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The state sum invariant of 3—manifolds
constructed from the E¢ linear skein

KENTA OKAZAKI

The E¢ state sum invariant is a topological invariant of closed 3—manifolds con-
structed by using the 6 j—symbols of the E¢ subfactor. In this paper, we introduce
the E¢ linear skein as a certain vector space motivated by Eg subfactor planar
algebra, and develop its linear skein theory by showing many relations in it. By using
this linear skein, we give an elementary self-contained construction of the E¢ state
sum invariant.

57TM27, 5TM15; 46L.37

1 Introduction

In [14], Turaev and Viro constructed a state sum invariant of 3—manifolds based
on their triangulations, by using the 6 j—symbols of representations of the quantum
group Uy(sly). Further, Ocneanu [9] (see also Evans and Kawahigashi [2] and
Kodiyalam and Sunder [6]) generalized the construction to the case of other types of 6 j—
symbols, say, the 6 j—symbols of subfactors. In the construction, we consider colorings
(called states, historically) of edges and faces of a triangulation of a 3—manifold, and
associate colored tetrahedra to values of the 6j—symbols. A state sum invariant is
defined by a sum of the product of such values of tetrahedra, where the sum runs over all
admissible colorings. When the 6 j—symbols can be obtained from representations of a
quantum group, it is known (see Turaev [13]) that the state sum invariant is equal to the
square of the absolute value of the Reshetikhin—Turaev invariant, and the calculation of
the state sum invariant is reduced to the calculation of the Reshetikhin—Turaev invariant.
However, in the case of the 6 j—symbols of the E¢ subfactor, such a Reshetikhin—Turaev
invariant can not be defined, and it is necessary to calculate the state sum invariant
directly. For some calculations of the E¢ state sum invariant, see Suzuki and Wakui [12]
and Wakui [15], where they construct the E¢ state sum invariant directly from concrete
values of the 6j—symbols of the E¢ subfactor given by Izumi in [3].

We briefly recall the Eg subfactor; see, for example, [2] for details. A subfactor N
is a certain subalgebra of a certain C*~algebra M. A principal graph of a subfactor
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is (roughly speaking) a graph whose vertices are irreducible N~N bimodules and
irreducible N~M bimodules, and an irreducible N—A bimodule X is connected
to an irreducible N—M bimodule Y by an edge when Y appears in the irreducible
decomposition of X ®n M. The E¢ subfactor is the subfactor whose principal graph
is of the form

v, v, v,

(1.1

where circled vertices are N=A bimodules and the other vertices are N—M bimodules.
The 6j—symbols are coefficients of a transformation between bases of

(1.2) Hom(V;, (Vi ® Vj) ® Vi), Hom(V;, Vi ® (V; ® V),

though it is difficult in general to calculate their concrete values directly from the
subfactor, since these bimodules are infinite-dimensional.

We briefly recall the sl, linear skein; see Kauffman and Lins [5] and Lickorish [7]
for details. It is known that the Jones polynomial of links can be defined by using
the Kauffman bracket, which is defined by a recursive relation among link diagrams.
Lickorish introduced the sl; linear skein, which is the vector space spanned by link
diagrams subject to the recursive relation of the Kauffman bracket. It is a key point
that we can calculate the value of any link diagram by graphical calculation using the
defining relations of the linear skein recursively. Further, he introduced the Jones—Wenzl
idempotents as elements of the sl, linear skein (white boxes defined in (2.5)), corre-
sponding to irreducible representations of the quantum group Uy (sl,). By using these
Jones—Wenzl idempotents, he gave an elementary self-contained construction of the
Reshetikhin—Turaev invariant; in fact, this construction is quite useful when calculating
the Reshetikhin—Turaev invariant of concrete 3—manifolds; see [5]. Moreover, it is
known [5; 7] that we can describe the 6j—symbols of representations of Uy (sl) in
terms of the sl; linear skein, as coefficients of a transformation between the following
two graphs,

iNC I\ Sk iNG Sk
(1.3) «—
l l
which describes the transformation of (1.2) graphically.
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As a graphical approach to subfactors, Jones [4] introduced planar algebras, which are
a kind of algebra given graphically in the plane. As the Kuperberg program says (see
Morrison, Peters and Snyder [8]), it is a problem to

(i) give a presentation by generators and relations for each planar algebra,

(i) show basic properties of the planar algebra based on such a presentation.

For the D, planar algebra, (i) and (ii) have been done in [8]. For the E¢ and Ejg
planar algebras, Bigelow [1] has done (i), and has partially done (ii) by using the
existence of the subfactor planar algebra, though idempotents corresponding to N—N
bimodules are not given in the E¢ planar algebra in [1].

In this paper, we introduce the Eg¢ linear skein, motivated by Bigelow’s generators
and relations of the E¢ planar algebra. We define the Eg linear skein S(R?) of R?
to be the vector space spanned by certain 6—valent graphs (which we call planar
diagrams) subject to certain relations (Definition 2.1). Our relations are a modification
of Bigelow’s relations; we show that they are equivalent in Section 6.1. We show
that S(R?) is 1—dimensional (Proposition 2.2), which means the key point is that we
can calculate the value of any planar diagram by graphical calculation using the defining
relations of the linear skein recursively. That is, in order to prove Proposition 2.2, we
show that

(1) any planar diagram is equal to a scalar multiple of the empty diagram in S(R?),

(2) such a scalar is uniquely determined for any planar diagram.

We give a self-contained combinatorial proof of them. To show them, it is important to
give an efficient algorithm to reduce any planar diagram to the empty diagram. Such a
reduction is done by decreasing the number of 6—valent vertices of a planar diagram.
To do this, we use the relation (2.4) (one of our relations), which can reduce two
vertices connected by two parallel edges, while the corresponding relation (6.1) (one
of Bigelow’s relations) reduces two vertices connected by three parallel edges. In fact,
to reduce planar diagrams, our relations are more efficient than Bigelow’s relations,
and this is a reason why we define the E¢ linear skein by our relations, instead of
Bigelow’s relations. We show (1) by decreasing the number of vertices of any planar
diagram by using (2.4). To show (2), we show that the resulting value does not depend
on the choice of a process of decreasing the number of vertices; we consider all such
processes and show the independence on them concretely.

Further, we introduce idempotents (gray boxes in Section 3) in our linear skein, corre-
sponding to the irreducible N—A bimodules Vy, V5, V4 in (1.1). It is known, see [3],
that the fusion rule algebra of the E¢ subfactor is given by the product shown in the
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following table, and the quantum dimensions of Vo, Va, V4 are equal to 1, 1++/3, 1
respectively.

Vo Vs Va4
Vo | Vo Va Va
Vol Vo Vo4+2Va+Vsy V
Vi | Vs Vs Vo

In particular, Vy is the N=N bimodule A/, which gives the unit of the fusion rule
algebra. Corresponding to 1}, we define the gray box over 0 strands to be the empty
diagram. Further, V, is an irreducible N=N bimodule in the irreducible decomposition
of M ® M. Corresponding to V,, we define the gray box over 2 strands to be
the Jones—Wenzl idempotent over 2 strands. Furthermore, V4 is an irreducible N—N
bimodule in the irreducible decomposition of M & p M nr MR a4 M. Corresponding
to V4, we define the gray box over 4 strands to be a certain idempotent over 4 strands.
We show that the values of the closures of these gray boxes are equal to the quantum
dimensions of Vy, V>, V4 (Lemma 3.2). By using these gray boxes, we introduce
colored planar trivalent graphs, whose edges are colored by these gray boxes, where we
define admissible trivalent vertices in (3.5) corresponding to the above mentioned fusion
rule algebra. In particular, we note that we consider two kinds of trivalent vertices when
the adjacent three edges are colored by 2, 2, 2, since the summand V, in V, ® V, has
multiplicity 2. Moreover, we consider the linear skein H(iy,i5,..., ;) spanned by
planar diagrams on a disk bounded by the gray boxes over i; strands, i, strands, ...,
in strands, corresponding to the intertwiner space Hom(Vy, V;, ® Vi, ® ---® V;,,). We
show that a basis of this space is given by colored trivalent trees (Proposition 4.9). In
particular, when n = 4, we can describe the 6 j—symbols in terms of colored planar
trivalent graphs as coefficients of a transformation between bases of the forms in (1.3).

By using these 6j—symbols, we give a construction of our state sum invariant in terms
of colored planar trivalent graphs (Definition 5.1). It is known as a general procedure
that the topological invariance of such a state sum invariant is shown from the defining
relation of the 6j—-symbols. We review this procedure in terms of our E¢ linear skein
(the proof of Theorem 5.2). In particular, in the proof, we show a pentagon relation of
the 6j—symbols by using a basis of H(iy,i,,...,is) given in Proposition 4.9. We show
that our state sum invariant is equal to the E¢ state sum invariant (Proposition 6.2),
since our 6j—symbols can be transformed into the 6j—symbols of the E¢ subfactor
given in [3].

We comment on a topological aspect of our construction; see [5] for this aspect. A
triangulation of a 3—manifold is locally described by a triangulation of a 3—ball. When
a 3-ball has a triangulation, it induces a triangulation of the boundary 2—sphere, and we
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consider its dual planar trivalent graph. In this correspondence, “gluing a tetrahedron
on a 3-ball” corresponds to a fusion of the dual trivalent graph, which is described by
6 j—symbols.

A triangulation of S?

The dual graph

Gluing a tetrahedron
g <—> 6j-symbol g

= > ¢

From this viewpoint, we calculate our state sum invariant for some concrete 3—manifolds
in Section 7. It is expected that, when we study topological aspects of the invariant, it
is useful to construct a state sum invariant in terms of the linear skein.

7

The paper is organized as follows. In Section 2, we introduce the Eg linear skein S(R?)
of R?, and show that S(R?) is 1-dimensional. Further, we show that S(R?) is
spherical, that is, we can regard planar diagrams in R? as in S? = R2 U {oo}. In
Section 3, we introduce gray boxes and colored planar trivalent graphs. In Section 4,
we introduce the space H(iy,i,...,in), and give a basis of this space. By using this
basis, we define the 6 j—symbols. In Section 5, we construct our state sum invariant by
using these 6 j—symbols. In Section 6, we show that the defining relations of our Ej
linear skein are equivalent to Bigelow’s relations. Further, we show that our state
sum invariant is equal to the E¢ state sum invariant. In Section 7, we calculate our
state sum invariant for the lens spaces L(4,1), L(5,2) and L(5,1) in terms of the
E¢ linear skein. In Appendix A, we present the concrete values of the weights. In
Appendix B, we show that our 6 j—symbols can be transformed into the 6 j—symbols of
the E¢ subfactor.

Notation Throughout the paper, the scalar field for every vector space is the com-
plex field C. We will set ¢ = exp(m+/—1/12), [n] = (¢" — ¢ ™) /(g — ¢~ "), and
o = exp(4mwv/—1/3). Further, dy = 1, dy = [3], d4 = 1 (by Lemma 3.2), and we put
w =d§+d22—|—df =2 +4[3]> = 6 + 2+/3. We note that

(1.4) [2] = f+ \/_ Bl=V2R21=1++3. [4=V3[2]= w,
[5] = 2]2_2+f [6] =221 = v2+ V6, [12—n]=]n].
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2 The Eg linear skein

In this section, we introduce the E¢ linear skein of R? and show that it is 1—dimensional
in Section 2.1. Further, we introduce the Eg4 linear skein of a disk and show some
properties in the E¢ linear skein in Section 2.2.

2.1 The Eg linear skein of R?

In this section, we introduce the Eg linear skein S(R?) of R? as a vector space spanned
by certain planar graphs in Definition 2.1, and show that S(R?) is a 1-dimensional
vector space spanned by the empty diagram in Proposition 2.2.

We define a planar diagram to be a 6—valent graph (possibly containing closed curves)
embedded in R? such that each vertex is depicted by a disk whose boundary has a
base point, as shown in the following picture.

We regard isotopic planar diagrams as equivalent planar diagrams. A planar diagram
is said to be connected if it is connected as a graph. A cap of a planar diagram is an
edge bounding a region of the shape of a disk as shown in CE.A digon of a planar
graph is a region of the shape of a disk bounded by two edges and two vertices as
shown in

Definition 2.1 We define the Eg linear skein of R?, denoted by S(R?), to be the
vector space spanned by planar diagrams subject to the following relations:

2.1) D U (aclosed curve) = [2]D  for any planar diagram D,
2.2) (A planar diagram containing a cap) = 0,

2.3) 2}; =0 2.
(2.4) g = [4] ﬁ + 31141 'Hﬂ% :
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Here, in each of (2.3) and (2.4), pictures in the formula mean planar diagrams, which
are identical except for a disk, where they differ as shown in the pictures. The white

boxes, called the Jones—Wenzl idempotents, are inductively defined by EEI = | ,and
n-1 1
In [l -1
(2.5) ' | = | n-2 for2<mn <11,
[ In- 1 5,

where a thick strand attached with an integer » means n parallel strands.

It is known, see for example [7], that the Jones—Wenzl idempotents satisfy the following
properties in the linear skein:

(2.6) @@ .:::.

2.7) ’” =0 (=1,....n—1),

1 n-1 B [n+1] n-1
(2.8) :llzél l%:::n-l = ] —

for 1 <n<11.

The aim of this section is to show the following proposition, which implies that S(R?)
is 1—dimensional.

Proposition 2.2 There exists an isomorphism (- ): S(R?) — C which takes the empty
diagram & to 1.

Proof We show that S(R?) is spanned by the empty diagram @, ie, at most 1—
dimensional, as follows. Let D be a planar diagram. We show that D is equal to a
scalar multiple of @ in S(R?). By considering an innermost connected component
of D, we can reduce the proof to the case where D is connected. If D has no vertices,
then D is the empty diagram or a closed curve. Thus, by (2.1), D is equal to &
or [2]@. If D has just one vertex, then D must have a cap, and thus D = 0 by (2.2).
Hence, we can assume that D is a connected planar diagram with at least two vertices
and no caps. Then, by Lemma 2.3 below, D has a digon. By using (2.3), we move
the base points of the vertices of this digon as shown in the left-hand side of (2.4).
Further, by applying the left-hand side of (2.4) to this digon, D is presented by a linear
sum of planar diagrams with fewer vertices. By repeating this argument, D can be
presented by a scalar multiple of @ in S(R?). Hence, S(R?) is spanned by the empty
diagram &.
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We show the proposition by improving the above argument. Let gk (R?) be the vector
space freely spanned by planar diagrams with at most & vertices. We will inductively
define the linear map (-)z: Sg(R?) — C for k = 0,1,2,..., extending {-)gx_,
satisfying that (&), = 1 and

(2.9) (D U (a closed curve)) « = [2]{D) for any planar diagram D,
(2.10) ((A planar diagram containing a cap)) =0,

@.11) <2}; ) =0 }ii)k
@.12) (:\f\%;))k = :j\ﬁj ), + Bl b ),

If such linear maps exist, we obtain a nontrivial linear map (-): S(R?) — C as the
inductive limit of them, and such a linear map (-) must be isomorphic, since S(R?)
is at most 1-dimensional as shown above. In the following of this proof, we define
(-)g for k =0,1,... by induction on k showing (2.9)-(2.12).

When k = 0, we define (- )¢, as follows. Let D be a planar diagram with no vertices.
Then, D is a union of closed curves. We define (D)o = [2]"*, where m is the number
of closed curves of D. We can verify (2.9) for k = 0 by definition, and the conditions
(2.10)—(2.12) are trivial in this case.

When k = 1, we define (-);, as follows. For a planar diagram D with no vertices,
we put (D)1 = (D)¢. For a planar diagram D with just one vertex, we put {(D); =0,
noting that D must have a cap. We can verify (2.9)—(2.11) for k = 1 by definition,
and the condition (2.12) is trivial in this case.

When k > 2, assuming that there exists a linear map (- )z_1: gk—l (R?) — C satisfying
(2.9)-(2.12) for k — 1, we define a map (- ), as follows. For a planar diagram D with
at most k — 1 vertices, we put (D), = (D)j_1. For a planar diagram D with just k
vertices, we define (D), as follows. When D is disconnected, we put (D) to be
the product of (connected component of D). If D contains a cap, we put (D), = 0.
Hence, it is sufficient to define (D) for a connected planar diagram D with no caps.
By Lemma 2.3 below, such a planar diagram has a digon. By applying the left-hand
side of the following formula to this digon, we define (D) by

(2.13) (g >k=w"([4]< ﬁ >k_ + (34 ]( % )k 1)

where the integer n is defined by the position of the base points of the diagram in
the left-hand side, as follows. We move each of the base points around the vertices

clockwise until the diagram becomes a , and 7 is the number of times the base

Algebraic & Geometric Topology, Volume 13 (2013)



The state sum invariant of 3—manifolds constructed from the E¢ linear skein 3477

points pass the edges. For example, if the diagram in the left-hand side isj‘/g \\), then

n =542 =7. We note that the planar diagram in the left-hand side has k vertices,
and the planar diagrams in the right-hand side have k — 1 and k — 2 vertices. We also
note that the definition (2.13) is well defined independently of the & —rotation of this
substitution, since the right-hand side of (2.13) is invariant under the & -rotation by
the kK — 1 case of Lemma 2.5 below. Further, in order to complete the proof, we must
show that (D) does not depend on the choice of a digon, and that this {-); satisfies
(2.9)—(2.12).

We show that (D), does not depend on the choice of a digon, as follows. For a planar
diagram D with a digon R, we put Dg to be the linear sum of planar diagrams
obtained from D by substituting

o @qgﬁ} + 314 -H% ) o ’g\,\?

of this digon. We define J ) by:

— @ 1T + a4

Let D be a planar diagram with two digons R; and R,. Then, we have the following
three cases of the mutual positions of Ry and R ; see Figure 1:

(a) The vertices of Ry and R, are distinct.

(b) R; and R, have one common vertex.

(c) The vertices of R; and R, are equal.

We assume that the base points of vertices of R; and R, are as shown in Figure 1,
since the other cases are reduced to this case from the definition of 7. It is sufficient to
show that (D g, )x—1 = (DR,)k—1 in each of cases (a)—(c).

(0=s,t=2)

Figure 1: Possible positions of two digons R; and R

Case (a) (Dg,)k—1 = (DR,)k—1, since they are equal to < I > by
(2.12) for k — 1, completing this case. S S Tk
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Case (b) The equation (Dg,)x—1 = (DR,)k—1 is rewritten as

(2.14)

and we show this formula in Lemma 2.10 below, completing this case.

Case (¢) When R; and R, have one common edge, it is enough to show that

and this follows from (2.8) and Lemma 2.4 below. When the edges of Ry and R, are
distinct, it is enough to show that

with s + ¢ being even, and we show this formula in Lemma 2.8 below, completing this
case.

Therefore, we showed that (D), does not depend on the choice of a digon, and hence,
we obtain a well-defined linear map (- )z: Sx(R?) — C.

Finally, we show that (-); satisfies (2.9)—(2.12), as follows. We recall that (- ); is
defined by

[ T{connected component of D), if D is disconnected,
(D) =140 if D is a connected planar diagram with a cap,

(DR)k—1 if D is a connected planar diagram with no cap.
For any planar diagram D with k vertices, we have that
(D U (a closed curve)); = (D)x{(a closed curve)); = [2]{ D),

from the definition of (-); for disconnected planar diagrams, and hence, we obtain
(2.9). From the definition of (- ), we obtain (2.10). From the definition of (-); and
(2.11) for k — 1, we obtain (2.11). The remaining case is to show (2.12). Let D be the
planar diagram in the left-hand side of (2.12). It is sufficient to show (2.12) when D
is connected. If D does not have a cap, (2.12) is obtained from (2.13). We assume
that D has a cap. If the cap is on a vertex outside the picture of the left-hand side of
(2.12), both sides of (2.12) are 0 by definition. Otherwise, the cap is on a vertex in the
picture of the left-hand side of (2.12). In this case, the left-hand side of (2.12) is 0 by
definition, and the right-hand side of (2.12) is also 0 by (2.7). Hence, we obtain (2.12).
Therefore, we showed that (-); satisfies (2.9)—(2.12), completing the proof. m|
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In the proof of Proposition 2.2, we used Lemmas 2.3, 2.4, 2.5, 2.8 and 2.10 below. We
show them in the following of this section.

Lemma 2.3 A connected planar diagram with at least two vertices and no caps has a
digon.

Proof Let D be a planar diagram with no caps. In this proof, we regard D as on
R2 U {oo} = S2. It is sufficient to show that D has at least two digons in S2.

Let v, e, and f be the numbers of vertices, edges, and faces of D respectively.
Let C, be the number of n—gons of D. By definition, /" = ) ;., Ci. Further,
6v=2e=7) ;>,kCy,since D is 6-valent. From these equations and Euler’s formula
v—e+ [ =2,weobtain 6 =Cy—) ;5 ,4(k—3)Cx < C,. Hence, D has at least two
digons in S2, as required. a

Lemma 2.4 For an integer k > 2, let (- ); be a linear map gk (R?) — C satisfying
(2.9)—(2.11). Then,

()~ {[E )=l )

Proof By calculating the Jones—Wenzl idempotent concretely by definition, we have
that

@ #H“HH—%(HMH) alal = o +nl =)
(/H \\) 31 41er [32151(nn+%)

2P U
B4 N

By using the above formula, we have that

(217>ﬁ | - Bl(},‘ﬁ %) [2](% %) ](%+¥<)

Hence,
(D)~ 2 )
(E ) =g bl )
which implies the required formula of the lemma. a
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Lemma 2.5 For an integer k > 2, let (-); be a linear map Sk (R?) — C satisfying
(2.9)—(2.12). Then,

Proof We put

g o

ie, D and D’ are planar diagrams which are identical except for a disk, where they
differ as shown in these pictures. Let I' be a planar graph obtained from D by replacing
the disk with an 8—valent vertex. If I' has a cap on a 6-valent vertex, then both (D)
and (D'); are equal to 0 by (2.10). Hence, we assume that there are no caps on
6—valent vertices of I'.

If T has at least three 6—valent vertices, then, by Lemma 2.6 below, I" has a digon
whose vertices are 6—valent. By applying (2.12) to this digon, we can decrease the
number of vertices of D and D’, keeping the required formula unchanged. Hence,
repeating this argument, we can reduce the proof of the lemma to the case where I"
has at most two vertices.

If T has no 6—valent vertex, then both (D) and (D’); are equal to 0 by (2.10), since
any planar diagram with just one vertex must have a cap. Hence, the lemma holds in
this case.

If I" has one 6—valent vertex, then I" must have a cap on the §—valent vertex. Hence,
by (2.7) and Lemma 2.4, we have that (D) = (D’); . Therefore, the lemma holds in
this case.

If I has two 6—valent vertices, then we show the lemma, as follows. If I" has a cap on
the 8—valent vertex, we obtain the lemma as shown above. Hence, we assume that T’
has no cap on the 8—valent vertex. Then, I" must be either
L i
M= @G (0=i=2) o Ly=@o) (0=ic4),

2-i 4
where we depict the 8—valent vertex by © . Among them, I'y; for i # 1 and I'y ;
for any i have a digon, and we can show the lemma as shown above in this case. The
remaining case is I'; ;. In this case, the outer region of D and D’ is depicted by

and hence, D and D’ are isotopic. Therefore, the lemma holds in this case. O
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Lemma 2.6 Let I' be a connected planar graph with no caps, whose vertices are one
8—valent vertex and at least three 6 —valent vertices. Then, I" has a digon whose vertices
are 6—valent.

Proof In this proof, we regard I" as lying on R? U {00} = S?. We put v, e, f and
Cn (n=2,3,...) of T in the same way as in the proof of Lemma 2.3. Let C; be
the number of digons of I' whose vertices are 6—valent, and let C’ be the number
of digons of I which have the 8—valent vertex. By definition, C; = C; + CJ'. It s
sufficient to show that C) > 2.

Let m be the number of the vertices adjacent to the 8—valent vertex. We can verify
that m > 2 and Cé’ < 8 —m. In a similar way as in the proof of Lemma 2.3, we have
that 6(v—1) +8=2e =) ;-,kC; and f =) -, Cx. From these equations and
Euler’s formula v —e + f = 2, we have that

Cy—> (k=3)Cr=7-C)>m—1.
k>4

If m >3 or I' has a k—gon with k > 4, we have that Cé > 2, as required. Hence,
we assume that m = 2, and that each face of I" is a digon or a 3—gon. Then, the
neighborhood of the §—valent vertex must be:

Since I' has at least three 6—valent vertices, this contradicts to the connectivity of T".
Hence, we obtain the lemma. i

In order to show Lemmas 2.8 and 2.10, we show Lemma 2.7 below, which says that an
edge can “pass-over” a vertex. It is known, see for example [7], that a tangle diagram
is regarded as in the linear skein by putting

K)ot X

with 4 = v/—1¢'/? = /=1 exp(r+/—1/24), noting that [2] = —42 — A~2. Further,
it is known, see [7], that the value of a tangle diagram in the linear skein is invariant
under Reidemeister moves II and III.

Lemma 2.7 For an integer k > 2, let (- )x be a linear map Sk (R?) —> C satisfying
(2.9)—(2.12). Then,
(), = (%0,
™ Tk k
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Proof Since (-); of the right-hand side of the following formula is equal to 0 by
Lemma 2.5

T sn o oH

it is sufficient to show the above formula. In the following of this proof, we show that
each side of (2.18) is equal to

7 .
> D,
j=0
where we put { = exp(—m+/—1/4) and

Do = , D= , D, = , ..., Dy= .
A

We show that the left-hand side of (2.18) is equal to Z}:o ¢/ Dj, as follows. By
expanding all crossings of the left-hand side of the following formula and by moving
the base point, we have that

\_/ . . _ _ _ L
- ’=A6>>{/ 1A4#< 2 4-2 A6§<<
,@\ (‘—HU C+ow +-- 4 3

7 7 7
=Zw_j+1A2j_8Dj=—Z§ij = ﬁ/\k —Zé‘ij.

j=1 j=1 j=0
Hence, the left-hand side of (2.18) is equal to 217:0 ¢ j D;.

We show that the right-hand side of (2.18) is equal to Z}:o ¢/ D;, as follows. By
(2.17), we have that

iﬁ? = Do—%(a)_ll)l + D7) + { }(a)Dz +a)_1D6)—m(D3 + D5)

By considering its mirror image, we have that

iﬁ? = D4—%(C¢)D3 + _1D5) + { }(a)_lDz +CUD6)—%(D1 + D7).

Hence, the right-hand side of (2.18) is equal to

— Blw-! o
Do= Dyt - (D1 = Ds)+ 12 (D b+ PH

(D3 D).
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Further, we can verify that

1 —[Blo™! _¢ 2)(w -1 _ e Blo—1 _

[4] [4] [4]

by direct calculation. Therefore, the right-hand side of (2.18) is equal to Z}:o ¢/'D i,
as required. a

&,

It is known, see for example [7], that

(219) dﬁl — (_l)nAn(n-i-Z) IJ';I , &. — (_l)nA—n(n—i-Z) IJ';I (1 <n< 11)

Lemma 2.8 The formula (2.15) holds for s,t € {0, 1,2} with s 4+t being even.

Proof When s # ¢, that is, (s,¢) = (2,0) or (0, 2), the both sides of (2.15) are equal
to 0 from Lemma 2.9 below. Hence, we may assume s = t. By Lemma 2.7, the
left-hand side of (2.15) is equal to

where the first equality is obtained by expanding the crossings, the second one is
obtained by Lemma 2.4 and (2.8). In the same way, we can verify that the right-hand
side of (2.15) is equal to:

where the first equality is obtained by Lemma 2.7, the second one is obtained by (2.19)
and by expanding the crossings. Therefore, we obtain (2.15), as required. a

Lemma 2.9 For an integer k > 2, let (- )} be a linear map gk (R?) — C satisfying
(2.9)—(2.12). Then, for m € {1,2,4,5}:
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Proof We have that

where the second equality is obtained by Lemma 2.7 and the third one is obtained

by (2.19). Since A~4MM+1D) — exp(—27/—1- W) # 1, we obtain the required
formula. u

Lemma 2.10 The formula (2.14) holds for s =0, 1.

Proof We first show (2.14) for s = 0, that is:
(2.20) (=) =k
k—1 2

2

k—1
By using (2.16), we have that:

A 2.4 13 204 A3 2 ad [2] J oot
< [l B >k—1 :< P >k—1 :< pAY >k—1 +%<-ﬂ%}>k—1
- A, ol B )+ i),
- [4]( ) : : ' >k—1 _[3](4];_;01 >k—1 +[3][4]< ! ‘3‘ ) >k—1
Fal =)
Therefore, the left-hand side of (2.20) is equal to:
AR )+ ),
= (AR, +one( g ), v <5p),

By using Lemma 2.5, we can verify that the right-hand side of (2.20) is also equal to
the above formula. Hence, we obtain (2.20).

We next show (2.14) for s = 1, that is:
(2.21)

We have
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where the first equality is obtained by Lemma 2.7 and the second one is obtained by
expanding the crossings. By applying (2.20), this is equal to

1 1 1
_46] - 5 _ _ 46 =O=|d= _ _ 48 SR
A<4 ~ 14 >k—1_ A< ' 2 >k—1_ A<>k—1'

Since —A% = w, we obtain (2.21). m|

2.2 Some properties in the Eg linear skein

In this section, we introduce the E¢ linear skein of a disk and show some properties in
the E¢ linear skein.

For an integer m > 0, let (D?,2m) denote a disk D? with fixed distinct 2m points
on its boundary. We define a planar diagram in (D?,2m) to be a graph (possibly
containing closed curves) embedded in D? whose vertices are 2m univalent vertices on
the fixed points of the boundary of D? and 6—valent vertices, such that each 6—valent
vertex is depicted by a disk whose boundary has a base point, as shown in the following
picture:

We regard isotopic planar diagrams as equivalent planar diagrams. In the following of
this paper, we omit to draw the disk D? of a planar diagram. For an integer m > 0,
we define the Eg linear skein of (D?,2m), denoted by S(D?,2m), to be the vector
space spanned by planar diagrams in (D?, 2m) subject to the relations (2.1)—(2.4).
Lemma 2.11 For any planar diagram T in (D?,2),

in S(R?).

Proof From (2.4), we have that

g [41ﬁ +[3][41n%| ,
g 4] ﬁ 34 % ,
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in S(D?,8). Comparing these equations, we have that

inS (D2, 8). Hence, in the same way as in the proof of Lemma 2.7, we obtain
(2.22) Sk = B
a\

in S(D?,8). Therefore, we have that

where the first equality is obtained by (2.22) and the second one is obtained by (2.19).
Hence, we obtain the required formula. a

By this lemma, we can regard planar diagrams in R? as in S? = R? U {oo}.

3 Colored planar trivalent graphs

In this section, we introduce gray boxes as certain idempotents in the E¢ linear skein,
and introduce colored planar trivalent graphs as planar trivalent graphs whose edges are
colored by such gray boxes. Further, we calculate the values of some simple colored
planar trivalent graphs.

We define gray boxes % € S(D?,2n) for n =0,2,4 by

t-o F-d F-d g b

We note that, by definition, these gray boxes are symmetric with respect to 7 rotation,
like the white boxes of the Jones—Wenzl idempotents. We show some basic properties
of the gray boxes in the following lemma.

Lemma3.1 (1) 'L'J.'&I%‘f=0fori:0,1,2

® +H@:[}71 miyqﬁ

4 4

@ TN =-Bl == = TF
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Proof We obtain (1) from the definition of gray boxes and (2.2) and (2.7).

We show (2) as follows. In the same way as in the proof of Lemma 2.4, we have that:

3.1) ﬁ] :% ﬁ

Applying this formula and (2.8) to (2.4), we have that:

(3.2) a = '#% +[21°[3] %
Hence,
+H'O B % - g B [5][1][3] % _[21;41 'ﬁ

where we get the second equality by (2.8) and (3.2). Since [5]—[3] = 1, we obtain (2).

We show (3) as follows. From (2.4) and the definition of the gray box, we have that:

+ ol - %i;m

Hence, we have that
il 1 4 3 3
3 = — 3 — 3 —
Ll [2]2 Ll ! 4
3 3

[212( 2 ++[41 2)=_[3].|§,

where the first equality is obtained by (3.3), the second one is obtained by (2.16) and
the third one is obtained by (2.2), (2.7), (2.16) and (3.2). Hence, we obtain the first
equality of (3). We can obtain the second equality of (3) in a similar way.

We show (4) as follows. When n = 0 or 2, the required formula is obtained by
definition. When n = 4, we have that

-t -

where the second equality is obtained by (3) and the third one is obtained by (2.16)
and (1). Hence, we obtain (4), completing the proof. a

We define d, for n € {0,2,4} by
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We recall (see, for example, [7]) that

(3.4) (E)n )=[n+1],

which can be obtained by using (2.8) repeatedly.

Lemma 3.2 The values of d,, are given by

e ifn=0,4,
"TABI=1+43 ifn=2.

In particular, these values are positive real numbers.
Proof When n = 0, the required formula is trivial.

When n = 2, we obtain the formula from the definition of the gray box and (3.4).

When n = 4, we show the formula as follows. By Lemma 3.1(2), we have that

1 3 1 3
4=l )~ gt D' =1

where we obtain the second equality by (3.4) and (2.2). Hence, we obtain the required
formula. u

A planar trivalent graph is a trivalent graph embedded in R%. We consider two kinds
of vertices; one is depicted by e, and the other is depicted by a disk © whose boundary
has a base point. A coloring of a planar trivalent graph I" is a map from the set of
edges of T" to {0, 2,4} and a map from the set of vertices of " to {e,Q}. A coloring
of a planar trivalent graph I' is said to be admissible if the neighborhood of each vertex
of T" is colored as shown in either of the following pictures:

0 0 0 2 2 4
s AAGA R A

We define a colored planar trivalent graph to be a planar trivalent graph with an
admissible coloring, for example, as shown in the following picture:

We regard a colored planar trivalent graph as in the E¢ linear skein, by substituting
-H into each of the edges colored by n, and substituting the following diagrams into

Algebraic & Geometric Topology, Volume 13 (2013)



The state sum invariant of 3—manifolds constructed from the E¢ linear skein 3489
vertices,

e C b (l,],ke{0,2’4})’ = 5 ’
k

a

where we put
=it ]tk b_i—j+k C_i—l—j—k
B 2 2 T2

We remark that, abusing the notation, the symbol |» denotes n parallel edges in a
planar diagram, while it denotes an edge colored by n in a colored planar trivalent
graph. Further, the symbol © denotes a 6—valent vertex in a planar diagram, while it
denotes a kind of a trivalent vertex in a colored planar trivalent graph.

Set 9(i,j,k,o)=<k> and 9(2,2,2,o)=<@z> fora triple i, j, k € {0, 2,4}

such that J/Q is one of the pictures in (3.5) up to rotation.

Lemma 3.3 The values of 6(-) are given by
0@, j,k,e)=0(j,k,i,e),
0(0,n,n,e) =dy,,
6(2,2,2,) = [3][4)/[2]* = V6,

0(2,2.2,0) = [2*[3][4] = 12+/2 + 76,
6(2,2,4,0) =1.

In particular, these values are positive real numbers.

Proof We obtain the first formula of the lemma by Lemma 2.11.

We obtain the second formula of the lemma from the definition of 6(i, j, k) and
Lemma 3.1(4).

We obtain the third formula of the lemma, since

62,2,2,9) = (65 = (D0} - é<@'>

Bhe 1 @Bl-DB] Bl
([21) i H” 2 R
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‘We obtain the fourth formula of the lemma, since

02.2,2.0) = (4]} = 1 ZLJ) + 1 =5))

= [3][4](5] = 21 [3][4],
where the third equality is obtained by (3.1) and (3.4).

‘We obtain the last formula of the lemma, since

0(2,2,4,0) = <@> = (@) =dy =1,

where the second equality is obtained by Lemma 3.1(1). a

4 6j-symbols in the Eg linear skein

In this section, we consider the vector space H (i1, ..., i) spanned by planar diagrams
whose ends are gray boxes colored by iy, ..., i, and give a basis of this vector space
in Proposition 4.2 and Proposition 4.9. Further, we introduce 6 j—symbols of the E¢
linear skein as coefficients of a transformation between certain bases of H(i, j, k,[)
as we show in Proposition 4.10.

For iy,...,i, €{0,2,4} (n = 2), we define the vector space H(iy,...,i,) to be the
subspace of S(D?,iy + ---+ i,) spanned by planar diagrams of the form

with T being a planar diagram in (D?,i 4 -+ + iy).
In order to prove Proposition 4.2, we show the following lemma.
Lemma 4.1 For an integer m < 4, let T be a planar diagram in (D?,2m). Then, T

can be presented by a linear sum of planar diagrams in (D?,2m) with at most one
vertex.

Proof By (2.1), we may assume that 7' has no closed curves. If 7" has at most one
vertex, the assertion of the lemma is trivial. If 7" has at least two vertices, we show the
lemma, as follows.

Let T' be a planar graph on S? obtained from T by regarding the outer region of the
unit disk of 7" as a 2m—valent vertex. We call this 2m—valent vertex co. Similarly as
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the proof of Lemma 2.5, it is enough to show that " has a digon whose vertices does
not contain oco. If I' is disconnected, then, by considering an innermost connected
component which does not contain oo, we see that 7" has a digon from Lemma 2.3.
Hence, we may assume that I" is connected.

When m = 4, we obtain the lemma in a similar way as the proof of Lemma 2.6.

When m < 3, we show the lemma, as follows. In a similar way as the proof of
Lemma 2.3, we can verify that there exists at least m + 3 digons. The number of
digons which contain oo is at most 2m — 1, because oo is 2m—valent. Thus, I" has
at least m +3 — (2m — 1) = 4 —m digons whose vertices does not contain co. Since
4 —m > 1, we obtain the assertion of the lemma. |

In the following proposition, we give a basis of H(i, j).

Proposition 4.2 Forany i, j €{0,2,4} and T € S(D?,i + j),

i J 1 g i i
N :Sij.d_i<®> J ’

where 8;; =1 ifi = j, and 0 otherwise. As a consequence, we have that

Hip =] el 1=
0 i#J.
Proof By Lemma 4.1, we may assume that 7" has at most one vertex.

If T has just one vertex, then we can verify that there exists a cap, or parallel three
edges connecting the vertex and -E . Hence, by (2.2) and Lemma 3.1(3), we can
reduce the proof of the proposition to the case where 7' has no vertices.

If T has no vertices, we show the proposition, as follows. When i # j, the left-hand
side of the first formula of the proposition is equal to 0, by Lemma 3.1(1). When
i = j, the left-hand side is equal to a scalar multiple of the identity diagram by (2.1)
and Lemma 3.1(1). Hence, we can put

7 Z_,L' 7
i i i

for some o« € C. By closing the diagrams of both sides, using Lemma 3.1(4) and taking

the bracket, we obtain .
) 7
o= < >/ di,
T
noting that d; # 0 by Lemma 3.2. Therefore, we obtain the first formula of the
Proposition.
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The second formula of the proposition is obtained from the first formula, noting that
7 3
i
is nonzero in S(D?,2i), since the value d; of its closure is nonzero by Lemma 3.2. O

In order to prove Proposition 4.9, we need Lemmas 4.7 and 4.8 below. In order to show
Lemma 4.7, we show the following four lemmas.

Lemma 4.3 Forn e {1,2,4,5} and T € S(D?,2n), we suppose that _ =0
foranyi =0,1,...,2n—2. Then, T =0 in S(D?,2n).

Proof In the same way as the proof of Lemma 2.9 using (2.22), we obtain that

in S(D?,2n). Further, we have that

-

in the linear skein, which can be shown by induction on m from the definition of the
Jones—Wenzl idempotents. Hence, by the assumption of the lemma putting m = 2n,
we obtain that 7' = 0. O

m i\ 2

+ (a linear sum of planar diagrams of the form !

Lemma 4.4 In S(D?,10):

“.1) = ’
5
(42) LHS) = ,
) = 88
s .
43) LHS) = ,
5

Algebraic & Geometric Topology, Volume 13 (2013)



The state sum invariant of 3—manifolds constructed from the E¢ linear skein 3493

forany i =0,1,...,3.

We show (4.1), as follows. Equation (4.1) is rewritten as

and this is shown by Lemma 3.1(4).
We show (4.2), as follows. When i = 0, 1, 2, this is shown by Lemma 3.1(1). When

i =3, (4.2) is rewritten as
4
4
3| dl = [2] %i :
3

By Lemma 3.1(2), we have that

[Z]Té [z] ”2 # .?!U ) [2]221?;1[3] o = .

where the second equality is obtained by Lemma 3.1(1) and (3). Therefore, we ob-
tain (4.2).

We can verify (4.3) in a similar way as above. a

Lemma 4.5 In S(D?,12):

Proof We have that

4 2 4
4.4 = [ — 4 —o,

where the second equality is obtained by Lemma 3.1(4), and the last one is obtained by
Lemma 4.4. Hence:

From (2.16), Lemma 3.1(1) and (3), this is equal to:

2 5 4
Sal ([31 Mt )2
! [4]  [2]*[4]

2 4

Algebraic & Geometric Topology, Volume 13 (2013)

4

2
2
2

2



3494 Kenta Okazaki

e B B2 3] [21P+03] _ [3] : )
Since gt RPE — 217 2PE] 2 W obtain that:
41 ]2
3] : 4 | 2
—-—2 = 3 1
2] 2 T
4 2 4 2

Further, the right-hand side is calculated as

;‘li_iui_iq..F
2] & 24 T

where we obtain the first equality by Lemma 4.4. Therefore, we obtain the required
formula of the lemma. a

b
bl

where the first equality is obtained by Lemma 3.1(1) and (4), and the second one is
obtained by Lemma 4.5. As the /2 rotation of this formula, we have that:

Lemma 4.6 In S(D?,16):

Proof We have that

From the above two formulas, we obtain the required formula. a

For A € {e,0}, we denote

Lemma 4.7 Forany i, j €{0,2,4},

++ ZQ(ljkA)

in S(D?,2(i + j)), where k € {0,2,4} and A € {e,Q} of the sum run over all
admissible colorings of the colored planar trivalent graph in the summand.
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Proof Since the gray boxes are symmetric with respect to 7 rotation, we may assume
that i > j without loss of generality.

When j = 0, the required formula is rewritten as

+ _ d; D !
i 0(i.i,0,e) iA0 =k

and this is obtained by Lemma 3.1(4).
When (i, j) = (2, 2), the required formula is rewritten as:

++ k; 9(22k.):< 9(222@)X

7

_ 1My A N7
‘[3]?11% [4]% + E

From the definition of the gray box, this is rewritten as:

gl TR+

We can verify the above formula by direct calculation, using (2.16).

When (i, j) = (4, 2), the required formula is rewritten as

4 2
S TR i) M E D=6
4012 0(4,2,2,e) 482 ok =)=

and this is obtained by Lemma 4.5.

When (i, j) = (4,4), the required formula is rewritten as

_F_F_ dy i N
4 4_9(4,4,0,0)404_m

and this is obtained by Lemma 4.6.

Therefore, the proof of the lemma is completed. a

Lemma 4.8 For A, A’ € {e,Q}
< 2>=5AA,9(2,2,2,A).
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Proof When 4 = A’, we obtain the lemma from the definition of 6(-).

When 4 # A, Qz@ is presented by a linear sum of planar diagrams with just one

vertex. Since any planar diagram with just one vertex has a cap, the left-hand side of
the lemma is equal to 0. Hence, we obtain the required formula. a

In the following proposition, we give a basis of H(iy,...,i,) for n > 3.

Proposition 4.9 Foriy,...,i, €{0,2,4} (n> 3), the vector space H(iy,...,i,) has
a basis

o (L)

%) Jns (J1seees Jn—=3,A15005 Ap—2)

where ji,..., jn—3 € {0,2,4} and Aq,..., Ay—» € {®,Q} run over all admissible
colorings.

Proof We first show that H(iy,...,i,) is spanned by the planar diagrams in (4.5) by
induction on #, as follows.
When n = 3, we have that

i i i d N <Z>
T L inn g~ dm

il 0(iy,i2,13) "

forany T € S(D?,i; + i, + i3), where the first equality is obtained by Lemma 4.7,
and the second one is obtained by Proposition 4.2. Hence, H(iy,i,,i3) is spanned by
the planar diagrams in (4.5).

When n > 4, we show that H(iy,..., i) is spanned by the planar diagrams in (4.5),
assuming the case of n — 1, as follows. In a similar way as above, we have that

iy
A, 0(ir, iz, k, A1)

for any T € S(D?,i; +---+i,). By the assumption of the induction, this can be
presented by a linear sum of planar diagrams in (4.5). Therefore, H(iy,...,i,) is
spanned by the planar diagrams in (4.5).
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We next show that the planar diagrams in (4.5) are linearly independent, as follows.
We denote the index set of (4.5) by J. We assume that

Z U 2 lnl % _
., ., - , Jla a]n 3
(G 1semsdp_zs A s Ay, _5)ET
for some scalars
A’ A

n—2 E(C
j15 ajn 3

For any (ji,..., ju—3,A1,..., Ay—2) € J, by gluing the planar diagram

Jz J,,
Tn-1 in

to the above formula and taking the bracket, we have that

(4.6) Z

=/ 2/ 7 4
seerdpyzs Al 5eer A},

By Proposition 4.2, we have that

_ 5j1j{5A1A39(i1152,j1,A1
dj,
2 . . . .
- 1_[ J 111—[5,4 A 0.2, 1. ADOU1. 03, J2. A2) -+ OCn—1. In—1. in, An—2)
k=1 ek I=1 l djydj, -+~ dj,_, '

where we obtain the second equality by Lemma 4.8, and obtain the last line by repeating
this procedure. Hence, from (4.6), we obtain that

aAl,...,An_Z . 9(11 ’ i27 jlv AI)Q(JI ’ i37 j27 Az) o 9(]’1—17 in—l: il’lv An—Z)

i . = 0.
J1s-esJn—3 djldjz e dj

n—1
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Since all of 6(:) in the above formula are nonzero by Lemma 3.3, we obtain that
aﬁl_’.'."}nA_”;z =0 forany (ji,..., ju—3, A1,..., Ay—2) € J . Hence, the planar diagrams

in (4.5) are linearly independent, as required. |

We consider the values

(4)
d; <j5 j6>
6(j3. jas Js: A2)0(j2. jas Jo: Aa) &
@ ()
for ji, ja,...,je € {0,2,4} and A, Ay, A3, A4 € {o,Q} with the colored planar
trivalent graph in the above formula being admissible. These values satisfy the formula

of the following proposition, which is the defining relation of the 6 j—symbols. In this
sense, the above values give the 6 j—symbols of the E¢ linear skein.

Proposition 4.10 (Defining relation of the 6 j—symbols) For i, j,k,l,m €{0,2,4}
and A, B € {e,Q} with

ol
l k

being admissible,

i J
e TR
_ngp 6(k,1,n,C)0(, j,n, D)

where n € {0,2,4} and C, D € {e,Q} of the sum run over all admissible colorings of
the colored planar trivalent graph in (- ).

Proof In the proof, indices of a sum run over all admissible colorings of the colored
planar trivalent graphs in the summand.

By using Lemma 4.7 twice, the left-hand side of the required formula is equal to:

Z dndn’
2 G Ln O . D)
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By Proposition 4.2, this is equal to:

dn
2 e(k,l,n,C)e(i,j,n,D)< %

n,C,D

From Lemma 2.11, this is equal to the right-hand side of the required formula. |

5 A state sum invariant of 3—-manifolds

It is known, see [2; 6], that a state sum invariant of 3—manifolds can be constructed
from a set of 6j—symbols, and the topological invariance of the invariant is shown by
using the orthogonal relation and the pentagon relation of the 6 j—symbols, which are
naturally obtained from the defining relation of the 6 j—symbols. See also [13; 14] for
similar procedures of such constructions, and see [15] for a construction of the Eg¢
state sum invariant. In this section, along such a general procedure, we construct a state
sum invariant of 3—manifolds based on our E¢ linear skein in Definition 5.1, and show
its topological invariance in Theorem 5.2. The outline of the proof of the topological
invariance is the known procedure, and we check it concretely based on our E¢ linear
skein in this section.

We relate an oriented tetrahedron to a planar trivalent graph, as follows, where, in the
left picture below, we regard gray characters as on faces of the hidden side.

©
~ (A
isotopy e.@

on S2

dual
decomposition

For a given tetrahedron (the left picture), we consider the triangulation of the boundary
of the tetrahedron, and consider its dual decomposition on S? (the middle picture).
Further, by isotopy on S?2, we obtain a planar trivalent graph (the right picture). Here,
we fix an orientation of the plane of the trivalent graph, and we make the above
correspondence in such a way that the induced orientation of the boundary of the
tetrahedron coincides with the orientation of the plane under this correspondence.
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We consider colorings of a tetrahedron corresponding to colorings of a planar trivalent
graph, as follows. A coloring of a tetrahedron 7" is a map from the set of faces of 7'
to {e,Q} and a map from the set of edges of 7" to {0, 2,4}. A coloring of a tetrahedron
T is said to be admissible if each face of T is colored as shown in either of the
following pictures, noting that these are dual to the pictures of (3.5).

Here, when a face is colored by ©Q, we consider a marking such as v at a vertex of
a triangle of the face corresponding to the base point of @. For 4 € {e,Q}, we denote

2

v

Let M be aclosed oriented 3—manifold, and let 7 be a triangulation of M . A coloring
of 7 is a map from the set of faces of 7 to {e,Q} and a map from the set of edges
of 7 to {0,2,4}. A coloring of T is said to be admissible if the coloring of each
tetrahedron of 7 is admissible. When a face is colored by Q, we consider a marking

such as V at a vertex of a triangle of the face. We define a weight |- | of a colored

oriented tetrahedron by
©
n, /
§é:n

o880 |

= J8G. j.n A k.1, BYom.n. C)8G, k.m. D)’

where the colored planar trivalent graph in the right-hand side is obtained from the
tetrahedron as mentioned above. The position of the base points of the colored planar
trivalent graph in the right-hand side is defined by the markings of the tetrahedron in
the left-hand side. When the markings of the tetrahedron is given in other ways, the
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position of the base points change. For example,

LA

~ J6G.j.n. A)6(j . k.1. B, m.n.C)8(. k.m. D)

We note that the values of 8(-) are positive real numbers by Lemma 3.3. We also
note that, by Lemma 2.11, the colored planar trivalent graph in the right-hand side
can be regarded as in S?, which guarantees that its value is well determined from a
colored oriented tetrahedron. We denote by v the number of vertices of 7. We put
w=d§+d;+d; =2+ 3.

Definition 5.1 We define the E¢ state sum of a closed oriented 3—manifold M with
a triangulation 7~ by

zE M. Ty=w™Y_[[due [T M.
» E T

where the sum of A runs over all admissible colorings of 7, the product of E runs
over all edges of T, and the product of 7" runs all tetrahedra of 7T .

We note that ZE6 (M, T) does not depend on a choice of markings of faces, because,
when we change a marking of a face, the changes of the weights of the adjacent
tetrahedra cancel together. Further, we show that Z£6(M,T) does not depend on a
choice of a triangulation 7 in the following theorem.

Theorem 5.2 The Eg state sum ZE6(M,T) is a topological invariant of a closed
oriented 3—manifold M , independently of a choice of a triangulation T .

We will show a proof of the theorem later in this section. In order to show the
theorem, we recall the Pachner moves. Let M and M’ be closed 3—manifolds with
triangulations 7 and 7~ respectively. It is known (see Pachner [10]) that M and M’
are homeomorphic if and only if 7 and 7" are related by a finite sequence of simplicial
isomorphisms and the Pachner moves P; 4 and P, 3 shown below,
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where the pictures consist of one tetrahedron, four tetrahedra, two tetrahedra and three
tetrahedra, respectively. Hence, in order to show Theorem 5.2, it is sufficient to show
that ZE6(M, T) is invariant under the Pachner moves Py 4 and P, 3.

Further, it is known [14] that the P; 4 move can be simplified by using the P, 3 move,
as follows. We consider singular triangulations, extending the usual triangulations. By
applying the P, 3 move to the upper three tetrahedra of the right-hand side of the P; 4
move, the right-hand side of the Py 4 move is rewritten as

the union obtained by gluing \ along P, O, R.

Hence, by using the P, 3 move, the P; 4 move can be replaced with the following

move.
the union . <
D (obtained by gluing .‘v along P, 0, R) —

Further, we will show later in the proof of Theorem 5.2 that invariance under this move
can be reduced to invariance under the following move [14],

- D

where the left-hand side consists of two (singular) tetrahedra, and the right-hand side
consists of two triangles (with no tetrahedra). Hence, in order to show Theorem 5.2, it
is sufficient to show that Z£6(M, T) is invariant under the move (5.2) and the P> 3
move.

Furthermore, it is known as general procedures (see [2; 6; 13; 14]) that invariance
under the move (5.2) and the P, 3 move are obtained from the orthogonal relation
and the pentagon relation of the 6 j—symbols, which are naturally obtained from the

Algebraic & Geometric Topology, Volume 13 (2013)



The state sum invariant of 3—manifolds constructed from the E¢ linear skein 3503

defining relation of the 6 j—symbols (Proposition 4.10). We show them in the following
two lemmas.

Lemma 5.3 (The orthogonal relation)

=8mma43Bp

Proof In the proof, indices of a sum run over all admissible colorings of the colored
trivalent graph in the summand, and we denote 6(i, j, k, A) = Glfk

From the definition of the weights, the required formula is rewritten as

“ 0 1 ACN K
N T L Ge 0P, e%

ilm“kjm”ilm’ ]km’ n,C,D “kin"ijn @”@

= Smm' 644888 -

In the above formula, ,/- is equal to Gl./;m 9]5.”1 when m=m’, A=A and B=B’.
Thus, it is sufficient to show that

(5.3) eAdZB > ch';D < < = Smm'84.4:8pp.

S D

ilm“kjm n,C,D “kin”ijn

@B

By using Proposition 4.10 twice, we have that:
g J
$A)7(B;
l k
k 7 @ J

n
n,C,D ch}nel]})n ”@ l k

_ dm”dn
- Z QA” QB” QC QD

m” n, ilm"” jkm” “kin”ijn

Hence, by Proposition 4.9 for n = 4, we obtain (5.3), as required. a
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Lemma 5.4 (The pentagon relation)

Proof In the proof, indices of a sum run over all admissible colorings of the colored
planar trivalent graphs in the summand, and we denote 91.‘;!,( =60(, j,k, A). From the
definition of the weights, the required formula is rewritten as:

iGN\ i NG

o T (AN )
b AON,
=l,C1%,C3 ejcllkll jcj;llczl jcssksl <

We show the above formula by calculating a certain colored planar trivalent graph in
two ways, as follows. By using Proposition 4.10 twice, we have that:

i A 0-. .
l3’A3’C/ léklkz L1iply @”@

. dj di,
—~ QA/3 GBQ 93/3 C’
13:J1> ikiks "iaj1j3 157102 i1i2iy

4),B,,B,,C’
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On the other hand, by using Proposition 4.10 three times, we have that:
ks @ j,

- > ([
B G G

I,¢3,C5 0j2k21’9j3k3l’ @”@
_ Z d i dp

B,

Gl 9% oG
l/’ji’ eizjijj,0j1k11/0j2k21/9j3k3l/
B.C[.C},C}

kz @ '2

ji i
113 @”@
Ay By B;

tykika i2jij3 i1z

¢, ¢ C

9;’{ k17 jakal’V j3ksl’

U jisiss 4
/7 / % /7 /7 4
A},B},B}.C|,C}.C}

From these formulae and Proposition 4.9 for » = 5, we obtain (5.4), as required. O
We now show a proof of Theorem 5.2.

Proof of Theorem 5.2 As mentioned before, it is sufficient to show that Z E6 (M, T)
is invariant under the P, 3 move and the move (5.1).

We obtain the invariance under the P, 3 move by Lemma 5.4.

We show the invariance under the move (5.1), as follows. In the following of this proof,

indices of a sum run over all admissible colorings of tetrahedra in the summand. By
Lemma 5.3, we have that
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diy Z djs

J3,B1,B>

= 81'31'38/10/165333/3

for any iy.i3, j1.j2 €{0.2,4} and Ao, Ay, B3, B, € {e,Q} such that the colored

triangles
i i 72/ \di i1/ 4 \i2 J2/ pNii
AN, /BN, /AN and

i i3 i i

are admissible. By putting i3 =i, B3 = B, by multiplying digldjldjz by both sides
and by summing over ji, j», B3, we have that

_ g1 .. —
- di3 Z d]ldJZ ' 5A0A6 - wSA()AE)’
J1-J2,B3

> djdjydj,
jl aj29j3s
B1,B>,B;3

where the last equality is obtained by Lemma 5.5 below. This means the invariance
under the move (5.1), as required. a

In the proof of Theorem 5.2, we used the following lemma.

Lemma 5.5 For any k € {0,2,4},
di' Y didj =w,
i,j,A
where i, j € {0,2,4} and A € {e,Q} in the sum run over all admissible colorings of a
triangle /4N

k

Proof When k = 0, we obtain the required formula from the definition of admissible
colorings and the definition of w.

When k =2, A is admissible for (i, j, A) = (0,2, ), (2,0, ), (2,2, ), (2,2,0),
2
(2,4,9), (4,2, ). Hence, the left-hand side of the lemma is equal to

dyt2(dody 4+ d? + dydy) = 4+ 23] = 6 + 23 = w,
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as required.
When k =4, A is admissible for (i, j, A) = (0,4,e), (4,0,e), (2,2, ). Hence,
4
the left-hand side of the lemma is equal to
d; 1 2dods +d?) =2+ 31 = w,

as required. a

6 Equality to the E¢ state sum invariant

In this section, we show our defining relations of the E¢ linear skein are equivalent
to Bigelow’s relations of the E¢ subfactor planar algebra in Section 6.1. Further, we
show our state sum invariant is equal to the E¢ state sum invariant in Section 6.2.

6.1 Equivalence to Bigelow’s relations of the E¢ subfactor planar algebra

Bigelow [1] defined a planar algebra {S’(D?,2n)},—0.1... (in his paper this is de-
noted by P) by giving generators and relations, and proved that its principal graph
is the Eg Dynkin diagram. However, his proof relies on the existence of the E¢
subfactor planar algebra and some of its known properties. In this section, we show
that S(D?, 2n) is isomorphic to S’(D?, 2n) for any n > 0. We note that an S —labeled
disc of [1] corresponds to a vertex Q of this paper. As a consequence of this section,
{S(D?, 2n)}n=0,1,... forms a subfactor planar algebra.

As in [1], for an integer n > 0, we define S’(D?,2n) to be the vector space spanned by
planar diagrams in (D2, 2n) subject to the relations (2.1)—(2.3) and (6.1), (6.2) below,

6.1)

(6.2)

We recall that S(D?, 2n) is the vector space spanned by planar diagrams in (D2, 2n)
subject to the relations (2.1)—(2.4).

Proposition 6.1 For any n > 0, S(D?,2n) is isomorphic to S’(D?,2n).
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Proof We assume (2.1)—(2.3) in this proof. It is enough to show that (2.4) is equivalent
to (6.1) and (6.2).

Assuming (2.4), we show (6.1) and (6.2), as follows. We obtain (6.1) from (3.2).
Further, we obtain (6.2) in the similar way as the proof of Lemma 2.9 in the case
m = 4, using (2.22).

Assuming (6.1) and (6.2), we show (2.4), as follows. From the E¢ version of the proof
of [1, Lemma 3.1], an edge can pass-over a vertex. Hence, the formula of Lemma 4.3
holds in S’(D?,2m) in the similar way as the proof of Lemma 2.9. Hence, it is
sufficient to show that

(6.3)

(6.4)

(6.5)

for any i =0, 1,2. We obtain (6.3) by (2.8), (3.1) and (6.1), and we obtain (6.4) and
(6.5) by (2.2) and (2.7), noting that the relations (2.1)—(2.3) implies (2.7), (2.8) and
(3.1). Therefore, we obtain (2.4), as required. O

6.2 Equality of our state sum invariant to the E¢ state sum invariant

The E¢ state sum invariant of 3—manifolds is the state sum invariant defined from the
6 j—symbols of the E¢ subfactor. The E¢ state sum invariant is concretely formulated
and calculated in [12; 15]. In this section, we show that our state sum invariant defined
in Section 5 is equal to the E¢ state sum invariant in Proposition 6.2.

We briefly review the formulation of the E¢ state sum invariant; for further details,
see [12; 15]. Similarly as our formulation, edges are colored by 0,2,4 (they are
denoted by “id”, “p”, “a” in [12; 15]). Admissible colorings are defined similarly
as our formulation. A face whose edges are colored by i, j, k is colored by e unless
i =j=k=2,andis colored by S3 and S4 if i = j = k = 2, while a face whose
edges are colored by 2,2, 2 is colored by e and @ in our formulation. (To be precise,
their faces are colored by Sy, S5, 53, S4, though the color is uniquely determined
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unless i = j = k = 2, and we denote it by e here.) Unlike our formulation, a total
order of the vertices is given, and edges are oriented by using this order. The weight of
a tetrahedron

is given by the 6 j—symbols of the E¢ subfactor; we review their concrete values in
Appendix B.

Proposition 6.2 Our state sum invariant of a closed oriented 3—manifold M defined
in Section 5 is equal to the E¢ state sum invariant of M .

Proof We note that basic parts of their formulation are similar to our formulation. The
differences are that their edges are oriented, and that a face whose edges are colored
by 2,2,2 is colored by S3 and S4, while such a face is colored by e and © in our
formulation.

We transfer the colors of faces by putting

/f{?\\f /\ \\// \/ unless i = j =k =2,
L5 e N
EVAENVALIXTA

v ) By the unitarity of this matrix, we have that
4

4,N

with some unitary matrix (
Uy

2 2
AT RN A LN
2 2
2 2
PARINVESOEINTA
2 2

which justifies that the substitution of S3, S4 can be transformed into the substitution
of e, Q in the definition of the state sum invariant.
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It is shown, see Lemma B.1 (due to T Ohtsuki), that our 6 j—symbols can be transformed
into the 6 j—symbols of the E¢ subfactor by such a transformation as above. Hence,
our state sum invariant is equal to the E¢ state sum invariant. a

7 Properties and examples of our state sum invariant

The values of the E¢ state-sum invariant have been calculated for the lens space L(p, q)
for ¢ = 1,2,3 in [12], and for some other 3—manifolds in Sato and Wakui [11]. In
this section, we calculate the values of the E¢ state-sum invariant for the lens spaces
L(4,1), L(5,2) and L(5,1) in terms of our E¢ linear skein in Examples 7.5, 7.6 and
7.7. Further, we review some property of the E¢ state sum invariant in Proposition 7.1.

The following proposition is a well-known basic property of the E¢ state sum invariant.
Proposition 7.1 For any closed oriented 3—manifold M ,

ZFo(M) = ZEo(M),
where M denotes M with the opposite orientation.

Proof We review the proof based on our construction of the state sum invariant. When
we change the orientation of M , the colored planar trivalent graph corresponding to
a tetrahedron becomes its mirror image. Hence, the value of Z E6 (M) becomes its
complex conjugate. |

In order to calculate our state sum invariant later, we show some properties of colored
planar trivalent graphs in the following three lemmas.

2
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8 A
Tl 2N 2Bl 2

Proof We obtain (1), since:

We show (3), as follows. By Proposition 4.9, H(2, 2, 2) is spanned by:

2 2
AL and 5 00

Further, since the left-hand side of the required formula is symmetric with respect to

%71 rotation, we can put

(7.1)

(7.2)

Algebraic & Geometric Topology, Volume 13 (2013)



3512 Kenta Okazaki

We can verify that the second summand of the right-hand side is equal to 0 by expanding
the white box. Hence, by using (3.2) again, we can show that:

Therefore, from (7.2), ¢ = [2]4. Hence, from (7.1), we obtain (3) of the lemma.

‘We obtain (4), since:

(©
n, /
‘g‘ > are given, as follows.
(B)

Lemma 7.3 The values of <

(1) @Q > =68480(i, j.k,A) fori, j,k€{0,2,4} and A, B € {e,Q}
2 2 2[4]

2 - —9 2, 2,2, o) = ——

@ ﬁ 2 = op

3)

— _ie(z, 2,2,0) =—[2]13][4]

“4) 2]

(&)

(6)

»» g
—_—  — — @ @— @ @— @~
Il
)
[\S)
o3
=

/\/\/\/\/\/\/\
N»\N |
Sl

2

—_
~
~
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® <>=—[31
©) <>=[2]3
w (LX)

Proof We obtain (1) by Lemma 3.1(4) and Lemma 3.3.

We obtain (2) by applying Lemma 7.2 (1) to a triangle of a diagram of the required
formula and by using Lemma 3.3.

We obtain (3), since any planar diagram with just one vertex must have a cap and such
a diagram is equal to O in the linear skein.

We obtain (4) by applying Lemma 7.2(2) to a triangle of a diagram of the required
formula and by using Lemma 3.3.

We obtain (5) and (6) by applying Lemma 7.2(3) to a triangle of a diagram of the
required formulas and by using Lemmas 3.3 and 4.8.

We obtain (7) by applying Lemma 7.2(4) to a triangle of a diagram of the required
formula and by using Lemma 3.3.

We obtain (8), since

<>:<@>:<%>=—[3]d4=—[3],

where the third equality is obtained by Lemma 3.1(3).

We obtain (9), since

(30)=(@9)=( @)l £23)
:%<@>:%9(z,2,2,®:m3,

where the third equality is obtained by (2.16) and (6) of the lemma.
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‘We obtain (10), since

(ER)-ED)-(ED)- el @S
- B @)l L) - - -

where the fourth equality is obtained by (9) of the lemma. a

2
Lemma74 (1) 3 )AL T 200

Proof We show (1), as follows. Since the space H(2,2,2) is spanned by

2 2
A2 and 5 00

by Proposition 4.9, we can put

(7.3)

with some scalars ¢; and ¢, . By closing the diagrams of (7.3) with

we have that

< >:cl'9(2,2,2,.)

by Lemma 4.8. Further, by Lemmas 3.3 and 7.3,

BI4]
LI =1 g
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Hence, ¢; = —[2]*. By closing the diagrams of (7.3) with

2
2 2

we have that

(1223 )= abe220

by Lemma 4.8. Further, by Lemmas 3.3 and 7.3,
21[3114] = 2 - [2*[3][4].

Hence, ¢, = 1. Therefore, from (7.3), we obtain (1) of the lemma.

4
We show (2), as follows. Since the space H(4,2,2) is spanned by J\Z by
Proposition 4.9, we can put

(7.4)

4
with some scalars c¢. By closing the diagrams of (7.4) with z/k , we have that

< >=C‘9(2,2,4,.).

Further, by Lemmas 3.3 and 7.3,
2]® =ec.

Hence, from (7.4), we obtain (2) of the lemma. O
We briefly review the construction of the state sum invariant based on spines of 3—
manifolds; see [13; 14] for details. A spine of a closed oriented 3—manifold is a

2—polyhedron obtained from M — (3-balls) by collapsing all 3—cells in such a way
that each point of the resulting 2—polyhedron has a neighborhood of either of the
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following forms.

Thus, we have that a spine consists of vertices (the right picture), edges (the middle
picture) and faces (the left picture). A typical spine of a 3—manifold M is the 2—
skeleton of the dual decomposition of a triangulation of M . A coloring of a spine X
is a map from the set of edges of X to {e,Q} and a map from the set of faces of X
to {0,2,4}. We can define an admissible coloring of a spine in an appropriate way,
corresponding to an admissible coloring of a triangulation. We can define a weight of
a colored vertex of a spine corresponding to the weight of a colored tetrahedron, by
using a colored planar trivalent graph obtained as the intersection of the spine and the
boundary of a neighborhood of the vertex. It is known, see [13; 14], that the state sum
invariant of a 3—manifold M with a spine X is presented by

ZEs(My=w™" Z 1_[ d(F) H(the weight of V' colored by 1),
A F Vv

where the sum of A runs over all admissible colorings of X, the product of F runs
over all faces of X, the product of V' runs all vertices of X', and v denotes the number
of 3-balls when we make X from M .

Example 7.5 [12] The value of the E¢ state sum invariant of the lens space L(4,1)

is given by
3++v-3
ZEs(L@, ) = =

Proof In this proof, we calculate the required value based on our construction of the
state sum invariant.

A spine of L(4,1) is given by

(1.5) ( 2—polyhedron

. . along x1,..., x4, U
obtained by gluing &1 4y ) dashed \_
line

~——"
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where the resulting 2—polyhedron obtained from the left picture by gluing the edges
labeled by x4, ..., X4, y has a boundary of a dashed line, and we consider the union
of this resulting 2—polyhedron and a disk along this dashed line. This spine has one
vertex. This vertex corresponds to the fusion of the left picture below.

The fusion of the left picture corresponds to the tetrahedron of the middle picture; the
upper graph of the fusion is dual to the faces of the front side of the tetrahedron, and the
lower graph is dual to the faces of the hidden side of the tetrahedron. The tetrahedron
of the middle picture corresponds to the planar graph of the right picture; we note that
this planar graph is the union of the upper graph of the fusion and the mirror image of
the lower graph of the fusion, which is equal to the boundary of the left picture of (7.5).

Hence, we calculate the value of Z£6(L(4,1)), as follows:

16 zFeL@1)y=w > did;

i,j€{0,2,4}
A,Be{e,Q}

did;
=w! Z 6"'A191"'B<
i,j€{0,2,4} (l’l’]’ )(l’l’]’ )
A,Be{e,Q}

When j = 0, the sum of (7.6) is equal to

d;idy B d?
2 e(i,i,o,-)2<>_ 2 a7

i€{0,2,4} i€{0,2,4} "'t
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by Lemmas 3.3 and 7.3. When j = 4, the sum of (7.6) is equal to

dyd B, 1
o GR))- () -

by Lemmas 3.3 and 7.3. When j = 2, the sum of (7.6) is equal to

d? dj T
9(2,2,2,.)2<@>+ 9(2,2,2,-)9(2,2,2,o)< >
d? d3 i
+ 9(2,2,2,.)9(2,2,2,o)< >+ 9(2,2,2,0)2< ef? >

31° 2[4] e .
= GRyeE? op 234
GIayRE? 2F T Gee @ e

_ 221 22)Ble?

M [4
by Lemmas 3.3 and 7.3. Hence,

o o 20 B2y _ 343
ZEo(L(4,1)) = w (3_1+W_ 4 )_ v

by (1.4), as required. a

Example 7.6 [12] The value of the E¢ state sum invariant of the lens space L(5,2)

is given by
3+4/3
12

ZEs(L(5.2)) =

Proof In this proof, we calculate the required value based on our construction of the
state sum invariant.

A spine of L(5,2) is given as follows.

P,
N

Vs D,

1

I

Y
along x1,...,Xxs5, ),z U i
g dashed " /

S
\\_—’/

2—polyhedron
obtained by gluing

line

—————————————
o)
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This spine has one vertex. This vertex corresponds to the fusion of the first picture
below.

The second picture shows a part of the first picture, removing the identical part. The
fusion of the second picture corresponds to the third and fourth pictures, similarly as in
the case of L(4,1).

Hence, we calculate the value of Z£6(L(5,2)), as follows:

17 ZFLG.2)=w > did

i’je{07254}
A,Be{e,Q}

=w_1 Z 9AlejB<
024} (i,i,j,A)0G, j.j,B)
A,Bef{e,Q}

This colored planar trivalent graph has admissible colorings only if (i, j) = (0, 0), (2, 2).
When (i, j) = (0, 0), the sum of (7.7) is equal to

d2

H«)TOO,-)Z<>=1.
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When (i, j) = (2, 2), the sum of (7.7) is equal to

2 2
m< @ >+ 0(2,2,2,-;](29(2,2,2,0)< ?{? >
2 e 2 G
* 9(2,2,2,.6)1§(2,2,2,o)< %’; >+ 9(2,;22,0)2< e‘% >

3 2[4] [3]? 2, -2
= BIRR? 2B 2134

22 2Bl(@* +o”?)

[4] [4] ’
by Lemmas 3.3 and 7.3. Hence,

Es - 221 [2B3l(@? +»™?)
ZEs(L(5.2)) = w I(HW_ n )

by (1.4), as required. O

_3+43
12

Example 7.7 [12] The value of the E¢ state sum invariant of the lens space L(5, 1)
is given by

3443

Eg _
Z70(L(5,1)) = B

Proof In this proof, we calculate the required value based on our construction of the
state sum invariant.

A spine of L(5, 1) is given as follows:

2—polyhedron
7.8 POty
(7.8) ( obtained by gluing

along x{,...,Xs, ),z U
g d ) dashed N
line b

———————————————————
o)
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This spine has two vertices. These vertices correspond to the fusions of the first picture
below.

(7.9)

The second column shows parts of the fusions, removing the identical parts. The
fusions of the second column correspond to the pictures of the third and fourth columns,
similarly as in the cases of L(4,1) and L(5,2).

Hence, we calculate the value of Z£6(L(5,1)), as follows:

(7.10) ZEs(L(5,1))

=w! Z didjdy
i,j,ke€{0,2,4}
A,B,C,De{e,Q}
did;d
= Y T ARG R BeG IR G ED
Lo L 0G0k BT K, C)OG. .k, D)
A,B,C,De{e,Q}

Algebraic & Geometric Topology, Volume 13 (2013)



3522 Kenta Okazaki

In order to calculate this sum, we consider a relation between the upper left graph

Proposition 4.9, we can put

(7.11) i: DY

Jj'k'€{0,2,4}
A',B',C'e{e,Q}

! 17
with some scalars CIDI{I/]%/C,. Further, by Proposition 4.10, we have that

S -
i / / ..
k'€{0,2,4} e(l,l,k ,C )0(1’]’]{’ D)
C’',De{e,Q}

> TR

P77/ / P ; r
j’€{0,2,4} 0(1’1’] ,A )9(1,] k', B")
A’ ,B'e{e,Q}

Hence, by comparing the above two formulas to (7.11), we have that:

j/k/ dj/dk/

A'B'C’ ZDE;O} 0(i.i, j', ANOG, j', k', B0, i, k', C"O(, j, k', D)

|G
- X el )

Jj'k'€{0,2,4}
A’,B',C'e{e,Q}

_ 0@,i, j, A6, j, k, B)Q(i,i,k,C)q)jk
djdk ABC>
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where we obtain the second equahty in a similar way as in the proof of Proposition 4.9.
Therefore, by presenting ®’, A pc from the above two formulas in two ways, we have
that:

1

>ZW

kD)<
Defe,0}

By substituting this formula to (7.10), we have that:

_ didjdy
(7.12) zBe(L. ) =w™t > — —
i keT0.2.43 0(i,i, j, A0, j, k, B)8(i, i, k,C)
A,B,Ce{e,0Q}

(A B)XHC]
)

We note that the diagram of this formula is the union of the upper left graph of (7.9)
and the mirror image of the lower left graph of (7.9), which is equal to the boundary of
the left picture of (7.8).

The coloring of the colored planar trivalent graph in (7.12) is admissible only if
@@, j,k) =1(0,0,0),(2,0,2),(2,2,0),(2,2,2),(2,2,4),(2,4,2). We note that this
graph is symmetric with respect to 7 rotation of:

Hence, it is sufficient to calculate the cases where (i, j,k) = (0,0,0), (2,0,2),
2,2,2), (2,2,4).

When (i, j, k) = (0,0,0), the sum of (7.12) is equal to

d3

5 0.0 0 |
9(0,0,0,-)3<Q 00a0>—-
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When (i, j, k) = (2,0,2), by using Lemma 3.3, the sum of (7.12) is equal to the sum
of the following two formulas,

d0d22 0.2 -
5 2 2\ 2
6(0,2,2,0)20(2,2,2,0) 0[°2
dod? d?
= 072 0(2,2,2,0) = ——2 =1,
6(0,2,2,0)20(2,2,2, ) 6(0,2,2,0)2
d0d22 0.2 2
2 |2 2
9(092’2’.)29(2?232’0)2< 0 >
dod? L d3 .
= 0720(2,2,2,0)=—2 o t=gp.
6(0,2,2,0)20(2,2,2,0) i ©) 6(0,2,2, )2 @ ©

When (i, j, k) =(2, 2, 2), by the above mentioned symmetry, it is sufficient to calculate
the cases where (A, B,C) = (e,0,0),(0,0,0),(e,0,0).(2,0,0),(9,¢,0),(0,0,9).
When (A4, B,C) = (e, e, ), the sum of (7.12) is equal to

d3 2 2 3] 39
9(2,2,22,.)3<Q 22\ > ( 4]/[2]) '[2][3]<>

_<E>3.L.%_ A2
N[/ 23] 2P (3]

by Lemmas 7.2, 3.3 and 7.3. When (A4, B,C) = (e, ®,Q), we have that the sum of
(7.12) is equal to

d23 ﬂ [3]3 204 [ > I 2
9(2,2,2,0)29(2,2,2,0)< @ Pafa) > 1/212)2 - 2314 [2][3]< & >

[2]2 204 _ 2w[2]2
=ap [2][3]( (21[3][4]) = 7E

NS

by Lemmas 7.2, 3.3 and 7.3. When (4, B, C) = (e,Q, ¢), we have that the sum of
(7.12) is equal to

3 m 3 w2
9(2,2,2,°;i29(2,2,2,0)< > ([3][4]/[2]£3;]2 [2]2[3][4]( ?)] )<>

_ 2P (—w‘ o[2][3]
PN (2 [4]?

) (I3 =

Algebraic & Geometric Topology, Volume 13 (2013)



The state sum invariant of 3—manifolds constructed from the E¢ linear skein 3525

by Lemmas 7.2, 3.3 and 7.3. When (4, B,C) = (¢,0,9), we have that the sum of
(7.12) is equal to

43 %
9(2,2,2,.)92(2,2,2,0)2< >
- e )
([314/12%) - (21(3]4D2 N 217\ 77508 ’

by Lemmas 7.2, 3.3 and 7.3. When (4, B, C) = (Q, ¢, Q), the sum of (7.12) is equal to

d; m
9(2,2,2,.)9(2,2,2,0)2< g.@, >
s rA LA 2]
= A =12 Q Q
([3]141/121») - (2]*[3]14D)* ( e 7N e KN )

= 1. (—2Po™ (~1213]4D + 02 - [21%[3]14])

[217[4]°
o~ '2PP[3] | wl3]
[4]? [4]?

by Lemmas 7.4, 3.3 and 7.3. When (4, B, C) = (9,9, ), the sum of (7.12) is equal

to
m< Q@@ (212[3 )3'w‘2[214<

= —1 . =214 . 2 =
= 2eEp ¢ [2]" - [2]7[3]14] = AP

by Lemmas 7.4, 3.3 and 7.3. Hence, the sum of (7.12) for (i, j, k) = (2,2,2) is equal
to

WP 20PP  oPPBl o' 2PB] ol | o)
aeE S ar tpe O e )t ap
CAPP 4elP PR 20[)
TR R [P MR
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When (i, j, k) = (2,2,4), the sum of (7.12) is equal to the sum of the following two
formulas,

d2d4 < 2 )
0(2,2,2,9)0(2,2. 4, .)4 22

3] 1 RPBl, 1 1\ [
~ (Bl41/21)- 12< )<> [4] <_E)(_E)‘ [4
6(2,2,2, o)e(z 2,4, .)2<

32 ’Q LBl g 1y ol
= e < >_[212[4]"" (- 5) =T

by Lemmas 7.2, 7.4, 3.3 and 7.3.

—~——

Therefore, from (7.12), we obtain that

ZEs(L(5, 1))

WP 4ol PPB 20831\ 2 ol

aer w2 )
2 2

—u (34 - B [4]2([412 2020 + 3]~ (214D

B AP 21731 | 2[2] _3+43

=™ (3 GE +[]*[412 )=~

by (1.4), as required. a

zw_1<1+2(1—|-a))+<

We note that the graph in (7.12) is dual to the following (singular) triangulation of the
2—sphere,

and we obtain L (5, 1) from a 3-ball by gluing faces of this triangulation to each other.
Further, like (7.12), the value of our state sum invariant for any lens space can be
presented by using such a graph.
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In general, any closed oriented 3—manifold M can be obtained from a triangulated
3—ball by gluing faces of the boundary 2—sphere to each other. The value of our state
sum invariant of M can be presented by using the dual graph of such a triangulation
of the 2—sphere; see [5] for a similar statement for the Turaev—Viro invariant.

Appendix A: The values of the weights

From Lemmas 3.3 and 7.3, we obtain the following table of the weights.

Proposition A.1 The weights of colored tetrahedra are given as follows, where we
omit to draw the face color e:

—

i,j,ke{0,2,4}, A, B €{e,0}),

o~ EN ‘m N
) ? ) Y > <
o Q ] o

S 0 v
Il
=
(&) (&) o
) ) o v
() o Q o
|
3‘~
="
N

=

Appendix B: Equivalence to the £ 6j—symbols

In this section, we review the values of the 6 j—symbols of the E¢ subfactor given in [12;
15]. Further, we review that our 6 j—symbols can be transformed into the 6 j—symbols
of the E¢ subfactor in Lemma B.1 (due to T Ohtsuki).

Similarly as in Section 5, we relate an oriented tetrahedron with oriented edges to a
planar trivalent graph, as follows:

v ~ IO
dual e

isotopy
decomposition on S2 / @
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We review the values of the 6 j—symbols of the E¢ subfactor given in [12; 15], as
the weight of the tetrahedron, in terms of the above planar graph. When none of
i,j,k,l,m,nisequalto 2,

(D)
£00) || =1,

When one or two of i, j, k,l,m,n are equal to 2, there are no admissible colorings of
the tetrahedron. When three of i, j, k,/,m,n are equal to 2,

(o
"0 L
&)

When four of i, j, k,l,m,n are equal to 2,

{—[17] if the remaining two are equal to 4,

ﬁ otherwise.

When five of i, j, k,[,m,n are equal to 2,

> if(ah) = (3,3),
(B.1) % =15 if(a,b) =44,
278 if (a.b) = (3,4), (4,3),

if (a,c) = (3,3), (4, 4),
if (a,¢) = (3,4), (4,3),

|~§

—|
w
[

S
w

—|
—|

[en)

S |
=

B2 7S ||
(B.2) {

if (a,d) = (3,3), (4, 4),
if (a,d) = (3,4), (4, 3),

D
®3) 2 _
289

N
< =~
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B4

(B.5)

(B.6)

B.7)

(B.8)

(B.9)

(B.10)

(B.11)

|

q7

V2[3]

q
V2[3]

__ 4

V23]

if (b, c) = (3,3), (4,3),
if (b, ) = (4, 4),

if (b,c) = (3,4),

ﬁ if (b,d) = (3,3),(4,4),
0 if(b,d)=(3.4),4.3),

q2

V2[3]

q’
V2[3]
q7

V2[3]

49
V2[3]

(3]
46
El]

if (c,d) =(3,3),(3,4),(4,3),

if (c,d) = (4,4),

if (a,b) = (3,3), (4, 4),
if (a,b) = (3,4),
if (a,b) = (4,3),

if (a,c) = (3,3),

if (a,c) = (4,4),
if (. ¢) = (3,4), (4, 3),

if (a,d) = (3,4), (4, 3),
if (a,d) = (3,3), (4, 4),

if (b, c) = (3,3),
if (b, c) = (4,3),

if (b,c) =(3,4),(4,4),

9 if (b, d) = (3,4),
if (b,d) = (4,3),

0 if (b,d) = (3,3),(4,4),
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if (c,d) = (3,3),(4,3),(4,4),
(B.12) f[3]
f[3] if (c,d) = (3,4),

When all of 7, j,k,l,m,n are equal to 2,

_# if (a,b,c,d) = (3,3,3,3).(3.4,3,4),
}2_3[3] if (a,b,c,d) = (3,3.4,3),
_{:1;[3] if (a,b,c,d) = (3,4,4,4),
(B.13) @‘ = %[‘3] if (a,b,c,d) = (4,3,3,4),(4,4,3,3),
278y 45 if(abed)=(4.3.4.9),
% if (a,b,c,d) = (4,4,4,3),
0 otherwise.

We rewrite the list of Proposition A.1, in terms of the dual planar graph, as follows:

:5AB-# (i,j,k€{0,2,4}, A, B €{e,0}),
' did;

@ D)

(B.14)

| o |
CONT T [N e [T
We review a proof of the following lemma, which was shown by T Ohtsuki.

Lemma B.1 (T Ohtsuki) The 6j-symbols given in Section 5 can be transformed into
the 6 j—symbols of the E¢ subfactor.
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Proof We put

71 V=1 3—\/3 n«/—l 3+\/§
Us =exp —exp( ) ,
5m4/—1 117n/ 3— ﬁ
V3 =exp( 4 ) V4 _exp )
Then,
_ 3-43 3443 _ ¢
Usz = 6 UgUy = 6 Uzvz = %
3443 _ 3-43 q*
V3V3 = 6 Valyg = 6 Ugvy = %

uzuz +ugity =1, v303+v404 =1, u3zv3 +us4vy =0.

usz v3\ . . .
Hence, 1S a unitary matrix.
Uyg Vg

By putting

i J i j k k
= , = . unlessi=j=k=2,
k k i j i/ \J
2 2 2\ /2 2 2 2 2 2
= Uqg + Vg s =1, + Vg ,
2 2 2 2 2 2 2 2 2

we calculate

(D)
750
(8]

=

by using (B.14), and verify that it is equal to the above mentioned value. When all
vertices are colored by e, it is easy to check the proof. Hence, we consider the case

where there are vertices colored by S3, Sy, ie, we verify the values of (B.1)-(B.13) in
the following of this proof.

Algebraic & Geometric Topology, Volume 13 (2013)



3532 Kenta Okazaki

As for (B.1),

Hence, we can verify (B.1) by concrete calculation for each («, b).

As for (B.2),

»@ = Uql + Va ¢ =i(ual_‘c+vaic)-
o |8

Hence, we can verify (B.2) for each (a, ¢), since
Uiz +v3vy =1, wuglg +v404 =1, usztig+v3v3 =0,
which can be checked concretely.

As for (B.3),

53 2 2
2 =ugily a + vav4 .’k = é(“aﬁd + va0y),

and we can verify (B.3) in the same way as the case of (B.2).

As for (B.4),

=ubL7¢ + Vp Ve w? E :[:1))—](ubﬁc+vbﬁca)2).

Hence, we can verify (B.4) by concrete calculation for each (b, ¢).

As for (B.5),

@ 2 2
‘ = upiiy ’a + Vp Uy a =é(“bﬁd+vbﬁd),

and we can verify (B.5) in the same way as the case of (B.2).
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As for (B.6),

@ 2 2 2 2
=acad + VU w? .’k =[1?](acad+vcvdw2).

Hence, we can verify (B.6) by concrete calculation for each (¢, d).

As for (B.7),

‘@ = uqup + (Vattp®* + Uqp)

I S 2 2l
3] 0 g et FHave) F g

Hence, we can verify (B.7) by concrete calculation for each («, b).

VaUp@~.

As for (B.8),

4 - + (Valle ™ + UaUe0?)
+ v V¢

:—ﬁu u —i(vaﬁcw + U Ve w?) + ——— 12

(3114177 [4] 341

Hence, we can verify (B.8) by concrete calculation for each («,c).

As for (B.9),
:
= Uql, +( allg + UqgV, ) + vqv,
2] _ ]
_m“a“d [4 ]( allg +UqVq) + == B314] Vg Vg
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Hence, we can verify (B.9) by concrete calculation for each (a, d).

As for (B.10),

‘@ = uplic + (piew % + upTew2)
2 &
+ vp V02

2 1 _ -2y 4 2 »2
[3][4] UplUe — [4](Ub”cw +upvew )+m pUc”.

Hence, we can verify (B.10) by concrete calculation for each (b, ¢).

As for (B.11),
2 upll, + (vpligw’ + upvgw=?)
= Uplq bid bld
S 2 KN

+ vpy

N 2 2l
= [3][4] ﬁ(vbuda) 4+ upvgw )+[3][4]vbvd.

Hence, we can verify (B.11) by concrete calculation for each (b, d).

As for (B.12),

+ U0

2
2l -2 — (Velig + UcVgw?) + Ve 02

2
BEZ T B14]

Hence, we can verify (B.12) by concrete calculation for each (c, d).
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As for (B.13),

55 _ oy Bo 4 s B b s
% N

1 — _ _ — _ - —
= ——UqUpUclUg — —(vavbucu,m)2 + VaUpVcllg + VallplicVyg

[2][4] [3][4]

_ _ _ — 1 _
+ UgUpTelig @ + UgVpllcVg + UaUpDeVg®) + —— (VaVpVellg*

[3][4]
+ VU UG 2 + Valp Ve Vg~ > + UqUp T Ugw2).

Hence, we can verify (B.13) by concrete calculation for each (a, b, ¢, d), completing
the proof. a
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