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Asymptotics of a class of Weil-Petersson geodesics
and divergence of Weil-Petersson geodesics

BABAK MODAMI

We show that the strong asymptotic class of Weil-Petersson geodesic rays with narrow
end invariant and bounded annular coefficients is determined by the forward ending
laminations of the geodesic rays. This generalizes the recurrent ending lamination
theorem of Brock, Masur and Minsky. As an application we provide a symbolic
condition for divergence of Weil-Petersson geodesic rays in the moduli space.

30F60, 32G15; 37D40

1 Introduction

The Weil-Petersson (WP) metric is a Riemannian metric on the moduli space of
Riemann surfaces. Over the last decade various aspects of the geometry and dynamics
of the metric have been studied; however, in comparison with the Teichmiiller metric —
the most well-studied metric on the moduli space — much less is known about this
metric. The WP metric is incomplete, with sectional curvatures asymptotic to 0 and
—oo in the completion. These features in particular prevent applying some of the
standard techniques to study the global geometry and dynamics of the metric, for
example the shadow lemma for constructing geodesic rays with specific behavior. WP
geodesic rays are not necessarily visible (Jeffrey Brock, private communication). The
Weil-Petersson geodesic flow is not uniformly hyperbolic. Also, currently Markov
partitions are not available for coding of the WP geodesic flow.

Brock, Masur and Minsky [4], in analogy with the vertical geodesic lamination of a
Teichmiiller geodesic, introduced a notion of ending lamination for Weil-Petersson
geodesic rays. They conjectured that ending laminations, or a modification of them,
can be used to parametrize the visual boundary of the WP metric and also the stable
and unstable foliations of the WP geodesic flow. Furthermore, it is conjectured that
end invariants and the associated subsurface coefficients provide a kind of symbolic
coding for Weil-Petersson geodesics in the moduli space.

Further, Brock, Masur and Minsky [4; 5] explored several aspects of the mentioned
conjectures. Significantly, they proved that the forward ending lamination determines
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the strong asymptotic class of recurrent WP geodesic rays to the thick part of the
moduli space. Moreover, they showed that bounded combinatorics of end invariants
is equivalent to co-boundedness of the geodesic; the geodesic projects to a compact
subset of the moduli space. These results have dynamical consequences, among which
are the topological transitivity of the Weil-Petersson geodesic flow on the moduli space
and unboundedness of the topological entropy of the WP flow.

In [15] we considered WP geodesics with narrow end invariants, end invariants with a
certain constraint on subsurfaces with a big subsurface coefficient (see Definition 2.3),
and constructed examples of closed WP geodesics in the thin parts of the moduli space
as well as divergent WP geodesic rays with minimal filling ending laminations.

We prove the following result:

Theorem 1.1 (Narrow ending lamination theorem) The strong asymptotic class of
a WP geodesic ray with narrow end invariant and bounded annular coefficients is
determined by its forward ending lamination.

The strong asymptotic class of a geodesic ray r is the set of all the rays r’ with
d(r(t),r'(t)) — 0 as t — oo. The class of WP geodesic rays with narrow end invariant
and bounded annular coefficients contains geodesic rays which are not recurrent to any
compact subset of the moduli space (divergent rays); see [15, Section 8]. Heuristically,
these geodesic rays avoid all asymptotic flats in the WP metric and exhibit features
of geodesics in manifolds with negative sectional curvatures which are bounded away
from 0. This theorem is a generalization of the following result from [4].

Theorem 1.2 (Recurrent ending lamination theorem) The strong asymptotic class of
a WP geodesic ray recurrent to a compact subset of the moduli space is determined by
its forward ending lamination.

These theorems address the parametrization of the visual boundary of the WP metric
and characterization of the stable and unstable foliations of the WP geodesic flow using
laminations.

For the proof of Theorem 1.1 we use the control of the length functions along WP
geodesics developed in [15] and ruled surfaces as in [4]. The new ingredient here is
the strict uniform contraction property of the nearest point projection to WP geodesic
segments close to the thick part of a stratum which is not the product of lower complexity
strata; see Section 5, in particular Theorems 5.1 and 5.14. The contraction property
is proved using some of Wolpert’s estimates on the WP metric, the WP Levi-Civita
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covariant derivatives and sectional curvatures in the thin part of the Teichmiiller space
and compactness arguments.

For WP geodesic rays with prescribed itinerary, as in Theorem 3.1, using the contraction
property we can guarantee the existence of regions with a definite negative total
curvature on ruled surfaces with one side on the ray with prescribed itinerary; see
Section 4 and the proof of Theorem 6.2.

A geodesic ray r in a metric space is visible if for any other geodesic ray r’ there
is an infinite geodesic (strongly) asymptotic to r in the forward time and (strongly)
asymptotic to 7’ in the backward time. In a complete Riemannian manifold with
negative sectional curvatures bounded away from O every geodesic ray is visible. For
the notion of visibility and some of its dynamical consequences see Eberlein [9]. In the
regions with a definite negative total curvature as above we are able to pick up enough
negative curvature on the ruled surface so that, using a variation of the Gauss—Bonnet
formula, asymptotic convergence to the ray with prescribed itinerary is guaranteed
(Theorem 6.2). Using a similar technique we overcome the difficulty caused by the
fact that the sectional curvatures of the WP metric are not bounded away from 0O in the
thin part of the Teichmiiller space, and we prove visibility of the class of geodesic rays
with narrow end invariant and bounded annular coefficients in Theorem 6.5.

Finally, as an application of our ending lamination theorem we prove a symbolic
condition in terms of subsurface coefficients for divergence of WP geodesic rays in the
moduli space:

Theorem 6.7 (Divergence condition) Let A, R, R’ > 0. Let (v_,v") be an A-
narrow pair on a Riemann surface S with R’-bounded annular coefficients, and suppose
that dg(v™,v™) < R. Then a WP geodesic ray with end invariant (v=, v™") is divergent
in the moduli space M(S).
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communications related to this work.
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2 Background

Notation 2.1 Let f,g: X — RZ9 be two functions. Let K > 1 and C > 0 be two
constants. We write f <k c g if

1
Eg(x)—C < f(x) < Kg(x)+C forevery x € X.
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2.1 Curve complexes and hierarchy paths

Let § = S, p be a finite-type, closed, orientable surface with genus g and b punctures
or boundary components. Define the complexity of S by £(S) =3g—-3+5b. A
subsurface of S is an embedded, closed subsurface of .S with non-peripheral boundary
curves.

The curve complex of the surface S, denoted by C(S), is a flag complex which serves
to organize isotopy classes of simple closed curves on a surface. The complex is defined
as follows: When £(S) > 1, each vertex of the complex is the isotopy class of an
essential simple closed curve, with an edge between each pair of isotopy classes with
disjoint representatives on S. In the same fashion there is a k—simplex corresponding
to any set of k 4+ 1 pairwise disjoint simple closed curves on S. When £(S) =1,
S is So,4 or S1,1. The definition of the curve complex is the same, except that there
is an edge between any pair of isotopy classes of curves with representatives with
intersection number 1 in the case of Sj,; and 2 in the case of So 4.

When Y C S is an annulus with essential core curve the definition is slightly different.
Let Y be the annular cover of S to which Y lifts homeomorphically. There is a
natural compactification of Y to a closed annulus ¥ which is obtained from the
compactification of the Poincaré disk (the universal cover of S) by the closed disk.
A vertex of C(Y) is associated to an arc connecting the two boundary components
of ¥ modulo isotopies that fix the endpoints (isotopy classes of arcs relative to the
boundary). There is an edge between two vertices which have representatives with
disjoint interiors.

We equip the curve complex with a distance by making each simplex Euclidean with
side lengths 1, and denote the distance by ds = d¢(s). One can easily verify that the
curve complex of any annular subsurface is quasi-isometric to Z. Moreover, Masur and
Minsky in their seminal work [12] proved that the curve complex of S is §—hyperbolic,
with § depending only on the topological type of S.

A multi-curve on the surface S is a collection of pairwise disjoint curves. Let 0 and t
be two multi-curves. We say that o and t overlap, and write o h t, if there are curves
«a € 0 and B € t that intersect each other essentially (ie cannot be realized as disjoint
curves on S).

Laminations Fix a complete finite-area hyperbolic metric on S. A geodesic lam-
ination on S is a closed subset of S consisting of complete, simple geodesics. In
particular, Co(S) C GL(S). Geodesic laminations provide a natural completion for the
curve complex and Teichmiiller space.

Algebraic & Geometric Topology, Volume 16 (2016)



Asymptotics and divergence of Weil—Petersson geodesics 271

Each geodesic lamination can be equipped with a transverse measure [16]. The pair of
a lamination and a transverse measure is called a measured geodesic lamination. We
denote the space of measured geodesic laminations equipped with the weak ™ topology
by ML(S). RT acts on ML(S) by rescaling measures; each equivalence class is
called a projective measured lamination. We denote the quotient space by PML(S).

Recall that the curve complex of .S is Gromov hyperbolic. By a result of Klarreich [11]
the Gromov boundary of the curve complex is identified with the ending laminations
space EL(S). The space EL(S) is the image of projective measured laminations
with minimal filling support in G£(.S) under the measure-forgetting map. Moreover,
EL(S) is equipped with the topology induced from the topology of PML(S) via the
measure-forgetting map.

Pants decomposition and markings A pants decomposition P on S is a maximal
set of pairwise disjoint curves on S. A (partial) marking | is obtained from a pants
decomposition P by adding transversal curves to (some) all of the curves in the pants
decomposition. We call P the base of p and denote it by base(u). The set of all pants
decompositions can be turned into a metric graph which is called the pants graph. For
this purpose we put a length-one edge between any two pants decompositions which
differ by an elementary move. Similarly, the markings can be turned into a metric
graph called the marking graph. For more detail see [13].

Subsurface coefficient An essential subsurface Y C S is a compact, connected
subsurface of S whose boundary consists of essential curves in S or boundary curves
of §, and which is not a 3-holed sphere. In this paper we do not distinguish between
a subsurface and its isotopy class.

Let Y € § be an essential subsurface. We define the subsurface projection map
wy: GL(S) — PCo(Y),

where PCo(Y) is the power set of Co(Y) as follows: Equip S with a complete hy-
perbolic metric and realize all curves and laminations geodesically. Let A € GL(S).
Suppose that Y is a non-annular subsurface. If A NY = &, then define ny (1) = &.
Otherwise, consider the set of arcs with endpoints on dY or at cusps in the intersection
locus A N'Y. Identify all of the curves and arcs that are isotopic. Through these
isotopies the endpoints of arcs are allowed to move within dY . The projection 7y (1)
is the union of the boundary curves of a regular neighborhood of a U dY, where a is
an arc we obtained above, and all the closed curves we obtained above.

For an annulus Y, the subsurface projection is the set of component arcs of the lift
of A to Y (the compactification of the annular cover of S to which Y lifts homeomor-
phically) that connect the two boundaries of Y . For more detail see [13, Section 2].
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The projection of a multi-curve ¢ to a subsurface Y is the union of the projections
my () of all @ € 0. Let u be a partial marking. If Y is an annular subsurface with
core curve « € base(u), then my (u) is the set of transversal curves of «. Otherwise,

my () = my (base(u)).

The Y subsurface coefficient of two laminations or (partial) markings p and ' is
defined by

(2-1) dy (. 1) = min{dy (y,y') 1 y € wy (w), v’ € wy (1)}

Note that the subsurface coefficients are an analogue of continued fraction expansions
of real numbers. We use subsurface coefficients to study geodesics on moduli spaces,
similar to the role of continued fraction expansion in the study of geodesics on the
modular surface.

We denote by diamy (i) the diameter of wy (1) viewed as a subset of C(Y). The
following lemma is a straightforward consequence of [13, Lemma 2.3].

Lemma 2.2 Let u be a (partial) marking on a surface S . For any essential subsurface
Y C S we have
diamy (u) < 2.

The hierarchy paths introduced by Masur and Minsky [13] comprise a transitive family
of quasi-geodesics in the pants graph of a surface with quantifiers depending only on the
topological type of the surface. These quasi-geodesics are constructed from hierarchies
of geodesics in subsurfaces of the surface. The main feature of hierarchy paths is that
their properties are encoded in their endpoints and the associated subsurface coefficients.
For a list of the properties of hierarchy paths see [5; 15].

Let (u™, u") be a pair of (partial) markings or laminations. Let p: [m,n] — P(S),
where [m,n] € Z U {00}, be a hierarchy path with p(m) = 1~ and p(n) = u*. An
important property of the hierarchy path is the following: There are subsurfaces Y called
component domains; corresponding to each component domain there is a connected
subinterval Jy C [m,n] such that 0Y C p(i) for all i € Jy. Moreover, there is a
constant M7 > 0 depending only on the topological type of the surface so that any
subsurface Y with dy (1™, ) > M, is a component domain.

Using the machinery of hierarchies Masur and Minsky [13] established the following
quasi-distance formula: given A > M, there exist constants K > 1 and C > 0 such
that for any P, Q € P(S) we have

(2-2) d(P.Q)<kc Y, {dy(P.Q)a.

Ycs

non-annular
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Here the cutoff function {-}4: R — R™ is defined by

(alq = a ifa> A,
A7V0 ifa<A.

We call A the threshold constant and K and C the corresponding multiplicative and
additive constants.

In the following we define two constraints on subsurface coefficients which would be
used in this paper.

Definition 2.3 (Narrow pair) Let A > 0. An A-narrow pair of (partial) markings or
laminations (u~, u) is a pair such that, for an essential subsurface Z, if

dz(n=,u) > A,

then Z is large, ie each connected component of S\Z is an annulus or a three-holed
sphere. In [15] we proved that any hierarchy path between a narrow pair is stable in
the pants graph.

Definition 2.4 (Bounded combinatorics) Given R, R’ > 0. Let p: [m,n] — P(S)
be a hierarchy path. Let i, j € [m, n]. We say that p has non-annular (R, R’)-bounded
combinatorics over [i, j] C Jz if

dy (p(i). p(j)) = R

for every essential non-annular subsurface ¥ C Z, and if

dy(p(i).p(j)) < R’

for every y € Co(Z).

2.2 Weil-Petersson metric

Let S be a surface with only punctures (no boundary curves). A point in the Teichmiiller
space of the surface S, denote by Teich(S), is a complete finite-area hyperbolic surface
equipped with a diffeomorphism A: S — x. The diffeomorphism % is a marking of x.
Two marked surfaces i1: S — x1 and hy: S — x5 define the same point in Teich(S)
if and only if /5 o hl_l: X1 — X7 is isotopic to an isometry. The moduli space of S,
denoted by M(S), is the quotient of Teich(S) by the action of the mapping class
group of S, denoted by Mod(S), on Teich(S) by precomposition (re-marking).

The e—thick part of the Teichmiiller space consists of all x € Teich(S) with injectivity
radius inj(x) > €. The e—thin part consists of all x with inj(x) < €. Suppose that € is
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small enough that the collar lemma (see [6, Section 4.1]) implies that there is no pair of
intersecting closed geodesics of length less than or equal to € on a complete hyperbolic
surface. Given a multi-curve o we define the open regions in Teichmiiller space

Uc(o) ;= {x € Teich(S) : £y (x) <€ Ya € 0},
Ue,e'(0) := {x € Teich(S) : £y (x) <€ Ya € o and £, (x) > €' Vy ¢ 0}.

For a comprehensive introduction to the Weil-Petersson metric and its properties we
refer the reader to [20; 18]. Here we only recall some of the properties of the metric
which are important for us. The Weil-Petersson (WP) metric is a Riemannian metric
with negative sectional curvatures on the Teichmiiller space. The metric is incomplete
due to possibility of pinching curves along paths with finite WP length. However, there
is a unique WP geodesic between any two points in the Teichmiiller space, so the metric
is geodesically convex. The WP sectional curvatures are negative and asymptotic to
both 0 and —oo in the completion. The completion is a CAT(0) metric. The metric is
invariant under the action of Mod(.S) and descends under the natural orbifold cover to
a metric on M(S).

The Weil-Petersson completion of the Teichmiiller space Teich(S) is the disjoint
union of o—strata denoted by S(o), where o is a multi-curve. S(o) consists of
nodal Riemann surfaces at 0. Equivalently, each point in S(o') is a marked complete
hyperbolic surface with a pair of cusps for each curve in 0. The WP completion of the
Teichmiiller space descends to the Deligne—-Mumford compactification of the moduli
space M(S) via the action of the mapping class group. M(S) is the union of finitely
many strata. Each stratum is the quotient of the strata of Teich(.S) which are identified
by the natural extension of the action of Mod(S) to the completion.

The WP metric has the following non-refraction property: given points x, y € Teich(S),
the interior of the unique geodesic connecting x and y is in the smallest stratum
(with respect to inclusion of strata) that contains x and y. The following strengthened
version of Wolpert’s geodesic limit theorem (see [17] and [5]), proved in [15, Section 4],
provides a limiting picture for a sequence of bounded-length WP geodesic segments in
the Teichmiiller space. We need this result for compactness arguments in Section 5.

Theorem 2.5 (Geodesic limits) Given T > 0, let {,: [0, T] — Teich(S) be a se-
quence of WP geodesic segments parametrized by arc-length. After possibly passing to
a subsequence, there are a partition 0 =tg < --- <tx+1 =T of [0, T], possibly empty
multi-curves oy, . ..,0k4+1, a multi-curve T = 0; Noj41 fori =0,1,...,k, and a
piece-wise geodesic

z: [0, T] = Teich(S)

with the following properties:
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() &((ti,ti+1)) CSR) fori =0,... k.
) t(t)eS(o;) fori =1,... k.

(3) Given a multi-curve o, denote by tw(o) the subgroup of Mod(S) generated
by positive Dehn twists about the curves in o. There are elements v, of the
mapping class group for each n € N so that either Y, = I or vy, is an unbounded
sequence, and elements T; , € tw(o; —T) fori =1,...,k+ 1 andany n € N
so that the following holds: For any t € [0, t1], ¥n(Cn(2)) — Z(z) as n — oo.
Foreachi =1,...,k andeachn e N, let ¢; =T po---0T1,noYy. Then for

any 1 € [t;,ti11], @in(Ca(0)) = (1), as n — oo

2.3 End invariants

There exists a constant L (Bers constant) depending only on the topological type of
the surface S with the property that any complete finite-area hyperbolic metric on S
has a pants decomposition (Bers pants decomposition) such that the length of every
curve in P is at most Lg; see [6, Section 5]. A Bers curve is a curve in a Bers pants
decomposition. A Bers marking is a (partial) marking obtained from a Bers pants
decomposition by adding transversal curves with representatives of minimal length.
Given a point x € Teich(S), suppose that x € S(o). A Bers pants decomposition
of x, denoted by Q(x), is the union of Bers pants decompositions of the connected
components of S'\o and the multi-curve o. A Bers marking of x, denoted by u(x),
is obtained from Q(x) with no transversal for curves in o.

By Brock’s quasi-isometry theorem [3] the coarse map
Q: Teich(S) — P(S)
which assigns to x € Teich(S) a Bers pants decomposition of x is a quasi-isometry

with constants Kwp > 1 and Cwp > 0 depending only on the topological type of S.

Definition 2.6 (Ending measured lamination) The weak™ limit in ML(S) of any
infinite sequence of weighted, distinct Bers curves along a WP geodesic ray r is an
ending measured lamination of r.

For any « € Cy(S), the a—length function assigns to a point x € Teich(S) the length
of the geodesic representative of « on the hyperbolic surface x. This notion of length
function has a natural extension to the space of measured laminations ML(S). Let
L e ML(S). We denote the value of the £-length function at a point x by £,(x).

Wolpert proved the following convexity property for length functions along WP
geodesics:
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Theorem 2.7 [20, Section 3] Let g be a WP geodesic. For any a € Co(S), £y (g (1))
is a convex function. Similarly, for any £ € ML(S), £-(g(t)) is a convex tunction.

In [5] the following notion of ending lamination for WP geodesic rays is introduced. Its
existence relies on the convexity of length functions along WP geodesics and properties
of CAT(0) spaces. Let r: [0,a) — Teich(S) be a WP geodesic ray.

Definition 2.8 (Ending lamination) The union of pinching curves along a WP geo-
desic ray r and the geodesic laminations arising as supports of all ending measured
laminations of r is the ending lamination of r, where a pinching curve of r is a curve «
such that £4(r(t)) >0 ast —a.

Definition 2.9 (End invariant of Weil-Petersson geodesics) To each open end of
a geodesic g: (a,b) — Teich(S) (we assume that 0 € (a, b)) we associate an end
invariant, which is a partial marking or a lamination. If the forward trajectory g|[o,»)
can be extended to b such that g(b) € Teich(S) then the forward end invariant v (g)
is any Bers marking (g (b)) (there are finitely many of them). Otherwise, v (g) is
the ending lamination of the forward trajectory ray g|9 ) Which was defined above.
We define the backward end invariant v~ (g) similarly by considering the backward
trajectory gl[o,q). We call the pair (v, pT) the end invariant of g.

We recall two important properties of the ending measured laminations proved in [4,
Section 2].

Lemma 2.10 (Decreasing of length along WP geodesic rays) Let £ be any ending
measured lamination of a WP geodesic ray r. Then £, (r(t)) is a decreasing function.

Lemma 2.11 Let r, — r be a convergent sequence of rays in the WP visual sphere
at x. Then if L, is any sequence of ending measured laminations or weighted pinching
curves for rp,, any representative L € ML(S) of the limit of the projective classes [Ly]
in PML(S) has bounded length along the ray r.

Let v be a measurable geodesic lamination. Suppose that there is a collection
of pairwise disjoint subsurfaces Z,, a = 1,...,m, with §(Z,) > 1 so that any
simple closed curve in S\ |J'_; Z, is isotopic to a boundary curve of one of the
subsurfaces Z,, and moreover that v,, the restriction of v to Z,, is minimal and
fills Z,. Foreacha =1,...,m, let £, be a measured lamination supported on v, .
Let y? € C(Z,) be a sequence of curves such that the projective classes [y5] converge
to [L4] in PML(Z,) as n — oo. For each n € N, let O, be a pants decomposition
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that contains {0Z,, y; |7, . Let ¢, be the maximally nodal hyperbolic surface at Q.
Let [x, ¢,] be the WP geodesic segment connecting a base point x in the interior of
the Teichmiiller space to ¢, . Denote the parametrization of [x, ¢,] by arc-length by ry,.
In [15, Section 8] we proved the following result:

Lemma 2.12 (Infinite ray) After possibly passing to a subsequence, the geodesic
segments r, converge to an infinite ray r in the visual sphere of the WP metric at x.
Moreover, the length of each measured lamination L,, a = 1,...,m, and each curve
a € 0Z, is bounded along r.

Let (v™,v™") be a narrow pair. The narrow condition implies that there is at most
one subsurface Y with £(Y) > 1 such that the restriction of v to Y is minimal and
fills Y. Suppose that such a component exists. Let p be a hierarchy between v
and vt. There is an N € N so that for all n € N we have

Y C p(n+ N).

Note that if ¥ = § then this statement vacuously holds. For each n € N, let 0, =
p(n + N) and y, be a curve in wy(Qy). After possibly passing to a subsequence,
the projective classes of the curves y, converge to the projective class of a measured
geodesic lamination supported on v’. Let x € Teich(S) be a point with a Bers marking
v~ . Let ¢, be the maximally nodal hyperbolic surface at Q. As before, let r be the
limit of the geodesic segments [x, ¢,] after possibly passing to a subsequence. In [15,
Section 8] we proved:

Lemma 2.13 The forward ending lamination of r contains v’.

3 Combinatorial control

Let g: [a, b] — Teich(S) be a WP geodesic with A—narrow end invariant (v—,v™"). Let
p: [m,n]— P(S) be ahierarchy path between v~ and v™. In[15, Section 5] we proved
that a hierarchy path with narrow endpoints is d-stable, where d: R=! x R=Z0 — R=0
is the quantifier function of the stability, which depends only on A. Thus Q(g) and p
D—fellow-travel each other, where D depends only on A and the topological type of S.
Moreover, since both Q(g) and p are quasi-geodesics with quantifiers depending only
on the topological type of the surface S, there is a coarse parameter map N from
[m,n] to [a, b] such that

(3-1 ING) =N =k.c li—Jl.

where the constants K > 1 and C > 0 depend only on A4; see [15, Section 5.3].
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The following theorem from [15, Section 8] provides us a WP geodesic ray with a
prescribed itinerary in the Teichmiiller space.

Theorem 3.1 (Infinite ray with prescribed itinerary) Given A, R, R’ > 0, there are
constants w = w(A, R, R',€) and € = €(A, R’) with the following properties.

Let (v™,v™") be an A—narrow pair. Let p be a hierarchy path between v~ and v . Let
r,+: [0,00) — Teich(S) be the infinite WP geodesic ray as in Lemma 2.13. Suppose
that a large component domain Z of p has (R, R")-bounded combinatorics over an
interval [m’,n'] C Jz withn' —m’ > 2w. Leta’ € N(m' + w) and b’ € N(n' — w).
Then for every t € [a’, b'] we have

(1) £,(r,«(t)) > € forevery y ¢ 0Z, and
(2) La(r,+(t)) <€ forevery a € 0Z.

Moreover, if Z1 and Z, are subsurfaces as above, n; < m’, implies that b} < a’,.

3.1 Bounding annular coefficients

Let r,+: [0, 00) — Teich(S) be a WP geodesic ray with prescribed itinerary where the
end invariant (v~,v ") is A—narrow and has R’-bounded annular coefficients. The
goal of this section is to prove Lemma 3.6, which shows that over any long enough
subinterval of [0, c0) there is a subinterval of definite length over which 7, 1 is in some
region U of the Teichmiiller space (the regions U were defined in Section 2.2). This
combinatorial control will be used in Section 5.

First we recall two properties of hierarchy paths which will be used in this section. For
an extended list of properties of hierarchy paths see [15, Section 2; 5, Section 2].

Theorem 3.2 There exist positive constants M, and M3 depending only on the
topological type of S with the following properties. Let p: [m,n] — P(S) be a
hierarchy path between partial markings or laminations 1~ and u*. Let Z be a
component domain of p and let Jz = [j~, j*]. Then:

(1) dz(p(i),p(j7)) < My forany i < j~ and dz(p(i),p(j 1)) < M for any
i>jt.

(2) (No backtracking) Let i, j,k € [m,n] withi < j <k. Then, for any subsurface
Y cs,

dy (p(i), p(k)) + M3 = dy (p(i). p(j)) + dy (p(j). p(k)).
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Lemma 3.3 Given an increasing function F: R=% — RZ0, there is an L > 0, de-
pending only on F and the topological type of S, with the following property. Let
p: [m,n] — P(S) be a hierarchy path. Suppose that a subinterval [m’,n’] C [m, n] has
the property that for any subsurface Z and any R >0, if Z has non-annular R—bounded
combinatorics over a subinterval [k, [] C [m’,n’], then dz(p(l), p(k)) < F(R). Then
we have that n’ —m’ < L.

Proof Let £(S) be the complexity of the surface S. Foreach i =0,1,...,£(S),
define the constant

(3-2) x; = max{dy (p(m’), p(n’)) : Y C S is non-annular and £(Y) <i}.

Note that for i = 0, the set on the right-hand side is empty and we define xo = 0.
Claim 34 Leti e{l,...,£(S)}. For any essential subsurface Z C S with §(Z) =i

we have
dz(p(m'), p(n")) < F(xi—1) +2M> + 4.

The proof of the claim is by contradiction. Suppose that the claim does not hold. Then
there is a non-annular subsurface Z with £(Z) =i such that

(3-3) dz(p(m'), p(n')) > F(xi—1) +2M> + 4.
Claim 3.5 Suppose that (3-3) holds. Then Jz N[m',n'] # @.
Let Jz =[j~, j™]. To get a contradiction, suppose that the claim does not hold. Then
we have that [j~, j TN [m’,n'] = @. This implies that either n’ < j~ or j T < m’.

First suppose that n” < j~. Then by Theorem 3.2(1) we have dz(p(n’), p(j 7)) < M.
Moreover, since m’ <n’ < j~, by Theorem 3.2(1) we have dz(p(m’), p(j 7)) < M.
The last two inequalities combined with the triangle inequality give us

dz(p(m’), p(n')) < 2My + diamz (p(j 7)) < 2Mp + 2,

where the second inequality above follows from Lemma 2.2. But this contradicts the
bound (3-3) we assumed to hold.

Now suppose that m’ > j . Then by Theorem 3.2(1) we have dz (p(m’), p(j 7)) < M>.
Moreover, since n’ > m’ > j T, by Theorem 3.2(1) we have dz(p(n’), p(j 7)) < M,.
The last two inequalities combined with the triangle inequality imply that

dz(p(m’), p(n')) <2M> +2,

which again contradicts the bound (3-3). This finishes the proof of Claim 3.5.
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By Claim 3.5 we have that Jz N [m’, n’] # &. Define the interval
k,[1=JzN[m' n'].

We proceed to show that

(3-4) dz(p(k), p(1)) = F(xi-1).

If [m’,n’'] € Jz then [k,[] = [m’,n’], and (3-4) follows immediately from the bound
(3-3).

If [k,1] =[j—,n’], then by the triangle inequality and Lemma 2.2 we have

dz(p(m"), p(j 7)) +dz(p(j7), p(n")) = dz(p(m’), p(n)) — diamz (p(j 7))
>dz(p(m"), p(n')) —2.

Moreover, m’ < j~, so by Theorem 3.2(1) we have
dz(p(m’),p(j 7)) < Ma.
Now the above two inequalities and the bound (3-3) together imply that the inequality
dz(p(j7), p(n")) > F(xi—1) + M2
holds, from which the bound (3-4) follows.
If [k,[] = [m’, j 7], then as above we can get the bound
d(p(m’), p(j 1)) = F(xi-1) + Ma,
which gives us the bound (3-4).
Finally, if Jz C [m’,n’], then Theorem 3.2(1) implies that
dz(p(m'),p(j 7)) < Ma,
dz(p(n"), p(j 7)) = M>.
The above two inequalities and (3-3) combined with the triangle imply that
dz(p(j7).p(j 7)) = F(xi-1),
which is the bound (3-4). This completes the proof of (3-4).

Now by the setup of the constants x; in (3-2) the subsurface Z has non-annular x; _1—
bounded combinatorics over the subinterval [k,[] C [m’,n’], and by (3-4) we have

dz(p(k). p(1)) = F(xi-1).
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But this contradicts the assumption of the lemma. Claim 3.4 follows from this con-
tradiction.
By Claim 3.4, foreach i € {1,...,£(S)} we have
max{dz (p(m'), p(n")) : £(Z) =i} < F(xi—1) +2M2 + 4
moreover, from the setup of the constants x; in (3-2), it is clear that
x; = max{xj—1, max{dz (p(m’), p(n")) : £(Z) = i}},
so we have the bound
(3-5) x; <max{x;j_1, F(xj—1) +2M, + 4}.
To simplify the notation we define the function
f(x) = max{x, F(x)+2M;, + 4}.
By (3-5), x; < f(x;j—1). Also we have that xo = 0. Then we may inductively show that
(3-6) xi < f1(0)
for each i € {1,...,£(S)}, where f! denotes the i composition of f with itself.
Since f is an increasing function and f(0) > 0, we have that
max{f1(0):i =1,2,....£(8)} = F§5)(0).
Then using the bound (3-6) we see that
max{x; i =1,2,...,£(5)} < FE50).
So by the setup of the constants x; in (3-2) we have
(3-7) dy (p(m'). p(n)) < f55)(0)

for all non-annular subsurfaces ¥ C . Let A; = max{M;, f$5)(0)} be the threshold
constant in the distance formula (2-2). Let C; be the additive constant corresponding
to A;. Then by (3-7) we have

d(p(n"), p(m’) < C1.

Moreover, p is a (k, c)—quasi-geodesic, where k and ¢ depend only on the topological
type of S, so we obtain the upper bound L = kC; + k¢ for n” —m’. Note that L only
depends on F' and the topological type of S. The proof of the lemma is complete. O
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Let € = €(A, R’) be the constant from Theorem 3.1.

Lemma 3.6 Given positive constants A, d, R’ and € < €, there are constants L’ > 0
and w > 0 with the following properties. Let (v~,v") be an A—narrow pair with
R’-bounded annular coefficients. Let p: [m,n] — P(S) be a hierarchy path between
v~ and vt . Let r,+: la,b) — Teich(S) be a WP geodesic ray with prescribed itinerary
and end invariant (v™, v™). Then for any subinterval [m’,n'] C [m,n] withm’—n’> L',
there are a subinterval [k, 1] C [m’,n’] and a large component domain Z of p such that
fort— € N(k +w) and t™ € N(I —w) (N is the parameter correspondence map) we
have r +(t) € U g(dZ) forevery t € [t,t1]. Moreover, t T —1~ > d.

Proof Fix a threshold constant A; > M; for the distance formula (2-2) and let
K1, C; be the corresponding constants. Note that the hierarchy path p is a (k,c)-
quasi-geodesic, where k, ¢ depend only on the topological type of the surface. Let
K> = K1k and C, = K1k(Cy +¢). Let K, C be the constants for N from (3-1).
Let M3 be the constant from Theorem 3.2(2). Let w be the constant from Theorem 3.1.
Define the function

F(x) = max{K,(2W(A, x, R" +2M3,€) + (Kd + KC)) + C;. A}.

Now let L’ be the constant from Lemma 3.3 for the function F defined above. For any
subinterval [m’,n’] C [m,n] with n’ —m’ > L’, by the contrapositive of Lemma 3.3
there are R > 0, a subsurface Z and an interval [k,[] C [m’,n'] N Jz such that

dz(p(k). p(1)) > F(R).

and Z has non-annular R—bounded combinatorics over [k, /]. Since p is A—narrow
and F(R) > A, the subsurface Z is a large subsurface. Thus for any non-annular
subsurface Y either Y € Z or Y rh Z holds. If Y h Z, then since dZ C p(l), p(k) we
have dy (p(k), p(l)) <2.If Y C Z, then by the non-annular R—bounded combinatorics
we have dy (p(k), p(I)) < R. Then by the distance formula (2-2) and the fact that Z
has R-bounded combinatorics over [k, /], we have

d(p(1), p(k)) = K%{dz(/O(l),/O(k))}A1 - Ci.
As we saw above, dz(p(k), p(l)) > F(R), so
d(p(l), p(k)) > kQw(A, R, R' +2M3,€) + (Kd + KC)) + kc.
Moreover, p is a (k, c¢)—quasi-geodesic, so

k—1>2w(A,R,R' +2M3,¢) + Kd + KC.
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Furthermore, by the assumption of the lemma, d, (v~,v") < R’ for any y € Co(S).
Then by Theorem 3.2(2),

dy (p(k). p(1)) < R +2Ms.

Therefore, Z has (R, R' + 2M3)-bounded combinatorics over [k,[]. Set w =
w(A, R, R" +2M3,€). Then the lemma follows from applying Theorem 3.1 to the
interval [k, /]. o

4 Variation of geodesics

Let X be a geodesically convex negatively curved Riemannian manifold; for example,
the Teichmiiller space equipped with the WP metric. Let g: [a, b] — X be a geodesic
segment, and let 7: X — g be the nearest point projection from X to g. In the
following proposition we collect some important facts about the map & which we need:

Proposition 4.1 Suppose that p is a point in X' so that w(p) is in the interior of
g([a, b)) oris an endpoint g(a) or g(b) which is the nearest point to p on a slightly
longer geodesic segment containing g([a, b]). Let ¢ be a geodesic segment connecting
p and 7 (p). We have:

(1) The projection map m is continuous at p.

(2) ¢ is orthogonal to g at w(p).

(3) If p isnoton g([a, b)), then 7 is smooth at p.
(4) The distance tunction d(p, 7 (p)) is smooth.

Proof Part (1) is [1, Lemma 3.2]. Part (2) follows from [8, Proposition 1.7]. Part (3)
follows from the lemma on the first page of [10]. Part (4) is [10, Theorem 1]. m|

Let g1: [a,b] — X and g5: [c,d] — X be two geodesic segments parametrized by
arc-length. Let g1(¢) be a point whose nearest point projection on g»([c, d]) is in the
interior of g, ([c, d]). Note that g, is a smooth path; moreover, by Proposition 4.1(4)
the endpoint of [g1(¢), w(g1(?))] varies smoothly. Therefore [g1(¢), w(g1(?))] is a
smooth family of geodesic segments with respect to ¢ € [a, b]. Moreover, since X
is a negatively curved manifold, any two of the geodesic segments [g1(¢), 7(g1(?))]
fellow-travel all the way. Finally, let f: [a,b] — g2([c, d]) be the reparametrization
of go which maps ¢ € [a, b] to w(g1(¢)). Then f is smooth.

Let
A ={(t,s):t €la,b]land s € [0, A(1)]},
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g1(a) = u(a,0) a g1(b) =u(b,0)

a 1 b t X &2

Figure 1: The variation of geodesics u is the family of geodesic segments
connecting points of the geodesic segment g, to their nearest points on the
geodesic segment g, . We pull back the metric of X via u to the region A in
the (¢, s) plane.

where A(¢) is the length of the geodesic segment [g1(?), 7(g1(¢))]. For any ¢ € [a, b],
let u(z,s) be the arc-length parametrization of [g1(¢), g1(;t(¢))], where s is the pa-
rameter and u(z,0) = 7w(g1(¢)). Then since [g1(¢), g1(x(¢))] is a smooth family of
geodesics, the map (¢, s) — u(z, s) defines a smooth map u: A — X. Forany ¢ € [a, b],

L(@):=ul(t,s)

is a geodesic parametrized by s. Moreover, by Proposition 4.1(3), for any s > 0, u(z, s)
is a smooth path parametrized by 7. Then u is a variation of geodesics [g1(?), 7 (g1(?))]
and du /0t is a Jacobi field.

For any s, (-,s) defines a vertical coordinate line, and for any ¢, (¢,-) defines a
horizontal coordinate line in A C R?; see Figure 1.

We pull back the metric of X to A via u. Let the interval I C [a,b] and s,5" > 0
with s/ < s be such that / xs C A and I x s’ C A. The main result of this section is
Lemma 4.5, where we prove that a difference between the length of 7 xs and I x s’
gives rise to a definite total Gaussian curvature of the region I x [s’,s] C A. For this
purpose, using the Gauss—Bonnet formula, we prove the formula (4-4).

Let kg (t,s) be the geodesic curvature of the path u(-,s) at u(z, s), where the normal
vector 71 of the path is the unit vector orthogonal to u which satisfies

(n(u(t,s)), (Qu/ds)(t,s)) <O.

Theorem 4.2 The pullback metric has the following properties:

(I) Each vertical coordinate line is a geodesic.

(II) Vertical and horizontal coordinate lines intersect each other orthogonally.
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(III) There is a k < 0 such that the Gaussian curvature k is < k.

(IV) The distance between any two vertical coordinate lines is increasing in s, so for
any I C [a,b] if s > s’ then length( x s) > length( x s).

(V) The function —kg is non-negative along each horizontal coordinate line.

Proof Part (I) follows from the fact that the path u(¢,-) is a geodesic in X'. Moreover,
the paths u(¢,-) and u(-,s) intersect orthogonally in &', so part (II) follows.

The family of geodesic segments [g1(¢), w(g1(¢))], where ¢ € [a, b], is a compact
subset of X'. Thus the sectional curvatures of the metric of X at any point of u(A)
are bounded above by some k < 0. Moreover, [7, Exercise II.16, page 104] asserts that
the Gaussian curvature of the ruled surface obtained from a geodesic variation at any
point is less than or equal to the sectional curvature of the tangent plane of the surface
at that point. Therefore part (IIT) follows.

As we saw above, the sectional curvature of X' at any point of u(A) is bounded above
by k < 0. It is a standard fact that, for u(z,s) a smooth geodesic variation as above
in a manifold with constant negative sectional curvature k, the length of a Jacobi field
defined by du /0t is increasing along u(z, s) as s increases; in fact this follows from
the explicit formula for the Jacobi fields in a constant negative curvature manifold given
in [7, Section II.5]. Then the Rauch comparison theorem for the region in X with
sectional curvatures bounded above by k and a manifold with constant curvature k
implies that the length of the Jacobi field du/d¢ is increasing. For more detail about the
Rauch comparison theorem see eg [8, Chapter 1, Section 11]. So we may conclude that
duj

ot l(t,s) = 0t (5"

for any ¢ and any s, s’ with s > s’. Moreover, for any s,

ou

length(u(I x s)) = ] W’(m)

Then using the inequality above we have
length(u (I x s)) > length(u(I x ")),
which is part (IV).

Let I =[a’, b’] be a subinterval of the interval [a, b]. We may consider u as a variation
of paths u|;xs. Then by the first variation of arc-length formula (see eg [8, page 4])

we have .
’ ou Ju
o f,xsﬁ’v%w)‘”-
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By (II) we have that (%—’t‘, %—';) = 0, so the first term on the right-hand side of the above
formula is 0. Moreover, by definition, kg := (%—'s‘, V?Tu %—'t‘) Thus we have
t

4-1) %length(u(l X 5)) =/ —kg(t,s)dt.

Ixs

Moreover, by (IV),
d length(u (I xs)) > 0.

ds
Ixs

Since / was an arbitrary subinterval of [a, b], from the fact that the integral of —kg is
positive over I, we can conclude that the continuous function —kg is a non-negative
function on the interval [a, b]. This is part (V). a

Therefore

4.1 Gauss-Bonnet formula

For any s > 0, by Theorem 4.2(V), the integral of the function —kg with respect to dt
along the horizontal coordinate line (-, s) defines a positive measure mg on (-, s).

Suppose that V x W C A. Let I C V and [s’,s] C W be subintervals. By the
Gauss—Bonnet formula [7, page 242] for the pullback metric on I x [s’, s] we have

/ch+/ ko dt =27 — 0;,
//Ix[s’,s] I X[s",s]) ¢ 2,: l

where the orientations of the boundary curves in the line integral above are shown in
Figure 1. By Theorem 4.2(I) each ¢ x (s’, s) is a geodesic. The sum above is taken over
the exterior angles at the four corners of I X [s’, s]. Moreover, by Theorem 4.2(IT) each

exterior angle is equal to 7, so the exterior angles add up to 27 . Therefore we get
Ixs Ixs’ Ix[s’,s]

After rearrangement of terms above we have

(4-3) kedt = | kegdi+ / / —K dA.
Ixs’ Ixs Ix[s’,s]

Claim 4.3 The limit of the left-hand side of (4-3) exists as s’ — 0.
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First, by Theorem 4.2(V) for every s’ > 0, kg <0, so the left-hand side of (4-3) is
non-positive. Thus the right-hand side of (4-3) is non-positive as well. Second, the
first integral on the right-hand side of (4-3) does not depend on s’. Moreover, by
Theorem 4.2(III), « < 0, so the second integral on the right-hand side is increasing
as s’ — 0. Thus the right-hand side is increasing as s’ — 0. As a result the left-hand
side is a non-positive function of s” which increases as s’ — 0. Thus the limit of the
left-hand side exists as s — 0. Furthermore, since the equality holds for every s’ > 0,
it holds at 5" = 0 as well. The claim is proved.

Since Claim 4.3 holds for every subinterval of 7, the weak™® limit of the measures m;
exists. Denote by m the measure obtained as the weak™ limit of the measures m.
Then taking the limit as s — 0 in (4-3) we obtain the formula

(4-4) [/ KdA—/ m— | kedt=0.
Ix[o,s] Ix0 Ixs

Consider the regions in A below the horizontal lines; see Figure 1. Define the mea-
sures mg on the horizontal coordinate lines (-,s) N A by integrating —kg . Let the
measure m be the limit of the measures mg as s — 0. Then the argument given above
to prove the formula (4-4) gives us the formula

(4-5) //KdA—/ m=2mw — 0;
A [a,b]x0 ZZ

where the sum is taken over the exterior angles of the boundary of the region A.

4.2 A length versus total curvature estimate

As before, let V. x W C A, and also let I €V and [s,s’] C W be subintervals. Then
define

Wixisrs) K dA— [1xg kg dt if s> 0,

(4'6) ¢(S, S,) = .
ff]x[o,s] —K dA+fIx0m ifs'=0.

For any s € W let
ls = length(u (I x s)).

Then [ is positive and by Theorem 4.2(IV) decreases as s — 0, therefore the limit
limg_,q I exists. We denote [p = limg—¢ /5.

Remark 4.4 Note that [ is not necessarily equal to length(u(/ x 0)).
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Lemma 4.5 Forany s,s’ € W with s’ <s, we have

Iy — 1y
¢(s,s') > ——
S

g
Proof First we prove the following integral formula:

Sdl
@7 li—ly= | £ ar
s/ dr

s
=/ (/ —kgdt) dr
s’ Ixr
s
:/ (// —KdA+/ —kgdt) dr.
s’ Ix[s’,r] I'xs’

The first equality is the fundamental theorem of calculus applied to /, as a function
of r. The second equality holds by the first variation of arc-length formula (4-1) for
the orthogonal variation of paths u|xs. The last equality holds by the Gauss—Bonnet
formula (4-2).

Now suppose that s > 0 and r, s’ € (0, s] such that r > s’. By the definition of ¢ in
(4-6), ¢(s,r) < @(s,s’). So we have

/S¢(s,r) dr < /S¢(s,s') dr = ¢(s,s")(s —s),

then using (4-7) we have
Iy =1y <@(s,5")(s—5).

This proves the lemma for any s’ > 0.

We proceed to show that the lemma holds at s” = 0 as well. For any fixed r < s, by
(4-3) the integrand in the last line of (4-7) does not depend on s’. So the limit as s — 0
of the last line of (4-7) is [y ¢(0,r)dr. Thus Iy — Iy = [; ¢(0.r)dr. Moreover,
¢(s,0) > ¢(r,0) for s > r by (4-6). So we have

s
L=to= [ 9.0 dr <59(6.0).
0
Therefore, the lemma holds at s’ = 0 as well. The proof of the lemma is complete. O

Remark 4.6 If the variation of geodesics u extends to a variation that contains
g1([a, b]) inits interior, then the second term of ¢ (0, s) in (4-6) vanishes. The definition
of the measure m and the rather long discussion of this section were meant to handle
the possibility that the variation does not extend, for example when the nearest point
projection onto g1 ([a, b]) maps a subinterval to a point in the interior of g1 ([a, b]).
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5 Contraction property of WP geodesic segments

Let X be a geodesically convex, negatively curved Riemannian manifold, for example
the Teichmiiller space equipped with the WP metric. Let g: [0, T] — X be a geodesic
segment. Let 7: X — g([0, T]) denote the nearest point projection map to g([0, T]).
Atapoint p € X with (p) in the interior of g([0, 7']), the map 7 is smooth and has a
linear derivative dm: Ty X' — Ty (p))g (by Proposition 4.1(3)). At a point p € X', with
(p) equal to either g(0) or g(T), only the directional derivatives of 7 are defined.
We denote the (directional) derivative of 7 at p by dnp: T, X — T, g. The main result
of this section is the following uniform (strict) contraction property of WP geodesic
segments in certain regions of the Teichmiiller space.

Theorem 5.1 Given € > 0 sufficiently small, €, T and b positive, thereisa § € [0, 1)
with the following property. Let o be a possibly empty multi-curve such that the
subsurface S\o is a large subsurface. Let g: [0,T] — U e(0) be a geodesic seg-
ment and let Np(g([0,T])) be the b—neighborhood of g([0,T]). Then for every
p € Teich(S)\N3(g([0, T])) and v € T, Teich(S), the inequality

2
ldzp I _
vl

holds.

Remark 5.2 Compare this theorem with the contraction property of Teichmiiller
geodesics which project to the thick part of the moduli space (co-bounded geodesics)
proved by Minsky in [14]. Minsky uses the explicit description of flat surfaces along a
Teichmiiller geodesic. But we use various estimates on the WP metric and its derivatives
and a standard Jacobi field argument.

We start by collecting some of Wolpert’s estimates for the Weil-Petersson metric and
WP Levi-Civita covariant derivatives in the thin part of the Teichmiiller space.

On a Riemannian manifold the Levi-Civita covariant derivative V (see eg [7, Sec-
tion 1.5]) is the unique covariant derivative which is:

e Compatible with the Riemannian metric, ie for any smooth path {(¢) and vector
fields V and W along {, L (v, W) = (VeVo W) +(V, VW),

e Torsion-free, ie for any two vector fields V and W, Viy W —Vy V = [V, W].
Here [-, -] denotes the Lie bracket of vector fields.
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Given a multi-curve o and co > 0, let {Aq, JAq, grad€g}yeq gec be the short and
relative length frame field in the region

Uy (0) = {x € Teich(S) : £y (x) < co for every € 0}
introduced by Wolpert in [18]. Here ¢ is a marking on the surface S\o, Ao = grad Zé/ 2
and grad {g are vector fields, and J is the almost complex structure of the Teichmiiller
space.

Recall the completion stratum S(o) corresponding to pinching the curves in the multi-
curve o from Section 2.2.

Proposition 5.3 We have the following estimates:
(D) (Ag, Ae) = 0(63/262/2) for every a, o’ € o such that a # o', and ||Aq||* =
®(1) foreveryx €.
(2) (Ag,JAy) =0 forevery a,a’ €o.
(3) (gradlg,Aq) = 0(&?/2) foreveryx €0 and B € ¢.
(4) (gradlg,JAy) =0 foreverya €0 and B €.

Moreover, for every B, B’ € ¢, (grad£g, grad £g/) is continuous in a neighborhood of
the o —stratum S(0) C Teich(S). Here the constant of the O notation and the constants
of the ® notation are uniform for £y < cg.

The estimates of the above proposition are established in [18, Lemmas 3.12 and 4.2].
See also [18, Theorem 4.3 and Corollaries 4.3 and 4.4] where Wolpert puts these
estimates together to get expansions for the WP metric near completion strata.

Note that the WP metric is the real part of a Hermitian metric on the Teichmiiller
space. Therefore (V, W) = (JV,JW), where J is the almost complex structure of the
Teichmiiller space with the property that J? = —I . Thus estimates for the remaining
pairings of the vector fields of the short and relative length frame field follow from the
ones listed in the above proposition.
Proposition 5.4 [19, Theorem 3.4] We have

Vyda =305Y2(J . V) I Ao + O(£3/2),

where the constant of the O notation is uniform for £, < cg.
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Proposition 5.5 We have
Vi, gradlg = O(LY/?) and Vy;  eradlg = O(tY?).

Moreover, Vgragy,, grad {g is continuous in a neighborhood of S(o) C Teich(S). Here
the constant of the O notation is uniform for £y < cg.

The estimates of this proposition are from [19, Proposition 4.6]. We also need the
following estimates for the WP sectional curvatures. Let V, U be two vector fields.
Recall that the sectional curvature is defined by

(R(U, V)V, U)

U=

where [U AV 2= ||U|?|V|?> = (U.V)?.
Proposition 5.6 [22, Theorem 21] Let o be a multi-curve and P be a pants decom-
position, so that o C P . The diagonal curvature evaluations for o € o satisfy
(R(Aas JAa) T A, Ag) = 3(167L3) 1 + O(Ly)
and all of the remaining curvature evaluations are continuous in a neighborhood of

S(o) C Teich(S).

In this proposition, evaluations of the Riemann curvature tensor are in the frame
{Aa» JAa}aep (not the short and relative length frame). Moreover, Wolpert uses the
convention that on S(o) the evaluations of the Riemann curvature tensor

(R((N)Aa. (NAB)()Ay. (J)As)
vanish in these situations:

e « €0 and at least one of B,y and § is distinct from «.

e «,fB,y,8 € P—0 and not all of them lie on the same component of a Riemann
surface with nodes represented in S(o).

Define the bundles
No = span{Ay, JAafacs and Py = span{gradg}gec

over Ug,(0). Any vector field V' on the Teichmiiller space has a decomposition as
V =Vy 4+ Vp, where Vy is a section of Ny and Vp is a section of Py .

We proceed by proving two lemmas which elaborate the asymptotic product form of
the WP metric.
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Lemma 5.7 Lete <co. Let p € Ue(0) and v, w € Tp Teich(S) be two vectors with
lvl> <1 and [|w|® < 1. Let

V= Zaaka +baJka + Z Cﬂ gl‘adﬁ'g
[04STog ﬂeg
Then:

(i) Forany a € o and B € ¢ the coefficients aq, by and cg are O(1).
(ii) Suppose that v € Py and w € Ny. Then (v, w)|, — 0 as € — 0.

e . .. 1 1
(iii) The inequalities ||v]|*> > 5||vN||2 and ||v]|? > sllvp | hold.

Proof Denote by Ue (o) the closure of Ue(o) in Teich(S). The short and relative
length frame field {4y, JAq, grad g }4eq gec ON the region U (o) extends to a frame
field on Uc(0). Moreover, the frame field is invariant under the action of the mapping
class group, so projects to a frame field

F:={Ei, E}, Fi}i=1,. |o|.j=1,..|c|

on M(S). Since the WP metric is also invariant under the action of the mapping class
group, the inner product of any two vectors in the frame is preserved. Thus, by the
estimates of Proposition 5.3 we have

IE:|> =00). E/*>=01), (E.E)=0 ifi#i
(Ei, F;) = 0(%?), (F;,E})=0, (F;,Fi:)=0(l).

Note that the constant of the O notation and the constants of the ® notation depend
only on c¢g.

Denote by p the projection of the point p to M(S). For any frame at T5M(S), the
square of the lengths of the vectors of the frame and the inner product of any two
of them together determine a point in R2lo1FIs| x RC7ED , and vice versa. So the
set of frames at p are parametrized by R2o1+s| % RC75™) | The bounds above
determine a compact subset K(p) C R2lol+lsl x RC7SD, Moreover, the frame
at p is in K(p). Denote the projection of Uc(o) to M(S) by Uc(o)”, which is a
compact subset of M(S). So the frame field IF is in a compact subset of the extension
of the frame bundle of the moduli space to the completion of the moduli space.

Denote the unit disk bundle of the moduli space by DM (S). The short and relative
length frame field provides a bundle extension for the tangent bundle of Teich(S)
and M(S) to their WP completions [18]. Denote the extension of DM(S) to the
completion by DM(S). The vector v projects to a vector in DUc(c)”. Note that
each of the functions ay, by and cg, where o € 0 and B € ¢, descends to a function
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on the compact set K(U¢(0)™) x DU¢(0)". Therefore, each one of these functions is
bounded on U (o). Part (i) is proved.

Since v € Py, we have v =), daAg +boJ Ao . Moreover, since w € Ny, we have
W=2) gec C,/g grad £g. Expanding (v, w) we get

(v,w) = Z aac%(ka,gradﬁﬂ)—i—bacl’g(J/\a,gradZﬂ).
a€o,Bec

By part (i) all of the coefficients in this sum are O(1). Moreover, by Proposition 5.3
all of the pairings in the sum above are O(€). So each term in the sum above goes to 0
as € — 0. Part (ii) is established.

Now consider

(5-1) IlI> = ow I + [lvp 12 +2(vn, vp).
We have vp/||vp|| € Py and vy /|vn|l € No, and moreover ”vp/||vp I “ =1 and
Hv ~N/llvwll H = 1. Then by part (ii), for € sufficiently small,
<v_N v_P> -1
lon Il llupl

If luy[I? = [lup %, then

1 1 2
[(un.vp)| = zlluwllllvell < zllvw (.

Substituting this inequality into (5-1) and dropping the non-negative term ||vp||? on
the right-hand side, we get

2 2 2 _ 2
Il = low 12 = 3llow [* = Zllow |1
If |vp||? > ||lun||?, then by the exact same argument we get ||[v||?> > 5 3 Lilvp ||2, which

again implies that ||v]|? > 3 Llluw|I?. This finishes the proof of part (iii). a

Lemma 5.8 Given a multi-curve ¢ and T > 0, let {: [0,T] — Uc(c) be a WP
geodesic segment parametrized by arc-length. Let

¢ = Zaa/\a +boJ Ao + Z cggradlg.

[v4STox ﬂeg

Then for every o € o we have that a, — 0 and by — 0 as € — 0.

Proof We show that for any « € 0 we have that ag, — 0 as € — 0. The proof that
be — 0 as € — 0 is similar.

Algebraic & Geometric Topology, Volume 16 (2016)



294 Babak Modami

Define the constant
A =min{||Aq(x)||?:x is in the co—thin part of the Teichmiiller space and « € Co(S)}.

Note that A > 0 by the estimate for ||A¢||? in Proposition 5.3. To get a contradiction,
suppose that the above statement does not hold. Then there are a sequence ¢, — 0, a
sequence of WP geodesic segments parametrized by arc-length {,: [0, T] — U, (0),
and a sequence of times ¢, € [0, T'] so that, for some u > 0,

anZT’

where a, is the coefficient of Ay in the expansion of é‘n as in the statement of the
lemma. After applying elements of the mapping class group (re-marking), we may
assume that the geodesic segments ¢, are in a compact region of the completion of
the Teichmiiller space. Then by the estimates in Proposition 5.3, for any «, o’ € o and
B € ¢, we have

(Ao Ao) = O(e;;’) for « #a', (Mg, JAor) =0 and (Aq,gradlg) = 0(63/2).
So we have that
IAalPan = (Aa. En(tn) + 0(e)/?).
Thus, for all n sufficiently large we have that
(5-2) (En(tn), 2a)? = 3u + O(e/?) = 2u.
For each n € N, define the function
Fa(t) = (£n(1). 2a)? + (En(0). J 2a)”.

By the formula at the end of [21, Section 5.2], dF,,/dt = O(Eg/ 2), where the constant

of the O notation depends only on an upper bound for £ . For all n sufficiently large

we have , ([0, T]) C Ue,(0), so £y (¢(t)) <€, forall ¢ € [0, T]. Moreover, €, — 0.
Then for any n large enough,

dF,

dt

Let ¢ € [0, T]. Using the fundamental theorem of calculus and the above inequality we
get |Fp(t) — Fy(ty)] < %u By (5-2), F,(t;) > 2u. Thus we may conclude that

U
- 2T

(5-3) Fa(t) = 3u

for every t € [0, T1].
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The formula from Proposition 5.4 for the WP covariant derivative and a straightforward
calculation using properties of the Levi-Civita covariant derivative give us

la(Gn (1)) = 2(8n (1), Xa)? + 6(En (1), T Aa)* + O(&5/?).

Moreover,
2<§n’ A'LY)Z + 6({:’15 JAC()Z Z 2Fn(t)-

Then, since 2F,(¢) > 3u for all n sufficiently large by (5-3), we obtain that
(5-4) la(Gn (1) Z u
for every t € [0, T'].

Claim 5.9 For all n sufficiently large we have that

, 1,72
(5-5) tma§]€a(én(t)) > 1euT”.

Let fmin,» € [0, T] be such that
Lo (Cn(tmin,n)) = min £y (5 (2)).
t€l0,T]
If there is a ¢ € [0, T'] such that

Lo (Cn (Z)) — Ly (zn (Zmin,n)) = 1_1614 Tz»

then since £q ($p (tmin,n)) > 0 we get the desired lower bound in (5-5). Otherwise,

Can (D)) = La(Cn(tminn) < 15uT?

for every ¢t € [0, T]. Moreover, £,(¢,(¢)) > 0 for every ¢ € [0, T]. Note that either the
interval [0, fmin,z] OF [fmin,n. T'] has length greater than or equal %T. Then the mean
value theorem for the interval with length at least %T implies that there is #,7 € [0, T']
such that |€q(2,)] < %uT. Let 7 € [0, T']. Integrating both sides of the inequality (5-4)
from ¢, to ¢ and using the bound {4 (2;)| < %uT we have

Koz(zn(t)) _Ka(é'n(t:)) > %M(l —t:)z — %MT(I —t:).

Let #;, € [0, T] be such that |t —#;¥| = 1T. At 1}, the right-hand side of the above

inequality is either %u T? or 1—36uT2. Then since £ ($n(2))) > 0, from the above

inequality, we get
Ca(Gn(ty)) = {guT?.

So we again have the lower bound (5-5). The proof of the claim is complete.

Algebraic & Geometric Topology, Volume 16 (2016)



296 Babak Modami

The lower bound (5-5) for all n sufficiently large contradicts the fact that &, ([0, T]) (by
the assumption that €, — 0) is a sequence of geodesic segments that converge to the
o-stratum where the o—length function is identically 0. This contradiction completes
the proof of that ay, — 0 as € — 0. a

Corollary 5.10 Let € < co. Let { be a WP geodesic segment in Ue(0). Then for €
sufficiently small, 5(|Cp |1* < [I]I* < (IS |12

Proof We have ||S]% = [{p |1 + IS 1% +2(p. En) - Let

é: = Zaa/\(x +boJ Ao + Zc,g grad{g.

[v4STex ﬂeg

Then

IENIP = ) aater(ha.Aer) +2a0ber (Aa, T Aar) + babar (T Aa, I Aar).

o,a’ o

By Proposition 5.3 all of the inner products in the above sum are either 0, O(1) or
O(e3), where the constants of the O notations depend only on c¢o. Moreover, by
Lemma 5.8, ay and bo, go to 0 as € — 0. Thus ||§N||2 — 0 as € — 0. Furthermore,
by Lemma 5.7(ii), (é‘ P, g‘ N) — 0 as € — 0. So for € sufficiently small we have
5 ||§P I < ||g°||2 The inequality ||Z||2 < ||§p |2 is part (iii) of Lemma 5.7. O

Let ¢ be a smooth path and V' be a vector field along ¢. We denote VéV by V’/ and
V;’ VéV by V”. The following lemma shows that the bundle N, is almost parallel
near the o—stratum.

Lemma 5.11 Let € <cq. Given a multi-curve ¢ and v > 0, let ¢: [0, T] — Uc(0) be
a smooth curve and V a vector field along ¢ with ||V||> < v. Then

NI = 1) =0

as € — 0.
Proof Let
V=Y aoha+baJda+ Y _ cpgradly,
[62STes ﬂeg
é‘: Zda},a +eo¢JA,a + Z fﬂ gradﬁﬂ
[04STog Bec
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Expanding V3, and (Vy)', we get
VHy =) = (Z cpVi gradlg +Cp gradﬂﬂ) = (Z cgV; gradﬁﬂ)
Beg N Bes
= Z (cpdaV,, gradlg +cgeqVy,,, gradlg)n

Bes,aco
+ Z (Cﬂfﬁ’vgradzﬁ, gradﬁﬂ)N_
B.B’es

N

By Proposition 5.5,
cgdyV;,, gradlg = cpdy O(LY/?) and cgeqVyy, gradly = cgeqa O(LY/?).

So each one of the terms in the first sum after the second equality above goes to 0 as
€ — 0. The vector fields grad £g and grad £ are tangent to the stratum S(o) and so
18 Vgrage . grad £g . Therefore, by the continuity of the covariant derivatives as stated
in Proposition 5.5,

(Cﬂ fﬂ/vgradﬁ‘g/ gradeﬂ)N —0

as € — 0. So we may conclude that all of the terms after the last equality above go
to 0 as € > 0. So ||[(V)y —(VN)'|| = 0 as € — 0. Furthermore,

N ONIT= 1V < 178 = VR
hence |[|(V)n | = [(Va)ll| = 0 as € > 0. O

Proof of Theorem 5.1 We start with some results in the general setting of a geodesi-
cally convex negatively curved Riemannian manifold X'. Let p € X and let 7(p)
be the nearest point to p on g([0, T]). Let ¢: [0,51] — X be the geodesic segment
parametrized by arc-length with {(0) = 7 (p) and ¢(s1) = p. We have the following
two situations:

(A) m(p) is in the interior of g([0, T']) or is an endpoint of g([0, T]) and is the
nearest point to p on a slightly longer geodesic segment containing g([0, 7']) in
its interior.

(B) m(p) is one of the endpoints g(0) or g(7") and is not the nearest point to p on
any geodesic segment containing g ([0, T']) in its interior.

Suppose that (B) holds. We claim that there is an open ball centered at p which is
mapped by the nearest point projection to one of the endpoints. Otherwise, there is a
sequence of points p,, — p so that 7w (py) is the nearest point to p, on a slightly longer
geodesic segment containing g([0, 7']). But then continuity of the projection when
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points are projected to the interior of a geodesic segment (Proposition 4.1(1)) implies
that 7(p) is the nearest point to p on a slightly longer geodesic segment containing
g([0, T]). This contradicts the assumption (B).

Now the existence of a ball centered at p which is mapped by the nearest point
projection to one of the endpoints implies that dr, = 0. Thus ||d7m,(v)|?/||v]]* < §
forany § € [0, 1).

The rest of the proof is devoted to showing that ||dm,(v)||?/||v]|*> < § for some
6 €0, 1), assuming (A). First we reformulate the inequality in terms of Jacobi fields
along the geodesic segments ¢ connecting a point p to its nearest point 7 (p) on g.
This reformulation will be convenient to work with. A vector field J(s) := J(¢(s))
along ¢(s) is a Jacobi field if it satisfies the Jacobi equation

(5-6) J"+R(J,§)¢ =0,

where R(-,-)- denotes the Riemann curvature operator. Moreover, C denotes the

derivative of ¢ with respect to s. Also J' = VéJ and J" = VéVéJ.

Let us first characterize the map dx: TX — Tg in terms of Jacobi fields. Given
veTy,X,let n: [—€,€] — X be a smooth path passing through p with n(0) = p and
n(0) = v. Then the family of geodesics connecting each point n(z) to w(n(t)), the
nearest point to n(¢) on g, defines a variation of geodesics

u: {(t,s):t € [—€,+¢€l,5s €[0,51]} = X,

where for each ¢, u(z,s) is the geodesic connecting n(z) to m(n(z)). Denote the

geodesic connecting p to (p) by ¢(s) :=u(0,s), where s € [0, s1]. The vector field

%—'t‘ is a Jacobi field. Let J(s) := %_?}(O,S) for every s € [0, s1]. Then J(s1) = v and

J(0) =dn(v).

Lemma 5.12 Let J be a Jacobi field as above. Then we have

(5-7) L11Pls=o =o0.

Proof A straightforward calculation shows that

d /
%”J“Zh:o =2(J(0), J(0)).

Algebraic & Geometric Topology, Volume 16 (2016)



Asymptotics and divergence of Weil—Petersson geodesics 299

So we only need to verify that (J(0),J'(0)) = 0. Note that § (s) = 8 B
J(s) = 8t |(0 5)° Now we have

} (0.5) and

.o = (M vy )| (Mg, i)
={Tar 5 3 oo = (T8 5
——{reine. 34| _, =o.

The second equality above follows because V is torsion-free and [%—'s‘, %—'t‘] = 0. To get
the third equality note that, by the compatibility of the Levi-Civita covariant derivative
and the Riemannian metric, we have

d(au 8u> < ou 8u> < ou 8u>

di\dr’ 0s 501 0s 5t 9 os |
We also have that (%—’;, %_Z)}SZO = 0 for every ¢, and hence %(%—’;, %—’S‘) = 0. Then the

equality follows from the above equality. In the fourth equality we replace %—'t‘ =0

by f¢, where f:[—e,+€] — R is a function. The fifth equality follows from a

straightforward calculation using the fact that V¢ ¢ = 0 for the geodesic g. The last

equality holds because %’t‘ = f¢ and (%’t‘ ‘3;‘)! _o =0 forall z. O

Using the Jacobi equation (5-6), for any s € [0, s1] we have
1d?
2ds?
where «(s) = K(Z (s), J(s)) is the sectional curvature of the span of § (s) and J(s) and

AT =T IP1E1% = (.6,

(5-8) 111 = 1J1? =k @s)E AT,

Lemma 5.13 Given a Jacobi field J , we have:

) 4 ||J(s)||2 > 0 for every s € [0, s1].
(i) ||J(s)||? is non-decreasing on the interval [0, s1].

(iii) (J(s),C(s)) is a linear function.
Proof By (5-8) and the fact that k¥ < 0 we have that
d? 2
——IJ|*=0.
LI =
Thus % | J||? is a non-decreasing function of s. Furthermore, by (5-7),

d
L7 |Pls=0 = 0.
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Therefore we have that %ll] |2 = 0. Part (i) is proved. Part (ii) follows from part (i).
We proceed to prove part (iii). A straightforward calculation using the Jacobi equation
(5-6) gives us

d2 . Coe .

LS8 = (RUDED =0,
This implies that (J(s), § (s)) is linear, because its second derivative is identically 0.
Part (iii) is proved. a

Given b > 0, denote the closed h—neighborhood of g([0, T]) C X by N (g([0,T))).
Denote the boundary of N3 (g([0,T])) by dN3(g([0,T])). Since X is negatively
curved, the nearest point projection map 7: X — dNp(g([0, T])) is 1-Lipschitz. This
follows from the growth of the norm of Jacobi fields given in the proof of part (IV)
of Theorem 4.2. Furthermore, the projection of a point p € X to g([0, T]) may be
obtained by first projecting p on dN,(g([0,T])) and then projecting the projected
point to g([0, T']). So we only need to prove the strict contraction of the nearest point
projection map for the points of AN} (g([0, T])).

Now we return to the setting of the Teichmiiller space equipped with the WP metric.
Recall that g([0, 7)) C Ucz(0). Let p € IN,(g([0, T])) and let ¢ be the geodesic
segment connecting p to 7(p). Given a unit vector v € TpX (|[v]|? = 1), as we saw
earlier, there is a Jacobi field J along ¢ with J(b) = v and J(0) = dx(v). Then
ldrmp()|1?/]lv]|? = [|7(0)||>. In Theorem 5.14 below we show that there is a § > 0
so that ||J(0)||?> <8 < 1. This completes the proof of the theorem. a

Theorem 5.14 Given € > 0, and b, b’ > 0 sufficiently small with b > b’, there is a
constant § = §(€, b, b") with the following property. Let € > 0 be sufficiently small.
Let o be a multi-curve such that S\o is a large subsurface. Let g([0, T]) C U¢ g(0) be
a geodesic segment. Let p € IN(g([0, T])) and suppose that the nearest point 7 (p)
to p on g([0, T]) is as in (A) in the proof of Theorem 5.1. Let v € T, X' and let { be a
geodesic connecting p to w(p). Finally, let J be a Jacobi field we set up in the proof
of Theorem 5.1. Then

(5-9) l7@"I* < 8.

Moreover, § decreases as b’ — 0.

Proof First we sketch the proof. Suppose that a neighborhood of a stratum S(6),
where 6 C 0, is foliated with totally geodesic leaves with negative sectional curvatures
bounded away from 0. If both the geodesic ¢ connecting p to 7 (p) and J are tangent
to the leaves of the foliation over an interval E, then x(J, é‘ ) is negative over E and
we obtain a negative upper bound for the second term on the right-hand side of (5-8).
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Otherwise, J would vary over E, so that we may obtain a lower bound for ||J||
and therefore for the first term on the right-hand side of (5-8). Having these bounds,
integrating both sides of the equation (5-8), we obtain an upper bound for ||J(b")||?.

We do not quite have the above picture in the WP setting. However, a modification
of the above argument, as is outlined below, would give us the bound. As we see
in Claims 5.15 and 5.16 below, there is an €’ > 0 so that for any u < €’ there exist
an interval E and a multi-curve ¢ C o of definite length such that {(7) € Uy ¢/ (0).
Moreover, instead of the totally geodesic foliation with negatively curved leaves near
the stratum we have the decomposition of the tangent bundle of the Teichmiiller space

T Teich(S) = P; + N;.

If the P; component of J(s) has a definite length over E, then using compactness
arguments we establish a negative upper bound for the sectional curvature of the span
of { (s) and J(s) over a subinterval of E. This provides a negative upper bound for
the second term on the right-hand side of (5-8). Note that the sectional curvatures
are bounded away from 0 in the thick part of the 6—stratum (o is a non-separating
multi-curve) and Py is almost tangent to the level manifolds of the functions (Eg/ 2)a€3 ,
which define a foliation in a neighborhood of S(6). This is Case 1 below.

If the P; component of J(s) does not have a definite length over E, then since
J(0) € P3¢ (o) (the normal component of J(0) is 0), the normal component of J
varies over E which gives rise to a lower bound for the integral of ||(Jx)'|| on a
subinterval of E. Furthermore, by Lemma 5.11 the bundle Nj is almost parallel, so
we may obtain a lower bound for the integral of ||J||?. This provides a lower bound
for ||J'||?> and consequently the first term on the right-hand side of (5-8). Having
these bounds, integrating both sides of the equation (5-8) we get the desired bound for
| J(5)||?. This is Case 2 below.

We proceed with the proof of the theorem following the above sketch. The following two
claims provide us a thick-thin decomposition for a portion of the geodesic segment .

Claim 5.15 For any € > 0, there are &, €’ > 0 with the following properties. Suppose
that ¢ is a geodesic segment in the s-neighborhood of the e-thick part of S(o). Then

Lp(¢(t)) > € forany B ¢o.

Passing to the quotient and using the fact that there are finitely many disjoint strata
in the completion of the moduli space M(S), there is a lower bound for the distance
between S(o) and S(t) for any two multi-curves o and t with o h 7. Moreover, the

€-thick part of the o—stratum is compact and does not contain any point in S(0')\S(c).
So there is a lower bound for the distance between the eé—thick part of the o—stratum
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and any point in a r—stratum, where o & t. Therefore, there is a lower bound for the
distance between the €-thick part of S(0) and any T—stratum with T o or o C t only
depending on €. This means that there is an 4 > 0 such that the h—neighborhood of the
€-thick part of S(o) only intersects the strata of multi-curves o’ C 0. Now suppose
that ¢ is in the h-neighborhood of the e—thick part of S(o). Then a compactness
argument shows that there is a lower bound €’ > € for the length of every curve § ¢ o
along ¢. The claim is proved.

In the rest of the proof assume that b < %h.

Claim 5.16 There is an e > 0 with the following property. Let ¢: [0, b] — Teich(.S)
be the geodesic segment connecting a point p € AN (g([0, T])) to the nearest point
to p on g([0, T]). For any u < €, there is a multi-curve 6 C o (possibly empty) and
an interval £ C [0, b] with |E| = e such that ¢(z) € Uy (0) forany ¢t € E.

Since g([0, T']) C Ucg(0), the geodesic segment g([0, T']) converges into the e—thick
part of S(o) as € — 0. Thus for € sufficiently small g([0, T]) is contained in the
%h—neighborhood of the e-thick part of S(0). N (g([0,TY))) is giodesically convex,
and the points ¢(0). £(b) lie in N(g([0. T])). So £([0.5]) € N(g([0. T])), and
therefore ¢([0, b]) is in the h—neighborhood of the €-thick part of S(o).

Given t € [0, b], let o; be the maximal subset of o (possibly empty) such that
£o(C(t)) < u for any o € o;. Since ([0, b]) is in the h—neighborhood of the €-
thick part of S(0), by Claim 5.15, we have that £, ({(¢)) > €' for any « ¢ 0. Then
since u < ¢ we may conclude that o; C 0.

By the convexity of length functions along WP geodesics (Theorem 2.7), for any
o’ C o the set of times ¢ € [0, b] such that 0; = ¢’ is an interval. Moreover, the
number of multi-curves o’ C o is 2191 < 2§(5)  where £(S)=3g—3+n. By these
two observations there is a possibly empty multi-curve 6 € o and an interval E of
length at least e = b/ 28(S) such that o; =& for every t € E. Note that e only depends
on b and €. The proof of the claim is complete.

Any vector in 7, X’ has a decomposition into a component tangent to { and a component
orthogonal to ¢. We are in the situation that (é‘, )ln(p) =0 and dmp: Ty X — Ty ()8
is a linear map; see (A). The linear map dzr maps any vector tangent to { to 0 € Ty () g.
Thus by the linearity of dzr we only need to prove (5-9) for vectors v with (v Z b)) =

Let v be such a vector, and suppose that ||v||2 = 1. Let J be a Jacobi field w1th
J(0) =dn(v) and J(b) = v. Then since (é‘(b) J(b)) =0 and (Z(O) J(0)) =0, by
Lemma 5.13(ii), for every s € [0, b] we have

(5-10) (J(5), L(5)) =
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Let s € [0, 5]. By Lemma 5.13(i), || J(s)||? is a non-decreasing function of s. Then by
continuity of || J(s)||> we have ||J(s)||?> < 1. Fix a constant wg < 1. If || J(0)||? < wo,
then for § = (1 + wp)/2 and any b, b’ sufficiently small the bound (5-9) holds by
continuity of ||J(s)||?. Moreover, the fact that ||J(s)||? is non-decreasing in s implies
that § is non-increasing as b’ — 0. So in the rest of the proof we will assume
that ||J(0)||> > wo. Then using the fact that ||J(s)||? is non-decreasing, we have
| J(s)||? > wo. We record the upper and lower bounds for ||.J(s)]|?:

(5-11) wo < |J(s)|* < 1.

The geodesic g([0, T']) is contained in U (o) so, by Corollary 5 10, |gp > = 3 5 Lig)?.
Then since J(0) = ||J(0)||g, by (5-11), we have ||Jp(0)]> > 20)0.

For u sufficiently small, let E be the interval from Claim 5.16. We will consider the
following two cases depending on the behavior of the function ||Jp(s)||?> on E, and
in each case verify that the inequality (5-9) holds.

Case 1 We have
(5-12) I7p ()] = o

for every s € E.
We prove that the inequality (5-9) holds using the following lemma:

Lemma 5.17 There exist a closed subinterval E' C E and ko < 0 such that for every
s € E’ we have k(¢(s), J(s)) < k.

Let the interval E’ = [c,d] and ko < 0 be from Lemma 5.17. Let s € [c,d]. Then
by the lemma we have that

k(s) = k(£(s), J(s)) < ko.

Moreover, [c,d] C [0, 5], so by (5-10), (J(s),¢(s)) = 0, and by (5-11), [|J(s)||> = wo.
Thus we have that
[T AL =T 121E1% = (I, ) = wo.

Using the above two inequalities we obtain
(5-13) —k(s)|J AE? > —kowo > 0.
Moreover, by (5-8),

2 d —5 IIJ( WP =17/ @ =) (s) AL,
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then by the inequality (5-13) we have
d2
W”J(S)H2 > —2kowp > 0.

Suppose that b’ < |E’|. Then b’ < d. Integrating both sides of the above inequality
over the interval [b’, s] (s > b") twice, we have

i 2 _ i NP2 > _ oy
NI = NI GO = ~2kowo(s — b)),
Moreover, by Lemma 5.13(iii), %H J(5)]|> = 0. So we get
d 2 /
- >-2 -b').
SIS = ~2kowo(s —b)
Now, integrating both sides of the above inequality from b’ to d, we get

S-14) @I = 1TBDI? —kowo(s —b') Z/ = [ J (B> = kowo(d —b")*.

Moreover, by Lemma 5.13(i), || J(s)||? is non-decreasing, so
@I = 17(@))? and  [JGH]? = [7O)]>.
Then from (5-14) we may deduce that
L= [J®)? = 17 (0) > = 2kowo (b —b")>.

Consequently, for § = 1 + kowo (b — b")?, (5-9) holds. Here choosing b sufficiently
small we can guarantee that § > 0. Furthermore, note that since ko < 0, the number
§ is less than 1 and decreases as b — 0.

We finish Case 1 by proving Lemma 5.17.

Proof of Lemma 5.17 The proof of the lemma is by contradiction. Suppose that the
lemma does not hold. Then there exist a sequence of points p, € IN3(g([0, T])) and
geodesic segments ,: [0, b] — Teich(S) connecting p, to the nearest point to p, on
g([0, T]), and intervals E, C [0, b] as in Claim 5.16, so that for any sequence of times
sp € I, we have

(5-15) K(En(5n), In(sn)) = O

as n — oo, where J, is a Jacobi field along the geodesic segment ¢, which satisfies
(5-10), (5-11) and (5-12).

Note that |E,| > b/28) for each n € N. So after trimming the intervals E,, and
reparametrizing the geodesic segments {,|g, we may assume that £, = E.
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Claim 5.18 There exist u’ > 0, a sequence u, — 0 as n — 00, a possibly empty multi-
curve T € ¢ and a closed subinterval E’ C E so that ,(¢) € Uy, () forany t € E’.

The proof is by contradiction. Apply Theorem 2.5 to the geodesic segments ¢, and
let the partition 79 < --- < fx 41, multi-curves o; for i =0,...,k + 1, multi-curve T
and the piece-wise geodesic E be as in the theorem. Let 0 < j <k and let E' be a
closed subinterval of (¢;,%;41). Then

o thereis u” >0 so that forany ¢ € E’ and any o €5 —7 we have {o(Z(2)) > 2u”;

e forany o €7 and any € E’ we have £y (Z(t)) = 0.

Let the elements ¥, of the mapping class group be as in Theorem 2.5. The geodesic
segments ¢, are in A (g([0, T'])), which is a compact subset of Teich(S). These two
facts imply that v, = I . Moreover, by Claim 5.16, £, (¢ (1)) > €’ for any « ¢ G, so
foreachi =1,...,k we have 0; C 6. Similarly T € 6. Fori = 1,...,k and any
n € N, let 7; » and ¢; » be as in Theorem 2.5. Recall that each 7; , is an element of
tw(d). Thus each ¢; , is the composition of / and powers of positive Dehn twists
about curves in &. So applying each ¢; , to a point in the Teichmiiller space does
not change the isotopy class and length of any curve « € 6. Let E' C (¢j,1j4+1) be
as above. By Theorem 2.5(3), for any ¢ € E’ we have ¢; ,({, (1)) — E(t) as n — oo.
Then since ¢}, does not change the length and isotopy class of curves in 7, it follows
from the continuity of length functions and the two bullets above, respectively, that

o Ly(ln(t))>u" forany ¢ €T and t € E’;

e there is a sequence u, — 0 as n — oo so that £, (¢, (1)) < u, forany o € T
and r € E’.

Also, since E’ C E, as we mentioned before, by Claim 5.16, we have £y (&, (1)) > €'
forany « ¢ 6 and t € E’.

Thus the claim holds for the interval E’ C E, the multi-curve 7, the constant u’ =
min{e’,u”}, and the sequence u,, .

The geodesic segments ¢, (E’) are in N'p(g([0, T])), which is a compact subset of
Teich(S). Then by Claim 5.18, after possibly passing to a subsequence, the geodesic
segments ¢, (E’) converge to the u’—thick part of S(7).

First suppose that T # &. Let s, € E’ and the points &, (s,) converge to a point p as
n — 0o. The vectors &y (s,) converge to a vector v € T, Teich(S) with |[v]|> =1 and
the vectors Jy(sn) converge to a vector w € T, Teich(S) with [|w]|? > wg. Moreover,
(v, w) = 0. So span(v, w) is a nondegenerate plane at p in the u’—thick part of the
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Teichmiiller space. There is an upper bound k; < O for the sectional curvatures in this
region. Thus, for n sufficiently large,

K(én(sn), In(sn)) < %]ﬁ < 0.

But this contradicts the assumption that (5-15) holds.

Remark 5.19 The upper bound for the sectional curvatures in the thick part of the
moduli space follows from the fact that the Weil-Petersson metric is defined on the
moduli space and the thick part of the moduli space is compact.

In the rest of the proof of the lemma we assume that T # &. Since 7 is a non-separating
multi-curve, the stratum S(7) is not a product of lower-complexity strata. Then all of
the sectional curvatures of the stratum S(7) are bounded above by some k, < 0 in the
u’—thick part of the stratum.

Let s, € E" and the points &, (s,) converge to the point p as n — oo. In what follows
for simplicity of notation we often drop reference to the point ,(s,). For example,
we write Ay instead of Ay (¢ (s5)). Let

én(Sn) == Z aa,nka +ba’nJAa + Z Cﬂ,n gradEﬂ,

aET Bes
Jn(sy) = Z dynra +eanJ Ao + Z S gradlg.
aET Bes

Since &n(sn) € Uy, (T) and 2112 = 1, by Lemma 5.7(i), the coefficients Aansban
and cg , are O(1). Similarly, since | Jn|I? < 1, the coefficients dy ,,eq.n and fB.n
are O(1), where the constant of O notation depends only on an upper bound for u’
and the u, .

We have the following bounds for the terms in the expansion of (R(én, Jn)JIn, §n)

e For any « € 7, the four terms

ag pel (Ra. JAa)J Aa. Aat),

a,n
bandan(R( has Aa)ra J ht),
danlandanban(R(Aa, JAa)Aa, J Aa),
danlandanban(R(JAg, Aa)J e, Aa)

add up to a non-positive number for all n sufficiently large.

e For any o € 7, any term which is a multiple of (R((J)Ag,-)-,-) except the
ones in the first bullet above is either 0 or has arbitrarily small absolute value
for all n sufficiently large.
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Proof of the first bullet point For each n, (R(Ay, JAq)J Ay, Ag) is evaluated at the
point &y (s, ), which converges to the point p in the u’—thick part of S(7). Then by
the limit of the diagonal terms in Proposition 5.6,

<R(Aa, JAa)JA.a,Aa) —> _OO

as n — oo. By the symmetries of the Riemann curvature tensor (see eg [7, Section I1.1])
we have

<R(JAQ,AQ)A0[, JAa) == <R(Aa, JAa)JAa,Aa),
(R(Jka,)ka)‘]ka,/\a> = (R()‘ota JAQ)Ada JAO[) = _(R(Aoc, JA‘OC)J/\O!»AOC)'

Then the four terms in the first bullet add up to
(aot,neot,n - boc,ndot,n)zR(Aaa JAa)J Aas Aai).

Now since
(R(Ag, JAQ)J Ay, Ay) = —00

as n — oo, the sum of the four terms above is non-positive for all n sufficiently large.

Proof of the second bullet point By the symmetries of the Riemann curvature tensor,
any evaluation of the Riemann curvature tensor with three or four arguments equal to
Aq or J Ay vanishes. For example, (R(Aq, J Ag)Aa, Ao} = 0. So the terms which are
multiples of them also vanish. The only evaluation of the Riemann curvature tensor
with two Ay and J A, which are not in the first bullet are (R(J Ay, J Ag)Ao, Ao) and
(R(Ag» Aq)J Ao, J Ay ), which are 0. So their multiples also vanish. The rest of the
terms converge to 0 as n — oo by the bounds on the coefficients we established
above and the convergence statement in Proposition 5.6 (see also the paragraph after
Proposition 5.6 about the convention for the evaluations of the curvature tensor). Thus
these terms have arbitrarily small absolute value.

Now using the symmetries of the Riemann curvature tensor and the bounds in the above
two bullets, each term of the expansion of ( R(én, Jn)JIn, Qn) with one component A
or JAy (a0 € 7) is either non-positive or has arbitrarily small absolute value when n
is sufficiently large. The rest of the terms in the expansion of (R(n, Jn)Jn. &n) add

up to (R((&n)p, (Jn)p)(Jn)p, (En)p).

We proceed to show that there is a k3 < 0 such that

(5-16) (R((Ca) P, (Jn)P)(In) P, (En)P) < k3

for all n sufficiently large.
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We have ||/, |2 <1, 50 ||(J,)p||* <2 by Lemma 5.7(iii). By this inequality and (5-12)
we have
100 < [(J)p | = 2.

So, after possibly passing to a subsequence, (J,)p converges to a nonzero vector v
with %a)o <|v|? <2.

Moreover, 1 < (€)p l|? <2 for n sufficiently large by Corollary 5.10. So the vectors
(Zn)p converge to a nonzero vector w with 1 < [|w]|? < 2.

Now we consider

(5-17) ((Jn)N7 @n)N) + ((Jn)P» (é‘n)N)

+ ()N Cn)p) +{(Jn)p. (Cn)P) = (Jn.ln) = 0.
Since ¢, (E’) C Uy,,(7) and u, — 0, we have aq,, — 0 and by, — 0 by Lemma 5.8.
Therefore ||(§.,,)N||2 — 0 as n — oo. Furthermore, since ||J,||?> < 1, we have
()N ? < % and ||(J,)p||? < 3 for all n sufficiently large by Lemma 5.7(iii).
So by the Cauchy—Schwarz inequality, the first term and the second term of the sum
in (5-17) go to 0 as n — oo. We also have that ||J,[|> <1, so ||(J,)p|*> <2 and
(Jn) N |I? < 2 by Lemma 5.7(iii). Then by Lemma 5.7(ii) the third term of the sum in
(5-17) goes to 0 as n — oo. Having these bounds, from (5-17) we may conclude that

()P (En)p) =0
as n — o0o. Therefore (v, w) = 0.

As we saw above, the evaluations of the Riemann curvature tensor

(R(CG) P> (Jn)P)(In) P> (En)P)

converge to (R(v, w)w, v) as n — oco. The vectors v and w are based at the point p
in the u’—thick part of the T—stratum where all of the sectional curvatures of the stratum
are bounded above by some k» < 0. Moreover, as we saw above, ||v||? <2, |w|? <2
and (v, w) =0, so
v Aw]? = o?lw]? - (v, w)* < 4.
Then
(R(v, w)w,v) =k (v, w)|v Aw|? < 4k>.

Therefore, (5-16) holds for k3 = 3k, < 0.

The two bullets above and (5-16) show that, for all »n sufficiently large,

(R(Cns Jn) T, En)
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is the sum of terms which are either negative or have arbitrary small absolute value
and the term

(R(En)p. (In)P)UIn)p. (Gn)p) < k3 <O.
Thus (R(én,Jn)J,,,.é,,) < %k3 for all n sufficiently large. Moreover, ||C,]? = 1,

1Jn1? = Swo and (En. Ju) =0, 50 [{n A Ju|? = 3wo. Thus

K(é:n(sn), Ju(sn)) < E < 0.
wo

But this contradicts the assumption (5-15). The proof of the lemma is complete. O

Remark 5.20 An explicit upper bound in terms of the systole of the Riemann surface
representing the point in the Teichmiiller space where the curvature tensor and sectional
curvatures are evaluated is not available; see the introduction of [22]. So in the preceding
lemma we used compactness arguments to deduce the bounds on sectional curvatures.

Case 2 We have ||Jp(s)]|? < %a)o for some s € E.

Let
S0 = min{s s e Eand || Jp(s)|? < %a)o}.

Note that since ||Jp(0)||?> > wo, and ||Jp(s)||? is a continuous function of s, we have
so > 0. We prove that the inequality (5-9) holds using the following lemma:

Lemma 5.21 There is a ® > 0, depending only on wo and b, such that

S
/ 112 ds > @
0

for every s > sg.

The negative curvature of the WP metric and (5-8) imply that

a2
2 ds?
Integrating both sides of this inequality on the interval [0, 5], we get

[T = 1)1

L) = Pl = 2 [ 1012 ds.
ds ds = Jo
By (5-7), % |/ ]|?|s=0 = 0, so from the above inequality we obtain

ERYIE >2/S||J’||2ds
ds I
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Moreover, fos |J"||> ds > ® for every s > 5o by Lemma 5.21. Therefore
(5-18) Ls)? = 20.
ds -

Now suppose that b’ < so. Then, integrating both sides of the inequality (5-18) on the
interval [b’, b], we get

[T = 1T + 205 —b).
Moreover, we have that ||J (b)||2 =1, so
1> [[J(B)|>+2®(b D).

Consequently, for § = 1 —2®(b — b’), (5-9) holds. Note that since wg < 1, we
have ® < 1/65b (see the proof of Lemma 5.21 for the value of @) and then § > 0.
Furthermore, note that § < 1 and that § decreases as b’ — 0.

We finish Case 2 by proving Lemma 5.21.

Proof of Lemma 5.21 By (5-11) we have that ||J(s9)||> > wo. Moreover, by the
setup of s¢ we have || Jp (s9)]|? < %a)o. Furthermore, by (5-11) we have || J(so)|> < 1.
Then using Lemma 5.7(iii) we may deduce that ||Jy (so)||? <2 and || Jp(so)||* < 2.
Thus, by Lemma 5.7(ii),

(JN(s0), Jp(s0)) — 0O

as u — 0. From this limit we conclude that, given g > 0, for € sufficiently small we
have that

(5-19) I{(Jn (s0). Jp(s0))| < q.
Now consider the equality
1Gs0) 1> = 175 (s0) I + 17 (s0) I + 2(JIw (50), I P (50))-
Then using the bounds we mentioned above we get
(5-20) 175 (s0)|I* = Fwo — .

It follows from the way we constructed the Jacobi field J that J(0) = [|J(0)(|£]x(p)-
Moreover, g([0, T]) C Uc(c). Also by (5-11), ||J(0)||*> < 1. So by Lemma 5.8, given
q > 0, for € sufficiently small we have

(5-21) 1Tn (0)] <gq.
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Now we have that

S0 d S0
(5-22) Lo < / L Inl? ds < / 21(Iw. i) ds
o ds 0

S0 1/2 S0 1/2
52(/0 ||J;v||2ds) (/0 ||JN||2ds)
50 1/2
52(/ ||J]’V||2ds) V2b.
0

The first inequality above follows from the fundamental theorem of calculus and
the bounds ||/ (s0)[|? = 2wo — ¢ and [|Jx (0)]|*> < g we established in (5-19) and
(5-20), respectively, where g = %a)o and u and ¢ are sufficiently small. The second
inequality follows from the compatibility of the Riemannian metric and its Levi-Civita
covariant derivative. The third inequality is the Cauchy—Schwarz inequality. For the
last inequality, note that ||J(s)[|> <1 for any s € [0, b] by (5-11). Then Lemma 5.7(iii)
implies that || Jy (s)||? <2 for u sufficiently small. Furthermore, so < b. Thus

S0
/ | In 1% ds < 2b,
0

giving us the last inequality.

From the bound (5-22) we get

o2 ‘Ug
5-23 J ds > ——.
(5:23) | 1kipas = 2%

Moreover, by Lemma 5.7(iii), we have that ||.J/||? > %“(J,)N [2. So we have
S0 1 50
s2 [ rds=) 10w as
0 2 Jo

1 %0 /12 %0 /12 / 2
=5 ([Cwe s [C1gp 10wz as)
0 0

By (5-11), ||J||*> <1 along ¢. Then by Lemma 5.11 we have that
TN I = 1N 2] =0

as u — 0. So the last integral in (5-24) goes to 0 as u — 0. Thus, using the bound
(5-23), from (5-24) we may deduce that for u sufficiently small we have

S0 (,02
(5-25) / 1% ds > =2
0 65b
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Let & := w§/65b. We have that ||J’||?> > 0, hence for every s > so we have

S )
/ 11 ds z/ 1712 ds = @
Y 0

the second inequality follows from (5-25). This finishes the proof of the lemma. O

Now we can conclude the proof of the theorem. Let § be the maximum of the s
we worked out in Cases 1 and 2, and (1 + wg)/2. Then the theorem follows from
the conclusions of Cases 1 and 2 and the discussion before Case 1 about the case
where || J(0)||?> < wp. Note that § depends only on b, b’ and the constants wy and
ko. Moreover the choice of ko depends only on € (coming from the compactness
argument). Hence § depends only on b, 5" and €. a

6 Strongly asymptotic rays

In this section we prove Theorem 1.1. Throughout this section the pair (v—,v") is a
narrow pair, where vt is a lamination as in Section 2.3 and v~ is a marking. Our
strategy to prove the theorem is the same as the one in [4, Section 4] for the proof of
the recurrent ending lamination theorem (Theorem 1.2). Let r + be a WP geodesic ray
with prescribed itinerary as in Theorem 3.1, where the end invariant (v, v™) is narrow
and has bounded annular coefficients. For simplicity, denote r,+ by r. Suppose that
r’ is a geodesic ray which is not strongly asymptotic to r and its ending lamination
is contained in v*. In the narrow visibility theorem (Theorem 6.5) we show that
there is a bi-infinite geodesic g strongly asymptotic to the ray r in the forward time
and asymptotic to r’ in the backward time, ie r is visible. Note that any measured
lamination with bounded length along both r and r’ has bounded length along g. Let
L be an ending measured lamination of r’. By Lemma 2.10, £ has bounded length
along r’. Moreover, the forward ending lamination of r’ is v, so the support of £
is a sublamination of vt . Then Proposition 6.6 implies that £ has bounded length
along r too. Consequently £ has bounded length along g in both the forward and the
backward time. But this violates the convexity of the length of measured laminations
along WP geodesics (Theorem 2.7). Thus we may conclude that the rays r and r’
are strongly asymptotic. In other words, the forward ending lamination determines
the strong asymptotic class of rays with narrow end invariant and bounded annular
coefficients.

Definition 6.1 Let X be a metric space. Two geodesic rays r,r’: [0,00) — X
parametrized by arc-length are asymptotic if there are positive d and T such that

d(r(t).r'(t)) <d
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for every ¢ > T'. The rays r and r’ are strongly asymptotic if, for some a > 0,
dr(t +a),r' () =0

as t — o0.

Theorem 6.2 (Asymptotic = strongly asymptotic) Let r,+ be a WP geodesic ray
with prescribed itinerary with A—narrow end invariant and bounded annular coefficients.
Then any WP geodesic ray r’ asymptotic to r .+ is also strongly asymptotic to r 4 .

Proof For simplicity of notation we denote r,+ by r. Assume that r and r’ are
parametrized by arc-length.

By Lemma 3.6, given A,d > 0 and € <€ (where € is the constant in Lemma 3.6), for
any k € N there is a time interval [z, t: ] of length at least d and a large subsurface Zj
such that r([z,, t,:r]) C Ucg(0Zy). Moreover, t: <lpiq-

Let n € N. Consider the geodesic segments [r(0), 7’ (n)] and r([0, n]) and let
Ui n: A1p — Teich(S)

be the geodesic variation described at the beginning of Section 4. Similarly, for the
geodesic segments [r(n),r’(n)] and r ([0, n]), let

Uz n: Do — Teich(S)

be the geodesic variation described in Section 4. Let A, = Ay, U Ay, and let
Un: Ap — Teich(S) be the map which restricts to Uy , on Ay, and restricts to Uz 5
on Ay ,; see Figure 2.

Let fy: [0, Ty] — Teich(S) be a parametrization of the geodesic segment [r(0), r’(n)]
by arc-length. Let Vi , C [0, T,,] be a subinterval such that 7 ( /(1)) € r([1, t,j ) for
any t € Vg ,. Let A, (¢) be length of the interval [ f,(¢), w(f,(¢))]. Let k,n € N and
b > 0 be so that b < A(t) for every t € Vi ,. Let W ,, = [0, b]. Moreover, define
the map

Uk n = Unlvi o< Wi n: Vien X Wi, — Teich(S).

We denote Vi , x Wy, with the metric pulled back through uy , by Oy ,, and call b
the height of [y , . Recall the measure m introduced after Theorem 4.2 in Section 4.
Let I k » be the length of wuy , (Vi , x b). By Theorem 4.2(IV), the length of /i , ¢ is
increasing in s and is greater than length(Vk , x 0). Then since each interval [z, t,j ]
has length at least d we may choose the interval Vi , so that

lkny =k n(Vinxb) =d

for any k,n as above.
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r(0) r(n) r

Figure 2: The map U,: A, — Teich(S) is a variation of geodesics. The bold
intervals are r([z,, t,;"]) C Uez(0Zy). The function f,: [0, T,,] — Teich(S)
is a parametrization of [r(0),r'(n)]. For k,n, the interval Vj , is so that
for any ¢ € Vi ,, the nearest point to f,(7) is on r([z,, t,j]). Moreover,
Wi.n = [0, b]. The rectangular regions are Uy, (Vi X Wk 5).

Lemma 6.3 There is a Ky > 0 depending on b and d so that, for any k,n as above,

/[ —KdA+/ m > Kp.
Dk,n Vk,n

Remark 6.4 In [4, Section 4] the recurrence to the thick part of the moduli space
where all of the sectional curvatures are bounded above by a negative constant is used
to produce regions with the above property.

Proof For every b’ € (0, b] consider the Jacobi field

g,
Io ken = az’

wien (b))

which is tangent to the path uy ,(-,b’). For each t € Vi, consider the geodesic
Ugn(t,-). Let § be the constant from Theorem 5.14 for the geodesic segments
U n(t,-). Note that since Vi , is a compact interval we may choose b > 0 uniform
over Vg , such that Theorem 5.14 holds for b and any b’ < b. Also, given b’ we may
choose § uniform over Vj ,. Then by the theorem,

2 2
1 knll™ <8l Jp kel

Moreover, by Theorem 5.14, § decreases as b" — 0, so we may choose § uniform for
all b’. Integrating both sides of the above inequality over the interval Vj , and taking
the square root we get

Ly km < N8lp g

Algebraic & Geometric Topology, Volume 16 (2016)



Asymptotics and divergence of Weil—Petersson geodesics 315

Now as we defined before Lemma 4.5, let /¢ x ,, = limg—q /5 x . Then taking the limit
as b’ — 0 of both sides of the above inequality we obtain

lojen < V8lp g
Subtracting both sides of this inequality from /j x , we get
I des —lojen = o en — V81 -

Then since [ x , = d for all k, n, from the above inequality we obtain
I g —lojen = (1= V/8)d.
Then Lemma 4.5 guarantees that the lemma holds for Ko = (1 —+/8)d/b. O

We proceed to finish the proof of the theorem by contradiction. Suppose that the
geodesic rays r and r’ are not strongly asymptotic. Then since the distance function
in a CAT(0) space is a convex function there are bg > 0 and T > 0 such that

dwp(r (1), r'(1)) > bo

forallt > T. Let b= %bo. For any n € N, let N, be the number of ruled rectangles
Ok,n C Ay with height b. Then by Lemma 6.3 we have

Nn
NnK0§Z(// —KdA-‘r/ m)
k=1 Dk,n Vi.n

Now note that —« is a positive function and m is a positive measure, and moreover
Uk Ok,n C Ap. Thus, we have

Ny

Z(/ —KdA+/ m)f// —KdA+/ m.

k=1 Ok.n Vi.n n [0,n]

By the formula (4-5), the right-hand side is bounded above by 7 independent of 7.
Thus N, < /Ky for all n. On the other hand, the CAT(0) comparison for A, shows
that N, would be made arbitrarily large by increasing n. But this contradicts the
upper bound for N, we obtained above. The fact that r and r’ are strongly asymptotic
follows from this contradiction. The proof of the theorem is complete. a

Theorem 6.5 (Narrow visibility) Let r,+ be a WP geodesic ray with prescribed
itinerary, where the end invariant (v—, v") is narrow and has bounded annular coeffi-
cients. Let r’ be a WP geodesic ray which is not strongly asymptotic to r. Then there
is a bi-infinite geodesic in Teich(S) which is strongly asymptotic to r,,+ in the forward
time and asymptotic to r’ in the backward time. In other words, r + is visible.
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We know that the restriction of v to a large subsurface Y isin EL(Y). Suppose that a
measured lamination £ € ML(Y') has bounded length along both r + and r’. Then L
has bounded length along g.

Proof For simplicity we denote r,+ by r. Let r and r’ both be parametrized by
arc-length. We may omit finitely many of the intervals [f,", t]:r ] and assume that there is
bo > 0 such that for each k the distance between the geodesic segment r ([z; ", t,j D) and
r’ is at least bg. The reason is that in a CAT(0) space the distance between any two
geodesic rays is a convex function, so the distance between r and r’ is a monotonic
function after some time. Then since the rays r and r’ are not strongly asymptotic, the
distance function is bounded below.

We briefly recall the setup from Theorem 6.2. For any n € N, consider the geodesic
segments [r(0),r’(n)] and r([0,n]), and the variation of geodesics obtained from
geodesic segments connecting a point on [r(0), r’(n)] to its nearest point on r ([0, n]).
Similarly, consider the geodesic segments ([0, n]) and [r(n), r’(n)] and the variation
of geodesics obtained from the nearest point projection. Let U,: A, — X be the map
defined by putting together the geodesic variations above. Let fy: [0, T,] — Teich(S)
be a parametrization of [r(0), r’(n)] by arc-length. For each k € N let Vi , < [0, T,]
be such that (f,(1)) € r([z, t,:r]) for any t € Vi, . Suppose that there isa b > 0
so that b < A,(¢) forall t € Vi ,. Then let Wy, = [0, b]. We may assume that the
length of all intervals Vj , is d . Let

Uk,n = Unlvi yxWin Vie,n X Wi — Teich(S).
We denote Vi, x Wi, with the metric pulled back through uy , by O ,. Let
gn: [an,by] — Teich(S) be a parametrization by arc-length of [r(n), r’(n)].
First we show that, after possibly passing to a subsequence, there are parameters

tn € [an, by] so that the points g, (#,) converge to a point z € Teich(S).

Let 7 > 0 be such that d(r(¢),r'(t)) > by forevery t > T. Let b = %bo. We claim
that there is a k € N such that ug  (Og ) N gn # @ for all sufficiently large n.

Let Ko > 0 be the constant in Lemma 6.3, which we proved in the course of the proof
of Theorem 6.2. Let k,n € N be so that gn N U, (Dl?,n) = . Let N, be the number
of ruled rectangles Oy , C A, with height b. Then since | J; Ok, C O,, as we saw
in the proof of Theorem 6.2, we have

NnKOS// —KdA—I—/ m.
n [T,n]

By the formula (4-5) the right-hand side above is bounded above by 7 independent
of n. Thus N, <x /Ky for all n sufficiently large. On the other hand, by the CAT(0)
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comparison for A 7 Ny, can be made arbitrarily large by increasing n. We may also
assume that n > k. So for k sufficiently large we get a contradiction to the upper
bound for N, above, and the claim follows.

As we saw above, there is an integer k so that for all n € N sufficiently large the
geodes1c segment g, and IZIAn intersect. Let the point z, € U En and the parameter
f, be so that z, = g, (1n). Then since the height of each DEn is less than b, all of
the points z, are in the b—neighborhood of r([tA t D, which is a compact subset of
Teich(S). Therefore, after possibly passing to a subsequence we may assume that the
points z, converge to a point z in the b—neighborhood of r([tA t ).

Now we proceed to show that the geodesic segments g, converge to a geodesic g
passing through z. We reparametrize g, by arc-length such that g,(0) = z,. Let
t €]0, 00) and let the integer N; > 1 be such that d(z, r(n)) >t for each integer n > N5 .
We show that the sequence {gn(¢)},> n, 1s a Cauchy sequence. To see this, let hF be
the geodesic segment joining z to r(n), parametrized by arc-length. As is shown in [2,
Section I1.8, Lemma 8.3], {h+(t)}°° w, 1s a Cauchy sequence. Furthermore, for each
n> N let gt =gn |[0,6,,] b€ the parametrization of the geodesic segment [z, r(n)].
Then by the CAT(0) comparison for the triangle with vertices z, z, and r(n),

d(hy (1). gy (1)) < d(zn.2).

Then since z, — z, we have that {g,(¢)} > w, is a Cauchy sequence. Let 7 € (—00,0]
and let the integer N; > 1 be such that d(z,r(n)) > —t for each integer n > N;.
A similar argument to the one above shows that {g,(¢)}5~ w, 18 a Cauchy sequence.
Therefore for each ¢ € R the sequence g, (¢) is convergent in Teich(S). The point-
wise limit of a sequence of parametrized geodesics in a complete CAT(0) space is a
parametrized geodesic. Moreover, the convergence is as parametrized geodesics. Thus
the geodesics g, converge to a bi-infinite geodesic g: R — Teich(S) as parametrized
geodesics. See the proof of [2, Section II.8, Proposition 8.2] for more detail. The
geodesic g is the limit of the geodesic segments [r(n),r’(n)], so g+ = 2l[0,00) 18
asymptotic to 7 and g~ = g|[9,—o0) i asymptotic to r’. Moreover, by Theorem 6.2,
g™ is strongly asymptotic to r. The first assertion of the theorem is proved.

We continue by proving the second assertion of the theorem. First, suppose that the sub-
surface Y is S. In the discussion above for the proof of the first assertion of the theorem,
we may choose b small enough that the closure of the b—neighborhood of the €—thick
part of the Teichmiiller space does not intersect any completion stratum. Each point z,
is in the thick part of the Teichmiiller space, and therefore z € Teich(S). Thus the mea-
sured lamination £ has bounded length at z. By the assumption of the theorem £ has
uniformly bounded length at the points 7(n). So by Theorem 2.7 (convexity of length
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functions) £ has uniformly bounded length along the geodesic segments [z, r(n)]. Then
by continuity of length functions £ has bounded length along g*. A similar argument
shows that £ has bounded length along g~ . Therefore £ has bounded length along g.

Now suppose that Y is a proper subsurface of S. Let p be a hierarchy path between
the narrow pair (v, v™). Thereis an N € N such that 3Y C p(i + N) forall i € N;
see [13, Section 5]. Then Theorem 3.1 guarantees that, for any k sufficiently large,

(1) C Uee(82)

for some subsurface Z with dY C dZ. In the discussion for the proof of the first
assertion of the theorem, we may choose b small enough that the h—neighborhood
of U¢ (0Z) only intersects o—strata where o € 0Z. Then, choosing k large enough,
each z, is in the h—neighborhood of

r(it7 1)) C Ueg(02).

Thus the limit z of the points z,, after possibly passing to a subsequence, is a point
in a o—stratum where o C dZ (note that o could be empty). Then the non-refraction
property of completion strata [20, Chapter 5, Theorem 5.2] guarantees that g C S(o0).

We claim that o C dY . To see this, note that the geodesic segments [r(n), r’(n)], after
possibly passing to a subsequence, converge to g. Thus the points r(n) converge to a
point in S(o). Now suppose that there is a curve o € 0 with o ¢ Y . First, « is a pinch-
ing curve of r. Thus, by Definition 2.8, « is a component of the forward ending lamina-
tion of . Second, since o and dY are subsets of dZ, o does not overlap dY . Moreover,
Y is alarge subsurface. Thus we have o C Y . But this contradicts our assumption that
the restriction of the forward ending lamination v of r to Y is minimal filling. To see
this, note that £(Y) > 1, so a does not fill Y. Therefore « is a component of v’, the
restriction of vT to Y, which contradicts the fact that v’ is minimal. The claim follows.

Now since the support of £ is the lamination v’ in the subsurface Y, the above claim
guarantees that none of the pinched curves at z (the curves in o) intersects £. This
implies that £ has bounded length at z. Then an argument similar to what we gave
above, where we assumed that z is in the thick part of the Teichmiiller space, implies
that £ has bounded length along g. The second assertion of the theorem is proved. O

Proposition 6.6 Let r + be a ray with prescribed itinerary where the end invariant
(v~,v™") is narrow and has bounded annular coefficients. Any measured lamination
supported on a sublamination of vt has bounded length along ok

Proof As in the proof of [4, Lemma 4.5] we consider the ray 7 as follows: since
(v—,v1) is a narrow pair, vt has a minimal component v’ that fills a large subsur-
face Y. Let X,/ be the simplex of the projective classes of measures supported on v’ in
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PML(Y). Let £ € ML(Y) be a representative of the projective class determined by a
point in the interior of the top-dimensional face of X,. Then £ is a linear combination
of all ergodic measures supported on v’ with positive coefficients. Let {y,}n C Co(Y)
be a sequence of simple closed curves such that the projective classes [y,] converge
to [L]. Let ¢, be a hyperbolic surface pinched at a pants decomposition that contains
yn U Y. Let ry be a parametrization of [x, c,] by arc-length, and let 7 be a limit
of the geodesic segments r,, after possibly passing to a subsequence in the visual
sphere of the Teichmiiller space at x. By Lemma 2.12, 7 is an infinite ray and £
has bounded length along 7. This implies that any ergodic measure supported on v’
has bounded length along 7. Any measure supported on v’ is a linear combination
of ergodic measures on v’ with non-negative coefficients. So we may conclude that
any measure supported on v’ has bounded length along 7. Moreover, by Lemma 2.12,
every o € 0Y has bounded length along 7. Any sublamination of v is the union of v’
and some of the curves in dY . Therefore, any measure supported on a sublamination
of vt has bounded length along 7.

We proceed to show that r + and 7 are strongly asymptotic rays. Denote r 4+ by r.
If r is not strongly asymptotic to 7, then by Theorem 6.5 there is a bi-infinite WP
geodesic g strongly asymptotic to r in the forward time and asymptotic to 7 in the
backward time. Let £ be any ending measured lamination of r. By Lemma 2.10, £ has
bounded length along r. Moreover, £ is supported on a sublamination of the forward
ending lamination of r. By Lemma 2.13 the forward lamination of r contains V',
and therefore is a sublamination of v . Thus, as we saw in the previous paragraph,
L has bounded length along 7. Then, by the second assertion of Theorem 6.5, £ has
bounded length along g. But this contradicts the convexity of length functions along
WP geodesics (Theorem 2.7). This contradiction shows that r and 7 are in fact strongly
asymptotic. Now, since both r and 7 start at x, the convexity of the distance function
between two geodesics in a CAT(0) space implies that r =7.

As we saw in the first paragraph of the proof, any measured lamination supported on a
sublamination of v™ has bounded length along 7. By the second paragraph, ryk =T,
thus any measured lamination supported on a sublamination of v* has bounded length
along r, as was desired. a

Here we rephrase Theorem 1.1 and prove it.

Theorem 1.1 Let (v—,v™") be a narrow pair with bounded annular coefficients. Any
WP geodesic ray r’ with forward ending lamination v is strongly asymptotic to o+

Proof Denote r 1+ by r. The lamination vT has a minimal component v’ that fills
a large subsurface Y. We show that any other infinite ray r’ with forward ending
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lamination containing v’ is strongly asymptotic to 7. Suppose not. Then by Theorem 6.5
there is a bi-infinite geodesic g strongly asymptotic to r in the forward time and
asymptotic to 7’ in the backward time. Let £ be an ending measured lamination
of r’. Then by Lemma 2.10 the length of £ is bounded along r’. Moreover, L is
supported on a sublamination of the forward ending lamination of 7/, which is v.
Then Proposition 6.6 implies that £ has bounded length along r as well. Then, by the
second assertion of Theorem 6.5, £ has bounded length along the bi-infinite geodesic g.
But this contradicts convexity of the £-length function along g (Theorem 2.7). Thus

we conclude that r and r’ are strongly asymptotic. |

As an application of Theorem 1.1 we provide a symbolic condition in terms of subsurface
coefficients for divergence of WP geodesic rays in the moduli space. A geodesic ray is
divergent if it eventually leaves any compact subset of the moduli space. Recall that a
pair (v, vY") is A-narrow if dz(v™,v") > A implies that Z is a large subsurface.

Theorem 6.7 (Divergence condition) Given A, R, R’ > 0, let (v—,v™) be an A—
narrow pair on a Riemann surface S with R’—bounded annular coefficients and suppose
that dg(v—,v") < R. Then a WP geodesic ray in M(S) with end invariant (v, v™)
is divergent.

Proof Let r + be the infinite ray with prescribed itinerary and end invariant (v—,v™T).
For simplicity we denote r,+ by r. By the narrow condition, the restriction of vt toa
large subsurface Y is minimal and fills ¥ . Moreover, the condition dg(v—,vt) < R
guarantees that Y is a proper subsurface of S. We proceed to show that, given € > 0,
there is a time 7 > 0 such that £, (r(T)) <€ for every @ € Y. Let p: [0, c0o] = P(S)
be a hierarchy path between v~ and vt. There is an N € N such that for any
component domain Z of p satisfying Jz C [N, oo] we have 0Y C 0Z; see [13,
Section 5].

Let € > 0 and set d = 1. It follows from Lemma 3.6 that there are L’ > 0 and w > 0
with the property that for any subinterval [m’, n’] C [0, o] with n’ —m’ > L’ there are
a component domain Z of p and atime T > 0 so that £4(r(T)) <€ for all @ € 0Z.
Furthermore, as we saw above, if m’ > N, then Y C dZ. Thus, for any « € dY,
ly(r(T)) < €. For each a € 3Y, the function £y (r(1)): RZ® — RZ0 is a convex
function; moreover, by Lemma 2.12, £, is bounded, thus it is a decreasing function.
Therefore

ba(r(t)) <e

for all ¢+ € [T,o0). Now, choosing ¢ arbitrarily small, we may conclude that the
projection 7 of the geodesic ray r to M(S) is a divergent WP geodesic ray.
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Now, by Theorem 1.1, any geodesic ray ' with the forward end invariant v is strongly
asymptotic to r. As we saw above, 7 is divergent in M(S), which implies that the
projection r’ of r’ to M(S) is divergent as well. a

On any surface S with £(S) > 1, in [15, Section 7.2] we constructed pairs (v, v™T)
where v~ is a marking and v™ is a minimal filling lamination with the following
properties:

 Thereis alist of large subsurfaces {Z; }7° | sothatforeach i, Z; =Z; 1NZ; 41,
and dz,(v™,v") > 00 as i — 0o.

¢ The remaining subsurface coefficients, including the annular ones, are uniformly
bounded above.

Furthermore, in [15, Section 8] we proved that there is a WP geodesic ray r 1+ with
end invariant (v~, v™") as above and prescribed itinerary so that the projection 7+ of
r,+ to the moduli space is divergent. Here we show that any WP geodesic with end
invariant (v, v™) is divergent in the moduli space.

Theorem 6.8 Any WP geodesic ray with end invariant (v_, v™") constructed in [15,
Section 7.2] is divergent in M(S).

Proof Since the only subsurfaces in which the pair (v™,v™) has a big projection
distance are large subsurfaces, the pair is narrow. Moreover, the pair has bounded
annular coefficients. Thus, by Theorem 1.1, any other geodesic ray r’ with forward

ending lamination v is strongly asymptotic to r,+. Now, since 7+ is divergent in
M(S), the geodesic ray 7’ is divergent as well. O
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