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Pin(2)-equivariant KO—-theory
and intersection forms of spin 4-manifolds

JIANFENG LIN

Using the Seiberg—Witten Floer spectrum and Pin(2)—equivariant KO—theory, we
prove new Furuta-type inequalities on the intersection forms of spin cobordisms
between homology 3—spheres. We then give explicit constrains on the intersection
forms of spin 4—-manifolds bounded by Brieskorn spheres -3 (2, 3, 6k & 1). Along
the way, we also give an alternative proof of Furuta’s improvement of % —theorem
for closed spin 4—manifolds.

57R58; 57R57

1 Introduction

A natural question in 4—dimensional topology is: Which nontrivial symmetric bilinear
forms can be realized as the intersection form of a closed, smooth, spin 4—manifold X ?
Such a form should be even and unimodular. Therefore, it is indefinite by Donaldson’s
diagonalizability theorem [8; 9]. After changing the orientation of X if necessary, we
can assume that the signature ¢ (X') is non-positive. Then the intersection form can be
decomposed as p(—E3) EBq((l) (1)) with p > 0, ¢ > 0. Matsumoto’s % conjecture [22]
states that b, (X) > % |o(X)|, which can be rephrased as g > % p. An important result
is the following % theorem of Furuta:

Theorem 1.1 [14] Suppose X is an oriented closed spin 4—manifold with intersec-
tion form p(—Eg) EBq((l) (1)) for p>0,q > 0. Then we have ¢ > p + 1.

Furuta’s proof made use of the finite-dimensional approximation of the Seiberg—Witten
equations on closed 4-manifolds and Pin(2)—equivariant K—-theory. By doing destabi-
lization and appealing to a result of Stolz [32], Minami and Schmidt independently
proved the following improvement:

Theorem 1.2 [23; 29] Let X be a smooth, oriented, closed spin 4—manifold with
intersection form p(—Eg) & q((l) (1)) for p > 0,q > 0. Then we have

p+1 p=0,2mod8,
(1) q=1p+2 p=4modS§,

p+3 p=6modSs.
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Remark 1.3 p is always an even integer by Rokhlin’s theorem [27].

An interesting observation is that Schmidt’s calculation in [29] about the Adams
operations actually implies an alternative proof of the following further improvement,
which was first proved by Furuta and Kametani. We will give the proof in Section 3.

Theorem 1.4 [15] Let X be a smooth, oriented, closed spin 4—manifold with inter-
section form p(—Ejg) EBq((l) (1)) for p,q > 0. Then q > p+3 when p =0 mod 8.

Another direction is to consider the intersection form of a spin 4-manifold with given
boundary. Suppose X is not closed but has boundary components, which are homology
3—spheres. The intersection form of X is still even and unimodular but can be definite
now. For the definite case, various constraints are found in Frgyshov [10; 11; 12],
Ozsvath and Szabé [26], Kronheimer, Mrowka and Ozsvath [17] and Manolescu [18].

For the indefinite case, Furuta and Li and, independently, Manolescu proved the

following theorem. !

Theorem 1.5 [16; 21] To each oriented homology 3—sphere Y , we can associate an
invariant x (Y') € Z with the following properties:

(a) Suppose W is a smooth, spin cobordism from Y to Y, with intersection form
p(—Eg) & q((l) (1)) Then

k(Y1) +q=Kk(Yo)+ p—1.

(b) Suppose W is a smooth, oriented spin manifold with a single boundary Y , with
intersection form p(—Eg) ®q(% ) and g > 0. Then

K(Y)+q>p+1.

Furuta and Li, and, independently, Manolescu proved this theorem by considering
Pin(2)—equivariant K—theory on the Seiberg—Witten Floer spectrum. Some new bounds
can be obtained from this theorem. For example, the Brieskorn sphere +X(2,3,12n+1)
does not bound a spin 4—manifold with intersection form p(—Eg) ® p((l) (1)) for p > 0.

The main purpose of this paper is to extend Theorem 1.2 to the case of spin cobordisms
and get more constrains on the intersection form of a spin 4-manifold with boundary.
Here is the first result:

I'We give Manolescu’s statement here. Furuta and Li’s statement is slightly different.
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Theorem 1.6 For any k € 7. /8, we can associate an invariant koy (Y) to each oriented
homology sphere Y , with the following properties:

(a) 2xo0p(Y) is an integer whose reduction modulo 2 is the Rokhlin invariant p(Y').

(b) Suppose W is an oriented smooth spin cobordism from Y, to Yy, with inter-
section form p(—FEjs) EBq((l)(l)) for p,q > 0. Let p =4l +m for | € Z and
m =0,1,2,3. Then for any k € 7./8, we have the following inequalities:

(1) If (u(Yy), m) = (0,0), (0,3), (1,0), (1, 1), then
2) ko (Yo) + 20 + h(u(Yo).m) < kog1q(Y1) + By 4 -

(i) If (u(Yy), m) = (0, 1),(0,2), (1,2),(1,3), then

3) K0k +4(Yo) + 21 + h(p(Yo), m) < kog 14 (Y1) + By o
Here ,B,i = Z{;& Qj—j, where o =1 fori =1,2,3,5 mod 8§ and «; = 0 for
i =0,4,6,7 mod 8 (/32 is defined to be 0). The constants h(ju(Yy), m) are
listed below.

p(Yo)=0| 0 3 3
p¥o)=1] 0 3

Remark 1.7 When m iseven, u(Yy)=u (Y1) and A(u(Yy), m) is an integer. When m
is odd, wu(Yy) # u(Yy) and h(u(Yy), m) is a half-integer.

Setting p = ¢ = 0 in Theorem 1.6(b), we get:

Corollary 1.8 If two homology spheres Yy, Y1 are homology cobordant to each other,
then xoy (Yy) = ko (Y1) forany k € Z./8.

The definition of xoy, is similar to that of «; see Furuta and Li [16] and Manolescu [21].
Roughly, kog(Y) is defined as follows. Pick a metric g on Y. By doing finite-
dimensional approximation to the Seiberg—Witten equations on (Y, g), we get a topo-
logical space I, with an action by G = Pin(2). After changing I, by a suitable
suspension or desuspension, we consider the following construction: The inclusion of
the S!—fixed point set 1 1;9 " induces a map between the equivariant KO—groups,

i*: KOg(I,) > KOGg(IS").
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We choose a specific reduction ¢: ﬁg(l ;,9 1) — 7. It can be proved that the image
of @ oi* is an ideal generated by 2% € 7Z. We define a as ko (Y). Different k € Z/8
correspond to different suspensions.

In Section 8 we calculate some examples using the results of Manolescu [21] about the
Seiberg—Witten Floer spectrum of +£3(2,3,r).
Theorem 1.9  (a) We have ko0;(S3) =0 foranyi € Z/8.

(b) For a positive integer r with ged(r,6) = 1, let X(2,3,r) be the Brieskorn
spheres oriented as boundaries of negative plumbings and let —X (2, 3, r) be the
same Brieskorn spheres with the orientations reversed. The ko;(£X(2,3,r))
are listed below:

K0g KO1 KOy KO3 KOs KO5 KOg KO7
»2.3.12i-1)| 1 1 1 0 0 0 0 0
—»@.3.12n—=1)| 0 0 -1 -1 0 0 0 0
R L I T S S G g e T
R I
22.3.122+1)] 0 0 0 0O 0O 0 0 O
~$@2.3. 12241 0 0 0 0 0O 0 0 0
SERRERT JIE I IR S S N
R I I T e

Remark 1.10 We see that xoi(—Y) # —kop(Y) in general, while xog (Y #(=Y)) is
always 0 by Corollary 1.8. Therefore, ko is not additive under connected sum.

If we apply Theorem 1.6(b) to the case Yy = ¥; = S?3, the result is weaker than
Theorem 1.2. As is the case in K—theory (see Manolescu [21]), we can remedy this by
considering the special property of Y = S* called the Floer KOg —split condition.

Theorem 1.11 Let W be an oriented, smooth spin cobordism from Yy to Y;, with
intersection form p(—Eg)®q (" ) and p >0,¢ > 0. Suppose Yy is Floer KOg -split.
Let p=4l+m for!/ € Z and m =0, 1,2, 3. Then we have the following inequalities:

(a) If (u(Yy),m) =(0,0),(0,3),(1,0),(1,1), then

4) k04(Yo) + 21 + h(11(Yo).m) + 1 < koayq(Y1) +BL, .
(b) If (u(Yg), m) = (0,1),(0,2), (1,2),(1,3), then
®) k04(Yo) + 21 + h((Yo).m) + 1 < kog (Y1) + By 4.

Here B} and h(ju(Yy), m) are the constants defined in Theorem 1.6.
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In particular, S3 is Floer KOg -split. Applying Yo = S? to the previous theorem, we
get the following useful corollary:

Corollary 1.12 Let W be an oriented smooth spin 4—manifold whose boundary is a
homology sphere Y . Suppose the intersection form of W is p(—Eg) & q((l) (1)) with
p > 0,g > 0. Then we have the following inequalities:

o If p=4l,then 2] <ko444(Y) +,Bz+q.

° pr=4l—|-1,theﬂ 2[+%<K0q(Y)+ﬁg+q'

o If p=4/+2,then 2/ + 3 < kog(Y) +ﬂ3+q-
o If p=4/+3, then 2] + % < K04+44(Y) +IBZ+q'

Remark 1.13 If we set Y = S3 in Corollary 1.12, we will recover Theorem 1.2.
However, Corollary 1.12 is not enough to prove Theorem 1.4. In order to get the
relative version of Theorem 1.4, we have to apply similar constructions on the fixed
point set of the Adams operation. This will not be done in the present paper.

Combining the results in Theorem 1.9 with Corollary 1.12, we get some new explicit
bounds on the intersection forms of spin 4—manifolds bounded by £3(2,3,r). We
give two of them here and refer to Section 8.2 for a complete list.

Example 1.14 We have the following conclusions:

e —3(2,3,12n—1) does not bound a spin 4-manifold with intersection form
p(—Eg)® (p+ 1)((1) (1)) for p > 0.

e —3(2,3,12n —5) does not bound a spin 4-manifold with intersection form
p(—Ejy) @p(?(l)) for p>1.

The paper is organized as follows. In Section 2, we discuss some background material
about Pin(2)—equivariant KO—theory. In Section 3, we prove Theorem 1.4 after
recalling some basic facts and properties of the Adams operations. In Section 4, we
review the basic properties of the Seiberg—Witten Floer spectrum. The numerical
invariant ko is defined in Section 5 and Theorem 1.6 is proved in Section 6. In
Section 7, we introduce the Floer KOg —split condition and prove Theorem 1.11. In
Section 8, we prove Theorem 1.9 and use Corollary 1.12 and Theorem 1.4 to obtain
new constraints on the intersection form of a spin 4—manifold with given boundary.
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2 Equivariant KO-theory

2.1 General theory

In this subsection, we review some general facts about equivariant KO—theory, mostly
from [30] and [4]. See [2; 3] for basic facts about ordinary K—theory and KO—theory.
Let G be a compact topological group and X be a compact G —space. We denote the
Grothendieck group of real G—bundles over X by KOg(X).

Fact 2.1 KOg(pt) = RO(G). Here RO(G) denotes the real representation ring of G'.
For a general X', KOg(X) is a RO(G)-algebra (with unit).

Remark 2.2 We do not distinguish a representation of G from its representation space.
Fact 2.3 A continuous G-map f: X — Y inducesamap f™*: KOg(Y) — KOg(X).

Fact 2.4 For each subgroup H C G, by restricting the G'—action to H , which makes
a G-bundle into an H-bundle, we get a functorial restriction map r: KOg(X) —
KOg (X).

Fact 2.5 If G acts freely on X, then the pullback map KO(X/G) — KOg(X) is a
ring isomorphism.

Fact 2.6 For a real irreducible representation space V of G, Endg(V) is either
R, C or H. Let ZIrr, Z Irc and Z Irg denote the free abelian groups generated by
irreducible representations of respective types and let KSp(X') be the Grothendieck
group of quaternionic vector bundles over X . Then if G acts trivially on X, we have

(6) KOg(X)=(KO(X)®ZIg) ® (K(X)® ZIrc) & (KSp(X) ® Z Iry).

Now suppose X has a distinguished base point p which is fixed by G'. Then we define
KOG (X) (the reduced KO—group) to be the kernel of the map KOg(X) — KOg(p).
For a based space X with trivial action, we also have

(7) KOg(X)=(KOX)®ZIrg) ® (K(X)® ZIrc) & (KSp(X) ® Z Irgr).
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The following fact is proved in [2, Corollary 3.1.6] (which only proved the complex
K-theory case, but the proof works without modification in the real case).

Fact 2.7 Suppose X is a finite, based G—CW complex and the G —action is free away
from the base point. Then any element in KOg(X) = KO(X/G) is nilpotent.

Recall that the augmentation ideal a C RO(G) is the kernel of the forgetful map
RO(G) = KOg (pt) = KO(pt) = Z. Any element in a defines an element in KOg(X).
By the above fact, we get:

Fact 2.8 Suppose X is a finite, based G—-CW complex and the G —action is free away
from the base point. Then any element in the augmentation ideal acts on KOF (X)
nilpotently.

Fact 2.9 For pointed spaces X, Y, there is a natural product map

KOg(X)® KOg(Y) — KOg(X AY).
Fact 2.10 For pointed spaces X, Y, we have I’(\(l)g(X VYY)~ If(\(l)g(X) @ IZBG(Y).

Let V be a real representation space of G . Denote the reduced suspension V' A X by
>V X . The following equivariant version of real Bott periodicity theorem was proved
in [4].

Fact 2.11 Suppose the dimension n of V is divisible by 8 and V is a spin repre-
sentation (which means that the group action G — SO(n) C End(V') factors through
Spin(n)). Then we have the Bott isomorphism

or: KOg(X) = KOg (=¥ X),
given by multiplication by the Bott class by € IZBG(V+) under the natural map
KOg(VT)® KOg(X) — KOg (=¥ X).

The Bott isomorphism is functorial under the pointed map X — X”.

Fact 2.12 Bott classes behave well under the restriction map, which means that
i*by = b= (). Here i * is the restriction map (see Fact 2.4) and i * (V') is the restriction
of the representation to the subgroup.
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2.2 Pin(2)-equivariant KO-theory

In this section, we will review some important facts about Pin(2)—equivariant KO-
theory. Detailed discussions can be found in [29]. See [1] and [5] for general facts
about equivariant KO—theory and equivariant stable homotopy theory. From now on,
we assume G = Pin(2) unless otherwise noted. Recall that the group Pin(2) can be
definedas S' @ jS' c C @ jC = H. We have

RO(Pin(2)) = Z[D, K, H]/(D*—1, DK — K, DH — H, H* —4(1 + D + K)).

The representation space of D is R, where the identity component S! C Pin(2) acts
trivially and j € Pin(2) act as multiplication by —1.

The representation space of K is C = R @ iR, where z € S! C Pin(2) acts as
multiplication by z2 (in C) and ; acts as reflection along the diagonal.

The representation space of H is H, where the action is given by the left multiplication
of Pin(2) C H.

We will also write R as the trivial one-dimensional representation of G .

Following the notation of [29], we denote IZ@G ((kD+1H)™) by KOg(kD+I1H) (we
choose co as the base point). Then for k, [, m,n € Z>( we have the multiplication map

8 KOgkD+IH)®KOg(mD+nH)— KOg((k+m)D+ (I +n)H).

In order to define this map, we need to fix the identification between (kD & [ H) &
(mD @& nH) and (k + m)D & (I + n)H by sending (x; & y1) D (x2 D y3) to
(x1,x2) ® (1, y2). By considering G —equivariant homotopy, it is not hard to see that
the multiplication map is commutative when k or / is even. (We will prove that the
multiplication map is actually commutative for any &, /, after we give the structure of
KOg (kD + [ H) in Theorem 2.13.)

It is easy to prove (see [29]) that 8D, H 4+ 4D and 2H are spin representations.
Therefore, we can choose Bott classes bgp € KOg(8D), byg € KOg(2H) and
br+4p € KOg(H +4D). Multiplication by these classes induces isomorphisms
KOg(kD +1H) = KOg((k +8)D+1H)=KOg((k+4)D+ (I +1)H)
=~ KOg (kD + (I +2)H).
Since the Bott classes are in the center, it doesn’t matter whether we multiply on the
left or on the right. Moreover, we can choose the Bott classes to be compatible with

each other, which means that bgpbr g = b%{ 44p- We fix this choice of Bott classes
throughout the paper.
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For k, ! € Z, the RO(G)-module KOg (kD +/H) is defined to be KOg ((k +8a)D +
(I +2b)H) for any a, b € Z which satisfy k 4+ 8a > 0 and / +2b > 0. Since the Bott
classes are chosen to be compatible, the groups defined by different choices of a, b are
canonically identified to each other. Again, because the Bott classes are in the center,
the multiplication map (8) can now be extended to all k,/,m,n € Z.

Consider the inclusion i: 7D — 8 DT . There is a unique element y (D) € KOg(—D)
which satisfies y(D)bgp = i*(bgp). The map

KOG ((k + 1D + 1H) L5 KOG (kD + 1H)

is just the map induced by the inclusion kD & /H — (k +1)D & [H for k,l > 0.
Similarly, we can define y (H) e KOg(—H) and y (H+4D) =y (H)y(D)*. Since left
multiplication and right multiplication by y (D) or y(H) just correspond to different
inclusions of subspaces, which are homotopic to each other, we see that y (D) and y (H)
are both in the center.

By Bott periodicity, we only have to compute KOg (/D) for / =—-2,—1,0,...,5. This
was done by Schmidt, and we list the result here:

Theorem 2.13 [29] We have the following isomorphisms of Z —modules:
(@ Let A=K—(1+D)and B=H—-2(1+ D). Then
KOg (pt) = RO(Pin(2))
~ 7[D, A, B]/(D*—1,DA— A, DB— B, B> —4(A—2B)).?
(b) KOgG(—ID)=Z&,>, Z/2 forl =1,2, generated by y(D)!!! and y (D)l 4"
forn>1.
(¢) KOg(D) = Z, generated by n(D).

(d) KOg(ID)=Z&EP,,>9Z/2 forl =2,3. For | =2, the generators are n(D)?
and y(D)?>A™c, m > 0; for [ = 3, they are y(D)A(D) and y(D)A™c, m > 0.

(e) KOg(4D) is freely generated by A(D), DA(D), A"A(D) and A™¢ for m > 0
andn > 1.

(f) KOg(5D) = Z, generated by n(D)A(D).

Corollary 2.14 The multiplication map (8) is commutative.

2There is a typo in [29], where the relation between A and B is B2 —2(A4 —2B).
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Proof We just need to check that y (D), n(D), A(D), ¢ commute with each other.
This is easy since A(D) and ¢ are in KOg (kD) for even k, while y(D) is in the
center by our discussion before. |

For our purpose, we don’t need to know the explicit constructions of (D), A(D) and c.
We just need to know the following properties:

e 1(D) is the Hurewicz image of an element /(D) € ng (D) (G —equivariant stable
cohomotopy group of D). If we forget about the G —action, (D) is just the Hopf
map in 77" (pt).

e For A(D) and ¢ € KOg(4D), by Bott periodicity and formula (7), we have isomor-
phisms
KOg(4D) = KOg (8D +4)
=~ KOg(4)
~ (KO(SH) @ ZIrg) & (K(S*) ® Z Irc) ® (KSp(S*) ® Z Iryy).

(Here 4 € RO(G) denotes the trivial 4—dimensional real representation.)

e We can choose suitable Bott classes such that, under these isomorphisms, A(D)
corresponds to

(V] -4R)® 1 € KO(S*) ® Z Irg
and ¢ corresponds to
(V] —H) ® H € KSp(S*) ® Z Iryy .

Here Vp is the quaternion Hopf bundle over S* = H P2, H and R denote the trivial
bundles, and 1, H are elements in RO(G).

e Let A(H) and ¢(H) be the images of A(D) and ¢ under the Bott isomorphism
KOg(4D) =KOg(8D + H) =2KOg(H). Then KOg(H) is generated as an RO(G)—
algebra by A(H) and c(H).

Remark 2.15 Notice that the element [V ® H € KSp S* ® ZIry is represented
by the bundle Vg @y H . Hence it is a real bundle of dimension 4 (not 16).

For further discussions, we need to know the multiplicative structures of KOg(/D),
which are also given by Schmidt. We list some of them that are useful for us:
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Theorem 2.16 [29] The following relations hold:
(@) HAMD)=4c, Hc=(A+2+2D)A(D), Dc=c.
(b) (D+1Dy(D)=24y(D)= By(D)=0.
© (D+1Dn(D)= An(D)= Bn(D)=0.
@ y(D)n(D)=1-D, y(D)AD) =1n(D)*.
() y(D)¥bgp =8(1—D), y(H)*boy =K—-2H+ D+5.
() y(H+4D)bgap =4(1—-D).
() n(D)AD) = y(D)*bgp, n(D)c = 0.
(h) y(H)MH)=4—H and y(H)c(H)=H—-1-D—-K.

3 The Adams operations

3.1 Basic properties

In this subsection we give a quick review about the basic properties of the Adams
operations. See [2] and [6] for more detailed discussions. Some of the calculations
can be found in [29], but we give them here for completeness. For simplicity and
concreteness, we only deal with wk : KOg(X) = KOg(X) for an actual G—space X
and we don’t do localizations (like [29]).

Let KOg(X)[t] be the formal power series with coefficients in KOg(X). For a
bundle E over X', we define A;(E) € KOg (X)[t] tobe Y ;_, t'[AI(E)]. Here A'(E)
is the i™ exterior power of E. We let °(E) = rank(E), and define

Yi(E) =Y 1"y (E) € KOg(X)[1]
i=0
by

©) Vi(B) = (E) — 1< loghy ().

It turns out that, for any k € Z=¢, ¥* extends to a well-defined operation on KOg (X),
which satisfies the following nice properties:

(a) ¥k is functorial with respect to continuous maps f: X — X”.
(b) lﬁk maps IZ@G(X) to IZéG(X).
(¢) Forall x,y € KOg(X),
YR+ =9 @+ ) and Y =R evE o).
(d) If x is a line bundle, then wk(x) = xk.
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The effect of the Adams operations on the Bott classes can be described by the Bott
cannibalistic class. Given a spin G-bundle £ over X with rank n = 0 mod 8, the
Bott cannibalistic class 6" (E) € RO(G) is defined by the equation

(10) y*(bg) = 60 (E) -bg for k > 1.

When £ is odd, this can be explicitly written as (see [6])3

(11) O (E) = k"2 T Aeu(E)Q—u) ™"
ueJ

Here J is a set of k™ roots of unity u # 1 such that J contains exactly one element
from each pair {u,u~!}. Notice that we can define 07" (E) for any real bundle E of
even dimension using formula (11). It can be shown that

O (E + F) = 62 (E) 0" (F).

Now let’s specialize to the case k = 3. By formula (9), it is easy to check that
Y3 (x) = x3 = 31%(x)x + 313 (x). We want to calculate the action of ¥3 on RO(G).
Since the G—action on H preserves the orientation, we have A3(H) = A (H) = H.
Using complexification, it is easy to show A2(H) = K + D + 3. Also, we have
A2(K) = D. Therefore, we get*

v3(D)=D, Y3 (H)=HK—-H, v3K)=K>-3K,
Y3 (A) = A>+64>+94, y*(B)=AB+ B+4A.

Also, applying formula (11), we get

09 (2) =3, 6I2D)=1+2D, 6Y(H)=A+B+4D+5.

3.2 Proof of Theorem 1.4

The central part of the proof is the following proposition:

Proposition 3.1 For any integers r,a,b > 0 and | > 0, there does not exist a G —
equivariant map

fi(rR+aD+ 4l +b)H)" - R+ (a+8/+2)D +bH)™

that induces a homotopy equivalence on the G —fixed point set.

3There is a typo in [6, Equation 3.10.4].
4There is a typo in [29], where ¥3(H) = HK — K.
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Proof Suppose there exists such amap f. After suspension by copies of R, D and H,
we can assume @ = 8/’ +6, r = 8d and b = 2k. Let

Vi =8dR +2kH +8(+1'"+1)D,
Vo = 8dR + (41 + 2k)H + (8/' + 8) D.

Let by, and by, be the Bott classes of V; and V>, respectively. Consider the element
x = f*(by,). By the Bott isomorphism and Theorem 2.13(b), we can write x as
bVZy(D)za for some o € RO(G). Moreover, we can assume « = p + Ah(A) for
some integer p and some polynomial /1(A4) whose coefficients are either 0 or 1.

Claim p isevenand & =0.

This is essentially a special case of [29, Proposition 5.21] for KO(4/, 8/ +2).°
By formula (10), we have: 1//3(bV1) = 05"(V1) - by, , which implies that

(12) V) = ST 0n) = 05(7) - x.

Notice that x = i*(by, - «), where i: (8dR + (4/ +2k)H + (8" + 6) D)™ — V2+ is
the standard inclusion. By formula (10), we have

(13) V() =i (by, @) = 65" (V2)by, ¥ (@) - ¥ (D).
Comparing (12) and (13), we get
(14) (65" (V2)¥ (@) — 65 (V)a) y (D)* = 0.

We can calculate

0" (V1) = 3* (1 + 2D)" 4" 4 (4 + B+ 4D + 5)%,

05" (V2) = 349 (1 +2D)*" T4 (4 + B + 4D + 5%+,
Notice that 24y (D) = By(D) = (1 + D)y (D) = 0, so we can simplify (14) as
(15) 34 (A4 Do — (44 D)2k 3 (@) (D)2 =0,

Since o« = p + Ah(A), we have ¥ () = p + (4% + 642 +9A)h(A> + 64% +94).
Using the relation 24y (D) = 0, we can further simplify (15) and get

(16) 34 g(4)-y(D)* = 0.
Here g(A) = (A+ D)2 (p + Ah(A)) — (A + D24 (p + (43 + A)h(43 + A)).

By Theorem 2.13(b), we see that if we expand g(A4) as a polynomial in A, the degree-0
coefficient should be 0 and all other coefficients should be even. By our assumption,

> There is an error in [29] for KO(c, d) when 4¢ —d = —3 mod 8, but we won’t consider this case.
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the coefficients of / are either 0 or 1. Checking the leading coefficient of g(A), it is
easy to see that 2 =0 and g(A) = p((A + 1)k —(4+ 1)2k+41). This implies that p
is even. The claim is proved.

Now consider the following commutative diagram:

*

KOg(V;") KOG ((8dR + (81 + 6) D + (4] + 2k)H)™)
1n l y (H)?Ky (D)SH8IHS L ¥ (H)H 2y (D)8 e
KOG ((8dR)™) = KOg((8dR)™)

The vertical maps are given by the inclusions of subspaces. The bottom map is an
isomorphism because f induces a homotopy equivalence on the G —fixed point set. Any
automorphism on KO g ((8dR)™) is given by the multiplication of a unit i € RO(G).
Therefore, we obtain
(18) i- bVl . )/(H)Zk)/(D)81+81 +8 = x- )/(H)4l+2k)/(D)Sl +6

— sz . )/(D)Sl +8)/(H)4l+2k - p.

Applying the relations in Theorem 2.16, we simplify this to

(19) (K—2H+ D +5>***@1-D)"*+.p
= (K —2H + D+ 5%@®(1 - D)) '+,
Now consider the ring homomorphism ¢g: RO(G) — Z defined by ¢o(D) = —1,

©0o(A) = po(B) = 0. Notice that ¢g(ii) = 1 since # is a unit. We get p = +1,
which is a contradiction. This finishes the proof of Proposition 3.1. a

Now suppose X is a closed, oriented, smooth spin 4—-manifold with intersection form
p(—Es) EBq(? (1)) for p =8/ >0 and ¢ < p + 3. After doing surgery on loops and
taking connect sum with copies of S2x.S2, we can assume b; (W) =0 and g = 8/ +2.
As shown in [14], by doing finite-dimensional approximation of the Seiberg—Witten
equations on W, we get a G —equivariant map

f:(@D+ @l +b)H)t = ((a+8/4+2)D +bH)* for some a,b > 0.

Moreover, f induces a homotopy equivalence on the G—fixed point set. This is a
contradiction to Proposition 3.1. Therefore, Theorem 1.4 is proved.
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4 Pin(2)—-equivariant Seiberg—Witten Floer theory

Manolescu constructed a Pin(2)—equivariant spectrum class S(Y, s) for each rational
homology sphere Y with a spin structure s. We will not repeat the constructions here
but just collect some useful properties. See [18; 19; 21] for the explicit constructions.

Definition 4.1 Let s € Z>(o. A space of type SWF (at level s) is a pointed, finite
G -CW complex X with the following properties:

(a) The S!-fixed point set XS " s G -homotopy equivalent to the sphere (sD)™.
We define lev(X) to be s.

(b) The action of G is free on the complement X — X st

Definition 4.2 Let X, X’ be two spaces of type SWF at level k and k' respectively.
A pointed G-map f: X — X' is called admissible if f* preserves the base point and
satisfies one of the following two conditions:

(a) k <k’ and the induced map on the G—fixed point set f¢: X¢ — X'C isa
homotopy equivalence.

(b) k =k’ and the induced map on the S'—fixed point set FSh xSt 5 xS isa
homotopy equivalence.

Now consider the set of triples (X, a,b) where X is a space of type SWF and a € Z,
beQ.

Definition 4.3 We say that (X, a, b) is stably equivalent to (X’,d’,b’) if b—b" € Z
and for some M, N,r > 0, there exists a G—-homotopy equivalence

EFR E(M—Q)D Z(N_b)HX ~ EVR E(M—a/)D E(N_b/)HX/.
(Here R denotes the trivial representation of G.)

Remark 4.4 In [21], Manolescu worked with stable even equivalence, which re-
quires X to be a space of type SWF at even level.

This triple can be thought of the “formal desuspension” of X with a copies of D
and b copies of H. We denote € to be the set of stable equivalence classes of triples
(X, a,b). Informally, we call an element in € a spectrum class.

Definition 4.5 For a spectrum class S = [(X,a, b)] € €, we let
lev(S) =lev(X) —a.
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Remark 4.6 By considering the S!—fixed point set, we see that two spaces of type
SWEF at different levels are not G —homotopic to each other. Using this fact, it is easy
to prove that lev(S) is a well-defined quantity.

For r € Z and s € Q, we can define the formal suspension ©"P+sH: ¢ — ¢ by
sending [(X,a,b)] to [(X,a—r,b—s)]. It’s easy to check that this is a well-defined
operation on the set €.

Now suppose Y is an oriented rational homology 3—sphere with a metric g and a
spin structure 5. Let S be the associated spinor bundle. We consider the global
Coulomb splice

V=ikerd*®T(S)CiQ'(Y)®T(S).

Using the quaternionic structure on S, we can define a natural action of G on V':
¢ € G takes (a, ¢) to (¢!, ¢) and j € G takes (o, @) to (—a, j).

Now we consider the self-adjoint first-order elliptic operator /: V' — V defined by
[(at, ¢) = (xda, ), where P is the Dirac operator.6 Forany v <v, let V' be the sub-
space spanned by the eigenvectors of / with eigenvalues in the interval (z, v]. Then V}
is a finite-dimensional G —representation space which is isomorphic to kD & [ H. We
denote dimg V(D)Y by k and dimyg V(H); by m.

We pick —v < 0 < v. By considering the equivariant Conley index of the gradient flow
of CSD|pv  (see [19; 21]), we get a G—space [, of type SWF at level dimg V(D)?,.

Next, we need to recall the definition of n(Y, s, g). Choose a compact smooth spin
4-manifold N with N = Y. Let indc D(N) be the index of the Dirac operator
on N (with Atiyah—Patodi—Singer boundary conditions). We can define

(20) n(Y,s, g) :=indc P(N) + to(N).

Remark 4.7 It can be proved that this definition does not depend on the choice of N .
For a rational homology sphere Y, we have n(Y,s, g) € %Z. When Y is an integral
homology sphere, n(Y,s, g) is an integer and has the same parity as the Rokhlin
invariant p(Y).

We can consider the following element in ¢:7
1) S(Y,s) :=[(Iy.dimg V(D)% dimyg V(H)?, + in(Y.s,g))].
Notice that the level of S(Y,s) is always 0.

6Since Y is a rational homology sphere, there is a unique flat spin connection on S; we choose it as
the base connection and use it to define .

7Our convention is different from [19] and [21] , where the second component in the triple denotes the
complex dimension of the G —representation.
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Theorem 4.8 (Manolescu [19; 21]) The element S(Y,s) € € is independent of the
metric g, the cut-off v and the other choices in the construction. Thus S(Y,s) is an
invariant of the pair (Y, s).

Remark 4.9 In this paper, since we only use the numerical invariants, we don’t need
to make € a category and S(Y,s) a functor. Therefore, we don’t define S(Y,s) as a
natural spectrum invariant. See Section 3.4 of [18] for a discussion about naturality.

Suppose W is a smooth spin cobordism between rational homology 3—spheres Y
and Y7 with b (W) = 0. Further, we assume that W is equipped with a metric g and
a spin structure t such that g|y, = g; and t|y, =s;.

The following theorem is important for our constructions:

Theorem 4.10 (Manolescu [19; 21]) By doing finite-dimensional approximation for
the Seiberg—Witten equations on W, we obtain an admissible map

(22) [zl sboH (py, e DybiH (|

Here (Iy), and (I1), are the Conley indices for the approximated Seiberg—Witten flow.
Let V; denotes the Coulomb slice on Y;, for i =0, 1. The differences in the suspension
indices are

(23) ao—a; =dimg V1(D)?, —dimg Vo(D)2, — b (W),
(24)  bo—by = dimy Vy(H)°, — dimy Vo(H)°,
+ %H(Yl,ﬁl, gl) - %n(Y()’ﬁO’ gO) - %O—(W)

5 Numerical invariants

Let Y be a rational homology sphere and s be a spin structure on Y . In the previous
section, we defined an invariant S(Y, s) € €. In this section, we will extract a set of
numerical invariants xo; (Y, s) from S(Y,s) for i € Z/8.
Definition 5.1 For / =—-2,—1,0,...,5, we define the group homomorphisms

¢;: KO(ID) - Z
as follows (see Theorem 2.13):

(@ For [ =0, ¢g;(D) = —1 and ¢;(A) = ¢;(B) = 0, then extend ¢; by the
multiplicative structure on RO(G).
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(b) Forl=—1,-2, ¢;(y(D)y =1 and ¢;(y (D) 4™) = 0 for n > 1.

(¢) Forl =1, ¢;(n(D)) =1.

(d) Forl=2, ¢;(n(D)?) =1 and ¢;(y(D)?>4™c) =0.

(e) For !/ =3, ¢;(y(D)A(D)) =1 and ¢;(y(D)A™c) =0.

(H) Forl =4, ¢;(A(D)) =1, ¢;(DA(D)) =—1, and ¢;(A"A(D)) = ¢;(A™¢) =0.
(g) Forl =5, gs(n(D)AM(D)) =1.

For other values of / € Z, we use the Bott isomorphism to identify KO(/ D) with
KO((/ —8k) D) for —2 <[ —8k < 5 and apply the above definition.

Lemma 5.2 For any a € KOg(pt) and b € KOg(kD), we have ¢o(a)pr(b) =
gr(a-b).

Proof This is a straightforward calculation using Theorem 2.13 and Theorem 2.16. O

Remark 5.3 The map ¢ just takes the trace of j € Pin(2); the other ¢; are defined
such that the torsion elements are killed and Lemma 5.2 holds.

We consider the map t: D™ — DT which maps x to —x. By suspension with copies
of D, we get an admissible involution t: (kD)* — (kD)™ for k > 0.

The following lemma is a straightforward corollary of the equivariant Hopf theorem
(see [7]).

Lemma 54 When 0 < k < [, any admissible map f: (kD)™ — (ID)" is G-
homotopic to the standard inclusion. For 0 < k = [, any admissible map f: (kD)* —
(kD)% is either homotopic to T or to the identity map, depending on deg( f).

The map t induces the involution 7*: KOg (kD) — KOg (kD). For k,l > 0 and
any a € KOg(kD), b € KOg(ID), the following equalities are easy to check by
Lemma 5.4:

(25) ™@a)-b=a-t*(b)=1*(a-b) and t*(a)-t*(b)=a-b.

Using this fact, we can define 7*: KOg (kD) —KOg (k D) for any k € Z by identifying
KOg (kD) with KOg (k' D) for any 0 <k’ =k mod 8 using Bott periodicity. Moreover,
formula (25) now holds for all k,/ € Z.

Now consider the element u € RO(G) defined by t*(bgp) = u-bgp. Then for [ € Z
and any element o € KOg(/D), we have t*(«) -bgp = a - t*(bgp) = (ua) - bgp,
which implies t*(«) = ucx.
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Lemma 5.5 We have the following properties about t* and u :

(a) t* acts as identity on KOg (/D) for [ # 0,4 mod 8.
(b) u is a unit with ¢o(u) = 1.
(c) grot* =¢; foranyl eZ.

Proof (a) Wehave y(D)bgp =i*(bgp), where i * is the inclusion (7D)* — (8 D).
Therefore, we get t*(y(D)bgp) = (t o i)*(bgp). By Lemma 5.4, toi is G-
homotopic to i, thus t*(y(D)bgp) = i*(bgp) = y(D)bgp, which implies that
™ (y(D)) =y (D).

Since t* induces an involution on KOg(D) = Z, we have t*(n(D)) = £n(D).
But since

t™*(n(D))-y(D) =n(D)-t*(y(D)) =n(D)y(D) =1— D # —n(D)y (D),

we get ¥ (n(D)) = n(D).

By formula (25), t*(a) = a implies t*(ab) = ab for any b. Therefore, we see that t*
acts as the identity map on KOg (kD) for k # 0,4 mod 8.

(b) We have u? = 1 because 72 = id. Since
u-(1=D)=1"(1-D)=7*(y(D)-n(D)) =y(D)-n(D)=1-D,
we see that (u—1)(1— D) =0. We get ¢o(u) = 1 by Lemma 5.2.

(¢c) This is straightforward from (b) and Lemma 5.2. O

Now suppose X is a space of type SWF at level /. A choice of G—homotopy equiv-
alence XS' ~ (ID)* gives us an inclusion map i: (/D)* — X, which we call a
trivialization; this induces the map i*: K\ég(X ) = KOg (I D). Consider the map
proi*: IZBG(X) —> 7.

Proposition 5.6 The submodule Im(i*) and the map ¢; o i* are both independent
of the choice of the trivialization. Moreover, we have Im(g; o i*) = (2") for some
ke ZZO .

Proof By Lemma 5.4, there are two possible trivializations, i and i o t. We have
Im(iot)* =1*(Imi*) =u-Im(i*). Since u is a unit, the multiplication by u does not
change the submodule Im(i *). Moreover, we have g;o (i o7)* = gjot*0i* = ¢joi*
by Lemma 5.5(c).
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For the second statement, we consider the exact sequence
—_— i § o~
.. = ROg(X) > KOg(ID) — ROL(X/X5") — ...

Since the G —action is free away from the basepoint and (1 — D) € RO(G) is in the
augmentation ideal, (1— D) acts on KO IG (X/x*$ 1) nilpotently by Fact 2.8. Therefore,
we can find m > 0 such that (1— D)" KOg (/D) C ker(§) = Im(i*). It follows that
2" e Im(g; 0i*) and Im(g; 0i*) = (2%) for some 0 <k < m. ad

Proposition 5.6 justifies the following definition:

Definition 5.7 For a G-space X of type SWF at level /, we define J(X) to be
the image of i* for any trivialization i, and let xo(X) be the integer k such that

o1(J (X)) = (2%).

Let’s study the properties of 7(X) and xo(X). First, recall that we defined the constants
,Bk—Oandﬂk— l chk ; for j > 1, where o; =1 fori =1,2,3, 5mod8and
a;j =0 fori =0,4,6,7 mod 8. It’s easy to see that ,Bk ,Bk for j = j’ (mod8).
The integers ,Bk are important because of the following proposition:

Proposition 5.8 For integers 0 < j < k and an admissible map i: ((k ~J YD)T —
(kD)™ , we have the following commutative diagram, where the map m’ i lL—>1Lis
multiplication by 265 :

KOG (kD) ——~ KOg((k — j)D)
26) j o j Oij

mj

Z Z

Proof The case j = 0 follows from Lemma 5.5. When j > 0, by Lemma 5.4, the
map i is G-homotopic to the standard inclusion. Because of the associativity of i *
and mé‘ , we only need to prove the case j = 1. In this case, the map i* is just the
multiplication by y (D) and m}( is the multiplication by 2% . Since both ¢ and i * are

compatible with the Bott isomorphism, we only need to check the cases k =1,2,...,8.
This can be proved by straightforward calculations using Definition 5.1, Theorem 2.16
and Theorem 2.13. |

The following proposition studies the behavior of 7 (X) and xo(X) under the Bott
isomorphism:
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Proposition 5.9 Let X be a space of type SWF at level k. We have the following:
(@) J(X)-bgp =T(Z8PX) and ko(Z3P X) = ko(X).
b)) JX)-(K—=2H+D+5) =727 X) and ko(Z*H X) = ko(X) + 2.
© «o(ZHHHPX) = ko(X)+3 -6,
Proof (a) Since (8P X)S "= y8D (XS 1), statement (a) follows from the functori-
ality of the Bott isomorphism.

(b) We have the commutative diagram induced by the inclusions of subspaces:

KOg (228 X) KOg(X)

27) L j

KOG (22 x)S')y —=~ KOg(x5")

Since (£2H x)S' = 52H(xS"), the map in the bottom row is the identity. If
we identify KOG(EZH X) with KOG(X ) using the Bott isomorphism, then the
top horizontal map is the multiplication by y(H)*b,g = K —2H + D + 5 (by
Theorem 2.16). This implies that J(22H X) = (K —2H + D + 5)J(X). We also
have ko(S27 X) = ko(X) + 2 since ¢o(K —2H + D +5) = 4.

(c) Again, by inclusions of subspaces, we have

KOg(SHH4D x) KOg(X)

.

y(D)
KOG ((ZHH4P x)S'y = KOg(XS")

Since (ZH 4D x)S '~ 34D (xS ! ), the bottom horizontal map is the multiplication by
y(D)*. If we identify KOg(Z# 4P X) with KO (X) using the Bott isomorphism,
the top horizontal map is the multiplication by y(H +4D)bg+4p = 4(1 — D) (by
Theorem 2.16). Therefore, under appropriate trivializations, we see that the maps

i*: KOg(X) = KOg(ZH P X) - KOG ((k +4)D)
and
i}: KOg(X) — KOg (kD)

are related by y(D)* -if(x) =4(1—-D)-iJ(x). Since o(4(1— D)) = 8, statement (c)
follows from Proposition 5.8 (for j = 4) and Lemma 5.2. O
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We have the following proposition, which is the analogue of [21, Lemma 3.8].

Proposition 5.10 Let X and X, be spaces of type SWF. Suppose there is a based
G —equivariant homotopy equivalence f from "R X, to X"RX, for some r > 0.
Then we have J(X1) = J(X3,) and ko(X;) = ko(X3).

Proof The proof in [21] works with some modifications. Suppose X7, X, are both at
level k. By Proposition 5.9(a), we can replace X; by L8P X; and assume k > 1. Also,
we can suspend some more copies of R and assume that 8 | 7. Choose trivializations
i1 and i, of X; and X, respectively. They give homotopy equivalences

R +kD)t = (="Bx)S" and (FR+kD)" = (2R x,)S".

Composing them with fSl: (E’RXI)S1 — (EJ’RX2)S1 , we get the equivariant ho-
motopy equivalence /: (rR +kD)T — (rR+ kD)™ . Since k > 1, by the equivariant
Hopf theorem, / is based-homotopic to 7y AT,. The map 7;: (rR)* — (rR)™ is either
the identity or a map with degree —1. Therefore, 7{(b,r) = a-b,r, Where b,R is the
Bott class and a € RO(G) is a unit. Also, 75: (kD)* — (kD)™ is either the identity
or the map t we defined before. Tllgrefore, 75 (x) is either X or ux (see Lemma 5.5).
We have shown that the map /#*: KOg((rR + kD)%) — KOg((rR + kD)) is just
multiplication by some unit in RO(G), which does not change any submodule.

Now consider the following commutative diagram:

*

KOG (X,) —> KOg (2R X,) KOg(="RX;) — > KOg(X7)

E | oo Jamr |

KOg(kD) — KOg((rR+kD)") s KOG((rR+kD)T) —= KOg(kD)

In each row, the first map is a Bott isomorphism and the third map is the inverse to
a Bott isomorphism. We see that b,g - Im(i)) = h*(b,r - Im(i})) = b,g - Im(i]).
Therefore, we have Im(i{) = Im(i}’), which implies ko(X7) = ko(X3). O

Definition 5.11 For a spectrum class S = [(X,a, b)] € €, we let
(28) ko(S) = ko(SEM—AOD g eN=bVH yy _ >N _ g

forany M, N,b’ € Z and s €[0, 1) making 8M —a>0,2N —b'>0and b =b"+5.

Proposition 5.12 «o(S) is well-defined.
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Proof By Proposition 5.9(a)—(b), it’s easy to prove that the right-hand side of formula
(28) is independent of the choice of M, N. By choosing M, N > 0, we see that
changing the representative of S from (X, a,b) to (SPX,a+1,b) or (ZH X, a,b+1)
does not change the value of xo(S). By Definition 4.3 and Proposition 5.10, we proved
that ko(S) does not change when we change the representative of the spectrum class. O

By definition of the suspension of a spectrum class and Proposition 5.9, it is easy to
prove:

Proposition 5.13 For any spectrum class S € € at level k, we have:
o k0(28PS) =«o(S).
e ko(T*S) =ko(S)+2.
o ko(THH4DS) = ko(S)+3 —ﬂ,‘i+4.

With these discussions, we can now define the invariants for 3—manifolds.

Definition 5.14 For an oriented rational homology sphere Y and a spin structure s
on Y, we define ko;(Y,s) = ko(XPS(Y,s)) for any i € Z>o. Then xo;(Y,s) =
ko;+g(Y, s), which allow us to define xo; (Y, s) for i € Z/8.

6 Proof of Theorem 1.6

In this section, we will prove Theorem 1.6.

Let Xy, X; be two spaces of type SWF at level ko and k;, respectively. Suppose
there is an admissible map f: Xy — X7 (which implies ko < k). By Proposition 5.8,
we can choose suitable trivializations such that the following diagram commutes:

*

KOg(X1) KOg(Xo)

L
(st

KOg (k1 D) — KOg (ko D)

Pk (25
l 1 k1—ko l 0
mkl

Z Z

Therefore, we get mg_ko (Im(gg, 0if)) CIm(gg, oig). This implies that
@IV ¢ (o) c g,

Therefore, we get the following proposition:
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Proposition 6.1 Let Xy, X; be two spaces of type SWF at levels ko and k1, respec-
tively. Suppose there is an admissible map f: Xy — X;. Then we have

(29) ko(Xo) < ko(X1) + B HO.
Next we generalize this inequality to the spectrum classes:

Definition 6.2 Let Sy, S1 € € be two spectrum classes. We say that Sy dominates .S
if we can find representatives S; = [(Xj, @, b)] for i = 1,2 and an admissible map f
from X, to X7.

Proposition 6.3 Let Sy, S1 € € be two spectrum classes at levels ko and k1, respec-
tively. Suppose S¢ dominates S1. Then we have

(30) ko(So) < ko(S1) + Byl .

Proof Since an admissible map f: Xy — X7 gives an admissible map

ZaH-i—bD f: EaH-i—bD XO N EaH+bD Xl

for any a, b € Z>, this proposition is a straightforward corollary of Proposition 6.1
and Definition 5.11. O

By considering the natural inclusion X — P X, it is easy to see that S always
dominates £ 2§ . Therefore, we get the following corollary, which will be useful in
Section 8.

Corollary 6.4 For any spectrum class S € € at level k, we have

ko(S) < ko(EPS) + Ok +41-

Now let Yy, Y; be two rational homology 3—spheres and s; be spin structures on
them, respectively. Suppose (W, 5) is a smooth oriented spin cobordism from (Yj, s¢)
to (Y1,s1). After doing surgery along loops in W, we can assume that b; (W) =0
without loss of generality. Then by Theorem 4.10, we see that

o(

w) +
¥~ 16 H§(Yy,50) dominates xb2 (W)DS(Yl,sl).

We can do suspensions and prove that

o(

s~ H (5kD §(Yy,50)) dominates £®F HODg(y; 5

for any k € Z. Applying Proposition 6.3, we get:
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Theorem 6.5 Suppose (W, s) is a smooth, oriented spin cobordism from (Y, 5¢) to
(Y1,s1). Then for any k € Z, we have the inequality

+ g
bfov) KO(E—%”,V)H(EkDS(Yo,so)))-

GO kot Yo5) T B2 4 ) =

o) ,

In general, ko(X~ 16 H (4P S(Y,, 50))) can be expressed in terms of ko (Yo, o)
or kok+4(Y0, 50), but the explicit formula is messy. For simplicity, we now focus on
the integral homology sphere case.

Remark 6.6 Suppose Y is an oriented integral homology 3—sphere. There is a unique
spin structure s on Y, and we simply write S(Y, s) and «o0; (Y, s) as S(Y) and xo0;(Y),
respectively.

Suppose both Y; are integral homology spheres, then the intersection form of W is a
unimodular, even form. Let’s assume that the intersection from can be decomposed as

01
p(—Eg) g (1 0) for p,q > 0.
In this case, we have %O(W) = —%p and b;r(W) = ¢. Recall that the spectrum
class invariant S(Yy) is defined by
[(Zy. dimg V(D)2 dimg V(H)?, + 3n(Yo.5.2))]-

The third component of this triple may be an integer or a half-integer, depending on
the Rokhlin invariant p(Yy).

Proposition 6.7 Let Y, be an integral homology 3 —sphere and p € Z>(. Then we
have the following relations:

(a) Suppose w(Yy) =0 € Z,. We have
Ko(EgH(EkDS(YO))) = Koy (Yo) + 21 for p =41,
Ko(S2H (SKP S(Yy))) = kog 4 4(Yo) + 3 +21 — i for p =4l +1,
Ko(EgH(EkDS(YO))) =Kok 4+4(Yo) +3+2/ —,82 forp=41+2,

ro(2H (SKP S(Y,))) = wo (Yo) + 21 + 3 for p = 41 + 3.
(b) Suppose u(Yy) =1¢€ 7Z,. We have
Ko(ZgH(EkDS(YO))) = ko (Yy) + 2/ for p =41,

Ko(EgH(EkDS(YO))) = koy (Yo) + 21 + % forp=41+1,
Ko(22H (SKP S(Yy))) = kog 4 4(Yo) +3 421 — B} for p =4l 42,
Ko(EgH(EkDS(YO))) = kog+4(Yo) + % + 21— ﬂ,‘i for p =41 4 3.
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Proof Let’s denote (1,,,dimg V(D)% dimyg V(H)°, + 3n(Yo,s.g)) by (X.a.b).

For 1(Yo) =0 and p = 4/, we have b € Z. Take M, N > 0 andlet N' = N +1/.
Then by Definition 5.11 we have

(32) KO(E%H(EkD S(Y()))) — K0(2(8M+k_a)D E(2N+21_b)HX) —2N
— Ko(z(SM-‘rk—a)D E(ZN/_b)HX) _ 2N/ + 2]
= ko (Y) + 21.
For p =4/ + 1, take M, N > 0 and let N' = N +[. Then we have
(33) KO(ng(EkDS(YO))) — KO(E(8M+k_a)D E(2N+2[+1_b)HX) _ 2N _ %
H kD 1
= ko(SH (K (X, a,b))) + 21 —
= ko+4(Yo) + 3 +21 — B;.

The other cases can be proved similarly. |

Now, combining the above proposition and Theorem 6.5, we obtain Theorem 1.6.

7 The KOg —split condition

Now consider the space X = (8kD + (2] + 1)H)™ for k,[ € Z . We have the map
i*: KOg(X) — KOg(8kD)

induced by the inclusion. By Theorem 2.13, we see that KOg(8kD + (21 + 1)H)
is generated by (b2 ) (bsp)*A(H) and (b, )  (bsp)*c(H) as an RO(G)-module,
and the map i* is multiplication by y(H)**!. Using Theorem 2.16, we get

) i*((b21)! (b p)*A(H)) = (24 A—2D —2B)'(2—2D — B) - (b3p)".

i*((b21r)! (b p)*e(H)) = (A—2B) (B~ 4)- (bsp)*.
This discussion motivates the following definition:
Definition 7.1 Let X be a space of type SWF at level 8k. X is called even KOg—
split if 7(X) is the submodule generated by (244 —2D—2B)/(2—2D— B)-(bsp)¥
and (4 —2B) (B — A)-(bgp)¥ for some [ € Z>g.
Next, we consider the space X = ((8k +4)D + 2/ H)™" . The map

i*: KOg(X) — KOg((8k +4)D)
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is just multiplication by )/(H)zl. We know I/(\(/)G(X) = KOg((8k +4)D) - (o)’
by the Bott isomorphism. Since
y(H) (b)) =(K—2H+D+5!=(A+2D+6-2H)'
(see Theorem 2.16), we have
Im(i*) = (A+2D + 6 —2H)" -KOg((8k + 4) D) C KOg ((8k + 4) D).

This motivates the following definition:

Definition 7.2 Let X be a space of type SWF at level 8k + 4. X is called odd
KOg-split if J(X) = (A +2D +6—2H)! -KOg((8k +4)D) for some ! € Zxg.

KOg—split spaces are special because of the following proposition (cf Proposition 6.1).

Proposition 7.3 Let X, X; be two spaces of type SWF at levels kg, k1, respectively,
and let f be an admissible map from X, to Xi. Suppose that ky < ki and X, is odd
or even KOg —split (which implies that ko = 0 or 4 mod 8). Then we have

(35) ko(Xo) < ko(Xy) + B H.

Before proving this proposition, we need to make a digression into the general properties
of KOg(4D) and RO(G).

Lemma 7.4 The following properties hold:

(a) Any element in RO(G) can be uniquely written as bD + f(A) 4+ Bg(A) for
some polynomials f, g and integer b.

(b) Any element in RO(G) can be uniquely written as bD + f(A) + Hg(A) for
some polynomials f, g and integer b.

(¢c) Any element in KOg(4D) can be uniquely written as bDA(D) + f(A)A(D) +
g(A)c for some polynomials f, g and integer b.

(d) The map RO(G) — KOg (4 D) defined by multiplication by A(D) is injective.

(e) Anelement w =bDA(D)+ f(A)A(D)+ g(A)c belongs to RO(G)A(D) if and
only if 4| g(A). Moreover, if (A+2D +6—2H)'w e RO(G)-A(D) for some I,
then w € RO(G) - A(D).

(f) Suppose (A —2B) h(A, B) = 0 € RO(G) for some two-variable polynomial h
in A, B. Then we have h(A, B) = 0 in RO(G).

(g) Suppose f(D) = h(A, B) for some 2—variable polynomial h without degree-0
term and some polynomial f. Then h(A, B) =0.
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Proof (a)—(d) can be proved by straightforward calculation using Theorem 2.13.
The first statement of (e) is a corollary of (b), (c) and the relation HA(D) = 4c.
Let’s prove the second statement of (e). We have Hc = (1 + D + K)A(D) and
(2D +6)c = 8¢ = 2HA(D). Therefore, (A +2D +6—2H)'w € RO(G)A(D) implies
Alw € RO(G)M(D). It follows that 4 | A'g(A), which implies that 4 | g(4) and
w € RO(G)A(D).

For (f), we can assume that #(A, B) = f(A) + Bg(A) for some polynomials f, g.
Consider the map ¥: RO(G) — Q[x] defined by ¥ (D) = 1,¢¥(B) =x and ¥ (A4) =
x2/4 4 2x. Then

; 2\ X2 %2
0=y ((A-2B) (f(A) + Bg(a) = (5-) (£ (5 +2x) +xg (3 +2x)),
which implies that 0 = f(x2/4 4 2x) +xg(x?/4 4 2x). Considering the leading term
in x, we see that f(x) = g(x) =0.
For (g), we can simplify 4(A, B) as Ag;(A) + Bg,(A) for some polynomials g1, g»
by the relation B2 —4(A4 —2B) = 0. Then the conclusion follows from (a). a

Lemma 7.5 Suppose a(1—D)A(D)e(A+2D +6—2H)! KOg(4D) for some a € Z
and | € Z=q. Then we have 22+ | p,(a(1 — D)AM(D)).

Proof Since ¢4(a(l — D)A(D)) = 2a, the conclusion is trivial when / = 0. Now
suppose [ > 0. Let a(1—D)A(D) = (A+2D+6—2H)'-w for some w e KOG (4D). By
Lemma 7.4(e), we see that w € RO(G)A(D). Write w as (bD+ f(A)+ Bg(A))A(D).
By Lemma 7.4(d), we get a(1— D) = (A —2B —2D +2)'(bD + f(A) + Bg(A)).
Using the relation (1 — D)4 = (1 — D)B = 0, we can simplify this equality as
a(1—=D)—(f(0)+bD)(2—2D) = (A—2B) (b+ f(A)+ Bg(A)). By Lemma 7.4(g),
we get that (A —2B) (b + f(A) + Bg(A4)) =0 € RO(G). By Lemma 7.4(f), we have
b+ f(A)+ Bg(A) =0. This implies that = b(D—1)A(D) and ¢4(a(1—D)A(D)) =
—22+1p for some b € Z. m|

Lemma 7.6 Suppose a(1 — D) is in the ideal of RO(G) generated by
2+ A-2D-2B)'(2—2D—B) and (A—2B)'(B-A)

for some [ € Z>q. Then we have 213 | po(a(1 — D)).

Proof We assume / > 0 first. By Lemma 7.4(a) and the relation A(1 — D) =
B(1 — D) =0, we can express a(1 — D) as

(36) (2—2D—B)(2—2D + A—2B) (b(1—D) + fi1(A) + Bg(A))
+(A-2B) (B~ A)(f2(4) + Bga(A))
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for some integer b and polynomials f1, f2, 21,82

As in the proof of Lemma 7.5, we can simplify this formula and use Lemma 7.4(g)
to get

(37) —B(A—-2B)'(fi(4) + Bgi(A4))
+(A—2B) (B — A)(f2(A) + Bg2(A)) = 0 € RO(G).

We have —B(f1(A) 4+ Bgi1(A)) + (B — A)(f>(A) + Bg,y(A)) = 0 by Lemma 7.4(f).
Simplifying this, we obtain

(38) —4Ag(A)—Af2(A)+4A4g2(A)
+ B(—f1(A) + f2(A4) 4 8g1(A) — Ag»(A) —8g,(A)) = 0.
This implies that
—44g1(A) — Af2(A4) +44g2(A) =0,
—Jf1(A) +8g1(A) + f2(A4) — Ag2(A) —8g2(4) = 0.

Considering the degree-1 term of the first identity, we get 4 | f5(0). Also, we have
8| — f1(0)+ f2(0) by checking the degree-0 term of the second identity. Therefore, we
have 4 | £;(0), which implies that g (a(1 — D)) = 22/+2(2b + f1(0)) can be divided
by 22l+3 .

The case / = 0 is similar. We also get the identity (38). |

Proof of Proposition 7.3 Consider the commutative diagram

*

KOg(X1) KOg (Xo)

Et
(st

KOg (k1 D) — KOg (ko D)

2 (25
l ‘1 kl 7/(0 l 0
mkl

7 —— 7

(a) Suppose Xy is odd KOg—split. Then ko = 8k + 4 for some integer k and
KOg (ko D) = KOg(4D) - (bg D)k by the Bott isomorphism. Moreover,

Im(if) = (A+2D +6—2H) -KOg(4D) - (bgp)*
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for some / € Z>¢. A simple calculation shows that xo(Xy) = 2/. Suppose ko(X1) =r.
Then we can find an element z € KO (X) such that ¢, i{(z) = 2". Therefore
kl_k()

Oko(@) =21 where o = (fS)*(iX(2)).

Since ki > kg, the map (fSl)* factors through KOg((ko + 1)D) — KOg (ko D).
Therefore, we see that @ = y(D) - (an(D)A(D)) - (bgp)* = a(1 — D)A(D) - (bgp)*
for some a € Z. Because of the commutative diagram, we have o € Im(ij). By
Lemma 7.5, we get 22/+1 | @k, (). This implies that

2+ 1<r+pp R,

(b) Suppose Xj is even KOg—split with kg = 8k. Notice that ko(X) = 2/ + 2 if
J(X) is the submodule generated by (2+ 4 —2D —2B)! (2—2D — B)(bgp)* and
(4 —2B) (B — A)(bsp)F. Using Lemma 7.6, the proof is almost the same as the
previous case. a

By Proposition 5.9, we see that ©2H X and 8P X are even (odd) KOg —split if X is
even (odd) KOg —split. Therefore, Proposition 5.10 justifies the following definition:

Definition 7.7 A spectrum class S =[(X,a,b+r)] with a,b € Z,r €0, 1) is called
even (odd) KOg—split if, for integers M, N > 0, Y @M-a)Dy2N-D)H y g even
(odd) KOg—split.

Example 7.8 Forany a,b€Z and r €[0, 1), [(S°, 8a, 2b+1+7)] is even KOg—split
and [(S°,8a +4,2b +r)] is odd KOg—split.

The following proposition is easy to prove using Proposition 7.3
Proposition 7.9 Let Sy, S| € € be two spectrum classes at levels kg, k1 respectively,

with ko < kq. Suppose Sy is even or odd KOg —split and Sy dominates S;. Then
we have

(39) ko(So) < ko(S1) + ﬁ,’ill_ko.

Now let Y be a homology sphere. Recall that we have a spectrum class invariant S(Y)
at level 0.

Definition 7.10 Y is called Floer KOg—split if ¥ S(Y) is even KOg—split and
Y4P S(Y) is odd KOg —split.
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Remark 7.11 For simple examples like Y =+£3X(2,3,12n+1) or £X(2, 3, 12n+5),
the two conditions in the above definition are either both true or both false. We expect
that this fails in more complicated examples. If we only assume one of these two
conditions, only half of the cases in Theorem 1.11 are still true.

Remark 7.12 We will see in Section 8 below that S3, £%(2,3,12n + 1) and
—X(2,3,12n + 5) are Floer KOg—split, while +X(2, 3, 12n + 5) is not.

Proof of Theorem 1.11 When u(Yy) =0, S(Yy) = [(X, a, b)] for some space X
and some integers «, b. For large integers M, N, we have the following:
(i) The space »@M-a)D52N-b+DH y i even KOg —split.

(ii) The space SEM—a+)DN-b)H x g odd KOg-split.

Now consider p =4/ +m for m =0,1,2,3:

o For p=4l, STHS4DS(Yy) = (4P X, a, b — 21)] is odd KOg—split by (ii).

o For p=4l+1, T3HS(Yy) =[(S7 X, a,b—21+ 1)] is even KOg—split by (i).

e For p=4/+2, EgHS(YO) =[(ZH X,a, b —2I)] is even KOg-split by (i).

o For p=4l+3, S2H 4P §(Y,) =[(2*P X, a, b—21—2+1)] is odd KOG —split
by (ii).

Similarly, we can prove that, whepn w(o) =1, ERRY (Yo) is even KOg—split for
p =4l +2 and 4] + 3 while 227 54P S(Y,) is odd KOg-split for p = 4/ and
4/ 4+ 1.

Now repeat the proof of Theorem 1.6 for kK = 0 or 4, using Proposition 7.9 instead
of Proposition 6.3. Notice that the two sides of the same inequalities are either both
integers or both half-integers. The inequalities are proved. |

8 Examples and explicit bounds

In this section, we will prove Theorem 1.9 describing the values of ko;(S*) and
ko;(£3(2,3,r)) with ged(r,6) = 1. We will also use Corollary 1.12 to give some
new bounds for the intersection forms of spin 4—manifolds with given boundaries.
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8.1 Basic examples

If Y is a rational homology sphere admitting a metric g with positive scalar curvature,
then by the arguments in [19], we obtain

S(Y,s) =[(S°,0,n(Y,s)/2)].
In particular, S3 is Floer KOg —split and x0; (S?) = 0 for any i € Z/8.

Manolescu [21] gave two examples of spaces of type SWF that are related to the spec-
trum class invariants of the Brieskorn spheres -3 (2, 3, r). We recall the construction
here.

Suppose that G acts freely on a finite G—CW complex Z, with the quotient space
0=7/G.Let Z=(0,1]x Z)/ ~, where

(0,z) ~(0,z") and (1,z)~(1,Z) forall z,Z € Z,
denote the unreduced suspension of Z, where G acts trivially on the [0, 1] factor. We

can take one of the two cone points (say ( (0,z) e Z) as the base point and view Z asa
pointed G —space. It’s easy to see that Z is of type SWF at level 0.

We want to compute Ko(EkD 7 ) for k =0,1,...,7. It turns out that the method in
[21] also works here. Namely, the inclusion i: (Z‘kDZ)S1 = 3kDg0 _, wkD 7 gives
the long exact sequence

40)  ---— RKOg(ZFPZ) -5 KOg (kD) 2> KOL(Z*P Z, (kD)*) — - -

By exactness of the sequence, we have Im(i *) = ker(p*). By definition, we have

KOL(ZFPZ, (kD)') = KOL(S¥P 271 ) = KOg(=FP Z4).

By abuse of notation, we still use p* to represent the map between KOg (kD) and
@G(EkD Z+). Checking the maps in the exact sequence, one can see that p*
is induced by the natural projection p: >kD 7, — (kD)*. Since G acts freely on
kD 7 . away from the base point, we see that @G(Ek02+) >~ IZB((E"D Z4)/G).
Notice that (Z x kD)/G is a vector bundle over Q and (S¥PZ,)/G is the Thom
space of this bundle. We are interested in two cases:

e Z =~ (G, acting on itself via left multiplication.

o Zx=T=S8'xjS!cCx;jCcCH,with G actingon T by left multiplication
in H.

The first case is easy since the isomorphism

KOG (K 7, ) = KO(s¥)
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is given by i{ org, where i;: § k _ $kR 7, is the standard inclusion and
ro: KOG(Z¥PZ,) — KO(=FRz,)
is the restriction map (see Fact 2.4 in Section 2). It follows that Im(i *) = ker(p*) =
ker(i{ org o p*) = ker(r), where r: KOg (kD) — IZé(Sk) is the restriction map.
We know the structure of IZé(S ky.
e KO(S°) =~ KO(pt) = Z.
. IEE)(S )y =~ Z,, generated by the Hurewicz image of the Hopf map in 73(S?).
J IEE)(S %) = 7., , generated by the Hurewicz image of the square of the Hopf map.
J IEf)(S 4) =~ 7, generated by Vig — 4, where Vy is the quaternion Hopf bundle.
e KO(S¥)20 for k =3,5,6,7.

Therefore, by the explicit description of (D), A(D), ¢ after Theorem 2.13, we get
the following results about the kernel of r: KOg (kD) — KO(S ky.

e For k =0, ker(r) is the submodule generated by 1 — D, A, B.

e For k =1, ker(r) is generated by 2n(D).

o For k =2, ker(r) is generated by 2(D)? and y(D)?c.

e For k =4, ker(r) is generated by (D) —c, (1 — D)A(D), AL(D) and Ac.
e For k =3,5,6,7, ker(r) = KOg (kD).

From this, we get:

Proposition 8.1 We have KO(EkDé) =0 for k =3,4,5,6,7 and KO(EkDé) =1
fork=0,1,2.

Now let’s consider the case Z =~ T. We want to find ker(p*) for p*: KOg(kD) —
KOg(=KPT,). Notice that S! C G acts trivially on (kD)™ and freely on T,
with 7/S1 = S!. We have KOg(ZkPT,) = ﬁ)((zkl)sp/zz). The space
(EkD S_}_)/Zz can be identified with [0, 1] x (kD)% / ~, where

(0,x) ~(1,—x) and (f;,00) ~ (t,00) forany x € (kD)¥ and t;,, €0, 1].
Consider the inclusion i,: {0} x (k D)t — (ZkP Si)/Zz. Notice that
(Z*PS})/Z5)/(kD)* = ¥+,

We get the long exact sequence

@1) ---— KO (5¥+1) -2 RO(S¥+1) = RO((SKPS1)/Z4) =25 RO(SK) = --- |

Algebraic € Geometric Topology, Volume 15 (2015)



896 Jianfeng Lin

By checking the iterated mapping cone construction, which gives us this long exact
sequence, it is not hard to prove that § is induced by the map f: S k+1 _ gk+1 with
deg(f) =0 for even k and deg(f) = 2 for odd k.

When k = 2,4,5,6, we have @(Sk+1) = 0. Therefore, i} is injective, which
implies that i org: @G(EkD Ty)— IZT)((kD)ﬂ is injective (7] and rq are defined
as in the case Z =~ G'). We see that when k = 2,4, 5, 6, just like the case Z = G, the
kernel of p* is the kernel of the restriction map r: KOg (kD) — Izé(S kY. Thus, we
get ko(TkP T) = Ko(EkDé) for these values of k.

For k = 0, consider [0, 1] as the subset {1 + je’? | 8 €[0, 7]} C T. The left endpoint
is mapped to the right endpoint under the action of —j € G. This embedding of [0, 1]
gives us the following explicit description of the map

p*: RO(G) = KO (S°) — KOg(T4) = KOg(T) = KO(T/G) = KO(S1).

Starting from a representation space V of G, we get an trivial bundle V x [0, 1]
over [0, 1]. Identifying (x,0) with ((—j)ox,1) forany x € V, we get a bundle E
over S!. Then [E] € KO(S') is the image of [V'] € RO(G) under p*.

We know that KO(S!) is generated by the one-dimensional trivial bundle [1] and
the one-dimensional nontrivial bundle [m], subject to the relation 2([1] — [m]) = 0.
Using the explicit description of p*, we see that p*(1) = [1], p*(D) = [m] and
p*(A) = p*(B) = 0. Therefore, we get ko(T) =2.

Applying Corollary 6.4 for S = 22T we get ko(Z3PT) + 1 > ko(S2PT) = 1.
Applying Corollary 6.4 for S = 3P T, we get 0 = ko(Z*PT) + 0 > ko(Z3PT).
Therefore, we see that ko(X*PT) = 0.

Applying Corollary 6.4 for S = 20T and S = £PT, we get KO(ZDT) =1 or 2.
For k =7, the map &: If(\(J)(SS) — @(SS) is multiplication by 2. Since 126(57) =0,
we get KO((EkDS_L)/Zz) = Z,. This implies that

p*(2bsp -y (D)) =2p*(bsp -y (D)) = 0.
Therefore, 2bgp -y (D) € ker(p™*) and KO(E7DT) =0orl.

Lemma 8.2 We have ko(SPT) =2 and ko(S"PT) = 1.

Proof This can be proved directly using the Gysin sequence, but here we use a differ-
ent approach. Manolescu [21; 20] proved that S(—X(2,3,11)) = [(T, 0, 1)], where
—X(2,3,11) is a negatively oriented Brieskorn sphere. Therefore, by Definition 5.11
and Proposition 5.13, we get

K0; (—2(2,3,11)) = ko(SETDPT) 11— g4,
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In particular,
k03(—X(2,3,11) = ko(Z"PT)=2 and kos(—X(2,3,11)) = ko(EPT)-2.

Since —X(2, 3, 11) bounds a smooth spin 4-manifold with intersection form ((1) (1))
(see [21]), we can apply Corollary 1.12 for p =0, ¢ =1 and get xo5(—X(2,3,11)) >0,
which implies ko(SPT) > 2. We get ko(XPT) = 2 by our discussion before the
lemma.

We can also apply Theorem 1.6 for Y, = S3, ¥; = =X(2,3,11), p =0, ¢ = 1
and k = 2. We have ko3(—X(2,3,11)) > —1 and xo(Z7PT) > 1. Therefore,
ko(X7PT) =1 by our discussions before. |

We summarize our results in the following proposition.

Proposition 8.3 We have ko(Z%P 7:) =2 fork =0,1, ko(=kP 7~“) =1fork=2,7
and ko(S*PT) =0 fork =3,4,5,6.

Now we calculate ko; (=X (2, 3,r)) with ged(6,r) = 1. The spectrum class invariants
S(£X(2,3,r)) are given in [21].

Proposition 8.4 (Manolescu) We have the following results for S(+X(2,3,r)):

-, . n—l1
S(S(2,3,12n—1)) = (Gv \/ EG+,0,0)].
- 1
S(=2(2,3,12n—1)) =
S(2(2,3,12n—5)) =
S(=2(2,3,12n—5)) =

(
(
(

S(EQ.3, 120+ 1) = [($° vV 571G4.0,0) |
S(-2(2.3,12n+1)) = (
(

S(2(2,3,12n+5)) =

S(=%(2,3,12n 4 5)) = (SO v\ Gy, 0, %)]

Algebraic € Geometric Topology, Volume 15 (2015)



898 Jianfeng Lin

As we mentioned in Remark 7.12, % (2, 3, 12n+1) and —X(2, 3, 12n+5) are KOG -
split because of Example 7.8. Using the relations in Theorem 2.13 and Theorem 2.16,
it is not hard to prove that the space (8MD @ (2N +2)H)™ is not even KOg —split
for integers M, N >> 0. This implies that +3(2, 3, 12n + 5) is not KOg—split.

Since it’s easy to see that wedging with a free G —space does not change the ko invariants,
we don’t need to consider those = G 4 factors. By Definition 5.11 and Proposition 5.13,
we can use Propositions 8.1 and 8.3 to prove the results in Theorem 1.9 easily.

8.2 Explicit bounds

Now we use Corollary 1.12 and Proposition 3.1 to get explicit bounds on the intersection
forms of spin 4-manifolds with boundary +X (2, 3,r).

Theorem 8.5 Let W be an oriented, smooth spin 4—manifold with 0OW =+3%(2,3,r).
Assume that the intersection form of W is p(—Eg) @& q((l) (1)) forp>1,g>0°If
the reduction of p modulo 8 is m, then we have ¢ — p > ¢,,, where the ¢, are the
constants listed below. (Recall that the reduction of p modulo 2 is the Rokhlin invariant
of the boundary.)

(2,3, 12n—1) | 2 0 1 2
~¥@2,3,12n—=1) | 3 2 3

2.3, 12n+1) | (3) 1 2 3
~¥2.3,12n4+1)| 3 1 2 3

(2,3, 12n-5) | 1 2 3 3
~2(2,3,12n-5) | 2 )

$2.3,12n45) | () 0 )
~$(2.3.12n+5) | 2 3 4 4

Remark 8.6 Some of the bounds in Theorem 8.5 can also be obtained by other methods.
For example, the case m =2 for X (2, 3, 12n+1) can be obtained using the x —invariant
(see [21]). Also, some bounds can be obtained by the filling method for small »n. For

8Strictly speaking, by this we mean the spectrum class of (HT v Vi 23G4,0,1).
°It is easy to see that the conclusions are not true for p = 0, 1. For example, +%(2,3,12n — 1)
bounds a spin manifold with intersection form ((1) (1)) .
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example, the case m = 2,4 for —X(2, 3, 11) can be deduced from Theorem 1.2, using
the fact that (2, 3, 11) bounds a spin 4-manifold with intersection form 2(—Eg) &
2((1) (1)) . However, the bounds that we put in the parentheses in Theorem 8.5 appear to
be new for general 7.

Proof Since we can do surgeries on loops without changing intersection forms, we
will always assume by (W) = 0.

(a) Suppose X(2,3,12n + 1) bounds a spin 4—-manifold with intersection form
01
8I(—Eg)® (81 +2) 10

for / > 0. Then we get a spin cobordism from —X(2,3,12n 4 1) to S with the
same intersection form. By Theorem 4.10, T4 §(—X(2,3,12n + 1)) dominates
28+25(5%). Since S(—X(2,3,12n+1)) =[(SOVG L V---vG4,0,0)] and S(S?) =
[(S°,0,0)], by Definition 4.3, we get a map

f: EVR+(4I+M)H+ND (SO v G+ VeV G+) N EI’R+MH+(81+2+N)D SO

for some M, N € Z. Restricting to the first factor of S®Vv G, v ---Vv G4, we obtain

g S/ R+@+M)H+ND g0 _, 5 rR+MH+(8/+2+N)D g0

which induces a homotopy equivalence between the G —fixed point sets. This a contra-
diction with Proposition 3.1. The case m = 0 for X(2, 3, 12n + 1) is proved.

(b) Suppose X(2, 3, 12n + 5) bounds a smooth spin manifold with intersection form
01
@Bl +1)(—Esg)d(8/+2) (1 O)

for / > 0. Then we get a spin cobordism from —X(2, 3, 12n+5) to S3. As the previous
case, this implies that S/ +1/2H §(_5(2,3,12n + 5)) dominates TG/ TDD g(g3).
Since SHH/DH g(_5(2,3,12n+ 5)) = [(Z*H 59, 0,0)], we get the contradiction
as before. This proves the case m = 1 for X(2, 3, 12n +5).

(c) Suppose —X(2, 3, 12rn — 1) bounds a spin 4—manifold with intersection form

01
8] +2)(—Es)d(8/+3) (1 O)
for / > 0. By Corollary 1.12, we get

4l +3 <0345/ (-Z (2.3, 12n— 1) + 517 = —1 + 4+ 41,

which is a contradiction. This proves the case m = 2 for —3(2,3,12n—1).
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Using similar methods as in (c), we can prove all the other cases except

e m=0for £¥(2,3,12n—1) and —X(2,3,12n+ 1),

e m=7for ¥(2,3,12n—5) and —X(2,3,12n +5),

e m=1for —%(2,3,12n-15).
(d) We need to introduce another approach in order to prove the rest of the cases.
Consider the orbifold D?-bundle over S2(2, 3, ). This gives us an orbifold X’ with
boundary +X(2,3,r). We have b;'(X’) =0, b;(X) =1 and X’ has a unique spin
structure t. Now suppose —X(2, 3, r) bounds a spin manifold X with intersection

form p(—Eg) & q((l) (1)) Then we can glue X and X’ together to get an oriented
closed spin 4—orbifold. We have

indc P(XUX')=p+w(Z(2,3.r), X, 1).

Here w(X(2,3,7), X', t) is the Fukumoto—Furuta invariant defined in [13]. Saveliev
[28] proved that w(X(2,3,7), X', t) = —u(=(2,3,7)) = i(—2(2,3,r)), where 1 is
the Neumann—Siebenmann invariant [24; 25]. In [13], Fukumoto and Furuta considered
the finite-dimensional approximation of the Seiberg—Witten equations on the orbifold
X U X’ and constructed a stable Pin(2)—equivariant map

(3 indc DX UX)H)T — (bf (X uX)D)*

which induces a homotopy equivalence on the Pin(2)-fixed point set. (Recall that H
and D are Pin(2)-representations defined in Section 2). Since b;r (XUX')=g¢q and
indc (X UX')= p+ jii(—X(2,3,r)), we can apply Proposition 3.1 to get

qg—p=3+pn(=%(2,3,r)) if 0 < p+ p(—=%(2,3,r)) can be divided by 8.

Similarly, suppose X (2, 3,r) bounds a spin 4-manifold X’ with intersection form
p(—Ejg) EBq((l) (1)) . We can consider X’ U (—X) and repeat the argument above. We get

qg—p=2+u(2(2,3,r) if 0< p+ (X(2,3,r)) can be divided by 8.
The invariants (£33 (2, 3,r)) were computed in [24; 25; 31]:
w(EX2,3,12n—1)) = p(£2(2,3,12n+ 1)) =0,
w(x2,3,12n-5)) = u(—2(2,3,12n+5) =1,
wW(=x(12,3,12n—-35)) = iu(2(2,3,12n 4+ 5)) = —1.

Therefore, simple calculations prove the rest of the cases. O
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