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Higher Toda brackets and the Adams spectral sequence
in triangulated categories

J DANIEL CHRISTENSEN
MARTIN FRANKLAND

The Adams spectral sequence is available in any triangulated category equipped
with a projective or injective class. Higher Toda brackets can also be defined in a
triangulated category, as observed by B Shipley based on J Cohen’s approach for
spectra. We provide a family of definitions of higher Toda brackets, show that they
are equivalent to Shipley’s and show that they are self-dual. Our main result is that
the Adams differential d, in any Adams spectral sequence can be expressed as an
(r+1)—fold Toda bracket and as an r" order cohomology operation. We also show
how the result simplifies under a sparseness assumption, discuss several examples
and give an elementary proof of a result of Heller, which implies that the 3—fold Toda
brackets in principle determine the higher Toda brackets.

55T15; 18E30

1 Introduction

The Adams spectral sequence is an important tool in stable homotopy theory. Given
finite spectra X and Y, the classical Adams spectral sequence is

Ey' =Ext (H*Y. H*X) = [S7X. Y},

where H*X := H*(X;Fp) denotes mod p cohomology and A= HF; HF, denotes
the mod p Steenrod algebra. Determining the differentials in the Adams spectral
sequence generally requires a combination of techniques and much ingenuity. The
approach that provides a basis for our work is found in [28], where Maunder showed
that the differential d, in this spectral sequence is determined by r™ order cohomology
operations, which we now review.

A primary cohomology operation in this context is simply an element of the Steenrod
algebra, and it is immediate from the construction of the Adams spectral sequence
that the differential d; is given by primary cohomology operations. A secondary
cohomology operation corresponds to a relation among primary operations, and is
partially defined and multivalued: it is defined on the kernel of a primary operation
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and takes values in the cokernel of another primary operation. Tertiary operations
correspond to relations between relations, and have correspondingly more complicated
domains and codomains. The pattern continues for higher operations. Using that
cohomology classes are representable, secondary cohomology operations can also
be expressed using 3—fold Toda brackets involving the cohomology class and two
operations whose composite is null. However, what one obtains in general is a subset
of the Toda bracket with less indeterminacy. This observation will be the key to
our generalization of Maunder’s result to other Adams spectral sequences in other
categories.

The starting point of this paper is the following observation. On the one hand, the
Adams spectral sequence can be constructed in any triangulated category equipped
with a projective class or an injective class, as shown by Christensen [14]. For example,
the classical Adams spectral sequence is constructed in the stable homotopy category
with the injective class consisting of retracts of products [ [; X" HF,. On the other
hand, higher Toda brackets can also be defined in an arbitrary triangulated category.
This was done by Shipley in [40], based on Cohen’s construction [15] for spaces and
spectra, and was studied further by Sagave [36]. The goal of this paper is to describe
precisely how the Adams d, can be described as a particular subset of an (r+1)—fold
Toda bracket which can be viewed as an " order cohomology operation, all in the
context of a general triangulated category.

Triangulated categories arise throughout mathematics, so our work applies in various
situations. As an example, we give calculations involving the Adams spectral sequence
in the stable module category of a group algebra. Even in stable homotopy theory,
there are a variety of Adams spectral sequences, such as the Adams—Novikov spectral
sequence or the motivic Adams spectral sequence, and our results apply to all of them.
Moreover, by working with minimal structure, our approach gains a certain elegance.

Organization and main results

In Section 2, we review the construction of the Adams spectral sequence in a triangulated
category equipped with a projective class or an injective class. In Section 3, we review
the construction of 3—fold Toda brackets in a triangulated category and some of their
basic properties. Section 4 describes how the Adams d, is given by 3—fold Toda
brackets. This section serves as a warm-up for Section 6.

In Section 5, we recall the construction of higher Toda brackets in a triangulated
category via filtered objects. We provide a family of alternate constructions, and prove
that they are all equivalent. The main result is Theorem 5.11, which says roughly the
following.
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Theorem There is an inductive way to compute an n—fold Toda bracket { fy, ..., f1)C
T(2"~2 Xy, X,,), where the inductive step picks three consecutive maps and reduces
the length by one. The (n — 2)! ways of doing this yield the same subset, up to an
explicit sign.

As a byproduct, we obtain Corollary 5.13, which would be tricky to prove directly
from the filtered object definition.

Corollary Toda brackets are self-dual up to suspension: ( fn, ..., f1) ST ("X, X,)
corresponds to the Toda bracket computed in the opposite category

Fives ) ST D X, Xo) = T(Xo, "D x,,).

Section 6 establishes how the Adams d; is given by (r+1)—fold Toda brackets. Our
main results are Theorems 6.1 and 6.5, which say roughly the following.

Theorem Let [x]€ E i’t be a class in the E;, term of the Adams spectral sequence.
As subsets of Ei“’tﬂ_l , we have

dex] = (277 Vdy, ..., 22%dy, Sdi, Zps1. 85x)
TS eV IRNERS M Y

Here, dy, ps4+1 and §; are maps appearing in the Adams resolution of Y, where
each d; is a primary cohomology operation. The first expression for d,[x] is an
(r+1)—fold Toda bracket. The second expression (with the superscripts !) denotes
an appropriate subset of the bracket (X" ~!d;,..., Xd;,d;,x) with some choices
dictated by the Adams resolution of ¥ . This description exhibits d,[x] as an r™ order
cohomology operation applied to x.

In Section 7, we show that when certain sparseness assumptions are made, the subset
(2r=1d;t ... 2d;dy, x) coincides with the full Toda bracket, and we give examples
of this phenomenon. See Theorem 7.14, Proposition 7.15 and Example 7.17. The main
application is to computing maps in the homotopy category of R—module spectra, for
a ring spectrum R whose coefficient ring 4« R is sufficiently sparse, such as ku. See
Example 7.21.

In Appendix A, we compute examples of Toda brackets in stable module categories.
In particular, Proposition A.l provides an example where the inclusion d,[x] €
(Xd,,dq, x) is proper. Appendix B provides for the record a short, simple proof
of a theorem due to Heller, that 3—fold Toda brackets determine the triangulated
structure. As a corollary, we note that the 3—fold Toda brackets indirectly determine
the higher Toda brackets.
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Related work

Detailed treatments of secondary operations can be found in [1, Section 3.6], where
Adams used secondary cohomology operations to solve the Hopf invariant one problem;
see Mosher and Tangora [32, Chapter 16] and Harper [19, Chapter 4].

There are various approaches to higher order cohomology operations and higher Toda
brackets in the literature, many of which use some form of enrichment in spaces, chain
complexes or groupoids; see for instance Spanier [42], Maunder [29], Kochman [24]
and Klaus [23]. In this paper, we work solely with the triangulated structure, without
enhancement, and provide no comparison to those other approaches.

In [6; 7], Baues and Jibladze express the Adams d5 in terms of secondary cohomology
operations, and this is generalized to higher differentials by Baues and Blanc in [5].
Their approach starts with an injective resolution as in diagram (2-3), and witnesses
the equations dyd; = 0 by providing suitably coherent null-homotopies, described
using mapping spaces. Using this coherence data, the authors express a representative
of d,[x] as a specific element of the Toda bracket (X" ~1d,..., 2d,,d;, x). While
this approach makes use of an enrichment, we suspect that by translating the (higher
dimensional) null-homotopies into lifts to fibers or extensions to cofibers, one could
relate their expression for d,[x] to ours.

Acknowledgments We thank Robert Bruner, Dan Isaksen, Peter Jorgensen, Fernando
Muro, Irakli Patchkoria, Steffen Sagave and Dylan Wilson for helpful conversations, as
well as the referee for their useful comments. Frankland also thanks the Max-Planck-
Institut fiir Mathematik for its hospitality. Frankland was partially funded by a grant of
the DFG SPP 1786: Homotopy Theory and Algebraic Geometry.

2 The Adams spectral sequence

In this section, we recall the construction of the Adams spectral sequence in a triangu-
lated category, along with some of its features. We follow [14, Section 4], or rather its
dual. Some references for the classical Adams spectral sequence are [2, Section III.15],
[26, Chapter 16] and [10]. Background material on triangulated categories can be found
in [33, Chapter 1; 26, Appendix 2; 44, Chapter 10]. We assume that the suspension
functor X is an equivalence, with chosen inverse £~!. Moreover, we assume we have
chosen natural isomorphisms X! =~ id and 7' % 2 id making ¥ and ! into
an adjoint equivalence. We silently use these isomorphisms when needed, eg when we
say that a triangle of the form ¥7!Z — X — Y — Z is distinguished.
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Definition 2.1 [14, Proposition 2.6] A projective class in a triangulated category T
is a pair (P, N), where P is a class of objects and N is a class of maps satisfying the
following properties:

(1) Amap f: X — Y isin N if and only if the induced map

fi: T(P,X) = T(P,Y)

is zero for all P in P. In other words, N consists of the P—null maps.
(2) Anobject P isin P if and only if the induced map

is zero for all f in N .

(3) For every object X, there is a distinguished triangle P — X i> Y - 2P,
where P isin P and f isin N.

In particular, the class P is closed under arbitrary coproducts and retracts. The objects
in P are called projective.

Definition 2.2 A projective class is stable if it is closed under shifts, ie P € P implies
*PePforallnelZ.

We will assume for convenience that our projective class is stable. We suspect that many
of the results can be adapted to unstable projective classes, with a careful treatment of
shifts.

Definition 2.3 Let P be a projective class and f: X — Y be a map.
(1) f is P—epic if the map

fu: T(P,X) = T(P,Y)

is surjective for all P € P. Equivalently, the map to the cofiber ¥ — Cy is
P—null.

(2) f is P—monic if the map
fe: T(P,X)—>T(P,Y)

is injective for all P € P. Equivalently, the map from the fiber ¥~!C r—> X is
P-null.

Example 2.4 Let 7 be the stable homotopy category and P the projective class
consisting of retracts of wedges of spheres \/; S". This is called the ghost projective
class, studied for instance in [14, Section 7].

Now we dualize everything.
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Definition 2.5 An injective class in a triangulated category 7 is a projective class in
the opposite category 7°P. Explicitly, it is a pair (Z, N'), where Z is a class of objects
and N is a class of maps satisfying the following properties:

(1) Amap f: X — Y isin N if and only if the induced map
[T, I —>T(X, 1)
is zero for all [ in 7.
(2) Anobject I isin Z if and only if the induced map
[T, I)—>T(X,I)
is zero for all f in NV.

(3) For every object X, there is a distinguished triangle X717 — W i) X -1,
where [ isin Z and f isin N.

In particular, the class Z is closed under arbitrary products and retracts. The objects
in Z are called injective. Just as for projective classes, we will assume for convenience
that our injective class is stable.

Example 2.6 Let 7 be the stable homotopy category. Take N to be the class of maps
inducing zero on mod p cohomology and Z to be the retracts of (arbitrary) products
[1; £" HFF, with n; € Z. One can generalize this example to any cohomology theory
(spectrum) E instead of HIF,, letting Zg denote the injective class consisting of
retracts of products [[; X" E.

Definition 2.7 Let Z be an injective class and f: X — Y be a map.
(1) f is Z—monic if the map
[T, I —>T(X, 1)

is surjective for all € Z. Equivalently, the map from the fiber ~1C r—> X is
Z-null.

(2) f is Z—epic if the map
[T, I)—>T(X,I)

is injective for all 7 € Z. Equivalently, the map to the cofiber ¥ — C¢ is Z-null.
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Remark 2.8 The projectives and P—epic maps determine each other via the lifting
property:
A
o
Ve

P——Y

Dually, the injectives and Z-monic maps determine each other via the extension

property:
X —1

fl///”

Y

This is part of the equivalent definition of a projective (resp. injective) class described
in [14, Proposition 2.4].

Convention 2.9 We will implicitly use the natural isomorphism
T(A.B) = T(sk4. 5% B)

sending a map f to XX f.

Definition 2.10 An Adams resolution of an object X in 7 with respect to a projective
class (P,N) is a diagram

X = X, 0 X, d X, L X;
(2-D
Do §o D1 8§ P2 P
Py Py P,

where every P; is projective, every map iy is in A/, and every triangle

p i
Py 25 xy s Xy 5 v p

is distinguished. Here the arrows d5: X1 —e> P denote degree-shifting maps, namely,
maps 8s: Xs+1 —> X Ps.

Dually, an Adams resolution of an object Y in 7 with respect to an injective class (Z, \)
is a diagram

Y =Y,

Lo Y, I Y, 12 Ys
2-2)
Do 80 D1 81 D2 82
To I, I
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where every Iy is injective, every map is is in A/, and every triangle
_ »-1§ i .
DIRLY Ml SN ING ‘R LN
is distinguished.
From now on, fix a triangulated category 7 and a (stable) injective class (Z, N) in T .

Lemma 2.11 Every object Y of T admits an Adams resolution.

Given an object X and an Adams resolution of Y, applying 7 (X, —) yields an exact
couple

B, TS X, 7)) (= . ®,, T(ZX.7))

5% % *

Ds.s T(ZISX, I)
and thus a spectral sequence with E; term
EY =T(X' X, I) = T(Z' X, 2°Iy)

and differentials
dr. Es,l‘ Es+r,t+r—1
* r r

given by d, = po i~=1 0§, where i ! means choosing an i —preimage. This is
called the Adams spectral sequence with respect to the injective class Z abutting to
T(ZI5X,Y).

Lemma 2.12 The E, term is given by
Ey' =Ext}'(X.Y):=Ext}{(Z'X.Y),

where Ext5-(X, Y) denotes the s™ derived functor of T(X,—) (relative to the injective
class T) applied to the object Y .

Proof The Adams resolution of Y yields an Z—injective resolution of Y

Po (Xp1)do (22 p2)(Z61) 52

(2-3) 0 Y I 21 Iy —— . o

Remark 2.13 We do not assume that the injective class Z generates, ie that every
nonzero object X admits a nonzero map X — [ to an injective. Hence, we do not
expect the Adams spectral sequence to be conditionally convergent in general; compare
[14, Proposition 4.4].
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Example 2.14 Let E be a commutative (homotopy) ring spectrum. A spectrum is
called E—injective if it is a retract of E A W for some W [22, Definition 2.22]. A
map of spectra f: X — Y iscalled E-monicifthemap EA f: EAX — EAY is
a split monomorphism. The E —injective objects and £ -monic maps form an injective
class in the stable homotopy category. The Adams spectral sequence associated to this
injective class is the Adams spectral sequence based on E—homology, as described
in [35, Definition 2.2.4], also called the unmodified Adams spectral sequence in [22,
Section 2.2]. Further assumptions are needed in order to identify the E, term as Ext
groups in Ex E—comodules.

Definition 2.15 The Z—cohomology of an object X is the family of abelian groups
HT(X) :=T(X,I) indexed by the injective objects I € 7.

A primary operation in Z—cohomology is a natural transformation H I(x)— H’(X)
of functors 7°° — Ab. Equivalently, by the (additive) Yoneda lemma, a primary
operationisamap I — J in 7.

Example 2.16 The differential d; is given by primary operations. More precisely, let
x € E}' beamap x: 275X — I,. Then dy(x) € E$T is the composite

X 8 >
sty S sy, P s

In other words, d;(x) is obtained by applying the primary operation

dy = (Zps+1)8s: Is = T4

to x.

Proposition 2.17 A primary operation 6: I — J appears as dy: I;—e> I54 in some
Adams resolution if and only if 6 admits a factorization into an Z—epic followed by an
Z-mono.

Proof The condition is necessary by construction. In the factorization dy = (Xps41)ds,
the map &5 is Z—epic while pgyq is Z-monic.

To prove sufficiency, assume given a factorization 8 = ig: I — W — J, where
q: I - W is T—epic and i: W — J is Z-monic. Taking the fiber of ¢ twice yields
the distinguished triangle

slw Yo 11w,

which we relabel ) s
1
NG AN SELCING 5
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Relabeling the given map i: W «— J as ¥py: £Y; — X[, we can continue the
usual construction of an Adams resolution of Y, as illustrated in diagram (2-2), in
which 6 = iq appears as the composite (Xp;)do. Note that by the same argument, for
any s > 0, 6 appears as dy: Is—e>I;1 in some (other) Adams resolution. m|

Example 2.18 Not every primary operation appears as ¢; in an Adams resolution. For
example, consider the stable homotopy category with the projective class P generated
by the sphere spectrum S = S, that is, P consists of retracts of wedges of spheres.
The P—epis (resp. P—monos) consist of the maps which are surjective (resp. injective)
on homotopy groups. The primary operation 2: S — S does not admit a factorization
into an Z—epic followed by an Z—mono.

Indeed, assume that 2 = ig: S — W < § is such a factorization. We will show
that this implies 7,(S/2) = Z/2 & Z /2, contradicting the known fact 7,(S/2) =
Z/4. Here S /2 denotes the mod 2 Moore spectrum, sitting in the cofiber sequence
S-2>8 - 8/2.

By the octahedral axiom applied to the factorization 2 = ig, there is a diagram

8/
s—Tow c, s!
2 5
S S 5/2—" 8!
C——G

with distinguished rows and columns. The long exact sequence in homotopy yields
nCq = 27y—1S, where the induced map 7, (8’): 7,Cy — 7, S 1 corresponds to the
inclusion 7w,—1 S < 7,—1S. Likewise, we have 7,,C; = (71, S)/2, where the induced
map 7,(j): 7, S — 7, C; corresponds to the quotient map 7,S — (7,S5)/2. The
defining cofiber sequence .S 2,558 /2 yields the exact sequence

2 T 7,6 2
S S (S/2) — mp1 S —— 1S,

which in turn yields the short exact sequence
)
0 —— (10S)/2 —— 1n(S/2) 2% S 7001 S —— 0.

The map m,(®): 27,—1.S — 71, (S/2) is a splitting of this sequence, because of the
equality 7, ()7, () = 7, () = 7, (8"). However, the short exact sequence does not
split in the case n = 2, by the isomorphism 7,(S/2) = Z /4. For references, see [38,
Proposition 11.6.48], [37, Proposition 4] and [27].
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3 3-fold Toda brackets

In this section, we review different constructions of 3—fold Toda brackets and some of
their properties.

Definition 3.1 Let X L X1 ﬁ) X, £> X3 be a diagram in a triangulated cate-

gory 7. We define subsets of T (X Xy, X3) as follows:

e The iterated cofiber Toda bracket { f3, f>, f1)ec © T (X Xy, X3) consists of all maps
Y: ¥ X9 — X3 that appear in a commutative diagram

Xo Ji X, o > X

o H | e
J1 ) f3

Xo X Xz X3

where the top row is distinguished.

e The fiber-cofiber Toda bracket ( f3, f2, f1)tc € T (X X0, X3) consists of all com-
posites B o Ya: ¥ Xg — X3, where o and § appear in a commutative diagram

(3-2) s-icy, X, X, Cy,

Ll
/3

Xz—)X:;

where the middle row is distinguished.

e The iterated fiber Toda bracket { f3, f2, f1)it C T (X Xo, X3) consists of all maps
36: £ Xo — X3 where § appears in a commutative diagram

Xo fi X,

- | Vl H B}

>lX; —— 2 lcf%—>X2—>X3

where the bottom row is distinguished.

Algebraic & Geometric Topology, Volume 17 (2017)



2698 J Daniel Christensen and Martin Frankland

Remark 3.2 In the literature, there are variations of these definitions, which some-
times differ by a sign. With the notion of cofiber sequence implicitly used in [43],
our definitions agree with Toda’s. The Toda bracket also depends on the choice of
triangulation. Given a triangulation, there is an associated negative triangulation whose
distinguished triangles are those triangles whose negatives are distinguished in the
original triangulation; see [3]. Negating a triangulation negates the 3—fold Toda
brackets. Dan Isaksen has pointed out to us that in the stable homotopy category there
are 3—fold Toda brackets which are not equal to their own negatives. For example,
Toda showed in [43, Section VI.v and Theorems 7.4 and 14.1] that the Toda bracket
(20, 8, v) has no indeterminacy and contains an element ¢ of order 8. We give another
example in Example A.4.

The following proposition can be found in [36, Remark 4.5 and Figure 2] and was
kindly pointed out by Fernando Muro. It is also proved in [31, Section 4.6]. We provide
a different proof, more in the spirit of this article. In the case of spaces, it was originally
proved by Toda [43, Proposition 1.7].

Proposition 3.3 The iterated cofiber, fiber-cofiber and iterated fiber definitions of Toda
brackets coincide. More precisely, for any diagram X Ny x 1 Ly ) By x 3inT,
we have the following equalities of subsets of T (X Xy, X3):

(f3. f2. [1)ee = (f3. S, J1)ee = (S5, S2. S1)12

Proof We will prove the first equality; the second equality is dual.

(2) Let B(Ea) € (f3, f2, f1)ic be obtained from maps « and B as in diagram (3-2).
Now consider the diagram with distinguished rows

Xo S X; o > Xo
R
s-icy, X, - )?z Cy,
L
Nk

where there exists a filler ¢: Cy, — X;. The commutativity of the tall rectangle on the
right exhibits the membership S(Za) € {(f3, f2, f1)cc-
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(S) Let ¥ € (f3, f2, f1)cc be as in diagram (3-1). The octahedral axiom comparing
the cofibers of ¢, ¢ and ¢ o g; = f5 yields a commutative diagram

-> 1 -2 1y
=)
X S X, q1 c L S X, J1 SX,
o @ Yo
-1
slo, =2y, Ly, Z Cr, — 2 %X,
\ K
q f3 3 ﬁ E
9 2

where the rows and columns are distinguished. By exactness of the sequence

* —1 *
T(Cpy X3) 2 T X0, x0) (516, Xy)

there exists a map B: Cy, — X3 satisfying ¥ = B(Z«) if and only if the restriction of
¥ to the fiber 7! Cy of Xa is zero. That condition does hold: one readily checks
the equality ¥ (—X~'5) = 0. The chosen map B: C ', — X3 might not satisfy the
equation Bg, = f3, but we will correct it to another map B’ which does. The error
term f3 — Bq, is killed by restriction along ¢, and therefore factors through the cofiber
of @, ie there exists a factorization

f3—Bq2 =0

for some 6: C, — X3. The corrected map B’ := f+0&: Cyr, — X; satisfies f'g, = f3.
Moreover, this corrected map B’ still satisfies f/'(Za) = ¥ = B(Z«), since the
correction term satisfies 0 (Za) = 0. |

Thanks to the proposition, we can write { f3, f>, f1) if we do not need to specify a
particular definition of the Toda bracket.

We also recall this well-known fact, and leave the proof as an exercise.

Lemma 3.4 For any diagram X L> X ﬁ) X, L> X3 in T, the subset ( f3, f2, /1)
of T(X Xy, X3) is a coset of the subgroup

(f3)+ T(2Xo, Xp) + (Z/1)* T(2X1, X3). a
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The displayed subgroup is called the indeterminacy, and when it is trivial, we say that
the Toda bracket has no indeterminacy.

Lemma 3.5 Consider maps X L> X £> X, ﬁ) X3 ﬁ) X4. The following in-

clusions of subsets of T (X Xy, X4) hold:

(a) falfs, fa, 1) S (fafss fo, J1),
(b) (fa, 3. 2V 1 S S S35 211,
(© (fafs, f2, 1) € {fa, f3 /20 1)
(d) (fa, f3, 2 1) € {fas f3 120 1)

Proof Inclusions (a)—(b) are straightforward.

For (¢)—(d), using the iterated cofiber definition, the subset ( f4 f3, /2, f1)cc consists
of the maps ¥: ¥ Xy — X4 appearing in a commutative diagram

m)ﬁ X; Cr, > Xo
| ]k |
X, i X, 2 Y, VE X, Ja X,

where the top row is distinguished. Given such a diagram, the diagram

m)ﬁ X, Cr, > Xo
f3p

P e

X, i X, 2 X, VE X, Ja X,

exhibits the membership ¥ € {f4, f3 f2, f1)cc- A similar argument can be used to

prove the inclusion { f1, f3, f> f1)& € {fa, f3 f2, f1)ir- a

Example 3.6 The inclusion (/3 f3, f2 f1) € {fa, f3 fa, fl) need not be an equality.

For example, consider the maps X O,y Ly % 71, 7 The Toda brackets

being compared are

(120, 1Y70> = (Ov IY?()) = {0}7
(12,01y,0) = (12,0,0) = T(SX, Z).
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Definition 3.7 In the setup of Definition 3.1, the restricted Toda brackets are the
subsets of the Toda bracket

(s o5 € (Fse fon f1)tes
s o e S s fos i

consisting of all composites f(Xa): ¥Xy — X3, where o and 8 appear in a commu-
tative diagram (3-2) where the middle row is distinguished, with the prescribed map
a: Xo — E_lez (resp. B: Cp, — X3).

The lift to the fiber a: Xy — =71C ', is a witness of the equality f; fi = 0. Dually,
the extension to the cofiber B: Cr, — X3 is a witness of the equality f3 f, = 0.

Remark 3.8 Let X, £> X, LN Cy, 2 5x 1 be a distinguished triangle. By
definition, we have equalities of subsets

o 55 e = (s for = =7 0)e(Sa),
s o e = Blan for fidee:

4 Adams d, in terms of 3—fold Toda brackets

In this section, we show that the Adams differential d, can be expressed in several ways
using 3—fold Toda brackets. One of these expressions is as a secondary cohomology
operation.

Given an injective class Z, an Adams resolution of an object Y as in diagram (2-2),
and an object X, consider a class [x] € E5’ represented by a cycle x € Ef” =
T(Z'75X, I). Recall that d,[x] € E512/*1 is obtained as illustrated in the diagram

Is+1 Is+2
s % Ys s+1 <— Ys+2 — Ys+3 -

\ ; pm\ i k /M
s+1
Tx o
7

D¢

da(x)

Explicitly, since x satisfies dq (x)=(Zps+1)8sx=0, we can choose a lift X: '~ X —o>
Y Y542 of 8sx to the fiber of Xps4 1. Then the differential d; is given by

dr[x] = [(Zps+2)X].
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From now on, we will unroll the distinguished triangles and keep track of the suspen-
sions. Following Convention 2.9, we will use the identifications

ESPPH o 72X L) 2 T(S7TX, Blh0) = T(E X, 22 40).

Proposition 4.1 Denote by d,[x] C E f+2’t+1 the subset of all representatives of the

s+2,t4+1

class dy[x] € E . Then the following equalities hold:

»2p,
(a) dy[x] = (Zdy = P Spgat. 8sx)te

= (Xdy, Zps+1,0sx),

1
(b) dr[x] = (Ezps+2)(25s+l X P51, 05X ) g
= (22 ps42)(Ss+1, DPs+1,85X),

B
(C) d2[x]: <Zd1 sd19x>fC1
. . E 2 Zzps+2 2 = . .
where B is the composite C —> XYy, 3“1+, and B is obtained from the
octahedral axiom applied to the factorization dy = (Xps41)8s: Is —> XY541 —> Xy .

In (c), B is a witness to the fact that the composite (Xd;)d; of primary operations is
zero, and so the restricted Toda bracket is a secondary operation.

Proof Note that ¢ plays no role in the statement, so we will assume without loss of
generality that # = s holds.

(a) The first equality holds by definition of d>[x], namely choosing a lift of §5x to the
fiber of Xpg 1. The second equality follows from the fact that 2 p, , is the unique
extension of Xd; = (X2 ps42)(Z8s41) to the cofiber of Epsy . Indeed, T8sy; is
T—epic and X I, is injective, so that the restriction map

(28541)*: T(E* Y42, B2 L5 42) = T(ELg11. 2 42)
is injective.
(b) The first equality holds by Remark 3.8. The second equality holds because X841
is Z—epic and X/, is injective, as in part (a).
. . 8 ZPS+1
(¢) The map dy: Iy — Xl is the composite Iy — XYs41 —> XIg41. The

octahedral axiom applied to this factorization yields the dotted arrows in a commutative
diagram
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3 Yig — Xps
Iy —— XY XY R
|
‘ Eps+1 & H
d] + L
Iy —— X1 ———+Cyq —— ==Xl
I ~
ESH—I '}3
N
Y512 52542
_ZZiH—l l

) %2 )
b3 Ys+1 — X Ys

where the rows and columns are distinguished and the equation (—X2is, ;) 5 = (Zds)t
holds. The restricted bracket (Xd;# dy, x)s. consists of the maps X — %21,
appearing as downward composites in the commutative diagram

SY ==X v

|

S
dy q + t
Iy —— Y14 Ca, Xl
>
22 Y542
Ey \pj+2
3 P LY S

) Let,B(Zoz)e(dl'Bdl X )fc . By definition of 8, we have 8(Xa)= (Zzps_,_z)ﬂ(Zoz).
Then ,B(Ea) Y X — X2Y,, is a valid choice of the lift ¥ in the definition of d,[x]:
(254 )B(Za) = —(T85)1(Za)
= —(Zés)(—2x)
= X (0sx).

(S) Given arepresentative (Xp;12)X € do[x], we will show that £X: X — X2V,

factors as ©X Z% Ca, N $2Y,4, for some o, yielding a factorization of the
desired form:

(22 ps42)(ZF) = (2 ps+2) B(Z)
= B(Za).
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By construction, the map (X2is)(—X2is41): 22Yyy» — X2 is a cofiber of ,g The
condition
(Ezis)(zzis+l)(255) = (Ezis)z(Ssx) =0

guarantees the existence of some lift Zo: XX — Cy4, of XX. The chosen lift Yo might
not satisfy ((Za) = —Xx, but we will correct it to a lift o’ which does. The two sides
of the equation become equal after applying —X6s, ie (—Xd;)(—2x) = (—Z8)t(Za)
holds. Hence, the error term factors as

—Xx —1Xa = (—Xps)(X0)

for some X0: XX — XY, since —Xp; is a fiber of —X68;. The corregted map
o' =Za+a(X0): TX — Cy, satisfies ((Za’) = —Xx and still satisfies f(Za’) =
B(Za) = XX, since the correction term &(X6) satisfies fa(X0) = 0. O

Proposition 4.2 The following inclusions of subsets hold in E f t2041

dz[X] g (22p5+2)(255+1’ d],X) g (Edl’ dl,X).

Proof The first inclusion is
dy[xX] = (22 ps12) (D851 1. ZPsa1. 85X) S (22 psy2) (E8s41, (Eps41)8s. X),
whereas the second inclusion is
(22 ps+2) (8511, d1. x) S ((E2 psa2)(E8541). d1. X),
both using Lemma 3.5. a

Proposition 4.3 The inclusion (22 ps1,)(Z8s41.d1.x) € (2dy,dy, x) need not be
an equality in general.

It was pointed out to us by Robert Bruner that this can happen in principle. We give an
explicit example in Proposition A.1.

5 Higher Toda brackets

We saw in Section 3 that there are several equivalent ways to define 3—fold Toda
brackets. Following the approach given in [30], we show that the fiber-cofiber definition
generalizes nicely to n—fold Toda brackets. There are (n — 2)! ways to make this
generalization, and we prove that they are all the same up to a specified sign. We also
show that this Toda bracket is self-dual.
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Other sources that discuss higher Toda brackets in triangulated categories are [40,
Appendix A], [18, Chapter IV, Section 2] and [36, Section 4], which all give definitions
that follow Cohen’s approach for spectra or spaces [15]. We show that our definition
agrees with those of [40] and [36]. (We believe that it sometimes differs in sign
from [15]. We have not compared carefully with [18].)

Definition 5.1 Let X i> X1 £> X, ﬁ> X3 be a diagram in a triangulated cate-

gory T . We define the Toda family of this sequence to be the collection T( f3, f2, f1)
consisting of all pairs (8, X«), where o and B appear in a commutative diagram

S

XO—>X1

L)

=1y, X X C

with distinguished middle row. Equivalently,

sxo sy,

= |

X; f2 X, Cy, X,
|, s

X2—>X3

where the middle row is again distinguished. (The negative of X f; appears, since
when a triangle is rotated, a sign is introduced.) Note that the maps in each pair form a
composable sequence ¥ Xy =% C s B x 3, with varying intermediate object, and that
the collection of composites 8 o X« is exactly the Toda bracket ( f3, f>, f1), using the
fiber-cofiber definition; see diagram (3-2). (Also note that the Toda family is generally
a proper class, but this is only because the intermediate object can be varied up to
isomorphism, and so we will ignore this.)

More generally, if S is a set of composable triples of maps, starting at Xy and ending
at X3, we define T(S) to be the union of T( f3, f>, f1) for each triple (f3, f2, f1)
in §.

.. Si S S3 Sn . . .
Definition 5.2 Let Xy — X; — X, — --- —> X}, be a diagram in a triangulated
category 7. We define the Toda bracket ( fy, ..., f1) inductively as follows. If n = 2,
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it is the set consisting of just the composite f5 f1. If n > 2, it is the union of the sets
(B, X, X fp—3,..., Xf1), where (B, ) isin T( fn, fu—1, fu—2)-

In fact, there are (n—2)! such definitions, depending on a sequence of choices of which
triple of consecutive maps to apply the Toda family construction to. In Theorem 5.11
we will enumerate these choices and show that they all agree up to sign.

Example 5.3 Let us describe 4—fold Toda brackets in more detail. We have
(fa, J3, 2. [1) = U(ﬂ, Ya,2f1) = U U {B' o Ta'}
ﬂ,O( ﬂaa ﬂ/9a/

with (B8, Xa) € T( /4, f3. f>) and (B, Xa’) € T(B, Za, X /7). These maps fit into a
commutative diagram

2 o’ 2 2
by Xo C):a by Xl row = —% fl
ﬁ/
N .
S X, Cr, SX, row = -5
X, /3 X3 — Xy
Ja

0

where the horizontal composites are specified as above, and each “snake”
c—.
— .

is a distinguished triangle. The middle column is an example of a 3—filtered object as
defined below.

Next, we will show that Definition 5.2 coincides with the definitions of higher Toda
brackets in [40, Appendix A] and [36, Section 4], which we recall here.

Definition 5.4 Let n > 1 and consider a diagram in 7

A A An—
Yo ——Y; —= Y; e T Y
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consisting of n—1 composable maps. An n—filtered object Y based on (Ay—1,...,A1)
consists of a sequence of maps
io i In—1
0=F)Y —FY— - — F,Y=Y
together with distinguished triangles

FY by T siy s ey

for 0 < j <mn—1,suchthatfor 1 <j <n—1, the composite

b))
> Y, ,—>2F,Yl>21Y,, i

is equal to X/ A,_ j - In particular, the n—filtered object ¥ comes equipped with maps

op: Yuo1 = F1Y -7,
oy: Y = F,Y - " 1Y,.

Definition 5.5 Let X L) X1 £> X, i> ﬁ) X, be a diagram in a triangulated

category 7. The Toda bracket in the sense of Shipley and Sagave, { fy,..., f1)ss €
T(2"72 Xy, Xp), is the set of all composites appearing in the middle row of a commu-
tative diagram

Xn—l
o}l x‘
DILEED (N G ¢
E% l“f"
E”_zXl

where X is an (n—1)-filtered object based on ( f,—1,..., f3, f2).

Example 5.6 For a 3—fold Toda bracket ( f3, f2, f1)ss, a 2—filtered object X based
on f, amounts to a cofiber of — f>, more precisely, a distinguished triangle

o )
X, X x sy, sy,

Using this, one readily checks the equality { /3, />, f1)ss = (/3. /2. f1)t, as noted in
[36, Definition 4.5].
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Example 5.7 For a 4—fold Toda bracket { f4, f3, />, f1)ss, a 3-filtered object X
based on ( f3, f>) consists of the data displayed in the diagram

=0
Fx=x L7 vy,

i

sx, 22 py B sy row = —%f;
i

X, 2Ok X, row = — f
io
FoX =0

where the two snakes are distinguished. The bracket consists of the maps %2 Xy — X,
appearing as composites of the dotted arrows in a commutative diagram

EﬂXb——-u+X?JE;+2%n row = 32 f
h AN
AN
_2—1 \

X —2% Ry —2 N sx, row = —5;
\
\

X, S X, Ja X,
0

where the two snakes are distinguished. By negating the first and third map in each
snake, this recovers the description in Example 5.3, thus proving the equality of subsets

(fa. 13, f2. f1)ss = (fa, [3. f2. f1)-

Proposition 5.8 Definitions 5.2 and 5.5 agree. In other words, we have the equality

(fusooos S1dss = (Sn s S1)
of subsets of T(2""2 Xy, Xy).

Proof This is a straightforward generalization of Example 5.7. a
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We define the negative of a Toda family T( f3, f», f1) to consist of pairs (8, —X«) for
(B, Za) € T(f3, f2, f1)- (Since changing the sign of two maps in a triangle doesn’t
affect whether it is distinguished, it would be equivalent to put the minus sign with

the 8.)
N f2 f3 fa . . .
Lemma 5.9 Let X — X1 — X, — X3 — X4 be a diagram in a triangulated

category T. Then the two sets of pairs T(T( fa, f3, f2), 2/1) and T(f4,T(f3, f2, f1))
are negatives of each other.

This is stronger than saying the two ways of computing the Toda bracket ( f4, f3, f2, f1)
are negatives, and the stronger statement will be used inductively to prove Theorem 5.11.

Proof We will show that the negative of T(T(f4, f3, f2), X /1) is contained in the
family T( f4, T(f3, f2, f1)). The reverse inclusion is proved dually.

Suppose (B, Za) isin T(T( fa, f3, f2), Xf1), thatis, (8, Za) isin T(', Za’, T f1) for
some (B’, Xa’) in T( f4, f3, f>). This means that we have the following commutative
diagram, in which the long row and column are distinguished triangles:
-2/
X, — 2 3x,
|

o’

|

|

|

|

VE ¥

X, X3 Cf3
s
f4\ﬂ B
X4

~ 8

X,

AN
CZ(x’
Ya 7
v
v

>2X,

_22]3\4

LD ¢

Using the octahedral axiom, there exists a map §: Cr, — X3 in the following diagram
making the two squares commute, and such that the diagram can be extended as shown,
with all rows and columns distinguished:
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Y o Zfi
b _
z/ \ —Efz
X, Cy, X X,
| |
| |
) I Yo’
| |
4 4
X, S X; — Cy, X,
N
¥ R’
X4 p
x B
\\
C(s P— CE(I/
E(x/ A
s >2X,
Y -
v 4 _22\1

SCj, — 5 B2X,

Define Xy to be the composite £2Xy — Cxqy = Cs — X Cy, , where the first map
is Y. Then the small triangles at the top and bottom of the last diagram commute
as well. Therefore, (8,y) is in T(f3, f2, f1). Moreover, this diagram shows that
(B, —X) isin T(fy,§,y), completing the argument. a

To concisely describe different ways of computing higher Toda brackets, we introduce
the following notation. For 0 < j <n — 3, write T;(fu, fu—1...., f1) for the set of
tuples

{(fn’ fn—lv FR) fn—j-i—l’:B’ EOl, Efn—j—?n (ERE) Zfl)}?

where (B8, Xa) isin T(fu—j, fu—j—1, fu—j—2). (There are j maps to the left of the
three used for the Toda family.) If S is a set of n—tuples of composable maps, we define
T; (S) to be the union of the sets T;(fx, fu—1,---, f1) for (fu, fu—1...., f1) in S.
With this notation, the standard Toda bracket ( f5, ..., f1) consists of the composites
of all the pairs occurring in the iterated Toda family

T(fn, ) fl) = TO(TO(TO(TO(fn, ) fl))))

A general Toda bracket is of the form T;, (T;,(Tj;(---Tj,_»,(fn...., f1)+++))), where
J1s J2,- .-, jn—2 1is a sequence of natural numbers with 0 < j; <7 for each i. There
are (n — 2)! such sequences.

Remark 5.10 There are six ways to compute the 5—fold Toda bracket ( f5, 4, f3, /2. /1)
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as the set of composites of the pairs of maps in one of the following sets:

To(To(To(fs. fa. f3. f2. /1)) = T(T(T(S5. fa. f3). £/2). B f1).
To(To(T1(f5. fa- f3. f2. /1)) = T(T(f5. T(fa. f3. /). B2 f1),
To(T1(T1(f5, fa. f3, f2. /1)) =T(fs, T(T(fa, /3, f2). /1)),
To(T1(T2(f5, fa. f3, f2. /1)) =T(fs, T(fa, T(S3. f2, /1)),
To(To(T2(f5, fa. f3, f2, /1)),

To(T1(To(f5, fa. f3. f2, f1)))-

The last two cannot be expressed directly just using T.
Now we can prove the main result of this section.

Theorem 5.11 The Toda bracket computed using the sequence ji, ja, ..., jn—> equals
the standard Toda bracket up to the sign (—1)ZJi .

Proof Let ji, j>,..., ju—> be a sequence with 0 < j; <i for each i. Lemma 5.9
tells us that if we replace consecutive entries k, kK 4+ 1 with k, k in any such sequence,
the two Toda brackets agree up to a sign. To begin with, we ignore the signs. We will
prove by induction on £ that the initial portion ji,..., jg of such a sequence can be
converted into any other sequence, using just the move allowed by Lemma 5.9 and its
inverse, and without changing j; for i > £. For £ = 1, there is only one sequence 0.
For £ = 2, there are two sequences: 0,0 and 0, 1, and Lemma 5.9 applies. For £ > 2,
suppose our goal is to produce the sequence jl’ ey jlf. We break the argument into
three cases:

J e’ = jy We can directly use the induction hypothesis to adjust the entries in the first
£ — 1 positions.

j e’ > j¢ By induction, we can change the first £ — 1 entries in the sequence j so that
the entry in position £ — 1 is jg, since jy < j; <{—1. Then, using Lemma 5.9, we
can change the entry in position £ to j; + 1. Continuing in this way, we get jé in
position £, and then we are in the first case.

Jj e’ < j¢ Since the moves are reversible, this is equivalent to the second case.

To handle the sign, first note that signs propagate through the Toda family construction.
More precisely, suppose S is a set of n—tuples of maps, and let S’ be a set obtained
by negating the k™ map in each n—tuple for some fixed k. Then T;(S) has the same
relationship to T; (S”), possibly for a different value of k.
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As a result, applying the move of Lemma 5.9 changes the resulting Toda bracket by
a sign. That move also changes the parity of ) . j;. Since we get a plus sign when
each j; is zero, it follows that the difference in sign in general is (—1)2i Ji . a

An animation of this argument is available at [13]. It was pointed out by Dylan Wilson
that the combinatorial part of the above proof is equivalent to the well-known fact that
if a binary operation is associative on triples, then it is associative on n—tuples.

In order to compare our Toda brackets to the Toda brackets in the opposite category,
we need one lemma.

fi f2 f3 . . . .
Lemma 5.12 If Xo—> X;—> X,— X3 is adiagram in a triangulated category T, then
the Toda family T(Z f3, £ f>, £ f1) is the negative of the suspension of T( f3, f2, f1).
That is, it consists of (28, —X2a) for (B, Xa) in T( f3, f>. f1).

k
Proof Given a distinguished triangle ~1C ' —> X1 ﬁ) X5 N Cy, , adistinguished
triangle involving X f; is

_ >
% sy, 2 sy, 2 sy,

Cr

2

Because of the minus sign at the left, the maps that arise in the Toda family based on
this triangle are —X 2« and %f, where o and B arise in the Toda family based on
the starting triangle. a

Given a triangulated category 7, the opposite category 7 °P is triangulated in a natural
way. The suspension in 7° is £~! and a triangle

Yo 81 Y, 82 Y, &3 E_lYo

in 7°P is distinguished if and only if the triangle

g/
S ly, ¥ <y, B sy,

in T is distinguished, where g/1 is the composite of g; with the natural isomorphism
Yo = XY,

Corollary 5.13 The Toda bracket is self-dual up to suspension. More precisely, let
Xo iR X1 N X, S, Iny X, be a diagram in a triangulated category T . Then
the subset

(oo )T S TRETODN,, Xo) = T(Xo, 2072 X,)
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defined by taking the Toda bracket in T °P is sent to the subset
(foo- o S1)T S T(E" 2 Xo. Xp)

defined by taking the Toda bracket in T under the bijection X"~ 2: T (Xo, X~ "2 X,)—
T(Z"2 X0, Xn).

Proof First we compare Toda families in 7 and 7 °P. It is easy to see that the Toda
family T7* (f1. f», f3) computed in 7°P consists of the pairs (o, 2~ 8) for (Zer, B)
in the Toda family T7 ( f3, f2. f1) computed in 7. In short, one has to desuspend and
transpose the pairs.

Using this, one can see that the iterated Toda family

T T (fi, fas f2)s o, 277D )

is equal to the transpose of
ST s (ST £ ST ST (s o f) ).

By Lemma 5.12, the desuspensions pass through all of the Toda family constructions,
introducing an overall sign of (—1)!+2+3+++#=3) "and producing

ST S, T (e, T T (S5, f2n f1)-++)).

By Theorem 5.11, composing the pairs gives the usual Toda bracket up to the sign
(—1)0+1+2++@=3) The two signs cancel, yielding the result. |

We do not know a direct proof of this corollary. To summarize, our insight is that
by generalizing the corollary to all (n —2)! methods of computing the Toda bracket,
we were able to reduce the argument to the 4—fold case (Lemma 5.9) and some
combinatorics.

Remark 5.14 As with the 3—fold Toda brackets (see Remark 3.2), the higher Toda

brackets depend on the triangulation. If the triangulation is negated, the n—fold Toda
brackets change by the sign (—1)".

6 Higher order operations determine d,

In this section, we show that the higher Adams differentials can be expressed in terms
of higher Toda brackets, in two ways. One of these expressions is as an ™ order
cohomology operation.
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Given an injective class Z, an Adams resolution of an object Y as in diagram (2-2)
and an object X, consider a class [x] € E b represented by an element x € E f’t =
T(Z'*X, I5). The class d,[x] is the set of all (Xps+,)X, where X runs over lifts
of §sx through the (r—1)—fold composite X (is41 ---is+,—1) Which appears across
the top edge of the Adams resolution.

Our first result will be a generalization of Proposition 4.1(a), expressing d; in terms of
an (r+1)—fold Toda bracket.

Theorem 6.1 As subsets of E“;Jrr’t“_l , we have

dr[x] = (Er_ldl, ceey Ezdl, Edl, Eps_H, (SSX).

Proof We compute the Toda bracket, applying the Toda family construction starting
from the right, which introduces a sign of (=1 F2tt=2), by Theorem 5.11. We
begin with the Toda family T(Xd;, Xps+1,0sx). There is a distinguished triangle

Yig4q Xps+1 E8s5+1
SYsqr — SV — Tl —— Y40,

with no needed signs. The map £d; factors through X8s4; as X2 ps., and this
factorization is unique because 8,4 is Z—epic and X2/, is injective. The other
maps in the Toda family are Xx;, where x; is a lift of §sx through ¥isy;. So

T(Zdy, Spsi1.8sx) = {(Z? ps12, Tx1) | x1 a lift of §sx through Tigyq}.

(The Toda family also includes (22 psy2 ¢, ¢~ (Xx1)), where ¢ is any isomorphism,
but these contribute nothing additional to the later computations.) The composites of
such pairs give d;[x], up to suspension, recovering Proposition 4.1(a).

Continuing, for each such pair we compute
T(£%dy, 3% psy2. £x1) = —ET(Edy, Tpsya. x1)
= —3{(Z% ps43, Tx2) | X, alift of x; through iz ,}.

The first equality is Lemma 5.12, and the second reuses the work done in the previous
paragraph, with s increased by 1. Composing these pairs gives —d3[x]. The sign
which is needed to produce the standard Toda bracket is (—1)!, and so the signs cancel.

At the next step, we compute
T(2*d1. 2% pysy3.—%2x2) = =Z°T(Sd1. Bps+3.%2)
= —22{(22ps+4, 3x3) | x3 alift of x, through ¥i;3}.
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Again, the composites give —d4[x]. Since it was a double suspension that passed
through the Toda family, no additional sign was introduced. Similarly, the sign to
convert to the standard Toda bracket is (—1)!72, and since 2 is even, no additional
sign was introduced. Therefore, the signs still cancel.

The pattern continues. In total, there are 1+ 2 + --- 4 (r —2) suspensions that pass
through the Toda family, and the sign to convert to the standard Toda bracket is also
based on that number, so the signs cancel. a

Remark 6.2 Theorem 6.1 can also be proved using the definition of Toda brackets
based on r—filtered objects, as in Definitions 5.4 and 5.5. However, one must work in
the opposite category 7 °P. In that category, there is a unique r —filtered object, up to
isomorphism, based on the maps in the Toda bracket. One of the dashed arrows in the
diagram from Definition 5.5 is also unique, and the other corresponds naturally to the
choice of lift in the Adams differential.

In the remainder of this section, we describe the analog of Proposition 4.1(c). We begin
by defining restricted higher Toda brackets, in terms of restricted Toda families.

Consider a Toda family T(ghy, g1ho, goh), where the maps factor as shown, there are
distinguished triangles

i hi ki
(6'1) Zi il Ji ! Zi-l—l d EZ;

for i = 0,1, and g and / are arbitrary maps Z, — A and B — Z,, respectively.
This information determines an essentially unique element of the Toda family in the
following way. The octahedral axiom applied to the factorization g;/q yields the
dotted arrows in a commutative diagram

h k _x
Jo—2 7z, " sz, T2 s,
|
N
h +
L A N A N A
|
hy I B2
<+
Zy—— 7,
kl l)/z
Sk

>Z, — X%Z,
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where the rows and columns are distinguished and y, := (Zko)k; . It is easy to see
that —X(goh) lifts through ¢ as o, (Zh), and that gh; extends over ¢ as gf,. We
define the restricted Toda family to be the set T(ghy! g1ho' goh) consisting of the pairs
(gB2, a2(Xh)) that arise in this way. Since o, and B, come from a distinguished
triangle involving a fixed map y,, such pairs are unique up to the usual ambiguity of
replacing the pair with (gB2¢, ¢~ as(Zh)), where ¢ is an isomorphism. Similarly,
given any map x: B — Jg, we define T(gh;!g1hg, x) to be the set consisting of the
pairs (gf,, L), where 8, arises as above and X« is any lift of —Xx through ¢.

Definition 6.3 Given distinguished triangles as in (6-1), for i = 1,...,n—1, and
maps g: Z, - A and x: B — J;, we define the restricted Toda bracket

! ! ! !
(ghl’l—l ’gn—lhn—z L ’g3h2 ’gzhl’x)

inductively as follows. If n = 2, it is the set consisting of just the composite ghx. If
n =3, it is the set of composites of the pairs in T(gh,! g2k, x). If n > 3, it is the
union of the sets

! ! !
(gB2 02(Zhp—3) , X(gn—3hn-a). ..., Xx),
where (g8, a2(Xhy,—3)) isin T(gh,—y : gn—lhn—zz gn—2hn_3).

Remark 6.4 Despite the notation, we want to make it clear that these restricted Toda
families and restricted Toda brackets depend on the choice of factorizations and on the
distinguished triangles in (6-1). Moreover, the elements of the restricted Toda families
are not simply pairs, but also include the factorizations of the maps in those pairs, and the
distinguished triangle involving o, and B,. This information is used in the (n—1)—fold
restricted Toda bracket that is used to define the n—fold restricted Toda bracket.

Recall that the maps d; are defined to be (Xps+1)ds, and that we have distinguished
triangles
Ps 8s i
Y — [ —— XY — XY

for each s. The same holds for suspensions of d, with the last map changing sign
each time it is suspended. Thus for x: ¥7°X — I in the E; term, the (r+1)—fold
restricted Toda bracket (X7 ~!d,! ...!2d,!d,,x) makes sense for each r, where
we are implicitly using the defining factorizations and the triangles from the Adams
resolution.

Theorem 6.5 As subsets of Ef+r’t+r_1 , we have

! ! !
di[x]=(2"7d; . ... 2d; . dy, x).
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This is a generalization of Proposition 4.1(c). The data in the Adams resolution is the
witness that the composites of the primary operations are zero in a sufficiently coherent
way to permit an ™ order cohomology operation to be defined.

Proof The restricted Toda bracket (X"~ 'd;! ...!2d,!d;, x) is defined recursively,
working from the left. Each of the » — 2 doubly restricted Toda families has essentially
one element. The first one involves maps o5, B, and y, that form a distinguished
triangle, and y, is equal to [(—1)" X" isq,2][-(—1)" X is4+,—1]. We will denote
the corresponding maps in the following octahedra o, 85 and yj, where each yj
equals [(—=1)" =" is4r—] Yi—1. and so yx = —(=1)"¥ " (igq g -+ ig1,—1). Oneis
left to compute the singly restricted Toda family (27 ps1rBr—1' 01 277285, B 72x),
where o,_1 and B,_; fit into a distinguished triangle
S S Wl Pl sy, P sy,

and y,—1 = —X" (is41 - Is4r—1). Thus, to compute the last restricted Toda bracket,
one uses the following diagram, obtained as usual from the octahedral axiom:

si—s+r—1y
l—Z’_lx
2] i )LD (—>_1)r2r_lis oy —>_2r_1ps 1y
H Or—1 :ar H
E’_zls—>Wr_1___q_’__1___>V[J;'r___t_’*_1___>2r—1[S
Br-1 :,8,
Sy e S ey sy
Vr—1 ly,
(=D" E"iy

S Yy — s ST

Up to suspension, both d,[x] and the last restricted Toda bracket are computed by
composing certain maps X: X/t 72X — X7Y, ., with " ps4,. For d,[x], the
maps X must lift X" ~1(8sx) through —y,_; . For the last bracket, the maps X are of
the form B, y, where y: X/=5T7=1X — W, is a lift of —%"~!x through (,_;. As in
the proof of Proposition 4.1(c), one can see that the possible choices of X coincide. O

We next give a description of d,[x] using higher Toda brackets defined using filtered
objects, as in Definitions 5.4 and 5.5. The computation of the restricted Toda bracket
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above produces a sequence

(6-2) 0=W, qo W, q1 qr—1 W,

where Wy is the fiber of the k—fold composite X7 (ig4,—g * - is+r—1). (The map yx
may differ in sign from this composite, but that doesn’t affect the fiber.) For each k,
we have a distinguished triangle

t — (D) (2 g i
W —2 Wiy~ 5 ey — B Briet) gy

where we extend downwards to k = 0 by defining W; = X"~ I, ,_; and using the
nonobvious triangle

=0 =—1
Wo 2w, T sy, —2 s s,

One can check that
(ELk—l)(_Eak)(Er_l5s+r—k—1) = (Erps+r—k)(2r_15s+r—k—1)
— Er_ldl
=zhE T lay),

where " "K=14, is the map appearing in the (k + 1)™ spot of the Toda bracket. In
other words, the sequence (6-2) is an r—filtered object based on (X" 2d,,...,d;).

The natural map oy: W, — X771 is 1,_;, and the natural map a{,V: S, =
Wi — W, is the composite ¢,—1---qi1t9 = —¢r—1 -+ ¢1. The Toda bracket computed
using the filtered object W consists of all composites appearing in the middle row of
this commutative diagram:

z:r_lls-i—r—l
aI/,Vl w‘l
(6-3) simstr=ly -4 Ly, o ==+ T Ay
Jow
r1x
Er_lls

We claim that there is a natural choice of extension . Since

2y = (2 per) (2 8 r1),
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it suffices to extend X", over oy - Well, B by definition is an extension
of X718, ,_1 over ¢, and each subsequent fB; gives a further extension. Because
to=—1, —(X7 ps+,)Br is a valid choice for b.

On the other hand, as described at the end of the previous proof, the lifts @ of "~ !x
through o = t,—1, when composed with —(X” ps+,)B,, give exactly the Toda
bracket computed there.

In summary, we have the following theorem.

Theorem 6.6 Given an Adams resolution of Y and r > 2, there is an associated
r —filtered object W and a choice of a map b in diagram (6-3), such that for any X and
class [x] € ES", we have

d[x]=(=""'d,, ..., 2d;, dy. x),

where the Toda bracket is computed only using the r —filtered object W and the chosen
extension b.

7 Sparse rings of operations

In this section, we focus on injective and projective classes which are generated by an
object with a “sparse” endomorphism ring. In this context, we can give conditions under
which the restricted Toda bracket appearing in Theorem 6.5 is equal to the unrestricted
Toda bracket, producing a cleaner correspondence between Adams differentials and
Toda brackets. We begin in Section 7.1 by giving the results in the case of an injective
class, and then briefly summarize the dual results in Section 7.2. Section 7.3 gives
examples.

Let us fix some notation and terminology, also discussed in [36; 34; 39, Section 2; §].
Definition 7.1 Let N be a natural number. A graded abelian group R is N —sparse

if R is concentrated in degrees which are multiples of N, ie R; = 0 whenever
i %0 (mod N).

7.1 Injective case

Notation 7.2 Let E be an object of the triangulated category 7. Define the E—
cohomology of an object X to be the graded abelian group E*X given by E"X :=
T(X,X"E). Postcomposition makes E*X into a left module over the graded endo-
morphism ring E*E.
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Assumption 7.3 For the remainder of Section 7.1, we assume the following:

(1) The triangulated category 7 has infinite products.
(2) The graded ring E*E is N —sparse for some N > 2.

Let Zg denote the injective class generated by E, as in Example 2.6. Explicitly, Zg
consists of retracts of (arbitrary) products [[; X" E.

Lemma 7.4 With this setup, we have the following:

(1) Let I be an injective object such that E*I is N —sparse. Then I is a retract of a
product [, ™ N E.

(2) If, moreover, W is an object such that E*W is N —sparse, then we have
T(W,X'I)=0 fort #0 (mod N).

Proof (1) [ is aretract of a product P = [[; £" E, with amap ¢: [ — P and
retraction 7: P —> I. Consider the subproduct P’ =[]y ,, X" E, with inclusion
' P’ < P (via the zero map into the missing factors) and projection 7’: P —» P’.
Then the equality

Unli=u 1 —> P

holds, using the fact that E*I is N —sparse. Therefore, we obtain 7i/'n't = w1 = 1y,
so that [ is a retract of P’.

(2) By the first part, 7(W, X'1) is a retract of
TW. s [[=™NE) =T(W.]] =N E)
i

1
=[[7w, "N+ E)
i
— l_[EmiN+tW

1

=0,

using the assumption that E*W is N —sparse. |

Lemma 7.5 Letlogll £>12—>---i>lr be a diagram in T, withr < N + 1.

Assume that each object I; is injective and that each E*(I;) is N —sparse. Then
the iterated Toda tamily T(fy, fr—1...., f1) is either empty or consists of a single
composable pair X" ~21y — C — I, up to automorphism of C .
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Proof In the case r = 2, there is nothing to prove, so we may assume r > 3.
The iterated Toda family is obtained by r — 2 iterations of the 3—fold Toda family
construction. The first iteration computes the Toda family of the diagram

fr—2 fr—l fr

Ir—3—>lr—2 Ir—l I.

Choose a cofiber of f,_1, ie a distinguished triangle 7,_, fr—_>1 I,_1—>C —XI,_,.
A lift of f,_, to the fiber =1 Cy, if it exists, is determined up to

T3, 2 ) = T(2 23, 1),

which is zero by Lemma 7.4(2). Likewise, an extension of f; to the cofiber Cy, if it
exists, is determined up to

T(Zly—, 1) =0.

Hence, T(f;, fr—1, fr—2) is either empty or consists of a single pair (81, Za), up to
automorphisms of C;. It is easy to see that the object C; has the following property:

(7-1) If E*W =0 for x =0,1 (mod N), then T(W,Cy) =0.
For r > 4, the next iteration computes the Toda family of the diagram

Xfro3 Soq Bi

Xl g — 31, 3 —— Cy —— I,.
The respective indeterminacies are
T(2*1,-4.C1).
which is zero by property (7-1), and
T(Z%1,-3.1p).

which is zero by Lemma 7.4(2), since N > 3 in this case. Hence, T(B1, Za1, Xfr—3)
is either empty or consists of a single pair (8,, X3 ), up to automorphism of the cofiber
C, of Xa;. Repeating the argument inductively, the successive iterations compute the
Toda family of a diagram

. Sifa Sa; :
L) S e Lo —5 ¢ iy

for 0 < j <r -3, where C; has the following property:

(72)  IfE*W =0forx=0,1,....j (mod N), then T(W.Cj) =0.
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The indeterminacies 7(2/1,_3_;,C;) and T(X/ T, _»_;,I,) again vanish. Hence,
T(Bj, Xaj, X/ Jr—2—j) is either empty or consists of a single pair (8; 41, Zatj11),
up to automorphism of C; ;. Note that the argument works until the last iteration
j =r —3, by the assumption r —2 < N . a

We will need the following condition on an object Y .

Condition 7.6 Y admits an Zg—Adams resolution Y. (see (2-2)) such that for each
injective /; in the resolution, £ (2T ) is N —sparse.

Remark 7.7 (1) Condition 7.6 implies that E*Y is itself N —sparse, because of
the surjection E*Iy — E*Y .

(2) The condition can be generalized to: there is an integer m such that for each j,
E*(X/1;) is concentrated in degrees * = m (mod N). We take m = 0 for
notational convenience.

(3) We will see in Propositions 7.9 and 7.10 situations in which Condition 7.6 holds.

Theorem 7.8 Let X and Y be objects in T and consider the Adams spectral sequence
abutting to T (X, Y) with respect to the injective class Tg . Assume that Y satisfies
Condition 7.6. Then for all r < N, the Adams differential is given, as a subset of
Estrttr—=1
1 » Oy
d xX]= (X" "Yd,,...,2dy. dy, x).

In other words, the restricted bracket appearing in Theorem 6.5 coincides with the full
Toda bracket.

Proof We will show that
! ! !
(Er_ldl , ;Edl ;dl,x) = (E’_ldl,...,Edl,dl,x).
Consider the diagram
dq Xd; 5 -1 Er_ldl
Iy — Y[ — X g4y —— - — X [, — X [y,
x]
X
whose Toda bracket is being computed. The corresponding Toda family is
T(Er_ldl, ey Edl, dl,x) = T(T(Er_ldl, Ceey Edl, dl), E’_zx).
We know that

r—1 ! ! ! r—1
TS 'dy, ... .3dy.d) CT(E " dy, ..., Sdy, dy).
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By Lemma 7.5, the Toda family on the right has at most one element, up to automor-
phism. But fully restricted Toda families are always nonempty, so the inclusion must
be an equality. Write X721 St vy s+ for an element of these families. It
remains to show that the inclusion

(g1 /%7 2x) C (g, £.="2x)

is an equality, ie that the extension of g to the cofiber of f is unique. This follows
from the equality 7(X”~!I;, £" Iy4,) = 0, which uses the assumption on the injective
objects /; and that r —1 < N. ml

Next, we describe situations in which Theorem 7.8 applies.

Proposition 7.9 Assume that every product of the form [ [; "™ N E has cohomology
E*([1; =™N E) which is N —sparse. Then every object Y such that E*Y is N -
sparse also satisfies Condition 7.6.

Proof Let (y;) be a set of nonzero generators of E*Y as an E* E—module. Then the
corresponding map ¥ — [; il E is Zg—monic into an injective object; we take this
map as the first step po: Yo — Iy, with cofiber XY;. By our assumption on Y, each
degree |y;| is a multiple of N, and thus E* I is N —sparse, by the assumption on E .
The distinguished triangle Y7 — Y 29 Iy — XY, induces a long exact sequence on
E —cohomology which implies that the map /o — XY is injective on E—cohomology.
It follows that E*(XY;) is N —sparse as well. Repeating this process, we obtain an
Zr—Adams resolution of Y such that for every j, E*(X/ Y;) and E (2T ;) are
N —sparse. a

The condition on E is discussed in Example 7.17.

Proposition 7.10 Assume that the ring E* E is left coherent, and that E*Y is N —
sparse and finitely presented as a left E* E —module. Then Y satisfies Condition 7.6.

Proof Since E*Y is finitely generated over E* E, the map pg: Y — I can be chosen
so that Iy = [[; 2N E = @, ™ N E is a finite product. It follows that E*Ij is
N —sparse and finitely presented. We have that E*~1Y; = ker( Py EXIo— E*Y).
This is N —sparse, since E* I is, and is finitely presented over E* E, since both E* I
and E*Y are, and E* E is coherent [9, Section 1.2, Exercises 11-12]. Repeating this
process, we obtain an Zg—Adams resolution of Y such that for every j, /1 jisa
finite product of the form []; ™ N E. O
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7.2 Projective case

The main applications of Theorem 7.8 are to projective classes instead of injective
classes. For future reference, we state here the dual statements of the previous subsection
and adopt a notation inspired from stable homotopy theory.

Notation 7.11 Let R be an object of the triangulated category 7 . Define the homotopy
(with respect to R) of an object X as the graded abelian group w+X given by
X =T(X"R, X).

Precomposition makes 7« X a right module over the graded endomorphism ring 74« R.

Assumption 7.12 For the remainder of Section 7.2, we assume the following:

(1) The triangulated category 7 has infinite coproducts.
(2) The graded ring 7« R is N —sparse for some N > 2.

Let Pg denote the stable projective class spanned by R, as in Example 2.4. Explicitly,
Pr consists of retracts of (arbitrary) coproducts ; X" R.

Condition 7.13 X admits a Pg—Adams resolution X, as in diagram (2-1) such that
(77 Pj) is N —sparse for each projective P;.

Theorem 7.14 Let X and Y be objects in T and consider the Adams spectral se-
quence abutting to T (X, Y') with respect to the projective class Pg. Assume that X sat-

isfies Condition 7.13. Let [y]€ E3*' be a class represented by y € E“;’t =T (ISP, Y).

Then for all r < N, the Adams differential is given, as a subset of E;™"' "1 py

[yl = (y.d1. =7 "dy..... =70 Va,).

Note that we used Corollary 5.13 to ensure that the equality holds as stated, not merely
up to sign.

Proposition 7.15 Assume that every coproduct of the form ; X" N R has homotopy
7 (€D; =™ N R) which is N —sparse. Then every object X such that X is N -
sparse also satisfies Condition 7.13.

Recall the following terminology.

Definition 7.16 An object X of T is compact if the functor T (X, —) preserves
infinite coproducts.
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Example 7.17 If the object R is compact in 7, then R satisfies the assumption of
Proposition 7.15. This follows from the isomorphism

Tk (@, E’”"NR) =P, 7 (=" N R) = P, ="V, R

and the assumption that 74« R is N —sparse. The same argument works if R is a retract
of a coproduct of compact objects.

Dually, if E is cocompact in 7, then E satisfies the assumption of Proposition 7.9.

This holds more generally if E is a retract of a product of cocompact objects.

Remark 7.18 Some of the related literature deals with compactly generated triangu-
lated categories. As noted in Remark 2.13, we do not assume that the object R is a
generator, ie that the condition 7+« X = 0 implies X = 0.

Proposition 7.19 Assume that the ring 7« R is right coherent, and that 7w« X is N —
sparse and finitely presented as a right mw« R—module. Then X satisfies Condition 7.13.

The following is a variant of [34, Lemma 2.2.2], where we do not assume that R is a
generator. It identifies the E, term of the spectral sequence associated to the projective
class Pg. The proof is straightforward.

Proposition 7.20 Assume that the object R is compact.

(1) Let P be in the projective class Pgr. Then the map of abelian groups
T(P,Y)— Homy, (7« P, sY)

is an isomorphism for every object Y .

(2) There is an isomorphism
Extp (X, Y) = Ext) p(m«X, 74Y)

which is natural in X and Y .

7.3 Examples

Theorem 7.14 applies to modules over certain ring spectra. We describe some examples,
along the lines of [34, Examples 2.4.6-7].
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Example 7.21 Let R be an A ring spectrum, and let AMod g denote the homotopy
category of the stable model category of (right) R—modules [39, Example 2.3(ii); 17,
Section III]. Then R itself, the free R—module of rank 1, is a compact generator
for AModg. The R-homotopy of an R—module spectrum X is the usual homotopy
of X, as suggested by the notation

hModg(X" R, X) == hModg(S", X) = m, X.
In particular, the graded endomorphism ring w4« R is the usual coefficient ring of R.

The projective class Pg is the ghost projective class [14, Section 7.3], generalizing
Example 2.4, where R was the sphere spectrum S. The Adams spectral sequence
relative to Ppg is the universal coefficient spectral sequence

Ext) p(X'mX,mxY) = hModgr(Z'7°X.Y)

as described in [17, Section IV.4] and [14, Corollary 7.12]. We used Proposition 7.20
to identify the E, term.

Some Ao ring spectra R with sparse homotopy m« R are discussed in [34, Sections 4.3,
5.3 and 6.4]. In view of Proposition 7.20, the Adams spectral sequence in 2ZMod g
collapses at the E, page if w« R has (right) global dimension less than 2.

The Johnson—Wilson spectrum E(n) has coefficient ring
v E(n) = Zplv1, ..., vn, v;l], lvi| = 2(pi —1),

which has global dimension 7 and is 2(p—1)-sparse. Hence, Theorem 7.14 applies in
this case to the differentials d, with r <2(p—1), while d, is zero for r > n. Likewise,
connective complex K-theory ku has coefficient ring

wxku = Zu], |u|=2,

which has global dimension 2 and is 2—sparse.

Example 7.22 Let R be a differential graded (dg for short) algebra over a commutative
ring k, and consider the category of dg R—modules dgMod . The homology H.X
of adg R-module is a (graded) Hyx R—module. The derived category D(R) is defined
as the localization of dgMod g with respect to quasi-isomorphisms. The free dg R—
module R is a compact generator of D(R). The R—homotopy of an object X of D(R)
is its homology 7+ X = H,X . In particular, the graded endomorphism ring of R
in D(R) is the graded k—algebra HyR.

The Adams spectral sequence relative to Pg is an Eilenberg—Moore spectral sequence
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from ordinary Ext to differential Ext, as described in [4, Section 8, 10]. See also [25,
Section I1L1.4; 21, Example 10.2(b); 16].

Remark 7.23 Example 7.22 can be viewed as a special case of Example 7.21. Letting
HR denote the Eilenberg—MacLane spectrum associated to R, the categories Mod g
and dgModp are Quillen equivalent, by [39, Example 2.4(i)] and [41, Corollary 2.15],
yielding a triangulated equivalence #Mod gg = D(R). The generator HR corresponds
to the generator R via this equivalence.

Example 7.24 Let R be aring, viewed as a dg algebra concentrated in degree 0. Then
Example 7.22 yields the ordinary derived category D(R). The graded endomorphism
ring of R in D(R) is Hx R, which is R concentrated in degree 0. This is NV —sparse
forany N > 2.

The Adams spectral sequence relative to Pg is the hyperderived functor spectral
sequence

Extyy, g (5" Hu X, HyY) = [ | Ext}(Hi—: X. H;Y)
iez — D(R)(Z'™°X,Y) = Extiy ! (X,Y)

from ordinary Ext to hyper Ext, as described in [44, Section 5.7 and 10.7].

Appendix A: Computations in the stable module category of
a group

In this appendix, we give some computations in the stable module category of a group
algebra kG, where k is a field and G is a finite group. These computations are used
in Proposition 4.3.

Write R for the group algebra kG. We will work in the stable module category
T := StMod(R). This is the category whose objects are (left) R—modules, and whose
morphisms from M to N consist of the R—module homomorphisms from M to N
modulo those that factor through a projective module. An isomorphism in StMod(R)
is called a stable equivalence, and two R—modules M and N are stably equivalent if
and only if there are projectives P and Q such that M @& P =~ N & Q. The category
StMod(R) is triangulated. The suspension XM is defined by choosing an embedding
of M into an injective module and taking the quotient, the desuspension QM is
defined by choosing a surjection from a projective to M and taking the kernel, and
these are inverse to each other because the projectives and injectives coincide. Given a
short exact sequence
0> M > M, - M;—0

Algebraic & Geometric Topology, Volume 17 (2017)



2728 J Daniel Christensen and Martin Frankland

and an embedding of M; into an injective module 7, one can choose maps

0 My M, M 0
[ [
(A-1) H I I
+ +

0 M, 1 XM ——0

making the diagram commute in Modg . The distinguished triangles are defined to be
those triangles isomorphic in StMod(R) to one of the form

Ml—)M2—>M3—>EM1
constructed in this way.

Rather than working with respect to an injective class in 7, we will consider the
ghost projective class P, which is generated by the trivial module k. More precisely,
P consists of the retracts of coproducts @; X" k, and the associated ideal consists of
the maps which induce the zero map in Tate cohomology. See [12, Section 4.2] for
details.

Proposition A.1 Let G be the cyclic group C4 = (g | g* = 1), let k = F,, and
write R = kG . There exists an R—module M , an Adams resolutions of M with
respect to the ghost projective class, and a map k: M — M such that the inclusion
(k,dq,8)(Zp) € (k,dy,dy) from Proposition 4.2 (dualized) is proper.

Proof To produce our counterexample, we will consider the Adams spectral sequence
abutting to StMod(M, Q2* M), where M is a two-dimensional module with basis
vectors that are interchanged by g.

In order to make concrete computations, it will be helpful to observe that, as a k —algebra,
R is the truncated polynomial algebra

R=k[g]/(g* 1) = klg]/(g = D)* = klx]/x*,

where we define x := g — 1 € R. In this notation, the trivial module £ is R/x and
the module M is R/x2.

We will need to compute their desuspensions, which are given, as R—modules, by
Qk =ker(R — k) = k{x,x? x3} = R/x3,
Q%k =ker(R— R/x%) =k{x’} =~ R/x =k,
QM =ker(R — R/x%) =k{x* x3} = R/x* =M,

where curly brackets denote the k—vector space with the given generating set.
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In order to produce a P—epic map to M, we need to know the maps from suspensions
of k to M . Since k is 2—periodic, the following calculations give us what we need:

T(k.M)=Modg(k.M)/~=Modg(R/x.R/x?)[~=k{jix}/~=k{p}.
T(Qk.M)=Modg(Qk.M)/~=Modg(R/x* . R/x*)/~=k{ws.jux}/~=k{ni},

where f ~ g if f — g factors through a projective, and w,: R/x™ — R/x" denotes
the R—module map given by multiplication by » € R (when this is well-defined). Here,
we used the fact that t: R/x3 — R/x? is stably null, since it factors as

R/x3 P R RyN2,

Using this, we obtain a P—epic map p := ux + u1: kK ® Qk — M. Since p is
surjective, its fiber is its kernel. This kernel is generated by (1,x) and is readily
seen to be isomorphic to M . Under the identification of QM with M, the natural
map QM — M (using the dual of Equation (A-1)) is iy . Since we are working at
the prime 2, fiber sequences and cofiber sequences agree, so we obtain the following
Adams resolution of M :

MXM KMXM %MXM -

k & Qk k & Qk k & Qk

where § = [ﬁ}( ], and we have chosen to put the degree shifts on the horizontal arrows.

We will be considering the Adams spectral sequence formed by applying the functor
T(—,M). The map d; = ép: k & Qk — k & Qk is [M?ﬂ ,’ji], which simplifies
to [ #22 e ], using the fact that u,: Qk — QFk is stably null, because we have that
it factors as Qk £5% R 1, Qk. The stable maps k @ Qk — M are of the form
[aptxy buq] for a and b in k, and all composites [ajx bpq] are stably null. Using
this twice for d;’s in different positions, one sees that if «: k @ Qk — M is any map,

then d,[«] is defined and has no indeterminacy.

Now consider {k, dq,8)(Zp). One part of the indeterminacy here consists of maps
of the form fX(§)X(p) = fX(dy), for f: X(k & Qk) — M. As above, all such
composites are zero. The other part of the indeterminacy consists of maps of the form
kfX(p),for f: M — k & Qk, and again, one can show that all such composites
are zero. So (k, dq, 8)(Xp) has no indeterminacy and therefore equals d;[«].
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Finally, consider (k, d;, dy). The part of the indeterminacy involving d; is again zero.
The other part consists of all composites « f, for f: X(k & Qk) - k & Qk. Since
there is an isomorphism X (k @ Qk) — k @ Qk, this indeterminacy is nonzero if and
only if « is nonzero.

Since nonzero maps k: k @ Qk — M exist, we conclude that the containment
(K’ d1’5>(2p) < (K’ dl’ dl)

can be proper. a

Remark A.2 If in the proof above we take « to be the map [uux 0]: k d Qk —> M,
then using the same techniques one can show that

(ke,dy,8) = {1p},
(kc,dy1,8)(Zp) ={Zp} = dafc] = {[111 pxl},
(k. dy.dy) = {1 bux]|b €T},

as subsets of T(QRk @k, M) = T(Z(k ® Qk), M), where we identify M with QM
and ¥ M, as before.

Remark A.3 Theorem 7.14 does not apply to the example in Proposition A.1. Indeed,
the graded endomorphism ring of k in StMod(kG) is the Tate cohomology ring
H" (G; k) = StMod(kG)(R"k, k) [11, Section 6]. This ring is not sparse, as we have
HY(G:k) #0.

Example A.4 The following example illustrates the fact that a Toda bracket need not
be equal to its own negative, as noted in Remark 3.2.

Consider the ground field k = F3 and the group algebra R = kC3 = k[x]/x?, where
we denote x = g — 1 € R for g € C3 a generator. Consider the R—modules k = R/x
and M = R/x?. Let us compute the Toda bracket of the diagram

MﬂlkMmek

in the triangulated category 7 = StMod(R). We will use appropriate isomorphisms
Yk =~ M and XM = k, and in particular compute the Toda bracket as a subset of
T(k,k) = T(XM,k). Via these isomorphisms, the suspension Lpu;: M — Xk
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equals (x: k — M . Consider the commutative diagram in 7

NV

I
Yo ! H
Yo, o

et Bk
|
Mk
where the middle row is distinguished. The only choices for the dotted arrows are
Ya = —1j and B = 1y, from which we conclude

(1, pxs p1)e = {—1g} C Tk, k).

Appendix B: 3—fold Toda brackets determine the
triangulated structure

Heller proved the following theorem in [20, Theorem 13.2]. We present an arguably
simpler proof here. The argument was kindly provided by Fernando Muro.

Theorem B.1 In a triangulated category T, the diagram X i) Y 57z sxis
a distinguished triangle if and only if the following two conditions hold:

(1) The sequence of abelian groups

(Z71h)
—

T(4,5717) TA.X) T y) 5 T 2 T sy

is exact for every object A of T .
(2) The Toda bracket (h, g, f) € T(XX,XX) contains the identity map 1z x .

Proof (=) A distinguished triangle satisfies the first condition. For the second
condition, consider the following commutative diagram:

vy Ly 8, h sy
PR IR [P
y L.y 8,7 " sy

Since the top row is distinguished, this diagram exhibits the membership 1y x €
(h.g. f).
(<) Assume that 1y x € (h, g, f) holds. By definition of the Toda bracket, there
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exists a map ¢: Cy — Z making the diagram

x Loy e, sy
P I R
Yy Ly 8,7 . sy

commute, where the top row is distinguished. To show that the bottom row is dis-
tinguished, it suffices to show that ¢: Cy — Z is an isomorphism. By the Yoneda
lemma, it suffices to show that g«: T(A4, Cr) — T(A, Z) is an isomorphism for every
object A of T.

Consider the following diagram:

=5
Y sy L sy
_Zf
=X sy

Applying T (A4, —) yields the following diagram of abelian groups:

T4 X)L T )~ (A, Cr)—= T(4, s 2 74, 2

P e (N [
T(A,X) —Z5 T(A,Y) -5 T(4, Z) — T(4, SX) —25 T (A4, TY)

The top row is exact, since the top row of (B-1) is a cofiber sequence, and the bottom
row is exact, using the first condition. By the five lemma, @, is an isomorphism. 0O

Remark B.2 Here are some remarks about the first condition.
(1) Ttimplies gf = g« f+«(1x) =0 and hg = h.g«(1y) = 0.

(2) Itis equivalent to the exactness of the long sequence (infinite in both directions)

for every object A of T .

(3) Itis a weaker version of what is sometimes called a pretriangle [33, Section 1.1].
Indeed, the condition states that the sequence

. HE'h) H(f) Hb)
H(E'Z)—= S H(X) —5 H(Y) H(Z) H(ZX)

is exact for every decent homological functor H: 7 — Ab of the form H =T (A4, —).
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Corollary B.3 Given the suspension functor ¥: T — T, 3—fold Toda brackets in T
determine the triangulated structure. In particular, 3—fold Toda brackets determine the
higher Toda brackets, via the triangulation.

Remark B.4 It is unclear to us if the higher Toda brackets can be expressed directly
in terms of 3—fold brackets.
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