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Noncommutative formality implies
commutative and Lie formality

BASHAR SALEH

Over a field of characteristic zero we prove two formality conditions. We prove that a
dg Lie algebra is formal if and only if its universal enveloping algebra is formal. We
also prove that a commutative dg algebra is formal as a dg associative algebra if and
only if it is formal as a commutative dg algebra. We present some consequences of
these theorems in rational homotopy theory.

55P62

1 Introduction

Formality is an important concept in rational homotopy theory (see Deligne, Griffiths,
Morgan and Sullivan [5]), deformation quantization (see Kontsevich [12]), deformation
theory (see Goldman and Millson [8]) and other branches of mathematics where
differential graded homological algebra is used. The notion of formality exists in many
categories, eg the category of (commutative) dg associative algebras and the category
of dg Lie algebras. An object A in such a category is called formal if there exists a
zigzag of quasi-isomorphisms connecting A with its cohomology H(A),

A< By s < By s H(A).

A functor between categories in which the notion of formality exists may or may not
preserve formal objects. For example, over a field of characteristic zero, it is known
that the universal enveloping algebra functor U: DGLx — DGA preserves formal
objects; see Félix, Halperin and Thomas [6, Theorem 21.7]. That means that the
formality of a dg Lie algebra (dgl) L implies the formality of UL (as a dg associative
algebra (dga)). But what about the reversed relation? Does the formality of UL imply
the formality of L ? In this paper we show that this holds for dg Lie algebras over a
field of characteristic zero.

Theorem 1.1 A dg Lie algebra L over a field of characteristic zero is formal if and
only if its universal enveloping algebra UL is formal as a dga.

Among the results in the spirit of Theorem 1.1, there is a theorem by Aubry and
Lemaire [1] saying that two dgl morphisms f, g: L — L’ are homotopic if and only if
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U(f),U(g): UL — UL’ are homotopic. The author does not think that the result by
Aubry and Lemaire implies Theorem 1.1 or vice versa.

Milnor and Moore [17] showed that, over a field of characteristic zero, the universal
enveloping algebra defines an equivalence of categories between the category of dg
Lie algebras and the category of connected cocommutative dg Hopf algebras. This
equivalence together with Theorem 1.1 and the fact that a dgl morphism f: L — L’ isa
quasi-isomorphism if and only if U(f): UL — UL’ is a quasi-isomorphism (see Félix,
Halperin and Thomas [6, Theorem 21.7(ii)]) gives that a connected cocommutative dg
Hopf algebra is formal as a connected cocommutative dg Hopf algebra if and only if it
is formal as a dga.

We demonstrate a topological consequence of Theorem 1.1. The rational homotopy
type of a simply connected space X is algebraically modeled by Quillen’s dg Lie
algebra A(X) over the rationals [18]. The space X is called coformal if A(X) is a
formal dgl. It is known that there exists a zigzag of quasi-isomorphisms connecting
UA(X) to the algebra C« (22X, Q) of singular chains on the Moore loop space of X;
see Félix, Halperin and Thomas [6, Chapter 26]. From Theorem 1.1 the following
corollary is immediate:

Corollary 1.2 Let X be a simply connected space. Then X is coformal if and only if
C«(QX;Q) is formal as a dga.

Our second formality result is concerning the forgetful functor from the category of
commutative dgas (cdgas) to the category of dgas. This functor preserves formality; a
cdga which is formal as a cdga is obviously formal as a dga. Again, we ask whether
this relation is reversible or not. We will prove that over a field of characteristic zero
the answer is positive.

Theorem 1.3 Let A be a cdga over a field of characteristic zero. Then A is formal as
dga if and only if it is formal as a cdga.

Recall that a space X is called rationally formal if the Sullivan—de Rham algebra
ApL(X; Q) is formal as a cdga; see Félix, Halperin and Thomas [6, Chapter 12]. In
that case the rational homotopy type of X is a formal consequence of its cohomology
H*(X;Q), meaning that H*(X;Q) determines the rational homotopy type of X .
Moreover, it is known that there exists a zigzag of quasi-isomorphisms connecting
Apr(X; Q) with the singular cochain algebra C*(X; Q) of X [6, Theorem 10.9]. An
immediate topological consequence is the following corollary:

Corollary 1.4 A space X is rationally formal if and only if the singular cochain
algebra C*(X;Q) of X is formal as a dga.
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Overview

The reader is assumed to be familiar with the theory of operads and with the notions of
Aco— Coo—, and Lo—algebras. We refer the reader to Keller [11], Loday and Vallette
[14] and Markl, Shnider and Stasheff [16] for introductions to these subjects.

In Section 2 we review Baranovsky’s universal enveloping construction [2] on the
category of Lo—algebras. The construction is a generalization of the universal en-
veloping algebra functor and is an important ingredient in the proof of Theorem 1.1.
In Section 3 we present an obstruction theory for formality in different categories.
The obstructions will be cohomology classes of certain cohomology groups. The
obstruction theory together with Baranovsky’s universal enveloping will give us tools
to compare the concept of formality in DGAk and DGLk (chark = 0). This will be
treated in Section 4 and will finally yield a proof of Theorem 1.1. In Section 5 we
prove Theorem 1.3.

The reader interested only in Theorem 1.1 may skip Section 5, whilst the reader only
interested in Theorem 1.3 may skip Sections 2 and 4.

Conventions
e Sj denotes the symmetric group on k letters.

e The Koszul sign of a permutation o € Si acting on vy -+ v € V®k (where
V is a graded vector space) is given by the following rule: The Koszul sign of
an adjacent transposition that permutes x and y is given by (—1)*!I¥|. This
is then extended multiplicatively to all of S (recall that the set of adjacent
transpositions generates Sy ).

e The suspension sV of a graded vector space V is the graded vector space given
by sV = Vi1, The suspension of a cochain complex (C,d) is the cochain
complex (sC, —sds™1).

¢ A standing assumption will be that K is a field of characteristic zero. We will
only consider (co)algebras and (co)operads over fields of characteristic zero.
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Proposition 4.2 (at MathOverflow).
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2 Baranovsky’s universal enveloping for L . —algebras

The proof of Theorem 1.1 will partly rely on a construction by Baranovsky [2] that
generalizes the universal enveloping algebra construction to L,—algebras.

Applying Baranovsky’s universal enveloping (denoted by UB) to an Ls,—algebra
(L,{l;}) gives an Aoo—algebra UBY (L, {l;}) = (AL,{m;}), where AL is the un-
derlying graded vector space of the symmetric algebra on L. Applying UB¥ to an
Loo—morphism ¢: L — L’ gives an Aso—morphism UB¥(¢): UB* (L) — UB*(L").

UB is not a functor since it fails to preserve compositions (ie in general UB¥ (v o¢) #
UBZ () o UB¥ (¢)). However, the restriction of UB% to DGLK C co—Lso—alg (here
oo—L »—alg denotes the category of Lso—algebras with co—morphisms) coincides
with the usual universal enveloping algebra functor, denoted by U .

We record some properties of UB,

Theorem 2.1 Let (L,{l;}) be an Lo,—algebra with universal enveloping
UB(L, {li}) = (AL, {m;}).

The following properties hold:
(@) myi: AL — AL is the symmetrization of [ (ie m1 = A(l1)).
(b) If¢: (L, {l;}) — (L', {l!}) is an Loo—quasi-isomorphism, then

UBM(¢): (AL, {m;}) — (AL, {m}})

is an As—quasi-isomorphism.

(c) The map m;: (AL)®j — AL dependsonlyon L, 1, [,...,l;. In particular,
if (L,{k;}) is another Loo—algebra structure on the same vector space L with
li =kj for j =1,2,...,d, then UB™(L,{k;}) = (AL, {n;}) withn; = m;
for j =1,2,...,d.

(d) Letvy,...,vj € LCUBYL. Then

li(vy---vj) = Z Y0501, 0)mj (Ug—1(1) "+ Vg=1(j))
o0€S;

where y(0;v1,...,Vy) is the product of the sign of the permutation ¢ and the
Koszul sign obtained by applying 6 on vy ---v;.

(e) The restriction U B‘”|DGLk of UB™ to DGLy coincides with the ordinary univer-

sal enveloping algebra functor.

Properties (a)—(c) are not explicitly stated in [2], so we will briefly recall Baranovsky’s
construction in order to prove these properties.
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A summary of the construction

Given a complex (V,d), let T (V) (resp. T} (V)) and A% (V) (resp. A%L(V)) de-
note the tensor and symmetric algebras (resp. coalgebras) on V' with (co)differential
corresponding to the unique (co)derivation extension of d .

Let (L, {/;}) be an Lo,—algebra. We start by considering the complex (L, /1) and con-
struct from it two coalgebras, (7 (sA%(L)),d°) and (Tc* (SQ(A’E (sL))), 8°) (where
Q denotes the cobar construction and (-) denotes the augmentation ideal).

Baranovsky shows that there exists a coalgebra contraction from 7 * (sQ(A*; (sL))) to
TE(sAG (L)

@1 i (12 (906D <_%> T (sR5(D)) -

By comparing 7, (s2(A% (sL))) with the cobar—bar construction on the Chevalley—
Eilenberg construction on the Lo—algebra (L, {/;}), denoted by BQC(L), we see
that they only differ by their differentials. The differential § of BQC(L) is given by

§=28°+1,+1L,

where #,, is the part that encodes the multiplication on QC(L) and t7, =1 + 13+ ---
encodes the Lso—structure on L with #; encoding /;. Applying the basic perturbation
lemma to the perturbation 7, + 77, of the contraction above results in a new differential
d=(d®),+1, on TS (sA’:,—(L)), which corresponds to an Ac—algebra structure on
AL, which will be Baranovsky’s universal enveloping UB% (L, {/;}).

Geometric grading

Baranovsky introduces a geometric grading on BQC(L) by first declaring that an
element of s_lA’C‘(sL) is of geometric degree k — 1 and then extends the grading
to BQRC(L) by the following rule: the geometric degree of @ ® B is the sum of the
geometric degrees of « and . The maps in the contraction (2-1) and the perturbations
fy and fp, =1 + 13 + --- satisfy some conditions regarding the geometric grading:

¢ The image of G belongs to the geometric degree 0 part.
e H increases the geometric degree by 1.
e 1, preserves the geometric degree.

e ¢; decreases the geometric degree by i —1 and vanishes on elements of geometric
degree <i —1.
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Proof of Theorem 2.1 By the basic perturbation lemma (stated in [2, Lemma 2]) we
have that the differential d = (d°);, +¢, is given by

d=d°+ F(Z((tu + zL)H)i) (ty +11)G.
i>0
Since the image of G belongs to the geometric degree O part and since f7 =t +t3+---
vanishes on elements of geometric degree 0, we may rewrite the differential as

(2-2) d=d°+F(Z(zMH+z2H+t3H+.--)f)zMG.

i>0
The terms in the differential above that correspond to m,,: UB¥(L)®" — UB¥(L) are
those terms that contain 7, exactly n —1 times (see the proof of [2, Theorem 3] for
the details).

(a) Since d° is the only term in (2-2) that does not contain ¢, as a factor, we have
that d° is the part of the differential d that corresponds to m: UB¥(L) — UB¥(L).
One can easily see that d° corresponds to A(/1): AL — AL.

(b) By [2, Theorem 3.i] we have that the first component UB¥(¢); of UB¥(¢) is
given by A(¢1), where ¢ is the first component of ¢. In order to show that UB¥ (¢)
is an Ago—quasi-isomorphism, we need to show that

(2-3) UB(¢)1 = A(¢p1): (AL,my) — (AL, m))

is a quasi-isomorphism of complexes. Since ¢ is an L—quasi-isomorphism, it follows
that ¢1: (L, 1) — (L', 1}) is aquasi-isomorphism of complexes. By (a), m and m’ are
given by symmetrizations of /1 and [{, respectively, which means that the map in (2-3)
is obtained by applying the symmetrization functor A(—) on ¢1: (L,l1) — (L', 1}).
Over a field k of characteristic zero we have that the symmetrization functor A(—)
preserves quasi-isomorphisms (since L ®y — is exact and taking S, —coinvariants is
also exact), and (b) follows.

(c) Firstly, H depends only on L and /q, by [2, Theorem 1]. Moreover, we have that
tuH increases the geometric degree by 1 while 7; H decreases the geometric degree
by i — 2. Furthermore, t; H vanish on elements of degree < i —2. That means if
there exists a nonzero term containing #; H , then 7, H has to occur at least i —2 times
before t; H (ie to the right of ¢; H ).

We have that m,, corresponds to those nonzero terms that contain 7, exactly n —1
times, which is equivalent to those terms that contain 7, H exactly n —2 times. These
terms cannot contain any #; H where i > n (since they are nonzero). From this and the
fact that #; is completely encoded by /;, claim (c) follows.

(d)—(e) See [2, Theorem 3.vii] and [2, Theorem 3.v], respectively. O
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3 Minimal &,,—algebras and obstructions to formality

Given an algebraic operad &, we have that the cohomology of a dg % —algebra has
an induced dg #—algebra structure with a trivial differential [14, Proposition 6.3.5].
Thus, the notion of formality makes sense in the category of dg &?—algebras.

If & is a Koszul operad, we denote by &7, the operad obtained by applying the cobar
construction on the Koszul dual cooperad of &7 [14, Chapter 10]. The category of Poo—
algebras with Z,—morphisms (denoted by co—Z«—alg) contains the category of
P —algebras as a subcategory and has some properties that the category of &?—algebras
lacks, eg that quasi-isomorphisms are invertible up to homotopy.

Theorem 3.1 [14, Theorem 11.4.9] Let & be a Koszul operad over a field of charac-
teristic zero and let A be a dg & —algebra. Then A is formal as a &7 —algebra if and
only if there exists a P, —algebra quasi-isomorphism A — H(A).

In this paper we will be interested in algebras over the operads «7ss, ¥om and Zie,
which are all Koszul. From now on, & is either «ss, $om or Zie, which means
that a dg &?—algebras is either a dga, cdga or dgl, and that a &2, —algebra is either an
Aoco—, Coo— Or Lo—algebra.

We denote the Koszul dual operad of 22 by 2’ (recall that «7ss' = o/ss, Com' = ZLie
and .Zie' = Gom). We have that a Pso—algebra structure on a vector space A is
a collection (4, {b,}), where b,: 2'(n) ®s, A®" — A for n > 1 are linear maps
of degree n — 2 that satisfy certain compatibility conditions (see [14]). A dg &—
algebra (A, b1, by) may be regarded as a H,—algebra by identifying (4, by, b,) with
(A,b1,02,0,0,...). A morphism of P —algebras ¢: (A, {bn}) — (A", {b,}) is a
collection ¢ = (¢p,), where the ¢, are maps 2'(n) @ A®" — A’ of degree n — 1 that
satisfy certain conditions.

Given an operad & there is a notion of the operadic cochain complex CJ,(A) of a
Z—algebra A, where C7,(A) = Hom(2' (n) ®s, A®", A) (see [14, Chapter 12] for
details). We have that C %, (A) is the Hochschild cochain complex of 4, C,, (C) is
the Harrison cochain complex of C, and C7,,(L) is the Chevalley—Eilenberg cochain
complex of L. Since we will consider & —algebras with nontrivial homological grading,
the operadic cohomology will be endowed with a nontrivial homological grading, and
C;’p (A) will denote the part of Hom(2'(n) ®s, A®", A) that is of homological
degree pe Z.

The main goal of this section is to present an obstruction theory for formality in DGAy,
CDGAk and DGLy over any field k of characteristic zero. This obstruction theory is
presumably well-known to experts, but we will recall it and formulate it in a way that is
suitable for the context of this paper. In order to do that we need to recall some results
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by Kadeishvili [10] on minimal A—algebras and the Hochschild cochain complex,
and minimal Cs,—algebras and the Harrison cochain complex. The ideas of Kadeishvili
apply also to minimal L,—algebras and the Chevalley—FEilenberg cochain complex
(we leave the details to the reader).

Minimal &#7,—algebras
We will now present some results by Kadeishvili [10].

Definition 3.2 Let & = /ss, om or Lie. A Poo—algebra (H,{b;}) is called
minimal if by = 0.

Given a minimal Z,—algebra (H,0,b5,bs3,...), we have that H = (H,0,b5) is a
Z—algebra, and therefore it makes sense to consider the operadic cochain complex
C(H) of H.

Proposition 3.3 [10] Suppose & = oss, om or Lie. Then the following holds:
(a) Let (H,{b;}) and (H,{b}}) be two minimal P, —algebras with by = b}, and
let ¢ = (id,0,...,0,dg. Pk +1,...): (H,{b;i}) — (H,{b]}) be a Poo—algebra
isomorphism. The formal sums

b=bs+bs+--+. b =by+by+- . = +Pps1+
in C,(H), where H = (H, 0, by), satisty the equality
b—b" = 3.,(¢) + (elements in C2k+2(H)),
where 04 is the differential of C},(H).

(b) Let (H,{b;}) be a minimal P, —algebra, and let {¢,, € Cz,',}’n_z(H)}nzz be
any collection of maps. Then there exists a minimal P, —algebra (H, {b!})
with b}, = by such that ¢ = (id, ¢2, ¢3,...) is a P, —algebra isomorphism
(H,{bi}) — (H.{b}).

Obstruction to formality

We will, in the spirit of Halperin and Stasheff [9], present an obstruction theory for
P —algebra formality that is presumably well-known to experts. However, the author
could not find in the literature an exposition that was optimized for the context of
this paper. Obstructions to formality in CDGAy are treated in [9] and obstructions to
formality in DGLy are treated in [15].

We start by recalling an easy consequence of the homotopy transfer theorem for Z2o,—
algebras, where & is a Koszul operad.

Algebraic € Geometric Topology, Volume 17 (2017)



Noncommutative formality implies commutative and Lie formality 2531

Proposition 3.4 Let & = o/ss, €om or Lie and let (A, 51,52) be a dg &7 —algebra.
Then there exists a P, —algebra structure (H(A),0, by, b3, ...) on the underlying
vector space of the cohomology H(A) such that
(i) by: H(A)®? — H(A) is the induced 2 —algebra multiplication on the cohomol-
ogy H(A), and
(i) (A, by, by) is Poo—quasi-isomorphic to (H(A),0, by, b3, ...).

Proof Since «7ss, ¥om and Lie are all Koszul, the theorem follows easily from the
homotopy transfer theorem for &, —algebras (see [14, Section 10.3] or [4]). O

Remark 3.5 (A4, 51,52) is formal if and only if there exists a Yy, —algebra quasi-
isomorphism (H(A),0,b3,b3,...) — (H(A),0, by) (recall that quasi-isomorphisms
are invertible up to homotopy in the category of &7, —algebras). Thus, an obstruction
theory for quasi-isomorphisms (H, 0, b, b3,...) — (H, 0, by) is an obstruction theory
for formality.

Now we are ready to formulate the main theorem of this section.

Theorem 3.6 Assume & = o/ss, €om or Lie and that H = (H,0,b,) isadg -
algebra with trivial differential. Given a P« —algebra of the form (H,0, b, b3, ...),
there is an associated sequence of cohomology classes [b3], [by], [b5], ..., where
[bl(ck_3)] e H ]g;’k_l(?-[). This sequence is either an infinite sequence of vanishing
' . o (k—3)

cohomology classes, or finite and terminating in a nonzero cohomology class [b,~ ~’].
There exists a P —algebra quasi-isomorphism (H,0, by, b3,...) — (H,0, b) if and
only if [b3], [b}]. [bZ]. ... is an infinite sequence of vanishing cohomology classes.

This theorem will follow easily from the following proposition:

Proposition 3.7 Assume 2 = o/ss, €om or Lie. Let H = (H,0,m3) be a given
minimal dg &’ —algebra.
(@) Let Hy = (H,0,m2,0,...,0,mg,mgyq,...) with k > 3 be a P, —algebra
that is quasi-isomorphic to # = (H,0,m5). Then my is a boundary in C,(H),
ie [mg] =0 in H},(H).
(b) Given a P —algebra Hy = (H,0,m2,0,...,0,mg, mygyq,...), if [mg] =0
in H},(H), ie mg = 05 (¢g—1) for some ¢p_ € Cg,_l(’H), then Hy is quasi-
isomorphic to some ¥ —algebra Hg of the form

Hg :(H’O’m%o’“"O’m;c+1’m;c+2’“~)

Remark 3.8 If all obstructions from Theorem 3.6 vanish, we will get a sequence of
quasi-isomorphisms

(H,0,mz,ms3,...)—>(H,0,m2,0,my,ms,...)—>(H,0,m2,0,0,ms,mg,...)—>-
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One can easily see that the colimit of this diagram is (H,0,m,,0,...). Since quasi-
isomorphisms between minimal Z?o,—algebras are isomorphisms, it follows that
(H,0,mp,ms3,...) > (H,0,m5,0,...) is an isomorphism, hence a quasi-isomorphism.

Proof (a) By Lemma A.5, there exists a morphism
¢ =(01d,0,...,0,¢p—1,Pk,...): Hy = H.
It follows from Proposition 3.3(a) that
i +mjeir + - = @2(P—1) + 02 (dr) + ) + (elements in C5*+! (3)).
Collecting the elements of C Lj, (H) from both sides of the equality gives that my =
do (Px—1)-
(b) By Proposition 3.3(b) there exists a Po—algebra Hg = (H,0,mp, m’, m,...)
such that
(d,0,...,0,¢x_1,0,...): Hy — Hg

is a YPo—algebra isomorphism. By Proposition 3.3(a) we have that
(Mg +mgypy+---)—(my+my+---) = 02(dx—1) + (elements in C;kH(H)).

We see from the equality that mY,...,m) _, vanish. We also see that my —m) =
05 (¢r—1), giving that m;c = 0. This completes the proof. a

4 Proof of Theorem 1.1

We used the language of operadic cohomology in the obstruction theory for formality
in the previous section. We will compare different cohomology theories corresponding
to different operads in order to compare the concept of formality in different categories.
Recall that H Y and H?Z,, correspond to the Hochschild and the Chevalley-Eilenberg
cohomologies, respectively. The Hochschild cochain complex of an associative algebra
A with coefficients in A will be denoted by Cjj ,(A4) and its cohomology will be
denoted by HH*(A). The Chevalley—Eilenberg cochain complex of a Lie algebra L
with coefficients in L will be denoted by C(L) and its cohomology will be denoted
by HZ:(L). We will also work with the Chevalley—Eilenberg cochain complex of a
Lie algebra with coefficients in a left L—-module M different from L, which will be
denoted by CZz(L, M); its cohomology will be denoted by H'p (L, M).

Hochschild and Chevalley—Eilenberg cohomology

Recall that the universal enveloping algebra UL of a dg Lie algebra L is explicitly
given by
UL =T} (L)/(ab—(~1)""®lpa —[a,b] | a,b € L).
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A Lie algebra L is of course a left module over itself via g.h = [g, h].

Let UL denote the left L-module structure on UL given by
gm=g@m—(-1)ElMygg

for g € L and m € UL (where m is of some homogenous degree |m|). This makes
the inclusion L < UL a map of left L—modules.

Lemma 4.1 [13, Lemma 3.3.3] There exists a cochain map
Alt: Ci y(UL) — Ca(L, UL™M)

from the Hochschild cochain complex of UL to the Chevalley—Eilenberg cochain
complex of L with coefficients in UL™. If f ¢ Cloen(UL) = Homy (UL®",UL),
then Alt(f) € CZ;(L, UL™) = Homy (L™, UL™) is given by

ALY A Al =yt dn) fUo=1 1) @+ ® lg—1()),

g€eSy,

where y(o;1y,...,1,) is the product of the sign of ¢ and the Koszul sign obtained by
applying o on ly---1;.

By the map above we have a tool for comparison of cohomology classes in HH*(UL)
and HZ (L, UL). However, the obstruction theory for formality in DGLy was
expressed in terms of cohomology classes in HZ;(L) (ie Hi:(L,L)). In the next
proposition we show that the inclusion L < UL of left L—modules induces an
injection H’p(L, L) — HZL(L, UL%) in cohomology.

Proposition 4.2 The inclusion of L—modules L — UL induces an injection

HEo(L, L) — Hg (L, UL™)

in cohomology.

Proof We start by recalling the Poisson algebra structure on A, L (see [13, Section
3.3.4]). The Poisson bracket {—, —} on A,L is determined by the following two
properties: (i) {g,h}=|[g, h] for g, h € L, and (ii) {—, —} is aderivation in each variable.
Now we may give AL aleft L-module structure, given by g.oo = {g, «}. With this
L-module structure, the Poincaré-Birkhoff-Witt isomorphism 7: AL — UL is an
L-module morphism [13, Lemma 3.3.5]. In particular, AL and UL are isomorphic
as L-modules. Since L is a direct summand of the L—module AL, it follows by the
L-module isomorphism above that L is also a direct summand of UL?!. Hence, there
is a projection UL —» L of L—modules, and therefore id;, may be decomposed as
L < UL™ — L. This in turn gives a decomposition
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idps 1,1y Hos(L. L) — HE(L, UL™) — HZg(L, L).

Thus, HZ (L, L) — HZg(L, UL must be injective. m|

The proof

In this section it will be necessary to be able to distinguish between a dg Lie algebra
(L,11,15) and the underlying vector space L. Therefore we will denote the Lie algebra
structure by £ and the underlying vector space by L. We will denote the Lie algebra
structure on the cohomology of £ by H(L) while its underlying vector space will be
denoted by H(L). We make the same distinction between UL and UL.

Lemma 4.3 [6, Theorem 21.7] Suppose chark = 0 and £ € DGLk. Then there
exists a natural isomorphism UH (L) = H(UL) of algebras.

It follows directly from the lemma that U: DGLk — DGA preserves formality. Thus,
what is left to show in order to prove Theorem 1.1 is that if UL is formal in DGAy,
then £ is formal in DGLk. In the language of Ax— and Lo—algebras, we need to
prove the following:

Theorem 4.4 Let K be a field of characteristic zero and let £ € DGLy. If there
exists an Aso—quasi-isomorphism UL — H(UL) then there exists an L,—quasi-
isomorphism £ — H(L).

Proof Let £ be on the form £ = (L,l1,l>) and let UL = (UL, iy, m>) be its
universal enveloping algebra.

By the homotopy transfer theorem for Ls,—algebras (Proposition 3.4) there exists an
Loo—algebra (H*(L),0,15,13,...) and an Lo—quasi-isomorphism

¢i L— (H(L),O, 12,13, .o )
Applying UB¥ to ¢ gives an An,—quasi-isomorphism
@-1) UB¥(¢): UP* (L) - UP(H(L).0.12,15,...)

(recall from Theorem 2.1(b) that UB preserves quasi-isomorphisms). By Theorem
2.1(e), UB¥(L) is the ordinary universal enveloping algebra UL of L. Let us analyze
the Aqo—structure of UBY(H*(L),0,15,13,...).

Claim UB*(H(L),0,l5,13,...) is an Axo—algebra (H(UL),0,m,ms3,...) whose

2—truncation, (H(UL), 0, m5), is isomorphic to the cohomology algebra H(UL) of
the universal enveloping algebra UL.
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Proof Since UB¥|pgy, = U, the following holds:
UBY(H(L),0,1,) = UH(L)
= HUL) (by Lemma 4.3)
= HUL,my,mp)
=(H(UL),0,m5).
Now it follows by Theorem 2.1(c) that
UBY(H(L),0,15,13,...) = (H(UL),0,ma, ms, ...). o

Thus the quasi-isomorphism in (4-1) is a map of the form
UB(¢): (UL, i, imiz) — (H*(UL),0,mz,ms3,...).

Since UL is formal, it follows that (H(UL), 0, my, m3,...) is Aso—quasi-isomorphic
to HUL) = (H(UL),0,m3). It follows by Proposition 3.7(a) that [m3] = 0 in
HH*(UH(L)).

Let Alt*: HH*(UH(L)) —» H&(H(L), (UH (£))) be the cohomology-induced map
of the cochain map Alt introduced in Lemma 4.1, and let

J* HE(H(L), H(L)) - HE(H(L), (UH(£))™)

be the cochain map induced by the inclusion H(L) < (UH(L))*. We have by
Theorem 2.1(d) that Alt*[ms3] = j*[/3]. Since [m3] = 0, it follows that j*[/3] = 0.
By Proposition 4.2, j* is injective, and hence [/3] = 0 in HX (H(L), H(L)).

Since [/3] = 0, it follows by Proposition 3.7(b), that there exists a quasi-isomorphism
a: (H(L),0,15,13,...) > (H(L),0,15,0,13,1%,...)
Applying Theorem 2.1(c) to
UB¥(H(L),0,1,0,1},1%,...) and UB™(H(L),0,0,,0,...),
we get that
UB(H(L),0,15,0,1},1%,...) = (H*(UL),0,m3,0,m}, m%, ...).

Note that (H(UL),0,m5,0,m;,m%,...) is Aso—quasi-isomorphic to (H(UL), 0, m>),
since UB¥(a) is a quasi-isomorphism (by Theorem 2.1(b)) connecting

(HWUL),0,mp,m3,...) and (H(UL),0,m2,0,my,ms,...).

Again, by Proposition 3.7(a) it follows that [m}] = 0 in HH*(UH(L)). The same
reasoning as before will give us that [/;] =0 in CZ(H(L)).

Algebraic € Geometric Topology, Volume 17 (2017)



2536 Bashar Saleh

Continuing this process will yield a sequence

(1], 4], ... (1)1, ..

of vanishing Chevalley—FEilenberg cohomology classes. By Theorem 3.6, it follows that
(H(L),0,[5,13,...) is Ls—quasi-isomorphic to (H(L),0,l5), which is equivalent
to the DGLk—formality of £ = (L, 1, [»). O

5 Proof of Theorem 1.3

We will compare the cohomology theories H, . and H} , , which correspond to
the Hochschild and the Harrison cohomologies, respectively, in order to compare the
concept of formality in DGAk and CDGAg. We will denote the Harrison cochain
complex and the Harrison cohomology of a commutative dg algebra A with coefficients
in A by Cj},,,(A) and Harr*(A), respectively.

Hochschild and Harrison cohomology

We will start by recalling the notion of shuffle products. A permutation o € Sp44
is called a (p,q)-shuffleif c(1) <---<o(p)and o(p+1)<---<o(p+gq). Let
Ip.q € K[Sp+q] be given by

Hpg = Z sgn(o)o

(p,q)-shuffles
There is an action of K[S,] on A®" given by
o.(ay---an) =€(0;a1,...,an)adg—1(1) " Ag—1(n)

for o € Sy, where €(o0;ay,...,a,) is the Koszul sign obtained when applying o
to aj ---ay. The shuffle product 1y 4: A®P © A®1 5 4®(P+4a) g given by letting
Wp,q act on A®P © A®1 ~ 4@ +4a)

We will now see how this is related to Harrison cohomology. We have that
Cl (A) = C! (A) = Homk(%om' (n) ®s, A®", A) = Homy(Lie(n) s, A®", A).

Over a field of characteristic zero, one can show that Homy(Zie(n) ®s, A®", A) is
isomorphic to the space of K—morphisms A®” — A that vanish on all shuffle products
e,n—k: A®k @ A®n—k) _, 4®n (see [14, Sections 1.3.3 and 13.1.7]) In particular
that means that there exists an inclusion

i Cipe(A) = Cifoon(A) = Homy (A®", A).

This inclusion induces a map ¢*: Harr*(A4) — HH*(A) in the cohomology. Over a
field k of characteristic zero, Barr [3] showed that (* is injective.
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Proposition 5.1 [3] Let K be a field of characteristic zero, and let A be a commuta-
tive dg algebra over K. The map (*: Harr*(A) — HH*(A) induced by the inclusion
1 Gl (A) = Cp 1, (A) is injective.

We will briefly explain the techniques used in the proof of the proposition above. First,
set Uy = ;:11 Wi n—i. Next, Barr constructed a family of idempotents {e; };>2 with
en € K[S,] that satisfies the following conditions:

(i) Idempotent e,Z, =ey.

(il) ep is a polynomial in u, (without any constant term).

(i) enpin—i = Min—i for 1 <i <n-—1.
Since ey € K[Sy], it defines an action on CJ{_ (A4) = Hom(A®", A) (by permuting
the inputs). This allows us to formulate a fourth condition that {e;} satisfies

(iv)  OHochen = €n+10Hoch, Where dyoch is the Hochschild coboundary.
By (ii)—(iii), there is an equality of ideals (e;) = (1,n—1, U2,n—2+- -+ Un—1,1). In

particular, a map ¢ € C| ,(4) = Hom(A®", A) vanishes under the action of e, if
and only if it vanishes on all p; ,—; (which is equivalent to ¢ € C}"I‘arr(A)).

Recall that an endomorphism p: V — V' gives a decomposition V = ker(p) @ im(p).
If p is an idempotent we have that p(a,b) = (0,b). Applying this to e, (which
defines an endomorphism on Cjj ,(A)), we get that CJj_, (A) = ker(e,) @ im(ey).

Since (en) = (U1,n—1, U2,n—25 - - - » hn—1,1), it follows that ker(e,) = Cfj, . (A). Set
W"(A) :=im(e,) and C}}  (A) is then decomposed as

(5-1) Clloen(A) = Cf1.(A) @ W' (A).

In order to show that (*: Harr*(A4) — HH*(A) is injective, we have to show that if

x € Cfi,,.(A) C Cfj,;,(A) is a coboundary in Cjj ,(A) then it is also a coboundary
in Cp,,(4). By (5-1) we have that an element of the Harrison subcomplex may

be represented by an element of the form (x,0) € Cjj,.(4) ® W"(A4) = Cj ,,(4).
Assume (x,0) is a coboundary in C}} ;(A4), meaning that there is some element
(y1.y2) € CIH(A) @ W(A) = Cli7 1 (A) such that dhocn(y1.y2) = (x.0). From
property (iv) we get the following commutative diagram:

€n—1
12 Y2)8pees — (0, 32)

|

(X, O)en — (O’ O)

Now we see that doch (Y1, 0) = Hoch ((V1, ¥2) — (0, y2)) = (x,0), which proves that
(x,0) is also a boundary in Cjj,.(4). This proves that (* is injective.
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The idempotents {e,} cannot be constructed over a field of characteristic p > 0 and,
over such a field, ¢* is not injective in general (see the example in Section 4 in [3]).

We would like to remark that the overview above is related to the subject of the
A—decomposition of Hochschild homology (see [13, Section 4.5]).

The proof

As mentioned in the introduction, it is obvious that CDGAk—formality implies DGAg—
formality. Hence what is left to show in order to prove Theorem 1.3 is that if a cdga is
formal as a dga, then it is also formal as a cdga.

Proof of Theorem 1.3 Let (C,m,m5) be a cdga that is formal in DGAg. Let
H = (H(C),0,m5) be the induced commutative graded algebra structure on the
cohomology of (C,m1,m,). The homotopy transfer theorem for Coo—algebras (see
Proposition 3.4) gives that there exists a Coo—algebra (H(C), 0, mp, m3, ... ) equipped
with a Coo—quasi-isomorphism

(C,my,mz) > (H(C),0,mz,m3,...).
Since C is formal in DGA, there exists an Aso—quasi-isomorphism
(H(C),0,m3,ms3,...) — (H(C),0,m5).

It follows by Proposition 3.7(a) that [m3]gech = 0 in HH*(H). Since the cohomology
map
*: Harr* (A) — HH*(A)

induced by the inclusion ¢: Cjy, .(H(C)) — C}j.,(H(C)) is injective (Proposition 5.1),
it follows that [m3]gar = 0 in Harr* (). Now, by Proposition 3.7(b) it follows that
there exists a Coo—quasi-isomorphism

(H(C),0,mz,ms3,...)— (H(C),0,mz,0,my,ms,...).

Applying Proposition 3.7(a) again gives that [m]gocn = 0 in HH* (#), which in turn
gives together with the injectivity of ¢* that [m)]xar = 0 in Harr™(#). Continuing
this process will yield a sequence

[m3]Hars M ]Hars - - [ Tares -

of vanishing Harrison cohomology classes in Harr* (#). By Theorem 3.6, it follows that
(H(C),0,mp,ms,...) is Coo—quasi-isomorphic to (H(C), 0, m,), which is equiva-
lent to the CDGAg—formality of (C,my,my). O
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Appendix: Some technicalities concerning A ,,—, Coo—
and L ., —algebras

Given a Koszul operad & there are many equivalent ways of viewing a £, —algebra
structure on a vector space A.

Theorem A.1 [14, Theorem 10.1.13] Let & be a Koszul operad. Then a Poo—
algebra structure on a vector space A is the same thing as coderivation on the cofree

' —coalgebra on sA, denoted by V;;, (sA), and a morphism of P, —algebras is the

same thing as a morphism of cofree #' —coalgebras.

We have that V7, (s4) = P,5¢ V1 (s4), where V7, (s4) = ,@!V(n) Rs, (sA)®"

(and 2" denotes the cooperad obtained by dualizing 2?'). We say that an element of
VZZ, (sA) is of word-length n.

We will briefly recall the correspondence between £2.,—algebras and quasifree dg
' —coalgebras. A 2' —coalgebra differential d on V;!(SA) may be decomposed as

d=do+dy +- .

where d; is the part of d that decreases the word-length by i. The dg coalgebra
(V;;!(SA), d =do+dy+---) corresponds to a P,—algebra (A, by, ba,...), where
d; and b; 1 encode each other (ie d; may be constructed from b;; and vice versa).
Analogously, a morphism of dg ' —coalgebras W: (\\/;,(SA), d) — (V;!(SA’), d’)
may be decomposed as W = Wo + Wy +---, where ¥; is the part of W that decreases
the word-length by i. We have that W corresponds to a &, —quasi-isomorphism
¢ = (¢1.¢2,...): A— A, where ¥; and ¢; 4+ encode each other. With this corre-
spondence we have tools to prove some technical results that we need in this paper.
The author was inspired by the techniques used in [7, Section 2.72].

Lemma A.2 Assume (A4,0,b3,b3,...) and (A, 0, by) are quasi-isomorphic as &0 —
algebras. Then there exists a P, —algebra quasi-isomorphism

¢/Z (A, 0, bz, b3, .. ) — (A, 0, bz),
where ¢| = idy.

Proof Let ¢ = (¢1,¢2,...): (A4,0,b2,b3,...) = (4,0, by) be a quasi-isomorphism.
Since ¢ is a quasi-isomorphism of minimal Z,—algebras, it follows that ¢ is an
isomorphism.

We have that ¢ corresponds to a map

=W+ W+ (V3 (s4),di +da+-++) = (V,(sA4), dv),
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where W; increases the word-length by i and corresponds to ¢; +1. Moreover, ¥y is a
vector space isomorphism (since W is a dg #?' —coalgebra isomorphism).
We show that Wy commutes with the differential d;. Since W is a chain map, we have
that

(Wo+Vi1+--)o(di+dat--)=dio(Wo+¥1+--+).

Collecting the terms that decrease the word-length by 1 from both sides of the equality
gives that Wod; = d V.

Similar techniques give also that Wy commutes with the comultiplication A on
V;;, (sA). Hence, Wy: (V;! (s4),d1)— (V;, (sA),dy) is adg 2'—coalgebra automor-
phism, which has an inverse Wy ! Now the composition W' = (Yo Do(Wo+Wq+---)
will give the desired result. |

Lemma A.3 Assume that 0 is a 2' —coalgebra coderivation on V* (V) of cohomo-
logical degree O that decreases the word-length by some number i > 1. Then the map
2 3
=id+ 6 + 9— + 93—| +-

is a well-defined map of ' —coalgebras.

Proof The map is well-defined since, for any element x € V (V) of word-length &,
we have that 6™ (x) = 0 for all m > |_ -| so e? (x) will be a ﬁmte sum

gm 1
X
¥ (x) =x+9(x)+-~-+—().
(m—1)!
Now we prove that efisa map of ' —coalgebras. One can easily prove by induction
that
"\ /n
agn= (> (1)erreor
(X )erreer)e
p=0
Thus

:@nié(;)en—p®ep)oA
(B e m)es

_ |
vy Yoo ¢ (n—p)!

= (60 ® eG) oA. |
Remark A.4 The map e? is an automorphism with inverse e .
Lemma A.5 Assume (A4,0,m>»,0,...,0,my,,my+1,...) and (A,0,my) are quasi-

isomorphic as P, —algebras. Then there exists a map
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¢’ (A,0,m2,0,...,0,mu, mps1,...)— (A,0,my)

such that ¢} =idy and ¢, =0 for2<i <n—2.

Proof We prove the lemma by induction on n. For n = 3 the assertion is true by
Lemma A.2. Assume the assertion is true for n — 1 with n > 4. Then we have that
there exists a quasi-isomorphism

¢=(1d’0’ LRI ,0,¢n—27¢n—1, . ) (A109m270’ e ,0,mn»mn+1’ . -)—>(A,0,m2),
which corresponds to a ' —coalgebra map

W=t W+ Wag ot (Vi(5A) dy + dumt 4 d o) — (Vi (54) ).

Considering the equality (¥ ® ¥)o A = AoW and collecting the terms that decrease the
word-length by n —3 gives that idQ ¥,,—3 4+ ¥,_3 ®id)o A = Ao W, _3. That means
that +W,,_3 is a coderivation of V;;, (sA) and therefore e+¥n-3: V;, (sA) — V;, (sA)
is a 2'—coalgebra automorphism.

Considering the equality Wo (dy +dp—1 +dy +--+) = dj oW and collecting the terms
that decrease the word-length by n—2 gives that WV,,_30d; = djoW¥,_3, ie that + W, _3
commutes with the differential d;. Hence, eTYn—3 commutes with d 1 and therefore
et¥n-3. (V;,(SA), dy) — (V;,(SA), dy) is a dg 2'—coalgebra automorphism.
We consider the composition

W =e V3 oW (VX (sA), di + dn—t +dn + ) = (VE,(sA4), dy).
We have that

W= e Y30 (id+ Wy—3 + Wy +)

p2
n=3 _... id+ W, 3+W, »+---)
X 0(1 n—3 n—2

= (id -3+
= id + (terms that increase the word-length by > n — 2).

Hence, ¥’ is of the form W' =id+ V¥, _, + W, | +---, where W] decreases the
word-length by i and will therefore correspond to a &?,—algebra quasi-isomorphism
¢': (A,0,m,0,...,0,my, mp41,...) — (A,0,my) that satisfies the property given
in the lemma. O
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