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Cyclotomic structure in the
topological Hochschild homology of DX

CARY MALKIEWICH

Let X be a finite CW complex, and let DX be its dual in the category of spectra. We
demonstrate that the Poincaré/Koszul duality between THH(DX)) and the free loop
space X°LX isin fact a genuinely S ! _equivariant duality that preserves the C,,—
fixed points. Our proof uses an elementary but surprisingly useful rigidity theorem
for the geometric fixed point functor ®¢ of orthogonal G —spectra.

19D55, 55P43; 55P25, 55P91

1 Introduction

Topological Hochschild homology (THH) is a powerful and computable invariant of
rings and ring spectra. Like ordinary Hochschild homology, it is built by a cyclic bar
construction on the ring R, but with the tensor products of abelian groups R ® z R
replaced by smash products of spectra R Ag R.

This construction was originally developed by Bokstedt [10], using ideas of Goodwillie
and Waldhausen. The result is a spectrum THH(R) with a circle action. Out of its fixed
points one builds topological cyclic homology TC(R), a very close approximation
to the algebraic K—theory spectrum K(R). This machinery has been tremendously
successful at advancing our understanding of K(R) when R is a discrete ring, and
Waldhausen’s functor A(X) = K(XQX) for any space X, to say nothing of the
K —theory of other ring spectra. The THH construction is also of intrinsic interest when
one studies topological field theories, and TC appears to be an analogue of “crystalline
cohomology” from algebraic geometry.

In this paper we use THH to study the ring spectrum DX, the Spanier—Whitehead
dual of a finite CW complex. We are motivated by classical work on the Hochschild
homology of the cochains C*(X). Jones [18] proved that when X is simply connected
there is an isomorphism

HH.(C*(X)) =~ H*(LX),

where LX is the space of free loops in X, and all homology is taken with field
coefficients. We investigate a lift of this theorem to spectra. Namely, the functional
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dual of THH(DX) is equivalent to X%°L X when X is finite and simply connected:
€)) D(THH(DX)) ~ X¥°LX ~ THH(EQX).

This was observed by Cohen in the course of some string-topology calculations. Kuhn
proved a more general statement for the tensor of the commutative ring DX with any
unbased finite complex K, not just the circle S!; see Kuhn [20]. The THH duality (1)
was also extended by Campbell from (X°QX, DX) to other pairs of Koszul-dual ring
spectra; see Campbell [13]. These generalizations can also be seen as special cases of
the Poincaré/Koszul duality theorem of Ayala and Francis [4].

If X = M is a closed smooth manifold, we refer to (1) as Atiyah duality for the
infinite-dimensional manifold LM . Classical Atiyah duality is an equivalence of ring
spectra M~™ ~ DM , where M ~™ has the intersection product described by Cohen
and Jones [14]. If K is a finite set, the K—fold multiplicative norm of M —T™ s

NE M=y = Ak (=) = (Mk)—TMEBk — Map(K, M)~T Map(K.M)

By analogy, we define the “Thom spectrum” of the infinite-dimensional virtual bundle
—TLM over LM to be the multiplicative S!-norm of M =™

LM™-TIM _ Map(Sl, M)—TMap(Sl,M) _ NS' (M—TM).

By Angeltveit, Blumberg, Gerhardt, Hill, Lawson and Mandell [2], the THH of a
commutative ring spectrum is a model for this multiplicative S!—norm, so the duality
(1) may be interpreted as

—TLMy
D(LM ™M) ~ 1M,

Previous work on the duality (1) has left open the question of whether it actually
preserves any of the fixed points under the circle action. We address this with the
following theorem:

Theorem 1.1 When X is finite and simply connected, the map of (1) is an equivalence
of cyclotomic spectra. It therefore induces equivalences of fixed point spectra
Cn ~ pCn
¢ D(THH(DX)) ~ "X LX,
[D(THH(DX))]S" ~ [E°LX]%",
for all finite subgroups C,, < S!.
These notions of fixed points are recalled in Section 3.1. Cyclotomic spectra are recalled

in Section 5.1; the main examples are THH(R) and X5°L X, and this is the structure
which allows us to compute TC(R) and TC(X).
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Implicit in the above theorem is the construction of a cyclotomic structure on the dual
D(THH(DX)). In fact we show that for any associative ring spectrum R, the functional
dual D(THH(R)) comes with a natural precyclotomic structure, and in the case of
R = DX with X finite and simply connected, this becomes a cyclotomic structure.

We believe that this theorem suggests deeper connections between Waldhausen’s functor
A(X) and the algebraic K-theory of DX . We will attempt to explore this idea further
in future work.

Our work on THH(DX) builds on very recent results of Angeltveit, Blumberg, Gerhardt,
Hill, Lawson and Mandell [1; 2], along with the thesis of Martin Stolz [29]. They
establish that the cyclic bar construction, in orthogonal spectra, has the same equivariant
behavior as Bokstedt’s original construction [10] of topological Hochschild homology.
But in many respects, this cyclic bar construction is much simpler. This leads to simpli-
fications in the theory of THH, as well as new results, including those outlined above.

Our proofs also have consequences for the general theory of cyclotomic spectra and
G —spectra. Let G be a compact Lie group. We prove a rigidity result for the smash
powers and geometric fixed points of orthogonal spectra, which appears to be new and
of independent interest. Let ® be the functor from k —tuples of orthogonal G —spectra
to orthogonal spectra

D(X1,....Xp) =X A A DC Xy,
where ®C is the monoidal geometric fixed point functor of Mandell and May [26].
Theorem 1.2 Suppose n: ® — F is a natural transformation, and 7 is an isomorphism

on every k —tuple of free G —spectra. Then there are only two natural transformations
from ® to F : the given transformation n, and zero.

We emphasize that this theorem applies to point-set functors of orthogonal spectra, not
to functors defined on the homotopy category. It is designed to prove that certain point-
set constructions strictly agree, thereby eliminating the need to construct coherence
homotopies between them.

The rigidity theorem has a host of technical corollaries. Here are two of them.

Corollary 1.3 For G a finite group, the Hill-Hopkins—Ravenel diagonal map
o x 2, 9GNS x

is the only nonzero natural transformation from ®% X to ®° N g X.
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This also applies to the subcategory of cofibrant spectra, giving an easy proof that the
diagonal isomorphism constructed by Brun, Dundas and Stolz [12] agrees with the one
constructed by Hill, Hopkins and Ravenel [17].

Corollary 1.4 For G a compact Lie group, the commutation map
POX A DCY L @G (X AY)

is the only such natural transformation that is nonzero.

The rigidity theorem gives a useful framework for understanding how multiplicative
structure interacts with cyclotomic structure in orthogonal spectra. Motivated by
Kaledin’s ICM address [19], we use Theorem 1.2 to place certain tensors and internal
homs into the model category of cyclotomic spectra; see Blumberg and Mandell [8].
In particular, we get

Corollary 1.5 The homotopy category of cyclotomic spectra is tensor triangulated.

Barwick and Glasman [5] have recently extended this program further.

The paper is organized as follows. In Section 2 we review the theory of cyclic spaces
and spectra. In Section 3 we review orthogonal G —spectra, and prove Theorem 1.2.
In Section 4 we combine the previous two sections and develop the norm model of
THH following [2]. In Section 5 we study the interaction of multiplicative structure
and cyclotomic structure, proving Theorem 1.1.

The author is grateful to acknowledge Andrew Blumberg, Jon Campbell, Ralph Cohen
and Randy McCarthy for several helpful and inspiring conversations throughout this
project. He thanks Nick Kuhn for insightful comments on the first version of the paper,
and the anonymous referee for a very close reading that substantially improved the
exposition throughout. This paper represents a part of the author’s PhD thesis, written
under the direction of Ralph Cohen at Stanford University.

2 Review of cyclic spaces

A cyclic set is a simplicial set with extra structure, which allows the geometric realization
to carry a natural S!—action [15]. Similarly one may define cyclic spaces and cyclic
spectra. In this section we collect together the main results of the theory of cyclic
spaces, and their extensions to cocyclic spaces. We also describe (co)cyclic orthogonal
spectra, though we defer the study of their equivariant behavior to Section 4. This
section is all standard material from [16; 18; 11; 23] or a straightforward generalization
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thereof, but we make an effort to be definite and explicit in areas where our later proofs
require it. We will also be brief; the reader seeking more complete proofs is referred to
the author’s thesis [24].

2.1 The category A and the natural circle action

Recall that A is a category with one object [n] = {0, 1,...,n} for each n > 0. The
morphisms A ([m], [n]) are the functions f: [m]— [n] which preserve the total ordering.
It is generated by the coface maps and codegeneracy maps

. . <
d': [n—1]— [n], j'_){j'—i-l lfjil,
i : .
J, szl for 0 <i <n.
j . J my=i,
L 1] — [n], —
Sl = dnl g {j—l it > i,

A simplicial object of C is a contravariant functor X,: A°? — C. We are interested in
the case where C is based spaces or orthogonal spectra. Any simplicial object X, has
a canonical presentation

Vi A(e,[m])+ A A(m], [2]) 4+ A Xn = VaA(e, [n])+ A Xn — X,

There is a geometric realization functor |—| taking simplicial spaces to spaces. It is
the unique colimit-preserving functor that takes A[n] to A", the convex hull of the
standard basis vectors in R”*1_ It turns out that for simplicial based spaces X,, the
realization |X,| is given by either of the two coequalizers

[T A" xA(m]. [n]) x X, =3 [ [ A" x X5 — | X,

Vi &% A A (). (1) 4 A X =3 V&Y A Xy — | X,

When X, is a simplicial orthogonal spectrum we define | X,| by the latter of these two
formulas.

Connes’s cyclic category A has the same objects as A, but more morphisms. Let [r]
denote the free category on the arrows:

The geometric realization |N,[n]| of the nerve of the category [n] is homotopy equiva-
lent to the circle. The set A ([m], [n]) consists of those functors [m] — [n] which give
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a degree 1 map on the geometric realizations. This is generated by maps in A plus a
cycle map t,: [n] — [n] for each n > 0:

NN

We may also generate A by A and an extra degeneracy map s"*': [n + 1] — [n] for
each n > 0, corresponding to the functor [n + 1] — [n] pictured below:

n+1 n

\\L/

We note that a morphism f € A([m], [n]) is determined by the underlying map of
sets Z/(m+ 1) — Z/(n + 1), unless this map of sets is constant, in which case f is
determined by which arrow in [m] is sent to a nontrivial arrow in [n].

Definition 2.1 A cyclic based space is a functor X,: A°° — Top,.. The geometric
realization | X,| is defined by restricting X, to A° and taking the geometric realization
of the resulting simplicial space.

Theorem 2.2 (eg [16]) The geometric realization | X,| of a cyclic based space X
carries a natural based S —action.

Proof The cyclic space X, is a colimit of representable cyclic sets
Aln] = A(=.[n]).
So, it suffices to prove that the space
= |A[n]]

has an S! action for all n, commuting with the action of the category A. By a
combinatorial argument, we have homeomorphisms A” = S! x A" and we define an
S1 action by translation on the first coordinate. These actions commute with the action
of A, and so they pass to the realization. We draw a few special cases of A" and how
it compares to the simplicial circle times A" in Table 1. a

Algebraic & Geometric Topology, Volume 17 (2017)
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n A" A[1]/0 x Aln]
0 (0,0) e (1,0) (0,0) e (1,0)
(0,0) e—————» (1,0) (0,0) s————= (1,0)

0,1) &——— (1, 1)

0,1) s e (1,1)

(1,0)

(1,2)

Table 1
2.2 Skeleta and latching objects

When X, is a simplicial space, the n'" skeleton Sk, X, is obtained by restricting X,
to the subcategory of A°P on the objects O, ...,n and then taking a left Kan extension
back. The geometric realization of each skeleton is obtained from the previous one by
a pushout square:

LnX x A" ULnanA" Xn X A" —— Xn x A"

| |

ISky—1 X.| ISk, X.|

Here L, X is the n™ latching object, the subspace of X, consisting of all points in
the images of some degeneracy map s;: X,—1 — X, for 0 <i <n — 1. Alternatively,
to each proper subset S C {0, 1,...,n} that contains 0, we define a map of totally
ordered sets [n] — S by rounding down to the nearest element of S. This makes Xg
into a subspace of Xj,, and the colimit of these subspaces under inclusions S C T
gives the subspace L, X .

Definition 2.3 X, is Reedy q—cofibrant if each L, X — X is a cofibration in the
Quillen model structure on based spaces. X, is Reedy h—cofibrant if each L, X — X,
is a classical cofibration, ie a map satisfying the unbased homotopy extension property.

We have stated these definitions for based spaces, but they also apply to orthogonal

spectra. There is a standard cofibrantly generated model structure that provides the
g —cofibrations, while the s—cofibrations are defined as maps having the homotopy
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extension property with respect to the cylinders X A I+ [27]. So the following standard
theorem applies to both spaces and spectra, with either notion of “cofibration”:

Proposition 2.4 If X, is Reedy cofibrant then |X,| is cofibrant. If both X, and Y,
are Reedy cofibrant, then any map X, = Y, that is an equivalence on each simplicial
level induces an equivalence | X,| = |Y,].

Proof For simplicial spaces, the proof is an induction up the cube-shaped diagram
defining L, X, using the usual pushout and pushout-product properties for cofibrations.
The use of unbased #—cofibrations was critical — the theorem is not true with based
h—cofibrations, unless all the spaces are well-based.

For orthogonal spectra and g-—cofibrations the proof is largely the same. For h—
cofibrations of orthogonal spectra, the theorem is a little surprising since we do not
assume any of the spectra involved are well-based. The hardest piece of the proof
is the statement that if f: K — L is a relative CW complex and g: A — X is an
h—cofibration of orthogonal spectra, the pushout-product f [J g is an h—cofibration.
This follows from the formal pairing result of Schwinzl and Vogt [28, Corollary 2.9]. O

When X, is a cyclic space, the simplicial skeleton |Sk, X,| is of limited utility because
it is not closed under the circle action. So we draw motivation from [6] and make the
following definitions. Since it is important, we remark that here and elsewhere we
work in the category of compactly generated, weak Hausdorff spaces.

Definition 2.5 For n > 0 we define the n'" cyclic skeleton Sk;; X by restricting X,
to the subcategory of A°P on the objects O, ...,n and then taking a left Kan extension
back. This may be reexpressed as the coequalizer

Vie<nA(e, D+ AAK] D+ A Xp = Viecn A, [KD+ A Xy — Sk “ X,

We take the (—1)% cyclic skeleton to be the space X_1, defined as the equalizer of the
degeneracy and extra degeneracy maps:

Sk*TX = X_1 = Xo = X1.
Definition 2.6 The n™ cyclic latching object Ly;°X C X, is the closed subspace
consisting of all points lying in the image of some degeneracy map

Sii Xpn—1—>Xn, 0<i<n.

The 0™ latching object is also taken to be Skc_ny C Xp rather than being empty.
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cyc

The only difference between L, X and L, X is that the extra degeneracy is included
in L;Y°X . Equivalently, Ly;°X is the closure of L,X under the action of the cycle
map 1. It follows that |Skj;;* X,| is the closure of |Sk, X,| under the circle action.

We briefly prove an equivalent characterization of L,’" X . Let [1] denote the cycle cate-
gory with n 4 1 objects from the definition of A . Each inclusion of a nonempty subset
S c{0,...,n} gives adegree 1 functor [n] — [|S|—1] which rounds down to the nearest
element of §. By the cyclic structure of X, this gives a map Xg := X|g|—1 — Xj. If
S is empty then we define Xs = X_1, and define Xg — X, by including into X
and applying any composition of degeneracy maps X9 — Xj,.

Proposition 2.7 This forms a cube-shaped diagram of subspaces of X;,, indexed by
the subsets of {0, ...,n} and inclusions. Restricting to the proper subsets, the colimit
of this diagram is Ly} X .

Proof If n <1 then this is easy, so we assume »n > 1. It is straightforward to check that
our rule respects inclusions of subsets. Each edge of the cube is a standard degeneracy
map, which is split by some face map. Since we are working in weak Hausdorff spaces,
this implies that each Xg is a closed subspace of X, . To prove that their colimit
is equal to their union, it suffices to check Xs N X7 = Xgn7. This reduces to the
following claim: For each 0 <i <n, let D;: X,, — X, be the map induced by the
functor [n] — [n] that sends 7 to i — 1 and fixes all other points. Then X is precisely
the subspace that is fixed by D; for every i in the complement of S.

To prove this when S is nonempty, note there is a natural projection map dg: X, — Xg
induced by the inclusion of S into [n]. Thinking of this as a map X, — X}, , the subspace
of fixed points is precisely Xg. On the other hand, we may write the complement of S
as some cyclically ordered set {m1,...,my}, arranged so that m; + 1 € S, and then
we have the identity

ds = dgnye -+ dgnye = Dy Doy -
Therefore, being in X s is equivalent to being fixed by D; for all i € S€.

If S is empty, then Xz = X_; is contained in every Xo and so is fixed by all the
projections D; . Conversely, anything fixed by all the projections is in every subspace
of the form X5y = Xo. In particular it lies in X9y and X{qy. This gives two points
X0, X1 € Xo whose images under the two degeneracy maps are the same point x € X;.
But each face map splits both degeneracy maps, so xo = x; and this point of X lies
in the subspace X_. a

Now we give the analogue of the standard pushout square (2). We expect this is known,
but have not found a reference.
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Proposition 2.8 For each n > 0, there is a natural pushout square of S —spaces

cye n e n n
Ly X Xcppy A" Upeexsoan Xn XCpqy OA" —— Xn Xc, iy A

| |

ISk X.| |Sky; “ X.|

n—

for each unbased cyclic space X,, and the obvious variant with smash products when
X, is a based cyclic space.

Proof The square is clearly defined and natural, and the top horizontal map is the
inclusion of a subspace. We treat the case n = 0 separately, where the square becomes

(Lg*X xSHII o — Xox 8!

| |

Ly X ——— |Sky “ X.|

which is easily checked to be a pushout. For n > 1, it suffices to check that it is a
pushout when X, = A(e, [mn]) is the standard cyclic m—simplex. The square may be
rewritten as:

(L7 Alm] xc,y A") L (Ap[m] — Ly} Alm]) xc, ., ON® —— Ap[m] xc, ., A"

l l

Sk, Afm]| |Skyi'“A[m]|

n—1

The top map is a disjoint union of some isomorphisms and some nontrivial inclusions.
We strike out the isomorphisms without changing whether the square is a pushout:

(Anlm] =Ly A[m]) xc, 4y IN" —— (An[m] — Lii“Alm]) xc, ,, A"

l l

ISk, Alm]| |Skyy'“Alm]|

n—

The complement of the latching object Lj;“A[m] consists of maps in A ([n], [m]) for
which the n 4+ 1 points 0, ...,n go to distinct points in 0, ...,m. The Cy,4+1—action
on these maps is free and each orbit has a unique representative that comes from
A ([n], [m]), so we can again simplify the square to:
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(An[m] — Ly Alm]) x IA" —— (Ap[m] — Ly A[m]) x A"

l |

Sk, Alfm]| |SK;i'“A[m]|

n—1

Now one may identify this square as the standard simplicial pushout square for A[m],
multiplied by the identity map on S!. Alternatively, one can enumerate the cells
of |Sky“A[m]| missing from [Sk;’°, A[m]| and check that the above map attaches
precisely those cells. So the square is a pushout and the proof is complete. a

As a result, Proposition 2.4 applies to cyclic spectra whose cyclic latching maps are
cofibrations, including the “(—1) latching map” * — X_1. One can even check that
being Reedy cofibrant in the cyclic sense is stronger than being Reedy cofibrant in the
ordinary sense.

We will need to know when |X,| is a cofibrant as a space with an S! action:

Definition 2.9 If G is a topological group, a map X — Y of based G —spaces is a
cofibration if it is a retract of a relative cell complex built out of cells of the form

(G/H x 3D") 4 < (G/H x D™

with n > 0 and H < G any closed subgroup.

Proposition 2.10 If X, is a cyclic space, X_1 is a cofibrant space and each cyclic
latching map Ly;“X — X, is a cofibration of C,,1 —spaces, then |X,| is a cofibrant
S _space.

Proof It suffices to show that each map of cyclic skeleta

ISk, X | — |Sky X

n
is an S!—cofibration. The (—1)—skeleton is already assumed to be cofibrant, and it has

trivial S!—action, so it is also S —cofibrant. For the induction we use the square from
Proposition 2.8:

cye n e n n
Ly X XCpyy A" Upsexsonn Xn X¢,pq 0N —— X XCppy A

| |

ISk, X, | Sk “ X.|

n

It suffices to prove that the top horizontal is an S!—cofibration. Since L;)°X — X is
a Cy1—cofibration and dA™ — A" is a free S!—cofibration, this reduces to proving
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that the C,, 4 orbits of the simpler pushout-product

[(Ca+1/Cr xAD* — Cpi1/Cr x DR O (ST x 3D — ST x DY 4]c,

is an S —cofibration. By associativity of the pushout-product we rewrite this as
[(Ca+1/Cr x SV 4 A (BDFTE — Dk+£)+]Cn+l .

which simplifies to
(S'/Cr) A @DFFE — DFFE)

and this is one of the generating S ! —cofibrations. a

2.3 Fixed points and subdivision

We turn our attention to the fixed points | X,|€, where C, < S is the cyclic subgroup
of order r. The C,—fixed points have an action of S!/C,, which we usually regard as
an S!-action by pulling back along the group isomorphism

pr: ST =5 81/C,.

We will recall the standard result that the C,—fixed points of | X,| are built from the
spaces chk’_l for k > 1. One applies a subdivision functor to X, to obtain a new
simplicial space sd, X,, whose realization is homeomorphic to | X, |, but with simplicial
C; action, giving a homeomorphism

|X.|C 2 |(sdy X.)C7|.

In fact, one may even put S! actions on everything in sight, and the relevant maps are
all equivariant. We recall the precise definitions and theorems below.

Definition 2.11 [11] The r—fold edgewise subdivision functor is a map of categories
A% A which takes [k —1] to [rk —1]. Each order-preserving map [m—1] — [n—1]
is repeated r times to give a map [rm — 1] — [rn — 1]. Given a simplicial space X,
we let the r—fold edgewise subdivision sd, X denote the simplicial space obtained by
composing with sd;.

Definition 2.12 The r—cyclic category A, is the subcategory of A on the objects
of the form [rk — 1] for k > 1, generated by all maps in the image of sd,: A — A
in addition to the cycle maps. When working in A, we relabel the object [rk — 1]
as [k — 1]. Equivalently, A, ([k — 1], [n — 1]) consists of all nondecreasing functions
f:7Z — Z such that f(x+k)= f(x)+n,up to the equivalence relation f ~ f +rn.

Proposition 2.13 If X, is a cyclic space, its r —tfold subdivision sd, X, is naturally
an r —cyclic object in C, —spaces. The C, —action is generated by t;!, _, at simplicial
leveln —1.
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Proposition 2.14 [11, 1.1] There is a natural diagonal homeomorphism
Isdy Xu| 25 | X.|

which sends each (k — 1)—simplex in X, _1 to the corresponding (rk — 1)—simplex in
X,k—1 by the diagonal

Moy - Ug—1) > (luo luk_l luo luk_l )
) 9 r ) ’ r b r b b r b
Theorem 2.15 [11, 1.6-1.8, 1.11] The realization of any r —cyclic space carries

a natural S'-action. The generator of the subgroup C, < S! acts by the simpli-

cial map t',_,. If X, is a cyclic space, the diagonal homeomorphism D, is S 1_

equivariant.

Now that we can freely replace |X,| with |sd, X.| as an S space, we see that the C,—
fixed points can be built from the levelwise fixed points (sd, X,)¢" . These levelwise
fixed points are a priori an r—cyclic space, but they are actually a cyclic space because
they factor through the following quotient functor:
Definition 2.16 The quotient functor

P Ar(Im—1],[n—=1])) > A(m—1],[n —1])
takes a function f: Z — Z upto f ~ f +rn and mods out by the stronger equivalence

relation f ~ f +n.

We always consider (sd, X,)C" to be a cyclic space, reserving the notation Py (sd, X,)¢"
for the corresponding r —cyclic space. With these conventions, the isomorphism between
|X.|¢ and |(sd, X,)C7| is S'—equivariant:

Proposition 2.17 [11, 1.10-1.12] The passage between cyclic and r —cyclic struc-
tures on sd, X, and (sd, X,)¢", together with the diagonal of Proposition 2.14, give
natural S —equivariant homeomorphisms

- D,
|(sd Xo)r| 2 pF| Pr(sdy XE7)| = pf(Isdy Xa|€7) =5 p} (|1 X.]€)
making the following triangle commute:

|(sdys X.)Crs |

F -

pF|(sds Xa)C5|Cr =— pk | X.|Crs
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2.4 Cocyclic spaces

The previous section dualizes easily. Recall that a cosimplicial object is a covariant
functor X*: A — C. This can be canonically expressed as an equalizer

X* - l_[Map(A.[n], XM= 1_[ Map(A,.[m] x A(m,n), X™)

and so a right adjoint out of cocyclic spaces is determined by what it does to the
cosimplicial space Map(A,[n], X™). The totalization is the unique limit-preserving
functor to spaces which takes Map(A,[n], A) to Map(A”, A). It is given by the
equalizer

Tot(X*) — l_[ Map(A", X)) = 1—[ Map(A™ x A(m,n), X™).
n m,n
The totalization of a cosimplicial orthogonal spectrum is given by the same formula.

If X* is not just cosimplicial, but cocyclic, then its totalization is the equalizer

Tot(X*) — [ [Map(A”, X") = [ [ Map(A™ x A(m.,n). X™),
n m,n

which is enough to prove:

Proposition 2.18 The totalization of a cocyclic space X* carries a natural S —action.
Similarly, the totalization of an r —cocyclic space Y* carries a natural S —action, in
which the action of C, < S is the totalization of a cosimplicial map.

In the special case of X* = Map(E,, X), where E, is a cyclic space, the canonical
homeomorphism
Tot(X*) = Map(| E,.|, X)

is S!—equivariant. A useful example to keep in mind is Map(S}, X), the standard
cosimplicial model for the free loop space LX .

Next we recall Reedy fibrancy, which we will only need for cosimplicial spectra (as
opposed to spaces). We recall that the construction of the latching map L, X — X, for
simplicial spectra dualizes to that of the matching map X" — M, X for cosimplicial
spectra. We say that X * is Reedy fibrant if these matching maps are fibrations in the sta-
ble model structure on orthogonal spectra. The standard analogue of Proposition 2.4 is:

Proposition 2.19 A weak equivalence of Reedy fibrant cosimplicial spectra induces a
weak equivalence on the totalizations.

As expected, one can always replace a cosimplicial spectrum by a Reedy fibrant one
that is equivalent on every cosimplicial level. In this paper, we will only use Reedy
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fibrant cosimplicial spectra of the form F(X,,Y), where F(—, —) is the internal hom
in orthogonal spectra, Y is a fibrant spectrum, and X, is a Reedy g—cofibrant simplicial
spectrum. It is straightforward to verify from the properties of the model structure
in [27] that such an F(X,,Y) is always Reedy fibrant.

Finally, any cocyclic space X* may be composed with sd, to give an r—cocyclic space

sd, X*. As before, the fixed points of Tot(X*) can be recovered as Tot((sd, X*)¢):

Proposition 2.20 If X* is a cosimplicial space, there is a natural diagonal homeomor-
phism
Tot(X*) 25 Tot(sd, X*).

If X* is cocyclic, D, is S —equivariant.

Proposition 2.21 If X* is a cocyclic space, then (sd, X*)€" may be regarded as a
cocyclic space, and there are natural S'—equivariant homeomorphisms

Cr
Tot((sdy X*)C7) = p*Tot(sdy X*)C7 22 p*Tot(X*)C".
The proofs are easy dualizations or direct copies of the proofs for cyclic spaces.

2.5 The suspension spectrum of LX

We end this section with a more concrete example. If X is any unbased space, then
Map(S!, X) is a cocyclic space. We add a disjoint basepoint, and smash every level
with the sphere spectrum, yielding a cocyclic spectrum

S AMap(S}, X)4 = =P XL
It is not hard to check that there is a natural map
4) TPLX = ZPTot(X 1) - Tot(EP X *H)
given by the interchange

(5)  SA[[Map. (&% x5) > T[S AMap, (&% . x5) > T F(a%. s A xh).

k k k
where F(A, E) denotes the mapping spectrum or cotensor of a space A with an
orthogonal spectrum E. On each spectrum level, the map (4) is a bijection on the
underlying sets, but it is likely not a homeomorphism, because assembly maps of the
form A AMap, (B, C) — Map, (B, A C) fail to be closed inclusions [21, Appendix
A, 8.6]. It does not really matter, because the cocyclic spectrum X9°X **+1 js not Reedy
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fibrant, and so it must be replaced if the totalization is to be homotopically meaningful.
Taking a Reedy fibrant replacement RXF°X *+1 and totalizing gives a derived version
of the interchange map

YPLX — Tot(EP X! — Tot(REP X H).
Proposition 2.22 This composite is a stable equivalence when X is simply connected.

Proof We first recall that the case where X is finite follows from [20, 6.6], with
K =S' and Z = X . To see why, we observe that the cyclic bar construction on the
dual DX can be made into a Reedy cofibrant cyclic spectrum (see Section 4). Applying
F(—, fS), where f'S is a fibrant replacement of the sphere spectrum, gives a Reedy
fibrant cosimplicial spectrum replacing ° X *+1_One then checks that the map of
Kuhn’s theorem lines up with the interchange we described above.

To get the general case, it suffices to show that both sides of the interchange map
commute with filtered homotopy colimits of simply connected spaces. Using the “cube
of retracts” terminology from [25], we identify the fibers of the coskeletal filtration of
Tot(REPX*T1) as

F(A"/JA", SPX AZPXN) ~ QUER YAy QIR XA,
The connectivity of these fibers tends to infinity when X is simply connected, and

it follows easily that the limit of the tower commutes with such filtered homotopy
colimits.

An alternative argument uses the “cyclic coskeletal filtration” for the right-hand side,
whose fibers are

FCntt (A" JA", 20X Nty ~ Qryoo x At D), gntlgoo y Alntl),

Along the interchange map, this filtration can be shown to agree with Arone’s model
of the Taylor tower for EfLX from [3]. m|

3 Orthogonal G -spectra, equivariant smash powers
and rigidity

We will now review the theory of orthogonal G —spectra and prove our rigidity theorem
for the geometric fixed point functor ®C. This result is a technical linchpin that
underlies the rest of our treatment of cyclotomic spectra and the cyclic bar construction.
It allows us to cleanly reconstruct and extend the model of THH presented in [2].
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3.1 Basic definitions, model structures and fixed points

‘We take these definitions from [26; 17].

Definition 3.1 If G is a fixed compact Lie group, an orthogonal G —spectrum is a
sequence of based spaces {X,}5°, equipped with

e a continuous action of G x O(n) on X, for each n,

e a G-equivariant structure map XX, — X, for each n,
such that the composite
SPAXn == S'AX(po1ytn = Xptn

is O(p) x O(n)—equivariant. A map of orthogonal G —spectra X — Y is a collection
of maps X,, — Y, commuting with all the structure, including the G —actions.

Definition 3.2 Let U be a complete G—universe as in [26]. The category 7¢
has objects the finite-dimensional G —representations V' C U, or any orthogonal G —
representation isomorphic to such a subspace. The mapping spaces #g (V, W) are the
Thom spaces O(V, W)" =V, consisting of linear isometries f: VV — W with choices
of point in the orthogonal complement W — (V). The group G acts on O(V, W)W =V
by conjugating the map and acting on the point in W — f (V).

Definition 3.3 A 7 —space is an equivariant functor ¢ into based G —spaces and
nonequivariant maps. That is, each V' is assigned to a based space X(V), and for each
pair V', W the map

is equivariant. A map of ¢ —spaces is a collection of G —equivariant maps
X(V)—=>Y(V)

commuting with the action of #¢ .

Proposition 3.4 Every ¢ —space gives an orthogonal G —spectrum by restricting

to V =R"; denote this functor by IE{OO . Conversely, given an orthogonal G —spectrum
X one may define a ¢ —space by the rule

X(V)=XnAom) OR™, V)y, n=dimV,

with G acting diagonally on X, andon O(R", V)= ¢ (R", V). Denote this functor
by Iﬁoo . Then I]goo and 1500 are inverse equivalences of categories.
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Definition 3.5 Given a G —representation V' and based G —space A, the free spectrum
Fy A is the #G—space

(Fy (W) 1= 76(V.W) A A,

For fixed V', the functor A — Fy A is the left adjoint to the functor that evaluates a
Jc—space at V.

Proposition 3.6 [26] There is a cofibrantly generated model structure on the category
of orthogonal G —spectra, in which the cofibrations are the retracts of the cell complexes
built from

Fy((G/H x dD*) ;) — Fy((G/H x D¥)}), k>0,H <G,V CU,

and the weak equivalences are the maps inducing isomorphisms on the stable homotopy
groups
colimy cyy 7 (Mapf (SV, X (V))), k>0,

H
7, (X) = :
€ X colimy gy mo(MapZ (VR x(v))), k<0, RF vV,

where Mapf (—, —) denotes the space of H —equivariant maps.

Proposition 3.7 [26] The category ¢ is symmetric monoidal, using the direct sum
of representations. The Day convolution along # defines a smash product on the
category of orthogonal G —spectra, which makes it into a closed symmetric monoidal
category. This smash product is a left Quillen bifunctor with respect to the above model
structure.

When working with G = S, it is common to consider a broader class of weak
equivalences that see only the finite subgroups C, < S!.

Definition 3.8 A map of S!—spectra is an F—equivalence if it is an equivalence as a
map of C,—spectra for all n > 1; equivalently it is an isomorphism on the homotopy
groups nkc” (X) forall n>1.

Next we recall the definitions of genuine and geometric fixed points. If X is a G —space
and H < G is a subgroup, the fixed point subspace X has a natural action by only
the normalizer NH < G. Of course H acts trivially and so we are left with a natural
action by the Weyl group

WH = NH/H = Autg(G/H).

When X is a G-spectrum there are two natural notions of H —fixed points, each of
which gives a WH—spectrum:
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Definition 3.9 Fora _¢#g—space X and a subgroup H < G, the _#wg—space of cate-
gorical fixed points X is defined on each H —fixed G -representation V Cc UH c U
as just the fixed points X (V) . More simply, if X is an orthogonal G —spectrum then
XH s obtained by taking H —fixed points levelwise.

Proposition 3.10 The categorical fixed points are a Quillen right adjoint from G —
spectra to WH —spectra. Their right-derived functor is called the spectrum of genuine
fixed points.

Definition 3.11 If X is a #g—space and H < G then the geometric fixed points
®H X are defined as the coequalizer
Vyw Fywu SO A gEVWIAXV)E 3 Vy FyuSAX(V) — of X.

These are naturally _#wp—spaces on the complete WH—universe U H

Theorem 3.12 The geometric fixed points ® satisfy these technical properties:
(1) There is a natural isomorphism of WH —spectra
" Fy A= FynaAd,
(2) ®H commutes with all coproducts, pushouts along a levelwise closed inclusion,
and filtered colimits along levelwise closed inclusions.

(3) ®H preserves all cofibrations, acyclic cofibrations and weak equivalences be-
tween cofibrant objects.

(4) If H<K <G then ® commutes with the change-of-groups from G down
to K.

(5) There is a canonical commutation map
(X AY)-S 0% X A D0,

which is an isomorphism when X or Y is cofibrant [8, A.1].

Remark 3.13 The geometric fixed point functor ®# is not a left adjoint, since it does
not commute with all colimits. A simple counterexample with G = Z /2 is given by
the suspension spectra of the diagram of spaces:

(Z/2)+ — (0)+

|

(*)+
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Therefore ® is not a Quillen left adjoint. However, since it still preserves weak
equivalences between cofibrant orthogonal G —spectra, we define a left-derived geomet-
ric fixed point functor X ~> ®H (¢ X) by composing ®¥ with a cofibrant replacement
functor ¢ in the above model structure.

It will be important for us that these derived geometric fixed points measure the weak
equivalences of G —spectra. This is standard; for instance we can deduce it from [17,
2.52; 26, 3.5(vi), 4.12].

Proposition 3.14 A map X — Y of orthogonal G —spectra is a weak equivalence if
and only if the induced map of derived geometric fixed points ®H (cX) — ®H (¢Y) is
an equivalence of spectra forall H < G.

Consequently, a map of S!-—spectra X — Y is an F—equivalence if and only if
®Cn(cX) — ®Cn(cY) is an equivalence for all n > 1.

Finally, though it does not seem to appear in the literature, the iterated fixed points
map of [8] easily generalizes:

Proposition 3.15 If H < K < NH < G then there is a natural iterated fixed points
map
oKx L pK/HpH

which is an isomorphism when X = Fy A, and therefore an isomorphism on all
cofibrant spectra. When H and K are normal, this is a map of G/ K —spectra.

3.2 The Hill-Hopkins—Ravenel norm isomorphism

When X is an orthogonal spectrum, the smash product X" has an action of C,, ~Z/n
which rotates the factors. This makes X" into an orthogonal C,—spectrum. It is
natural to guess that the geometric fixed points of this C, —action should be X itself,
and in fact there is natural diagonal map

X 25 @G x A,

When X is cofibrant, this map is an isomorphism. More generally, if G is a finite
group, H < G and X is an orthogonal H —spectrum, we can define a smash product
of copies of X indexed by G,

G/H
NSX = Ngmearu(gi H)+ na X = N x.

This construction is the multiplicative norm defined by Hill, Hopkins and Ravenel. This
can be given a G —action, which depends on some fixed choice of representatives g; H
for each left coset of H (see [9; 17]). Changing the choice of representatives changes
this action, but only up to natural isomorphism. We therefore implicitly assume that
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such representatives have been chosen. The general form of the above observation
about X" is then:

Theorem 3.16 [17, B.209] There is a natural “diagonal” map of orthogonal spectra
oHx 2, 9O NG X.
When X is cofibrant, A is an isomorphism.

The full proof now appears in [17], but for the reader’s convenience we also summarize
the proof below:

Proof If A is just a based H —space, the indexed smash product of A over G/H has
fixed points A :
AH =, (NG )G = (N9H14)C,
Here the map from left to right is the diagonal,
aeAH»—>(a,...,a).

Now suppose X is an orthogonal H —spectrum. We start by taking its coequalizer
presentation

VywFwS A gu(V.WYAX(V) = Vy FySPAX(V) — X

and taking ®° N g of everything in sight. Since ®% N g commutes with wedges and
smashes up to isomorphism, this gives

Vyw @S NG Fw SO A (NS 7 (V. W)S AN X(V))C

= VNS Fy SO A(NSX (V)6 - @ONS X,
which simplifies to

Vyw ®CNG F SOA_ gV, WIAX(V)HE=z\/y @SNS Fy S°AX(V)H 509N X.

As a diagram, this is no longer guaranteed to be a coequalizer system, but it still
commutes. We can simplify using the string of isomorphisms

QONG Fy A= ®FFoy (NG A) = Foga vy (NG A = Fyu A"
for any based H —space A and H -representation V. This gives
Vyw Fwu SO A gHVWYAXWVYE 3 Vy FpuS°AXx(V) - o6 NS X

and the coequalizer of the first two terms is exactly ®/ X . The universal property of
the coequalizer then gives us a map

dHx - dONSX

and we take this as the definition of the diagonal map.
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Now consider the special case when X = Fyr A. The inclusion of the term
FVH SO VAN AH

into the above coequalizer system maps forward isomorphically to ® X, and so we
can evaluate the diagonal map by just examining this term. But back at the top of our
proof, the inclusion of the term

PONG Fy S A (NG AC

also maps forward isomorphically to ®C N g X . Therefore, up to isomorphism, the
diagonal map becomes the string of maps we used to connect Fyy 1z S® A A to
Y g FyS° A (N g A)C, but these maps were all isomorphisms. Therefore the
diagonal is an isomorphism when X = Fy A. It is straightforward to verify that both
sides preserve coproducts, pushouts along /#—cofibrations and sequential colimits along
h—cofibrations, so, by induction, the diagonal is an isomorphism for all cofibrant X . O

3.3 A rigidity theorem for geometric fixed points

Let G be a compact Lie group. We will prove that the geometric fixed point functor
®C is rigid, in the sense that it admits very few point-set level natural transformations
into other functors. Let GSpO denote the category of orthogonal G —spectra and G —
equivariant maps between them. Let Free be the full subcategory on the free spectra
Fy A for all G-representations V' and based G —spaces A. Let

k
/\o(CIDG,...,CDG): HFree—>Sp0

denote the composite of the geometric fixed points and the k—fold smash product,
with k > 1.

Proposition 3.17 The only endomorphisms of A o (9G¥ are zero and the identity.

Proof A natural transformation T: A o (®C)* — A o (®9)¥ assigns to a k—tuple
(FoS°, FpS°, ..., FpS% a map of spectra

F()SO — F()SO,

which is determined at level 0 by a choice of point in S°. So there are only two such
maps, the identity and zero.

Assume that 7' is the identity on this object. Then consider 7 on the k—tuple
(Fv,S°, Fy,S%, ..., Fy, S9):

0 0
Fyoeyse. eveS — fveevie. eveS -
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Let m; := dim ViG and fix an isomorphism between R™ and ViG. The above map is
determined by what it does at level mq + - 4 my:

O(mi+---+mg)y = O(my +---+my) 4.

This map, in turn, is determined by the image of the identity point, which is some
element P € O(my+---+my)+. Now for any point (¢1,...,%) € S A---AS™k we
can choose maps of spectra Fy, S 0 — FyS° which at level V; send the nonbasepoint
of SO to the point #; € S™ =~ (§"i)C . Since T is a natural transformation, this square
commutes for all choices of (¢1,...,):

Omy ++++mg) s == O(m +-+-+my)+

Since O(my + --- + my) acts faithfully on the sphere S™! "k we must have
P =id. Therefore, our natural transformation 7 acts as the identity on the k —tuple of
spectra (Fy, SO, FVZSO, . FVkSO).

Finally, let Aq,..., A be a sequence of G —spaces, and consider 7" on the k—tuple
(Fv, A1, ..., Fy, Ag). Each collection of choices of point a; € AiG gives a sequence
of maps Fy, S 'S F v; Ai, and applying 7' to this sequence of maps gives a commuting

square:
id

0 0 0
—— Fyog gyoSOA--AS

0
FVIG@“@VkG SYANAS
l F...(ala"'aak) l F...(al,"'5ak)

F AG/\---/\AGLF A9 A A A
Vee..ovEal k Ve®..oV,e 1 k

From inspection of level m + - - - + my,, the bottom map must be the identity on the
point id A (a1, . ..,ax). But this is true for all (aq,...,a) and so the bottom map is
the identity. Therefore, T is the identity on (Fy, Aq,..., Fy, Ag), so it is the identity
on every object in ]_[k Free.

For the second case, we assume 7" is zero on (FOSO, el FOSO) and follow the same
steps as before, concluding that 7" is zero on (Fy, S o ..., Fy, S 0) and then it is zero
on (FVlAl,...,FVkAk). O

To derive corollaries, we say that a functor ¢: ]_[k GSpO — Spo is rigid if restricting
to the subcategory ]_[k Free gives an injective map on natural transformations out of ¢.
In other words, a natural transformation out of ¢ is determined by its behavior on the
subcategory Free.
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Corollary 3.18 If ¢ and ¢, are functors ]_[k GSpO — SpO which when restricted
to the subcategory ]_[k Free are separately isomorphic to A o (®9)¥, and ¢ is rigid,
then there is at most one nonzero natural transformation ¢ — ¢, .

The example we are interested in is the smash product of geometric fixed points.
Proposition 3.19 The functor Ao (9, ..., ®Y) is rigid.

Proof For any orthogonal G —spectrum X, let £ denote the map
EVycuFvX(V) — X

whose V™" summand is adjoint to the identity map of X(V'). It suffices to show that
Ao (DC, ..., ®Y) takes (£,...,&) to a map of orthogonal spectra that is surjective
on every spectrum level. We will describe this in detail in the case of k = 2, that is,
(X.Y) ~ ®9X A ®FY , but the other cases are similar.

The smash product commutes with colimits in each variable, and this gives a definition
of ®9X A ®CY as a colimit of a diagram with four terms. We rearrange this into a
single coequalizer diagram and conclude that there is a natural levelwise surjection of
spectra

v wicu Fya X(VYG A Fra Y(W')G — 09X A 0CY

for all orthogonal G —spectra X and Y . Applying this construction to (&, &) gives a
commuting square

oG @Y
Vyweu®C Fy X(V) A 06 F Y (W) 27O, 66y £ 96y

T T

4 Vv wicu Fya X(V)G A Fypc Y(WHC

where
Z=NvwvwevFyel 26V, VYAXWIC A Fya| 26(W, W) AY(W)]C,

in which the vertical maps are levelwise surjections. We wish to show ®C (£) A ®° (£)
is surjective, and for this it suffices to show that the bottom horizontal map is surjective.
This follows by examining the summands where V =V’ and W = W', and noting
that the action map O(V)4+ A X(V) — X(V) is surjective on the G —fixed points.
(Alternatively, one can show that the top horizontal and right vertical maps may be
identified by a homeomorphism.) a

As a result, we get new rigidity statements for the maps relating geometric fixed points
and smash powers:

Algebraic & Geometric Topology, Volume 17 (2017)



Cyclotomic structure in the topological Hochschild homology of DX 2331

Theorem 3.20 Let X and Y denote arbitrary G —spectra. Then the commutation map
POX A DCY L dG (X AY)
is the only nonzero natural transformation from ®%X A ®CY to % (X A Y).

Remark 3.21 If X and Y are G-spectra and H < G, then there is more than one

natural map
oA x nofly > oH (X AY).

Indeed, we could take any element g in the center Z(G), and postcompose oy with
the map Iﬁoo g that acts on the trivial-representation levels by the action of g. However,
ag 1s the only natural transformation that respects the forgetful functor to H —spectra.
In other words, it is the only one that is natural with respect to all of the H —equivariant
maps of spectra, and not just the G —equivariant ones. Similar considerations apply to
the iterated fixed points map below.

Theorem 3.22 Let G be a finite group and let X denote an arbitrary H —spectrum
with H < G . Then the Hill-Hopkins—Ravenel diagonal map

o x &, oGNS x
is the only such map that is both natural and nonzero.

Theorem 3.23 If X is a G—spectrum and N < G is a normal subgroup, then the
iterated fixed points map
o x 1 oG/N N x

is characterized by the property that it is natural in X and nonzero.

We end with five more corollaries, which served as the motivation for the rigidity result.
The first corollary is the most important for our work on tensors and duals of cyclotomic
spectra.

Proposition 3.24 If X and Y are a G —spectra and N < G is a normal subgroup,
then the following rectangle commutes:

aG

PC X NDCY DG (X AY)

lit/\it lit

G/N ;N G/N N “G/N G/N (&N Ny 29 New G/N ;N
o PN X ND Y ——— @ (PVYXADPYY) ——— O DV (XAY)

The next two corollaries help us simplify and clarify the theory of cyclic orthogonal
spectra.
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Proposition 3.25 (see also [2, Lemma 4.5]) If X isa G —spectrum and g € Z(G),
then multiplication by g on the trivial representation levels gives a map of ¢ —spaces
I]goog
X —X

which on fixed points,
Gl—goog

)]
o%x X,

is the identity map.
Proposition 3.26 If X and Y are orthogonal spectra, then the self-map of orthogonal

C, —spectra
FiNCO(XAY) 2 XN AYN > XN AYN
which rotates only the Y factors but not the X factors fits into a commuting triangle:
(I)C" (X/\r A Y/\r)
——
XANY l‘PC’ Tloo f

T

q)Cr (X/\r A Y/\r)
The next corollary requires more explanation. Let X be an orthogonal spectrum, and
consider the diagonal map
X/\m ﬂ) q)cn (X/\m)/\n‘
If we write (X”\™)”\" in lexicographical order
(X/\m) A (X/\m) Ao A (X/\m),

then there is an obvious Cj,; —action which rotates the terms. This commutes with the
action of the subgroup C,, so it passes to a Cy,, —action on the geometric fixed points.
By Proposition 3.25, the subgroup C,, acts trivially, giving a Cy,—action on the fixed
points.

Proposition 3.27 Under these conventions, A, is Cp, —equivariant.

Proof Let g denote the generator of Cy,, and & the generator of Cy,;,. Since the
diagonal is natural, A, is equivariant with respect to the action of g, but with g acting
on (X/\™)A\" by rotating each X\ separately. If we apply g and then the inverse of 7,
the composite matches the description of the map f of Proposition 3.26. Therefore,
floA, =Ap, s0

Apog=goAy=gof oAy =hoA,.

Therefore, A, is C,,—equivariant. m|
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Remark 3.28 This argument generalizes: the diagonal map A, commutes with any
automorphism of X ™" coming from a self-map of the C,,—set Cy, x C, that gives the
identity on the quotient set Cy,. In particular, Cy,, may be identified with C,, x Cy, as
Cp,—sets with quotient Cy, .

Our final corollary will be the key ingredient for showing that the cyclotomic structure
maps on the cyclic bar construction are compatible with each other.

Proposition 3.29 If X is an ordinary spectrum and m,n > 0 then the following square

commutes:
Acmn

X (DC”’" xAmn

lAcm lit

q)me/\m q)Cm (I)C" Y Amn

D™ (Ap)

Remark 3.30 It is reasonable to expect that A, coincides with the generalized HHR
diagonal
Ncmn/cn X ﬁ) q)cn Ncmn X

of [2, Proposition 2.19]. Of course the above proposition is true for A, as well.

4 Cyclic orthogonal spectra and the cyclic bar construction

Now we will integrate the modern technology from Section 3 into the classical theory
from Section 2. We prove a few more properties of cyclic and cocyclic orthogonal
spectra that concern the genuinely equivariant structure. Then we describe the con-
struction and properties of the cyclic bar construction in orthogonal spectra, expanding
on the treatment in [2].

4.1 Equivariant properties of cyclic and cocyclic spectra

Let X, be a cyclic orthogonal spectrum. Then sd, X, is an r—cyclic orthogonal
spectrum. At each simplicial level, (sd, X),—1 is an orthogonal spectrum with C,—
action generated by the n™ power of the cycle map t!,_1- This commutes with all
the face, degeneracy and cycle maps, making sd, X, an r—cyclic object in orthogonal

C,—spectra. So we may take the geometric fixed points on each level separately.

Proposition 4.1 If X, is a cyclic spectrum then ®C" sd, X, is naturally a cyclic
spectrum, and there is a natural S —equivariant isomorphism

|DC" sd, X.| = p}F @7 |X,|.
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Proof Since geometric fixed points is a functor, we know that ®Cr sd, X, is at
least an r—cyclic orthogonal spectrum. By Proposition 3.25, the n™ power of the
cycle map ¢/, _; acts trivially on the geometric fixed points. Therefore ®Cr sd, X, is
actually a cyclic spectrum, ie it factors in a canonical way through the quotient functor
P A, — A.

Using P, oCr sd, X, to denote oCr sd, X, as an r—cyclic spectrum, we have the
equivariant isomorphisms

(D" sd, X.| = pf| P, @7 sd, X,| 2= p* @7 |sd, X.| = pf ®C7 | X, ],

where the middle map is the canonical commutation of ®¢” with geometric real-
ization. These are obtained from the maps of Proposition 2.17 applied to the term
Fye, SOAX (V)Cr in the coequalizer system for ®C7 X . They pass to the coequalizer
because py, Pr, sd, and geometric realization all commute with colimits. O

We already know (Proposition 2.4) that the realization functor |X,| preserves weak
equivalences when X, is Reedy cofibrant. We will also need to know when | X,]| is
cofibrant.

Proposition 4.2 If X, is a cyclic spectrum, X_ is a cofibrant spectrum and each
cyclic latching map L;)°X — X, is a cofibration of C,1—-spectra, then | X,| is a
cofibrant S —spectrum.

Proof As in Proposition 2.10, we reduce to checking that the C,, 41 orbits of a pushout-
product of a Cp, 41 —cell of spectra and a free S!—cell of spaces is an S —cofibration,

[(Fy (Cat1/CrxDX) 1 — Fy (Cay1/Crx D¥)1)O(S' x0D" — S'x DY) 4]c, ..,
Here V is any finite-dimensional C,-representation. This simplifies to
[Fy (Cus1/Cr)t ACyiy STIA (ODFHE — DEFE)

It suffices to show the left-hand term is cofibrant as an S!—spectrum, but it is ob-
tained by applying the left Quillen functor —Ac, ., S _}_ to the C, 41 —cofibrant object
Fy(Cn+1/Cr)+, so it is cofibrant. a

Next, let X* be a cocyclic orthogonal spectrum. Then sd, X*® is an r—cocyclic
orthogonal spectrum, and, by the same argument as above, ®Cr sd, X* is naturally a
cocyclic orthogonal spectrum. As before, we get the string of equivariant maps

Tot(®C" sd, X*) = p*Tot(P, ®" sd, X*) « pF ®C Tot(sd, X*) = p} ®C Tot(X*).

The middle map is the canonical commutation of ®C with totalization, but as one
might expect, it is not an isomorphism.
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Proposition 4.3 There is a natural interchange map
dC Tot(Z*) — Tot(®C7 Z*)
for cosimplicial spectra with C, —actions.

Proof The interchange map is given canonically by universal properties, using the
shorthand diagram:

Tot®< [T @ ¢ Tk @
dCr Tot -
/Hk Vy o A7
Vy Tot Vy Tk t Vy Hk,e/
l_[k \/V,W

7

Vy.wTot ———  \Vyw [ 1

A diagram chase shows this is natural with respect to maps of cosimplicial spectra
VAR YA u
Corollary 4.4 If X* is a cocyclic spectrum then ®C” sd, X* is naturally a cocyclic

spectrum, and there is a natural S' —equivariant map

pF O Tot(X *) — Tot(®C" sd, X*°).
4.2 The cyclic bar construction

Let R be an orthogonal ring spectrum. The cyclic bar construction on R is the cyclic
spectrum N,”“R with

N’:ch — R/\(I’l+1) — R/\n /\B

We underline the last copy of R since in the simplicial structure it plays a special role.
The action of A is best visualized by taking the category [n] and labeling the arrows
with copies of R:
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Each map [k] — [n] induces a map R N*+D — RAGKF1) 44 follows. Each arrow
i —i+1 in [k] is sent to some composition j —---— j 4+£ in [n], which corresponds
to £ copies of R in RN+ We send this smash product RM to the copy of R in
slot i of RAK+D) using the multiplication on R. When £ = 0, we interpret this as
the unit map S — R.

More generally, if C is a category enriched in orthogonal spectra, the cyclic nerve on
C is defined as

N°C = Veq.....eneobc C (co, €1) AC(c1,¢2) A+ AC(cn=1,¢n) A C(cn, o).

One may think of these objects loosely as “functors” from [k] into C, where ordi-
nary products have been substituted by smash products, and this suggests the correct
face, degeneracy and cycle maps. In particular, as indicated below, the 0™ face
map do: N,°C — Nr:’y_ClC switches the first term C(cg, c1) past the others and
composes it into C(cy,co). The extra degeneracy map s,11: N, C — NX°\C
inserts a unit S — C (¢, co) into the underlined factor in the smash product. The cycle
map t,: Ny°C — N,”°C rotates the factors towards the right:

do: C(co,c1)ANC(c1,ca) A+ ANC(cp,co) = Clcr,ca) A---AC(cp,c1),
sn+1: - AC(cn—1,cn) NC(Cn, c0) NS =+ AC(cn—1,¢n) AC (cn, co) NC (co, o),
th: C(co,c1)A---ANC(cn—1,cn) ANC(cy,co)
— C(cy,co) ANC(co,ct)) N+ ANC(cp—1,¢n).
If C has a single object, we recover the definition of N“¥*R we gave above.

Definition 4.5 The topological Hochschild homology of C is the geometric realization
of the cyclic nerve
THH(C) := |NJ°C|.

The cyclic bar construction of orthogonal spectra is remarkable because its geometric
fixed points are isomorphic to the original spectrum.

Theorem 4.6 If C is a spectral category then there are natural maps of S —spectra,
forr >0,
yr: THH(C) — p* @S THH(C).

They are compatible in the following sense: if T = THH(C)) then the square

T Ymn p,‘;nQDCm”T
lym lit
* 5C Pin @ Vi * 5Cm * HC
om - T P @ 0, @1 T
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strictly commutes. Furthermore, if every C (c;, ¢;) is a cofibrant orthogonal spectrum,
then every y, is an isomorphism.

Remark 4.7 This extends one of the main results of [2] from ring spectra to spectral
categories. This turns out to not be so difficult. However the treatment in [2] does not
prove the above compatibility square, which seems to be harder. Our rigidity theorem
allows us to check the compatibility easily.

Proof In essence, we need to understand the geometric fixed points of THH(C'). We
start with the isomorphism of S!—spectra from Proposition 4.1:

|BC" sd, NYC| =5 pFdCr|NSC|.

It thus suffices to understand the geometric fixed points of the subdivision sd, NJ*°C .
This is an r—cyclic spectrum. At simplicial level n — 1 it is a wedge of smash products

\/CO,---acrn—l €ob C C (CO’ Cl) N NC (Crn—l ) CO)

and the C,—action is by 7', _,, which rotates this rn—fold smash product by n slots.

In particular, the generator & € C, sends the summand A indexed by co, ..., Crn—1 to
the summand «(A4) indexed by

Cr—Dns-+->Crn—1,€0,-- -, C(r—1)n—1
by a homeomorphism. The summands A4 and a(A) coincide precisely when the list
co,...,Crp—1 repeats with period n:
CO7C17 .. 'acn—l’c()’C]a .. 'acn—l’COaC19- .. »Cn—l-

If this is not the case, then the C, —closure A of A does not have any levelwise C, —fixed
points: A(V)€ = %. This is because any fixed point would have in its C,—orbit a
point x € A, but then x must be in the intersection 4 N (A) = *.

It is therefore a good idea to write ¥ = sd, N;y_cl C as the wedge of two spectra X vV X',
where X is the wedge of those summands A such that A = «(A), and X’ contains
the remaining summands. Since the levelwise fixed point functor (—)(V)¢" pre-
serves wedge sums, we immediately conclude that the inclusion X — Y induces a
homeomorphism on each level X(V)¢" = Y (V')€" . Recalling the definition of ®¢”
(Definition 3.11), we conclude that the inclusion also induces an isomorphism on the
geometric fixed points ®¢r X =~ ®CrY .

In conclusion, the geometric fixed points of the subdivision can be rewritten as
C e ~ o aC
O sd, N, C = @ (Vgo.....cny (C (o, c1) A++- AC (cp—1,¢0))"")

= \/CO,...,Cn—l Cr (C(co,ct) A+ ANC(cp-1, CO))Ar-
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It remains to compare this last term to N,**,C using Hill-Hopkins—Ravenel norm
diagonal

C(coc1) A+ AC (a1, co) —=> BCT(C(co, 1) A+ A Clen1.c0)) .

We want to show that these diagonal maps for each n > 1 assemble into a map of
cyclic spectra
N&eC 25 @Cr sd, N¥°C

(see [2, Definition 4.6]). It easily commutes with most of the face and degeneracy maps
because the diagonal is natural. One runs into issues with dy and #,,—1, but these are
fixed by the argument we used in Proposition 3.27. In brief, the r—fold smash (do)""
of dy from the cyclic structure is not the same map as dy in the r—cyclic structure,
but they differ by the map

fi(Cleo.cr) A++-AC(cn-1,¢0)"" = (C(co.c1) A=A Cen—1,c0))"

that takes the factors C (¢,—1, co) and cycles them while leaving all the other terms
fixed. It suffices to show that f commutes with A, but we did that in Proposition 3.26.
A similar argument works for #,,,—1.

This proves that the Hill-Hopkins—Ravenel diagonal gives a map of cyclic spectra. We
define y, to be its geometric realization, combined with the S!—equivariant isomor-
phism of Proposition 4.1:

INoeC| A |06 sd, NYC| 25 pF 0 [NSC).

When all the C(c;i,cij+1) are cofibrant, y, is a realization of isomorphisms at each
level, so y; is an isomorphism.

Now we check compatibility. The compatibility square may be expanded and subdi-
vided:

Amn PCmn Dmn

INJC| ®Cmn|sd,,, NYC| ~ OCmn |NJC |

K i :

C cyc C,, ~C cyc dCmOCn D,y C, ~C cyc
®Crn|sd,, NO°C| ®Cm &Cn|sdyyn NE°C| o OCm GCn| NYC|

PCm dCn|NYC |

glcpcm Dy, zlqﬂm ®Cn D,y

SCm A ®Cm dCn p
PCn|NYC| —— ®Cm dCn|sd, NJ°C| —

The top-right square commutes by naturality of the iterated fixed points map, and the
bottom-right commutes by Proposition 2.17. The left-hand rectangle is subtle, so we

Algebraic & Geometric Topology, Volume 17 (2017)



Cyclotomic structure in the topological Hochschild homology of DX 2339

expand and subdivide it once more:

Amn

INJC| ®Cmn|sd,, sd, N*°C|

lAm J

C cye M sdm An C eye ) It £ Cp o C cye
OCm |sd,y NEC| O [sd,y D sy NOC| 25 SCm &€ |5y sy NEC|
El‘:DCmDm

zlcpcm D zlcpcm oCn Dy,
O |NJC| OCm dCn|sd, NJ°C| =—= ®m ®n|sd, NJ°C|

oCm A,

2

The bottom-left square inside commutes by naturality of D,,. The interchange map “int
is the obvious identification of the two cyclic spectra, which at simplicial level k£ — 1
are both given by ®Cm @Cn N;y’f x—1 C - The lower-right square then easily commutes,
and the remaining rectangle commutes by Proposition 3.29. a

In order to do homotopy theory, we need to know which maps C — D are sent to
weak equivalences THH(C) — THH(D), and we need conditions guaranteeing that
THH(C) will be cofibrant. By our work above, this reduces to a calculation of the
latching maps and cyclic latching maps. Let .S denote the initial spectrally enriched
category on the objects of C:

S, ci=g¢j,

. Ci FECj.

The latching maps of the cyclic bar construction can be described concisely in terms of
the canonical functor S — C.

S(ci,cj)= .

Proposition 4.8 For every n > 0 the latching map L, N%°C — N,"°C is the wedge
of pushout-products
Veo...eneob € (S (co, c1) = C(co,c1)) O--- O (S (cn—1,cn) = C(cn—1,¢n))

O (x — C(cn,co))

cyc

and the cyclic latching map Ly, NJ**C — N, °C is the wedge of pushout-products
Veon.omeneab € (S (o, c1) = C(co, 1)) O-+- O (S (cn, co) = C(cn, o).

Proof One proves by induction that the pushout-product of n + 1 different maps
fo: Ao — Xo, ..., fu: Ay — X, comes from a cube-shaped diagram indexed by the
subsets S C {0,...,n} and inclusions. Each § is assigned to the smash product of
those A; for i € .S and X; for i € S. The pushout-product fo [I---[0 f; is then the
map that includes into the final vertex the colimit of the remaining vertices.
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Therefore it suffices to identify the cube for the pushout-product with the cube from
Proposition 2.7 for the n'™ cyclic latching object L. Each cube sends S € {0, ...,n}
to a smash product in which the smash summand for (¢;j—1,¢;) is C(ci—1,¢;) ifi € S
and S (¢j—1,¢;) if i €S. In the pushout-product cube, the map induced by the inclusion
S C T is a smash product of S (¢;—1,c¢;) — C(cj—1,c;) foreach i € T — S, together
with the identity map on S (cj—1,c¢;) for i € T and C(cj—1,c;) for i € S. But this
is the same as the map in the cyclic latching cube, because the rounding down map
T — S preserves every arrow which ends in S and squashes the rest, so in the cyclic
structure this induces a map that includes the unit for every arrow not ending in S and
preserves the rest. Therefore the two cubes coincide. Restricting attention to subsets S
containing 0 gives the cube for the simplicial latching object, giving a pushout-product
in which the last factor is always C (cp, co). a

Remark 4.9 We have claimed that the 0" cyclic latching map is the wedge of unit
maps ¢: S(c,c) — C(c,c). In general, this is not quite correct—it is actually the
wedge of inclusions of the images of these unit maps. However the inclusion of the
image of ¢ is still a pushout of ¢, so it does not matter which one we use in the latching
square from Proposition 2.8.

The previous proposition suggests that we need a very weak cofibrancy assumption
on C to guarantee that THH(C) is well behaved.

Definition 4.10 C is cofibrant if every map S (¢;,c¢j) — C(c;, ¢;) is a cofibration of
orthogonal spectra. Equivalently, every C(c;,c;) is a cofibrant orthogonal spectrum.

Proposition 4.11 If C is cofibrant then |[N,”°C| is a cofibrant S —spectrum. More-
over the inclusion of each cyclic skeleton into the next is a cofibration of S —spectra.

Proof By Proposition 4.2, it suffices to show that the cyclic latching map from
Proposition 4.8

Veo,.en_ieobc (8 (co.c1) = C(co.c1)) OO (S (cp—1.c0) = C(cn—1, o))

is a C,, —cofibration of spectra. We restrict to one wedge summand at a time and consider
its C, —orbit. If there is no periodicity in the objects co, ..., cn—1 then the orbit is of
the form (Cp)+ smashed with a pushout-product of cofibrations, so it is automatically
a C,—cofibration. When there is r—fold periodicity, the problem instead reduces to
showing that an r—fold pushout-product of a single cofibration f of orthogonal spectra
becomes a C,—cofibration f7. Since [I preserves retracts, it suffices to show that if
£ is a cell complex of orthogonal spectra then 57 is a cell complex of orthogonal
C —spectra.
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In fact, it is a cell complex of orthogonal X,—spectra. The argument for this is
tedious but very formal. It holds because the categories of orthogonal G —spectra with
varying G satisfy the following assumptions: the domains of our G —cells are small
with respect to relative cell complexes; A commutes with colimits in each variable;
a pushout-product of an H —cell with a K —cell is a coproduct of H x K —cells; the
operation G Ag — takes H —cells to G —cells; restriction of group actions takes G —cells
to H —cell complexes; and the n—fold pushout-product of a single cell is a 3, —cell
complex. This last assumption can be observed for orthogonal spectra by combining
the space-level argument (eg [25, 3.4]) with the fact that an n—fold smash power of a
free spectrum Fgm A is isomorphic to Fgngm AN as a ¥, —spectrum. a

Proposition 4.12 If C and D are cofibrant, and C — D is a pointwise weak equiva-
lence which is the identity on objects, then it induces an F —equivalence of S —spectra
INJC| — |NJ°D| (see Definition 3.8).

Proof It is easy to check that N,*°C — NJ”°D is a levelwise stable equivalence. By
Proposition 4.8, both simplicial spectra are Reedy cofibrant, so the map of realizations is
an equivalence of nonequivariant spectra. By Proposition 4.11, both of these realizations
are cofibrant S!-spectra, and by Theorem 4.6 each one is naturally equivalent its own
geometric fixed points. It follows that the map of left-derived geometric fixed points

OCr |NYC| — dC [N D|

is an equivalence for all n > 1. By Proposition 3.14, the map |N,*°C| — |NJ** D] is
therefore an F—equivalence. |

5 Tensors and duals of cyclotomic spectra

In this final section, we discuss how to tensor and dualize cyclotomic structures, and
use this to prove Theorem 1.1.

5.1 A general framework for dualizing cyclotomic structures

Recall that a cyclotomic spectrum is an orthogonal S!—spectrum 7" with compatible
maps of S!—spectra, forall n > 1,

Cn: ,o:;QDC”T -T

for which the composite map

(6) pEDCn (cT) > pf @ T - T
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is an F—equivalence of S!—spectra (Definition 3.8). Here ¢ refers to cofibrant replace-
ment in the stable model structure on orthogonal S!—spectra; see Proposition 3.6. To
be more specific about the compatibility, we require that for all m, n > 1 the square

Pn®Cm X " x

rt -

Py @Cm o @ X P @Cn X

om PCm Cn

commutes. The left vertical is the canonical iterated fixed points map described in [8,
Proposition 2.4], and it is an isomorphism when X is cofibrant as an S !-spectrum.

A precyclotomic spectrum has all the same structure except that the map (6) need not
be an equivalence. An op-precyclotomic spectrum has the above structure, but every
map has the opposite direction, except for the iterated fixed points map.

In contrast to this, we give a more restrictive definition:

Definition 5.1 A tight cyclotomic spectrum is a cofibrant S —spectrum with isomor-
phisms y,: T => Pn ®Cn T of S'—spectra for all n > 0 compatible in the following
way:

T g @CT

Elym glit
k

mcbcm"
P @O L= T e 9Cnpr pCnT

12

Here “cofibrant” means in the stable model structure of Proposition 3.6. This implies
that the geometric fixed points compute the left-derived geometric fixed points, ie the
first map of (6) is always an equivalence. So a tight cyclotomic spectrum may be
regarded as a cyclotomic spectrum by taking ¢, =y, 1 and forgetting that it is an
isomorphism. We can summarize most of the previous section in a single theorem:

Theorem 5.2 If R is an orthogonal ring spectrum which is cofibrant as an orthogonal
spectrum, then THH(R) is a tight cyclotomic spectrum. If C is a cofibrant spectral
category, then THH(C) is a tight cyclotomic spectrum.

The point of these definitions is to dualize cyclotomic structures. Our first result is:

Proposition 5.3 If T is a tight cyclotomic spectrum and T’ is precyclotomic then the
function spectrum F (T, T’) has a natural precyclotomic structure.
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Corollary 5.4 If T is a tight cyclotomic spectrum then the functional dual DT =
F(T,S) is precyclotomic.
Proof We define the structure map ¢, as the composite
pr0Cr F(T, T') 25 F(pr @S T, proCry E0) (1, 77),
where « is the “restriction” map adjoint to
* 5Cr ’ * 5Cr o *x5Cr / * 5 Cr o/
pr @ F(T.,TYNp, @' T — p, @~ (F(T,T")ANT) = p;®~"T

and « is the usual commutation of ®¢” with smash products. By the usual rules for
equivariant adjunctions, ¢, is automatically S'-equivariant. We verify that these maps
are compatible. Clearly they are natural in 7" and 7", so in the diagram

_ * Cmn T L * q)cmn T
* Cmn ’ o ,Omnq) s ) F(id,it) <Iomn ) )
pmnq) F(Ty T ) 7 F( p;kanCmn T/ F Io;knq)cm p;;q)cn T/
F(it,id) | =

it

p;‘; ®Cn T, ) & F(p; HCm ,O,T HCn T, )

oCmy
P:n PCm P; P F(T.T") —— p;kn PCm F( o* dCn T o* HCm o OCn T
n m n
F(@Cmy,,@Cm C”)J/ F(®cy, Y. @M cp)

P ®Cm F(T, T") —2— F(p% ®CmT, p* &CmT)

F(ym,cm)

F(T,T')

the small square automatically commutes. The left-most and right-most paths compose
to give the two maps we are trying to compare. So, we just need to show that the big
rectangle at the top commutes. It is adjoint to:

ok, ®Cmn F(T, T") o
ApF,, ®Cmn T

lit/\it it it

p* d)C’"p*d)C" F(T’ T/) woa c c c c
" Ap;k:q)cmp;q,ch —— P @ o @ (F(T, T") AT) — pyp @Cm pir @C T

o, ®Cmn (F(T, T") AT) —— p, ®Cmn T’

The right square is by naturality of the iterated fixed points map, and the left square is

by Proposition 3.24. a
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We have chosen to state these results for tight cyclotomic spectra, because then every
object we work with has precyclotomic structure, as opposed to a mix of objects with
precyclotomic and op-precyclotomic structure. If we freely allow ourselves to use
both structures then the we get the following more general conclusion. It tells us that
we have something close to, but not quite, a closed symmetric monoidal category of
spectra with these structures.

Proposition 5.5 If X and Y are op-precyclotomic spectra and Z is a precyclotomic
spectrum then X AY is op-precyclotomic, F(Y, Z) is precyclotomic and the adjunction

F(X AY,Z) =~ F(X,F(Y, Z))

respects the precyclotomic structure.

Proof The above proof generalizes to show that F(Y, Z) is precyclotomic, since we
only used the maps y, for Y and ¢, for Z. For X A'Y we define the op-cyclotomic
structure by

X AY L2 pCnx A @Cry 55 @Cr(X A Y),

where the p;; are suppressed. By an easy diagram chase, the compatibility reduces
again to Proposition 3.24. When we check that the adjunction preserves the cyclotomic
structures, we reduce to the claim that the interchange map o has an associativity
property. This can be proven from the definitions with a little bit of work, but it also
follows effortlessly from the rigidity theorem. |

This analysis does not quite apply to the categories of precyclotomic or cyclotomic
spectra, because we get zigzags when we try to define a cyclotomic structure on their
tensor product. However this problem goes away if we restrict attention to cofibrant
objects, so we can draw a conclusion about the homotopy category:

Proposition 5.6 The homotopy categories of precyclotomic spectra and of cyclotomic
spectra from [8] have a tensor triangulated structure.

Proof For simplicity we suppress p,. If X and Y are cofibrant (pre)cyclotomic
spectra, we make X A Y into a (pre)cyclotomic spectrum using the structure maps

cn/A\en

PC(X AY) +—— DX ADCnY = X A Y.

The relevant compatibility square is:
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@Crmn (XAY) <+ ®Cmn X APCmny Cmn/N\Cmn YAY
oCm Cn/\cpc’” cn
it ®Cm @Cn X AOCm &Cry OCm X ADCmy
s |2
¢Cm n n
P (XAY) % @ (@6 X ADCHY) Conc) ., gCn(x aY)

Again Proposition 3.24 gives us the left-hand rectangle, the top-right square is the smash
product of the compatibility squares for X and Y, and the bottom-right commutes by
naturality of «. It is straightforward to check that this smash product preserves colimits
and cofibers of (pre)cyclotomic spectra, so this gives the desired tensor triangulated
structure on the homotopy category. a

Remark 5.7 The analogue of this theorem for p—precyclotomic spectra and p—
cyclotomic spectra is also true, and it is much easier.

Returning to the precyclotomic structure on F (7, T’), our main example of interest
will be when T = |[NY°C| is the cyclic nerve of a ring or category. We have just
proven that F(|[NC|, T’) is a precyclotomic spectrum. It is also the totalization of
the cocyclic S!'—spectrum

k— F(NJ°C.T).

To be precise, the S! is acting only on the 7", and A is acting by the dual of the A°P
action on N lsyCC . This puts two commuting S!—actions on the totalization, but we
restrict attention to the diagonal S!-action, because this is the action that agrees with
the precyclotomic structure we just defined.

In order to compare this to the cocyclic spectrum XX *+1 we will need to describe
our cyclotomic structure maps using only the cocyclic structure on F(|[N°C|, T’):
Proposition 5.8 The cyclotomic structure map on Tot(Y*) = F(|N¥°C|, T") is equal
to the composite of S —equivariant maps
p* S Tot(F(N&C, T')) 22 p* CDC’Tot(F(sdr N&CC, T)
— p*Tot(®C" F(sd, NO°C, T')) %5 pXTot(F (P, ®¢" sd, NY°C, ®C T"))
=, Tot(F(®C sd, N¥C, pr@dCrT"y) L Tt F(NSeC, T'),

where the undecorated map is the interchange of Proposition 4.3.
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Proof We compare to the structure map we defined above:

=~

pr®Cr F(INSC|, T") pF®Cr Tot(F(NSC, T)

J/a Dr Dr

p*q)C,-|N.C}’Cc|’ cyc = cyc
F( R ) pr®Cr F([sd, NO°C|, T') —=— p* ®Cr Tot(F (sd, N&°C, T'))
r

D,

a

(p;‘CDC’ Isd, NJ*C], )

F 0} Tot(®Cr F(sd, N°C,T'))

pr@Cr T
o~ o
p¥| P @€ sd, NYC|,\ = P, ®Cr sd, NJ°C,
F( r/o;‘GDCrT/)_”’:TOt<F< ' "ecr))

~ >~

F( |®C7 sd, NJ¥°C|,

®Crsd, NOC,
e )

) } TOt(F ( prdCr T

F(Aer) F(Acr)

F(IN&C|, T)) ——=— Tot(F(N&°C, dC€r 7))

Most of these squares commute easily. The nontrivial one in the middle can be simplified
to the following: if X, is a simplicial C,—spectrum and 7" is a C,—spectrum then the
middle rectangle of

Fyrer S® AMapS™ (1X. |, sh?' T)

|

OCr F(|X.|.T) —— ®CrTot(F(X., T))

|a |

F(®C|X,], ¢ T) Tot(®C" F(X., T))

= |a

F(|®Cr X, |, ®C" T) —= Tot(F(®C" X,, € T))

!

F(Fye, SO AN A X (V)Cr, @6 T)
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commutes. Here sh” T is shorthand for the mapping spectrum F(Fy S, T'), which
is used in the standard formula for level W of a mapping spectrum

F(|X.|, T)(W) = F(|X.],sh" T)(0) = Map, (| X.|,sh" T).

Now, it suffices to show that the composites from the top to the bottom of our rectangle
are identical for any C,-representations V' and W and any integer k > 0. For the
left-hand branch it is easy to check this is adjoint to the composite:

Fyer SO AN A X (VS A Fyye, S° AMapy” (| X, |, sh T)
linc]ude into €7
OC (A A X)) ADCTF (X, T)
linclude into | Xe|
PCr | X | AP F(1X.], T)
|e
O (|Xu| A F(IX.], T))
lq;Cr (ev)
oCrT
A careful trace through the diagram in Proposition 4.3 shows that the right-hand branch
is the composite
Fyrcr S° AMapS” (|1 Xa |, sh? T) 2 e, SO AMapST (A% A Xp,sh” T)
asembly, 7 (AR, Fyper S AMapS (Xg, sh” T)) 2, p(Ak | @€ F(Xg. T))
&, PN, F(@C Xi, 6 T)) 22 F(AX | F(Fyer SO A X (V)Cr, @6 T)).
The adjoint of this map does indeed agree with the first, by a very long diagram

chase. The essential ingredients are functoriality of ®C7, naturality of « and ev, and
associativity of «. a

Now we know that F (T, T’) has a precyclotomic structure. This won’t be very useful
unless we can make cofibrant and fibrant replacements of 7" and 7”, respectively, while
preserving that structure. For this task, we use the model structure on cyclotomic and
precyclotomic spectra defined in [8]. It has following attractive property:

Lemma 5.9 If T is cofibrant or fibrant in the model* category on (pre)cyclotomic
spectra, then it is also cofibrant or fibrant, respectively, as an orthogonal S —spectrum
in the F—model structure.
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Proof The fibrant part is true by definition. For the cofibrant part it suffices to check
that the monad

CX = Vpz1pf 0 X

preserves cofibrant objects in the F—model structure. This is true because wedge sums,
geometric fixed points and change of groups all preserve cofibrations. a

In light of this fact, we can replace T’ with a fibrant cyclotomic spectrum f' 7", resulting
in the precyclotomic spectrum F(7T, fT'), whose underlying S!—spectrum has the
homotopy type of the derived mapping spectrum from 7 to 7’ (ie the first input is
cofibrant and the second input is fibrant). Specializing to 7’ =S gives a precyclotomic
structure on the dual F(T, fS).

Remark 5.10 If 7T is finite as a genuine S! spectrum, then F(T, f'S) is actually
cyclotomic, not just precyclotomic. In general, however, this is not true. One can check
that 7 = ZPRP> gives a counterexample. In the next section we will consider an
example where T is infinite, but F (T, fS) is still cyclotomic, mainly for reasons of
connectivity.

5.2 The equivariant duality between THH(DX) and X°LX

Let X be a finite based CW complex and let DX = F(X4,S) denote its Spanier—
Whitehead dual. Though S is not fibrant, X is compact, so DX has the correct
homotopy type. It is also finite, of course, but it is no longer compact, and this slightly
complicates our proof below.

DX is a commutative ring with multiplication given by the dual of the diagonal map
of X . Likewise, the spectrum DX = F(X, S) has a commutative multiplication given
by the dual of the smash diagonal X — X A X. It does not have a unit, but we can
make SV DX into a ring spectrum by having S act as the unit. The levelwise fiber
sequence of spectra

F(X,S)—> F(X4+,S)—S
preserves the multiplications, and this allows us to form an equivalence of ring spectra
SvDX = DX.
Let ¢ DX denote cofibrant replacement of DX as a unitless ring, so that

¢DX :=SveDX ->SvDX
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is a particularly nice cofibrant replacement of ring spectra. We’ll take as our example
of a tight cyclotomic spectrum

T = THH(c DX).

We recall that this cofibrant replacement ensures that THH(c D(—)) is homotopy
invariant (Proposition 4.12). Our starting point is the following consequence of
Proposition 2.22. In its statement, we assume implicitly that cofibrant replacements are
taken before each application of D or THH.

Theorem 5.11 [20; 13] When X is a finite simply connected CW complex, there is
an equivalence of spectra with an S —action
D(THH(DX)) ~ THH(XYQX) ~ ZPLX
in which LX = Map(S!, X) is the free loop space.
Remark 5.12 If M is a manifold then DM ~ M ~™ is a Thom spectrum. But the

analysis of [7] does not apply, because the multiplication on M ~™ does not arise
from the normal bundle M — BO being a loop map.

We will spend the rest of this section proving a more highly structured version of that
result:

Theorem 5.13 Let 'S be a fibrant replacement of S as a cyclotomic spectrum. Then
for every unbased space X there is a natural map of precyclotomic spectra

YPLX — F(THH(cDX), fS).
The left-hand side is always cyclotomic. When X is a finite simply connected CW

complex, the right-hand side is cyclotomic and the map is an F —equivalence.

Corollary 5.14 When X is a finite simply connected CW complex, the equivalence
between THH(XS°2X) and the functional dual of THH(DX) is an equivalence of
cyclotomic spectra.

Proof We will describe explicitly the map of Theorem 5.11 and check that it respects
the precyclotomic structures. Then we will use connectivity arguments to argue that
these precyclotomic spectra are actually cyclotomic when X is finite.

As above, let Y'* denote the cocyclic S!—spectrum

YK = F(NJcDX, fS) = F((cDX)"**D | 1§).
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The totalization of Y* is isomorphic to F(|[N®°cDX|, f'S), and Proposition 5.8 gives
us a recipe for the precyclotomic structure. Furthermore, Y * is the dual of a Reedy
cofibrant simplicial spectrum, and is therefore Reedy fibrant.

We will construct a map XL X — Tot(Y *) by going through an intermediary Tot(Z*).
Let Z* be the cocyclic spectrum %9° Map(S!, X), so that

Z* = 2% Map(A ([£], [0]), X) = = x**!

with A action given by applying X to the usual A°? action on the A(—,[0]) term.
The interchange of Proposition 2.22 gives a map of spectra

SPLX — Tot(Z*).

Next we construct a map of cocyclic spectra Z* — Y *. The evaluation map composed
with the product in S and fibrant replacement

(=P X)NEFDA(DX)NEFD 5 (20 X)NEFDA (DX)NEFD 5 (s)7EHD s S
is adjoint to a map
zk = 3o x k1 F((eDX)NEFD | £S) = vk

Of course, this map is actually an equivalence when X is finite. The map clearly
commutes with the S!-action on each level coming from fS. We check that it
commutes with the cocyclic structure: for each y € A([k], [¢]) we have the square

Map(A[0]g. X) = Xk*t1 — F((cDX)M<F1, £S)
| |
Map(A[0]g, X) = Xt — F((cDX)MHL, £S)

which commutes if this one commutes:

id
XK1 A (eDX)EH! IRAALING 2N A(cDX)tH1

o

D CARINI)) ¢ st I—

Both branches have the same description: y gives a map from a necklace with k + 1
beads and every segment labeled by X to a necklace with £ + 1 beads and every
segment labeled by DX . Each copy of X is sent by y to a string of a copies of DX ;
we apply the diagonal to X A, (]_[a X ) o and pair with those a copies of DX .
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Therefore we have a map of cocyclic S!—spectra Z* — Y'*, with S acting trivially on
each cosimplicial level of Z*. Composing with the interchange map of Proposition 2.22
gives an S!—equivariant map

(7 YPLX — Tot(Z*) — Tot(Y*).
When X is finite, this is the equivalence of Theorem 5.11. In fact, when X is finite
the map Z°* — Y * is an equivalence on each cosimplicial level, and we may therefore

consider Y * to be a Reedy fibrant replacement of Z°, so (7) is also a model for the
derived interchange map of Proposition 2.22.

Our next task is to check that the map (7) respects the precyclotomic structures on the
two ends. The recipe in Proposition 5.8 actually defines a precyclotomic structure on
Tot(Z*) as well, so our problem breaks up into two steps:

PCrTRLY —=— prdCTot(Z*) ——— pFdCrTot(Y®)
~ | D, ~| Dy

pF®Cr Tot(sd, Z*) — p} dC Tot(sd, Y*)

)] =
P} Tot(®C sd, Z*) —— p*Tot(PC" sd, Y*)
=|A F(A,cr)oa
SPLX ——=—— Tot(Z°) Tot(Y*)

We start with the left-hand rectangle of (8), where everything is a suspension spectrum
and so all maps are completely determined by what they do at spectrum level 0. The
horizontal homeomorphisms may be computed by observing that A[0]; = A ([k], [0])
has k+1 points fy, ..., fi, where f;: Z — 7 sends O through i —1 to 0 and i through
k to 1 (orif i =0 it sends O through k to 0). Using our choice of homeomorphism
|A[0]] = R/Z from Section 2, the k—simplex given by f; maps down to the circle
R/Z by the formula

(to,....t)) = (ti -+ 1) ~ (1= (to +--- +1i-1)).

Negating the circle and reparametrizing A* c R¥ as points (x1,...,xy) for which
0<x;<x2 <:--<Xxp <1 according to the rule x; =19 +---+1;—1, we arrive at the
simple rule

(fix1,....,x) > xi, x0:=0.

So now the map LX — Tot(X*+1!) can be expressed by the formula
Ak_l XLX — ka (7'1, <o Thk—15 V) = (V(O)’ V(’”l), cees V(rk—l))’
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as in [14]. Under this change of coordinates, both branches give

1 1 1 1
)/(—)—>(r1,...,rk_l)l—>(y(O),y(;rO,y(;rz),...,y(;rk_l),y(O),y(7r1),...)
and so the square commutes.

Returning to (8), the top and middle squares of the right-hand row automatically
commute by the naturality of the cosimplicial diagonal and the interchange map with
geometric fixed points. The final square is then:

Tot(®Cr sd, Z*) —— p} Tot(®C" sd, Y*)

ETA lF(A,c,-)O&

Tot(Z*) ———— Tot(Y'*)
The map A is the cocyclic map
dCrzexTk = nexk

given by the Hill-Hopkins—Ravenel diagonal; this is almost tautologically cosimplicial.
The map F(A, cy)oa is also cocyclic, so to check that this square commutes it suffices
to check level k — 1. This boils down to this rectangle:

PCrERX R A QCr (cDX)NF Ly @CH (2R X K A (e DX)NF) —— dCrS

TA/\A / lg

P XK A (eDX)"E S

The top triangle commutes because the norm diagonal commutes with smash products.
The trapezoid commutes because the inverse of the right-hand isomorphism is the norm
diagonal on S (in fact there is only one isomorphism S — S), and the norm diagonal
is natural. This finishes the proof that ¥3°L X — Tot(Y *) is a map of precyclotomic
spectra.

For the second phase of the proof, we assume that X is finite and 1—connected, and
we check that Tot(Y*) is actually cyclotomic; in other words, the map

O Tot(Y*) — Tot(Y*)

is nonequivariantly an equivalence when ®¢ is left-derived. For simplicity, we
may forget the S!—actions and remember only the cosimplicial C,—action on sd, Y'*,
making it a cosimplicial C,—spectrum. Then our structure maps respect the restriction
to the k—skeleton for each k > 0:
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OCrcF(|sd, N eDX|, fS) —— ®C ¢ F(|Skg sdr NJcDX|, fS)
|z |2
(9)  F(®%|sd, NJcDX|, ®Cr fS) —— F(®C"|Sky sd, NJcDX|, ¢ f£S)
lF(A,cr) lF(A,cr)
F(INYe¢DX|, fS) F(ISkgN>°eDX]|, fS)

We first argue that the right vertical composite is an equivalence for each value of k.
The skeleta |Skg N ‘cDX| and |Sky sd, No°“cDX]| all have the homotopy type of
a finite spectrum, so by [22, III.1.9] the interchange map « is an equivalence. Of
course, the diagonal isomorphism A from the proof of Theorem 4.6 is an isomorphism
of simplicial objects, so it also gives an isomorphism of skeleta. This is enough to
conclude that the map F(A, ¢;) on the right-hand column is an equivalence.

Thus we get two equivalent towers of spectra underneath ®€r cF(|sd, NS¢ DX|, fS)
and F(INJ cDX]|, fS), giving an equivalence of homotopy inverse limits:

®CrcF(|sd, NeDX|, fS) — holimg ®C7 ¢ F(|Skg sd, NJ*°cDX|, fS)
F(INJeDX|, fS) ———— holimy F(|SkxN*“ecDX|, fS)

To finish proving that the left vertical map is an equivalence, it remains to show that
on the top, the derived geometric fixed points ®Cr (c—) commute with the homotopy
inverse limit. This will require us to look more closely at the homotopy fibers of the
maps in the homotopy limit system.

Although sd, NJ*¢DX and NJ**¢DX”" are not isomorphic as simplicial objects,
they have the same degeneracy maps and therefore have isomorphic latching maps.
The cofiber of this latching map

(S = (¢DX)")P* O (x > (¢cDX)™)

is the smash product of k copies of the C,—equivariant cofiber of S — (¢DX)”" and
one copy of (¢cDX)”". The C,—equivariant dual of this is a smash product of k copies
of ¥*°X" and one copy of ¥ X".

To evaluate the homotopy fiber of the map of our homotopy limit system
F(|Skg sd NcDX|, fS) — F(|Skg—1sd, NYcDX|, fS),

we observe that it is the dual of the cofiber of the inclusion of skeleta. By the usual
latching square, this cofiber is the k—fold suspension of the cofiber of the latching map.
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Therefore our desired homotopy fiber is equivalent as a C, —spectrum to
k k
QY ECX M A XL

Since X is 1—connected, we can arrange so that its lowest nonbasepoint cell is in
dimension 2. This leads to a C,—equivariant cell structure on X” in which the lowest
nonbasepoint cell is in the diagonal, and is also dimension 2, so (X")" A X ! has
lowest nonbasepoint cell in dimension 2k. By induction on these cells, the genuine
fixed points

(kaEOO(Xr)/\k A X_r}_)H

are at least (k—1)—connected, for each subgroup H < C,. Since genuine fixed points
commute with homotopy limits, we conclude that the fiber of the map from the homotopy
limit to the k" term in the homotopy limit system

F(|sdy NcDX|, fS) — F(|Skg sd NY°cDX|, f'S)
has k—connected genuine fixed points for all H < C,.

The derived geometric fixed points of this fiber are also k—connected. To see this, we
use an equivalent definition for the derived geometric fixed points of E, as the genuine
fixed points of EP AE for a certain complex EP [17,B.10.1]. Our claim then follows
by induction on the cells of EP, using the identifications

(f(Z"G/Hy NE)C ~S"F(G/Hy, fE)® ~S"(fE)!.

In fact, this proves that for any finite G, a G—-spectrum E with k—connected genuine
fixed points (fE)H for all H < G will also have k—connected geometric fixed points
®HCE forall H<G.

Finally, since derived geometric fixed points commute with fiber sequences, we conclude
that the map of derived geometric fixed points

®C e F(|sd, NYcDX]|, fS) — ®C ¢ F(|Skg sd, N¥eDX|, £S)
is (k+1)—connected. Therefore the map to the homotopy limit is an equivalence:
CIDC’cF(|sdr NJP¢cDX|, fS) = holimy @C’CF(|Skk sd, NeDX|, fS).
This finishes the proof that Tot(Y*) = F(|N.>‘cDX]|, fS) is cyclotomic.

In conclusion, our map X°LX — Tot(Y*) is a map of cyclotomic spectra. We
already know that it is a stable equivalence if we ignore the circle action. But any such
equivalence of cyclotomic spectra is automatically an F—equivalence of S! spectra,
so we are done. a
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Remark 5.15 One may similarly check that this duality preserves multiplications and
Adams operations. As a result, when n > 1, the homology of THH(DS?"*1) is a
tensor of a divided power algebra and an exterior algebra

H.(THH(DS?" 1) >~ H™*(LS?*" ) >~ I'[a] ® A[B].

where |o| = —2n and |B| = —(2n 4 1). The Adams operations " are given by

Y (aip’) =n'a;p’.
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