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An infinite presentation for the mapping class group
of a nonorientable surface

GENKI OMORI

We give an infinite presentation for the mapping class group of a nonorientable
surface. The generating set consists of all Dehn twists and all crosscap pushing maps
along simple loops.

57MO05, 57TM07, 57TM20

1 Introduction

Let Xg » be a compact connected orientable surface of genus g > 0 with n > 0 boundary
components. The mapping class group M(Xg ;) of X, is the group of isotopy
classes of orientation-preserving self-diffeomorphisms on X, , fixing the boundary
pointwise. A finite presentation for M(Xg ) was given by Hatcher and Thurston [6],
Wajnryb [16], Harer [5], Gervais [4] and Labruere and Paris [9]. Gervais [3] obtained an
infinite presentation for M(Xg ,) by using Wajnryb’s finite presentation for M(X¢ ),
and Luo [11] rewrote Gervais’ presentation into a simpler infinite presentation; see
Theorem 2.5.

Let Ng , be a compact connected nonorientable surface of genus ¢ > 1 with n > 0
boundary components. The surface Ng = Ny o is a connected sum of g real projective
planes. The mapping class group M(Ng ) of Ny, is the group of isotopy classes
of self-diffeomorphisms on Ny, fixing the boundary pointwise. For g > 2 and
n € {0, 1}, a finite presentation for M(Ng ) was given by Lickorish [10], Birman and
Chillingworth [1], Stukow [13] and Paris and Szepietowski [12]. Note that M(N;) and
M(N7y,1) are trivial (see [2, Theorem 3.4]) and M(N,) is finite (see [10, Lemma 5]).
Stukow [14] rewrote the Paris—Szepietowski presentation into a finite presentation with
Dehn twists and a ““Y-homeomorphism” as generators; see Theorem 2.11.

In this paper, we give a simple infinite presentation for M(Ng ) (Theorem 3.1) when
g > 1 and n € {0, 1}. The generating set consists of all Dehn twists and all “crosscap
pushing maps” along simple loops. We review the crosscap pushing map in Section 2.
We prove Theorem 3.1 by applying Gervais’ argument to Stukow’s finite presentation.
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2 Preliminaries

2.1 Relations among Dehn twists and Gervais’ presentation

Let S be either Ng , or X ,. We denote by Ng(A) a regular neighborhood of a
subset 4 in S'. For every simple closed curve ¢ on S, we choose an orientation of ¢
and fix it throughout this paper. However, for simple closed curves ¢ and c¢; on S
and f € M(S),by f(c1) =c, we mean f(cy) is isotopic to ¢, or the inverse curve
of ¢,. If S is a nonorientable surface, we also fix an orientation of Ag(c) for each
two-sided simple closed curve c¢. For a two-sided simple closed curve ¢ on S, denote
by 7. the right-handed Dehn twist along ¢ on §. In particular, for a given explicit
two-sided simple closed curve, an arrow on a side of the simple closed curve indicates
the direction of the Dehn twist; see Figure 1.

Figure 1: The right-handed Dehn twist ¢, along a two-sided simple closed
curve ¢ on S

Recall the following relations on M (S) among Dehn twists along two-sided simple
closed curves on S'.

Lemma 2.1 For a two-sided simple closed curve ¢ on S which bounds a disk or a
Mobius band in S, we have t, = 1 on M(S).

Lemma 2.2 (the braid relation (i)) For a two-sided simple closed curve ¢ on S and
f e M(S), we have

&f(c _

o = Jtef ™

where 7y = 1 if the restriction f'|y¢(c): Ns(c) — Ns(f(c)) is orientation-preserv-
ing and &gy = —1 if the restriction is orientation-reversing.

When f in Lemma 2.2 is a Dehn twist #; along a two-sided simple closed curve d
and the geometric intersection number |c Nd| of ¢ and d is m, we denote by T, the
braid relation.

Let ¢y, ¢y, ..., cx be two-sided simple closed curves on S. The sequence c1, ¢z, ..., Ck
of simple closed curves on S is a k—chainon S if ¢y, ¢y, ..., ¢y satisty |c;Nejpq| =1
foreachi =1,2,...,k—1and |¢; N¢c;| =0 for |j —i| > 1.
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Figure 2: Simple closed curves 812, 823, 813,01,62,63 and 4 on X

Lemma 2.3 (the k—chain relation) Let c¢y,c,...,c, be a k—chain on S, and let §;
and 6, (resp. §) be distinct boundary components (resp. the boundary component) of
Ns(ciUcy U---Ucy) when k is odd (resp. even). Then we have

(tgertger o tick Ykt = 15511532 when k is odd,

(tEerifer - tfeu )T = ge8 when k is even,
where e\, €cys .- Eci5 €5, 68,5 €5 € {1, =1}, and 1261, 15¢2, . . tflgk,tgf‘;l t§52 and 1g°

are right-handed Dehn twists for some orientation of Ng(ci Ucy U---U ck)

Lemma 2.4 (the lantern relation) Let ¥ be a subsurface of S which is diffeomorphic
to Xo,4, and let 817,823,813,81,82,03 and 84 be simple closed curves on X as in
Figure 2. Then we have

£s (2 £s €81 185 1€85 +€8
t8 12[8 zzzs 13 _z8 lté 2t8 %Z(S 4,

where &5,,,€5,,.€8,5. €5, €8, €55 and g5, are 1 or —1, and t§512 158523 t85313 15851
tgéz t833 and 18854 are right-handed Dehn twists for some orientation of 3.

Luo’s presentation for M(Xg ), an improvement of Gervais’, is as follows.

Theorem 2.5 [3; 11] For g > 0 and n > 0, we have a presentation for M(Zg )
with generators {t¢ | ¢ : scc (simple closed curve) on Xg ,} and relations

(0") tc =1 when c bounds a disk in Xg¢ 5,
(1) all the braid relations Ty and Ty,
(I) all the 2—chain relations,

(IIT)  all the lantern relations.
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2.2 Relations among the crosscap pushing maps and Dehn twists

Let p be a one-sided simple closed curve on N , and o a simple closed curve on Ng 5
such that p and « intersect transversely at one point. Recall that « is oriented. For
these simple closed curves u and o, we denote by Y, o a self-diffeomorphism on Ng ,,
which is described as the result of pushing the Mébius band Ny, , (1) once along o.
We call Y, o a crosscap pushing map. In particular, if « is two-sided, we call ¥, o a
Y-homeomorphism (or crosscap slide), where a crosscap means a Mobius band in the
interior of a surface. The Y-homeomorphism was originally defined by Lickorish [10].
We have the following fundamental relation on M (Ng ,), which we also call the
braid relation.

Lemma 2.6 (the braid relation (ii)) Let u be a one-sided simple closed curve on Ng 5,
and o a simple closed curve on Ng , such that v and o intersect transversely at one
point. For f € M(Ng,), we have

Ef (o) _ —1
Yew.s@ =S Yual

where g7y = 1 if the fixed orientation of f(«) coincides with that induced by the
orientation of «, and ey () = —1 otherwise.

We describe crosscap pushing maps from a different point of view. Let e: D’ < int S
be a smooth embedding of the unit disk D’ C C, let D := e(D’), and let S’ be the
surface obtained from S —int D by the identification of antipodal points of dD. We
call the manipulation that gives S’ from S the blowup of S on D. Note that the image
M C S’ of Ng_ine p(0D) C S —int D with respect to the blowup of S on D is a
crosscap. Conversely, the blowdown of S’ on M is the following manipulation that
gives S from S’. We paste a disk on the boundary obtained by cutting S along the
center line  of M . The blowdown of S’ on M is the inverse manipulation of the
blowup of S on D.

Let i be a one-sided simple closed curve on Ng ;, and let S be the surface which is
obtained from Ny , by the blowdown of Ng , on Ny, ,(11). Note that S is diffeomor-
phic to Ng_y , or X, for g =2h + 1. Denote by x,, the center point of a disk D,
that is pasted on the boundary obtained by cutting S along p. Let e: D' — D, C S
be a smooth embedding of the unit disk D’ C C to S such that D, = e(D’) and
e(0) = x,. Let M(S, xy,) be the group of isotopy classes of self-diffeomorphisms
on S fixing the boundary 3 and the point Xy, where isotopies also fix the boundary
9S and Xy . Then we have the blowup homomorphism

Pu: M(S, Xp) = M(Ng.n)
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that is defined as follows. For # € M(S, xyu). we take a representative 4’ of & which
satisfies either of the following conditions: (a) 4’|p,, is the identity map on D, or
(b) h'(x) = e(e=!(x)) for x € D,, where e~!(x) is the complex conjugation of
e 1(x) € C. Such /' is compatible with the blowup of S on Dy ; thus @, (h) €
M(Ng,p) is induced and well defined; cf [15, Subsection 2.3].

The point pushing map
ij: N](E,Xu) - M(E’xﬂ)

is a homomorphism that is defined as follows. For y € 71 (S ,Xyu), we describe
Jx, (V) € M(S, Xy) as the result of pushing the point x, once along y. The point
pushing map comes from the Birman exact sequence. Note that for y;, y, € 7 (S, Xu),
y1Y2 means y;v,2(t) = y2(2¢) for 0 <t < % and y1y2(t) = y1(2t — 1) for % <t<l1.

Following Szepietowski [15], we define the composition of the homomorphisms:

Vxy = Puo jx,: ”l(g’xﬂ) — M(Ng.n).

For each closed curve o on Ng , which transversely intersects with w at one point,
we take a loop & on S based at Xy such that & has no self-intersection points on Dy,
and « is the image of & with respect to the blowup of S on D, . If a is simple, we
take « as a simple loop. The next two lemmas follow from the description of the point
pushing map; see [8, Lemmas 2.2, 2.3].

Lemma 2.7 For a simple closed curve a on Ng, which transversely intersects with a
one-sided simple closed curve . on Ng 5 at one point, we have

Y, (@) = Yy

Lemma 2.8 For a one-sided simple closed curve o on Ng, which transversely
intersects with a one-sided simple closed curve 1 on Ny, at one point, we take N5 (&)
such that the interior of N5(@) contains Dy,. Suppose that §; and 8, are distinct
boundary components of Ng(&), and 8 and 8, are two-sided simple closed curves
on Ng, which are images of 81 and 8, with respect to the blowup of S on Dy,
respectively. Then we have

Yia= t§f1 z§252,

where es, and &g, are 1 or —1, depending on the orientations of a, N, ,(81) and
NN, ,(82) ; see Figure 3.

By definition of the homomorphism v/, and Lemma 2.7, we have the following lemma.
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/ /

9%

Figure 3: If the orientations of &, Ny, ,(81) and Ny, ,(82) are as above,
then we have Y, 4 = 15, ts_2 . The ®-mark means that antipodal points
of 0D, are identified.

. . . . 2 _
Figure 4: If the orientations of o and Ny, , (6) are as above, then Yia=15-

Lemma 2.9 Leta and B be simple closed curves on Ng , which transversely intersect
with a one-sided simple closed curve 1 on Ngp at one point each. Suppose the
product &,3_ of @ and ,E in (S, Xy) Is represented by a simple loop on S, and off
is a simple closed curve on Ng , which is the image of the representative of o B with
respect to the blowup of S on D, . Then we have

Y08 = Yua¥yup
Finally, we recall the following relation between a Dehn twist and a Y-homeomorphism.

Lemma 2.10 Let a be a two-sided simple closed curve on Ng , which transversely
intersects with a one-sided simple closed curve |1 on Ng , at one point, and let § be
the boundary of Ny, , (¢ U ). Then we have

2 _ L&
Yie =1,

where ¢ is 1 or —1, depending on the orientations of a and Ny, , (8); see Figure 4.
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Dg+1

Figure 5: Simple closed curve ¥;, i,,....i;, ©0 Ngp

S

Deg+1

Figure 6: Simple closed curves &, ...,0q—1, B and (; on Ng,
Lemma 2.10 follows from relations in Lemmas 2.1, 2.8 and 2.9.

2.3 Stukow’s finite presentation for M (N, ,)

Let ¢;: D' < Xg for i = 1,2,...,g + 1 be smooth embeddings of the unit disk
D' C C to a 2-sphere X such that D; :=¢;(D’) and D; are disjoint for distinct
1 <i,j < g+ 1. Then we take a model of Ng (resp. Ng 1) as the surface obtained
from X¢ (resp. X —int Dg4 1) by the blowups on Dy, ..., Dy and we describe the
identification of dD; by the ®-mark as in Figures 5 and 6. When n € {0, 1}, for
1 <iy<ip<---<ig =g, let yi i, be the simple closed curve on Ng , as in
Figure 5. Then we define the simple closed curves «; :=y; ;41 fori =1,...,¢g—1,
B := yi2.3,4 and p; := y; (see Figure 6), and the mapping classes a; := ty, for
i=1,....,g—1,b:=tg and y := Y, o, . Then the following finite presenta-
tion for M(Nyg ) is obtained by Lickorish [10] for (g,n) = (2,0), Stukow [13] for
(g,n) = (2,1), Birman and Chillingworth [1] for (g,n) = (3,0) and Theorem 3.1 and
Proposition 3.3 in [14] for the other (g, n) such that g > 3 and n € {0, 1}.

Theorem 2.11 [10; 1; 13; 14] For (g,n) = (2,0), (2,1) and (3,0), we have the
following presentation for M(Ng ,):
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M(Ny) = (ar.y|ai=y*=(a1y)* =1) = Z, & Z,,
M(Npp) = (ar, y | yary~' =a'),

M(N3) = {ar,az,y | araza; = azalaz,yz = (aly)2 = (azy)2 = (a1a2)6 =1).

If g>4andn e€{0,1} or (g,n) = (3,1), then M(Ng ) admits a presentation with
generators ay,...,dg_1,y, and b for g > 4. Writing [x, x3] = xlxle_lxz_l, the
defining relations are

(A1)
(A2)
(A3)
(A4)
(AS)
(A6)
(A7a)
(ATb)

(B1)
(B2)
(B3)
(B4)
(B5)
(B6)
(B7)
(B8)

(CH
(C2)

(C3)
(C4)

lai,aj]=1forg >4 and |i — j|>1,

ajajy1a; = ajy1a;ai4q fori =1,...,g—2,

[a;,b]=1forg >4 andi # 4,

asbag = bayb for g > 5,

(azazash)'® = (ayarazasb)® for g > 5,

(araszasasaeh)'? = (ayarazasasagh)® for g > 7,

[b2,b]=1 for g =6,

[@ag—5.b(g—2)/2] = 1 for g = 8 even, where by = ay, by = b and

bit1=(bi—1a2ia2i+102i+2a2i+3b;i)° (bi—1G2ia2i+1a2i+2a2i+3) ¢ for 1 <
i <(g—4)/2,

y(a2a3a1a2ya;1a1_1a;1a;1) = (a2a3a1a2ya2_1a1_1a3_1a2_1)y for g > 4,
y(azayy~tay yaas)y = ay(azary~'ay  yayaz)ay,
[ai,y]=1forg>4andi=3,...,g—1,
ary(yay~') = (vazy~Naz,
yay=aily,
byby_lz(a1a2a3(y_lazy)aglazlal_l)(az_lagl(yazy_l)a3a2) for g >4,
[(a4a5a3a4a2a3a1a2ya;1al_laglaglazlaglaglazl),b] =1 for g > 6,
((a7tayay a;YYb(asaszazayy™h)) (a7 ay  ag ay b~ (asasazay))

= ((6121613_1612_1))/(6126!3a4))(613_10;1)/_1612613)(az_lyaz)y_l forg=>5,
(araz---ag_1)8 =1 forg>4evenandn =0,
[ai,p] =1 for g =4 and n =0, where p = (a1ay---ag_1)® for g odd and
p=("taray -ag_1yaraz---ag_1)€ D2y ayas---ag_ for g even,
p>=1forg>4andn=0,
(v Yazas “rlg_1yaras ---ag_l)(g_l)/2 =1forg>4oddandn=0.
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3 Presentation for M (N, ,)

The main theorem in this paper is as follows:

Theorem 3.1 For g > 1 and n € {0, 1}, we have a presentation for M(Ng ,) with
generating set

X ={t. | ¢ atwo-sided scc on Ng }

U{Yy« | 1 a one-sided scc on Ng , o asccon Ngp, |0 No| =1}
and relations

(0) 1. =1 when ¢ bounds a disk or a Mobius band in Ng p,
(I) all the braid relations

i) frof'= zj{g; for feX,
() [Yuaf " =Y/ o for f€X,

(I) all the 2—chain relations,
(IIT)  all the lantern relations,
(IV) all the relations in Lemma 2.9,ie Y}, o8 = Y, .0 Y8,

(V) all the relations in Lemma 2.8, ie Y} o = 168151 tgjz .

In (I) and (IV) one can substitute the right-hand side of (V) for each generator Y o
with one-sided «. Then one can remove the generators Y, o with one-sided o and
relations (V) from the presentation.

We denote by G the group with the presentation in Theorem 3.1. Let ¢ Xy, ,,, <> Ng n
be a smooth embedding and let G’ be the group whose presentation has all Dehn twists
along simple closed curves on X ,, as generators and relations (0), (1), (II) and (III)
in Theorem 2.5. By that theorem, M(Xy, ,,) is isomorphic to G’, and we have the
homomorphism G’ — G defined by the correspondence of . to 174, where &,(;) = 1
if the restriction ¢| Njy 1 (©)F Nz, . () = Nn,, (t(c)) is orientation-preserving, and
&,(¢) = —1 if it is orientation-reversing. Then we remark the following.

Remark 3.2 The composition tx: M(Xp, ) — G of the isomorphism M (X, ,,) = G’
and the homomorphism G’ — G is a homomorphism. In particular, if a product
tg1eg2 -+ 1¢k of Dehn twists along simple closed curves ¢1, ¢, ..., ¢, on a connected
compact orientable subsurface of Ny , is equal to the identity map in the mapping
class group of the subsurface, then 771772 --- 17k is equal to 1 in G. That means such
a relation 7772 -~~l§,f =1 is obtained from relations (0)—(III).
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Set X% := X U{x~!|x e X}. By relations (I), we have the following lemma.

Lemma 3.3 For f € G, suppose that f = fi f>--- fx. where fi, fa...., fr € XT.
Then we have

W) fref7" =15,
@) Yo ™ = Y05 ray

The next lemma follows from an argument of combinatorial group theory; for instance,
see [7, Lemma 4.2.1, page 42].

Lemma 3.4 For groups I', '’ and F, a surjective homomorphism n: F — T" and a
homomorphism v: F — I, we define amap v': T' — T/ by v/(x) :=v(X) forx € T,
where X € F is a lift of x with respect to m ; see the diagram below:

F
N
T
F——/—>F/
v

If ker & C kerv, then v’ is well-defined and a homomorphism.

Proof of Theorem 3.1 M(N;) and M(Ny,;) are trivial; see [2]. Assume g > 2 and
n € {0, 1}. Then we obtain Theorem 3.1 if M(Nyg ) is isomorphic to G. Let ¢: G —
M (Ng ) be the surjective homomorphism defined by ¢(#.) :=1¢ and (Y ,o) ==Yy ,a-

Set Xo:={ai,...,ag_1,b,y} CM(Ng,) for g =4 and Xo:={ay,...,ag_1,y} C
M(Ng,) for g =2,3. Let F(Xy) be the free group which is freely generated by X
and let w: F(Xo) — M(Ng,,) be the natural projection (by Theorem 2.11). We define
the homomorphism v: F(Xy) — G by v(a;) :=a; fori =1,...,g—1,v() :=b
and v(y) := y,and amap ¥ =v": M(Ng,) — G by

. w(atl.il):=aiil fori=1,...,g—1,

. W(bil) -— pEl

o Y(*H:=y*, and

e Y(f):= v(f) for the other f € M(Ng ),
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where f~ € F(Xy) is alift of f with respect to 7 ; see the diagram below:

F(Xo)

|

M(Ngpn) —-= G
W

If ¥ is ahomomorphism, oy =idq(n, ) by the definition of ¢ and . Thus to prove
that ¥ is an isomorphism it suffices to show that v is a homomorphism and surjective.

3.1 Proof that ¥ is a homomorphism

M(Ny) and M(Ny ;) are trivial [2, Theorem 3.4]. For (g,n) € {(2,0),(2,1),(3,0)},
relations of the presentation in Theorem 2.11 are clearly obtained from relations (0)—(V).
Thus by Lemma 3.4, v is a homomorphism.

Assume g >4 or (g,n) = (3,1). By Lemma 3.4, if the relations of the presentation
in Theorem 2.11 are obtained from relations (0)—(V), then v is a homomorphism.
The group generated by ay,...,aq—1 and b with relations (A1)-(A7b) as defining rela-
tions is isomorphic to M(Xy 1) (resp. M(Xy,2)) for g =2h+1 (resp. g =2h+2) by
Theorem 3.1 in [12], and relations (A1)—(A7b) are relations on the mapping class group
of the orientable subsurface N, Ne.n (g U---Uag_1) of Ng,. Hence relations (Al)—
(A7b) are obtained from relations (0)—(III) by Remark 3.2.

Stukow [14] gave geometric interpretations for relations (B1)—-(B8) in Section 4 in [14].
By the interpretation, relations (B1)—(B5) and (B7) are obtained from relations (I) (use
Lemma 3.3), relation (B6) is obtained from relations (0), (I), (IIT), (IV) and (V) (use
Lemmas 2.10 and 3.3), and relation (B8) is obtained from relations (I), (IV) and (V)
(use Lemma 3.3). Thus i is a homomorphism when n = 1.

We assume n = 0. By Remark 3.2, k—chain relations are obtained from relations (0)—
(III) for each k. Relation (C1) is interpreted in G as follows:

(ayaz---ag1)® =ty , 1}, , =1 by (0.
Thus relation (C1) is obtained from relations (0)—(1ID).
Relation (C2) is clearly obtained from relations (I) by Lemma 3.3.

When g is odd, by using the (g—1)—chain relation, relation (C3) is interpreted in G
as follows:

,02 = (aq1ay ...ag_1)2g = thNg(yl,Z .... o) by (0)-(III)
=1 by (0),
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where ¢ is 1 or —1. Note that N, (y1,2,....¢) is @ Mobius band in Ng. Thus rela-
tion (C3) is obtained from relations (0)—(II) when g is odd.

When g is even, we rewrite the left-hand side ,02 of relation (C3) by braid relations.
Set A :=azaz---ag_1. Note that
YM1,71,2.3A2YM1,71,2 ..... 2i—1 A7 = Yo via.. it
fori =2,...,(g—2)/2 by relations (I) and (IV), and then we have
p=y ' A(ydyt a)E=2
=y A(yayylaz - ag A)ED) by (D)
=y Ay (agy~ ay ) a?)ED2
=y AW 12,4 D by (I), (IV)
=V AV o s AR Yo s A2 Yy 103 A2 Vi 05 A
=y A 034 Yo s A2 Y2 s A2 Yy 2, A2 AT

—1 2 2 4
=Y AYILI;VI,Z,SA Tt Yltl,Vl,z.sA YM,V1,2,3.4,5A by (I), (IV)
= y_l AYy, ,V1,2,3A2 e Yy, ,V1,2,3A2YM,V1,2,3,4,5A_2A6

—1 2 6
=Y AYMl,Vl,z.sA T YﬂlaV1,2.3,4,5,6,7A by (I), (IV)
=V AV s A5 by (I), (IV)

=Yy A5 by (1), (IV).

Since Yy, ,y, .., commutes with @; fori =2,...,g—1,and NN, (L1 Uy1,2,..¢) =
ONN, (@2 U---Uag_1) (see Figure 7), we have

_v2 2g—2
- Ylh,yl,z ..... gA £ by (I)
= Ylfl»yl.z ..... 2 LONNg (@2UUag_1) by (0)—(I1D)

_ -1
= taNNg (azUmUag_l)ZaNNg (2U~Uoig_1) by Lemma 2.10

=1.
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ONNg (@2 U---Uag_1) <—

Figure 7: Simple closed curve Ny, (a2 U---Uag_1) on Ny

Dg+i
1 i 1) ik g

-

!/
= Viy in,ik

Figure 8: Simple closed curve yl.’l gy

i, on Ngn

Figure 9: Simple closed curve d; and d, on Ng

Recall that the relations in Lemma 2.10 are obtained from relations (0), (IV) and (V).
Thus relation (C3) is obtained from relations (0)—(V) when g is even.

Finally, we also rewrite the left-hand side (y~'a,a3 “elg_1)yaras ---ag_l)(g_l)/2

of relation (C4) by braid relations. Note that g isodd. For 1 <iy <i; <:---<ip < g,

we denote by yl.’l ipvrii the simple closed curve on Ny ;, as in Figure 8. Note that

A2 =Y,

2
A%y K1Yio, 2i+1

7
K1:Y12,...2i—1

Y,

K1Y 53
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fori =2,...,(g—1)/2 and NN, (i1 Uy1,2,..¢) = d1 Ud; as in Figure 9. By a
similar argument as for relation (C3) when g is even, we have

-

1

_ =11
_Zdl Zdz Zdltdz

1,

aras -+ .ag_lya2a3 .. .ag_l)(g_l)/z
= (v~ apa)ED/2

= (y"(azyay ) AV

— g—1
- YM)VI.Z ..... gA

= YII«,J/1,2 ..... gldldy

— (YMI,VI,QZJAZ)(g—l)/Z
Y/‘hV{,z,sAz o Y/“’V{,z.sAzY/‘hV{,z,sAZY/‘l ’V{,2,3A2
Yl‘l’yf,z.sAz o YV“I’V{.z.sA2Yl’“1’3’{,2.3AZY“1=V{.2.3A_2A4
YMI,V{.2,3A2 o Yﬂlsyf,z,_zAZYMI’VI,2,3,4,5 *
Yﬂlsy{,2,3A2 o Yl’“h?’]/,zsAZYI’“lsVl/,z,3,4,5A_2A6
Yl"l’yf,z.sAz o Y“’Vf,2,3,4.5,6,7 °

by (I)

by (D, (IV)

by (D, (IV)

by (D), (IV)

by (), AV)
by (0)—(I1I)
by (V)

by ()

where simple closed curves dq and d, are, as in Figure 9, boundary components of
N; Ng (a2 U---Uag_1). Therefore, relation (C4) is obtained from relations (I), (I), (IV)
and (V), and ¢: M(Ng ,) — G is a homomorphism.

3.2 Surjectivity of ¥

To prove the surjectivity of 1/, we show that there exist lifts of the 7. and the Y}, o
with respect to ¥ for the cases below:

)
(2)
3)
)

¢ is separating.

¢ is nonseparating and Ng , — ¢ is nonorientable.

¢ is nonseparating and Ng , — ¢ is orientable.

Y, «: o is two-sided and Ng , —« is nonorientable.

Algebraic & Geometric Topology, Volume 17 (2017)



An infinite presentation for the mapping class group of a nonorientable surface 433

(5) Yy, aistwo-sided and Ng ,, —« is orientable.

(6) Yu,o: a is one-sided.

Set XOjE ;= XoU{x~! | x € Xo}, and for a simple closed curve ¢ on Ng,, we denote
by (Ng.n)c the surface obtained from Ny , by cutting Ny ,, along c.

Case1 Since (Ng ). is diffeomorphic to Ng_5 545 and g > 3, there exists a product

S =A/fr fr € M(Ngy) of f1, fa,.... fik eXoi such that f(o1) = ¢. Note that
V(fi)=fie X*CGfori=1,2,...,k. Thus we have

Y(far [T =y (DY @y ()
= fifor Sear St S !
= 1f(a) by Lemma 3.3
=1f,

where ¢ is 1 or —1. Thus faf f~1 e M(Ngp) is alift of 7, € G with respect to ¥
for some ¢ € {—1, 1}.

Case 2 We remark that g is even in this case. When g = 2, such a simple closed
curve ¢ is unique and ¢ = ay. Thus a; € M(Ng ) is the lift of 7. € G with respect
to Y. When g = 4, since (Ng ,), is diffeomorphic to X ,42, there exists a product
f=ffa fk e M(Ngp)of f1, fa,.... fk € XojE such that f(8) = c¢. By a similar
argument as in case 1, /b f~! € M(Ng,) is a lift of 7. € G with respect to ¥ for
some ¢ € {—1, 1}.

Assume g > 6 even. Then there exists a product f = fi f2--- fix € M(Ng,) of

Si. faseoos Ji € XGE such that f(y1,..g) =c. Since a; Uas Uyse,. ¢ UVin,. g
bounds a subsurface of Ng , which is diffeomorphic to Xg 4 (see Figure 10), we

have bty , .ty ss. o = Iy, ,@143lys¢ . by a lantern relation. Note that
bitysa. ¢ tyins. g @1,a3, and tys o, are Dehn twists of type (1), and ty,,
Iy, 5s...o and tys o € G have lifts /iy, hy and h3 in M(Ng ) with respect to ¥,
respectively. Thus we have

Y (fbhihyay as hy' f71)
= fl f2 T fkbz)/3.4 ..... gtyl.Z,S....,gal_la3_1[}75?()“”58fk_l fz_lfl_l

= fifo Sty oS S S by (II)

=1, by Lemma 3.3

where ¢ is 1 or —1. Thus f(bhlhzal_laglhgl)gf_l € M(Ng,) isaliftof 1. € G
with respect to i for some {—1, 1}.
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Dg+1

o o3 Y5.6,.8

Figure 10: oy Uaz Uyse,... ¢ UYi,,....¢ bound a subsurface of N, which
is diffeomorphic to X 4

Case4 Since Ng ,—intNy, ,(uUa) is diffeomorphic to Ng_3 541, and the two-
sided simple closed curve on N, ; is unique, there exists a product f = fj f2--- fx €
M(Ngn) of fi, fa,..., fr € XofE such that f(wy) =« and f (1) = . Thus we have

vy =N fevfi e S T =YE, by Lemma33,

where ¢ is 1 or —1. Thus [ /=1 € M(Ng.p) is alift of Y, o € G with respect to ¥
for some ¢ € {—1, 1}.

Case 5 We remark that g is even in this case. Since Ng, —intNy, ,(u U @) is
diffeomorphic to X(g_2)/2 n+1 and the two-sided simple closed curve on Nj j is
unique, there exists a product f = fj fa--- fr € M(Ngn) of f1, f2,.... fx € XOjE

such that f(y1,2,..,¢) = and f(u1) = . Note that Yy, 15 Yy 300 Yy oy e
are Y-homeomorphisms of type (4), and Y,y 5, Y,y 45+ -5 Yy, € G have lifts
h3, hg,...,hg € M(Ngn) with respect to ¥, respectively. Thus we have

Y (fhg-hahyyf™")
= fifa:- kam,yl,g "'Yul,y1.4Yu1,y1,3J’fk_1 "'fz_lfl_l

= fifa ¥ o S S5 T by (IV)
=Y, o by Lemma 3.3

where ¢ is 1 or —1. Thus f(hg -+ hah3y) f~1 € M(Ngp) isalift of Y, o € G with
respect to ¢ for some ¢ € {—1, 1}.

Case 3 Let X be the component of (Ng ;). which has one boundary component. Let

us suppose that X is orientable; then there exists a k—chain ¢y, ca,...,cr on Ngp
such that N, , (c;UcaU--Ucg) = X. By the chain relation, (71752 --- tflf)2k+2 =t
for some €1, ¢€3,..., e, €{—1,1}. Note that 7¢,, t,, ..., are Dehn twists of type (1)
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and t¢,, ¢y, ... .1, € G have lifts hy, hy, ..., hy € M(Ng,) with respect to v,
respectively. Thus we have

w((hzi"lh;z . hlik)zk+2) = (5182 ... tc‘all:)Zk‘*‘z =t. by (0)-(II).

c1les
Thus (h$'h32 -+ hi¥)* 2 € M(Ng.n) is a lift of 7 € G with respect to .

When X is nonorientable, we proceed by induction on the genus g’ of . For
g’ =1, we have 7. = 1 by relation (0). When g’ =2 and N, , — X is nonorientable,
there exists a product f = f1 f2-+- fx € M(Ngn) of f1, fa.,.... fi € Xoi such that
S(ONN,, (1 Uay)) = c. Hence fy?f~1 =t¢ for some ¢ € {—1,1}. Then we have

v ST = Ak e S
= flfz--~fkt§/NNg_n(,“Ua1)fk‘1 5 7Y by Lemma 2.10

=1t by Lemma 3.3,

where ¢’ is 1 or —1. Thus fy2¢ f~! € M(Ng,p) is alift of . € G with respect to V.
When g’ =2 and N, , — X is orientable, g is even, and there exists a product f =

fiforee fx € M(Ng) of fi, fou...., fi € X§E with f(ONN, (11 UV12,..4)) =cC.

Hence lef gf_l = 17 for some ¢ € {—1,1}. Since Yy, y,, is a Y-

1.Y1.2,....¢/ ¢ ~—0 —0mm o mo= LSy 2 e SR VLL2, g

with respect to ¥ . By a similar argument as above, f/h%€ f~1 € M(Ng p) is a lift of
t. € G with respect to V.

Suppose g’ > 3. We take a diffeomorphism f: ¥ — Ng ; and simple closed curves
€1,¢2,...,¢¢ and ¢/ := 0Ny 1 = f(c) on Ng  as in Figure 11. Note that ¢’ U cq U
¢s U cg bounds a subsurface of N/ ;1 which is diffeomorphic to X¢ 4, and we have

8! 122

€3 €4 __ 4+€
1) 1 (en) (e ten) = le €O

for some ¢1,...,84,¢ € {—1,1} by relations (0) and (III). Since each ¢; for i =
1,2,...,6 bounds a subsurface of Ng , which is diffeomorphic to a nonorientable sur-
face of genus g; < g’ with one boundary component, and the complement of the subsur-
face is nonorientable, each f~!(c;) (i =1,2,...,6) satisfies the inductive assumption.
Hence tf_l(cl)’ tf_l(cz)’ tf_1(63)’ If—l (ca) € G havellifts hy, hy, h3, ha € M(Ng,n) with
respect to ¥, respectively. Thus we have

€17,627.€37.84\ __ ,€1 &2 €3 &4 __ 4+€&
VI SR = sy 1 e 1 e ey = e DY (O), (D,

Thus 75 h52h3P hi* € M(Ng,p) is alift of 7. € G with respect to .
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Figure 11: Simple closed curves cq, ¢, ...,c¢ and ¢’ on Ny 1

Case 6 Let §; and §, be two-sided simple closed curves on Ng , such that §; LId, =
0NN, ,,(nNa). By Lemma 2.8, we have Y, o = 15811 t§22 for some €1, &, € {—1,1}
and, by the above arguments, #.,, ., € G have lifts i, h; € M(Ng ) with respect
to ¥, respectively. Thus we have

Y (R R =152 = Yo by (V).

Thus h}'h5? € M(Ng,,) is alift of Y, o € G with respect to . Therefore, we have
that ¥: M(Ng,n) — G is surjective, completing the proof of Theorem 3.1. a
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