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Stable functorial decompositions of F.RnC1; j /C^†j
X .j /

JIE WU

ZIHONG YUAN

We first construct a functorial homotopy retract of �nC1†nC1X for each natu-
ral coalgebra-split sub-Hopf algebra of the tensor algebra. Then, by computing
their homology, we find a collection of stable functorial homotopy retracts of
F.RnC1; j /C^†j

X .j/ .

55P35; 55P48, 55P65

1 Introduction

In the 1970s, Snaith [12] proved iterated loop suspensions of a space can be split
stably into simpler pieces. This is called the Snaith splitting. In detail, let X be a
path-connected CW–complex, with X .j/ the j –fold self smash product of X . Let
F.RnC1; j / be the j th configuration space of RnC1 and †j be the symmetric group
on j letters. Let Dj .X / denote the smash product F.RnC1; j /C^†j

X .j/ . There is a
homotopy equivalence

†1�nC1†nC1X '
W1

jD0†
1F.RnC1; j /C^†j

X .j/
D
W1

jD0†
1Dj .X /:

Subsequently, it was shown that similar splittings can be applied to a more general
space CX ; see Cohen, May and Taylor [4; 5] and May and Taylor [8].

A few years later, Bödigheimer [2] showed a unified form of all these splittings.
Let K be a finite complex, K0 a subcomplex and X a connected CW–complex.
Let M be a smooth, parallelizable n–manifold with a submanifold M0 such that
.M;M0/' .K;K0/. For the space Map.K;K0I†

nX / of based maps from K=K0

to †nX , there is a stable splitting

†1Map.K;K0I†
nX /'

W1
jD1†

1Dk.M;M0IX /;

where Dk.M;M0IX / for k > 1 are simpler pieces constructed from the labeled
configuration space C.M;M0IX /.

Snaith splitting is one kind of stable splitting. Recently, the techniques of stable
splittings have been applied to toric topology. For instance, Bahri, Bendersky, Cohen and
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Gitler [1] found various stable splittings of polyhedral product functors. Dobrinskaya [6]
proved that the loop space of the polyhedral product shares similar decompositions as
the Snaith splitting.

Here we study further functorial decompositions of the Snaith splitting. More precisely,
we will focus on the functorial homotopy decompositions of F.RnC1; j /C^†j

X .j/ .
When nD 0, we have F.RnC1; j /C^†j

X .j/ DX .j/ . Selick and the first author [11]
showed that if p D 2 and H�.X IZ=p/ has a nontrivial Steenrod operation then the
irreducible functorial decomposition component of X .j/ and the 2–row Young diagram
with distinct row numbers are in one-to-one correspondence. In this paper, we will
study the case when n> 0.

The main idea driving this paper comes from functorial homotopy decompositions
of �†X : For each natural coalgebra-split sub-Hopf algebra (see Definition 2.2), there
is a functorial homotopy retract of �†X with the inclusion an �–map; see Li, Lei
and Wu [7] and Selick and Wu [10]. Among all the natural coalgebra-split sub-Hopf
algebras, we mainly focus on a special one. Let Lmax

m be the maximal Tm –projective
submodule functor of the free Lie algebra functor Lm (see Section 2.1). For a graded
(alternatively ungraded) Z=p–module V , the tensor algebra T .Lmax

m .V // generated
by Lmax

m .V / is a natural coalgebra-split sub-Hopf algebra (Proposition 2.3). Following
from Section 2.3, there is geometric realization of Lmax

m .V /, denoted by Lmax
m .X /,

such that �†Lmax
m .X / is a functorial homotopy retract of �†X . Furthermore, the

inclusion is an �–map.

For a space †nX , we have that �†Lmax
m .†nX / is a functorial homotopy retract of

�†nC1X with the inclusion an �–map. Applying the loop functor n times, we can
obtain a functorial homotopy retract of �nC1†nC1X with the functorial the homotopy
inclusion an �nC1 –map. It can be shown that this retract is a .nC1/–iterated loop
suspension (Lemma 3.1). Now a natural question is: what is the relation between the
Snaith splitting of the retract and the Snaith splitting of the original .nC1/–iterated
loop suspension? To answer this question, we have the following main result:

Theorem 1.1 Let X be a 1–connected p–local suspension of finite type. For the
natural coalgebra-split sub-Hopf algebra T .Lmax

m .V //, there is an nth desuspension
†�nLmax

m †nX of the topological space Lmax
m .†nX / and a sufficient large integer t

such that †tDj .†
�nLmax

m †nX / is a functorial homotopy retract of †tDjm.X /.

This article is organized as follows. In Section 2, we give a brief introduction about
natural coalgebra-split sub-Hopf algebras of the tensor algebra, functorial homotopy
retracts of �†X and the homology of �nC1†nC1X . Section 3 constructs natural
homotopy retracts of �nC1†nC1X from natural coalgebra-split sub-Hopf algebras of
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the tensor algebra. In Section 4, we compute the homology image of †�nLmax
m †nX

in the homology �nC1†nC1X . In Section 5, a collection of the functorial stable
homotopy retract of F.RnC1; j /C^†j

X .j/ is constructed. Additionally, the proof of
Theorem 1.1 is given in this section. An example is given in Section 6.

2 Preliminaries

Let kD Z=p be the ground ring; p is a prime. All topological spaces are assumed to
be p–local CW–complexes. All homology is taken with the coefficients Z=p unless
otherwise stated.

2.1 Tn–projective module

Let V be a graded (ungraded) k–module. Let T .V / be the tensor algebra generated
by V , namely

T .V /D

1X
nD0

V ˝n:

A Hopf algebra structure can be given over T .V / by setting V to be primitive. Let
Tn.V /DV ˝n . Then T and Tn can be viewed as functors from the category of graded
(ungraded) k–modules to the category of graded (ungraded) k–modules.

Let M and N be functors from the category of graded (ungraded) k–modules to
the category of graded (ungraded) k–modules. M is a submodule functor of N if
M.V /�N.V / for each graded (ungraded) k–module V , and M is a retract of N if
there are natural transformations i W M !N and r W N !M of k–modules such that
r ı s D idW M !M . A retract of Tn is related to a k.†n/–projective module (see [7,
Proposition 2.10]). Hence, if M is a retract of Tn , we also call it Tn –projective.

Let L.V / be the free Lie algebra generated by V . Then L is a submodule functor
of T . Let Ln.V /DL.V /\Tn.V /. From Selick and the first author [10], there exists
a submodule functor Lmax

n of Ln with the following properties:

Proposition 2.1 [10, Section 6] (1) Lmax
n is Tn –projective.

(2) Each Tn –projective submodule functor of Ln is a retract of Lmax
n .

Up to isomorphism, Lmax
n is the maximal Tn –projective submodule functor of Ln .

2.2 Coalgebra-split sub-Hopf algebras

A coalgebra-split sub-Hopf algebra is a retract of T .V / with additional Hopf algebra
and coalgebra structures.
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Definition 2.2 Let B be a submodule functor of T . We say B.V / is a natural
coalgebra-split sub-Hopf algebra of T .V / if:

(1) B.V / is a natural sub-Hopf algebra of T .V / with natural inclusion of Hopf
algebras jV W B.V /! T .V /.

(2) There is a natural coalgebra transformation rV W T .V /!B.V / with rV ı jV D

idB.V / .

If B.V / is a natural coalgebra-split sub-Hopf algebra defined as above, the natural
maps jV and rV are called an associated natural inclusion and associated natural
retraction of B.V /, respectively.

A natural coalgebra-split sub-Hopf algebra is a tensor algebra. Let Q.V / be the set
of indecomposable elements of B.V /; this is a k–submodule of B.V /. We have a
natural isomorphism of Hopf algebras

B.V /Š T .Q.V //:

Define the maps kV and  V as the canonical inclusion and projection

kV W Q.V /! T .Q.V //Š B.V /;

 V W B.V /Š T .Q.V //!Q.V /:

These definitions imply the following commutative diagrams:

Q.V /
iV

//

kV ##

T .V /

B.V /

jV

;;
Q.V / T .V /

�V
oo

rV{{

B.V /

 V

cc

Here jV is a Hopf algebra homomorphism, rV is a coalgebra homomorphism, rV ıjV D

idB.V / , the maps kV and  V are homomorphisms of k–modules, and iV and �V are
defined as the compositions of the other two maps in the triangle.

If B.V / is a sub-Hopf algebra of T .V / only, then properties of Q.V / can imply a
coalgebra-split structure of B.V /.

Proposition 2.3 [7, Theorem 5.2] Let B.V / be a natural sub-Hopf algebra of T .V /.
Then the following statements are equivalent:

(1) B.V / is a natural coalgebra-split sub-Hopf algebra of T .V /.

(2) Each Qn.V /DQ.V /\Tn.V / is naturally equivalent to a Tn –projective sub-
functor of Ln .

(3) Each Qn is Tn –projective.
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Since Lmax
n is a Tn –projective subfunctor of Ln , Proposition 2.3 implies T .Lmax

n .V //

is a natural coalgebra-split sub-Hopf algebra of T .V /.

2.3 Functorial homotopy retracts of �†X

Let A and B be functors from the (homotopy) category of path-connected p–local
CW–complexes to the (homotopy) category of spaces. Let C be a subcategory of the
(homotopy) category of path-connected p–local CW–complexes. A is a functorial
homotopy retract of B over C if, for each object X in C , there are natural maps
iX W A.X /!B.X / and rX W B.X /!A.X / such that rX ıiX ' idA.X / . The homotopy
need not be natural. The maps iX and rX are called an associated natural inclusion
and associated natural retraction of A, respectively.

The functorial homotopy retracts of �†X are related to natural coalgebra-split sub-
Hopf algebras of T .V /. Let X be a CW–complex. X is a p–local suspension of
finite type if X is homotopic equivalent to †Y.p/ , the suspension of the p–localization
of a finite CW–complex Y . Let B.V / be a natural coalgebra-split sub-Hopf algebra
of T .V / and Q.V / be the set of indecomposable elements of B.V /. A functorial
homotopy retract of �†X can be constructed from B.V / and Q.V /.

Theorem 2.4 [10, Theorem 1.1; 13, Theorem 3.3] Let X be a 1–connected p–local
suspension of finite type. Let B.V / be a natural coalgebra-split sub-Hopf algebra
of T .V / with associated natural inclusion jV W B.V /! T .V /, and Q.V / the set of
indecomposable elements of B.V /. Then there is a functorial space Q.X / with a
natural map iX W Q.X /!�†X such that:

(1) �†Q.X / is a natural homotopy retract of �†X with associated natural inclu-
sion �Q{X , where Q{X W †Q.X /!†X is the adjoint of iX W Q.X /!�†X :

(1)

Q.X /
iX

//

%%

�†X

�†Q.X /

�Q{X

99

Here the map Q.X /!�†Q.X / is the canonical suspension map.

(2) Q.X / has a wedge decomposition. In detail, there are elements �m 2Z.†m/ for
m > 2 such that Q.X / D

W1
mD2Qm.X /, where Qm.X / D hocolim�m

X .m/ .
Here †m acts on X .m/ by permuting factors.

(3) H�.Q.X //ŠQ.H�.X // and H�.�†Q.X //ŠB.H�.X //. Furthermore, the
induced diagram from diagram (1) satisfies .�Q{X /� D jH �.X /

:
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Q.H�.X //
iX�

//

''

T .H�.X //

B.H�.X //

.�Q{X /�

88

In following discussions, we denote the map �Q{X by jX . It follows from the theorem
that �†Q.X / is a functorial homotopy retract of �†X with an associated natural
inclusion jX W �†Q.X /!�†X which is a loop map.

2.4 Homology of �nC1†nC1X

Let X be a connected CW–complex. All homology is taken with Z=p–coefficients. The
homology of �nC1†nC1X can be formulated by H�X , Dyer–Lashof operations Qi ,
Browder operations �n (we will also use Œ�;��n ), a function �n and a function �n .
The function �n is defined for p > 2 only.

To formulate the homology of �nC1†nC1X , a set TnX will be defined first. For
convenience, we list the construction of TnX for p > 2 only in the following. The
case for p D 2 is similar.

Let V D H�X . An element x 2 V is a �n –product of weight 1 (!.x/ D 1); the
weight of Œa; b�n is defined by !.Œa; b�n/ D !.a/C!.b/. We say x 2 V is a basic
�n –product of weight 1. Assume the basic �n –product of weight j < k has been
defined and totally ordered; the basic �n –product of weight k is of the form Œa; b�n
such that:

(1) !.Œa; b�n/D k .

(2a) a and b are basic �n –products, with a < b . If b D Œc; d �n for c and d basic
then a > c < d .

(2b) If a is a basic �n –product of weight 1 and nC degree.a/ is odd, then Œa; a�n is
also a basic �n –product of weight 2.

Let I D ."1; s1; : : : ; "k ; sk/ be a 2k –tuple of integers with sj > "j and " D 0 or 1.
I is admissible if psj � "j > sj�1 for 2 6 j 6 k . Define functions e , d , l and b as
follows:

(i) Excess e.I/D 2s1� "1�
Pk

jD2Œ2sj .p� 1/� "j �.

(ii) Degree d.I/D
Pk

jD1Œ2sj .p� 1/� "j �.

(iii) Length l.I/D k .

(iv) b.I/D "1 .
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If I D¿, then let e.I/D1 and d.I/D l.I/D b.I/D 0.

For I D ."1; s1; : : : ; "k ; sk/, let QI y D ˇ"1Qs1 � � �ˇ"k Qsk y . Define the set TnX by

TnX D
˚
QI y

ˇ̌
y a basic �n–product, I admissible, e.I/C b.I/ > jyj,

if I D ."1; s1; : : : ; "k ; sk/, then sk 6 1
2
.nC q/

	
:

Here we denote �nx by Q.nCq/=2x and �nx by ˇQ.nCq/=2x for x 2HqX , and jyj is
the degree of y .

For a prime p , the homology H��
nC1†nC1X is a functor of H�X , denoted by

WnH�X . On the other hand, let ATnX be the free commutative algebra generated by
the set TnX . We have the following theorem:

Theorem 2.5 [3, Theorem 3.1, Lemma 3.8] For a connected X , there is an isomor-
phism of algebras

WnH�X ŠATnX:

Remark Here we use WnH�X as another notation for H��
nC1†nC1X . In fact, it

can be defined independently as an ARnƒn –Hopf algebra with conjugation (see [3,
Section 2]).

There is a weight filtration defined on WnH�X . For an element QI y in TnX , let its
weight !.QI y/ be defined by

!.QI y/D pl.I /!.y/;

where l.I/ is the length of the tuple I and !.y/ is the weight of the basic �n –product y .
Since H��

nC1†nC1X is the commutative algebra generated by TnX , we can define
the weight of the product QI y �QI 0y0 as

!.QI y �QI 0y0/D !.QI y/C!.QI 0y0/:

This makes H��
nC1†nC1X a filtered algebra by defining the filtration as

FkWnH�X D fx 2H��
nC1†nC1X j !.x/6 kg:

Let EkWnH�X D FkWnH�X=Fk�1WnH�X . There is a geometric realization of
EkWnH�X .

Proposition 2.6 [3, Section 4] H�.F.R
nC1; k/C^†k

X .k//ŠEkWnH�X:

2.5 Homology suspensions and transgressions

The homology suspension is defined as the homomorphism

�� D p ı @�1
W H�.�B/ @

Š
 �H�C1.PB; �B/

p�
�!H�C1.B/;
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where pW PB! B is the map p.u/D u.1/. The transgression is the differential map
in the Serre spectral sequences. Fix a fibration F!E!B with connected B and F ;
in the associated Serre spectral sequence, the transgression � is the differential

dnW E
n
n;0!En

0;n�1:

Some general properties of �� and � are listed as follows:

Proposition 2.7 [9, Propositions 6.10 and 6.11] (1) Let f W X!�Y be a pointed
map and zf W †X ! Y be its adjoint; then the homology suspension �� and the
suspension †�W H�X !H�C1†X form a commutative diagram:

H q�1.X /

†�
��

f�
// H q�1.�Y /

��

��

H q.†X /
zf�

// Hq.Y /

(2) If B is simply connected, then in the Serre spectral sequence of �B!PB!B

there is a commutative diagram:

E
q
q;0 Š

dq
//

� _

��

E
q
0;q�1

Hq.B/ Hq�1.F /

OOOO

��
oo

In particular, the image of �� is transgressive.

Consider the relation between � and the Browder operation Œ�;��n ; we have:

Proposition 2.8 If X is connected, then in the Serre spectral sequence of

�nC1†nC1X ! P�n†nC1X !�n†nC1X

we have

�
�
Œsx1; : : : ; Œsxk�1; sxk �n�1�n�1

�
D Œx1; : : : ; Œxk�1;xk �n�n;

�QI sx D .�1/d.I /QI x;

where sx is the image of x 2H�X under the isomorphism †�W H�X !H�C1†X .

This proposition is implicit in the proof of [3, Theorem 3.2].

3 Functorial homotopy retracts of �nC1†nC1X

Let B.V / be a natural coalgebra-split sub-Hopf algebra of T .V / and Q.V / the set of
indecomposable elements of B.V /. Let X be a 1–connected p–local suspension of
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finite type. It follows from Theorem 2.4 that �†Q.†nX / is a functorial homotopy
retract of �†.†nX /. By applying the loop functor n times, we can obtain that
�nC1†Q.†nX / is a homotopy retract of �nC1†nC1X and the natural inclusion

�nj†nX W �
nC1†Q.†nX / ,!�nC1†nC1X

is an �nC1 –map. If X is a co-H–space, the space Q.†nX / can be desuspended n

times:

Lemma 3.1 If X is a co-H–space, then there is a space Q.X / such that Q.†nX / is
naturally homotopic to †nQ.X /.

Proof Since Q.X / D
W1

mD2Qm.X /, it is sufficient to prove Qm.†
nX / can be

desuspended n times. Let X .m/ be the m–fold self smash product of X . The definition
of Qm.†

nX / implies a homotopy commutative diagram:

(2)

.†nX /.m/
�
// .†nX /.m/

†mnX .m/
†mn x�

//

shuffling isomorphism

OO

†mnX .m/

shuffling isomorphism

OO

Here

(3)

� D �m D

X
�2†m

k�� W .†
nX /.m/! .†nX /.m/;

x� D
X
�2†m

k��.�1/n
2 Sign�

W X .m/
!X .m/;

and the vertical maps are the natural shuffling homeomorphisms.

Let Qm.X /D hocolimx� X .m/ . It is obvious that

†mnQm.X /' hocolim
†mn x�

†mnX .m/
Š hocolim�.†

nX /.m/ DQm.†
nX /:

Thus,

Q.†nX /D
W1

mD2Qm.†
nX /D

W1
mD2†

mnQm.X /D†
n
W1

mD2†
n.m�1/Qm.X /:

It is clear that all homotopy equivalences are natural.

Remark This lemma shows that
W1

mD2†
n.m�1/Qm.X / is the nth desuspension

of Q.†nX /. For convenience, in later discussion, †�nQ.†nX / is used to de-
note the space

W1
mD2†

n.m�1/Qm.X /. Similarly, we use †�nQm†
nX to denote

†n.m�1/Qm.X /.
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For the space †�nQ.†nX /, there is a natural inclusion

†�nQ†nX !�nC1†nC1.†�nQ†nX /
�nj†nX
����!�nC1†nC1X:

Up to homotopy, this map is the adjoint map of

Q†nX !�†.Q†nX /
j†nX
��!�†.†nX /:

This composition is exactly the functorial map iY W Q.Y /!�†Y , where Y D†nX .
In summary, we have the following theorem:

Theorem 3.2 Let X be a 1–connected p–local suspension of finite type. If B.V /

is a natural coalgebra-split sub-Hopf algebra of T .V / and Q.V / is the set of in-
decomposable elements of B.V /, then there exists a functorial homotopy retract
�nC1†nC1.†�nQ†nX / with a natural inclusion

i W �nC1†nC1.†�nQ†nX /!�nC1†nC1X;

which is an �nC1 –map. Furthermore,

H�.†
�nQ†nX /ŠQ.H�.†

nX //:

4 †�nLmax†nX and its homology image in �nC1†nC1X

Let Lmax
m be the maximal Tm –projective submodule functor of Lm . The tensor algebra

T .Lmax
m .V // is a natural coalgebra-split sub-Hopf algebra with the set of indecompos-

able elements Lmax
m .V /. Then we have two spaces Lmax

m .X / and †�nLmax
m †nX . Fur-

thermore, �nC1†nC1.†�nLmax
m †nX / is a functorial homotopy retract of �nC1†nC1X.

The inclusion map is

(4) Q{n;X W †
�nLmax

m †nX !�nC1†nC1.†�nLmax
m †nX /

�nj†nX
����!�nC1†nC1X;

which is the adjoint of the map

in;X W L
max
m †nX !�†.Lmax

m †nX /
j†nX
��!�†.†nX /:

To analyze the homology image of †�nLmax
m †nX in �nC1†nC1X , we need to

compute

.Q{n;X /�W H�†
�nLmax

m †nX !H��
nC1†nC1X:

Algebraic & Geometric Topology, Volume 17 (2017)



Stable functorial decompositions of F.RnC1; j /C^†j
X .j/ 905

From the properties of the homology suspension �� (see Proposition 2.7), we obtain a
commutative diagram

H�†
�nLmax

m †nX //

†
.n/
�

��

H��
n†n.†�nLmax

m †nX /
.�nin;X /�

//

�
.n/
�

��

H��
nC1†nC1X

�
.n/
�

��

H�CnLmax
m .†nX / H�CnLmax

m .†nX /
.in;X /�

// H�Cn�†.†
nX /

where †.n/� and � .n/� mean n–fold compositions.

For x 2H�X , denote the image of x under the isomorphism †�W H�X !H�C1†X

by sx . Consequently, snx is used to denote †.n/� .x/. Let Œx1;x2; : : : ;xm�n be an
arbitrary �n –product of weight m formed by elements x1; : : : ;xm . For an element
Œsnx1; s

nx2; : : : ; s
nxm�0 in H�CnLmax

m .†nX /, with xi 2 H�X , denote its inverse
image under the isomorphism

†
.n/
� W H�†

�nLmax
m †nX !H�CnLmax

m .†nX /

by s�nŒsnx1; s
nx2; : : : ; s

nxm�0 .

For the map Q{n;X , we have the following lemma:

Lemma 4.1 Under the homomorphism

.Q{n;X /�W H�.†
�nLmax

m †nX /!H�.�
nC1†nC1X /;

s�nŒsnx1; s
nx2; : : : ; s

nxm�0 is mapped to Œx1;x2; : : : ;xm�n , with xi 2H�X .

Proof We prove this lemma by induction on n. For nD 1, there is a commutative
diagram:

H�†
�1Lmax

m †X //

†�

��

H��†.†
�1Lmax

m †X /
.�i1;X /�

//

��

��

H��
2†2X

��
��

H�C1Lmax
m .†X / H�C1Lmax

m .†X /
.i1;X /�

// H�C1�†
2X

The bottom row is the natural inclusion

.i1;X /�W L
max
m .sH�X / ,! T .sH�X /:

The upper row is exactly .Q{1;X /� . Since the first map of the upper row is a natural
inclusion, we only need to prove

.�i1;X /�.s
�1Œsx1; sx2; : : : ; sxm�0/D Œx1;x2; : : : ;xm�1:
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To prove this, we consider a natural commutative diagram of Serre path fibrations

�Lmax
m .†X / //

��

PLmax
m .†X / //

��

Lmax
m .†X /

��

�2†2X // P�†2X // �†2X

which implies a natural morphism of Serre spectral sequences. Therefore, for the
transgression � , there is an equality by naturality,

� ı .i1;X /� D .�i1;X /� ı �:

In the Serre spectral sequence of the path fibration

�2†2X ! P�†2X !�†2X;

we have the equality (see Proposition 2.8)

�Œsx1; : : : ; sxm�0 D Œx1; : : : ;xm�1:

Hence,

.�i1;X /�.s
�1Œsx1; sx2; : : : ; sxm�0/D .�i1;X /� ı �.Œsx1; sx2; : : : ; sxm�0//

D � ı .i1;X /�.Œsx1; sx2; : : : ; sxm�0/

D �.Œsx1; sx2; : : : ; sxm�0/

D Œx1; : : : ;xm�1:

Now assume this lemma is true for n< k . For nD k , there is a commutative diagram:

H�†
�kLmax

m †kX //

†�
��

H��
k†k.†�kLmax

m †kX /
.�k ik;X /�

//

��

��

H��
kC1†kC1X

��

��

H�C1†
1�kLmax

m .†kX / //

†
.k�1/
�
��

H�C1�
k�1Lmax

m .†kX /
.�k�1ik�1;†X /�

//

�
.k�1/
�
��

H�C1�
k†kC1X

�
.k�1/
�
��

H�CkLmax
m †kX H�CkLmax

m †kX
.ik;X /�

// H�Ck�†
kC1X

The composition of the second row is .Q{k�1;†X /� . By induction,

.Q{k�1;†X /�.s
1�k Œskx1; s

kx2; : : : ; s
kxm�0/D Œsx1; sx2; : : : ; sxm�k�1:

The horizontal rows of left commutative squares are natural inclusions. So, the above
identity implies

.�k�1ik�1;†X /�.s
1�k Œskx1; s

kx2; : : : ; s
kxm�0/D Œsx1; sx2; : : : ; sxm�k�1:
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Note that we need to prove

.�k ik;X /�.s
�k Œskx1; s

kx2; : : : ; s
kxm�0/D Œx1;x2; : : : ;xm�k :

It follows from the commutative diagram

�kLmax
m .†kX / //

�k ik;X
��

P�k�1Lmax
m .†kX / //

��

�k�1Lmax
m .†kX /

�k�1ik�1;†X
��

�kC1†kC1X // P�k†kC1X // �k†kC1X

and the induced Serre spectral sequences that

.�k ik;X /� ı � D � ı .�
k�1ik�1;†X /�:

Thus,

.�k ik;X /�.s
�k Œskx1; s

kx2; : : : ; s
kxm�0/

D .�k ik;X /� ı �.s
1�k Œskx1; s

kx2; : : : ; s
kxm�0/

D � ı .�k�1ik�1;†X /�.s
1�k Œskx1; s

kx2; : : : ; s
kxm�0/

D �.Œsx1; sx2; : : : ; sxm�k�1/

D Œx1; : : : ;xm�k :

This completes the proof.

5 Further decompositions of the Snaith splitting

Fix an integer n > 0. The space �nC1†nC1X has the Snaith splitting

†1�nC1†nC1X '
W1

jD0†
1F.RnC1; j /C^†j

X .j/
D
W1

jD0†
1Dj .X /:

Here F.RnC1; j / is the j th configuration space of RnC1 , and Dj .X / is the smash
product F.RnC1; j /C^†j

X .j/ . From the above splitting, Dj .X / is a natural stable
retract of �nC1†nC1X . The homology of Dj .X / (see Proposition 2.6) is

H�.Dj .X //Š Fj WnH�X=Fj�1WnH�X DEj WnH�X:

In other words, H�Dj .X / consists of the homology classes in H��
nC1†nC1X with

weight j .

It follows from Theorem 3.2 that �nC1†nC1.†�nLmax
m †nX / is a functorial homotopy

retract of �nC1†nC1X . Hence we can apply the Snaith splitting to both spaces and
compare Dj .†

�nLmax
m †nX / with Dq.X / for nonnegative integers j , m and q .

Algebraic & Geometric Topology, Volume 17 (2017)



908 Jie Wu and Zihong Yuan

Proof of Theorem 1.1 In Lemma 3.1, we have proved that the nth desuspension
†�nLmax

m †nX of Lmax
m .†nX / exists. The left part of the main theorem will be proved

in two steps. First, the stable case will be proved. We claim that there are stable maps

†1Dj .†
�nLmax

m †nX /
�
//
†1DjmX

 

oo

such that
 � ı�� D id;

that is:

H�.†
1Dj†

�nLmax
m †nX /

��
//

id

H�†
1DjmX

 �
��

H�†
1Dj†

�nLmax
m †nX

Recall that �nC1†nC1.†�nLmax
m †nX / is a natural homotopy retract of �nC1†nC1X ,

ie there exist maps

�nC1†nC1.†�nLmax
m †nX /

g
//
�n†nX

h

oo

such that
h ıg ' id :

Furthermore, g is an �nC1 –map. In fact, g can be chosen to be �nj†nX (see (4)).
Applying the Snaith splitting, we have a diagram as follows:

(5)

†1�nC1†nC1.†�nLmax
m †nX /

'

��

†1g
//
†1�nC1†nC1X

†1h

oo

'

��W
j>1†

1Dj .†
�nLmax

m †nX /

p0
j

��

W
q>1†

1DqX

pq

��

†1Dj†
�nLmax

m †nX

s0
j

OO

†1DqX

sq

OO

where p0q and pq are the canonical projections to the qth components, and s0q and sq

are the canonical inclusions from the qth component to the whole spaces.

Next, consider their induced maps on homology. Recall that

H�†
1�nC1†nC1X ŠH��

nC1†nC1X Š

1M
qD1

H�DqX Š

1M
qD1

H�†
1DqX
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and
H�DqX DEqWnH�X:

Hence .pq/� is isomorphic to the canonical projection from the direct sum to the qth

summand, and .sq/� is isomorphic to the canonical inclusion from the qth summand
to the whole direct sum. That is,

1M
qD1

EqWnH�X

.pq/�
//
EqWnH�X:

.sq/�

oo

Thus, we obtain a diagram of homology:

WnH�.†
�nLmax

m †nX /

Š

��

.†1g/�
//
WnH�X

.†1h/�

oo

Š

��L
j>1

Ej WnH�.†
�nLmax

m †nX /

.p0
j
/�

��

L
q>1

EqWnH�X

.pq/�
��

Ej WnH�†
�nLmax

m †nX

.s0
j
/�

OO

EqWnH�X

.sq/�

OO

Now the claim below is obvious:

.sh/� ı .ph/�jH �DqX D

�
0 if h¤ q;

idH �DqX if hD q:

Let us consider the composition

Ej WnH�†
�nLmax

m †nX
.s0

j
/�

��!WnH�.†
�nLmax

m †nX /
.†1g/�
����!WnH�X:

An element of Ej WnH�†
�nLmax

m †nX can be written as

QI1y1.z1; : : : ; zm/ �Q
I2y2.z1; : : : ; zm/ � � �Q

Ik yk.z1; : : : ; zm/;

where yi.z1; : : : ; zm/ .1 6 i 6 k/ are basic �n –products formed by z1; : : : ; zm for
zi 2 H�†

�nLmax
m †nX , and the product QI1y1 � � �Q

Ik yk is a homology class of
H��

nC1†nC1X of weight j . That g is an �nC1 –map implies that g�Q
I DQI g�

and g�Œx;y�n D Œg�x;g�y�n . Thus,

g�.Q
Ii yi.z1; : : : ; zm//DQIi yi.g�z1; : : : ;g�zm/:

By Lemma 4.1, for an element s�nŒsnx1; : : : ; s
nxm�0 in H�†

�nLmax
m †nX , with

xi 2H�X , we have

g�.s
�nŒsnx1; : : : ; s

nxm�0/D Œx1; : : : ;xm�n:
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It follows that g�zi is of weight m for each element zi 2H�†
�nLmax

m †nX . Thus, the
weight of QIi yi.g�z1; : : : ;g�zm/ is equal to the weight of QIi yi multiplied by m.
Finally,

..†1g/� ı .s
0
j /�/.Ej WnH�†

�nLmax
m †nX /�EjmWnH�X:

Now let �j ;q D pq ı†
1g ı s0j and  j ;q D p0j ı†

1h ı sq . We can obtain that

. j ;q/� ı .�j ;q/� D .p
0
j /� ı .†

1h/� ı ..sq/� ı .pq/�/ ı .†
1g/� ı .s

0
j /�:

Since
Im..†1g/� ı .s

0
j /�/�EjmWnH�X;

we have:

(1) If q ¤ j m, then
.sq/� ı .pq/�jEj mH�X D 0:

Thus . j ;q/� ı .�j ;q/� D 0.

(2) If q D j m, then
.sq/� ı .pq/�jEj mH�X D id :

Thus . j ;q/� ı .�j ;q/� D .p
0
j /� ı .†

1h/� ı .†
1g/� ı .s

0
j /� D id.

Let � D �j ;jm and  D  j ;jm . The discussion above implies that

 � ı�� D id :

This completes the proof of step one.

In step two, it will be proved that the stable maps � and  can be induced from
unstable maps. Recall diagram (5).

There are an integer t1 and a map

xpqW †
t1�nC1†nC1X !†t1DqX

such that
†1 xpqW †

1�nC1†nC1X !†1DqX

is homotopic to the map pq [4, Theorem 7.1]. Similarly, we have a map

xsqW †
t2DqX !†t2�nC1†nC1X

for some integer t2 . This map induces the stable map sq . Similarly, we can obtain
maps xp 0j and xs 0j inducing maps p0j and s0j for integers t3 and t4 , respectively:

xp 0j W †
t3�nC1†nC1.†�nLmax

m †nX /!†t3Dj .†
�nLmax

m †nX /;

xs 0j W †
t4Dj .†

�nLmax
m †nX /!†t4�nC1†nC1.†�nLmax

m †nX /:
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Let t D maxft1; t2; t3; t4g. There are four maps xpj , xsj , xp 0j and xs 0j up to †t . For
simplicity, we still denote them by xpj , xsj , xp 0j and xs 0j . Then there is a diagram:

†t�nC1†nC1.†�nLmax
m †nX /

xp 0
j

��

†t g
//
†t�nC1†nC1X

†t h

oo

xpq

��

†tDj†
�nLmax

m †nX

xs 0
j

OO

†tDqX

xsq

OO

Define two maps x� and x as follows:
x� D xpjm ı†

tg ıxs 0j W †
tDj .†

�nLmax
m †nX /!†tDjmX;

x D xp 0j ı†
th ıxsjmW †

tDjmX !†tDj .†
�nLmax

m †nX /:

The map x ı x� induces an identity on the homology:

. x /� ı .x�/� D .†
1 x /� ı .†

1x�/� D  � ı�� D id :

By the Whitehead theorem, we have x ı x� is a homotopy equivalence. It follows that

. x ı x�/�1
ı x ı x� ' id :

The maps
x�W †tDj .†

�nLmax
m †nX /!†tDjmX;

. x ı x�/�1
ı x W †tDjmX !†tDj .†

�nLmax
m †nX /;

imply that †tDj .†
�nLmax

m †nX / is a homotopy retract of †tDjmX . Note that we
assume all spaces are CW–complexes, thus all constructions are natural up to homotopy.
This completes the proof of step two.

From the proof, we can obtain a corollary for the stable case.

Corollary 5.1 Let X be a 1–connected p–local suspension of finite type. For the natu-
ral coalgebra-split sub-Hopf algebra T .Lmax

m .V //, the spectrum †1Dj .†
�nLmax

m †nX /

is a functorial stable homotopy retract of †1Djm.X /. In other words, there are maps

†1Dj .†
�nLmax

m †nX /
�
//
†1DjmX

 

oo such that  ı� ' id :

6 Example

Let X be a p–local 2–cell complex. Denote the Steenrod algebra by A. Let V D

H�.X IZ=p/. Assume that there are two generators u and v in V such that P1
�vD u,
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where P1
� is the dual operation of Steenrod operation P1 . Furthermore, assume that

the degrees of u and v are both odd; denote them by juj and jvj, respectively.

Recall †�1Lmax
p †X is a stable functorial homotopy retract of DpX . Thus, we have

a stable functorial homotopy decomposition

DpX
s
' .†�1Lmax

p †X /_MpX:

In the following, the homology of this decomposition and the A–module structure of
each piece for p D 5 will be computed.

6.1 Additive basis

In H��
2†2X , denote the 1–bracket (of Browder operation) Œx1; : : : ; Œxm�1;xm�1; �1

by Œx1; : : : ;xm�1 . The basic 1–bracket (ie basic �1 –product) with weight no greater
than 5 are

u< v < Œu; v�1 < Œu;u; v�1 < Œv;u; v�1 < Œu;u;u; v�1 < Œv;u;u; v�1 < Œv; v;u; v�1

< Œu;u;u;u; v�1 < Œv;u;u;u; v�1 < Œv; v;u;u; v�1 < Œv; v; v;u; v�1

< ŒŒu; v�1; Œu;u; v�1�1 < ŒŒu; v�1; Œv;u; v�1�1:

Since juj and jvj are odd, Œu;u�1 and Œv; v�1 are trivial. All the basic 1–products above
are of odd degrees.

Recalling Proposition 2.6, we have the following additive basis of H�DpX :

(6) u � Œu;u;u; v�1; u � Œv;u;u; v�1; u � Œv; v;u; v�1; v � Œu;u;u; v�1; v � Œv;u;u; v�1;

v�Œv; v;u; v�1; Œu; v�1�Œu;u; v�1; Œu; v�1�Œv;u; v�1; u�v�Œu;u; v�1; u�v�Œv;u; v�1;

Œu;u;u;u; v�1; Œv;u;u;u; v�1; Œv; v;u;u; v�1; Œv; v; v;u; v�1;

ŒŒu; v�1; Œu;u; v�1�1; ŒŒu; v�1; Œv;u; v�1�1; �1u; �1v; �1u; �1v:

In H��
2†2X , the first two rows of this basis are decomposable. The others are

indecomposable.

6.2 Module structures over the Steenrod algebra

Let P r
� W H�X !H��2r.p�1/X be the dual operation of the Steenrod operation P r .

We have a right A–module structure on H�D5X . For convenience, we still write the
Steenrod operation P r

� on the left.

There is a new additive basis of H�D5X which is invariant under Steenrod operations
(see [13, Proposition 5.2]):
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(7) u � Œu;u;u; v�1; u � Œv;u;u; v�1; u � Œv; v;u; v�1; 2v � Œu;u;u; v�1�u � Œv;u;u; v�1;

2v � Œv;u;u; v�1Cu � Œv; v;u; v�1; v � Œv; v;u; v�1; Œu; v�1 � Œu;u; v�1;

Œu; v�1 � Œv;u; v�1;u � v � Œu;u; v�1; u � v � Œv;u; v�1; �Œu;u;u;u; v�1;

�Œv;u;u;u; v�1C ŒŒu; v�1; Œu;u; v�1�1; 2Œv; v;u;u; v�1� ŒŒu; v�1; Œv;u; v�1�1;

�Œv; v; v;u; v�1; ŒŒu; v�1; Œu;u; v�1�1; ŒŒu; v�1; Œv;u; v�1�1;

�1u; �1v; �1u; �1v:

For x 2H�DpX , let Ahxi be the right A–module generated by x . Define A–modules
Mi for 1 6 i 6 5 as follows:

(1) M1 DAhŒŒu; v�1; Œv;u; v�1�1i, with

ŒŒu; v�1; Œv;u; v�1�1
P1
��! ŒŒu; v�1; Œu;u; v�1�1:

(2) M2 DAhu � v � Œv;u; v�1i, with

u � v � Œv;u; v�1
P1
��!u � v � Œu;u; v�1:

(3) M3 DAhŒu; v�1 � Œv;u; v�1i, with

Œu; v�1 � Œv;u; v�1
P1
��! Œu; v�1 � Œu;u; v�1:

(4) M4 DAh�1vi. The diagram shows the additive basis of M4 :

�1v

P1
�

��

ˇ

**

P5
�

oo

�1v

P5
�

��

�Œv; v; v;u; v�1

P1
���

2Œv; v;u;u; v�1� ŒŒu; v�1; Œv;u; v�1�1

P1
���

�Œv;u;u;u; v�1C ŒŒu; v�1; Œu;u; v�1�1

P1
���

�Œu;u;u;u; v�1

�1u
ˇ

++
�1u
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(5) M5 DAhv � Œv; v;u; v�1;u � Œv; v;u; v�1i, with:

v � Œv; v;u; v�1

P1
�

��

2v � Œv;u;u; v�1Cu � Œv; v;u; v�1

P1
�

��

u � Œv; v;u; v�1

P1
�

��

2v � Œu;u;u; v�1�u � Œv;u;u; v�1

P1
�

��

u � Œv;u;u; v�1

P1
�

��

u � Œu;u;u; v�1 u � Œu;u;u; v�1

It is obvious that there is an isomorphism of right A–modules

H�D5X ŠM1˚M2˚M3˚M4˚M5:

6.3 †�1Lmax
p †X and MpX

Lmax
5
.V / has a basis ŒŒu; v�; Œu;u; v��, ŒŒu; v�; Œv;u; v�� [10, Proposition 11.6]. It follows

from Lemma 4.1 that this basis is mapped by the map

i�W H�†
�1Lmax

p †X !H��
2†2X to ŒŒu; v�1; Œu;u; v�1�1; ŒŒu; v�1; Œv;u; v�1�1:

Thus we can obtain the homology of †�1Lmax
5
†X and M5X . The following equations

are isomorphisms of right A–modules:

H�.†
�1Lmax

5 †X /ŠM1; H�M5X ŠM2˚M3˚M4˚M5:

Remark As a right A–module, H�MpX is splittable, so it is natural to ask whether
MpX is splittable as a topological space, particularly whether the functorial homotopy
decomposition exists or not.
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