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Super g-Howe duality and web categories

DANIEL TUBBENHAUER
PEDRO VAZ
PAUL WEDRICH

We use super g—Howe duality to provide diagrammatic presentations of an idempo-
tented form of the Hecke algebra and of categories of gl —modules (and, more gener-
ally, glyas —modules) whose objects are tensor generated by exterior and symmetric
powers of the vector representations. As an application, we give a representation-
theoretic explanation and a diagrammatic version of a known symmetry of colored
HOMFLY-PT polynomials.

57M25, 81R50

1 Introduction

Let U, (gly) be the quantum enveloping C, = C(g)—algebra for gly with g being
generic. Let gly—Mod,s denote the braided monoidal category of Uy (gl ~)—modules!
tensor generated by exterior /\IZ(C (9’ and symmetric Symf](CéV powers and Uy (gly)—
intertwiners between them.

We denote by H an idempotented version of the direct sum of all Iwahori—Hecke
algebras Hoo(q) =P ez o Hk (q) of type A. Roughly, H is the category obtained
from the one-object category Hoo(q) by adding formal Gyoja—Aiston idempotents
corresponding to column and row Young diagrams as new objects.> By quantum Schur—
Weyl duality, the categories gly—Mod,s are quotients of H and the added idempotents
can be thought of as lifts of the exterior /\l;(C é\' and the symmetric Symé(C év powers.

We construct diagrammatic presentations of H and gly—Mod,s by using the green—red
web categories oo-Web,, and N-Web,,. Morphisms in these C,—linear categories
are combinations of planar, upward-oriented, trivalent graphs with edges labeled by
positive integers and colored black, green or red® modulo local relations. Objects are

I'We only consider finite-dimensional, left modules (of type 1) throughout the paper.

2 Adding only column idempotents, one obtains the type A Schur algebroids introduced by Williamson
in [30].

3We use colored diagrams in this paper. The colors (black, green and red) are important and we
recommend to read the paper in color. If the reader has a black-and-white version, then green will appear
lightly shaded and black and red can be distinguished since black edges are always labeled 1.
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boundaries of such green—red webs, ie finite sequences of positive integers, each of
which additionally carries the color black, green or red, indicated either by an actual
coloring or by a subscript.

An example of a green—red web is:

A green integer k in a boundary sequence is meant to correspond to the U, (gly)—
module /\];(C év , ared integer [ to Symé(C é\' , and sequences of integers correspond to
tensor products of such. Vertical edges are identities on these U, (gl )—-modules and
trivalent vertices encode more interesting Uy (gl )—intertwiners. The integer 1 should
be C év =~ N CV ~ Sym‘}(C é\’ independent of the color green or red, so we color it

q-q =
black.
Our main result is:

Theorem (The diagrammatic presentation) The additive closures of co-Webyg, and
of N-Weby, are braided monoidally equivalent to H and gl -Mode, respectively.

We will see that co-Webg, admits an involution interchanging the colors green and
red. An almost direct consequence of this is a symmetry between the HOMFLY—PT
polynomial P%4(-) of a link £ colored with A= (A',...,A9) and the HOMFLY-PT
polynomial of £ colored with AT = (AT, ..., (A9)T):

Proposition (The colored HOMFLY-PT symmetry) We have
(1-1) PHLG)) = (1P (LAT).
Here c is the sum of the number of nodes in the Young diagrams A’ for 1 <i <d.

Our results might help to understand symmetries observed within the homologies that
categorify the colored HOMFLY-PT polynomials; see Gukov and Stosié [10, Section 5].

Moreover, we show that a straightforward generalization of our approach also leads
to diagrammatic presentations for categories gly|p—Modes of Uy (gl |pr)—modules
tensor generated by exterior and symmetric powers of the vector representation. The
presentations are given by quotients N|M-Webg, of co—Web,,, which are obtained
by killing Gyoja—Aiston idempotents corresponding to box-shaped Young diagrams.
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1.1 The framework

A prototypical diagrammatic presentation result (with roots in the work of Rumer, Teller
and Weyl [26]) states that the Temperley—Lieb category gives a presentation of the full
subcategory of Uy (sl,)—modules tensor generated by the vector representation C g.
Kuperberg [15] extended this to all rank-2 Lie algebras. In particular, he described
a presentation of the full subcategory of U, (sl3)—modules tensor generated by the
exterior powers /\lq(C ;’ ~C 2 and /\ZqC 2 . More generally, Cautis, Kamnitzer and
Morrison [3] gave a presentation of gly—Mod,, the full subcategory of U, (gly)—
modules tensor generated by the exterior powers /\If]C év fork=0,...,N.
One of their key ideas in [3] is the usage of skew quantum Howe duality (or, short,
skew q—Howe duality). In order to explain their approach, let k e 7, be such that
ki+---+kn = K. By skew g—Howe duality, the commuting actions of U,(gl,,) and
Ug(gly) on K f
N (Cq ®Cév) = @ /\qlcév ®"'®Aquc]1v
IgeZ’go
give rise to a functor @ : Uq (gl,,) — gly—Mod,, where Uq (gl,,,) is the idempo-
tented form of Uy (gl,,). Then Cautis, Kamnitzer and Morrison construct a commutative
diagram, which takes the following form in our notation:*
Ut] (g [m) — g[N_MOde

Ny
TS’I’CW

N-Web,

Here Y7, is a certain ladder functor realizing an action of Uq (gl,,,) on the diagram
category N-Web,. The presentation functor T" is constructed so that (1-2) commutes.
The functor ®7_ is full and its kernel is generated by killing gl,,, —weights with entries
notin {0,..., N}. That I" is an equivalence follows since N-Web, is defined to be the
quotient of a “free” web category by relations coming from Uy (gl,,) (to make the ladder
functor Y[~ well-defined) and tlllce D imj\z;%f]:C of the kernel of ®% . sly-Mod,
can be recovered by identifying /\,C é\' = (N, "C é\' )* as Uy (sly)-modules.

Rose and the first-named author [25] studied the situation of symmetric quantum Howe
duality (for short, symmetric ¢g—Howe duality).” That is, there is an analogue of (1-2)
where gly—Mod, is replaced by gly—Mod,, the full subcategory of Uy (gl )—-modules

tensor generated by the symmetric powers SymflC év for / € Z>¢.Inthe N =2 case,

4We consider gly—Mod. instead of sl —Modes; see also Remark 1.1.
51n fact, the observations made in [25] were one of the main motivations to start this project.
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the kernel of <I>§§m is generated by killing gl,,—weights with negative entries and one
additional dumbbell relation, which encodes the relation CZ ® CZ = C4 @ Sym;C2
in gl,—~Mod;. A direct generalization for N > 2 would require additional complicated

relations besides killing gl,,, —weights.

In this paper we give a diagrammatic presentation of the category gly—Modg;, the full
subcategory of U, (gly)—modules tensor generated by both exterior and symmetric
powers of the vector representation. This diagrammatic presentation gives a common
generalization of the web categories of [3] (only black—green webs) and [25] (only
black-red webs). We see Cautis, Kamnitzer and Morrison’s approach as a machine that
takes dualities and produces diagrammatic presentations of the related representation-
theoretical categories. Specifically, we start with super quantum Howe duality (for short,
super g—Howe duality) between the superalgebra Uy (gl,;,|,) and Uy (gly ). We obtain a
full super ¢—Howe functor <I>$|n , which we attempt to factor as a composite of a ladder

min
functor Yy, |

— mapping into an appropriate web category —and a diagrammatic
presentation functor 'y, to give an analogue of the commutative diagram (1-2):6

mln

Uq (g [m |n) L g [N _MOd:(;rt

rgn
Ts’fx‘ T

N-Webor

Having decided to follow this strategy, the definition of the appropriate web category
is already determined. Two aspects are important:

(I) In order to make Yoy I well-defined, the web category needs to satisfy ladder
images of U;(gl,,|,) relations. Remarkably, it suffices to consider relations
coming from the subalgebra U, (gl,,) ® U, (gl,) and only one additional super
commutation relation [2]1 i = FmEml; + EmFnly for gly,,—weights with
km = km+1 = 1. This corresponds to the dumbbell relation on webs and to

N N ~ A2 N 2N ;

Cq ® (Cq >~ q(Cq @ SquCq in gly—Mod,;.

(II) In order to make the diagrammatic presentation functor an equivalence, we
need to impose the ladder image of ker(CD;ﬁ'n) as relations in the web category.
In fact, ker(CD'sﬁ'") is spanned by idempotents corresponding to gl,|,, —weights
k :(kl,...,km+n) with k1,....km ¢{0,...,N} or km+1,...,km+n ¢Zzo.
It is remarkable that no extra relations, aside from killing these gl,,|,, —weights,
are necessary.

®Here the superscript “sort” indicates subcategories in which exterior powers are sorted to the left of
symmetric powers in tensor products. This small technical restriction stems from the use of super g—Howe
duality, but will be removed later on.
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We impose the ladder images of ker(lesﬁln) in two steps: first we kill all gl,,,|,, —weights
with negative entries by allowing only nonnegative labels on web edges. This produces
the web category oo—Webg,, which is symmetric under exchanging green and red.
On this we further quotient by setting gl,,,,~weights k = (k1, ..., km+n) to zero if
one of k1, ..., kp, is greater than N. This produces the web category N-Web,, and
in Theorem 3.20 we show that its additive closure is equivalent to gly—Mod.. Note
that, although our graphical calculus is finer than the one in [3] in the sense that it
contains more objects, the Karoubi envelopes of these diagrammatic categories agree
for each N.

In Theorem 3.22 we use quantum Schur—Weyl duality to derive from Theorem 3.20
that co-Web,, gives a diagrammatic presentation of the idempotented Iwahori—-Hecke
algebra H from above.

Remark 1.1 We describe gly—Mod,s and not s[y—Mod.s because of the algebraic
form of super g—Howe duality. In particular, our web categories do not contain
duality isomorphisms /\ZCC ZIV o~ (/\JZ —k¢C év )*, which would be necessary for a dia-
grammatic presentation of sly—Mod.s. In glyy—Mod., on the other hand, there are
no such hidden duals, as we have /\kqCéV o~ /\]\q](CéV ® (/\Z_k(CéV)* as Uy(gly)—
modules. Here /\Z(Cév =~ L((1,...,1)) is the U,(gly)—module of highest weight
A=(,...,1)ez¥,

Last, but not least, we use the more general super q-Howe duality between Ug(gly,,)
and Uy (gl pr) to describe gly|ps—Modes. Feeding this duality into the “diagrammatic
presentation machine” shows that this representation category is equivalent to the
quotient N |M-Webg, of co-Web,,, which is obtained by killing the Gyoja—Aiston
idempotent corresponding to the size (N + 1) x (M + 1) box-shaped Young diagram.
This is a generalization, since, for M =0, gly |y —Modes is equivalent to gly—Mod.s
and N|M-Web,, is equal to N-Webg,, because the box idempotent corresponds
exactly to an (N +1)-labeled green edge.

This generalizes Grant’s [9] and Sartori’s [28] presentations of the category gl;;;-Mod.,
and the diagrammatic calculus for gl ,—Mod, given by Queffelec and Sartori [23]
(see also Grant [8]). Compared to the latter, our generalization, which also takes the
. NIM . . .
symmetric powers of C, into account, does not need any extra relations aside from
the dumbbell relation. In fact, the one extra relation needed to make the diagrammatic
calculus given in [23] faithful —see [23, Remark 6.19] —has a very compact and

natural description in our green—red web category N |M-Weby,.

Finally, we sketch how our presentation of gly|3—Modes extends to take duals of
exterior and symmetric powers into account. This closely follows [23, Section 6]. The
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resulting diagrammatic category allows the computation of the colored Reshetikhin—
Turaev gly|ps-link invariants. In Corollary 5.13, we interpret the colored HOMFLY-PT
symmetry (1-1) as a stable version of a symmetry between colored Reshetikhin—Turaev
9l p— and glpsn —link invariants.

1.2 Outline of the paper

Section 2 is the diagrammatic heart of our paper, where we introduce co-Web,, and
its subquotients N-Web,, N-Web, and N-Web;.

Section 3 contains the proof of our main theorems and splits into three subsections: We
first introduce super g—Howe duality. Then we show an equivalence between “sorted”
subcategories of N-Web,, and gly—Mod,s. These subcategories are induced by the
algebraic form of super g—Howe duality. By using the “sorted” equivalence and the
fact that the braiding gives a way to “shuffle” the “sorted” subcategories, we prove our
main theorems.

In Section 4 we discuss one application of our diagrammatic presentation: we give a
procedure to recover the colored HOMFLY-PT polynomial from oco-Web,,. A direct
consequence of the green-red symmetry is a symmetry within the colored HOMFLY-
PT polynomial obtained by transposing Young diagrams, see (1-1). The colored
Reshetikhin-Turaev sl —link polynomials can be recovered from our approach as well,
as we sketch in the last subsection.

Finally, in Section 5 we generalize the diagrammatic presentation of gly—Mod, to the
super case gly|pr—Mod,s, and we sketch an extension of our diagrammatic calculus
to include dual representations. The required arguments are — mutatis mutandis —
contained in the previous sections and in [23, Section 6], which allows a very compact
exposition in Section 5.
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2 The diagrammatic categories

In the present section we introduce the category co-Webyg, and its quotient N-Weby;.
These provide diagrammatic presentations of H and its quotient categories gly—Modg
respectively. Other subquotients of co-Web,, are N-Web, and N-Web, (and later
in Section 5, N|M-Web) which are related to categories studied in [3] and [25],
respectively.

2.1 Definition of the category co-Web,, and its subquotients

We first introduce the free green—red web category oo—Webgr. To this end, we denote
by X the set

X:XbUXgUXr:{Ob,lb}U{Zg,3g,...}U{zr,3r,...},

where we think of the elements of X}, as being colored black, of the elements of X as
being colored green and of the elements of X, as being colored red. We usually omit
the subscripts, since the colors on the boundary can be read off from the diagrams.

Definition 2.1 The free green—red web category, which we denote by oo—Webgr, is
the category determined by the following data:

e The objects of oo—Webf are finite (possibly empty) sequences k € XL with entries
from X for some L € Z>0, together with a zero object. We display the entries of k
ordered from left to right according to their appearance in k.

e The morphism space HomOo Web/ (k [ ) from k to [ is the Cg4—vector space
spanned by isotopy classes’ of planar upward -oriented, trivalent graphs with edges
labeled by positive integers and colored black, green or red, with bottom boundary K
and top boundary /. More precisely, we only allow webs that can be obtained by compo-
sition o (vertical gluing) and taking the monoidal product ® (horizontal juxtaposition)
of the following basic pieces (including the empty diagram).

7We require that isotopies preserve the upward orientations and the boundary of green—red webs.
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Let k,[ € Z>>; then the generators are

0 1 k k k+1 k1 k+1 k1
(2_1) ’ + ) ) + ) ) ) A 5 y
0 1 k k k1 k+1 k1 k+1

called (from left to right) empty identity, black identity, green identity, red identity,
green merge, green split, red merge and red split, together with (here k,! € Z>)

k+1 k ]ll 1+1 k1
(2_2) ’ , A Y A y
k \E k+1 f / I+1 1 k+1

called mixed merges and mixed splits, respectively. (We also include versions of these
involving edges labeled 0, which we, as in (2-1), do not illustrate.)

We call webs obtained by composition of generators with only black and green edges

or only black and red edges monochromatic; cf (2-3). &

Remark 2.2 Note the following conventions and properties of oo—Webf;:

* The category is Cg4-linear, ie the spaces Hom Web/(k } ) are Cy4—vector spaces
and the composition o is C,-bilinear. Moreover, the category is monoidal by juxtapo-
sition ® of objects and morphisms. ® is also C,—bilinear on morphism spaces.

e Itis sometimes convenient in illustrations to allow green and red edges with label 1.
By convention, these edges are to be read as being black:

1 1 1 2 1 1 2 1 1
@ F :+ ey ’e A’ ’1}
1 1 1 1 1 2 1 1 2

For example, the diagrams on the right are obtained by setting k =1 or [ =1 in (2-2).

¢ The reading conventions for all webs are from bottom to top and left to right: if
u and v are webs, then v ou is obtained by gluing v on top of u and u ® v is given
by putting v to the right of u. Moreover, if any of the top boundary labels of u differs
from the corresponding bottom boundary label of v, then, by convention, vou = 0.

e For j € Z>1, we define the so-called monochromatic F) 1(k,1y— and EW) Lk, —
ladders as

Algebraic & Geometric Topology, Volume 17 (2017)
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k—j 1+j k+j I—j
(2-4) F(j)l(k,l)= N E(j)l(k,l):

k l k [

and analogously in red. (The notation 1 ;) is motivated by the “dual side”, as we will
see in Section 3.1. For the green-red web calculus it is just a shorthand to indicated
the underlying objects.) Sometimes we draw such ladder rungs horizontally. We also
have the mixed F1 jy—and E1 y—ladders

k—1 [+1 k+1 [—1
(2-5) Flgn = . Elgn =

k [ k [

and similarly by exchanging green and red. Note that the ladders from (2-4) exist for
all j € Z>1, while the mixed ladders from (2-5) exist only for j = 1.

e We usually omit the object 0 as well as edges labeled O from illustrations; cf (2-1).

Definition 2.3 The green—red web category oco—Weby; is the quotient of oo—Webgr
obtained by imposing the following local relations on morphisms. The monochromatic
relations, which hold for green webs as well as for red webs: (co)associativity

h+k+1 h+k+1 h k I h kI

(2-6) h+k k+1 k+l = h+k

h k 1 h k1 h+k+1 h+k+1

where we use the shorthand notation from (2-3) if some of the labels are 1. Next, the
digon removal relations

k+1 k+1

iy

k+1 k+1

2-7) k l

for which k& and [ might be 1. In these relations the (s, t)—quantum binomial is given

by
|:s] C[slls =1 [s—t +2][s —t + 1]
t] [1]!

€ Cy.
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Here [s] = (¢°—q*)/(q—q~ ') € C, is the quantum number and [t]'=[1][2] - -- [t] € Cy4
is the quantum factorial for s € Z and t € Z . Finally, the square switch relations

k—j1+Jj2 I+j1—j2 k—ji1+j2 I+j1—j2
J2 Jj1—Jj’
k—ji1—=1+ )2
(2-8) k- I+ = Z[ y ktja—)’ 1=+’
J1 j’>0 J j2—-J’
k [ k [

Here we allow j; or j, to be 1 (we will get mixed square switch relations, with one
green and one red side, in Lemma 2.10).

To write these relations in a uniform manner, we allow negative labels on edges and set
webs with such edges equal to zero.

The defining relation between green and red edges is
(2-9) 2] = o 4+

which we call the dumbbell relation. &

Remark 2.4 The category oo—Weby, is symmetric under exchanging green and red.
In the following we will often refer to this symmetry to shorten arguments.

Definition 2.5 The category N-Weby;, is the quotient category obtained from the
category oo-Webyg, by imposing the exterior relations, that is,

(2-10) k =0 if k> N.

The exterior relations hold only for green edges. These relations mean that any web
u with a green edge labeled k > N is zero. In contrast, red edges labeled k > N are
usually not zero.

The sorted web category N—Y\’ebz‘r’rt is the full (nonmonoidal) subcategory of N-Webg,
whose object set consists of k € X with no red boundary point left of a green boundary
point: if k; € X, for some i, then k~; € Xp U X, O

Remark 2.6 The relations (2-10) are diagrammatic versions of /\TIN(CN =~ 0.
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Definition 2.7 The category N-Web, is the subcategory of N-Weby, consisting of
only black and green objects and whose morphism spaces are spanned as C,—vector
spaces by webs that contain only black or green edges.

Similarly, the category N-Web, is the subcategory of N-Webyg, consisting of only
black and red objects and whose morphism spaces are spanned as C,—vector spaces
by webs that contain only black or red edges.

We call these categories monochromatic. O

Remark 2.8 We will see in Corollary 2.16 that N-Web, is equivalent to the web
category given in [3, Definition 2.2] (without tags and downward-pointing arrows). The
category N-Web; is a generalization of the one given in [25, Definition 1.4]. In fact,
Proposition 2.15 shows that both monochromatic subcategories are full in N-Weby;.

2.2 The diagrammatic super relations

We show in this subsection that diagrammatic versions of the relations (3-1) in the
Howe dual quantum group Uy (gl,,,) from Definition 3.1 hold in our diagrammatic
categories co-Web,, and N-Weby;,.

Lemma 2.9 We have the relations

k
1@1 =0= 1@1

where the dots indicate k parallel black edges with label 1 which split off the bottom
and merge with the top in any order (the order does not matter because of (2-6)).

Proof It suffices by associativity (2-6) to show the statement for k = 2. We have

2 2 2 2 2 2
1 1 1 1 1 1
e 1 29) 1 @7
1 —— =1 1 — =0
2 2]
,< > ,< > 1 1
2
The other k = 2 relation follows by symmetry. a

Algebraic & Geometric Topology, Volume 17 (2017)
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Lemma 2.10 (a) We have, forall k,l € Z>y,

k-2 I+2 k=2 I+2 k42 -2 k+2 -2
i~ ; ES A~ ; S A~ } S i~ } ES
k—14 A\l_{-l = k—14 /\l_{-l :O: k+14\ Al—1 = k—{-lz\ A71—1
; ; : :
k k c k
(b) We have, for all k,l € Z>y,
[ [ k [
S ; S A~ % A~
[k + l] = k+14 Al—1 + k—14 Al+1
¢ }
k ) e e l

and similarly for exchanged roles of green and red.
(c) We have, forall k,l € Z>o,

ki—1 ky—1 k3+1 kg+1 k1—1 ky—1 k3+1 kg+1 k1—1 ky—1 k3+1 kgq+1

ki ky k3 kg

k1—1 ky—1 kz+1 kg4+1 ki—1 ky—1 kz+1 k4+1

ki ky ks kg ki ks

and similarly for exchanged roles of green and red, and flipped horizontal orientations.

Proof (a) This follows directly from (2-6), Lemma 2.9 and symmetry.

(b) Let u and v denote the two webs on the right-hand side of (b) above. Using (2-8)
for the edges labeled k + 1 and / + 1 in u, respectively v, we get

Algebraic & Geometric Topology, Volume 17 (2017)
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7
3
7

u= k-14 24 4i1-1 —[k—1][1]"

11
k / k /
k ) k [
) 1 \1 S

7
3
7

V= k=14 24 41-1 +[k][1—=1]"

S S

k / k /

after collapsing appearing digons. By using (2-9) on the central vertical edges in the ex-
pansions, we see that u+v =s-id(g 7). The scalaris s = [2][k][/]+[k][1-I]—[k—1][/] =
[k +1]. The other cases follow by symmetry.

(c) We start with the web on the left-hand side and first use (2-9) on the middle two
horizontal edges. Thus, we obtain (our drawings are simplified and the orientations
pointing down could be isotoped to point up)

ki—1 ka—1 ky+1 ka+1 k=1 ka—1 ks+1 ka+1  ki—1 ky—1 k3+1 ks+1

The two marked parts above are monochromatic squares, which can be switched to

give
ky—1 2 ko—1 2 ko—1 2
AN 1 I kz_l 1T k2—2
kz/\ /\1 - k2+1/\ +
1 ks 1 ko 1 ko

Algebraic & Geometric Topology, Volume 17 (2017)
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k3+1 1 k3z+1 1 k3z+1 1
A k} A T 1 T
14 /\k3+1 - '\k3 +2 +
. k ka1
2 k3 2 k3 2 k3

Plugging these four terms back in, we get the four webs from the right-hand side of
the equation in (c) (in the indicated order), which can be seen by using (2-6), as for

example
k1—1 kp—1 k3z+1 kgq+1 k1—1 kp—1 k3z+1 kgq+1

k1 k2 k3 k4 kl

The other three cases in (c) follow by symmetry. a

2.3 Green and red clasps

We show now that our calculus contains web analogues of the Jones—Wenzl projectors
of the Temperley-Lieb algebra. We call them clasps, following [15].

From now on, we denote by capital vectors such as K e xK special objects of
oo-Weby, of the form K = (15, ..., 1) with K entries equal 1, and no other entries.

Definition 2.11 Let K € Z. We define the K" green clasp CLS, € Endoo-web, (K)
recursively: Cﬁf is the black identity strand and for K € Z~; set

1 1 1 1 1 1 1 1
TT T...Tg T
[K—l] CLE 1

ot =| cc& - | i 2
R
1 1 1 1 1 1 1 1 1 1 1 1
and similarly for the red clasp CL% by exchanging green and red. <&

The following lemma identifies the clasps, avoiding the recursive definition.
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Lemma 2.12 We have, forall K € Z~,
1. . -1

et = K] | elf=-—o K
K [K]!

where we repeatedly split an edge labeled K until all of the top and bottom edges are
black.

Proof Up to signs and drawing conventions as in [25, Lemma 2.12] and left to the
reader. a

Corollary 2.13 For all K € Z~¢, the projector CE% can be expressed as a linear
combination of webs with only black and red edges of label 2, and similarly for CLY .

Proof This follows directly from (2-9) and Lemma 2.12. m|

Example 2.14 The projector CL] is just the black identity strand, the projector CL}
is 1/[2] times the red dumbbell, as in (2-9), and

1 1 1

1 2] A
Bl oA T Bl

1°--1 1 1 1 7(\

I 1 1

CLy =

1 1 1 1 1 1 1 1 1
h .4 <o X
N 1 2 N 2 1
3 A6

2
T T 7~ 1

Note that all edges appearing on the right-hand side are black or green with label 2.
<

Proposition 2.15 Let k and [ be sequences of black and green boundary points. Every
web u € Homeo web,, (k [ ) can be expressed as a sum of webs with only black and
green edges, and similarly by exchanging green and red.

Proof We start by exploding® every red edge. Around internal vertices of ¥ with no
outgoing green edges we get

8We “explode” by using (2-7) — the order does not matter by (2-6). We indicate “explosions” with
dots.
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k41

11

(KU [k +1]!

k /

Note that the marked part above is CL}, 47 up to a nonzero scalar. This can be seen
by using (co)associativity (2-6) and the expression in Lemma 2.12. Thus, we can
use Corollary 2.13 to replace CLy, 4 by anonzero sum of webs with only black and
green edges. Repeating this for all purely red internal vertices shows the statement,
since all outer edges are assumed to be black or green. The other statement follows by
symmetry. o

Denote by N~Webckn the subcategory given in [3, Definition 2.2] with only upward-
pointing strands, tags replaced by (untruncated) N —labeled edges and additionally
allowing O-labeled objects. As a consequence of Proposition 2.15 we see that interpret-
ing webs in N-Webckwm as green webs in N-Webyg, gives a full functor (§° between
these categories. In Lemma 3.13 we will see that it is also faithful and we get the
following corollary.

Corollary 2.16 The functor ({°: N-Webckm — N-Webyg,, given by coloring webs
green, is an inclusion of a full, monoidal subcategory. In particular, N-Webcky and
N-Web, are equivalent as monoidal categories.

Proof The functor is well-defined since all relations in N-Webcgw hold in N-Web,;, .
That ($° is monoidal is clear, fullness follows from Proposition 2.15 and faithfulness
from Lemma 3.13. Thus, we see that N-Webckxy and N-Web, are monoidally
equivalent. a

2.4 Braidings

We define now a braided monoidal structure on co-Weby;.

Definition 2.17 Define for k,/ € Z>o an elementary crossing depending on four
cases. The monochromatic crossings (note the different powers of ¢q)
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/ k
J2
k+kl k —j . .
HI = (D Y (T k=pd
k l jlxizzo A1
J1—j2=k-l
k /
2-11)
l k
A ,]2. A
N k —k j . ;
Bii= X =D Y ot it f
k ) J1,J2=0 j)l
J1—j2=k—l A A
k [

The mixed crossings are defined via explosion of the strand going over:

\
m _ N _ 1 mo_ _ 1
(2-12) ﬂk’l_k C =7 1 and ﬁk’l_k/'l_ﬁ 1

k / k [

Y . r g .
where the remaining crossings are of the form '31, ; or '31, ;» respectively. <

Example 2.18 The case k =/ = 1 is not ambiguous, since we have
_ 29  _
f=q —q" 2 = —q! —q =B 4.

as a small calculation shows. <

As shorthand notation, we write ,B,‘C I where e stands for either g, r, m or 7 from now
on. Note that the sums in (2-11) are finite, because webs with negative labels are zero.

Lemma 2.19 (Pitchfork relations) We have

SRR
k \l k \,kl’ k

and similar with exchanged roles of green and red, for the monochromatic cases and
with merges.
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Note that the pitchfork lemma directly implies that (2-12) could also be done by
exploding the edges going underneath instead of the edges going over (or exploding
both).

Proof The pitchfork lemma with only green colored edges follows as in Lemma 5.3
of [22]. By symmetry, the arguments go through for the monochromatic red case as well.

The mixed, left-hand equation is easy to verify by the above, since we explode the
overcrossing edge and we thus can directly use the monochromatic case. It remains
to prove the mixed, right-hand equation. We only need to check the case k = 2; the
case k € Z~» then follows easily from this case by using Lemma 2.9. We write

_ 1 22 Tl 1
2]

The rightmost diagram is zero by Lemma 2.9 and the monochromatic pitchfork relations.
This proves the mixed right-hand equation. The other cases are analogous. a

Let k € Xﬁo be an object in co-Webyg,. We define for i =1,..., L —1 the crossing
B;:1 i to be the corresponding elementary crossing 'Bl‘c,-, kit between the strands i and
i + 1 and the identity elsewhere. Clearly, it suffices to indicate the rightmost 1 i ina
sequence of the ;1 2

Lemma 2.20 The crossings ;1 ¢ satisfy the braid relations, that is, they are invertible,
they satisfy the commutation relations :31'.13;'112 = ,8},3;1]; for |i — j| > 2 and the
Reidemeister 3 relations ,3;,3;,3;1]; = ﬂ}ﬂ;ﬂ;lg for|i —j|=1.

The inverses (,Bi‘)_1 are given as in (2-11), but with ¢ — ¢~ 1. See also [22, Section 5].

Proof This follows from Lemma 2.19, since the black case can be verified as in [22,
Section 5]. O

Remark 2.21 Let Sk denote the symmetric group on K letters. Moreover, let w € Sk
and let B, € Endoo,Webgr(I? ) be the permutation braid associated to w (this is a well-
defined assignment by Lemma 2.20). Let £(w) be the length of w. Following [14,
Chapter 3, Section 2] one can show that

[K]' I T x> 4P

weSK : weSk

K(K-1)
2

Cﬁizq

K(K—1) _K(K-1) . .
The factors ¢~ 2~ and ¢ 2 come from our conventions for crossings.
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Define ﬁl%f for objects k = (k1,....kg) and [ = (l1,...,1p) via

T A

B = //\ € Homoo web,, (k ® 1,1 ® k),

where blue stands for all suitable color possibilities.

Recall that a braided monoidal category (with an underlying strict monoidal category)
is a pair (C, ﬂ ) copsisqtingqof a monoidal category C and a collection of natural
1s0morphlsms ,3 7 1 k®l — | ®k such that the hexagon identities hold for any objects
k l m of C:

- ¢. = (id-®BE ¢_®id- ¢

c . . . . g
k®lm (’Bé,rh@)ldl)o(ldk@ﬂl,rﬁ)'

Proposition 2.22  The pair (co-Webg,, B°.) is a braided monoidal category.

Proof Since co-Weby, is a monoidal category and the 'BI.EJ are isomorphisms that
clearly satisfy (2-13), we only need to prove that they are natural. That is, we need to
show that, for each web 1 € Homeo web,, (lg , [ ) and each other object m = (my, ..., m¢)
of co-Web,,, we have (we again use blue as a generic color)

ml"'mc ll lb ml"'mc ll Zb
y =)
. //
| | |
kl“'ka myp o--- ka mp -
The equality follows from Lemma 2.19. This proves the statement. a

The braiding fB°. descends to the subquotients N-Web,;, N-Web, and N-Web, and
we denote all induced braidings also by f°.. They are all given by the formulas
in Definition 2.17, but some diagrams might be zero due to (2-10).

Corollary 2.23 (N-Webg,. B.), (N-Webg, B°.) and (N-Web., °.), with the braid-
ing B°. induced from (co-Weby,, B°.), are braided monoidal categories. a
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Note that N-Webcky is also a braided monoidal category; see [3, Corollary 6.2.3].
We rescale their braiding by multiplying it with ¢*//V and we denote the resulting
braided monoidal category by (N-Webcxkwm, B°.). The following corollary is immediate
from Corollary 2.16.

Corollary 2.24 The functor 13°: (N-Webckwm, f°.) — (N-Weby,, °)) is an inclusion
of a full, braided monoidal subcategory. a

2.5 A collection of diagrammatic idempotents

Recall that the Iwahori—-Hecke algebra Hg (q) is the g—deformation of the symmet-
ric group algebra C[Sk] on K letters. It is generated by {H; | s; € Sk} for all
transpositions s; = (i,i + 1) € Sk, subject to the relations

H?=(q—q¢ YHi+1 fori=1,....,K—1,
HiH; = H; H; for |i —j| > 1,
HiHjH; =H;H;H; for i —j|=1.
There is a representation pg: C4(Bg) — Hg(q) of the group algebra C,(Bg) of
the braid group Bx with K strands given by sending the braid group generators b;

(between the strands i and i + 1) to H;. Thinking of the generators H; of Hg(q) as
crossings also makes sense from the perspective of the webs, as the next lemma shows.

Lemma 2.25 Given K € Z >, there is an isomorphism of C,—algebras

Ry Hi (g) —=> Endoo-web, (K). H"HTMT 7\ TT
i IS

—is

In order to prove Lemma 2.25, which will be used in Section 4, we need Theorem 3.20.

Proof A direct computation shows that ®,sw is a well-defined C,—algebra homo-
morphism. In fact, the composite I" o dD‘C]’gW is the isomorphism induced by quantum
Schur—Weyl duality. To see this, let V = (C é\' )®K and recall that quantum Schur—Weyl
duality states that

®Nw: Hi(g) = Endg, g (V).

(2-14) N ~ .
CIJqSW: HK(q)%Enqu(g[N)(V) if N> K.

Here (I)(’I\’Sw is the C,—algebra homomorphism induced by the action of Hg(q) on the
K —fold tensor product V. By Theorem 3.20, we will get an isomorphism Hg (g) =
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End N,Webgr(lz ) if N > K. By using Proposition 2.15, there is a basis of End N,webgr(le )
for N > K given by webs with only black edges or green edges with labels at most K.
Since K is fixed, a direct comparison shows that CIDEEW has to be an isomorphism as
well. a

Let K € Zx¢ and let AT(K) denote the set of all Young diagrams with K nodes, eg

|
A=(4,3,1,1)e AT(9) A= .

AT =(4,2,2,1) e AT(9) ew> AT = ,

where we use the English notation for our Young diagrams. Here we have also displayed
the transpose Young diagram AT of A. Next, the following definition is motivated
by [11; 1]. (It is best explained via examples — cf Example 2.27 and Example 2.29 —
which the reader might want to check while reading the definition.)

Definition 2.26 (Gyoja—Aiston idempotents) Given A € AT (K), we associate to it
a primitive idempotent e4(1) € Endoo web,, (K). First we define two idempotents as
tensor products of green or red clasps:

6001(/\) =ccrt ®Q® ccé erow(k) =CL; K ® Cﬁgowr ’

coly col¢? oW1

where ¢ and r are the number of columns and rows of A respectively, and col; and
row; denote the number of nodes in the i column and row.

Denote by 7, and by Tf the two tableaux of shape A obtained by filling the numbers
1,..., K into the Young diagram A in order: — means rows before columns and |
means columns before rows (both from left to right). Pick any shortest presentation of
the permutation w(A) € Sk permuting 7~ to T; . Then we define the quasi-idempotent
associated to A via

gq (A) = ecol(A) © ,8;)(,1) o erow(A) o (,3:,)(,1))_1-

By [1, Theorem 4.7] (and the fact that their definition agrees with ours by Lemma 2.25
and Remark 2.21), there exists a nonzero scalar a(A) € C; such that e, )? =
a(A)egz(A). Thus, we define the idempotent associated to A to be

eg(0) = L i35%a(). o

These idempotents are primitive and orthogonal by [11, Theorem 4.5; 1, Theorem 4.7].
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Example 2.27 If K = 2, then there are two primitive idempotents, namely

1 1

U greentored |
—_—

1
eq(H)z— 2f ———— — 2] =e ([T
[2] ﬁ red to green [2]
1 1 1 1
Note that a(A) = 1 for only one column or only one row Young diagrams A. <

Lemma 2.28 Exchanging green and red sends e4 (1) to eg(AT) modulo a commutator.

Proof Note that eq (1) and ey (A) differ from ey (AT) and eqo(AT), respectively,
only in exchanging the colors green and red. On black crossings the green—red symmetry
acts by B1 ;| — —(,BLI)_1 , on permutation braids as B3 (—l)e(u’)(,Bl'D_l)_1 and
on the quasi-idempotent €, (A) as

2 (M) = eco1(X) 0 B3 31y © erow(A) 0 (Bl 3) "
= erow(kT) o (,B:U(;t)—l)_l o ecol(AT) o ,B:U(A)—l
= erow(A1) 0 (BY, 31)) " 0 €cal A1) 0 B, 11

In the first line, the signs from the crossing inversions cancel, and in the second line
we use w(A)~! = w(AT). The result agrees with &;(A") up to a commutator. This
proves the statement of the lemma for the quasi-idempotents. Applying the green—red
symmetry to both sides of the equation 2;(1)? = a(1)&; () shows that a(1) = a(AT)
and the lemma follows. |

Example 2.29 For A = (3,1) € AT (4), we have

_ [ ] - _[1]2]3] v [1]3]4]

Thus, w = (243) = (23)(34) € S4 permutes 7,” to T/f . Then

1 1 1 1 1 1 1 1
T T A A T T A T T T A
ccs cch ccs
| I | 1
L] 'Y —1 ')
w(A) ored (éz;(x)—l) w(AT)
=1 T T 17 | T JT=cl 1 =2,(A").
cch ccs cch
| 1 | 1 I
. —1 L] . —1
(ﬂw(l)) u)()L)_l (ﬂw(xr))
1 1 L
1 1 1 1 1 1 1 1 1
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Here =, means equal modulo a commutator and the scaling factor in this case is

a() = [41/(21[3) = a(A). <
Remark 2.30 For N > K, the Hg(g)—module (CZIV Y®K decomposes into

D Hem,

AeAT(K)

where the S* are the irreducible Specht modules for Hg (q) and m, are their multi-
plicities. The primitive idempotents e4(A) from Definition 2.26 are quantizations of
Young symmetrizers that project onto S 4 Note that a braid-conjugate of e, (A) might
project onto a different copy of S * in the above decomposition.

3 Proofs of the diagrammatic presentations
This section contains the proof of our main theorems.

3.1 Super g-Howe duality

Let m,n € Z>o. We start by recalling the quantum general linear superalgebra
Uy (gln)n) and its idempotented form Ug(gl,,,). We follow the conventions used
in [33], but adapt Zhang’s notation to be closer to the one from [3].

To this end, recall that the gl,,|,, —weight lattice is isomorphic to Z™* and we denote
the gl,,;,—weights usually by vectors k = (k1,....km,km+1,...,km+n). For T =
To Ul with g = {1,...,m} (even part) and I; = {m + 1,...,m + n} (odd part),

define L
0 ifielp={1,...,m},

il = 1 ifielj={m+1,...,m+n}.
The notation |- | means the super degree (which is a Z/2-degree). We use a similar
notation for all Z/2—graded spaces, where we, by convention, always consider degrees
modulo 2 in the following. Moreover, let €; = (0, ...,0,1,0,...,0) € Z™" with 1 be-
ing in the i™ coordinate, and denote by o; = ¢; —€; 11 =(0,...,1,—1,...,0) e Z™*"
for i € I —{m +n} the i™ simple root. Recall that the super Euclidean inner product
on Z™*" is given by (€;, €/ )su = (—1)|i|5,~,j.

Definition 3.1 Let m,n € Z>¢. The quantum general linear superalgebra Ug(gly,,)
is the associative, Z /2-graded, unital C,—algebra generated by Ll.il fori €I, and
F; and E; for i € I —{m + n}, subject to the nonsuper relations

LiL; =L;L;, LiL7'=L7'L; =1,
LiFj = q—(éi ,a.i)squLl.’ LiE; = q(ei ’aj)squLi,
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lL L,'_ILH-I

-1

i+1
q9-q
R|F;F;F; = F*F; + F;F? if [i—j|=1,i#m,
2IE E;E;i = E}E; + E;Ef i |i—j|=1.i#m,
FiF;—F;F; =0 if [i—j[>1,
E/Ej—E;E; =0 if [i—jl>1

EiFj— FE; = (—D)lls; if i #£m,

(for suitable i, j € ) and the super relations

F2=0=E2, EnFn+ FnEn=

’

L Lmli-l L;zl L1
-1

q9—49

FnFms1FmFEn—1+ Fpn—1FnFns1 Fon + Fne1 Fn Fn—1 Fn + Fon Fin—1 Fon Fin 41,
RIEmEm+1Em—1Em =
EnEmirEmEna+En 1 EmEmir Em+Enc1 EmEn 1 Em+EmEn-1EmEm+1.
Also, |Li|=0fori €l, |Fi|=|Ei|=0fori el—{m} and |Fy,| =|Em|=1. o

We recover U, (gly) by setting m = N and n = 0. We write [y ={l,..., N} in
the following to distinguish it from I as above. Note that U, (gly ) is concentrated in
degree 0.

The algebra Uy (gly,),) is a Z/2-graded Hopf algebra with coproduct A, antipode S
and the counit & given by
A(F)=F;®1+L;i'Liy1®F;, A(E)=E;®L; L7}, +1®E;, A(Lj))=L;®L;,
S(Fj)=—L;L;i}yF;, S(Ej)=-EiL7'Liy1, S(L;)=L;",
e(Fi)=e(Ei)=0, e(L;)=1.

In the spirit of Lusztig [20, Chapter 23], we now adjoin, for all ke Z™*" idempotents
1. of super degree |1 E' =0 to Uy (gl,)n)- Denote by I the ideal generated by

=0zl g Filg=Filg=1_, Fi.
Lilp=qN Dty 1p  Eilp=Eilp=1;  E;.
Definition 3.2 Define by
UQ(g[mIn) = ( @ ll‘Uq(g[mn)llg)/I
E,ieZm+"
the idempotented quantum general linear superalgebra. <&
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Remark 3.3 One can view Uq (8lm|n) as generated by the divided powers

R . E/
FY'= L and EY) =L foriel—{m+n}.
[ ]! /]!

This allows the definition of an integral version of Uq (9lm|n) - For simplicity, we work
over C, in this paper and we do not consider the integral version.

The relations in Uq (9ly|n) are obtained from the relations of Ug(gly,,). For conve-
nience we list the new versions of the super relations:

Faly=0=E; 1z,
Emlel; + FmEmll'(' = [km +km+1]1->,
[2]FmFm+1Fm—1Fm1]'€' = FmFm+1FmFm—11i€'+Fm—lFmFm—i-lle];

+Fm+1FmFm—1Fm1i€' +FmFm—1FmFm+11]€,

(3-1)

the second of which we call the super commutation relation (the third type of relation
holds for E as well).

It is convenient for us hereinafter to view Uq (al,,, L”) as a category whose objects are
the gl,,,,—weights k € Zm*" and Homg, g,y (k.0 =1; Uq(g[m|,,)1

Recall that the vector representation (C " of U, (9l;m|n) has a basis given by {x; |i €I}

with super degrees |x;| = |i| fori € ]I, where the U (gl,,|,)—action is defined via
Xji+1 ifizj, Xj—1 ifizj—l,
Fi(xj)=1{" Ei(x;)=
107 0 otherwise, i (1) 0, otherwise,

Li(xj) = q(éi,ej)suxj_

We need to consider the quantum exterior superalgebra /\ ((Cm|" C év ). Recall that a
vector space V = Vo @ V1 with a Z/2—grading is called a super vector space. Here V)
and V; are its degree O and 1 parts. These graded parts of (C;" " have bases given by
{xi |i €lp} and {x; |i €1}, respectively. In contrast, C é\f = ((Cév )o is concentrated in
degree zero and we denote its basis by {y; | j € In}. Additionally, the tensor product
V ® W of two super vector spaces V' and W is a super vector space with v ® w of
degree |v|+ |w| for two homogeneous elements v and w. Specifically, (len ®C, N

a super vector space with ((C’”'” (CN)O spanned by {z;; =x; ®y; |i €lg, j € ]IN}
and ((Cm" ®(CN)1 spanned by {ZU =x;®y;|ie€l, jely}. Here |z;;| = |i].
Note that (Cm|” (CN)®K is a Z/2-graded Uy (gly),) ® Ug(gly)-module for all
K € Z >0 by using the Hopf algebras structures of Uy (gl,,|,) and Ug(gly).
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We denote by Symg ((C;" I ®C é\’ ) the second symmetric super power as in [23, (4.1)],
but with ¢ inverted in their formulas. Armed with this notation, we define the quantum
exterior superalgebra

where T((len ® CN) = @KGZ O(len ® CN)®K denotes the super tensor algebra
of (len (CN Th1s isa Uy (g[m‘n) ® Uy (g[N)—module and decompose as
RCqrechH= @ Negrecy).
KEZZ()
The space /\I;((C;"'" ® (Cév) is called the degree K part of N\, (C;"'n ® (Cév).

Remark 3.4 We can recover the degree K part of the quantum exterior algebra
/\ (C7 ® (CN) by setting n = 0 and, by [28, Remark 2.1], the degree K part of
the quantum symmetric algebra SymK (Cy ® CN ) by setting m = 0. These were
originally defined in [2, Definition 2.7] and used in [3, Section 4.2; 25, Section 2.1] to
study skew and symmetric ¢—Howe duality.

Example 3.5 Write Zp = Zigjy @ @ Zig ji and zj; j, = Zig 4y juqq for the anti-
lexicographical order on the indices of the z;;. Then /\K ((Cm|” ® (CN ) has a basis
given by (cf [23, Lemma 4.1])

(3-2) {Zi}‘ | Zicjk 2 Ziggrjgqrr 1 <1 < <ig <m+n, 1< j1 <---< jg <N,
and ig| =1, if ix = ixy1 and jx = jry1}-

By setting m = 1 and n = 0, we obtain the (usual) basis for /\Ig(C év of the form

(3-3) i ®®yig [ 1 <y1<---<yk <N},

while setting m =0 and n = 1 gives the (usual) basis for Symf C év of the form
(3-4) i ® - ®yig [l <y1<---<yxk <N}

These are precisely the usual (nonsuper) bases; see for example [2, Section 2.4]. <
We call a gl,,,—weight A = (A1,..., Am+n) € 7™Mt a dominant integral Olmin—

weight if it is a dominant integral gl,, ® gl, —weight. We only need A that are (m|n)-
hook Young diagrams, ie diagrams that fit into a hook-shaped region with one horizontal
arm of height m and one vertical arm of width n (here we use the conventions from [4,
Definition 2.10]). The following figure shows an (m|n)-hook Young diagram A and a
box-shaped Young diagram that is not an (m|n)—hook:
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I

Tonn Sonn

We call a dominant integral gl,,,,—weight A an (m|n, N)—supported gl,,,—weight
if it corresponds to an (m|n)—hook Young diagram with at most N columns. For
each such A there exists an irreducible Uy (gl,,|,)-module L,,|,(A) and an irreducible
U, (gly)—module Ly (AT); see eg [16, Section 2.5].

Theorem 3.6 (Super g—Howe duality) We have the following:
(@) Let K € Z>qo. The actions of Ug(gl,,,) and Ug(gly) on /\g(@;"‘" ® Cév)
commute and generate each others commutant.

(b) There exists an isomorphism
R € & CY) = (R, E)m @ symy )"

of U, (gly)—modules under which the lz—weight space of /\°q ((C;"'n ® (Cév)
(considered as a Uy (gl,,,) —module) is identified with

-

3-5) NocN @ symbicy =
Nl @...o el @ symy ' c @ @ Symym .
Here k = (k1,....kman)s ko = (k1. ... km) and k1 = (kma1s -+ -+ Kmn).
(©) As Uy(gly,n) ® Uy(gly)—modules, we have a decomposition of the form

NG (@Cm @ CN) = @) Linn(V) ® Ly (A7),
A

where we sum over all (m|n, N')—supported gl,,|,, —~weights A whose entries sum
up to K. This induces a decomposition

PNy €@ CY) =P Linn(M) & Ly (A1),
A

where we sum over all (m|n, N)—supported gl,,,|,, —weights A.

Remark 3.7 Symmetric and skew Howe duality for the pair (GL,,, GLy) is orig-
inally due to Howe; see [12, Sections 2 and 4]. Note that the nonquantum version
of Theorem 3.6 can be found for example in [4, Theorem 3.3] or [28, Proposition 2.2].
Moreover, the “dual” of Theorem 3.6, given by considering Uy (gly) as the Howe dual
group instead of Uy (gl,,|,), can be found in [23, Proposition 4.3].
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Proof Parts (a) and (c) are proven in [31, Theorem 2.2] or in [23, Theorem 4.2] and
only (b) remains to be verified. For this purpose, we use the bases from (3-2), (3-3)
and (3-4) to define

T'l'e: /\](q((jév)%/\];(clq"'lll’l@(:é\]), J’jl®"'®)’jk'_>zij1®"'®2ijk, iEHO’
TS Symk(Ch) — N (€ e cl), v, @y =z @@z, i€l
That these maps are well-defined Uy, (gly )—intertwiners follows from the explicit
description in Example 3.5. Injectivity was shown in [3, Theorem 4.2.2] for the first and

in [25, Theorem 2.6] for the second map. Thus, for k € Z™ " with k14 - -+kman =K,
we see that

T P AGCd esympcy - A e Cy)
Fezrin
given by
TV ® Q@ Umin) = Tle(vl) Q@ Trf,(vm) ® Trfz—i—](vm-i-l) K- T,f,+n(vm+n)

is a Uy (gl )—module isomorphism by comparing the sizes of the bases from Example
3.5. This clearly induces the isomorphism of Uy (gly)-modules we are looking for.

It remains to verify the Uy (gl,y,),,) —weight space decomposition from (3-5). To this end,
we only have to see that the action on /\’;0 C év ® Sym’g 1C év of the Lis of Ug(glpn)
under the inverse of T is just a multiplication with ¢¥i (€i-€/)s  The action of Uy (abnin)
is given by

Lir(zij, ®-®Zij,y,) = Lir(2ij)) - ® Lir (2ij,1,) = 45 G5 215, @ - ® 21y, -

Hence, the Uy (gl,,|,)—weight space decomposition follows. i

By Theorem 3.6(b), we get linear maps
- . E - Z’ -
7 17 Uy Gt = Homg, o (A CY @ Symfr ' ol @ Sym )

for any two k,I € 224" such that Y7 ki = Y 7" I;. Using Theorem 3.6(a), we

see that the homomorphisms f];l are all surjective. Thus, we get the following.

Corollary 3.8 There exists a full functor Qgﬁ'n: Uq (g[m|n) — gly—Mod,, which we
call the super q—Howe functor, given on objects and morphisms by

- s > 7
o (k) = N € @ SymI €Y. @il (1531 ) = £l ().

Everything else is sent to zero. a
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3.2 The sorted equivalences

In this subsection we construct a full and faithful functor

Iy N-Weby" — gly—Mod"

es

where N-Webi" is the sorted web category from Definition 2.5 and gly-Modg"
denotes the full subcategory of gly—Modes whose objects are sorted as in (3-5).

As already explained in the introduction, we essentially define I'y" such that there is

a commuting diagram:
oy

Uvq (g [m|n) — g[N _MOdz;)rt

(3-6) \ TFN
yoin

N—Web;‘r’”
The functor Yo In is a ladder functor, whose definition is motivated by [3, Section 5.1].

Lemma 3.9 Let m,n € Z>q. There exists a functor
Y2 Ug(glnpn) — N-Web3"

which sends a gl,,,|,, —weight k € Z;’J" to((ki)gs--skm)g, km+1)rs- -, (kmtn)r)
in N—Webz‘r’rt and all other gl,,,, —weights to the zero object. On morphisms, Yo" s
given by

ki ki—j kivit) km  km+1 kmin

Fi(j)llz'_) !
k1 ki kit1  km  km+1 km+n

ki km  km+1 kij kit kman

k1 km  km+1 ki kiv1i km+n
fori e lg—{m} ori € Iy —{m + n}, respectively, and

ki km—1 km 1 kmy1H km+2 km+n

1
leié d

ki km—1 km Kkm+1 km+2 kmtn

and similarly, but with reversed horizontal orientations, for the generators Ei(j )1 i
and E,; 1 i
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Proof To show that Y In is well-defined, it suffices to show that all relations in
Uy (glyn) are satisfied in N—Web;?”. For monochromatic relations we can copy |[3,
Proposition 5.2.1]. Lemma 2.10 shows that the super relations (3-1) hold in N—Web;’”.

O

Definition 3.10 (The diagrammatic presentation functor I‘;,"“) We define a functor
IR N-Webl" — gly—Mod" as follows:

e On objects: to each k= ((k1)gs s tkm)g, kmt1)r, .o (kmtn)r), we assign
T (k) = Necl @ symbicl,

where /20 = (k1,...,km) and lgl = (km+1,...,km+n). Moreover, we send
the empty tuple to the trivial U, (gly)—module C, and the zero object to the
U, (gl )—module 0.

e On morphisms: we use the functor CID'Sﬁ'" from Corollary 3.8 to define Fji,"“ on

the generating trivalent vertices in N—Web;’rt (here we assume that the diagrams
are the identities outside of the illustrated part). For this, let i € I and we use the
notation k = k;,l =k;j+1 and (k,]) = (k1,.... ki=k, kiv1=1,...,km+n).

k+1 A
Fsort _(Dmln E(l)l l—wsort _®m|n F(l)l
N =& "(E; 1), Ty = O " (F; (k41,0
ko \ K+
(3-7)
k+1 ko1
‘ X : k
w7 7& = ol (F 1), TR" = O (EF 10 k41)).
ko1 k+1

Note that these definitions include the mixed case, where we either have / = 1 (and
colored black) or k =1 (and colored black) and we use the odd generators Fy, and E,,.

&

Remark 3.11 There are certain choices for the images of monochromatic merges and
splits, but these choices do not matter; see [25, Remark 2.18]. In contrast, there is no
other choice for the mixed merges and splits. For example, take / = 1 in the top left
in (3-7). The green edge labeled k + 1 should represent /\];H(C ,9' . Thus, we have
to see the top boundary of the left-hand side as 1(x4.1,0) and not as 1(g x41), which
determines our choices, and similarly for the other mixed generators. For example, if
m=n=1,and k=1or!/ =1, then
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2 2

Y o = O} (E1l,n) # @4 (Filap) = TR" &

1 1 1 1

Lemma3.12 T is a well-defined functor Ty™: N-Webyp™" — gly —-Mod™ making
the diagram (3-6) commutative.

Proof First we note that Iy o Yo In — CIDmln on generators F; G )1 and Fp,1; (and
analogously for E) with i e [ —{m}, j € Z>o and ke Z'”+” Th1s follows from
the definition of F“O” via d>gu| and the observation that ladders can be written as
compositions of merges and splits; see also [25, Lemma 2.20].

We need to check that the images of the relations from N-Webg" under T hold in
gly—Mod". Corollary 3.8 guarantees that all relations in gly-Mod3" are induced
via @ﬁ‘” from relations in Uq(g[m|n) and the fact that @gfl'” kills certain gl,, |, —
weights. It remains to check that the relations in N- Websort are, likewise, induced via
Tmln from relations in Uq (8lm|n) - For the monochromatlc and isotopy relations, this
follows as in [25, Lemma 2.20].

The dumbbell relation (2-9) can be recovered from Uq (8ln|n) as follows. Without loss
of generality we work with m =n =1:

1 1 1 1 1

2] =Y @) = THNFEL )+ EF1y) = 20 +
1
Relation (2-10) is a consequence of killing gl,,, |, —weights k= (k1,...,km+n), one
of whose first m entries is larger than N. a

Lemma 3.13 The functor ({°: N-Webckm — N-Weby, is faithful.
Proof By Lemma 3.12 and a comparison of definitions, we have a commuting diagram

es

gly—Mod, —— gly—Mod:"

TCexm T T "

N-Webckm — N- —Web;‘r’rt
t
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where I'ckm is the functor considered in [3, Section 3.2] and ¢° is the evident embed-
ding of a full subcategory. I'ckwm is faithful by [3, Theorem 3.3.1] and, thus, ({° is
faithful as well. m|

Remark 3.14 Let Mat(N-Weby") be the additive closure of N-Webg™: objects
are finite, formal direct sums of the objects of N-— WebSort and morphisms are matrices
(whose entries are morphisms from N—Web”“) We can extend Iy’ additively to a

functor
Iy Mat(N-Web") — gly—Mod"

es

and similarly for I'y later on.

Proposition 3.15  The functor T™: N-Webg™ — gly—-Mod:" gives rise to an equiv-
alence of categories T'y™: Mat(N Webg;") —> gly—-Mod2".

Proof Since I'y’": Mat(N-Weby") — gly-Mod;" is well-defined by Lemma 3.12
and Remark 3. 14 it remains to show that T3’ is essentially surjective, full and faithful.

Essentially surjective This follows directly from the definitions of T", N-Web3",
its additive closure Mat(N—Web”rt) and g[N—MOdZ;)rt-

Full It suffices to verify fullness for morphisms between objects of the form keX m+n
where X" = (X, U X¢)™ U (X U X,)" That it holds is clear from diagram (3-6),
since @Zf,'" is full by Corollary 3.8.

Faithful Again it suffices to verify faithfulness for morphisms between objects of
the form k € X™+". Given any web u € Homyy_yepsor (k l) for k € XM and

[ e xm+n , we can compose u from the bottom and the top with merges and splits,

respectively, to obtain
l. . 1 1. . 1
lm“%—ﬁ?( o jfm/-l-n/
u |
km-;iw cee fil;m+n
1. . 1 1. .. 1

Recall that exploding edges is, by (2-7), a reversible operation. Hence, we have

k1

Ly (u) =Ty (v) ifand only if Ty"(u") =Ty (v'),

Algebraic & Geometric Topology, Volume 17 (2017)



Super g—Howe duality and web categories 3735

which together with Corollary 2.16 reduces the verification of faithfulness to the
case where all web edges are black or green. Such webs lie in (§°(N-Webckwm) and
faithfulness follows as in the proof of Lemma 3.13. a

3.3 Proofs of the equivalences

Remark 3.16 Recall that the universal R—matrix for gly gives a braiding on the
category gly—Mod, as follows (see eg [29, Chapter XI, Sections 2 and 7]). For any
pair of U, (gly)-modules V' and W in gly—Modc, let Permyw: VW — W RV
be the permutation Permy, (v ® w) = w ® v and define ,BV w = Permy o R. We
scale ,BV w as
~ _kl

Bow=a"NBpw

whenever V' and W are exterior or symmetric power Uq (gl )—modules of exponent
k and [, respectively. This induces a scahng 'BVW of ﬂVW for all Uy (gly)—modules
V., W € gly—Mod.s. Then (gly—Mods, ,3 ‘) is a braided monoidal category.

The goal of this subsection is to finally prove our main theorems. To this end, we
extend (3-6) to a diagram

. q;guﬂn
Uy (g[m|n) B— Q[N—M()dsort (—> gly—Mode

(3-8) \ TFN IFN
Yimin

N-Web" ——— N-Web,

where 1,4, and (g;, are the evident inclusions of full subcategories. We will define the
functor I'y such that the diagram (3-8) commutes.

Definition 3.17 (The diagrammatic presentation functor I'yy) We define a functor
I'n: N-Weby — gly—Mod,; as follows:

e On objects, I'y sends an object k € XL of N-Web gr to the tensor product of
exterior and symmetric powers of (CN specified by the entries of k green and
red integers encode exterior and symmetrlc powers respectively, and a black
entry 1 corresponds to C év itself.

e On morphisms, for an object keX f let w(lz) € S be a shortest length
permutation that sorts green integers in_)k to the left of red integers. We define 'y
on an arbitrary web u € Homp_wen,, (k, i ) by precomposing and postcomposing
with elementary crossings and the universal R—matrix intertwiners:

2R \— sort pe . -1 2R
In(u) = (B (7)) oly (’Bw(f) ouo (,Bw(];)) )o ﬂw(l?)
Clearly, T'y restricts to Iy, O
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Lemma 3.18 T'y: N-Webg, — gly—Mod. is a monoidal functor making (3-8) com-
mutative.

Proof By Lemma 3.12 and the fact that 8°. and E R are braidings (see Proposition 2.22
and Remark 3.16), we see that I'y is well-defined. That I'y is monoidal and
makes (3-8) commutative is clear from its construction. O

Proposition 3.19 The functor I'y: (N-Weby;, B°.) — (gly—Mod,s, ,E If) is a functor
of braided monoidal categories.

Proof By Lemma 3.18, it remains to verify

In(pe o) =pR

kel Ty (k),Tn (1)

The green-red symmetry and the fact that the mixed crossings are defined via the
monochromatic crossings, together with Corollary 2.24, reduce this problem to the
situation studied in [3, Theorem 6.2.1 and Lemma 6.2.2]. It remains to show

N (BT ) =T (BT = TRBT ) = TR B0 = By e

This follows since Fli,"“(ﬂf,l) = Ty (B7,1) acts on

for all objects k and [ of N-Weby; .

N N o A2 (N 2N
C; ®C, = /N, (C.) @ Sym,(C,)
as —g~ ! on the first summand and as ¢ on the second (see Example 2.18). a
Theorem 3.20 (The diagrammatic presentations) The functor
Tn: (Mat(N-Webg,). £7.) — (gly-Modes. BX)
is an equivalence of braided monoidal categories.

Proof By Proposition 3.19, I'y extends to a braided monoidal functor on the additive
closure and it remains to show that I'y is essentially surjective, full and faithful.

Essentially surjective This follows directly from the definitions; see also Remark 3.14.

Full and faithful As before, it suffices to verify this on morphisms between objects
of the form k € X L. Consider the commuting diagram

w
gly-Mod®™ « " gly~Mode,

o T T T'n

N-Web%" «—— N-Web,,
We
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where wg and w, are the functors that order S € Homg, _mod..(T'~ (k) 'y (l )) and
webs u € Homy_web,, (k § ) by using the R-matrix braiding 8. BR and the braiding B°.,
respectively, via a permutation of shortest length. Since sortlng is invertible, we get

dim(Homg;y o, (Tw (k), Ty (1))
= dim(Homg, _ygoqeee (TN (@4 (K)), TN (@4(1))))
= dim(Hom N-Web3r (we (k) , e (! )))
= dim(Homy wen, (k. 1),
where the second equality follows from Proposition 3.15. a
Remark 3.21 For now we restrict ourselves to working with webs with only upward-

oriented edges. Downward-oriented edges, as for example in [3], can be used to

represent the duals of the U, (gly)—-modules /\];(C é\f and Symf](C é\' . With respect to
such an enriched web calculus, the statement of Theorem 3.20 extends to an equivalence
of pivotal categories; see [23, Section 6] and Remark 5.12.

Let H denotes the monoidal, Cg4linear category obtained from the collection Hoo(q)
of Iwahori—Hecke algebras as follows. The objects e and e’ of H are tensor prod-
ucts of Iwahori—-Hecke algebra idempotents corresponding to eqo1(A) and eqow(A) (as
in Definition 2.26) under the isomorphism in Lemma 2.25. The morphism spaces are
given by Hom (e, e') = e¢’Hoo(q)e. The category H is braided with braiding ,EH
induced from Hyo(q).

Theorem 3.22 (The diagrammatic presentation) For large N the functors 'y stabi-
lize to a functor

Too: (Mat(co-Weby,), B7.) — (Mat(H), B,
which is an equivalence of braided monoidal categories.

Proof By Schur—Weyl duality (2-14) and by the construction of the categories
N-Webg, as quotients of co-Web,,, we have quotient functors 71 and 7 for
N € Z>¢ such that

v N
Mat(H) —r glxy—Mod,;

(3-9) FOOT /[FN

Mat(co-Weby,) — Mat(N-Web,,)
nOO

commutes. Here the functor [ is an idempotented version of the inverse of the
isomorphism qDZOSW from Lemma 2.25.
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Fix two objects keXLandleXL of 0o-Web, and suppose that N is greater
than the sum of the integer values of the entries of k (ignoring their colors). Then,
by (2-14), Theorem 3.20, the commutativity of (3-9) and the fullness of JTOAC’,, we have

dim (Hom 5 (Too (k). Too (1)) = dim (Homge,, od. (7 (Too (K)). 77 (Teo (1))
= dim(Homy-web,, (72 (k). 7 (1))
= dim(Homeo web,, (lg , [ )).

[wo is clearly essentially surjective and a braided monoidal functor, and the theorem
follows. a

4 Applications

In this section we write Lp for diagrams of framed, oriented links L, bK for diagrams
of braids in K strands and bK for closures of such braid dlagrams We consider
labelings of the connected components of £ and of braids by Young diagrams ALIE
L is a d —component link, then we write £(4) for its labeling by a vector of Young
diagrams A = (AL, ... ,/\d), and use an analogous notation for labeled link and braid
diagrams. If not mentioned otherwise, then all appearing links and related concepts are
assumed to be framed and oriented from now on.

Let Lp (/\) bK (/\) be a diagram of a framed, oriented, labeled link glven as a braid
closure. The followmg process associates to bK ()L) an element pg/ (b )eq ()L) of

Hg/(q) = Endoo-we, (K'):

A 0T s (1117 L1

A e AT(K)) K; strands K; strands | |

1 1
where the last equality follows from Lemma 2.25 and we write pg; for the Iwahori—

Hecke algebra representation of the braid group on K; strands. The first step replaces
strands labeled by a Young diagram A’ with K; nodes in the braid diagram bK by
K; parallel strands. This results in a new braid bk p - Where K’ indicates the number
of strands. In the second step this cabled braid is interpreted as an element of the
Iwahori—Hecke algebra, or, equivalently, as a web in co-Weby,, with an idempotent
eq (A%) placed on the cable of each previously A’ labeled strand.

4.1 The colored HOMFLY-PT polynomial via co-Web,,

In this subsection we work over the ground field C, 4, = C,4(a), with a being a generic
parameter. We will use the C, 4 —valued Jones—Ocneanu trace tr(-) on the direct sum
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of all Iwahori-Hecke algebras Heo(q) =P ez o Hk (q). The definition of tr(-) can
be found in [13, Section 5] (which can be easily adapted to our notation). We will use
it in the form of the following lemma.

Lemma 4.1 Givena web u € Endoo_webgr(lz ),

1

tr(u) = €Cuyq,

1

where the closed diagram can be evaluated by using the relations in co-Weby, and,
additionally,

-1 -1_ -1
o Q- Y e
q9—q q—4q

Proof By Proposition 2.15 and Corollary 2.13: any given web u € Endoo_webgr(le )
can be expressed using black or green edges with labels at most 2. Using Lemma 2.25
and additionally [24, Section 4.2], where Rasmussen’s singular crossings correspond to
green dumbbells with label 2, provides the statement. Note that Rasmussen’s relations
II and III are already part of our diagrammatic calculus. |

Definition 4.2 (The colored HOMFLY-PT polynomial) Let Lp ()1) = Eg (i) be a
diagram of a framed, oriented, labeled link £(A) given as a braid closure.

The colored HOMFLY-PT polynomial of £(;\), denoted by P44 (£(5t)), is defined via
PLULM)) = t(prr (B eq(R)) € Carg,

where e, ()I) is a tensor product of the ey (A1), as described above. O

This polynomial is independent of all choices involved and an invariant of framed,
oriented, colored links. Up to different conventions, this is shown for example in [17,
Corollary 4.5].
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Remark 4.3 In fact, Definition 4.2 gives the framing dependent, unnormalized version
of the colored HOMFLY-PT polynomial. As usual, the polynomial can be normalized
by fixing the value of the unknot to be 1 (instead of (@ —a~')/(q —q~!) as in our
convention) and one can get rid of the framing dependence by scaling with a factor
coming from Reidemeister 1 moves; see for example [13, Definition 6.1]. We suppress
these distinctions in the following.

Note that Lemma 4.1 provides a method to calculate the colored HOMFLY-PT polyno-
mials P%4(-) using the web category co-Weby,.

Proposition 4.4 (The colored HOMFLY-PT symmetry) We have
PHLAY) = (1) P (LAT),

where AT = ((AHT, ..., (ADT) and ¢ is the sum of the number of nodes in the A’ for
1<i<d.

This symmetry is not new: it can be deduced from [19, Section 9] and has been studied
in [18; 6, Proposition 4.4]. In our framework it follows directly from the green-red
symmetry in co-Webyg;.

Proof We only give a proof for the case of knots IC. The proof for links is analogous,
but the notation is more involved. We denote by Iy the involution on co-Weby,
given by the green—red symmetry, and by I, the involution on C, 4 which inverts the
variable ¢ .

Claim Foru € Endoo,webgr(lz ) we have

(4-2) tr(u) = (= 1)K 1, (tr(14 (Igr(u)))).

It suffices to prove tr(u) = (—1)X 14(tr(Lgr(u))) in the case where u is a primitive web
(a morphism that consists of a single web with coefficient 1, which is thus invariant
under /;). In Lemma 4.1 we have met evaluation relations for monochromatic green
webs of edge label at most 2, but clearly analogous relations can be derived for red and
mixed webs. In fact, all necessary evaluation relations are invariant under I, and I,
except the two relations in (4-1). The circle relation is /y—invariant, but acquires a sign
under /. The following computation shows that the green and red bubble relations
also respect (4-2):
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] 1 | 1 1 |
q9—q
1 1

1

We note that in the computation of tr(u) via Lemma 4.1 strands can only be removed
by circle moves and bubble moves. Both of these acquire a sign under /,, which causes
the factor (—1)X in (4-2). This proves the claim.

Let bg be a braid diagram that closes to a diagram of K and suppose that K is labeled
by a Young diagram A of with L nodes. Let bgl‘ be the L—fold cable of the braid
diagram bg .

Now we have
PUUK(A) = tr(prr (b )eq()®F)

= (=1* Iy (tr(1g U (pr L (B )eq (M) ®K))))

= (—DFKEFL? 1 (r(pr (B )eg WK = (~)EPHT (KT,
where cr is the number of crossings of bg . Here we have used (4-2) and that
I414 acts as —1 on black crossings —see Example 2.18 — while sending e4(4) to

eq (AT) plus a commutator (which is zero in the trace), see Lemma 2.28. Moreover,
2 . .
(—1)KL+erl” — (—1)L since cr= K — 1 mod 2 as bg closes into a knot. a

4.2 The colored sly-link polynomials via the categories N-Web,,

Recall that the colored Reshetikhin—Turaev sly —link polynomial RTI" 4 (E()E)) are
determined by the corresponding colored HOMFLY-PT polynomials P%4(L(1)) by
specializing @ = ¢V. Alternatively, they can be computed directly inside the categories
N-Webyg, from a framed, oriented, labeled link diagram as follows:

e First we replace all A-labeled strands in the link diagram by cables equipped
with the diagrammatic idempotent e, (1), written in monochromatic green webs.

e The resulting diagram will contain downward-oriented green edges of label k,
which we replace by upward-oriented green edges of label N —k . Simultaneously,
caps and cups are replaced by splits and merges

N k N—k k' N—k

k N—k k N—k N
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* The result is a morphism in N-Weby, between objects consisting only of entries
0 and Ny . It follows from Theorem 3.20 that this Hom—space is one-dimensional.
Thus, the framed, oriented, labeled link diagram determines a polynomial, which
is the desired colored Reshetikhin—Turaev sl —link polynomial.

Recall from Remark 1.1 that this approach relies on the fact that s[y—Mods contains
the duality isomorphisms /\ZC é\f ~ (/\]Z_k(C év )* In Remark 5.12 we sketch how to
include duals in diagrammatic presentations of gly—Mod.s and gly s —Modes and,

thus, to compute the corresponding Reshetikhin-Turaev gly or gl,, |, ~link invariants.

5 Generalization to webs for gly

We now give a diagrammatic presentation of gly|3—Mod.s, the (additive closure of

the) braided monoidal category of Uy (glyas)-modules tensor generated by the exterior
k ~N|M . 1 ~N|M . N|M

/\q(Cq and the symmetric Sym,C, powers of the vector representation C,

of Uy (gly|pr). The diagrammatic presentation is given by the following quotient of

oo-Webyg; .

Definition 5.1 The category N|M-Web,, is the quotient category obtained from
0o-Web,, by imposing the not-a-hook relation, that is,

eq(boxy+1,m+1) =0,

where boxy 41,m+1 is the box-shaped Young diagram with N + 1 rows and M + 1
columns. <&

Note that N|M-Weby, inherits the braiding 8°. from co-Weby; .

Example 5.2 If we take M = 0, then boxy 41,1 is a column Young diagram with
N +1 nodes and the corresponding not-a-hook relation is just the exterior relation (2-10).
In this case we have that N |0-Webg; is N-Webg, and gl o—Mode; is isomorphic to
gly—Modg;. <

Example 5.3 If we take M = N = 1, then we have

gq (bOX2’2) = gq ( )

1 1 1 1 1

x
3

1 1 1 1 1 1 1
X X ] b ]
1 1 1
zﬁﬁzﬁﬁzﬁﬁ
7/ 7/ 7/
1 1 1 1 1 1 1 1 1 1 1

1
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It is easy to see that e, (box22) = 0 is equivalent to the relations [27, (3.3.13a)
and (3.3.13b)], [9, Section 3.6] and [23, Corollary 6.18], which are used to describe
the “purely exterior” representation category glyj;—Mod.. This category could be
presented as monochromatic green subcategory of 1/1-Web,,, defined analogously as
in Definition 2.7. <

To prove that N|M-Weby, gives a diagrammatic presentation of gly |y —Modes, we use
a version of super ¢—Howe duality between Uy (gl,,|,) and Ug(gly pr). For this, we
say a dominant integral gl,,|,,—weight A is (m|n, M |N)—supported if it corresponds to
a Young diagram which is simultaneously an (|n)—hook as well as an (M |N)—hook.’

Theorem 5.4 (Super g—Howe duality, super—super version) We have the following:
(a) Let K €Zx>o. The actions of Ug(gl,,),,) and Ug(glnar) on /\Ig((C;"ln(gCéle)
commute and generate each others commutant.
(b) There exists an isomorphism
. | NIMy\ o (A* o NIM\® o NIM\®
Ng(Cg" @ T = (NgCg ™)™ ® (Symg €)™
of Uy (gly|ar) —modules under which the k —weight space of /\°q (CZ’ In ®(Cév |M)
(considered as a Ug(gl,,,) —module) is identified with
ko ~N|M kioNIM _
Ny Cg ™ @ Symy! €M =
k

ki ~N|M m~N|M m N|M km+n ~N|M
Ny CVM ... @ Nome MM @ Sym" ' N M @ ... @ Symg" " CNM.

Here k = (k1, ... . kmin)s ko = (k1. ... km) and k1 = (kmt1s-- -+ kman).

(©) As Ug(glhun) ® Ug(gly|ar)—modules, we have a decomposition of the form

Ne@mm @ CN M) = @ Ly (V) ® Ly 1),
A

where we sum over all (m|n, M |N)-supported gl,,,, —weights A whose entries
sum up to K. This induces a decomposition

Ng@C" @ CYM) = @D Lnjn (1) ® Ly s (A7),
A

where we sum over all (m|n, M|N)—-supported gl,,, , —weights A.

9This is really intended to be (M |N).
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Proof As before, (a) and (c) are proven in [23, Theorem 4.2] and only (b) remains
to be verified. This works similarly as in the proof of Theorem 3.6 and is left to the
reader. For a nonquantized version see [28, Proposition 2.2]. O

In the statement of this theorem, /\ CNlM ymf]Céle and /\5(@2"‘" ®(Cév|M) are
defined similarly as in Section 3.1; see also [23, Section 3]. As before we then get:

Corollary 5.5 There exists a tull functor CD?&I": Uq (90min) — 8ly pr—Modes, which
we again call the super q—Howe functor, given on objects and morphisms by

" k M & M /
o (k) = NgCYM @ symki M @rmln(1;x1) = flx).
Everything else is sent to zero. O

In what follows, we denote by Uq (g[m|n)ZO the quotient of Uq (9l;|n) obtained by
killing all gl,,,—weights with negative entries.

Corollary 5.6 The super g—Howe functor CDZ;'" from Corollary 5.5 induces an algebra
epimorphism (denoted by the same symbol) as in the diagram:

Uq(g[m|n)20 — @(m|n)— End(Cq (Lm|n (A))

hooks A
@?&'”l l”

Endy, (gin ) (ANg Cr" CNlM)) — Domin,mn)-Endc, (Lmjn (1))

supported A

Under Artin—Wedderburn decompositions, ®gu| corresponds to an algebra epimor-
phism 7, which acts on the summand Endc,, (L, (4)) either as an isomorphism or as
zero, depending on whether the Young diagram A is (m|n, M |N)-supported or not.

Proof First, note that by Theorem 3.22, Uq (g [m|n) is isomorphic to H,ffjrtn, he
sorted version of H with exactly m exterior strands and n symmetric strands. The
Artin—Wedderburn decomposition in the top row of the diagram is then given in [21,
Theorem 5.1]. The bottom Artin—Wedderburn decomposition follows directly from

part (c) of Theorem 5.4. m|
Remark 5.7 We obtain from Corollary 5.6 an alternative proof of the presentation of

the g—Schur superalgebra S;(N|M, K) = EndHK(q)((Céle)‘z’K) from [5, Theorem
3.13.1].
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Lemma 5.8 Under the correspondence

(m|n)—hooks A

the kernel of the super ¢ —Howe functor CIDQ?J‘" from Corollary 5.5 is given by the tensor
ideal Ipox in H;f_?n generated by the primitive idempotent ey (boXy +1,M+1)-

Proof From the right isomorphism we know that the kernel of <I>su| is gener-
ated by all e;(AT) where A is an (m|n)-hook, but not an (M |N)-hook. Every
such A corresponds to a simple Uy, (gl )—module which appears in a tensor product
Ly p ((boxpy 41, M+ ® (CN|M)®K for some K € Z>¢. Accordingly, eq(/\T) is

contained in the ideal Iyx. O

Proposition 5.9 There is an equivalence of categories

Mat(N | M -Weby™") = gly|p-Modg "

Proof Lemma 5.8 shows that the sorted web category N|M —Webi,‘;‘ln, in which

webs have m green and n red boundary points both on the bottom and on the top, is
equlvalent to Endy, (g1, M)(/\ ((Cm|n ® CNIM)) considered as a category. Via the
Uq (gl |n)—Weight space decomposition in Theorem 5.4(b), N|M-Web3"  gives a
presentation of the morphism spaces in gly| pm—Mod3" between objects of the form

ki ~N|M km ~N|M km N|M km+n ~N|M
NCNM ... @ Nme N M @ Sym" ' N M @ ... @ Symg" " C M.

Any object in gly|p—Mod" is a formal sum of such objects for suitable m,n € Z>o,
and the conclusion follows. a

Remark 5.10 Recall that gly|3/—Modes is a braided monoidal category, where the
braiding ,BR is given by the universal R—matrix for gly py ; see [32]. As before, we use
a rescaled braiding B.7, BR  where we follow the conventions from [23, (3.12)] except that
we substitute g b 5 in their formulas. In particular, acts as —q !

itwe g by q v p pR L q
on /\ Cy"™" and as g on Sym;C,

Theorem 5.11 (The diagrammatic presentation) There is an equivalence of braided
monoidal categories

(Mat(N |M-Weby). B°.) = (gly |y —Modes., BR).
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Proof The equivalence from Proposition 5.9 can be extended to a monoidal functor
between the categories Mat(N |M-Web,,) and oln|p—Modes as in Definition 3.17.
We can also copy the proof of Proposition 3.19, where we use Remark 5.10 to prove
that this functor respects the braiding. Equivalence via this functor follows then as
in Theorem 3.20. a

Remark 5.12 In [23, Section 6] the authors show how to extend a diagrammatic
presentation of gly|3—Mod, to diagrammatically encode the full subcategory of
U, (gln|pr)-modules tensor generated by exterior powers and their duals. Graphically,
this involves the introduction of additional objects corresponding to the duals of exterior
powers, downward-oriented edges (to represent identity morphisms on duals) and cap
and cup webs (which represent coevaluation and evaluation morphisms). Additional
web relations including analogues of (4-1) are introduced to encode basic relationships
between exterior powers and their duals. The extension of the diagrammatic presentation
to include duals is then tautological and [23, Theorem 6.5 and Proposition 6.16] show
that the extended presentation functor is fully faithful.

They further show in [23, Proposition 6.15] that their graphical calculus allows the
computation of the Reshetikhin-Turaev gly ;s —tangle invariants for tangles labeled
with exterior powers of the vector representation.

The same spiderization strategy — with minimal changes in proofs — gives an exten-
sion of our diagrammatic presentation N |M-Webg, of gly 3 —Modes to one for the
full subcategory of U, (gly|ps)—modules tensor generated by exterior and symmetric
powers and their duals. This spiderized green—red web category directly allows the
computation of Reshetikhin-Turaev gly |y, —tangle invariants for tangles labeled with
exterior as well as symmetric powers of the vector representation. The cabling strategy
from Section 4 can then be used to compute these invariants with respect to arbitrary
irreducible representations.

Lastly, we have a direct consequence of the discussion in this section and Proposition 4.4.
It is based on the facts that N|M-Web,, is defined as a quotient of co-Webg, and
that the spiderization in [23, Section 6] respects the specialization a = gV~ of the
relations (4-1), which are sufficient to compute colored HOMFLY-PT polynomials of
braid closures.

Corollary 5.13 We have:

(1) The Reshetikhin—Turaev gly| s —tangle invariant of a labeled tangle depends
only on N — M. In the case of a labeled link, it agrees with the specialization
a = gN~=M of the corresponding colored HOMFLY-PT polynomial.
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2

3)

The green-red symmetry on oo-Web,, descends to a symmetry between the
categories N |M-Webg, and M |N -Web,,. Hence, there is a symmetry between
the representation categories of Ug(gly|p) and Ug(glpr ) that transposes
Young diagrams indexing irreducibles.

The symmetry of HOMFLY—PT polynomials described in Proposition 4.4 is a
stabilized version of the symmetry between colored Reshetikhin—Turaev gly s —
link invariants and glys v —link invariants which transposes Young diagrams and
inverts q . a

This confirms decategorified analogues of predictions about relationships between
colored HOMFLY-PT homology and conjectural colored gly |y —link homologies;
see [7].

References

(1]

(2]

(3]

(4]

(5]

(6]

(7]

(8]

[9]

(10]

(11]

A K Aiston, HR Morton, Idempotents of Hecke algebras of type A, J. Knot Theory
Ramifications 7 (1998) 463-487 MR

A Berenstein, S Zwicknagl, Braided symmetric and exterior algebras, Trans. Amer.
Math. Soc. 360 (2008) 3429-3472 MR

S Cautis, J Kamnitzer, S Morrison, Webs and quantum skew Howe duality, Math.
Ann. 360 (2014) 351-390 MR

S-J Cheng, W Wang, Howe duality for Lie superalgebras, Compositio Math. 128
(2001) 55-94 MR

H El Turkey, J R Kujawa, Presenting Schur superalgebras, Pacific J. Math. 262 (2013)
285-316 MR

N Geer, B Patureau-Mirand, On the colored HOMFLY-PT, multivariable and
Kashaev link invariants, Commun. Contemp. Math. 10 (2008) 993-1011 MR

E Gorsky, S Gukov, M Stosié, Quadruply-graded colored homology of knots, preprint
(2013) arXiv

J Grant, A categorification of the skew Howe action on a representation category of
Uy (gl(m|n)), preprint (2015) arXiv
J Grant, A generators and relations description of a representation category of

U, (gl(1]1)), Algebr. Geom. Topol. 16 (2016) 509-539 MR

S Gukov, M Stosi¢, Homological algebra of knots and BPS states, from “Proceedings
of the Freedman Fest” (R Kirby, V Krushkal, Z Wang, editors), Geom. Topol. Monogr.
18, Geom. Topol. Publ., Coventry (2012) 309-367 MR

A Gyoja, A g—analogue of Young symmetrizer, Osaka J. Math. 23 (1986) 841-852
MR

Algebraic & Geometric Topology, Volume 17 (2017)


http://dx.doi.org/10.1142/S0218216598000243
http://msp.org/idx/mr/1633027
http://dx.doi.org/10.1090/S0002-9947-08-04373-0
http://msp.org/idx/mr/2386232
http://dx.doi.org/10.1007/s00208-013-0984-4
http://msp.org/idx/mr/3263166
http://dx.doi.org/10.1023/A:1017594504827
http://msp.org/idx/mr/1847665
http://dx.doi.org/10.2140/pjm.2013.262.285
http://msp.org/idx/mr/3069063
http://dx.doi.org/10.1142/S0219199708003125
http://dx.doi.org/10.1142/S0219199708003125
http://msp.org/idx/mr/2468374
http://msp.org/idx/arx/1304.3481
http://msp.org/idx/arx/1504.07671
http://dx.doi.org/10.2140/agt.2016.16.509
http://dx.doi.org/10.2140/agt.2016.16.509
http://msp.org/idx/mr/3470707
http://dx.doi.org/10.2140/gtm.2012.18.309
http://msp.org/idx/mr/3084243
http://projecteuclid.org/euclid.ojm/1200779724
http://msp.org/idx/mr/873212

3748

[12]

[13]

(14]

[15]

[16]

(17]

(18]

[19]

(20]

(21]

(22]

(23]

(24]

[25]

[26]

[27]

(28]

Daniel Tubbenhauer, Pedro Vaz and Paul Wedrich

R Howe, Perspectives on invariant theory: Schur duality, multiplicity-free actions and
beyond, from “The Schur lectures” (I Piatetski-Shapiro, S Gelbart, editors), Israel Math.
Conf. Proc. 8, Bar-Ilan Univ., Ramat Gan (1995) 1-182 MR

VF R Jones, Hecke algebra representations of braid groups and link polynomials, Ann.
of Math. 126 (1987) 335-388 MR

L H Kauffman, SL Lins, Temperley—Lieb recoupling theory and invariants of 3—
manifolds, Annals of Mathematics Studies 134, Princeton Univ. Press (1994) MR

G Kuperberg, Spiders for rank 2 Lie algebras, Comm. Math. Phys. 180 (1996) 109—
151 MR

J-H Kwon, Crystal bases of q—deformed Kac modules over the quantum superalgebras
U, (gl(m|n)), Int. Math. Res. Not. 2014 (2014) 512-550 MR

X-S Lin, H Zheng, On the Hecke algebras and the colored HOMFLY polynomial,
Trans. Amer. Math. Soc. 362 (2010) 1-18 MR

K Liu, P Peng, Proof of the Labastida—Mariiio—Qoguri—Vafa conjecture, J. Differential
Geom. 85 (2010) 479-525 MR

S Lukac, Homfly skeins and the Hopf link, PhD thesis, University of Liverpool (2001)
Available at http://www.liv.ac.uk/~sul4/papers/lukacthesis.pdf

G Lusztig, Introduction to quantum groups, Progress in Mathematics 110, Birkhiuser,
Boston, MA (1993) MR

H Mitsuhashi, Schur—Weyl reciprocity between the quantum superalgebra and the
Iwahori—Hecke algebra, Algebr. Represent. Theory 9 (2006) 309-322 MR

H Murakami, T Ohtsuki, S Yamada, Homfly polynomial via an invariant of colored
plane graphs, Enseign. Math. 44 (1998) 325-360 MR

H Queffelec, A Sartori, Mixed quantum skew Howe duality and link invariants of type
A, preprint (2015) arXiv

J Rasmussen, Some differentials on Khovanov—Rozansky homology, Geom. Topol. 19
(2015) 3031-3104 MR

D E YV Rose, D Tubbenhauer, Symmetric webs, Jones—Wenzl recursions, and q—Howe
duality, Int. Math. Res. Not. 2016 (2016) 5249-5290 MR

G Rumer, E Teller, H Weyl, Eine fiir die Valenztheorie geeignete Basis der bindiren
Vektorinvarianten, Nachr. Ges. Wiss. Gottingen, Math.-Phys. K1. 1932 (1932) 499-504

A Sartori, Categorification of tensor powers of the vector representation of Ug (gl(1|1)),
PhD thesis, Universidt Bonn (2014) Available at http://hss.ulb.uni-bonn.de/
2014/3635/3635. pdf

A Sartori, Categorification of tensor powers of the vector representation of Uy (gl(1|1)),
Selecta Math. 22 (2016) 669-734 MR

Algebraic & Geometric Topology, Volume 17 (2017)


http://msp.org/idx/mr/1321638
http://dx.doi.org/10.2307/1971403
http://msp.org/idx/mr/908150
http://dx.doi.org/10.1515/9781400882533
http://dx.doi.org/10.1515/9781400882533
http://msp.org/idx/mr/1280463
http://projecteuclid.org/euclid.cmp/1104287237
http://msp.org/idx/mr/1403861
http://dx.doi.org/10.1093/imrn/rns221
http://dx.doi.org/10.1093/imrn/rns221
http://msp.org/idx/mr/3159079
http://dx.doi.org/10.1090/S0002-9947-09-04691-1
http://msp.org/idx/mr/2550143
http://dx.doi.org/10.4310/jdg/1292940692
http://msp.org/idx/mr/2739811
http://www.liv.ac.uk/~su14/papers/lukacthesis.pdf
http://msp.org/idx/mr/1227098
http://dx.doi.org/10.1007/s10468-006-9014-5
http://dx.doi.org/10.1007/s10468-006-9014-5
http://msp.org/idx/mr/2251378
http://dx.doi.org/10.5169/seals-63908
http://dx.doi.org/10.5169/seals-63908
http://msp.org/idx/mr/1659228
http://msp.org/idx/arx/1504.01225
http://dx.doi.org/10.2140/gt.2015.19.3031
http://msp.org/idx/mr/3447099
http://dx.doi.org/10.1093/imrn/rnv302
http://dx.doi.org/10.1093/imrn/rnv302
http://msp.org/idx/mr/3556438
http://hss.ulb.uni-bonn.de/2014/3635/3635.pdf
http://hss.ulb.uni-bonn.de/2014/3635/3635.pdf
http://dx.doi.org/10.1007/s00029-015-0202-1
http://msp.org/idx/mr/3477333

Super q—Howe duality and web categories 3749

[29] V G Turaev, Quantum invariants of knots and 3—manifolds, revised edition, De Gruyter
Studies in Mathematics 18, Walter de Gruyter, Berlin (2010) MR

[30] G Williamson, Singular Soergel bimodules, Int. Math. Res. Not. 2011 (2011) 4555—
4632 MR

[311 Y Wu, RB Zhang, Unitary highest weight representations of quantum general linear
superalgebra, J. Algebra 321 (2009) 3568-3593 MR

[32] H Yamane, Quantized enveloping algebras associated with simple Lie superalgebras
and their universal R-matrices, Publ. Res. Inst. Math. Sci. 30 (1994) 15-87 MR

[33] RB Zhang, Structure and representations of the quantum general linear supergroup,
Comm. Math. Phys. 195 (1998) 525-547 MR

Mathematisches Institut, Universitidt Bonn
Bonn, Germany

Institut de Recherche en Mathématique et Physique, Université Catholique de Louvain
Louvain-la-Neuve, Belgium

Department of Mathematics, Imperial College London
London, United Kingdom

dtubben@math.uni-bonn.de, pedro.vaz@uclouvain.be, p.wedrich@gmail.com

http://www.math.uni-bonn.de/people/dtubben/,
http://perso.uclouvain.be/pedro.vaz/, http://paul.wedrich.at/

Received: 16 October 2016 Revised: 1 March 2017

Geometry € Topology Publications, an imprint of mathematical sciences publishers :.msp


http://dx.doi.org/10.1515/9783110221848
http://msp.org/idx/mr/2654259
http://dx.doi.org/10.1093/imrn/rnq263
http://msp.org/idx/mr/2844932
http://dx.doi.org/10.1016/j.jalgebra.2008.02.040
http://dx.doi.org/10.1016/j.jalgebra.2008.02.040
http://msp.org/idx/mr/2510063
http://dx.doi.org/10.2977/prims/1195166275
http://dx.doi.org/10.2977/prims/1195166275
http://msp.org/idx/mr/1266383
http://dx.doi.org/10.1007/s002200050401
http://msp.org/idx/mr/1640999
mailto:dtubben@math.uni-bonn.de
mailto:pedro.vaz@uclouvain.be
mailto:p.wedrich@gmail.com
http://www.math.uni-bonn.de/people/dtubben/
http://perso.uclouvain.be/pedro.vaz/
http://paul.wedrich.at/
http://msp.org
http://msp.org




	1. Introduction
	1.1. The framework
	1.2. Outline of the paper

	2. The diagrammatic categories
	2.1. Definition of the category infty-Web_gr and its subquotients
	2.2. The diagrammatic super relations
	2.3. Green and red clasps
	2.4. Braidings
	2.5. A collection of diagrammatic idempotents

	3. Proofs of the diagrammatic presentations
	3.1. Super q–Howe duality
	3.2. The sorted equivalences
	3.3. Proofs of the equivalences

	4. Applications
	4.1. The colored homfly–pt polynomial via infty-Web_gr
	4.2. The colored sl_n–link polynomials via the categories N-Web_gr

	5. Generalization to webs for gl_(N|M)
	References

