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An invariant of rational homology 3—spheres via vector fields

TATSURO SHIMIZU

We give an alternative construction of the Kontsevich—Kuperberg—Thurston invariant
for rational homology 3—spheres. This construction is a generalization of the original
construction of the Kontsevich—Kuperberg—Thurston invariant. As an application, we
give a Morse homotopy theoretic description of the Kontsevich—Kuperberg—Thurston
invariant (close to a description by Watanabe).

57TM27

1 Introduction

M Kontsevich [6], S Axelrod and I M Singer [2] proposed the Chern—Simons pertur-
bation theory and gave a topological invariant of 3—manifolds with a flat connection.
Based on Kontsevich’s work, G Kuperberg and D Thurston [7] constructed a topological
invariant of rational homology 3—spheres. They showed that this invariant is a universal
finite type invariant for integral homology 3—spheres by showing surgery formulas.
C Lescop obtained surgery formulas of other types in [9] and [10]. Lescop revisited the
Kontsevich—Kuperberg—Thurston construction more precisely and gave a more direct
proof of well-definedness of this invariant in [8].

K Fukaya [3] constructed a topological invariant of 3—manifolds with two local coeffi-
cients using Morse functions. Fukaya’s invariant is closely related to the 2—loop term
(ie the graph 6 term) of the Chern—Simons perturbation theory. M Futaki [4] pointed
out that Fukaya’s invariant depends on the choice of Morse functions.

T Watanabe [14] gave an invariant of integral homology 3—spheres without local
coefficients using Morse functions. He also investigated higher loop graphs (and
broken graphs), and then he defined a topological invariant of homology 3—spheres
corresponding to higher order terms of the Chern—Simons perturbation theory. In this
paper, we extend his construction to any rational homology 3—sphere. The construction
of the 2—loop term of Watanabe’s invariant is related to the construction of a Morse
propagator constructed by Lescop [11].

Fukaya’s construction is inspired by the construction of the 2—loop term of the Chern—
Simons perturbation theory, and he conjectured in [3, Section 8] that his invariant is
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related to the 2—loop term of the Chern—Simons perturbation theory. Watanabe also
conjectured in [14, Conjecture 2.14] that his invariant is related to Axelrod and Singer’s
invariant [2] or Kontsevich’s invariant [6].

Let Y be a rational homology 3—sphere with a basepoint co € Y. The Kontsevich—
Kuperberg—Thurston invariant and Watanabe’s Morse homotopy invariant are defined
by using extra pieces of information from Y : a framing of 7'(Y \ co) and a collection
of Morse functions on Y, respectively.

In this paper, we give an alternative construction of the Kontsevich—Kuperberg—Thurston
invariant by using a collection of appropriate 2—forms on the unit sphere bundle of the
tangent bundle of Y \ co. In particular, we give a construction of such a collection of
2—forms by using a collection of vector fields on Y \ co. We prove that it is possible to
regard the constructions of the Kontsevich—Kuperberg—Thurston invariant and Watan-
abe’s Morse homotopy invariant as special cases of our construction. In fact, a framing
gives us a nonvanishing vector field and a Morse function gives us a gradient vector field.

We remark that our construction of the principal term of the degree-1 part is related to
Lescop’s invariant [12] for rational homology 3—spheres with nonvanishing vector fields.

The organization of this paper is as follows. In Section 2, we prepare some notation. In
Section 3, we review the Kontsevich—Kuperberg—Thurston invariant. In Section 4, we
give an alternative construction of this invariant, and use it to give a Morse homotopy
theoretic description of the invariant. In Section 5, we first review some lemmas from
[8] used in Section 3 and Section 4, and then we prove the main theorems. In the
Appendix, we give a more direct proof of Proposition 5.3 in the case n = 1.
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Tadayuki Watanabe for his helpful comments and suggestions for an earlier draft and
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comments and suggestions to improve an earlier draft. The author is deeply indebted to
the referee for his/her valuable comments and suggestions. Due to his/her suggestion,
the organization of this paper, some conventions and the proof of Lemma 5.11(4) were
refined. The description of the proof of Lemma 4.5 is due to Lescop and the referee.

2 Notation and some remarks

In this article, all manifolds are smooth and oriented. Homology and cohomology are
with rational coefficients. Let ¢ be a Q—linear sum of finitely many maps from compact
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k —dimensional manifolds with corners to a topological space X . We consider ¢ as a
k —chain of X via appropriate (not unique) triangulations of each k-—manifold.

Let Y be a submanifold of a manifold X. Let ¢ =) ; a;(fi: ¥; — X) be a chain
of X, where f;: ¥; — X are smooth maps from compact manifolds with corners
and a; are rational numbers. If f; is transverse to Y for each i, then we say that ¢ is
transverse to Y.

Let us denote by R¥ the trivial vector bundle over an appropriate base space with rank
k € N. For a real vector space X, we define S(X) by

SX) = (X\{0})/R.

We denote S(X) by SX. For a real vector bundle £ — B over a manifold B, we
denote by SE or S(FE) the fiber bundle where the fiber over x € B is SE,. When E
has an Euclidean metric, SE is the unit sphere bundle of E.

When B is a submanifold of a manifold 4, we denote by B£(A, B) the manifold given
by a real blowing up of A along B. Namely B{(A, B) = (A\ B)U Svp, where vp
is the normal bundle of B C A4 (see [7] for more details about real blowing up). Note
that if a submanifold C C A4 is transverse to B, then B{(C,C N B) is a properly
embedded submanifold of B{(A, B).

Let us denote by A C A" the fat diagonal of the n™ power of a manifold 4: namely,
A={(x1,...,xp) € A" | #{x1, ..., Xn} <n}.

Conventions on orientations

Boundaries are oriented by the outward normal first convention. Products are oriented
by the order of the factors. Let y € B be a regular point of a smooth map f: A — B
between smooth manifolds 4 and B. Let us orient f~!(y) by the following rules:
T fT'(»)® f*Trx)B = TxA, forany x € f~1(y) where f*: Tr(x)B — Ty A is
a linear map satisfying fxo f* = idr;,, B We denote by —X the orientation reversed
manifold of an oriented manifold X .

Let X be a 3—dimensional real vector space. Let V' be a finite set. Define S’V (X)
to be the set of injective maps from V to X up to translations and dilations. Set
k={1,...,k}. We denote gk(X) by S’k(X). Note that S’z(X) = S(X). For an R3
vector bundle £ — B, we denote by S v (E) — B the fiber bundle where the fiber
over x € B is S'V(Ex).
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Figure 1: The relations AS (left) and IHX (right). Here the orientation of
each vertex is given by counterclockwise order of the half edges.

3 The Kontsevich—-Kuperberg—Thurston invariant

In this section, we introduce some notation about configuration spaces and Jacobi
diagrams. Then we review the construction of the Kontsevich—Kuperberg—Thurston
invariant. Most of this section follows [8].

3.1 Jacobi diagrams

This subsection follows [8, Sections 1.3, 2.3]. A Jacobi diagram of degree n is defined
to be a trivalent graph with 27 vertices and 3n edges without simple loops. For a
Jacobi diagram T', we denote by H(T), E(T') and V(') the set of half edges, the set
of edges and the set of vertices, respectively. An orientation of a vertex of T is a cyclic
order of the three half-edges that meet at the vertex. A Jacobi diagram is oriented if all
its vertices are oriented. Let R (degree-n oriented Jacobi diagrams) be the real vector
space freely generated by all degree-n oriented Jacobi diagrams. Let

Ay (2) = R{degree n oriented Jacobi diagrams)/AS, THX,
where the relations AS and IHX are locally represented as in Figure 1. Let

gn = {F = (1:7 YE, PV, OIiE)}

up to isomorphism. Here T is a connected Jacobi diagram of degree n, pg: E(T) 2
{1,2,...,3n} and @p: V(T') = {1,2,...,2n} are labels of edges and vertices respec-
tively, and orig is a collection of orientations for all edges. For example, #£; = 8.
These data and an orientation of T induce two orientations of H(T"). Here an orientation
of a finite set is an order of all elements of the set up to even permutations. The first
one is the edge-orientation induced by ¢ and orig . The edge-orientation is induced
by the following order of H(f): the first half edge is the initial half-edge of <pgl (1)
with respect to orig, the second half edge is the terminal half-edge of goEl (1), the
third half edge is the initial half-edge of goEl (2), and so on. The second one is the
vertex-orientation induced by ¢y and orientation of I'. The vertex-orientation is
induced by the following order of H(f): the first three half edges meet at <p;1 (1)
with an order with respect to the orientation of I', the second three half edges meet
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at (p;l (2), and so on. We choose the orientation of ' so that the edge-orientation
coincides with the vertex-orientation. Let us denote by [['] € A, (2) the oriented Jacobi
diagram given by I" in such a way.

Remark 3.1 The notation Ajj, 3, used in [14] coincides with the notation Ay (2)
used in [8] as R—vector spaces.

3.2 The configuration space Can (Y)

This subsection follows [8, Sections 1.1, 1.2, 2.1].

Let Y be a homology 3-sphere with a basepoint co. Let N(oco;Y) be a regular
neighborhood (that is diffeomorphic to an open ball) of co in Y, and let N (oco; S3) be
a regular neighborhood of oo in S* =R3Uoo. We fix an orientation-preserving diffeo-
morphism ¢®: (N (oc0; Y), 00) 2 (N(00; S3), 00) between N(oo; Y) and N(oo; S3).
We use ¢ to identify N(oo;Y) with N(co; S3). Let By denote Y \ N(00;Y).

Let
Con(Y) = (Y \00)2"\ A ={{1,...,2n} < Y \ co}.

Let C,(Y) be given by real blowing up of Y2 along co? = (00, 00), 0o x (¥ \ 00),
(Y \ 00) x 00 and A\ co? in turn, where the space oo x (Y \ 00) is the closure of
oo x (Y \ 00) in BL(Y?,00?%). Let us denote by ¢: C»(Y) — Y ? the composition of
the blowing down maps. Then

IC2(Y) = ST Y x (Y \ 00) U (Y \ 00) X STocY U Svar\o0) Ug ™ ' (00?).
The isomorphism
(TY? Do) = T(Y \00),  (—u,u) = u,
identifies vA(y\oo) With 7'(Y \ 00). Then we identify Svay\oc) With STY |y\oo-
Let p; and p, denote the projections
P1: (0C2(Y) D)STooY X (Y \00) = STooY = STwS> = 52,
p2: (0C2(Y) D)(Y \ 00) X STooY — STooY = STooS? = 52,

where STwoY and ST S are identified by ¢™. We denote by tg2: S? — S? the
involution induced by x(—1): R® — R3.

From the definition of the compactification C,(S?), it is possible to extend the map

intCy(S%) = R*xRH\A = 82, (x, )= (r—x)/[y—x]|
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to Co(S?) (see [8, Lemma 1.1] for more details). Let p.: C»(S3) — S? denote this

map. Since ¢~ (N (00; Y)?) C Co(Y) is identified with g1 (N (00; $3)2) C Co(S?)

by ¢, we get amap dC,(Y) Ng 1 (N(oc; Y)?) £ S2. Since py.ig20 ps and pe

are compatible on the boundary, as in the case ¥ = S3, these maps define the map
py: 0C,(Y)\ STBy — S2.

For each ' = (T, ¢, ¢y, orig) € &, and for each (pEl(i) e E(), let s(i),t(i) €
{1,...,2n} denote the labels of the initial vertex and the terminal vertex of wgl (i),
respectively. The embedding {1, 2} = {s(i),?(i)} —{1,...,2n} induces the projection

Pi(D) = 1¢, (yy: Con(¥) = C2(Y) (C Co(Y)).

We define a map P;(T): S »n(E) — SE in the same manner for an oriented R? bundle
E — B. See [8, Section 2.3] for more details.

3.3 Admissible forms and propagators

Definition 3.2 (admissible form) A closed 2—form w € Q2(dC,(Y)) of dC,(Y) is
an admissible form with respect to wg> if the restriction of @ to dC,(Y') \ STBy is
Pyws2, where wg> is a closed 2—form of S?2 with total volume 1.

Let w be an admissible form. Since Y is a rational homology 3—sphere, we can check
that H?(C5(Y),0C2(Y):R) == Hy(Co(Y):R) = 0 and H3*(C»(Y),dC2(Y): R) =
H3(C»(Y);R) =0 as in the case Y = S3 (see [8, Lemma 2.1] for more details). Then
the restriction H2(C,(Y);R) — H?(3C,(Y);R) is an isomorphism. Thus there is a
closed 2—form wc on C,(Y) satistying wclyc,v) = @.

Definition 3.3 (propagator) We call wc a propagator with respect to .
Let {w;};e3n be a collection of admissible forms.
Definition 3.4 Let w; ¢ be a propagator with respect to w;. Then we define
@iz = 3 ( LA P,-(r)*wi,c) ] € Au(2).
reg, C2n(Y) i€3n

We will see that this definition makes sense and is consistent in Lemma 3.5. For an
R3-bundle E over a manifold Z with corners and a collection (;) ie3n of forms over
S, (FE) satisfying Z?il deg(n;) = 6n—4+dim Z, define X, (E; (i)3n) € An(D) as

Xu(E:m)a) = D> ([ /\ Pi@*n)[TL.
Son(E)

reg, i€3n

From the work of Lescop, especially in [8, Section 2.4], the following lemma holds.
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Lemma 3.5 (1) The integrals in Definition 3.4 are convergent.

(2) zn((wi)iesn) is independent of the choice of propagators (w;,c)ie3n -

(3) For any other collection (w});e3, of admissible forms, there exist closed 2—forms
Qi = Q(w;, wf) on [0,1] x STBy and closed 2—forms Qg2 ; on [0, 1] x S?
satistying the following conditions:

(@ il{oyxSTBy = WilSTBy »

() Qil{13xsTBy = @} |STBY »

(© Lilp,11xasTBy = (dX py)* Qg2 ;,

(d) QSZ,I'|{O}X52 = a)Sz’i and

() Qg2l{1yxs2 = 052 ;.

Here wi|yc,(v)\STBy = Py@s2,; and ojlac,(v)\STBy = Py @S2 ;. For these
forms, z,((])ie3n) — zn((®i)iean) = Xn([0, 1] X TBy; (Q)ien)-

The proof of this lemma will be outlined in Section 5.1.

3.4 Review of the Kontsevich—-Kuperberg-Thurston invariant

In this section, we review the construction of the Kontsevich—Kuperberg—Thurston
invariant zXKT for rational homology 3—spheres with a little modification.

For a framing v/ of TY, we denote by oy (z') € Z the signature defect of 7/ de-
fined as follows: Take a compact 4—manifold X, bounded by Y. Let p;(z'; Xp) €
H*(Xy.Y;Z) be the relative Pontrjagin class. By the Hirzebruch signature theorem,
the difference oy (t') = [’ X, L1 (t’; Xo) —3 Sign Xj is independent of the choice of Xj.
See [5] or [1] for more detalls Let 73 bea frammg of TS? satisfying the following
two conditions:

® O0g3 (‘Csfs) = 2,
* To3|§3\N/(00:83) = TR3|S3\ N/ (00:53)» Where TR3: TR? = R3 is the standard
framing of TR3.

Here N’(oco;S?) is a neighborhood of oo smaller than N(oo; S?); that is, oo €
N'(00; S3) C N(o0; S3).

Remark 3.6 There is no special meaning in the number 2 in the first condition above.
The anomaly term Z2"°Ma(3) would be independent of the choice of tgs even if
0¢3(tg3) were not 2. We remark that there is no framing 7 on S* such that o ¢3(r) =0.

IThere is such a framing. For example, the Lie framing Tgy(2) of the tangent bundle of S 3=8U(2)
corresponding to left multiplication satisfies 0g3 (tsy(2)) = 2. See [5] for more details. We can get g3
by modifying tgy(2) -
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Let ty: T(Y \ o0) = R3 be a framing satisfying Ty | N(0o:¥)\oo = TR3, Where R3
is the trivial R3—bundle over N(oo;Y) \ co. We call such a framing an admissible
framing. We have that Ty [y\ N(co;¥) U Ts3| N (co;53) 18 @ framing of 7Y by the above
conditions on 7y . We define
0¥\oo(T¥) = 0y (Tr [Y\N(00;¥) U Ts3 | N(00:53)) —053(Ts3)
= 0y (TY [ \N(oo;7) U Ts3 | N(00:53)) — 2
and call it the signature defect of ty . For example, ops(tg3) = 0.

The composition of the framing ry and the projection map R?® — R? induces the
map pa(ty): STBy — S?. Thanks to the conditions we imposed on 7y, the maps
pa(ty) and py: dC,(Y)\ STBy — S? are compatible. So we get the map

p(ty) = py U pa(zy): 0C2(Y) — S2.

Therefore, we have an admissible form w¢, = p(ty)*wg2 for any closed 2—form wg2
of S? with total volume 1.

Definition 3.7 We define z8T(Y; 1y) = z,((wry )iean) -

Lemma 3.8 [8, Theorem 1.9, Proposition 2.11] For any other framing ty,, there
exist constants 8, € A, () such that

KTV th) — K (Vs ty) = =10y \00 (th) — 0¥ \00 (T¥) ) 6.

The central definition that we study here generalizes the definitions that are given in
[7] by Kuperberg and Thurston and in [8] by Lescop.

Definition 3.9 Let (w;);e3, be a collection of admissible forms and ty be an admis-
sible framing. We define

Zu N(Y) = zn((@)iezn) = 23" (@1)ie3n) € An(2),

where

Z2oml ((w;)ie3n) = Xn ([0, 1] x TBy; (i (0ry , i))ie3n) — 107 \00(T¥)Sn.

Lemmas 3.5 and 3.8 imply that Definition 3.9 is consistent.

We will give an alternative description of 'Z“,i‘“"m“ly((w,-)ieﬁ) without framings in
Section 4.1. We remark that §, is given by an explicit formula in [8, Proposition 2.10].
Lemma 3.5(3) implies that Z3°ma ((w;); ¢ 3n) is independent of the choice of ty . Thus

Zamomaly ((g;);e3,) is consistent.
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Remark 3.10 The universal finite type invariant ZXXT described in [8] is equal to

the degree-n part of
1 KKT
e —_— .
Xp(; 231 (3n)l2n)! " )

See the discussion before Lemma 2.12 in [8] for more details.

KKT

4 Alternative description of z,

This section is the main part of this paper. In Section 4.1, we give an alternative
description of the anomaly term. In Section 4.2, we give a construction of an admissible
form by using a vector field. In Section 4.3, we give an explicit propagator by using a
Morse function. This construction is close to T Watanabe’s Morse homotopy invariant.

4.1 Alternative description of the anomaly term Z>""™" ((w;) ie3n)

The idea of this alternative construction is based on the construction of the anomaly
term of Watanabe’s invariant in [14]. We note that Watanabe defined his invariant only
for integral homology 3—spheres.

Let Y be a closed 3—manifold with a basepoint co € Y. Let w; be an admissible form
with respect to a closed 2—form wg2; of S 2, Let 7g3 be a framing as in Section 3.4.
The framing 7g3 induces the map p(tg3): STS?® — S2.

Let X be a compact connected 4—-manifold with dX =Y and x(X) = 0. For example,
we can take X = (T*#CP?)\ B* when Y = S3. Since x(X) = 0, it is possible
to extend 7Y to an oriented R3—subbundle of 7X. We denote by 7”X such an
extended bundle. Let Fy — STVX be the tangent bundle along the fiber of the
sphere bundle ST'X — X . Let W; be a closed 2—form on STV X satisfying the
following conditions:

e 2W; represents the Euler class e(Fy) of Fy - STV X,

o Wilsty = wilsty U p(T53)* 052 ;| STN(00:Y) -
Theorem 4.1 Z2°M ((;);e3,) = %8,, Sign X + X, (T*X; (I/V,-),-GL,,)—F%(SH € An(9).
For any closed connected 4-manifold X’ with x(X’) = 0, we can define T X’ and
X(TX'; (W/)ie3n) for any closed 2—form W/ of STV X’ which represents 3e(Fx-).

The well-definedness of the right hand side of Theorem 4.1 will be a direct consequence
of the following theorem.
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Theorem 4.2 For any closed connected 4—manifold X' with x(X') =0,

—36n Sign X' = Xu(TVX'; (W))ie3n)-
Theorem 4.1 and 4.2 will be proved in Section 5.

4.2 An admissible form given by a collection of vector fields

In this section, we give a construction of an admissible form by using a smooth vector
field. We will use these admissible forms in the next subsection.

For a € S? C R?, the map ¢,: R* — R is defined by ¢q,(x) = (x,a), where (, ) is
the standard inner product on R3.

Definition 4.3 A smooth vector field y on Y \ oo is an admissible vector field (with
respect to a ) if the following conditions hold:

* YIN(oo;¥)\oo = @ (= grad ga| N(oo;53)\00) »

e y is transverse to the zero section in 7(Y \ 00).

Example 4.4 We give two important examples of admissible vector fields with respect
to a:

(1) Let tps: TR3 = R3 be the standard framing of 7R3, We regard @ € R* as a con-
stant section of the trivial bundle R*. If 7: T (Y \ 0o) 2 R? is an admissible fram-
ing, the pullback vector field t*a is an admissible vector field with respect to a.

(2) For a Morse function f: Y \ oo — R such that f| x(co:¥)\oo = 9alN(c0:8)\0o>
grad f is an admissible vector field with respect to a.

The following lemma plays an important role in this construction. For an admissible
vector field y, let

&y ={ly ()] € STLY [x €Y \ (00 Uy~1(0)} C ST(Y \ 0).

where [y(x)] € STxY is the class of y(x) € TxY up to dilation. Here we choose
the orientation of ¢, such that the restriction to ¢, of the projection STY — Y is
orientation preserving.

Lemma 4.5 ¢((y) =¢, Uc_, is a submanifold of ST (Y \ co) without boundary.
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Proof It is sufficient to check this claim near y~1(0). Let x € y~1(0). Identify a
neighborhood of x with an open neighborhood U of 0 in R? by a chart that maps x
to 0. Then y (u) reads (u € U, ¥(u) € T,R3 = R3) in such a chart where ¥(0) = 0
and doW € GL(T,R3) = GL(R?). Under this chart,

Y(tv) )
¢ OSTY|U={(ZU,—)‘te(O,oo),veS,tveU}.
g W @v) |l

Set ¥y (v) = Y(tv)/||W(zv)| when ¢ € (0,00) and ¥o(v) = doW(v)/|doW(v)| for
ve S?. Thus Yo(v) is the limit of ¥, (v) = ‘I’(tv)/(t||(1/t)lIJ(tv)||) where ¢ ap-
proaches 0. Then

¢, NSTY |y = {(tv, ¥+(v)) |t €[0,00),v € S?,1tv e U},
ey NSTY |y = {(tv, =y (v)) | t €[0,00),v € S%, tv e U}.

Let &g € {1, —1} be the sign of the Jacobian of ¥o; namely go = 1 if and only if the
Jacobian of g is positive. Fix & > 0 small enough so that for any ¢ € [0, &), we have
tS? C U and v, is a diffeomorphism of S2. Let B(e) = {x € R? | ||x|| < &}. We have

co(y) NSTY )
= eo{(ty; ' (w),w) | €[0,8), w € S*}U—eo{(ty;  (—w), w) | €[0,¢), w € S?}.

Let ®(¢,w) = (|t|w|;|1((t/|t|)w),w) if t #0 and ®(0, w) = (0, w). Then ® is a
smooth embedding. Furthermore, @[ .yxs2 (resp. @[, ¢)xs2) is an embedding
into ¢), (resp. c—y ) that preserves the orientation if and only if o does, so that

co(Y)NSTY gy = {P(t,w) | 1 € (—e,8), w € S2}.
Then co(y) is an oriented topological manifold that reads as the image of the embed-

ding ® near STY |x. a

‘We define

c(y) = py' (@) U py'(—a) U (co(y) N STBy) C IC5(Y).

By the definition of admissible vector fields and by Lemma 4.5, c¢(y) is a closed
3-manifold. Therefore, c(y) determines a 3—cycle of dC,(Y).

Let a)g,2 be an antisymmetric closed 2—form on S? such that a)g,2 represents % times

the Poincaré dual of [a] + [—a] and the support of a)g,2 is concentrated near {a, —a}.

Let w(y) be an admissible form on dC,(Y) satisfying the following conditions:?

2 All admissible forms satisfy the first condition because H2(3C»(Y);R) = R.
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2w(y) represents the Poincaré dual of [c(y)],

the support of w(y) is concentrated near c(y), and

o(Y)ac,(¥)\STBy = p;a)g,z; namely w(y) is an admissible form.

KKT

4.3 Morse homotopy theoretic description of z,

In this subsection, we give a Morse homotopy theoretic description of zKKT by using a
collection of 3n Morse functions. This description is deeply inspired by the work of
Watanabe in [14].

We first prepare some notations about Morse functions. Let Y be a closed 3—dimen-

sional manifold with a basepoint oo € Y. Fix a point a € S2.

Definition 4.6 A Morse function f: Y \ co — R is an admissible Morse function
with respect to a if it satisfies the following conditions:

*  fIN(o;¥)\oo = dal N(0o;53)\00- and
e/ has no critical point of index 0 or 3.

Let f be a Morse function on Y \ oo (or Y') and & a metric on Y satisfying the Morse—
Smale condition. Let grad f* be the gradient vector field of f* corresponding to &. Let
Crit( /) denote the set of all critical points of f. Let {dDJ’,} ter: Y \ oo — Y \ oo be
the 1-—parameter group of diffeomorphisms associated to grad /. We denote by

_ . t _ _ : t _
AP—{xeY|t_1:1POO(Df(x)_p} and DP_{XEYltliH}oq)f(x)_p}
the ascending manifold and the descending manifold at p € Crit( /), respectively.

Let us orient ascending manifolds and descending manifolds by imposing the condition
TyAp ®TpDy = T,Y forany p €Crit(f). Let p,q € Crit(f) be critical points of
indices 2 and 1, respectively. By the Morse-Smale condition, D, N A4 is a 1-manifold.
Let us orient D, N A, by the following rule:

We fix a Riemannian metric on Y. The normal bundle ND, of D, and the normal
bundle N A, of A, are oriented by

TDy®ND,=TY|p, and TA;,&@NA;=TY|y4,.

Let n(Dp) and n(A,) be positively oriented normal vector fields of D, and Ay,
respectively. We orient the normal bundle N (D, N Ay) of D, N.A, by using the frame
(n(Ag)lp,na,.-1(Dp)lp,na,)- Then we orient D, N A, by

T(DyNAg) ®NDyNAg) =TY|p,na,-
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/DpﬂAq
7

Dp

Aq

Figure 2: The orientation of D, N A,
We give a sign £1 to each connected component of D, N A,;. A component has
sign +1 if the orientation of this component is from g to p. See Figure 2.
We assume [ is an admissible Morse function. Let Crit( /) ={p1,..., Pk+q1----» Gk}
be the set of critical points of f where ind(p;) = 2 and ind(¢;) = 1. Let
3
0— G (Y \oo: f) > Ci(Y \oo: /) =0

be the Morse complex of f with rational coefficients. Here the boundary map is
defined as 8([ pi)=2; 8, ilq;], where 9; ; is the sum of the signs of all the connected
components of Dp, N Ay, . Let

g: C(Y \oo; /) > C(Y \ooi /). (gD =) _ &ilpil.
J

be the inverse map of 3. (In [14], g is called a combinatorial propagator.)

We now construct M( f), which is a weighted sum of (noncompact) 4—manifolds in
Y2\ A. Let M_,(f) be the 4—manifold which is the image of the inclusion map

@r: (Y \00) x(0,00) = (Y \oo) x (Y \o0), (x,1)+> (x, @}(x)).
We choose the orientation of M, ( /) so that the map ¢y preserves orientations. Define
M) =M (f)+ ) 8;i(Dp; x Agy) \ A.
i’j
We remark that the orientation of M( /) does not depend on the choice of orientations
of Dp, and Ag; .
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Let aj,...,as, € S* C R? be points such that any three distinct points are linearly
independent in R3. Let fi,..., f3, be a collection of sufficiently generic admissible
Morse functions with respect to ay, . .., a3, . Take metrics &1, ...,&3, on Y and use &;
for grad f;.

Set M(% f;) = M(f;) + M(—fi). For generic &, f; and a;, the weighted sums
of manifolds

Py (F)|(_Yl\oo)2n\A(M(:|:fl))» B P3n(F)|(_yl\oo)2n\A(M(:|:f3n))

transversally intersect at finitely many points for any I' € £,. We can prove this fact in
a similar manner as in the proofs of Proposition 2.4 and Lemma 4.2 in [14].

Theorem 4.7 For generic f1,..., fan and &1,...,&3,,

()

3n
= 3 si#( () PG oy MG ) I Z2 (e f ).

I'eg, i=1

Here w(grad f;) is an admissible form corresponding to the admissible vector field
grad f;.

5 Proofs
In this section we prove Theorems 4.1, 4.2 and 4.7.

5.1 Needed lemmas from [8]
We first give the outline of the proof of Lemma 3.5. See [8, Section 2.4] for more details.

Outline of the proof of Lemma 3.5
(1) See [8, Proposition 2.5].
(2) See [8, Proposition 2.9].

(3) Fix j € 3n. It is enough to study the case where w; = ] for any i # j. Since
[w}] = [w;] € H?*(C5(Y); R) and [ws2 ;] = [ws2 ;] € H?(S?;R), there exist closed
2—forms Q}) on [0, 1]x dC>(Y) and Qg2 ; on [0, 1] x S? such that

* Qo) =)

0 ./
o QFltxacy(r) = @,
b QSZ,jl{O}XSZ =wg2 and

— /
© sz jlayxsr =ws2,)
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More precisely, by the same argument of Lemma 2.15 in [8], we can take Q;’ SO
that Q[j0,11x(3C,(¥)\STBy) = PyRs2 ;. Let Q) = w*w; for any i # j, where
7: [0,1] x dC3(Y) — dC,(Y) is the projection. Similarly, let Qg2 ; = 7*wg2 ; for
i # j,where m: [0,1]x S? — S? is the projection. Set Q; = Q?|[0,1)xSTBy -

On the other hand, there is a natural compactification C,,(Y) of C‘Zn(Y ); this is a
compact 6n—dimensional manifold with corners, and there is a natural extension to
Cy,(Y) of Pi(I): ézn(Y) — C2(Y); see [8, Section 3] for more details. By Stokes’
theorem,

0—2[

Fez, J10,11xCan(¥)

(/\(idx Pi(F))*Q?) [T]

i

= zn((a) Jiean) = Zn((@i)ie3n) — Z /

fes, J0.11x0C2, (1)

(/\(ldXP(F)) QF )[r]

Lemmas 2.17, 2,18, 2.19, 2.20 and 2.21 of [8] imply that

TN*O0
I"GZS [0 1]x8C2n(Y)( (> B(1)) Q’)[F]
-3,

Tee, 0,11 82, (T By)

(/\(ldem) 2 )Ir
= X ([0, 1] X TBy; (Qi)ie3n)- =

Two lemmas To prove Theorem 4.1 and Theorem 4.2, we prepare two lemmas. These
lemmas are essentially given by C Lescop in [8].

Lemma 5.1 Let E — Z be an oriented R3 —bundle over a manifold Z with corners

and let (n;);e3n be a collection of differential forms (not necessarily closed) over SE
such that ZEZI deg(n;) =6n—4+dimZ — 1. Then

d
Xu(Elaz: (Nils(Ely)iean) = Z( =l ey, (E ((n’)’€3")( nrik))’

where ((1i)ie3n)(dNk /Nk) is the collection of forms obtained from (1;);e3, by replac-
ing ny with dny.

Outline of the proof There is a natural compactification S,,(E) of Son (E); this is
a compact (6n—4+ dim Z)—dimensional manifold with corners, and there is a natural
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extension of P;(T): S’zn(E) — SE to S»,(FE); see [8, Section 3] for details. By
Stokes’ theorem,

3n

Z(—I)Zﬁ{;% deg(n)) y, (E; ((Mi)ie3n) (a;ﬂ))
' k

-> [ (E)d(/\Pi(F)*m)[F]

Teg, i

-> sz,,(E)(/\ Pim*n,-) ]

Teg, i

= Z/S - )(/\Pi(r)*ni|S(Elaz))[F]

T'eg, i
> (/\ Pi(r)*m)[rl.

Teg, /952m(ENS2(Elaz) \;

Lemmas 2,18, 2.19, 2.20 and 2.21 of [8] imply that

> / v (/\ Pi(F)*ﬂi) [r]=o0.
ree, 082, (E)\S2,(Els2) i

The lemma is proved. a

Lemma 5.2 Let E — Z and Ey — Z, be oriented R? —bundles over manifolds with
corners Z and Zy. A bundle map f: E — E inducesamap p(f). SE — SEj. Let
ni = p(f)”‘nl.0 for a closed form n? on SE fori € 3n satisfying 21321 deg(n;) =
6n—4+dim Z. If dim Zy < dim Z, then X,,(E; (;)ie3n) = 0.

Proof We have
)knE; i)ie3n) = IiI* *?)I
( (77) 3 ) Eeg’:1 [Zn( )(/l\ ( ) p(f) n [ ]

The map .
p()*"

. ; Pi(T
Sau(E) LD, sy 2D, (50)
factors through SZn(E o). Hence we have

(p(f)3” o[ ] P,-<r>) ny € Im(QO"HHIMZ (), (Eg)) — QO HHIMZ (S, (E))).

4

Since
dim S5, (Eg) =6n—4+4+dim Zy < 6n—4+dim Z,
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we have Q67—4+dmZ (S (E:)) =0. Then for any I', we have

(DY p( Sy =
/52n<E> /,-\P’(F) Py n? =0, .

5.2 Proofs of Theorems 4.1 and 4.2

These proofs consist of three steps.

Step 1 (well-definedness of the alternative description of the anomaly term) Here
we prove the following proposition.

Proposition 5.3 There exist constants [, € A,(2) such that for any closed oriented
4-manifold X' where the Euler characteristic of each component of X' is zero, for
any R3 —subbundle T"X' of TX' and for any closed 2—form W, of T*X' as in
Section 4.1,

Mn Sign X' = Xn(TvX/§ (VVi/)ieLn)-

To prove this proposition, we prepare a lemma.

We assume that Sign X’ = 0. Let vy~ be the unit vector field of 7.X” such that 7% X"’
is the normal bundle of vy, in TX'.

Lemma 5.4 There exists a compact 5—manifold Z and there exists an oriented 3—
subbundle TV Z of T Z such that

e 0Z=X'UX,and
° TvZ|X/ =TvX'.

Proof Since Sign X’ = 0, there exists a compact connected 5—-manifold Z, such
that 0Zy = X'. Let vz, € ' T Zy|x be the outward unit vector field of X' = 0Z.
By performing surgery along the knots generating H;(Zg; Z/2) if necessary, we may
assume that Hy(Zy:7Z/2) = H*(Zy;3Z:7Z/2) = 0. Thus the primary obstruction to
extending the 2—framing (vz,, vx) of T Zy|x’ into Zj isin H3(Zy,0Zy; m4(Vs,2)),
where Vs 5 is the real Stiefel manifold. It is known that 74(Vs2) = Z/2; see [15,
Theorem 10]. Then this primary obstruction is in H>(Zq, 0Zy; Z/2). Let Z = Z#Z,.
The connected sum Zy# Z is given by (Zo \ B>) U[0,1]x S* U (Zy \ B?), where
Bs is a small ball in Z,. We can extend the 2—framing (vz, Uvz,, vy’ Uvy’) of
TZ|xux to Zg\ BsU Zy\ Bs. Then the obstruction to extending this 2—framing
to TZ is concentrated in [0, 1] x S*. Since H>(S*; m4(Vs2)) = Z/2, there are
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two 2—framings on S* up to homotopy. So the homotopy class of the 2—framing on
{0} x S* coincides with that of the 2—framing on {1} x S*. Thus we can extend this
2—framing to [0, 1] x S*. Then we can also extend it to Z. So we can take TV Z as
the orthonormal bundle of the R2—subbundle spanned by the extended 2—framing. I

Let Fz — STVZ be the tangent bundle along the fiber of the sphere bundle STZ — Z.
Let W; be a closed 2—form on STV Z that represents half of the Euler class e(Fz) of
Fz and satisfies W;|srvxy = W;. By Lemma 5.1, we have

3n . de
Xu(T'Zloz: (Wiean) = Y Xn (T“z; ((Wmean)(T))
k=1 Wi
=0.

This lemma implies that for any closed 4-manifold X’ satisfying x(X’) = 0, the
number

Xn(ST X" (W))iesn)
is a cobordism invariant. In fact, for any closed 4-manifolds X| and X7 satisfying

x(X]) = x(X;) =0 and Sign X| = Sign X and 2—forms Wy ; and WZ,,i

as above,
X (ST X (WY Diesn) = Xn(STV X5 (W ,)ic3n)
= X (ST (X{U—=X3); (W] ; UW; iean)
=0
by the above lemma.
We define a constant p, € A,(2) as follows:
fin = S Xn(STY(CP*#CP*#T*#T*); (Wi)ican)-
Proof of Proposition 5.3 Since the cobordism group of closed 4-manifolds is Z and
Sign(CP2#CP>#T*#T*) =2, we have
wn Sign X' = X, (ST X'; (W/)iean)
for any closed 4-manifold X’ with x(X’) =0. O
Let Y be a closed 3—manifold with a basepoint co € Y. Let X be a compact connected

4-manifold with 0X =Y and x(X) = 0. We take a collection of closed 2—forms
(Wi)iezn on STV X as in Section 4.1.

Corollary 5.5 —pu, Sign X + X, (TY X; (W;)ie3n) is independent of the choice of X
and W; as above.
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Proof Let X be an alternative choice for X . We take an R3-bundle 7¥X and a
collection of 2—forms (I/I_/i)iegﬂ as above. Let 11 —X — X be the identity map (but
orientation reversing). Since the R*—bundles 7°X and (*T”X are compatible on Y,
we have an R3—subbundle T°X U (*TX of T(X U(—X)). We have that St* T X
coincides with STV X as a manifold, but it has the opposite orientation. Then the W;
are closed 2—forms on S¢*TVX such that V[_/i|ST(—Y) = W;|sTy . Therefore,

n(Sign X — Sign X) = X, (T X U TV X; (Wi U Wi)iesn)
= Xu(T*X; Wiiean) + Xn(F TV X: (Wh)iesn)
= Xp(T"X: (W;)icn) — Xn(TVX; (Wi)iesn)- a

Step2 (z,((wi)ie3n)+unSignX — X, (TX;(W;)ie3n) is a topological invariant of Y")
Let Y be a rational homology 3—sphere and X a compact connected 4—manifold
with 0X =Y and x(X) = 0. Let 7y be an admissible framing of 7' (Y \ c0). Let
Ty = Ty |By UTs3 | N(oo:s3) - SO Ty is a framing of T'Y. Take a 2—form W(ry, wg:2 ;)
on X as in Section 4.1 such that W(ty,wg2 ;)|[sty = p(ty)*ws2; for a volume
form wg2 ; on S2.

Lemma 5.6 We have that X,,(T" X ; (W(ty, g2 ;))ie3n) is independent of the choice
of wg2 1,...,0g2 3.

Proof Let w§2; be an alternative choice for wg>;. Since we have [w§2 ;] =
[wg2 ;] € H?(S?;R), there exists a closed 2—form Qsz on [0, 1] x S that satisfies
Qsz, |{0}st =wg2; and Qsz, |{1}><S2 = a)Sz,

Let [0, 1]xSTY C ST X be the collar of STV X suchthat {0} xSTY =dST X . We
take W(ty,wg2 ;)lj0,1jxsTy = (id X p(1y))* Qg2 ;. Thus W(ty, w2 ;)l(1yxsTY =
p(ty)* g2 ;. Then we have

Xn(TVX; (W(ty, g2 1))iesn) = Xn(T"X; (W(ty, 052 1))iein)

-y /O AP Wy 52T

Te&, I]XSZn(TY)
-y / AP p(ep)" R, I
Fea, 10,1185, (TY)

In Lemma 5.2, we take
=[0,1]xY, E=[0,1]xTY, f=idx(porty),
Zo=[0.1]x{pt}, Eo=[0,1]xR’, n;=Qg ;.
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Here p: R® — R3 is the standard projection. For any T € &,, we have

/\ Pi(D)*(id x p(ry))* Qg2 = 0.

i

/[0,1]x52,,(TY)

This completes the proof. a

Thanks to Corollary 5.5 and Lemma 5.6,
—n Sign Xgs + X, (TVS?; (W(tgs, ws2,;))icin)

is independent of the choice of a 4-manifold X3 bounded by S* and of the forms
wg21,...,0g2 3,. We define

n = —in Sign Xgs + Xn(TVS?; (W(tRs, w2 ;))iesn) € An(D).
Let In((wi)ieln) = —p Sign X + X, (T X; (VI/I)ZEM) —Cn.
Proposition 5.7  z,((wi)ie3n) — In((wi)ie3n) is a topological invariant of Y.
Proof Let w2 ; and w] be alternative choices for wg2 ; and w;, respectively. We
take a corresponding 2—form W} in STVX .
By Lemma 3.5, there exist closed 2—forms €2; on [0, 1] x STBy such that

Zn((@))iesn) — Zn((@i)ie3n) = Xn((0, 1] X TBy; (Q)ie3n)-
Let X = X Uax={oyxv [0, 1] XY Ugyyxy=ax —X . Then
Qi = W; U (i U (id x p(t3) | Noosr)) *Qg2,) U W

is a closed 2—form on ST'X = ST'X U [0,1] x STY U —-STYX. Thanks to
Proposition 5.3, X, (TYX; (2i)ie3n) = in Sign X = 0. Thus

In(@])ie3n) — In((@;)iean)
= Xu(TVX: (W)ie3n) — Xa(T"X: (Wy)iean)
= —Xu(T"X; (Qi)iesn)
+ X5 (0. 1] x TV (27 U ((id x p(t3) | N(oosr)) * 52,1 )icn)
= X, ([0. 1]x TY: (R U (id x p(s3)|Noo;r))* Rs2 )ie3n)
= Xn([0, 1] X TBy; (R2)ie3n)
+ X, ([0. 1]x TN(00: Y): ((id X p(t3)| N(oosv)) * Rs2,0)ic3n)-
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Thanks to Lemma 5.2, X ([0, 1]x TN (oc0; Y); ((id x p(753))*R52 ;)ie3n) = 0. Thus
In((@))iesn) — In((@i)iesn) = Xn([0, 1] X TBy: (S2i)ie3n) - Therefore,

zn((@i)iesn) — In((@i)ie3n) — (2n((@))ie3n) = In((0))ie3n)) = 0. a

Step 3 (proof of I,((w;)ie3n) = 'z',j‘“omaly((w,-)ieﬂ)) Recall that 'Z',j‘“omaly((a),-),-eﬂ)
is defined in Definition 3.9. We next prove I((w;)ie3n) = 'z',f“omaly((wi)ieﬂ) and
determine constants i, and cp.

Let Y be a closed 3—manifold (which may not be a rational homology 3—sphere) with
a basepoint co. We denote I, (ty) = I((wzy )ie3n) for an admissible framing ty of
T(Y \ o).

Since Definition 3.9 and Proposition 5.7 imply that I, ((w;)ie3n) — Z anomaly ((¢;) ¢ 3n)
does not depend on the w;, we only need to show that

Iy (‘EY) = _%OY\OO (TY)Sn

for some admissible framing ty of T(Y \ 00).
Lemma 5.8 In(tgs) = —%aRs(rRs)Sn =0.
Proof Because the definition of ¢,, we have I ((wry;)ie3n) = 0. |

Since zKKT(S3; 1) — I,((wr)ie3n) is independent of the choice of an admissible fram-
ing T of TR3, we have the following corollary.

Corollary 5.9 For any admissible framing t of TR?, the equation I,,((w¢)ie3n) =
_%O'Rfv (t)dy, holds.

We introduce a cobordism group Q%ign:o, generated by all framed closed 3—manifolds
(Y, ) and divided by a cobordism relation ~: (Y, t) ~ & if and only if there exists a
pair (X, ty) such that

e SignX =0, and

e 17y is a 3—framing of TX such that 7y |y = .
For a framed 3-manifold (Y, 1), set Ju(t) = —un Sign X + X (TP X; (Wr)iesn)-
Here X and TV X are same as above, and W, is a closed 2—form of STV X satisfying
(W] = %e(FX) and Wr|sty = p(t)*wg2. Then I (ty) = Ju(ty) — cn. Recall that
0Y\oo(Ty) = 0y (1) — 2.

Lemma 5.10 Both J,(*) and —%a.( * )8 factor through Q5ie"=0,
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Proof By definition of the signature defect, o,( ® ) is obviously a cobordism invariant.

We show that J,,( ®) is a cobordism invariant. Let (X, ty) be a cobordism between a
framed 3-manifold (Y, ty|y) and @. Let T X be the R*—subbundle of 7X spanned
by x. Then tx induces the map p(zx): ST'X — S?. Take Wy, = p(tx)*ws2.
Then we have

Jn(tx|y) = —pn Sign X + X, (T X; (WrX)ieLn)

Z/S /\P,(F) p(tx)*wg2[I].

reg, Zn(T X

Lemma 5.2 implies that the above integral vanishes for any I" € &,. Therefore,

Jn(txly) =0. O
Lemma5.11 (1) Q5¢=°®; Q =Q and (S°?, tg3) is a generator.
2) cn=—16.

(3) For any tramed closed 3—manifold (Y, t), Jy(7) = —%ay(r)&,.
4 pn= _%(Sn-

Proof (1) Let (Y,7) be a framed closed 3—manifold. We use the same symbol
(Y, t) for its cobordism class. We give the spin structure on Y using 7. Since the
3—dimensional spin cobordism group is equal to zero, there exists a spin 4—-manifold X
such that 0X =Y. Let k = x(X). We may assume that k > 0, by replacing X by
X #n(S? x §?) for a sufficiently large integer n if necessary. Let X, be the spin 4—
manifold obtained by removing k disjoint 4-balls; ie Xo = X \kB*. Then x(X,) =
and 30Xy =Y Uk(—S?). Here —S? is S3 with the opposite orientation. We denote
by —S} the i"™ (—S?)-boundary of Xo. Then dXo =Y U—S; U---U—-S}.

By obstruction theory, there is a 3—framing ty, of 7X, that satisfies yx,|y = 7,
and |- 53 is a framing of T( S 3) for each i; see [5] for more details. Let 7; =
—(tx, |- Sz) Thus (Y, 1) = Zl_l(S3 ;) in QSlg“ 0,

Let ¥ be any framing of 7.S3. It is known that og3(z%) € 4Z + 2; see [5]. Let
X1 = (S*\ (Jogs (%) + 2)B4)#%|053 (z%)|(S?x S?). Then X is a spin 4—manifold
satisfying Sign(X7) = 0, x(X;) = 0 and 0X; = (S* U S3) U |o(z%)|(-=S?). By
obstruction theory, there exists a 3—framing ty, of TX such that 7y, |g¢3 = v° and
x| g3 = t;% or tx,|_g3 = Tg3, where tg% is a framing of 7'S?3 that satisfies
0g3 (rg%) = 42, respectively. Thus 2(Y, 1) =n4(S?, r;f_;) +n_(S3, Tg3) in Q3ien=0
for some nonnegative integers n4 and n_.

The spin 4—-manifold [0, 1]x S3 is a cobordism between (S3, r;%) u(S3, T¢3) and @.
Therefore, we have 2(Y, 1) = (ny —n_)(S?, r;f_;) in Q3en=0,
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(2) Since 0 = I,(tR3) = Ju(rg3) — cn, we have Jy(tg3) = ¢,. Let Tgs be a
framing of T'S? satisfying 0g3(tg3) = —2. Since Jy(*) is a cobordism invariant,
Jn(tgs) = —Jn(tg3) = —cp. Thanks to Corollary 5.9,

—2¢n = Jn(tg3) — cn = — 5053 (t53)8n + 38n = bn.
Then we have ¢; = —%8,,.

3) Ju(tgs) =cn = —%8,1 = —%053 (tg3)0n and Tg3 is a generator.

(4) Recall that —K3 is a spin 4—manifold with y(—K3) =24 and Sign(—K3) = 16.
Let X, = (—K3)#11T*\ (B* U B*). Then X, is a spin 4—manifold satisfying
x(X4) =0 and Sign(X,) = 16. It is possible to deal with 0X, = S3LI—S3. Thereis a
3—framing 7y, of T X, such that ty,|yx, is a framing of 7'(0X,). The 3—framing 7y,
spans the R3—subbundle TV X, of TX,. Let W = p(tx,)*wg> be the closed 2—form
on STYX,. Thanks to Lemma 5.2, X, (T Xy; (W);ie3n) = 0. Then we have

Jn(TX,,|8Xa) = —n Sign Xy + Xn(T° Xg; (W)ie37n)

=—16u,.
By (3) and the definition of the signature defect, we have
In(tx,lox,) = =500, (X, ox,)8n =  Sign Xaby = 126,
Therefore u, = —%5,,. |

Corollary 5.12 For any admissible framing ty of T(Y \ o0),

In(ty) = —40¥\00 (T¥)Sn.
Proof I,(ty) = Ju(ty) —cn = —%ay(t})&, + %5,, = —%Jy\oo(‘l?y)(gn. O
5.3 Proof of Theorem 4.7

Let f be an admissible Morse function with respect to a € S?. Let Crit(f) =
{P1,--» Pk-q1,---,qk} Where ind(p;) =2 and ind(q;) = 1. Let

3: C(Y \oor ) = C(Y \oo: f). dlpil=Y_ dijlas).
J

be the boundary map of the Morse complex.

We first give a compactification Mg (% f) of M(f)U M(—f) and then show that
Mg(£f) is a 4—cycle in (C(Y), dC,(Y)). Recall that the 4—manifold M_,(f) is
the image of the inclusion map

ot (Y \00) x (0,00) = (Y \ 00) x (Y \ 00),  (x,1) = (x, Pp(x)),
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and the map ¢ preserves orientations. Let M_.(f) be the closure of M_.(f) in
(Y \ 00)? \ A. With our orientation conventions, the following two lemmas hold.

Lemma 5.13 [11, Lemma 4.3] [14, Proposition 3.4] M_.(f) is a manifold with
corners satistfying the following conditions:

(1) int M_.(f)=M_(f), and
2) IM_(f) ==Y ;Dp x Ap, =2 Dy x Ag; .

Lemma 5.14 [14, Proposition 3.17] There are manifolds with corners .qu and @p ;
satisfying the following conditions:

(1) intAg = Ag;, intDy, =Dp,,

(2) 0Ag; =—3; 0ijAp;. 9Dp, = — 2. 9ijDy; -
We denote by A p, — Y the extension of A, — Y to A, and we write A, instead
of Ap, — Y. We also define Dj,, flqj, and so on.

Definition 5.15 (1) Mg (f) is the closure, in C5(Y), of
Mo (f)+ Y 8i((Dp, x Ag,) N (Y \ 00)*\ A).
i,j
(2) Ms(£f)=Ms(f)+Ms(=f).
Thanks to the Morse—Smale condition, Mg (f) and Mg(= /) are 4—chains of C,(Y).
Lemma 5.16 Mg(f), Mgs(—f) and Mg(x f) are 4—cycles in (C5(Y),dC,(Y)).

Proof Since Im(d(Dp, X Ag;) = ¥2) = =Xk 9 Dp; X Ap — Sk 9is Dgye X Ag; »

A~ g - 2 ~ — — ~ —_ —
Im(z 8ji(Dp;xAg; > ¥ )) - Z 8jikj Dpi X Apy — Z 8ji0ik Dy X Ay,
i’j isjak iyjsk

== Z 8ci Dp; ¥ A pyc — Z 8k Dgye X Ag;

i)k i)k
= —ZZ_)pixf_lpi —Z@qj XAy
i J
= —IM_(f).
Therefore, IMg(f)\0C2(Y) = 2. O
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Ay,

1

Dy,

Dy

Figure 3: The orientation of Dg; N Ap,;

The critical points of the Morse function (— f: ¥ \ co — R) form the set Crit(— f) =
{q1,---+qk> P1, .- Pk}, Where ind(¢;) = 2 and ind(p;) = 1. We remark that the
ascending manifold A}, of p; corresponding to —f is D,,, and the descending
manifold Dg; of g; corresponding to — /" is Ag; . We orient Ay, as Dp,; and orient Dy,
as Ag; .

Lemma 5.17 With our conventions, the orientations of Dq_j NAp, and Dy, N qu are
opposite.

Proof Let n(Dp;) and n(Ag;) be positively oriented normal vector fields of D,
and Ay, , respectively. Then n(Dp,) and n(Ag;) are positively oriented normal vector
fields of A, and Dy, respectively. Since the orientation of the normal bundle
N(Dp; N Ag;) induced by the frame (n(Ag;)|p,, NAg; n(Dp;)|p,, NAg, ) is opposite to
that of the normal bundle N (Dg; NAp, ) of the frame (n(Dp,) |p,,na M (Ag;)|p,;na q,-) ,
the orientation of Dy, N A7, is opposite to that of Dp; N Ag; . (See Figure 3.) O

By this lemma, the sign of each component of Dy, N Ay, coincides with the sign of
the corresponding component in  Dp; N Aq So the boundary map dj; (resp. §l_)
corresponding to — f* is equal to 8, j (resp. g .) corresponding to f. Thus Mg(— f )
is equal to the closure of M_,(— f) + Z,’] gji (qu xDp,)N(Y'\ 00)2\ A) with our
orientation conventions.
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Furthermore, we have the following description.

Lemma 5.18 0Mg(£f)NSTBy = {[grad, f],[—grad, f]|x € By \Crit(f)}.

Proof Note that (Dp, x ﬂqj) NA= m . There exists ¢ € {—1, 1} such that
the oriented boundary of the closure of (Dp, X Ag; ) N ((Y \ 00)?\ A) meets STBy as
e~ ! (m), where 77 1(Dp, N Ag;) is oriented as the product of Dp; N Ay, by
the fiber of ST By, which has a canonical orientation. Here n: STY — Y is the
projection. By definition of Mg(f), we have

0Ms (/)N STBy = {[grad, /1| x € By \Crit(/)} +¢ ) g7 " (Dp, N Agy).

i,
We recall that A, =Dy, and Dy, = Ag; . The involution 7: Y2 Y2, (x, y) = (y,x)
induces maps T": (Dp; x Ag;) N ((Y'\ 00)2\ A) — (Ag; X Dp;) N ((Y'\ )%\ A)
and Tc,(y): C2(Y) — Co(Y). With our orientation conventions, 7" is orientation-
preserving so that T¢,(y) is orientation-preserving from sn_l(m) to the
boundary part in_l(m) of the closure of (Ag; X Dp,) N ((Y \ 00)?\ A),
which therefore reads —ezr~! (m) since Tc,(y) reverses the orientation of the
fiber of STBy . Then we have

Mg (£ f) N STBy
= {[grad,, f1].[—grad, f1} +82§ji”_1(Dpimqu) _Szgjin_l(Dpim‘A%)
i,j i,j
= {[grad, f],[—grad, f]}. a

Lemma 5.19 0Mg (% f) = c(grad f) for any admissible Morse function f .

Proof Since grad f|n(co:v) = @, if (x,u) € IMg(£f)N((Y \oo) x STY), then
u € {a,—a}. On the other hand, IMg(£ /)N ({x} X STeoY) = {(x,a), (x,—a)} as
sets for any x ¢ Crit( /). Since dIMg(£ f) is a 3—cycle, we have

IMs(f)N((Y \oo) x STeoY) = —(Y \ 00) x {a, —aj}
with our orientation conventions. We have Mg (4 f)\ STBy = p)_,1 ({a,—a}) by a

similar argument. Due to this fact and Lemma 5.18, the proof is complete. m|

We follow the notation ay,...,ds3,, f1,..., f3n asin Section 4.3. Let C,,(Y) be the
compactification of C’Zn(Y) given in [8, Section 3]. In the following proposition, the
notion “generic f1,..., f3,” means that 0C,,(Y) N (ﬂl Pi(F)_lMS(:i:f,-)) =g
forany I' € &,.
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Remark 5.20 We can show that dC»,(Y)N((); Pi() ™! Mg(= f;)) = @ for generic
f1,..., f3n by an argument similar to Lemma 4.2 in [14].

Proof of Theorem 4.7 We have that grad f1, ..., grad f3, are admissible vector fields.
We take a propagator w¢ (grad f;) whose support is concentrated near Mg (= f;) for
each i € 3n. Since fi,..., f3, are generic, it is possible to choose these propa-
gators wc(grad f1), ..., wc(grad f3,) satisfying /\; P;(I')*w(grad f;) = 0 near the
boundary of C,,(Y) for any I" € &,. Then

(ﬂp(r) IM(ifl)— (ﬂP(F) 1Ms(ﬂ:ﬁ))

for any I' € &,. By intersection theory, we have

i oy NP ot 1 = . (ﬂP () Ms(ifz))
for any I' € &,. Therefore,
Zn T (Y) = zp((@(grad f))iean) — 2™ (@ (grad f7))iesn)

~anornal

I‘es

- ¥ 4N Pi(F)_lMs(iﬁ)) (11— 2" (o (grad fi)resn)

reeg,

= Z 2311 (ﬂP(F) IM(ifl)) '] ~an0maly((w(gradfl))l€3n) O

ree,

Appendix: Another proof of Proposition 5.3 when n = 1

In this section, we give a more direct proof of Proposition 5.3 when n = 1. Note that
A1 (2) = Q[O] and #&; = 8. We first prepare some notation. Let my: Fy, — STV X’
be the tangent bundle along the fiber of ,: ST X' — X'.

Let e(Fy/) € H*(STVX’) be the Euler class of Fy, and let py(Fy/) € H*(ST*X")
be the first Pontrjagin class of Fy-. By a standard argument, the Chern—Weil theory
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for example, we have pi(Fy') = e(Fx/)?; eg see Corollary 15.8 of [13]. Then

X] (TUX/; (I/I/i/)ieﬁ) — S(LTUX/ Wl/ A WZ/ AN W;) [8]

_ / e(Fx)’[6]

STvX’
_ / e(Fy) pr(Fx)[0]
STvX’
® / e(Fy)m pi(TX)[6]
STvX’

=2 [ prx)p
= 6[0] Sign X"

Equation () is givenby R@® Fy: = n*T?X’ and R@® TVX’ = TX'. Then we have
X1(TYX'; (W)iezn) = 6[0] Sign X"
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