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Modification rule of monodromies in an R,—-move

KENTA HAYANO

An R;-move is a homotopy of wrinkled fibrations which deforms images of indefinite
fold singularities like the Reidemeister move of type II. Variants of this move are
contained in several important deformations of wrinkled fibrations. In this paper, we
first investigate how monodromies are changed by this move. For a given fibration
and its vanishing cycles, we then give an algorithm to obtain vanishing cycles in a
single reference fiber of a fibration obtained by flip and slip, which is a sequence
of homotopies increasing fiber genera. As an application of this algorithm, we give
several examples of diagrams which were introduced by Williams to describe smooth
4—manifolds by a finite sequence of simple closed curves in a closed surface.

57R45; 30F99

1 Introduction

Over the last few years, several new fibrations on 4—manifolds were introduced and
studied by means of various tools: singularity theory, mapping class groups and so
on. These studies originated from the work of Auroux, Donaldson and Katzarkov [2]
in which they generalized the results of Donaldson [7] and Gompf [15] on relations
between symplectic manifolds and Lefschetz fibrations to those on relations between
near-symplectic 4—manifolds and corresponding fibrations, called broken Lefschetz
fibrations. After their study, Perutz [19; 20] defined the Lagrangian matching invariant
for near-symplectic 4—manifolds as a generalization of the standard surface counting of
Donaldson and Smith [8] for symplectic 4—manifolds using broken Lefschetz fibrations.
Although this invariant is a candidate for geometric interpretation of the Seiberg—Witten
invariant, even smooth invariance of this invariant is not verified so far. We need to
understand deformations (in the space of more general fibrations) between two broken
Lefschetz fibrations in order to prove the invariance. There are several results on this
matter (see Lekili [18], Williams [22; 21], and Gay and Kirby [13; 14], for example).

On the other hand, broken Lefschetz fibrations themselves have been studied in terms of
mapping class groups using vanishing cycles. For example, the classification problem of
fibrations with particular properties was solved by means of this combinatorial method
(see Baykur and Kamada [5] and the author [16; 17]). It turns out that every closed
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oriented 4—manifold admits a broken Lefschetz fibration (see Akbulut and Karakurt [1],
Baykur [3] and [18]). It is therefore natural to expect that broken Lefschetz fibrations
enable us to deal with a broader range of 4-manifolds in a combinatorial way, as we
dealt with symplectic 4-manifolds using Lefschetz fibrations. For developing topology
of smooth 4-manifolds by means of mapping class groups, it is necessary to understand
the relation between several deformations which appeared in the previous paragraph
and vanishing cycles of fibrations.

In this paper, we will pay attention to a specific deformation of fibrations, called an
R;,—move. In this move, the image of indefinite fold singularities is changed by the
Reidemeister move of type II (we will define this move in Section 3; see Figure 5).
In particular, the region with the highest genus fibers was cut off in this deformation.
Furthermore, monodromies in this region might be changed by this move. This move
appears in a lot of important deformations of fibrations. For example, flip and slip,
which was first introduced by Baykur [3], is an application of flip twice followed by
a variant of an R,—move. Another variant of an R,-move played a key role in the
work of Williams [21], which gave a purely combinatorial description of 4—manifolds
(which we will mention in Section 6).

The main purpose of this paper is to understand how monodromies are changed by an
R,-move. We will prove that modifications of monodromies in an R,—move can be
controlled by an intersection of kernels of some homomorphisms (see Theorem 3.9).
We will also give an algorithm to obtain vanishing cycles in a reference fiber of a
fibration obtained by flip and slip in terms of the mapping class group (see Theorems 4.1,
4.3,5.1,5.2, 6.5 and 6.7). Note that it is not easy to determine vanishing cycles in a
single reference fiber of the fibration obtained by applying flip and slip. Indeed, in this
modification, two regions with the highest genus fibers are connected by a variant of the
R,-move. It is easy to obtain vanishing cycles in fibers in the respective components
since flip is a local deformation. However, we need to deal with a certain monodromy
derived from a variant of the R,—move to understand how these fibers are identified
(see also Remark 2.3).

In Section 2, we will give several definitions and notation which we will use in this
paper. Sections 3, 4 and 5 are the main parts of this paper. In Section 3, we will
examine how monodromies are changed in R,-—moves. The results obtained in this
section will play a key role in the following sections. In Sections 4 and 5, we will give
an algorithm to obtain vanishing cycles of a fibration modified by flip and slip. We
will first deal with fibrations with large fiber genera in Section 4, and then turn our
attention to fibrations with small fiber genera in Section 5. In Section 6, we will give a
modification rule of a diagram Williams introduced, which is called a surface diagram,
when the corresponding fibration is changed by flip and slip. We will then construct
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. . ——2
surface diagrams of some standard 4—manifolds, S*, ST x S3, CP2#CP" and so on.
Note that, as far as the author knows, these are the first nontrivial examples of surface
diagrams.
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2 Preliminaries

2.1 Wrinkled fibrations

We first define several singularities to which we will pay attention in this paper.

Definition 2.1 Let M and B be smooth manifolds of dimension 4 and 2, respectively.
For a smooth map f: M — B, we denote by Sy C M the set of critical points of /.

(1) Anelement p € Sy is called an indefinite fold singularity of f if there exist
real coordinates (z, x, y, z) (resp. (s, w)) around p (resp. f(p)) such that f is
locally written in these coordinates as

fi(tx,y,2) > (s,w) = (£, x>+ y2 = 2?).

(2) Anelement p € Sy is called an indefinite cusp singularity of f if there exist
real coordinates (¢, x, y, z) (resp. (s, w)) around p (resp. f(p)) such that f is
locally written in these coordinates as

fitx,y,2) > (s,w) = (1, x> =3tx + y? = 22).

(3) We further assume that the manifolds M and B are oriented. An element p € S¢
is called a Lefschetz singularity of f if there exists complex coordinates (z, w)
(resp. &) around p (resp. f(p)) compatible with orientation of the manifold M
(resp. B) such that f is locally written in these coordinates as

[z w)—E=—zw.

We can also define definite fold singularities and definite cusp singularities. However,
these singularities will not appear in this paper. We call an indefinite fold (resp. cusp)
singularity a fold (resp. cusp) for simplicity.
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Definition 2.2 Let M and B be oriented, compact, smooth manifolds of dimension 4
and 2, respectively. A smooth map f: M — B is called a wrinkled fibration if it
satisfies the following conditions:

(1) f71(B) =M

(2) The set of singularities Sy consists of folds, cusps and Lefschetz singularities.

A wrinkled fibration f is called a purely wrinkled fibration if f has no Lefschetz
singularities.

2.2 Mapping class groups and a homomorphism @,

Let X be a closed, oriented, connected surface of genus g. We take subsets A;, B; C
Y g. We define a group Mod (2g; Ay,..., Ax)(B1,..., Bn) by

MOd(Zg;Al,...,An)(Bl,...,Bm)

= {[T] € mo(Diff " (Zg; A1,..., Ap),id) | T(B;) = B; for all j},
where Difft (Zg; Ay, ..., Ay) is defined as
Difft (Xg: A1, ..., Ay) = {diffeomorphisms 7: g — X, | T(A;) = A; forall i }.

In this paper, we define a group structure on the above group by multiplication reverse
to the composition, that is, for elements 77, T € Difft (Xg:A41,..., Ap), we define
the product 74 - T> as

T1 'T2 =T20T1.

We define a group structure of Mod (X4; A1, ..., 44)(B1, ..., By) in the same way.
For simplicity, we denote by M the group Mod (X).

Let ¢ C X be a simple closed curve. For a given element ¥ € Mod (Xg)(c), we
take a representative 7': g — Xg € Difft (Xg) preserving the curve ¢ setwise. The
restriction T'|g,\¢: g \ ¢ = Zg \ ¢ is also a diffeomorphism. Let S. be the surface
obtained by attaching two disks with marked points at the origin to ¥ \ ¢ along c.
The surface S¢ is diffeomorphic to X,_; with two marked points if ¢ is nonseparating,
or S¢ is a disjoint union of Xg, with a marked point and Xg, with a marked point
for some g1, g, if ¢ is separating. The diffeomorphism 7’|z \. can be extended to
a diffeomorphism 7: S; — S.. We define an element &} ([7T]) as an isotopy class
of T , which is contained in the group Mod (S¢; {vy, v2}), where vy, v, are the marked
points. The following map is a well-defined homomorphism:

®¥: Mod (2¢)(c) — Mod (S¢; {vy, v2})

Algebraic € Geometric Topology, Volume 14 (2014)



Modification rule of monodromies in an Ry—move 2185

Furthermore, we define a homomorphism ®. on Mod (X4)(c) as the composition
Fy, v, 0 @}, where Fy, y,: Mod (S¢; {vi,v2}) = Mod (S¢) is the forgetful map. The
range of this map is M, _; if ¢ is nonseparating, Mg, x Mg, if ¢ is separating and
g1 # g2, and (Mg, X Mg,) xZ /27 if c is separating and g; = g».

2.3 Several homotopies of fibrations

In this subsection, we will give a quick review of some deformations of smooth maps
from 4-manifolds to surfaces which we will use in this paper. For details about this,
see [18] or [22], for example.

2.3.1 Sink and unsink Lekili [18] introduced a homotopy which removes a Lefschetz
singularity near a fold locus, and gives rise to a cusp singularity as in Figure 1.

3 C1

| 6

2

Figure 1: How a base diagram is changed in a sink: the image of a Lefschetz
singularity is described by a square, while base points are described by dots.

This deformation is called a sink and the inverse move is called an unsink. We can
always change a cusp into a Lefschetz singularity by an unsink. However, we can apply
a sink only when c3 corresponds to the curve 7., (c2) and c; intersects ¢ in a single
point transversely, where ¢; is a vanishing cycle determined by y;, which is a reference
path in the base space described in Figure 1.

2.3.2 Flip and ‘“flip and slip” The homotopy called a flip is locally written as
foiR*¥ s (t,x,p,2) > (t,x* —x%s + xt + y? —z%) e R2.

The set of singularities Sy, C R% is equal to {(,x,0,0) € R* | 4x® —2sx +¢ = 0}.
For s < 0, this set consists of indefinite folds. For s > 0, this set contains two cusps as
in the right side of Figure 2.
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\ 4

Figure 2: Left: the image of singularities for s < 0; right: the image of
singularities for s > 0; ¢; describes a vanishing cycle determined by the
reference path y;; as is described, ¢; is disjoint from c;3

Baykur [3] and Lekili [18] introduced a certain global homotopy, which is called a flip
and slip. This modification adds four cusps to the set of critical points of the fibration
(see Figure 3). If a lower genus regular fiber of the original fibration (ie a regular fiber
on the inside of the singular circle on the far left of Figure 3) is disconnected, then
this fiber becomes connected after the modification. If a lower genus regular fiber is
connected, this fiber becomes the higher genus fiber and its genus is increased by 2.

— —

Figure 3: The circle in the far left figure describes the image of singularities
of the original fibration. After applying a flip twice, we change the fibration
by a homotopy which makes the singular image a circle without self-

intersection.

Remark 2.3 It is not straightforward to deduce how all the vanishing cycles appear
in a single reference fiber after performing a flip and slip. Indeed, to find the vanishing
cycles, we need to know how to identify the two regular fibers in the regions with the
highest genus fiber in the center of Figure 3. As we will show in the following sections,
this identification depends on the choice of homotopies, especially the choice of a “slip”
(from the middle figure to the right one in Figure 3).
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We remark that such a modification can be also applied when the set of singularities of
the original fibration contains cusps. We first apply a flip twice between two consecutive
cusps. We then apply a slip in the same way as in the case that the original fibration
contains no cusps (see Figure 4). We also call this deformation a flip and slip.

Figure 4: Base loci in a flip and slip when the original fibration has cusps

3 A fibration over the annulus with two components of indef-
inite folds

Let N be a 3—manifold obtained by a 1-handle attachment to Xz x I followed by a
2-handle attachment whose attaching circle is nonseparating and is disjoint from the
belt circle of the 1-handle. The manifold N has a Morse function 4: N — I with two
critical points: one is the origin of the 1-handle p; € N whose index is 1, and the other
is the origin of the 2-handle p, € N whose index is 2. We assume that the value of p,
under / is g, and the value of p, under / is g. We put M = N x S and we define
f=hxidgi: M — I xS'. We denote by Z; C M (resp. Z, C M ) the component
of indefinite folds of f satisfying f(Z;) = {g} x ST (resp. f(Z5) = {%} xS,

We identify S with [0, 1]/{0, 1}. By construction of N, we can identify f~! ({%}X{O})
with the closed surface X4 ;. Moreover, this identification is unique up to Dehn
twist 7., where ¢ C Xg 41 is the belt sphere of the 1-handle. We denote by d C X4
the attaching circle of the 2—-handle. In this section, we look at a monodromy of the
fibration f, especially how a monodromy along the curve y = {%} x S is changed
by a certain homotopy of f. We remark that the number of connected components of
the complement g \ (c Ud) is at most 2 since both ¢ and d are nonseparating.
We call (¢, d) a bounding pair of genus g; if the complement g\ (c Ud) consists
of two twice punctured surfaces of genus g1 and g, = g—g;.
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Let ¢,d C X441 be mutually disjoint nonseparating simple closed curves. We look at
details of the homomorphisms

®¢: Mod (Xg41)(c,d) — Mod (Zg)(d),
®y: Mod (Zg11)(c,d) — Mod (Zg)(c).

We first consider the case that (¢, d) is not a bounding pair. In this case, the union
c U d is nonseparating in X,. As we mentioned in Section 2, for a nonseparating
simple closed curve ¢ C Xg, the homomorphism ®. is defined by Fy, ,, o OF. It
is proved by Farb and Margalit in [12] that the kernel of the homomorphism @} is
generated by the Dehn twist 7. .

Let Mod (Z4)(c°%) be the subgroup of Mod (Z4)(c) whose element is represented by
a diffeomorphism preserving an orientation of ¢. We can define the homomorphism
%": Mod (= g)(cori) — M1 as we define ®.. Furthermore, we can decompose
this map as

ori. ori qfck’Oﬁ . Foyv,
@M Mod (Zg) (™) —— Mod (Xg_1;v1, 02) ——> Mg_.

It is known that the following sequence is exact (see Birman [6]):

T (Diff T (Bg—1)) = 71 (Bg—1 X Zg1 \AZ ) = Mod(Zg—_1; v1, v2)
—> Mg—l —> 1,
where

AEg_l C Eg—l X Eg—l

is the diagonal set. Let Diff(J)r (Xg—1) be the connected component of Diff* (= g—1)
which contains the identity map. Since Diff(‘)" (¥4—1) is contractible if g is greater
than or equal to 3 (see Earle and Eells [9]), the kernel of the map

Fvl,v23 Mod (Eg—l V1, V2) = Mg—l
is isomorphic to the fundamental group of Xy x Zg_1 \ AX,_;.
Define Mod (Eg+1)(c°ri, d), Mod (Zg41)(c, d°") and Mod (Eg+1)(c°ri, d°") (sub-

groups of the group Mod (X4.41)(c, d)) as we define the group Mod (X g)(cori). From
the construction of the maps, we obtain the following commutative diagram:
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MOd (Zg—1§ V1, V2, Wy, wZ)

@V yori

Mod (Zg:v1.v2)(d*)  Mod (Sg:wy. wy)(c™)

¢N ﬁm

Fvl,vg le,wz
(]) Fvl,vz Mod (2g+1)(cori’d0ri) Fw1,u)2
7 <
Mod (3¢)(d°") Mod (3¢)(c°)
le,uJ2 FU],UZ

Mod (Zg— 15wy, w2) — s Mgy " Mod (Sg—1: vy, v3)

Since ¢ is disjoint from d, the kernel of ®.: Mod (Xg41)(c,d) — Mod (X4)(d)
is contained in the group Mod (X441)(c, d°"). Similarly, Ker ®; is contained in
Mod (Eg_,_l)(cori, d). Thus, we obtain

Ker @, N Ker ®; C Mod (Zg41)(c™, d°),
Ker @, N Ker ®; = Ker d>2ri N Ker CIDZ,“.

The map @;’Ori o ®F = @M o dDZ’Ori sends the group Ker ®2" N Ker ®9' to the
group Ker Fy, », NKer Fy, w, CMod (Zg_1;v1,v2, Wi, wy), which is contained in

Ker (Fy;,v5,wy,w,: Mod (Zg_1, 01,2, Wy, wp) = Mg_1).

Lemma 3.1 The following restrictions are isomorphisms:
CDZ’Ori o q):’orih(er &, NKer &, . Ker & NKer @7 — Ker Fy, », NKer Fy, w,
CI>:;’°ri |Ker &, NKer &, Ker @ N Ker @y — Ker " N Ker Fyy, w,

CID:’Ori |Ker @ NKer @, : Ker ¢ N Ker &y — Ker Fy, , N Ker OF
Proof of Lemma 3.1 We only prove that the first map is an isomorphism (we can

prove the other maps are isomorphisms similarly). In this proof, we denote the map
@;’On 0 D7 |ker b, NKer @, by P for simplicity. We first prove that @ is injective. We
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* 01‘1

take an element ¥ € Ker ®. Since the kernel of &, (resp. @;’Ori) is generated by 7.
(resp. tq4), ¥ is equal to 1" - 177, for some m,n € Z. Since V is contained in Ker @,
we have ®.(y) =], = 1. Thus, we obtain n = 0. Similarly, we can obtain m = 0
and this completes the proof of injectivity of ®.

We next prove that @ is surjective. For an element & € Ker Fy, 4, N Ker Fy, w,»
we can take an element & € Mod (Eg+1)(c°r‘ d°") which mapped to £ by the map
P 5 X since both of the maps %" and @7 o are surjective. By the com-
mutative diagram (1), @0“ () is contamed in the kernel of ®}’ -l Thus, we obtain
<I>°“(§) =1.", for some n € Z. Similarly, we obtain <I>°“(S) ty™, for some m € 7.
Therefore, E te~"-ty;7™ is contained in the group Ker ®, N Ker ®; and mapped to &
by the map ®. This completes the proof of surjectivity of ®. a

Let &: Diff+(2g_1) — (Eg_1)4 \ A be the evaluation map at vy, Uy, Wy, Wy € gy,
where A is the subset of (2 g_1)4 defined as

A= {(x1,X2,X3,X4) € (Eg_1)4 | there exist 7 and j, i # j, such that x; = x;}.

The map ¢ is a locally trivial fibration with fiber Diff* (X g—1,V1, V2, Wi, wy) (see [6]).
Since (X g_1)4 \ A is connected, we obtain the following exact sequence:

) i (Dff" (Zg—1:v1, v2, w1, w2),id) — 71 (Diff T (Z—1). id)
Ex ~
= 71(Zg=1)*\ A, (v1, v2, w1, w3)) = Mod (Zg—_1; vy, V2, Wy, W)
— Mg—l —1

Note that the map Mod (X _1;v1,v2, Wi, w2) = Mg_1 1S Fy; v, w;,w,- The group
Diff+ (¥g—1) is contractible if g > 3 [9]. Therefore, if g > 3, the kernel of the
map Fy, v, wy,w, 18 isomorphic to the fundamental group of the configuration space
(g *\ A. Moreover, under the identification Ker Fy, v, 1., = > 71 ((Zg—1)*\
A, (v1,v2, wy, wy)), the kernel of the map Fy),,y, corresponds to the homomorphism

Pit T (g 1)* \ A, (v1, 02, Wy, w2)) = 71 (Zg—1 X Tgo1 \ AZg_1, (1, v2)),

where pj is the projection onto the first and second components. Similarly, the kernel
of the map Fy, 4, corresponds to the homomorphism

where p, is the projection onto the third and fourth components. Eventually, we obtain
the isomorphism

Ker Fy, v, NKer Fy, w, = Ker pq « NKer ps «.
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For an oriented surface S and points x,y € S, we define I1(S, x, y) as the set
of embedded paths from x to y. For an element n € TI(S, x, y), we denote by
L(n): ([0,1],{0,1}) = (S\{»}, x) aloop in the neighborhood of 7, which is injective
on [0, 1) and homotopic to a loop obtained by connecting x to a sufficiently small
counterclockwise circle around y using 7.

Lemma 3.2 Foranelement n € II(Zg_; \{vi, wj}, ve,wy) (i, k}y=1{j.1}=1{1,2}),
we denote by [(n) the loop

{(L(U)(l), vy, wy, w2) k=1,
(v, L)1), wy, wp) k=2,
where t €0, 1] and the right-hand side is in E:;\Z. Then, the group Ker py «NKer p; «
is generated by the set
L] € 71 (Zg-D)*\ A, (v1,v2, w1, wp))

[0 € TS \ for, w3 v wn), Gk = 4.0 = (1,23,
Proof of Lemma 3.2 When the space S is obvious, we denote by A the diagonal
subset of S x S for simplicity. It is obvious that an element [/(#)] is contained in
the group Ker py « NKer p; 4 forany n € II(Zg_1 \ {vi, w;}, vk, wy). We prove that
any element of Ker p; « NKer p; 4 can be represented by the product [/(11) - - 1(17m)],

for some np € I(Xg—1 \ {vi,, wj, }, v, wy,). To prove this, we need the following
theorem.

Theorem 3.3 (Fadell and Neuwirth [11, Theorem 3]) The projection
P2t (S \A = (Zp-p)?\ A
is a locally trivial fibration with fiber (Xg_1 \ {wq, w2\ A.

By Theorem 3.3, we obtain the following homotopy exact sequence:
T ((Ze—1)* \ A, (w1 w2)) = 71 (Bg—1 \ {wr, w2 })* \ A, (v1,v2))
= 11 (Zg—1)*\ A, (v1, v2, w1, wy)) SN 1 (Zg=1)*\ A, (wy, w7))
= 70((Zg—1 \{wi, wa})?\ A, (v1, v2))

Since the space (Zg—1 \ {w1, w2})?\ A is connected and the space (Zg—1)\ A is
aspherical (cf [11, Corollary 2.2]), the inclusion map i: (X¥g—1 \ {wy, w2\ A —
(Zg_1)4 \ A gives the isomorphism

ix: 1 ((Sg—1 \{w1, w2})* \ A, (v1, v2)) — Ker py 4.
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Let i": (Zg—1 \ {wy., w2\ A — (Eg_1)2 \ A be the inclusion map. The group
Ker py « N Ker p; 4 is isomorphic to the group Keriy since the following diagram

commutes:
i

(Zgo1 \{wi, w2 )2\ A (Ze-D*\ A

(Zg-1)?\ A

Thus, it is sufficient to prove that any element of Keri can be represented by the
product [1'(n1) -+ ()] for some 7, € T(S g1 \ {5, wj, }. Vi, wy, ). where 7'(7)
is the loop defined by

(L(p)(®).v2) kp =1,
(Wi, Lp) (@) kp =2,

where ¢ € [0, 1] and the right-hand side is in (Xg_; \ {w;, wy})? \ A. We take an
element [£] € Keri),, where &: (S!,1) — ((Zg—1 \{wy, w2\ A, (v, v,)) is a loop
(1e S' C C). We can assume that £ is an embedding. Since i’(£) is nullhomotopic in
the space Ef,_l \ A, we can take amap & D2 — (Z,_1)?\ A satisfying the following
conditions:

[0,1]9t|—>{

(a) The restriction §|a p2 is equal to i'(§).

(b) & is a complete immersion, that is, & satisfies:

o 5 is an immersion.

o #E1(p) is at most 2 for each p € £(D?).

e For any point p € £(D?) such that $§~1(p) = 2, there exists a disk
neighborhood D; C Ez,_l \ A of the point p; € £~1(p) such that £ is
an embedding over D;, and that £(D1) intersects £(D,) at the unique point
p transversely, where {p;, po} = &1 (p).

(c) Foreachi€{1,2}, £~ ({wi}x (Zg—1 \{w;})) and E-1((Zg—1 \ {wi}) x {w;})
is a discrete set and is contained in Int D> NR.

(d) Theset E'({p e =2_ \ A|#(p) =2}) is contained in Int DZ NR.

(e) 5(02) does not contain the point (w1, w;) and (w;, wy).

We define a discrete set B C Int D2 NR as

2 2
B=]]E " (wi}x (Zgmr \{wi}) [ [ E7" (Zgm1 \ {wj}) x {w;})
= /= UE T (p e =2_, \ Al HE(p) = 2)).
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We put B ={qi....,qn} C D> NR. We assume that ¢; < --- < g,. Denote by S; the
upper semicircle centered at (1 + ¢;)/2 whose ends are 1 and ¢;. We also denote by
¢; aloop obtained by connecting a small counterclockwise circle around ¢; to the point
1€ S! using S;. Since E is an embedding over S;, the image g(Si) is an embedded
path, which we denote by (n1(S;),n2(S;)) C E;_l \ A. The loop £(&;) is homotopic
to one of the following loops:

~ U'(ni(Sy)) if §(gi) is contained in {w;} X (Zg—1 \ {wi})

§(i) = 1 "(n2(8i))  if €(gi) is contained in (Zg—1 \ {w;}) x {w;}

trivial loop otherwise

The loop £ is homotopic to §|§1...§n , thus completing the proof of Lemma 3.2. |
We eventually obtain the following theorem.

Theorem 3.4 Foranelement n€ II(Zg_1 \{vi, w;}, vg, wy) (i, ky={j,1}={1,2}),
we denote by §(n) C Xg_; the boundary of a regular neighborhood of n. This
is a simple closed curve in Yg_1 \ {v1,v2, w1, w2} and we can take a lift of this
curve to g(r]) C Xg41 \ (cUd) by using the identification Xg_1 \ {v1, V2, W1, Wa} =
Yet+1\(cUd). If g is greater than 2, then the group Ker ®. N Ker ®, is generated
by the set

{Z?f(n) -tc_l -z;‘ €Mod (Zgy1)(c.d) | nel(Zg_1 \ {vi, wj}, vi, wy)
(i, ky=1{j. 1} ={1,2})}.

We next consider the case where (c, d) is a bounding pair of genus g;. Then, ¢ C X
is a separating curve. We put g, = g — g1. By the same argument as in Lemma 3.1,
we can prove the following lemma.

Lemma 3.5 The following restrictions are isomorphisms:
% 0 PX|ker &, NKer o, 1 Ker @ NKer &y — Ker Fy, », NKer Fy w,
D% [Ker b NKer &, Ker ¢ N Ker &7 — Ker & NKer Fy, ),

®§|Ker ®.NKer o, ° Ker & NKer &y — Ker Fy, o, N Ker &y

The group Ker Fy, v, (resp. Ker Fy, w, ) is isomorphic to the group Ker F,, xKer Fy,
(resp. Ker Fy,, x Ker Fy, ). Thus, we obtain

Ker Fy, v, NKer Fy, .w, = (Ker Fyy, NKer Fy,, ) x (Ker Fy, NKer Fy,).
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Furthermore, the group Ker F; N Ker Fy,; is contained in the kernel of the homomor-
phism
Fy; w;: Mod (2g,; vi, w;) = Mg, .

This group is isomorphic to the group 7, ((Egl.)2 \ A, (vj, w;)) if g; > 2. Under this
identification, it is easy to prove that Ker Fy; N Ker Fy,; corresponds to the group
Ker p1 « NKer p; «, where we denote by pj: (Zg,)? \ A — X, the projection onto
the j™ component. Since p, is a locally trivial fibration with fiber S, \ {w;} (cf[11]),
we can prove the following lemma by using van Kampen’s Theorem.

Lemma 3.6 For an element n € T1(Xg;, vi, w;), we denote by [(n) the loop
[0, 1] 7 > (L)1), wi) € (Sg;)* \ A.
Then, the group Ker py « N Ker p, x is generated by the set

I € m1((Zg)* \ A, (i wp) | 1 € TI(Sg, . vin wy)}-
As the case (c, d) is not a bounding pair, we eventually obtain the following theorem.

Theorem 3.7 For an element 1 € I1(Xg,;, v;, w;), we denote by §(n) C Xg, the
boundary of a regular neighborhood of 1. This is a simple closed curve in X g, \{v;, w; }
and we can take a lift of this curve to g(n) C Xg,+g.+1 \ (c Ud) by using the
identification Xg, \ {vi, w1} U Xg, \ {v2, w2} = Xg, 14,41 \ (c Ud). If both of the
numbers g and g, are greater than or equal to 2, then the group Ker &, N Ker ®, is
generated by the set

5y 1+ 1q " €Mod (Sgq1)(c.d) |11 € (S vi.wi). i € (1.2},
We are now ready to discuss the fibration f: M — I x S which we defined in the
beginning of this section. Let N(p;) C N be an open neighborhood of p; in N. We

take a diffeomorphism 6;: B1,/3 — N(p;), where By/,/3 C R3 is a 3-ball with
radius 1/+/3, so that /1 0 §; is described as

hob: Bl/ﬁ—>1, (X,y,z)r—>x2—|—y2—zz+%,
ho0y: Bl/ﬁ—>l, (x,y,z)+—>x2—y2—zz+%.

We take a metric g of N so that the pullback 6, g is the standard metric on B, V3 The
metric g determines a rank 1 horizontal distribution Hj, = (Ker dh)® of h| N\{p1,p2}-
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Foreach p € N\{pi, p2}, we denote by ¢, (¢) ahorizontal lift of the curve ¢ = h(p)+1¢
which satisfies ¢, (0) = p. We define submanifolds Dth (pi) and D} (p;) as

D,”h(pi)={p,-}u{pezv)h<p)<%+” (r)zp,-},

, lim Cp
1—>((3+i)/9)—h(p)
DIt (p;i) = {pi} U eN)h > 3 lim cp(t) = }
o0 =tau{pen (b= 5L im0 =
Note that Dth (p1) and D}'(p,) are diffeomorphic to the unit interval 7, but D} (py)

and D[Hh (p») are diffeomorphic to the 2—disk D?. We take a homotopy /;: N — I
with hg = h (¢ € I) satisfying the following conditions:

(a) The support of the homotopy is contained in N(p1).
(b) For any ¢ € I, h; has two critical points p; and p,.
(¢c) Forany t € I, the critical point p; of 4; is nondegenerate and its index is 1.

(d) The function ¢ — h;(p1) is monotone increasing.
@ hi(p)=3%

This homotopy changes the order of critical points. We can take such a homotopy
since ¢ and d are disjoint. We take a smooth function p: I — I satisfying the following
properties:

e p=0onl[0, ¢ L[2,1]

e p=1on [%,%

e p is monotone increasing on [%, %]

e p(1—5)=p(s) forany s €0, 1]
By using /; and p, we define a homotopy f;: M = N xS! — I xS! by
ft:M=NxSl—>IxSl,
(x,8) > (1p(s) (X)), 5).

Since N is obtained by attaching the 1-handle and the 2-handle to X x I, dN
contains the surface Xy x {0}, which we denote by X for simplicity. Moreover, X
intersects D;“h (p1) at two points vy, v, € X, and X intersects Dth (p2) at a simple
closed curve d C X. Let TI(X, v;, d) be the set of embedded paths in X from the
point v; to a point in d. For n € TI(X,v;,d), L(n): ([0,1],{0,1}) — (X \ d,v;)
denotes a loop in the neighborhood of nUd , which is injective on [0, 1) and homotopic
to a loop obtained by connecting v; to d using 1. For an element n € [1(X, v;,d),
we take a homotopy of horizontal distributions {H}} (¢ € [0, 1]) of /1| N\{p,,p,} With
Hg = Hy, which satisfies the following conditions:
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(f) The support of the homotopy is contained in hl_1 ([%, %])
n_ am
(&) Hy= HIH”
(h) Thearc D; ' (py) intersects ¥ at the points L(n)(7), vj € X, where {7, j} ={1,2}.

Such a homotopy exists because L (1) bounds a disk on the surface obtained by applying
a surgery to X along d.

Since the submanifold DIH? (p1) does not contain p, for any s € [0, 1], we can take a
1 —parameter family of homotopies /;s: N — I (¢,s € I) with hqo s = h,() which
satisfies the following conditions:

(i) For any s €0, %] U [%, 1], the homotopy ;s equals /1 ,(s)(1—r)-
() Forany t,s € I, h; s has two critical points p; and p,.

(k) For any s € [%, %], the support of the homotopy /s is contained in a small
neighborhood of

My, HI
D, = (p1) U Dy ¥ (p1).

(1) Forany s € I, the homotopy /4, ¢ is supported away from a neighborhood of dN .
(m) Forany t,s € I, the critical point p; of h; s is nondegenerate and its index is 1.

(n) Forany s €1, hs(py1) is equal to hy5y1-1)(P1)-

By using this family of homotopies, we define a homotopy ﬁ: M — IxS! by
fiiM=NxS'—1xS",

(X, S) I (ht,s(x), S)'

Eventually, we obtain a new fibration ]71 . By construction, ]71 can be obtained from
the original fibration f by the homotopies f; and f; In these homotopies, the image
of singular loci are changed like Reidemeister move of type II (cf Figure 5). As is
called in [21], we call this kind of move an R,-move.

As mentioned in the beginning of this section, we can identify f~! ({%} x {0}) with
the closed surface X, ;. Thus, we can take the monodromy ¢, € Mg of fl
along y. Since ¢ is contained in the group Mod (X¢1)(c,d) and an identification
f‘l({%} x {0}) = X4 is unique up to Dehn twist 7, the mapping class ¢, is
independent of an identification /! ({%} x{0}) = Xoqq.

Lemma 3.8 Let g(n) C XYg41 be the simple closed curve corresponding to the
boundary of a regular neighborhood of n € II(Xg_1,v;,w;), fori € {1,2}, under
the identifications Xg_1 \ {v1,v2, wi, wa} = X\ ({vg, 02} Ud) = Zgqq \ (cUd).
Then ¢, = %) -tc_l -t;l .
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S(Z>)

Figure 5: Left: the image of singular loci of f = fj; the bold circles describe
the image f(Z,) LI f(Z;) and the bold dotted circle describes y ; center:
the image of singular loci of f; = ﬁ); right: the image of singular loci of ﬁ ,
which corresponds to that of f

Proof of Lemma 3.8 Since both sides of the boundary dM are trivial surface
bundles, ¢, is contained in the group Ker ®. N Ker ®;. We consider the element
@7 (¢y) € Mod (Xg; vy, v2)(d). This element can be realized as the monodromy of a
certain fibration in the following way. We first take a sufficiently small neighborhood
of the following subset of M :

[T (@ eouD " (p) xis})
se[O,%]H[%,l] 3" 3"
x LT (0% (o u D= (p1)) x is})
se[g,g

We denote this neighborhood by U C M . The restriction ﬁ)| M\U s a fibration with a
connected smgular locus Z,. We take a suitable U so that we can take a horizontal
distribution H of fo |m\(vuz,) satisfying the following conditions:

e H is tangent to AU .
e 7 equals [sest (Hn, . @ TyS') on a small neighborhood of
INxS'cM and fy'(Ix (0, LU, 1)) c M.
This distribution glves a monodromy of fo | w\g along . Identify ¥ =X x {0} CON

with X . The fiber fo ({ } x {0}) \ U is canonically identified with Yg \{v1, v2}.
By the condition (k) on the famlly of homotopies {/i; s}, this monodromy is ®} (¢, ).

Since the region [0, 2] x S does not contain any singular values of the fibration
j0| m\U» D (py) corresponds to the monodromy of f0| m\u along the loop
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(0,1) t €0, 3],
(3(t—3).3) t€l3.5)
7i1(3.30-3)  relg. 5l
3G-0.3) reld. 3
(0,1) t€[3.1],
where 7 € I and the right-hand side is in  x S!. We denote by v;: f0 (y(O)) >~
Yg —> fo (¥(¢)) the diffeomorphism obtained by using the distribution H and
the path ¥Yl[0,]- Note that we can canonically identify fo L(#(t)) with Xg for

te [O, <] [% 1]. Moreover, under the identification, v is the 1dent1ty for t €0, 3]
and Wt Y for t € [3, 1] since H equals ]_[sesl(th(é) ®TyS') on N x S!.

We can take the following diffeomorphism by using the horizontal distribution H of
Jolam\z,uz, together with its horizontal lifts of 7 +— (¢,5) € I x S L.

Vs Sg = fo ((0.5) = fo (5. (s €[5, 2))
By the definitions of 1, and TZS , we obtain the equalities
~_4 )
Vijzovy =idz,,
Vsfsovs = v,
‘/f;(}—(l/3)) oy (vi) = L(n) (9t —4) fort €[, 3]

This means that the path [0,1]> ¢ J(_I}B)(H-l) oY(1/9)(t+4) € Diff+(§]g; vj) is the
lift of the loop L(n) in Xg \ {v;} under the locally trivial fibration

Diff ™ (34 vi,vj) < Diff T (Z4:v)) = T, \ {vj}.
where ¢ is the evaluation map. Thus, we obtain
¥ (py) = [¥1] = Push(L(n) = 15, 17" € Mod (S v1. v2)(d).

where Push(L(n)) is the pushing map along L(n). By Lemma 3.1 or 3.5, we have
that @7 [ker d.NKer @, 18 an isomorphism. We therefore obtain

Yy = CD*’_I o D7 (py)
—1 —1 -1 .—1
= Uyt ) =Ty

This completes the proof of Lemma 3.8. |

Combining Theorems 3.4 and 3.7, we obtain the following theorem.
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Theorem 3.9 Let f: M — I xS! and y C I x S! be as in the beginning of this
section. Assume that g is greater than or equal to 3 when (¢, d) is not a bounding
pair, and that both of the numbers g, and g, = g — g, are greater than or equal
to 2 when (c,d) is a bounding pair of genus g;. For any ¢ € Ker ®. N Ker ®,,
we can change f by successive application of R,—moves so that the monodromy of

SIM\(F=1(f(z)Uf-1(z,)) along y corresponds to the element ¢.

4 Relation between vanishing cycles and flip and slip moves

Let f: M — D? be a purely wrinkled fibration satisfying the following conditions:

(1) The set of critical points Sy of f is an embedded circle in Int M .
(2) The restriction f|s, is an embedding.

(3) Either of the following conditions on regular fibers holds:
* A regular fiber on the outside of f(Sy) is connected, while that on the inside
of f(Syr) is disconnected.
e Every regular fiber is connected and the genus of a regular fiber on the
outside of f(Sy) is higher than that on the inside of f(Sr).

We fix a point po € dD? and an identification f~!(pg) = Yg. Let g € Mg be the
monodromy along dD? oriented counterclockwise around the origin of D? with base
point pg. In this section, we will give an algorithm to obtain vanishing cycles in a
single higher genus regular fiber of a fibration obtained by applying flip and slip to f.

We first consider the simplest case, that is, assume that f has no cusps. We take a
reference path y, in dD? connecting pg to a point in the image of indefinite folds
so that it satisfies Int o N f(Sy) = &. This determines a vanishing cycle ¢ C X, of
indefinite folds. Then, it is easy to prove that ¢q is contained in the group Ker ®.. To
give an algorithm precisely, we prepare several conditions. The first condition is on an
embedded path o C Xg.

Condition Cy(c) A path o C X intersects ¢ at the unique point ¢ € ¢ transversely.

We take a path o C X so that « satisfies the condition C;(c). We put da = {wy, wa}.
The second condition is on a simple closed curve d C X4 and a diffeomorphism

JrEg\{wr, wa} —> Xy \d.
Condition Cy(c,a) The closure of j(Inta) in X4 is a simple closed curve.

We take a simple closed curve d C X,4; and a diffeomorphism j: Xg \ {w, wa} —
Y¢+1 \d so that they satisfy the condition C5(c, ). We put ¢ = j(c).
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The last condition is on an element ¢ € Mod (Z¢41)(C. d).

Condition C3(c,a,d, j,99) Wehave ®z(¢) =1 in Mod (2¢)(d) and ®;(¢) =
goo_l in Mod (Zg)(c).

For the sake of simplicity, we will call the above conditions C;, C, and Cj if elements
c,a,d, j and ¢q are obvious. Examples of «, d, j are described in Figure 6.

d

Figure 6: Examples of «, d, j

Theorem 4.1 Let f: M — D? be a purely wrinkled fibration we took in the beginning
of this section. We assume that f has no cusps.

ey

@)

Let f be a fibration obtained by applying flip and slip to f. We take a point ¢ in
the inside of f(S f)’ and reference paths 7y, 7>, 73 and 74 in D? connecting qq
to a point on the respective fold arcs between cusps so that these paths appear in
this order when we go around qq counterclockwise. Denote by e; C ]7 “qo) a
vanishing cycle determined by the path y;. Then, there exist an identification
f_l (90) = Xg41 and elements o, d, j and ¢ satisfying the conditions Cy, C,
and C3 such that the following equality holds up to cyclic permutation:

(61,6’2,6’3,64) = (Z’,a/,d,&'),

where & is the closure of j(Inte) in gy and o' = ¢~ (@) (see Figure 6).

Let «,d, j and ¢ be elements satistying the conditions Cy, C, and C3. We
take simple closed curves ¢,& and o' as in (1). Suppose that the genus of a
higher genus fiber g of f is greater than or equal to 3 when (¢, d) is not a
bounding pair, and that both of the genera g and g, are greater than or equal
to 2 when (¢, d) is a bounding pair of genus g, where we put g, = g — g1.
Then, there exists a fibration ]7 obtained by applying flip and slip to f such
that, for reference paths 71, ..., Y4 as in (1), the corresponding vanishing cycles
eq,...,eq satisfy the following equality up to cyclic permutation:

(e1,e2,e3,e4) = (T, , d, &)
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Proof of Theorem 4.1(1) As in Figure 7, we take points qo.q).44.41.47. 4] € D?
and paths 7. 71. 2. 80,81 C D?.

81 Bo
q W

np (@)
@) | fin,

Figure 7: The points go, q; are in the region with the highest genus fibers,
while the points q;. ¢, q}.q] are on the set of critical values. The path ¥
connects po to ¢, and the path §o connects go to a point in the set of critical
values. We take y; and §; similarly. The path y, connects go to ¢;. Note
that we regard D? as a subset of $? = R? U {oo} and that co € D?.

We take an identification of the region  C D? described in Figure 8 with the rectangle
I x I so that the paths yg, y; are contained in the side edges of the rectangle, that
the path 3, corresponds to the middle horizontal line, and the set of critical values
corresponds to the upper and the lower horizontal lines (see the right side of Figure 8).
For each x € J,, we denote by u, (resp. [y ) the vertical path which connects x to the
upper (resp. lower) singular image as in the right side of Figure 8.

qo =7 1, q1

Figure 8: The shaded region in the left figure is the region 2. The horizontal
line with arrow in the right figure describes the path 3, , while the horizontal
dotted lines describe images of the singular loci.

We take a horizontal distribution H of f | M\S; SO that it satisfies the following
conditions.

(1) Let wii), wg) be points in ]7 ~(po) which converge to an indefinite fold when
~(po) approaches the singular fiber f~"(gq;) along y; usin . The set
! pproaches the singular fib '(g) along 7; using H. Th

{wgo), wgo)} equals the set {wgl), wgl) .
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(2) Let d© (resp. @) be snnple closed curves in f L(g) which converge to
an indefinite fold when f 1(g:) approaches the singular fiber f (ql) (resp.
f (ql”)) along 7; using . Foreach i =0, 1, d® is disjoint from &

(3) We obtain a diffeomorphism j;: f Lpo) \{wi, wp} — f Y(gi)\dD by using
a horizontal lift of the curve ¥;. By condition (2), j; i~1@®) isa simple closed
curve in f~1(po). jo '@ @) = j; '@V =c.

4) Let @® be a simple closed curve in f 1(g:) which converges to an indefinite
fold when f ~1(po) approaches a singular fiber along §; using . &@® intersects
both of the curves & and d@ transversely.

(5) We have (@@ Nd®D)=4@D na®)=1.

(6) By conditions (4) and (5), the closure of ji_l(&(i) \ d @) is a segment be-
tween w® and w®. The closure of Jo L@@\ d©) equals the closure of
Jt@m\am.

(7) Since the path ¥, does not contain any critical values of f~ , this path, together
with H, gives a diffeomorphism from ]7 ~I(gp) to f ~1(x) for each x € 7. This
diffeomorphism sends the curve d© (resp. ¢ to the curve dy (resp. Cx),
where d (resp. Cx ) is a simple closed curve in f ~1(x) which converges to an
indefinite fold when f ~1(x) approaches a singular fiber along u, (resp. /x)
using H.

(i (0)

We choose indices of w,; ) and w(’) so that w; ™ corresponds to w(l) and we put
w; = w(o) l(l) We denote by o the closure of j; 1@\ 4) (Wthh corresponds
to the closure of j; 1@\ dM)). Since we fixed an identification f Y(po)= =g, we
can regard wq, wy as points in Xg. We can also regard « as a segment in X g between
wj and w,. We choose an identification X \ {w;, wa} = Xg41\d, where d C Xg
is a nonseparating 51mp1e closed curve, so that the induced identification between

o1\ d and f Y(gi) \ d© can be extended to an identification between X g+1
and f~!(g;) (to take such an identification, we modify # if necessary). By using
this identification, we can regard ¢ 9 asacurve in g+1, which we denote by ¢. We
denote the identification between X4 and f Y(qi) as

0i: Sgr1— FNgi). i=0,1.

On the other hand, we obtain a diffeomorphism between f ~1(g¢) and f ~1(q,) by
taking horizontal lifts of ), using 7. We denote this diffeomorphism as

62 7 q0) = [~ (q0).

By condition (7), the diffeomorphism sends () (resp. ¢ ©)) to the curve d®
(resp. ¢(1). Thus, the isotopy class 07 106, 0 6] is contained in the subgroup
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Mod (2g41)(¢,d) of the mapping class group Mgyi. We denote this class by
¢ € Mod (Sg11)(@.d).

We denote by }, - §; be the path in DZ’J starting at the point ¢o, obtained by connect-
ing 7, to §;. This path gives the fiber /~!(go) a vanishing cycle of f. This vanishing
cycle is equal to the curve 65 L@y = 0y 106, (@). This curve corresponds to the
curve 90_1 o 02_1 0 01(@) = ¢ (@) C To41 under the identification 6. Thus, the
proof is completed once we prove the following lemma.

Lemma 4.2 We have ®z(¢) =1 and ®4(p) = ¢ L

Proof of Lemma 4.2 The image ®4(¢) is equal to the monodromy along the curve &,
described in the left side of Figure 9, which corresponds to ¢ I

SR
Po Po
" unsink o
A V2

Figure 9: Base diagrams of fibrations

Thus, we have ®4(p) = ¢ I To prove that ®z(¢) = 1, we consider the fibration
obtained by applying an unsink to f. We take the path }J connecting g to ¢; as
in the right side of Figure 9. It is easy to see that the monodromy along this path
corresponds to0 (¢, &) * t15@) - ¢ - (L1, @) -t,&(a)_l . This preserves the curve d and
the image ®4((71,@) " l1z@) " ¢ (1, @) - tta,(g))_l) is trivial since this element is
the monodromy along the curve obtained by pushing the curve ¥ out of the region
with higher genus fibers, which is nullhomotopic in the complement of the set of
critical values. We can obtain the element ®z(¢) by taking some conjugation of
D4((try@) t15@) @ (1@ -t,a(a)_l). In particular, ®z(¢) is also trivial and this
completes the proof of Lemma 4.2. O

This completes the proof of Theorem 4.1(1). O
Proof of Theorem 4.1(2) In the proof of Theorem 4.1(1), we take a horizontal

distribution of f| M\S7 and an identification Xg \ {wq, wa} = Zg41 \ d. Once we
take these auxiliary data, we can get vanishing cycles of f in a canonical way. We
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first take a horizontal distribution of f | M\S; SO that the embedded path o C X deter-
mined by the distribution corresponds to the given one. We next take an identification
Ye \{wy,wa} = gy \ d by using the given d, j. The element [91_1 0 0, 0 6],
which appears in the proof of Theorem 4.1(1), is canonically determined by the chosen
horizontal distribution of f | M\S7 of M and the chosen homotopy from f.

Let © be the region in D? as in Figure 8. We take an identification Q =~ I X ;.

We also take a diffeomorphism ©: f T FHNQ) — f L(#1 N Q) so that it satisfies
fo@-zof where i: I x{go} > (¢t,q0) — (t.¢q1) € I x{¢1}, and that the 4—
manifold f 1(R)/© is the trivial N -bundle over S', where N is a 3—manifold
defined in Section 3. For any two elements ¢, @2 € Mod (X441;¢, d) satisfying the
condition C3, the element ¢g - ¢ 1 is contained in the group Ker ®z N Ker ®,4. Thus,
Theorem 3.9 implies that we can change f into f by a flip and slip move so that
the resulting element [0, 166, 0 6] corresponds to ¢! € Mod (X ¢+1)(¢,d) for the

given ¢. This completes the proof of Theorem 4.1(2). |
We next consider the case that f* has cusps. We denote by {s1, ..., s,} the set of cusps
of f. We put u; = f(s;). The indices of s; are chosen so that uy,...,u, appear in

this order when we travel the image f(Sy) clockwise around a point inside f(Sy).
The points uy,...,u, divide the image f(Sr) into n edges. We denote by /; C f(Sy)
the edge between u; and u; 11, where we put u,,1 = u;. For a point py € 0D?, we
take reference paths y1,. .., ¥, C D? satisfying the following conditions (see also the
left figure of Figure 10):

e y; connects pg to a point in Int/;.
e viNyj ={po} forall i # j

e Inty; N f(Sf) =g
* Y1,...,¥Yn appear in that order when we go around pqy counterclockwise.

Let ¥, be a path obtained by connecting D? oriented clockwise around the center
of D? to y;. The paths give f~!(pg) = . vanishing cycles cy,...,c,+1. Note
that, for each i € {l1,...,n}, ¢; intersects ¢;4; at a unique point transversely. In
particular, every simple closed curve ¢; is nonseparating. We also remark that ¢; 4
equals @g(cq).

Let f : M — D? be the fibration obtained by changing all the cusp singularities of f
into Lefschetz singularities by applying unsink to f n times. We take paths ¢1,..., &,
in D? satisfying the following conditions (see also the middle figure of Figure 10):

e ¢g; connects pg to the image of the Lefschetz singularity derived from s;4 .

e g Nej={poyforalli#j
. Intsiﬂf(Sf)IQ
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® VY1.€1:Y2s---»Vn>€ns Yn+1 appear in that order when we go around pgy coun-
terclockwise.

The path ¢; gives a vanishing cycle of a Lefschetz critical point of f , the curve #¢; (¢i41).
Let y, be abased loop in D?\ f (S7) with base point py homotopic to the loop obtained
by connecting pg to f (S7) oriented counterclockwise around a point inside f(Sy)
using y; (see the right figure of Figure 10). It is easy to see that the monodromy
along yo corresponds to the element

~ —1
Yo =0 (l‘tc1 (c2) """ lie, (Cn+1)) :

This element preserves the curve ¢; and is contained in the kernel of the homomor-
phism &, .

Figure 10: Left: the image of the critical locus of f and the reference paths
Y1, ..., ¥Yn+1; middle: the image of the critical locus of f and the reference
paths €1,..., &,; right: the loop ¥y

Since application of flip and slip to f is equivalent to application of flip and slip to f
followed by application of sink 7 times, we can obtain vanishing cycles of a fibration
obtained by applying flip and slip to f in the way quite similar to that in the case f
has no cusps. In order to give the precise algorithm to obtain vanishing cycles, we
prepare several conditions.

Condition C 1(c1,...,¢n) Apath o C X, intersects c¢; at the unique point g € ¢,
transversely. Furthermore, do N (¢ U---Ucy41) = 9.

We take a path @ C ¥ so that « satisfies the condition G (c1,...,cn). We put
do = {wy, wy}. The second condition is on a simple closed curve d C g1 and a
diffeomorphism j: ¥g \ {wi, wa} — gy \d.

Condition 52 (¢c15...,¢cn,a) The closure of j(Inta) in Xg ¢ is a simple closed
curve.

We take a simple closed curve d C X441 and a diffeomorphism j: Xg \ {w, wp} —
Y ¢4+1\d so that they satisfy the condition Cy(cy,...,cn, ). Weput ¢ = j(cy). The
third condition is on an element ¢ € Mod (X441)(¢1.d).
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Condition 53(c1, ceesCnyo,d, j,99) Wehave @z (¢) =1 in Mod(Xg)(d) and
Py(p) =@y in Mod(Eg)(c1)-

The last condition is on simple closed curves ¢5,...,Ch41 C Xgq1 \d.

Condition 54(c1, ceesCn,0,d,j) Foreach i €{2,...,n+ 1}, i(¢;) is isotopic
to ¢; in Xg, where i is an embedding defined by

i—1
. J
it X1 \d— Zg \{wy, wy} — Zg.
Furthermore, for each i = 1,...,n, ¢; intersects ¢;4; at a unique point transversely.

As the case f has no cusps, we will call the above conditions 51, 52, 53 and 54 if
elements cq,...,cy, o, d, j and @g are obvious. We can prove the following theorem
by an argument similar to that in the proof of Theorem 4.1.

Theorem 4.3 Let f: M — D? be a purely wrinkled fibration we took in the beginning
of this section. Suppose that f has n > 0 cusps. We take vanishing cycles cy, ..., Cp4+1
as above.

(1) Let f~ be a fibration obtained by applying flip and slip to f. We take a point
qo in the inside of f(S }7), and reference paths 91, ..., V,+4 in D? connecting
qo to a point on the respective fold arcs between cusps so that these paths
appear in this order when we go around gy counterclockwise. We denote
by e; C f ~1(go) a vanishing cycle determined by the path 9;. Then, there
exist an identification f_l(qo) =~ X, and elements «,d, j,C3,...,Cpqq and
@ satisfying the conditions Ci, C,, 53 and C, such that the following equality
holds up to cyclic permutation:

(e1,....enta) = (C1.....Cht1.0'.d, @),

where ¢ = j(cy), @ is the closure of j(Inta) in X441, and o’ is defined as

o = (07t @) iz, @y 1) (@)

(2) Leta,d,j,Ca,...,Cnt1 and ¢ be elements satisfying the conditions Ci, Gy,
C; and C4. We take simple closed curves ¢, and o’ as in (1). Suppose that
the genus of higher genus fibers g of f is greater than or equal to 3. Then,
there exists a fibration f obtained by applying flip and slip to f such that,

for reference paths ¥4, ..., Vn+4 asin (1), the corresponding vanishing cycles
e1,...,ent+q satisty the following equality up to cyclic permutation:
@1 s lnsa) = @1, 1,0, d, @)
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S Fibrations with small fiber genera

Although Theorem 4.1(1) holds for a fibration with an arbitrary fiber genera, Theo-
rems 4.1(2) and 4.3 do not hold if genera of fibers are too small. The main reason
of this is nontriviality of the group 7, (Diff+(2g_1), id) when g < 3. To deal with
fibrations with small fiber genera, we need to look at additional data on sections of
fibrations. Let f: M — D? be a purely wrinkled fibration we took in the beginning
of Section 4.

5.1 Case 1: Every fiber of f is connected

In this subsection, we assume that every fiber of f is connected. We first consider the
case f has no cusps. We take a point py, an identification f~!(pg) = =g, a reference
path yo C D?, a vanishing cycle ¢ C X ¢, and a monodromy ¢ € Mod (Xg)(c) as we
took in Section 4. It is easy to see that f has a section. We take a section o: D? — M
of f. We put x = 0(po), which is contained in the complement X \ ¢. This section
gives a lift ¢ € Mod (2g; x)(c). It is easy to show that this element is contained in the
kernel of the homomorphism

@7 Mod (Zg: x)(c) > Mod (24_1: x),
which is defined as we define ®..

As in Section 4, we give several conditions. The first condition is on an embedded path
o C Xg \ {x}.

Condition C 1’ (c,0) Apath o C Xg \ {x} intersects ¢ at the unique point g € ¢
transversely.

We take a path o C Xy \ {x} so that o satisfies the condition C{(c,0). We put
da = {wy, wy}. The second condition is on a simple closed curve d C X,4 and a
diffeomorphism j: Xg \ {wi, wa} — gy \d.

Condition C é (c,a,0) The closure of j(Inta) in Xg is a simple closed curve.

We take a simple closed curve d C X, and a diffeomorphism j: g \ {wq, wy} —
Y¢+1\d so that they satisfy the condition C;(c,a,0). We put €= j(c) and X = j(x).
The last condition is on an element ¢ € Mod (X441:X)(¢, d).

Condition Cé(c,oz,d,j,q)o,a) We have that <I>§((p) =1 in Mod (2, X)(d) and
that ®%(¢p) = 60_1 in Mod (24, x)(c).
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Theorem 5.1 Let f: M — D? be a purely wrinkled fibration as above.

(1) Let f be a fibration obtained by applying flip and slip to f. We take a point g,
reference paths 7y, ..., 74 in D? and e; C f‘l (qo0) as Theorem 4.1(1). Then,
there exist an identification f‘l(qo) >~ XYg41 and elements a,d, j and ¢
satisfying the conditions C{, C; and C; such that the following equality holds
up to cyclic permutation:

(e1.e3.e3.e4) = (C.0' . d. @),
where ¢ = j(c), @ is the closure of j(Inta) in Xg4q, and o’ = e 1(@).

(2) Leta.d,j and ¢ be elements satisfying the conditions C{, C; and C;. We
take simple closed curves ¢,& and o as in (1). Suppose that the genus g
is greater than or equal to 2. Then, there exists a fibration ]7 obtained by
applying flip and slip to f such that, for reference paths y1, ..., 74 asin (1), the
corresponding vanishing cycles eq, ..., e4 satisfy the following equality up to
cyclic permutation:

(e1,e2,e3,e4) = (C, 0, d, &)

Proof of Theorem 5.1(1) The proof of Theorem 5.1(1) is quite similar to that of
Theorem 4.1(1). The only difference is the following point: instead of a horizontal
distribution H of the fibration f |am\s7» we take a horizontal distribution H, of the
fibration j~ | amr\s7» which satisfies the same conditions as that on 7, so that it is tangent
to the image of the section o. By using such a horizontal distribution, we can apply all
the arguments in the proof of Theorem 4.1 straightforwardly. We omit details of the
proof. |

Proof of Theorem 5.1(2) As the proof of (1), the proof of (2) is also similar to that of
Theorem 4.1(2). By the same argument as in the proof of Theorem 4.1(2), all we have
to prove is that we can take a homotopy from f to ]7 so that the element [0 166,06,
corresponds to ¢! for given ¢.

We take a sufficiently small disk neighborhood D of x in X,_;. Denote by )y g—1
the closure of the complement Xg_; \ D. It is easy to prove that the mapping class
group no(Diff’L(i}g_l), id) is isomorphic to Mod(Zg_1: x), where Diff+(§g_1) is
the set of orientation-preserving diffeomorphisms of s g—1 (note that an element in this
group fixes the boundary of E)S g—1 set wise, but need not to fix E)> g—1 point wise).
Moreover, we can obtain similar isomorphisms even if we consider groups of diffeo-
morphisms with fixed points or sets. It is known that the group 4 (Diff+(§ g—1),1d)
is trivial if g is greater than or equal to 2 (cf Earle and Schatz [10]). With these
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observations understood, we can prove by the argument similar to that in Section 3 that
the group Ker @7 N Ker @7 is generated by the set

oy 17 +1a €Mod (Bg 413 %)@ d) | n € TH(Sg—1 \ (X, vi wy}, vg, wy),
(i ky=1{j.1}={1,2}},

where TT(24_1 \ {X, vi, w;}, vk, w;) and g(n) are defined as in Section 3. Thus, by
the similar argument to that in the proof of Theorem 3.9, we can change 07 106, 06]
into [0, lo 62 0 6] - ¢ for any ¥ € Ker @7 N Ker @} by modifying a flip and slip
from f to f. This completes the proof of the statement (2). |

We can deal with a fibration with cusps similarly by using sink and unsink as in Section 4.
Suppose that f has n > 0 cusps and we take vanishing cycles ¢j,...,c,41 C Xg as
we took in Section 4. We also take a section o: D> — M of f. We put x = o (py),
which is contained in the complement X4 \ (¢; U --- U cy41). This gives a lift
o €Mod (Zg;x)(cy) of go. Asin Sect10n4 we put @o = @p- (ltc @)z, (gn+1))_1 ,
and we give several conditions on elements «, d, j,¢,Ca,...,Cpt1-

Condition C’ 11,y cn, o) Apath o C X, \{x} intersects ¢; at the unique point
q € cq transversely. Furthermore, do N (c; U---Ucpy1) =9

Condition éé (¢c15++.,¢n,a,0) Theclosureof j(Inter) in X4 isasimple closed
curve.

Condition C (c1s.--sCns0,d, j,00,0) Wehave CID%"1 (9) =1inMod(Zg; X)(d)
and <I>§(<p) _1 in Mod(X4; x)(c1), where we put X = j(x) and ¢ = j(c).

Condition C4(cl, ceesCnst,d, j,0) Foreachie{2,...,n+1},i(c;) is isotopic
to ¢; in Xg \ {x}, where 7 is an embedding defined by
j—l
Tgt1\d —> Zg \{w1, wa} — Xg.
Furthermore, for each i = 1,...,n, ¢; intersects ¢;+ at a unique point transversely.

The following theorem can be proved in a way quite similar to that of the proof of
Theorem 5.1.

Theorem 5.2 Let /: M — D? be a purely wrinkled fibration as above.

(1) Let f~ be a fibration obtained by applying flip and slip to f. We take a ll()int qo0,

reference paths 91, ..., Pn+4 in D?, vanishing cycles ey, .. e,,+4 C f_ (qo0)
as we took in Theorem 4.3(1). Then, there is an 1dent1ﬁcat1on f (qo) ~ g+1
and elements o, d, j,C». ... Cny1 and @ satisfying the conditions C, C’ C/

and C . such that the fol]owing equality holds up to cyclic permutation:
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— (7 =~ / v
, = ,
(e1,....ep44) =(C1,....Cpy1,0',d, @),

where ¢ = j(cy), @ is the closure of j(Inta) in X441, and o’ is defined as

o = ((p_l 'thl @), (En+l))(&)

(2) Leta, d,l, Ca,...,Cnt+1 and @ be elements satisfying the conditions C!, 5;,
C; and C,. We take simple closed curves ¢1,& and o' as in (1). Suppose
that the genus g is greater than or equal to 2. Then, there exists a fibration f
obtained by applying flip and slip move to [ such that, for a reference path
Y1»+-+» Yn+a asin (1), the corresponding vanishing cycles ey, ..., eytq4 satisfy
the following equality up to cyclic permutation:

(el,...,e,,+4)=(51,...,En+1,o/,d,&).

5.2 Case 2: f has disconnected fibers

We next consider the case f has disconnected fibers. In this case, f has no cusps.
We take a point po € dD?, an identification f~!(pg) = X, a reference path o, a
vanishing cycle ¢ C X, and a monodromy ¢o € Mod (X4)(c) as we took in Section 4.
We also take a disconnected fiber of f and denote this by S; LI S5, where S; is
a connected component of the fiber. We take a section 0;: D?> — M of f which
intersects S; for each i = 1,2. We put x; = 0;(pg), which is contained in the
complement X, \ ¢. The sections oy and o gives a lift o € Mod (Zg; x1, X2)(c°%),
and this element is contained in the kernel of the homomorphism

OX1%2: Mod (Zg; X1, X2)(c”) — Mod (Zg,; x1) x Mod (2, X2),
where g; is the genus of the closed surface S;.

By using this lift, we can apply all the argument in Case 1 straightforwardly, and we
can obtain the theorem similar to Theorem 5.1 (we need the assumption g1, g, > 1).
We omit the details of arguments.

Remark 5.3 The statements of Theorems 5.1(2) and 5.2(2) do not hold if g =1
since the group 7 (Diff™ (flo), id) is not trivial (cf [10]). To apply the same argument
as in the proof of Theorem 5.1(2) to the case g = 1, we need to take three disjoint
sections of f. We take points x, xp,x3 € S 2 and a sufficiently small disk neighbor-
hood D; of x; € S? (i =1,2,3). We denote by S(23) the closure of the complement
S2\ (D UD,UDs). Earle and Schatz [10] showed that the group 7 (Diff™ (S(23)), id)
is trivial, the statement similar to that in Theorems 5.1 and 5.2 hold for a fibration f
with g = 1 (note that the group m; (Diff* (S(zz)), id) is nontrivial, where S(Zz) is the
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closure of S?\ (D; U D,); see [10] for details.) Furthermore, we can deal with a
fibration with disconnected fibers which contain spheres as connected components by
taking three disjoint sections so that these sections go through the sphere components.
We omit, however, details of arguments about this case for simplicity of the paper.

6 Application: Examples of surface diagrams

Williams [21] defined a certain cyclically ordered sequence of nonseparating simple
closed curves in a closed surface which describes a 4—manifold. This sequence is
obtained by looking at vanishing cycles of a simplified purely wrinkled fibration, which
is defined below. In this section, we will look at relation between flip and slip and
sequences of simple closed curves Williams defined. We will then give some new
examples of this sequence.

Definition 6.1 A purely wrinkled fibration ¢; M % — S? is called a simplified purely
wrinkled fibration if it satisfies the following conditions:

(1) All the fiber of & are connected.
(2) The set of singularities S¢ C M of { is connected and nonempty.

(3) The restriction {|s, is injective.

It is easy to see that { has two types of regular fibers: Xg and X, for some g > 1.
We call the genus g of a higher genus regular fiber the genus of {. In this paper, we
call a simplified purely wrinkled fibration an SPWF for simplicity.

Let {: M — S? be a genus-g SPWF. We denote by {s,...,s,} the set of cusps of
f. We put u; = f(s;). We take a regular value po of { so that the genus of the
fiber ¢~1(po) is equal to g. The indices of s; are chosen so that u;, ..., u, appear in
this order when we travel the image {(Sy) counterclockwise around po. The points
ut,...,uy divides the image {(S¢) into n edges. We denote by /; C {(S¢) the edge
between u; and u; 4 (we regard the indices as in Z/nZ. In particular, u, 1 = ).
We take paths yi, ..., y, C S? satisfying the following conditions:

e y; connects pg to a point in Int/;.
e Inty; N f(Se) =2
o viny;={poyifi #j

We fix an identification {~1(po) = X,. These paths give . a sequence of vanishing
cycles of ¢, which we denote by (c1,...,¢p).
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Definition 6.2 [21] Let {: M — S? be an SPWF with genus g > 3. We denote by
(c1,...,cn) asequence of simple closed curves in X obtained as above. We call this
sequence a surface diagram of a 4—manifold M .

Remark 6.3 We can define a surface diagram of an SPWF in the obvious way. In
this paper, we call both of the diagram, that of a 4—manifold and that of an SPWE, a
surface diagram.

Remark 6.4 Tt is known that every smooth map 4: M* — S? from an oriented,
closed, connected 4—manifold M is homotopic to an SPWF with genus greater than 2
(see [22]). In particular, every closed oriented connected 4-manifold has a surface
diagram. Moreover, the total space of an SPWF is uniquely determined by a sequence
of vanishing cycles if the genus is greater than 2 since the group m; (Diff™ (X g—1),id)
is trivial if g > 3. Thus, a 4-manifold is uniquely determined by a surface diagram.
However, it is known that there exist infinitely many SPWFs which have same vanishing
cycles (see [5; 16], for example).

Let {: M — S? be a genus-g SPWF and (cy,...,c,) a surface diagram of ¢. For a
base point pg, we take a disk D in S? \ §(S¢) satisfying the following conditions:

®* Do €< oD
e ¥iN D ={py}, where y; C S? is a reference path from p, which gives a
vanishing cycle ¢; .

* Yi,...,¥n, D appear in that order when we go around pg counterclockwise.

We consider the restriction §|ps\¢—1(1n py- This is a purely wrinkled fibration and
satisfies the conditions in the beginning of Section 4. Thus, we can apply arguments
in Section 4 t0 §|ps\¢—1 e p) - In particular, we can describe an algorithm to obtain a
surface diagram of a fibration obtained by applying flip and slip to . As in Section 4,
we prepare several conditions to give an algorithm precisely. We first remark that
we can assume that ¢ is trivial in this case since {~!(dD) is bounded by the trivial
fibration. In particular, we obtain

0= (l1e () 1e,_ (en) lten(er) -
The first condition is on an embedded path o C X .

Condition Wy(c1,...,cn) A path @ C X, intersects ¢; at the unique point g € ¢y
transversely. Furthermore, da N (¢ U---Ucy) = .

We take a path o C X so that « satisfies the condition Wj(cy,...,cn). We put
da = {wj, wy}. The second condition is on a simple closed curve d C X414 and a
diffeomorphism j: Xg \ {wi, wa} — Zgqq\d.
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Condition Wy (cq,...,cn,a) The closure of j(Inta) in X, is a simple closed
curve.

We take a simple closed curve d C X441 and a diffeomorphism j: Xg \ {wy, wp} —
Yo4+1 \ d so that they satisfy the condition Wy (cy,...,cn, ). We put ¢ = j(cy).
The third condition is on an element ¢ € Mod (X¢.41)(C1,d).

Condition W3(c1,...,cn,a,d,j) We have @z (p) = 1 in Mod(Xg)(d) and
Py(@) = e (e2) """ e, (en) “tey (er) 10 MOd(Zg)(c1).

The last condition is on simple closed curves ¢3,...,¢, C Zgy1\d.

Condition Wy(c1,...,cn,0,d,j) Foreachi €{2,...,n}, i(¢) is isotopic to ¢;
in Xg, where i is an embedding defined by

. j!
i: g1 \d —> Zg\{wi, wa} — Xg.

Furthermore, ¢; intersects ¢;4; at a unique point transversely for each i € Z/nZ..

By Theorem 4.3, we immediately obtain the following theorem.

Theorem 6.5 Let(: M — S? beagenus-g SPWFand (cy, ..., cy) asurface diagram
of C.

(1) Let E be a genus-(g + 1) SPWF obtained by applying flip and slip to ¢. Then,
there exist elements ., d. j, C2, ..., Cp, @ satisfying the conditions Wy, Wa, W3
and W, so the sequence (Ci,...,Cp.C1,@',d,a&) gives a surface diagram of ¢,
where ¢y = j(c1), @ is the closure of j(Inta) in Xgy 1, and o' is defined by

o = (07"t @) g, @) @)

(2) Leta,d, j,c;,...,¢y and ¢ be elements satistying the conditions Wy, W, W3
and Wy. Suppose that g is greater than or equal to 3. We take simple closed
curves o, & as in (1). Then, there exists a genus-(g + 1) SPWF { obtained by
applying flip and slip to § such that (Cy, ..., Cn, 1,0, d, &) is a surface diagram
of ¢.

As in Section 5, we can deal with SPWFs with small genera by looking at additional
data. Let {1 M — S? be a genus-g SPWF with surface diagram (cy, ..., c,). We take
adisk D C S? as above. We also take a section o: S2\Int D — M \ ¢~ !(Int D) of the
fibration {|ps\z~1 (1 p)- We put x =0 (po). We take a trivialization TUD)x=DxZ,
so that it is compatible with the identification {~!(pg) = Zg. Let Bx € 71(Zg, X) be
an element which is represented by the loop

pP200: (aD’PO)ﬁ(Eg\(cl U"'UCn),X),
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where py: D x Xy — X is the projection onto the second component. It is easy to see
that the monodromy along dD (oriented as a boundary of S2\Int D) corresponds to the
pushing map Push(Bx)~!. Thus, we can assume @ = Push(Bx)~! € Mod (Z¢; x)(c1)
in this case. We call the loop B an attaching loop.

Remark 6.6 We can obtain a handle decomposition of the total space of an SPWF by
changing it into a simplified broken Lefschetz fibration using unsink. Indeed, Baykur [4]
gave a way to obtain a handle decomposition of the total spaces of simplified broken
Lefschetz fibrations from monodromy representation (or equivalently, vanishing cycles
of the fibrations). The loop ¢ +— (¢, Bx(t)) € D x X4 corresponds to the attaching
circle of the 2-handle in the lower side of the fibration. This is because S is called
an attaching loop.

We consider the following conditions on elements «, d, j, ¢, 5, ..., Cy as in Section 3.

Condition Wl’ (c15.-.5¢cn,0) Apath o CXg\{x} intersects ¢; at the unique point
g € c transversely. Furthermore, do N (c¢; U---Ucy) = @.

Condition W2’(c1 yeeesCns,0) Theclosureof j(Inter) in X4y is asimple closed
curve.

Condition Wg”(cl,...,c,,,a,d,j,a) Here, we set ¢; = j ~(cq) and X = j(x),

@ (¢) =1 in Mod (Sg; x)(d) and ®5(9) =11, (c2) L1, (en) *ltep (cr) - PUSh(Bx)
in Mod(Xg; x)(c).

Condition W4'(c1,. ..sCn,0,d,j,0) Foreach i € {2,...,n}, the curve ¢; C
Yo4+1 \{X} satisfies that i (¢;) is isotopic to ¢; in Xg \ {x}, where 7 is the embedding
defined by
1
i Bgy1\d 1 Tg\ 0o > Ty

Then, we can obtain the following theorem through Theorem 5.2.

Theorem 6.7 Let(: M — S? be agenus-g SPWFand (cy, ..., cn) asurface diagram
of {. We take a disk D C S?, 0: S>\Int D — M \ {~!(Int D), and an element
Bx € w1 (g, x) as above.

(1) Let E be a genus-(g + 1) SPWF obtained by applying flip and slip to ¢. Then,
there exist elements «,d, j,¢;,...,Cn, ¢ satisfying the conditions Wl’, Wz’,
W, and IN/V4’ such that the sequence (¢,...,¢Cn,C1,a ,d, &) gives a surface
diagram ¢, where ¢ = j~!(c1), @ is the closure of j~'(Inte) in Tgq,
and o' is defined by

/

o = (90_1 'ttsl @) g, (51))(&)'
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(2) Leta.d, j,Cs,...,Cq and ¢ be elements satisfying the conditions W[, W, , W;
and W, . Suppose that g is greater than or equal to 2. We take simple closed
curves o', & as in (1). Then, there exists a genus-(g + 1) SPWF ¢ obtained by
applying flip and slip to § such that (¢1, ..., Cn, C1, o', d,®) is a surface diagram
of C.

Example 6.8 Let p;: S2 x X3 — S? be the projection onto the first component
(k > 0). By applying a birth (for details about this move, see [18; 22], for example),
we can change p; into a genus-(k + 1) SPWF with two cusps. We then apply a flip
and slip move to this SPWF m times. As a result, we obtain a genus-(k +m + 1)
SPWF on the manifold S? x ;. We denote this fibration by ﬁl(m): S?x ¥ — S2.

Claim A surface diagram of p 1(’") corresponds to

(do’d11 e stm’dZm-l-l»dZm, e ’dl)’

where d; C X 4,41 is a simple closed curve described in the left side of Figure 11.

Figure 11: Simple closed curves in the genus-(k 4+ m + 1) closed surface Xz 41

We prove this claim by induction on m. The claim is obvious when m = 0. We
assume that m > 0. For simplicity, we denote the Dehn twist along the curve d; by i
and its inverse by 7. For an integer n > 0, let S, be a regular neighborhood of the
union do U ---Ud,. By direct calculation, we can prove the following relation in
Mod (Sy; 9Sp):

B gy @) teg, () “Ligy (dne) " ig, (do)

_[0*-(01)3 n=1
02201 n)* 2. (234 )" n>2
By induction hypothesis, a sequence (dy, ..., dam—2,dom—1,d2m—2,...,d1) is a sur-

face diagram of p 1(’"_ 1) We will stabilize this diagram by using Theorem 6.5. We take a
path & C Xy (su—1)+1 asin the left side of Figure 11. Let j: X, \ 0 — Zg 441 \d
be a diffeomorphism, where d is a nonseparating simple closed curve. By using j, we
regard d; as acurve in X, 1. Itis easy to see that the element

ltag(dr) """ Tray, o (dam—1) "Uta,y,, | (dom—2) """ ltq, (do)
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is contained in the group Mod (2 4+,,+1)(d, do). Moreover, by the relation (3), we
can calculate the image under ®;,: Mod (Zg 4 m+1)(d, do) — Mod (Zg4,,)(d) as
follows:

D4, (ttdo(dl) lig, S (dam—1) ltay,  (dam—2) " g (o))

_ [®a,(0*-(01)%) m=1
T\ @g, (02 (01 2m — 1)2mH1 . (3. 2m =127y ;> 2
=1id,

where the last equality is proved by the chain relation of the mapping class group.
Note that this equality still holds in the group Mod (S;dS), where S is a regular
neighborhood of the union d Udy U---U dyy,—1. We put

Q= ligy(d) " ltay, o (dam—1) tay, _, (d2m—2) """ lta, (do) € MO (Zkym41)(d. do).

The elements «,d, j,dy,...,dym—1,¢ satisfy conditions Wy, W,, W3 and Wy.
Therefore, by Theorem 6.5, the following sequence is a surface diagram of p 1(’”):

(dO’ e ey d2m—2, d2m—1,d2m—2, e ey dl’ d09&9 d9&)

Note that this still holds when the genus of 'p'l(m_l) is less than 3 since the above
calculation of elements of mapping class groups can be done in regular neighborhoods
of curves. This proves the claim on surface diagrams of S2 x Iy .

Remark 6.9 It is known that there is a genus-k SPWF ¢: S?x Z;_#S!xS3 — §2
without cusp singularities for & > 1. This was introduced in [4], and was called
the step fibration. By the same argument as in Example 6.8, we can prove that
(do,d1,...,doym—1,dom,d2m—1,...,dy) is a surface diagram of the fibration obtained
by applying flip and slip to ¢ m times.

We can also prove the claims on surface diagrams of S2x Xy and S2xX;_#S!x S3

by using Lemma 6.13.

Example 6.10 We next construct a surface diagram of #2S! x S3, which will be used
to construct a surface diagram of S*. To do this, we first prove the following lemma.

Lemma 6.11 #2S! x S3 admits a genus-2 SPWF { without cusps. Moreover, an
attaching loop B of this fibration is described as in the left side of Figure 12, where e
is a vanishing cycle of indefinite fold singularity.
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Bx

Figure 12: We have that @ is the closure of j(Inte) in Xj.

Proof of Lemma 6.11 It is easy to show that there exists a genus-2 SPWF ¢ without
cusps and whose attaching loop is Bx which is described in Figure 12. Furthermore,
we can draw a Kirby diagram of the total space of ¢ as described in Figure 13. It can be
easily shown by Kirby calculus that this manifold is diffeomorphic to #2S! x S3. O

3—hx3
4—h

Figure 13: Kirby diagram of the fibration ¢

We take a path o C X, as in the left side of Figure 12. We also take a diffeomorphism
Jj: X\ 0o — X3\ d, where d is a nonseparating simple closed curve in X3, so that the
closure of j(Inte) is a simple closed curve. Let §+,5— C X3 be simple closed curves
descried as in the right side of Figure 12. We define an element ¢ € Mod (X3; x)(d, eg)
as

¢ =Push(Bx) 15, 15 .

It is easy to see that this element satisfies ®7(¢) = Push(Bx) and @7 (¢) = id.
Thus, the elements «.d, j, e, ¢ satisfy the conditions W, W, W] and W,. By
Theorem 6.7, (eg, ', d, &) is a surface diagram of the fibration obtained by applying
flip and slip to ¢, where ' = (¢~ !)(&) (see Figure 14).

Remark 6.12 More generally, we can obtain a genus-(m + 2) surface diagram
of #2S! x §3 by looking at vanishing cycles of a fibration obtained by applying
flip and slip to { m times.

Algebraic € Geometric Topology, Volume 14 (2014)



2218 Kenta Hayano

Figure 14: Simple closed curves contained in a surface diagram of #2S! x 3

Claim Let eq,...,e3;,+1 be simple closed curves in X,,, described in Figure 15.
The following sequence is the surface diagram of #2S! x S3:

(e1.€2,....€am—1,€2m, €2m+1-€2m+2,€2m—1,€2m+3,€2m—3,---,€3m, €3, €3m+1)

Figure 15: The upper figure describes simple closed curves ey, ..., e€3,+1
in the case m is even, while the lower figure describes simple closed curves
et,...,e3my+1 inthe case m is odd.

Before looking at the next example, we prove the following lemma.
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Lemma 6.13 Let (cy,...,cy) be agenus-g surface diagram of an SPWF ¢: M — S?.
We take a simple closed curve y C Xg which intersects c;, at a unique point trans-
versely. Then there exists a genus-g SPWF (s: My — S? whose surface diagram is
(c1,... s Cig—11Cigs Vs Cigs Cigt-1s - -+ » ¢n). Moreover, if g is greater than or equal to 3,
the manifold Mj is obtained from M by applying surgery along y, where we regard y
as in a regular fiber of ¢.

Proof of Lemma 6.13 By applying cyclic permutation to the sequence (cy,...,cy) if
necessary, we can assume that ig = 1. It is easy to see that the element lie ()"t (c1) is
contained in the kernel of ®., . Thus, the product Ui, ) Tty (e) e, (e2) " Ly (1) is also
contained in the kernel of ®., . This implies existence of a genus-g simplified broken
Lefschetz fibration with vanishing cycles (c1, tc, (v), ty(c1), te,(¢2), ..., tc,(c1)). Such
a fibration can be changed into a genus-g SPWF ¢;: My — S? with surface diagram
(c1,y,¢1,...,cn) by applying sink. To prove the statement on M;, we look at the
submanifold S of M satisfying the following conditions:

(1) The image f(S) is a disk and the intersection f(S N Sy) forms a connected
arc without cusps.

(2) A vanishing cycle of indefinite folds in f(S) is c;.
(3) The restriction fls\f—l(sf): S\Sr— f(S)\ f(Sf) is a disjoint union of
trivial fibrations.

(4) The higher genus fiber of f|s: S — f(S) is a regular neighborhood of the
union ¢q Uy.

Figure 16: Left: a Kirby diagram of S'; right: a Kirby diagram of S

We can easily draw a Kirby diagram of S as in the left side of Figure 16. This diagram
implies that S is diffeomorphic to S! x D3, and that a generator of 71 (S) corresponds
to a simple closed curve y. Let S be a manifold which is described in the right side
of Figure 16. This manifold admit a fibration to D? with connected indefinite fold,
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which forms an arc, and two Lefschetz singularities. Furthermore, a regular fiber of
the fibration is either a genus-1 surface with one boundary component or a disk. By
Kirby calculus, we can prove that this manifold is diffeomorphic to D? x S2. By the
construction of the fibration {;, the manifold M; can be obtained by removing
from M, and then attaching S along the boundary. This completes the proof of
Lemma 6.13. d

Example 6.14 Let eq,e5,e3,e4 be simple closed curves in 33 as described in
Figure 17. As is shown, a sequence (eq, 3, €3, e4) is a surface diagram of #2S! x S3.
We take a curve y; (i =1,2,3,4) as shown in Figure 17. The curve y; intersects e;
at a unique point transversely. By Lemma 6.13, a sequence (eq, 1, €1, €2, €3, €4) 1S
a surface diagram of some 4—manifold obtained by applying surgery to #2S! x S3.
Indeed, we can prove by Kirby calculus that this diagram represents the manifold
S1x S3. In the same way, we can prove the following correspondence between surface
diagrams and 4—manifolds:

surface diagram corresponding 4-manifold
(e1,y1.€1.€2,€3, Y4, €3, €4) S4
(e1,y1.€1.€2,€3,73. €3, €4) S!xS3#52xS?
(e1,¥1.€1.€2.€3,¥4.€3. V4, €3, €4) 52 x 52
(e1,71. 72, v1, €1, €2, €3, V4, €3, €4) CP2#CP”

Figure 17: Simple closed curves in 33

In particular, we have obtained two genus-3 SPWFs on S2 x S? which is derived from
the following two surface diagrams: the diagram (dg, d1, d>, d3,ds, ds,ds, d3,d>, dy)
in Example 6.8, and the diagram (e, y1, €1, €2, €3, V4, €3, V4, €3, €4) as above. The
SPWF which corresponds to the former diagram is homotopic to the projection
p1: S? x S — S? onto the first projection. Indeed, this SPWF was constructed by
applying birth and flip and slip to p; . On the other hand, it is easy to prove (by Kirby cal-
culus, for example) that a regular fiber of the SPWF corresponding to the latter diagram
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is nullhomologous in S2 x S2. Thus, two genus-3 SPWFs above are not homotopic.
In the same way, we can prove that two SPWFs on S! x S3#.52 x S? derived from the
following two diagrams are not homotopic: the diagram (dy, d1, d, d3,d4, d3, d>, d1)
which is obtained by applying flip and slip to the step fibration twice (see Remark 6.9),
and the diagram (ey, y1, €1, €2, €3, V3, €3, €4) as above.

References

[1]

(2]

[10]

[11]

[12]

[13]

[14]

S Akbulut, C Karakurt, Every 4—-manifold is BLF, J. Gokova Geom. Topol. GGT 2
(2008) 83—-106 MR2466002

D Auroux, S K Donaldson, L. Katzarkov, Singular Lefschetz pencils, Geom. Topol. 9
(2005) 1043-1114 MR2140998

R1 Baykur, Existence of broken Lefschetz fibrations, Int. Math. Res. Not. 2008 (2008)
MR2439543

R1I Baykur, Topology of broken Lefschetz fibrations and near-symplectic 4—manifolds,
Pacific J. Math. 240 (2009) 201-230 MR2485463

R1I Baykur, S Kamada, Classification of broken Lefschetz fibrations with small fiber
genera arXiv:1010.5814

J S Birman, Mapping class groups and their relationship to braid groups, Comm. Pure
Appl. Math. 22 (1969) 213-238 MRO0243519

S K Donaldson, Lefschetz pencils on symplectic manifolds, J. Differential Geom. 53
(1999) 205-236  MR1802722

S K Donaldson, I Smith, Lefschetz pencils and the canonical class for symplectic
Sfour-manifolds, Topology 42 (2003) 743-785 MR1958528

CJ Earle, J Eells, A fibre bundle description of Teichmiiller theory, J. Differential
Geometry 3 (1969) 19-43 MR0276999

CJ Earle, A Schatz, Teichmiiller theory for surfaces with boundary, J. Differential
Geometry 4 (1970) 169-185 MRO0277000

E Fadell, L Neuwirth, Configuration spaces, Math. Scand. 10 (1962) 111-118
MRO0141126

B Farb, D Margalit, A primer on mapping class groups, Princeton Mathematical Series
49, Princeton Univ. Press (2012) MR2850125

D T Gay, R C Kirby, Indefinite Morse 2—functions: Broken fibrations and generaliza-
tions arXiv:1102.0750

DT Gay, R C Kirby, Fiber-connected, indefinite Morse 2—functions on connected
n—manifolds, Proc. Natl. Acad. Sci. USA 108 (2011) 8122-8125 MR2806648

Algebraic € Geometric Topology, Volume 14 (2014)


http://www.ams.org/mathscinet-getitem?mr=2466002
http://dx.doi.org/10.2140/gt.2005.9.1043
http://www.ams.org/mathscinet-getitem?mr=2140998
http://dx.doi.org/10.1093/imrn/rnn101
http://www.ams.org/mathscinet-getitem?mr=2439543
http://dx.doi.org/10.2140/pjm.2009.240.201
http://www.ams.org/mathscinet-getitem?mr=2485463
http://arxiv.org/abs/1010.5814
http://dx.doi.org/10.1002/cpa.3160220206
http://www.ams.org/mathscinet-getitem?mr=0243519
http://projecteuclid.org/euclid.jdg/1214425535
http://www.ams.org/mathscinet-getitem?mr=1802722
http://dx.doi.org/10.1016/S0040-9383(02)00024-1
http://dx.doi.org/10.1016/S0040-9383(02)00024-1
http://www.ams.org/mathscinet-getitem?mr=1958528
http://projecteuclid.org/euclid.jdg/1214428816
http://www.ams.org/mathscinet-getitem?mr=0276999
http://projecteuclid.org/euclid.jdg/1214429381
http://www.ams.org/mathscinet-getitem?mr=0277000
http://www.ams.org/mathscinet-getitem?mr=0141126
http://www.ams.org/mathscinet-getitem?mr=2850125
http://arxiv.org/abs/1102.0750
http://dx.doi.org/10.1073/pnas.1018465108
http://dx.doi.org/10.1073/pnas.1018465108
http://www.ams.org/mathscinet-getitem?mr=2806648

2222

[15]

[16]

(17]

(18]

(19]

(20]

(21]

(22]

Kenta Hayano

RE Gompf, Toward a topological characterization of symplectic manifolds, J. Sym-
plectic Geom. 2 (2004) 177-206 MR2108373

K Hayano, On genus-1 simplified broken Lefschetz fibrations, Algebr. Geom. Topol.
11 (2011) 1267-1322 MR2801419

K Hayano, A note on sections of broken Lefschetz fibrations, Bull. Lond. Math. Soc.
44 (2012) 823-836 MR2967249

Y Lekili, Wrinkled fibrations on near-symplectic manifolds, Geom. Topol. 13 (2009)
277-318 MR2469519

T Perutz, Lagrangian matching invariants for fibred four-manifolds, I, Geom. Topol.
11 (2007) 759-828 MR2302502

T Perutz, Lagrangian matching invariants for fibred four-manifolds, 11, Geom. Topol.
12 (2008) 1461-1542 MR2421133

JD Williams, Uniqueness of surface diagrams of smooth 4—manifolds arXiv:
1103.6263

J D Williams, The h—principle for broken Lefschetz fibrations, Geom. Topol. 14 (2010)
1015-1061 MR2629899

Department of Mathematics, Graduate School of Science, Hokkaido University
Kita 10, Nishi 8, Kita-ku, Sapporo, Hokkaido 060-0810, Japan

k-hayano@math.sci.hokudai.ac. jp

http://www.math.sci.hokudai.ac. jp/~k-hayano/index_en.html

Received: 16 May 2013

Geometry € Topology Publications, an imprint of mathematical sciences publishers :.msp


http://projecteuclid.org/euclid.jsg/1094072003
http://www.ams.org/mathscinet-getitem?mr=2108373
http://dx.doi.org/10.2140/agt.2011.11.1267
http://www.ams.org/mathscinet-getitem?mr=2801419
http://dx.doi.org/10.1112/blms/bds018
http://www.ams.org/mathscinet-getitem?mr=2967249
http://dx.doi.org/10.2140/gt.2009.13.277
http://www.ams.org/mathscinet-getitem?mr=2469519
http://dx.doi.org/10.2140/gt.2007.11.759
http://www.ams.org/mathscinet-getitem?mr=2302502
http://dx.doi.org/10.2140/gt.2008.12.1461
http://www.ams.org/mathscinet-getitem?mr=2421133
http://arxiv.org/abs/1103.6263
http://arxiv.org/abs/1103.6263
http://dx.doi.org/10.2140/gt.2010.14.1015
http://www.ams.org/mathscinet-getitem?mr=2629899
mailto:k-hayano@math.sci.hokudai.ac.jp
http://www.math.sci.hokudai.ac.jp/~k-hayano/index_en.html
http://msp.org
http://msp.org

	1. Introduction
	2. Preliminaries
	2.1. Wrinkled fibrations
	2.2. Mapping class groups and a homomorphism _c
	2.3. Several homotopies of fibrations
	2.3.1. Sink and unsink
	2.3.2. Flip and ``flip and slip''


	3. A fibration over the annulus with two components of indefinite folds
	4. Relation between vanishing cycles and flip and slip moves
	5. Fibrations with small fiber genera
	5.1. Case 1: Every fiber of f is connected
	5.2. Case 2: f has disconnected fibers

	6. Application: Examples of surface diagrams
	References

