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Groups of unstable Adams operations
on p-local compact groups

RAN LEVI
ASSAF LIBMAN

A p-local compact group is an algebraic object modelled on the homotopy theory
associated with p—completed classifying spaces of compact Lie groups and p—
compact groups. In particular p—local compact groups give a unified framework
in which one may study p-—completed classifying spaces from an algebraic and
homotopy theoretic point of view. Like connected compact Lie groups and p—
compact groups, p—local compact groups admit unstable Adams operations: self
equivalences that are characterised by their cohomological effect. Unstable Adams
operations on p-local compact groups were constructed in a previous paper by
F Junod, R Levi, and A Libman. In the present paper we study groups of unstable
operations from a geometric and algebraic point of view. We give a precise description
of the relationship between algebraic and geometric operations, and show that under
some conditions, unstable Adams operations are determined by their degree. We also
examine a particularly well behaved subgroup of unstable Adams operations.

55R35; 20D20

1 Introduction

Let G be a compact connected Lie group. An unstable Adams operation of degree
k >1on BG is aself map f: BG — BG which induces multiplication by k? on
H*(BG;Q) for every i > 0. In [11], Jackowski, McClure and Oliver classified
unstable Adams operations for compact connected simple Lie groups G . The analysis
is centred around studying suitable self maps of the p—completion BG 2. Later on,
after p—compact groups were introduced by Dwyer and Wilkerson, their classification
by Andersen and Grodal [2] and Andersen, Grodal, Mgller and Viruel [3] relied on
studying a suitable notion of unstable Adams operation of p—compact groups.

Unstable Adams operations on p-local compact groups were defined by Junod, Levi
and Libman [12], where two related definitions are given. The first relies only on the
algebraic structure of a p—local compact group G. We shall refer to such operations
as algebraic. The set of all such operations forms a group under composition, that
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we denote here by Ad(G). The second definition is more closely related to the way
unstable Adams operations are defined for compact Lie and p—compact groups, and
we shall refer to them as geometric. These form a subgroup of the group of all self
homotopy equivalences of BG, that we will denote by Ad®*°™(G). The aim of this
paper is to study these groups. Detailed definitions will be given in Sections 3 and 4.

To state our results some concepts are needed. More details will be given in later
sections, including a brief review of p-local compact groups. Let G be a discrete
group. We say that G is Z/ p®> —free if it contains no subgroup isomorphic to Z/ p®°.
We say that G has a Sylow p—subgroup if it contains a subgroup P isomorphic to a
discrete p—toral group, such that any discrete p—toral subgroup of G is conjugate to a
subgroup of P. A normal Adams automorphism of degree { € 7, of a discrete p—toral
group S is an automorphism which restricts to the {—power map on the maximal torus
T < S, and induces the identity on S/ T . The groups of these automorphisms of S is
denoted Ad(S). If S is not a split extension of its maximal torus, then the degree of
such an automorphism must be a p—adic unit by [12, Lemma 2.2(i)].

If F is a fusion system over .S, then the set of normal Adams automorphisms of .S
that are F—fusion-preserving form the group Adg,;s(S). It contains Ad(S) N Autz(S)
as a normal subgroup with quotient denoted OutAdy,s(S).

A p-local compact group G = (S, F, £) (or its underlying fusion system) is said to
be weakly connected if the maximal torus 7" < § is self-centralising in .S (and hence
JF—centric).

Proposition 1.1 Let G = (S, F, L) be a p—local compact group. Then Ad**°™(G) is
7/ p* —tfree and contains a finite normal Sylow p—subgroup. Furthermore, there is a
short exact sequence

1 —> Liingc( 7 Z = Ad®™(G) — OutAdyus(S) — 1.

In particular, if p is odd then Ad®*°™(G) =~ OutAdy,s(S). Finally, OutAdys,s(S) is
solvable of class at most 2, and so Ad®*®™(G) is solvable of class at most 3.

Next we consider the group of algebraic operations and its relationship with the group
of geometric operations. Geometric realisation gives rise to a homomorphism from the
group of algebraic Adams operations to the group of geometric Adams operations.

(¥, ¥)—~>
_—

y: Ad(G) Yo, Adzeom(g).

Similar to the situation with groups, given ¢ € T there is an automorphism of £ induced
by conjugating by 7 € Aut,(S). These automorphisms are called inner automorphisms
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Groups of unstable Adams operations on p—local compact groups 357

and they form the group Inn7(G) < Ad(G) that is contained in the kernel of y. Let
D(F) be the subgroup of Z; consisting of the degrees of all ¢ € Autz(S) N Ad(S).
In [12, Proposition 3.5] we showed that y is an epimorphism. Our next theorem gives
more refined information.

Theorem 1.2 Let G = (S, F, L) be a weakly connected p-local compact group.
Let T' denote the maximal torus of S. Then the following hold:

(1) Ad(G) has a normal maximal discrete p—torus denoted Ad(G)q. It contains a
Sylow p—subgroup which is normal if p = 2.

(i) Ad(G)g is contained in the kernel of y (see (4-1)) and there is a short exact
sequence

1 — D(F) — Ad(G)/Ad(G)o > AdE™(G) — 1.
(iii)) Ad(G)o =Inn7(G) = T/ Z(F), where Z(F) is the centre of F.

We now turn our attention to the question of to what extent an unstable operation is
determined by its degree. If G is a compact connected Lie group, then by Jackowski,
McClure and Oliver [11, Theorem 1] for any k£ > 1 there is up to homotopy at most one
unstable Adams operation of degree k. The situation for p—local compact groups is
not quite so simple. It is not hard to see that a fusion-preserving Adams automorphism
induced by a geometric operation is only determined modulo D(F), and so its degree
is, at best, only determined modulo D(F). Also, all elements of Ad(G)y = Inng(G)
are (distinct) algebraic unstable Adams operations of degree 1. Thus, the best we can
hope for is to address the question of the injectivity of the homomorphisms

AdEom(BG) L8, Z,/D(F) and Ad(9)/Ad(9)o " Zy.

The next proposition gives criteria for injectivity of these maps.

Proposition 1.3 Suppose G = (S, F, £) is weakly connected and let W = Autx(T)
be its Weyl group. If H'(W,T) = 0 then the degree map deg: OutAds,(S) —
Z; / D(F) is injective, and there are exact sequences

(1) 1 Lim} o) 2 — Ad="(G) &8 2%/ D(F) and

. d
2) 1= limfy ey Z — Ad(G)/Ad(G)o = 7.

If in addition p # 2, then the degree maps in (1) and (2) are injective.

Proposition 1.3 motivates the search for conditions under which H'(W,T) = 0.
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Proposition 1.4 Let F be a weakly connected saturated fusion system and let W =
Autz(T) < GL,(Zp) be its Weyl group. Assume that one of the following conditions
holds:

(1) pisoddand D(F) # 1.
() p=2, D(F)#1and H'(W/D(F), TP?P)) =0.
(iii) p is odd and the Weyl group W is a pseudoreflection group.

Then H'(W,T) = 0.

Condition (iii) is in fact an easy reinterpretation of work of Andersen; see [1, Theo-
rem 3.3].

Next, we study the possible degrees of unstable Adams operations on a given p—local
compact group G. We will define a particular type of operation, which we call special
relative to a collection of subgroups R (see Definition 7.1) for which we will obtain a
complete answer. These form a subgroup of Ad(G) that we denote by SpAd(G;R).
We will show in Appendix B that all unstable Adams operations constructed in [12]
are special.

To study special Adams operations relative to a collection R, we consider the full
subcategory L7 of the linking system £ whose objects are the elements of R, as an
extension, in the appropriate sense, of a category E}% by a naturally defined functor
d: E% — Zp—mod. Utilising the theory of extension of categories (a variation of which
was done by Hoff [10]), we show that the category £ corresponds, up to isomorphism
of extensions, to a well defined element [£®] € H? (L%; ®). This also allows us to
study self equivalences of £R that are compatible with its structure as an extension
of E}% via their effect on the extension class [£&]. Our analysis corresponds nicely
to the way in which a group extension G of a quotient group K by an abelian group
A corresponds, up to isomorphism of extensions, to a unique class in H?(K; A), and
how maps of extensions are controlled by their effect on the corresponding extension
classes.

For a p-local compact group G = (S, F, L), let H*(F€) denote the distinguished
family of subgroups defined by Broto, Levi and Oliver [6, Section 3]. For every k& > 1
let T (p) < Z; denote the subgroup of all elements ¢ such that =1 mod pX, and
set ['o(p) = Z;. Our next theorem gives existence and uniqueness criteria for special
unstable Adams operations, as well as information about the group of special operations
and its relationship with the group of all (algebraic) operations.
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Theorem 1.5 Let G = (S, F, L) be a weakly connected p—local compact group.
Suppose that a collection R C F€ has finitely many F —conjugacy classes. Then the
following statements hold:

() If (¥, V) € SpAd(G; R) is of degree ¢ then ¢ -[LR] = [£R] in HZ(L%, ®). If
in addition R 2 H*(F°€) (see [6, Section 3]), then there is an exact sequence

H' (L]}, ®) — SpAd(G; R)/ Innz(§) > Thn(p) — 1.

where p™ is the order of [L?] in H*(LT}, ®). In particular, SpAd(G; R) has a
normal Sylow p—subgroup with Inng (G) as its maximal discrete p—torus.

(i) SpAd(G;R) is a normal subgroup of Ad(G) of finite index. The quotient group
is solvable of class at most 3.

Let deg(Ad(9)) < Z; denote the image of the degree map. Let p” be the order of the
extension class of S in H2(S/ T, T). By [12, Proposition 2.8(i)], deg(Ad(G)) <Tn(p).
On the other hand, Theorem 1.5 shows that the restriction of the degree map to
SpAd(G; R)) is onto I, (p), where p™ is the order of the extension class of £* in
H? (L%, ®) and R = H*(F€). Thus ', (p) < deg(Ad(G)). Putting these observation
together we have

T (p) = deg(Ad(9)) = Tu(p).
This gives a more precise result than the one obtained in [12, Theorem A].

With Theorem 1.5 in mind, one could hope naively that every (geometric) unstable
Adams operation is homotopic to one induced by a special operation. Our next result
shows that this is not the case. In fact, the image of SpAd(G;R) in Ad®*°™(G) is in
general a proper subgroup. Examples are given by connected compact Lie groups, as
shown by the next result.

Proposition 1.6 Let p > 3 be a prime and set G = PSU(2p). Let S < G be a
maximal discrete p—toral group and let G = (S, Fs(G), LS(G)) be the associated
p—local compact group. Let R denote the collection of all centric radical subgroups
of S. Then SpAd(G; R) = Ad(G). In fact, the following composition is not surjective:

SpAd(G: R) "L Ad(g) LMo, p geeon (g,

We only have a crude bound on the index of SpAd(G; R) in Ad(G) (see Remark 7.11),
and we expect that only very rarely all geometric unstable Adams operations are induced
by special ones.
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Finally, we show that unstable Adams operations on weakly connected p—local compact
groups are stably determined by their degree in the sense that there exists some n > 0,
which only depends on G, such that the n™ powers of any two geometric unstable
Adams operations of the same degree are homotopic.

Proposition 1.7 Let G = (S, F, £) be a weakly connected p—local compact group.
Let f1, f2 € Ad***™(G) be such that deg( f1) = deg(f2) in Z,/D(F). Then (f1)"* =
(f2)™k  where 1 <k < |l(i£1<19(f(,) Z| and where 1 <m < |H'(S/T,T)|. In fact, m
is a divisor of (p — 1) p” for some r > 0.

We end with a glossary of notation that will be used throughout the paper:

e Ad(S) < Aut(S) is the group of all the normal Adams automorphisms of S
(Definition 3.3).

e If F is a fusion system over S, let Adg,(S) denote the group of fusion-
preserving Adams automorphisms of S, namely Adg,s(S) = Autgs(S)NAA(S).

e OutAdys(S) is the image of Adgs(S) in Outp(S) = Auteys(S)/Autz(S)
(Definition 3.5).

o AdE*°™(G) <Out(BgG) is the group of the homotopy classes of geometric unstable
Adams operations on BG (Definition 3.7).

e Ad(G) is the group of algebraic unstable Adams operation of G (Definition 4.2).

e Inny(G) < Ad(G) for the subgroup of the Adams operations induced by conju-
gation in £ by some 7 € Aut,(S), where ¢ € T (Definition 4.8).

The paper is organised as follows. In Section 2 we recall some definitions and useful
facts on p—local compact groups. In Section 3 we discuss geometric unstable operations
and prove Proposition 1.1 (Proposition 3.10). Section 4 is dedicated to the proof
of Theorem 1.2 (Theorem 4.9), and in Section 5 we prove Propositions 1.3, 1.4
and 1.7 (Propositions 5.6, 5.9 and 5.12, respectively). In Section 6 we recall some
basic theory of extensions of categories and introduce the category L/o9. Section 7
is dedicated to special unstable Adams operations, and the proof of Theorem 1.5
(Theorem 7.12). Finally, in Section 8 we prove Proposition 1.6 (Proposition 8.5). We
end with two appendices. Appendix A contains proofs of statements from Section 6,
while Appendix B is dedicated to the observation that the operations constructed in
[12] are all special.

The authors are grateful to the referee for a thorough reading and useful comments.

Algebraic & Geometric Topology, Volume 17 (2017)



Groups of unstable Adams operations on p—local compact groups 361

2 Recollections of p-local compact groups

This section briefly introduces p—local compact groups and collects some results about
them that we will use. The reference is [6].

oo def

Fix a prime p. Recall that Z/p®> = J,,~, Z/p" . This is a divisible group. A discrete
p—torus of rank n is a group T isomorphic to @@" Z/p>. A group P is called
discrete p—toral if it contains a discrete p—torus 7" as a normal subgroup and P/ T is
a finite p—group. In this case 7T is characteristic in P and we write T = Py and call
it the identity component of P. Every subquotient of P is a discrete p—toral group by
[6, Lemma 1.3]. Also, an extension of discrete p—toral groups is a discrete p—toral
group. The order of a discrete p—toral group P is the pair (rk(Py), |P/Poy|). These
pairs are ordered lexicographically.

A fusion system F over a discrete p—toral group S is a category whose objects are all
the subgroups of S. Morphisms between P, Q < .S are group monomorphisms and
Homz(P, Q) always contains Homg (P, Q), namely the homomorphisms P — Q
induced by conjugation by elements of S'. In addition every morphism in F can be
factored as an isomorphism in F followed by an inclusion homomorphism. See [6,
Definition 2.1]

We say that P, Q < S are F—conjugate if they are isomorphic as objects of F. A
subgroup P < S is called fully centralised (resp. fully normalised) if for every P’ < S
which is F—conjugate to P, the order of Cg(P’) (resp. Ns(P’)) is at most the order
of Cs(P) (resp. Ng(P)).

A fusion system F over S is called saturated if the following three conditions hold:
(I) Every fully normalised P < is fully centralised, Outz(P) défAutf(P) / Inn(P)
is finite and contains Outg (P) as a Sylow p—subgroup.
(II) If ¢ is in Homxz(P, S) and if ¢(P) is fully centralised, then ¢ extends to
V¥ € Homz(Ny, S), where
Np={g € Ns(P) |pocgop™' € Auts(¢p(P))}.

) If Py < P, < --- is an increasing sequence of subgroups of S, and ¢ €
Hom(Un Py, S ) is a homomorphism such that ¢|p, € Homz(Py,S), then
xS Homf(Un P, S).

A subgroup P of S is called F—centric if Cs(P’) = Z(P’) for every P’ which is
JF—conjugate to P. Itis called F—radical if Op(Outz(P))=1, where O,(K) denotes
the largest normal p—subgroup of a finite group K.

Algebraic & Geometric Topology, Volume 17 (2017)



362 Ran Levi and Assaf Libman

If P <8 is F—centric then it must contain Z(S). The centre of F is defined by
Z(F)={x€ Z(S)| ¢(x) = x forevery P € F¢ and every ¢ € Homz(P, S)}.

In light of Alperin’s fusion theorem [6, Theorem 3.6] this is the same as the subgroup
of x € Z(S) such that ¢(x) = x for any P < .S which contains x and every ¢ €
Homgz(P, S).

A linking system L associated to a saturated fusion system JF over S is a small category
whose objects are the F—centric subgroups of 5. It is equipped with a surjective
functor 7: £ — F€¢ which is the identity on objects and with monomorphisms of
groups dp: P — Autg(P), one for each P € F¢ such that the following hold:

(A) For each P, Q € L the group Z(P) acts freely on L(P, Q) via §p: P —
Aut,(P) and precomposition of morphisms, and 7: L(P, Q) — Homxz(P, Q)
is the quotient map by this action.

(B) Forany Pe L and g€ P, m(0p(g)) = cg € Auty(P).

(C) Forany ¢ € L(P, Q) and g € P, the following diagram commutes in £:

P50

5P(g)l ltgg(ﬂ((p)(g))

P—>(p (0]

The morphisms §p(g) will be denoted g.

A p-local compact group is a triple G = (S, F, L), where F is a saturated fusion
system over S and L is an associated centric linking system. The classifying space
of G denoted BG is by definition |L|’.
The orbit category of F denoted O(F) has the same objects as F and morphism sets
Homyr) (P, Q) = Homz(P, Q)/Inn(Q). The full subcategory on the F—centric sub-
groups is denoted O(F€). In the proof of [6, Theorem 7.1], the functor Z: O(F¢)°P —
Z(py—mod was defined:

Z: P— Z(P)=Cs(P).
This functor is a key tool in the study of BG and its self equivalences.
We end this section with a few remarks and observations.
Remark 2.1 It is shown in [12, Proposition 1.5] that the monomorphisms §p can be
extended to monomorphisms Ng(P) Ling N Aut,(P) which satisfy (B), and more
generally to injective functions dp g: Ng(P, Q) E28, £(P, Q) which satisfy (B).

Moreover goh = gh whenever h € Ng(P, Q) and g € Ng(Q, R). Thus, the identity
element e € S gives rise to morphisms tIQ) € L(P, Q) forany P < Q, where tIQ) =e.
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Remark 2.2 By [12, Corollary 1.8] the category £ has the property that every mor-
phism in £ is both a monomorphism and an epimorphism (but in general not an isomor-
phism). This allows us, by [12, Lemma 1.7(i)], to define restrictions: if ¢ € L(P, Q)
and P’ < P and Q' < Q are F—centric subgroups such that Jr(go)(P’ ) < Q' then there
exists a unique morphism ¥ € L(P’, Q) such that g o LP, = £Q, or. We write <p|g,
for this unique morphism and call it the restriction of ¢.

Remark 2.3 In [6, Section 3] a collection of subgroups of S denoted H*(F) was
constructed. We will not recall the precise details of its construction here. The full
subcategory of F on this set of objects is denoted F*. There is a functor F — F°,
where P < P*® forany P <. This functor is left adjoint to the inclusion F* C F. In
addition H*(F) contains the collection 7¢” of all P < S which are both F—centric
and F-radical. The intersection H*(F) N F¢ will be denoted #°*(F¢). The functor
P +— P* lifts to a functor £ — L£* such that g* = g for any g € Ng(P, Q). See [12,
Proposition 1.12].

Proposition 2.4 For every k > 1, the groups l(iinlé(fc) Z are finite p—groups.

Proof Let Z; be the subfunctor of Z such that Z,(P) = Z(P)o (the identity
component of Z(P)). By [6, Proposition 5.8] and a long exact sequence argument,
there is an isomorphism w;: hmo(]:c) Z — hmo(fc) Z/Zy. By [6, Proposition 5.2]
limg, ) Z|Zyx~ lgno(f(,. Z/Zy and O(F*®) is equivalent to a finite category by
[6 Lemmas 2.5 and 3.2(a)]. Since Z/Z, has values in finite abelian p—groups, it
20110\1)\/5 that l(gng( Fee) Z/Z are finite abelian p—groups, hence so are l(gn]é( 7<) Z for

= 1. O

lim*

In fact, all of these groups vanish except when p =2 and k = 1 by [13, Theorem Al].

3 Geometric unstable Adams operations

In this section we recall the concept of geometric unstable Adams operations and make
some basic observations, ending with the proof of Proposition 1.1.

3.1 Groups with maximal discrete p—tori

Definition 3.1 A group G is called Z/ p® —free if it contains no subgroup isomorphic
to Z/ p°°, or equivalently if every homomorphism Z/p®® — G is trivial. We say that
T <G is a maximal discrete p—torusin G if T = " Z/p> and any other subgroup
of G isomorphic to a discrete p—torus is conjugate to a subgroup of 7. We say that
S < G is a Sylow p—subgroup if it is discrete p—toral, and every discrete p—toral
subgroup of G is conjugate to a subgroup of S'.

Algebraic & Geometric Topology, Volume 17 (2017)



364 Ran Levi and Assaf Libman

Lemma 3.2 Letl - K — G — H — 1 be an exact sequence of groups.

(1) If H and K are Z/ p®° —tree then G is 7,/ p°° —free.
(i) If G is Z/ p®° —free and K is finite then H is 7/ p®° —free.

Proof (i) Suppose T < G is a discrete p—torus. Its image in H must be trivial by
assumption. Hence 7" < K which implies 7' = 1.

(i) Assume that H is not Z/ p°°—free. Then there exists a sequence xi, X, X3, ...
of nonidentity elements in H such that x; = (x;41)? for all i > 1. The preimages of

these elements in G are cosets X1, X, X3,... of K and hence finite subsets of G.
p P
The function (not a homomorphism) G XX, G restricts to functions X, it1 RN ¢ i

for all i and we obtain a tower

x—>xP x—>xP x—>xP x—>xP

o= X Xi X Xi.

Since the sets X; are finite, lim X; is not empty. An element in lim X; is a sequence
21,82, g3, ... of nonidentity elements of G such that g; = g;4+1?. These elements
generate a copy of Z/p® in G which is a contradiction. O

3.2 Adams automorphisms of discrete p—toral groups and fusion systems

Let S be a discrete p—toral group and let 7" denote its maximal torus. Recall that
Aut(T') = GL,(Zp), where r = 1k(T'). It contains a copy of Z; in its centre (the
diagonal matrices).

Definition 3.3 An Adams automorphism of S of degree ¢ € Z;j is an automorphism ¢
of S such that ¢|7 is multiplication by {. We say that ¢ is a normal Adams automor-
phism if it induces the identity on the set of components S /7T . Set

Ad(S) = {all normal Adams automorphisms of .S'}.

This is a normal subgroup of Aut(S). Restriction Aut(S) — Aut(7") induces a degree
homomorphism
deg: Ad(S) — Z,.

Let Ad!(S) or Ad*e=1(S) be the subgroup of the normal Adams automorphisms of
degree 1.

Let Autr(S) denote the automorphisms of S induced by conjugation by elements
of T. Clearly Autz(S) < Ad!(S).
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Lemma 3.4 Let G be a finite group which acts on a discrete p—torus T. Then
Hk(G, T) is a finite p—group for every k > 1.

Proof Write M = H*(G,T), where k > 1. A transfer argument with the trivial
subgroup of G' shows that M has finite exponent at most |G|. Let Py be a projective
resolution of the trivial Z[G]-module Z such that every P; is finitely generated. Then
the cochain complex Homgz}(P«, T) is a complex of discrete p—tori, and hence M
is a discrete p—toral group. Since it has finite exponent, M is a finite p—group. O

Recall that if F is a fusion system over S, then « € Aut(S) is called fusion-preserving
if for every ¢ € Homz(P, S), the composite & 0o ¢ oa~! € Homr(a(P), S). The
group of fusion-preserving automorphisms is denoted Autg,s(S). It clearly contains
Autz(S) as a normal subgroup. We define (see [6, Section 7])

Outgys(S) = Autps(S)/Autz(S).
Definition 3.5 Let F be a saturated fusion system over 5. Set
Adgs(S) = Ad(S) N Autgyg(S).
Let OutAdgys(S) be the image of Adgs(S) in Outgys(S).
The goal of this section is to prove the following.
Proposition 3.6 Let F be a saturated fusion system over S and let T be the identity
component of S. Then the following statements hold for the group OutAdg(S):

(1) Itis Z/ p® —free and solvable of class at most 2.

(ii) It contains a normal Sylow p—subgroup which is abelian if either p is odd, or if
p = 2 and the order of the extension class of S in H*(S/T;T) is at least 4.

Proof The torsion elements in Z form the group U), of roots of unity in Z, and
by [15, Chapter 1, Section 6.7, Propositions 1 and 2],

{C2 ={xl} if p=2,

Up = )

Cp—l if p > 2.

In particular U, is finite and therefore Z; is Z/ p® —free, hence so are all of I',(p).
In fact, if p > 2 then I';(p) contains no finite p—subgroup, and if p = 2 then [';(2)
contains no finite 2—subgroup if k > 2. By [12, Proposition 2.8] there is a short exact

sequence d
1> HY(S/T:T) - Ad(S)/Autz(S) =5 T)n(p) — 1,

where p™ is the order of the extension class of S in H>(S/T,T). Also H'(S/T;T)
is a finite abelian p—group by Lemma 3.4. It follows that Ad(S)/Autr(S) is solvable
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of class at most 2, and from Lemma 3.2(i) that it is Z/ p®—free. Let P be the preimage
of the normal Sylow p-subgroup of I';;(p). Then P is a normal Sylow p-subgroup
of Ad(S)/Autr(S) and it is abelian if either p is odd or if p =2 and m > 2 since in
this case U, N Ty (p) = 1, hence P =~ HY(S/T,T).

Observe that Aut+(S) < Autg,(S) and that Auty(S) < Ad(S). Hence
Adgs(S) NAutz(S) = Ad(S) N Autz(S)
and by Definition 3.5 we obtain the short exact sequence

1 — Autz(5) NAd(S) — Adrs(5) — OutAdsys(S) — 1.
Autr (S) Autr (S)
Since Ad(S)/Autr(S) is solvable of class at most 2, it follows that OutAdg(S) is
solvable of class at most 2. The first group in this exact sequence is finite since it
is a subgroup of Autz(S)/Auty(S), which in turn is finite since S/ T is finite and
since Outz(S) = Autxz(S)/ Inn(S) is finite by [6, Lemma 2.5]. Lemma 3.2(ii) now
implies that OutAds,(S) is Z/ p® —free, and this completes the proof of (i). Recall
that Ad(S)/Auty(S) has a normal Sylow p-subgroup. Let P be the normal Sylow
p—subgroup of Adg(S)/Auty(S) and let P be its image in OutAdg,(S). Then
P is normal, and it is abelian if either p is odd or if p =2 and m > 2, namely if
the extension class of S in H?(S/T,T) has order at least 4. It remains to show
that P is a Sylow p—subgroup of OutAdy,s(S). If O < OutAdys(S) is a discrete
p—toral group, it is finite since OutAdg,s(S) is Z/ p° —free and its preimage H in
Adgys(S)/Autr(S) is therefore finite. If H, € Syl,(H), then H, < P since P is
normal and its image in OutAdg,s(S) is Q. Hence Q < P, as needed. O

3.3 Geometric Adams operations

The goal of this section is to prove Proposition 1.1. Let G = (S, F, £) be a p—local
compact group.

Definition 3.7 (compare [12, Definition 3.4]) A geometric unstable Adams operation
of degree § € Z, is a self equivalence f: BG — BG such that there exists ¢ € Ad(S)
of degree ¢ which renders the following diagram commutative:

Bo
BS —— BS

|

B B
ng

We will write Ad®*°™(G) for the group of homotopy classes of geometric unstable
Adams operations.
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This definition differs slightly from [12], where we wrote Ad® (G) for the topological
monoid of unstable Adams operations, and used 7y Ad® (G) for what we now denote
by Ad#°™M(G).

If one is willing to assume that the maximal torus 7" < S is self-centralising in S,
then by [7, Proposition 3.2] one may equivalently define a geometric unstable Adams
operation of degree ¢ € Z; on G to be a self map of BG that induces multiplication
by ¢¥ on Hékp(Bg) for every k > 1, where Hg (X) = H*(X;Z,) ® Q.

At this point the reader may wonder about the restriction to normal Adams automor-
phisms of S. (In other words, why do we not define Ad(S) to be the group of all
Adams automorphisms, rather than only the normal ones.) Indeed, in general there are
fusion-preserving Adams automorphisms which are not normal. However, recall the
following.

Lemma 3.8 [12, Lemma 2.5] If T is self-centralising in S then every Adams
automorphism of S is normal.

As we shall see below, the requirement that 7" is self-centralising in S appears fre-
quently in our analysis. This motivates the following definition.

Definition 3.9 A saturated fusion system F over S is weakly connected if its maximal
torus T is self-centralising in S, namely Cs(7) =T .

A compact Lie group G is connected if and only if every element of G is conjugate to
an element of its maximal torus, and in this case the maximal torus is self-centralising
in G, so the corresponding fusion system is weakly connected. It is tempting to define
a fusion system to be connected if every element of 7" is F—conjugate to 7. However,
it is not at all clear that this is indeed the correct definition of connectivity for general
fusion systems. Furthermore, for the purposes of this paper, the only condition we need
is weak connectivity.

We recall the following from [6]. For any discrete p—toral group Q define an equiva-
lence relation on the set Hom(Q, S) by p ~ o’ if there exists some F—isomorphism
x: p(Q) — p'(Q) such that p’ = xop. Set Rep(Q, £) = Hom(Q, S)/ ~. Notice that
Rep(S, £) = Aut(S)/Autx(S), (left cosets of Autx(S) in Aut(S)). Recall from [6,
Theorem 6.3] that there is a natural bijection [BQ, BG] = Rep(Q, £). In particular
there is a natural bijection of sets

3-1 [BS, BG] = Aut(S)/Autx(S).
The map Res: [BG, BG] — [BS, BG] therefore gives a homomorphism
(3-2) Out(BG) -5 Outgys(S),
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and by [6, Proposition 7.2, Proposition 5.8] there is an exact sequence
. 12 .
(3-3) 0— Lgn(l?e(f) Z — Out(BG) —> Outgs(S) — lgné(,(f) Z,
where the groups at the ends are finite abelian p—groups by [6, Proposition 5.8] and
since O¢(F) is equivalent to a finite subcategory.
We are now ready to restate and prove Proposition 1.1.
Proposition 3.10 Let G = (S, F, L) be a p—local compact group. Then Ad**°™(G)

is 7/ p®° —free and contains a normal Sylow p—subgroup. In addition there is a short
exact sequence

L= limpe 7y 2 = AdE™(G) — OutAdpys(S) — 1.

If p is odd then Ad®*°™(G) =~ OutAdss(S). In addition Ad**°™(G) is solvable, in fact,
OutAdyys(S) is solvable of class at most 2.
Proof As we have seen above, by [6] there is a commutative square:

uw

Out(BG)

ResJ

[BS. BG) ————— Aut(S)/Aut#(S)

OUtfus (S )

Hence, if f: BG — BG is a geometric unstable Adams operation, then by definition
there exists ¢ € Ad(S) such that the diagram in Definition 3.7 commutes up to
homotopy, and since the right arrow in the diagram above is injective, ([ f]) = [¢].
In particular, ¢ is fusion-preserving and hence ([ f]) € OutAdg,s(S). Conversely,
suppose that f: BG — BG is a self equivalence such that p([ f]) € OutAdg,s(S). Then
there exists some ¢ € Adg,s(S) such that w([f]) = [¢]. Since the bottom arrow in the
diagram above is bijective, it follows that the diagram in Definition 3.7 commutes up
to homotopy and therefore f is a geometric unstable Adams operation. We have thus
shown that
Adgeom(g) = _1 (OutAdyys(S)).

By [13, Theorem B], for any p-local compact group hmo((f) Z =0 and, if p is odd
then hmol ) Z= 0. In light of (3-3), the vanishing of hm2 Z implies the exactness
of the sequence in the statement of this proposition. The vamshlng of hm Z, provided
p is odd, establishes the isomorphism Ad®*°™(G) =~ OutAdy,(S). It follows from
Proposition 3.6 that OutAdy,s(S) is solvable of class at most 2 and since hmoc ( f)

is a finite abelian p—group, Ad®*°®™(G) has a normal Sylow p-subgroup. Lemma 3.2(1)
shows that it is also Z/ p°° —free. a
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4 Algebraic unstable Adams operations

In this section we will prove Theorem 1.2. Throughout, we will fix a p—local compact
group G = (S, F, L).

Definition 4.1 (compare [12, Definition 1.11]) Let ¢: S — S be a fusion-preserving
automorphism. Let £', £” be subcategories of £ and ®: £ — L” be a functor. We
say that ® covers ¢ if the following square is commutative:

E/ @ c//

Ox

and if for every P, Q € L' and every g € Ng(P, Q) the morphisms g € L(P, Q) and
¢>(g) €L(¢(P),d(Q)) belongto £ and L, respectively, and moreover ®(g) = ¢(g).

Definition 4.2 [12, Definition 3.3] An algebraic unstable Adams operation on G, or
simply an unstable Adams operation on G, is a pair (¥, ¥r), where ¥ € Adg,s(S) and
W: £ — L is a functor which covers . In other words:

(a) The following diagram is commutative, where 4 is the automorphism of F
induced by :
L L

F——F
Ve

]
—

(b) Forevery F—centric P, Q <S andevery g € Ng(P, Q) we have ¥(g) = WE)

Define
Ad(G) = {all unstable Adams operations (¥, {) on G}.

If H < Z5 we will write Ad” (G) for those (¥, %) such that deg(y) € H.

Remark 4.3 Recall that the inclusion BS " BG is induced by the geometric reali-
sation of the inclusion of categories BS € B Aut,(S) C G via s +> 5. By definition of
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an unstable Adams operation (W, ), upon taking geometric realisations the following
diagram commutes strictly:

By
BS —— BS

|

BG —— BG
A

Hence |\Il|2 is a geometric unstable Adams operation (Definition 3.7). We obtain a
homomorphism

(¥,9)

(4-1) y: Ad(G) ISA2ldudVN AdEOM(G).

Recall from [6, Section 7] that an automorphism ®: £ — L is called isotypical if for
every JF—centric subgroup P < S the isomorphism Aut;(P) — Auty(P(P)) induced
by @ carries 6(P) to 6(D(P)). The collection of all isotypical self equivalences of £
that preserve inclusions is a group [4, Lemma 1.14], and we denote it here by Auty,(£);
the notation in [4] is Auttyp (£). Itis clear from the definition that if (W, 1) is an unstable
Adams operation then W € Autyy,(£). Moreover, is completely determined by W
because for every s € S we have W(5) = W(s) and since 6: S — Aut,(S) is injective.
Therefore,

(¥, y)—>v

Ad(G) Autyy(£)

is injective and we can, and will, identify Ad(G) with a subgroup of Auty,(£).

Geometric realisation of isotypical equivalences gives rise to a homomorphism [6,
Section 7]

D=[|®|]
—

Q: Autyp(£) Out(BQ).

By Remark 4.3 the restriction of Q to Ad(G) is the map y in (4-1). Among all
isotypical equivalences of £ there are the ones that are induced by conjugation by
automorphisms of . To be precise, there is a homomorphism

4-2) T: Autz(S) — Autyp(£)

defined for every ¢ € Aut,(S) as follows. On objects, t(¢)(P) = n(¢)(P), where
m: L — F is the projection. If o € L(P, Q) is a morphism, set

7(9)(@) = (915 P) oxo (p[5F) ",

where we write ¢(P) instead of 7 (¢)(P), etc. It is easy to check, using the axioms
of linking systems, that 7(¢) is isotypical. In fact, 7(Autz(S)) < Autyp(£) and the
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quotient group is denoted Outy,(L). It is shown in [6, Theorem 7.1] that there is an
isomorphism

4-3) Outyyp(£) = Out(| L)
via the assignment [P] — [|d>|$]. The definition of Outy,(£) in [6] and our definition

coincide by [4, Lemma 1.14].

Lemma 4.4 Let F be a weakly connected fusion system over S. If Y € Autx(S) is
an Adams automorphism of degree 1, then v is conjugation by t for some t € T'.

Proof Since F is weakly connected, T is F—centric. Since ¥|r = idg |T, [6,
Proposition 2.8] implies that ¥ is conjugation by ¢ for some t € Z(T) =T . |

Lemma 4.5 Let G = (S, F, L) be a weakly connected p—local compact group, and
suppose that
(P, Idg) € Ker(y: Ad(G) — AdEO™(G)).

Then ¥ = t(f) forsome t € T .

Proof By [6, Theorem 7.1] the map y is the restriction to Ad(G) of the composition
of homomorphisms

Autiyp(£) 2% Outyy(£) —> Out(BG).

Note that W(P) = Idg(P) = P for every F—centric P < S and that given any
@ € Mor,(P, Q) the images of ¢ and W(p) in Homz(P, Q) are equal because W
covers (Idg)« = Idz. Also, since (W,Idg) € Ker(y), ¥ is conjugation by some
p € Autg(S) = Aut.(S). In particular, for every ¢ € Autz(S), W(p)op = poep.

Since (W,Idg) is an Adams operation, W(5) = § for every s € S, and so p €
Caut.(5)(S) = Z(S), where S is considered as a subgroup of Aut.(S) via the
canonical inclusion. Since F is weakly connected 7' = Cg(T) > Z(S), and therefore
p =1 for some t € Z(S) < T. Thus, by the definition of 7 in (4-2), ¥ = 7(7) as
claimed. |

We will now consider the following subgroup of Aut,(S):
Aut2d(S) = {p € Aut,(S) | (@) € Autx(S) N Ad(S)}.
Recall that Z(F) denotes the centre of F.
Lemma 4.6 For any p—local compact group G = (S, F, L) there is an exact sequence

zZ

1 - Z(F) 225 Autdd(S) - Ad(G) L5 AdE™(G) — 1.
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Proof The homomorphism y defined in (4-1) is surjective by [12, Proposition 3.5].
We have seen above that if ¢ € Aut Ed(S ) then t(¢) is an unstable Adams operation
whose geometric realisation is homotopic to the identity, so im(t) < ker(y). Consider
some (W, ) in the kernel of y. We will show that W is in the image of t. By the
bijection (4-3) and by the definition of Outy,(£) it follows that there exists a natural
isomorphism p: Id; — W. In particular, at the object S € £ we obtain a morphism
ps: S — S in L,ie ps € Aut-(S). In fact, pg determines p completely because for
every P € £ we have the following commutative square:

p—r .5
pPl LOS
Y (P) —— S
w@y)
Since 15 = &, where e € Ng (P, S), and since W(&) = &, we see that ¥(1'}) = ti(P)'
S

Since ¢'p is a monomorphism we deduce that pp is determined by pg; as a matter
of fact pp = pS|‘/I{(P ) for any P € L. For every s € § we obtain the following
commutative square:

G
—

ps

<N

U+ 0
b

—
¥ (s)
It follows from Axiom (C) of linking systems [6, Definition 4.1] that w(ps) = ¥, in

particular pg € Aut?d(S ). Now we claim that ¥ = 7(pg). First, for every F—centric
pP=<S,

W(P) =y (P) =mn(ps)(P) =t(ps)(P).

So W and 7(pg) agree on objects of £. Next, suppose that & € Mor, (P, Q). Since p
is a natural transformation, we have the following commutative diagram:

P—2 0

””l l"Q

VP Sy V(@)
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Since pp and pg are restrictions of pg we get

(P)) 1

V(@) = pgoeopp = (ps|h @) oao(pslh = 2(ps)(@).

This completes the proof that the sequence is exact at Ad(G).

We now show exactness at Autﬁd(S). If z € Z(F) then for any ¢ € Mor.(P, Q) we
have z € Z(S) < P, Q and

t(2)(@) =213 0po Gl =250 (x(@) (D)) oo =250 EI T op = 0.
Therefore Z(F) — AutAd(S ) = Ad(G) is trivial. Now suppose « € Ker(t). Then in
particular & € Cyy,.(5)(S) = Z(S), namely a = Z for some z € Z(S). In addition
for any ¢ € Morz(P, Q) we must have le ogpo (z|P) ' = ¢. Axiom (C) of linking
systems and the fact that ¢ is an epimorphism in £ imply that 7 (¢)(z) = z. It follows
that z € Z(F) and this shows the exactness at Aut‘éd(S). a

Composition of the degree map with the projection 7: £ — F gives rise to a degree
homomorphism

deg: Autdd(S) > Autz(S) N Ad(S) &5 7.

Recall that Outx(.S) is finite, hence every element of Autz(S') has finite order. There-
fore the subgroup

(4-4) D(F) € Im(Ad(S) N Autx(S) £ 7).

must be contained in the group U,, of the roots of unity in Z, which, by [15, Chapter 1,
Section 6.7, Propositions 1 and 2], is isomorphic to the cyclic group C,_1 if p is odd,
and to C, if p = 2.

Lemma 4.7 LetG = (S, F, L) be a weakly connected p—local compact group. There
is a short exact sequence

1> T — Autdd(S) £ p(F) - 1.

Proof By definition, deg is onto D(F). Also T < Ker(deg) since T is abelian so
Autr(S) < Ad*e=1(S). Suppose that ¢ € Ker(deg). Lemma 4.4 shows that 7 (¢) is
conjugation by some ¢’ € T'. Since Z(S) <Cgs(T) =T and T is F—centric by the
assumption of weak connectedness, ¢ = ¢ for some t € T . a

Definition 4.8 Let Inn7(G) < Ad(G) be the subgroup of inner Adams operations
of degree 1, ie operations of the form (c;, ¢;), where ¢; € Inn(S) is conjugation by
t € T and ¢; € Aut(L£) is conjugation by 7 € Autz(S); see (4-2), where we used the
notation (7).
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We now restate and prove Theorem 1.2.

Theorem 4.9 Let G = (S, F,L) be a weakly connected p-local compact group
(Definition 3.9). Let T' denote the maximal torus of S. Then the following hold:

(1) Ad(G) has a normal maximal discrete p—torus denoted Ad(G)q. It contains a
Sylow p—subgroup which is normal if p = 2.

(i) Ad(G)g is contained in the kernel of ¥ (see (4-1)) and there is a short exact
sequence

1 — D(F) — Ad(G)/Ad(G)o > AdE™(G) — 1.
(iii)) Ad(G)o =Inn7(G) = T/ Z(F), where Z(F) is the centre of F.

Proof Clearly 7 < Aut?!(S), since Autr(S) < Autx(S) N Ad(S). Since Z(F) <
Z(S) < T, the exact sequences in Lemmas 4.7 and 4.6 yield the exact sequence

1 = D(F) = Ad(G)/1(T) > AdE™(G) — 1.

Since D(F) is finite and Ad®*°™(G) is Z/ p°°—free by Proposition 1.1, Lemma 3.2(i)
implies that Ad(G)/t(T) is Z/ p®°—free. It follows that 7(7T) is a normal maximal
discrete p—torus in Ad(G) denoted Ad(G)g.

Let P be the unique Sylow p—subgroup of Ad®**°"(G) guaranteed in Proposition 1.1
and let H be its preimage in Ad(G)/Ad(G)o. If p =2 then D(F) < U, = C3, so
H is a finite 2—group and it is clearly the Sylow 2—subgroup of Ad(G)/Ad(G)g. In
particular Ad(G) has a normal Sylow 2—group. If p is odd, any Sylow p—subgroup
of (the finite) group H is a Sylow p—subgroup of Ad(G)/Ad(G)¢. This completes the
proof. a

5 The degree of an unstable Adams operation (uniqueness)

Unstable Adams operations of connected compact Lie groups have the pleasant property
that their degree determines them completely up to homotopy. That is, given a connected
compact Lie group G' and an integer k£ > 1, up to homotopy there is at most one unstable
Adams operation on BG of degree k. This was shown in [11, Theorem 1]. In the
context of p—local compact groups, Proposition 1.1 makes it clear that this does not
hold in general. First, at least when p = 2, any nontrivial element in liﬁll Z gives rise
to a geometric unstable Adams operation whose underlying automorphism of S is the
identity. Secondly, since OutAds,s(S) = Adgs(S)/(Aut£(S) N Ad(S)), the degree
can only be defined modulo D(F). That is, the degree map that we must consider is

deg: AdZ™(G) — OutAdys(S) =5 2%/ D(F).
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From the algebraic point of view we can define a degree homomorphism
deg: Ad(G) Y, Adsy (S) L5 7%

But observe that every t € T \ Z(F) gives an unstable Adams operation 7(7) of
degree 1, hence the kernel of this degree map is in general not trivial. In this section
we find conditions which guarantee that the degree does determine the unstable Adams
operation in a suitable sense.

Definition 5.1 Let F be a saturated fusion system over S. The Weyl group of F is
W(F) = Autx(T).

If no confusion can arise we will usually denote W (F) simply by W.

Recall that Aut?d(S ) is the subgroup of Aut,(S) of the morphisms which project
to Autz(S) N Ad(b; ). There is therefore a degree homomorphism deg: Autﬁd(S ) —
Autz(S)NAd(S) =5 ZX. Its image is D(F) by (4-4).

Lemma 5.2 Let G = (S, F, L) be a weakly connected p—local compact group, and
suppose that H' (W, T') = 0. Then there is a short exact sequence

17 % Audd(s) & p(F) - 1.

Proof Clearly §|7 is injective and the degree map is surjective. Also degoé|r is
the trivial homomorphism since 7" is abelian. Suppose that ¢ € Ker(deg). Then
Y (¢)|r = idr and since T is F—centric, it follows from [6, Proposition 2.8] that
(@) = ¢, forsome z € Z(T) = T. Since Z(S) < T we now deduce that ¢ =7 for
some f €T. i

Lemma 5.3 The homomorphism

(¥, 9)—>y
_—

Ad(9) Adfus(S)

is surjective.

Proof Consider some ¢ € Adgs(S) and let [¢] denote its class in OutAdgs(S). The
exact sequences in Proposition 1.1 and Theorem 1.2 show that there exists (W, ) €
Ad(G) such that [¢] = [¥]. Hence ¢ = o o for some « € Autz(S) NAd(S). Let
ae Autéd(S ) be a lift for «. Then 7(&) o ¥ is an unstable Adams operation with an
underlying automorphism ¢. a
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Lemma 5.4 Let G = (S, F, L) be a weakly connected p—local compact group and let
(Y, ¢¥) € Ad(G). If deg(y) = 1, then the automorphism induced by W on W = W(F)
is the identity.

Proof Notice first that W induces an automorphism of Aut.(7"), and hence an auto-
morphism of W = Autx(T). Set G = Aut,(7T") and choose g € G. Since W covers s
and since ¥ is the identity on 7', forany t € T

(0 W(2) (1) = Y (m() (1) = ¥ (R()W ' (1)) = Y (w(2) (1) = 7(2)(2).
Thus, W(g) and g have the same image in Autz(7) = W . a

Lemma 5.5 Let G = (S, F, L) be weakly connected and assume that H' (W, T) = 0.
Then
deg: OutAdsys(S) — Z, / D(F)

is injective.

Proof Consider ¢ € Adgys(S) such that deg(y) € D(F). Then there exists ¢ €
Autz(S)NAd(S) such that deg(y) = deg(p). Set § = ¢~ oy Clearly 6 € Ad'(S)
and it is fusion-preserving. By Lemma 5.3 there exists (®, 6) € Ad(G). Let o be the
automorphism that ® induces on Aut.(7"). Clearly, « is the identity on 7 < Aut,(7T)
since deg(f) = 1. By Lemma 5.4, « induces the identity on W = Aut.(T")/T . Since
we assume that H'(W,T) = 0, [12, Lemma 2.2] implies that « is conjugation by
some t € T < G. Now, O is an unstable Adams operation, so for any s € S = Ng(T),

0(s) = O@(F) = a(5) = tst~1.
This shows that 6 = ¢; and therefore ¥ = ¢ oc; € Autx(S) N Ad(S). It follows that
the kernel of deg is trivial. a

We now restate and prove Proposition 1.3.

Proposition 5.6 Suppose that G = (S, F, L) is weakly connected and let W =
Autz(T) be its Weyl group. If H' (W, T) = 0 then OutAdfug(S) Z,/D(F) is
injective and there are exact sequences

Z — AdEO™(G) £ 7/ D(F), and
Z = Ad(G)/Ad(G) & deg

1 1— hmo(rﬂ)

2 11— 111‘110(;,:)

If in addition p # 2, then the degree maps in (1) and (2) are injective.
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Proof The exact sequence (1) follows from the exact sequence in Proposition 1.1
and Lemma 5.5. Lemma 4.6 together with Lemma 4.7 and the fact that the image
of T - Ad(G) is Ad(G)o by Theorem 1.2, give rise to the following commutative
diagram with short exact rows:

1 —— Aut(S)/ T —— Ad(G)/Ad(G)o AN AdFN(G) —— 1

ngeg ldeg Jdeg

1 —— D(F) Z} Z,/D(F) —1

The snake lemma together with the exact sequence (1) yields the exact sequence (2). If
p # 2 then by [13] the group Ligll Z vanishes and therefore the degree maps in (1)
and (2) are injective. m|

We are led to find conditions under which H!(W, T') = 0. Recall that U, < Z, is
the torsion subgroup in the group of p—adic units. It acts in the natural way on any
discrete p—torus 7' via central automorphisms.

Lemma 5.7 Let 1 # G < U, be a subgroup which acts on a discrete p—torus T of
rank r > 1 in the natural way. If p # 2 then H"(G,T) =0 foralln>0.If p=2
then H*"(G,T) = (Z/2)" and H*"*(G,T) =0 foralln > 0.

Proof If p#2then U, = C,_; and T is p-torsion, hence H (G, T)=0fori>1.
Choose some 1 # ¢ € G. Then { # 1 mod p, so { —1 is an invertible element in Z,
and therefore it must act without fixed points on 7. This shows that H°(G, T) = 0.

Now suppose that p = 2. Then G = U, = C,. If ¢ € G is the nontrivial element, a
projective resolution of Z is given by

o 7[61 2 7161 2 7161 S 716) - .
Applying Homzg(—, T'), one obtains the cochain complex
T 27 S A7 0

whose homology groups are H*(G, T'). The description of H*(G, T') now follows. O

We recall that Q) =Z, ® Z[%]. We obtain a short exact sequence
1>2Zp,—>Qp—>Z/p> —1.

We also recall that Aut(Z/ p*>°) = Z; , where every { € Z, acts on 7] pk € 7] p™ via
multiplication by ¢ mod k. Using the inclusion Z[%] < Qp itis easy to check that
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for any ¢ € Z 7, multiplication by ¢ in QQ, induces the automorphism ¢ on Z,. Thus
the sequence is a short exact sequence of Z; —modules. More generally, if T is a
discrete p—torus of rank r > 0, any decomposition 7" = P, Z/p> gives rise to a
short exact sequence of Z,-modules

(5-1) l1->L—>V—>T-—1,

where V =@, Q, and L =@, Z,. Also, Aut(T') = GL,(Z,) which acts naturally
on L and V', and the sequence becomes a short exact sequence of GL,(Z,)-modules.
We notice that different decompositions of 7" give rise to isomorphic GL,(Zp)—
modules V and L.

Lemma 5.8 Let T be a discrete p—torus, and let G < Aut(T') = GL,(Z,) be a finite
subgroup. Let V and L be the associated Q, representation and the corresponding
integral lattice, respectively, as above. Then

H~YG,T) i>1,

e L= {COker(HO(G, V)= HYG.T) i=1

Proof Since G is finite and V is a rational vector space, H' (G, V) =0 forall i > 0.
Thus the claim follows at once from the standard dimension shifting argument; see, for
instance, [8, Chapter II1.7]. O

Recall that an element w € GL,(Q)) is called a pseudoreflection if rk(w —1) =1,
namely w fixes a hyperplane of dimension r — 1. A subgroup W < GL,(Q)) is called
a pseudoreflection group if it is generated by pseudoreflections.

We notice that Ad(S) deg, Z, < Z(Au(T)) is a factorisation of the restriction map
Ad(S) ool Aut(T). In light of (4-4), we see that D(F) can be identified with a
subgroup of Z(Autx(7")) which acts in the natural way on 7" considered as a subgroup
of Up =Z,.

Proposition 5.9 Let F be a weakly connected saturated fusion system and let W =
Autz(T) = GL,(Zp) be its Weyl group. Assume that any one of the following condi-
tions holds:

(@) pisoddand D(F)# 1, or
(b) p=2,D(F)#1 and H'(W/D(F), TP ) =0, or
(c) p is odd and the Weyl group W is a pseudoreflection group.

Then H'(W, T) = 0.
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Proof By the remarks above there is a central extension
1> D(F)—>W—>W/DF)—>1

and D(F) < U, acts on T in the natural way. The associated Lyndon—-Hochschild—
Serre spectral sequence takes the form

EY = H'(W/D(F). H) (D(F).T)) = H'™ (W, T).

If p#2and D(F)# 1 then Lemma 5.7 implies that H/ (D(F), T) =0 forall j >0,
and hence that E*/ = 0 for all i, j. Thus HX(W, T) = 0 for all k > 0.

If p=2and D(F) # 1, then E5/ =0 for j odd, as in this case H/(D(F),T) =0
by Lemma 5.7. Hence the only potentially nonzero contribution to H'(W, T') comes
from H'(W/D(F), H*(D(F),T)) = H (W /D(F), T?®)) which vanishes by hy-
pothesis. Hence H' (W, T) = 0.

Finally, suppose that p # 2 and W < Aut(T") = GL,(Z,) is a pseudoreflection group.
Let L and V be the associated p—adic lattice and Q,—vector space associated to 7'
as in (5-1). This is a short exact sequence of Z,[W]-modules. Now, W < GL,(Zp)
acts faithfully on L so [1, Theorem 3.3] applies and it follows that H?(W, L) = 0.
Hence, H!(W,T) = 0 by Lemma 5.8. a

We end this section with a proof of Proposition 1.7 restated as Proposition 5.12. This
is a stabilisation result showing that given any two unstable Adams operations of the
same degree, there is some 7, such that their n™ powers (ie n—fold composition) give
homotopic operations.

Let S be a discrete p—toral group with maximal torus 7". The image of x € S under
w: S — S/T will be denoted X. A section 6: S/T — S is a function such that
JToOo = idS/T .

Lemma 5.10 Let S be a discrete p—toral group and 1 # ¢ € I'1(p). Suppose that
Y1, ¥y € AA(S) have degree {. Then there exists some r > 0 such that wlpr = w;r .

Proof By [12, Lemma 2.6] there exist sections o1, 05: S/ T—S such that y;00; =0;
and V(7 - 0;(a)) = t% - 0i(a) forany a € S/T and t € T. For any x € S set
7;(x) = x0;(X¥)~! and notice that 7;(x) € T. Then

Yr(x) = Y (x0i () 0i (%) = 1 ()" 0y (F).
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Set §(X) = 01(X)02(¥)~! and notice that §(X) € T. In addition ,(x) 17, (x) =
§(x)~!. Hence, for any n > 0

Y)Y 0T = 0 ()8 01(%) 02 (F) T (x)
=1 ()8 - 8(F) - ()7 = () T () 8E) = 8(%) 8

Since S/ T is finite and T is torsion, there exists some r such that p”§(x) =1 for every
xe€S. Also, L el (p), namely ¢ =1 mod p, so by Fermat’s httle theorem P =1
mod p” . Therefore §(%)' =" =1 for every x € S, hence wf (x)= 1/f§ (x). O

Lemma 5.11 Let N be a finite normal subgroup of a group G . Suppose that g,h € G
are in the same coset of N . Then there exists | <n < |N| such that g" = h".

Proof By hypothesis g = /hx; for some x; € N . Induction on n shows that (hx;)" =
h"x, for some x, € N. Since N is finite there are 1 <k <k, <|N|+ 1 such that
Xk, = Xk, hence gh2. g7k = hk2xk2xkllh ki — pk2=ki Set n = k, — ky and the
proof is complete. |

Recall the degree homomorphism deg: Ad®**™(G) — Z; /D(F); see Proposition 1.3.

Proposition 5.12 Let G be a weakly connected p—local compact group. Let f1, f> €
AdE°™(G) be such that deg(f1) = deg(/») in ZX/D(F). Then (/1) = (f)™k,
where 1 <k < |11m0(fc)Z| and 1 <m < |H1(S/T T)|. In fact, m is a divisor of
(p—1)p" forsome r > 0.

Proof Let [V], [{>] be the images of f1, f> in OutAdy,(.S) as in Proposition 1.1.
By assumption, deg(y;) = deg(y2) mod D(F). Since

OutAdss(S) = Autsus (S)/(Aut=(S)NAA(S)) and D(F) = deg(Aut=(S)NAA(S)),

we may choose 1/, such that deg(y1) = deg(,). Thus, the element [y]- [y,] !
is in the image of Adfff_l(S)/AutT(S) in OutAdgys(S) which is a normal finite
subgroup by [12, Proposition 2.8(iii)] and Lemma 3.4. It follows from Lemma 5.11 that
there exists 1 <m < |H'(S/T, T)| such that [/;]™ = [/»]™. Hence, Proposition 1.1

implies that f{" = fJ" mod Liiné(ﬁ) Z.

The group hmo(fc) Z is finite by Proposition 24. Lemma 5.11 applied to f{" and
Sy gives 1 <k < |11mo(fc) Z| such that f , as needed.

It remains to show that m is a divisor of p”(p — 1). Let ¢ denote deg(yr1) = deg(y,).
Replacing ; by wip —if necessary, we may assume that { = 1 mod p. If ¢ =1,
then [Y1], [¥2] are in the image of Ad(fiff:l(S) /Autr (S) in OutAdg(S) which is
finite and abelian by [12, Proposition 2.8(iii)] and Lemma 3.4. Therefore m can
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be chosen to be the exponent of H Y(S/T,T) which is a p—power. If { # 1 then
Lemma 5.10 shows that wl = 1//5 for some r > 0, and the proof is complete. 0O

6 Extensions of categories

In Section 7 we will study a particularly nice subgroup of unstable Adams operations.
To do so, some background on extensions of categories and automorphism of such
extensions is required. This is the aim of this section. We included the definitions
and results we need here. The cohomological theory of classification of extensions is
carried out in Appendix A. A large portion of this material is contained in a different
form in [10].

Definition 6.1 Let C be a small category and let ®: C — Ab be a functor. An extension
of C by @ is a small category D with the same object set as that of C, together with
a functor D —— C, and for every X € C a distinguished monomorphisms of groups
dx: ®(X) — Autp(X), such that the following hold:

(1) The functor 7 is the identity on the objects and is surjective on morphism sets.
Furthermore, for each X, Y € C, the action of ®(Y) on Morp(X, Y) via y by
left composition is free, and the projection

Morp(X,Y) — More(X,Y).

is the quotient map by this action.
(2) For any d € Morp(X,Y) and any g € ®(X), the following square commutes
in D:
X #)

Y
$x(g) l5y(¢(ﬂ(d))(g))
Y

y—4

We will write £ = (D, C, ®, , §) for the extension.

To simplify notation throughout, if d is a morphism in D, then 7 (d) € C will be denoted
by [d]. If g € ®(X), we denote Sx(g) by [¢]. In addition, for any ¢ € C(X,Y)
we will write c4: ®(X) — D(Y) for the homomorphism ®(c). Thus, the relation in
Definition 6.1(2) can be written

6-1)  dofgl=[®(dD(g)od. orsimply dofg]=[ldl«(g)]od.

We remark that the restriction to functors ®: C — Ab is only made for the sake of
simplification. In fact, we could have considered functors into the category of groups,
in which case we would have recovered Hoff’s results [10] in full generality.

Algebraic & Geometric Topology, Volume 17 (2017)



382 Ran Levi and Assaf Libman

Example 6.2 Let N —> G %> H be an extension of groups with N abelian. Thus, N
becomes an H-module. Every group I' gives rise to a category BI' with one ob-
ject whose set of automorphisms is I'. We then obtain an extension of categories
£ =(BG,BH, ®, Br, Bi), where ®: BH — Ab is the functor representing the H —
module N .

Example 6.3 Let (S, F, L) be a p-local compact group. Let F¢ be the full subcat-
egory of F of the F—centric subgroups. There is a functor ¢: (F¢)°P — Ab taking
an object P to its centre Z(P) = Cg(P). (We use the notation ¢ to distinguish it
from the functor Z defined in Section 2). Also, the distinguished homomorphisms
dp: P — Autp(P) restrict to dp: {(P) — Autgop(P). It follows directly from the
definitions of linking systems that £°P is an extension of (F¢)°P by ¢ with structure
maps L L (F€)°P and §p: L(P) — Autzop(P). Here we used the fact that if T is
an abelian group then BI" =~ BI'°P via the identity on objects and morphisms.

The next example is the one that the next sections will build on. Due to its importance
we give it as Definition 6.4. Let (S, F, £) be a p—local compact group. Let P, Q be
subgroups of S and suppose that f/: P — Q is a homomorphism. Then f(Py) < Qo
because f(Pp) is a discrete p—torus.

Definition 6.4 Let (S, F, L) be a p—local compact group. Define the category Lo
as follows. First, Obj(L/0) = Obj(£). For any P, Q € L set

Morg, (P, Q) = Qo\Morc(P, Q),

where QO = 30(Qo) acts on Mor.(P, Q) by postcomposition. We will write ¢ for
the equivalence class (orbit) of ¢ € Mor.(P, Q). We write

o L—> Lo
for the projection functor.

This defines a category because for any P 2 0 i) R,te Q¢ and u € Ry, we have

m(B)(1) € Qo, s0
(iof)o(foa)=0-n(B)({t)oBoa=Poa mod Ry.

Any homomorphism f € Homz(P, Q) restricts to ¢: Py — Q¢ of the maximal tori.
Also, if t € Qg then ¢; induces the identity on Qg and therefore (p|g(i’ = (cso (p)|g:.
This justifies the following definition.

From now on, given a category C we will use the notation C(x, y) for More(x, y).

Definition 6.5 Let ®: £,0 — Ab be the functor which on objects is defined by
®: P+ Py. For a morphisms ¢ € L;o(P, Q), define ®(¢) = 7T(90)|g(?.
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Proposition 6.6 Let (S, F, L) be a p—local compact group. Then L is an extension
of Lo by the functor ®: £,0 — Ab (in the sense of Definition 6.1). The structure
maps are given by m;o: L — Lo and 8 &t §p|py: Po— Autz(P).

Proof The functor 7/9: £ — Lo is clearly the identity on objects and is surjective
on morphism sets. The group 6o (Qo) < Autz(Q) acts freely on L(P, Q) because
all morphisms in £ are epimorphisms by [12, Corollary 1.8]. So condition (1) of
Definition 6.1 holds. Condition (2) follows from Axiom (C) of linking systems. O

Next we consider morphisms of extensions.

Definition 6.7 Let £ = (D,C, ®,7,68) and &' = (D', C’, ®’', ', §') be extensions. A
morphism & — £’ is a functor W: D — D’ such that there exists a functor ¥: C — C’
which satisfies 7/ oW = Wor.

An automorphism of extensions is therefore an isomorphism of categories «: D — D
such that both o and o~! are morphisms of the extension £. Among these are the
inner automorphisms of the extension £.

Definition 6.8 Let £ = (D,C, ®, w,§) be an extension. Given a choice of elements
u(X) € ®(X) for every X € C, we obtain an automorphism t,: £ — £, where t,, is
the identity on objects, and for any d € D(X, Y) we define

w(d) = [u(¥)]od o [u(X)]".

An automorphism of £ is called inner if it is equal to some 7, . The collection of all
the inner automorphisms of £ is denoted Inn(&).

We remark that the functor W: C — C’ in Definition 6.7, if it exists then it is unique
because 7 and 7’ are surjective. In addition there is no condition on the functors ®
and @’ in the definition of morphisms because of the following lemma.

Lemma 6.9 Let £ = (D,C,®,7m,8) and &' = (D',C', ', n’,§’) be extensions. Then
any morphism W: £ — &' gives rise to a unique natural transformation
n(W): & — & oW

that assigns to every object X € C the homomorphism ny: ®(X) — @ o U(X),
determined by the formula

(6-2) [nx ()] = ¥(gD.
for any g € ®(X). (Here n denotes n(¥)).
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Proof For every object X € C the functors ¥ and W give rise to a morphism of exact
sequences:
8
] —— d(X) —— Autp(X) —— Aute(X)
nwoy e v
| —— (X)) — Autp (T(X)) —Z— Aute (F(X))

This defines ny, which satisfies (6-2) by definition. It remains to prove that the
homomorphisms nx define a natural transformation 7: ® — ® o W. For any ¢ €
Mor¢ (X, Y), we need to show that the following diagram commutes:

o(X) —29 )

) [

' (B(X)) ——— &' (F(Y))
@'(¥(c))

Choose d € D(X,Y) such that ¢ = [d] and let g € ®(X). By (6-2) and (6-1)
W(d)ofnx(g)]=V¥(d)oV¥([g]) = ¥(dolg]) = ¥([P(c)(g)]od)
= V([®() (@] o¥(d) = [ny (P(c)(g)]o¥(d).

On the other hand, by applying (6-1) directly to the left-hand side of this equality and
noticing that [V (d)] = ¥(c) we get

W(d) o[lnx ()] = [®'(¥(c)) (x (g))] © ¥(d).

By comparing the right-hand sides of these equalities and using the free action of
®’(Y) on D'(X,Y), in which W(d) is a member, we see that

Ny (®(c)(g)) = (¥ 0 )(c) (nx (g))

as needed. O

Lemma 6.10 Let & = (D,C, ®, w, ) be an extension. Then any © € Inn(€) induces
the identity on C and n(®) = Id.

Proof Using the notation of Definition 6.8 we write ® = 7,,. Then 7, induces the
identity on C because [[u(Y)]o@o[u(X)" ] =[[u(Y)-@x(u(X) " H]o¢] = [¢]. By
Lemma 6.9, for any X € C and any x € ®(X) we have [[nx (z,)(x)] = w([x]) =
[u(X)]o[x]ou(X)~'] =[x] because ®(X) is abelian. This shows that n(t,) = Id
as needed. |

At this stage it is useful to remark about which functors W: D — D’ give rise to a
morphism of extensions £ — £’ as in Definition 6.7.
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Definition 6.11 A functor F: Gps — Gps is said to be inclusive if for any group G,
F(G) < G and these inclusions are natural with respect to group homomorphism,
namely they form a natural transformation of functors ¢: F'— Id. Let F be an inclusive
functor. An extension £ = (D, C, ®, i, §) is called F-rigid if for every X € Obj(D),
the injection §y: ®(X) — Autp(X) is an isomorphism onto F(Autp(X)).

Here is an example of an inclusive functor F, as in Definition 6.11, which will play a
role in this paper.

Definition 6.12 Let A: Gps — Gps be the functor which assigns to every group G
the subgroup A(G) generated by the images of all homomorphisms ¢: Z/p* — G.

Recall that a group G is called virtually discrete p—toral if it is an extension of a
finite group by a discrete p—torus. In this case A(G) = Gy is the identity component
of G' and is a discrete p—torus. Hence, the restriction of A to the full subcategory of
virtually discrete p—toral groups factors through the category Ab.

The reason we consider F-rigid extensions is that morphisms between them (see
Definition 6.7) are just functors between the categories. This is the content of the next
proposition.

Proposition 6.13 Suppose that £ = (D,C,®,n,8) and &' = (D',C',d', 7', 8') are

F —rigid extensions. Then any functor V: D — D' is a morphism of extensions £ — £'.

Proof For any C € Obj(D) the functor ¥ induces a homomorphism ¥: Autp(C) —
Autp (W(C)). By applying F and using the natural transformation ¢: F' — Id, we get

W(D(C)) = W(F(Autp(C)) = F(Autp (W(C))) = @'(¥(C)).

In view of this we define y: C — C’ as follows. On objects, ¥: C > W(C). Fix
¢ € C(Cy, Cy1) and choose a lift d € D(Cy, Cy). Define ¥: ¢ — [¥(d)]. Now, ¢ is
well defined on morphisms, because if d’ is another lift for ¢ then d’ = [[x] o d for
some x € ®(Cy) and therefore

[W([x] o d)] = [W([xD] e [¥(d)] = [¥(d)]

because W([[x]) € ®'(¥(Cy)), as we have seen above. The verification that y respects
identities and compositions is straightforward and the equality 7’ o W = 1/ o r holds
by the way we defined . a

Proposition 6.14 Let (S, F, L) be a p—local compact group. The extension £ =
(£, Lo, ®,7/9,8/0) in Proposition 6.6 is A —rigid (Definitions 6.11 and 6.12).

Proof It follows from [6, Lemma 2.5] that for every F—centric P < S the group
Aut,(P) is an extension of Py by a finite group and therefore A(Autz(P)) = Py. O
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We saw (Example 6.2) that group extensions are a particular example of extension of
categories in the sense described here. Similarly to the case of group extensions there
is a theory of classification of extensions of categories by cohomology. In particular an
extension £ = (D, C, ®, , §) is classified up to the appropriate concept of equivalence
by a class [D] € H?(C, ®). The theory is rather well known and appears in a different
form in [10]. For the convenience of the reader we collect the necessary material in
Appendix A. Here we record only the following two results.

Proposition 6.15 Let £ = (D,C,®,7,68) and &' = (D',C’, d', 7', ') be extensions.
Let y: C — C’ be a functor, and let n: ® — ®' o be a natural transformation. Then
the following are equivalent:

(i) There exists a morphism of extensions W: £ — &' such that =W and n = n(V).
(i) The homomorphisms in cohomology induced by  and n

H2(C; ) T H2(C: 0 oy) <= HA(C, @)
satisfy n«([D]) = ¢y *([D']).

Proposition 6.16 Let £ = (D,C, ®, m,8) be an extension. Then there is an isomor-
phism of groups
I': H'(C,®) — Aut(&; 1¢, 1o)/ Inn(E).

Proposition 6.15 will be restated and proved as Proposition A.10. Proposition 6.16 will
be restated and proved as Proposition A.11.

7 Special Adams operations

This section is dedicated to a particularly nicely behaved family of unstable Adams
operations. These operations can be analysed by considering the linking system £ as
an extension of the category L, (Definition 6.4) by the functor ® (Definition 6.5),
with structure maps & and J,o (Proposition 6.6). In particular we prove Theorem 1.5,
restated below as Theorem 7.12.

While §,o: Py — Autg(P) is merely the restriction of §: P — Aut,(P) to Py these
morphisms play different roles in their respective contexts. To emphasise this, for
x € P and 1 € Py, we will denote §(x) by X and §,4() by [[¢]. This is consistent with
the notation we have established in previous sections. An equality of the form [x] = X
for x € Py will simply mean that the corresponding elements in Aut.(P) coincide.
Notice that [x] only makes sense when x € Py, whereas X is defined for any x € P,
or indeed, x € Ng(P, Q). Also, we will use the symbol [¢] for the image in L/ of a
morphism ¢ in £, and 7 (¢) for the image of that morphism in F.
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Let F be a saturated fusion system over S. A set R of subgroups of S is called an
F—collection or simply a collection if it is closed under conjugacy in F, namely it
is the union of isomorphism classes of objects in F. We will write F” for the full
subcategory of F with object set R. If R € F¢ we let L® be the full subcategory
of £ on the object set R.

Definition 7.1 Let G=(S,F, £) bea p—local compact group and let R be a collection
of F—centric subgroups. We say that (W, ¥) € Ad(G) is a special unstable Adams
operation relative to R if there exists a choice of

(@) tpeT forevery P€ R, and
(b) 14 € Qo forevery ¢ € LX(P, Q)
such that
() y(P)= errljl for every P € R, and
(2) W(p)=TgoTyopo ?;1 for every ¢ € LX(P, Q).

The subset of Ad(G) of all special unstable Adams operations relative to R is denoted
SpAd(G: R).

In [12], given a p-local compact group G = (S, F, L), we find an integer m > 0
such that every ¢ € I';,(p) is the degree of some unstable Adams operation which we
construct. The construction, however, involves many choices, and the number m is
quite mysterious. It turns out that all the unstable Adams operation we constructed in
[12] are special relative to the collection H*(F¢); see Remark 2.3. We will show this
in Appendix B.

Recall that G gives rise to an extension of categories £ = (L%, LT 70- @Ir, 7/0,8), as
in Definitions 6.4, 6.5 and Proposition 6.6. As in Section 6 we will write [ ] instead
of /o and [ ]| instead of . Our aim is to relate special unstable Adams operations
relative to R to automorphisms of the extension £.

Similar to the case of group extensions, £* gives rise to an element of H? (L% 70- )
as follows. First, one chooses a section o: Mor(E o) — Mor(L®) of JT/() which lifts
identity morphisms to identity morphisms. A 2—cocha1n zo € C*(LR 70, P) is then
defined by the relation

o([¢) oo (') =z (¢]. ['DI o o (@] o [¢']);

see Definition A.3. This turns out to be a 2—cocycle and it defines an element [£7] €
H* (LT /0- @) which is independent of the choices; see Definition A.5.
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Let R be aring and let £ € R be a central element. Let C a small category and
F: C — R-mod be a functor. Then £ induces a natural transformation &: F — F
given by taking an object ¢ € C to the morphism F(c) — F(c) given by multiplication
by &. We refer to this natural transformation as multiplication by & .

Lemma 7.2 Let G = (S,F, L) bea p-local compact group and R a collection. Let
(W, ¥) be a special unstable Adams operation relative to R of degree {. Let £ denote
the extension (L%, E%, ®,[-].[~]). Then ¥ restricts to a functor ¥|g: L% — L.
This gives rise to a homomorphism

W y)~>V|r
-_—

Res: SpAd(G; R) Aut(&).

As an automorphism of the extension £ (see Definition 6.7), ¥|g: LR — LR has the
following properties, where W denotes the automorphism of £}20 induced by V:

(1) ®oW =0,
(2) n(¥): ® - ®oW = & is multiplication by ¢ (see Lemma 6.9), and
(3) W*(LR]) =[LR]in H*(LT,, ).

Proof Since R is closed under F—conjugation, it is invariant under conjugation
by 7. Since V¥ is special, W(P) = W (P) is a T—conjugate of P for any P € R
and therefore W restricts to a functor on the object set R € Obj(£) and hence gives a
functor W|g: L™ — L whose inverse is ¥~ !|z. Since the extension &£ is A-rigid
by Proposition 6.14, it follows that W|g is an automorphism of the extension £. It is
clear that the assignment Res: W — W|x is a homomorphism (since composition of
functors is the group operation).

Now consider some (¥, ) € SpAd(G; R). By definition of the functor W: E}% — C%
and since (W, ¥) is an Adams operation, for any P € R

U(P) =[¥(P)] =y (P).

Suppose that P and Q are in R and ¢ is in L(P, Q), and consider its image [¢] €
L5 (P, Q). Then by definition of W

Y([pD = [¥(p)]-

Proof of (1) Let m: £L— F denote the projection. Since v is an Adams automorphism
of S, ¥|r is multiplication by ¢, hence it leaves every subgroup of 7" invariant. Also
note that if P € R then Py is a characteristic subgroup of P. This shows that

D(U(P)) = W(P)o =Y (P)o =Y (Py) = Py=d(P).
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So ® oW and & attain the same values on objects. Now suppose that P % 0 is
a morphism in L9, where P, Q € R and ¢ € L(P, Q). Notice that 7 (¢)(Pp) is a
discrete p—torus and it is therefore a subgroup of T'. Since (W, V) is a special unstable
Adams operation relative to R, and since ¥ (P)g = Py,

O(T([¢]) & d(W(p)]) = ([Fgotpopots'])
2 ¢y 0 Cr, 0T(P) 0 Cep By = T(9) Py Z D)),

where each equality follows from the definition indicated above it, and the fourth
equality holds since 7T is abelian. This shows that ® o ¥ = ®.

Proof of (2) Fix some P € R and x € ®(Py) = Py. Then, since ¥ |7 is multiplication
by ¢, we have

[n(®) ()] = W([x]) = ¥(X) = ¥(x) = {-x =[¢-x],

where the first quality follows from Lemma 6.9, and the third from Definition 4.2. Thus
n(W) is multiplication by { € Z,,.

Proof of (3) Let {tp}per and {7y}pemor(c®) be as in Definition 7.1. Choose a
regular section
o: Mor([l%) — Mor(L®).

Define a 1—cochain 7 € C'! (ﬁ%, ®) by setting

t(c) &ef To(c)s CE€ Mor(ﬁ%).
Observe that for every ¢ € E%(P, 0).

[W(o(e)] = ¥(o () = ¥(e)
and therefore there exists a unique element v(c) € Qg such that
(7-1) o (¥(c)) = [v(c)] o ¥ (o (c)).

We obtain a 1-cochain v € C! (E%, ®). Recall that we use multiplicative notation for
the group operation in ¢ and hence in the cochain complex C *(£%, D). Set

u=v-1eCHL. D).
Since WV is special relative to R, for any ¢ € E%(P, 0).

Y(o(c)) =7goft(e)]oa(c)otp .

Together with (7-1) and the commutativity of 7', we obtain

(7-2) o(¥(e)) = [v(©)] e ¥(a(c)) =g o [u(c)]oo(c) o Tp .
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Let P % Q <% R be a 2—chain in £f. By definition of z, (Definition A.3) and
the functoriality of W,

(7-3) [26 (¥ (c1), W(co)] o0 (¥ (et 0¢o)) = a(¥(c1)) 0 0 (W(co)).

Thus we obtain the following sequence of equalities, where the first equality follows
from (7-2) applied to both sides of (7-3), the third by Definition 6.5 and Axiom (C) of
linking systems, and the fourth by Definition A.3:

[26 (W(c1), W(co)] o Tr o [u(ct o co)] oo (ctoco) 0 Tp '
=tgofu(c)]ea(cr) oty oTgofu(co)]oo(co) o Tp '
=7ro[u(cploo(cr)ofu(co)loo(co) o Tp'
=Tro[u(c)]o[®(c)(u(co)]oo(cr)oo(co)oTp'
=Tgo[u(cr) ®(cy)(u(co)]ozs(c1. co)loa(cioco) o Tp .

Now, Tp: P — ¥(P) and Tg: R — ¥ (R) are both isomorphisms, and o (cq o ¢g) is
an epimorphism in £ by [12, Corollary 1.8]. Hence,

[z ((c1), W(co)) - ulcr 0 co)] = [u(er) - D(er)(uleo)) - z (1. o),
and so we deduce that
zo(W(c1), W(co)) = zo(c1. o) -u(er) - ulcr 0 co) ™ - Dler) (u(co))
= zg(c1.¢o) - 8(u)(c1. co),
where § is the differential in C *(E%, ®). This shows that z, and W*(z,) are coho-

mologous. a

Proposition 7.3 Let G = (S, F, L) be a p—local compact group and R C F¢ a
collection. If (¥, ) € SpAd(G; R) is of degree ¢ then ¢ -[L™] = [L] in H*(L]§, D).
Proof Proposition 6.15 and Lemma 7.2 show that

[£R] = W ([£R]) = n(®)«([£7]) = ¢ - [£F]. o

Next we turn to a deeper analysis of the group SpAd(G;R). This requires some
preparation.

Lemma 7.4 [12, Proposition 1.14] Let G = (S, F, £) be a p—local compact group
and let R be a collection which contains H*(F€). Let ¥: S — S be a tusion-preserving
Adams automorphism. Then any functor W': L® — £ which covers v in the sense
of Definition 4.2, extends uniquely to an unstable Adams operation (W, /).
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Definition 7.5 Let G= (S, F, £) bea p—local compact group and R S F¢ a collection.
Let & denote the extension (L%, £]§, ®,[].[-]). Let Z C Z be a subgroup. Let

Aut(&;1dz7 , Z) < Aut(€)

/0’

denote the subgroup of the automorphisms ©, such that © = Id,z and n(®) is
multiplication by some ¢ € Z.

Note that Aut(&; Idg%, 7)) is indeed a subgroup, since for any P € R and any x € Py,

the definition of n(—) implies

[7(©1002)(x)] = (O1 0 O2)([x]) = O1([n(O2)(x)]) = [N(O1)((O2)(x))].
and so (O 00,) =n(O;)on(O,). Notice also that for any © € Aut(&; ld.w, Zy)
and any ¢ € L7(P, Q), we have [O(p)] = [¢].

Proposition 7.6 Let G = (S, F, L) be a p-local compact group and R be a collection
which contains 1*(F€). Let £ denote the extension (L*, L]§, ®,[—],[—]). Then the
following hold:

(i) There exists a homomorphism
Aut(€;1d=  Z) 2> SpAd(G: R)
such that deg(p(®)) = n(®) Z; (compare with Definition 7.5).

(i) Moreover, composition of p with the quotient by Inng (G) gives a surjective
homomorphism

Aut(€:1d.%, Z5) 2> SpAd(G: R)/ Innz (G)

whose kernel contains Inn(€) (compare with Definition 6.8 and Lemma 6.10).

Proof For each ® € Aut(&; IdL%, Z;), fix the following elements:

(i) Forany ¢ € LR(P, Q), let 7,(0) be the unique element of Qg such that
O(p) = [1p(®)] o 9.

(ii) For every P € R, set 7p(®) oo s (®).

Notice that tp(®) € T for all P € R. Consider ® € Aut(é’;Idg%,Z;) such that

n(®) ={¢. Set tp = tp(0O) and 7, = 74,(®) for short, where 7p(®) and 7,(®) are

as in (i) and (ii) above. Notice that g = 1 since tg =idg in L.
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For any x € P, where P € R, consider X € AutL(P) Then [O(X)] = O([X]) = [X].
so O(X) € P< Aut,(P). By identifying P with P via 8p, this shows that for every
P € R, the functor ® induces an automorphism 6p € Aut(P) by the equation

0p(x) = O(X)

for all x € P. Notice that S € R, and we set

¥ £ 6s.

Consider some P € R and x € P. By applying ® to the equality LIS,OSP (x)=6dg (x)otf, ,
we obtain Tp o Op(x) = Y (x) oTp in L. Therefore,

(7-4) Y (x) = (czp 0 0p) (%),
for all x € P. In particular, it follows that

wp Po1p! = yY(P).
ie tp € N (P, (P)).

Step 1 (v is a normal Adams automorphism of degree {) Notice first that for any
x € T we have the following equalities in Aut,(S):

(6-1

U(x) = 0(%) = O([xD) ‘= ©)s ()] =[¢-x] = {-x.

Therefore | is multiplication by {. Also, the image of S in Autg/,(S) is exactly
S /T and since ® = Id, it follows that ¥ induces the identity on S/ T . Hence ¥ is a
normal Adams automorphism, as claimed.

Step 2 (v is fusion-preserving) Since R 2 H*(F€), it controls fusion. Therefore,
it is enough to show that for any P € R and any f € Homxz(P,S) there exists
g € Homz((P), S) such that Y o f = g o[ 3", Let ¢ € L(P. S) be a lift for .
By Axiom (C) of linking systems, for every x € P we have g oX = f(x) ogp. By
applying ®,

(7-5) (@) 0 Op(x) = Y (f(x)) 0 O(p).
Set f” = (©(¢)). By Axiom (C) and (7-4),
(16)  ©@)ofp®) = £'(Bp(x))00) = [ (cep= (Y (x))) 0 O@).

Comparing the right-hand sides of (7-5) and (7-6), and using the fact that ®(¢) is an
epimorphism in £ by [12, Corollary 1.8],

V(X)) = [ (ep ™ (P (X))
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for every x € P. Set g = f/octp_llf;(P). Then g € Homz(y/(P), S) and yo f =
go W|‘I/{,(P ) This shows that Y is fusion-preserving and completes Step 2.

Define a functor W: £ — £® on objects P, Q € R and morphisms ¢ € L®(P, Q)
by

(7-7) w(P)Ey(p),

def ~ o~
(7-8) W(p) =TgoB(p)otp,

where 7p and 7¢ are considered here as elements of N7 (P, ¥ (P)) and N7 (Q.v¥(Q)),
respectively. The functoriality of W is clear from that of ®. In fact, the morphisms
Tp € L(P, ¥ (P)) give a natural isomorphism

T: 0> U,

Step 3 (W covers ¥) First, we show that 7 o W = ¥ o w. The functors on both
sides agree on objects, by definition of W and ¥, and since the projection 7 is the
identity on objects. Let ¢ € L™(P, Q) be a morphism. Consider the squares:

O(p)

P20 P—0Q
S s e I o)
P——0 P— 0

@ B(p)

The left square commutes by Axiom (C), and the right one is obtained from it by
applying ®. Since ®(p) is an epimorphism in £, Axiom (C) applied to the right
square gives

(7-9) o (7 (p)(x)) = 7(B(9))(Op(x)).

Therefore, for any x € P,

7 (¥(9)) (¥ (x)) = 7(Tg 0 O(p) 0 Tp ' ) (¥ (x))
= (czp 0 7(B(p)) 0 7, ) (Y (x))

= (czp 0 (O(9)))(Op(x))

2 10 (B ((@)(x))
(7-4)

= Y (r(p)(x)).

Thus, 7(¥(p)) o ¥|p = ¥ o w(¢) and consequently (11 o ¥V)(¢) = (¥« o ) (@) as
claimed.
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Next we show that for any P, Q € R and g € Ng(P, Q) we have ¥(g) = W/(E
First, notice that ¥ (g) € Ns(¥(P), ¥ (Q)). Next,
500 W(8) =155 0T00O(8)otp" (by the definition of W (7-8))
= ®(L*5) 0®(g)o ?;1 (by the definition of ()
=0(Ho8) ot

=0(gotp)otp!

=0(g)o @(tg) o ?;1 (by the definition of 6g)
= @ ° ®(L§) o7yl (by the definition of 7p)
= QS(g)OLi(p)
=ty ° V().

Since 3 is a monomorphism in £, it follows that ¥(g) = 1/7(5 This shows
that W covers i (see Definition 4.2) and completes the proof of Step 3.

Step 4 (Proof of (i)) By Lemma 7.4, ¥ extends to an unstable Adams operation
(p(®),¥). We retain the notation W = p(®) for convenience. Then W is special
relative to R because for any P € R,

Y(P) = ¢p(Bp(P)) = cep (P) = 1p Py
where the first and second equality follow from (7-4), and for any ¢ € L®(P, Q),
W(p) =ToB(p)otp' =Tgolrlopots,

where the second equality follows from the definition of 7, and (7-8). The operation W
has degree ¢ because forany x € T',

[v ()] = [0s ()] = O([x]) = n(®)([x]) = [¢-x].

It remains to prove that p is a homomorphism. Choose ®, ®' € Aut(€;1d, . Zy) and
set O =0 00. Let W, W, U denote their images in Ad(G; R) by p. We need to
show that U = W' o W. Keeping the notation above, if P € R then it is clear that
0§ = 05 0 Os, namely ¥" = ' o, and therefore

W(P)=y"(P) =y (¥(P)) = (¥ o W)(P).
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Hence " and W' o W agree on objects. Moreover, observe that by the definition of
the elements tp, tp, Tp of T

Lyrpy © Ty py © ©'(Tp) = O/ (1 p)) 0 ©'(Tp)
=0/ (1hpy o Tp) = O'(O(2)) = O"(:3) = L} py 0 Tp-
Since Li,, (P) is a monomorphism in £ it follows that
Ty(p)© O'(Tp) = Tp.
Now suppose that P, Q € R and that ¢ € L(P, Q). Then
V' (W(p)) =¥ (g oO(p)oTp’)
= 7,020 (FgoB(p)otp') 0Ty
=700 °®'(T0) 00 (0(9)) 0O (75 ") 0T/, p)
=700 (0(p) oty
=V"(p).
This shows that ¥” and W' o W agree on morphisms and completes the proof of (i).

Step 5 (Proof of (ii)) Suppose that (W, ¢) € SpAd(G; R) has degree {. For each
P € R and each ¢ € Mor(LR), fix elements tp and 7y, as in Definition 7.1. Define a
functor ©: L® — LR by

e(P) = P,
O(p) =75 o W(p)oTp,

for P € R and ¢ € L®(P, Q). The functoriality of ® is clear, and it is a morphism of
extensions by Propositions 6.13 and 6.14. Since (W, ¥) is special relative to R,

[O(@)] =[Tg']o[tgoTyopotp o] =[¢],
and so © = Idg%. Also, given P € R and g € Py, since T is abelian we get
O([g]) =O(8) =75 oW(&)oTp =Tp oY (g) oTp =¥ ()] = [¢- gl
Hence 1n(®) = ¢ by Lemma 6.9. Thus, ® € Aut(&; ld R Zy).

It remains to show that p(®) and (¥, y) differ by ¢z, € Inny(G). Observe first that
7p(©) is the unique element satisfying @(tﬁ) =[tp(®)] o Lf,. On the other hand,

@(L}g)) = ‘/L:El o) lp([}g)) O%\P = :L'\El Oli(P) O:C\P = ‘[EITP Olg.
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By comparing the two expressions for @(Lf,) and since L‘}S; is an epimorphism in £ we

deduce that tp(®) = rgl tp. By (7-4), (7-7) and (7-8) it follows that

p(©)(P) =1p(©)- P-1p(0)~"
= ‘CEI‘EP . P-t;lrs
=15 - ¥(P)-ts,
P(O)(9) =70(©) 0 O(p) 0 2p(©) !
=75l 0Tgo®(p)oTp' oTs
=75 o W(p)oTs.
Therefore W = Cs1 0 p(0) (see Definition 4.8) and this shows that p is surjective.
Finally, consider some ® € Inn(&). Forevery P, Q € R and any ¢ € L7(P, Q), there

is an element 7p € Py such that ©(p) =75 o@o7p. In particular 7p(®) =15 '1p.
Then for any ¢ € LR(P, Q),

p(®)(9) =70(®)0B(p)otp(@) ! = t5'to o(fg_l opolg)otplts = gt ogols.

This shows that p(®)|r = Cigt and by Lemma 7.4, p(®) = Ciot- This completes the
proof of Step 5 and hence the proposition. a

We will write Autr(G) for the inner automorphisms of G induced by the elements
of T < Aut,(S); see Definition 4.8. Observe that conjugation by ¢ € T induces an
Adams automorphism of S of degree 1 and ¢, is a special unstable Adams operation
with tp =1t for every P € F¢, and 1, = 1 for any ¢ € Mor(L).

Suppose that M is a Zp,-module and that x € M has order p™ for some m, ie
p"™x =0. Then for any ¢ € Z; we claim that {-x = x if and only if ¢ € I, (p). To see
this, write { =u+ p™v forsome u € ZCZj, and veZ,. Then {-x =u-x so {-x =x if
and only if u-x = x which happens if and only if u € Ker(Z; — Aut(Z/ p™)) = T'm(p).

Proposition 7.7 below gives a conceptual meaning to the integer m such that for any
¢ € T'y(p) there exists an unstable Adams operation of degree ¢ on G, as in [12]. It
also implies that if H'! (ﬁ}%; ®) = 0, then special unstable Adams operations relative
to R are determined, modulo Autr(G), by their degree.

Proposition 7.7 Let G = (S, F, L) be a p—local compact group and R € F¢ be a
collection which contains 1*(F€). Let £ denote the extension (L™, LT5, @, [—]. [-])
and suppose that the order of [L®] in H? (C}%; ®) is p™ for some m > 0. Then there
is an exact sequence

H' (L ) — SpAd(G: R)/Autr (G) <5 T (p) — 1.
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Proof Suppose that (¥, {) € SpAd(G; R) and let { = deg(y). By Propositions 6.13
and 6.14, ¥|r € Aut(£). By Proposition 7.3, ¢ -[£®] = [£7]. By the remark above,
¢ € Tyu(p). Conversely, if ¢ € I'yy(p), the same remark shows that ¢ -[£LR] = [£R]
and Proposition 6.15 implies that there exists ® € Aut(£) such that ® = Id,% and
n(®) = ¢. By Proposition 7.6, p(®) is a special unstable Adams operation relative
to R of degree ¢. This shows that the degree homomorphism is onto I',(p).

The kernel of deg is the group of special unstable Adams operations relative to R of
degree 1. Its preimage under p is Aut(&; ld.%, Idg ). The exactness of the sequence at
SpAd(G; R)/ Innt(G) now follows from Proposition 7.6(ii) and Proposition A.11. O

We end this section with an analysis of the group SpAd(G; R) as a subgroup of Ad(G).
The next two lemmas will be needed.

Lemma 7.8 Let G = (S, F, L) be a p—local finite group and R C F¢ a collection.
Then SpAd(G; R) is a normal subgroup of Ad(G).

Proof Suppose (¥, ) and (¥, y') are special unstable Adams operations relative
to R. Fix structure elements {tp}per and {7y }pemor(cr) for (¥, ¥), and {tp}per
and {7gJgenion(cr) for (W, 9). Set (", y") = (Po W,y 0y), 1f = wpy(rp)
for every P € R, and ¢” = 7,y (z) for any ¢ € Mor(L®). Notice that y"(P) =
t”Pr”_l and that 7, € ¥"(Q)o for any ¢ € LR(P, Q). Using the fact that ¥(g) =
W (g) itis stralghtforward to check that (W, ¥"") is a special unstable Adams operation
with structure elements {tp}per and {r(p YoeMor(c®) - The details are straightforward
and left to the reader. In addition W™ is a special unstable Adams operation with
structure elements { ! (r;l)} per and {y~! (ty 1)}¢€M0r(ﬁn). The verification uses
the commutativity of 7" and the fact that v ~! (ty e 9y for ¢ € LR(P, Q). It follows
that SpAd(G; R) is a subgroup of Ad(G).

Let (W, ¥) be a special unstable Adams operatlon relative to R. For any (®,0)e Ad(g)
consider the Adams operation VEO~16Wo®. Define Tp=0" (1’9( p)) and r(p =
671 (te(p))- Forany P € L® and any ¢ € L®(P, Q),

W'(P)= 07" (W (O(P)) =07 (ztgp)- 0(P) - Ty(p)) = Tp- P-Tp ",
LIf/((p) =1 (?Q(Q) O/‘L:@((p) o O(p) O/‘L:e_(lp)) = :L'\,Q O:E\(:, oo :L'\;)

Therefore, the sets {Tp}per and {7, }pemor(c®) give W' the structure of a special
Adams operation, and so SpAd(G; R) < Ad(G). a

Lemma 7.9 Let G = (S,F,L) be a p—local compact group and let R € F¢ be
any collection with finitely many JF —conjugacy classes. Then the order of the class
LR e Hz(ﬁ/o, ®) is a power of p.
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Proof The category L% can be replaced with a finite subcategory M such that
H *(£%, ®) =~ H*(M, ®). Since M is finite, the cobar construction has the property
that for any n > 0 the group C"(M, ®) is a product of finitely many discrete p—tori
and it is therefore a p—torsion group. a

Proposition 7.10 Let G = (S, F, L) be a p—local compact group and R C F¢ be a
collection which contains finitely many F —conjugacy classes. Then SpAd(G; R) has
finite index in Ad(G) and the factor group is solvable of class at most 3.

Proof We have seen in Lemma 7.8 that SpAd(G; R) < Ad(G). By Lemma 7.9 and
Proposition 7.7, there is a morphism of exact sequences:

d
I —— SPAd®e=!(G; R) —— SPAd(G; R) —— T (p) —— 1

| —— Ad%e=1(G) ————— Ad(G) BRr— Zy

The cokernel of the last column is a finite abelian group. Thus, by the snake lemma it
remains to show that the quotient group in the first column is a solvable finite group of
class at most 2.

Consider the following commutative diagram with exact rows:

W y)—>y Addeg:l(S)

Ad*E=1(S)

1 —— SpAdi“s (G; R) —— SpAd*e=1(G: R)

|y Adds(@Q) — Agdee=1(g) WY
where the superscript idg means operations whose underlying Adams automorphism is
the identity on .S. Let U < V' be the images of the right horizontal maps. Notice that
Autr (S) < U because forevery t € T', ¢; € SpAd¥*e=1(G: R). By [12, Proposition 2.8]
we have Ad%=1(S)/Autr(S) = H'(S/T;T). Since this is a finite abelian group
by Lemma 3.4, it follows that V' /U is a finite abelian group. It remains to show that
the quotient group in the left column in this diagram is a finite abelian group. This will
be done in two step as follows.

Step1 (Ad'S(G) is an abelian discrete p—toral group) Recall from [6, Lemma 3.2]
that H*(F) has finitely many S—conjugacy classes and hence finitely many 7 —
conjugacy classes. Let Q@ = {Q1,..., Q,} be a set of representatives and for any
P € H*(F) we choose once and for all some 7p € T such that tPPt;l € Q. If (V,idg)
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is in Ad(G), then for ¢ € L(P, Q) we have 7 (¥ (¢)) = n(¢), so Y(p) =¢po z/(g;)
for a unique z(¢) € Z(P). This gives a function

: v
= AdS )= T [T 2.
0,0'€0 £(0.0")

This is a homomorphism because if W, ¥’ € Ad'9S(G), then for any ¢ € L(P, Q)

(W oW)(p) = W (poz(¥)(9)) = ¥ (9) o W' (2(W)(9)) = po 2(¥)(p) 0 2(¥)(p),
s0 z(W o W) = z(V) - z(¥).

We claim that z is injective. Choose some W € ker(z). Thus z(¥)(¢) =1 forall ¢ € £<.
This means that W is the identity on £<2. If P, P’ € H*(F°), then with the notation
above, there are unique Q, Q' € Q such that L(P, P') =i 0 £(Q, Q') oip. Since
W(ip) = idg(tp) = ip and W(ip:) = fps, and since W is the identity on £(0, 0'),
it follows that W is the identity on L F, By the uniqueness part in Lemma 7.4 it
follows that W = Id.

Since z is injective and the codomain of z is a finite product of abelian discrete p—toral
groups, it follows that its image is an abelian discrete p—toral group.

Step 2 (SpAd'YsS(G;R) has finite index in Ad'S(G)) By Step 1, Ad'YS(G) is an
abelian discrete p—toral group. Thus by the structure theorem of abelian discrete
p—toral groups, it is isomorphic to Dy x A, where Dy is a discrete p—torus and A is
a finite abelian p—group. Therefore, 7 - Ad'S (G) has finite index in Ad'9S (G) for any
n > 1. We will show that there exists some n such that V" € SpAdidS (G; R) for any
W e Ad'S(G), and this will complete the proof of the statement.

Any (V,idg) € Ad(G) induces, by Propositions 6.13 and 6.14, a functor ¥ € Aut(L0)
which is the identity on objects and therefore induces a permutation on £,o(P, Q) for
all P, Q € L. We therefore obtain a homomorphism

o: AdYS(G) — l_[ Sym(L,o(P, Q)).
P,0eL®

where Sym(€2) is the symmetric group of a set 2. Since the sets £,o(P, Q) are finite
and since R has finitely many 7" —conjugacy classes, we may define

r =max{|L,o(P, Q)| : P, Q € H*(F°)}.

Then n = r! annihilates any element in the codomain of ¢, and in particular ¥" € Ker(o)
for any W € Ad'¥S (G). It remains to show that Ker(c) < SpAd®S (G; R). Suppose that
(V,idg) € Ker(o). Then W(P) = P for any P € R and also [¥(¢)] = [¢] for any
@ € LR(P, Q), namely W(¢) =7, 0 ¢ for a unique 7, € Q. This shows that (¥, yr)
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has the structure of a special unstable Adams operation with structure tp = 1 and
the elements 7, above. This completes the proof of the claim and the proposition
follows. u

Remark 7.11 This proof gives an explicit, albeit crude, bound for the index of
SpAd(G; R) in Ad(G). It is

Zy/ T (p)| - |H' (ST, T)|-r! = |H'(S/T.T)|- p™rl,
where 7 is as in the proof of Step 2.
We are now ready to prove Theorem 1.5, which we restate as follows.

Theorem 7.12 Let G = (S, F, L) be a weakly connected p—local compact group.
Suppose that a collection R € F¢ has finitely many F —conjugacy classes. Then the
following statements hold:
() If (¥,v¥) € SpAd(G: R) is of degree ¢, then ¢ -[LR] = [LR] in H2(£/0, D). If
in addition R 2 H*(F€) (see [6, Section 3]), then there is an exact sequence

H'(LR, ®) — SpAd(G; R)/ Tnng (G) <5 T(p) — 1,

where p™ is the order of [L] in H?(LT /0» ®). In particular, SpAd(G; R) has a
normal Sylow p—subgroup with Inn7 (G) as its maximal discrete p —torus.

(i) SpAd(G:R) is a normal subgroup of Ad(G) of finite index. The quotient group
is solvable of class at most 3.

Proof Part (i) is the content of Propositions 7.3 and 7.7. Part (ii) is Lemma 7.8 and
Proposition 7.10. The last statement follows at once from part (i). a

8 Not all Adams operations are special

In this section we find examples of weakly connected p—local compact groups G that
afford unstable Adams operations which are not special relative to the collection R
of the F—centric F-radical subgroups. The idea is to find such G which fulfils the
conditions of Lemma 8.1 below.

The collection R is a very natural one to look at since |£%| — |£| is a mod-p
equivalence. To see this, observe that R € H*(F€) by [6, Corollary 3.5] and that
|7 F)| = |£| is a homotopy equivalence by [12, Proposition 1.12] which provides
a natural transformation from the identity on £ to the functor £L —— PP 1. Since
H* (F°) has finitely many F—conjugacy classes by [6, Lemma 3.2], there results a finite
filtration of £*"(F9) which, together with the A —functors machinery in [6, Section 5],
can be used to prove that |[£R| — |7 F)| induces an isomorphism in H*(—, Z,)).
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Lemma 8.1 Let G = (S, F, L) be a p-local compact group and R be a collection of
JF —centric subgroups. Let (W, ¥) be in Ad(G), and assume that

(i) deg(y) € Z;\T'1(p), and
(ii) there exists P € R such that P is not a semidirect product of Py with P/ Py.

Then (¥, ¥) € SpAd(G: R).

Proof Assume by contradiction that (¥, ¢) € SpAd(G; R) and set ¢ = deg(y). We
claim that [£] is the trivial element in H? (E%, ®). To see this, let L be the Z,—
submodule of H? (E}%, ®) generated by [£7]. By Proposition 7.3, ¢ acts as the identity
on L. If L isinfinite then L =7, and therefore { =1 €I';(p) which is a contradiction.
Therefore L =~ Z/p™ and ¢ € I'y,(p) which by hypothesis (i) implies that m = 0,
namely L =0.

Lemma A.6 now implies that there exists a functor s: E}% — L which is a right inverse
to the projection £® — E%. Consider any P € R. Notice that Autz(P) contains P
as a copy of P and similarly Aut,,(P) contains a copy of P/Py. The functor s
gives a section s: P/ Py — P for the projection P — P/ P,. This is a contradiction
to hypothesis (ii). |

It turns out that compact Lie groups provide examples of p—local compact groups G
which satisfy the conditions of the lemma. First, let us recall from [6, Section 9] how
compact Lie groups give rise to p—local compact groups.

The poset of all discrete p—toral subgroups of a compact Lie group G' contains a
maximal element S'. Every discrete p—toral P < G is conjugate to a subgroup of S
and in particular all maximal discrete p—toral subgroups of G are conjugate. The
fusion system F = Fg(G) over S has, by definition, Homz(P, Q) = Homg (P, Q),
namely the homomorphisms P — Q induced by conjugation by elements of g. This
fusion system is saturated by [6, Lemma 9.5], it admits an associated centric linking
system £ = L$(G) that is unique up to isomorphism, and |L (G)|; ~ BG; by [6,
Theorem 9.10].

Recall that a closed subgroup Q < G is called p—toral if it is an extension of a torus

by a finite p—group. Let P be a discrete p—toral subgroup of G. Then P (the closure
of P)isa p—toral subgroup of G. In fact, P is the maximal torus of P.

A discrete p—toral P <G is called snugly embedded if P = Py- P and every p—power
torsion element in (P)q belongs to Py.

Lemma 8.2 Let G be a compact Lie group and P < G a snugly embedded discrete
p—toral subgroup. If P is the semidirect product of Py with P/ Py then P is the
semidirect product of Py with P/ Py.
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Proof Suppose w < P is a complement of Py. Since P is snugly embedded, P =
Py-P=(P)y-P=(P)g-m. Also, Py contains all p—torsion in (P)g, so (P)gNx <
PyNm=1. O

Fix a compact Lie group G. A subgroup P is called p-stubborn, if P is p—toral
and if Ng(P)/P is finite and O,(Ng(P)/P) =1, where O,(K) denotes the largest
normal p—subgroup of a finite group K [11]. Let us now recall from [14] the structure
of the p—stubborn subgroups of the classical groups U(n) and SU(n) when p > 2.

First, consider the regular representation of Z/p on C? with the standard basis
eo, ...,ep—1. This representation sends a generator of Z/ p to the following permuta-
tion matrix in U(p):

010---0

001---0
B=|:::" " ], Biere_j.

000---1

100---0

Since the regular representation contains one copy of every irreducible representation
of Z/p, itis clear that B is conjugate in U(p) to the matrix

100 -+ 0
00 -+ 0
A=diag(1,5,82,..., P =008 - 0 | A:eirsiies,

00 0 ... gp—l
where ¢ is a p root of unity. It is easy to check that
[4, Bl= ABA™'B™ ' =¢I,.

Thus, 4 and [A4, B] belong to the standard maximal torus of U(p) (ie the unitary
diagonal matrices).

Consider the natural action of U(p*) on CcPr ~CP®---®CP. For every i =
0,...,k—1 welet A; and B; denote the matrices that correspond to the action of
A and B on the i™ factor of the tensor product and the identity on the other factors.
From this description it is clear that

8-1)  [A4i, Aj]=[Bi. Bj]=1, [Ai, Bj]=1wheni#j, [A; Bi]={l.

In matrix notation, 4, = I®" 1 4A® I1®%—1 and B, =I®"1®B® 1®k_i, where 1
denotes the p x p identity matrix and we use the Kronecker tensor product of matrices.
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For any k& > 0, define FII,Jk < U(p*) by

1_,U def

U S (Ao, Ak—1, B, By, u-T [u e U(1)),

where I denotes the identity matrix in U( pk). It is clear from (8-1) that the identity
component of ng is isomorphic to U(1) and that the factor group is isomorphic to

(8-2) Z)p** = (4y, ..., A4_1, Bo,.... Br_1),

where A; and B; are the images of A; and B; in the quotient. Thus, the FJZ‘ are
p—toral groups. Notice that

rY=u() and TY =(4,B.u-I|uecU(l)).

Next, fix some k > 1 and recall that ¥ x < U (p¥) via permutation matrices. Let
Ey=(Z/ p)¥ act on itself by left translatlon This gives a monomorphism E,x — X«
and identifies £« as a subgroup of U( pk ) Given any H < U(m), the Wreath product

HQE i is naturally a subgroup of U(mp*).

Now fix some # > 1 and let p be an odd prime. Write n = p"1 +-. -4 p"™r  Identifying
the product U(p™1)x---xU(p™r) as a subgroup of U(n) in the standard way, consider
the subgroups Q1 x ---x Q,, where foreach 1 <i <r, Q; <U(p™) has the form

Lot Eqy -2 Eq,,

where ¢ > 0 and ¢1,...,q; are all p—powers such that p™ = pkql ---qs. By [14,
Theorems 6 and 8], these groups give a complete set of representatives for the conjugacy
classes of p—stubborn subgroups of U(n) when p > 2. By [14, Theorem 10], the
assignment P — P N SU(n) gives a bijection between the p—stubborn subgroups of
U(n) and SU(n).

Lemma 8.3 Let G be a connected compact Lie group and S < G a maximal discrete
p—toral group. Then Fs(G) is weakly connected, namely T = Sy is self centralising
in §S.

Proof Let T < S be the maximal discrete p—torusin S. Then T is the maximal torus
in S, and hence it is the maximal torus of G. Since G is connected, its maximal torus
is self-centralising and in particular Cg(T) = Cs(T) =S NCg(T)=SNT =T,
where the last equality holds since S is snugly embedded in G . a
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Recall that a space X is called p—good in the sense of Bousfield and Kan [5] if
the natural map X - X, A induces isomorphism in Hy(—;Z/p). Also recall that
Hp, (X) H*(X Zp)®(@

Lemma 8.4 Let X be a CW—complex. If X is p—good then H¢ (X) = HE (X])
via the natural map. If H«(X;7Z) is finitely generated in every degree then Hg) ,(X) =
H*X)®Q,=zH*(X:Q)®Z,.

Proof If X is p—goodthen X — X 1/,\ induces an isomorphism in Hy(—;7Z/p) and
hence in H*(—;Z/p") forall n > 1. Since Z, = lim Z/p" a standard spectral se-
quence argument gives H*(X;Zp) = H*(X;Zp) and hence Hp ,(X) = HE (X }).

Suppose Hi(X) is finitely generated in every degree. If A4 is a torsion-free abelian
group, [16, Chapter 5.5, Theorem 10] implies that H*(X; A) =~ H*(X)® A. Therefore,

Hp,(X) = H*(X;Zp) ®Q
~H*"(X)®Z,RQ
=H"(X)®Q)
=H*"X)®QQ®Z),
=H*"(X:Q)®Zy. O

The next proposition is the main result of this section.

Proposition 8.5 Let p > 3 be a prime and set G = PSU(2p). Let S < G be a
maximal discrete p—toral group and let G = (S, Fs(G), LS(G)) be the associated
p—local compact group. Let R denote the collection of all centnc radical subgroups
of §'. Then SpAd(G; R) = Ad(G). In fact, the following composition is not surjective:

mcl

SpAd(G; R) — Ad(G) )l AdE™(G).

Proof Write G = (S, F, £) for short. Let W be the Weyl group of G. Since p > 2,
Dirichlet’s theorem on the existence of infinitely many primes in arithmetic progressions
implies that there are infinitely many primes & such that £ # 1 mod p. In particular,
there exists such a k that, in addition, satisfies (k,|W|) = 1. By [11, Theorem 2]
there exist unstable Adams operations f: BG — BG of degree k. That means
that /*: H*"(BG;Q) — H?™(BG;Q) is multiplication by k™ for every m > 0.
Lemma 8.4 and the functoriality of H*(—) imply that f, pA induces multiplication
by k™ on H*™(BG:Q) ® Z, = H§"(BG) = H"(BG"). Since BG', ~ BG, we
obtain a self equivalence & of BG which induces multiplication by k™ on Hg ,(BG).
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Since G is weakly connected by Lemma 8.3 it follows from [7, Proposition 3.2] that
h € Ad#°™(G). Theorem 1.2 applies to show that / is homotopic to |\IJ|$ for some
(V. ¥) € Ad(9).

Set { = deg(y). Thus, ¥ |7 is multiplication by ¢. By the commutativity of

BT —— BG

Bl/flrl JI‘I’IQ

BT —— BG

and since Hp ,(BG) = Hp,(B T)"© by [7, Theorem A], we see that || ; induces
multiplication by ¢ on Hé’:f (BG) for all m > 0. On the other hand, |\IJ|§ ~h, so
|\Ii|; induces multiplication by k™ on Hé’;’(Bg) for all m > 0.

Now, G = PSU(2p) and since Z(SU(2p)) is a finite group, BG and B SU(2p) are
rationally equivalent. It is well known that

H*(BSU®n)) = Zlcy, c3.....cn).  ci € H¥(BSU(n)).

It follows from Lemma 8.4 that Hg) (BG) is a polynomial algebra over Q) generated
by cs,....¢cp,...,c2p. Inparticular, H??(BG) is anontrivial vector space over Q, on
which |\D|$ induces multiplication by {2, and this map is the same as multiplication by
kP . This implies that ¢ and k differ by a p root of unity in Qp and [15, Section 6.7,
Propositions 1 and 2] imply that { = k since QQ, contains no p™ roots of unity if
p>2.

In order to complete the proof we apply Lemma 8.1 to show that (W, ) is not special
relative to R. Since k # 1 mod p, it follows that &k & I'y(p), and so condition (i) of
Lemma 8.1 holds. The remainder of the proof is dedicated to showing that condition (ii)
of the lemma also holds.

Let Q < U(2p) be the subgroup Q = I‘ISJ X I‘ISJ that, by the discussion above, is
p—stubborn in U(2p). As explained above, Q is generated by the matrices

4 _(0 I)’ B _(01 ’
4 _(0 A)’ B _(OB ’

diag(ul,vl) = (uol vol) ,
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with u,v € U(1). Throughout, we will write I for the identity matrix in U(p),
diag(A, I) for AD | etc. It is clear from (8-1) that
[AD, AP =[4D, D)= BV, BP| =1,
[AD, BD] = diag(¢1,1) and [A®, BP] = diag(l.¢1).

Also, A A®D BM B® commute with all matrices diag(ul, vI). Define

Q = 0NSUQ2p).

By [14, Theorem 10], Q is p—stubborn in SU(2 p) and by [14, Lemma 7] is also centric
in SU(2p), namely Csy2p)(Q) = Z(Q). Notice that Q contains AW 4@ p)
and B® because det(B) = 1 since it is the signature of the odd cycle (1,2, ..., p).
Therefore, Q is generated by AW 4@ M) B2 gpg by the subgroup consisting of
the matrices

ul 0
- p P —_
(8-3) ( vl) such that ufv? =1,

where u, v € U(1). This subgroup is easily seen to be isomorphic to U(1) xZ/p. The
maximal torus of Q is therefore the set of matrices

Qo = {diag(ul,vI) |v=u"'} = UQ).
Clearly, O contains Z(SU(2p)) which is the set of matrices u - I, where u?? = 1.

Let R be the image of Q in PSU(2p). It is generated by the images of AD 4@
B and B® which we denote by adding bars — AD and BOD —and by the images

of the matrices in (8-3), which we denote by U . The maximal torus of R is the image

of Qg, namely these matrices U with v =u~!.

By [11, Proposition 1.6(1)], R is p—stubborn in G and hence, by [14, Lemma 7(ii)], is
also centric in G = PSU(2p), namely Cg(R) = Z(R). We claim that the projection
R — R/Rj does not have a section. Assume to the contrary that such a section
s: R/Ry — R exists. Consider the following elements in R:

X=ADB? and vy =BDAD,
A straightforward calculation using (8-1) gives
X,Y]= [Z(I)E(Z)’ E(l)g(2)] — [Z(l)’ E(l)] . [E(Z)’ A(Z)]
= diag(¢I, 1) -diag(Z1,¢~ 1) = diag(¢1,¢71).
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Let x, y denote the images of X, Y in R/R,. These are clearly nontrivial elements,
and since s: R/ Ry — R is a section, there are U, V € Ry such that

sx)=X-U and s(y)=Y.V.

Say U = diag(ul,u='I) and V = diag(vI,v='I), where u,v € U(1). Then U,V
commute with the matrices 4@ and B, and since s is a homomorphism and R /R
is abelian, (8-2), it follows that

1 =[s(x),s(»)]=[XU,YV]=[X,Y]=diag(¢I, ¢ 11).

This means that diag(¢Z,¢11) is in Z(SU(2p)), so it is diagonal; ie ¢ = ¢!,
Therefore (2 =1 in Zp which implies that { = £1. However, we have seen that
¢ =k, and k was chosen such that k > 0 and k& # 1 mod p. This is absurd. We
conclude that R — R/ R does not have a section.

Let P be a maximal discrete p—toral subgroup of R. Up to conjugation in G we
may assume that P < .§. Since R is centric, it is p—centric (namely Z(R) is the
maximal p-toral subgroup of Cg(R)) and [6, Lemma 9.6(c)] shows that P is F—
centric. Also, P is snugly embedded in R, hence in G, and by [6, Lemma 9.4] there
is an isomorphism of groups

Outg(P) = Repg (P, P) —> Repg (R, R) = Outg(R).

Since R is centric in G, it follows that Outg(R) = Ng(R)/R, and since R is p—
stubborn, Outg (R) is finite and

0,(0utx(P)) = 0,(Outg(P)) = 0,(Outg(R)) = 0p(Ng(R)/R) = 1.

Therefore P is F-radical. We deduce that P € R. Since P = R, Lemma 8.2 shows
that P cannot have a complement for Py in P. This shows that P satisfies the
condition (ii) in Lemma 8.1 and finishes the proof of this proposition. a

Appendix A Extensions of categories: supplementary
material

We collect here some results on extensions of categories that are needed in Section 7.
Most of this material is well known in one form or other, but not quite in the form we
need it in this paper, which is why it is included here.

Fix a small category C. An n—chain in C is a sequence X LN X1 LN ] Xy of

composable morphisms. We write C, for the set of n—chains. Now consider a functor
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®: C — Ab. Recall that the cobar construction is the cochain complex C*(C, @),
where

c"c, o) = ]‘[ D(Xy,).

C Cp—
Xo—L Sy,

We view it as a set of functions u: C, — [ [y ®(X) such that
u(Xo 22 -2 x,) € B(Xy).

The differential §: C"(C,®) — C"*1(C, ®) is defined on the factor X £,y Xn+1
of the target by

8@y (Xa) =Y (=D udi(X2)) + (1) @(cn) (Bnr1 (X0)),

j=0
where §;(X,) is the n—chain obtained by deleting X; from X,.

The cohomology groups of C*(C,®) are isomorphic to @* ® [9, Appendix II,
Section 3]. The following facts are elementary and are left to the reader.

Lemma A.1 Let C*(C, ®) be the cochain complex defined above. Then the following
hold:

(a) Any l—cocycle z € C1(C, ®) satisfies z(1y) =1 forany X €C.

(b) A 2—cocycle z is called regular if z(1x,,c¢) = 1 = z(c, 1x,) for any ¢ €
C(Xo, X1). Every 2—cocycle z’ € C*(C, ®) is cohomologous to a regular 2—
cocycle z.

Definition A.2 Let £ = (D,C, ®, , §) be an extension (Definition 6.1). A section is
a function o: Mor(C) — Mor(D) such that [o(c)] = ¢ for every ¢ € Mor(C). We say
that a section o is regular if o(1xy) = 1y for every X €C.

The following definition is an analogue of the well known construction of the 2—cocycles
associated with extensions of groups. Compare with [10].

Definition A.3 Let £ = (D,C, ®, ,§) be an extension and o: C; — D; a regular
section. Define a 2—cochain as follows. Given a 2—chain X S x 1 A x > notice
that [0(c1) o0 (cg)] = c¢10co =[o(c1 0¢p)], and therefore there exists a unique element
zg(c1,¢o) in P(X>) such that

o(c1)oo(co) = [zo(ct.co)]oo(ci o).
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The next lemma is analogous to the well-known result about the 2—cocycles associated
to a given extension of groups.

Lemma A.4 The 2—cochain z, defined above is a regular 2—cocycle. Moreover, if o’
is another regular section, then z,+ and z, are cohomologous.

Proof Let ¢ € C(Xy, X1) be a morphism. By the definition of z, we have

[zo(1x,. )] o0 (1x; 0¢) =0 (1x,) c0(c) = 0 (c),

and since ®(X) acts freely on D(Xp, X;) it follows that z;(1x,,c) = 1. Similarly
Zo(c, 1x,) = 1.

Now we show that z, is a 2—cocycle. We need to show that §(z4)(c2,¢1,¢9) =1 for
any 3—chain Xj xSy, X3 . Consider the following diagram in D:

Xo Xo

o(ciocg) o (co)

o(c2oc10c0) o(c20c10c0)

o(cz) o(czocy)

X3
[zo (c1,c0)]l o(cy)
lU(CZ)

X3 X3 X3 X3 X
[zo (c2,c10c0)  “[e24(zo (c1,c0))] [zo (c2,c] [zo (c20c1,¢0)]

The rectangle, the bottom right square and the two triangles commute by the definition
of z5 . The bottom left square commutes by (6-1). The diagram is therefore commutative.
Since ®(X3) acts freely on D(Xy, X3) it follows that

[e24(z5(c1, co) o256 (c2, 1 0 co)] = [z (2, c1)] o [z (c2 0 c1, co)],

because the compositions of both sides with o (¢ o ¢y 0cg) give the same morphism in
D(Xo, X3). This, in turn, is equivalent to the 2—cocycle condition for z, .

Now suppose that ¢’ is another regular section. Since [0(c)] = ¢ = [0/(c)] for any
¢ € C(Xp, X1), there exists a unique u(c) € ®(X7) such that o/(c¢) = [u(c)]oo(c).
This gives a 1—cochain u € C!(C, ®). By the defining relation of z, and z,» we get,
for any 2—cochain X BN X LN X, in C,
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[zo+(c1.co)o[u(e1 oco) oo (c1 oc0) 2 [zo (c1.co)o0” (1 0co)

( a/)
25 (¢1) 00" (co)

@ [u(ci)]oo(c1)ofu(co)]oo(co)

@D [u(ci)]ollcr s(u(co)]oo(c1)oa(co)
(z:g) [u(ci)]ofler «(u(co)]olzo (c1,co)]oo(c1oco).

Since ®(X3) acts freely on D(Xy, X;) and since [—]: ®(X,) — Autp(X>) is injective,
we deduce that zg/(cq, co) = Zo(c1, o) - u(cy) - u(cy 0co) ™! - c1x(u(co)). Since this
holds for all 2—cochains, zy’ = z5 - 6(u), namely z, and z,s are cohomologous. [

Lemma A .4 justifies the following definition.

Definition A.5 Let £ = (D,C, ®, w,§) be an extension. Let [D] denote the element
of H?(C, ®) defined by the 2—cocycle z, associated with a section o: C; — D;.

Here is a simple consequence of the definitions analogous to the statement that an
extension of groups is split if and only if the associated 2—cohomology class is trivial.

Lemma A.6 Let £ = (D,C, ®,[—],[—]) be an extension. Then [D] = 0 if and only if
there exists a functor s: C — D which is a right inverse to D e

Proof Suppose first that s exists. Then it provides a regular section s: C; — Dy and
the functoriality of s readily implies that zy = 1, hence [D] = 0.

Conversely, suppose that [D] = 0. Choose a regular section o: C; — D;. Then
zo = 8(u), where § is the differential in the cobar construction and u € C(C, ®).
Thus, given a 2—chain C A, Cq LN C, in C,

(A-1) zo(ca.c1) = u(cz) - ulcz0c1) ™" ®(ea)(ulcy)).

Define a functor s: C — D as follows. On objects, s(C) = C for all C € C. On
morphisms ¢ € C(Cy, Cy),

s(c) =[u(©)]oo(c).
Then s is a functor because it respects units and compositions. First, since z, is regular

1 =zo(y,1y) = u(ly) -u(ly o 1xy)™' - (1x)«(u(ly)) = u(ly), and therefore
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u(ly) = 1. Hence s(ly) = 1y because o is regular. Next, s respects composition
because
s(caocy) =[ulcaocy)]oo(czocy)
=[u(czoc)]o[zo(c2, c1)]oa(c2) 00 (cy)
(A-1)

="[u(c2)] o [®(c2)(u(c1))]oo(c2) oo (cy)
D [ue)] oo (ca) o [ulen)] o o (er)

=s(cy) os(cy).

Clearly s is a right inverse to D e, a

Remark A.7 Given a functor ®: C — Ab, Thomason’s construction [17] Tre(®P)
gives rise to an extension D. Inspection of this construction shows that is comes
equipped with a section, namely a functor s: C — D which is a right inverse to the
projection D L €. It is not hard to see that the extension class [Tre ()] is equal to 0,
and conversely, if D is an extension with [D] = 0 then D is isomorphic as an extension
to Tre (D).

The next definition is analogous to that of an equivalence of extensions of groups.

Definition A.8 Let C be a small category and ®: C — Ab a functor. Two extensions
E=(D,C,®,7m,68) and & = (D',C, D, 7', §) are called equivalent if there exists an
isomorphism W: & — £’ such that W = Id¢, and the natural transformation n(¥): ® —
® oW = ® of Lemma 6.9 is the identity transformation.

This defines an equivalence relation on the class of all extensions of C by ®. The
equivalence class of an extension £ is denoted {£}. Let Ext(C, ®) denote the collection
of equivalence classes of these extensions.

The next lemma is a special case of the results in [10].

Lemma A.9 Fix a small category C and a functor ®: C — Ab. Then there exists a
one-to-one correspondence

r: Ext(C. ) 278, 2 e @),

Proof To see that I" is well defined we need to show that if £ and &’ are equivalent
extensions of C by @, then they give rise to the same element of H?(C, ®). Fix
regular sections o: C; — Dy and 0’: C; — D/l and let z, and z,s be their associated
2—cocycles. Also fix an equivalence W: £ — £, ie ¥ =1Id¢ and n(¥) = Idg . Notice
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that W(0): C; — D] is a regular section for £ because W = Idc. Since n(V¥) = Ide,
by applying ¥ to the defining relation of z,; and using (6-2) we get

[z5(c1. o) o W(o(c1 o)) = W(a(c1)) o W(o(co)).
Therefore z5 = zy (), which is cohomologous to z,» by Lemma A.4.

Now we construct ¥: H?(C, ®) — Ext(C, ®). Given { € H?(C, ®) choose a regular 2—
cocycle z € ¢ (this is possible by Lemma A.1). Define a category D, as follows. First,
Obj(D;) = Obj(C) and D(X,Y) = ®(Y) xC(X,Y). Composition of morphisms
(g0, co) € Dz(Xo, X1) and (g1,¢1) € Dz(X1, X2) is given by

(g1.¢1)0(go.co) = (g1 P(c1)(go) - z(c1. o). 1 0 ¢p).

It is a standard calculation to show that composition defined in this way is unital and
associative, hence making D, a small category. The functor m;: D, — C is the identity
on objects and the obvious projection on morphisms. The assignment g — (g, ly)
gives the maps dy: ®(X) — Autp_(X). It is easy to check that D, is an extension
of C by ®.

Suppose that z’ € ¢ is another regular 2—cocycle and let D, be the associated extension.
We claim that D, and D,/ are equivalent extensions. Since z and z’ are cohomologous
there is u € C!(C, ®) such that z = z’- §(u). Regularity of z and z’ implies that
u(ly) =1 for all X € C (by looking at the 2—chain X AN 'R X). Define
W: D, — D, as the identity on objects, and on morphisms

W: (g,c)— (u(c)-g,c).

Then W respects identity morphisms since #(1y) = 1. One easily checks it respects
compositions because z(cy, co) = z'(c1, ¢o) - u(cy) - u(cy 0 co) ™' - c14(u(co)). Finally,
we have W = Id¢ as is evident from the definitions and 7(¥) = Id. Therefore, D,
and D, define equivalent extensions. This shows that a map X: H?(C, ®) — Ext(C, ®)
is well defined. Notice that o: C; — (D)1 defined by ¢+ (1, ¢), where ¢ € C(Xy, X1)
and 1 denotes the identity element of ®(X7), gives a regular section such that z, = z.
This shows that ' o ¥ =1d. If £ = (D, C, ®, , §) is an extension and o: C; — Dy is
a section then there is an equivalence W: D, — D defined as the identity on objects
and V: (g,c¢) — [[g]loco(c) on morphisms. This shows that X o' = Id. O

Now we deal with constructing morphisms of extensions. The following proposition is
a restatement of Proposition 6.15. It should be compared with [12, Lemma 2.2(i)].

Proposition A.10 Let £ = (D,C,®,m,8) and &' = (D',C’, d', n’, ') be extensions.
Let y: C — C’ be a functor, and let n: ® — ®' oy be a natural transformation. Then
the following are equivalent:
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(i) There exists a morphism of extensions W: & — &' such that = ¥ and n =
n(¥).
(i) The homomorphisms in cohomology induced by v and n

H2(C; ) T H2(C: & o y) <= HA(C, @)
satisty n«([D]) = v*([D']).

Proof Fix regular sections o: C; — D; and o”: C| — D} and let z; and z,; be the
associated 2—cocycles A.3.

First we prove that (i) implies (ii). Let ¥: £ — £’ be a morphism of extensions such
that W = and n(¥) = 5. Then for any ¢ € C(Xy, X;) we have [¥(o(c))] = ¥ (c) =
[0’ (¥ ()], so W(o(c)) =[g]loo’(¥(c)) for a unique g € ®' (Y (c)). Therefore, there
exists u € C1(C, @' o) such that

(A-2) Y(o(c)) =[u()]od’ (¥ (), (cely).
Now, given a 2—chain Xo —> X; —> X, in C we have
[nx, (o (c1. co))] o [u(cr o co)l oo’ (Y (cq 0 ¢o))

"= [nx, (2o (e1. co)) 0 (o (c1 0 c0)

Z W([z0(c1. o)l 0 (er 0 o))

2 W(o(e1)) 0 W(o(co))
(A-2)

=" [u(ci)]oo’' (¥ (c1)) o[ulco)l oo’ (¥ (co))

) fuenlo [9/ (¥ () ulco)To o’ W (er)) 0o’ (¥ (o))
2 Lu(enTo 19 (¥ () wleoDl o [zor (W (e1). Y (coDT 00" (¥ (c1 0 o).
Since @' (¥ (X)) acts freely on D'(Xo, X»), we deduce that
Mx, (Zo(c1, €0)) = zor (Y (c1), ¥(co)) -ulcr) -ulcy o co) ™" - @' (Y (c1)) (u(co)).
This shows that 7+ (z6) = ¥ *(z67) -8(u), hence 1,(D]) = ¥ * (D).

Now we show that (ii) implies (i). Assume that 1 ([D]) = ¢¥*([D’]). We will construct
a morphism W: £ — £'. By the hypothesis, there exists u € C1(C, ¥ o ¥) such
that 1x(z5) = ¥*(zo) - 8(u). Notice that since z, and z,/ are regular 2—cocycles,
u(ly) =1 for every X € C (to see this, evaluate n«(zy) and ¥ *(zo/) on the 2—chain
x 44 x 14, x),
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Define W: D — D’ afollows. On objects W: X +> ¢/ (X). Every morphism in D(X,Y)
has the form [g]o o (c) for unique ¢ € C(X,Y) and g € ®(Y). Define

(A-3) W [glloo(c) = [ny(louc)]oo’ (¥(c)).

Then W respects identities since u(l1x) =1 and o’ (l1x) = lx . It respects composition

as one verifies directly for X Lgolloa{co) X Le1looter) X5 . On one hand,

Y([[g1lloct)oW([golloco)
=[nx, (g1)-u(c)loo’ (Y (c1))ollnx, (go)-u(co)loo’ (¥ (co))

(6-1

=[x, (g1)-ulcr)- @ (¥ (c1))(nx, (€0))- P' (¥ (c1)) (u(co))] oo’ (Y (c1)) oo’ (¥ (co))
=[x, (g1)-u(c1)-nx, (P(c1)(£0))- D' (W (1)) (u(co))oo’ (¥ (c1)) oo’ (¥ (co))

(Zgl

) [nx, (g1)-u(cr) - nx, (P(c1)(g0))- D' (¥ (c1)) (u(co)) - zor (W (c1). ¥ (co))]
oa’(Y(c10cp)),

where the third equality comes from the naturality of 7.

On the other hand,

Y([[g1]ocr olgolloco)
(6-1),(z0) U([g; - D(c1)(g0) - zo (1, co)] o0 (cy 0co))
L ey (g1) - (@(1) (80)) s (o (e, coDl e [uter 0 co)] o0’ (¥ 1 0 c0)).

The right-hand sides of the two equations are equal since 1« (zg) = ¥ *(zo7) - §(u). We
have just shown that W: D — D’ is a functor. By its construction 7’ o W = ¥ o 7 and
n(W) = n because for any g € ®(X), we have

Y([glloo(lx)) =lnx(g)-u(lx)loo’ (¥ (1x)) = [nx(g)]

and we use (6-2). m|

Let Aut(€; 1¢, 1g) denote the group of all automorphisms ¥ of € such that ¥ = Id¢
and n(¥) = Idg. The next proposition is a restatement of Proposition 6.16.

Proposition A.11 Let £ = (D,C, ®, i, §) be an extension. There is an isomorphism
of groups
I': H'(C,®) — Aut(&; 1¢, 1o)/ Inn(E).

Algebraic & Geometric Topology, Volume 17 (2017)



Groups of unstable Adams operations on p—local compact groups 415

Proof For any 1—cocycle z € C!(C; ®), define a;: D — D as the identity on objects
and for any d € D(X,Y),

az:dz(d)]ed.

Since z is a 1—cocycle, z(1x) =1 for any X € C and therefore o, respects identity
morphisms. It respects composition since z is a 1—cocycle:

@z (dy) o az(do) = [z([d1]] o dy o[z([do])] o do

D L2(d1) - [ (do)] 0 dy 0 do

18 12 (dy o do])] o dy o do
= az(dy odp).

Given u € C°(C, @),

a5y (d) = [8@)ld]] = [u(¥)d« (X)) Tod

D lod o [uxX)]™" & 1,(d) € Inn(&).

If x € H'(C; ®) is represented by a cocycle z as above, define I'(x) = [a;] to be the
class of a; modulo Inn(£). The discussion above shows that I" is well defined.

To see that T' is a homomorphism, let z,z" € C 1(C; ®) be 1—-cocycles, and let d €
D(X, Y) be a morphism. By definition of « (using multiplicative notation),

oz(az(d)) =[z(lez (d)D]oaz (d) = [z(Iz'(dDIodD] oz (d)
=[z(dDleaz(d) =[z(dD]ol='(dD]od =[z(d])-Z'(dD]od
=[(z-2)(dD]od =z (d).

The inverse of I' sends every self equivalence W to the 1—cochain z € C!(C, ®)
which is defined by the relation W(d) = [[z([d]] o d which follows from the fact that

[W(d)] = ¥([d]) = [d]. It is left as an exercise to check that z is a 1—cocycle and
that o, = W. O

Appendix B The unstable Adams operations in [12]
are special

Fix a p-local compact group G = (S, F, £) and set R = H*(F°). Let P be a set of
representatives for the S'—conjugacy classes in R. By [6, Lemma 3.2] the set P is
finite. For any P, Q € P let Mp g be a set of representatives for the orbits of Ng(Q)
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on L(P, Q). These sets are finite by [6, Lemma 2.5]. Also we remark that since every
R e R is F—centric, Ng(R)/ R is finite.

In [12] we showed that there exists some m such that for any ¢ € I',(p) we can
construct an unstable Adams operation (W, 1) of degree ¢. This operation has the
following properties:

(1) Y(P)= P forany P €P.

(2) If Pisin P, then ¥ |y (p) is an automorphism of Ng(P) which induces the
identity on Ng(P)/Py.

(3) Y(¢) =g forevery p € Mp o, where P,Q €P.

In the rest of this section we show that any (W, 1) which satisfies these conditions must
be special relative to H*(F¢). As usual we will write 7" for the identity component
of S.

For any R € H*(F°), we fix once and for all g € S such that R = gRPglg1 , where
P € P (clearly P is unique). For any R, R’ € H*(F¢) and any ¢ € L(R, R') we

consider P = gEleR and P’ = gR,1 R’ g these are the representatives in P for
the S'—conjugacy classes of R and R’, respectively. There is a unique ;€ Mp ps
and a unique ny, € Ng(P’) such that

o~

(B-1) gE,logoog;:ﬁ(;oM,
Since v induces the identity on S/ T, there is a unique 7, € 7' such that
V(gr) = TR &g-

Similarly, with the notation above v induces the identity on Ng(P’)/ P and therefore
there exists a unique #, € P such that

V(ng) =ty -ng.

Notice that g5, € Ng(P’, R) and therefore conjugation by g, carries P} onto Ry .
Set

_ —1 /
T(p —gR/'tw'gR/ S RO'

We now claim that 7, and 7, chosen above render (W, ) a special unstable Adams
operation relative to H*®(F°); see Definition 7.1.

First, for any R € H*(F°),

V(R) = ¥(ggPer") = ¥ (gp) PV (gp) " = trerPer x| = Rz .
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Next, if R, R’ € H*(F€) and ¢ € L(R, R’), then (B-1) implies

W(p) = V(gp ongopuogy')

= Y (gg) 0¥ (ng) o W() o Yr(gg")

=Tg0gpolgongopuogy oy’

/\/_\1

:%R/of(pog’;,o@o#oglglorR

—

:?R/o’f(pO(porEl.
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