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Heegaard Floer homology and knots
determined by their complements

FYODOR GAINULLIN

We investigate the question of when different surgeries on a knot can produce identical
manifolds. We show that given a knot in a homology sphere, unless the knot is quite
special, there is a bound on the number of slopes that can produce a fixed manifold
that depends only on this fixed manifold and the homology sphere the knot is in. By
finding a different bound on the number of slopes, we show that non-null-homologous
knots in certain homology RP? are determined by their complements. We also
prove the surgery characterisation of the unknot for null-homologous knots in L—
spaces. This leads to showing that all knots in some lens spaces are determined by
their complements. Finally, we establish that knots of genus greater than 1 in the
Brieskorn sphere X (2, 3, 7) are also determined by their complements.

57M25; 57TM27

1 Introduction

Dehn surgery is an important and widely used technique for constructing 3—manifolds,
yet many natural questions about it are still unanswered. For example, given a knot K
in a manifold Y, how many different surgeries on K can produce a fixed manifold Z ?
Conjecturally, in generic circumstances, the answer is 1. More precisely, we have:

Conjecture 1.1 (cosmetic surgery conjecture; see Gordon [7, Conjecture 6.1], Kirby
[12, Problem 1.81(A)] and Ni and Wu [20, Conjecture 1.1]) Let K be a knot in a
closed, connected, orientable 3—manifold Y such that the exterior of K is irreducible
and not homeomorphic to the solid torus. Suppose there are two different slopes r;
and rp such that there is an orientation-preserving homeomorphism between Y, (K)
and Y,,(K). Then the slopes r1 and r, are equivalent.

We call two slopes equivalent if there is a homeomorphism of the knot exterior taking
one to the other. If there are two distinct surgeries on K (with inequivalent slopes) that
produce the same oriented manifolds, then we call such surgeries purely cosmetic.

Another very natural question about knots in 3—manifolds is whether knots are deter-
mined by their complements. In other words, given two distinct knots K, K» C Y, can
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70 Fyodor Gainullin

there exist an orientation-preserving homeomorphism between Y \ K and Y \ K, ?
We remark that by “distinct” here we mean that there is no orientation-preserving
homeomorphism of Y taking K; to K».

Given a knot K7 C Y, we say that Ky is determined by its complement if there is no
other knot K> CY such that there is an orientation-preserving homeomorphism between
Y\ K; and Y \ K,. We say that K is strongly determined by its complement if the
condition of the previous sentence holds without the insistence that the homeomorphism
be orientation-preserving.

By Edwards [5], the question for complements is equivalent to the analogous question
for exteriors. It is not difficult to see then that the question of whether a knot is
determined by its complement can be reformulated in terms of Dehn surgery as follows.
A knot K C Y is determined by its complement if and only if the following condition
holds: if a surgery of some slope r on K gives Y, then r is equivalent to the meridian
of K.

Knots in S3 are determined by their complements (but not strongly, as there exist
chiral knots); see Gordon and Luecke [8]. Apart from some obvious ones, no examples
of knots that are not determined by their complements have been exhibited. Thus the
following conjecture seems natural:

Conjecture 1.2 (knot complement conjecture; see Gordon [7, Conjecture 6.2], Kirby
[12, Problem 1.81(D)], Boyer [1, Conjecture 6.2]) Let K be a knot in a closed,
connected, orientable 3—manifold Y such that the exterior of K is irreducible and
not homeomorphic to the solid torus. Suppose there is a nontrivial slope r such that
there is an orientation-preserving homeomorphism between Y, (K) and Y. Then r is
equivalent to the meridian of K.

We remark that dealing with equivalent slopes may seem complicated, but this issue
does not arise at all if we can show that for no slope r (other than the meridian) we
have Y, (K) = Y. This not only shows that K is determined by its complement, but
also that there is a unique slope which is equivalent to the meridian (ie the meridian
itself). In all statements for which we will be able to show that a knot is determined by
its complement, this will be the case.

Now a knot K C Y is strongly determined by its complement if and only if it
is determined by its complement and the following condition holds. If Y,(K) is
homeomorphic to —Y by an orientation-preserving homeomorphism, then there is an
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Heegaard Floer homology and knots determined by their complements 71

orientation-reversing homeomorphism of the exterior of K that takes the meridian to r.
For example, achiral knots in S3 are strongly determined by their complements.

It is not difficult to see that Conjectures 1.1 and 1.2 are, in fact, equivalent. However,
they are not equivalent if we concentrate on a given manifold. In other words, if ¥
in the conjectures is fixed, then they are genuinely different (Conjecture 1.1 implies
Conjecture 1.2).

Conjecture 1.1 is wide open. In contrast to Conjecture 1.2, it is not even proven for
knots in S3. However, in [20], Ni and Wu (generalising some results of Ozsvéth and
Szabé [31]) used Heegaard Floer homology with great success to address the cosmetic
surgery conjecture in S> (or other L—space homology spheres). They have been able
to show that

¢ many manifolds (including all Seifert fibred spaces) cannot be results of purely
cosmetic surgery;

¢ there are at most 2 slopes on a knot that can yield the same (oriented) manifold
by surgery and they are negatives of each other;

e if p/q is a purely cosmetic surgery slope, then g2 = —1 (mod p);

¢ knots that admit purely cosmetic surgery satisfy certain conditions on their knot
Floer homology.

In fact, it can be shown that any knot that admits a Seifert fibred surgery satisfies the
cosmetic surgery conjecture (see Gainullin [6]).

Boyer and Lines ruled out cosmetic surgeries on many knots in homology spheres.
They showed [2, Proposition 5.1] that knots with A% (1) # 0 satisfy the cosmetic
surgery conjecture. Here Ak is the Alexander polynomial of K normalised so as to
be symmetric and satisfy Ag (1) = 1.

One might try to approach Conjectures 1.1 and 1.2 by trying to at least find some bound
on the number of slopes on a knot that can yield the same manifold. (The cosmetic
surgery conjecture states that this bound is 1.) In fact, it follows from the work of
Cooper and Lackenby [3] that, given two manifolds ¥ and Z, there are only finitely
many slopes « such that there exists a hyperbolic knot K C Y with Yy (K) = Z.

Our first result says that given a knot K in any homology sphere Y, if the Heegaard
Floer homology of a 3—manifold Z satisfies a certain property, then there is a bound
on the number of slopes that can produce Z that only depends on the first homology
of Z. More precisely, we have:
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72 Fyodor Gainullin

Theorem 4.3 Let K be a knot in a homology sphere Y. Let Z be a rational homology
sphere with |H{(Z)| = p such that p does not divide y(HFeq(Z)). Suppose that
there exist g1 and g, such that

Z =Yp/q,(K) = Ypq,(K).

Then there is no multiple of p between q; and g, . In particular, there are at most
¢ (p) surgeries on K that give Z.

Here ¢ denotes the Euler totient function.

In particular, if Z is a homology RP?3 (ie |H1(Z)| = 2) whose order of reduced Floer
homology is odd, then it can be obtained by at most one surgery on any fixed knot in
any homology sphere. A standard homological argument then gives:

Corollary 7.1 Let Z be a closed, connected, oriented manifold with |H1(Z)| = 2.
Suppose that dim(HFq(Z)) is odd. Then non-null-homologous knots in Z are
determined by their complements.

Spaces that satisfy the conditions of Theorem 4.3 exist, some of which we exhibit in:

Corollary 4.4 Let Z}, = S?((3,-1),(2,1), (6m —2,—m)) forodd m >3 and Z?>
be the result of 2/n—surgery on the figure-eight knot for any odd n. If K is a knot in
a homology sphere that gives one of Z,ln or Z ,2, by surgery of some slope, then this
surgery slope is unique.

Results of Ni and Wu show that Heegaard Floer homology is a relatively good invariant
when restricted to the set of manifolds obtained by surgery on a fixed knot in 3
in the sense that at most finitely many (ie 2) of them can have the same Heegaard
Floer homology (examples, when 2 different surgeries have the same Heegaard Floer
homology, do occur — see Ozsvath and Szabd [31, Section 9]).

Let K be a knot in an arbitrary homology sphere. We show that, unless K is very
special, the set of Heegaard Floer homologies of spaces obtained by surgery on K
still contains at most finitely many repetitions. In the statement below, subscripts e
and o stand for even and odd (respectively) parts of homology groups. The rest of the
notation will be explained in the next section.

For a homology sphere Y and a rational homology sphere Z, define

N(Y, Z) = 2|H(Z)| dim(HFeq(Y)) + dim(HF rea(2)).
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Theorem 5.4 Let Y be a non- L —space homology sphere, Z be a rational homology
sphere and K C Y be a knot and suppose there are coprime integers p and q such that
Z =Yp/4(K).
If |q| > N(Y, Z), then

e Vo(K)=0;

e Ag=1;

o dim(AFY(K)e) = dim(HFea(Y),) for all k ;

o dim(AFY(K),) = dim(HFrea(Y),) forall k.
Note thatif ¥ is an L—space homology sphere, K a knotinitand Z =Y, /,(K), then

by Gainullin [6, Theorem 7] we have |g| < p + dim(HFq(Z)).! Therefore we lose
nothing by assuming that Y is not an L—space.

Theorem 5.4 shows that for a knot to have a surgery not satisfying the bound |g| <
N(Y, Z), the knot has to be quite “special”, ie satisfy all four of the bullet points listed
in the statement of the theorem. In the next proposition, we show that even for such
“special” knots that have genus > 1 we can provide an alternative upper bound on q.

For a rational homology sphere Z, define

5(2) = max{deg(z) —d(Z,t) | z € HF cq(Z, ) is homogeneous, t € Spin®(Z)}
and

D(Z) = min{deg(z) — d(Z,1) | z € HF eq(Z, t) is homogeneous, t € Spin®(Z)},
where by deg(z) we understand the absolute grading of z.

Proposition 6.3 Let K C Y be a knot such that Z =Y, ,,(K) for p,q > 0 and
q > N(Y, Z). Suppose the genus of K is larger than 1. Then

lg/p] < 3(D(Z)— D(¥)).

Thus if infinitely many spaces obtained by surgery on a knot K in a homology sphere
have the same Heegaard Floer homology then K has genus 1 and trivial Alexander
polynomial.

In [13], Kronheimer, Mrowka, Ozsvéth and Szabé prove the following “surgery charac-
terisation of the unknot™:

n [6] the theorem is stated for ¥ = S3, but the same proof is valid for arbitrary L —space homology
spheres.
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Theorem 1.3 [13, Theorem 1.1] Let U denote the unknot in S3 and let K be any
knot. If there is an orientation-preserving diffeomorphism S3(K) = S?(U) for some
rational number r, then K = U.

Clearly, this theorem provides an alternative proof of the fact that knots in S3 are
determined by their complements. The proof has been adapted to the setting of Heegaard
Floer homology in Ozsvath and Szabé [29] (see also Manion [15]). Crucial for the
proof is the fact that §3 is an L—space, ie it has “the smallest possible” Heegaard Floer
homology.

The Brieskorn space (2, 3,7) has perhaps the simplest possible Heegaard Floer
homology a non- L —space can have. We use this to prove:

Theorem 7.2 Knots of genus larger than 1 in the Brieskorn sphere X(2,3,7) are
determined by their complements. Moreover, if K C ¥(2,3,7) is a counterexample to
Conjecture 1.2 then the surgery slope is integral, HFK (2(2,3,7), K, 1) has dimension
2 and its generators lie in different Z,—gradings.

Nonfibred knots of genus larger than 1 in X(2,3,7) are strongly determined by their
complements.

Returning to L—spaces, we show that Theorem 1.3 admits a generalisation as follows.

Theorem 8.2 Let Y be an L—space and K C Y a null-homologous knot. Suppose
that
HFY(Y,,,(K)) = HF* (Y # L(p. q)).

Then K is the unknot.

In particular, null-homologous knots in L —spaces are determined by their complements.
In the statement above, by L(p,q) we understand the result of p/q surgery on the
unknot in §3.

Shortly after the first version of this preprint was published, Ravelomanana [35]
published his proof of the fact that knots in L—space integral homology spheres are
determined by their complements, thus reproving a part of our Theorem 8.2. In a
later version of his paper, he was also able to show that knots in X(2, 3, 5) are (in our
terminology) strongly determined by their complements.

Algebraic € Geometric Topology, Volume 18 (2018)



Heegaard Floer homology and knots determined by their complements 75

Lens spaces are L—spaces (indeed, they are the reason for the name), so it follows that
null-homologous knots in lens spaces are determined by their complements. In fact,
Mauricio [16] has proven the above theorem for integral slopes, so, coupled with the
cyclic surgery theorem of Culler, Gordon, Luecke and Shalen [4], Mauricio’s result
implies that null-homologous nontorus knots in lens spaces are determined by their
complements (though Mauricio does not phrase it in this way).

Some homological arguments allow us to prove a stronger result for lens spaces. First,
we need to fix some notation. Note that we will be making some arbitrary choices.
Suppose K is a knot in a lens space L = L(p,q) and view L as a union of two
Heegaard solid tori V' and W. Isotope K into W and fix thus obtained isotopy class
of K in W. Now that K is viewed as a fixed knot in W, it has a well-defined winding
number w in W (ie the algebraic intersection number of K with a meridional disc
of W —it does not make sense if we allow K to leave W). Embed W into S3 in a
standard way. This endows both K and W with a preferred longitude (note, again,
that this only makes sense after we fix the embedding, which is chosen arbitrarily). We
use the thus-obtained longitude of K to identify slopes with rational numbers.

Note that even though w was fixed rather arbitrarily, it features in the corollary below.
This is because its remainder modulo p is well-defined and the slope 7 in the statement
also depends upon the choices above.

Then we have the following result:

Corollary 8.3 If p is square-free, then all knots in L = L(p, q) are determined by
their complements.

More precisely, let K be a knot whose exterior is not a solid torus and such that a
nontrivial surgery on it gives L. Then the exterior of K is not Seifert fibred, p |w? and
the surgery slope, n, is an integer that satisfies (with some choice of sign)
n= —qw—2 1.
p
Moreover, there is at most one such slope (ie we can choose either + or — but not both
in the equation above).
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2 Review of the mapping cone formula

In this section, we review the mapping cone formula of [31, Theorem 1.1]. We use
notation largely similar to that of Ni and Wu [20].

Given a knot K in a homology sphere Y we can associate to it a doubly pointed
Heegaard diagram as in [24]. We define a complex C = CFK*°(Y, K) generated (over
an arbitrary field [F) by elements of the form [x,i, j], where x is an “intersection
point” of the Heegaard diagram (as defined in [24]) and (i, j) € Z x Z. Generators
of C are not all triples [x,i, j], but only those that satisfy a certain condition. The
differential on C does not increase either i or j, so C is doubly filtered by the pair
(i, j) € Z x Z. The doubly filtered chain homotopy type of this complex is a knot
invariant [24, Theorem 3.1].

By [33, Lemma 4.5], the complex C is homotopy equivalent (as a filtered complex) to
a complex for which all filtration-preserving differentials are trivial. In other words,
at each filtration level, we replace the group, viewed as a chain complex with the
filtration-preserving differential, by its homology. From now on we work with this
reduced complex.

The complex C is invariant under the shift by the vector (—1, —1). Thus there is an
action of a formal variable U on C, which is simply the translation by the vector
(—1,—1). In other words, the group at the filtration level (i, j) is the same as the one
at the filtration level (i — 1, j — 1) and U is the identity map from the first one to the
second. Of course, U is a chain map. In C the map U is invertible (but note that it
will not be in various subcomplexes and quotients), so C is an F[U, U ~!]-module.

This means that as an F[U, U~ 1]-module C is generated by the elements with the
first filtration level i = 0. In the reduced complex, the group at filtration level (0, j) is
denoted by HFK (Y, K, j) and is known as the knot Floer homology of K at Alexander
grading j .
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Figure 1: Schematic representation of (a part of) the complex C (for some
genus-2 knot). Dots represent groups at various filtration levels and arrows
stand for components of the differential. The part shaded in grey (including
the dark grey part over it) is the complex A;“ (K). The part shaded dark grey
represents BT,

The complex C possesses an absolute Q—grading and a relative Z—grading, ie differ-
ences of absolute (Q—gradings of elements of C are integers. In fact, C is the complex
used to compute the (co—flavour of the) Heegaard Floer homology of Y'; the knot
provides an additional filtration for it. By grading the Heegaard Floer homology of Y
(as in [22]), we obtain the grading on C. The map U decreases this grading by 2.

Using the filtration on C we can define the quotients (see Figure 1)

AF(K)y=C{i>=00rj >k}, keZ,
and
BT =C{i >0} =~ CF"(Y).

We also define two chain maps, v, h: A,':(K) — BT. The first one is just the
projection (ie it sends to zero all generators with i < 0 and acts as the identity map for
everything else). The second one is the composition of three maps: firstly we project to
C{j >k}, then we multiply by U¥ (this shifts everything by the vector (—k, —k)) and
finally we apply a chain homotopy equivalence that identifies C {j > 0} with C{i > 0}.
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(-1, 4%,(K)) (0, A3 (K)) (1, A3 (K)) (2. AT (K))

S N A
v—1 vo vo U1
(=1,B%) (0, B™) (1,B™) (2,B™)

Figure 2: Schematic representation of the portion of the map Dl ola for

z-0andp/q-§

Such a chain homotopy equivalence exists because the two complexes both represent
CFT(Y) and, by general theory [24], there is a chain homotopy equivalence between
them, induced by the moves between the Heegaard diagrams. We usually do not know
the explicit form of this chain homotopy equivalence.

Knot Floer homology detects the knot genus. It does so in the following way [18,
Theorem 3.1]:

Theorem 2.1 (Ni) Let Y be a homology sphere and K C Y a knot.
Then g(K) = max{j € Z | HFK (Y, K, j) # 0}.

From this (together with symmetries of C) we can see that the maps vy (resp. hy ) are
isomorphisms if k > g (resp. k < —g). For example, Figure 1 represents some knot of
genus 2.

We define chain complexes
AT 1K) = D0 Ay py gy (KD, BT =P BY).

nez nez
The first entry in the brackets here is simply a label used to distinguish different copies
of the same group. There is a chain map Dl.'f'p /q from A:’p /q (K) to B defined by
taking sums of all maps vy and &y with appropriate domains and requiring that the
map v goes to the group with the same label n and A increases the label by 1.
Explicitly

Dtk ap)lkez) = {(k.b)kez.

=T + .
where bic = ;4 pry 11 (@) + 1G4 p(ie—1))/q) (@k—1) — see Figure 2.
Each of A+(K ) and B inherits a relative Z—grading from the one on C. Let X"
denote the mapping cone of D"

i,p/q

/g We fix a relative Z—grading on the whole of it by

requiring that the maps vy and &y (and so D" , ) decrease it by 1. The following is

i,p/q
proven in [31]:
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Theorem 2.2 (Ozsvith and Szabdé) There is a relatively graded isomorphism of
F[U]-modules

H*(Xl.fp PpE HFY(Y,,,(K),i).
The index i in HF +(Yp /q(K), i) stands for a Spin® structure. The numbering of
Spin® structures we refer to is defined in [31], but we do not need precise details of
how to obtain this numbering for our purposes.

We can also determine the absolute grading on the mapping cone. The group Bt is
independent of the knot. Now if we insist that the absolute grading on the mapping
cone for the unknot should coincide with the grading of HF T of the surgery on it (ie
d(L(p,q),i)+d(Y)), this fixes the grading on BT. We then use this grading to fix
the grading on X;’r /4 for arbitrary knots — this grading then is the correct grading, ie
it coincides with the one HF ™ should have.

It seems quite complicated to understand the homology of the mapping cone of

D, by direct inspection. Thus we pass to homology of the objects we introduced

i,p/q
above. Specifically, let A;7(K) = H«(Af(K)), BT = Hy(B™), A;fp 1K) =
H*(A;Lp/q(l()), BT = H,(B") and let vy, hj and Dlﬂ'p/q denote the maps induced
by vg, hi and Di+p e respectively, in homology.

When we talk about A;rp /a (K) as an absolutely graded group, we mean the grading
that it inherits from the absolute grading of the mapping cone that we described above.

Recall that the short exact sequence

0Bt Xt At (K)=0

i,p/q i,p/q
induces the exact triangle
Dt
+ i.r/q .+
Ai’p /a (K) . > B
(1 \ l
H. (X;fp 1) SHF (Yp4(K). i)

All maps in these sequences are U —equivariant.

Define 7-d+ to be the graded IF[U]-module F[U, U~!]/U -F[U] with (the equivalence
class of) 1 having grading d and multiplication by U decreasing the grading by 2.
Similarly, let 7(/N) be the submodule of 7:1+ generated by {1, U1, ... U~ W=Dy,
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We omit the subscript d if the absolute grading does not exist or is not relevant.
However, even without the absolute grading, these groups are still relatively Z—graded
(by requiring that U decreases the grading by 2).

If Z is a rational homology sphere, then HFt(Z,s) = 7:1+ @ HF.4(Z,s), where
d = d(Z,s) is the d—invariant (or the correction term) of Z in the Spin® structure s
and HFeq4(Z, s) is the reduced Floer homology of Z in the same Spin® structure. The
reduced Floer homology of Z is the sum of reduced Floer homologies in all Spin®
structures, which we denote by

HFred(Z) = @ HFred(Z,ﬁ)-
5€Spin© (Z)

For each s € Spin®(Z), HFeq(Z, 5) is a finitely generated IF[U]-module in the kernel
of a large enough power of U, thus it has the form /., 7 (n;) for some n;.

We have that A,j(K) o~ Ag(K) @ A]rfd(K) and BT = BT @ B™9, where A;(K) ~
7t =~ BT and Alfd(K ) and B™¢ are finitely generated-F[U] modules in the kernel
of a large enough power of U. Define

T _ T red _ red
AL g (K) = D0 A4y jq) (KD, A1 (K) = D01 ATE Ly 01 (KD

nez nez
BT — @(Tl, BT), Bred — @(f’l, Bred).
nez nez
We decompose the maps in a similar manner. Let D* , =DT ~@D™  where the
i,p/q i,p/q i,p/q

first map is the restriction of Dl.‘"p /q 1O AI.TP /a (K) and the second one is the restriction to

A (K). Let vl and AT be the restrictions of vg and hy, respectively, to A7 (K).
i,plq k k k

Then Dl.Tp /q is defined using vg and hg in the same way as Dl.+p /q is defined using

Notice that the images of v,{ and h,{ are contained in BT — this is because they are
F[U]-module maps. In fact, since these maps are homogeneous and are isomorphisms
for large enough gradings, they are multiplications by some powers U V¥ and U #* for
v,z and hT | respectively.

The following are some useful properties of V; and Hj . The proofs are completely
analogous to the case of knots in S 3. see [20]:

o Vi, =H_; forany k € Z.

o Vi>Viiiand Hy < Hp4q forany k € Z.
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e Vi — +o0ask——ooand Hy — +00 as k - +o0.
e Vi =0for k>g(K)and Hy =0 for k < —g(K).

In other words, Vj form a nonincreasing unbounded sequence of nonnegative numbers,
which become zero at g(K) or earlier, and Hy = V_.

3 Correction terms

The next lemma essentially shows that when p, g > 0, the map Dl.+p /q becomes an
isomorphism “at the ends”, so in the mapping cone formula we only need to consider a
finite central part.

Lemma 3.1 Fix a number G > g(K). Let p,q > 0. Let IBJGFJr and ]B%JGF_ be the
subgroups of B consisting of all (n, B™) with n satisfying

\f + an G
q
and _
\f +p(n—1)J < G
q
respectively.
Let AZ.J’rp/q(K)GJr and A;’rp/q (K)g- be the subgroups of A;’rp/q (K) consisting of all
(n, A;(K)) with n satisfying
\f + an -G
q
and )
\f + an - G
q
respectively.

Then D;’rp/q maps A;’rp/q (K) g+ isomorphically onto Bgi.

Proof The cases n >0 and n <0 are similar, so we will only consider n > 0.
First we want to show that the image of Di+p /a is all of IB%JGr +- Suppose £ € (n, BY),
n>0and [( +pn)/q] =G =g(K).

Note that vy is an isomorphism for k > g(K). Moreover, if we identify each A;(K )
with B via vy for k > g(K), then any fixed element of A,':(K) is in the kernel of
hy. for big enough k and hj decreases the grading by any amount we want if k is big
enough.
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Let no = vL_(}ern)/qJ &) e (n, Ale.ﬂm)/qj). Define 7, inductively by

—1
Nm = V|G +m+m)p)/q] (h Li+m+m—1)p)/q] (Mm—1))-

By properties of vy and hj described above, for big enough m we have 7,, = 0. This

shows that £ = D;rp/q (Zk nk) is in the image of D;rp/q.

Now suppose 71 € AT (K)g+ is in the kernel of the restriction of DT to

i,p/q i,p/q
A;rp /a (K)G+ - Then the leftmost component must be in the kernel of the corresponding
map vy — a contradiction. O

In the previous section, we mentioned that it is possible to put an absolute grading on
B that does not depend on the knot we consider. In the next lemma, we explicitly
describe this grading. Note that since the relative grading is already fixed, it is enough
to put an absolute grading on any homogeneous element of B™.

Lemma 3.2 Let Y be a homology sphere. Consider the mapping cone for the Spin®
structure i . The grading of 1 in (0, BT) is d(Y) 4+ d(L(p.q),i)—1.

Proof Asaresultof p/g—surgery on the unknot, we get Y #L(p, q), whose correction
terms are d(Y #L(p,q),i) =d(Y)+d(L(p,q),i).

By Lemma 3.1 applied to the unknot (which has genus 0), the map Dl.+p /a is surjective

for the unknot. Thus HF Y (Y # L(p, q)) = ker(Dl.er/q).

T
i,p/q
the element U ™" in this tower has U~" as a component in (0, Ag (K)). This shows

that 1 in (0, Ag(K)) has grading d(Y #L(p,q),i) =d(Y)+d(L(p,q),i), so, since
Vo =0, 1in (0, BT) has grading d(Y) +d(L(p.q).i)—1. o

Just as in [20, Proof of Proposition 1.6], there is a tower in the kernel of D and

Let Y be a homology sphere. Recall that its Heegaard Floer homology possesses
an absolute Z,-—grading, defined to be 0 on the tower part and be the reduction
mod 2 of the relative Z—grading.> Decompose the Heegaard Floer homology of Y
in the following way: HFt(Y) = T+ @5:1 T(n;r) &P, T(n;), where T(n;r)
(resp. T(n;")) lie in even (resp. odd) Z,—grading. The following proposition may be
seen as a generalisation of [20, Proposition 1.6].

21n other words, every element of the tower has grading 0 and the grading of an element is 1 if and
only if it has odd relative Z—grading with some element of the tower.
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Proposition 3.3 With notation as above, suppose Z =Y,;,(K) for p >0 and g > 0.
Then

) d¥)+d(L(p,q),i)—2max{V|;/q|, HL(i—p)/qJ}_zrnjaX{nj_} <d(Z,i)
and

3) d(Z,i)<d(Y) +d(L(p,q),i)—2max{VL,-/qJ, H[(i—p)/qj}-

Proof Since the grading of B is independent of the knot, by Lemma 3.2 we have
that 1 in (0, BT) has grading d(Y) + d(L(p.q),i) — 1. As usual, the proof sub-
divides into two cases, depending on whether V|;/,) = max{V|;/4. H|(i-p)/q]} OF
otherwise. The two cases are analogous, so we only consider the case V|;/,] =

max{Vi/q1. H|(i-p)/q]}-

Then, as in [20, Proof of Proposition 1.6] (or see [6, Lemmas 12—13]) we can show that
there is a tower in the kernel of DT pla such that U ™" in this tower has U ™" as the
component in (0, AT(K ). Suppose that 1 in this tower has grading d . Then also 1 in
(0, Ag(K)) has grading d and thus U ~"1i/4J € (0, Ag(K)) has grading d +2V|;/4]-

On the other hand, U ~Vlizal € (0, AOT(K)) is mapped to 1 € (0, BT) by v}, |, which

li/ql”
has grading —1. So

d+2Viijq —1=dY)+d(L(p.q),i)—1,
from which it follows that d = d(Y) +d(L(p.q).i)—2V|i/q]-

By the exact triangle (1), everything in the kernel of D, + /g Must be in the image of j.

i p/q)
must be in the image of j,.. At high enough gradings only the elements of the tower
in HF "’(Yp /¢(K), i) may hit the elements of the tower in the kernel of DlT"p . Since
the maps in the triangle are U —equivariant, the tower in HF T (Y /q(K),1) must be

mapped onto the tower in the kernel of Dl.+p . It follows that

So, in particular, the tower we identified in the kernel of DT »/a (and thus D;

d(Y)+d(L(p,q).i) —2V}ijq) = d = d(Z.,i).

This argument also shows that the map j, has submodule T(%(d —d(Z, i))) in its
kernel and moreover this submodule lies in Z,—grading 0.

Thus there has to be a submodule 7(N) in BT with N > %(a’ —d(Z,i)) that is not

in the image of D" Moreover, it must have odd Z,—grading in B™.

i,p/q’
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However, the odd part of BT is in the kernel of U™} 5o
max{n;} > 3(d —d(Z.1))
J
and therefore

d(Z,i)=d —2max{n; } =d(Y)+d(L(p,q).i) —2V}i/q) —2max{n; }.
J J

This completes the proof in the case V|;/4) = H|(i—p)/q)- The other case is completely
analogous. |

The following straightforward corollary may be of interest.

Corollary 3.4 Let Y be a positively oriented Seifert fibred homology sphere and
K CY aknot. Suppose Z =Y,,,(K), where p/q > 0. Then

d(Z,i)=d(Y)+d(L(p.q).i)—2max{V|;/q). H|(i=p)/q] }-

Proof Positively oriented Seifert fibred homology spheres have n;” = 0 for all i, by
[23, Corollary 1.4]. O

4 Surgery producing spaces with p } y(HF req)

In this section, we want to prove Theorem 4.3. We use the Casson—Walker invariant,
normalised as in [20]. Our normalisation for the Alexander polynomial of a null-
homologous knot in a rational homology also differs from that used in some other
sources (in particular [38]). Specifically, we require that the Alexander polynomial
Ak of a null-homologous knot K in a rational homology sphere Y satisfies Ag(¢) =
Ag (") and A (1) = [Hy(Y)).

To a rational homology sphere Y, the Casson—Walker invariant assigns a rational
number A(Y). Two key properties we will need are as follows.

For a null-homologous knot K in a rational homology sphere Y we have (see [38,
Proposition 6.2] and note we are using slightly different normalisations)

“4) A(Yp/q(K)) ZA(Y)+X(L(p,q))+mA}'<(1)-

The following formula appears in [37, Theorem 3.3]:

&) |Hi(Y)[A(Y) = x(HF ea(Y)) —

Y d(Y.s).

5€Spin© (Y)

N | —
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If we apply this formula to a lens space L(p,q) we get
(6) > d(L(p.9).5) = —2pA(L(p.q)).
s€Spin“(L(p,q))
Another invariant we will briefly use is the Casson—Gordon invariant, T, which satisfies

the following surgery formula: Suppose W is an integral homology sphere and K a
knot in it. Then

(7 t1(Yp/q(K)) =1(L(p.q)) —0 (K, p),
where o (K, p) is a number depending only on K and p.

Finally, both Casson—Walker and Casson—Gordon invariants of lens spaces can be
expressed in terms of Dedekind sums. For our purposes, it is enough to know that a
Dedekind sum assigns to a pair of coprime numbers (p, g) a number s(g, p). We have

(8) ML(p.q)) =—3s(q. p)
and
) t(L(p.q)) = —4ps(q, p).

Proposition 4.1 Let Y be a homology sphere, K C Y a knot and suppose there is a
rational homology sphere Z with

Z=Yp1q,(K) =Y_pq,(K),
where p,q1,q2 > 0.
Then

X(HFeq(Z)) = p Y (HF rea(Y)).

Proof By combining equations (7) and (9) we get s(q1, p) = s(—q2, p). From this
and (8) we get A(L(p.q1)) = A(L(p.—¢2)).
Now (4) implies that
q1

2p|H1(2)]
from which it follows that A% (1) = 0.
Formula (3) gives d(Z,i) <d(Y)+d(L(p,q1),i). If wecan get Z from Y by —p/g>—
surgery, then by reversing orientations we see that we can get —Z from —Y by p/q2—
surgery. Using formula (3) then gives d(—Z,i) <d (=Y )+d(L(p, q2),1), which yields
—d(Z,i)<—-d(Y)—d(L(p,—q2),i) and thus d(Z,i) > d(Y)+d(L(p,—q2),i).

—q2

Ak =2 @)

Ak (D),
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Summing over all Spin® structures yields

(10) Y. dZs)<pdX)+ Y, d(L(p.q1).9)
s€Spin¢ (Z) s€Spin“ (L(p,q1))

and

(11) Y d(Z.s)z pd(Y)+ > d(L(p.—q2).9).
s€Spin€ (Z) s€Spin“ (L(p,—q2))

By (6), the two last terms (sums of d —invariants for lens spaces) in the two equations
above are equal.

The inequalities (10) and (11) now imply
(12) Y d(Z.s) = pd(Y) —2pA(L(p.q1)) = pd(Y) — 2pA(L(p. —42)).
5€Spin©(Z)
Now using (5) we get
1
WHFea(2)) =5 ) d(Z.5) = pM(Z).

5€Spin€(Z)

Using (4) and the fact that A’I’<(1) = 0, we obtain

PMZ) = pA(Y) + pA(L(p.q1)).
Applying (5) to ¥ gives us
PMZ) = px(HFrea(Y)) = 5 pd(Y) + pA(L(p, q1))

= pX(HFwea(Y)) = 5 (pd(Y) = 2pA(L(p,q1))).

Substituting from (12) and combining the equalities we arrive at
1 1
HHFdZ) =5 ) d(Z.8) = py(HFa(Y) =5 ) d(Z.9),
5€Spin¢ (Z) 5€Spin¢ (Z)

from which the conclusion of the proposition follows. |

Since this proposition holds for arbitrary homology spheres, we have relative freedom
to “change coordinates”, ie to see a surgery on a knot in some homology sphere as a
surgery on its dual in another homology sphere. This is the essence of what is going
on in the next lemma.
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Lemma 4.2 Let K be a knot in a homology sphere Y and suppose for some rational
homology sphere Z that

Z =Yp1q,(K) = Yp/q,(K).
Suppose further that there exists k € Z such that g1 < pk < q». Then

p | X(HFred(Z))-

Proof Consider a homology sphere Y; given by
Y1 =Yk (K).

Let K’ be the surgery dual of K in Y;. Denote by u the meridian of K’ and by m
and / the meridian and the (preferred) longitude, respectively, of K. Longitudes of
K and K’ coincide. We view the curves w, m and [ as slopes on the boundary of
Y \nb(K) =Y; \ nb(K").

We have u =m+kl. So pm+q1l = pu+(q1—pk)l and pm+qal = pu+(g2—pk)!.
Since q1 — pk <0 < g2 — pk, this shows that Z can be obtained by both positive and
negative surgery on K’ in Y7. Then, by Proposition 4.1,

X(HFrea(Z)) = px(HFrea(Y1)) = plx(HFrea(2)). o
We are now in position to prove:

Theorem 4.3 Let K be a knot in a homology sphere Y. Let Z be a rational homology
sphere with |H1(Z)| = p such that p does not divide y(HFq(Z)). Suppose that
there exist q; and g, such that

Z =Yp1q,(K) = Yp/q,(K).
Then there is no multiple of p between g1 and ¢, . In particular, there are at most

¢(p) surgeries on K that give Z.

Proof If p/q1,..., p/qn are distinct slopes that give Z by surgery on K, then by
Lemma 4.2 there is k € Z such that pk < ¢g; < p(k + 1) for all i (clearly the case
p =1 is vacuous). Since the g; are coprime to p, the conclusion follows. O

If there are spaces that satisfy the condition of Theorem 4.3 and have order of homology
2 then for any knot in any homology sphere there can be at most one slope that
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gives such a space by surgery (since ¢(2) = 1). Note also that dim(HFq4(Z)) =
Y (HFa(Z)) (mod 2), so the condition is then equivalent to dim(HF.q(Z)) being
odd. Such spaces do exist and the next corollary demonstrates some.

Corollary 44 Let Z}) = S%((3,-1),(2, 1), (6m —2,—m)) for odd m > 3 and Z?2
be the result of 2 /n—surgery on the figure-eight knot for any odd n. If K is a knot in
a homology sphere that gives one of Z} or Z2 by surgery of some slope, then this
surgery slope is unique.

Proof Note that Z} is the result of 2/m—surgery on the right-handed trefoil. It is
enough to show that the order of HF red(Z,ln) or HF (eq(Z ,21) is odd.

The trefoil has Vo = 1 and V7 = 0 and all A,rced(K) trivial (since it is a genus 1
L —space knot). The dimension of its reduced Floer homology can be found using the
formula of [21, Corollary 3.6] (or see [6, Proposition 16] for the same formula with
notation as in this paper). In this case, the dimension is m — 2 for m > 3, which is
clearly odd.

Since the figure-eight knot is alternating, we can calculate its knot Floer homology from
the Alexander polynomial and the signature (see [26, Theorem 6.1]). This (after some
calculations) shows that for the figure-eight A(]L (K) =~ 7? @D Tg_1(1) for some d.
We also have Vy = 0 and A,rfd(K) =0 for k # 0. Thus the dimension of the reduced
Floer homology of surgery is equal to n by [20, Proposition 5.3]. a

S Bound on g for knots that are not too exceptional

In this section, we prove Theorem 5.4. First, we deal with knots for which the sequence
{Vk }k>0 is not identically zero.

Lemma 5.1 Let K be a knot in a homology sphere Y with Vo > 0. Suppose Z =
Y,/q(K) for p # 0. Then
dim(HFred(Z))

<
lq| < |p|+ 7

Proof Let |g| > |p|. It follows from [6, Lemma 13] for positive surgeries and [6,
Lemma 17] for negative surgeries that HF.q(Z, i) contains a submodule isomorphic
to 7(Vo)®P", where n; =#{j €Z|0<j<]|q|, j=i (mod |p|)}— 1.
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So dim(HFyeq(Z,1)) > n; Vy. Therefore,

lpl—1
dim(HFred(Z)) > Vo Z ni = V0(|Q| - |p|)
i=0
The desired inequality now follows upon rearranging the terms. O

The mapping cone complex is sometimes unnecessarily large for our purposes. By
using some elementary linear algebra contained in the next lemma, we want to be able
to pass to a smaller complex when necessary.

Lemma 5.2 Let Ty, T2, R; and R, be graded vector spaces and let f: Ty — T,
g: Ry — Ry and h: Ry — T, be graded linear maps. Suppose that f is surjective.
Then the homology of the complex

0—>T1@R1£>T2@R2—>0,

where D is given by D = (5 ;’), is isomorphic (as a graded vector space) to the direct
sum of the kernel of the map f and the homology of the complex

0—> R; 2> R, > 0.

Proof It is clear that the cokernels of the maps D and g are isomorphic as graded
vector spaces — indeed they are generated by the same elements not in the image of g.

We need to show that the kernels agree. Since f is surjective, there is a graded map
f*: T, — Ty such that f o f* =idr,. Consider the map

0: ker(D) — ker(f) @ ker(g)

given by 6((¢,r)) = (t — f*(h(r)),r). It is easy to see that this map is a graded
isomorphism. O

Let vy be the restriction of vy to Ared(K ) followed by the projection to B™. Define
I , similarly using Ay . Define also DJr /g © be the restriction of Dl+p /q © Afe; /a (K)
followed by the projection to B4, The map DJr »/a is a sum of various maps v

and hk

+
In terms of the notation in Lemma 5.2 we have D = D, p/a’ f= Dl ol 8= Dl p/q’

Ti =AT  (K), To =BT, Ry =A™ (K) and R2 Bred,

i p/q i,p/q
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Lemma 5.3 LetY bea homology sphere and K C Y a knot with Vo = 0. Define

Z =Y,,4(K). Then d1m(ker(Dl p/q)) d1m(coker(Dl p/q)) < 00,

d1m(ker(D )+ dim(coker(Der/q)) < dim(HFyeq(Z,1)) + dim(HF e4(Y))

i,p/q

and
dim(ker(D i) < dim(HFeq(Z, 1)),

Proof By the proof of Proposition 3.3 (specifically inequality (2)) the tower in
HF*(Z,i) is isomorphic to a direct sum of two pieces (one of which may be trivial).
One piece is the kernel of D ipla (the whole kernel, because Vy = 0 —see eg [6,
Lemma 13]). Another piece (which may be trivial) is a subspace of the cokernel
of D;’rp /a (isomorphic to the cokernel of 5;;] / q) of dimension at most dim(HF .4(Y)).

Now, by Lemma 5.2, the whole resulting homology is isomorphic (in a graded

way) to the kernel of DI.T and the homology of DY (which correspond to

f and g in Lemma 5.2, respecuvely) The paragraph abg\//g implies that the whole
tower part is covered by the kernel of DT /4 and perhaps a piece of dimension
at most dim(HFq(Y)). Thus the homology of DJr /4 is finite-dimensional,?

d1m(l<er(D+ v/a ), d1m(col<er(DJr /4 )) < 0o and since the dimension of the homology

of DJr /4 equals d1m(l<er(DJr vla )) —l—d1m(col<f:r(DJr /4 )) we have

dim(ker(D;* , )) + dim(coker(Der/q)) < dim(HFed(Z,i)) + dim(HFeq(Y))

i,p/q

For the second inequality note that the reduced part of HF(Z,i) consists of the
part in the kernel and the part in the cokernel. If we forget about the part in the
cokernel altogether, we can see that the kernel contributes to the dimension exactly
dim(ker(ﬁl.fp /q)). This verifies the second inequality. a

For an absolutely Z,—graded abelian group H , let H, denote the subgroup of elements
of grading 0 and H,, denote the subgroup of elements of grading 1.
Recall that we defined
N(Y,Z)=2|H(Z)|dim(HFq(Y)) + dim(HFc4(2)).
We are now ready to prove the main theorem of this section.
mre of the graded vector spaces here allows us to talk about the dimensions: once we

identified what covers the elements of high enough grading in the tower, the rest has to happen in a
finite-dimensional vector space.
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Theorem 5.4 Let Y be a non- L —space homology sphere, Z be a rational homology
sphere and K C Y be a knot, and suppose there are coprime integers p and g such that
Z =Yp/4(K).
If |g| > N(Y, Z), then

e W(K)=0;

e Ax=1;

o dim(AFY(K)e) = dim(HFea(Y),) forall k;

o dim(AFY(K)o) = dim(HF (Y ),) forall k.
Proof Suppose |¢| > N(Y, Z). We know from Lemma 5.1 that V(K) = 0. Since

changing the orientation of a manifold does not change the dimension of its reduced
Floer homology [25, Proposition 2.5], we can assume that p > 0 and g > 0.

Claim dim(A;Y(K),) > dim(B*?) and dim(4(K),) > dim(ByY).
Proof The even and odd cases are completely analogous so we only prove
dim(AF4(K),) > dim(BY).

Suppose for contradiction that dim(B¢) — dim(A]rfd(K )e) > 1.
Let B; be the sum of all (n, BXY) with n satisfying

Li+an:Li+p(n—l)J:k
q q '

Let A; be the sum of all (n,A;fd(K)e) with n satisfying | (i + pn)/q| = k. Then
D;,rp/q maps A; into B;, so dim(coker(Der/q)) > dim(B;) —dim(A4;).
Define N; = { j | j =i (mod p), |j/q] = k}. Then dim(4;) = N; dim(A™™(K),)
and dim(B;) = (N; — 1) dim(BY).
By Lemma 5.3 we have
dim(HFeq(Z. 1)) 4+ dim(HFrea(Y)) > dim(coker(D )

> N;i (dim(AFY(K),) — dim(BEY)) — dim(B)

> N;i —dim(HFrea(Y)).

Noting that Zf’ =_01 N; = ¢ and summing over all Spin® structures, we get
dim(HFea(Z)) + p dim(HFrea(Y)) = ¢ — p dim(HF rea(Y)),

which contradicts the assumption made on ¢q. N
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Claim dim(AY(K),) < dim(BX) and dim(A44(K),) < dim(By?).

Proof Again, the two cases are analogous, so we only show that dim(Affd(K )e) <
dim(B). Suppose for a contradiction that dim(Alrfd(K )e) —dim(BXd) > 1.

Let A; be the sum of all (n, A,rfd(K)e) with n satisfying

{i+an:{i+p(n+l)J:k
q q '

Let B; be the sum of all ((n, B2Y) with n satisfying |(i + pn)/q) = k.

Clearly 51.‘"p maps A; into B;, so dim(ker(ﬁ;rp/q)) > dim(/fi) —dim(l?i)).

/q
We have dim(B;) = N; dim(BY) and dim(4;) = (N; — 1) dim(41*4(K),).

Hence, by Lemma 5.3, we have

dim(HFea(Z. 1)) > dim(ker(D )
> (N; — D(dim(AF* (K)e) — dim(B;Y)) — dim(B5™)
> N; — 1 —dim(HFeq(Y)).

Summing over all Spin® structures, we get

dim(HFe4(Z)) > g — p — pdim(HFq(Y)),

which is again a contradiction to the assumed inequality for g. <

Combining the results in the two claims, we see that the assumption that g violates the
bound in the statement of the lemma implies that for all & we have dim(A ,rfd(K )e) =
dim(B™%) and dim(A;:’d(K)o) = dim(B™Y). Thus )((A]r:d(K)) = y(B™Y) for all k.
Let K be aknotand Ag(T) =ao+ ) ; a; (T! + T77) be its symmetrised Alexander
polynomial, with normalisation convention Ag (1) = 1. Define its torsion coefficients
ti(K) for i >0 by
1i(K) = Z Jaitj-
Jj=1

We now want to show that 7 (K) = x(A4(K)) — x(B™"). This will imply that all
torsion coefficients of K are 0 and thus its Alexander polynomial is trivial.

Define Ay = C{j > k andi < 0}. Note that y(Ay) = x(K). We have an exact
sequence _
0—> Ay — A (K)25 BT -0,
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which leads to an exact triangle

Hi(Ap) —2— AF(K)
(13) \ lvk
B+

Since Vy = 0, the map v,{ maps AkT(K ) isomorphically onto BT . So, up to graded
isomorphism, we also have an exact triangle

Hi(Ag) — A™(K)

(14) \ |5

Bred
It follows that 7 (K) = y(Ag) = )((A,rfd(K)) — x(B™%) =0. a

6 A bound on g for exceptional knots of genus larger than 1

In this section we want to show that for knots that do not satisfy the bound of
Theorem 5.4 and have genus larger than 1, the integer ¢ is still bounded by a quantity
depending only on the pair of manifolds connected by surgery. We first prove the
following lemma, a version of which for S3 was proven in [10, Lemma 2.5].

Lemma 6.1 Let {Vi}rez and {Hy}recz be numbers associated with a knot K in a
homology sphere, as defined in Section 2. Then

H, -V, =k
forallk € 7.

Proof According to [30, Theorem 2.3], the modules A ,j' (K) can be identified with
HF™ of N —surgeries on K (in a certain Spin® structure), where N is a sufficiently
large integer. Moreover, after this identification, the maps v; and hj coincide with
the maps into HF ' (Y) induced by the (turned-around) surgery cobordism.

More specifically, the maps vy and kj; can be thought of as the maps corresponding
to the Spin® structures vy and by, respectively, where

(c1(vg), [F]) + N =2k
and
{c1(bg), [F1) — N = 2k.

Algebraic € Geometric Topology, Volume 18 (2018)



94 Fyodor Gainullin

Here [1’3 ] is the homology class of the surface obtained by capping off a Seifert surface
F of K with the core of the 2—handle.

From this we can deduce that ¢1(vg)? = —2-(2k —N)? and ¢1(hx)? = —x 2k + N)?
(see [15, Proposition 2.69] for a nice exposition of this calculation). The difference in
the grading shifts of the two maps identified with vy and hy is given by 2(Hp — V).
On the other hand, we can deduce from [28, Theorem 7.1] that the difference in the
grading shifts is also given by

L(er(op)® —c1(hp)?) = 2k.

Comparing the two expressions, we get the desired result. m|

For two homogeneous elements # and v in the mapping cone complex, denote their
relative Z—grading by deg(u, v). For a homogeneous element w of Heegaard Floer
homology of some rational homology sphere, denote by deg(w) its absolute Q—grading.
Recall that the modules A,j(K ) and B decompose as the sum of the “tower” 7+
and the redBced part. For a homogeneous element ¢ in either one of A ,j' (K) or BT
denote by d(c) its relative grading with the 1 in the tower part (ie d (c) = deg(c, 1)).

As already mentioned, if Y is an L—space homology sphere, there is a bound on ¢
similar to that of Theorem 5.4 that holds for all knots. Thus, as before, we will assume
throughout this section that Y is a non- L —space homology sphere.

Lemma 6.2 Let K CY be aknot and suppose Z =Y, ,,(K), where p,q > 0. Let
N(Y, Z) be defined as in the statement of Theorem 5.4 and suppose g > N(Y,Z).
Then, for every homogeneous z € A ,rfd(K ),

d(z) > min{d(c) | ¢ € B is homogeneous}.
Proof Suppose there exists k and z € A]rced(K ) with
d(z) <min{d(c) | ¢ € B™® is homogeneous}.

Both vy and hj do not increase d, so z is in the kernel of both v and h &, hence
also in the kernel of 5l+ v/a" This holds for every copy of A]rfd(K ) in the mapping
cone complexes for all Spin® structures, so, summing contributions from all Spin®
structures and using Lemma 5.3, we deduce

q < dim(HFa(Z)) < N(Y,Z).

This is a contradiction. O

Algebraic € Geometric Topology, Volume 18 (2018)



Heegaard Floer homology and knots determined by their complements 95

Recall that for a rational homology sphere Z we defined

5(2) = max{deg(z) —d(Z,t) | z € HF cq(Z, ) is homogeneous, t € Spin®(Z)}
and

D(Z) = min{deg(z) —d(Z,t) | z € HFcq(Z, t) is homogeneous, t € Spin°(Z)},
where deg(z) is the absolute grading of z.
We can now formulate a bound on ¢ that holds for knots that have genus > 1 and are

not covered by Theorem 5.4.

Proposition 6.3 Let K C Y be a knot such that Z =Y, ,,(K) for p,q > 0 and
q > N(Y, Z). Suppose the genus of K is larger than 1. Then

lg/p] < 2(D(Z)— D(Y)).

Proof By Theorem 2.1 and the exact triangle (13), the map v;_l must not be an
T

g—1
isomorphism, so the map v, must not be an isomorphism. Since the spaces A?ﬂl (K)

isomorphism (where g is the genus of K). Since Vy = 0, the map v is an
and B™! have the same dimension, the map Vg1 must have some kernel. Suppose
z € ker(vg—1). By adding an element of A;_l (K) if necessary, we can assume that
ze ker(vz,r_l).

Let N =max{n | |pn/q| = g—1}. Then (N,z) € (N,A;_I(K)) is in the kernel
+ +

of v,_,. 0.p/q"

Denoting as usual by 1 the generators of the kernel of U in the tower modules, we

By Lemma 3.1, we can assume that (N, z) is in the kernel of D

have o1

deg((N,1),(0,1)) =2 " ni H;,
i=1

where n; > |q/p]. Since Vy = 0, by Lemma 6.1 we have H; =i for i >0. So

deg((N.1).(0,1)) > g(g—1lg/p].

By the proof of Proposition 3.3, gr(0, 1) > d(Z,0). In homology, (N, z) represents
some element of HFq(Z,0). Suppose its absolute grading there is G .

Then G —d(Z,0) > deg((N, z),(0,1)) = c?(z) + deg((N, 1),(0,1)). By Lemma 6.2,

d(z) > D(Y).
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Combining the various inequalities, we obtain
G—d(Z.,0)—D(Y) - D(Z)-D(Y)
glg—1 N 2 '

We can combine Theorem 5.4 and Proposition 6.3 into the following:

lg/p] <

Corollary 6.4 Let Y be ahomology sphere and K CY aknot. Suppose Y, /,(K)=Z
for p # 0. There exists a constant C(Y, Z) that depends only on the Heegaard Floer
homology of Y and Z such thatif ¢ > C(Y, Z) then

e the genus of K is 1;

e K has trivial Alexander polynomial;

e W(K)=0;

o dim(4Y(K),) = dim(HFeq(Y),) forall k
o dim(AFY(K),) = dim(HFea(Y),) forall k.

7 Some knots determined by their complements

Results of Section 4 can be applied to show that, in certain homology RP3, non-null-
homologous knots are determined by their oriented complements.

Corollary 7.1 Let Z be a closed, connected, oriented manifold with |H1(Z)| = 2.
Suppose that dim(HFq(Z)) is odd. Then non-null-homologous knots in Z are
determined by their complements.

Proof By Theorem 4.3, if a knot in one of these spaces has a homology sphere
surgery, then it is determined by its complement. Thus it will be enough to show that
non-null-homologous knots in such spaces have homology sphere surgeries.

Let Z be a space as in the statement. Denote by S a solid torus regular neighbourhood
of K and denote the exterior of K by Zg. Let T be the boundary of S'. Consider the
exact sequence for the pair (Z, S),

0— Hy(Z,S)— H(S)—> Hi(Z)— H1(Z,S) — 0.

By considering this sequence with coefficients in Q, H»(Z, S) is a direct sum of
one copy of Z with a torsion group. Then excision and Poincaré—Lefschetz duality
show that H»(Z, S) = H,(Zy, T) = H'(Zy). The latter group is free abelian, thus
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Hy(Zo,T) = Z. Similarly, H{(Z,S) = H?(Zy), which is equal (by the universal
coefficients theorem) to the torsion part of Hj(Zy); call it G. We have H(Zy) =
Z @ G . Now the sequence above becomes

0—>7Z—>7Z—>7Z,—>G—0.

Since K is not null-homologous (but obviously 2K is), there is a rational Seifert
surface for K that winds twice longitudinally. This implies that the map between two
copies of Z in the sequence above is multiplication by 2. It follows that G = 0.

Now consider the exact sequence of the pair (7, Zy),
-+ —> Hy(Zo,T) — H(T) - H1(Zp) — 0.

This sequence shows that H{(Zg) is generated by the images of the meridian and the
longitude. This means that if we perform a surgery with a slope given by the generator
of H1(Zp), we get a homology sphere. |

The Brieskorn sphere X (2, 3, 7) has perhaps the simplest Heegaard Floer homology
a non- L—space can possibly have —the rank of its reduced Floer homology is 1.
This makes it possible to show that “most” knots in X(2,3,7) are determined by
their complements. The first part of the proof shows that a surgery from (2, 3,7) to
(2, 3,7) must be integral. The thinking behind the proof is similar to that of Section 5,
but we get a better bound due to the fact that 1 < 2 and linear maps into 1-dimensional
spaces are either trivial or surjective.

Theorem 7.2 Knots of genus larger than 1 in the Brieskorn sphere X(2,3,7) are
determined by their complements. Moreover, if K C X(2,3,7) is a counterexample to
Conjecture 1.2, then the surgery slope is integral, HFK (2(2,3,7), K, 1) has dimen-
sion 2 and its generators lie in different 7, —gradings.

Nonfibred knots of genus larger than 1 in X(2,3,7) are strongly determined by their

complements.

Proof The Heegaard Floer homology of —X(2,3,7) has been computed in [22,
Section 8.1]. Alternatively, we can calculate it using the program HFNem?2 by Cagr1
Karakurt.* It is clear that proving what we want for knots in —X(2, 3, 7) is equivalent
to proving it for knots in X(2, 3, 7).

4 At the time of writing available for download at https:/www.ma.utexas.edu/users/karakurt/.
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The calculation shows that —X (2, 3, 7) has reduced Floer homology of rank 1, situated
in the absolute grading 0 which is equal to the d —invariant of —X(2,3,7). By [25,
Proposition 2.5; 22, Proposition 4.2], reduced Floer homology of ¥ (2,3, 7) has rank 1
(and odd absolute Z,—grading) and d —invariant 0.

Suppose a knot K C (2, 3,7) gives X(2,3,7) by 1/g—surgery. Since the analogous
statement can be proven for —X (2, 3,7), we can assume that g > 0.

Let Y =3(2,3,7). Suppose for a contradiction that g > 1. Note that by Proposition 3.3
we must have Vp = 0. Consider (¢gg — 1, A;_l), where ¢ = g(K). This is the
“rightmost” group for which the corresponding map v is not an isomorphism.

fol =0. Since g > 2, the group (gg—1, B™) is not in the image of D;rp/q.

Thus it gives rise to a generator of HFq(Y). However, this element is in the even

Suppose A

Z,—grading. This gives a contradiction.

Now assume dim(AZfﬂl) > 1. Since the map vg_1 cannot be an isomorphism, the

map vz,eil must have kernel. According to Lemma 3.1, this element of the kernel gives

rise to an element in HFq(Y ). However, applying the same argument “on the other
end”, ie to h_(g_1), we see that we must have dim(HFq(Y)) > 2, which gives a
contradiction.

All in all, we have g = 1, irrespective of the genus. Now assume g > 1. According to
[25, Theorem 9.1], there is an exact triangle of F[U]-modules

HFH(Y) L5 HF* (Yo(K))
(15) & lg
HF*(Y1(K))
Much as in the proof of [24, Corollary 4.5], we have’
HF*(Yo(K). g — 1) = HF* (Yo(K). —(g = 1)) = HFK (Y. K. g),
so these groups are nontrivial by Theorem 2.1.

By [25, Theorem 10.4], HF " (Yo(K).0) = Ta_, ,»(vo(k)) D Tdy 1 »(Yo(K)) D R, where
R = HFq(Yo(K), 0) is a finite-dimensional vector space in the kernel of some power
of U and d41/,(Yo(K)) € Z + % is an analogue of the correction term.

5The labellings of the Spin® structures are obtained by taking the half of the pairing of their Chern
classes with the generator of H?2(Yo(K)) obtained by capping a Seifert surface.
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By [22, Lemma 3.1], the component of f mapping into HF (Yo (K),0) has grading
—% and the restriction of g to HF ™ (Yo(K),0) also has grading —%.

Since in high enough gradings the group HF*(Yo(K), 0) consists of two tower modules
(in different relative gradings) and only one of them can be in the image of the map f,
it follows that the other one has to map onto the tower in HF (Y1 (K)). It follows that
the restriction of / to the tower part of HF T (Y(K)) is zero. Since we assume g > 1
and so HF ™ (Yy(K)) contains two nontrivial vector spaces HF T (Yo(K), £(g — 1)),
the map % has to be trivial. If & was not trivial, it would surject onto the reduced part of
HF*(Y) and so there would be nothing left to map onto HF ' (Yy(K), £(g—1)). Thus
we can assume # = 0. Then the maps f and g map a tower module isomorphically
onto another one, so comparing the gradings we see that d/,(Yo(K)) = j:%.

Moreover, the dimension of HF.q(Yo(K)) has to be 2, thus

HF* (Yo(K),g —1) = HF (Yo(K), —(g — 1)) = HFK(Y, K, g) = F>,
HF T (Yo(K), k) =0

for k ¢ {0,£(g—1)} and R =0.

By [25, Proposition 10.14 and Theorem 10.17], we have
t(K)=0

for 0 <k <gand tg_1(K) = *£1.

Notice that g1
Ag(1) =210(K) +4 > 1:(K) =4 #0,

i=1
which contradicts (4).
If g =g =1, then, by the reasoning of Lemma 3.1, A(rfd >~ HFq(Y) = F5. Since
vged cannot be an isomorphism, it must be zero. It follows that the dimension of
HFK (Y, K, 1) is 2. Since A% (1) = 0 forces the Alexander polynomial to be trivial,
the two generators have to be in different Z,—gradings.

Now suppose K C Y produces —Y by 1/g-surgery for ¢ > 0. Moreover, let g(K) > 1.

Z,efl = 0. Since the d —invariants
red

Just as before we cannot have dim(Afol) >1,thus A
of Y and —Y coincide, we have Vy = 0, thus the map v g—1 has no kernel and has
cokernel of dimension 1. It follows that dim(H/F\K(Y, K, g(K))) =1, so, by [17,
Theorem 1.1] or [11, Theorem 9.11], K is fibred. O
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8 Null-homologous knots in L -spaces

The aim of this section is to show that null-homologous knots in L—spaces are deter-
mined by their complements. Moreover, we will also show that all knots in lens spaces
of the form L(p, q) with p square-free are determined by their complements.

First of all, we need to verify that the mapping cone formula for rational surgeries as
proved in [31] for knots in integer homology spheres also applies to null-homologous
knots in rational homology spheres with only minor modifications.

Let Y be a rational homology sphere and K a null-homologous knot in it. Let Y be
the exterior of K. To understand relative Spin® structures, we first need to calculate
the first homology.

Lemma 8.1 We have Hi(Yy) =~ Z & H1(Y), where the first factor is the group
generated by the meridian of K.

Proof Let S be a (closed) regular neighbourhood of K and 7' = 0¥ its boundary.
Consider the long exact sequence for the pair,

0— H2(Y, S) — Hl(S) — Hl(Y) —1 (Y, S) — 0.
By excision, Hx (Y, S) = H«(Yp, T). Since K is null-homologous, the boundary of its
Seifert surface generates Hj(S). Thus the map H, (Y, S) — H1(S) is an isomorphism.

It follows that H1(Y) =~ H{ (Yo, T). By Poincaré—Lefschetz duality, H{ (Yo, T) =
H?(Yy) and, by the universal coefficients theorem, the torsion part of Hy(Yp) is equal
to the torsion part of H?2(Yy), which, by the previous sentence, equals Hy(Y).

Now consider the Mayer—Vietoris sequence
0— H{(T)—> Hi(S)® Hi(Yy) > Hi(Y)— 0.

The same sequence with rational coefficients shows that H;(Yp) has rank 1, so,
combining with the argument above, H;(Yy) =~ Z & H;(Y). Moreover, the map
H{(T)— H;(S) takes the longitude to a generator and the meridian to 0 and also the
longitude is trivial in Hy(Yp). It follows that we have an exact sequence

0= (m) =7 L5 H\(Yo) = Z @® H\(Y) = Hy(Y) = 0.

Since the map f is an injection, the subgroup 0@ H;(Y) is disjoint from the image
of f. Hence it is mapped injectively into H1(Y). However, since this group is finite,
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the restriction of the second map from the right to H;(Y') is an isomorphism. It follows
that the Z factor of Hy(Yp) (perhaps after changing the splitting) is equal to the kernel
of this map and thus is generated by the meridian. |

Since H1(Yp) acts freely and transitively on the set of relative Spin¢ structures on Yy,
we can identify (noncanonically) this group with the set of relative Spin¢ structures.
In other words, we label relative Spin® structures on Yq by a pair (n,h) with n € Z
and h € H1(Y). Moreover, by adding a multiple of the meridian we can ensure that

(c1((n, h)),[F]) =2n,
where F is a Seifert surface for K.

Recall from [31, Section 7] that doing p/q surgery on K in Y is equivalent to doing
integral surgery with slope a = | p/q | on the knot K= K#04/, in Y = Y#(—L(g,r)).
Here p =aq +r and Oy, is a core of one of the Heegaard solid tori in —L(g, ),
thought of as the image of one component of the Hopf link after the —¢q/r—surgery on
the other component.

Denote by I?g and Lo the exteriors of 120 and O/, , respectively. Notice that 170 is
obtained by glueing Yy and Lo along an annulus A whose core maps to meridians
of K and O/, . Consider the associated Mayer—Vietoris sequence

o> Hi(A) > Hy1(Yo) ® H1(Lo) — Hi(Yy) — 0.
We can rewrite it as
T Z@H(Y)®Z — Hi(To) — 0.

Moreover, the generator of H;(A) is mapped to meridians of both knots. Thus the
second map from the right is given by 1+ (1,0, —q). It follows that we can write
H, (170) ~ 7 & H(Y). Moreover, the meridian of K maps to ¢ times the generator
of Z and the meridian of O/, maps to the generator of Z. As in the case of homology
spheres, the push-off of K with respect to the framing a is mapped to p times the
generator of the Z summand.

Now, just as in [31, Proof of Theorem 1.1], we can assemble the mapping cone, whose
homology will coincide with the Heegaard Floer homology of p/g—surgery on K. The
only difference with the case of homology spheres is that instead of indices i (that
represented relative Spin® structures) we have to use pairs (i, 1), but when considering
every Spin® structure on the resulting space separately, /1 stays the same.
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We use the same notation as in [31], replacing relative Spin® structures with the labelling
we defined after the proof of Lemma 8.1, ie (n, 7). Note that B(: ) only depends
on & (up to a shift in the filtration) and in homology gives HF* (Y, 1).® Consequently,
we denote this group simply by B; .

For each h € H1(Y) and 0 <i < p, consider the set of groups (s, AE’[(HPS)/(” h)) for
s € Z. Combine them into

+
AG iy = D6 AL 4 psyarm)-

SEZL

Bim = DG, BY).

SEZ

Similarly, define

Define D(l n).plq" Azlr.’ n B n) componentwise by

P +
D iy p1a8+45) = (504 psy g1y @) + S + Ly 11y (@5))-

Denote by X i.h).p/q the mapping cone of Dt G.h).plq .Then the Heegaard Floer homol-
ogy of Y,/,(K) in a certain Spin® structure is given by the homology of Xt Ghpla
We denote this Spin® structure on Y/, (K) by (i, h). In other words, we have

H. (X ) = HF ' (Y,,(K). (i, h)).

@,h),p/q

Reusing the notation from above, let A( > BJr A( h) and IB%(, h) be the homologles
+ +

of A( > B A(l h) and B ), respectlvely Let v( > h( ) and D(l n). p/q

the maps 1nduced by v( ) hzr ") and D(l h).p/q’ respectively, in homology.

As before, we denote by D(l m.pla’ (n ") and h( ) the restrictions of D(l h).pla’
( ) and h( o the tower parts (in the case of D(l n.pla’ the restriction to the
sum of the tower parts).

The maps v(7;1 1) and h(7;1 By are multiplications by powers of U. Denote these powers
by Vin,ny and H, p), respectively. For each h € H1(Y) we have:

* Viuw)y = Viut1,n) and Hy py < Hppq ).

e Thereis N € N such that V(, ) = 0 forall n > N and H, ) = 0 for all
n<-N.

° V(n,h) — +o00 as n — —oo and H(n,h) — 400 as n = +o00.

The statement should be read as saying that there is an identification between H(Y) and Spin®(Y)
such that this correspondence holds.
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By [6, Lemma 12], the map D(T;h) »/a is surjective (when p/q > 0), so

HF Y (Yy4(K), (i, h)) = ker(D(Jl.r’h),p 1a)-

If one of A(J; n) is not a tower, ie contains some reduced part (which we denote
by AEZ‘{ ) then every element of AE;‘T ") will be a component of some element of
the kernel of D ("l' n.pla” However, such an element will not be in the image of large
enough power of U. It follows that HF (Yp/4(K), (i, h)) will have some reduced
Floer homology. Thus if Y, ,,(K) is an L—space, then A(’; ny = T+ forall n and h.

Write /T(n,h) =ker(U: A?}; n Az; h)) and denote its homology by //1\(,17;1). Since
A(J;’h) >~ T forall n and h, we have /f(,,,h) ~ I forall n and A.
8.1 Alexander polynomial

Just as in the case of homology spheres, given a knot K C Y in a rational homology
sphere, one can define its Alexander module to be the first homology of the covering
space Y of Y \ K with deck transformation group Z . The two differences are as follows:
firstly, to define Y instead of the abelianisation map we use ¢: w1 (Y \ K) = Z gotten
by composing abelianisation with the projection onto Z (so the subgroup defining
Y is the preimage of the torsion subgroup of H;(Y) under the abelianisation map).
Secondly, for a more convenient definition of the Alexander polynomial later we use
the ring Q[¢,7!] instead of Z[t,t7!].

With these changes, the method for obtaining the presentation matrix for H; ()7) asa
Q[t, t~']-module using Fox calculus works in the same way as for knots in homology
spheres — see [14, Chapter 11].

Now the Alexander polynomial Ak is defined to be a specific generator of the ideal
generated by the maximal size minors of the presentation matrix of the Alexander
module. The specific generator is fixed by the requirement that Ag (f) = Ag(t™!)
and Ag (1) =[H1(Y)].

Suppose we have a genus g doubly pointed Heegaard diagram for K C Y. To get a
Heegaard diagram of the knot exterior we add one more a—curve, ag+1. As described

in [33, Section 3], this leads to a presentation of 71 (Y) in which there is one generator
g+1
i=1

and relators (words in a; ) by {w; }gzl . Denote the free differential with respect to a;

for each a—curve and one relator for each f—curve. Denote the generators by {a; }

by dg,; (this time with respect to the map ¢, not abelianisation).
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Define
HFK(Y.K.n)= P HFK(Y.K.(n.h)).
hGHl(Y)

Then, as in [33, Section 3], we can see that
X(HFK (Y, K)) = "(=1)'t/ dim HFK; (Y. K. j) = det(dg, wj)1<i,j<g-
i’j
Following [34, Proposition 3.1], we see that, in fact,
X(HFK (Y. K)) = Ag (¢).
For every h € H{(Y) define’

Agp(t) =Y (=1)'t/ dim HFK; (Y. K. (j. h)).
i’j
We have Ag(t) =), Ag p(t) and Ag p(1) =1.
Let Y be an L—space and K a null-homologous knot in it with L—space surgery.
Recall that A (n,h) =T forall n and h. Using the same algebraic manipulations as in
[27, Section 3] we deduce that, for each fixed £, HFK (Y, K, (n, h)) has dimension 0

or 1, successive copies of [F are concentrated in different Z, gradings and the first
(and the last) copies of F are concentrated in grading 0.

It follows that, for each #, A’[’( (1) > 0 and equality is only possible if Ag (7)) =

lort.

8.2 Kbnots determined by their complements

We are now ready to prove the surgery characterisation of the unknot for null-homolo-
gous knots in rational homology L —spaces.

Theorem 8.2 Let Y be an L—space and K C Y a null-homologous knot. Suppose
that

HFY(Y,,,(K)) =~ HF* (Y # L(p.q)).
Then K is the unknot.

In particular, null-homologous knots in L —spaces are determined by their complements.

7This definition works only up to an affine identification, since we should really have % € Spin(Y).
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Proof The Casson—Walker invariant is additive under connected sums and, by (5),
determined by Heegaard Floer homology, thus we have

AY) +A(L(p.q)) = A(Yp/(K)) = A(Y) + A(L(p.q)) + mﬁé(l)-

It follows that A% (1) = 0. Thus for each & we must have Ag 5 (t) =1 or t. However,

by symmetry if there is a multiple of ¢ in Ag(¢) there must also be a multiple of t~!.
Hence Ag ,(¢) =1 for all 4. Note that it also means that

HFK(Y,K,(n,h)) =0
for all n # 0. Hence, by [19, Theorem 2.2], g(K) =0, ie K is the unknot. O

A straightforward homological argument provides more restrictions on knots not being
determined by their complements in lens spaces. In particular, all knots in lens spaces
L(p,q) with p square-free satisfy Conjecture 1.2. For notation used in the statement
below, see Section 1 or the proof. By a nontrivial surgery we mean a surgery with a
slope that is not the meridian, so even if a slope is equivalent to the meridian, surgery
with this slope is still nontrivial.

It is clear that cores of Heegaard solid tori of L(p,g) admit nontrivial surgery which
give back L(p,q). Hence, in the corollary below we assume that K is not a core of
one of the Heegaard solid tori.

Corollary 8.3 If p is square-free, then all knots in L = L(p, q) are determined by
their complements.

More precisely, let K be a knot whose exterior is not a solid torus and such that a
nontrivial surgery on it gives L. Then the exterior of K is not Seifert fibred, p|w?
and the surgery slope, n, is an integer that satisfies the following (with some choice of

sign):
w2
n=—qg—=+1.
p
Moreover, there is at most one such slope (ie we can choose either + or — but not both
in the equation above).

Proof By Theorem 8.2 we only need to consider non-null-homologous knots. Let
L = L(p,q) be alens space and K a non-null-homologous knot in it.

Suppose the exterior of K is not Seifert fibred. Then, by the cyclic surgery theorem [4],
the slope has to be integral.

Algebraic € Geometric Topology, Volume 18 (2018)



106 Fyodor Gainullin

We can isotope K into one of the Heegaard solid tori W of L. Then we can get L by
first performing an integral surgery on K in W and then glueing the other solid torus
from the outside so that its meridian becomes the (p, g)—curve.

Let p be the meridian of W, fix a curve A in W with A - = 1 and embed W
into S3 in the standard way with respect to 4 and A. This endows K with a well-
defined longitude /. Let m be the meridian of K. Suppose K has winding number w
in W. Then, in H; (W \ K) (which is generated by m and A), [ = wA and u = wm.
Let n be the surgery slope with respect to these coordinates. Then surgery on K
introduces a relation nm + wA = 0. The other Heegaard solid torus introduces a
relation —qwm + pA. All in all, the first homology of L has presentation matrix

(—61’:1) 111))) '

The order of the first homology of L is the absolute value of the determinant of the
relation matrix. Thus we must have +p = np + qw?, and thus n = —qw?/p + 1.
However, ¢ is coprime with p, so p|w?. By the cyclic surgery theorem, the distance
between slopes that give lens spaces is at most 1, so —qw?/p + 1 and —qw?/p — 1
cannot both produce a lens space.

If p is square-free, p|w? implies that p|w, so K is null-homologous in L —a
contradiction.

Now suppose the exterior of K is Seifert fibred. As stated, Conjecture 1.2 has been
proven for knots with Seifert fibred exteriors in [36, Theorem 1].

However, to demonstrate that there are no nontrivial slopes equivalent to the meridian
we will provide a different proof.

By [36, Lemma 2], we can assume that K is a fibre in some fibration of L.

Fibrations of lens spaces come in two families (see eg [9, Theorem 2.3]). All lens
spaces can be fibred over a sphere with at most two exceptional fibres. There are also
some lens spaces that can be fibred over the projective plane with one exceptional fibre
of invariant (n, 1).

In the first (and most common) case, to avoid the exterior being a solid torus, K must
be an ordinary fibre in a fibration with two exceptional fibres. Suppose the invariants of
these fibres are (p1, x1) and (p2, x2). Since Seifert fibred spaces with three exceptional
fibres are not lens spaces, surgery on K must introduce a fibre with invariant (1,n). If
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s0, the order of homology changes from |p1x3 4+ pax2| to |p1x2 4+ paxa +np1 p2|.
Equality is only possible if p; = p» =2, ie L is obtained by filling the Seifert fibred
space over a disc with two exceptional fibres with the same invariant (2, 1).

Difterent fillings of this space that produce lens spaces can be indexed by integers
m € Z and they produce L(4m,2m + 1). If L(4m,2m + 1) = L(4n,2n + 1) for
m # n (the equality sign here means “there exists an orientation-preserving homeo-
morphism”), then m = —n, ie the two lens spaces are L(4m,2m £ 1). If they are
to be homeomorphic by an orientation-preserving homeomorphism, then we must
have 2m + 1)(2m — 1) = 1 (mod 4m) (see [32] and references therein), which
is not true (even though this spaces are homeomorphic by an orientation-reversing
homeomorphism).

This deals with the case when K is a fibre of a fibration of L over a sphere. L may
also have a fibration with one exceptional fibre over the projective plane, in which case
the invariant of the exceptional fibre is (n, 1). In this case, L = L(4n,2n+1). If K
is the exceptional fibre, then the only nontrivial surgery which still gives a lens space
yields L(4m,2m + 1) for n £ m. This case has been dealt with above. Similarly, if
K is an ordinary fibre then surgeries on it are indexed by an integer k and their effect
is to change the invariant of the exceptional fibre to (n,nk + 1). It follows that we
must have nk + 1 = —1, so surgery again gives L(4n,2n —1). O
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