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The localized skein algebra is Frobenius

NEL ABDIEL
CHARLES FROHMAN

When 4 in the Kauffman bracket skein relation is set equal to a primitive n" root
of unity ¢ with n not divisible by 4, the Kauffman bracket skein algebra K¢ (F)
of a finite-type surface F is a ring extension of the SL,C —character ring of the
fundamental group of F. We localize by inverting the nonzero characters to get an
algebra S™!K ¢(F) over the function field of the corresponding character variety.
We prove that if F is noncompact, the algebra S~ K, ¢(F) is a symmetric Frobenius
algebra. Along the way we prove K(F) is finitely generated, K;(F) is a finite-rank
module over the coordinate ring of the corresponding character variety, and learn to
compute the trace that makes the algebra Frobenius.

57TM27

1 Introduction

This paper is a step in a program to build a 4—dimensional extended field theory that
assigns invariants to manifolds equipped with a homomorphism of their fundamental
group into SL,C. A symmetric Frobenius algebra A over a field k is a k—algebra
equipped with a k —linear map Tr: 4 — k that is cyclic in the sense that for all o, 8 € A4,
Tr(af) = Tr(Ba), and for all nonzero « € A, there exists 8 € A4 with Tr(ef) # 0.
Frobenius algebras are central to the construction of field theories.

We show that the Kauffman bracket skein algebra of a compact surface with nonempty
boundary can be localized to give a symmetric Frobenius algebra over the function field
a character variety of the fundamental group of the surface. The trace that makes the
localized skein algebra Frobenius is a potent tool for explicating the algebraic structure
of K¢(F), as seen in Frohman and Kania-Bartoszynska [10].

A surface F is of finite type if there is a closed oriented surface F and a finite set of
points {p;} € F such that F = F — {pi}. In this paper all surfaces are either compact
oriented (possibly with boundary) or of finite type. If F is a compact, connected,
oriented surface, a punctured disk can be glued into each boundary component to obtain
a finite-type surface. There is a one-to-one correspondence between disjoint families
of simple closed curves in the two surfaces, so the theorems we prove working with
finite-type surfaces apply to surfaces having finitely many boundary components.
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A central result of this paper is:

Theorem 3.7 The Kauffman bracket skein algebra K(F') of a finite-type surface with
coefficients in Z[A, A™'] is finitely generated as an algebra by a finite family of simple
closed curves S;. In fact,

k k kn
(1-1) 18501y * Stz * % Sy
where k; € Z>g, spans K(F) for any permutation o: {1,...,n} — {1,...,n}.

This is an extension of a theorem of Bullock [3]. Key to the proof is a well ordering
of the simple diagrams on the surface. Given an ideal triangulation with edges E of
the surface F, there is an embedding of the isotopy classes of simple diagrams on F
into Zfo. Letting S denote the simple diagrams on F, there is an injective map,

(1-2) ;S — 125,

which assigns the tuple [[.i(S,c) to the simple diagram S, where i (S, ¢) is the
geometric intersection number of S with the edge ¢. Choosing an order on E gives
rise to the lexicographic ordering of Zfo which in turn induces a well ordering of S.
The geometric sum of two simple diagrams S and S’ is the simple diagram S + S’
such that (S + S’) = «(S) + ¢(S).

Any skein has a unique expression as a linear combination of simple diagrams with
nonzero coefficients. The lead term of a skein is the term in that expression involving
the largest simple diagram. Suppose that we have defined the Kauffman bracket skein
algebra Ko (F) over an integral domain ©, so that the variable ¢ in the Kauffman
bracket skein relation is a unit in ®. The central tool for proving the theorems in this
paper is:

Theorem 3.4 Let F be a finite-type surface with at least one puncture and negative
Euler characteristic. Choose an ideal triangulation with edges FE, and order E in order
to define the lead term of a skein. The lead term of the product of two simple diagrams
S and S’ in Ko (F) is ¢ raised to a power times the geometric sum of S and S’.

If A is set equal to —1 in K(F), the corresponding skein algebra is canonically
isomorphic to the coordinate ring of the SL,C —character variety of the fundamental
group of F'; see Bullock [4] and Przytycki and Sikora [15]. If A4 is set equal to 1,
then the corresponding skein algebra is still isomorphic to the SL,C —character variety
of 71 (F), just not canonically; see Barrett [1].

Let ¢ be an n' root of unity, and let m = n/gcd(n, 4). For reasons that will become
clear, we call m the index of threading. Let € = m?, Throughout this paper we assume
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n # 0 mod 4. In the case that n is odd, ¢ = 1. If » =2 mod 4 then € = —1. There is a
theorem of Bonahon and Wong that, when n # 0 mod 4, there is a natural embedding

(1-3) Ch: Ke(F) — K¢ (F).

We denote the image of Ch with its coefficients extended to Z[% ¢ ] by x(F). This
is to remind us that it is canonically isomorphic to the coordinate ring of a character
variety. We use the finite generation of K(F) to prove that K¢(F) is a finitely
generated module over K. (F). Localizing at S = x(F)— {0}, the algebra S~! K¢(F)
is finite-dimensional over S~ x(F).

Theorem 3.9 Suppose that ¢ is an n™ root of unity with n # 0 mod 4, and let m be
the index of threading. Let F be a finite-type surface. If S; is any system of simple
diagrams corresponding to an integral basis of the cone of admissible colorings, then
the skeins [ [; T, (S;), where the k; € {0,1,...,m —1} span K¢(F) over x(F). In
particular, K¢(F) is a finite ring extension of x(F).

Frohman and Kania-Bartoszynska [10] prove that S _IK;(F ) is a vector space of
dimension m—3¢F) over S™! x(F), where e(F) is the Euler characteristic of F and
m is the index of threading. Next we prove:

Theorem 3.10 If F is closed and ¢ is a primitive n™ root of unity with n # 0 mod 4,
then K¢ (F) is a finite-rank module over x(F).

This means that all irreducible representations of K¢(F) over the complex numbers
are of bounded dimension.

Each o € S~ K¢(F) induces an S ~1y(F)-linear endomorphism
(1-4) Lo: ST'K¢(F) — ST K¢ (F)

by left multiplication. The normalized trace Tr(x) of « is the trace of L, as a linear
endomorphism divided by the dimension of the vector space S~! K¢(F) over the
field S™!y(F). The normalized trace has the properties:

e Tr(l)=1.
o Tr(axp)="Tr(*a).
e Tris S™!y(F)-linear.
Hence, if Tr is nondegenerate then S~! K¢(F) equipped with the normalized trace is

a symmetric Frobenius algebra over the function field of the character variety of the
fundamental group of the surface F.
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Along the way we learn to compute Tr: S™! K¢(F)— S ~1y(F) with respect to a
special basis. A primitive diagram on F' is a system of disjoint simple closed curves S;
such that no S; bounds a disk and no two curves in the system cobound an annulus.
The skein [ [; Tk, (S;) is the product over all i of the result of threading S; with the
k;h Chebyshev polynomial of the first kind. These span S~! K¢(F) over S “1yY(F).

Theorem 4.13 Suppose that s = ) _; B; P;, where the B; are in S~y (F) and the
P; are primitive diagrams whose components have been threaded with Chebyshev
polynomials of the first kind. Let J be those indices i such that the components of P;
have only been threaded with Chebyshev polynomials whose index is divisible by the
index of threading. Then

(1-5) Tr(s) = ) _ Bi Pi.

ieJ

The derivation of the formula for the trace depends on the following surprising fact. Let
\U; Si be a simple diagram, made up of the simple closed curves S;. The extension
ST (F)[S1,....Su] of S™1x(F) obtained by adjoining the S; is a field. This
extends a result of Muller [14], which says that simple closed curves are not zero
divisors.

Since the value of the formula for the trace doesn’t have any denominators that didn’t
appear in the input, the trace is actually defined as a y(F)-linear map

(1-6) Tr: K¢ (F) — x(F).

Next, the formula for the trace is used to prove that there are no nontrivial principal
ideals in the kernel of Tr: K¢(F) — x(F), completing the proof that S—1 K¢(F)isa
symmetric Frobenius algebra. Essential to the proof is the fact that, given a primitive
diagram | S;, the skeins [[; Tk, (S;) with 0 <k; <m —1 generate a field extension
of ST'x(F) in ST'K¢(F).

Acknowledgements The authors would like to thank Pat Gilmer, Thang L& and Joanna
Kania-Bartoszynska for helpful input.

2 Preliminaries

2.1 Kauffman bracket skein module

Let M be an orientable 3—manifold. A framed link in M is an embedding of a disjoint
union of annuli into M. Throughout this paper M = F x [0, 1] for an orientable
surface F. Diagrammatically we depict framed links by showing the core of the annuli
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lying parallel to F. Two framed links in M are equivalent if they are isotopic. Let £
denote the set of equivalence classes of framed links in A/, including the empty link.
By Z[A, A~'] we mean Laurent polynomials with integral coefficients in the formal
variable A. Consider the free module over Z[A4, A™],

(2-1) Z[A, AL,

with basis £. Let S be the submodule spanned by the Kauffman bracket skein relations,

2-2) N=4-4a7)(
and
QUL+ (4> +A7?)L.

The framed links in each expression are identical outside the balls pictured in the
diagrams, and when both arcs in a diagram lie in the same component of the link, the
same side of the annulus is up. The Kauffman bracket skein module K(M) is the
quotient

(2-3) Z[A, AL/ S(M).

A skein is an element of K(M). Let F be a compact orientable surface and let
I =10, 1]. There is an algebra structure on K(F x I) that comes from laying one
framed link over the other. The resulting algebra is denoted by K(F) to emphasize
that it comes from the particular structure as a cylinder over F. Denote the stacking
product with a *, so o * § means « stacked over §. If it is known the two skeins
commute, the * will be omitted.

A simple diagram D on the surface F is a system of disjoint simple closed curves
such that none of the curves bounds a disk. A simple diagram D is primitive if no
two curves in the diagram cobound an annulus. A simple diagram can be made into
a framed link by choosing a system of disjoint annuli in F so that each annulus has
a single curve in the diagram as its core. This is sometimes called the blackboard
Jframing. The set of isotopy classes of blackboard framed simple diagrams form a basis
for K(F) [5; 12; 16].

2.2 Specializing 4

If R is a commutative ring and ¢ € R is a unit, then R is a Z[A, A~!]-module, where
the action

(2-4) Z[A,A"'1® R— R
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is given by letting p € Z[A, A~!] act by multiplication by the result of evaluating p
at ¢. The skein module specialized at { € R is

(2-5) Kr(M) = K(M)Q®z14,4-1 R.

You can think of the specialization as setting A equal to ¢ in the Kauffman bracket
skein relations.

This is much too general a setting to get nice structure theorems for Kg(M ), so we
restrict our attention to when the ring R is an integral domain. To emphasize that we
are working with an integral domain we denote the ring by ©. Since Z[A4, A~'] is an
integral domain and A is a unit, our results hold for K(A) as a special case. For that
reason the theorems in this paper are all stated in terms of K5 (M), the skein module

specialized at a unit ¢ in an integral domain ©.
We are most interested in the case when ¢ is a primitive n™ root of unity, where
n # 0 mod4. The integral domain is Z[%, {] We need 2 to be a unit so that a

collection of skeins that are adapted to the computation of the trace will be a basis.

2.3 Threading

The Chebyshev polynomials of the first type T} are defined recursively by
e To(x)=2,
e Ti(x)=x,and
¢ Tnp1(x) = T1(x) Tn(x) = Tp—1(x).

They satisfy some nice properties.

Proposition 2.1 For m,n >0, Ty,,(T,(x)) = Tyun(x). Furthermore, for all m,n > 0,
T (X)Tn(x) = Tingn(x) + Tim—n|(X).

For a proof see [8].

We denote the oriented surface of genus g with p punctures by Xg ,. It is easy to see
that K5(Xg,2) is isomorphic to D[x], where x is the framed link coming from the
blackboard framing of the core of the annulus. Hence 1, x, x2,...,x", ... is a basis
for K5(Zg,2). Since To(x) = 2, in order to use the 7% (x) as a basis for ©, 2 must

be a unitin ©. If 2 €D is a unit then {7} (x) | k € Z>o} is a basis for Kp(Xo,2).

If the components of the primitive diagram on a finite-type surface F are the simple
closed curves S; and k; € Z>( has been chosen for each component, the result of
threading each of the curves S; with the T, is [[; Tk, (S;). Since the S; are disjoint
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from one another, they commute, so order doesn’t matter in the product. For any
compact or finite-type surface F, the primitive diagrams on F' up to isotopy, with their
components threaded with all possible choices of Chebyshev polynomials, form a basis
for Ko (F) solong as 2 € ® is a unit. This basis is becoming more commonly used in
the study of skein algebras [9; 17; 13].

The following theorem of Bonahon and Wong is the starting point for this investigation.
The convention for defining K¢(M) means that it is a module over Z[1,¢]. This
means that K.(M) is a module over Z[%] For the sake of the following theorem,
after choosing an m" root of unity ¢ we interpret K (M) to have its coefficients
extended to include Z[%, ¢ ]; that way we don’t have to mess around with extending
coefficients in the range. More formally, let

(2-6) Ke(M) = Ke(M) ®511Z[3.¢]

Theorem 2.2 (Bonahon and Wong [2; 13]) If M is a compact oriented three-
manifold and we specialize at an n'™ root of unity ¢ such that n # 0 mod 4, there
isa Z[%, §] ~linear map

Ch: Ke(M) — K¢(M)

given by threading framed links with T,,, where m = n/gcd (n,4) is the index of
threading. Any framed link in the image of Ch is central in the sense that if L' U K
differs from L U K by a crossing change of L and L’ with K, then Ty,(L)U K =
Tm(L')U K. In the case that M = F x [0, 1], the map

Ch: Ke(F) — K¢(F)
is an injective homomorphism of algebras such that the image of Ch lies in the center

of K¢(F).

The skein module K (M) is a ring under disjoint union. At A = +1, the Kauffman
bracket skein relation

(2-7) + N+ = +E)(

can be rotated 90 degrees and then subtracted from itself to yield

(2-8) N -

This means that, in K{(M), changing crossings does not change the skein. To take
the product of two equivalence classes of framed links, choose representatives that
are disjoint from one another and take their union. The product is independent of the
representatives chosen, since the results differ by isotopy and changing crossings. The
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product can be extended distributively to give a product on K;(M). Let +/0 denote
the nilradical of K_;(M). Itis a theorem of Bullock [3], proved independently in [15],
that, for any oriented compact 3—manifold, K_;(M)/~/0 is canonically isomorphic
to the coordinate ring of the SL,C —character variety of the fundamental group of M .
In the case that M = F x [0, 1], the disjoint union product coincides with the stacking
product, as stacking is one way to perturb the components of the two links so that they
are disjoint. For any oriented finite-type surface F, the ring x(F') has basis the isotopy
classes of primitive diagrams threaded with Ty, for all choices k; € Z>g.

In Sections 2.4-2.6, some algebraic background is presented that will be applied to
K¢ (F) in Section 4.

2.4 Specializing at a place

A place of x(F) is a homomorphism ¢: x(F) — C. The places correspond to
evaluation at a point on the character variety. A place defines a x(F)—module structure
on C, where the action

(2-9) x(F)®C—C

is defined by letting s € x(F) act as multiplication by ¢(s) on C. We define the
specialization of K¢(F) at ¢ to be

(2-10) Ke(F)g = K¢(F) ®y(r) C.

The specialization at a place is an algebra over the complex numbers.

2.5 Localization

Let R C J be aring extension, where R is an integral domain, J is an associative
ring with unit and R is a subring of the center of J. Since R has no zero divisors,
S = R — {0} is multiplicatively closed. Start with the set of ordered pairs J x §,
and place an equivalence relation on J x S by saying (a, s) is equivalent to (b, t)
if at = bs. Denote the equivalence class of (a,s) under this relation by [a, s]. The
set of equivalence classes is denoted by S~!J, and called the localization of J
with respect to S. Denote the set of equivalence classes [a, s] for a € R by S™!R.
Define multiplication of equivalence classes by [a, s][b, ] = [ab, st] and addition by
[a,s]+ [b,t] = [at + bs, st]. Under these operations, S™!' R is a field, and S™!J is
an algebra over that field.

In this paper, J is a subalgebra of K¢(F) and R is x(F'). This means that STIR is
the function field of the character variety associated to K (F).
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2.6 Trace and extension of scalars

Let f be a field and suppose that V is a finite-dimensional vector space over f. If
L € Ends(V), we use tr(L) to denote the unnormalized trace of L. The linear map
L can be represented with respect to a basis {v;} by a matrix (/; J ). The trace of L is
given by

(2-11) (L) =) 1.
i
If W is also a finite-dimensional vector space over f and M: W — W is an f-linear
map, then
(2-12) tr(L®y M) =tr(L)tr(M) and tr(L®M)=tr(L)+tr(M).

Suppose that f <a is a field extension and V is a vector space of dimension n over f;
then

(2-13) V®ra

is a vector space of dimension 7 over a. In fact, if {v;} is a basis for V' then {v; ® 1}
is a basis for V ®r a over a.

Under extension of scalars, L: V — V gets sent to L @y 15. The matrix of L ®¢ 1,
with respect to the basis {v; ® 1} is the same as the matrix of L with respect to {v;},
)

(2-14) tr(L @y 1q) = tr(L),

where the trace on the left is taken as an a—linear map, and the trace on the right is
taken as an f —linear map, and we are using f < a to make the identification.

The next proposition gives the method by which we will be computing the trace.

Proposition 2.3 Suppose that K < P < J, where K and P are fields, J is an
algebra over K and J is a finite-dimensional vector space over k. Thus J is a finite-
dimensional vector space over P, and P is a finite field extension of K. If s € P, then

it defines a K —linear maps [s: P — P, and Lg: J — J by left multiplication. If d is
the dimension of J over P, then

(2-15) tr(Ls) = d tr(ly),

where the traces are both taken as linear maps over K .
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Proof Since K < P is finite-dimensional it has basis pi,... p, over K. Since J is
a finite-dimensional vector space of dimension d over P it has basis ji,... j; over P.
This implies that p, j. is a basis of J over K. Expressing /; with respect to the
basis p,, we get

(2-16) Is(pa) =Y 1§ ps.
b

Since s acts as scalar multiplication on J,

(2-17) Ls(paje) =) 1§ pbiec-
b

Hence the matrix for Ly decomposes into d blocks that are all copies of the matrix
for ;. Therefore the trace of L is equal to d times the trace of /. O

2.7 Geometric intersection numbers

Suppose that X and Z are properly embedded 1-manifolds in the finite-type surface F,
where X is compact. We say that X’ is a transverse representative of X if X’ is
ambiently isotopic to X via a compactly supported isotopy and X’ th Z. Define the
geometric intersection number of X and Z, denoted by i (X, Z), to be the minimum
cardinality of X’ N Z over all transverse representatives of X. We could have instead
worked with Z up to compactly supported ambient isotopy and taken the minimum
over all Z’ isotopic to Z and transverse to X and gotten the same number, so
iX,Z2)=i(Z,X).

It is a theorem that a transverse representative of X realizes the geometric intersection
number 7 (X, Z) if and only if there are no bigons. A bigon is a disk D embedded
in F so that the boundary of D consists of the union of two arcs « C X and b C Z [7].
If there is a bigon, there is always an innermost bigon, whose interior is disjoint
from X U Z.

3 Ko (F) is finitely generated

3.1 Parametrizing the simple diagrams

An ideal triangle is a triangle with its vertices removed. An ideal triangulation of
a finite-type surface F consists of finitely many ideal triangles A; with their edges
identified pairwise, along with a homeomorphism from the resulting quotient space to F.
Alternatively an ideal triangulation is defined by a family E of properly embedded
lines that cuts F' into finitely many ideal triangles. The surface F' needs to have at least
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Figure 1: A folded triangle

one puncture, and negative Euler characteristic or it doesn’t admit an ideal triangulation.
If the Euler characteristic of the surface F' is —e(F’) then any ideal triangulation of F
consists of 2e(F) ideal triangles. The cardinality of a set of lines £ defining an ideal
triangulation is 3e(F).

If A is an ideal triangle in an ideal triangulation then dA = {a, b, ¢}, where a, b and ¢
are homeomorphic to R. The lines «, b, and ¢ are the sides of A. There is a map of
A to the closure of a component D of the complement of £ into F. If this map is an
embedding, then A is an embedded ideal triangle. 1t could be that two sides ¢ and ¢,
of the ideal triangle A get mapped to the same line c; in this case A is a folded ideal
triangle. Figure 1 is a picture of a folded ideal triangle. There are two punctures in the
picture, and the mapping is 2 — 1 along the vertical line joining them. The edge that is
covered twice by the mapping has multiplicity 2.

Let E denote a disjoint family of properly embedded lines that defines an ideal
triangulation of F, and suppose the triangles are the set {A;}. An admissible coloring
f: E — Z> is an assignment of a nonnegative integer f(c) to each ¢ € E such that
the following conditions hold:

e If {a,b, c} form the boundary of an embedded ideal triangle A; then the sum

f(a@) + f(b) + f(c) is even and the triple {f(a), f(b), f(c)} satisfies the
triangle inequality

G- fl@) = fB)+ f(©)., [fB)=fl@)+ f(c) and f(c) = f(a)+ (D).

e If {a,b} are the image of the boundary of a folded ideal triangle A;, where b
has multiplicity 2, we require that f(a) + 2 f(b) be even and f(a) <2f(b).

If S C F is a simple diagram then fg5: E — Z>o given by fg(c) =i(S,c) is an
admissible coloring. Conversely, for each admissible coloring f: E — Zx( there is
an isotopy class of simple diagrams having geometric intersection numbers with the
edges given by f. We denote a representative of this isotopy class by [ f]. In particular,
[fs]=S. We use A to denote the set of all admissible colorings f: E — Z>g.
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Proposition 3.1 The admissible colorings of the edges of an ideal triangulation of F
are in one-to-one correspondence with isotopy classes of simple diagrams on F. |

A pointed integral polyhedral cone is a subset A of some Z¥ that is defined by finitely
many equations and inequalities with 0 € A.

Proposition 3.2 The admissible colorings of an ideal triangulation of F form a pointed
integral polyhedral cone.

Proof If E is the set of edges of the ideal triangulation then there is a map
(3-2) A={f: E— Zsq| f is admissible} - ZF
that sends each f to its tuple of values. We still denote the image of this map by A.

The only part of recognizing A as an integral cone that is tricky is the condition that
the sum of colors over the sides of a triangle needs to be even. This can be avoided by
using a linearly equivalent description of the admissible colorings via corner numbers.
An ideal triangle has three corners, determined by a choice of two of the three sides.
For instance, if a triangle has three sides @, b and c, then the corners correspond to
{a,b}, {b,c} and {a,c}. If f: E — Z>( is an admissible coloring, the three corner
numbers of this triangle are

3-3) 3(f@+fB)=f(©), F(SB)+ (@)= f(@), 3(f@+f(c)=[b)).

It is easy to see that the corner numbers determine the admissible coloring and vice
versa. An assignment of corner numbers corresponds to an admissible coloring of the
edges if and only if all the corner numbers are nonnegative and if, for each edge, the
sum of the two corner numbers on one side of the edge is equal to the sum of the corner
numbers on the other side of that edge. The description in terms of corner numbers
allows us to conclude that the admissible colorings are a pointed integral cone. a

An integral basis of a pointed integral polyhedral cone is a subset of the cone that has
minimal cardinality among all subsets that span the cone additively. It is a classical
result [11] that any pointed integral polyhedral cone admits a finite integral basis. The
integral basis is unique. If P is a pointed integral polyhedral cone, p € P is indivisible
if s =0 or p =0 whenever 5,7 € P and s +¢ = p. The set of indivisible elements
of P is the integral basis [18]. In the case of the cone of admissible colorings, the
diagrams corresponding to indivisible colorings are simple closed curves.

Forgetting positivity, and the triangle inequality, the admissible colorings generate a
free module over Z. It makes sense to ask whether a collection fg;: E — Zx¢ are
linearly independent. Oddly, the integral basis need not be linearly independent.
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Figure 2: An ideal triangulation of X ;

Remark 3.3 Decompose the punctured torus X; ; into two ideal triangles. This
requires three edges, which form the boundary of both triangles. In the diagram below
we identify the left- and right-hand sides of the rectangle, and the top and bottom of the
rectangle with the vertices deleted to obtain a once-punctured torus. The lines defining
the triangulation come from the sides of the rectangle and the diagonal, as shown in
Figure 2.

The admissible colorings can be seen as triples of counting numbers (#1, 1, p) whose
sum is even that satisfy the triangle inequality. The nonzero indecomposable admissible
colorings are (1,1,0), (1,0,1) and (0, 1, 1). This set is an integral basis. Notice that
if (a, b, ¢) is an admissible coloring and one of the triangle inequalities is strict, say
a < b + ¢, we can subtract the corresponding indecomposable (0, 1, 1) to get a triple
(a,b —1,c — 1) that still satisfies the triangle inequality and the sum of the colors
a+b+c—2<a+b+c. If all three triangle inequalities are equalities ¢ = b + ¢,
b=a+c¢ and c =a+b, then (a,b,c) =(0,0,0). The three curves corresponding
to (1,1,0), (1,0,1) and (0, 1, 1) are the generators that Bullock and Przytycki [6]
obtained for K(Xj,1). There are infinitely many ideal triangulations of X; ; but Euler
characteristic forces them all to be two triangles that share all their edges. The argument
above goes through, even though the curves on the torus will be different. Since the
integral basis is unique, any set of skeins that generates K5 (X,1) must have at least
three elements.

Choose an ordering of E. Use this to order Zfo lexicographically. Notice that Zfo
in the lexicographic ordering is a well-ordered monoid. By that we mean Zfo is
well-ordered and, if @, b € Z>q have a < b, then a+c¢ <b +c¢ forany ¢ € Zs. Since
A is a submonoid of Zfo, we have that A is a well-ordered monoid.

If @ € K¢(F) then we can write « as a finite linear combination of simple diagrams
with complex coefficients,

(3-4) =) zgS,
S
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where the S are simple diagrams and the zg are nonzero elements of ©. The lead
term of o is zg S, where S is the largest diagram appearing in the sum. We denote
the lead term of the skein « as 1d(«).

3.2 The algebra K+ (F) is finitely generated over ©

If fs and fs/ are admissible colorings, choose simple diagrams S and S’ that realize
the colorings as the cardinality of their intersections with the ¢; € E and such that
S and S’ realize their geometric intersection number and S N S’ is disjoint from
all ¢;. Up to isotopy there is a unique simple diagram whose associated coloring is
fs+ fsr, called the geometric sum of S and S’. Since addition of admissible colorings
is associative, so is the geometric sum. It is worth noting, the geometric sum of two
diagrams depends on the choice of ideal triangulation.

Suppose that S and S’ transversely represent i (S, S’). Furthermore assume that
SNS’'NE = . If there are n points of intersection in S N S’, there are 2" ways of
smoothing all the crossings of S and S’ to get a system of simple closed curves. We
call a system of simple closed curves obtained by smoothing all crossings s a state. A
state might not be a simple diagram as it may contain some trivial simple closed curves.
There is a process for writing the product S * S’ as a linear combination of simple
diagrams. First expand the product as a sum of states using the Kauffman bracket
skein relation for crossings, then delete the trivial components of each state, and for
each trivial component deleted from a state multiply the coefficient of the state by
—¢2 —¢72. Order the crossings of S % S’. Based on the ordering there is a rooted tree,
where the root is the diagram S * S’, the vertices are partial smoothings (resolvents) of
the diagram, and the directed edges correspond to smoothing the crossings in order.
The states are the leaves of this tree. If the shortest path from the root to a state s
passes through a resolvent r, we say that s is a descendent of r.

Theorem 3.4 Let S and S’ be simple diagrams associated to admissible colorings
fs, fsi: E — Z>o. Assume the product S * S’ € Ko(F) has been written as
> pzpD, where the D are simple diagrams that are distinct up to isotopy and the
zp € ® are nonzero. There exists a unique simple diagram E in this sum, so that
fE = fs + f§, and all the other simple diagrams appearing with nonzero coefficient
in the sum are strictly smaller in the well ordering of diagrams. Furthermore, the
coefficient zg is a power of {.

Lemma 3.5 Let G be a four-valent graph with at least one vertex, embedded in a

disk D?. Assume that G is the union of two families of properly embedded arcs
A1 U A, and that there are three special points p, q and r in dD? such that
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e the endpoints of the Ay and A, are disjoint from one another and {p,q,r}
in 0D?,

e ifa; € Ay and a; € A,, then a, and a, intersect transversely, and realize their
geometric intersection number relative to their boundaries,

e ifa,be A; thenanNb =, and
e foranyarc a € A; U A,, the endpoints of a are separated by {p,q,r},

If A1 N A, is nonempty, then there is an embedded triangle A whose sides consist of
an arc of 9D? that is disjoint from {p, g, r}, an arc contained in some a € A, that only
intersects A, in a single point which is one of its endpoints, and an arc in some b € A,
that only intersects A; in a single point which is one of its endpoints.

(We call this an outermost triangle.)

Proof The graph dissects the disk into vertices, edges and faces. The alternating sum
of the numbers of vertices, edges and faces is 1, as that is the Euler characteristic of
the disk. A face f has two kinds of sides, sides in dD? and sides in the interior of D?.
Let ey(f) denote the number of sides of f lying in dD? and e;(f) the number of
sides of f in the interior. Similarly, let vy( /) be the number of vertices of the face
that lie in 30?2, and v;( /) be the number of vertices of f that lie in the interior of D2
The contribution of the face f to the Euler characteristic of the disk is

(3-5) () =1=3ei()—ea(f)+ zvi(f) + 3va(p)-

We have that ) f ¢(f) = 1. The faces that are contained in the interior of the disk
have an even number of sides, as their edges are partitioned into arcs of 4; and arcs
of A,. Since the arcs of A1 and A4, realize their geometric intersection number, the
interior faces have at least four sides. Hence the largest contribution of an interior face
is 0. A face touching the boundary can have two sides, but these faces are cut off by
a single component of A; or A,, and contain a point of {p, ¢, r} in their boundary
face by the last condition. They contribute % to the Euler characteristic of the disk.
However, the edges involved in these pieces can be removed from the families 4; and
A, and the remaining curves still satisfy the hypotheses, so do this. Now, the only
faces that contribute positively to the Euler characteristic of the disk are triangles with
one edge on the boundary. These contribute % to the Euler characteristic. There must
be at least 4 such triangles. That means if the intersection of A; and A, is nonempty,
then one of those triangles does not contain a point from {p, ¢, r}, so it is an outermost
triangle. |

Proof of Theorem 3.4 Let S and S’ be two simple diagrams, with associated col-
orings fs, fs:: E — Z>¢, where E is the system of proper lines defining an ideal
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Figure 3: Resolving at an outermost triangle

triangulation with ideal triangles A ;. We do not need to distinguish between embedded
and folded triangles for this proof, because the combinatorial lemma above is applied
in the completed components of the complement of E. Isotope S and S’ so that they
are transverse to one another, and the lines in E, and realize all geometric intersection
numbers i (S, S”), i(S,c¢) and i (S’, ¢) for ¢ € E. Also make sure that SNS'NE = &.
We resolve S * S’ one ideal triangle at a time. The four-valent graph (SUS") N A;
for each A; satisfies the hypotheses of the lemma. To start with, 4 is made up of the
components of S N A; and A, is made up of the components of S’ N A;. Therefore
we can find an outermost triangle A C Aj. If we resolve the crossing of S % S’ at the
apex of the triangle there are two resolvents. One resolvent forms a bigon with the
edge of the triangle, and hence any simple diagram descendent from this resolvent is
strictly smaller in the ordering of diagrams than [ fs 4+ fs/]. This is shown in Figure 3

The other resolvent doesn’t have a bigon. Any state resulting in a simple diagram
whose coloring is fg + fs/ is a descendent of this resolvent. The triangle A has a
face p C S and a face ¢ C S’. Assume that p lies in the component a of the family
A1 and ¢ lies in the component b of A,. We smooth by forming arcs a — p U g
and b — g U p and then perturb them slightly so that they are disjoint. To continue
on inductively, we declare that the perturbed version of a — p U g is in A, whilst
removing «a, and the perturbation of b —q U p is in A, and discard b. This operation
does not produce any components of A4; or A, that are simple closed curves inside
the triangle A, because every component of the new families 4; and A, still have
two endpoints. Notice that the assignment of A; and A, is now just local to the ideal
triangle instead of corresponding to the diagrams S and S’. However, we work ideal
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triangle by ideal triangle, so this isn’t a problem. If the new graph has a crossing, it still
satisfies the hypotheses of the lemma, so we can continue resolving crossings at the
apex of an outermost triangle. There is a unique resolvent that can have a descendent
with coloring fs + fs’. Continue until there are no crossings in A;. There is a single
resolvent with no bigons in Aj;, so all the crossings in A; have been resolved. All the
other resolvents with no crossings in A; have bigons in A; and will lead to simple
diagrams that are strictly smaller in the ordering of diagrams. Do this for each triangle.
In the end, there is a single state with no bigons. The state must be a simple diagram.
The construction did not produce any simple closed curves contained in a triangle. A
simple closed curve that bounds a disk and has nonempty intersection with the edges
of the triangulation must have a bigon, since a proper arc in a disk always separates
the disk into two subdisks. Since there are no bigons between E and the edges of
the triangulation, the admissible coloring associated to E is fg + fs/, so E is the
geometric sum of S and S’. The coefficient of E is ¢PE)(E) where p(E) is the
number of positive smoothings and n(E) is the number of negative smoothings that
gave rise to the state E. The rest of the expansion is a linear combination of simple
diagrams that are strictly smaller. |

Remark 3.6 A collection of skeins 8 € B spans Ko (F) over ® if and only if the
lead terms of the elements in B consist of units in ® times simple diagrams, and each
isotopy class of simple diagrams appears at least once in the lead term of some 8 € B.

Theorem 3.7 Suppose that ® is an integral domain and { € © is aunitand 2 € ® is
a unit. Let S; be a family of simple diagrams corresponding to the integral basis of the
admissible colorings of an ideal triangulation. The skeins {]_[, Ty, (S,-)}, where the k;
range over all nonnegative integers, spans Ko (F) over ®.

Proof The lead term of Ty (S7) * T, (S2) * --- * Ty, (Sy) is a power of { times
a simple diagram corresponding to the admissible coloring ) ; k; f; , where fg, is
the admissible coloring corresponding to S;. Since the lead terms of these skeins
correspond to all simple diagrams, we can inductively rewrite any skein as a linear
combination of these by starting at the terms of highest weight. a

This extends a theorem of Bullock [4]. In that paper it is proved that the arbitrary
products of a finite collection of curves S; spans. Our theorem is stronger because we
can specify the order of the product of the S;, as no matter what order we work in,
the leading terms are the same, though maybe with different powers of ¢ as the lead
coefficient. It could be that the integral basis of the space of admissible colorings is
not linearly independent over Z, so we don’t have that the products form a basis.
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3.3 The case when ¢ is a primitive n® root of unity

Now we go on to study K¢(F), meaning the coefficients are Z[%, ¢ ] , where ¢ is a
primitive n'" root of unity, 7 # 0 mod 4, and A4 is set equal to . Recall x(F) is the
image of the threading map

(3-6) Ch: K¢(F) — K¢(F).

Recall the overline is to indicate that we have extended the scalars of K¢(F) to include
% and . The map Ch threads every component of a framed link corresponding to a
simple diagram with T3, (x), where m = n/gcd(n, 4), the index of threading. Since

&k k=i :
(3-7) Ti(o = Y (=D =5 ),
i=0

the lead term of Ch(.S') where the simple diagram has admissible coloring fs: E — Z>q
of weight i is [mfs].

Let S be a simple diagram with associated coloring fg: E — Zx>¢o. Assume that fg
is not identically zero. The integers { fs(c)}ccc generate a subgroup of Z, which,
being cyclic, has a smallest positive generator, denoted by ged( fs).

Proposition 3.8 If n> 0 is odd and n|gcd( fs) then % fs: E — Z>¢ is an admissible
coloring with associated simple diagram S” and (S')" = S € K¢(F).

Proof Since F is orientable, the diagram S’ is two-sided, meaning that we can push
it completely off of itself to take the product. This means that the admissible coloring of
(S isnfs:: E—Z>o.If fs: E— Z>¢ is an admissible coloring, and for all ¢ € C,
the odd integer n| f(c), then, for any {a, b, c} = dA of an embedded ideal triangle in
the triangulation, {% fs(a), % fs(b), % fs (c)} satisfy all three triangle inequalities as
the triangle inequality is linear. The sum %( fs(a)+ fs(b) + fs(c)) is even, as an
even number divided by an odd number is even. Similarly, % fs: E — Z>¢ satisfies
the conditions to be admissible for folded triangles. O

The restriction to n # 0 mod 4 means that m is always odd, so Proposition 3.8 applies.
If S is a simple diagram associated to the admissible coloring

(3-8) fs: E—Z>g

then, as noted above, the lead term of Ch(S) is [mfs], and m divides gcd(m fy).

Algebraic € Geometric Topology, Volume 17 (2017)



The localized skein algebra is Frobenius 3359

Theorem 3.9 Let F be a finite-type surface with at least one puncture, that has been
ideally triangulated. If S; is any system of simple diagrams corresponding to an
integral basis of the cone of admissible colorings of the triangulation, then the skeins
[1; Tk, (Si). where the k; € {0,1,...,m — 1}, span K¢(F) over y(F). In particular,
K¢ (F) is a finite ring extension of x(F).

Proof The proof is by induction on largest diagram appearing with nonzero coefficient
in a skein. Start with a skein written in terms of the basis over Z[% ¢ ] of simple
diagrams,

(3-9) > i [ Th,; (i)
J i

with oj € Z[1,¢]. Suppose the lead term of the skein is indexed by j. Since
(3-10) Ttk (x) = Tin(x) * T (x) = Tym—k| (X)

if some k; j > m, then, as x(F) is central, we can factor out an element of y(F) from
the term to get a simple diagram of lower weight. Continue on inductively till the skein
is written as

(3-11) Y B [ Tw, (S,
j i
where all k; ; €{0,1,...,m—1} and B; € x(F). |

Theorem 3.10 If F is closed, and ¢ is a primitive n™ root of unity, where n # 0 mod 4,
then K¢(F) is a finite-rank module over x(F).

Proof If F is closed and p € F, then the inclusions K¢(F —{p}) — K¢(F) and
X(F—{p}) — x(F) are surjective homomorphisms that fit into a commutative square
Ke(F —{p}) — K¢(F)

(3-12) T T
X(F={p}) —— x(F)

After choosing an ideal triangulation for F — {p}, if the admissible colorings as-
sociated with S; form an integral basis then T, (Sy) * --- % Tk, (Sy), where the
ki €10,...,m—1}, span K¢(F) over x(F). |

In [8] we prove that K¢(X ) is not free over x(X1,0), so there are definitely linear
dependencies between the elements of the spanning set produced this way.
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Theorem 3.11 Forevery ¢: x(F)— C, K¢(F)y is a finite-dimensional algebra over
the complex numbers.

Proof This follows from the definition of specialization. |

Let F be a finite-type surface of negative Euler characteristic and at least one puncture.
Let E be the edges of an ideal triangulation of F. Recall that A denotes the admissible
colorings of E. After ordering the set E, you can view A C Zfo. This allows us to
define a map

(3-13) res: A — Z,]f;,

by sending each admissible coloring to the tuple of residues of its values modulo »:.
This is used to define

(3-14) res: K¢(F)—{0} — Z%.

Every nonzero skein « can be written ) ¢ zgS where the zg are nonzero complex
numbers and the S are simple diagrams, and the sum is nonempty. Let fs: E — Z be
the admissible coloring of the diagram appearing in the lead term of «. Define res(«)
to be res(fs).

Lemma 3.12 If a, 8 € K¢(F)—{0} then res(a * 8) = res(a) +res(B).

Proof Suppose that the lead term of « is zgS and the lead term of 8 is wrT.
If the admissible colorings corresponding to S and 7 are fg and fr, then, by
Theorem 3.4, the diagram underlying the lead term of « * 8 has coloring fs + f7.

Hence res(a * 8) =res( fs + f1) =res(fs) +res(fr). |

Theorem 3.13 Suppose that {«;} is a collection of nonzero skeins and the restriction
of res: K¢(F)—1{0} — Z,ﬁ to {w;} is one-to-one. The collection of skeins {a;} is
linearly independent over x(F).

Proof Suppose that ) ; B;o; =0 with the B; € x(F). This means that the lead term of
> ; Bia; is equal to zero. However if B; € x(F)—{0} the coloring corresponding to its
lead term is divisible by m by Proposition 3.8. Hence res(f8; x;) =res(8;) +res(a;) =
res(e;). Since the res(o;) are all distinct, there can be no cancellation among the leading
terms of the sum, and in fact all the 8; = 0. a

4 Computing the trace

Recall if o € K¢(F), there is a S~1y(F)-linear map,
(4-1) Lo: ST'K¢(F) — ST K¢ (F),
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given by left multiplication. If d is the dimension of S~! K¢(F) as a vector space
over S~ K¢(F) then, by definition, the normalized trace of Ly is % tr(Ly), where tr
denotes the standard trace. The goal of this section is to compute Tr(L). The correct
basis for K¢(F) over D is the primitive diagrams P whose components S; have been
threaded by Ty, (x). If « has been written as a linear combination of such P, then the
normalized trace of L, is the result of crossing out all terms where some component
of the diagram has been threaded with a k; that is not divisible by m1.

Since the trace is linear, we only need to compute the trace of skeins of the form
[1; Tk, (Si), where the {S;} for i =1,...,n are the components of a primitive diagram.
The strategy is to prove that the subalgebra of K¢(F) obtained by adjoining the
curves S; to x(F), denoted by x(F)[Sy,...,Sy], is isomorphic to the tensor product
of n copies of the skein algebra of the annulus X , with its coefficients extended
to x(F). The trace of the tensor product of linear endomorphisms is the product of the
traces of the endomorphisms. Therefore the trace of [[; T, (S;) is the product of the
traces of its individual factors. Once we localize at S = x(F) — {0}, the subalgebra
STy (F)[S;,...,S,] is a commutative ring that is a finite extension of the field
S~y (F), having no zero divisors. This means that S~! x(F)[Si, ..., S,] is a field.
Hence S_lKg(F) is a finite-dimensional vector space over S™!x(F)[S1, ..., Sn],
which in turn is a finite-dimensional vector space over S~! x(F). This is exactly the
computational setting for Proposition 2.3.

Since m is not necessarily prime, Z,, might have zero divisors. Hence, linear indepen-
dence in a module over Z,, is subtle. Since Z,ﬁ is a free module over Z,,, there are
linearly independent subsets. Let ¢, € Z,]f; be the vector whose entries are all 0 except
for a 1 in the ¢™ entry. The vectors é. form a basis for Z,, .

Lemma 4.1 Choose an ordering of E. Let V = {v;} € Z,ﬁ be a collection of vectors
indexed by an initial segment of the counting numbers. Thereisamap I: V — E the
sends each v; to the index of its first nonzero entry. If I is increasing and the first
nonzero entry of each v; is a unit in Z,,, then V is linearly independent over Z, .

Proof Adjoin those é. to V that don’t appear as a first nonzero entry. The determinant
of the n x n matrix you get this way is a unit. Therefore it is a basis of Z,ﬁ. The
original {v;} is independent as any subset of a basis is independent. a

Proposition 4.2 Suppose that S; is an ordered collection of disjoint simple closed
curves on the finite-type surface F. Suppose further that there is an ideal triangulation
of F with ordered set of edges E such that the map I: {S;} — E that sends each
curve S; to the smallest edge in E that it has nonzero geometric intersection number
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Figure 4: A monogon

with is increasing, and the geometric intersection number of S; with I(S;) is always 1
or 2. The set of skeins {[|; Tk, (Si)}, where the k; range from 0 to m — 1, are linearly
independent in K¢(F).

Proof By Lemma 4.1, the vectors {res(S;)} are linearly independent in Z,ﬁ. This
implies that the vectors {Zl ki res(Si)}, where the k; range over 0 to m — 1, are
all distinct. However, the residue of [[; 7%, (S;) is equal to ) _; k; res(S;), hence the
residues of the {[]; T, (Si)} are distinct. By Theorem 3.13, the set {[]; Tx, (Si)} is
independent in K¢ (F). |

The next several paragraphs are to prove that if the {S;} are the components of simple
diagram, then we can find a triangulation E such that the hypotheses of the last
proposition hold true for a choice of orderings for {S;} and E.

Suppose that E is a properly embedded system of disjoint lines in the finite-type
surface F. A monogon is a component of the complement of E that completes to a
closed disk with a single point removed from its boundary. We show a monogon in
Figure 4.

A bigon is a component of the complement of E that completes to a closed disk with

two points removed from its boundary. We show a bigon in Figure 5.

Proposition 4.3 Suppose that E is a properly embedded system of disjoint lines in
the finite-type surface F' whose complement has no monogons or bigons. There exists a
collection D of properly embedded lines such that C U D defines an ideal triangulation
of F. |

Figure 5: A bigon
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Figure 6: A filling diagram and its dual graph

Suppose that P C F is a primitive diagram. We say that P fills F if the components
of F — P consist of once-punctured disks about the punctures of F and planar surfaces
of Euler characteristic —1.

Theorem 4.4 Suppose that F is a finite-type surface of negative Euler characteristic
with at least one puncture and P fills F. There is an ordering of the disjoint curves S;
that make up P and a collection of disjoint embedded lines ¢; such thatif i < j then
i(Sj,ci)=0,and i(S;,c;) is 1 or 2. Since no two of the c; are parallel and all of the
¢; are essential, the collection ¢; can be built up to be an ideal triangulation of F.

If P fills F, there is a dual 1—-dimensional CW—complex, with a 0—cell for every
component of the complement of P and a 1—cell for every component of P. The
trivalent O—cells of the CW—complex correspond to components of the complement
that complete to pants. The monovalent 0—cells correspond to components of the
complement that complete to a punctured disk. If a 1—cell has both its endpoints
at the same O—cell, the corresponding simple closed curve is a nonseparating curve
lying in the closure of a component of the complement of P that is homeomorphic
to X1,1. The CW—complex minus its valence-one vertices can be properly embedded
in the surface F, where each edge intersects the corresponding simple closed curve
once in a transverse point of intersection and the trivalent vertices embedded in the
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Figure 7: A maximal rooted tree

corresponding components of the complement of P, and the ends of the deleted CW -
complex mapped to the ends of the corresponding disk with a point deleted. The edges
of the CW—complex are in one-to-one correspondence with the components of P.
If the edge e and the component S intersect one another, we say that they are dual.
The intersection is necessarily a single point of transverse intersection.

In Figure 6 we show a twice-punctured surface of genus three. The filling diagram is
in blue and the embedded dual graph is red.

Choose a maximal tree of the CW—complex and a valence-one 0—cell. Orient the tree
so that it is rooted at the chosen 0—cell. That is, every edge is oriented so that it points
towards the root. The monovalent 0—cells of the tree that are sources are the leaves of
the tree. The rooted tree is in red.

We will build a train track from this tree as shown in Figure 7.

Figure 8 is color-coded so that each of the following steps is visible. First smooth the
vertices of the tree so that the two edges pointing into each interior 0—cell have the
same outward-pointing tangent vector. Next, for each component of the diagram that
doesn’t bound a punctured disk and is dual to an edge of the tree, push it off itself
towards the root, and then put a kink in it where it intersects the edge dual to it and
smooth the kink to get a switch where both outward normals of the curve at the kink
point towards the root. These are in magenta. Next, add the remaining edges of the
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Figure 8: The train track

CW —complex, so that their outward normals, at the switches created, point towards the
root. These are in green. If both endpoints of the edge are attached at the same 0—cell,
that edge e lies in the closure of a component of the complement of P that is a torus.
If S is the dual edge, push it off of itself and add a kink where it intersects e so that
the outward tangent vectors point towards the vertex in the torus component. This is in
brown. Suppose now that the O—cells of the tree that e is attached at are distinct. For
each one of those O—cells that is a leaf, add a branch to the track, which is a pushoff
of the dual component of P, with a kink in it that makes a switch in the train track
pointing at that O—cell. These are in yellow.

We produce a family of disjoint properly embedded lines by splitting the tree at the
switches and cutting open all the way to the root. The switches in the tree point towards
the roots, and the switches in the additional edges point towards the tree, so the process
of cutting open along switches terminates at the root, and we have produced a family
of disjoint properly embedded lines. The train track does not carry any simple closed
curves.

Order the components of P so that .S and 7 are dual to edges in the tree then their
relative order is consistent with their distance from the root of the tree, and if they
aren’t dual to edges of the tree then they come after all the components that are dual to
edges of the tree. Working in order we prove that, given a component S of P, there is
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Figure 9: An edge that is simultaneously initial and a leaf

a line cg in our family such that i (X,cg) is 1 or 2,andif 7> S then cs N T = &,
or we exchange order so that we can do so.

Since the lines cg are indexed by §', the condition on intersections implies that no line
is homotopically trivial (bounds a monogon) and no two lines are parallel (cobound
a bigon), so the family cg can be built up to a triangulation. The complication of
the construction is that to construct the line for a given edge in the tree we need to
understand what immediately follows the edge in the ordering.

We start at the root. If an edge leaving the root is a leaf in the tree, there are three
possible cases. The surface could be a once-punctured torus, or a thrice-punctured
sphere, or the terminal points of the edge are at punctures, and the punctured disks
containing those punctures abut the same pair of pants. The construction for the
punctured torus, and thrice-punctured pair of pants can be done by inspection. We
focus on the last case, shown in Figure 9.

According to our rules either the edge of the tree dual to the blue curve parallel to the
outer boundary or the line joining to the two punctures could come first. You really
want the edge dual to the curve parallel to the outer boundary component to be first.
If S; is the component of P that bounds the punctured disk at the root, let ¢g, be
the line built from the branch of the track that follows the outer boundary component
before heading to the puncture. Notice i(cg,, S1) = 2. The circle S surrounding the
other puncture has geometric intersection number 1 with the line ¢g, having one end
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Figure 10: The case when the edge leaving the root is not a leaf

at each puncture. Since the line cg, is completely inside the diagram we have that it
has geometric intersection number 0 with all later curves.

Now suppose that the edge leaving the root is not a leaf. In Figure 10 we show the
situation. The line ¢g, coming from the branch of the track that runs around the outer
boundary component has geometric intersection number 2 with S; and misses all the
other components of the filling diagram, and for all later components it has geometric
intersection number 0.

An edge dual to S; of the tree is intermediate if there is an edge dual to S;_; before
it and an edge dual to ;1 after it in the tree from the ordering. Let c¢s; be the
line coming from the branch of the track that was built by perturbing S;4 ;. Notice
i(cs;,Si) = 2. Do all intermediate edges before doing the leaves.

If an edge is a leaf, then it could end at a puncture, it could have both ends of an edge
not part of the tree attached at its terminal O—cell, or it could have two different edges
not in the tree attached at its terminal end. These both occur in Figure 7. The highest
leaf in the diagram is of the first type, and the lower leaf is of the second kind.

In the first case, the component S of P bounds a punctured disk. The line cg of
the train track that emanates from that puncture and ends at the root has geometric
intersection number 1 with S'.

In the second case, the vertex of the edge lies in a torus that is the closure of a component
of F — P. Call the curve dual to the edge with both its ends attached at that O—cell S”.
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The pushoff of S’ gives rise to the line c¢g that has geometric intersection 2 number
with S that is dual to the edge.

In the third case, let S’ be the component of P that is dual to one of the edges attached
at the leaf. The pushoff of S’ towards the leaf gives rise to an embedded line that has
geometric intersection number 2 with the curve S dual to the edge.

Throw out any curves that weren’t used. Augment to form an ideal triangulation. O
Given a primitive diagram P = {S},..., S}, we can form the subalgebra of K¢(F),
(4-2) P = x(F)[S1..... Sl

This means we are taking the smallest subalgebra of K¢ (F) that contains all x(F)-
linear combinations of the .S;. Notice that P is a commutative ring, since the S; are
disjoint from one another. Also,

Form the ring

n
(4-3) Q) x(F)ISi].
i=1
where the tensor product is as y(F)-modules. There is a ring homomorphism
n

(4-4) v @) x(F)Si] = X(F)[St..... Sl

i=1
given by
4-5) Wiy Q- Qay) =0 *k0p k- % op.
Proof This is an immediate consequence of Proposition 4.2. a
Theorem 4.5 If S; for i € {1,...,n} is a system of simple closed curves on F
that forms a primitive diagram then y(F)[S,..., S| is a field extension of x(F) of
dimension m", then
(4-6) Wi (XQ) x(F)[Si] = x(F)[S1. ... Sl

x(F)

is an isomorphism

Proof We can complete {S;} to a filling diagram. We apply Theorem 4.4 to get a
system of curves of {S;} that satisfies the hypotheses of Proposition 4.2. O

Corollary 4.6 The ring S~ x(F)[S1,. .., Sy]. is a field extension of degree m" over
STy (F).
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Proof By Theorem 4.5, the ring S™! x(F)[S}. ..., Sy] is a commutative algebra over
S~1x(F) that has dimension m" as a vector space. Since K¢ (F) has no zero divisors,
neither does S™!x(F)[Si,....Su]. A finite commutative extension of a field is a
field. m|

If S C F is a nontrivial simple closed curve, let X »(.S) be an annular neighborhood
of § in F. There is a left action of K¢(Z0,2(S)) ® K¢ (F) — K¢(F) by gluing a copy
of X¢,2(S) x[0, 1] onto the top of F x [0, 1]. Notice that it restricts to give an action
X(Z0,2(S)) on x(F) making S~ x(Z0,2(S)) < S~ x(F) a field extension.

Remark 4.7 It is worth mentioning that
4-7) ST X(Z02(S)[S]= ST K¢ (0,2(5)).

Theorem 4.8 S~!y(F)[S] is the result of extending the coefficients of the ring
S_l)((Z‘O,z(S))[S] as a vector space over S_l)((EO,Z(S)) to a vector space over
STIx(F).

Proof The dimension of S™1x(Z¢2(S))[S] over S™!1x(Z2(S)) is equal to the
dimension of S™!x(F)[S] over S~ x(F), so the map

(4-8) ST X(Z0,2(SNISI @ s-1y(x.0) S~ X(F) = X(F)[S]
that sends S ® 1 to S is a linear isomorphism. |

From our last paper:

Proposition 4.9 [8] If X, is an annulus and x is the skein at its core and
(4-9) tr: Ke(2o0,2) = x(Zo,2)

is the unnormalized trace, tr(L T, (x)) = 0 unless m |k, at which point tr(L 1, (x)) =
mTi(x). |

This implies the same result for 7} (S): S_IK;(EOJ(S)) — S_IK;(ZO,Z(S)).

Proposition 4.10 Let S C F be a nontrivial simple closed curve. Define the map
LT, (s): ST (F)[S] — S~1x(F)[S] by left multiplication; then tr(L1,(s)) = 0
unless m |k, at which point tr(L 7y, ) = mTi(S).

Proof The map L7, (sy: S~ x(F)[S]— S~ x(F)[S] comes from

(4-10) L1 sy ST x(Z0,2(SNIST= S~ x(To,2(5))IS]
by extension of scalars and the fact that x(X¢2(S))[S]= K¢(X0,2(5)). O
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Proposition 4.11 Let [[; T, (S;) act on STy (F)[S1,...,Sy] by multiplication,
(4-11) L1, Ty (51): STI(F)[S1,....Su] = ST (F)[S1..... S

Then the unnormalized trace of Ly,
is m" l—[i Tk,- (Si).

k, 18 zero unless m|k; for all i, in which case it

.....

Proof The diagram
¥
Ry (Fy X(Zo2(S)Si] ®x(z0 (51)) X(F) —— x(F)[S1..... Sh]
4-12) ®L7, <s,->l Lp; 7y, (Si)l
¥
Q4 () X(Z0,2(S)[Si] ®x(50.2(51)) X(F) —— x(F)[S1, ..., Snl

where 1/ is the natural isomorphism, commutes. This means that the trace of Ly, 7, (s;)
1
is the product of the traces of the

(4-13) Ly (s): X(Bo2(SISil ® (20 2(51)) X(F)
= X(Z0,2(S))[Si] By (0 »(51)) X(F)

which are obtained by extension of scalars from

L1y, (s Ke(20,2(8i)) = Ke(X0,2(5)). ]

Theorem 4.12 Suppose that d = [S™' x(F)[S1,...,Sx] : S_IK;(F)]. The un-
normalized trace of

(4-14) Liyodn: ST Ke(F) = ST K (F)

is zero unless m|k; for all i, in which case it is dm" [ [; Ty, (Si).

Proof By Theorem 3.9, S™! K¢ (F) is a finite-dimensional vector space over
(4-15) STIX(F) < STIX(F)[St. ... Sal,

so Proposition 2.3 applies. a

‘We define the normalized trace
(4-16) Tr: ST K¢ (F) — S~y (F)

to be the trace divided by dm”. The map Tr is S~! x(F)-linear, cyclic, and Tr(1) = 1.
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Theorem 4.13 Suppose that s =Y, i Pi where the B € S™!x(F) and the P; are
primitive diagrams whose components have been threaded with Ty . Let J be those
indices i such that the components of P; have only been threaded with Ty, for m|k ;
then

(4-17) Tr(s) = Y _ Bi Pi.
ieJ

Theorem 4.14  The restriction of Tr: ST K¢(F) — S™!x(F) to K¢(F), embedded
in STV K¢(F) as fractions having denominator 1, yields

(4-18) Tr: Ke(F) — x(F),
which is a x(F)-linear map, so that Tr(1) = 1 and, for every o, € K¢(F),
(4-19) Tr(a x B) = Tr(B * «).

Proof From the formula for Tr, the only fractions that appear in the coefficients in
the trace come from fractions that are in the coefficients of the skein. O

5 The trace is nondegenerate

Lemma 5.1 Let F be a finite-type surface with an ideal triangulation cut out by E.
Suppose that ) ; z; S; € K¢(F), where the z; € Z[% §] and the S; are distinct simple
diagrams. If some [ f5] appearing in the symbol of ), z; S; with nonzero coefficient z
has m|gcd( fs), then

(5-1) Tr(z ziSi) £ 0.
1

Proof Suppose that the primitive diagram P underlying S is made up of simple
closed curves S ]’ The threaded diagram having lead coefficient S is [ | i Tmk; (S J’ )
for some kj € Z>(. Rewriting ) ; z; S; in terms of threaded diagrams, the threaded
diagrams appearing in the symbol appear with the same coefficients and are distinct
from one another in the sum. Hence [ | i Tmk; (S Jf) appears in the trace with coefficient
z % 0. This term can’t cancel with other highest-weight terms in the trace, as the
S; were distinct, nor can it cancel with lower-weight terms, as that would violate the
filtration of x(F), so Tr(}"; zi Si) # 0. i

Theorem 5.2 Let F be a noncompact, finite-type surface. There are no nontrivial
principal ideals in the kernel of

(5-2) Tr: K¢(F) — x(F).
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Proof Let € K¢(F) be nonzero. Choosing an ideal triangulation and an ordering
of edges, we can write o = Zi z; P; where the z; are nonzero complex numbers and
the P; are threaded primitive diagrams. Suppose that the lead term of « is z4 Ps. Let
P’ be a threaded primitive diagram such that the residue of P’ in Z,ﬁ is the additive
inverse of the residue of Py. If I is the principal ideal generated by «, then P’ * « is
in the principal ideal generated by o, and the residue of its lead term is zero. Since
o was an arbitrary nonzero skein, there does not exist a nontrivial principal ideal of

K¢(F) contained in the kernel of Tr. |
Corollary 5.3 S~! K¢ (F) is a symmetric Frobenius algebra over STIx(F). |
Corollary 5.4 There is a proper subvariety of the character variety of w1 (F) away
from which K¢(F)y is a symmetric Frobenius algebra over C. |
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