Algebraic € Geometric Topology 11 (2011) 1267-1322 1267

On genus-1 simplified broken Lefschetz fibrations

KENTA HAYANO

Auroux, Donaldson and Katzarkov introduced broken Lefschetz fibrations as a gener-
alization of Lefschetz fibrations in order to describe near-symplectic 4—manifolds. We
first study monodromy representations of higher sides of genus—1 simplified broken
Lefschetz fibrations. We then completely classify diffeomorphism types of such
fibrations with connected fibers and with less than six Lefschetz singularities. In these
studies, we obtain several families of genus—1 simplified broken Lefschetz fibrations,
which we conjecture contain all such fibrations, and determine the diffeomorphism
types of the total spaces of these fibrations. Our results are generalizations of Kas’
classification theorem of genus—1 Lefschetz fibrations, which states that the total
space of a nontrivial genus—1 Lefschetz fibration over S? is diffeomorphic to an
elliptic surface E(n) for some n > 1.

57M50; 32550, 57R65

1 Introduction

Broken Lefschetz fibrations were introduced by Auroux, Donaldson and Katzarkov [1]
as a generalization of Lefschetz fibrations. Donaldson [4] proved that symplectic 4—
manifolds admit Lefschetz fibrations after blow-ups and Gompf [5] proved the converse,
ie, the total space of every nontrivial Lefschetz fibration admits a symplectic structure.
In [1], Auroux, Donaldson and Katzarkov extended these results to 4—manifolds with
near-symplectic structure, which is a closed 2—form symplectic outside a union of
circles where it vanishes transversely. In fact, they proved that a 4—manifold M is
near-symplectic if and only if M admits a broken Lefschetz pencil structure with
certain conditions. So it is quite natural to try to generalize various results about
Lefschetz fibrations to those for broken Lefschetz fibrations.

The classification of diffeomorphism types of total spaces M of nontrivial genus—1
Lefschetz fibrations over S? has already been done by Kas [8] and Moishezon [12],
independently. They proved that M is diffeomorphic to an elliptic surface E(n) for
some n > 1. Especially, the diffeomorphism type of M is determined only by the
Euler characteristic of M . Our main results generalize Kas and Moishezon’s theorem
to genus—1 simplified broken Lefschetz fibrations.
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1268 Kenta Hayano

Williams [14] proved that every closed connected oriented smooth 4-manifold admits a
simplified purely wrinkled fibration by using singularity theory (we will not mention the
definition of simplified purely wrinkled fibrations in this paper. For precise definition
of these fibrations, see [14]). Simplified purely wrinkled fibrations can be changed into
simplified broken Lefschetz fibrations by using Lemma 2.5 of Baykur [2] and Lekili’s
move in [9] which changes a single cusped indefinite folds into indefinite folds and
a Lefschetz singularity. As a result, it is known that every closed connected oriented
smooth 4-manifold admits a simplified broken Lefschetz fibration structure. So it is
natural to examine the minimal genus of all simplified broken Lefschetz fibrations
M — S? on a fixed 4—manifold M . As far as the author knows, there are few results
about the above question so far. This problem is another motivation of our study and
our main theorems give a partial answer to the question. Moreover, we will show that
the minimal genus of all simplified broken Lefschetz fibrations on #kCP? is greater
than 1 for all £ > 0 (cf Corollary 4.11).

Our main results is as follows.

Main Theorem A The following 4—manifolds admit genus—1 simplified broken
Lefschetz fibration structures with nonempty round singular locus.

o #kCP2#(CP?, where { >0 and k > 0.

o #kS?x S?%, where k > 0.

o L#kCP2, where k > 0 and L is either of the manifolds L, and L), defined
by Pao [13].

Main Theorem B Let M be a total space of a genus—1 simplified broken Lefschetz
fibration with nonempty round singular locus and with r Lefschetz singularities, where
r is a nonnegative integer. If r < 5, then M is diffeomorphic to one of the following
4 —manifolds.

o #kCP?*#(r —k)CP2, where 0 <k <r—1.

o #kS?>xS?, where k =r/2 forevenr.

o S'xS3#S#rCP2, where S is either of the manifolds S? x S and S2 X S2.

o L#rCP2?, where L is either of the manifolds L, and L} .

Remark 1.1 In private talks with R1 Baykur, he told the author about an alterna-
tive proof of a part of Main Theorem A. His proof depends on singularity theory,
while ours on Kirby calculus. The latter includes essential tools used in the proof of
Main Theorem B.
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While the author was writing this paper, Baykur and Kamada [3] posted a paper about
genus—1 simplified broken Lefschetz fibrations on the arXiv. They obtained some
results about genus—1 simplified broken Lefschetz fibrations independent of the author.
They classified genus—1 simplified broken Lefschetz fibrations up to blow-ups.

In Section 3, we examine monodromy representations of higher sides of genus—1
simplified broken Lefschetz fibrations by using a graphical method, called the chart
description, which is used by Kamada, Matsumoto, Matumoto and Waki [7] to determine
monodromy representations of genus—1 Lefschetz fibrations. Although our method is
similar to that of [7], the definition of our chart is slightly different from that in [7]. We
first give the definition of chart and review some basic techniques used in [7]. We then
prove that the monodromy of the higher side of a genus—1 simplified broken Lefschetz
fibration can be represented by a certain normal form after successive application of
chart moves.

In Section 4, we construct some families of genus—1 simplified broken Lefschetz
fibrations by giving monodromy representations of higher sides of such fibrations.
We then determine diffeomorphism types of total spaces of these fibrations by using
Kirby calculus. Main Theorem A will be proved at the end of this section. We will
also prove that 4-manifolds with positive definite intersection form cannot admit
genus—1 simplified broken Lefschetz fibration structures by using Kirby calculus.
Some examples obtained in this section are also used to prove Main Theorem B in the
last section.

We devote Section 5 to proving Main Theorem B. We prove that all genus—1 simplified
broken Lefschetz fibrations with less than six Lefschetz singularities are contained
in the families obtained in Section 4 by moving certain word sequences representing
monodromy representations. We end this section with explaining why the number of
Lefschetz singularities is limited in Main Theorem B.

Acknowledgments The author wishes to express his gratitude to Hisaaki Endo for
his encouragement and many useful suggestions. He would also like to thank Refik
Inan¢ Baykur, Seiichi Kamada and Osamu Saeki for commenting on the draft of this
paper and for helpful discussions. The author is supported by Yoshida Scholarship
“Master21” and he is deeply grateful to Yoshida Scholarship for their support.

2 Preliminaries

2.1 Broken Lefschetz fibrations

Let M and B be compact connected oriented smooth manifolds of dimension 4 and 2,
respectively.
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Definition 2.1 A smooth map f: M — B is called a broken Lefschetz fibration if it
satisfies the following conditions:

(1) M = f71(B);
(2) there exist a finite set C = {py,..., pn} and a one dimensional submanifold Z
in int M such that df, is surjective forall p € M \ (CU Z);

(3) for each p;, there exist a complex local coordinate (zq, z,) around p; and a
complex local coordinate & around f(p;) such that z{(p;) = z,(p;) = 0 and
f is locally written as &€ = f(z1,23) = z122;

(4) for each p € Z, there exist a real local coordinate (¢, x1, X», x3) around p and
a real local coordinate (y1, y,) around f(p) suchthat Z = {(¢,0,0,0) |t € R}
and f is locally written as (1, y2) = f(¢,X1,x2,X3) = (£, X1 + x22 — x32);

(5) the restriction map of f to Z UC is injective;

(6) forany g € B\ f(Z), f~'(q) has no (—1)—spheres.

We call a smooth map f* an achiral broken Lefschetz fibration if f satisfies conditions
(1), (2), (4), (5), (6) and the following condition:

(3)" for each p;, there exist a complex local coordinate (z1,z,) around p; and a
complex local coordinate & around f'(p;) such that z{(p;) = z2(p;) = 0 and
f is locally written as & = f(z1,2,) =21z Or z1Z3.

Remark 2.2 The above definition is rather special one from the previous definitions
of broken Lefschetz fibrations. Indeed, all the definitions of broken Lefschetz fibrations
in previous papers do not contain condition (6). However, in this paper, we adopt the
above definition.

If Z = ¢, wecall f simply a (achiral) Lefschetz fibration. A regular fiber of such a
fibration is a closed oriented connected surface. We call its genus the genus of f . For
simplicity, we will refer (achiral) broken Lefschetz fibrations and (achiral) Lefschetz
fibrations by (A)BLF and (A)LF, respectively.

We call a singularity locally written as f(zq,z) = z125 (resp. f(z1,22) = z1Z22) a
Lefschetz singularity (resp. achiral Lefschetz singularity). Also, we call Z and f(Z) in
the definition above the round singular locus and the round singular image, respectively.
An inverse image of vf(Z) is called a round cobordism of f, where vf(Z) is a
tubular neighborhood of f(Z).

Let f: M — S? be a BLF. Suppose that f has a connected round singular locus.
Then the round singular image of f is an embedded circle and the circle divides S?
into two 2—disks D; and D,. Moreover, one of the following occurs:
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e aregular fiber of the fibration f~!(D;) — D; is connected, while a regular fiber
of the fibration f~!(D;) — Dj is disconnected;

e any regular fibers are connected and a genus of a regular fiber of the fibration
f~Y(D;) — D; is just one higher than a genus of a regular fiber of the fibration
S~ (Dj) = Dy,

where {i, j} = {1,2}. We call an inverse image of D; the higher side of f and an
inverse image of D; the lower side of f.

Definition 2.3 A BLF f: M — S? is simplified if f satisfies the following condi-
tions:

(1) f has a connected round singular locus;
(2) every Lefschetz singularity of f is contained in the higher side of f';
(3) all fibers of f are connected.

The genus of the higher side of f* as an LF is called the genus of f.

We sometimes refer to simplified BLF as SBLF for short.

2.2 Monodromy representations

We review the definition of monodromy representations. For more details, see Gompf
and Stipsicz [6]. Let f: M — B be a genus—g LF, C C M the set of critical points
of fand vo: f~1(yo) > = ¢ an orientation preserving diffeomorphism for a point
yo € B\ f(C). Foraloop y: (I,0I) — (B\ f(C), yo), the pullback y* f = {(¢, x) €
IxM|y@)= f(x)} of f by y is a trivial Xg—bundle over /. Let ¥: y* f —
I x 24 be a trivialization of this bundle which is equal to ¥ on {0} x /(o)
and ¥(¢,x) = (¢,¥¢(x)). Then [y o wo_l] € My is independent of the choice
of a trivialization ¥, where M, is the mapping class group of Xg,. We define
pri (BN f(C). yo) = Mg as

pr (YD) =10 vy 'l

This map is well-defined and called a monodromy representation of f . If we define
the group multiplication of Mg as [f]-[g] =[g o f] for [f],[g] € Mg, then pf is a
homomorphism. In this paper, the group multiplication of My is always defined as
above. We remark that if we change the choice of a diffeomorphism 1, we obtain
a new monodromy representation by composing an inner automorphism by a fixed
element i € M. Two monodromy representations ps: 71 (B\ f(C), yo) — My and
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prr: w(B"\ f(C"), yy) — Mg are equivalent if there exist an element g € M and
an orientation preserving diffeomorphism /: (B, f(C), yo) — (B', f'(C’), y) such
that

conj(g) o py = pyv o hs.
where h4: 1 (B\ f(C). yo) = m(B"\ f'(C'), yy) is the isomorphism induced by /
and conj(g) is the inner automorphism of M, by the element g.

A monodromy representation of an LF over D? is written by a sequence of elements of
the mapping class group as follows. We put f(C) ={y1,..., yn}. Let Ay,..., Ay, be
embedded paths in D?, beginning at yo and otherwise disjoint, connecting y, to the
respective critical values yq,..., y,. We choose indices so that the paths A41,..., 4,
are cyclically ordered by traveling counterclockwise around yo. We obtain an ordered
basis ay, ...,an of m1(D?\ f(C), yo) by connecting a counterclockwise circle around
each y; to the base point yg by using A;. Then the element a; ---a, represents
[0D?] in 1 (D?\ f(C), yo). We put Wr = (pr(ai).....pr(an)). Itis the sequence
of elements of the mapping class group of X,. We call this a Hurwitz system of f or
a monodromy factorization. We put w(Wr) = pr(ay)--- prlan) € Mg.

We obtain a sequence of elements of M, from an LF f over D? by choosing an
identification ¥ and paths Ay, ..., A, as above. However, this sequence depends on
these choices. We now review the effects of changing an identification and paths; see
also Gompf and Stipsicz [6] and Matsumoto [11]. First, if we change an identifica-
tion g, then all the elements of the sequence are conjugated by a fixed element ¥
of Mg, ie (pr(ai),....,pr(an)) — (w_l,of(al)w, cee, w_l,of(an)W). We call this
transformation a simultaneous conjugation by V. Second, if we change paths in D?
as Figure 1, then the pair of the elements (¢;, ¢;i+1) = (pf(ai), pr(ai+1)) in Wy is
replaced by the pair (¢;1, gol.jrll - @i - Yi+1). These transformations and their inverse
are called elementary transformations. Lastly, if we change paths to other paths in D?
satisfying the conditions mentioned above, then the sequence is changed by successive
application of elementary transformations since any two paths satisfying the conditions
are connected by successive application of isotopies in D?\ f(C) and the moves shown
in Figure 1.

From the above arguments, we obtain:

Lemma24 Let f;: M; — D? (i=1,2)be a genus—g LF and Wy, a Hurwitz system
fori =1,2. It Wy, is changed into Wy, by successive application of simultaneous
conjugations and elementary transformations, then fi and f, are isomorphic. That is,
there exist orientation preserving diffeomorphisms ®: M; — M, and ¢: D* — D?
such that g o fi = fr0®.
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Yi+2 Yi+2 A

Figure 1

Let [f] be an element of M. [f] induces an isomorphism fi: H,(T?*;Z) —
H(T?;7Z). We fix generators i and A of H;(T?;Z). Then f is represented by a
matrix A € SL(2,Z) as follows:

(). fx() = (. 1) A.

The correspondence [ f]+> A induces an isomorphism between the groups M; and
SL(2,7Z). We assume that p-A = 1, where - A represents the intersection number
of w and A. In this paper, we always identify the group M with the group SL(2, Z)
via the above isomorphism.

Let y,, be a simple closed curve on 7' representing the element pu + gA in
H,(T?;7) for relatively prime integers p,q and Ty 4 € M the right-handed Dehn
twist along ¥, 4. Then, by the Picard—Lefschetz formula,

10 1 —1
Tl,o—(1 1), To,l—(0 1)-
10 1 —1
If we put Xl—(1 l)’ Xz—(o 1),

then SL(2, Z) has the following finite presentation [10]:
SL(2,Z) = (X1, Xa| (X1 X2)8, X1 o X0 X5 L XX,

Let f: M — S? be a genus—1 SBLF, then the higher side of f is a genus—1 LF
over D?. So we can take a Hurwitz system of this fibration. We call this a Hurwitz
system of f.
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2.3 Kirby diagrams of broken Lefschetz fibrations

The technique of handle decomposition of BLFs was studied by Baykur [2]. We review
this technique in this subsection. The reader should turn to [2] for the details of this
technique and the examples of Kirby diagrams of BLFs. We begin with the definition
of (4—dimensional) round handles, which arises in the discussion of this subsection.

Definition 2.5 Let M be a smooth 4-manifold and we put
Rl?t =IxD' x D3_i/((1,x1,x2,X3) ~ (0, £x1, X2, £x3)),

where i = 1,2. Let ¥: I x 3D x D37/ ~— dM be an embedding. We call
M Uy, RijE a 4-manifold obtained by attaching a round i —handle and R;r (resp. R;)
(4—dimensional) untwisted (resp. twisted) round i —handle.

Remark 2.6 In [2], round handles of arbitrary dimension are defined, but in this
paper, only 4—dimensional ones appear. Throughout this paper, we assume that round
handles are always 4—dimensional ones. Both untwisted and twisted round handles
are diffeomorphic to S! x D3, but these two round handles have different attaching
regions. The attaching region of an untwisted round i —handle is the trivial S'~1x D37 -
bundle over S, while the attaching region of a twisted round i —handle is a nontrivial
Si=!'x D3~/ _bundle over S'.

The following lemma shows that a round handle attachment is described by attaching
two handles with consecutive indices:

Lemma 2.7 (Baykur [2]) For i € {1,2}, round i —handle attachment is given by
i —handle attachment followed by (i + 1)—handle attachment whose attaching sphere
goes over the belt sphere of the i —handle geometrically twice, algebraically zero times
if the round handle is untwisted and twice if the round handle is twisted.

The next lemma shows relation between round handle attachment and handle decom-
position of broken Lefschetz fibrations:

Lemma 2.8 (Baykur [2]) Let W be a round cobordism of a BLF with connected
round singular locus Z C W and 0_W C 0W the union of connected components
of the boundary of W facing to the lower side. Then W is obtained by attaching an
untwisted or twisted round 1-handle to d_W x [ . Moreover, the restriction of the
BLFto (I x3D! x {0}/ ~) C d_W x {1} is a double cover of the image of this map,
where  is the attaching map of the round handle.
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Remark 2.9 We also obtain a round cobordism W by a round 2-handle attachment
via dual handle decomposition. More precisely, let d4+ W C dW be the union of
connected components of the boundary of W facing to the higher side, then W is
obtained by attaching an untwisted or twisted round 2-handle to d4+ W x I. Moreover,
as above lemma, when the BLF restricts to (I x dD? x {0}/ ~) C 4 W x I, this
map is S!-bundle over the image of the map, which is trivial if the round handle is
untwisted and nontrivial if the round handle is twisted, where ¥ is the attaching map
of the round handle.

This lemma says that a round cobordism is described by a round handle attachment.
Conversely, let f: M — B be a BLF and M the manifold obtained by attaching a
round handle whose attaching map satisfies the condition mentioned above, then we
can extend the map f to a BLF f : M — B which has connected round singular locus
in the round handle at the center of the core of the fiberwise attached 1-handle (resp.
2-handle) if the index of the round handle is 1 (resp. 2).

We are ready to discuss Kirby diagrams of BLF. We begin with discussion of diagrams
of round 1-handles. By Lemma 2.7, we can describe a diagram of a round 1-handle
as shown in Figure 2. Moreover, by Lemma 2.8, the bold curves in Figure 2 are double
covers if a round 1-handle describes a round cobordism of BLF.

PR
1 1
é |
1
1
’ 1
f ? ! 1
|
' 1
~ - 4
Figure 2: The left diagram is the untwisted round handle, while the right

diagram is the twisted one.

A round cobordism can be also described by a round 2-handle attachment, which is
given by 2-handle attachment followed by 3-handle attachment. By the condition
mentioned in Remark 2.9, round 2-handle attachment to a BLF is realized as a fiberwise
2-handle attachment if the round handle describes a round cobordism of an extended
BLF. Let H, (resp. H3) be a 2—handle (resp. 3—handle) of such a round 2-handle.
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Then the attaching circle of Hj is in a regular fiber of the surface bundle in the boundary
of the BLF and its framing is along the regular fiber. Moreover, the attaching circle
of H, is preserved under the monodromy of the surface bundle up to isotopy. As
usual, we do not draw the 3—handle H3, which is forced to be attached in a way that
it completes fiberwise 2—handle attachment. Thus we only draw the attaching circle
of the 2—handle when we draw the round 2-handle and the difference between the
untwisted and twisted cases is somewhat implicit. However, we can distinguish these
two cases by the action of the monodromy representation of the boundary surface
bundle; the round 2-handle is untwisted if this action preserves the orientation of the
attaching circle and twisted if this action reverses the orientation of the attaching circle.

3 Chart descriptions

In [7], chart descriptions were introduced to describe a monodromy representation of a
genus—1 ALF. We modify the definition of a chart description to describe a monodromy
representation of a higher side of a genus—1 SBLF and show that such a monodromy
representation satisfies a kind of condition in this section. We begin with the modified
definition of a chart.

Definition 3.1 Let I' be a finite graph in D? (possibly being empty or having hoops
that are closed edges without vertices). Then I' is called a chart if I" satisfies the
following conditions:

(1) the degree of each vertex is equal to 1, 6 or 12;
(2) each vertex in dD? has degree—1;
(3) eachedgein I' is labeled 1 or 2 and oriented;

(4) for a degree—1 vertex which is in int D2, the incident edge is oriented inward
(see Figure 3);

(5) for a degree—6 vertex, the six incident edges are labeled alternately with 1 and
2, and three consecutive edges are oriented inward and the other three edges are
oriented outward (see Figure 3, where {i, j} = {1,2});

(6) for a degree—12 vertex, the twelve incident edges are labeled alternately with 1
and 2, and all edges are oriented inward or all edges are oriented outward (see
Figure 3, where {i, j} = {1, 2});

(7) an interior of each edge is in int D?;

(8) let {vy,...,v,} be the set of vertices in dD?. We assume that the indices are
chosen so that vy, ..., v, appear in this order when we travel counterclockwise
on dD?. We define a pair (iy, e) by the following rules:
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(1) iy is a label of the edge e whose end is v ;
(i1) &g is +1 if e is oriented away from v and —1 if e is oriented toward v.

Then, for some k, the sequence ((ix, &%), - ., (n,&n), (i1,€1)s. s (G—1,€k—1))
consists of following subsequences:

@ ((1.¢));
(b) ((G.e).(Jj.8).(i.€).(j.e). (i.e). (j.€)) ({i.j}={1.2}),

where ¢ is equal to £1.

J. i

I R VI Iy
z 332 o il nnnan
degree = 1 J !
in int D? degree = 6 degree = 12

Figure 3: Vertices of a chart

Remark 3.2 In this paper, we will use ovals as vertices to make the diagrams easier
to understand as shown in Figure 3 and Figure 4, for example. The reader may confuse
these ovals with hoops. However, we can distinguish these two diagrams easily since
hoops have orientation and labels while ovals representing vertices do not. For example,
the chart in Figure 4 has two hoops and one oval representing degree—6 vertex.

An example of a chart is illustrated in Figure 4. For this chart, the sequence mentioned
in condition (8) of Definition 3.1 is as follows:

((1’_1)v (1’_1)’ (1’_1)’ (19_1)’ (2’ +1)’ (1’ +1)? (2’ +1)v (1’ +1)’ (2? +1)’ (lv +1))’
which satisfies the condition mentioned in the definition.

For a chart I, we denote by V(I') the set of all the vertices of I', and by St the subset
of V(TI') consisting of the degree—1 vertices in int D?. Let v be a vertex of I'. An
edge e incident to v is called an incoming edge of v if e is oriented toward v and an
outgoing edge of v if e is oriented away from v.

A degree—1 or 12 vertex of a chart is positive (resp. negative) if all the edges incident
to the vertex is outgoing edge (resp. incoming edge) of the vertex. We remark that each
degree—1 vertex in int D? is negative by the definition of charts.

Among the six edges incident to a degree—6 vertex v of a chart, three consecutive
edges are incoming edges of v and the other three edges are outgoing edges of v. We
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k.l\“\—cv/

Figure 4: An example of a chart

call the middle edge of the three incoming edges or the three outgoing edges a middle
edge and another edge a nonmiddle edge.

An edge in a chart is called a (dy, d,)—edge if its end points are a degree—d; vertex
and a degree—d, vertex, where dy,d, € {1,6,12} and di < d,. An edge in a chart
is called a (9, d)—edge if one of its end points is in D? and the other is degree—d
vertex, where d € {1, 6, 12}, and we call an edge whose two end points are in dD? a
(0, d)—edge. A (0, x)—edge is called a boundary edge, where * € {1,6, 12, d}.

For a chart I", let ((i1,€&1),..., (in,&n)) be a sequence determined by the rule men-
tioned in condition (8) of Definition 3.1. We assume that indices are chosen so that
this sequence consists of the two subsequences ((1,¢)) and ((i, ¢), (j,¢€), (i, ¢), (j, €),
(i,e),(j,e)), where {i, j} ={1,2} and ¢ = £1. We call such a sequence a bound-
ary sequence of I' and two subsequences above the unit subsequences. For a fixed
decomposition of the sequence into the unit subsequences, the union of six vertices
which corresponds to a subsequence ((, ¢), (f, ¢), (i, &), (j,¢), (i, &), (j,e)) and the
six edges incident to the vertices is called a boundary comb of I" with respect to the
fixed decomposition.

Let T be a chart in D?. A path 7: [0, 1] — D? is said to be in general position with
respect to I" if n([0,1]) N T" is empty or consists of finite points in I" \ V(I') and
n intersects edges of I' transversely. Let n be such a path. We put n([0, 1) N T =
{pP1,..., pn}. We assume that pq,..., p, appear in this order when we go along 7
from 7(0) to n(1). For each p;, we define a letter w; = X} by following rules:

(i) k is the label of the edge of I" containing the point p;;
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(i1) e is equal to +1 if the intersection number 7 - (the edge containing p;) is +1
and —1 if the intersection number 7 - (the edge containing p;) is —1.

We put wr(n) = wy, ..., w, and call this word the intersection word of n with respect
to I'. We assume that this word represents an element of SL(2, Z) by regarding the
letters X, X, as the matrices defined in Section 2.2.

Definition 3.3 Let I'" be a chart in D?. We fix a point yo € D?\ V(I'). We define a
homomorphism

pr: 71(D*\ St yo) — SL(2, Z)
as follows: For an element x € 7;(D?\ ST, yo), we choose a representative path
n: [0, 11— D*\ Sp

of x so that 5 is in general position with respect to I'. Then we put pr(x) = wr(n).
We call the homomorphism pr the monodromy representation associated with T'.

We can prove the following lemma by an argument similar to that given in the proof of
Lemma 12 of [7].

Lemma 3.4 The homomorphism pr: 1(D? \ S, yo) — SL(2, Z) is well-defined.

Since the monodromy of the boundary of the higher side of a genus—1 SBLF fixes a
simple closed curve in a regular fiber, the monodromy is represented by an element
+ XT", where m is an integer. So we can also prove the following lemma by the same
argument as that in the proof of Theorem 15 of [7].

Lemma 3.5 Let f: M — S? be a genus—1 SBLF. Then there exists a chart T’
in D? such that the monodromy representation of the higher side of f is equal to the
monodromy representation associated with I" up to inner automorphisms of SL(2,7Z).

By Lemma 3.5, the monodromy representation of the higher side of a genus—1 SBLF is
represented by a chart. However, such a chart is not unique. We next introduce moves
of charts which do not change the associated monodromy representations.
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Lemma 3.6 Let I'; and I'y be charts and E C D? a 2—disk. We assume the following
conditions:

(@ ENSp, =2 (i=12);
(b) I'y and I', are identical outside of E ;
(c) D?*\ E is path connected.

Then the monodromy representation associated with I'y is equal to the one associated
with ['.

We can prove Lemma 3.6 similarly to the proof of Lemma 16 in [7].

Definition 3.7 When two charts I'y and I', are in the situation of Lemma 3.6, we say
that I'; is obtained from I'; by a Cl-move in E. In particular, a CI-move described
in Figure 5 is called a channel change.

i i \/;
> <
./-}-\.l_
Figure 5: A channel change

Lemma 3.8 Let I'; and T, be charts and E C D? a 2—disk. We assume that the
following conditions:

(@) T'y and T", are differ by one of Figure 6 in E;
(b) T'y and I', are identical outside of E ;
(c) D?*\ E is path connected.

Then the monodromy representation associated with I'y is equal to the one associated
with 'y up to an equivalence.

The proof of Lemma 3.8 is quite similar to that of Lemma 18 of [7]. So we omit it.

Definition 3.9 When two charts I"; and ', are in the situation of Lemma 3.8, we say
that I'; is obtained from I'; by a Cll-move in E.
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Figure 6: CII-moves

Remark 3.10 CII-moves defined in [7] have four types of substitution (see Figure 6
of [7]), while CII-moves we defined have only two types of substitution illustrated in
Figure 6. This is because charts defined in [7] may have positive degree—1 vertices in
int D? but our charts never have by the definition.

By a C-move, we mean a CI-move, Cll-move or an isotopic deformation in D?. Two
charts are C-move equivalent if they are related by a finite sequence of C-moves. The
monodromy representations associated with such charts is equivalent by Lemma 3.6
and Lemma 3.8.

Theorem 3.11 Let /: M — S? be a genus—1 SBLF and Wy a Hurwitz system
of f. Then by successive application of simultaneous conjugations and elementary
transformations, we can change Wy into a sequence W which satisfies the following
conditions:

@) w(W)=+X7";
() W=(X,.... X X, " XX XXX,

where m,ny,...,ng are integers.

Lemma 3.12 Let I be a chart. Then by successive application of C-moves, we can
change T" into a chart which has no degree—12 vertices.

Proof We first remark that a chart move illustrated in Figure 7 is a CI-move, where
two vertices v; and v, satisfy one of the following conditions:

(a) vp and v, are not contained in same boundary comb;

(b) vy and v, are end points of a boundary comb.
We choose a decomposition of the boundary sequence of I' into the unit subsequences.

Let v; and v, be consecutive vertices in dD? which satisfy one of conditions (a)
and (b) as above. We denote by S the connected component of dD?\ (D> N T)
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ijijijijijij

............ ijijijijijiJ

et I ]

Ull aDZ U.2 vll aDZ vl2

Figure 7: CI-moves used to prove Lemma 3.12, where the bold lines repre-
sent dD?

between vy and v,. We can move all the degree—12 vertices in I' into a region of
0D?\ T containing S by using CI-moves illustrated in Figure 12 of [7]. Then, by
the CI-move illustrated in Figure 7, we can eliminate all the degree—12 vertices in I".
This completes the proof of Lemma 3.12. O

Lemma 3.13 Let I be a chart. Then, by successive application of C-moves, we can
change T into a chart T such that each (1, 6)—edge e in I/ satisfies the following
conditions:

(i) e is a middle edge;
(i1) the label of e is 2;

(iii) let K be the connected component of D?\ I'" whose closure contains e. Then
K NaD? is not empty.

The idea of the proof of Lemma 3.13 is similar to the proof of Lemma 22 in [7]. But
the two proofs are slightly different because of the difference of the definition of charts.
So we give the full proof below.

Proof Let n(I") be the sum of the number of degree—6 vertices and the number of
(1, 6)—edges in I'. The proof proceeds by induction on n(I").

If n(T") = 0, the conclusion of Lemma 3.13 holds since I" has no (1, 6)—edges. We
assume that #n(I") > 0 and there exists a (1, 6)—edge which does not satisfy at least one
of conditions (i), (ii) or (iii) of Lemma 3.13.

Case 1 Suppose that I' has a nonmiddle (1, 6)—edge. Let v be a degree—6 vertex
which is an end point of a (1,6)—edge. We can apply a CII-move around v and
eliminate this vertex. Then one of the following occurs:

¢ Dboth the number of degree—6 vertices and the number of (1, 6)—edges decrease;

¢ the number of (1, 6)—edges is unchanged, but the number of degree—6 vertices
decreases.
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In each case, n(I") decreases and the conclusion holds by the induction hypothesis.

Case 2 Suppose that I has a middle (1, 6)—edge whose label is 1. Let e be the edge
and vo and v; the end points of e whose degrees are 1 and 6, respectively. We denote
by K the connected component of D?\ I" whose closure contains v, v; and e. We
take a sequence fi,..., fm of edges of I with signs as in the proof of Lemma 22
of [7]. For each f;, we take a letter w( f;) = X, where k is equal to the label of the
edge f; and ¢ is equal to the sign of f;. We remark that both f; and f,, are equal
to e and the sign of f; is negative, while the sign of f,, is positive, since the vertex
Vg 1S negative.

Case 2.1 There exists a consecutive pair f; and f;4; such that two edges are incident
to a common vertex and

(/D). w(fi+1) = (X7 X3,

Case 2.2 There exists a consecutive pair f; and f;41 such that two edges are incident
to a common vertex and

(w(fi), w(fi+1)) = (X2, X1).
Case23 KNoD?=g.

If one of the above three cases occurs, then the conclusion holds by the same argument
as that in Lemma 22 of [7].

Case 2.4 Suppose that KNdD? # @. Then one of the edges f, ..., fm is a boundary
edge. By Cases 2.1 and 2.2, we can assume that (w(f;), w(fi+1)) is not equal to the
subsequences (XI_I,XZ_I) and (X,, Xy) if f; and f;4 are incident to a common
vertex. Let f; be a boundary edge with the smallest index. By the assumption above,
w( f) is equal to either Xl_1 or Xo. If w(f) = Xl_1 , we can decrease the number
of (1, 6)—edges by applying C-moves illustrated in Figure 8. So the conclusion holds
by the induction hypothesis.

f] | - f] \\\ | N fl . N
: isotopy 1y channel .
fL --- deformation B2 A change fL
0D? aD? 9D2

Figure 8: The bold line in the figure describes d.D>.

Suppose that w( fx) = X». One of fi41,..., fm is a boundary edge but not a (d, 1)—
edge. Let f; be such an edge with the smallest index.
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Case 2.4.1 Suppose that w( f;) = X;. Then we can decrease the number of (1, 6)—
edges by applying C-moves illustrated in Figure 9 and the conclusion holds by the
induction hypothesis.

- g isotopy “ %y 7. channe o
iy 401 geformagion LSk 3 change ey
8D2 aDZ 8D2

Figure 9

Case 2.4.2 Suppose that w( f7) = X,. When we fix a decomposition of the boundary
sequence of I' into unit subsequences, f; is contained in a boundary comb distinct
from that of f;. So we can apply C-moves as shown in Figure 10 and conclusion holds
by induction.

S L AN
/ 3 / Sl channel R
u JFLLM change kt’ﬁg ifl
aD? aD? D2

Figure 10: We first apply the CI-move between the two boundary comb
which contain f; and f;, respectively, and we obtain a new 1-labeled (9, d)—
edge. Then we move vy near this edge by isotopy deformation and apply a
channel change.

Case 2.4.3 Suppose that w( f;) = X I If both f; and f; were contained in a same
boundary comb, there would be at least one (9, 1)—edge between f; and f;. But
all the degree—1 edges are negative. This contradiction says that a boundary comb
that contains fj is different to a boundary comb that contains f;. So we can apply
C-moves similar to the C-moves we use in Case 2.4.2 and the conclusion holds by
induction hypothesis.

Case 2.4.4 Suppose that w(f;) = X[ ! Ifeach fjiq,..., fm were not a boundary
edge, then

WD), w(fm) = (X7 X2, X7 Xa, L 00).
This contradicts w( f,;) = X;. So at least one of f;11,..., fin is a boundary edge.
Let fis be such an edge with smallest index. Then w( f/) is equal to either X !

Algebraic € Geometric Topology, Volume 11 (2011)



On genus—1 simplified broken Lefschetz fibrations 1285

or Xp. fw(fy)= Xl_1 , the conclusion holds by the above argument. If w( fz/) = X3,
one of four cases above occurs for f-. When one of the former three cases occurs,
the conclusion holds by the same argument. When Case 2.4.4 occurs for fi/, we
can take f~ again as we take f;/. We can repeat the above argument and thus the
conclusion holds since m is finite.

Case 3 Suppose that I" has a middle (1, 6)—edge whose label is 2. We define K as
we defined in Case 2. If K N dD? = @, we can prove the conclusion by the same
argument as that in Cases 2.1, 2.2 and 2.3. So we conclude that K N 9D? # &.

Combining the conclusions of Cases 1, 2 and 3 completes the proof of Lemma 3.13. O

Proof of Theorem 3.11 By Lemma 3.5, we can take a chart I" that pr is equal to
the monodromy representation of the higher side of f up to inner automorphisms
of SL(2,Z). We first eliminate degree—12 vertices in I" by applying Lemma 3.12.
Then, by applying Lemma 3.13, we change the chart I' into a chart such that all the
(1, 6)—edges satisfy conditions (i), (ii) and (iii) in Lemma 3.13. In the process to prove
Lemma 3.13, no new degree—12 vertices appear. So the chart obtained by the above
process has no degree—12 vertices. Let {v1,..., vy} be the set of degree—1 vertices
of T in dD?. We choose the indices of v; so that vy, ..., Un appear in this order when
we travel counterclockwise on dD? and that v; and vy, satisfy one of the following
conditions:

e v; and vy, are not contained in same boundary comb;

¢ vy and vy, are end points of a boundary comb.

We denote by e; a boundary edge incident to v;. We put St ={p1,..., pn}. Let K; be
a connected component of D2\ I" whose closure contains p; . By the assumption about
I', each p; is an end point of either (1, 6)—edge or (9, 1)—edge. For each p; which is
an end point of (1, 6)—edge, we choose a connected component E; of K; NdD?. We
denote the two points of dE; by vy, and vy, 41, where k; € {1,...,m} and v, 1 =v;.
Let V be a sufficiently small collar neighborhood of dD? in D? and p, a point in
V N K, where K is a connected component of D?\ I" whose closure contains a
connected component of D2\ {vy,..., vy} between v,, and v;. We take embedded
paths A; (i =1,...,n)in D? starting from pg as follows:

(a) ifi # j,then A4; N Aj = {po};

(b) if p; isincidentto a (9, 1)—edge e;, then A; starts from py, travels in V' across
the edges eq,...,e;_1, goes into K; and ends at p;;

(c) if p; isincident to a (1, 6)—edge, then A; starts from pg, travels in V' across
the edges eq,...,ex,—1, goes into K; and ends at p;.
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For example, the paths A1, ..., A, are as shown in Figure 11 for the charts described
in Figure 4.
2
2 1 2
P2
N~
2
1 1 o)1 Do
A 1 1
Ay
N
\\ \_/
/

Figure 11: Examples of paths A44,..., A, determined by condition (a) and
the constructions (b) and (c)

Let a; be an element of 71 (D? \ St, po) which is represented by a curve obtained by
connecting counterclockwise circle around p; to the base point py by using A4;. It is
sufficient to prove that each pr(a;) is equal to either X or X" X, XT', where n is
an integer.

Case 1 Suppose that p; is an end point of (1, 6)—edge and ey, is not contained in a
boundary comb. Then the intersection word of 4; is equal to X7'. So pr(a;) is equal
to X7 if the label of the (1, 6)—edge is 1 and X' X, X" if the label of the (1, 6)—edge
is 2.

Case 2 Suppose that p; is an end point of (d, 1)—edge and the edge is not contained in
a boundary comb. Then the intersection word of A; is equal to X 1” and the conclusion
holds.

Case 3 Suppose that p; is an end point of (1,6)—edge and ¢y, is contained in a
boundary comb. Let e; and e;4 ¢ be two edges at the end of the boundary comb which
contains ey, . Then one of 24 cases illustrated in Figure 12 occurs.

The intersection word of a path which starts from pg, travels in V' across the edges
e1,...,ej_1, ends near the boundary comb is equal to X7, where n is an integer.
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Since the label of the (1, 6)—edge incident to p; is 2, pr(a;) is calculated as follows:

Xy, xont in cases (1), (2),
XXX XX g ! in cases (3), (4) .
XXX 00X XXX TIXIX T in cases (5), (6),
XX X[ in case (7),
XXX XXXt x in cases (8), (9) ,
XXX o X1 X0 X7 X X T X X in cases (10), (11),
XXX X X1 Xo X1 X X! in case (12),
—1y—1y—1y—1y—1yp—
oo(ai) = D CRD CuD CuD CuD CuD L
X x ! in cases (13), (14),
XXX T XX XX in cases (15), (16) ,
XXX AXTIX T XX XX X X" in cases (17), (18),
XXX in case (19),
XX X T XX Xo X[ in cases (20), (1),
XX X T X X T XX X X X X T in cases (22), (23),
XXt x ot xx ! in case (24).
XX TN XX XX X XX

Since X1 X, X1 X, ' X1 X! = (X1 X2)¢ = E, we obtain

X", X771 in cases (1), (2), (22), (23),

Xi in cases (3), (4), (8), (9), (15), (16), (20), (21),
pr(ai) = n—1 —n+1

X7 XX, in cases (5), (6), (10), (11), (13), (14),

XX X7 in cases (7), (12), (17), (18), (19), (24).

For each case, the conclusion holds.

Case 4 Suppose that p; is an end point of (9, 1)—edge ¢; and e; is contained in a
boundary comb. Let e; and e;¢ be two edges at the end of the boundary comb which
contains ¢;. Since the degree—1 vertex p; is negative, one of 12 cases illustrated in
Figure 13 occurs. We assume that the intersection word of a path which starts from pg,
travels in V' across the edges eq,...,e;_1, ends near the boundary comb is equal
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an . %as i 9%k 0) ki
elt . 1 . t . 1 . i . 1 . €l+6 elif%ifiel% el%iiiiielw 611 . I . 1 . 1 . t ' 1 . €l+6
121212 7 121212 77 212121 7 212121
ey Kooy R @y K ey, ki
ef{i1fters eyt terts et iiyyfere eriiyffere
212121 77 212121 7 212121 77 212121

M prri @ ip : (3) pi 4) pi

af titites atttiftese etfliifens afplffens
121212 121212 121212 121212
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Figure 13: 12 cases about ¢; and the boundary comb containing e;
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to X{', where n is an integer. Then pr(a;) is calculated as follows:

X in case (1),
X, x ! in case (2),
XXX X ! in case (3),
XXX X X! in case (4) ,
XXX XX x g ! in case (5),
XXX X XXXyt nt in case (6),
pr(a;) = .
XX X in case (7),
XXX X X in case (8),
XXX X X Xt x in case (9),
XXX 1 XX X X X X in case (10)
XXX 1 o X1 o X X X T X X in case (11),
XXX X X X XX XY XY X T in case (12).

By the relations of SL(2,Z), we obtain

X in cases (1), (4), (9), (12),
oo(ai) = XX, X1 in cases (2), (5),
! XXX ™ in cases (3), (6), (7), (10),

XU X" incases (8), (11).
For each cases, the conclusion holds.

Combining the conclusions we obtain in Cases 1, 2, 3 and 4, we complete the proof of
Theorem 3.11. O

4 Examples

In this section, we give examples of genus—1 SBLFs. We have already known that
the monodromy representations of the higher sides of such fibrations satisfy a certain
condition by Theorem 3.11. We first give some examples of sequences of elements
of SL(2, Z) and examine what 4—manifolds these sequences represent. We denote by
T(ny,...,ns) the following sequence:

X, XX XXX,
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Proposition 4.1 We define sequences S, and Ty as follows:

S, =(X1,...,X1) (r X;’sstand in a line.).

X' XX, X1 XX ifs =2,
XXX X0, X2 X0 X73) ifs =3,
(X1—2s+3 X2X12s_3, X1_2S+6X2X12S_6, ifs > 4.

X1_2S+IOX2XIZS_10, X1_2s+14X2X12s_14,
25s—10 —2s+10 25—6 —25+6
L XTI X L XBTOX, XS,
25—3 —25+3
XP3 X, X251

Thatis, Tg =T (ny,...,ns), whereny =2s—3, ng =—-2s5+3,n; =25s—6+4@{ —1)
(i =2,....5s—1). Then, w(S,) = X;” and w(Ty) = (—1)*T1X[>**°. So these
sequences are Hurwitz systems of some genus—1 SBLF.

Proof 1t is obvious that w(S,) is equal to X;”. We prove w(T) = (—1)*T1x>*+¢
by induction on s. Since (X;X3)? = —F and X X,X; = X, X, X,, we obtain

X2 X12X, X% = X2 X1 (X2 X1 X2) X, = —E.
So w(T,) and w(7T3) are computed as follows:
w(T2) = (X7 X)X XX
=X '(X X2 X)) X!
_ Xl—l (_XI_Z)XI_I
=X
w(T3) = (X7 X X1 ) X (X P X X73)
= XN XN )X XX
= X7 XX X HX XX
=X (0X X Hx XX
=X (X' X X)X XX
=X (XX 2 X)X
=X’
By the definition of Ty, w(7y) is represented by w(7s—;) as follows:
w(Ty) = (X1—2s+3 X2Xlzs—3)(X1—2s+6XzXlzs—s)(Xl—stXz—l X2y w(Ty_s)
(X257 x5! X1—2s+7)(X12s—6X2X1—2s+6)(X12s—3X2X1—23+3)
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=X P oX (N XNX) X, X P T w(T)
XETT X (XN X X)X 2 XX
= X2 X0X P X)X T w(Te) X P50 (X X 2 M) X253
_ X1—2s+3 (_Xl_z)Xlzs_6w(Ts—Z)Xlzs_6(_X1_2)X1_2S+3
= X7 w(Ts—2) X

Thus the conclusion holds by the induction hypothesis. This completes the proof of
Proposition 4.1. |

Theorem 4.2 Let f: M — S? be a genus—1 SBLF. Suppose that Wy = S,. Then
M is diffeomorphic to one of the following 4—manifolds:

(1) #rCPZ?;
(2) L#rCP?;
3) S'xS3#S#rCP2,

where S is either of the manifolds S* x S? and S* X S? and L is either of the
manifolds L, and L},.

Before proving Theorem 4.2, we review the definition and some properties of L,
and Lj,. For more details, see [13]. Let No and N; be 4-manifolds diffeomorphic to
D? x T?. The boundaries of Ny and N; are dD? x T?. Let (¢,x, y) be a coordinate
of R3. We identify D2 x T'? with R3/Z3. The group GL(3, Z) naturally acts on R3
and this action descends to an action on the lattice Z3. So GL(3,Z) acts on dD? x T2,
For an element A of GL(3,Z), we denote by f4 a self-diffeomorphism of 9D? x T2
defined by

Ja(lt, x, y) = [(t, x, p)' A].
We define elements A4, and A}, of GL(3,Z) by

01 1 0 1 1
Ap=|0nn—-1), A4,=10 n n-—1
1 n O 1n—1 0

Let B3 C D? x SJ} be an embedded 3-ball, where S. and Sy1 represent circles with
coordinates x and y, respectively. Then,

B3 xSy c(D?x SNy x Sx! = D2 x T? = Ny.
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We take a diffeomorphism t: S2 — 0B>. We obtain a diffeomorphism
h=uxid: S?xS! - dB>x S!.
We define L, and Lj, by
Lp=D*xS8*U; (N \ (int B> x S1)) Uy, N1,
Ly =D>xS?Uy (No\ (int B> x SH) Uy, Ny.

Remark 4.3 The original definitions of L, and L} are different from the above
definitions. However, both two definitions are equivalent (cf Lemma V.7 in [13]).
We also remark that these manifolds were constructed in Example 1 of Section 8.2
of [1], although they did not state that their examples were actually the manifolds L,
and Lj,. Indeed, Ny (resp. No \ (int B> x S1), D? x §?) in our paper corresponds
to X_ (resp. W, X4) in [1]. Moreover, in the construction in [1], we obtain L,
(resp. L}) if we glue X_ by using the element (k,/) € Z? = 7;(Diff(T?)) which
satisfies ged(k,!/) = n and X4 by using the trivial (resp. nontrivial) element of
1 (Diff(S?)) = Z /2.

We next take handle decompositions of L, and L},. Since N; = D? x T'?, a Kirby
diagram of N; is as shown in Figure 14. The coordinate (¢, x, y) is also described as

in Figure 14.
N
S %
N

Figure 14: A Kirby diagram of N;, where ¢ represents the coordinate of
dD? and x and y represent the coordinate of 72

The manifold B® x S! has a handle decomposition consisting of a 0—handle and a
1-handle. So we can decompose No \ (int B3 x S') as

No \ (int B3 x S1) = 3Ny x I U (2-handle) U (3-handle).
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Let C; C dNy be an attaching circle of the 2-handle. By the construction of the
decomposition, we obtain

Cy={[t,0,0]€ Ny | t €0, 1]}.

Since fy4,([t,0,0]) = f4,([2,0,0]) = [0,0,7], an attaching circle of the 2—handle is
in a regular fiber and along y-axis in the diagram of N;. Since fy,([¢,0,¢]) =
J4,([t,0,¢]) = [e, (n— 1)e, 1] for sufficiently small & > 0, the framing of the 2—handle
is along a regular fiber. Hence the diagram of (N \ (int B3> x S!))uU 4, N1 and
(No \ (int B3 x S1)) Us,, N1 is as shown in Figure 15.

Figure 15: A diagram of the spaces (Np\ (int B3 x S1)) Uz, N1 and
(N() \ (intB3 X Sl)) UfA,’1 Ny

We can decompose D? x S? as
D?x 8% = 3D? x S? x I U (2-handle) U (4-handle).

Let C, C N, be the image under / of the attaching circle of the 2—handle of D? x S2.
After moving C, by isotopy in Ny, we obtain

C, ={[0,1,8] € Ny | t €0, 1]},
where § > 0 is sufficiently small.

The framing of the 2-handle is {[0, ¢, 8] € dINy|t € [0, 1]}, where &’ > § is sufficiently
small. Since fy4,([0,7,6]) = [t + 8. nt + (n— 1), nt], we can describe the attaching
circle of the 2—-handle of D? x S? contained in L, and the knot representing the
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Figure 16: Left: A Kirby diagram of L, for n > 0. Right: A Kirby diagram
of L, forn <0.

framing of the 2—handle in the diagram described in Figure 15. Eventually, we can
describe a diagram of L, as shown in Figure 16.

Similarly, a diagram of L}, is described as shown in Figure 17.

Figure 17: Left: A Kirby diagram of L}, for n > 0. Right: A Kirby diagram
of L), forn <0.

By the diagrams of L, and L;, described in Figure 16 and Figure 17, both L, and L}
admit genus—1 SBLFs without Lefschetz singularities. We can easily prove by Kirby
calculus that L_, (resp. L") is diffeomorphic to L, (resp. Ly).

Proof of Theorem 4.2 The higher side of f is obtained by attaching r 2—handles

to a trivial 72 bundle over D?. Each attaching circle of the 2—handle is in a regular
fiber and isotopic to a simple closed curve y; . Since w(Wy) = X", a 2-handle
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of a round 2-handle is attached along y; o in a regular fiber of the boundary of the
higher side. We obtain M by attaching a 2—handle and a 4-handle to the 4-manifold
obtained by successive handle attachment to D? x T'2. If the attaching circle of the
2—handle of D?x S? goes through the 1-handle that the 2—handle of the round handle
goes through, we can slide the 2—handle of D? x S? to the 2—handle of the round
handle so that the 2—handle of D? x S2 does not go through the 1-handle. Thus a
Kirby diagram of M is one of the diagrams in Figure 18, where n and / are integers. It
is obvious that both two 4-manifolds illustrated in Figure 18 are diffeomorphic to each
other. We denote by M, ; the 4-manifold illustrated in Figure 18. We remark that /
framed knot in Figure 18 represents a 2—handle of D? x S? and the attachment of the
lower side depends only on the parity of /. So M, ; and M, ; are diffeomorphic to
each other if / =/’ (mod 2).

Figure 18: A Kirby diagram of a genus—1 SBLF whose Hurwitz system is
S, . Framings of r 2-handles parallel to the 2—handle of the round 2-handle
are all —1.

We will determine what 4—-manifold M, ; is by Kirby calculus.

We first examine the case n = 0. A Kirby diagram of M ; is as shown in Figure 19.
We first slide  2-handles representing Lefschetz singularities to the 2—handle of the
round 2-handle. Then we slide the 2—handle of D? x T'? to the 2—handle of the round
2-handle and move this 2—handle so that the attaching circle of the 2—handle does
not go through 1-handles. We obtain the last diagram of Figure 19 by eliminating the
obvious canceling pair.

Thus we obtain
My =S'xS*#S#rCP?,

where S is equal to S? x S? if [ is even and S? X S? if / is odd.
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Figure 19: A Kirby diagram of My

We next examine the case n = 1. We first slide r (—1)—framed 2-handles and the
2-handle of D?x T'? as we slide in the case n = 0. Then we can eliminate the obvious
canceling pair. We next move the 2—handle of D? x T2 so that the attaching circle of
the 2-handle does not go through the 1-handle. Then we can eliminate two pairs of
handles. Thus we can prove
M 1,l = #r C_Pz .

Lastly, we examine the case n > 2. A Kirby diagram of M,, ; is illustrated in Figure 20
and we change the diagram as shown in Figure 20 by performing similar calculus to
the calculus illustrated in Figure 19.

We can change the diagrams of L, and L;, illustrated in Figures 16 and 17 as shown
in Figure 21. The upper four diagrams in Figure 21 describe L, where n > 0. We
first slide 2—handle of D? x S? to the 2—handle of Ny. Then we move the 2—handle
of D? x S? by isotopy and slide the 2—handle of D? x T'? to the 2—handle of Ny. To
obtain the last diagram of the four, we first untwist the 2—handle of D? x S? by using
O—framed meridian of this. The framing of this handle is unchanged in these moves.
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Then we eliminate a canceling pair. The lower four diagrams in Figure 21 describe Lj,,
where n > 0. By the same method as above, we obtain the last diagram of the four.

Figure 20: A Kirby diagram of M, ;, where n > 2

Thus we obtain
M, = L#rCP?
where L is either L, or L},. This completes the proof of Theorem 4.2. a

Theorem 4.4 Let f: M — S? be a genus—1 SBLF. Suppose that Wy = Ts. Then

M is diffeomorphic to S # (s —2)CP?, where S is either of the manifolds S? x S?
and S? X S2.

Before proving Theorem 4.4, we change 7 by applying elementary transformations
and simultaneous conjugations so that we can easily determine what 4—manifold 7
represents.

Lemma 4.5 Suppose that s > 3. Then, by successive application of elementary
transformations and simultaneous conjugations, we can change T into the following
sequence:

(T2, T2 3, ... T2 055, T1 5—1. T1,—1).

Algebraic € Geometric Topology, Volume 11 (2011)



1298 Kenta Hayano

. @ ) 'a

Figure 21: The upper four diagrams describe L,, while the lower four
diagrams describe L},.
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Proof By applying simultaneous conjugation, we can transform 7 as follows:
XX XD, X2 X0 X2, X1 X0 X if s =3,
(X1_4S+7X2X14s_7, X1_4S+IOX2X14S_10, ifs>4
X1_4S+I4X2X14S_14, X1—4S+18X2X14-S—18,
L XTO XX XXX X XX
_ ) Ts0, 1oy, o) if s =3,
(Tas—7,1- Tas—10,1> Tas—14,1, Tas—18,1,---» T6,1, 12,1, T—1,1) ifs = 4.

Ty —

We first prove that the following formula holds up to orientation of simple closed
curves:

4-1) T551-10T321-30 -0 T2 1(Vak—10,1) = Yak—10—41 4lk—412—101+1>
where k >4 and [ <k —3.

We prove the formula (4-1) by induction on /. By the Picard-Lefschetz formula, we
obtain

T2,1(Yak—10,1) = Yak—10,1 — (4k —10) =2-1)y2 1
= Yak—10,1— (4k —12)y2
= VY—-4k+14,—4k+13-
Thus the formula (4-1) holds for / = 1.
For general /, by the induction hypothesis, we obtain
Ty 01-1°T201-30-0 T2 1(Vak—10,1)
= T2 21—1(Vak—6—al,alk—ak—412—21+7)
= Yak—6—al alk—4k—a12—21+7 — (21 = 1)(4k — 6 —4I)
—2(4lk — 4k —41% =21 + 7)) 2,211
= Yak—6—al 4lk—4k—ai2—21+7 — (4k =41 =8)ys 51—y
= V—ak+10+4l,—4lk+4124+10]-1"
So the formula (4-1) holds for general / and we obtain
conj(T3 2k—7° T2 2k—9 00 12,1)(Tag—10,1) = T2,2k—5-
Thus, for s > 4, we can transform 7T as follows:
Ts — (T4s—7,1- Tas—10,1 Tas—14,1- Tas—18,1,-- -+ T6,1. T2,1. T—1,1)

= (Ta45—7,1, Tas—10,1> Tas—14,1> Tas—18,1,---» T10,1, 12,1, T2 3, T—1,1)
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— (T4s—7,1- Tas—10,1- Tas—14,1- Tas—18,1+- - T14,1, 12,1, 12,3, T2,5. T—1,1)

— (Ta5—7,1.T21. T3, ... . Ta05—5,T—1,1).

We next prove that the following formula holds up to orientation:

(4-2) Ty pi—10T201-30 - T2,1(Vak—7,1) = Vak—7—4al,4lk—412—71+1>
where k >3 and 1 </ <k —2. We prove the formula (4-2) by induction on /.
By the Picard-Lefschetz formula, we obtain
12,1 (Yak-7,1) = Yak—1.1— ((4k =T7) =2)y2 1
= Yak-1,1— (4k —9)y2.1
= Y—4k+11,—4k+10-
So the formula (4-2) holds for / = 1.

For general /, by the induction hypothesis, we obtain

T51-10T2 31300 T2 1(Vak-7,1)
= T2 21-1(Vak—3—al 41k —4k—a12+1+4)
= Yak—3—al alk—4k—a12+1+4 — (21 = 1)(4k =3 —4l)
—2(4lk — 4k — 417 + 1+ 4)y2.21—1
= Vak—3—4l,4lk—4k—a12+1+4 — (=4 +4k = 5)y2 21—
= V—ak+4l+7,—4lk+412+71-1-

Thus the formula (4-2) holds for general / and we obtain
conj(T2,06—5° T2 pk—7 0+ 12,1)(Tak—7,1) = T1 k—1-
So we can transform 7 into the following sequence:
(T21. 123, ... T225—5. T1 51, T1,—1)-

This completes the proof of Lemma 4.5. O

Proof of Theorem 4.4 Let M be the total space of genus—1 SBLF with Wy = Ty.
We first examine the case s = 2. We can describe a diagram of M, as shown in
Figure 22. We slide the 2—handles representing Lefschetz singularities and the 2—
handle of D? x T'? to the 2—handle of the round handle. Then we eliminate the obvious
canceling pair and slide the (—2)—framed knot and the /—framed knot to the 0—framed
knot. We can change the /—framed knot and the 0—framed meridian of this into a Hopf
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link by using the 0—framed meridian. We can obtain the last diagram of Figure 22 by
canceling two pairs of handles. Thus we obtain

M, =S,

where S is S2 x S2 if m is even and SZX S? if m is odd.

Figure 22: A diagram of a SBLF whose Hurwitz system is 75

For general s, we can describe a diagram of M as shown in Figure 23. We can move
this diagram to the upper diagram of Figure 24 by sliding all the 2—handles describing
Lefschetz singularities and the 2—handle of D? x T'? to the 2—handle of the round
handle. To obtain the lower diagram of Figure 24, we slide the 2—handles going through
the 1-handle to 0—framed 2-handle and eliminate the obvious canceling pair.

We will prove the conclusion by induction on s. We first examine the case s = 3. The
left diagram in Figure 25 represents the manifold A3 and we can move it to the center
diagram of Figure 25 by isotopy. It is easy to transform the center diagram of Figure 25
to the right one and we obtain

M, = #2CP? #CP>.

To complete the proof, we will move inner two 2—handles of the lower diagram in
Figure 24 as shown in Figure 26. We first move the (s—2)—framed 2—handle by isotopy.
And we slide the (4s—11)—framed 2-handle to the (s—2)—framed 2-handle twice.
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\S]
T
W
L]
L]

Figure 23: A diagram of M

We then obtain the last diagram of Figure 26. Thus we obtain
My = M,_, #CP?
= #(s—1)CP?#CP?,

where the second equality holds by induction hypothesis. This completes the proof of
Theorem 4.4. O

For sequences of elements of SL(2,Z) W and W', we denote by W W’ a sequence
obtained by standing elements of W' after standing elements of W in a row.

Theorem 4.6 Let /: M — S? and g: M' — S? be genus—1 SBLFs.

(1) If Wy = S, W,, then M is diffeomorphic to M'#rCP?2.

(2) If Wy = W, Ty, then M is diffeomorphic to M’ # S # (s — 2)CP?, where S is
either of the manifolds S x S? and S? X S2.
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We need the following lemma to prove Theorem 4.6.

Lemma 4.7 Let f: M — D? be a genus—1 LF. Suppose that [ has at least one
Lefschetz singularity and the monodromy of OM is equal to = FE € SL(2,7Z). Then
every orientation and fiber preserving self-diffeomorphism ¢ of dM can be extended
to an orientation and fiber preserving self-diffeomorphism ©® of M up to isotopy. ie
®|4ps is isotopic to ¢.

We remark that the conclusion of Lemma 4.7 holds by the following theorem if the
monodromy of dM is trivial.

Theorem 4.8 (Moishezon [12]) Let f: M — D? be a genus—1 LFand T C M
a regular fiber of f. Suppose that Wy = (X1, X;). Then for every orientation and
fiber preserving self-diffeomorphism ¢ of dvT , there exists an orientation and fiber
preserving self-diffeomorphism ® of M \ intvT such that ® is equal to ¢ on JvT
and that ® is the identity map on oM .

Proof of Lemma 4.7 We assume that the induced map on dD? by ¢ is the identity
map. It is sufficient to prove the conclusion under the above hypothesis. Both M Ujg M
and M U, M naturally have genus—1 ALF structures over D2 Uy D?. We denote
these ALFs by f and f3, respectively. Then it is sufficient to prove that there exists
an orientation and fiber preserving diffeomorphism o: M Ug M — M Uiy M such
that the image under ® of M (resp. M) isin M (resp. M) and that d is identity
map on M .

dM is isomorphic to I x T?/((1,x) ~ (0, £Ex)) as a torus bundle. We fix an
identification £y: 9M — I x T2/~ of the two bundles and we identify dD? with

[0,1]/40, 1} by using &g.

Step 1 Suppose that an isotopy class of ¢: {%} xT? — {%} x T? isequal to E €
SL(2, 7). Then we can move ¢ by isotopy to the map such that the restriction of the
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Figure 26: Only inner two 2-handles of the diagram and a Hopf link are
described and the other handles are in the shaded part.

map to [% —e, % + ¢] x T'? is the identity map. Let E C D? be an embedded 2-disk
satisfying the following conditions:

o ENdD*=[1—-e1+e];

E contains no critical values of f.

We denote by {p,..

.. Pn} C D? a set of critical values of f. We put py =
and oy, ..

1
2
., be embedded paths in D?, beginning at py and otherwise disjoint,
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intersecting with dD? at only pg, connecting pq to the critical values py,..., pu,
respectively. Let W, be a regular neighborhood of oy U- - -Ua,, such that W,NdD? C E.

We denote by W,, E and p; the image under id: D> — D? of W,, E and p;,
respectively. Then we can define an orientation and fiber preserving diffeomorphism
from /7 (EUWa UWUE)to f(EU W, UW, U@ by using the identity maps
of M and M . We denote this map by ¢t and £ U W, U W, U E by Dy.
There exists a pair of disks D, D; satisfying the following conditions:

e D contains two critical values of f;

* aHurwitz system of f'|s—1(py is (X1, X2);

e D; contains no critical values of f';

e DIN(EUW,) =0.

Indeed, we can see an example of such a pair in the left diagram of Figure 27.

The union D? Uiy D? \ int(Dg U D) is an annulus. We denote the annulus by Ag.
We can take a vector field X4, on A satisfying the following conditions:
L] XA

 each integral curve of X4, intersects 0Dy and 0D; transversely;

o 18 nonzero on every point of Ao ;
 every integral curve of X4, starting at a point on 9Dy ends at a point on dD;;

e for an integral curve ¢ of X4, and a real number 7, if ¢(7) is in D2, ¢(s) is not
in D? for every s > 1.

For example, we can take such an X4, as shown in the right figure of Figure 27.

Let H; for i = 1,2 be horizontal distributions of the restriction of f; to M U
M\ fi_l({pl, ..., pn}) such that H; and H, are identical on M. We can take
vector fields X7 and X, on fl_l(AO) and fz_l(Ao), respectively, by lifting X4, by
using Hy and H,. Then we can define a map

®: f7(D?U D\ int(Do U Dy)) — f; 1(D?U D?\ int(Dg U Dy))
by ®(Cl,x(t)) = C2,x(t)7
where ¢ x (resp. ¢2 x ) is anintegral curve of X (resp. X» ) starting at x € fl_1 (0Dg) =

f2_1 (0Dg). O is an orientation and fiber preserving diffeomorphism and the restriction
of ® to f 1_1 (0Dy) is the identity map. In particular, the following diagram commutes:

L

fl_l(DO) E— fz_l(DO)
id |f1_1 <3D0>l lid |f2_1 (@Dg)

J7U(D?U D2\ int(Do U Dy)) ——> f;1(D?UD?\int(Do U Dy))

Algebraic € Geometric Topology, Volume 11 (2011)



On genus—1 simplified broken Lefschetz fibrations 1307

10D,

Dy

Figure 27: Left: The figure of D? U D2. The shaded part describes Dg and
the part with slanted lines describes D?. Right: The figure of the annulus
D? Ujg D*\int(Dy U D1). The arrows in the figure represent an example
of X Ao -

By the above commutative diagram, we obtain the orientation and fiber preserving
diffeomorphism
®: f7(D?U D2\ int(Dy)) — £ (D?U D?\int(Dy)).

The restriction map of O to M is the identity map since the horizontal distributions #;
and H, are identical on M .

We can obtain by Theorem 4.8 an orientation and fiber preserving diffeomorphism
@: f7Y(D\int Dy) — f;71(D \ int Dy) satisfying the following conditions:

o — (O —1.
(plffl(aDl) - (®|ffl(3D1)) )
. (Zlfl—l(aD) is the identity map.

Then we obtain the following commutative diagram:

— ® —
fY(D*UD*\int D) —— f;1(D?*U D?\int D)

id |f1_1(8D) l lid |f2—1(aD)
—1 . @05 1 .
f1 (D\int Dy) —_— fz (D \int Dy)
id |f1_1(3D1)l lid |f2_1(3D1)
- id -
fl 1(1)1) EE— fz I(Dl),
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where vertical maps are defined only on boundaries. We can obtain by the above
diagram the orientation and fiber preserving diffeomorphism ®: M Uiy M — M Uy, M
which is the identity map on M . This proves the conclusion.

Step 2 We next prove the conclusion for general ¢. By Step 1, it is sufficient to prove
that, for any element A € SL(2,Z), there exists an orientation and fiber preserving
diffeomorphism W,4: M — M such that the image under W4 of {%} x T? is in
{ %} x T'? and that the mapping class of the restriction of W4 to {%} x T? is equal
to 4. To prove this claim, we use the following theorem.

Theorem 4.9 (Matsumoto [11]) Let (By,..., By) be a sequence of elements of
SL(2,Z). Suppose that each B; is conjugate to Xy and that By --- B, = £ E. Then,
by successive application of elementary transformations, we can change (B, ..., By)
into the sequence

(Xl,Xz,Xl,Xz, e ,Xl,Xz).

We put po €int D>\{p1, ..., pn} and let y be an embedded pathin D?, connecting jy
to po, intersecting 3D? at only pg transversely. We can take an isotopy class of an
orientation preserving diffeomorphism between f~1(po) and T2 by using y. We fix
a representative element 6y: f~!(py) — T2 of this class. By Theorem 4.9, we can
take embedded paths oy, ..., oy, in int D? satisfying the following conditions:

(a) «; starts at pg and connects pg to p;;

(b) aiNaj={po}ifi#j;

(©) ainy ={po};

(d) y,aq,...,a, appear in this order when we travel counterclockwise around py;

(e) a Hurwitz system of f determined by 0y, ay,..., oy is

(XI,XZ,,XI,XZ)

Similarly, we can take embedded paths B, ..., B, in int D? so that they satisfy the
following conditions:

(@)’ Bi starts at po and connects po to py,, where {pg,...., pr,} ={pP1..... Pn};
(d) BinNBj=1{po}ifi#j;
©" Biny ={po};

(d" v.,B1.,...,PBn appear in this order when we travel counterclockwise around py;
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(e)’ a Hurwitz system of f determined by 6y, B1,..., By is

(A" X A4, A7 X4, ..., A7 X A4, A7 X, 4).

Denote by E, a disk neighborhood of py in int D2\ {py...., pn}. Let
é:)i f_l(E())—>E0XT2
be an extension of an identification 6y. We define a diffeomorphism

Wy fTH(Eo) = /T (Eo)
by Uy (p,x) = (p, Ax),

where (p, x) € D>xT?. Let W, and Wpg be regular neighborhoods of oy U- - -Uay, and
B1U---U By, respectively. We denote by V7,..., V}, sufficiently small neighborhoods
in int D? of py,..., pu, respectively. We can easily extend ¥ to

Wy [THEQU W\ (VoU---UVp) = fTHEU W\ (VoU---U Vy)).

Moreover, we can take W, so that the image under W, of the inverse image of «;
is in the inverse image of B;. Then the image under ¥, of a vanishing cycle in a
regular neighborhood of f near f~!(p;) is isotopic to a vanishing cycle in a regular
neighborhood of f near f~!( Dk;)- Thus W5 can be extended to

Uy fTHEQUWy) — fH(EoU Wp).

We can easily extend this map to a self-diffeomorphism of M and this extension
satisfies the desired condition. This completes the proof of Lemma 4.7. |

Proof of Theorem 4.6 By Lemma 4.7, without loss of generality, we can assume that
the attaching circle of the 2—handle of the round handle in M is isotopic to y; o in a
regular fiber.

We first prove the statement (1). We can describe a diagram of M as shown in Figure 28.
We can divide the diagram into (—1)—framed unknots and a diagram of M’ by sliding
2-handles corresponding to elements in S, to the 2—handle of the round handle. This
proves the statement (1).

We next prove the statement (2) by induction on the number of elements in Wy . The
statement is true if Wy = & by Theorem 4.4. If W, contains an element X, the
statement holds by the statement (1) and the induction hypothesis. Suppose that Wy # &
and Wy does not contain X;. By Theorem 3.11, Wy is equal to the following normal
form:

XXX XXX,
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Figure 28: A diagram of a total space of a SBLF with associated sequence
Sy Wg . Only handles of D?xT?, round handle and 2-handles corresponding
to elements in S, are described and the other handles are in a shaded part.

Then a diagram of M can be described as shown in Figure 29. By applying moves as
we performed to prove Theorem 4.4, we obtain the first diagram in Figure 30. After
handle slidings, we obtain the last diagram in Figure 30. There exists a 2—handle
whose attaching circle intersects the belt sphere of the 1-handle geometrically once in
the shaded part. We denote the 2—handle by H. By sliding the 0—framed 2—-handle
intersecting the belt sphere of the 1-handle geometrically once to H and using the
0—framed meridian, we can divide the diagram into a diagram of S, s—2 (—1)—framed
unknots and a diagram of M. This proves the statement (2).

Combining the conclusions obtained above, we complete the proof of Theorem 4.6. O

We can prove the following theorem by an argument similar to that in the proof of
Theorem 4.6.

Theorem 4.10 Let f: M — S? be a genus—1 SBLF and suppose that W =
S;T(ny,...,ns) and s > 0. Then there exists a 4—manifold M’ such that M = M'#S,

where S is either of the manifolds S* x S? and S? X S2.

Proof By assumption about Wy, we can draw a diagram of M as shown in Figure 31.
We first slide the 2—handle of D? x T'? to the 2-handle of the round 2-handle twice.
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Figure 29: A diagram of a total space of a SBLF whose Hurwitz system is
W, T;. Only handles of D?x T2, round handle and 2-handles corresponding
to elements in 7 are described and the 2-handle of the round handle is
eliminated.

0 :1)__03 aam

Figure 30
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Figure 31

Then the 2-handle of D? x T'? becomes a 0—framed meridian of /—framed 2—handle
in the diagram. Since we assume that s > 0, there exists a 2—handle H in a shaded
part such that an attaching circle of H goes through the 1-handle that the /—framed
2-handle goes through. By sliding /—framed 2-handle to H and using the 0—framed
meridian, we can change the /—framed 2-handle and the 0—framed meridian into the
Hopf link. Thus we complete the proof of Theorem 4.10. |

Corollary 4.11 Simply connected 4—manifolds with positive definite intersection
form cannot admit any genus—1 SBLF structures except S*. Especially, kCPP? cannot
admits any such fibrations for any positive integers k .

Proof If such a 4-manifold admitted a genus—1 SBLF structure, the 4-manifold
would contain at least one S? x S? or S2 X S? connected summand by Theorem 4.10.
This contradicts the hypothesis about the intersection form. O

We end this section with the proof of Main Theorem A.

Proof of Main Theorem A By Theorems 4.2, 4.4 and 4.6, it is sufficient to prove
only that #kS? x S? admits a genus—1 SBLF structure. A diagram in Figure 32
represents the total space of a genus—1 SBLF whose monodromy representation is
represented by the sequence k7T>. We denote this manifold by M.

We can prove that My is diffeomorphic to S? x S? by applying same moves as we
apply in the proof of the statement (2) of Theorem 4.6. This completes the proof of
Main Theorem A. m
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Figure 32

5 Proof of Main Theorem B

We will use some properties of PSL(2,Z) = SL(2, Z)/{x E} for proving Main Theo-
rem B. So we first review these properties before proving the theorem.

We define matrices 4 and B in SL(2,Z) by

a=(07) s= (1 2).

Then A and B generate SL(2,7Z). In fact, both X; and X, are represented by A4
and B as follows:
X, = ABA, X, = BA>.

Let a, b, x; and x, be elements of PSL(2,7Z) represented by A, B, X; and X,
respectively. Then PSL(2, Z) has the finite presentation [10]

PSL(2,Z) = (a.b | a®, b?).
Especially, PSL(2, Z) is isomorphic to a free product Z /3 % Z/2.

The sequence (wy,...,wy) of elements of PSL(2,Z) is called reduced if the set
{w;, w;y1} is equal to either of the sets {a, b} and {a?, b} foreachi € {1,...,n—1}.
The proof of Main Theorem B is based on the following theorem.
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Theorem 5.1 (Magnus, Karrass and Solitar [10]) For every element g of PSL(2,7Z),
there exists a reduced sequence (wy, ..., w,) of PSL(2,7Z) such that g = wy --- wy.
Moreover, such a sequence is unique.

For an element g € PSL(2, Z), we take the reduced sequence (wq, ..., wy) such that
g = wq -+ wy. We define an element 7(g) by
1(g) = Wy -~ wy.

Then a map ¢: PSL(2,7Z) — PSL(2, Z) is well-defined by Theorem 5.1 and it is an
antihomomorphism. Since x; = aba and x, = ba?, we obtain #(x;) = x; and
t(xy) = xl_lxle .

Now we are ready to prove Main Theorem B.

Proof of Main Theorem B Let f: M — S? be a genus—1 SBLF with nonempty
round singular locus and with r Lefschetz singularities. Let Wy be a Hurwitz system
of f which satisfies w(Wy) = X", where m € Z. We can assume by Theorem 3.11
that Wf =SrT(ny,....n._g).

For the case r = 0, the conclusion holds directly by Theorem 4.2.

For the case r = 1, Wy is either of the sequence Sy and T'(ny). If Wy were T'(ny),
w(Wyr) would not be equal to £X 1’” So Wy is equal to Sy and the conclusion holds
by Theorem 4.2.

For the case r = 2, Wy is equal to Sy, §1T(ny) or T(ny,n3). Wy is not equal to
S1T(ny) since w(Wy) = £X[". If Wy is equal to S;, then M is diffeomorphic
to #2CP2, S! x S3# S #2CP? or L #2CP2. If Wy is equal to T'(n1,n3) and
np —ny = 1, we can change Wy by elementary transformations as follows:

Wr = (X" XX X, 2 X, X[?)
= (XM XXX XX )X X X, X T XX
= (X" XX RX G X XXX
=X, "X X" XXX
= (X1, X, " XX )
= S1 T(I’ll).
This contradiction says that ny —ny # 1. Since w(Wy) = £ XT", we have the equation
xp gt P = X

(5-1) = xox'T"x, = X7,
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where n = m + ny —n,. The left side of Equation (5-1) is represented by a and b as

g2y ba?-a*(ba) ™ 2" 1papa®> ny—n, <0,
! ba?-a(ba®?)y" "2~ 1paba? ny—ny>2

_ Jay Tt 2baba? ny—ny <0,
a?(ba®)"~"2=2pgba? ny—ny>2.

The element x{ is represented by @ and b as follows:

a(ba®>)""ba n>1,
(5-2) "= {

- a’(ba) ™" 'ba?> n<-I.

By Theorem 5.1, we obtain ny —ny = 2. Then we can change Wy into T, by applying
simultaneous conjugation. Thus M is diffeomorphic to either of the manifolds S?2 x S?
and S2X S2.

For the case r =3, Wy isequal to S3, ST (n1), S1T(ny,n3) or T(ny,nz,n3). The
case Wy = S8,T (n1) never occurs since w(Wy) = £ XT". If Wr=S3 or $1T(ny,n,),
4-manifolds that M can be is well-known by Theorems 4.2, 4.4, 4.6 and the argument
for the case r = 2 and these are contained in a family of 4—manifolds in the statement
of Main Theorem B. So all we need to examine is the case Wy = T'(n,n3,n3). We
can assume that n; —n; 41 # 1 (i =1, 2) by the same argument as in the case r = 2. If
ni—njy1 =2 fori =1 or 2, then Xl_"inXl"in_niJrleXfiJrl =—X[* and we can
change Wy into T'(77)T, by elementary transformations and simultaneous conjugations,
where 7 is an integer. This contradicts w(Wy) = £X{". So n; —n; 41 #2 fori =1,2.
Since Wy = £ X", the following equation holds:

—n n —h —h n
X, 1x2x11x1 2x2x1 3x2x13 = x]!
(5-3) = xpx] 1 xpx X, = X7,
where n =m-+n{—ns. If ny—ny <0, then the left side of Equation (5-3) is represented
by a and b as follows:
xzx;’l_nzxzx;lz_n%z
ba?-a?(ba) ™ T"2=1pa? . pa? - a(ba®)">7"3 71 . ba®  ny,—n3 >3,
ba?-a*(ba) 27 1pa? . ba? . a?(ba) "2t pa? ny—n3 <0
(ba) ™M *12pg . (ba?)"2733pg? n,—nz >3,
(ba) ™M F12pg? (ba) 213 ba? ny,—nz <0.
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This would not be equal to x;’ by (5-2) and Theorem 5.1. Thus we obtain ny —n, > 3.
By operating a map ¢ to both sides of Equation (5-3), we obtain

—1 Hy—nN —1 ni—n —1
(e7 22X )X (]  xax )y () XX ) = XY
= xzx;’z_mxzx;”_”zxz = x{.
So we obtain n, —n3 > 3 by the same argument as above. Thus the left side of
Equation (5-3) is represented by a and b as follows:

xox | Ty x 2T xy = ba® - a(ba®)" ™" ba - ba® -a(ba®)"™> ™" ba - ba®
= a?(ba®)"'"""2ba - a®(ba®)"> " 2baba’®
= a?(ba®)"' "2 3ba(ba*)"2 "33 baba?.

By Theorem 5.1, we obtain ny —ny = ny —n3 = 3. Then we can change Wy into T3
by applying simultaneous conjugation and M is diffeomorphic to #2CP?#CP?2.

For the case r =4, Wy is equal to Sy, S37T(n1), S2T(ny,n3), S17T(ny,nz,n3) or
T'(ny,ny,n3,n4). But all we need to examine is the case Wy = T'(ny,nz,n3,n4) as
the case r = 3. We can assume that n; —n;+q # 1,2 for i = 1,2, 3 by the same
argument as in the case r = 3. If n; —n;41 = njy1 —njyp =3 fori =1 or 2,
then we can change W into T'(77)T3 by elementary transformations and simultaneous
conjugations, where 7 is an integer. This contradicts w(Wy) = £ X7". So we obtain
(nj —njy1,mi41 —niy2) #(3,3) for i =1,2. Since Wy = £ X", we obtain

—ny ny _—Hnz ny —n3 n3_ _—n4 n4g __ _m
xy e x P a x P X x P M x [t = X
ny—n Nnp—n n3—n
(5-4) = X2 xax 7T R xgx T xy = X,

where n =m +ny; —ng4. If ny —ny <0, the left side of Equation (5-4) is represented
by a and b as follows:

xzx;”_nzxzx;’z_"3x2x;’3_n4x2
ba?-a*(ba) ™" T"2"1pa? . pg? Ny —nz >3, n3—nyg >3,
ca(ba®)27 "3 g - ba? - a(ba?)"3 "+~ ba - ba®
ba?-a?(ba)~"1t"2=1pg? . ba? ny—n3 <0, n3—ny >3,
B ca®(ba)™™2 17 1pa?  pa? . a(ba®)3 """ ba - ba?
) ba? -az(ba)_”l""’z_lba2 -ba> ny—nz >3, n3—ny <0,
ca(ba®)27"3 g - ba? - a?(ba) "3 T4 1pa? . ba?
ba? - a*(ba) ™ T"2=1pa? . pg? ny—n3 <0, n3—ns <0
ca®(ba) 2137 1pa?  pa? . a? (ba) "3 "4 1pg? . ba?
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N

(ba)™™F"2pa(ba®)"2""3"3ba(ba?)3 "4 3baba®* n,—n3 >3, n3—ny4 >3,
(ba) ™ *"2pa?(ba) "2 "3 ba(ba®)"3 " 2baba® ny—n3 <0, n3—ny4 >3,
(ba) ™1 T"2pa(ba®)"2"372 (ba) ™3 T4t pa2ba®  ny—n3 >3, n3—ng <0,
(ba)™™F"2pa?(ba) "2 T3 ha? (ba) 3 "4ba’ba®  ny —n3 <0, n3—ny4 <0.

This would not be equal to x’l' by (5-2) and Theorem 5.1. Thus we obtain n; —n3 > 3.
By operating a map ¢ to both sides of Equation (5-4), we obtain

ni3—n h>—n nyi—n
Xox P X P X x ] X = X

So we obtain n3 —n4 > 3 by the same argument above. If n, —n3 < 0, the left side of
Equation (5-4) is represented by « and b as follows:

np—
1

= ba®-a(ba®)" "> Vpa-ba* - a®(ba) 213 ba? - ba* - a(ba*)"3 " Lba - ba?

— a2(ba2)n1—n2—l (ba)—n2+n3+lba(baZ)n3—n4—2ba . baZ‘

np—n3 n3—ny

XoX "zxle XX X

This would not be equal to x;’ and we obtain ny, — n3 > 3. Thus the left side of
Equation (5-4) is represented by « and b as follows:

np—n3 n3—ny

1 x2x1 X2

= ba®-a(ba®)" " ba-ba? - a(ba®)"> "3 ba - ba® - a(ba?)3 " ba - ba®
— aZ(baZ)n1—n2—3ba(ba2)n2—n3—3a2(baZ)n3—n4—3baba2

B {az(baz)’“_”2_4ba(ba2)”3_”4_4baba2 ny—nz =3,

ny—n
xox7 XX

a?(ba*)"1="273pa(ba®)2 "3~ 4ba(ba®)3 "4 3baba®? n,—nz > 4.
By Theorem 5.1, we obtain
(ny—ny,ny —n3,n3—nyg) =(3,4,3) or (4, 3,4).

Then we can easily change Wy into T4 by elementary transformations and simultaneous
conjugations. Thus M is diffeomorphic to #3CP?#CP2.

For the case r = 5, Wy is equal to S5, S4T(n1), S3T(ny,n2), S2T(ny,na,n3),
S1T(ny,ny,n3,n4) or T(ny,ny,n3,ng,ns). But all we need to examine is the case
Wyg=T(ny,ny,n3,n4,ns) as the case r = 4. We can assume that n; —n; 1 # 1, 2 for
i=1,2,3,4and (nj—njq1,nj41—njy2)#(3,3) for j =1,2,3 by the same argument
asinthe case r = 4. If (n; —nj41,nj41 —Nit2,Niv2 —niy3) = (3,4,3) or (4,3,4)
for i =1 or 2, then we can change Wy into 7' (i) T4 by elementary transformations and
simultaneous conjugations, where 7 is an integer. This contradicts w(Wy) = £X".
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So we obtain (n; —njy1,ni+1 —Njt2,Ri+2 —Ni+3) = (3,4,3),(4,3,4) fori =1,2.
Since w(Wr) = £X{", we obtain the following equation:

—n n —n n —n n —n n —n n
Xy Xy e g P P x P g x X xpx ] = Xy

nyi—n n>—n h3—n nqa—n
(5-5) = xX7 XX T X X, = Xy,

where n =m+ny—ns. lf ny—ny <0 and ny, —n3 <0, the left side of Equation (5-5)
is represented by a and b as follows:

xzx;“_"zxzx':z_mxzx;"?’_"“xzx;"‘_"sxz
ba?-a?(ba)~™1t"2"1pg? . ha? n3—ng >3, ng—ns >3,

_aZ(ba)—n2+n3—1ba2 -ba?

ca(ba®)"3 "4 pg - ba® - a(ba?)* "5 1ba - ba?

ba?-a*(ba) ™27 1pa? . pg? ny—ng <0, ng—ns >3,
.a2(ba)—n2+n3—1ba2 .ba?

-a*(ba)™"3 T 1pg? . pa? . a(ba®)"+ 5" ba - ba?

ba?-a*(ba) ™27 1pa? . pg? n3—ng >3, ng—ns <0,
.a2(ba)—n2+n3—1ba2 -ba?

ca(ba®)B3 "4 ba - ba? - a?(ba) " T"5"1ba? . ba?

ba?-a*(ba) ™27 1pa? . pg? ny—ng4 <0, ng—ns <0,
'a2(ba)—n2+n3—1ba2 -ba2

.aZ(ba)—n3+n4—lba2 -ba? .aZ(ba)—n4+n5—lba2 -ba?

(ba)™"1*72ba? (ba)™"> "3 ba(ba®)"3 ™73 n3—ng =3, ng—ns =3,
.ba(baZ)n4—n5—3baba2

(ba)—nl+n2ba2(ba)—n2+n3ba2(ba)—n3+n4 Ny —ng4 <0, ng—ns >3,
,ba(baZ)n4—n5—2baba2

(ba)_’“+”2ba2(ba)_”2+”3ba(ba2)”3_”4_2 Ny —ng >3, ng—ns <0,
-ba(ba) "5 pbaba?

(bay ™1 *12ba? (ba) "2 +"3ba? (ba) M+ ny—ny <0, ng—ns <0.
'baz(ba)_”4+”5ba2ba2

This would not be equal to x{ by Theorem 5.1. So either of the cases 7y —n3 > 3 and
np —ns3 > 3 holds. If ny —ny <0, then ny, —n3 > 3 and the left side of Equation (5-5)

Algebraic € Geometric Topology, Volume 11 (2011)



On genus—1 simplified broken Lefschetz fibrations 1319

is represented by a and b as follows:

o XX 2T g x BT x4 T X
ba?-a*(ba) 127 1pa? . pg? N3 —H4 >3, Ny —ns >3,

ca(ba®)"2" "3 1pg - ba?®

a(ba®)»3 "4 ba-ba? - a(ba®)"4~ "5~ ba - ba®

ba?-a?(ba)~™*T"2=1pg? . ba? ny—ng <0, ng—ns >3,
ca(ba®)"27 "3 pg - ba?

-a?(ba) 4= 1pa?  ba? . a(ba®)** "5 1ba - ba?
ba?-a?(ba)~™*t"2"1pg? . pg? n3—ng >3, ng—ns <0,
-a(ba®)"27"3"1bq - ba?

ca(ba®)"3 "4 pg  ba? - a?(ba) "4t 1 ba? - ba?

ba?-a*(ba) 127 1pa? . hg? ny3—ng <0, ng—ns <0,
-a(ba®)"27"3"1bq - ba?

-a?(ba) 3+ pa? . ha? - a2 (ba) 451 pa? - ba?

(ba)—n1+n2ba(ba2)n2—n3—3 Ny —ng > 3’ ng—ns > 3’
-ba(ba?)37"4=342 (ba*)"+ 53 baba?
(ba)y ™M TM2pq(ba*)"2"372 ny—ng <0, ng—ns >3,
- (ba) 314+ pa(ba?)+ "5~ 2baba?
| a1 tr2ba(ba?)r2ns =3 ny—ng >3, ng—ns <0,
-ba(ba?)"3 "4 3pa(ba) "4 t"5ba’ba?
(ba)™™t"2pg(bg?)"2—"3=2 n3y—ng <0, ng—ns <0,
. (ba)—n3+n4+1ba2(ba)—n4+n5ba2ba2
(ba)~"1 2 pa(ba?)ra—"3=3 Ny —ng >4, ng—ns >3,
-ba(ba*)3 "4~ 4ba(ba*)" "5 3baba’®
(ba)y~™"1+"2ba(ba®)">—"3—4 ny—ng =3, ng—ns >3,

-ba(ba®)"+~"5~4*baba?
(ba) M m2pg(ba?) 27372 (ha) 3Tl sy <0, ng—ns >3,
-ba(ba*)"~"5=2baba’®

(ba)™"1*"2ba(ba?)">—"3 3 ny—ng >3, ng—ns <0,
-ba(ba?)"3 "4 3pa(ba) "+ *t"5ba’ba?
(ba)~"1+"2ba(ba?)"> "2 ny—ny <0, ng—ns <0.

. (ba)—n3+n4+lbaZ(ba)—n4+n5ba2ba2
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This would not be equal to x{ by Theorem 5.1. So we obtain 71 —n; > 3. By operating
amap ¢ to both sides of Equation (5-5), we obtain

nq—ns n3—ng np—n3 ny—nz_ . __ .n
(5-6) X2 X XX X2 X X2 X Xy = Xy.

So we obtain nqg —ns > 3. If ny —n3 <0, the left side of Equation (5-5) is represented
by a and b as follows:

ni1—n n>—n n3—n nq—n
Xoxy TP x P XX et

ba?-a(ba?)" ™" 1pa.ba® - a®(ba) "2t pa? . ba®> n3—ny4 >3,
~a(ba*)3 "= bg - ba? - a(ba®)"+ "5~ ba - ba®
ba?-a(ba*)" "2 1bg - ba? - a?(ba) "2 1ba? -ba®> n3—ns <0

-a®(ba) "= 1pa?  pa? . a(ba®) "5~ ba - ba?

a2ba2(ba2)n1—n2—3 (ba)—n2+n3+1 N3 —Hg > 3,
B -ba(ba?)3 "3 pa(ba*)*+ "3 baba’
- a2ba2(ba2)n1—n2—3(ba)—n2+n3+1 n3—ng <0.

-ba®(ba) "3 "4 ba(ba®)* "5~ 2baba?

This would not be equal to x{ by Theorem 5.1 and we obtain 1, —n3 > 3. We also
obtain n3—ny4 > 3 by Equation (5-6). Thus the left side of Equation (5-5) is represented
by a and b as follows:

ni—ny hp—n3 n3—ngy ngq—ns
1 szl xle xle X2

= ba®-a(ba®)""""pa-ba* - a(ba*)"> 7" ba - ba®
ca(ba®)3 " ba - ba® - a(ba?)" "5 ba - ba?
— a2(ba2)n1—n2—2a2(baZ)nz—n3—3a2(baZ)n3—n4—3a2(baZ)n4—n5—3baba2

— aZ(baZ)nl —n2—3ba(ba2)n2—n3—3a2 (baZ)ng—n4—3a2(baZ)n4—n5—3baba2

X2 X

a?(ba*)"1—"2=3pg(ba?)r2—ns—4 n, —nz >4,
-ba(ba®)" 7342 (ba?)"4~ "5 3baba’
a?(ba?)y"1—"2=4pg(hg?)r3 "4 ny—n3 =3

-ba(ba?)" "5 3baba?

Algebraic € Geometric Topology, Volume 11 (2011)



On genus—1 simplified broken Lefschetz fibrations 1321

a?(ba?)"~"2=3pg(bg?)"2—n3—4 no—n3z >4, n3—ng >4,
-ba(ba?)3 "~ 4*pa(ba?)*+ "5 3baba?®
. a?(ba*)"1—"2=3pg(ba?)r2 "33 ny,—n3 >4, n3—ng =3,
| -ba(ba?)r+ 54 baba?
a?(ba?)"—"2=4pg(hg?)"3 "4 n, —nz =3.
-ba(ba?)"~"53baba?

By Theorem 5.1, we obtain
(ny —ny,ny —n3,n3 —ng,ng—ns) =(3,4,4,3), (3,5,3,4) or (4,3,5,3).
Then we can easily change Wy into T's by elementary transformations and simultaneous

conjugations. Thus M is diffeomorphic to #4CP?2#CP?2.

Combining the above arguments, we complete the proof of Main Theorem B. a

Remark 5.2 The case r > 6 is algebraically too complicated to solve the classification
problem. For example, in the case r = 6, the following sequence appears as a candidate
of a Hurwitz system of a SBLF:

To= (X7 OXo X 10 XX X8, X7 X0 Xy, XX X T2, X0 X X776, X X x 71,

Indeed, it is easy to see that w(ﬁ) =-X7 24 and so it satisfies the condition in
Theorem 3.11. We can change T into the following sequence by successive application
of elementary transformations and simultaneous conjugations:

(T3,1, 132, 12,3, 12,5, T1,4, T—11).

We can draw a Kirby diagram of the total space of a SBLF whose Hurwitz systems ﬁ.
We can prove by Kirby calculus that this 4—manifold is diffeomorphic to #5CP2#CP?2,
which is the total space of a SBLF whose Hurwitz system is 7. However, the author
does not know whether T; can be changed into 7T by elementary transformations and
simultaneous conjugations.

Conjecture 5.3 If M admits a genus—1 SBLF structure with nonempty round singular
locus, then it is diffeomorphic to one of the following 4—manifolds:
o #kCP?#ICP2, where [ >0 and k > 0.

o #kS?2xS2, where k>0 .
o S!xS3#S#kCP2, where k >0 and S is either S2x S2 or S2X S2.
o L#kCP2, where k >0 and L is either L, or L}.

More strongly, the families of genus—1 SBLF obtained in Section 4 contain all genus—1
SBLFs with nonempty round singular locus.
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