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Lipschitz minimality of the multiplication maps
of unit complex, quaternion and octonion numbers

HAOMIN WEN

We prove that the multiplication maps S” x S” — S” (n = 1, 3, 7) for unit complex,
quaternion and octonion numbers are, up to isometries of domain and range, the
unique Lipschitz constant minimizers in their homotopy classes. Other geometrically
natural maps, such as projections of Hopf fibrations, have already been shown to
be, up to isometries, the unique Lipschitz constant minimizers in their homotopy
classes, and it is suspected that this may hold true for all Riemannian submersions of
compact homogeneous spaces. Using a counterexample, we also show that being a
Riemannian submersion alone without further assumptions (like homogeneity) does
not guarantee the map to be the unique Lipschitz constant minimizer in its homotopy
class up to isometries, even when the receiving space is just a circle.

53C23; 53C30, 55R25, 53C43

1 Introduction

1.1 Background

A map f: M — N between two metric spaces (M, das) and (N, dn) is a Lipschitz
map if there is C > 0 such that dn ( f(x1), f(x2)) <C dpr(x1, x3) forany xy,x, € M .
The smallest such constant C is called the Lipschitz constant of f and denoted
by Ly(M). If a Lipschitz map has the smallest Lipschitz constant in its homotopy
class, then it is called a Lipschitz constant minimizer. Note that there always exists a
Lipschitz constant minimizer (by Arzela—Ascoli) in the homotopy class of any Lipschitz
map from M to N when M and N are compact.

Sometimes it is possible to recognize certain special maps in terms of Lipschitz constant
and homotopy class. Previously, there have been results in this direction using other
invariants like volume or energy, but even some of the simplest maps can not be
characterized by just using these two invariants. For example, the inclusion map
AS3 — S? x S? is neither volume minimizing (since S*® v S has smaller volume)
nor energy minimizing (see White [6]) in its homotopy class. However, it is shown by
DeTurck, Gluck and Storm [1] that this map is the Lipschitz constant minimizer in its
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homotopy class, unique up to isometries on the domain and range. See [1] for more
examples of this type including Hopf fibrations.

1.2 Main result

The authors of [1] suspected that many more maps, such as Riemannian submersions
of compact homogeneous spaces, are Lipschitz constant minimizers in their homotopy
classes, unique up to isometries on the domain and range. (It is necessary to assume
certain homogeneity, otherwise there will be counterexamples as shown in Section 3.)
Then it is natural to consider group multiplication maps on compact groups which
provide an easy class of Riemannian submersions of compact homogeneous spaces.
The simplest case is ST x ST — S!, which is more or less trivial. The first interesting
compact group to look at is S3 and we have the following theorem.

Theorem 1.1 The Lipschitz constant of any map f: S" xS" — S" (n=1,3,7) ho-
motopic to the multiplication map m of unit complex, quaternion or octonion numbers
is greater than or equal to V2, with equality if and only if f is isometric to m.

We say that fi: M — N and f,: M — N are isometric, if there are isometries
gm: M — M and gn: N — N suchthat gy o f1 = frogum.

Remark The multiplication map of S! is an energy minimizer in its homotopy class,
but the multiplication map of S* is not. In fact, by a result in [6], the energy of maps
homotopic to the identity map on S* can be arbitrarily small. If we construct a map
f:S* — S? as in [6] which is homotopic to the identity map and which is of very
small energy, then a direct computation will show that the composition of f and the
multiplication map is also of very small energy.
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2 Proof of Theorem 1.1

In this section, m: S" x S" — S" (n =1, 3,7) will denote the multiplication map of
unit complex, quaternion or octonion numbers and f will be a map homotopic to .
On any Riemannian manifold, d will denote the distance function generated by the
underlying Riemannian metric.

2.1 Lipschitz minimality

The Lipschitz minimality follows from the following theorem from Gromov [3], which
was first proved by Olivier in [5] when d is even. There is also a proof of this theorem
in Gromov [4].

Proposition 2.1 [3; 5] Suppose g: S* — S" is of degree d. When |d| > 2, then
Lg(S™) >2.

We shall use this result with » =1, 3,7 and d = 2 to prove the following proposition.
Proposition 2.2 The Lipschitz constant of f is at least /2, ie, L F(S"xS") = V2.

Proof Consider the restriction of f on AS” = {(x,x) : x € S"}, the diagonal
sphere. Since m|agn is of degree 2 (m(x,x) = x?) and since f is homotopic to m,
f|asn is a degree 2 map from AS” (isometric to +/2S") to S”. By Proposition 2.1,
Ly(AS") = V2, and hence Ly (S"xS") = V2. ad

Proposition 2.3 L,,(S" x S™) = /2, that is, the Lipschitz constant of m is ~/2.

Proof For any (x, y) € S” x S, we have an orthogonal decomposition
Tx,y)(S" x S") = Tue(S" x {¥}) ® Ty ({x} x S").

Since m|gnx(yyis an isometry, then dm|r, (snx{y}) is also an isometry. Similarly,
dm| 7, ((x}xsn) is an isometry.

Forany X € T (S" x{y}) and Y € T),({x} x S"),
ldm(X +Y)| = [dm(X)| + |dm(Y)| = [ X[+ |Y|

<V2\IXP+ Y =V2(X +Y].

Hence L,,(S" x S™) < +/2. By Proposition 2.2, we also have L, (S" x S") > /2,
and hence L,,(S" x S") = +/2. o
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2.2 Uniqueness: Plan of the proof

Now m is a Lipschitz constant minimizer in its homotopy class, and it remains to show
the uniqueness.

In this section, suppose that f is also of Lipschitz constant /2, then we need to prove
that f and m are isometric.

Our plan is as follows.

(1) Show that the fibers of f are parallel spheres isometric to v/2S".

(2) Use this result to prove that f is isometric to m.

2.3 Basic tools

The main tool in the second step is the theory on isoclinic planes and Clifford algebra,
and the main tool in the first step will be the following inequalities.

Proposition 2.4 Suppose f: S" x S" — S" is homotopic to m and of Lipschitz
constant ~/2 and suppose p € S™, then for any (x1, y1) and (x3, y2) € f~1(p), we
have

(1) 2 —d(x1,x2))* + (d(y1. y2))* = 272,
2 (d(x1,x2))* + 2w —d(y1. y2))* = 272

Remark We can see Proposition 2.4 in Figure 1. The shaded region in Figure 1 is
the set of points (d(xy, x2),d(y1, ¥2)) satisfying (1), (2), 0 < d(x1,x3) < 7 and
0 <d(y1,y2) < m. In other words, (x1, y1) and (x3, y») are in a same fiber of f
only if (d(x1,x2),d(y1,y2)) is in the shaded region.

If x; and x, are antipodal points, that is, if d(x1, x,) = m, then we can see instantly
from the graph that y; and y, are also antipodal points, that is, d(y1, ;) = «.
Moreover, we have (m —d(x1,x3))/(r —d(y1, y2)) is close to 1 when d(x1, x3) is
close to 7, which will allow us to prove that d(x1, x3) = d(y1, y2) with a little bit
more effort.

The following lemma shows that the inverse images of a pair of antipodal points can
not be too close, which can be used to prove Proposition 2.4.
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Figure 1: (x1,y1) and (x,,y;) are in the same fiber of f only if
(d(x1,x2),d(y1, y2)) is in the shaded region.

Lemma 2.5 Suppose p, p’ € S" are antipodal points and suppose the Lipschitz
constant of f: S" x S"* — S" is /2, then

© N )T e =,
where

N o) = {0 €8x d (. /7 o) < 5

is the (7r/~/2)—neighborhood of f~'(p).

Proof Forany (x,y1) € /™' (p) and (x},y}) € f~'(p'), since

d(f(xl,yl),f(xlp)’i))S\/Ed((xl»J/l),(xi»J/D),
d , , /’ !
Ao ), (6 9)) = (f (xy y:)/zf(XI ") _ %

thus completing the proof. a

Proof of Proposition 2.4 Lemma 2.5 implies the complement of N (/1 (p), (//2))
contains f~!(p’), which intersects cycles in the homology class of {x}xS". If (xy, 1)
and (x,, y») are in f~!(p) but they do not satisfy (1) or (2), then we can construct a
cycle
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(1) within the same homology class as {x} x S” (and hence intersecting f~1(p’)),

() lyingin N(/ 7' (p), (/~/2)).

This will contradict Lemma 2.5.

The cycle in S™ x S" which we need to construct will be a topological sphere which
contains (xp, y1) and (x7, y,). Its projection to the first S will be a shortest geodesic
from x; to x;, and its projection to the second S” will be the full S”.

The first step in the construction: Break S” down to a family of curves from y;
to y2 The curves will be parametrized by the unit tangent vectors U,, S”. For each
unit tangent vector X € U,, S”, there is a unique 2—plane spanned by y;, y», and X
in R”*1 . The intersection of this 2—plane and S” will be a circle containing y; and y»,
thus two simple curves oy and a_x from y; to y,, where the direction of oy is the
same as X, and where the direction of «_x is opposite to X ; see Figure 2. We can
further specify that ay: [0, 1] — S” is of constant speed.

Figure 2: ay: [0, 1] — S3 is an arc from y; to y, which is tangent to X .
The second step in the construction Let 8: [0,1] — S” be a shortest geodesic
from x; to x;, and let yx(¢) = (B(¢), ax(¢)). Then the cycle we need is
S={yxt): X U, S" te[0,1]}.

Now we can verify S has the desired homology, which will imply f~!(p/) NS # @.
When x; = x, and when y; and y, are antipodal points, S is exactly {x1}xS". If we
move X or y, continuously, S is also deformed continuously. Hence for any (x1, y1)
and (x7, y2), S and {x;} x S” are in the same homology class. Since f and m are
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homotopic, f~!(p’) and m~1(p’) have the same homology class. As m~!(p’) and
{x1} x S™ have exactly one intersection point (x, xl_l P,

“4) ~YpHns #o.

The last step is to estimate £(yy), the length of yy. If the inequality (2) is vio-
lated, then the estimate will imply that S € N(f~'(p). (;r/~/2)). Since we have
L(yx) = v (ax))? + (£(B))?, we need to first estimate £(ay) and £(8). By our
construction, for any X € U, S", l(ax) < 2m —d(y1,y2) and £(B) = d(x;,x2).
Hence

5) Uyx) <\ @ —d (1, 92)? + (A (61, x2))2.

If (2) is violated, then (5) implies £(yx) < V27, and hence
g _1 T

©) pr N ({100, 02l Z5) €N (7))

As (6) is true for any yx, we have
105y,

™ SeN(/w) 7).

Now (4) and (7) imply
T

8 N(fYp).=)nfp)+2,

®) (/7o) #
which contradicts (3). Therefore (2) holds. The proof for (1) is similar. This completes
the proof of Proposition 2.4. |

2.4 Fibers of f are spheres

Here are some observations of Figure 1, and we shall solidify these ideas to prove that
the fibers of f are the graphs of isometries of S”. As can be seen from Figure 1, y, is
the antipodal point of y; if x, is the antipodal point of x;. In particular, there is only
one y, € S™ such that (x5, y2) € f~1(p). Moreover, w —d(x1, X2) and 7 —d(y1, 2)
are roughly equal when d(x1, x;) is close to 7. These observations leads to the proof
of the following proposition.

Proposition 2.6 We have that f~!(p) is the graph of an isometry hy: S" — S",
where hp(x) = y, ifand only if (x, y) € f~1(p).

Proof Note that /1, is well defined if
(1) for any x € S” there is y € S” such that f(x, y) = p,

2 f(x,y)= f(x,y")= p implies y = y".
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For any x| € S", since m|(y yxs» is an isometry, f'|(x yxs» is also surjective. Hence
there is a y; € S” such that f(x1, y1) = p.

Now let x| € S” be the antipodal point of xi, then there is a y| € S” such that
(x}.»}) € f~(p). Since d(xy,x}) ==, (1) implies d(y1, y}) = 7, that is, y] is
the antipodal point of yq.

Suppose that (xy, y}) € /7' (p). Since we also have (x, y}) € f~!(p), then that
d(x1,x]) = and (1) imply d(y{.y]) > 7, thatis, y{ is the antipodal point of y
and hence y{ = y;. Therefore 4, is well defined.

Similarly, we can define k,: S” — S" as k,(y;) = x; if and only if we have that
(x1,71) € f~Y(p). Then hy ok, and kp o, are identity maps, and hence h, is a
bijection.

Next, we shall prove that L, (S") < 1. Since (S",d) is a length space, it suffices to
show that the local Lipschitz constant of /1, is less than or equal to 1 [4], ie,

) Jim sup —d(h;f;f : ZS@) <

1.
For any (x1, y1). (x2.y2) € /' (p). (1) implies
Q2r —d(x].x2))* + (d(¥}. y2))* = 272,

where x| and x) are the antipodal points of x; and x5, respectively. Since we have
d(x},x2) = —d(x1,x2) and since d(y}, y2) = 7 —d(y1, y2),

(m +d(x1.x2))> + (7 —d (1, y2))* = 27°.

Hence

(1. 2) <7 =272 = (1 +d(x1,%2))’
=7— \/nz —2md(x1,x3) +o(d(x1,x3))
=d(x1,x2) +o0(d(x1,x2)),

which implies (9).

Similarly, we have that h;l =k is also of Lipschitz constant at most 1, and hence /1,
is an isometry. |
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2.5 Fibers of f are parallel

By now, we know that the fibers of f are graphs of isometries. As stated before, these
fibers are also parallel.

Proposition 2.7 Fibers of f are parallel. In other words, for any pi, p» € S" and
(x1,y1) € [~ (p1),

d(p.
A0 der ). S o) = d0 o), S = UL

V2

Proof By symmetry, we will assume p, = 1 without loss of generality. (Here we
view points in S” as unit quaternions.)

Moreover, f~!(1) is the graph of an isometry /;: S” — S", by Proposition 2.6.
Define an isometry H;: S"” x S" — S x S" as Hj(x,y) = (x_l,hl_l(y)), then
Hi(f~1(1)) = m~1(1). So we will assume f~'(1) = m~!(1) without loss of
generality.

When f = m, (10) becomes

d(pl’ 1)
ﬁ .

Since m extends to the (scaled) Hopf fibrations : +/2S2"+! — §"+1 defined as

(11) d((x1.y1).m~ (1)) =

2 2
(12) m(zy, z2) = (ZIZZ»M»

(11) follows easily from Gluck, Warner and Ziller [2].

Next, we shall use this special case to prove this proposition. Equation (11) implies
that

N (m (1), T2 ) =T NG ) =S 1),

and thus

N, Z5) =mhEm e,

Taking p = 1 in Lemma 2.5, we have f~1(—1) N N(f~1(1), %) = @, and hence
_ _ b4
S s N (7). )
=S3xS3I\m IS\ {~1) =m™ I (-1).
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Recall that ! is the graph of an isometry, so it can only be 72~ (—1). This proves (10)

with p; = —1 and p, =1, and it remains to verify that other fibers are also parallel
to f1(1).
Suppose any p; € S” and (x1, 1) C £~ (p1). Since f is of Lipschitz constant v/2,
d(pl,l)
(13) d((x 1) > ———
(Cery), STH)) = A
d(Pl» )
(14 d((x1, ) >t
) (1,01, ST (=) = 5
On the other hand, since (x;, y1) € M ~!(x;y;) and f~1(1) =m~1(1), (11) implies
_ d(x1y1.1)
(15) d((xy, 1), 1)) = ——=—,
(Cerayn). S (D) N
and similarly
_ d(x1y1,—1)
(16) d((x1,31), 71 (=1) = ———=.
((x1.01). /7 (=) NG

By (13), (14), (15) and (16),
d=L1) _dxiyi,1) dxiy1,—1)
V2 V2 V2

=d((x1, 1), ST D) +d((x1, 31), STHED)

o d(pi,1) n d(p1,=1) _d(=1.1)

T V2 V2 V2o
Thus all the inequalities in the above equations should be equalities, so
d(p1.1)

This completes the proof of Proposition 2.7. |

d((x1,y1), f7H(1) =

2.6 Proof of the uniqueness

We can embed S” x S” into +/2S82"+! ¢ R2#+2 = R"+1 x R**! by embedding
each S” into R"*1. Proposition 2.6 implies that every fiber of f liesina (n+ 1)—
plane in R2"+2 5o these fibers are great n—spheres in +/2S2"+1. Also, Proposition 2.7
implies that these fibers (which are n—spheres) are parallel in +/2S%"*!. Now the
following result from Wolf [7] and Wong [8] shows that f* and m extend to isometric
fibrations on /2821,
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Proposition 2.8 [7; 8] Any ﬁbration~f of S" xS" (n =1, 3,7) by parallel great n—
spheres extends to a parallel fibration f of all of ~/2S2"+1 by parallel great n—spheres
such that the following diagram commutes:

S % §P inclusion «/ESZIH_I 81 ﬁSan

K 5 |

& e gn+l 82 gn+l

where e is a map, g1 and g, are isometries and m is the Hopf fibration defined in (12).

Proof Notice that parallel great n—spheres in S?”*1 span isoclinic (7 + 1)—planes
in R2n+2 .

[7, Theorem 7] states that any n—dimensional (n = 1, 3, 7) family of isoclinic (n+ 1)-
planes in R2”%2 can be extend to an (1 + 1)—dimensional maximal family of isoclinic
(n+ 1)—planes in R2"*2_ Also, all (n+ 1)—dimensional maximal families of isoclinic
(n + 1)—planes in R?"*2 are isometric to each other by the same theorem. Thus there
is always a map f: v/2S2"*+1 — §"*+1 jsometric to 77 such that any fiber of f is
also a fiber of f .

Finally, define the map e as e(f(x)) = f(x). To check that the map is well-defined,
let f(x)= f(»),then x and y are in a same fiber of / and thus in a same fiber of f,
which implies that f(x) = f (). So e is well-defined. |

Now we can finish the proof using an argument due to Herman Gluck.

Proof of Theorem 1.1 We need to prove that any fibration f of S” x S” by parallel
great n—spheres is isometric to m.

Let i: S — S"*1 be the inclusion map defined as i (x) = (x,0). Then i om extends
to the Hopf fibration 77: +/2S?"*1 — sn+1,

Extend f to ]7 and obtain e, g; and g, as in Proposition 2.8. For any x, y € S”,
d(x,y) = %d(f_l(X), S7H)
=d(f(STI ), ST ) = de(x), e(1)),
so e is actually an isometric embedding.

Pick an isometry g3: S"t! — S”*1 homotopic to the identity map such that

g30gr0e(S") =i(S").
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By the homotopy lifting property of the fibration 771, we have that there is an isometry
g4 V2821 5 /2827F1 quch that the following diagram commutes:

Jas2ntl 84 J282n+1

gn+l 83 gn+l1

(One can lift any curve in S”*! to a horizontal curve in +/2S2"+1 | thus g3, being
homotopic to the identity map, can be lifted to g4.)

Since
g40g1(S"xS") =7 (gz0g20e(S™) =m ' (i(S")) =S" xS",

we can define an isometry gs: S” x S” — S” x S" as g5 = g4 0 g1, and an isometry
g6: S" —> S" as gg = gzogroe. Then mogs = ggo f, thatis, m is isometric to f.
This completes the proof of Theorem 1.1. |

3 An interesting counterexample

The authors of [1] suspected that any Riemannian submersion between compact homo-
geneous spaces is a Lipschitz constant minimizer in its homotopy class, unique up to
isometries. The following example shows that this is not necessarily true if we drop
the assumption on homogeneity, even in the case where the receiving space is a circle.

Let r(x) = 2—cos(4mx). Define a Riemannian metric g on the two-torus T = R?/Z?
by g11 =1, g12 = g21 =0 and g2>(x, y) = (r(x))?. In other words, this torus is the
quotient of a surface of revolution. For any a € [0, 1), define a family of closed curves
va(t) = (x(¢), y(¢)) in the two-torus by

Ya(0) = (0,a),

dx _
= r(x(r))’
_ 1
= wany !~ [r(x(t))]2 0=x() =3

— 1
dr— r(x(t))\/ [r(x(t)) f3= =1

and define f: T — R/Z as f(y,(t)) = a, where R/Z is a circle of length 1 with the
standard metric; see Figure 3. We shall prove that f is a Riemannian submersion in the
next paragraph. However, the map g: T — R/Z defined as g(x, y) = y is homotopic
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to f and is also of Lipschitz constant 1, but it is not a Riemannian submersion; in
other words, f is not the unique Lipschitz constant minimizer even up to isometries.

Figure 3: The torus in the example is depicted here, with left and right circle
identified. The red curves are the level sets y, of f. Each is a simple closed
curve which goes around the torus the “long way.” The blue curves are their
orthogonal trajectories, and thus are the integral curves of V. Two of them
are simple closed curves which go around the torus the “short way”. The
remaining blue curves are geodesics winding around the torus infinitely often
the short way, and limit on the two closed ones.

We can verify that f is a Riemannian submersion as following. Without loss of
generality, assume 0 < x(¢) < % Then

O B B By L9
= aox Treo T e oy
and thus
A 1o
17 9 - A
a7 Fc@)ox o)\ )

as y,(¢) is tangent to fibers. By symmetry, f maps the circle {x} xR/Z to R/Z
uniformly, and hence

U _

=1.
dy

(18)

Equations (17) and (18) imply that

of | 1
(19) =V oo
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Now (18) and (19) imply that

(20) (— P a+ ! a)f—l
r(x))2dx  (r(x)2ay )’

where —/1—1/(r(x))29/3dx + 1/(r(x))?>3/dy is a unit normal vector of a fiber.

Therefore f is a Riemannian submersion.
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