other hand, since x1,...,X,_1, yp are generators
of H*(M(B)), we can write ¢(x;) = b;1 X1 + -+ bjn_1Xp—1 + binyg. Then, by
Lemma 5.3, the coefficient b;;, of yg must vanish for i =1,...,n—1. This means that
any isomorphism ¢: H*(M («)) — H*(M (B)) must preserve the subring H*(B,—_1).
Therefore, ¢(yo) = £yg + w for some w € H 2(B,_1). If necessary, by composing
¢ with an automorphism of H*(M(B)) fixing H*(B,—) and sending yg to —yg,
we may assume that ¢(yy) = yg + w. It follows that

(5-3) G =(p+w) =yp+2wyg+w’ = (B+2w)ys+w’,

On the other hand, we have

(5-4) P (»3) = d(aye) = () (yg + w).
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Comparing (5-3) and (5-4), we obtain
(5-5) p@)=p+2w and w?=¢(x)w.

The first equation of (5-5) implies ¢ (@) = B mod 2. By plugging the first equation
into the second of (5-5), we can see that Bw = —w?. Hence, ¢(a?) = (8 +2w)? =
B? 4+ 4Bw +4w? = B2. Hence, (2)= (3) is proved.

(3)=(2) Suppose there is an automorphism ¢ on H*(B,_;) such that ¢(x) = S
mod 2 and ¢(a?) = B2. Let ¢(a) = B + 2w for some w € H*(B,_). If we
define ¢(yq) = yg + w, then we can see easily that ¢ defines an isomorphism from
H*(M(«)) to H*(M(B)). This proves (3)=(2).

(1)=(2) This implication is obvious.

(2)=(1) Suppose H*(M (w)) is isomorphic to H*(M(B)). By (2)=(3), there is

an automorphism ¢ on H*(B,_;) =~ Z[xl,...,xn_l/(xf |j=1,...,n—1). But
it is easy to see that any automorphism on Z[x1q,... ,xn_l/(xf |j=1,...,n—1)
is generated by a permutation on the generators xi,...,X,—1, possibly changing

their signs. Such automorphism on the ring H*(B,_1) is clearly induced by a self-
diffeomorphism f on B,_; = (CP')"71; thatis, f* = ¢. The diffeomorphism
/f induces a fiber bundle isomorphism between y* and f*(y%); hence, it induces
a diffeomorphism between M (o) and M (¢(«)). Therefore, for simplicity, we may
assume the automorphism ¢ on H*(B,_;) is the identity, such that « = 8 mod 2
and o? = B2.

Since & = 8 mod 2, there is an element w € H?(B,_) such that 2w = o —f. Now, let
£ =y*@®C and & = p¥(yP @ C). Then, their first Chern classes are equal because
c1(§1) =a=B+2w = (&;). Their second Chern classes are ¢, (£1) =0 and ¢, (&;) =
w(B + w) = 0, which follows from (5-5). Therefore, & = &, by Proposition 2.5, and,
hence, M(a) = P(£)) = P(&) = P(y*(y# @ C)) =~ P(y# ® C) = M(B). This
proves (2)=(1).

That (3) < (4) is obvious.

If ¢: H*(M(x)) — H*(M (B)) is any isomorphism, the proof (2) = (3) shows that
¢(a?) = B2. Hence, by the identity (5-2), the isomorphism ¢ preserves the Pontrjagin
classes of M («) and M (B). a

By putting all the results together, we can conclude the following cohomological rigidity
result for quasitoric manifolds.

Theorem 5.4 Let M and N be 2n—dimensional quasitoric manifolds whose coho-
mology algebras are BQ-algebra of rank n over Z with cohomological complexities
equalto 1. If H*(M) =~ H*(N), then M and N are homeomorphic.
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Proof By Theorem 3.2 and Corollary 3.3 both M and N are equivalent to one-
twist n—stage Bott manifolds. By Theorem 5.1, those one-twist Bott manifolds are
diffeomorphic. Hence, M and N are homeomorphic. |

6 BQ-algebra over Z )

All the results in previous sections are concerned with BQ-algebras over Z. In this
section, we remark that these results are still true for BQ-algebras over the localized
ring Zy) at 2.

A BQ-algebra over Z is defined in Definition 4.1. However, this definition can be
extended to any commutative ring R. Namely, a BQ-algebra S of rank #n over R is a
graded R-algebra with generators x1q,..., X, of degree 2 such that

(1) xi =Y i<k CikXiXg, where ¢;x € R for 1 <k <n, (in particular xf =0,) and

@ [Tizy xi #0.

The R—complexity of S is the number of k’s such that x/% = 0 in the above condition
(1) for all possible choices of generator sets {xy,...,x,}. Note that the cohomology
ring H*(M, R) of a quasitoric manifold M is a BQ-algebra over R. If R = Z and
M is a Bott manifold, the cohomological complexity of M defined in Section 3 is the
Z—complexity of H*(M: 7).

In Theorem 3.2, we show that the twist number of a Bott manifold M is equal to the
cohomological complexity of M . If we examine the proof carefully, the proof is based
on arguments on whether the coefficients are even or odd. Therefore we can see easily
that the same argument works if the integer coefficients are replaced by the localized
ring Z(y) at 2. Therefore, Theorem 3.2 and Corollary 3.3 can be extended as follows.

Theorem 6.1 Let M be a Bott manifold. Then, the twist number of M is well-defined
and is equal to the Zyy—complexity of the BQ-algebra H* (M : Z3)). In particular,
the Z —complexity of H*(M :Z) is equal to the Z(y)—complexity of H*(M : Z(y)).

In Theorem 4.2, it is shown that if M is a quasitoric manifold whose integral cohomol-
ogy ring is a BQ-algebra over Z, then M is equivalent to a Bott manifold. In its proof,
the only place where the property of integral coefficients differs from that of rational
coefficients is used is where ag;a;s = 2 implies a5 = 1 and a;s = %2 right after
Equation (4-2). However, this is still true if the coefficient ring is Z(,), the integer
ring localized at 2. Therefore, Theorem 4.2 is still true if the coefficient ring is Z ).
Therefore, Theorem 4.2 can be extended as follows.
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Theorem 6.2 Let M be a 2n—dimensional quasitoric manifold over P, and let A be
the characteristic matrix of M . Then, the following are equivalent.

(1) M is equivalent to an n—stage Bott manifold.
(2) H*(M:7Z) is a BQ-algebra of rank n over 7Z..
(3) H*(M:Zy) is a BQ-algebra of rank n over Z ).

(4) P is combinatorially equivalent to the cube I, and A is an nXn matrix conju-
gate to an upper triangular matrix by a permutation matrix.

If we examine the proof of Theorem 5.1 carefully, we can also see that a similar proof
works for the following claim: if M («) and M (B) are one-twist Bott manifolds with
H*(M(): Z2)) = H*(M(B): Z(2)), then they are diffeomorphic. So combining this
claim together with Theorems 6.1 and 6.2, we can obtain the following theorem.

Theorem 6.3 Let M and N be 2n—dimensional quasitoric manifolds whose coho-
mology rings are BQ-algebras of rank n over Z,y with Z,)—complexities less than or
equalto 1. If H*(M:Z)) = H*(N:Z)), then M and N are homeomorphic.

In the proof of the cohomological rigidity of three-stage Bott manifolds in [5], Wall
and Juppe’s results on classification of simply connected 6—dimensional manifolds is
essential. However, recently, a different but direct proof of the cohomological rigidity
of three-stage Bott manifolds has been found, and a similar proof also works for the
claim that two three-stage Bott manifolds with isomorphic Z ,)—cohomology rings are
diffeomorphic. Therefore, using the same argument as above, we have the following
theorem.

Theorem 6.4 Let M and N be 6—dimensional quasitoric manifolds whose Z(3)—
cohomology rings are BQ-algebras over Z ). If H*(M:Zy)) = H*(N:Z()) as
graded rings, then M and N are diffeomorphic.

More precise argument for Theorem 6.4 will be shown elsewhere.
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