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Relative 2-Segal spaces

MATTHEW B YOUNG

We introduce a relative version of the 2—Segal simplicial spaces defined by Dyckerhoff
and Kapranov, and Gélvez-Carrillo, Kock and Tonks. Examples of relative 2-Segal
spaces include the categorified unoriented cyclic nerve, real pseudoholomorphic
polygons in almost complex manifolds and the Re—construction from Grothendieck—
Witt theory. We show that a relative 2—Segal space defines a categorical representation
of the Hall algebra associated to the base 2—Segal space. In this way, after decategori-
fication we recover a number of known constructions of Hall algebra representations.
We also describe some higher categorical interpretations of relative 2—Segal spaces.

18G30; 18G55, 16G20, 19G38

Introduction

Motivated by Segal’s notion [38] of a I'-space, Rezk [32] introduced Segal spaces in
his study of the homotopy theory of (oo, 1)—categories. Generalizing these ideas, for
each integer k > 1, Dyckerhoff and Kapranov [7] introduced k—Segal spaces. Very
roughly, a simplicial topological space X, is called k—Segal if it satisfies a collection
of locality conditions governed by polyhedral subdivisions of k—dimensional cyclic
polytopes. When k = 1, so that the locality conditions are governed by subdivisions
of the interval, the 1-Segal conditions state that, for each n > 2, the canonical map to
the homotopy fibre product

n factors

R R
Xn—>X1 XXO---XXOXl

is a weak homotopy equivalence. Hence 1-Segal spaces reduce to Rezk’s Segal spaces.
The 2-Segal spaces, which were introduced independently by Galvez-Carrillo, Kock
and Tonks [12] under the name decomposition spaces, obey locality conditions governed
by subdivisions of convex plane polygons. The first nontrivial conditions derive from
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the two triangulations of the square

3 2 3 2 3 2

0 1 0 1 0 1

and state that the induced morphisms

M X(0,1.3) X%, 5, X123 < X(0,1.2.3) — X{0.1.2) X%y , X10.2,3)

are weak homotopy equivalences. A large number of examples of 2—Segal spaces from
a diverse range of subjects are described in [7] and [12].

One motivation to study 2—Segal spaces is the theory of Hall algebras. Indeed, as ex-
ploited by both Dyckerhoff and Kapranov [7] and Galvez-Carrillo, Kock and Tonks [12],
the 2—Segal conditions admit a natural interpretation as higher coherence conditions on
a multiplication defined on the 1-simplices X1, the weak equivalences (1) imposing
weak associativity. From the Hall algebra point of view, the most important example of
a 2-Segal space is the Waldhausen S,—construction [46] applied to an exact category,
or more generally an exact oo—category [7]. Applying suitable realization functors
to this 2—Segal space recovers various familiar incarnations of the Hall algebra; see
Ringel [33], Lusztig [26], Joyce [20], and Kontsevich and Soibelman [23]. However,
these realizations use only the lowest 2—Segal conditions, namely (1). Taking into
account the remaining conditions leads to higher categorical structures and thus to
categorical Hall algebras. Applications of 2—Segal spaces to other areas, including com-
binatorics, topological field theories and Fukaya categories, were studied by Dyckerhoff
and Kapranov [8; 9], and Gédlvez-Carrillo, Kock and Tonks [12].

Partially motivated by the representation theory of Hall algebras, in this paper we
introduce relative higher Segal spaces. For an integer &k > 1, a relative k—Segal
space over a k—Segal space X, is a (k—1)—Segal space Y, together with a morphism
Y, — X, which satisfies k—dimensional locality conditions involving both X, and Y,;
by convention the 0—Segal conditions are vacuous. The simplest case is that of right
relative 1-Segal spaces, the locality conditions reducing to the condition that the
map Y, — X, be a right fibration of Segal spaces in the sense of Varshavskii and
Kazhdan [44], and de Brito [3]. More interesting is the case of relative 2—Segal spaces.
The relative 2—-Segal conditions on a morphism Y, — X, are governed by polyhedral
subdivisions of convex plane polygons with a distinguished vertex oo, the most basic
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Relative 2—Segal spaces 977

of which are again the two triangulations of the square

00 2 00 2 00 2

0 1 0 1 0 1

and which translate into the requirement that the induced morphisms

(2) Y013 Xllfm Y103 <— Yi0,1,2y — X{0,1,2} X)Ig{o’z} Y{0,23

be weak equivalences. This combinatorial construction is described in Section 2.3.
While the polyhedral subdivisions inducing the morphisms (1) and (2) are essentially the
same, the vertex oo plays a crucial role in the latter, giving a rule to construct homotopy
fibre products involving both X, and Y,. Similar to the case of 2—Segal spaces, the
relative 2—Segal conditions give higher coherence conditions for appropriately defined
left and right actions of the algebra object X7 on the O—simplices Y. From this point of
view, the weak equivalences (2) are the weak module-associativity constraints. Relative
2-Segal spaces therefore lead naturally to categorical representations of the Hall algebra
of X,; see Theorems 4.4 and 4.5 for particular instances of this construction. In this way
we obtain natural categorifications of many of the Hall algebra representations which
have appeared in the literature. For example, we prove that a stable framed variant of
the Waldhausen S,—construction is relative 2—Segal over the ordinary S,—construction,
thus categorifying the Hall algebra representations studied by Soibelman [41] and
Franzen [11]; see Theorem 2.10. We also prove that the R,—construction from
Grothendieck—Witt theory (ie higher algebraic K R-theory), as described by Shapiro
and Yao [39] and Hornbostel and Schlichting [15], is relative 2—Segal over the S,—
construction; see Theorem 3.10. The input for the R,—construction is a proto-exact cate-
gory with duality which satisfies a reduction assumption. In the case of exact categories,
the R,—construction categorifies the Hall algebra representations of van Leeuwen [24],
Enomoto [10], and Young [47; 48], while for the proto-exact category Repp, (Q) of rep-
resentations of a quiver over IF;, we obtain new modules over Szczesny’s combinatorial
Hall algebras [42]. The latter modules will be the subject of future work.

We also give examples of relative 2—Segal spaces which do not come from previously
known Hall algebra representations. Starting from an almost complex manifold M
with a real structure, we construct in Theorem 2.11 a relative 2—Segal semisimplicial set
consisting of real pseudoholomorphic polygons in M, the base 2-Segal set being the
pseudoholomorphic polygon space of Dyckerhoff and Kapranov [7]. In Theorem 3.8,
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we prove that the categorified unoriented twisted cyclic nerve of a category with
endomorphism and compatible duality structure is relative 2—Segal over the categorified
twisted cyclic nerve. This example can be viewed as a homotopical incarnation of the
unoriented loop space of an orbifold.

A common theme of many of the relative 2—Segal spaces constructed in this paper is
that they are in a sense unoriented. It is tempting to view these examples in the context
of orientifold string theory. (The stable framed S,—construction is different, being
related to string theory with defects.) A general feature of the orientifold construction is
that it imposes Z,—equivariance conditions on objects in the parent string theory, such
as reduction of structure groups of vector bundles from general linear to orthogonal or
symplectic groups, as in the R,—construction, or replacing oriented string worldsheets
with unoriented worldsheets, similar to the real pseudoholomorphic polygon and un-
oriented nerve constructions. In [7, Remark 3.7.8] it is speculated that there exists a
sort of mirror symmetry relating the 2—Segal spaces arising from the S,—construction
with those arising from the pseudoholomorphic polygon construction. It is natural to
speculate that such a mirror symmetry admits an orientifold enhancement, relating the
relative 2—Segal spaces arising from the R,— and real pseudoholomorphic polygon
constructions.

Finally, we describe some applications of relative higher Segal spaces to higher category
theory, thus lifting some of the results of Rezk [32], Joyal and Tierney [19], and
Dyckerhoff and Kapranov [7]. It is a classical fact that 1-Segal simplicial sets can be
characterized as the essential image of the fully faithful nerve functor N,: Cat — Seta .
In a similar vein, right relative 1-Segal simplicial sets are the essential image of the
relative nerve construction applied to the category of discrete right fibrations which, via
the Grothendieck construction, can be interpreted as presheaves on small categories;
see Proposition 2.3. Using the work of several authors (see Joyal [17], Lurie [25],
and de Brito [3]), we explain a quasicategorical generalization of these statements by
considering instead right relative 1-Segal combinatorial simplicial spaces and (co, 1)—
presheaves. Secondly, in [7] it is proved that the category of 2—Segal simplicial sets
is equivalent to both the category of multivalued categories and to the category of
LI-semisimple semibicategories. Pursuing an interpretation in terms of actions of
categories as in the relative 1-Segal case, we lift these statements to the relative setting,
establishing equivalences of the category of relative 2—Segal simplicial sets with both the
category of modules over multivalued categories and with the category of Cat“—valued
presheaves on LI-semisimple semibicategories; see Theorems 4.8 and 4.13, respectively.
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Remark After the first version of this paper was completed, a preprint by Tashi
Walde [45] was posted to the arXiv which also aims at developing a theory of modules
over higher Segal spaces. We comment where appropriate on the overlap.
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1 Higher Segal spaces

In this section we recall, closely following [7], some required background material
from the theory of higher Segal spaces.

1.1 Simplicial objects

Let A be the category whose objects are the nonempty finite ordinals [n] ={0<--- <n},
n > 0, and whose morphisms are weakly monotone set maps. Let also A,z be the
category of all finite nonempty ordinals, of which A is a skeleton. Denote by A;,; C A
the subcategory of injective morphisms. We sometimes consider the object [n] € A asa
category itself. Explicitly, the objects of [r] are labelled by integers 0 <i < n and the
morphism set Homp, (i, j) is empty if i > j and consists of a single element if i < j .

A simplicial object of a category C is a functor X,: A°® —C. We write X, for X,) €C
if it will not lead to confusion. The face and degeneracy maps of X, are denoted by

0i: Xp = Xn—1, Si: Xn—> Xp41 for 0<i <n.

More generally, a functor X,: A% — C is a semisimplicial object of C. A simplicial
object X, admits a canonical extension to a functor AZ, — C, which we continue

to denote by X,. For I € A,,,, we write A’ for the simplicial set Homa (—, 7). In
particular, A” = Al"],

Given categories C and D, with C small, denote by [C, D] or D¢ the category of
functors C — D. Let Set, Grpd and Top be the categories of sets, small groupoids
and compactly generated topological spaces, respectively. Objects of the categories
[A°P, Top] and [A°P, Grpd] are called simplicial spaces and groupoids while objects
of S = [A°P,Set] and Sp = [A°P,S] are called simplicial sets and combinatorial
simplicial spaces, respectively.
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1.2 1-Segal spaces

Segal spaces (called 1-Segal spaces below) were introduced by Rezk [32, Section 4];
see also [38, Section 1]. The definition below is slightly different, omitting a fibrancy

condition. Write — xg — for the homotopy fibre product over a topological space U .

Definition 1.1 A semisimplicial space X,: Aﬁg — Top is called 1-Segal if for every
n > 2 the map
X, — X1 x§0---x§0 X1

induced by the inclusions {i,i + 1} < [n], i =0,...,n — 1, is a weak homotopy
equivalence.

It is straightforward to verify that a semisimplicial space X, is 1-Segal if and only if
one of the following two conditions hold:

(i) Forevery n >2 and every 0 <i; <--- <i; <n the map
. R R .
Xn— Xi, XX{il} "'XX{i,} Xn—i

induced by the inclusions {0,...,i1},...,{i;,...,n} <= [n] is a weak equivalence.

(i) For every n > 2 and every 0 <i <n the map

induced by the inclusions {0,...,i},{i,...,n} < [n] is a weak equivalence.

With only minor changes one can formulate the theory of 1-Segal objects (along with
their higher and relative variants defined below) of a combinatorial model category, in
which case — xR — becomes a homotopy limit; see [7, Section 5]. In particular, we
can speak of 1-Segal simplicial sets, groupoids or combinatorial simplicial spaces. For
simplicity we will state results in terms of simplicial spaces.

Example The nerve N.(C) of a small category C is the simplicial set which assigns to
[n] € A the set underlying the category CI. It is well known that N, (C) is a 1-Segal
simplicial set. In fact, the nerve functor N,: Cat — S is fully faithful with essential
image the 1-Segal simplicial sets. The category X associated to a 1-Segal simplicial
set X, has objects Ob(X) = X and morphisms

HOmx(X(), xl) = {.XT()} XX o0y X{O,l} XXi1y {xl}'

Composition of morphisms is defined using the lowest 1-Segal conditions while
associativity follows from the higher 1-Segal conditions.
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Example The categorified nerve N,(C) of a small category C is the 1-Segal simplicial
groupoid which assigns to [rn] € A the maximal groupoid of the category cll 32,
Section 3.5]. Passing to classifying spaces gives a 1-Segal simplicial space BN, (C).
In Rezk’s framework the categorified nerve is preferred to the ordinary nerve as the
former is a complete 1-Segal space.

1.3 2-Segal spaces

The 1-Segal spaces are the first in an infinite tower of higher Segal spaces introduced
in [7]. In this section we focus on 2—Segal spaces, the next step in this tower. See [12]
for a second approach to (unital) 2—Segal spaces.

For each integer n > 2 let P, C R? be a convex (n+1)-gon with a total order on its
vertices which is consistent with the counterclockwise orientation of R?. The total
order induces a canonical identification of the set of vertices of P, with [r]. Let P be
a polyhedral subdivision of P, . Associating to each polygon of P its set of vertices
defines a collection of subsets of [n] and hence a simplicial subset A¥” C A”. Let X,
be a semisimplicial space. The polyhedral subdivision P induces a map
Fpi Xn >~ (A", X)r = (AT, X)R.
where, following [7, Section 2.2], for a semisimplicial set D the derived space of

D—membranes of X, is defined to be

T
(D, X )R = hokln{zpp%D}GAinj/DXp'

Definition 1.2 A semisimplicial space X, is called 2—Segal if for every n > 3 and

every triangulation 7 of P, the map fr: X, — (A7, X,)r is a weak equivalence.

As in the case of 1-Segal spaces, the 2—Segal conditions can be verified using coarser
subdivisions. Indeed, it is proved in [7, Proposition 2.3.2] that a semisimplicial space X,
is 2-Segal if and only if one of the following conditions holds:

(i) For every n > 3 and every polyhedral subdivision P of P, the map fp: X, —
(A7, X,)R is a weak equivalence.

(i) For every n >3 and every 0 <i < j <n the map
. R
(3) f:{la.]}' Xn - X{i""’j} XX{L]} X{Oa"'ai’jv"an}
induced by the inclusions {i,...,j},{0,...,i, j,...,n} < [n] is a weak equivalence.

(iii)) For every n > 3 the map (3) is a weak equivalence if i =0 or j = n.
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The following definition uses degeneracy maps and so can only be formulated in the
simplicial setting.

Definition 1.3 A 2-Segal simplicial space X, is called unital 2—Segal if for every
n>2 and every 0 <i <n —1 the map

8{,‘} X §;it Xn—l —> X{i} X)Ig{i,i-i-l} Xn
is a weak equivalence.

One simple construction of 2—Segal spaces is the following.

Proposition 1.4 [7, Propositions 2.3.3, 2.5.3; 12, Proposition 3.5] Let X, be a 1-
Segal semisimplicial space. Then X, is 2—Segal. If in fact X, is a simplicial space,
then X, is unital 2—-Segal.

1.4 The Waldhausen S, -construction

We recall a motivating example of a unital 2—Segal space. We will work with proto-
exact categories, a not necessarily additive generalization of exact categories in the
sense of Quillen [31].

Definition 1.5 [7, Section 2.4] A proto-exact category is a pointed category C, with

~

zero object 0, together with two classes of morphisms, J and ©, called inflations
and deflations and denoted by > and —», respectively, which have the following
properties:

(i) Any morphism 0 — U is in J and any morphism U — 0 isin ®.

(i) The classes J and ® are closed under composition and contain all isomorphisms.

(iii)) A commutative square of the form

Ur——V

“ 4 d

Wir—— X
is cartesian if and only if it is cocartesian.

(iv) Any diagram W >> X «— V' can be completed to a bicartesian diagram of the
form (4).

(v) Any diagram W «— U >~ V' can be completed to a bicartesian diagram of the
form (4).
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Bicartesian squares of the form

I

o«
M <

—

are called conflations and play the role of short exact sequences in C. Familiar examples
of proto-exact categories include abelian and, more generally, exact categories. A more
exotic example is given by the category of representations of a quiver over Fy, as
described in [42].

The Waldhausen S,—construction associates to a proto-exact category C a simplicial
groupoid S,(C) as follows [46, Section 1.3; 7, Section 2.4]. Let Ar, = [[1], [r]] be the
arrow category of [n]. The assignment [n] — Ar, defines a cosimplicial category. An
object {(i—j) + Ay jy}o<i<j<n of the functor category [Ary,C] is a commutative
diagram in C of the following form:

A, — A1y — - — Apon—1y — Agon

l l l

Ay — - ——> Agp-1y — Apw
| l
| !

A{n—l,n—l} — A{n—l,”}

l

Agnny
Let Wy (C) C [Ary, C] be the full subcategory consisting of diagrams which have the
following properties:
(i) Foreach 0 <i <n the object Ay; ;y is isomorphic to 0 € C.
(i) All horizontal morphisms are inflations and all vertical morphisms are deflations.

(iii)) Each square that can be formed in the diagram is bicartesian.

Let S, (C) be the maximal groupoid of W, (C). Then S,(C) is a simplicial groupoid, the
degeneracy map s;: S, (C) = Sy+1(C) inserting a row/column of identity morphisms
after the i™ row/column and the face map 9;: S,(C) — Sp—1(C) deleting the i™
row/column and composing the obvious morphisms.
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Theorem 1.6 [7, Proposition 2.4.8; 12, Theorem 10.14] For any proto-exact cate-
gory C, the simplicial groupoid S,(C) is unital 2—Segal.

When C is an exact category the simplicial space BS,(C) plays a fundamental role in
the higher algebraic K—theory of C. Indeed, we have K;(C) = n; 2|BS.(C)|, i >0,
where the basepoint of |BS,(C)]| is taken to be 0 € C. See [43; 46].

Remark A variation of the Waldhausen S,—construction was defined in [1], giving
a functor from the category of augmented stable double categories to the category of
simplicial sets. It was proved that this functor is fully faithful with essential image the
unital 2-Segal simplicial sets.

2 Relative higher Segal spaces

2.1 Relative 1-Segal spaces

Before introducing and studying relative 2—Segal spaces, which will be the main objects
of interest in this paper, we study the more basic relative 1-Segal spaces.

Definition 2.1 Let X, be a 1-Segal semisimplicial space. A morphism F,: Y, — X,
of semisimplicial spaces is called right relative 1-Segal if for every n > 1 and every
0 <i <n the outside square of the diagram

Y —— Y{i,...,n}

| |

(5) Yoo, iy — Yy
Fyo.... i}l lF{i;
X0,....} — X4y

is homotopy cartesian.

Similarly, a left relative 1-Segal space is a morphism F,: Y, — X., with X, being
1-Segal, for which the outside square of all diagrams of the form

Fg . .my
Yo —— Y4, —— X4,
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is homotopy cartesian. All results below will be formulated for right relative 1-Segal
spaces; analogous results hold for left relative 1-Segal spaces.

Example Let X, be a 1-Segal semisimplicial space. Then the identity morphism
1x,: X. — X. is both left and right relative 1-Segal.

Example Let x.« be an object of a small category C and let C/x, be the correspond-
ing overcategory. The forgetful functor C/y, — C induces a simplicial morphism
No(C/x,) = N.(C) which is right relative 1-Segal. Using instead the undercategory
x./C we obtain a left relative 1-Segal simplicial set N,(x,/C) = N.(C).

Example Suppose that a group G acts on a set E. Then G acts diagonally on the
cartesian product E”, n > 1. The action groupoid G\ E"*! is the category with
objects E"*! and morphisms Homg, gn+1(es,€]) = {g € G| g-e. = e.}. The
assignment [n] — G\ E"*1 defines a 1-Segal simplicial groupoid S, (G, E), the face
(resp. degeneracy) maps omitting (resp. repeating) the appropriate entries of E*T1,
Passing to classifying spaces yields a 1-Segal space BS.(G, E), called the Hecke—
Waldhausen space of (G, E) [7, Section 2.6].

Let H < G be a subgroup. The inclusion H < G defines a simplicial morphism
Ss(H, E) — S,(G, E). At the level of classifying spaces we obtain a morphism
BS.(H, E) - BS.(G, E) which is both left and right relative 1-Segal; this can be
verified in much the same way as the 1-Segal property of BS,(G, E). At the level
of geometric realizations this map is homotopy equivalent to the induced morphism
BH — BG of classifying spaces; see [7, Proposition 2.6.7].

We have the following alternative characterization of right relative 1-Segal spaces.

Proposition 2.2 A semisimplicial morphism F,: Y, — X,, with X, being 1-Segal,
is right relative 1-Segal if and only if Y, is 1-Segal and the map

(6) (Fy.00): Y1 > X1 x5, Yo

is a weak equivalence.

Proof Suppose that F, is right relative 1-Segal. Taking i = n = 1 in diagram (5)
implies that the map (6) is a weak equivalence. For arbitrary i and 7, both the outside
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square and the bottom square (which is a degenerate version of the outside square) of
diagram (5) are homotopy cartesian. By the 2-out-of-3 property of weak equivalences
the top square is therefore also homotopy cartesian. Hence Y, is 1-Segal.

Conversely, suppose that Y, is 1-Segal and that the map (6) is a weak equivalence.
Then we have the following sequence of weak equivalences:

.....

Yo —> Yo i}Xg{i} Yiny

..........

.....

..........

a weak equivalence. Hence F, is right relative 1-Segal. a

Kazhdan and Varshavsky [44] and de Brito [3] define a right Segal fibration to be a
morphism of 1-Segal spaces F,: ¥, — X, for which the map (6) is a weak equivalence.
It follows from Proposition 2.2 that right relative 1-Segal spaces and right Segal
fibrations are the same objects. Using [3, Proposition 1.10], we obtain a model-category-
theoretic interpretation of the relative 1-Segal conditions. Namely, right relative 1-
Segal objects in S are the fibrant objects of a natural left Bousfield localization of
(Seg1)/x, - the overcategory model structure on (Sa),x, induced by Rezk’s 1-Segal
model structure Seg; on Sa [32, Theorem 7.1].

Right relative 1-Segal simplicial sets admit a simple nerve-theoretic characterization,
analogous to that of 1-Segal simplicial sets; in Section 4.3 we will prove a similar result
in the 2—Segal setting. To formulate this, let DRFib C Cat!!] be the full subcategory of
discrete right fibrations and let 1-SegRelS C SI be the full subcategory of right relative
1-Segal simplicial sets. Let also Psh be the category whose objects are presheaves on
small categories and whose morphisms are pairs

(7 (¢, 0): (F: C°P—Set) — (F': C"°P—Set)
consisting of a functor ¢: C — C’ and a natural transformation 6: F = F o ¢°P.

The Grothendieck construction defines a functor [: Psh — Catll, assigning to the
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presheaf F the functor F: [, 7 — C and assigning to a morphism (7) the following
diagram:

JeF 0 Jor F'

Fl I
CT)C/

Recall that |, F is the category whose objects are pairs (c, ), with ¢ €C and ¢ € F(c),
and whose morphisms (¢y,¢1) — (¢2,¢2) are morphisms ¢; 2> ¢, which satisfy
F(x)(¢z) = ¢1. The functor ] assigns to (c,¢) € [, F the object (¢(c), 0(¢)) and
assigns to x: (c1,¢1) — (c2,C2) the morphism ¢ (x).

Proposition 2.3 The relative nerve functor
NI catll st (0 £ a0y s (N, () 22 N, (1))
is fully faithful and fits into the commutative diagram of functors

[1]
psh —— catlll M g1l

> I

DRFib —— 1-SegRelS

with indicated equivalences. In particular, there is an equivalence of categories
1-SegRelS ~ Psh.

Proof That N, ,[1] is fully faithful is well known; see for example [37, Proposition 2.1].
Commutativity of the triangle in the above diagram and the fact that | induces an
equivalence Psh >~ DRFib are both standard. To see that N,[l] restricts as claimed,
let (F: Y — X) € DRFib. Then N,(F): No()) — N,(X) is a morphism of 1-Segal
simplicial sets. The condition that F' be a discrete right fibration is precisely the condi-
tion that the map N1(Y) — N1(X) Xy, (x) Ng13(Y) be a bijection. Proposition 2.2
therefore implies that N,(F') is right relative 1-Segal. The construction of a quasi-
inverse 1-SegRelS — DRFib is similar. a

To end this section we explain a quasicategorical generalization of Proposition 2.3.
Suppose that X, € Sp is a complete 1-Segal combinatorial simplicial space. The
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quasicategory X modelled by X, (see [32, Section 5; 19, Section 4]) has object set
the O—simplices of X and has mapping spaces

R R
mapX(xo,xl) = {x()} XX{O} X{O,l} XX{” {xl}.

Here {x} is regarded as the simplicial set A?. The lowest 1-Segal conditions define,
up to homotopy, a composition law

map y(Xp, X1) X map y(x1, X2) — map y(xo, x2)

which, by the remaining 1-Segal conditions, is coherently associative. Suppose now
that we are given a right relative 1-Segal morphism F,: Y, — X,. For each object
x € X define a Kan complex by F(x) = {x} X§o Yo € S. The diagram

{xo} X§{O} Y0,13 > {xo} X)I;{O} Yi0}

.|

R R
Xo) Xy, Xt0.13 Xy, Yiny

I

(txo} xg,, Xeoy x§,,, (x1}) x (fx1} x5, Yiny)

whose indicated arrow is a weak equivalence by the lowest right relative 1-Segal
condition, defines up to homotopy an action map

mapy (xo, X1) X F(x1) = F(xo).

The remaining right relative 1-Segal conditions ensure that this action is coherently
associative. In this way, we obtain an (oo, 1)—presheaf on X'. Conversely, by combining
[25, Proposition 5.1.1.1] (see also [17]) and [3, Theorem 1.22], we see that, up to weak
equivalence, any (oo, 1)—presheaf on X arises in this way.

2.2 Relative 2-Segal spaces

In this section we give a direct definition of relative 2—Segal spaces. In Section 2.3
we will describe a second approach using polyhedral subdivisions, in line with the
definition of 2-Segal spaces.

Definition 2.4 Let X, be a 2-Segal semisimplicial space. A morphism F,: Y, — X,
of semisimplicial spaces is called relative 2—Segal if
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(1) forevery n > 2 and every 0 <i < j <n the outside square of the diagram

Yo — Yio,...i,j,...n}

| !

®) Yi . — Yu

is homotopy cartesian, and

(2) the simplicial space Y, is 1-Segal.

Remark (1) Morphisms F,: Y, — X, of simplicial spaces for which the first condi-
tion above holds play an important role in [12], where they are called unique lifting of
factorization (ULF) functors. If, in addition, F, preserves units (see below), then F, is
called a conservative ULF functor.

(2) The above notion of relative 2—Segal space coincides with that of Walde; see [45,
Proposition 3.5.10].

(3) Rather than considering diagrams of the form (8), one could require that the outside
square of all diagrams of the form

[ |

Yi ..y — Yuj3 > X,

Fi jy

be homotopy cartesian. However, morphisms F, satisfying these conditions are less
interesting from our perspective since, for example, they do not lead to categorified
Hall algebra representations.

The following result will be helpful in verifying the relative 2—Segal conditions.

Proposition 2.5 Let F,: Y, — X, be a morphism of semisimplicial spaces. Assume
that X, is 2—Segal. The following statements are equivalent:

(i) Foreveryn > 1 andevery 0 <i < j <n the outside square of diagram (8) is
homotopy cartesian.
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(i1) Y, is 2-Segal, and for every n > 1 the outside square of diagram (8) is homotopy
cartesianif i =0 or j =n.

(iii) Y, is 2-Segal, and for every n > 1 the square

..... ny — Yion}

) Fo,..., n}l lF{O.n}

X0,..ny — Xio.n

is homotopy cartesian.

Proof Assume that the first condition holds. Since the bottom square of (8) is a
degenerate version of the outer square, the 2-out-of-3 property of weak equivalences
implies that Y, is 2-Segal. Hence the second condition holds. It is clear that the second
condition implies the third. Assume that the third condition holds. Then the bottom
square of diagram (8) is homotopy cartesian by assumption while the top square is
homotopy cartesian since Y, is 2—Segal. It follows that the outside square is also
homotopy cartesian, showing that the first condition holds. |

We will often show that a morphism F,: Y, — X, is relative 2—Segal by first proving
that Y, is 1-Segal, applying Proposition 1.4 and then verifying the third condition of
Proposition 2.5.

We briefly describe a model-theoretic interpretation of relative 2—Segal spaces. Denote
by R the Reedy model structure on Sa . Following [7, Section 5.2], let Seg, be the
left Bousfield localization of R along the maps

Gegy = {A7 < A" |n >3, T is a triangulation of P,}.

Fibrant objects of (Sa, Seg,) are then (Reedy fibrant) 2-Segal combinatorial simpli-
cial spaces. For X, € SA write (Seg,),x, for the induced model structure on the

overcategory (Sa)/x, and let (Segz);ig’(. be its left Bousfield localization along

Segl = (A0 o A" X |y € Xy = 2).

Assuming that X, is 2-Segal, Proposition 2.5 implies that the fibrant objects of
((Sa)/x.- (Segz)?g(.) are the morphisms F,: Y, — X, for which the outside square
of the diagrams (8) is homotopy cartesian, that is, the ULF functors. From this
point of view, a relative 2-Segal combinatorial simplicial space is a fibrant object
of ((Sa)/x.- (Segz)‘;igf.) whose total space is in addition 1-Segal. It is important to
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note that the main results of this paper do not hold for arbitrary fibrant objects of
((Sa)/x.. (Seg2)}%,)-

We now formulate the relative analogue of the unital conditions.
Definition 2.6 A relative 2—Segal simplicial space F,: Y, — X, is called unital relative
2-Segal if for every n > 2 and every 0 <i <n —1 the map

(Fyiyo a{,-}) X sit Yp—1 —> Xy X}I(e{i,,'+1} Y,

is a weak equivalence.
We have the following relative analogue of Proposition 1.4.

Proposition 2.7 Let F,: Y, — X, be a right relative 1-Segal semisimplicial space.
Then F, is relative 2—Segal. If, moreover, F, is a morphism of simplicial spaces, then
F, is unital relative 2—Segal.

Proof Proposition 2.2 implies that Y, is 1-Segal. The relative 2—Segal morphism

..........

The first and third morphisms are weak equivalences by the right relative 1-Segal
conditions on F, while the second morphism is a weak equivalence for trivial reasons.
Hence the composition is a weak equivalence. The unital condition is verified in a
similar way. a

Example For any 1-Segal semisimplicial space X,, the identity morphism 1y, is
relative 2-Segal. If X, is 2-Segal but not 1-Segal, then 1y, is not relative 2—Segal.

We end this section with a construction of relative 2—Segal spaces which can be
seen as the 2-Segal analogue of the fact that the morphisms N,(C/x,) — N.(C)
and N,(x,/C) — N.(C), defined in Section 2.1, are right and left relative 1-Segal,
respectively. Recall the left join functor

I: A=A, {0,....,n}—{0,0,...,n}.
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The left path space of a simplicial space X, is the composition

10

Xe
PX,: A — A°P =5 Top.

After identifying P <X,, with X,,4+1 for each m > 0, the face map 31.4: PX, —
P <X, isidentified with 9; 41 . The remaining face maps d¢’ assemble to a simplicial
morphism FJ: P<X, — X,. Using instead the right join functor

r:A—A, {0,....,n}—{0,....n,n'},
we obtain the right path space F&: P> X, — X,.
Proposition 2.8 Assume that X, is (unital) 2—Segal. Then the left and right path

spaces
F: P X,— X,, FZ:P"X,— X,

are (unital) relative 2—Segal.
Proof Since X, is 2-Segal, the path space criterion implies that P <X, and P* X, are

1-Segal [7, Theorem 6.3.2; 12 Theorem 4.11]. That the remaining relative 2—Segal con-
ditions hold is also proved in [12, Theorem 4.11]. Explicitly, the relative 2—Segal map

P<]Xn = X{O’,O,...,n} g Xn X)I;{O,n} X{O’,O,n} = Xn X)I;{()J,} P<]X{Osn}
and the relative unit map
P Xp—1 = Xgo,0,..n-13y = X(i) X)Ig{,._m} X(0,0,..ny = X3} X;If{i’l.“} PYX,

are 2-Segal and unit maps for X,, and so are weak equivalences by assumption. [

2.3 Relative polyhedral subdivisions

In this section we use combinatorial geometry to give a uniform treatment of the two
conditions which define relative 2—Segal spaces. The construction below was suggested
by the referee (see also [45, Section 3.2]) and replaces an earlier construction of the
author in terms of polyhedral subdivisions of reflection symmetric cyclic polygons.

We require some minor modifications of the definitions from Section 1.3. For each
n>1,let P C R? be a convex (n+2)—gon with a total order on its vertices
which is consistent with the counterclockwise orientation of R2. There is then a
canonical identification of the vertices of P>° with [n], the totally ordered set
{0<1<---<n<oo}. Note that there is a unique isomorphism [n]so 2~ [ + 1] in A.
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Let F,: Y, — X, be a morphism of semisimplicial spaces. Associated to a polyhedral
subdivision P of P° is the overcategory A,/ A”. Define a functor

Fp: (Ainj/ AT)*P — Top
as follows. For each injective morphism o: A¥ <> AP whose image we identify with
a (k+1)—element subset of [n]s, put
X,  if oo ¢ o(AK),
Yi_q if oo € o(AK).

By convention we take Y_; to be a point, although Y_; will not play any significant

Fp(o) = {

role in what follows. Given a morphism

» AK

AK ¢
o
A

in Ay,j/A” define a morphism Fp(¢): Fp(c') — Fp(o) of topological spaces as
follows. If the images o and o’ both contain co (resp. both do not contain oo), then
Fp(¢) is defined by the simplicial structure of Y, (resp. X, ), while if only the image
of ¢’ contains oo, then Fp(¢) is defined by the morphism F,.

With the above notation, the relative derived membrane space is defined to be the
homotopy limit
(AP, FO)Rr = hOLiLnloepAinj/AP Fp(0).

As in [7, Proposition 2.2.19], the definition is unchanged if instead the homotopy
limit is taken over the full subcategory of A;,;/A” on objects A¥ < AP with k > 1.
A refinement P of P’ defines a simplicial subset A” C AP and thus a morphism
(AP, F.))gr — (AP, F,)g of topological spaces. In particular, taking P’ to be the trivial
subdivision and noting that (A"l F,)p ~ ¥, , we obtain a morphism

FA%: Yo > (A7, F)g.
Proposition 2.9 Let F,: Y, — X, be a morphism of semisimplicial spaces. Assume
that X, is 2—Segal. Then the following statements are equivalent:

(1) The morphism F, is relative 2—Segal.

(2) Forevery n > 2 and every polyhedral subdivision P of P;° the morphism f*
is a weak equivalence.

(3) Forevery n > 2 and every triangulation 7 of P>° the morphism ff,{7 * is a weak
equivalence.
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Proof Assume that the second statement holds. If P is the polyhedral subdivision
of P° consisting only of the diagonal {i, oo}, then

(A7, FOR > Yio,..iy %3y, Yiivoomy,
while if P’ consists only of the diagonal {0, n}, then
(AT FOR = Xio,...my X5y, Yiom}-

Hence fPF‘ and f;‘ reduce to the 1-Segal maps for Y, and the relative 2—Segal maps
for F,, respectively, proving that F, is relative 2—Segal.

Conversely, assume that F, is relative 2—Segal and let P be a polyhedral subdivision
of P2°. There exists a sequence P, P1., ..., Px = P of polyhedral subdivisions such
that Pg is the trivial subdivision and P; is obtained from P;_; by adding a single
diagonal. Then fPF° factors as the composition

Yn = (AT, F)g — (ATY F)p — -+ — (ATF=1 F)r — (AT, F)g.

The construction of the P; ensures that each morphism in this composition is a weak
equivalence, being induced by a 1-Segal map for Y, or a relative 2—Segal map for F,.
It follows that fPF * is a weak equivalence and the second statement holds.

The equivalence of the second and third statements is proved similarly. a

2.4 The stable framed S,—construction

Motivated by the Hall algebra representations of [41; 11], in this section we modify
the Waldhausen S,—construction so as to construct relative 2—Segal groupoids from an
abelian category together with a choice of stability condition.

Fix a field k. Let C be a k—linear abelian category with Grothendieck group Ko (C).
A stability function on C is a group homomorphism Z: Ko(C) — C such that

Z(A) e Hy = {mexp(v/~1n¢) [m >0, ¢ € (0,1]} C

for all nonzero objects A € C [2, Section 2]. Let ¢p(A) € (0, 1] be the phase of Z(A).
A nonzero object A € C is called Z—semistable if ¢(A4") < ¢(A) for all nontrivial
subobjects A" C A. For each ¢ € (0, 1] the full subcategory Cg‘ss C C consisting of
the zero object together with all objects which are Z—semistable of phase ¢ is again
abelian. We can therefore form the Waldhausen simplicial groupoid S,(C 5‘55), which
is 2-Segal by Theorem 1.6.
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We formulate a notion of framing following [41, Section 4]. Fix a left exact functor
®: C — Vecty with values in the category of finite-dimensional vector spaces over k.
A framed object of C is then a pair (M, s) consisting of an object M € C and a
section s € ®(M). A morphism of framed objects (M, s) — (M’,s’) is a pair (7, 1) €
Hom¢ (M, M') x k which satisfies ®(7)(s) = As’. A framed object (M, s) is called
stable framed if M is Z-—semistable and ¢(A) < ¢(M) for all proper subobjects
A C M for which s € ®(A) C ®(M).

Example We recall two standard examples of framings.

(1) Let Repy (Q) be the category of finite-dimensional representations of a quiver Q.
Sending a representation to its dimension vector defines a surjective group homo-
morphism Ko(Repg(Q)) — Z<0. A tuple ¢ = (&i)ieg, € Hgo defines a function
72 —»C,dw— >_ieg, $idi which induces a stability function Z on Repr(Q). For

any f € Zgg the functor ®: U +— ®ier Homyg (ki , U;) is a framing.

(2) Let Coh(X) be the category of coherent sheaves on a smooth projective curve X .
Then Z = —deg ++/—1-rk defines a stability function. The global sections functor
® = HO(X, ) is a framing.

Define a stable framed modification of the S,—construction as follows. For each n > 0
let Sstfr(C g‘ss) be the maximal groupoid of the category of diagrams of the form

Ago,0p — Ago,13 — - — Ago,ny — (Mo, S0)

l l l

Agy — - — Ay —— (M1, s51)

L
I

A{n,n} — (Mn’ Sn)

|

(My+1,Sn+1)
where each (M;, s;) is a framed object and which have the following properties:

(i) Upon forgetting the framing data s, ..., Sy+1 the resulting diagram is an object
of Sp+1 (Cg—ss) .
(i) Each pair (M;,s;), i =0,...,n, is a stable framed object.
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In the above diagram a morphism Ay; ,3 — (M;,s;) is simply a morphism of the
underlying objects of C. The groupoids S,";t‘f' (Cf‘ss) assemble to a simplicial groupoid.
There is a canonical simplicial morphism F,: Sft‘ﬁ(Cfss) — S.(C g‘ss) which forgets
the rightmost column and bottom row of a diagram.

Theorem 2.10 Let C be a k—linear abelian category with stability function Z and
framing ®. For each ¢ € (0, 1) the map F,: Sft‘f'(Cg‘ss) — 8.(C5) is unital relative
2—Segal.

Proof The proof that Sft‘f'(C(f'ss) is 1-Segal reduces to the 2—Segal property of
S. (C(f‘ss), so we omit it. To verify the second of the relative 2—Segal conditions we
need to show that the functor

. ost-fryrZ-ss Z-ss 2 st-fr Z-ss
Wit §;7(CE™) = Sn(Cg™) XS{O,”}(Cf'SS) Son(Cs™)

is an equivalence. Here — x2) _ denotes the 2—pullback of groupoids.
Let 7, (C g‘ss) be the groupoid of n—flags in Cg‘ss, that is, diagrams in Cf‘ss of the form
O>—>A1 >—)--~>—>An_1 >—>An

The forgetful functor w,: Sy (qu'ss) — Fn (Cg'ss) is an equivalence of groupoids [46,
Section 1.3]. Similarly, let ]-';t'fr(Cg'ss) be the groupoid of n—flags in a stable framed
object. Explicitly, an object of Ft(C fss) is a diagram of the form

(10) 0> A1 >>->> Ap_1>> Ap>—> (M, 5)

with Aq,..., Ay, M € Cfss and (M, s) stable framed. We claim that the forgetful
functor vy,: S,jt'fr(C;'ss) — F,jt'fr(C;'ss) is an equivalence. A quasi-inverse 71, of v,
can be constructed as follows. Given a flag (10) set Ao gy = Ak, 1 < k <n,and
(Mo, s0) = (M,s). Define Agy xy, 1 <k <n,and M as the following pushouts:

A1y — Ago.k} A1y —— My
] ]

. ) H
0 >----= > A1k 0 >----= > My

Since Cf‘ss is abelian, it is automatic that each Ay gy and My are Z-semistable of
phase ¢. Let s; be the image of so under the morphism ®(My) — ®(M;). We
need to show that (Mq,s;) is stable framed. Note that s; is nonzero. Indeed, if
s1 =0, then 5o € ®(Aqg,13) C P(Mo) and ¢(Ao,1}) = ¢(Mp), contradicting the
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assumed framed stability of (My, sg). Let then B; C M be a proper subobject with
s1 € ®(B1) C ®(M;). There exists a unique object By € C which fits into the following
exact commutative diagram:

A{O,l} > > Bo > B
o | |
A{O,l} b s> My » My

L l

Mo/By —— M1/B;

Since 51 € ®(By), using the left exactness of ® we see that s; lies in the kernel of
d(My) - ®(M1/B1). It follows that s is in the kernel of ®(My) — ®(My/By).
Hence 59 € ®(Bo) C ®(Mjy). Since (My, s¢) is stable framed we have ¢(Bo) < p(Mp).
The equalities ¢(Ao,13) = ¢(Mo) = ¢(M7) combined with the standard see-saw
properties of stability functions then give ¢(M1) > ¢(B1), as desired. This procedure
defines the top two rows of 7, (A¢g,.} > (Mo, s0)) and can be iterated to define the
remaining n — 2 rows. This defines the desired quasi-inverse.

We can now prove the theorem. Consider the following commutative diagram:

st-fr (p Z-ss Uy Z-ss ) st-fr Z-ss
Sn (C¢ ) Sn (C¢ ) XS{OQM(C(%_SS) S{O’n}(cqy )
Vn MnXVi0,n}
fst—fr (cz—ss) F (CZ—ss) x 2 fst—fr (CZ—ss)
n ¢ ~ ni~¢ f{o)n}(cg'ss) {0,n} "o

n

Noting that the groupoids S (Cfss) and F; (Cf,'ss) are canonically equivalent, the
discussion above shows that the vertical functors are equivalences. That ¥, is an
equivalence therefore reduces to the statement that U, is an equivalence, which is
obvious. We omit the verification of the relative unital condition. a

Remark The notion of quotient datum on an abelian category A is introduced in
[45, Section 5.5], where it is shown to define a relative 2-Segal groupoid over S,(.A).
From this point of view, Theorem 2.10 can be rephrased as the statement that a stability
function Z and framing ® on an abelian category C defines a (mild generalization
of a) quotient datum on the Artin mapping cylinder Ce .
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2.5 Real pseudoholomorphic polygons

In this section we give a relative variant of the pseudoholomorphic polygon construction
of [7, Section 3.8].

Recall that an almost complex structure on a smooth manifold M is an endomorphism
J: TM — TM of the tangent bundle which satisfies J o J = —1737. A continuous
map u: (X,j) = (M, J) of almost complex manifolds is called pseudoholomorphic if
it is smooth and satisfies the equation

du+ Joduoj=0.

Let H be the Lobachevsky plane, realized as the open unit disk in C with centre the
origin and metric
dzndz

ds? = ————.
T U- P2

The ideal boundary dH is the unit circle in C. Denote by jiy the complex structure
on H. The group SL,(R) acts on H by orientation-preserving isometries.

We require some basic definitions from Teichmiiller theory [29]. Given b, b’ € 0H, let
(b, b’) be the oriented geodesic with limiting points b at infinite negative time and »" at
infinite positive time. For each n > 0 let P(by,...,by) be the ideal (n+1)-gon in H
with vertices by, ...,b, € 0H numbered compatibly with the canonical orientation
of dH. A decoration of P(bo,...,by) is the data of a horocycle & € Horp, with
hyperbolic centre b; for each i =0, ...,n. The group SL>(R) xR acts on the set of
decorated ideal (rn+1)—gons by the formula

(g’a)'(P(bO,---,bn)7$0,---’5n):(P(g'bO»---»g'bn)’g'go-i‘a,...,gfn +a)7

where g € SL,(R) and a € R and we have used the canonical identification of R—
torsors g: Horp, — Horg.p, . We will often omit the decoration from the notation if it
will not cause confusion.

Given a decorated ideal (n+41)—gon, for each 0 <i < j < n let m(§,£;) be the
midpoint of the unique geodesic connecting the points & N (b;,b;) and & N (b;, b;).
This trivializes the R—torsor (;,b;) via

(11) R—)(bi,bj), 0!—)1’/1(%',’,%']).
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This trivialization is invariant under the action of R C SL,(R) x R.

Following [7, Section 3.8] we construct from an almost complex manifold (M, J) a
semisimplicial set T.(M). Let TO(M) = M and, for each n > 1, let TT,,(M) be
the set of equivalence classes of pairs consisting of a decorated ideal (n+41)-gon P
together with a continuous map u: (P,jg) — (M, J) which is pseudoholomorphic
on the two-dimensional interior of P. The equivalence relation is generated by the
action of SL>(R) x R on decorated ideal polygons. Using the trivialization (11), we
can identify T, (M) with the set of continuous maps [—o0, co] — M . The face map
0;: Tfn M) — Tn_l (M) omits the ideal boundary point b; and forms the resulting
decorated n—gon together with the restricted morphism to M. It is proved in [7,
Theorem 3.8.6] that T (M ) is a 2-Segal semisimplicial set.

Consider now the relative setting. Recall that a real structure on (M, J) is a smooth
involution 7: M — M which satisfies

dt—JodtoJ =0.

A map u: (X,j,0) — (M, J, ) of almost complex manifolds with real structures is
called real pseudoholomorphic if it is pseudoholomorphic and satisfies u oo = T o u.

The real structure o: z — —Zz on C induces a real structure on H, again denoted
by o. The subgroup SL,(R)% < SL,(R) which commutes with ¢ is isomorphic to
R* % Z,, the generator of Z, being rotation of H through an angle 7. Define a real
ideal boundary point of H to be either a point of the real locus dH? = {\/—_1 ,—v—1 }
or a pair {b,a(b)} of distinct c—conjugate ideal boundary points.

A real ideal (n+1)-gon Q = Q(bo, ..., bs,...) is an ideal polygon which has exactly
n + 1 real ideal boundary points, labelled so that only b9 and b, may lie in dHC . It
follows that Q is of one of the following four types:

@) Obo,....,bp,0(bn),0(bn-1)....,0(b1),0(bo)),
(i) Q(bo, ... bn,0(bn),0(bp-1),...,0(b1)),

(iii) Q(bo,...,bn,0(bp—1),...,0(b1),0(bo)),

@) Obo. ... .bp.6(bnr)s....o(b1)).

Then Q has exactly zero, one, one and two ideal vertices in dJH in cases (i)—(iv),
respectively. A decoration of Q is a decoration of its underlying ideal polygon for which
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the horocycle at a vertex b is equal to that at o(b) under the canonical identification
Horp >~ Horg ). The group SL(R)? x R acts on the set of real decorated ideal
polygons.

With the above notation in place, we define a semisimplicial set TI(M ) as follows.
For each n > 0 let T Z(M ) be the set of equivalence classes of pairs (Q,v) con-
sisting of a real decorated ideal (n+1)—gon Q together with a real continuous map
v: (Q,jm,0) — (M, J, t) which is pseudoholomorphic on the two-dimensional interior
of Q. The equivalence relation is generated by the action of SL,(R)? x R on real
decorated ideal polygons. In particular, we have

(12) To(M)~ MU C([—00,00], M),

where C°([—o0, 0], M)? denotes the set of real continuous maps [—00, 0o] — M with
the compactified real line R = [—o0, 0o] given the Z,—action x — —x. Define face
maps 0;: ?T;(M ) — T;_l (M) by omitting the real ideal boundary point {b;, o (b;)}.
Then Tf(M ) forms a semisimplicial set.

Given (Q,v) € TT:,(M), we write Q = Q(bg,...,by,...) as above, and we let
Q = Q (bo, ..., bn) be the decorated ideal (n+1)—gon obtained from @ by omitting
the indicated vertices and their decorations. This defines a semisimplicial morphism

FeToM)—TuM). (Q.v)~ (0.v5).

We can now state the main result of this section.

Theorem 2.11 Let (M, J, t) be an almost complex manifold with real structure. The
morphism F,: Tf(M ) — T.(M ) is a relative 2—Segal semisimplicial set.

Proof For each n>2 and 0 <i <n we construct an inverse of the 1-Segal map

..........

.....

Since 0 < i < n these images lie in the component C°([—o0, 0], M)? in the decompo-
sition (12). There exists a unique g € SL>(R)? with the property that g - (b}, o (b})) =
(b, o(b}")) and the restrictions

g-v' v [—00,00] > M
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bo _o(bo) bo __a(bo)

> X
bl@a(bl) bl@owl) - bl@owo
b2 b2

Figure 1: The map Ej: T (M) — T{o 1}(M)x i )TL’Z}(M), omit-
ting the data of the maps to M

bo U(bo) bo U(bO)

o) — b
o(by) bz o (b2)

Figure 2: The map W;: T;(M) — T2(M)X1T{0 21(M)T;0,2} (M), omitting
the data of the maps to M ‘

are equal. Applying Morera’s theorem, we see that g-(Q’,v’) and (Q”,v”) can be
glued in a unique way so as to obtain a continuous map

g v Uv” g Q/ U(bl’/,a(bl{/)) Q” - M

which is pseudoholomorphic on the two-dimensional interior. Since both Q’ and Q”
(resp. v” and v”) are real, so too is g- Q’U(bl{/ﬂ(bl{/)) Q" (resp. g-v'Uv"). See Figure 1.
This defines the required inverse of E;,, showing that if‘f(M ) is 1-Segal.

To verify the second of the relative 2—Segal conditions, consider the map

~7T ~ ~T
V,: T,(M)—Tp(M) XF 4oy (M) T (M) forn=>1.

Let (P/,u’) € T,(M) and (Q",v") € T;O’n}(M) with equal image in T{o’n}(M).
Choose g € SL2(R) so that g - (by, by,) = (by, b;,). As above, the reality condition on
(Q”,v"”) implies that, up to the action of SL,(R)?, the triple

{g-(PL), (Q" "), g+ (o(P)), Tou'00™")}

can be glued in a unique way so as to obtain an element of T; (M). See Figure 2. This
defines the desired inverse of W,,. O
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3 Relative higher Segal spaces from categories with dualities

3.1 Categories with duality

We recall some basics about categories with duality. For further details the reader is
referred to [35].

Definition 3.1 A category with (strong) duality is a triple (C, P, ®) consisting of a
category C, a functor P: C°® — C and a natural isomorphism ®: 1 = P o P°P such
that P(Oy) o ®p) = 1p() for all objects U € C.

When there is no risk of confusion we will omit (P, ®) from the notation and simply
refer to C as a category with duality.

A form functor (7, ¢): (C, P, ®) — (D, Q, E) between categories with duality consists
of a functor T: C — D and a natural transformation ¢: T o P = Q o T°P for which
the diagram

Erw)

TU) ———— Q*T(U)

T(@)U)l JQ((OU)

TP?>(U) —— QTP(U)

oPW)

commutes for all objects U € C. In particular, let 7: C — D be a duality-preserving
functor, that is, a functor for which To P = Qo T° and T® = ET, where T©®
(resp. ET) is the left (resp. right) whiskering of 7" with ® (resp. ). Then (7, 17) is
a form functor. Write CatD for the category of small categories with duality with form
functors as morphisms.

A (nonsingular) symmetric form in C is a pair (N, ¥ ), often just denoted by N,
consisting of an object N € C and an isomorphism {n: N — P(N) which satisfies
P(YnN)o®pn = Y¥n. An isometry of symmetric forms ¢: (M, ¥ar) — (N, ¥n) is
an isomorphism ¢: M — N which satisfies P(¢) o ¥y o ¢ = Y¥pr. The groupoid of
symmetric forms and their isometries is denoted by Cj; and is called the Hermitian
groupoid of C.

For each integer n > 0 let n be the ordered set {0 <---<n <n’ <--- < (0'}. There is
a unique isomorphism n >~ [2n + 1] in A. The morphisms [#] — n, i > i, define the
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subdivision functor sd: A — A. The edgewise subdivision of a simplicial object X,
of a category C is then defined to be the composition

xe: A% 2 e XKoo

Explicitly, Xg = X = X2,4+1 with face maps

070027 +1—i

0% Xp = Xopy1 ——— Xop—1 = X4,

the degeneracy maps admitting a similar description. The morphisms [n] — n define a

simplicial morphism X¢ — X,.

In the sections below we will repeatedly apply the following result; compare [15,
Section 1.5].

Lemma 3.2 Let X, be a simplicial object of Cat. Foreachn >0 let (P,,®y), n>0
be a duality structure on X, . Suppose that

Pn—loa?p:an—iopn, Pn_,_losl?p:sn_ioPn,
and

0i0, =0,10;, 50, =0,11s;

foralln > 1 and 0 <i <n. Then (X¢, P£, ®¢) is a simplicial object of CatD.

Proof It is clear that (XS, P?,©%) = (X241, Pant1,®2,41) is a category with

n

duality. The equality 9;®, = ®,_10; together with the calculation
d9f o Py = 0; 0 02p+1-i © Pan+1
= 8[ o Pypo0 a?p
= Pan-1005, ;00"

_ op op _ e e\op
= Pap—100;700;, 4 ;= Py_;0(3;)

shows that the face map (97, 13?): Xy — X;_, is aform functor. A similar calculation
shows that (s7,1 sf)3 X, — X, is a form functor. a

3.2 Unoriented categorified nerves

As a warmup for Section 3.3 we adapt the categorified nerve construction to the relative
setting.

Algebraic & Geometric Topology, Volume 18 (2018)



1004 Matthew B Young

Let C be a small category. Its categorified nerve N,(C) (see Section 1.2) is a 1-
Segal simplicial groupoid. Suppose that (P, ®) is a duality structure on C. Then the
groupoids N, (C), n > 0, inherit duality structures which are compatible in the sense
of Lemma 3.2. The edgewise subdivision N¢(C) is therefore a simplicial groupoid
with duality.

Definition 3.3 The Hermitian groupoid N¢(C)y, denoted by U (C), is called the

categorified unoriented nerve of (C, P, ®).

Slightly abusively, write (x,, ¥,) € Uy (C) for the object consisting of the diagram
XQ—> > Xy —> Xyt —> = Xq

in C together with isomorphisms ¥;: x; — P(x;7), 0<i <0', with P(/;)0@®y,, = Vs
and make the obvious squares commute. Here we use the convention that i” = i. For
later use, note that an object (xg PR xo', {¥o, Vor}) of Up(C) is determined by the
pair (f,¥o) and that P(f) oo defines a possibly singular symmetric form on xq. In
this way, Up(C) can be interpreted as the groupoid of presented symmetric forms in C,
that is, possibly singular symmetric forms : x — P(x) with the additional data of a
factorization ¥ = P(fx) o ¥x, where ¥x: x — P(x’) an isomorphism.

There is a canonical forgetful morphism F,: U, (C) — N,(C) given by
Fu: Un(C) > Nu(C),  (Xes Ya) > (X0 = - -+ = Xp).

Proposition 3.4 For any small category with duality (C, P, ®), the morphism
Fo: Uy (C) = N, (C)
is unital right relative 1-Segal.
. . . 2 .

Proof Fix 0 <i <n. An object of the 2—pullback Ny, . ;3(C) Xﬁ\f{),-}(c) Ugi,.. .y (C) is
a triple
(13) (X0 = =+ = Xi, (X[ = o= Xy = Xy = - = X[, Ya); )
with &: x; — x] an isomorphism. A morphism from the object (13) to a second object

(Vo == i, (Vi =+ = Yy = Yy = > Vi )i B)

is a tuple ((po,...,pi),(qi, .- qn.qn’,....qi’)) Where p;: x; — y;, 1 < j <1,
and g;: xJ’. — y]’., i < j <i’, are isomorphisms which make the obvious nerve
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diagrams commute, the ¢g; respect the symmetric forms v/, and 1, and the compatibility
condition

(14) gioca=pop;

holds.

We need to prove that the functor

Yy Un(C) — MO,...,i}(C) X/(\%{),.}(C) u{i,...,n}(c)a

(Xes o) > (X0 = -+ = X, (X; = - = Xp = Xy = == = X7, Vo ); 1y;)

is an equivalence. Consider a morphism (p., ge): Wy (Xe, ¥e) = Wy (e, [Le). Since
o and B are the identity maps in this case, the compatibility condition (14) reduces
to ¢; = p;i. Any morphism W, (x,, ¥,) — WY, (V., e) is therefore the image of a
unique isometry (xo, ¥s) = (¥, o), since for an isometry the map x; — y, uniquely
determines the map x;» — y;. It follows that Wy, is fully faithful. To show that W, is
essentially surjective suppose that we are given an object of the form (13). Consider
the object of Uy, (C) whose underlying diagram is the top row of

Xo =Xl =X, Xy X, > —— X[, — P(Xj—1) =+ — P(X0)
l/\ Wﬂl /'
Xi P(x})

and whose symmetric form is ({®4}[0,i]. {¥e}[i,i7]> {1e}[i7,0/7) » the subscripts indicating
the index intervals to which each map applies. In the above diagram the triangles define
the corresponding horizontal morphisms and the unlabelled maps are the canonical
ones. The image of this object under W, is

(xo =+ > Xj—1 = X], (X] > -+ —> X, = X, —>---—>xl{,,w.);1xl{),
which is isomorphic via (1, .., 1y;,_,, o™ 1), (le-’ ..., 1,7)) to the object (13). O
The constructions of this section also define a simplicial set U,(C) = Nf(C);, and a
morphism F,: U,(C) — N.(C). While this morphism is neither left nor right relative
1-Segal, it is relevant to an interpretation of Proposition 3.4 in terms of an (oo, 1)—

presheaf on C, as suggested by Section 2.1. We explain this in the remainder of the
section.

First, recall the Joyal-Tierney Quillen equivalence (left adjoint on the left)

(15) Pi: (S,7) = (Sa., Segy) iy,
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where 7 is the quasicategory model structure [19, Section 4]. The functor i is such
that the n—simplices of i{* X, are the O—simplices of X,,. Moreover, for each complete
1-Segal space X, € Sa the equivalence (15) lifts to a Quillen equivalence

Pi: Sisxa Tjitx,) S (Sa)/x.. (Seg))]fy,) i,
where rfib denotes the induced right fibration model structure [3, Theorem 1.22].

Returning to unoriented nerves, let N,(C) € Sa be the complete 1-Segal space having
No(N;(C)) asits n—simplices [32, Section 3.5]. In a similar way, we define U,(C) € S .
Proposition 3.4 implies that the induced morphism F,: U,(C) — N,(C) is right relative
1-Segal. Noting that iN,(C) = N.(C) and i{U,(C) = U.(C), we obtain a right
(Kan) fibration i'F,: U,(C) — N.(C). We can therefore apply [14, Proposition A] to
construct from i;'IF, the desired (oo, I)—presheaf on C. However, in our setting there is
a simpler approach. As can be verified directly, the simplicial set U,(C) is 1-Segal and
hence isomorphic to the nerve of the category S whose objects are presented symmetric
forms in C and whose morphisms are

Homs ((x: fx. ¥x). (v: fy. ¥y)) = {g € Home(x, y) [ g0 fy0og = fx}.

where g is defined by P(g) = ¥, ogo ¢y '. As ifF, is a right fibration, the induced
functor F': § — C is fibred in groupoids and thus determined by the presheaf

h*F:C%® — Grpd, x> Homc,t,, (C/x.S).

More explicitly, the 2—Yoneda lemma defines an equivalence between i2* F(x) and the
fibre groupoid Sy, the category with presented symmetric forms on x as objects and
with a unique map (x; fx, ¥x) = (X; fx, ¥x) whenever

]?X = ®t_a}get(17fx) © P(Wx © 1;;1) © ®target(1px) ° fx-

In words, equivalences in Sy correspond to isomorphic changes in the target of V¥y.
After embedding Grpd into co—groupoids via the nerve, h* F agrees with the (oo, 1)-
presheaf produced by [14].

3.3 Unoriented categorified twisted cyclic nerves

Let X be a topological space with a self-homeomorphism 7: X — X . The T—twisted
loop space of X is then defined to be

LTX ={y e CO'R,X) | y(t +1) = T(y(t))}.

Algebraic & Geometric Topology, Volume 18 (2018)



Relative 2—Segal spaces 1007

The case of the identity map T = 1y recovers the ordinary loop space LX . Suppose
that we are also given a continuous involution p: X — X which satisfies

p=TopoT.

This, together with the orientation-reversing involution o: R — R, # — 1 —1, induces
an involution

pr: LTX > LTX, yw poyoo™!,

the fixed point set of which is naturally interpreted as the unoriented loop space of the
stack [X/(T)]. The goal of this section is to construct a relative 2-Segal simplicial
space which is a categorical analogue of the unoriented loop space.

Let C be a small category with an endofunctor 7: C — C. The categorified T—twisted
cyclic nerve of C (see [7, Section 3.3; 5]) is the simplicial groupoid N'C[ (C) which
assigns to [n] € A the groupoid of all diagrams in C of the form

(16) Xe = {X0 ﬁ) X1 i) =2 Xn—1 fnt Xn ﬁ> T(xo)}.

A morphism x, — y, in N'CI (C) is a collection of isomorphisms x; — y;, 0 <i <n,
which make the obvious diagrams commute. The face map 9;: N CnT C)—>N CnT_1 ©

omits x; and composes f; and fi—q,fori =1,...,n. The face map dg sends (16) to
N Jn—2 Jn—1 T(fo)ofn
o Do 2 I T(x1).

The degeneracy maps insert identity morphisms at appropriate spots.

It is proved in [7, Theorem 3.2.3] that the (noncategorified) 7—twisted cyclic nerve
NCI(C) is a unital 2-Segal simplicial set. The analogous result holds also in the
categorified setting.

Theorem 3.5 For any small category C and endofunctor T: C — C, the simplicial
groupoid NCT (C) is unital 2-Segal.

Proof Omitted. A similar result will be proved in Theorem 3.8 below. a

In addition to the pair (C, T'), suppose now that we are given a duality structure (P, ®)
on C and a natural transformation

A P=ToPoT®
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which satisfies the compatibility condition
(17 TP(AX)OA'PT(x)O®T(x) = T(@x) for x € C.
For example, the pair (T, 1) = (1¢, 1p) satisfies this condition.

For each n > 0 define a functor P,: NV CnT ©)°r - N CnT (C) by sending the dia-
gram (16) to

P(fp_ P(fu_ P P Pi(fn
P(xn) (fn=1) P(tn1) (fn—2) 1) P(x1) (fo) P(xo) (fn) TP(xy).

where P« (fn): P(x0) % TPT(xp) TPUn), Tp (xn). The action of P, on mor-
phisms is the obvious one.

Lemma 3.6 The data ©, x, = (Ox,,...,0y,,T(Ox,)), x. € NCI(C), define a
natural isomorphism Opn: 1,,c7 () = Pn o PP, giving a triple (NCI (C), P..®,)
which satisfies the hypotheses of Lemma 3.2.

Proof We will prove that @ , defines a morphism x, — P2(x,); the remaining
statements of the lemma can be verified directly. Keeping the notation (16), we need to
show that the diagram

X —T" s T(xo)

@ml lr(@)xo)

2 2
P=(xn) W TP*(xo)

commutes. The definition of P, implies that

P2(fn) = TP(Axy) o TPTP(f3) 0 Ap(x,)-

. . S . .
The natural transformation A associates to X, —> T (x¢) the following commutative
diagram:

TPTP(xn) — 222U o pTPT(x0)

AP(xn )T PPT(XO)

P2(xn) > P2T (xo)

P2(fn)
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Combining this with the equality P2(f,) o ®y, = OT(xy) © fn, We compute
P}(f0)©©x, = TP(Ax)) o TPTP(fn) 0 Ap(x,) © Ox,
=TP(Axy) ©APT(x0) © OT(x0) © Jn
=T(Ox) 0 fn,

where in the final step the compatibility condition (17) was used. a
Lemmas 3.2 and 3.6 imply that A’CI>¢(C) is a simplicial groupoid with duality.

Definition 3.7 The Hermitian groupoid N'CI¢(C)},, denoted by NUI (C), is called
the unoriented categorified T—-twisted cyclic nerve of (C, P,®; T, 7).

Write (x,,%.) € NUT (C) for the diagram
Jo N Jn—1 Jn St Sin—1y S Jo

X0 = X| = Xp —> Xy —> X(p—1y ——> + —> Xor —> T'(x0)

together with symmetric isomorphisms v, which satisty v +10 f; = P(fi4+1y) o Vi,
i=0,....,n—1,and

Yn o fu=P(fn)oV¥n, T o)o for = P«(fo)oYo.

The following statement gives a relative 2—Segal space which plays the role of the
unoriented loop space.

Theorem 3.8 For any small category with duality (C, P, ®) and endofunctor T: C —C
with compatibility data A as above, the morphism F,: NUI (C) - N CI (C) is a unital
relative 2—Segal simplicial groupoid.

Proof We need to prove that the 1-Segal morphisms

E.: NUT(©) > NUT (0) xj(j)Ug} o NULi(©

and the relative 2—Segal morphisms

. T T 2 T
Wn: NU, (€)= NCy O % er (0N Uiom ©)

are equivalences. Since the proofs are similar we will only prove the latter. Explicitly,
the functor W, sends (x,, ¥,) € N UnT €) to

(XO — o= xp = T(x0), (X0 = Xp = Xp — x00 = T'(x0), ¥s); (1xo, lxn))-

Algebraic & Geometric Topology, Volume 18 (2018)



1010 Matthew B Young

To see that Wy, is fully faithful, let W, (x,, ¥e) = W5 (Ve, i4e) be a morphism determined
by maps ((po, ..., Pn),(q0,4qn)), the notation an obvious modification of that from
the proof of Proposition 3.4. Since the isomorphisms &g, &, and B¢, B8, used to define
arbitrary morphisms in A C,,T ©) X§\2/)C{7(") (© NU {7(; n}(C) are the identities in this case,
the compatibility conditions (analogous to (14)) impiy Po =qo and p, =g, . Using the
symmetry conditions imposed by the isometry condition, any morphism W (x,, ¥,) —
W, (Ve, o) is therefore the image of a unique morphism (x,, ¥e) = (Ve, o) -

To prove that ¥,, is essentially surjective, let
(18)  (xo = -+ = xp = T(x0), (x( = X, = X;,, = x¢ = T(x0), ¥a); (0. )

be an arbitrary object of N CnT ©) xj(\%)cT N U{g n}(C). Define an object of

{0.n}

NU]T (C) by the top row of the diagram

Xg—>X1 == Xg—1 = Xp —> X, —> P(xp—1) == P(x1) = xg, — T(xg)
“o ll/ \T"‘ wl | A

X0 Xn P(X,Q) P(x())
with symmetric form ({O4}[1 n—1]. {¥e}{0,n,n,0}+ t1e}[(n—1),17]) - The image of this
object under ¥,, is

(xg =2 x1 =+ = xp1 = x5, = T(xg), (xg == x5 = T(x0).¥.); (1. 1,1)).

Then the tuple ((aal, Lo 1y, o), (lx(/), e, lx(/)/)) defines an isomorphism
from the previous object to the object (18). Hence W, is an equivalence.

The proof that relative unitality holds is similar. a

Remark The homotopical counterpart of the SO(2)—action on LX is the cyclic
structure of NC,(C) in the sense of Connes. This action extends to O(2) by allowing
orientation-reversal of loops and corresponds to the dihedral structure of NC,(C)
induced by a (strict) duality P on C. More generally, NCI (C) has a paradihedral
or, if T" =1 for some r > 2, an r—dihedral structure. Similar comments apply to
categorified nerves. See [9, Section 1.6] for further discussion.

3.4 The R.-construction

The goal of this section is to prove that the R.—construction (also called the Her-
mitian S,—construction) from Grothendieck—Witt theory is relative 2-Segal over the
Waldhausen S,—construction. We work in the proto-exact setting of Section 1.4.
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Definition 3.9 A proto-exact category with duality is a category with duality (C, P, ®)
such that C = (C,J,®) is proto-exact and P is an exact functor. Explicitly, exactness
of the functor P is the following three conditions:

i) P(0)~0,
(ii) amorphism U 2> V isin J if and only if P(V) 225 P(U) isin D, and

(iii)) P sends bicartesian squares to bicartesian squares.

Let N be a symmetric form in a proto-exact category with duality C and let i: U > N
be an inflation. The orthogonal U+ is defined to be the following pullback:

Ut »----» N
|
+ l
0>—— PU)
The inflation i is called isotropic if the composition P(i)¥yi is zero and the canonical
monomorphism U — U~ is an inflation.

Example (1) Let Repg(Q) be the abelian category of representations of quiver Q.
Given a contravariant involution of Q together with some combinatorial data, there is
an associated exact duality structure on Repy () whose symmetric forms are (gen-
eralizations of) the orthogonal or symplectic quiver representations of Derksen and
Weyman [4]. See also [48, Section 1.4]. A similar construction applies when Repg (Q)
is replaced with Repp, (Q).

(2) Let Vect(X) be the exact category of vector bundles over a scheme X . Fix a line
bundle L — X and asign s € {#1}. Then (P, ®) = (Homo, (—, L), s-can) defines an
exact duality structure on Vect(X) whose symmetric forms are vector bundles over X
with L—valued orthogonal (s = 1) or symplectic (s = —1) forms.

In this section we will make the following assumption on (C, P, ®).

Assumption Let N be a symmetric form in C and let U > N be isotropic with
orthogonal k: U+ >> N . Define M € C to be the following pushout:

U Ut
I b

w
0>+ M

Then there is a unique symmetric form s on M such that P(k)Yynk = P(m)yp .

The symmetric form (M, ypr) is called the isotropic reduction of N by U and is
denoted by N/ U. When C is exact the reduction assumption is known to hold; see
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[30, Lemma 5.2; 35, Lemma 2.6]. In a number of (nonexact) proto-exact examples,
such as Repp, (Q), the reduction assumption also holds.

The category [r] has a strict duality structure given at the level of objects by i —>n—i.
Then [Ar,,C] and its full subcategory W, (C) inherit duality structures. Moreover, the
duality structures on W, (C) satisfy the assumptions of Lemma 3.2 so that WE(C) is a
simplicial object of CatD. Explicitly, the dual of a diagram {A¢, 43 }o<p<q<0’ € Wy (C)
is the diagram {P (A, ,})}o<p<q<o’ and the double dual identification at (p,q)
is Og, -
The R.—construction of (C, P, ®), denoted by R,(C), is the Hermitian groupoid
WE(C)y; see [39; 15].1 Objects of R, (C) are diagrams {Ap. gy o<p<q<or € Wi (C)
together with symmetric isomorphisms ¥ 4: A¢p 4y — P(A¢y,py) which make all
appropriate diagrams commute. In particular,

(i) forevery 1 <i <n the pair (A ;y, Vi) is a symmetric form,
(if) forevery 0 <i <j <n theinflation Ay; ;y>> Ay ;.1 is isotropic with orthogonal
Ay jn = Ay iy, and
(iii) forevery 0 <i < j <n the symmetric form (A j;y,V;, ;) is isometric to the
reduction (A ;n, Vi) [ Agi,jy-
For example, an object of Ro(C) is a diagram

0>—— A{(),()/}

!

0

together with a symmetric form on Ayg /3. Hence Ro(C) is equivalent to the Hermitian
groupoid Cy . Similarly, an object of R (C) is a diagram

0 —— Ago,13 ™ Ago,13 ™ 40,0

! ! '

00— A{l,l’} — A{I,O’}

0 — Agr 0y
0
In [15], the notation R (C) is used for W€ (C), whereas what we call R,(C) is denoted by Rf’ ©).
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all of whose squares are bicartesian, together with the data of
(i) a symmetric form on Agg ¢y such that Agg 13 >> Ago,0/} is isotropic with or-
thogonal A1y >> Ago,0/}
(i) a symmetric form on Ag; 1, presenting Agy 1y as A0y /Ago,13 and

(iii) isomorphisms Ay 1} >~ P(A¢1,01y) and Ao 11y >~ P(Aqy,013) such that each
morphism above the diagonal agrees with the corresponding morphism below
the diagonal.

In short, objects of R, (C) are isotropic n—flags together with presentations of all
subquotients and subreductions. The forgetful map F,: R.(C) — S.(C) given by

Fn: Ru(C) > Sp(C),  {A(p,g} ¥pato<p=q=0’ = {A{p,g}to<p=q=n
is a morphism of simplicial groupoids.
Theorem 3.10 Let C be a proto-exact category with duality which satisfies the reduc-

tion assumption. Then the morphism F,: R,(C) — S,(C) is a unital relative 2—Segal
simplicial groupoid.

Proof For each n > 0 let Z,,(C) be the groupoid of isotropic n—flags in C. An object
of Z,(C) is a diagram
(19) 0>—> Ay >> - >> Ap>> Ay > - > Ay — (Ao, Yo)

with (A, Yor) a symmetric form such that, for each 0 <i <n, the inflation A4; > Ay
is isotropic with orthogonal A; >> A¢/. We claim that the forgetful functor
Vn: Ru(C) = In(C),  {Ag jy. Vi,jto<i<j<o = 1A, /3 V0,00 Jo<j <o’

is an equivalence. Construct a quasi-inverse 1, of v, as follows. Given an isotropic
flag (19), put A{O,k} =A;, 1<k < 1/, and (A{O,O’}’ Wo,o/) = (Ay, Yo ) and let A{l,k}
be the following pushout:
A,13 7 Ao.r
l i
¥

0 >----- > A1y

By the reduction assumption, the symmetric form (Agg o/}, Vo,0’) induces a unique
compatible symmetric form on Ay j;;. We also define Agy oy = P(Ag,17}), and
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let Agg,0'y = Ag1/,0ry be the composition

Yo.o/
A{O,O/} _— P(A{O,O’}) —> P(A{O,l’})'

This construction defines the top two rows of 7,(A,.}) and can be iterated to define
the remaining n — 2 rows. It is clear that v, is a quasi-inverse to 7.

We can now prove the theorem. The 1-Segal morphism for R.(C) is

Arguing as in the proof of Theorem 2.10 and using that v, is an equivalence, to prove
that &, is an equivalence it suffices to prove that the functor

Eni Tn(C) > TiC) XT), () Tn—i (©)

is an equivalence. A quasi-inverse of E, is defined by assigning to a pair
(0>> A} >> > Al >> A}, > -+ > A}, > (Ay, Vo)) € Zi (C)
and
(0> Af L > Af > Al > o> A/(/i+1)” — (A7, ¥))) € Tn—i (C)
together with an isometry (Aj,, V) /A; ~ (A7, ¥;)) the object
(05> A} > > Ay >> Al > > A, — (Ay, Vi) € Th(C),

where A}, i+1=<j =< (i +1)', is defined to be the following pullback:

/ /
A - A,
]
i !
1 1

That this is indeed a quasi-inverse follows from the Hermitian variant of the second
isomorphism theorem [30, Proposition 6.5], which generalizes to the proto-exact setting
under the reduction assumption.

Arguing in the same way, to prove that the functor
2
Wi Rp(C) > S2(@) x5 ) Riomy (©)
is an equivalence it suffices to prove that the functor

By Ty(0) = Fa (@) x2) o Tomy(€)

is an equivalence, which is obvious.
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Finally, relative unitality is the condition that, for each 0 <i <n —1, the functor

Tn: Ru—1(C) —> S{i}(c) X‘(S‘z{z,i_;_“(c) Rn(C)

is an equivalence. Note that So(C) is a point, S1(C) is the maximal groupoid of C
and the map So(C) =% S;1(C) sends the point to the zero object. An object of
S (C) xé?l +13(©) Rn(C) is therefore an object of R,(C) whose maps between the
i™ and (i +1)* rows/columns are the identities. It follows from this that Y}, is an
equivalence. a

When C is exact, the morphism F,: R.(C) — S,(C) is closely related to the higher
Grothendieck—Witt theory of C. Indeed, GW;(C) is the i homotopy group of the
homotopy fibre over 0 € C of the map |BF,|: |BR.(C)| — |BS.(C)|. See [36].

4 Applications to Hall algebras

4.1 Categorical Hall algebra representations

After reviewing the relationship between 2—Segal spaces and categorical Hall algebras
described in [7], in this section we construct from a relative 2—Segal space a categorical
representation of the Hall algebra of the base.

Fix a combinatorial model category C, such as S with its Kan model structure or Grpd
with its Bousfield model structure; the latter will be the main source of examples. While
the Quillen model structure on Top is not combinatorial, it is Quillen equivalent to S
so that the results of this section, for all intents and purposes, also apply to simplicial
spaces. We write pt € C for the final object.

Let Span(C) be the bicategory of spans in C. Objects of Span(C) are simply objects
of C while 1-morphisms A — B in Span(C) are spans from A to B, that is, diagrams
in C of the form

A<« X — B.

Composition of spans is given by homotopy pullback. A 2-morphism in Span(C) is a

homotopy commutative diagram
X

A/ \B
L

X/

in C. Give Span(C) the cartesian monoidal structure.
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Associated to the bicategory Span(C) is the category Span(C)™, having the same
objects as Span(C) but with morphisms being the 2—isomorphism classes spans. The
constructions of this section are simplified if one uses Span(C)™ in place of Span(C),
the downside being that less of the (relative) 2-Segal structure is used.

Definition 4.1 [7, Section 8.1] A transfer structure on C is a pair (S, P) consisting
of collections of morphisms S and P in C, called smooth and proper, respectively,
which satisfy the following properties:

(1) Both collections S and P are closed under composition.

(2) Given a homotopy cartesian diagram

) QL

(20) pl l p

X,—/>Y,
N

in C with s’ € S and p’ € P, we have s € S and p € P.
Example The pair (S,P) = (C,C) is called the trivial transfer structure on C.

Fix a transfer structure (S, P). Spans of the form 4 <. X £> B with s€ S and p € P
are called (S, P)—admissible and form a subbicategory Span(S, P) C Span(C).

Theorem 4.2 [7, Proposition 8.1.7] Let X, be a 2—Segal object of C. Assume that
the span

02,0 ad
(21) mx ={X{0,13xX{1,23 MX{O,I,Z}_SX{OJ}} € Homgpan(c) (X1® X1, X1)

is (S, P)—admissible. Then (X1, mx) is a semigroup in Span(S, P). Moreover, if X,
is unital and the span

Ix = {Pt <L Xo R Xl} € HomSpan(C)(pts Xl)
is (S, P)—admissible, then (X1, my, Ix) is a monoid in Span(S, P).
The pair H(X.) = (X, my) is called the (S, P)—universal Hall algebra of X,. Slightly
abusively, the associativity isomorphism ay for my is omitted from the notation.
Note that at the universal level the transfer structure (S, P) simply determines the

subbicategory Span(S, P) C Span(C) to which H(X,) belongs. In particular, we can
always take the trivial transfer structure. A more important role is played by the transfer
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structure when passing from the universal Hall algebra to its concrete realizations. To
explain this procedure, fix a monoidal category (V, ®, 1y).

Definition 4.3 [7, Section 8.1] A V-valued theory with transfer on C is the data of

(1) a transfer structure (S, P) on C,

(2) a contravariant functor (—)*: S — V and a covariant functor (—): P — V with
common values on objects, denoted by b, and which map weak equivalences to
isomorphisms, and

(3) an isomorphism h(pt) ~ 1, and multiplicativity data for b, that is, natural maps
HX)®H(Y) > bh(X®Y)
which satisfy associativity and unitality conditions

such that for a homotopy cartesian diagram of the form (20) with s, s’ €S and p, p’ € P,
we have p), os* = 5" o py.

Applying a V-valued theory with transfer h to the (S, P)—universal Hall algebra H(X,)
gives a semigroup in V, denoted by

H(Xe:h) = (5(X1), 015 0 (32 X 0)™).

Dually, if the opposite span my € Homgpan(c) (X1, X1®X1) is (S, P)-admissible, then
(X1, m;(p) is a cosemigroup in Span(S, P), called the (S, P)—universal Hall coalgebra,
and passing to theories with transfer gives cosemigroups in monoidal categories. These
statements can be proved in the same way as Theorem 4.2.

Example Let S.(C) be the Waldhausen groupoid of an essentially small exact cate-
gory C. Suppose that C is finitary in the sense that Ext'e’nv(c)(U, V), n=0,1, is finite
for all U,V € C. Here env(C) denotes the abelian envelope of C [31]. Then H(S,(C))
categorifies the Hall algebra of C, as defined in various contexts in [33; 16; 34]. To
see this, let k be a field of characteristic zero. Consider the transfer structure on Grpd
in which § and P are the collections of weakly proper and locally proper morphisms,
respectively (see [7, Section 8.2]). A Vecti—valued theory with transfer ¢ on Grpd
is then be defined by taking finitely supported k—valued functions which are constant

on isomorphism classes. The resulting k—algebra H(S.(C); $o) is the standard Hall
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algebra of C. Explicitly, H(S.(C); So) is the k—vector space with basis the characteristic
functions {1y }yexy(s, (¢)) and multiplication

1y -1y = Z FLI;I,/Vlw.
Weno(S1(C))

Here F; (IJ’V v is the number of admissible subobjects of W which are isomorphic to U
and have quotient isomorphic to V.

For certain categories C, such as Coh(X) for a smooth projective variety X or mod(A4)
for a finitely generated algebra A, the S,—construction defines a 2—Segal simplicial
Artin stack. This allows to recover the perverse sheaf-theoretic [26], motivic [20; 22]
and cohomological [23] Hall algebras of C. See [7, Section 8.5].

By using relative 2—Segal spaces we can easily modify the above results to construct
module objects.

Theorem 4.4 Let X, be as in Theorem 4.2 and let F,: Y, — X, be a relative 2—Segal
object of C. Assume that the left action span

F1,0 0
(22) M%/ = { X013 x Y{13 Aido), Yi0,13 —> Y{13} € Homgpane) (X1 ® Yo, Yo)

is (S, P)-admissible. Then (Yo, u}) is a left (X1, mx)-module in Span(S, P). More-
over, it F, is unital, then (Yy, ,ulY) is a left (X1, my, Ix)—-module. Analogous state-
ments hold for the right action span

01 xF a
,u;; = {Y{O} X X{O,l} LXT Y{O,l} LN Y{l}} € HomSpan(C)(YO ® X1, Yo).
Proof We will prove the theorem for the left action span. It follows directly from the
definitions that we have

(Xt0,1,2 X Y2) X%, v, Y023 — Y1023 — Yioy

! !

[
Jy o (mx ® lyy) = X{0,1,2y X Y23 X10,2) X Y23

|

X{0,13 X X{1,2) X Y3

and
R
(Xto.13 X Y1.2)) Xx,0 1y vy, Y03 — Yooy — Yo

| !

[ )
pyo(dx, ® uy) = X013 X Y1123 Xgo,13 X Y13

l

X10,13 X X1,y X Y23
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Figure 3: The poset of polyhedral subdivisions of P3*

as spans X1 ®X;®Yy— Yo. We claim that both Mly o(mx ®1y,) and Mly o(1x, ®Mly)
are 2—-isomorphic to the span

(F10.13902,F11,2,000,00001) Y{O

0100
ol = {X0,13 % X(1.2y x Yy 12} 2 Yoy} -

Indeed, the composition

1 R R
Yi0,1,2) = (X0,1,2) X Y(2}) Xx g 5, x¥ay Y1022 = X(0,1,2) Xx 05, V10,23

is a weak equivalence by the relative 2—Segal condition on F,. Since the second functor
is a weak equivalence for trivial reasons, it follows that ¢« is a weak equivalence and

l

so defines a 2—isomorphism o' — ,ufY o (mx ® 1y,). Similarly, the composition

(%)
Yio.12 —> (Xg0,13 X Y1.2)) XKy 1, xv;1, Yioy — Yin2y X5, Yooy

is a weak equivalence by the 1-Segal condition on Y, and «, defines a 2—isomorphism
ol > ,ulY o(ly, ® MIY). We claim that the composition

(0%
P23k o (1x, @ )

1.1 o
ay: pyo(my ® ly,)) — o
is a module associator for the left action of (X, my) on Yy determined by ,ulY . Without
the unital assumption, this amounts to verifying that oeé, satisfies module-theoretic
Mac Lane coherence; see [28, Section 2.3] or diagram (23) below. We will verify this
using the setting of Section 2.3. The poset of the eleven polyhedral subdivisions of the

relative pentagon P{°, ordered by refinement, is illustrated in Figure 3. At the level of
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the map F,: Y, — X,, each node P of Figure 3 defines a span
X1 x X1 x X1 xYy < (A7, F)gr = Y.

Similarly, each arrow of Figure 3 defines a 2-isomorphism of spans. The spans
associated to the five vertices of the pentagon are precisely the spans appearing in
the diagram expressing module-theoretic Mac Lane coherence while the composed 2—
isomorphisms along the edges of the pentagon are precisely the arrows in the coherence
diagram. It follows that module-theoretic Mac Lane coherence holds. Hence (Yp, /LIY)
is a left (X1, my)-module.

Finally, in the unital setting the action of Iy on Yy is given by the span

R
(X103 X Y1) Xx, 1y <y, Y1013 Yi0.13 Y0y

| |

X0y X Y1y X013 X Y1y

|

pt XY{l}

L . . . . 1 1 ..
which is 2—isomorphic to the identity span Yy 0y, 2% ¥, Indeed, the composition
of functors

Iy R R
Yoy — (Xgo3 X Y1) Xx,0 |, xvyy, Y40,13 — X0y Xx,0 1, Yi0,13

is an equivalence by the unital relative 2—Segal condition while the second functor is
trivially an equivalence. To complete the proof we need to verify that [y is compatible
with the module associator in the sense that diagram (24) below commutes. This is a
straightforward exercise which can be completed in much the same way as the above
verification of Mac Lane coherence. a

The left H(X,)-module M(Y,) = (Yo, ,ug,) is called the (S, P)—universal left Hall
module of F,. From a V-valued theory with transfer hj we obtain a left H(X,; h)—
module M(Y,;h) in V. In the same way we get right modules over H(X,) and
H(X,; h). Note that the left and right module structures do not define a bimodule.

Example Let X, be 2-Segal object of C. By Proposition 2.8 the right path space

FF: P” X, — X, is relative 2-Segal. Since F. = d,/, the spans “iwx and my
are equal. Hence M(XFP) = H(X,) as left H(X,)-modules. On the other hand, the

Algebraic & Geometric Topology, Volume 18 (2018)



Relative 2—Segal spaces 1021

right H(X,)-module structure on M(XF) is closely related to the coproduct A on
H(X,). Consider for example H(S,(C); To) for a finitary exact category C. Recall
that the Green bilinear form on H(S,(C); o), defined by

Su,v

(ly,1ly) = Aw(0)]’

satisfies the Hopf property (1y ® 1y, Alw) = (1y - 1y, lw). Then the right and left
H(S.(C); Fo)—actions are adjoint with respect to (—, —).

Remark (1) Generalizing the previous observation, it is proved in Proposition 5.6.10
of [45] that for a relative 2—Segal simplicial groupoid Y, — X., the right and left
H(X,)-module structures of M(Y,) are related via a categorical Green bilinear form.

(2) The universal Hall algebra H(X,) is itself a #(X,)-bimodule which, however,
does not arise from a relative 2—-Segal space over X,.

Example Let S (C5%°) = Su(C5) be the relative 2-Segal groupoid associated
to a stability function Z and a framing ® on an abelian category C. The universal
left H(S. (Cfss))—module M(SsHfr (e fss)) categorifies the stable framed Hall algebra
representations of [41; 11] which appear in framed Donaldson-Thomas theory.

Example Let R.(C) — S.(C) be the relative 2-Segal groupoid associated to a
proto-exact category with duality via the R,—construction. For finitary exact C,
the universal left H(S,(C))-module M (R.(C)) categorifies the Hall algebra rep-
resentations of [47]. Explicitly, M(R.(C);So) is the k—vector space with basis

M ar) Y (M war ) emo(Ro(c)) and left H(S.(C); Fo)—module structure

N
ly * L (M,ya) = > Gy mlNyn)-
(N, ¥n)ETH(Ro(C))

The structure constant Gg 18 the number of isotropic subobjects of N which are
isomorphic to U and have reduction isometric to M .

Similarly, the simplicial stack version of R,(C) is relative 2-Segal over S,(C) and
recovers the perverse sheaf-theoretic [10], motivic and cohomological [48] Hall algebra
representations which appear in the representation theory of quantum enveloping
algebras and orientifold Donaldson—Thomas theory.
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4.2 Hall monoidal module categories

We briefly describe a variant of the constructions of Section 4.1. Let k be a field of
characteristic zero. Let X, be a unital 2-Segal groupoid? which is admissible with
respect to weakly proper and locally proper maps. Write Fung(X;) for the (abelian)
category of finitely supported functors X; — Vecty . The span my from Theorem 4.2
induces a bifunctor

®% = 315 0 (32 x 9g)*: Fung(X1) ® Fung(X1) — Fung(X1).

It is proved in [6, Theorem 2.49] that the triple #®(X,) = (Fung(X1), ®%, Ix) is a
monoidal category. More generally, each componentwise cocontinuous monoidal left
derivator of groupoids D determines a monoidal category structure on D (X1); see [45,
Theorem 5.0.1(1)]. The example #®(X,) arises for D = Fung(—, Vecty).

In a similar way, we have the following relative construction. The same statement is
proved in [45, Proposition 5.2.6(2)], as a special case of [45, Theorem 5.0.1(2)].

Theorem 4.5 Assume that F,: Y, — X, is an admissible unital relative 2—Segal
groupoid. Then the left action span /,LIY defines a bifunctor

®Y = 0140 (F1 x 80)*1 Fung(X1) ® Fung(Yo) — Fung(Yp)

which gives M®(Y,) = (Funo(Yy), ®Y) the structure of a left H® (X,)-module cate-
gory in the sense of [28].

Proof The proof is very similar to that Theorem 4.4 and is therefore omitted. a
We give two related instances of Theorem 4.5.

Example Let Vecty, be the proto-exact category of finite-dimensional vector spaces
over [Fy. Objects of Vecty, are finite pointed sets and morphisms are partial bijections.
Let Vecthk1 C Vectp, be the skeleton of standard ordinals. Writing &, for the symmetric
group on n letters, we have an equivalence of groupoids

Sl(Vectf;‘l) ~ |_| BG,,.

n>0

Objects of H®(S, (VectﬁFkl)) (henceforth denoted by 7-[®(Vect]‘°i<l‘1 )) are thus sequences
of finite-dimensional representations of symmetric groups over k, only finitely many of

2With minor modifications X, could be a simplicial object of a combinatorial model category.
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which are nontrivial. The monoidal product is induction of representations. Using the
results of [27], it follows that H® (Vect ) is equivalent to the category P of polynomial
functors Vecty — Vecty [6, Section 2.5.1].

The functor P = HomvectF] (=, {*, 1}) defines a strict exact duality structure on Vectp,.
Note that each object of Vectp, is canonically isomorphic to its dual. In particular, P
preserves Vectstl . A symmetric form on F* is an element 7 € &,, which squares to the
identity; conjugate such elements determine isometric symmetric forms. It follows that
symmetric forms on F{ are determined uniquely by their Witt index 0 < w < I_%nJ ,
the number of 2—cycles of any representative 7. The isometry group of 7, which is
its centralizer in &, is isomorphic to (Z3 ! Sy) X S,—2y . We therefore obtain an
equivalence of groupoids

RO(Vect ) |_| |_| B((Z2?6y) x6&y),
w>0 d>0
and we see that objects of M®(Vect ) are finite sequences of representations of
groups of the form (Z;?:Gy) X Sy. The left 7-{,®(Vect ) action on ./\/l®(Vect ) is
induction of representations along subgroups of the fonn

Gn X ((Z226y) x6y) < (Z226n+w) X Sy.

From this description we see that

M® (Vectss )_@M®(Vect od)
d=0

as 7—[‘8’(Vectf'F"l )-modules, the index d labelling the fixed difference between the di-
mension and twice the Witt index. Moreover, we have

./\/l‘g’(VectIShl‘1 ;d) ~ /\/lc’z’(Vect]}k1 ;0) X P,

where P C P is the full subcategory of degree d homogeneous polynomial functors.
Using again results of [27], we find that /\/l@’(VectﬁF"l ;0) is equivalent to Pz, , the

Z>-gr

category of polynomial functors Vect; 28

— Vecty, where Vectf denotes the

category of Zy—graded finite-dimensional vector spaces over k and we view Pz, as a
P-module category via the forgetful functor Vect%z'gr — Vecty.

Upon passing to Grothendieck groups we obtain an isomorphism

Ko(M® (Vects 1)) ~ (@ RelZ2164) 82 Ri(S0)

w=0
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as modules over the algebra

o0
Ko(H® (Vecty))) = €D Rie(Gn).
n=0
where Ry (—) denotes the representation ring over k. In the case k = C these modules
have been studied in [40] and are closely related to the work of Zelevinsky [49],
who studied the algebra structure on Ky (/\/l‘X’(Vecthk1 ; 0)) arising from induction of
representations of wreath symmetric products.

We now give a sort of quantization of the previous example.

Example Let g be a prime power and consider the exact category Vectp,. Let
Vectil‘q C Vect, be the skeleton consisting of the vector spaces Fy/, n > 0. We have
an equivalence of groupoids

S1(Vect ) ~ | | BGLa(Fy).
n>0
The category 7-[®(Vectf§q), whose monoidal product is parabolic induction of finite-
dimensional representations of GL, has appeared in the work of Joyal and Street [18].
When k& = C the associated algebra Ky (H®(Vectfgkq)), which is the complex represen-
tation ring of the tower of general linear groups over [F, has been studied by Green [13]
and Zelevinsky [49].

Assume now that ¢ is odd and fix a sign s € {£=1}. Take the exact duality structure with
P = Homyecty, (=, Fg) with ©® = s5-can. Symmetric forms in Vectp, are orthogonal
or symplectic vector spaces. Identify the dual of F; with itself via the dual basis. It
follows that we have an equivalence of groupoids
Ro(Vectf ) ~ | ] || BG:.
n>0¢eceW,

where Wy, is the Witt group of g (Z; if s =1 and trivial if s =—1) and G;, = Oy, (IF¢)
if s =+1 and G, =Sp,, (IF,) if s =—1. The left H®(Vecti'-‘q)—action on M®(Vecth"q)
is given by parabolic induction between GL and G representations. When k = C the
Ko(H® (Vect]sbl(q))—modules Ko(M® (VectISqu)) were studied by van Leeuwen [24], who

showed that they are generated by cuspidal elements with respect to the natural Hall
comodule structure.

It is natural to regard the module M®(Vect]sF"q) as a sort of g—analogue of the modules
/\/l‘g’(Vect]SBl‘l ;d), d = 0,1. This is consistent with the philosophy that the ¢ — 1
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limit of G(IF,) is its Weyl group, namely Z, ¢ &, for the symplectic Sp,,, and even
orthogonal Oy, groups and (Z; &) X Z, for the odd orthogonal group Oz,+1. The
extra factor of Z, for Oy, reflects the fact that the subcategories of M®(Vecti1‘q)
with fixed Witt type & are isomorphic as left #® (VectISqu )-modules, the same statement
holding also at ¢ = 1. Working instead with Ringel-style Hall algebras and modules
allows for the following more precise statement, which can be verified directly: the
q = 1 specialization of the H(Vectif;;go)—module M(Vecti«kq ; o) is isomorphic to
the direct sum of the H(Vectf‘Fk] ; §o)—modules M(Vecti}"] ;50),d =0, 1.

4.3 Modules over multivalued categories

In this section and the next we describe two higher categorical interpretations of relative
2-Segal simplicial sets; the first is in terms of modules over multivalued categories
while the second is of a Hall algebraic nature.

Let 2-SegS C S be the full subcategory of unital 2—Segal simplicial sets. Let also
nCat denote the category of small multivalued categories. Objects of pCat are tuples
X =(Xo,X1,mx,ax, ex, iale» iare) consisting of sets Xo and X with source and target
maps 1, do: X1 — Xo, a composition law mx € Homgp,n(ser) (X1 X3, X1, X1), an
associator isomorphism

a
(mx © (mx X 1361) _35> mxo (1361 X m}f)) € HomSpan(Set)(xl XZXo %1 XZXo %lv %1)

which satisfies Mac Lane coherence, a unit map ex: X9 — X1 and compatible left and

right unit isomorphisms i 316 i% € Homgpan(ser) (X1, X1). A morphism of multivalued

categories ¢: X — X' is the data of maps ¢;: X; — X}, i =0, 1, compatible with the
source, target and unit maps and a morphism of spans @: @1 0mx — mxr o (@1 X, P1)-

Theorem 4.6 [7, Theorem 3.3.6] The generalized nerve construction defines an
equivalence of categories No: nCat = 2-SegS.

In the relative setting we will require the notion of a module over a multivalued category.

Definition 4.7 Let X be a multivalued category. A unital left X-module is a tuple
2 = (Yo, o, 1y, @y, L) consisting of

(i) aset Qo together with a map §o: Lo — Xo,

(i1) a left action span ug) € Homspan(set) (X1 %20 90.90),
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(iii)) a module associator isomorphism

ay
(g o (mx x 1g)5) —> g o (1x; X iy)) € Homgyan(ser) (X1 Xx0 X1 Xx0 Do. Do)

which satisfies module-theoretic Mac Lane coherence: the diagram

po(mo(mxlx,)x1y,)

aO(H’Xle W}lgﬁo)

(23) po (mx ) po(mo(lx, xm)xly,)

ao(lx, X1x, xu)l lao(lxl xmxlg)o)

po(dx, xpo(lx, X p)) m#o(laﬁ X (no(moly,)))

commutes in Homgp,nser) (X1 Xx0 X1 X3 X1 X220 Y0, Yo), and

(iv) a unit isomorphism tg): g o (ex x 1y),) — 1), in Homgpan(ser) (Yo, o) for
which the diagram

ao(lx, xexly,)

po (mo(lyx, xe) x 1y,) > o (lx, x no(exly,))

(24)
po(ifx1y) wo(lx, Xty)

n
commutes in Homgpan(set) (X1 X0 Do, Yo) -
Define a category pCat-mod as follows. Objects are unital left modules over multival-
ued categories. A morphism (¢, %): (2) = X) — ()’ — X’) consists of a morphism
¢: X — X', amap do: Yo — Y, which satisfies i, o %o = ¢ o Fo and a morphism
of spans
Tt oo py = wyy o (@1 Xg, Do)

Informally, ¢ defines a morphism of X—modules ) — ¢*2)’.

Let 2-SegRelS C S be the full subcategory of unital relative 2—Segal simplicial sets.

Theorem 4.8 The equivalence N,: Cat —> 2-SegS lifts to an equivalence

N 11Cat-mod = 2-SegRelS.

Proof We begin by modifying the proof of [7, Theorem 3.3.6] so as to define a functor
2-SegRelS — pCat-mod. Let F,: Y, — X, be a unital relative 2-Segal simplicial set.
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The multivalued category X associated to X, via Theorem 4.6 has X¢o = Xy and
X1 = X with the canonical maps 91, do: X1 — X¢ and composition span

02,0
35—{%1 Xxofle2—>%1}

Turning to the relative data, let 2o = Yo and Fo = Fp. Define an action span by

(F1,00)
gy ={X1 xxy Yo <— 11 iR o).

The morphisms of spans

Wy o (mj{ X 12)0) < {:{1 XXo %1 XZXo @0 «~ Y, — 2)0} — Uy o (1%1 X /,LQJ),

each of which is constructed as in the proof of Theorem 4.4 and is an isomorphism
by the relative 2—-Segal conditions, combine to define the associator ag). The unit
isomorphism g is defined to be the inverse of the relative unit bijection Yoy —
X0} XX,0.1, Y10,13- Mac Lane coherence and unit compatibility are verified as in the
proof of Theorem 4.4. Hence %) is a unital left X—module. At the level of morphisms
the functor 2-SegRelS — pCat-mod is defined in the obvious way.

To describe a quasi-inverse N'®': ;1Cat-mod — 2-SegRelS, let X € uCat with associated
unital 2-Segal simplicial set X, =N (X). Given a unital left X-module ), let Yo =)o
and let Y7 be the middle set of the span ji9). We have canonical maps 9d;: Y1 — Yo and
Fi:Y; — X;,i=0,1, and, by inverting the map which defines iy, amap so: Yo — ¥7.
Moreover, these maps obey the 1-truncated simplicial identities. For each n > 2 define

v Set
Y, _hm{a Ak AP, 2Fp;;o(a),

where we use the notation introduced in Section 2.3. Given 0 <i < j <k <n and
an element y € Y, , write yij and y;; for the corresponding elements of Yy; ;v and
Xy, jky respectively. The associator ag) defines a collection of bijections

Uijet Xijhey XXy Yii ey = Yii,jy Xy Yk
which we use to define
Yo = {7 € ¥ | ijk Oiji yik) = (ij. yj) forall 0<i < j <k <n}.

Module-theoretic Mac Lane coherence implies that the Y, assemble to a 1-Segal
simplicial set Y, and that the canonical maps F,: Y, — X, assemble to a simplicial
morphism F,. To see that F, satisfies the remaining relative 2—Segal conditions,
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consider the following commutative diagram:

Yn > Xn XX{O,n} Y{O,n}

| !

Yi Xy, -+ Xy, 1 > X{0,1,2} XX0.23" " XX (0013 X(0,n—1,n} XX¢0.n3 Yio,n}

The vertical morphisms are bijections by the 1— and 2-Segal conditions on Y, and X,,
respectively. The bottom arrow is the iterated application of the module associator,
relating the bracketings in which 7 elements of X act on ) from right to left and from
left to right, and is therefore a bijection. Hence F, is relative 2—Segal. The relative unit
bijection Yoy — X{o} XX/, ;, Y{0,1} 1S the inverse of ty). The compatibility of (g, ial€
and ag implies that the higher relative unit bijections hold. The functor Nre' assigns
to a morphism (¢, ¢) the pair (¢., 8,), where ¢ = No(¢), 6p is equal to 9o and 6,,
n > 1, are the canonically induced maps, which are well defined by the definitions

of Yy and Y, , n > 2. a
Remark Theorem 4.8 could also have been formulated in terms of right modules.

There is a semisimplicial variant of Theorem 4.8 where pCat-mod is replaced with
% uCat-mod, the category of left modules over multivalued semicategories, the prefix
“semi” indicating that all data related to unit morphisms is omitted. As a simple special
case, let X, be a 2-Segal semisimplicial set with X¢o = X; = pt. Then X, defines a
distributive monoidal endofunctor on Set by F ® F’ = X, x F x F’. As explained in
[7, Section 3.7], the associator reduces to a bijection a: X x X» — X5 X X» which
satisfies the pentagon equation

az3odizodiz =dj20dz3.

Conversely, a bijective solution a of the pentagon equation on a set X, extends to a
2-Segal semisimplicial set with No(X2,a) = N1(X2,a) = pt and N,(X3,a), n > 2,
the set of tuples {x;;x € X2 |0 <i < j <k <n} which satisfy

a(Xij, Xik1) = (X1, Xjk1), 0<i<j<k<l=<n.

Moditying this construction, a relative 2—Segal semisimplicial set ¥, — X, with Yy =pt
defines a monoidal endofunctor F X G = Y7 X F x G which is a left ®—-module. The
module associator is a bijection o: X x Y1 — Y7 x Y7 which satisfies the a—pentagon
equation

02300130412 = Q12 O X23.
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Moreover, from a bijective solution to the a—pentagon equation we can construct a
relative 2—Segal semisimplicial set with No (Y7, @) =pt, N1 (Y1, ) =Y and N, (Y7, o),
n > 2, the subset of N, (X2,a) x{y;; € Y1 |0 =i < j <n} consisting of tuples which
satisfy

a(Xjjk. yik) = (Vij. yj), 0=i<j<k=n.

The structure map No(Y7, ) = N.(X2,a) is the canonical projection.

Example For any group G, the map
a:GxG—>GxG, (x,y)— (xy,y)

is a bijective solution to the pentagon equation and so defines a 2—Segal semisimplicial
set No(G); see [21; 7, Example 3.7.7].

Let now p: G — Aut(M) be a left G-action on a set M . Then
a:GXM —>MxM, (x,m)— (p(x)m,m)

solves the a—pentagon equation. Moreover, « is a bijection if and only if p gives M
the structure of a G—torsor. Hence, associated to each G—torsor M is a relative 2—-Segal
simplicial set No(G, M) — No(G). When M = G with G acting by left multiplication
the above construction recovers the left path P <N,(G) — N,(G).

4.4 Presheaves on Hall 2—categories

We begin by constructing a module over a Hall-type algebra from a relative 2—Segal
semisimplicial set. Fix a field k. Let X, be a 2-Segal simplicial set for which the map
(02, dp) from the span (21) has finite fibres. The Hall category H(X,) [7, Section 3.4]
is the k—linear category with Ob(H (X,)) = X¢ and Homgx,)(a,b) = Fo(Xs—p),
the finitely supported k—valued functions on the set

Xap =1{a} xx, X1 xx, {b}.
Composition of morphisms is defined by push-pull along the span
(25)  XpoeXXgp < {p € X2 | 8{0}17 =a, a{l}p =b, 3{2}17 =c}— Xg—ec-

Writing 1, fo the characteristic function of x € X,_,j, composition in H(X,) becomes
Ix- 1y =) fx’f;,lx// where

o =lpeXaldap=x 01p=x" dop=x"}|.
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Similarly, a relative 2—Segal simplicial set F,: Y, — X, for which the map (Fj, do)
from the span (22) has finite fibres defines a presheaf F: H(X,)°®? — Set by setting
F(a) = SO(FO_I(a)), a € Xy, and using push-pull along the span

(26)  Xuopx Fy '(b) < {g €Y1 |019 € Fy (a), dog € Fy '(b)} — Fy ' (a)

to define the action map Homg (x,)(a,b) x F(b) — F(a). Writing 1¢ € F(a) for the

characteristic function of & € F L(a), we have 1, x 1 g = Zgu gi/;,l g7, where
g5 =lgeYi|01g=¢" dog =¢, Fi(g) =x}].

Before categorifying the above construction, we recall some preliminary definitions
from [7, Section 3.5.B]. A category C is called Li—semisimple if it is equivalent to an
overcategory Set, g, in which case a simple object of C is an object which is isomorphic
to a point {h} € Set,p. Denote by ||C|| the set of isomorphism classes of simple objects
of C. A functor between Ll-semisimple categories is called additive (resp. simple) if it
preserves coproducts (resp. simple objects). The Li—semisimple categories, their additive
functors and their natural transformations form a bicategory Cat". Let Cat” C Cat”
be the subbicategory whose morphisms are instead simple additive functors.

Define a 2—functor by A: Span(Set) — Cat" by
s P, pxos™
ZwSetjz, (Z<W —Z)r (Setjz —> Set/z/)
with the obvious action on 2-morphisms. Define also B: Cat” — Span(Set) by

e el €S ey el || F@@)—Ic.
agllc|

where F’: C" — Set;z is some equivalence.

Proposition 4.9 [7, Proposition 3.5.4] The 2—functors A: Span(Set) <> Cat" : B are

mutually inverse 2—equivalences which restrict to 2—equivalences Set <> Cat"'.

For later purposes, fix natural equivalences
k:ilegu = Ao B, A: BoA = Igpan(ser)
realizing the 2—equivalences of Proposition 4.9.

A semibicategory is the data of a bicategory with all mention of unit 1-morphisms
omitted. A semibicategory is called Li—semisimple if it is small, its morphism categories
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are Li—semisimple and composition of morphisms is additive in each variable. A lax
2—functor between LI—semisimple semibicategories is called admissible if the associated
functors on morphism categories are simple additive.

Definition 4.10 Two admissible lax 2—functors ¢, ¢’: X — X’ of U-semisimple
semibicategories are called equivalent if they agree on objects and there exists a
collection of natural isomorphisms

¢a.b
— T
Homx (a, b) Ua,bﬂ Homx/ (¢ (a), ¢ (b)), a,b e Ob(X)
\_/
bab

which commute with the coherence maps for ¢, ¢’ and the associativity isomorphisms.

If X, X’ are bicategories, then ¢, ¢’: X — X’ are equivalent if there exists an invertible
icon U: ¢ = ¢’. Slightly abusively, we will refer to {U, p}4 peobcx) as an icon even
if X, X’ are not bicategories. The Li-semisimple semibicategories and their equivalence
classes of admissible lax 2—functors form a category %biCat"'.

Let X, be a 2-Segal semisimplicial set. Its Hall 2—category H(X.,) is the Li-semisimple
semibicategory with

Ob(H(X,)) = Xo, HomH(X.)(a,b) = Set/X

a—b"

Push-pull along the span (25) defines composition of 1-morphisms. Associated to a
morphism ¢,: X, — X! is the admissible lax 2—functor ¢: H(X,) — H(X]) given
by ¢o on objects and by pushforward along ¢; on morphisms.

Theorem 4.11 [7, Theorem 3.5.8] The assignment X, +— H(X,) extends to an
equivalence between the category of 2—Segal semisimplicial sets and %biCatu.

Proof A proof is outlined in [7]. We fill in some details which will be needed below.
We first construct a functor E: %biCat"I — %uCat. Define X = E(X) € %uCat by

Xo=0b(X), Xy= || [Homx(a.b)|
a,be0b(X)

with span mx obtained by applying Proposition 4.9 to the functors which define
composition of 1-morphisms in X. Given ¢: X — X', define ¢ = E(¢) so that
@o is equal to ¢ on objects and ¢ is given by the functors ¢, 5. If ¢,¢": X - X/

Algebraic & Geometric Topology, Volume 18 (2018)



1032 Matthew B Young

are equivalent, say via an icon U: ¢ = ¢, then @9 = ¢ and ¢; = ¢| due to the
isomorphisms Uy p(f): ¢pap(f) = ¢(,1,b(f)’ f € Homx(a, b).

Define also a functor 2: %uCat — %biCat"I by setting X = Q(X), where Ob(X) = X
and Homx (a,b) = Set/x, ,. Given ¢: X — X', let ¢ = Q(¢) be the morphism

which is equal to @9 on objects and whose component functor ¢, j is pushforward
along ¢1: X,p — %:ﬂo(a)_)%(b).

We claim that E and €2 are mutually inverse equivalences. Let €: E o0 Q = 1% uCat be
the natural isomorphism whose component e€x: E(€2(X)) — X has (ex)o equal to the

identity and has (ex); equal to the map
| ] Axacn: [ NSetyz,_, Il = X1
a,bexo a,bexo

Similarly, let n: 11picats = $20 E be the natural transformation whose component
nx: X — Q(E(X)) is the identity on objects and is equal to the functor Kpomy (a,b)
on morphism categories. Given ¢: X — X/, we need to check that the diagram

X 5 QEX))

¢l lsz(sw))

X' —— Q(EX)

nx/

commutes in %biCat"', which amounts to giving an invertible icon U: nx’ o ¢ =
Q(E(¢)) o nx . The required natural transformation U, j is defined as follows:

KHomX (a.b)

Homx (a, b) > Set/||Homx (a.b)|

Kag,
¢a,bl / l||¢a,b I«

Homyx/ (¢ (a), ¢ (b)) > Set/||Homy (¢(a),6 (D))

?
KHomX/ (p(a).o (b))

This establishes an equivalence %biCatlJ ~ % uCat. Using the semisimplicial variant
of Theorem 4.6 we get an equivalence from %biCatIJ to the category of 2-Segal

semisimplicial sets which is a quasi-inverse of the functor X, — H(X,). a

Motivated by Proposition 2.3, the goal of the remainder of this section is to interpret
relative 2—Segal semisimplicial sets in terms of a certain class of presheaves. To this end,
define a Cat"—valued presheaf on a Li-semisimple semibicategory to be a 2—functor
F: X°P — Cat" with X € %biCat"'. Here X°P is the semibicategory obtained from X

Algebraic & Geometric Topology, Volume 18 (2018)



Relative 2—Segal spaces 1033

by reversing only its 1—cells. A morphism
(¢,0): (F: X°° — Cat"”) - (F": X"°P — Cat")

consists of a lax 2—functor ¢: X — X’ and an oplax natural transformation 6: F =
F’o ¢°P. The pair (¢, 0) is called admissible if ¢ is admissible and the functors
04: F(a) — F'(¢(a)) are simple additive. The composition [F MCAING N ING YN
defined by the right whiskering of ¢ and ¢°P: namely (&, {)o(¢, 0) = (Eo¢, ((p°P)0b).

Definition 4.12 Two admissible morphisms
(¢.,0),(¢',0): (F: X°P — Cat") — (F': X'°? — Cat")

are called equivalent if there exists an invertible icon U: ¢ = ¢’ and an invertible
modification of the following form:

F
e
XOP  (F'U°P)o0 @ ' Cat!

F/o¢/op

Denote by Psh" the category of Cat"—valued presheaves on Li-semisimple semibicat-
egories and their equivalence classes of admissible morphisms.

We now construct a functor from the category of relative 2—Segal semisimplicial sets
to Psh". Given F,: Y, — X., define F: H(X,)°? — Cat" as follows. Put F(a) =
Set JFi\ (@) 4 € Xo, and use the span (26) to define a functor

]Fa,b: Set/Xa_)b —> [Set/FO—l(b), Set/FO—l(a)],

the image of which consists of additive functors by Proposition 4.9. Here and in what
follows we use the equivalence [C x D, ] ~ [C, [D, £]] for categories C, D and &, the
first two of which are small. The relative 2—Segal bijections induce the coherence
isomorphisms for F. Given a morphism

Y, —2 v

F.l lF .

X¢—>X£

of relative 2—Segal semisimplicial sets, we need to define a morphism

(¢.0): (F: H(X,)*®® — Cat") - (F": H(X))°P — Cat").
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Let ¢ be the lax 2—functor associated to ¢, . Let 6,: F(a) — F’(¢(a)) be the pushfor-
ward along 6| 1)1 Fy Y(a) > F{~'(¢(a)). The natural transformation

Fo6)0s
Set/ Xy » [Set) ri1 00 5t Ry (9 ()]
IFa,bl ea,b j/—oeb

[Set/Fo—l )’ Set/FO—l (a)] T) [Set/FO—l )’ Set/F(;—l (¢(a))]

is induced by the morphism of spans determined by the restriction of the map 6;: Y1 — Y/
to the middle set of the span (26).

Theorem 4.13 The assignment F, — [ extends to an equivalence between the cate-
gory of relative 2—Segal semisimplicial sets and Psh"' .

Proof Lift =: %biCat"J — %,uCat to a functor E: Psht — %uCat—mod as fol-
lows. Define E™(F: X — Cat") = (3:9 — X) by X = E(X) and Qo =
L] acobx) IF (@)[| with the canonical map Fo: Yo — Xo. The span pug is obtained
by applying Proposition 4.9 to the functors [, ; while the associator ay) is defined
using the coherence isomorphisms for F. Given a morphism (¢, 0): F — F’, set
¢ = E(¢), let ¥9: Yo — Y, be the map determined by the functors 6, and let
51: Yooy — gy o (@1 X g, Vo) be the morphism obtained by applying Proposition 4.9
to the following coherence natural transformations:

Homy (a. b) x F (b) —2“"* %5 Homy: (¢ (a). ¢ (b)) x F'(¢ (b))

]Fa.bl ea,b l]Fé,h

F(a) > F(p(a))

ba

Suppose that (¢, 0) and (¢’,0) are equivalent morphisms, say via an icon U and
a modification I". Then ¢ = ¢’. Since U,: ¢(a) — ¢’'(a) is the identity we have
((F'U°P) 0 0), = 6, and hence a natural isomorphism I'y: 6, = 6, showing that
%o =¥ The equality 51 = 5{ follows from the fact that the components {I's }4econ(x)
commute with morphisms in X.

Similarly, construct a lift Q"e": %,uCat—mod — PshY of Q: %,uCat — %biCat"'. Define
QeF: Y — X) = (F: X — Cat") by X = Q(X) with F(a) = Set /-1 (q) and
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functors F, ;, determined by jg). Given a morphism (¢, 9): § — ', put ¢ = Q(¢)
and let 6 be the oplax natural transformation whose component functor ,: F(a) —
F’(¢(a)) is pushforward along the map Fo|3-1(a): 8 ' (@) = F5 ' (¢(a)) and whose

coherence natural transformations 6, 5 are induced by the morphism 51 .

To prove that 8 and Q' are inverse equivalences, we first lift €: E0Q = 11 ,cat to
€ BreloQrel = 11 icat-mod - On the total space e%e': g2rl(Qr(F)) — F is given by
Llsex, Agal (@) On objects while the morphism Do o pgri(riy)) = Ky © (91 Xg Do)
is Ay, . Similarly, lift »: Lipicar = S20 &8 to N 1pgu = Qo B as follows.
Writing nﬁf' = (¢F, 0F), put ¢ = nx. Since nx is the identity on objects, we can
define Op: F — Q™(E™(F)) o 7y so that its component functor (0F)a is Ap(q)-
Associated to the functor I, p is the natural transformation

AHomy (a,b)xTF (b)

Homx (a, b) x F (b) > Set/|Homx (a,b)xF (b)|

A
Fa,{ Fa.b lu]Fa,bn*

F(a) > Set/|F ()

AF (a)

which we take to be the coherence data (0F), 5. It remains to check that, for an
admissible morphism (¢, ): F — F’, the diagram

rel

F N s QreI(Erel(F))

(¢,9)l lﬂre'(E'e'(qb,@))

]F/ — s QreI(Erel(F/))

77]]:/

commutes in Psh". That is, we need an invertible icon U: ¢p o ¢ = nx(¢) o ¢,
which exists by Theorem 4.11, and the following invertible modification:

F
m
XOP (Qr(E™(F)UP)o(Bgs08) @ Q(E™ ()08 Cat"

Q& (F))o(nxr o)
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The required natural transformations I'; are defined as follows:

AT (a)

F(a) > Set/|F(a)]

9al % lnea I

Fl(¢(@)) —5———— Set/ip @)

This establishes the equivalence Psh" ~ % puCat-mod. Now apply Theorem 4.8. O

The simplicial variant of Theorem 4.11 is an equivalence between 2-SegS and the cate-
gory of Li-semisimple bicategories with simple units. The modification of Theorem 4.13
is a compatible equivalence between 2-SegRelS and the category of Cat"—valued
presheaves over Ll-semisimple bicategories with simple units.

Example In the above language, the semisimplicial set 1~T.(M ) of Section 2.5 defines
a Li—semisimple semibicategory X (M) with Ob(X(M)) = M and Homx s)(a,b) =
Set/pm,_.,» Wwhere M,_,p C C%([—00, o0], M) is the subset of paths from a to b, with
composition given by counting (suitably interpreted) pseudoholomorphic polygons
in M with prescribed boundary conditions. The relative 2—Segal semisimplicial mor-
phism ﬁff(M) —T +(M) of Theorem 2.11 becomes the presheaf F*: X (M )°P — Cat"
given by F¥(a) = Set/grumz - Where a®*=a if ae M* and a* = @ otherwise
and M* a—1(a) C My (q) is the subset of real paths. Counts of real pseudoholomorphic
n—gons, with n < 4, obeying one ordinary and two real boundary conditions determine
the required functors F*(b) — F*(a).
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