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On high-dimensional representations of knot groups

STEFAN FRIEDL
MICHAEL HEUSENER

Given a hyperbolic knot K and any n > 2 the abelian representations and the
holonomy representation each give rise to an (n—1)—dimensional component in
the SL(n, C)—character variety. A component of the SL(n, C)—character variety of
dimension > n is called high-dimensional.

It was proved by D Cooper and D Long that there exist hyperbolic knots with high-
dimensional components in the SL(2, C)—character variety. We show that given
any nontrivial knot K and sufficiently large n the SL(n, C)—character variety of K
admits high-dimensional components.

57M25, 57TM27; 5TM50

1 Introduction

Given a knot K C S3 we denote by Ex = S\ vK the knot exterior and we write
g =m1(Ek). Furthermore, given a group G and n € N we denote by X(G, SL(n, C))
the SL(n, C)—character variety. We recall the precise definition in Section 2. It is
straightforward to see that the abelian representations of a knot group mg give rise to
an (n—1)—dimensional subvariety of X (g, SL(#n, C)) consisting solely of characters
of abelian representations (see [17, Section 2]).

If K is hyperbolic, then we denote by Hol: g — SL(2,C) a lift of the holonomy
representation. For n > 2 we denote by ,: SL(2,C) — SL(n, C) the, up to conjuga-
tion, unique rational irreducible representation of SL(2, C). P Menal-Ferrer and J Porti
[20; 19] showed that for any 7, the representation p, := &, o Hol is a smooth point
of the SL(n, C)-representation variety R(my,SL(n,C)). Moreover, Menal-Ferrer
and Porti proved that the corresponding character y,, is a smooth point on the char-
acter variety X(mwg,SL(n,C)); in particular it is contained in a unique component of
dimension n —1 [20, Theorem 0.4]. Also, the deformations of reducible representations
studied in [16] and [2] give rise to (n—1)—dimensional components in the character
variety X(wg, SL(n, C)).
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The above discussion shows that the character variety X (wg,SL(n, C)) of any given
knot K contains an (n—1)—dimensional subvariety consisting of abelian representa-
tions, and if K is hyperbolic, X(7wg, SL(n, C)) also contains an (n—1)-dimensional
subvariety that contains characters of irreducible representations. Furthermore E Falbel
and A Guilloux [13] showed that every component of X (g, SL(n, C)) satisfying a
mild technical hypothesis is of dimension at least n — 1.

This motivates the following definition. Given a knot K we say that a component
of X(mg,SL(n,C)) is high-dimensional if its dimension is greater than n — 1. We
summarize some known facts about the existence and nonexistence of high-dimensional
components of character varieties of knot groups:

e For n =3 and K a nonalternating torus knot, the variety X(wg,SL(3,C)) has
3—dimensional components, whereas for alternating torus knots, X (g, SL(3, C)) has
only 2—dimensional components. In particular for alternating torus knots, the variety
X (g, SL(3,C)) does not contain any high-dimensional components. For more details
see [21, Theorem 1.1].

e For n =3 and K = 4, the variety X (g, SL(3,C)) has five 2-dimensional com-
ponents. Three of the five components contain characters of irreducible representations.
There are no high-dimensional components. (See [17, Theorem 1.2].)

e It was proved by D Cooper and D Long [9, Section 8] that for a given n there exists
an alternating hyperbolic knot K, in S3 such that the SL(2, C)—character variety
admits a component of dimension at least 7.

The main result of this note is the proof that the SL(n, C)—character variety of every
nontrivial knot admits high-dimensional components for n sufficiently large. More
precisely, building on Cooper, Long, and A Reid [10, Theorem 1.3] we prove the
following theorem.

Theorem 1.1 Let K C S3 be a nontrivial knot. Then for all N € N there exists an
n > N such that the character variety X (g, SL(n,C)) contains a high-dimensional
component.

Given a group G we now denote by X'™(G, SL(n, C)) the character variety corre-
sponding to irreducible representations. We refer the reader to Section 3 for the precise
definition. The following is then a more refined version of Theorem 1.1.

Theorem 1.2 Let K C S3 be a nontrivial knot. Then given any N € N there exists
a p > N such that X' (g, SL(p, C)) contains a high-dimensional component.
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On high-dimensional representations of knot groups 315

Remark It is straightforward to generalize the proofs of the above theorems to any
knot K in a rational homology sphere ¥ such that ¥\ vK # S! x D? and such that
¥\ vK is irreducible. We restrict ourselves in the exposition to knots in S3, to simplify
the notation and to make it easier to compare our results to earlier results.

In the case of the figure-eight knot we obtain in Section 4.2 a refined quantitative result:

Proposition 1.3 Let K C S3 be the figure-eight knot. Then for all n € N the represen-
tation variety X (mg,SL(10n,C)) has a component C of dimension at least 4n% — 1.
Moreover, C contains characters of irreducible representations.

Remark For a free group F, we have dim X(F,,SL(n,C))/(n>—1) = (r—1); hence

dim X(G,SL(n,C
lim sup m (2 1(n ))S(r—l)

n—o00 n

if G is generated by r elements. It follows from Proposition 1.3 that for the figure-eight
knot K = 4; the following inequality holds:

dim X (g, SL(n, C))
p <L

n—00 n2 —1

1 .
= <
25 lim su

At the end of Section 4.2 we discuss the question of the extent to which the result of
Proposition 1.3 can be generalized to other 2-bridge knots.

2 Representation and character varieties

Before proving Theorem 1.1, we recall some definitions and facts. The general reference
for representation and character varieties is the book [18] of A Lubotzky and A Magid.

Given two representations p1: G — GL(n1,C) and p2: G — GL(#n2, C) we define
the direct sum p1 @ p2: G — GL(n1 4+ ns,C) by

_(P,(»] O
(o1 ® p2)(y) = (T‘W) '

We also define the fensor product p1 ® p2: G — GL(n1 -1z, C) = Aut(C"! @ C"2) by

((p1 ® P2)(¥)) (V1 ® v2) = p1(¥)(v1) ® P2(¥)(v2).

Definition We call a representation p: G — GL(n, C) reducible if there exists a
nontrivial, proper subspace V' C C” such that V' is p(G)-stable. The representation p
is called irreducible or simple if it is not reducible. A semisimple representation is a
direct sum of simple representations.

Algebraic € Geometric Topology, Volume 18 (2018)



316 Stefan Friedl and Michael Heusener

Let G = (g1,...,gr) be a finitely generated group. A SL(n, C)-representation is a
homomorphism p: G — SL(n, C). The SL(n, C)-representation variety is

R(G,SL(n,C)) = Hom(G, SL(1, C)) C SL(1n,C)" C M,(C)" = C"’.

The representation variety R(G, SL(n, C)) is an affine algebraic set. It is contained
in SL(n, C)" via the inclusion p — (p(g1),...,p(gr)), and it is the set of solutions
of a system of polynomial equations in the matrix coefficients.

The group SL(n,C) acts by conjugation on R(G,SL(n,C)). More precisely, for
AeSL(n,C) and p e R(G,SL(n, C)) we define (4.p)(g) = Ap(g)A~! forall geG.
In what follows we will write p ~ p’ if there exists an A € SL(n, C) such that p’ = A.p,
and we will call p and p’ equivalent. For p € R(G,SL(n, C)) we define its character
Xo: G— C by xo(y) =tr(p(y)). Wehave p ~ p' = x, = x,r. Moreover, if p and p’
are semisimple, then p ~ p’ if and only if y, = y,. (See Theorems 1.27 and 1.28 in
the book [18] of Lubotzky and Magid.)

The algebraic quotient or GIT quotient for the action of SL(n, C) on R(G,SL(n,C))
is called the character variety. This quotient will be denoted by X(G, SL(n,C)) =
R(G,SL(n,C))/ SL(n,C). The character variety is not necessarily an irreducible
affine algebraic set. Work of C Procesi [23] implies that there exists a finite number of
group elements {y; | 1 <i <M} C G such that the image of t: R(G,SL(n,C)) - CM
given by

1(p) = (xp(y1):-- - xp(ym))

can be identified with the affine algebraic set X (G, SL(n,C)) =~ ¢(R(G,SL(n, C)));
see also [18, page 27]. This justifies the name character variety. For an introduction
to algebraic invariant theory see I Dolgachev’s book [12]. For a brief introduction to
SL(n, C)-representation and character varieties of groups see [15].

Example 2.1 For a free group F, of rank r we have R(F,,SL(n,C)) = SL(n,C)"
is an irreducible algebraic variety of dimension r(n? — 1), and the dimension of the
character variety X(Fy,SL(n,C)) is (r —1)(n?> —1).

The first homology group of the knot exterior is isomorphic to Z. A canonical
surjection ¢: g — Z is given by ¢(y) = lk(y, K) where lk denotes the linking
number in S3 (see [7, 3.B]). Hence, every abelian representation of a knot group g
factors through ¢: mg — Z. Here, we call p abelian if its image is abelian. There-
fore, we obtain for each nonzero complex number 7 € C* an abelian representation
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On high-dimensional representations of knot groups 317

n?: g — GL(1,C) = C* given by y > n?). Notice that a 1-dimensional repre-
sentation is always irreducible.

Let W be a finite dimensional C—vector space. For every representation p: G — GL(W)
the vector space W turns into a left C[G]-module via p. This C[G]-module will
be denoted by W), or simply W if no confusion can arise. Notice that every finite
dimensional C—vector space W which is a left C[G]-module gives a representation
p: G — GL(W), and by fixing a basis of W we obtain a matrix representation.

The following lemma follows from Proposition 1.7 in [18] and the discussion therein.

Lemma 2.2 Any group epimorphism a: G — F between finitely generated groups
induces a closed embedding R(F,SL(n, C)) — R(G,SL(n, C)) of algebraic varieties,
and an injection

X(F,SL(n,C)) — X(G,SL(n, C)).

Let H < G be a subgroup of finite index. Then the restriction of a representation
p: G — SL(n,C) to H will be denoted by resIGJ p or simply by p|g if no confusion
can arise. This restriction is compatible with the action by conjugation and it induces a
regular map v: X(G,SL(n,C)) — X(H,SL(n,C)). In what follows we will make use
of the following result of A S Rapinchuk which follows directly from [24, Lemma 1].

Lemma 2.3 If H < G is a subgroup of finite index k , then

v: X(G,SL(n,C)) — X(H,SL(n,C))
has finite fibers.

2.1 The induced representation

Let G be a group and let H < G be a subgroup of finite index k. Given a represen-
tation a: H — GL(m, C) we refer to the representation of G that is given by left
multiplication by G on

ClG]®ca C™
as the induced representation. We denote by ey, ..., e;, the standard basis of C™ and
we pick representatives g1, ..., gx of G/H . Itis straightforward to see that g; ® e;
withi €{l,...,k} and j €{l,...,m} form a basis for C[G]®c[g]C™ as a complex

vector space. Using the ordered basis

g1®e1, ..., 81Qem, ..., gxVe1, ..., gk Qem,

the induced representation can be viewed as a representation indg a: G —>GL(mk,C).
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If @: H — SL(m, C) is a representation into the special linear group, then for g € G
a priori the determinant of indg a(g) isin {£1}. But it is straightforward to see that
if m is even, then indg « defines in fact a representation G — SL(mk, C).

Lemma 2.4 Let m be even and H < G a subgroup of finite index k. Then the map
t: R(H,SL(m,C)) — R(G,SL(mk, C))

given by t(a) = indg o is an injective algebraic map. It depends on the choice
of a system of representatives, and it is compatible with the action of SL(m,C)
and SL(mk, C) respectively.

Moreover, the corresponding regular map (which does not depend on the choice of a
system of representatives)

T. X(H,SL(m,C)) - X(G,SL(mk,C))
has finite fibers.

Proof A very detailed proof of the first statement can be found in [11, Section 10.A]
(see also [18, pages 9-10] and [24]). The second part is [24, Lemma 3]. O

Finally we recall the following theorem of Cooper, Long, and Reid [10, Theorem 1.3]
(see also [8, Corollary 6] or [1, page 94]).

Theorem 2.5 Let N be an irreducible 3—manifold with incompressible nonempty
toroidal boundary. (In our application N will be the exterior of a nontrivial knot
in $3.) Then 7 (N) admits a finite-index subgroup H that admits an epimorphism
a: H — F> onto a free group on two generators.

We are now in the position to prove our main result:

Proof of Theorem 1.1 Let K be a nontrivial knot. We write G = m;(Eg). By
Theorem 2.5 the group G admits a finite-index subgroup H that admits an epimorphism
o: H — F, onto a free group on two generators. It is clear (see Example 2.1) that
R(F,,SL(m,C)) = SL(m,C)?, and

dim X (F»,SL(m,C)) = m? —1.

It follows from Lemma 2.2 that the variety X(H, SL(m, C)) has a component of
dimension at least m? — 1. We denote by k the index of H in G, and we will suppose
that m is even. Then it follows from Lemma 2.4 that X(G, SL(mk, C)) contains an
irreducible component of dimension at least m? — 1.
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Now for all m > k we have m? —1 > mk — 1. Therefore, for a given N € N we choose
an m € N that is even and greater than k such that n :=mk > N . The character variety
X (g, SL(n, C)) contains an irreducible component whose dimension is bigger than
m>—1>mk—1=n—1. |

3 Proof of Theorem 1.2

We let R™(G,SL(n,C)) C R(G,SL(n,C)) denote the Zariski-open subset of irre-
ducible representations. The set R™(G, SL(n, C)) is invariant by the SL(n, C)-action,
and we will denote by X (G, SL(n, C)) C X(G, SL(n, C)) its image in the character
variety. Notice that X'™(G, SL(n, C)) is an orbit space for the action of SL(n, C)
on R"™(G,SL(n,C)) (see [22, Chapter 3, Section 3]).

Before we can give the proof of Theorem 1.2 we need to introduce several further
definitions. These notations are classic (see [28; 4] for more details).

Let H and K be two subgroups of finite index of G, and let «: H — GL(W) be
a linear representation. Then for all g € G we obtained the twisted representation
a8: gHg~ ! — GL(W) given by

(1) af(x) =a(g 'xg) for xe gHg .

Notice that the twisted representation «# is irreducible or semisimple if and only if «
is irreducible or semisimple respectively.

Now, we choose a set of representatives S of the (K, H) double cosetsof G. For s € S,
we let Hy =sHs !N K < K. We obtain a homomorphism restIHs_1 a’: Hg — GL(W)

s

by restriction of «® to H. The representation resg indg « is equivalent to the direct
sum of twisted representations:

. . —1
2) resg 1ndg o = @ 1nd§s resfqlf St
seS

Equation (2) takes a simple form if H = N = K is a normal subgroup of finite index
of G. We obtain

3) resj(\;, ind% o = @ a’,

seS

where § is a set of representatives of the N cosets of G.

In what follows we will make use of the following lemmas:
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Lemma 3.1 Let G be a group, H <G a subgroup of finite index, and p: G — GL(V)
a representation. If resg p: H — GL(V) is semisimple, then p: G — GL(V) is
semisimple.

Proof This is [30, Theorem 1.5]. O

Lemma 3.2 Let G be agroup, H <G asubgroup of finite index, and o: H — GL(W)
a representation. If « is irreducible, then indg o is semisimple.

Proof We can choose a normal subgroup N < G of finite index such that N < H.
More precisely, we can take

N=()gHg™"
g

to be the normal core of H in G. We choose a set of representatives S of the (N, H)
double cosets of G . In this case we obtain that Hy=sHs 'NN =s(HNN)s" ! =N,
and the double coset NsH is equal to sH since N C H is normal. Therefore, (2) gives

. —1
resj(\;, 1ndg o @ resvas o.
sES

Now, restHs_la: N — GL(W) is a twist of | ie for all g € N we have

res}vVHsila(g) =a(s 'gs) = (@|n)*(g).

By Clifford’s theorem [30, Theorem 1.7], we obtain that |y is semisimple. We have
that o|y = a1 D --- D o is a direct sum of simple representations. Therefore,

(ind )|y = Pef @ daf
SES
is the direct sum of irreducible representations. This proves that (indg a)| N is semisim-
ple, and it follows from Lemma 3.1 that indg o is semisimple. |
Corollary 3.3 Let G be a group, and let N <1 G be a normal subgroup of finite index.
If a: N — SL(V) is irreducible, then indg () is semisimple.

Moreover, if indg () = p1 ®--- & p; is a decomposition of indg () into irreducible
representations p;j: G — SL(V}), then dim V' divides dim V; and hence

dimV <dimV; <dim(V)-[G : N].
Proof The first part follows directly from (3) and Lemma 3.1 since «® is irreducible for

all s € G. Notice that S is now a set of representatives of the cosets G/N . Moreover,
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we obtain
P e’ = resf ind§ o = (o1|n) B - ® (o1 |w)-

seS
If pj|n is irreducible, then it must be isomorphic to one of the twisted representa-
tions o . Otherwise p;|n is isomorphic to a direct sum of twisted representations o*,
s € S, and hence dim V; is a multiple of dim V. a

Lemma 3.4 Let G be a group and let H < G be a finite-index subgroup.
If there exists a surjective homomorphism ¢: H —> F, onto a free group of rank two,

then there exists a normal subgroup N <1 G of finite index such that N < H, and
¢(N) < F, is a free group of finite rank r > 2.

Proof Let N be the normal core of H ie N =) ecc 8H ¢~ ! < G. The normal
subgroup is a finite-index subgroup of G,and N < H. Now, H > ¢~ ' (¢(N))> N, and
therefore ¢! (¢(N)) is also of finite index in H (and hence in G ). Hence, ¢(N) < F,
is of finite index, and @(N) is a free group of rank r = [F> : ¢(N)] + 1> 2. O

We conclude this section with the following theorem.

Theorem 3.5 Let K C S3 be a nontrivial knot. Then there exists k € N such that for
all even m € N there exists p € N such that m < p <mk, and

dim X" (g, SL(p, C)) > n 2 k-

In particular, for m even with m > k? there exists p € N such that m < p <m/m, and

m2—k

dim X" (g, SL(p, C)) > >km—1=p—1.

The last sequence of inequalities in Theorem 3.5 implies that X ™ (g, SL(p, C))
contains a high-dimensional component. In particular, Theorem 3.5 implies Theorem 1.2
from the introduction.

Proof By Lemma 3.4 there exists a finite-index normal subgroup N < wg of the
knot group mg, and an epimorphism ¥: N — F». We put k = [ng : N].
For each even m € N, we obtain a regular map

v*: X'™(F,,SL(m,C)) — X(N,SL(m, C))

and we let C C X(N, SL(m, C)) denote the image of ¥ *. By Chevalley’s theorem [3,
Corollary 10.2], the set C C X(N, SL(m, C)) is constructible. Again, by Chevalley’s
theorem the image D :=71(C), where ©: X(N,SL(m,C)) - X(wg,SL(km,C)), is
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also a constructible set. Notice that dim C =dim D =m?—1 since ¥ * is an embedding
by Lemma 2.2 and since © has finite fibers by Lemma 2.3.

If D contains a character of an irreducible representation, then
DN X'™(ng,SL(km,C))

contains a Zariski-open subset of D which is of dimension m? — 1 > (m? —k)/k.
Hence the conclusion of the theorem is satisfied for p = km.

If D does not contain irreducible representations, then
D c X™(zg,SL(km, C)).

In this case we can choose for a given y € D a semisimple representation p such that
Xp = x. Now, we follow the argument in the proof of Corollary 3.3 and we obtain
p~p1@®---®p;, where p;: mg — GL(p;,C) and m < p; < km. For the [-tuple
(p1,..., p1) we consider the regular map

Dpy,pn): R(ng, SL(pl,(C))x---XR(JTK,SL(pl,(C))X(C*)l_l—>R(nK,SL(km,(C))

given by
-1
q)(pl,...,pl)(ph - I Alv RN Al—l) = @(Pz 029 klpl(p) ) (pl &® (AI—PI cee kl__l’ll—l)(ﬂ)

i=1

The map @, p;) between the character varieties

..........

(4) ®: X(k.SL(p1.C))x---x X (&, SL(p;, C)) x (C*)' 15 X" (g, SL(km, C))
(see [18, page 20]).

.....

By Lemma 3.7, the map ®(,, ... »,) also has finite fibers; denote its image by D(p,.. . 1)
Again, by Chevalley’s theorem, the image D(p, ... p,) C X™(rg,SL(km,C)) is a
constructible set, and

I
) dim Dp,,...py = Y _ dim X (g, SL(p;.C)) + 1 — 1.

j=1

By Corollary 3.3, D is covered by finitely many sets of the form D(,, . ,,) (see also

.....

[18, Proposition 1.29]). Since dim D =m?—1, there must be at least one set Dpy,....pn)
of dimension at least m? — 1. If we apply (5) to this choice we obtain that

l
> " dim X(mg.SL(p;. C)) = m> —1.
j=1
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In particular there is a j such that the corresponding summand is greater than or equal
to (m?>—1)/1. Note that from m < p; <mk for j =1,...,[ and p1+---+ p; =mk
it follows that / <k which in turn implies that (m?—1)/[ > (m*>—k)/ k. Summarizing
we see that

i 2_k
dim X (g, SL(p;. C)) = =%

This concludes the proof of the first statement of the theorem.

The second statement follows from the first statement using some elementary algebraic
inequalities. O
In order to prove Lemma 3.7 we will make use of Schur’s lemma (see [14, 1.7]).
Lemma 3.6 (Schur’s lemma) If V and W are irreducible representations of G and
f:V — W isa C[G]-module homomorphism, then:

(1) Either f is an isomorphism or f =0.
2) IfV =W, then f =A-id for some A € C.

Lemma 3.7 The map ® := ®(,, . ,,) from (4),
®: X(rg, SL(p1,C)) x - -+ x X(nk, SL(p;, C)) x (C*)'! — X(7g, SL(km, C)),

has finite fibers.

Proof We show that 5( Pi..,p;) 18 @ composition of maps having finite fibers.

.....

Let G be a finitely generated group, and let ny + --- + ngx = n be a partition of n.
Then the map

W: R(G,GL(n1,C)) x---x R(G,GL(ng,C)) - R(G,GL(n, C))
given by W(g1,...0r) =01 D -+ @ o induces a regular map
U: X(G,GL(n1,C)) x---x X(G,GL(ng, C)) - X(G,GL(n, C))

(see [18, page 20]). Let y € X(G,GL(n, C)) be in the image of W. We will use that a
character y = y, is the character of a semisimple representation ¢, which is unique up
to conjugation [18, Theorem 1.28]. The representation o ~ 01 @D --- @ o; decomposes
into irreducible representations. Schur’s lemma implies that the representations g; are
unique up to equivalence [14, Proposition 1.8]. If W(yy...., yx) = x then each y; is
also the character of a semisimple representation «;, and oy @ --- D o ~ 0. Now, the
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irreducible representations which can occur in the decomposition of «; are equivalent
to the representations @; . This means that the semisimple representations «; such that
W(ag,...,qr) is equivalent to o, can have among their irreducible components only
representations equivalent to g1, ..., ;. Hence W1 (y) is finite.

Next, for G = g and the surjection ¢: mg —> Z we consider the map
Ap: R(mg.SL(p,C)) x C* — R(ng.GL(p.C)). Ap(p.A) =pQA%.

The cyclic group C, = (w) of p™ roots of unity acts on R(rk,SL(p,C)) x C*
by w(p,A) = (p ® w?,dA). This action commutes with the action of SL(p,C) by
conjugation. We obtain an action of C, on X (g, SL(p,C)) x C*. The map

/_\p: X(ng,SL(p,C)) xC* — X(7wg,GL(p, C))

factors through (X(7g,SL(p,C)) xC*)/C, = X(ng,GL(p,C)) (see Lemma 2.2
in [17]). Hence A p has finite fibers.
Note that the map &: (C*)!~1 — (C*)! given by

e, ... ) =AY AP LA Th

has finite fibers. Finally,
o) =Vo(Ap x--xAp)o(idx-xidx¢)

.....

has finite fibers. O

4 The character variety of the figure-eight knot

The aim of this section is to prove Proposition 1.3. Before studying the character variety
of the figure-eight knot we will extend Mackey’s irreducibility criterion to infinite
groups. Suppose that H < G is a subgroup, and that W is a representation of H .
Mackey’s irreducibility criterion gives necessary and sufficient conditions under which
indg W is irreducible as a C[G]-module.

Let H < G be a subgroup of finite index, and let «: H — GL(W) be a representation.
For s € G we obtain the twisted representation *: sH s~ ' — GL(W) (see (1)). Define

Hy:=sHs"'NH and W,:= resi}:ls_IWas.

In what follows we call two semisimple representations V' and V' of G disjoint
if Homcg1(V, V') = 0. The aim of the next subsection is to prove the following:
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Proposition 4.1 (Mackey’s irreducibility criterion) Let H <G be a subgroup of finite
index. We suppose that «: H — GL(W) is an irreducible representation. Then indg o
is irreducible if and only if for all s € G — H the C[H]-modules Wy and resgs W are
disjoint.

Remark Proposition 4.1 is well known for finite groups (see [28]). We will see that
it also holds for infinite groups under the assumption that the subgroup H < G has
finite index. The main difference is that for infinite groups the induced and coinduced
modules are in general not isomorphic. We will make use of Lemma 4.2 in place of
the classical Frobenius reciprocity theorem.

4.1 Mackey’s criterion

We follow Serre’s notation and exposition in [28]. First let us recall the adjoint
isomorphism. Let Q and R be rings and let 9§, rTg, and rU be modules (here
the location of the indices indicates whether these are left or right module structures).
Then Hompg (T, U) is a left Q—module via ¢ f(v) = f(vq) forall v € V', and

(6) Homg (S, Homg(7T,U)) = Homg(T ®¢ S,U)
(see [27, Theorem 2.76]).

Lemma 4.2 Let G be a group and H < G a subgroup of finite index. For each
left C[H]-module W and a left C[G]-module V' we obtain

@) Homc g (V, indg W) = Homc[ g (resg V,W),
and
(8) Homcg](W. res$ V) = Homc gy (ind$ W, V).

Proof For proving (7) we apply (6) with Q =C[G], R=C[H], S=V, T =C[G],
and U = W:

Homc[G](V, HomC[H]((C [G],W)) =~ HomC[H](C [G] dC[G] V,W).

Since H < G is of finite index we obtain that the coinduced module coindg(W) =
Homcg1(C[G], W) and the induced module indg(W) = C[G] ®c[a] W are iso-
morphic as left C[G]-modules (see [4, Lemma II1.5.9]). Moreover, resg(U ) and
C[G]®c[6) U are isomorphic as left C[H ]-modules, and (7) follows.
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To prove (8) we apply (6) with Q =C[H], R=C[G], S=W, T=C[G],U=V:
Homcg1(W, Homc[g)(C[G], V)) = Homc[6](C[G] ®cia W. V).

The left C[H]-module Homc[G1(C[G], V) is isomorphic to resg(V), and hence (8)

follows. |

Before proving Mackey’s criterion we state the following:

Lemma 4.3 Let V be a semisimple G—-module. Then V is irreducible if and only if
Homc[gy(V, V) = C.

Proof LetV =V, &---& V) be adecomposition of V' into irreducible modules. Then

Homcg)(V. V) = @HomC[G](Vi, Vi).
i,J
Now, the lemma follows from Schur’s lemma since dim¢ Homggy(V, V) =1if V is
irreducible and dim¢ Homc[g(V, V) > 1 if V is not irreducible. a

Proof of Proposition 4.1 It follows from Lemma 3.2 that indg o is semisimple.
Therefore, by Lemma 4.3 it follows that indg « is irreducible if and only if
Homc(g)(ind$ W,ind§ W) = C.

We choose a system S of the (H, H) double cosets of G. Then we obtain that

Homcg)(ind$ W,ind$; W) = Homcz](W, res$y ind$y W) (by (8))
~ @ Homc sy (W.indfj Wy)  (by (2) for K = H)

seS
=~ (P Homg g, (resf; W, W) (by (7)).

SES

Now, if s € H, then H; = H and Wy = W, and Hompg (W, W) =~ C since W is an
irreducible C[H ]-module (see Lemma 4.3). Thus Homc|g (indg w, indg W)y=cC
if and only if Hom(C[HS](resgs W, Ws)=0forall se G—H. |

4.2 The character varieties of the figure-eight knot

Let us consider the figure-eight knot K4, and its group my,:

1 1 1 1 -1 -1

) mg = (st st T s =5t T ) = (s.a | a s lasa T sas T a Y,
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where a = ts~!. Following Reidemeister [26, Section 15], we obtain a representation
d: w4, — Ss into the symmetric group Ss given by

(10) 8(s) =0:=(1)(2,53,4) and 4(a)=1:=(1,2,3,4,5).

The image of § is a dihedral group. We adopt the convention that permutations act
on the right on {1,...,«}, and hence 4, acts on the right. We put N = Ker(d) and
H =Stab(1) ={ge G |1°® =1}, Wehave N < H, N <my,, [n4,: H| =5, and
[H : N] =2. We obtain

T4, = HUHaUHa?>UHa®U Ha*,

and g € Ha' if and only if 19®) = 4+ 1 for 0 <i < 4. Notice that §(H) = (o) is
the cyclic group generated by o.

Now we can use the Reidemeister—Schreier method [31] for finding a presentation for H':

2

{l,a,a a3, a4} is a Schreier representative system for the right cosets modulo H.

Hence generators of H are

(11) yo=s, yi=a'sa">fori=1,2,3,4, and ys=a".

We obtain defining relations r;, where i =0, 1,2, 3,4, for H by expressing each
ri=a (a 's lasa 'sas la Ya
as a word in the y;:
ro=ys 'y vayvr =y vyt ra=yi ysyoys ' yays'.

r3=y3 ' vayoyi'.  ra=y3"yaviysyg tyst.

It follows that H/{(yo)) = (¥1,¥2,¥3, Y4, ¥5 | y3 = y5s = 1, y1 = y2) = F(y1, y4).
Therefore, a surjection ¥: H — F, = F(x, y) is given by

(12) Yy(yo)=v(3)=v(ys)=1, Y1) =v(2)=x, and Y(ys)=y.

We have yg € H — N since by (10) the permutation 6(yo) = 8(s) = o fixes 1 but
8(yo) = o # id. Moreover, yo € Ker(y).

We need also generators of N: we have yo ¢ N, §(y5)=1id, and 6(y;) =0 for 0<i <4,
Hence Reidemeister—Schreier gives that N is generated by

(13)  yiyg' ys. ¥ yoyi. Yyoysyy'  wherei=1234.
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Lemma 4.4 Let 8: F, — SL(2m, C) be irreducible. Then « = Boy: H — F» —
SL(2m,C) and «|n: H — F» — SL(2m, C) are also irreducible.

Proof If B: F» — SL(2m, C) is irreducible, then o = B oy is also irreducible since
Y: H — F, is surjective (the representations « and 8 have the same image). Similarly,
(13) and (12) give that ¥|y: N — F» is also surjective (8 and «|y have the same
image). O

We obtain a component of representations Xo C X(H,SL(2m, C)) with dim Xy >
4m?—1, and X, contains irreducible representations. In order to apply Proposition 4.1
we notice that {1, a,a?} is a representative system for the (H, H) double cosets

n4, = HUHaH U Ha*H.

More precisely, we have that HaH = Ha U Ha* and Ha?H = Ha? U Ha? since
18(hah’) ¢ 13 5%y and 18a®k) ¢ (3 43 for all h, h' € H (recall that §(H) = (o).

We have also
Hy,=HNaHa '=N=H;=HNda*Ha™>,
since an element in the image of the dihedral representation §: 4, — S5 given by (10)
which fixes two numbers is the identity, and N = Ker(§).
For the rest of this section we let G := w4, denote the group of the figure-eight knot.

Lemma 4.5 Let B8: F(x,y) - SL(2m,C) be given by B(x) = A and B(y) = B.
If B is irreducible, then p = indg (B o V) is also irreducible.

Proof We let @ = B oy denote the corresponding representation of H. We want to
apply Proposition 4.1 to prove that p = indg « is irreducible. For s € {a,a?} we have

resgva =a|y since H, = H,;2 = N.
Moreover, for s € {a,a?} we obtain
sHs™! s
Ws =resy ® Was = (a|n)".

By Lemma 4.4 we obtain that «, |y, (¢|n)?, and (o] 1\,7)"2 are irreducible. Recall
also that by Schur’s lemma (Lemma 3.6) two irreducible representations are disjoint if
and only if they are not equivalent. Hence by Proposition 4.1 we obtain that p = indg o
is irreducible if and only if

aly £ (@n)® and  aly £ (@|n)®.
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In order to see this, we consider the element yg € N. We have ¥ (yo) = | and therefore
oz|N(y§) = I»m, where I, € SL(2m, C) denotes the identity matrix. Recall that
B(x) = A and B(y) = B, where A, B € SL(2m,C). We have

a_lyga =a 's%a = a7 -a*sa” ' -asa™* - a® =y5_1y4y1y5,

a_zyga2 =a 5%’ =a" a3sa”? - a%sa” 3 a° = y5_1y3y2y5.

This gives w(a_lyga) = yx and w(a_zygaz) =X.

Therefore, («|n)? (yg) = BA and (cx|1v)“2 (yg) = A. Now, if § is irreducible, then
A# Ipym,and AB # I,,. Hence o|y # (|n)? and o|y # (cx|N)“2. |

Proof of Proposition 1.3 The subgroup H < my4, is of index 5, and ¥: H — F is
a surjective homomorphism onto a free group of rank 2. Now, by Lemma 4.4 and
Lemma 4.5, and the same argument as in the proof of Theorem 1.2, we obtain that for
all m € N the character variety X (m4,, SL(10m, C)) has a component C of dimension
at least 4m? — 1. Finally, Lemma 4.5 implies that C contains characters of irreducible
representations. a

More explicitly, if B: F(x,y) — SL(2m, C) is a representation given by B(x) = A
and B(y) = B, then, following the construction given in Section 2.1, the induced
representation p = indg (Boy): ma, = GL(10m, C) is given by

Im 00 0 O 0 A0 0 O
0 00 0O B Inm 00 0 O
ps)=]1 0 0 0 I, O and p(t)=] 0 0 0 O B
0 04 0 O 0 00 Iny O
0 A0 0 O 0 04 0

0
Here, s and ¢ are the generators of w4, from (9), and /2, € SL(2m, C) is the identity
matrix.

Remark We finish the section with some historical comments. Subgroups similar
to H and N from Section 4.2 are more generally defined for two-bridge knots. Let
K = b(p,q) C S? be a two-bridge knot. A presentation of the knot group Tp,q 18
given by the following (see [7, E 12.1]):

Tpg = (s.t|lgs =tly) where [y = s€1¢2...t°«~1 and ¢ = (—1)kB/e]

K Reidemeister [26, Section 15] defined the representation §: 7, ; — S, into the
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Figure 1: The link K4, C 3

symmetric group S, by

14) s(s)=1)2,2n+1)3,2n)---(n+1,n+2) and 6@)=(1,2,...,p),

where p = 2n 4+ 1 and a = ts~!. The image of § is a dihedral group. We put

N =Ker(8) and H = Stab(1) = {g € G | 1°®) =1}, Wehave N < H, N <, ,,
[7pg:H]=p,and [H : N] =2.

The irregular covering of Ex corresponding to H has been studied since the beginning
of knot theory. Reidemeister calculated a presentation of H . Moreover, he showed
that the total space of the corresponding irregular branched covering (§ 3, 12) —
(S3,6(p,q)) is simply connected. He proved also that the branching set K consists
of (n 4+ 1) unknotted components (see [25; 26]). G Burde [5] proved that §3 is in fact
the 3—sphere and he determined the nature of the branching set explicitly in [6]. More
recently, G Walsh studied the regular branched covering corresponding to N [29]. She
proved that the corresponding branching set is a great circle link in S3.

For the figure-eight knot K4, = b(5, 3), the link 1?4l C S3 has a particularly sim-
ple form (see Figure 1 and [7, Example 14.22]). If we fill in the component lgo,
then 341 transforms into the trivial link of two components. Therefore the isomorphism
H/{{yo)) = F», where {(yo)) denotes the normal subgroup of H generated by the
meridian yg of lgo, has a geometric origin.

We expect similar methods can be used to prove that for any hyperbolic 2-bridge
knot b(p, q), where g > 2, the character variety X (7, 4, SL(2pm,C)) admits an at
least (4m2—1)—dimensional component. In [16, Section 4] it was proved that for the
trefoil knot b(3, 1), the variety X (3,1, SL(6,C)) contains an at least 7-dimensional
component. The same construction can be used to prove that for the torus knots
b(p, 1), the variety X (75,1, SL(2pk, C)), where k € N, is at least (2k? p?—4pk?+1)-
dimensional.

Acknowledgements The authors where supported by the SFB 1085 “Higher Invari-
ants” at the University of Regensburg, funded by the Deutsche Forschungsgemeinschaft

Algebraic € Geometric Topology, Volume 18 (2018)



On high-dimensional representations of knot groups 331

(DFG), and by the Laboratoire de Mathématiques Blaise Pascal UMR 6620 of the
Université Clermont Auvergne and CNRS.

We wish to thank the referee for many helpful comments.

References

[10]

[11]

[12]

[13]

[14]

[15]

[16]

M Aschenbrenner, S Friedl, H Wilton, 3—manifold groups, EMS Series of Lectures
in Mathematics 20, Eur. Math. Soc., Ziirich (2015) MR

L Ben Abdelghani, M Heusener, Irreducible representations of knot groups into
SL(n, C), Publ. Mat. 61 (2017) 363-394 MR

A Borel, Linear algebraic groups, 2nd edition, Graduate Texts in Mathematics 126,
Springer (1991) MR

K'S Brown, Cohomology of groups, corrected 1st edition, Graduate Texts in Mathemat-
ics 87, Springer (1994) MR

G Burde, On branched coverings of S3, Canad. J. Math. 23 (1971) 84-89 MR
G Burde, Links covering knots with two bridges, Kobe J. Math. 5 (1988) 209-219 MR

G Burde, H Zieschang, M Heusener, Knots, fully revised and extended 3rd edition,
De Gruyter Studies in Mathematics 5, De Gruyter, Berlin (2013) MR

J O Button, Strong Tits alternatives for compact 3—manifolds with boundary, J. Pure
Appl. Algebra 191 (2004) 89-98 MR

D Cooper, DD Long, Remarks on the A—polynomial of a knot, J. Knot Theory Rami-
fications 5 (1996) 609-628 MR

D Cooper, DD Long, A W Reid, Essential closed surfaces in bounded 3—manifolds,
J. Amer. Math. Soc. 10 (1997) 553-563 MR

C W Curtis, I Reiner, Methods of representation theory, I, Wiley, New York (1981)
MR

I Dolgachev, Lectures on invariant theory, London Math. Soc. Lecture Note Series
296, Cambridge Univ. Press (2003) MR

E Falbel, A Guilloux, Dimension of character varieties for 3—manifolds, Proc. Amer.
Math. Soc. 145 (2017) 2727-2737 MR

W Fulton, J Harris, Representation theory, Graduate Texts in Mathematics 129,
Springer (1991) MR

M Heusener, SL(n, C)—representation spaces of knot groups, from “Topology, geom-
etry and algebra of low-dimensional manifolds” (T Kitano, editor), Kékytroku 1991,
RIMS, Kyoto (2016) 1-26

M Heusener, O Medjerab, Deformations of reducible representations of knot groups
into SL(n, C), Math. Slovaca 66 (2016) 1091-1104 MR

Algebraic € Geometric Topology, Volume 18 (2018)


https://doi.org/10.4171/154
http://msp.org/idx/mr/3444187
http://dx.doi.org/10.5565/PUBLMAT6121703
http://dx.doi.org/10.5565/PUBLMAT6121703
http://msp.org/idx/mr/3677866
https://doi.org/10.1007/978-1-4612-0941-6
http://msp.org/idx/mr/1102012
http://dx.doi.org/10.1007/978-1-4684-9327-6
http://msp.org/idx/mr/1324339
http://dx.doi.org/10.4153/CJM-1971-009-2
http://msp.org/idx/mr/0281189
http://msp.org/idx/mr/990822
http://msp.org/idx/mr/3156509
http://dx.doi.org/10.1016/j.jpaa.2003.12.009
http://msp.org/idx/mr/2048308
http://dx.doi.org/10.1142/S0218216596000357
http://msp.org/idx/mr/1414090
http://dx.doi.org/10.1090/S0894-0347-97-00236-1
http://msp.org/idx/mr/1431827
http://msp.org/idx/mr/632548
https://doi.org/10.1017/CBO9780511615436
http://msp.org/idx/mr/2004511
http://dx.doi.org/10.1090/proc/13394
http://msp.org/idx/mr/3626524
https://doi.org/10.1007/978-1-4612-0979-9
http://msp.org/idx/mr/1153249
http://www.kurims.kyoto-u.ac.jp/~kyodo/kokyuroku/contents/pdf/1991-01.pdf
https://doi.org/10.1515/ms-2016-0206
https://doi.org/10.1515/ms-2016-0206
http://msp.org/idx/mr/3602606

332

[17]

(18]

(19]

(20]

(21]

(22]

(23]
[24]
[25]
[26]

(27]
(28]

[29]

(30]

(31]

Stefan Friedl and Michael Heusener

M Heusener, V Muiioz, J Porti, The SL(3, C)—character variety of the figure eight
knot, linois J. Math. 60 (2016) 55-98 MR

A Lubotzky, A R Magid, Varieties of representations of finitely generated groups,
Mem. Amer. Math. Soc. 336, Amer. Math. Soc., Providence, RI (1985) MR

P Menal-Ferrer, J Porti, Local coordinates for SL(n, C)—character varieties of finite-
volume hyperbolic 3—manifolds, Ann. Math. Blaise Pascal 19 (2012) 107-122 MR

P Menal-Ferrer, J Porti, Tivisted cohomology for hyperbolic three manifolds, Osaka J.
Math. 49 (2012) 741-769 MR

V Muiioz, J Porti, Geometry of the SL(3, C)—character variety of torus knots, Algebr.
Geom. Topol. 16 (2016) 397-426 MR

PE Newstead, Introduction to moduli problems and orbit spaces, Tata Institute of
Fundamental Research Lectures on Mathematics and Physics 51, Narosa, New Delhi
(1978) MR

C Procesi, The invariant theory of n x n matrices, Advances in Math. 19 (1976)
306-381 MR

A S Rapinchuk, On SS—rigid groups and A Weil’s criterion for local rigidity, I, Manu-
scripta Math. 97 (1998) 529-543 MR

K Reidemeister, Knoten und Verkettungen, Math. Z. 29 (1929) 713-729 MR
K Reidemeister, Knotentheorie, Ergebnisse der Mathematik (1) 1, Springer (1932)
JJ Rotman, An introduction to homological algebra, 2nd edition, Springer (2009) MR

J-P Serre, Linear representations of finite groups, Graduate Texts in Mathematics 42,
Springer (1977) MR

G S Walsh, Great circle links and virtually fibered knots, Topology 44 (2005) 947-958
MR

B A F Wehrfritz, Infinite linear groups: an account of the group-theoretic properties
of infinite groups of matrices, Ergebnisse der Mathematik (2) 76, Springer (1973) MR
H Zieschang, E Vogt, H-D Coldewey, Surfaces and planar discontinuous groups,
Lecture Notes in Mathematics 835, Springer (1980) MR

Fakultét fiir Mathematik, Universitit Regensburg
Regensburg, Germany

Laboratoire de Mathématiques Blaise Pascal - UMR 6620 - CNRS
Université Clermont Auvergne, Campus des Cézeaux

Aubiére, France

stefan.friedl@mathematik.uni-regensburg.de, michael.heusener@uca.fr

http://math.univ-bpclermont.fr/~heusener/

Received: 14 October 2016 Revised: 4 April 2017

Geometry € Topology Publications, an imprint of mathematical sciences publishers :.msp


http://projecteuclid.org/euclid.ijm/1498032024
http://projecteuclid.org/euclid.ijm/1498032024
http://msp.org/idx/mr/3665172
https://doi.org/10.1090/memo/0336
http://msp.org/idx/mr/818915
http://dx.doi.org/10.5802/ambp.306
http://dx.doi.org/10.5802/ambp.306
http://msp.org/idx/mr/2978315
http://projecteuclid.org/euclid.ojm/1350306595
http://msp.org/idx/mr/2993065
http://dx.doi.org/10.2140/agt.2016.16.397
http://msp.org/idx/mr/3470704
http://msp.org/idx/mr/546290
http://dx.doi.org/10.1016/0001-8708(76)90027-X
http://msp.org/idx/mr/0419491
http://dx.doi.org/10.1007/s002290050119
http://msp.org/idx/mr/1660132
http://dx.doi.org/10.1007/BF01180559
http://msp.org/idx/mr/1545033
https://doi.org/10.1007/b98977
http://msp.org/idx/mr/2455920
http://dx.doi.org/10.1007/978-1-4684-9458-7
http://msp.org/idx/mr/0450380
http://dx.doi.org/10.1016/j.top.2005.03.002
http://msp.org/idx/mr/2153978
http://dx.doi.org/10.1007/978-3-642-87081-1
http://dx.doi.org/10.1007/978-3-642-87081-1
http://msp.org/idx/mr/0335656
http://dx.doi.org/10.1007/BFb0089692
http://msp.org/idx/mr/606743
mailto:stefan.friedl@mathematik.uni-regensburg.de
mailto:michael.heusener@uca.fr
http://math.univ-bpclermont.fr/~heusener/
http://msp.org
http://msp.org

	1. Introduction
	2. Representation and character varieties
	2.1. The induced representation

	3. Proof of Theorem 1.2
	4. The character variety of the figure-eight knot
	4.1. Mackey's criterion
	4.2. The character varieties of the figure-eight knot

	References

