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Topology of holomorphic Lefschetz pencils on the four-torus

NORIYUKI HAMADA
KENTA HAYANO

We discuss topological properties of holomorphic Lefschetz pencils on the four-torus.
Relying on the theory of moduli spaces of polarized abelian surfaces, we first prove
that, under some mild assumptions, the (smooth) isomorphism class of a holomorphic
Lefschetz pencil on the four-torus is uniquely determined by its genus and divisibility.
We then explicitly give a system of vanishing cycles of the genus-3 holomorphic
Lefschetz pencil on the four-torus due to Smith, and obtain those of holomorphic
pencils with higher genera by taking finite unbranched coverings. One can also obtain
the monodromy factorization associated with Smith’s pencil in a combinatorial way.
This construction allows us to generalize Smith’s pencil to higher genera, which is
a good source of pencils on the (topological) four-torus. As another application of
the combinatorial construction, for any torus bundle over the torus with a section we
construct a genus-3 Lefschetz pencil whose total space is homeomorphic to that of
the given bundle.

57R35; 14D05, 20F38, 32Q55, 57R17

1 Introduction

Lefschetz pencils on smooth four-manifolds are closely related to symplectic structures
by Donaldson’s construction [6] of Lefschetz pencils on symplectic manifolds and
Gompf’s generalization [10] of Thurston’s construction [25] of symplectic structures
on surface bundles. Moreover, Kas [14] and Matsumoto [20] gave a combinatorial
interpretation of isomorphism classes of Lefschetz fibrations, in particular their results
enable us to construct Lefschetz fibrations (and symplectic four-manifolds) using
simple closed curves on oriented surfaces (these results are generalized to that for
Lefschetz pencils in Baykur and Hayano [2]). For these reasons Lefschetz pencils and
fibrations have attracted a lot of interest from four-dimensional topologists in the last
two decades. On the other hand, Lefschetz originally introduced Lefschetz pencils as
generic pencils (ie linear 1-systems) of very ample line bundles in order to study the
topology of algebraic varieties (see eg Lamotke [16]). It is therefore natural to pay
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attention to holomorphic Lefschetz pencils as well as smooth ones. In this paper we
study holomorphic Lefschetz pencils on the four-torus from a topological point of view.

In order to explain our main result, we first introduce two invariants for Lefschetz
pencils. The genus of a Lefschetz pencil is the genus of the closure of a regular fiber,
and the divisibility of a Lefschetz pencil is the maximum integer by which we can
divide the integral homology class represented by the closure of a regular fiber. Two
Lefschetz pencils on the same four-manifold have the same genus and divisibility if
they are isomorphic, but the converse does not hold in general (the reader can find a
counterexample for the converse in Baykur and Hayano [3], for example). Our first
result states that the converse becomes true for holomorphic Lefschetz pencils on the
four-torus under some assumptions:

Theorem 1.1 Let fy, fi be holomorphic Lefschetz pencils on the four-torus. Suppose
either that the genus of fy is greater than 5 or that the divisibility of f, is greater
than 1. Then fy and f; are isomorphic if and only if they have the same genus and
divisibility.

Note that in this paper we define a Lefschetz pencil to be holomorphic if there is some
complex structure on the source manifold of the pencil with respect to which the pencil
is holomorphic (see Section 2.1). In particular, two Lefschetz pencils fo and f in
Theorem 1.1 might not be holomorphic with respect to the same complex structure. One
of the significant points of Theorem 1.1 is that it still holds for such fy and f;. If f
and f7 are pencils of a fixed polarization on the four-torus, the proof is much easier
(see Remark 3.14).

The condition on the genus or the divisibility of fy in Theorem 1.1 is needed for some
technical reasons and we believe that the theorem still holds without it (see the last
paragraph of Section 3).

As we mentioned in the first paragraph, Lefschetz pencils are not only objects in
complex geometry but are also related to symplectic topology. It is especially important
to find out how smooth Lefschetz pencils differ from holomorphic ones, which is related
to the difference between complex (or Kéhler) surfaces and symplectic four-manifolds.
Since there exist noncomplex symplectic four-manifolds, we can easily obtain Lefschetz
pencils on noncomplex four-manifolds using Donaldson’s construction [6]. While it is
in general hard to obtain monodromy factorizations of Lefschetz pencils coming from
Donaldson’s construction, several ingenious techniques, such as fiber-sum operations
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and substitution operations, have been employed in order to give nonholomorphic
Lefschetz pencils and fibrations (on possibly noncomplex four-manifolds) with explicit
monodromy factorizations (see eg Baykur and Korkmaz [1; 4; 15], Fintushel and
Stern [8], Hamada, Kobayashi and Monden [13; 21], Ozbagci and Stipsicz [22] and
Smith [23]). Furthermore, Li [19] constructed nonholomorphic Lefschetz pencils on
minimal Kéhler surfaces of general type. The construction in [19] relies not only on
Donaldson’s result [6] but also on the differences between cohomology Kéhler cones
and symplectic cones. Since the cohomology Kihler cone of the four-torus coincides
with its symplectic cone (see [19, Proposition 4.10]), this construction cannot give the
affirmative answer to the following question:

Problem 1.2 Does there exist a nonholomorphic Lefschetz pencil on the four-torus?

Problem 1.2 is also important in complex geometry since it might be related to the
existence of non-Kihler symplectic forms on the four-torus. (Here, a symplectic form o
is said to be non-Kdhler if there do not exist complex structures compatible with w.)
Indeed, for a holomorphic Lefschetz pencil we can take a symplectic form on the total
space taming the complex structure by using [10, Theorem 2.11(b)]. Such a symplectic
form is Kéhler if it is further compatible with the complex structure. Theorem 1.1,
together with explicit examples we will construct, gives rise to several constraints
on monodromy factorizations of holomorphic Lefschetz pencils on the four-torus; in
particular, it might be possible to construct a nonholomorphic Lefschetz pencil on the
four-torus using Theorem 1.1 (see Remark 5.10).

As we mentioned earlier, a system of vanishing cycles of a Lefschetz pencil completely
determines its isomorphism class. Thus we can find a nonholomorphic Lefschetz pencil
on the four-torus using Theorem 1.1 once we can get vanishing cycles of a holomorphic
Lefschetz pencil on the four-torus with sufficiently large genus or divisibility, and
find another system of simple closed curves (associated with a Lefschetz pencil on
the four-torus) which is not Hurwitz equivalent to the system of the vanishing cycles.
In this paper we first analyze the simplest example of a holomorphic pencil on the
four-torus: a genus—3 Lefschetz pencil due to Smith [24].

Theorem 1.3 The simple closed curves in Figure 6 are vanishing cycles of a genus-3
Lefschetz pencil constructed in [24].

We can obtain holomorphic Lefschetz pencils on the four-torus with larger genera and
divisibilities using finite unbranched coverings. The composition of a Lefschetz pencil
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and a finite unbranched covering of its total space is again a Lefschetz pencil, and any
finite unbranched covering of the four-torus is also the four-torus. We will indeed prove
that any holomorphic Lefschetz pencil on the four-torus with odd genus satisfying the
assumption in Theorem 1.1 is isomorphic to the composition of the genus-3 Lefschetz
pencil in [24] and a finite unbranched covering. (See Lemma 4.7 and the observation
following it.)

As we will observe in the beginning of Section 4, we can obtain vanishing cycles of a
Lefschetz pencil arising from composition of an unbranched covering once we know
vanishing cycles of the original pencil (see Lemma 4.1). We will indeed give vanishing
cycles of such pencils explicitly in Example 4.8 and Section 5.1.

Baykur [1] constructed genus-3 Lefschetz pencils on symplectic Calabi—Yau four-
manifolds (ie symplectic manifolds with trivial canonical classes) with positive b
relying on combinatorial techniques. The family of Lefschetz pencils given in [1]
covers all possible rational homology types of symplectic Calabi—Yau four-manifolds
with b; > 0 (see Li [18]), in particular it contains a four-manifold homeomorphic to
the four-torus. We will also construct a genus-3 Lefschetz pencil in a similar manner
(by giving vanishing cycles; see Figure 14) and prove that our pencil is isomorphic
to both the pencil with vanishing cycles in Figure 6 — that is, Smith’s pencil —and
the pencil given by Baykur [1] (see Lemma 5.1 and Remark 5.2). Our construction
of the genus-3 pencil can be generalized to that of a genus-g symplectic Calabi—Yau
Lefschetz pencil f; for any g > 3. We will prove that the pencils with odd genera
are compositions of Smith’s pencil with finite unbranched coverings, and thus these
are holomorphic pencils on the four-torus (Lemma 5.3). We further expect that the
family of pencils { fg | g — 1 is prime} is a candidate for the family of all essential
holomorphic Lefschetz pencils on the four-torus, where the tentative term “essential”
means that they cannot be decomposed as the composition of a holomorphic pencil
and a finite unbranched covering of the four-torus (Conjectures 5.8 and 5.9). Applying
a combinatorial operation to our genus-3 pencil, we will obtain a family of genus-3
Lefschetz pencils { fo g} parametrized by a, B € Mod(2!; U) with [a, 8] = 1, where
U={u}C 821 and Mod(X!; U) is the mapping class group of the one-holed torus E}
fixing U (for the precise definition of this mapping class group, see Section 2.2).

Theorem 1.4 The total space of fy g is homeomorphic to that of the torus bundle

over the torus with a section whose monodromy representation sends two elements
generating 71 (T?) to o and .
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We will give a monodromy factorization of f, g explicitly in (5-5). Note that Smith [24]
observed that any torus bundle over the torus with a section admits a genus-3 Lefschetz
pencil. We believe that this pencil is isomorphic to ours, and in particular the total
space of f, g is diffeomorphic to that of a torus bundle over the torus.

The constructions of Lefschetz pencils in the previous paragraph are related to the
smooth classification problem of symplectic four-manifolds with Kodaira dimension 0,
which is one of the central concerns in symplectic topology. It is conjectured that any
Kodaira dimension 0 symplectic manifold is diffeomorphic to one of the K3 surface, the
Enriques surface or a torus bundle over the torus. The family of symplectic Calabi—Yau
manifolds given in [1] contains potential counterexamples of the conjecture. Further-
more, we would obtain a new symplectic four-manifold with Kodaira dimension 0 if
we could apply partial conjugations to any of the Lefschetz pencils in the previous
paragraph so that the fundamental group of the total space of the resulting pencil was
not a 4—dimensional solvmanifold group (see [1, Remark 18]).

In Section 3 we will prove Theorem 1.1 relying on the theory of moduli spaces of
polarized abelian surfaces. In Section 4 we will first prove Theorem 1.3, that is, we will
obtain vanishing cycles of the genus-3 holomorphic Lefschetz pencil due to Smith [24].
We will then discuss compositions of this pencil with finite unbranched coverings.
In Section 5 we will first reconstruct Smith’s pencil from a combinatorial point of
view, and generalize the construction to obtain Lefschetz pencils with higher genera.
Utilizing the technique in the appendix we will prove that the divisibilities of these
Lefschetz pencils are all 1; see Lemma 5.6. We will further modify Smith’s pencil to
prove Theorem 1.4.

2 Preliminaries

Throughout the paper, we will always assume that all manifolds are smooth, oriented
and connected unless otherwise noted.

2.1 Lefschetz pencils and fibrations

Let X be a closed 4-manifold and B C X a nonempty discrete set. A smooth map
f: X\ B— CP! is called a Lefschetz pencil if it satisfies the following conditions:

(1) The restriction f'|criy( r) is injective, where Crit( /') is the set of all critical points

of f.
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(2) Each x € Crit(f) is of Lefschetz type, that is, there exists a complex coordinate
(U,: U - C?) (resp. (V,y: V— C)) of x (resp. f(x)) compatible with the
orientation such that ¥ o f o¢~!(z, w) is equal to z% + w?.

(3) Forany b € B there exist a complex coordinate (U, ¢) of x compatible with the
orientation and an orientation-preserving self-diffeomorphism £: CP! — CP!
such that £o f o~ !(z,w) is equal to [z : w] € CP!.

Each point in B is called a base point of f. A smooth map f: X — CP! satisfying
the conditions (1) and (2) above is called a Lefschetz fibration. When we deal with a
Lefschetz pencil and fibration at the same time we sometimes write f: X \ B — CP!
to mean a Lefschetz fibration assuming B to be the empty set. A Lefschetz pencil or
fibration f is said to be holomorphic if there exists a complex structure of X such that
f is holomorphic and we can take biholomorphic ¢, ¥ and & in the conditions above.

Remark 2.1 Since a Lefschetz singularity germ has infinite .4,—codimension as a
real germ, it is not finitely determined in the smooth category, and thus it is basically
hard to determine whether a given smooth germ is of Lefschetz type or not. However,
in the complex category there is a useful criterion for a critical point to be of Lefschetz
type: a critical point x € C? of a holomorphic function f: C2 — C is of Lefschetz
type if and only if the complex Hessian

Hess(f)x = det(( 82;{21 (x))lsk,lsz)

is not equal to O (see [26, Lemma 2.11]).

For a Lefschetz pencil or fibration f: X \ B — CP!, the genus of the closure f—1(x)
of a regular fiber is called the genus of f, which is denoted by g( f). Using a regular
fiber, we further define the number

d(f) = sup{n €Z |[f~1(x)] = na for some o € HZ(X;Z)} € Zi= U {o0},

called the divisibility of f. Two Lefschetz pencils or fibrations fo: Xo \ By — CP!
and fi: X7\ By — CP! are said to be isomorphic if there exist orientation-preserving
diffeomorphisms ®: Xy — X; and ¢: CP! — CP! which make the following diagram
commute:

Xo\ By —— X\ B,

5o K

ce! %, cp!
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Obviously two isomorphic Lefschetz pencils or fibrations have the same numbers of
base points and critical points, the same genus and divisibility, but the converse does
not hold in general (a pair f(, 7y and f(3 1) in [3], for example, is a counterexample).

2.2 Monodromy factorizations of Lefschetz fibrations/pencils

Let X = Eﬁ,’ be a compact genus-g surface with p boundary components. We take
points uy,...,u, € 0% from each of the components of % and let §; C Int(X) be a
simple closed curve parallel to the boundary component containing u;. Let U be the
set {uy,...,up} and Diff(X; U) the group of orientation-preserving diffeomorphisms
of ¥ which preserve the set U. We call the set mo(Diff(X2; U)) the mapping class
group of ¥ and denote it by Mod(XZ; U). An element of Mod(X; U) is the isotopy
class of an element in Diff(X; U), where isotopies fix the set U . The group structure
of Mod(X; U) is induced by compositions of maps, that is, [¢1]- [¢2] = [¢1 o 2] for
¢1, ¢z € Diff(2; U).

Now let f: X \ B — CP! be a Lefschetz pencil or fibration with  critical points. Set

f(Crit(f)) ={ay,....an}, and take paths a7, ..., o, C CP! with a common initial
point ag € CP!\ f(Crit(f)) such that
e «p,...,0, are mutually disjoint except at ag,

e (; connects ag with a;,
e «p,...,0, are ordered counterclockwise around ag, ie there exists a small loop

around a( oriented counterclockwise, hitting each «; only once in the given
order.

We take a loop &; with the base point ay by connecting «; with a small counter-
clockwise circle with center a;. We call a system of paths &;,...,d, obtained by
the procedure above a Hurwitz path system of f. For each b € B, let Dy be a
sufficiently small 4-ball neighborhood of » and vB the disjoint union | |,cp Dp.
For each b we take a section Sp C dDp of f|s—1(g), where E C CP! is a disk
containing f(Crit( f)) and all the loops &y, ..., ®,. Let H be a horizontal distribution
of f|r=1(E)\wBuUcHit(f))» thatis, H ={Hx}xe r~1(E)\(vBUCHt(f)) i a plane field such
that Ker(dfx) ® Hx = Ty X forany x € f~1(E)\ (vB UCrit(f)). We assume that
Hy = TxSp for any x € Sp and Hy C TxdDp for any x € dDp. Using H, we can
take a lift of the direction vector field of &; and a flow of this lift gives rise to a
self-diffeomorphism of f~!(ag). We call this diffeomorphism a parallel transport
of @; and its isotopy class a local monodromy around a;. Note that a local monodromy
does not depend on the choice of H.
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Under an identification of the pair (f_1 (ao) \VB, f~Y(ao)Npep Sp) with the pair
(X2,U), we can regard a parallel transport as a diffeomorphism in Diff(X2; U), and
thus, a local monodromy as a mapping class in Mod(Z%; U). A local monodromy
around «a; is a Dehn twist f.; along some simple closed curve ¢; C Int 25 (see [14]).
The curve ¢; is called a vanishing cycle of f. Since the concatenation &1 --- @, is
nullhomotopic in CP!'\ f(Crit(f)) and the restriction f|; D, is the Hopf fibration,
the composition Z, - -- t¢, is equal to 5, --- 15, in Mod(Z2; U) (which is the identity
if B = &). The factorization

ley ey =15, 1,

is called a monodromy factorization of f . Two factorizations ¢, ---tc, =tg, - -tq, =
ts, -~ s, are said to be Hurwitz equivalent if one can be obtained from the other by
successive applications of the following two kinds of moves:

e Elementary transformation ., ---tc;  lc; le,—>1lc, ttCi—i—l (c)lciqyy Loy -

 Simultaneous conjugation ¢, ---fc; —> ly(c,) " lp(c,) fOr ¢ € Mod(22; U).

Theorem 2.2 [14; 20; 2] Assume that 2 — 2g — p is negative. Two Lefschetz
pencils or fibrations of genus g with p base points are isomorphic if and only if the
corresponding monodromy factorizations are Hurwitz equivalent.

2.3 Moduli spaces of polarized abelian surfaces

By an abelian surface, we mean a complex torus of dimension 2 which can be holo-
morphically embedded into CPV for sufficiently large N . For a complex torus 7', a
polarization of T is a cohomology class H € H?(T';Z) which is the first Chern class
of an ample line bundle. Let A C C? be a lattice and 7' = C2/A . We can canonically
identify the group H;(7T'; Z) with the lattice A . Using this identification we can regard
polarizations of 7' as integer-valued alternating forms on A . For any polarization E
we can take a basis /i1, 42, A1, A2 of A such that E is represented by the following

0 D
£=(ba)

where D = (dq,d,) = (a(’)1 a(l)z) for d; > 0, dy|d,. We call the pair (d;,d,) or the
matrix D the type of the polarization E.

matrix with respect to this basis:
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We denote by £, the set of all symmetric complex 2x2 matrices with positive-definite
imaginary part, which is a connected complex manifold of dimension 3. For Z =
(z1,22) € $H,, we denote the ordered set (zy,z5,d,d>) by Az. The set Az is
a basis of a lattice in C2, which we denote by Az. In particular, Az gives rise
to a complex torus 7z = C2/A,. Let Hz be the imaginary part of a hermitian
form represented by the matrix Im(Z)~! with respect to the standard basis of C?2.
The form H is a real-valued alternating form on C?2. It is easy to check that the
representation matrix of Hz| Ay with respect to the basis Az is (_g f)) ) Thus, Hz
is a (dy, dy)—polarization of Tz . Conversely, any polarized abelian surface can be
obtained by the construction above. More precisely, it is known that for any complex
torus T = C2/A, its polarization H and a basis A of the lattice A with respect
to which the representation of H|3 is (_g € ) there exists a matrix Z € §); and a
biholomorphic map W: C2 — C? such that two triples (7, H, A) and (Tz, Hz,Az)
correspond by W (see [17, Section 8.1]). In particular, $), is a moduli space of (d1, d»)—
polarized abelian surfaces with a symplectic basis of the lattice. The following are
basic properties of this moduli space which will be used in this paper.

Lemma 2.3 We fix the pair (d;, d,) and we regard $), as a moduli space of (dy, d»)—
polarized abelian surfaces as explained above. Then:

(1) The subset Sog ={Z € $, | NS(Tz) % Z} is contained in a countable union of
proper analytic subsets of §),, where

NS(Tz) =Im(c;: H'(T2:0%,) > H*(Tz: L))
is the Néron—Severi group of Tz .

(2) The subset S1 =1{Z € 9, | Tz =~ E|x E, for some elliptic curves E{, E,} is
contained in S.

Proof The first statement is in [17, Exercise 8.1] and the details are left to the reader. In
order to prove the second one, assume that there exist elliptic curves E;, E; such that
Tz is biholomorphic to E1x E,. The cohomology classes represented by the divisors
E1x{0} and {0}x E, are both contained in NS(7z). Thus the rank of NS(7'z) is at
least two. a

For a holomorphic line bundle L we denote the set of holomorphic sections by I'(L),
which is a finite-dimensional complex vector space. In the rest of this subsection we
will construct an ample line bundle Lz with ¢y(Lz) = Hz and a basis of I'(Lz)
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explicitly (for more systematic constructions of line bundles on complex tori and their
sections, see [17, Chapters 2 and 3]). For Z € $); we denote the submodules (z1, z5)
and (dy,d,) of the lattice Az by Aé and A%, respectively. Let Vé be the real
subspace of C? generated by Aé. It is easy to see that C? is equal to the direct sum
VZ1 @ Vé. Using this decomposition we define a map xz: C2 — S! as

Xz V1 +v2) =exp(wiHz(vi,v2)),
where v; € Vé. We further define a map az: Az xC% — C* by
az(h.v) = xzM) exp(r Im(Z2) (v, 2) + ZIm(Z) "' (A, 1)),
where Im(Z) ™! is regarded as a hermitian form on C?. We then define a line bundle
Lz =(C*xC)/~,
where the equivalence relation ~ is generated by the relation
W+ A,z)~w,a(A,v)z)

for A € Az and v € C2. By assumption the alternating form H is trivial on VZ2 . Thus
the restriction Im(Z)™! lv2 is symmetric. Since the C—extension of VZ2 is the whole
space C?, we can define a symmetric form Bz on C? by extending Im(Z)~|y2.
We define a holomorphic map 15‘%0: C? — C, called a Theta function, by

9% () =

exp(3Bz(v.v))x Y exp(r(Im(Z)~' = Bz)(v. )~ %F(Im(Z) "' = Bz)(%.1)).
reAl

We can verify that the map 7z > [v]+—[(v, 19%0 (v))] € Lz is well-defined, in particular
19%0 gives rise to a section of Lz (see [17, Lemma 3.2.4]). For two integers 0 <i < d
and 0 < j < d, we define the map 9: C* — C by

05 (w) = az (wij. v)” 9P +wyy).

where w;; = (i/d1)z1 + (j/d2)z>. This also gives rise to a section of L z for each
pair i, j (see [17, Corollary 3.2.6]).

Theorem 2.4 [17, Theorem 3.2.7] The set {ﬂg elN(Lz)|0<i<d,0=j<d,}
is a basis of I'(L 7).
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3 Uniqueness of holomorphic Lefschetz pencils on the
four-torus

In this section we prove Theorem 1.1. Let L be a holomorphic line bundle on T4.
Throughout the paper we will use a broken arrow --> to represent a meromorphic map.
For 59,51 € I'(L), we define a meromorphic map [sg : s;]: T* --> CP! as follows:
for x € T*, take a trivialization nZl (U) = U x C and regard the restriction s;|y as a
holomorphic function, and define [sq : 51](x) = [so(x) : s1(x)]. It is easy to see that
a point [so(x) : s1(x)] € CP! does not depend on the choice of a trivialization of L
around x. The map [s¢ : 51] is defined on the complement of s Loyn sl_1 (0).

Lemma 3.1 For any holomorphic Lefschetz pencil f on T*, there exists an ample
line bundle L and sections sq, s such that [ is equal to [sqg : 51].

Proof Let V; ={[zo:z;]€ CP' |z # 0} and let ¥;: V — C be a map defined by
Vi([zo : z1]) = zj/zi for j #i. For each b € B we take a 4—ball neighborhood D
and a biholomorphic map ®p: Dy — C?2 so that D and Dy, are disjoint if b # b’
and f o <1>[:1 (z, w) is equal to [z : w]. We put ®p(x) = (<1>2(x), <I>})(x)). We define a
space L by

L= (Vo) xOu( ' (v)xCyu| | (DpxC)/~.
beB
where the equivalence relation ~ is defined by
(. Y1 (f(x)z) forx e [T (Von V),
(x,z) ~ (x,CDE(x)z) forx € f~1 (Vo) N Dy,
(x,CDll)(x)z) for x € f~1(V1) N Dy.
Itis easy to see that L together with the projection 77 L — T* onto the first component
is a holomorphic line bundle on 7. We define two sections sq,s1: 7% — L of L by

(x,)e f71(Vp) xC for x € f~1(Vp),
so(x) =1 (x, ¥1(f(x)) € [T (V1) xC forx e f71(V),

(x,@%(x))eDbe for x € Dy,

(x, Yo(f(x)) € fT1 (Vo) x T forx € f~1(V),
si(x)=2(x,) e f~L(V)xC forx € f=1(1y),

(x, ®}(x)) € DpxC for x € Dy.

It is easy to verify that the map [sq : 1] is equal to . The line bundle L has nontrivial
holomorphic sections sg, s; and clz(L) = |B| > 0. Thus by [17, Proposition 4.5.2],
L is ample. a
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Remark 3.2 The type of the polarization ¢q(L) for L in Lemma 3.1 is not equal
to (1, 1) since sg and s; are linearly independent (see Theorem 2.4).

We can easily prove the following lemma using the inverse function theorem for
holomorphic maps.

Lemma 3.3 Let x € T* be a base point of h = [sq : s1]. Then the condition (3) in
Section 2.1 holds at x if and only if (ds¢)x and (dsy)x are linearly independent.

Remark 3.4 For a polarization H of a complex torus 7', the following map is
surjective by [17, Corollary 2.5.4]:

T —ci"(H)yCc H(T;03), vtiL,

where L is an ample line bundle with ¢y (L) = H and t,: T — T is the translation
X — X 4+ v. In particular the set of isomorphism classes of holomorphic Lefschetz
pencils obtained from an ample line bundle L depends only on the class ¢{(L). Thus,
any holomorphic Lefschetz pencil on 7# is isomorphic to a pencil obtained from a
pair of sections of a line bundle Lz we constructed in Section 2.3.

3.1 A condition for pencils to be Lefschetz

As we explained in Section 2.3, ), is a moduli space of (dy, d,)—polarized abelian
surfaces with a symplectic basis of the associated lattice for each type (dy, d). Using
a holomorphic function ¥ Yfor0<i < dy and 0 < j < d, on C? we define a map
0z: Tz -—> CPV, with N did, — 1, by

oz (F) =[:0F(x) ]

where X € Tz 1s a point represented by x € C2. This map is well-defined by double-
periodicity of 15‘ and is defined on the complement of the intersection [ ); Jj (19” )~1(0).
We denote the set of all hyperplanes in CPY by (CP™)*, which is canonically
biholomorphic to CPV . For any projective line P C (CPN)*, we define a pencil
fp TZ --> P by

fPX)=HeP if xep,'(H).

Let Hy, Hy € P be distinct hyperplanes and ) ; J a X ij adefining polynomial of Hy .
It is easy to verify that fp is defined on the complement of ¢ Zl (Ho N Hy) and is
isomorphic to [sg : s1], where s = Zi,j af.‘jz‘}g € I'(Lz). Thus, by Lemma 3.1
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any holomorphic Lefschetz pencil on T# is isomorphic to fp: Tz --> P for some
P C (CPN)*. In this subsection, we will discuss when fp becomes a Lefschetz
pencil. Note that the arguments in this subsection are quite similar to those in [26,
Section 2.1.1], in which generic pencils in linear systems of very ample line bundles are
discussed, while we will discuss ample (but not necessarily very ample) line bundles
on the four-torus. For this reason, we will omit details of some of the proofs in this
subsection.

Lemma 3.5 If d; =1 and fp is a Lefschetz pencil for some P C (CPN)*, then T,
is not biholomorphic to a product of elliptic curves.

Proof Suppose that Tz were a product E; x E,. The line bundle L 7z would be a
tensor product py L ® p3 Ly, where p; is the projection onto the 7' h component, L;
is a line bundle on E; of degree 1 and L, is a line bundle on E, of degree d. The
space I'(L z) would be generated by s-#1,...,5-t7, where I'(L{) = (s) and ['(L,) =
(ty,...,tz). Thus, for any line P C (CP™)* the base locus of a pencil fp would
contain s~1(0), and in particular fp would not be a Lefschetz pencil, contradicting
the assumption. a

In what follows, we assume that 7z is not a product of elliptic curves if d; = 1. Note
that a generic Z € ), satisfies this assumption by Lemma 2.3. For a homogeneous linear
polynomial ¢ € C[{Xjj }o<i<d, 0<j<d,] We denote the zero-set of ¢ by H, € (CPN)*.
We define a subset Wz C Tz x (CPV)* by

Wz =

{()_C, Hzlinij) S sz((C]PN)*

lejz?”(x) 0, Zl,, (x) Ofork—12}.

We can prove the following lemma by direct calculation.
Lemma 3.6 Let P C (CP)* be a line. Suppose that X is not a base point of fp.

The following conditions are equivalent:

(1) ()_C, Hzlinij) S Wz.
(2) fp(X) = Hyy,; x,, and X is a critical point of fp.

(3) @z is not transverse to HZI X;; at X.
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In what follows, we assume that d;d, is greater than or equal to 3. In this case ¢ is
defined on Tz (see [17, Section 10.1]). For i =0, 1,2 we define

3-1) R ={x e Tz |rank(doz)x =1i}.

We denote the union [ J i<i Rj by S;. The set S; is an analytic subset of 7'z, and in
particular the dimension of S; makes sense.

Lemma 3.7 The dimension of S is at most 1. Furthermore, if NS(Tz) = 7Z and
So # 9, then dim(Sy) is equal to 0.

Proof Since Tz is compact, the image ¢z (7T7) is an analytic set by [5, Theorem 5.8].
Assume that dim(S;) = 2. Since Tz is irreducible, S is equal to T~ . Thus the
dimension of ¢ z(T'z) is 1 by the rank theorem (see [5, Theorem A2.2.2]). By Chow’s
theorem (see [5, Theorem 7.11) ¢ 7z (Tz) is an algebraic curve. If the degree of ¢z (T2)
were 1, then ¢z (T7) would b.e' contained in some Hy ;. x;, € (C]P’N )*, but that Wpuld
imply that the section ) /;; ﬁg is the zero-section, contradicting the fact that {ﬁg Viij
is a basis of I'(Lz). Thus the degree of ¢z (7Tz) is at least 2, and in particular
¢z (T7) intersects a generic hyperplane in CP? at more than one point. This would

imply that a generic divisor in |L z| is reducible, contradicting [17, Theorem 4.3.5].

The map ¢z is constant on each component of Sy. Since ¢z is not a constant map,
dim(Sy) is less than 2. Suppose that dim(Sy) were equal to 1. Take a one-dimensional
component C of Sy and denote the point in ¢z (C) by ¢ € CPY . Since there exists a
hypersurface H € (CPY)* away from ¢, the intersection number [C]- H is equal
to 0. On the other hand, the self-intersection H % is positive. Since both the class [C]
and Hz are contained in NS(7'z), by assumption [C] should be equal to 0, but it
cannot happen since C is an algebraic curve. a

In what follows we assume that dim(Sy) is equal to 0 if Sy is not empty. By Lem-
mas 2.3 and 3.7 this assumption holds for generic Z € §), . Note also that any pencil fp
would not be a Lefschetz pencil if dim(Sg) > 0. Indeed, any point in a one-dimensional
component of Sy is either a base point or a critical point of fp for any P.

Lemma 3.8 The dimension of Wz is at most N — 1.

Proof of Lemma 3.8 Let p;: Wz — Tz be the projection onto the first component.
By Lemma 3.6, the restriction p | pTl(R) 152 fiber bundle with fiber CPY =1~ Since
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the dimension of Ry = Sy is 0, it is a finite set (see [5, Proposition 3.4]). Thus
pl_l (Rp) is a manifold and its dimension is N —1 if it is not empty. Since R, C Tz is
open, pl_1 (R>) is also a manifold and its dimension is N — 1 provided that pl_1 (Rp)
is not empty. Suppose that the dimension of the locally analytic set pl_l (Ry) is greater
than N — 1. There exists an open set U C Tz x ((C]P’N )* such that the intersection
pl_1 (Ry) NU is a manifold with dimension greater than N — 1. Since Sing(R/) is
nowhere dense in Ry, the set U N pl_1 (reg(R1)) is not empty. Since reg(R) is open
in Ry, theset U N pl_l (reg(Ry)) is a manifold with dimension greater than N — 1.
However, this is impossible since p;- I(reg(R)) is a fiber bundle over reg(R;), which
is a 1-dimensional manifold if it is not empty, with fiber CPN~2. Thus the dimension
of p7'(Ry) isatmost N —1. Since Wy is the union p; ' (Ro)U p7 ' (R1)UpT ! (Ry),
its dimension is at most N — 1. O

Let pa: Wz — (CPN)* be the projection onto the second component and Dz the
image of p,. Since p, is a proper map, Dz is an analytic set of dimension at most
dim(Wz); see [5, Theorem 5.8].

Lemma 3.9 The dimensions of Dz and W, are both N — 1.

Proof Since dim(Dz) < dim(Wz), it is enough to prove dim(Dz) = N — 1 by
Lemma 3.8. Since dim(Dy) is at most N — 1, there exists a point H € (CPN)*
away from Dz . Let wg: (CPNV)*\ {H} — CPVN~! be the projection from H . The
image g (D7) is an analytic set since the restriction g |p, is proper. If dim(Dz)
were less than N — 1, the dimension of g (D7) would also be less than N — 1.

]P)N—l

Thus we could take a point x € C away from g (Dz). We denote the closure

Ty 77 (x) by Py, which is a line in (CPN)*. Using Lemma 3.3 we can verify that fp_
is a Lefschetz pencil on 7'z without critical points. This would imply that a blow-up
of T admits a surface bundle over CP!, which is impossible. |

We define the subset Wg C Wz as

82191]
vt =l eve (S ) )}

The next two lemmas follow from the same arguments as those in [26, Section 2.1.1].

Lemma 3.10 Suppose that X € Tz is not a base point of fp fora line P C (CP™)*.
Then the following conditions are equivalent:
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(1) (x,H)eWw).
(2) fp(X)= H and X is a Lefschetz-type critical point of fp.
Moreover, if (X, H) € Wg then Wz is regular at (X, H) with dimz gy Wz =N —1,

and p, is an immersion at (x, H).

Lemma 3.11 Let (x,H) € WZ0 and P C (CPN)* be a line containing H. Then
Ty P is contained in (dp>) i, m)(T(x,m)Wz) if and only if (p}l (H') contains X for
any H € P.

We define two subsets D, and D7, of Dz as follows:

Dy = p2(Wz\Wz), Dy ={HeDz\Dy|f(p; (H))#1}.

Since Wz \ Wg is analytic and p, is proper, D/Z is analytic by [5, Theorem 5.8].
Furthermore, it is easy to see that D% is contained in Sing(Dy), which is an analytic
set with dimension at most N — 2 by [5, Theorem 5.2.2].

Theorem 3.12 For a line P C ((C]P’N )*, the following conditions are equivalent:
(1) The map fp is a Lefschetz pencil.
(2) The line P is away from D', UD', and for any (X, H) € p;'(Dz N P) we
have (dp2)z.m)(Tz.mHyWz) + Ty P = T (CPV)*.

We can prove Theorem 3.12 in the same way as in the proof of [26, Proposition 2.9].
By Lemma 3.10 the set D) = Dz \ (D, UDY) is a submanifold of (CPN)* of
dimension N — 1. We can easily deduce the following corollary from Theorem 3.12.

Corollary 3.13 Suppose that H € (CIP’N )* is away from Dz . Denote the projection
from H by ngg: Dz — CPN~!. The map

=i Tz —> ng' (%)

g (%)

is a Lefschetz pencil if and only if JT;II (x) is away from D', UD'}, and x is a regular
value of 7TH|D% .

Remark 3.14 Using Theorem 3.12 we can prove that for a generic Z € §3, the set
of lines in (CPN)* giving rise to Lefschetz pencils on T is connected. We can
thus deduce that two Lefschetz pencils on 7z coming from the same polarization are
isomorphic (see the proofs of Lemma 3.16 and Corollary 3.17). Still, Theorem 1.1
does not follow from this fact since the Lefschetz pencils fy and f7 in Theorem 1.1
do not necessarily give the same polarization on the total spaces.
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We denote the set of all projective lines in ((CIP’N )* by L, which can be identified with
the Grassmannian manifold G,(CV*1). Since 7w (Sing(Dz)) is an analytic set of
dimension at most N — 2, we can deduce the following corollary.

Corollary 3.15 Suppose that fp: Tz --> P satisfies the conditions (2) and (3) in
Section 2.1. For any open neighborhood U C L of P, there exists a line P’ € U such
that fp/ is a Lefschetz pencil.

3.2 Existence of paths connecting two Lefschetz pencils

Let dy, d, be positive integers with dq | d,. Throughout this subsection, we assume
that dyd, > 3. As we observed in the beginning of Section 3.1, any holomorphic
Lefschetz pencil on T# with genus dd, + 1 and divisibility ¢, is isomorphic to
fp: Tz —-> P for Z € §), and P € L. The aim of this subsection is to take a path in
£, x L which connects two points associated with two given Lefschetz pencils.

Lemma 3.16 The subset of $); x L consisting of points which yield Letschetz pencils
is open.

Proof Let S»(CNV*!) be the space of all pairs of C—linearly independent vectors
in CNV*1 endowed with the relative topology of (CN+1)2; that is, Sp(CV*!) is a
noncompact Stiefel manifold. Since the quotient map 77: S»(CN*1) — £ is continuous
and open, it is enough to show that the set

{(Z, (vg, 1)) € Hy X Sy(CN+ | (Z, 7 (vg, v1)) yields a Lefschetz pencil}
is an open subset.

For (Z, (vg, V1)) € $2 xS, (CN*1), define diffeomorphisms Dvo,v; - CP' — 7 (vg, v1)
and ¥ z: R* - C? by

Puo.o (lo 1 1) = Hy iy iy x, o ¥Z(¥) = (Z, D),

where we put vy = (..., v;'(j, ...)and D = (‘f)' ;2). We can deduce from Lemma 3.10
that /7 (vy,0) (¥ Z (X)) = dug,v, ([0 : /1]) and that ¥z (x) is a Lefschetz critical point
if and only if the following three conditions are satisfied:

o Y Uov + 110795 Wz (x) = 0.
i,j
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. PRt
o Y (lovg +11vllj)a—z(1pz(x)) =0 for k =1,2.
- Zk
l’j
ij N
o det lov; + v X ) ) 0.
((;u g vze) )#

Furthermore, by Lemma 3.11 the following two conditions are equivalent:

e The point (¥ z(x), ¢uy,v, ([0 : [1])) is contained in Wg and

v, Uo:ty DT W0, V1) C(AP2) G0 b0 0y Woits D) LG G b0 0 Wit 1) W2

e (Z,(vg,vy)) satisfies the three conditions above and Zi,j U;Z ﬁg (Wz(x))=0
for k=0,1.

We define a map ®(Z, (vg, v1)): R* x CP! — C*® as follows:
O(Z, (vo, v))(x.[lo : 1]) =

. o . )
(Z(lovgf + 1S Wz (). Y (ovy +11 v;’)ﬁ(wz (x)),

ij N ij

> (ovg +11v! %(WZ(X)),det > (ovg +11v! iy (Vz(x))
¥ 0 179z, y 0 170920z ’

Y v G Wz ()).Y v (wz(x»).
i,j i,j
Let
Vi = {0} x {0} x C2,

Vo ={0}xC x{0} cC3xCxC?=C?,

A ={(x1.x2,x3,x4) € R* | |x;| < 1}.
We can deduce from Lemmas 3.6, 3.10 and Theorem 3.12, together with double-
periodicity of the Theta functions, that f7(y,,v,): Tz ——> m(vo, v1) satisfies the condi-
tions (2) and (3) in Section 2.1 if and only if ®(Z, (vy, v1))(A x CPYY N (V; U V3) is
empty. Since V; and V5 are closed and A x CP! is compact, the subset

Wo = {(Z. (v0, v1)) € H2x S2(CV T | ®(Z, (v, v))(AXCPHYN (V1 UV,) = 7}
is open.

We take a point (Z, (v, v1)) € Wy and suppose that fr(yy,v,): Tz ——> m(vo, V1) is
a Lefschetz pencil. We put ¢v_01,v] (S wo,v) (Crit( fr(vo,v1)))) = {V1s-- ., Yn}, Where
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n = 6dyd, is the number of critical points of f;(y,v,)- For each i, we take a disk
neighborhood D; of y; in CP! such that D; N Dj = @ if i # j. The first three
components of ®(Z, (vg, v1))(x,[lo : /1]) can never be equal to 0 simultaneously for
(x.[lo: 1]) € Ax (CP'\|J; D;). Since Ax (CP'\||; D;) is compact, there exists
an open neighborhood U C Wy of (Z, (vg, v1)) such that for any (Z’, (vy. v})) € U
the first three components of ®(Z’, (v, ’1))(x [l : I1]) will never be equal to 0
simultaneously for (x, [l : /1]) € A x ((CIP’ \Ll; D ) Thus, all the critical values
of fn(v W) Tz --> m(vgy,vy) are contamed in the disjoint union | |; D;, where
7(vy, v}) is identified with CP! via ¢ 0 . Furthermore, we can make U sufficiently
small so that the conjugacy class of a local monodromy of f,,(v ) Tz -->m(vy, v})
around D; is independent of the choice of (Z !, (v, v})) € U. In particular for any
(Z',(vg.v})) € U and i, the preimage 1 (V) )(D ) contains at least one critical
point of fﬂ(v o Tz > 7 (vg. v}). Since fﬂ(v v)) has genus g=did,+1 and
b = 2did, base points, 0 = x(Tz/) is equal to 4 4g +n' —b = n' — 6dd,,
where n’ is the number of critical points of fn(v ) Thus »’ is equal to n and
the set f ! (v, ,)(D ) contains exactly one critical point for each i, which implies
that fﬂ(v v ) satisfies condition (1) for any (Z’, (vy.v})) € U. We can eventually
conclude that the set of points in $, x S, (CN*1) giving rise to a Lefschetz pencil is
open. o

The proof of Lemma 3.16 implies the following corollaries.

Corollary 3.17 Let W be the set of (Z, P) € $, X L such that fp: Tz --> P isa
Lefschetz pencil. For (Z;, P;) € W with i = 0,1 the two pencils fp, and fp, are
isomorphic if (Zq, Py) and (Z, Py) are contained in the same connected component
of W.

Proof Suppose that (Zy, Py) and (Z;, P1) are contained in the same connected
component of W. The proof of Lemma 3.16 shows that the monodromy factoriza-
tions of fp, and fp, are Hurwitz equivalent. Thus fp, and fp, are isomorphic by
Theorem 2.2. a

Corollary 3.18 A genus g > 4 holomorphic Lefschetz pencil on T* does not have a
reducible fiber.

Proof Suppose that fp: Tz --> P has areducible fiber F = F;+ F,. By Lemma 2.3,
Lemma 3.16 and Corollary 3.17, we may assume that NS(7'z) is isomorphic to Z
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without loss of generality. Since [F;] € NS(Tz) for i = 1,2, [F;] = nja for some
ni € Z and o € HZ(TZ;Z). Since F; and F, intersect at one point (which is a
Lefschetz singularity of fp), we have that nyn,a? is equal to 1. Thus 2g —2 = [F]?
must be equal to 4, which contradicts the assumption. O

Remark 3.19 We can deduce from Corollary 3.18 that a genus g > 4 Lefschetz pencil
on the four-torus 74 with reducible fibers cannot be holomorphic.

Lemma 3.20 Suppose that the following condition, for (dy, d;), is satisfied:

The set {Z € $); | dim(D',) > N—1} is contained in a countable union of
analytic sets with positive codimensions.

Then W defined in Corollary 3.17 is path-connected.

Proof For (Z;, P;) e W, i =0, 1, we first take a path §: [0, 1] — $), which satisfies
the following properties:
e Bl)=Z;fori=0,1.
dim(D};(t)) <N —1 forany ¢ € (0,1).
» The group NS(7pg()) is the infinite cyclic group for any 7 € (0, 1).
We can take such a path by the assumption and Lemma 2.3. We may further assume
that Tg(s) is not a product of elliptic curves by Lemma 2.3 and that an analytic set
So C Tg(r), defined after Lemma 3.6, has dimension 0 by Lemma 3.7. By Lemma 3.16
there exists & > 0 such that fp,: Tg) --> Py and fp,: Tg(1—s) --> Py are both
Lefschetz pencils for ¢ € [0, ¢]. We will prove that there exists a piecewise smooth path
y: [to, t1] = $H2 X £ which satisfies the following conditions:
(1) ya(to) = Po.
@) Sy Ty, r) —> v2(2) is a Lefschetz pencil for any 7 € [fg, #1].

(3) There exists a monotone nondecreasing function &: [y, 1] — [&, 1 — €] such that
8(tp) =€ and y1(¢t) = B(6(¢)) for any ¢ € [tg, t1].
(4) (1) =1—¢and y2(t1) = Py.

Here y;(¢) is the i component of y(¢). In order to prove existence of such a path,
we define a value 7' < 1 —¢ by

T =sup{t €[0,1 —¢]| Iy: [to, 1] = L satisfying (1)—(3) and y;(¢1) = B(2)}.
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The value T is equal to 1 —¢. To see this, suppose that T is less than 1 —¢. Using
Corollary 3.13 we can find aline P € £ such that fp: Tgr)--> P is a Lefschetz pencil.
By Lemma 3.16 we can take ¢’ > 0 such that fp: Tg() --> P is a Lefschetz pencil
forany ¢ € [T — &', T + €’]. By the definition of T, there exists a path y: [fg, 1] = L
and s € (T — ¢, T] such that y satisfies the conditions (1)—(3) and y;(¢;) = B(s). By
the assumption we can take a path in E%( 5) which connects y,(s) and P. We can
then extend a path y so that the extended path y satisfies the conditions (1)-(3) and
y(t1) = T + &', which contradicts the definition of 7". Thus we can conclude that
T =1—e¢. In the same way as above, we can then take a path y which satisfies the
conditions (1)-(4). Eventually we can obtain a path connecting (Zg, Py) and (Z1, P;)
by concatenating the three paths 7 — (8(¢), Py) defined on [0, ¢], the path y obtained
above and the path ¢ — (B(¢), P1) defined on [1 —e¢, 1]. O

We can eventually deduce the following from Corollary 3.17 and Lemma 3.20.

Theorem 3.21 Suppose that the condition (x) in Lemma 3.20 is satisfied. Then any
two holomorphic Lefschetz pencils on T* with genus (d,d, + 1) and divisibility d,
are isomorphic.

3.3 The condition (%) for a pair (d,d>)

As we proved in the last subsection, any two holomorphic Lefschetz pencils with
genus (dyd, + 1) and divisibility dy are isomorphic provided that the condition (x) in
Lemma 3.20 is satisfied. In this subsection we discuss which pairs (dy, d,) satisfy this
condition.

We first observe that if dyd, > 5, the set of Z € $), such that L is not very ample
is contained in an algebraic set with positive codimension (see [17, Theorem 4.5.1,
Section 10.1, Theorem 10.4.1]). Furthermore, by the same arguments as those in [26,
Section 2.1.1], we can deduce that D’, has dimension at most N —2 when L 7 is very
ample. We thus obtain:

Lemma 3.22 The condition (*) holds if did, > 5.
The only remaining case covered in Theorem 1.1 is (dq,d») = (2,2).

Lemma 3.23 The condition () holds for (dy,d,) = (2,2).
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Proof For Z € 9,, the (2, 2)—polarized abelian surface (77, Hz) is isomorphic to
(Tz/,2Hz/), where Z' = Z /2 € $, and (Tz/, Hz/) is the (1, 1)—polarized abelian
surface corresponding to Z’ (the isomorphism sends X € Tz to x/2 € Tz). Suppose
that 7'z is not a product of elliptic curves (this condition holds for generic Z by
Lemma 2.3). The abelian surface 7'z is not also a product of elliptic curves. We denote
the Kummer surface 77 /(—1) associated with Tz by Kz. Since L z/ is symmetric
in the sense of [17, Section 4.6], there exists an embedding n7: Kz — (CP?)* such
that the following diagram commutes (see [17, Section 4.8]):

T, — 2% (CP3)*

| AL

Kz

where n: Tz — Kz is the quotient map. Thus, the set Ry C Tz defined in (3-1)
consists of sixteen points which are preimages of singular points of Kz under 7, and
R, =Tz \ Ry. The preimage pl_1 (R,) C Wz is a manifold with dimension N —1. If
the dimension of p; (pl_1 (R3y)) is less than N — 1, that of Dz N p, (pl_1 (R>)) is also
less than N — 1. Suppose that the dimension of p, (pl_1 (R3)) is N — 1. In the same
way as in the proof of Lemma 3.22, we can verify that pi° “HRy)NWZ\ WO) is the set
of p01nts at which the restriction py: p '(R,) = D is not an immersion, in particular

TH(R))NW is notempty. Since p; ' (R>) isirreducible and p ! (R2)N(WZz\W2)
is locally analytic, the dimension of pi” LR N (W2 \ Z) is at most NV — 2.

For X € Ry, the preimage pl_l(f) is a hyperplane in {x} x (CP™V)*. The proof of
[17, Theorem 4.8.1] implies that the following map is an isomorphism for any x € C?
representing X € Ry:

2 2 — 09 0%
SPTXC?) — Hom(pz (3).0). Y aijg 5 (9 = aiygr g i ().

where S2(TxC?) is the symmetric product of T,C? and we identify ¢ (X) in
(CPY)* with a hyperplane in I'(Lz) using the basis {ﬁ;j} of T'(Lz). We let
sij € Hom(¢z(X),C) be the image of 3?/dz;0z; under the map above. The set
{511,512, 522} is a basis of Hom(¢z (¥), C), so we can take a dual basis {s7,,57,.55,}
of Hom(pz(X),C)* = ¢z(X). Let ¥ = s7,+s5, € ¢z(X). This theta function
satisfies 82190/8Z,~82j (x) = §;; . In particular, (X, %) is contained in Wg N pl_l()_c).
Since pl_l (X) is irreducible, the dimension of (W2 \ WZO) N pl_1 (X) is at most N —2.
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We can eventually conclude that the dimension of
Wz \Wz = (p; ' (R) N (Wz \W2) U(py ' (Ro) N (Wz \ W2))

is at most N —2. Thus the dimension of the image D, = p,(Wz \ WZO) is also at
most N —2. a

Theorem 1.1 immediately follows from Theorem 3.21 and Lemmas 3.22 and 3.23.

We thus far cannot guarantee that the assumption (*) holds when (dq,d>) = (1, 3)
or (1,4). Furthermore, the arguments in this section do not work when (d1, d») = (1, 2)
(note that we assumed that d;d; is at least 3 in the paragraph preceding Lemma 3.7).
Still, we believe the following conjecture holds:

Conjecture 3.24 Two holomorphic Lefschetz pencils on the four-torus (with any
genera and divisibilities) are isomorphic if and only if their genera and divisibilities
coincide.

4 Examples of Lefschetz pencils on the four-torus

We can deduce from Corollary 3.13 and Lemmas 3.22 and 3.23 that there exists a
holomorphic Lefschetz pencil on 7% with genus (d;d, + 1) and divisibility d; for
any dy,d, with dy | d, and either did, > 5 or di > 2. Such a pencil can be obtained
by taking a generic pencil in the complete linear system of an ample line bundle, in
particular it is in general difficult to determine its monodromy factorization. Note
that so far we have not yet proved the existence of holomorphic Lefschetz pencils
corresponding to (dq,dy) = (1,2), (1,3) and (1,4), while the case of (1, 1) is already
excluded (cf Remark 3.2). In this section we will first obtain a genus-3 holomorphic
pencil on T# with (d;, d>) = (1, 2) following the construction due to Smith [24], and
determine vanishing cycles of it. We will further obtain holomorphic pencils with
higher genera (and their vanishing cycles) by composing unbranched coverings.

We begin by observing the relation between (possibly branched) coverings and mon-
odromies of mappings. Let X be a closed four-manifold, ¥ a closed surface and
f+ X — ¥ asmooth map with discrete critical value set. As in Section 2.2, we
can define a local monodromy by taking a loop around a critical value of f and
a parallel transport along this loop with respect to a horizontal distribution of the
submersion f|x\crie( 1) - Let ¢: X > X bea covering branched at a (possibly discon-
nected and empty) immersed surface S with transverse self-intersections (the reader

Algebraic & Geometric Topology, Volume 18 (2018)



1538 Noriyuki Hamada and Kenta Hayano

can refer to [11, Chapter 7], for example, for coverings branched at such surfaces).
We denote the set of self-intersections of S by D(S) C X and the critical point set
of the restriction f|g\p(s) by T¢(S). In what follows we assume that the image
S(T¢(S)) is a discrete set. It is easy to see that the critical value set of the composition
fog: X — ¥ is contained in the image f(Crit(f) U D(S) U T¢(S)), which is a
discrete set by assumption. In particular, we can define a local monodromy of each
critical value of f o¢g. We will discuss the relation of monodromies of f and fog
below.

Let ag € X be a point away from f(Crit(f) U D(S) U T¢(S)). By assumption the
fiber f~!(ag) is a submanifold of X and intersects S transversely. In particular the
intersection f~1(ag) NS is a finite set. Using this we can identify f~!(ao) with a
genus g closed surface T, with p = ti(f ! (ao)NS) marked points, which we denote
by Xg,p. For a point a € f(Crit(f)U D(S)U T¢(S)) we take a path « from ag
to a. We further take a loop @ by connecting o with a small circle around a. Let H
be a horizontal distribution of the restriction f'|x\(crit( £)un($)uT;(s)) Such that Hy
coincides with TS forany x € S\ (Crit( /)UD(S)UT¢(S)). Using the identification
f~Wag) = =g, we can regard the parallel transport T; .» along & with respect to H
as a self-diffeomorphism of X , preserving the marked points setwise.

By assumption the restriction g|s—1(,,) is a covering which is branched at the finite set
f~Yae) NS In particular we can take an identification of a fiber (f 0q)~!(ag) with
a marked surface ¥z ,, which is a covering of X, , branched at p marked points.
Since # is tangent to .S at any point in S\ (Crit( /) U D(S)U T¢(S)), we can take a
lift H of H by the branched covering ¢, which is a horizontal distribution of f ogq.
It is easy to verify that the parallel transport 77 3 is a lift of T 3 by ¢; that is, the
following diagram commutes:

Ta"’“
Xz.p > Xz.p
"l lq
Ts.n

Ygp — Zgp
We eventually obtain the following lemma.
Lemma 4.1 Let Mod(Xg,,) be the group of isotopy classes of orientation-preserving
self-diffeomorphisms of Xg , which preserve the marked points setwise, and let

¢z € Mod(Xg, ) be the monodromy of f along &. Then the monodromy of f ogq
along « is represented by a lift of a representative of gz by ¢.
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Remark 4.2 Lemma 4.1 does not uniquely determine the monodromy of fog along &:
a lift of a representative of ¢z by ¢ is unique up to covering transformations of q.
Still, such an ambiguity will not cause any problems in the following subsections.
Indeed, monodromies we will deal with must satisfy some additional conditions, which
determine them uniquely.

4.1 Genus-3 holomorphic pencils due to Smith

In [24] Smith gave a way to construct a genus-3 holomorphic Lefschetz pencil on T4
by taking a branched covering of a singular projective variety. Although Smith showed
that we can obtain a holomorphic pencil by his construction, he neither carried out
the construction in practice nor obtained vanishing cycles of the resulting pencil (but
mentioned the symplectic representation of the monodromy). In this subsection, we
will construct a genus-3 holomorphic pencil of T4 following the construction in [24]
and determine the vanishing cycles of the pencil.

We begin with a brief review of Smith’s construction. For homogeneous polynomials
q1,-.-,qn we denote their zero-set by V(qy,...,qn) C CP™. We put

0=V(x2+y2+:z3)cCP? S§=V(x%+y?>+z:?) cCP2

The set Q is a singular variety with an A;—singularity [1:0:0:0] € Q, and S is
a sphere in CP2. Let 7: Q\ {[1:0:0:0]} — S be the restriction of the projection
[t:x:p:z]—[x:y:z]. We take six conics Cq,..., C¢ with the following properties:

e Each C; is away from the singularity [1:0:0:0].

e Two spheres C; and C; intersect at two points transversely for i # j with
i,j<4,or (i,j)=1(506).

e Two spheres C5 and Cg are tangent to C; at one point for i < 4.

Let g;: Z — Q be a double covering branched at C; U---U Cy. The space Z has
two Aq-singularities in the preimage ql_l (1:0:0:0]). Let r: Zsy — Z be the
resolution of these singularities. The space Zgy, is a manifold obtained by replacing
neighborhoods of the two singularities of Z with two disk bundles over the sphere with
degree —2. In particular, Zgy, has two spheres S1, S, with self-intersection —2. Since
Ci U---U (4 has twelve transverse double points, Z, has another twelve spheres
S3,...,S14 with self-intersection —2. Furthermore, the preimage ql_l(C5 U Ce)
contains two dlSJOll’lt sphere Si5 and S;¢ with self-intersection —2. We can take a
double covering ¢;: T — Zgm branched at the disjoint union |_|l_1 Si. The space T
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has 16 exceptional spheres in the preimage ¢5 1 (|_|, Si). We denote the blow-down
of T along these spheres by 7'. The composition 7 o g; or o ¢, factors through 7'
and defines a pencil f: T --» .S with four base points which satisfies the conditions
(2) and (3) in Section 2.1. If we take conics Cq, ..., Cg so that the restriction of 77 on
the set of double points of Cy U---U Cy is injective, the resulting pencil f becomes
Lefschetz.

In what follows, we consider the following conics in Q:
C1 =V +y>+22%0), Cy=V(x*+y*+2%t+x),

Cs = V(x2 + 324220+ %x—l—%y), Cy = V(x2 + 324220+ %x—%y),
Cs = V(x2 +y2 —1—22,[ + %x + %iz), Ce = V(x2 + y2 +22,t + %x — %iz).
Itis easy to verify that these conics satisfy the three conditions in the previous paragraph.
We denote the set of double points of C; U---U Cg by D. Using Lemma 4.1 we can
obtain vanishing cycles of f once we can calculate the monodromies of & around
the image 7 (D). Let So ={[x : y:z] € S|z # 0}. We define a holomorphic
map ¢: So — C2 by ¢([x : y:z]) = (x/z,y/z). Since the image ¢(Sy) is equal
to {(X,Y)eC?| (X +iY)(X —iY) = —1}, the composition ¥ o ¢: Sg — C* is
biholomorphic, where v: C? — C* is defined by ¥/ (X,Y) = X +iY . Furthermore,
this map can be extended to a biholomorphic map S — C = C U {oo} which sends
[1:i:0]and [1:—i:0]to 0 and oo, respectively. Using this map, we will identify S
with C throughout this subsection. The following lemma can be deduced easily by

direct calculation.

Lemma 4.3 The image 7 (D) is contained in {€" € C |n =0, ...,7}U{0, oo}, where
&= exp(”Ti). Furthermore, the intersection Cs N Cg is contained in w1 ({0, co}).

Forany w € C = C \ {oo}, the map 7! (w) — C defined as [t :x:y:z]—t/(x —iy)
is biholomorphic. Using this, we will identify the fiber 7! (w) with C for any w € C.
With this identification in hand, we can define a path )/(i): J—C,wherei=1,...,6,
for any path y: J — C (where J C R), by

D)=z e n ' (y(1) NG C C.

The value of this path is indeed determined uniquely since C; is a section of .
Let o be an oriented path in C which intersects (D) only at its terminal point.
The corresponding paths !, ..., «(® are also oriented paths in C two of which,
say a9 and o), intersect at their common terminal point. We denote by & the
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oriented loop based at the initial point of o obtained by connecting o with a small
counterclockwise circle around the terminal point of o. We can easily verify that
the parallel transport along @ is isotopic to a composition of the point-pushing self-
diffeomorphism of C along the paths o, ... a® the m?]‘ power of the local
full-twist around the common terminal point of «® and /), and the inverse of the
point-pushing self-diffeomorphism, where m;; is the multiplicity of the intersection
of C; and C; in the fiber on the terminal point of «, whichis 1 if 7, j <4 ori, j > 5,
and 2 otherwise.

Let oy, where k = 1,2,3,4, and B be paths in C defined by
ap: [-1.1] > €. ag(s) = sEF71,
B:[—m,w]—C, B(0)=-¢eexp(if),

where ¢ > 0 is a sufficiently small real number. In order to determine monodromies
of m, we first calculate the paths oc(] ) and ,B(J ). Under the identification S =~ C,

a1 (s) = s corresponds to [s% — z(s + 1) : 2s]. Thus, agj)(s) =t/(x—1iy) can
be calculated as follows:
1 0
0‘5 )(5) = iy 0,
2
) —x _s=1_ 1 10>
*1 (S)_x—ly_ > T2t
3) —x/2—y/2 s2—1 .s*+1 g3 g1,
s - = —1 = + s°,
() x—iy 4 4 272 242
@, _ —x/24+y/2  s*—1  .s*+ £3 & -
o, (s) = x—iy . 4 +il 4 2\/_ 2\/§S’
—x/2—iz/2 _ s*—1 .
o) = fc—iyZ/ T tigs _Z(l_”)z’
(6) _—x/2+iz/2_s2—1_.£__l .2
o (s) = =iy =7 5= 4(1+ls) .

In the same way as above, we can also calculate the other paths as follows:

agl)(s) =0, agz)(s) =-1+ %sz,

Gy 1 =3, 1 £2 By 1 3, 1 £32
o, (S)_Z\/EE +2ﬁésa o, (s)—zﬁé+2ﬁés’
o (s) =—5(1+&7"9)7, o (s) = —%(1 +£%95)%,

o (s) =0, oP(s) =5 157,
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gy = L 1 _£3¢2 @ (gy= L g3 1
s (s) = f?’: + ﬁé s s (s) = f;’: +2f£:
o (s) = —L(1+5)2, a®(s) = —L(1-4)2,
1 2 i
ai)(s)zo, ag)(s)z—%—%sz,
Gy — L g3 1 3.2 Wy — 1 g3 1 g—
Y (S)_zfg +2ﬁ$ 5 %4 (S)_z«/iSJrzﬁg
0V (s) = —4(1 +89), 0 () = =41 +87%),
13(1)(9) =0, /3(2)(9) — _2 + 1828219
3oy — 34 1620210 g4 3y 2,210
BOO) = J=t7 + Sl 1e2e20 . pO() = Log? 4 Lt
BO(O) = —1(1 + e O=2))2 BOG) = —1(1 +eel®+2)2,
We can draw the paths (x(j ) in the plane C as shown in Figure 1. In each of the figures,
the five dots are the points ozkl)(O) 6) (0) (note that oz(s)(O) =ay )(O)) while
(1) is the constant path, the bold line descrlbes the path oz](C ), the dotted lines (which
are colored in red) describe the paths a(3) and a(4) (the denser one is a( ) , while the
other one is (x( ) ) and the semi-dotted hnes (Wthh are colored in hght blue) describe
the paths oz(s) and oz](f) (the denser one is oz,(C ) , while the other one is o (6) ). Moreover,

at each of the transverse crossings except for the terminal points, the path going over
the other path goes through the crossing point after the other path comes to the point
as the parameter s increases.

For k =1,...,8 we define a path y; in C as follows:

» For k <4, let y, be the concatenation of B[ (k—1)xi/4] and g |[e,1]-

e For k > 5, let y; be the concatenation of oy _4|[—1,—¢ and Bl[—(9—k)ri/4,0]
with the opposite orientation.

According to the arguments above, the monodromy of 7 along the path ¥} is the
product of the full-twists along the paths shown in Figure 2 and the squares of the
full-twists along other paths, which have either ocl(cs)(O) or a](f)(O) as end points and
are not described in Figure 2. (Note that we only need local monodromies derived from
the double points in Cy U---U Cy in order to obtain vanishing cycles of f: T — S.)

By Lemma 4.1 we can obtain local monodromies of the genus-1 Lefschetz fibration
mwogqior: Zgm — S by taking a lift of the full-twists along the paths in Figure 2 under
the double covering of C 2 77— (g) branched at the set 7—1(g) N (Cy U---UC}) of four
points (ie the four nested dots in Figure 2). The resulting local monodromies are the
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a§j)(s), s<0

(]

A path for Ps

Paths for

(NN ;

NS

- ;

s, > :

., |

., !
————————————— ‘.- \o>
I~ -

7

A path for

1543

Paths for 5

Figure 2: The monodromy along ¥; is the product of the full-twists along the
paths above and other twists which are less important

squares of Dehn twists along the curves in Figure 3. Here, two of the four marked points
in Figure 3 are the points in the preimage of co € C 2 7~1(¢), while the other two
marked points are two points in the preimage of the intersection 7~ (¢) N (Cs U C¢).
All the marked points describe sections of the Lefschetz fibration 7 o g1 o r with

self-intersection (—2).
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Figure 3: Vanishing cycles of the Lefschetz fibration m og or: Zg, — S,
associated with (top row, left to right) y;, v2, ¥3, Y4 and (bottom row, left to

right) ys, vs, Y7, v8

To obtain the pencil f: T --> S, we further take a double covering ¢5: T — Zgm
branched at 16 spheres with self-intersection (—2). Four of these spheres are the
sections of 7 o gy or, and the other twelve spheres are contained in singular fibers
of m og; or, each of which is an irreducible component of a fiber containing two
Lefschetz singularities with parallel vanishing cycles.

Lemma 4.4 We denote the fiber (wr oqyor)~!(g) by F C Zgy,. The preimage of each
vanishing cycle in Figure 3 under the restriction ¢ | a5\ (F) is connected.

Proof We first observe that there is a one-to-one correspondence between the set of
isomorphism classes of double coverings of a four-manifold X branched at B C X
and the set of homomorphisms ¢: H{(X \ B;Z/27) — 7Z/2Z sending a meridian
of each component of B to 1. Furthermore, for a given double covering g: X—>X
branched at B, the corresponding homomorphism ¢,: H(X \ B;Z/27) — Z/2Z
can be obtained as follows: for a simple closed curve c, the value @4 ([c]) is 1 (resp. 0)
if the preimage ¢~ !(c) is connected (resp. disconnected).

Let S C Zgn be one of the twelve spheres in singular fibers of wog{or and Ny C Zgy
a tubular neighborhood of S'. The restriction of 7 og; or on N; has two Lefschetz
singularities and a regular fiber of this restriction is an annulus. According to [11,
Section 8.2] we can draw a handlebody picture of the closure N; which reflects the
configuration of the two singularities as shown in Figure 4 on the left (two (—1)—framed
knots correspond to the two Lefschetz singularities). Moreover, applying the algorithm
in [11, Section 6.2] to our situation, we can obtain a diagram of the complement
N1\ N, of a smaller tubular neighborhood N, of S as shown in Figure 4 on the right
(the bold handles and the two 3—handles in the figure correspond to handles of §').
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CONY

Figure 4: Handlebody pictures of (left) the closure N; of a neighborhood
of S and (right) the complement N; \ N, of a smaller neighborhood of S
in ]V 1

-1

Y

U 3-handle x 2

Let ¢q,...,c12 C X4 be the vanishing cycles in the four-punctured torus X 4
described in Figure 3. It is easy to verify (by drawing a handlebody picture using the
observation above) that the first homology of the complement of the sixteen spheres
in Zgy is isomorphic to the group

12
(H1(E4;Z/2Z) ®€B(Z/2Z€i))/({ci +ei|i=1,...,12}),
i=1
where the e; coincide with the meridians of the spheres in singular fibers. As we
observed above, the homomorphism ¢, associated with the branched covering ¢,
must send each e; to 1. Since ¢; is equal to e; in the group above, the preimage
q5 (¢;) is connected. a

Figure 5: The involution 7, which is the rotation by 7 around the indicated axis.

Since the vanishing cycles ¢y, ..., ¢y, span the homology group H;(T?;7Z/27), the
argument in the proof of Lemma 4.4 also shows that a double covering of 72 branched
at the marked points by which each loop ¢; cannot be lifted is unique up to isomorphism.
In particular, we can obtain vanishing cycles of the pencil f: T --> S once we can
find such a branched covering, which is obtained by dividing X5 by the involution 75
shown in Figure 5. Taking the preimage of the vanishing cycles in Figure 3 by the
branched covering induced by 1, we can eventually obtain vanishing cycles ¢, ..., ¢
of f: T --> § as shown in Figure 6, and thus the monodromy factorization associated
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with f,
4-1) Iz

oty =8y e 1y

As the pencil f has genus 3, it gives rise to a (1, 2)—polarization on 7" (see Lemma 3.1).

oY

Figure 6: Vanishing cycles of a holomorphic genus-3 pencil on 7 due to
Smith. From left to right, the curves (top row) ¢12, €11, €10, Co; (middle
row) cg, ¢7, Cg, Cs; (bottom row) ¢4, €3, C2, C1 .

Remark 4.5 To be precise, the pencil we have constructed here is not a Lefschetz
pencil yet since it does not satisfy the condition (1) in Section 2.1. However, we
can obtain a holomorphic genus-3 Lefschetz pencil on T# by perturbing the conics
Ci, ..., Cq so that the restriction of & on the set of double points of C; U---U Cy
becomes injective. We can further check (using Mathematica) that the monodromy
factorization of the Lefschetz pencil obtained in this way is Hurwitz equivalent to that
of our pencil.

Remark 4.6 Recently, Baykur [1] has also constructed a genus-3 symplectic Calabi—
Yau Lefschetz pencil whose total space is homeomorphic to the standard four-torus 74,
but its diffeomorphism type was unknown. In addition, the geometric structure of the
pencil is not clear since his construction is based on a purely combinatorial method in
terms of relations among Dehn twists. In Section 5, we will see that his pencil is in
fact isomorphic to the pencil corresponding to (4-1) (see Remark 5.2) after observing
some arguments on combinatorial structures of the factorization (4-1). Thus, we now
understand in detail the geometric structure of Baykur’s pencil; in particular, his pencil
is not only homeomorphic but also diffeomorphic to the standard 7*, and the pencil
may be considered holomorphic.
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4.2 Holomorphic Lefschetz pencils with higher genera

As observed in the beginning of this section, for any integers dq, d, > 0 with dy | d;
and either did, > 5 or dy = 2, there exists a genus-(dd>+1) holomorphic Lefschetz
pencil on T* with divisibility d;. In this subsection we will explain how to obtain
monodromy factorizations of some of these Lefschetz pencils. We will also find a
holomorphic Lefschetz pencil corresponding to (dy, d>) = (1,4), whose existence is
not verified so far.

Let ¢ € H*(T*;Z) be a (d;,d,)—polarization of T#. The cohomology class ¢
is equal to dyay; U By 4+ drap U B, for some generating system oy, 81,5, B2 of
HY(T*;Z). Leta;,bj € H|(T*; Z) be, respectively, duals of ;, B; with respect to the
Kronecker product. We take an unbranched covering map ¢: T—>T4 corresponding
to the subgroup of H;(T*;Z) generated by nja;,by,na,, b, for some positive
integers nq,n,. It is easy to see that T is again a 4—torus and the set

{q*(al) “(B). q ( 2) *(,32)}
ni

generates HI(T Z). In partlcular the pull-back ¢ (c) e H¥(T; Z) is a (d1 dz)—
polarization of T, where d1 = gcd(n1d1 nod,) and dz = nlnzdldz/dl Since d; is
divisible by d, we have that d1 is also divisible by d; . Furthermore, dz is divisible

by d, since nydy/ d; must be an integer. Conversely, for any positive integers /1, /5
with (/1d1)|(l2d3), the pull-back g*(c) by an unbranched covering map g correspond-
ing to the subgroup (/1ay, by, lras,by) C H\(T*;Z) is an (I,d,[,d,)—polarization
of T'. We thus obtain the following:

Lemma 4.7 Letc < H*(T*;Z) be a (d,,d,)—polarization of T*. For any positive
integers 671,672 such that 671 |c72 and d; |c7 for i = 1,2, there exists an unbranched
covermg map q: T — T* such that the pull-back q*(c) is a (d1 dz) —polarization
of T. If g is an n—fold unbranched covering, d1d2 is equal to nd;d,.

Let f: T*# --> CP! be a holomorphic pencil associated with a (d;, d,)—polarization
c e HXT*;Z) and ¢: T — T* a finite unbranched covering map. It is easy to verify
that the composition f ogq: T --> CP! isalso a holomorphic pencil associated with
the polarization ¢*(c). By Lemma 4.7, for any d, d, with dd, even we can obtain
a holomorphic pencil on T4 associated with a (d;, d5)—polarization by composing a
finite unbranched covering map with the genus-3 pencil in the preceding subsection,
which is associated with a (1, 2)—polarization. We can perturb the resulting pencil so
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that no fiber contains more than one critical point; and hence it becomes a Lefschetz
pencil. We can further obtain the vanishing cycles of the pencil f oq using Lemma 4.1
once we find out how the deck transformations of ¢ act on a reference fiber of f ogq.
In what follows we will apply the above procedure to obtain two holomorphic pencils
on T* with the same genus but distinct divisibilities.

Example4.8 Let f: T*--> CP! be the holomorphic pencil obtained in the preceding
subsection. According to Lemma 4.7, for a double unbranched covering ¢: T—>T*4
the type of a polarization associated with the composition f oq is either (1,4) or (2,2).
We will give two double unbranched coverings which yield both types of polarization.

069

Figure 7: The curves generating H,(T*;7Z)

It is easy to see that H(T*;Z) is generated by the elements represented by the
curves ap, by, das, b, shown in Figure 7 (which are contained in a reference fiber of f).
Let ¢;: T . — T* be a double unbranched covering corresponding to the subgroup
(ay,2by,a2,by) C H{(T*;Z). The restriction of ¢; on the preimage of a reference
fiber of f is the quotient map by the involution 1 shown in Figure 8, in particular the
restriction of the deck transformation of ¢ is equal to 7;.

Figure 8: The involutions 1 and ¢; . Both of them are rotations by 7.

Let ¢; be the involution of a fiber of f og shown in Figure 8, which is a lift of the
hyperelliptic involution ¢ of the genus-3 fiber. For any i = 1,...,6 we take a lift d;
of ¢; in Figure 6 under the unbranched covering map ¢; as shown in Figure 9. The
other lift of ¢; is ny(d;), which is also given in Figure 9. Since ¢; ¢ is equal to ¢(¢;),
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Figure 9: Vanishing cycles of the Lefschetz pencil f og;. The curves d;
and 1y (d;) for (top, left to right) i = 6,5,4 and (bottom, left to right)
i=3,2,1.

the lifts of the curve ¢; ¢ are ¢1(d;) and ny(¢t1(d;)). Thus a monodromy factorization
of the pencil f ogq; is

Iny (i(de)) i1 (de) " Iy (i @) ey (dy) " Ini (de)lds ** " Iny (dy)ldy = 18y """ Lsg-

Applying the algorithm given in the appendix, we can calculate the divisibility of f ogq;
(using Mathematica), which is equal to 1. Thus the type of polarization associated
with fogqq is (1,4).

Let g5: T » — T* be a double unbranched covering corresponding to the subgroup
(ay,by,a,2by) C H{(T*;Z). We take involutions 7, and ¢, of a genus-5 surface as
shown in Figure 10. It is easily verified that the restriction of ¢, to the preimage of a
reference fiber of f is the quotient map by 17,, and ¢, is a lift of ¢ under this map. By
Lemma 4.1, we can obtain vanishing cycles of f o ¢, by taking lifts of the ¢;, which
are denoted by e; and given in Figure 11 together with 1, (e;), t2(e;), n2(t2(e;)) for
i =1,...,6. We eventually obtain a monodromy factorization of f o g, given by

Ina(a(ee))liales) **  Ina(aler) liaer) " Inales)les **  Ina(er)ler = 15y **lsg-

Applying the algorithm in the appendix (using Mathematica), we can verify that the
divisibility of f ogq, is equal to 2. Thus, the type of polarization associated with f oq,
is (2,2).
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Figure 10: The involutions 7, and ¢,. Left: the punctured dots are on
opposite sides of the surface. Right: another description of the surface, where
the involution ¢, becomes the rotation by & about the dotted circular axis.

Figure 11: Vanishing cycles of f oq,. From left to right, the curves (top
row) eg, €5, e4; (bottom row) esz, e;, e;.

Remark 4.9 By Corollary 3.15 we can obtain two holomorphic Lefschetz pencils by
perturbing f ogqy and f ogq,. These Lefschetz pencils are not isomorphic, since they
have distinct divisibilities. As far as the authors know, this pair is the first example of a
pair of nonisomorphic holomorphic Lefschetz pencils on the same four-manifold with
the same genus, the same number of base points and explicit monodromy factorizations.

5 Combinatorial approach and its applications

In this section we will observe a combinatorial aspect of our pencils. We can reconstruct
the factorization (4-1) in a combinatorial way by utilizing a lift to Mod(Z4; U) of
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Matsumoto’s factorization in Mod(X,), which was given in [12]. In [1], Baykur
independently gave a very similar construction to obtain a genus-3 Lefschetz pencil
whose total space is homeomorphic to 7#. In fact, it turns out that his factorization is
Hurwitz equivalent to the factorization (4-1) (see Remark 5.2). Although the combi-
natorial construction has been already presented in [1], we repeat it here in a slightly
different way (more symmetric) for completeness. Our combinatorial construction of
Smith’s pencil is pretty useful for obtaining two new families of symplectic Calabi—Yau
Lefschetz pencils: one is a generalization of Smith’s pencil to higher genera, the other
consists of pencils on four-manifolds homeomorphic to the total spaces of torus-bundles
over the torus admitting sections.

In this section we will freely use elementary transformations, especially commutativity
relations, and permutations in the calculations. Given a Dehn twist factorization
W =14, - 1q, (Which is not necessarily equal to the identity or the boundary twist) and
a mapping class ¢, we denote the simultaneous conjugation pWe~! = lo(ay) """ Lo(ar)
by 4(W) throughout the section.

5.1 Smith’s pencil and its generalization

As we mentioned, in order to combinatorially construct the factorization (4-1) we make
use of a lift of Matsumoto’s factorization. Matsumoto’s factorization is well known as
a factorization of a genus-2 Lefschetz fibration on T2 x S2#4CP?; see [20]. In [12],
the first author found several lifts of the factorization to Mod( 2‘2‘), each of which gives

four (—1)—sections of Matsumoto’s Lefschetz fibration. One of them is

(- Bo.11B1 11B> 1 IC1 1By 2 1By 1By 2 1C, = 1§y * Uy
where the curves are as shown in Figure 12.
We first modify the relation to make it match our scheme. Consider a 3—chain relation

(tetatp)* = ts,tc, asin the top right of Figure 12. Substituting for z¢, in (5-1) we have

_ 4,—1
Is, -+ 15, = 1B, 1By !B, - (lclalp) lsy, "IBy !B »1B,,1C,

2 2 1
= tB(),ltBl,lth,l : (tctatb) (tctatb) '[Bo‘ztBl,zth,zt(s_% tCz

2 2.—1
=1By !B, !B, - (tetaty) -136.213/1.213/2’2(10%11,) t53 Ic,

— 2 2.—1

= (tetals) tB(/),ltB/l.ltBé.l .136.2ZBE.2IB/2.2([‘71“I[’) t53 lc,
2.—1 2

:tB(/),ltB/l,ltB/z,lth),zzB/l,zzB/z,z(lClatb) 153 lcz(tclatb)

_ 4.—1
=18, ,'B; !B, !B} ,!B] ,!B ;" (telals) Iy 1Cas
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83 OCz eox

Figure 12: A lift of Matsumoto’s factorization. The curves B; ; for i =
0,1,2 and j = 1,2 are as labeled. Top right: the curve C; and a 3—chain
configuration. Bottom right: the curve C, and the boundary curves.

where B | = (tctatp) "> (Bi1) and Bj, = (tctatp)*(Bi;2) for i = 0,1,2, which are
as depicted in Figure 13. (Note that the geometric action of the mapping class
(tctatb)izt(sf ! on the surface rotates the subsurface between 63 and C; by £180
degrees with respect to the horizontal axis, while holding §; and C;.) By resubstituting
the 3—chain relation in the reverse way, we obtain

(5-2) t36,1tB,l,ltB/z,ltB(/J.ztBi.ztBlz 2tC1 ey =15y - 15y

This expression has a nice symmetry: namely, each B/ is preserved by the 180 degree
rotation with respect to the vertical axis, while Cy and C, switch.

0,2

!
1,2 B

Figure 13: Modified lift of Matsumoto’s factorization

To construct Smith’s pencil, we now consider a 4-holed genus-3 surface and two
configurations for the relation (5-2) as in Figure 14, which give

14, tdzld3td4ld51d6 sy ls, = 151152 “lsylsy,
ld;ldsldold oldy  Udys ~ Usylsy = 18318, " Us) Isy-

We rewrite them as
taytdyldytdyldstde = 15,15, * Isslsals T,

_ -1,—1
ldzldgldold oty ldis = 183184 " Usi Usalsy L, -

Algebraic & Geometric Topology, Volume 18 (2018)



Topology of holomorphic Lefschetz pencils on the four-torus 1553

! and lsltsZtszlt_l we then obtain

Combining them and canceling out Zg, 4ts_11t P

52

(5-3) tay Ly tdsdaldstdeld, g dotdyotdy Td 1o = 18115518315,

Figure 14: Combinatorial construction of Smith’s Lefschetz pencil

Lemma 5.1 The factorization (4-1) is Hurwitz equivalent to the factorization (5-3).
Proof Noticing that we already have ¢; =d;1, ¢3 = d19, ¢5 = dg, C¢ = do, ¢7 =ds,
Co=dy4, C11 = dy2 and €1, = d3, we have
Isy « -+ U5y = 151,12, 1810 oo e 165 o6 125 16, 183 12, 12
= 1d31d 5 17,01ds1Cs ldsldode 164 1d 10 16, 1d 1
~ ldy 1510 d, (g lds ldg ~ 1do1241d o 16, 1dy 1 Ud
~ 1dy 180 (g ldy ldsTd * ldo 1418, 1d o 1 Td )
~ ldylez (@) 1E10 daldslds  Tdolz, (@2)1E4 d o ldy Ldy2
~ gtz @) tay Gro)ldsldalds lde * Uag bz, (€2) tag (Ga) ldo 1o ldy Uy
=14, ldyld3ld,dsldeld,dgldold g ldy 1 1d 2
where the last equality follows from observing that t4,7z,,(C3) = d1, t4,(C10) = d>,

tdgl’c](gZ) =dy and td9(54) =ds. O

Remark 5.2 As mentioned earlier, the Lefschetz pencil constructed by Baykur [1]
whose total space is homeomorphic to 74 is isomorphic to the pencil corresponding
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to (5-3), hence (4-1). To see this we first take the simultaneous conjugation of (5-3) by
(tetatp)?, where the curves a, b, ¢ are as shown in Figure 14(c). Letting d] be the
resulting curve of d; mapped by (t.1413)?, we see

Isy -+ 18, = ldyldyld3ldyldsldeld, Tdsldoldyoldy Ud,
~laplaytagtagtagtaglastagtagta; Ly Ly,
~lajlaytagtagtagtaglay fdéfr;; fal @yldiyld;, lay,
~laptaytagtagtagtaglagla Zdiofr;; fag (CALTIN
~ tdi Zdétdg Zdjltdg tdéttdé’dé (dfo)td{; tdé, th—él td_él (dé)tdil tdiz'

The last factorization is exactly the same as Baykur’s factorization.

The construction of the factorization (5-3) can be generalized to higher genera, which
provides a new family of symplectic Calabi—Yau Lefschetz pencils. We consider the
surface E;g 2 of genus g > 3 with 2g —2 boundary components in a circular position
and the (%)—rotation ¢ around the center as shown in the top left of Figure 15. Take
the configuration for the relation (5-2) as in the figures in the top right, bottom left and

bottom right of Figure 15. Then, as before, we have

—1,—1

ldy 1 1dy (lds ldy 1 Uds 1 Ldey = 181185 " Lsolssls) Ls, -
We put Wy =14, 14, \tdy 11d, lds. tds, (as a factorization) and fori =1,...,g—1
take the simultaneous conjugation W; := 4i—1(W7) of Wy by the rotation map U

_ _ —1 —1
Wi = ldy ;ldy ;lds ;ldy i Uds i Tde; = 1801182 *Usaialsaiprilsyi Usyi s

where dj; = ¢'7'(d}j 1), s2i—2 = ¢ (s0). $2im1 = ¢' T (s1)s 520 = ¢ (s2),
s$2i41 =@ "1 (53), 62i—1 = ¢' "1 (81) and 85; = ¢~ 1(82). Note that 525, = 5o and
S2g—1 = 81. When we combine Wy, ..., W,_1, a similar canceling process as before
works well, so that we obtain

g—1
(5-4) Wi Wy = 1_[ ldy ilds i ldy 1 ldy i 1ds jlde; = 181 " 16255

i=1
This factorization gives a genus-g Lefschetz pencil with 2g — 2 base points and
6g — 6 irreducible critical points for g > 3. We denote this Lefschetz pencil by
Je: Xg\ Bg — CP! (for g > 3). Note that f3 is nothing but the Lefschetz pencil
corresponding to the factorization (5-3), ie Smith’s pencil. It is straightforward to

Algebraic & Geometric Topology, Volume 18 (2018)



Topology of holomorphic Lefschetz pencils on the four-torus 1555

Figure 15: Construction of a generalization of Smith’s pencil. Top: the
surface Ef,g_z and the rotation ¢ (left) and the curves 51 = $24_1, 52, 53,
So = S2g—2, 61 and &, (right). Bottom: the curves d 1, d2.,1, d3,1 (left) and
the curves dy,1, ds,1, de,1 (right).

see that the Euler characteristic of X is 0. The signature of the relation (5-1) is 0
(see [12]) and the signature of a braid relation is also 0 in the sense of Endo—Nagami [7].
Since the relation (5-4) is constructed by a combination of copies of the relation (5-1)
and braid relations, the signature of (5-4) is 0, hence the signature of Xg is 0. It is
also easy to verify that the fundamental group of the total space Xy of fg is Z* Bya
theorem of Baykur and Hayano [3, Theorem 4.1], the Lefschetz pencil f, is symplectic
Calabi—Yau. Since a symplectic Calabi—Yau manifold whose fundamental group is
isomorphic to 71 (7T*) = Z* is indeed homeomorphic to T* (see [9, Corollary 3.3]),
so is the total space X . In fact, for odd g we can even show that X, is diffeomorphic
to the 7% and f; is holomorphic.
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Lemma 5.3 For odd g, the Lefschetz pencil fg can be obtained by perturbing f3ogq,
where q: T* — T* is a (85 ) —fold unbranched covering.

In order to prove Lemma 5.3 we first observe that, in general, the order among
Wi, ..., Wg—1 in (5-4) does not matter.

Lemma 5.4 The factorization WoyWs(2) -+ Wo(g—1) = 5, ***l5,,_, is Hurwitz

equivalent to Wi Wy --- We_y =15, -+-1s,,_, for any permutation o of {1,...,g—1}.

Proof We will show that W;W; in the factorization can switch to W; W; for i # j.
We only need to consider the cases |i — j| =1 and {i, j} = {1, g — 1}, otherwise
W;W; obviously switches since the supporting subsurfaces for W; and W; are dis-
joint. Recalling that W; = 15, f5,.s,;_ ISZ,HIs_Z,l oo -1 as a mapping class, and
noticing that the only curve among them that intersects Wlth the curves of W; | =
ldy i1 lds i1 tds i1 tde 41 ds o1 tde iy 1S S2i+1, and in addition, 5241 is away from
any other curve in W; for j #i 41, we get

I, lsyy_y = Woy - WiWigr - Wo(g—1)
o)W Wir ) Wi Wo(g—1)
=Woy * tey,p, Wit DWie o Wo (g1
o) Wit1i Wi Wo(g—1),

where the last equivalence is achieved by taking a simultaneous conjugation by 7. + .-
The same argument works when W; is replaced by Wy and W; 1| by W;. a

Proof of Lemma 5.3 By Lemma 5.4 the factorization (5-4) is Hurwitz equivalent to
the following factorization for odd g:
(g-1)/2 (g-1)/2

l_[ ldy pi—yldy 5i—y " ldg iy 1_[ Uy 2ildrn; " lde o = 181" " 18re—s-
i=1 i=1

Then, by only using commutativity relations, it can be reformulated as

(g-1)/2 (g-1)/2 (g-1)/2 (g-1)/2

l_[ ldy iy " 1_[ lde iy l_[ ldy 5 * l_[ lds »;

i=1 i=1 i=1 i=1
(g-1)/2 (g-1)/2 (g-1)/2 (g-1)/2

= l_[ I84; 3 l_[ 184; 5 l_[ 184i 4 l_[ l84; -

i=1 i=1 i=1 i=1
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Each of the subfactorizations [[; g, »;_» [1; ;5> i tsai_s> T1i t84is»> [1i t64i,
and []; #5,, is preserved by the ( g4f1 )-rotation ¢?, which acts freely on the sur-
face ¥ gzg ~2. Now we can take the quotient by ¢, which gives the surface 2‘3‘ and the

factorization (5-3). In this way, we can think of the factorization (5-4) for odd g as a
(gT_l)—fold unbranched covering of the factorization (5-3), ie an unbranched covering
of Smith’s pencil f3. a

Remark 5.5 Lemma 5.3 can be easily generalized to the claim that for g, g, such that
(g1—1) | (g2—1), the pencil f, is obtained as a ((g2—1)/(g1—1))—fold unbranched
covering of fg, . On the other hand, for g such that g —1 is prime the pencil f, cannot
be obtained as a finite unbranched covering of any Lefschetz pencil of lower genus
since the surface Xg of such a genus g cannot be the total space of an unbranched
covering of any surface of lower genus other than 2, which is easily excluded in any
case.

Lemma 5.6 The divisibility of fg is 1.

Proof Leta,b,a;,b; fori=1,...,g—1and§; for j =1,...,2g —2 be oriented
simple closed curves in E;g ~2 as shown in Figure 16. We take points ¢1,...,¢2¢—2
in 9352 so that the natural map 70({q1, .. ., q2g—2}) = 7o (9X3872) is bijective.
Let D C Int(Eéz,g _2) be a disk sufficiently close to §;, and § the simple closed
curve 0D with suitable orientation. Let Ef,g -1 = Z;g 2\ Int(D) and ¢ € 9D, and
write Q =1{¢,q1,....q24—2}. We denote the homology classes in H (E;g_l, 0:7)
represented by a, b, a;, b;, 8,6 by the same symbols a, b, a;, b;, 8, §;, respectively.

It is easy to verify that the following equalities hold in H; (Eg,g -1 0;7):

dii =bi —bj—1 +82i—1 +681,i6,
dyi =ai+bi —aj—y —bj—1+682i—1 +61,i0,
d3i = ai —aj—1 +82i—1 + 81,i6,
daj =Dbi —bi_1 +682; +81,i0,
dsi =a; +b; —aj—1 —bi_1 + 82; + 81,0,
dei = ai —aj—1 + 82; + 81,6,
where ag = ay, bg = by and §;; € {1, Oi denotes the Kronecker delta. We can take

a handle decomposition of the blow-up X, of the total space X, of fg by applying
the procedure explained in the appendix. Let d;; € C, be the chain corresponding
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1
Figure 16: The oriented curves in Ei,g_z. The curves §;,...,08,¢—> are on
boundary components.

to the vanishing cycle d;j, let f € C, be the chain corresponding to a regular fiber,
and o; € C; the chain represented by the 2—handle in a neighborhood of the section
corresponding to the boundary component &; . It is easy to see that the cycle group Z,
is generated by the elements

Zi=dyj—dy, Z.=dy—ds;, Z.i=ds—dsi, Wi=dy—dj—ds

fori =1,...,g—1, and the elements

g—1 g—1

i=1 i=1

As we explain in the appendix, each 3—handle in the handle decomposition of X g corre-
sponds to a 1-handle of X, . Take a handle decomposition of X so that each boundary
component of Eéz,g -2 corresponds to a O—handle, the a;, b; € H; (Eéz,g -1 , Q; 7)) are rep-
resented by 1-handles, and a regular neighborhood of a path y; C & Z,g 1\ (U; (@i Ubi))
connecting §; with 8;41 is a 1-handle. Let A;, B; € C3 be the chains represented by
the 3-handles corresponding to a;, b; respectively, and y; € C3 the chain represented
by the 3—handle corresponding to y;. Using Lemma A.1, we can calculate the images
of the 3—chains under the boundary operator d3 as follows:

03(A;) = Z4 — Zh — ZiH 4+ ZI+T,
03(Bi) =—Z4+ Z4 + ZH — ZIt1,
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93(Ag) = 03(By) =0,
03(2)) = W1 —=Wjy1— f +01—0j41,
03(¥2j—1) = W1 =W, +Z{ —Z§ + Z§ —f+o1—0jq
fori=1...,g—1and j=1...,g—2, where Zg=Z,1 for k =1, 2,3. Thus, the
following set is a basis of the cycle group Z5:
{05(A1),03(By)....,03(Ag—2).93(Bg—2). 93(71). - ... 03(V2g—3).
Z1.Z), XY, f,Wi,01,...,004-2)}.

The homology group H,(Xg;7Z) is isomorphic to 7% and {Z!, Zzl, XY, f,W;}isa
basis of H,(Xg;Z). Since f is represented by a regular fiber of f,, the divisibility
of fgis 1. |

Combining Lemmas 5.3 and 5.6, we eventually obtain:

Theorem 5.7 For g odd, f, is a holomorphic Lefschetz pencil on T 4 associated with
a (1, g — 1)—polarization.

According to Lemma 5.6 and the observation preceding Lemma 5.3, it is natural to
expect that the following conjecture holds:

Conjecture 5.8 For g even, f, is a holomorphic Lefschetz pencil on T*# associated
with a (1, g — 1)—polarization.

Note that in order to prove Conjecture 5.8 it is sufficient to prove that f, is holomorphic
for g such that g — 1 is prime, by Remark 5.5. If Conjectures 5.8 and 3.24 hold, we
can deduce the following from Lemma 4.7.

Conjecture 5.9 Let f: 7% --> CP! be a holomorphic Lefschetz pencil. There exists
an unbranched covering ¢: T* — T'# such that f is isomorphic to the composition
Jfe oq with g —1 prime.
Note that this conjecture holds under the following assumptions:

e The genus of f is odd.

e The genus of f is greater than 5 or the divisibility of f is greater than 1.

In this case we can take g so that g is equal to 3 (see the observation following
Lemma 4.7).
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Remark 5.10 If Conjecture 5.9 holds, it is theoretically possible to obtain monodromy
factorizations of all the holomorphic Lefschetz pencils on the four-torus. In particular,
a Lefschetz pencil on the four-torus is not holomorphic if the associated monodromy
factorization is not Hurwitz equivalent to any of them (see also Remark 3.19).

5.2 Symplectic Calabi-Yau Lefschetz pencils on homotopy 7 2-bundles
over T?

We have seen explicit monodromy factorizations of the genus-3 Lefschetz pencil on
the four-torus T* constructed by Smith in [24], geometrically in Section 4.1 and
combinatorially in Section 5.1. Smith also mentioned that by modifying the pencil
on T* one can construct Lefschetz pencils on the total spaces of T2 —bundles over T?,
provided that the bundles admit sections. In this subsection we will follow Smith’s idea
in a combinatorial way; for any «, 8 € Mod(Z1; U) with [, 8] = 1, we will construct
a genus-3 Lefschetz pencil f, g by modifying the factorization (5-3), and prove the
following theorem, which was also stated in Section 1:

Theorem 1.4 The total space of fy g is homeomorphic to that of the torus bundle
over the torus with a section whose monodromy representation sends two elements
generating 71 (T?) to o and B.

We first observe presentations for the fundamental groups of 7'2—bundles over 7'
with sections. Let p: X — T2 be a torus bundle over the torus which has a section
S C X,and D C T? a small disk. We take a meridian m and a longitude / of
the base T2. We denote the monodromy along m and / by « and S, respectively.
Since p has a section, o and B can be considered as elements in Mod(X1; U), where
U={u}C 82%. A tubular neighborhood vS can be decomposed into a O—handle
contained in p~!(D), two 1-handles a, b whose cores are lifts of 7 and /, and a
2-handle. The preimage p~!(D) also admits a handle decomposition with the 0—
handle of vS, two 1-handles ¢, d whose cores are a longitude and a meridian of a
regular fiber 7', and a 2—handle (we take ¢ for the longitude and d for the meridian
for convenience in later calculations). The total space X can be obtained from the
union p~!(D) U vS by attaching four 2—handles, four 3—handles and a 4—handle.
Two of the 2—handles are contained in the preimage of a neighborhood of n2, while the
other 2-handles are contained in the preimage of a neighborhood of /. We eventually
obtain a handle decomposition of X and the associated cell decomposition of X . We
denote the 1—cells corresponding to a, b, ¢, d endowed with suitable orientations by the
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same symbols. Since X has only one O—cell, the 1—cells a, b, ¢, d represent elements
in 71(X). Furthermore, ¢ and d also represent elements in m1(7), in particular
we can describe «(c),a(d), B(c), B(d) as words consisting of ¢ and d. Analyzing
attaching maps of the 2—cells, we can easily prove the following:

Lemma 5.11 The fundamental group 1 (X) has the following presentation:

m1(X) = (a,b,c,d |[a,b], caa(c)  a™t, ebB(c) b7, [c.d],
daa(d)"'a™", dbp(d)~'p7").

In order to modify the factorization (5-3) we need a key observation about a symmetrical
property of some subwords in (5-3) as mapping classes. We set X1 = tg4,l4,4;»
Y1 =tq,tastas, X2 = tg tagta, and Yo = 14,14, 1q,, in Mod(24; U) and consider
their actions on the curves L;, R; (for i=1,2) and S;, Sg on X%, as depicted on
the left of Figure 17. The actions can be read off from similar actions on curves on
the surface Eg. Set X = ‘g, '8, !B, and ¥ = ', B, !B, , in Mod(24; U) and
consider the curves A;, B; (for i=1,2) on T2, as depicted on the left of Figure 17.

Figure 17: Actionsof X, Y, X;, Y1, X, and Y,. Left: the curves L, L,
Sr, Ri, Ry, Sg on 2‘3‘. Right: the curves A, 4,, By, By on Eg.

Lemma 5.12 (1) Asa mapping class, each of X and Y in Mod(X%; U) maps the
4—tuple of simple closed curves (A1, Ay, By, By) to (By, By, A1, A») on 2‘2‘.

(2) Eachof Xy, Y1, X5 and Y, in Mod(24;U) maps (L1, L>,Sr, Ri, Ry, SR)
to (Ry, R2, Sg, L1, Ly, S) on £%.

Proof It is simply routine work to check (1). To see (2), we recall the embed-
ding of X3 to X3 with which we dealt in Figure 14(a), (b), (c). We can identify
X,Y, A;, B; with X,Y;, L;, R;, respectively. Thus from (1), each of X; and Y;
maps (L1, Ly, Ry, Ry) to (Ry, Ry, L1, L;). Since Sy, and Sg are the boundaries of
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the regular neighborhoods of L{UL, and R;UR;, respectively, X; and Y7 also switch
St and Sg. By considering the other embedding dealt with in Figure 14(d), (e), (), by
which we can identify X, Y, A4;, B; with X», Y5, R;, L;, respectively, we can verify
the claims for X, and Y5, in a similar manner. a

Now we construct a monodromy factorization as a Lefschetz pencil corresponding to
a given T2-bundle over 72 with an explicit monodromy factorization as a bundle.
We assume that the bundle has a section. It is known that the section has to be of
self-intersection number 0.! Hence, the monodromy factorization has the form

. Bl =15 = 1

in Mod(Z!; U), where « and B are the monodromies along the meridian « and the
longitude b of the base torus, respectively, and § is the boundary of the one-holed

torus E%.

é@

<le ‘ ‘ l(PR ml lqu

Figure 18: The embeddings ¢y and ¢pg. Left: the correspondence between
the free loops. Right: the correspondence between the based loops. Here a;
stands for the loop /1, - ¢r (c) - IL_1 . The loops by, az and b3 are similarly
defined.

We consider the two symmetrical embeddings ¢y, and ¢g of Zi into Z§ as shown in
Figure 18, one of which takes the meridian d to L; and the longitude ¢ to L, and the

10One way to verify this is the following. Since a 72 -bundle over T'? is a symplectic Calabi—Yau
manifold, its canonical class K is a torsion. Let S be a section, which can be made symplectic. By the
adjunction equality, we obtain [S]? =2-1—2+ K(S) = 0.
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other of which takes ¢ to Ry and ¢ to R,. Then we can regard @ and 8 as elements in
Mod(Z#%; U) via those embeddings; for instance, take ¢y ooy ! on the image of ¢,
and extend it as the identity map on the complement 2‘3‘ \goL(E%). Let a7, denote the
resulting mapping class in Mod(X4; U). Similarly we have ag corresponding to o
via @R, and Bz, Br corresponding to B via ¢, @R, respectively. Note that we can
deduce from the commutativity of & and § that oy and Sy commute and o g and S g
commute. Obviously any other pair among oy, @g, Bz, and Sg also commutes. Since
tc and t; are generators of Mod(Z!; U), the monodromies o and B may be written
as words in 7, and #4. Fix such word expressions. Then oy and B are written as the
words in ¢z, and 77, corresponding to the fixed expressions, while ¢ and Bg are
written as the corresponding words in 7g, and 7g,. By Lemma 5.12, the conjugation
of 77, by any of Xy, Yy, X5, Y5 is 1R, , hence the conjugation of the fixed word for oy,
by X; or Y; is exactly the fixed word for ag. This simply means that the conjugation
of ay, by X; or Y; is ag. We can apply similar arguments to the conjugations of ag,
Br. and Bg. In summary, we have the following switching property: for i = 1,2,

Xiap X7 ' =ag, XiarX;7'=ar, XiBLX['=PBr XiBrX;'=8L,
Yiar Y7 ' =ag, YiarY '=oap, YBLY;'=Br, YiBrY;' =8

In order to create a desired factorization, we modify the factorization (5-3) by using
aR, or, Br and Bz as follows:

ts, - ts, =tg, ta, = X1 Y1 XoYa =ag-X1Y) -0 ag- Xz -ax' ag-Ya-ag'
= agX1Y10g" ax(X2) ar(Y2)
= X1ar Y10 4x(X2) ap(Y2)
= X1Yi1arag' agx(X2) ag(Y2)
= X1Y1 ap(X2) ag(Y2)
= X1 -B%'BR-Y1- B BR" ar(X2) ar(Y2)
= M Br(Y1BR ar(X2) ar(¥2)
= B X1 (Y1) BRERX20 %" ar(Y2)
= X1 p(Y1arBRY20% ar(Y2)BL'
= X1 po(Y1)oer X280 %" o r(Y2)BL!
= X g(Y1arX20%" Brar(Y2)BL'
= X1 8x(Y1) ar(X2) g ar(Y2),
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where the = sign above means equality as a mapping class, not as a factorization. Here
we freely used the switching property explained above as well as the commutativity
among ar,, «g, Br, Br (and f4,,...,14,). In other words, we have obtained the
following factorization:

(5-5)  15,15,15515, = td,1d>d3 1B R (ds)!Br(ds)!Br(de) ok (d7) g (ds) ar(do)Brar (di0)
“IBragr(di)Brar(d).

Let fo.8: X8\ Bo,p— CP ! be the Lefschetz pencil corresponding to the monodromy
factorization (5-5). The pencil fy g has 12 critical points and 4 base points, hence the
Euler characteristic of X, g is 0. The signature of X, g is also 0 since we modified
the factorization (5-3), whose corresponding pencil has the signature 0, by only using
braid relations, which do not change the signature [7].

Lemma 5.13 The fundamental group m1(X,,g) of the total space of the Lefschetz
pencil f, g is isomorphic to that of the total space of the T2 —bundle over T? associated
with the monodromy factorization [, B] = 1 in Mod(Z!; U).

Proof It is a standard fact that the fundamental group 71 (X)) of the total space X
of a genus-g Lefschetz pencil with a monodromy factorization fc,, «+-tc, =15, - -1,
is isomorphic to the quotient m;(Xg)/(c1,...,cn), Where {(cy,...,cy) is the normal
subgroup generated by the curves cq,...,c,. Let us begin with the easiest case that
o = f =1id, which is Smith’s pencil itself. We give an explicit presentation of 7 (Xid,id),
which is of course 71 (T'#) = Z*, by deriving from the monodromy factorization (5-3).
Starting from the standard generators ay, by, ..., as, b3 of w1 (X3) as depicted on the
right of Figure 18, we get a presentation of 7 (Xiq,ig) with the same generators and

the following defining relations:

(R-0) lar. billaz, ballas. b3] = 1,
(R-d)) arlby.arlay’ =1,
(R—d5) alalbl_lal_lbm;l =1,
(R—d3) arbylay by =1,
(R—dy) ayazbyay a3 by az, by =1,
(R—d5) albf1a2b2a51b3a3_lb2_1[a3,b3] =1,
(R—dy) bl[b3,a3]b2b3_1a2b2_1a2—1 =1,
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(R-d7) ayazlas, bylaylay! =1,
(R—ds) albl_laza3b3a3_la3_la;1 =1,
(R—dy) biazasby'aylay! =1,
(R—d10) ayazby s, b3lay ' bray' =1,
(R-dy1) arbyazby azhsay ay bray' = 1,
(R-d17) byayby tasbytay byay! = 1.

Here each relation (R—d;) comes from the vanishing cycle d;. By substituting (R—d3)
into (R—d; ) we obtain the relation a; = a3, with which (R-d; ) implies that [b1,a;]=1.
Then (R—d3) gives that b; = b3. Now we know that [aq, b;] = [a3,b3] = 1, hence
(R-0) reduces to [a;, b,] = 1. Note that we so far have the set of the relations a; = a3,
by = b3, [ay,b1] = [ap,b] = 1, and that this is indeed equivalent to the set of the
relations (R-0), (R—d), (R-d5), (R—d3). With those new relations in mind, the
relation (R—dy4) becomes [ay, by] = 1, the relation (R—dg) becomes [by, by] = 1, the
relation (R—d7) becomes [a,a] = 1 and the relation (R—dgy) becomes [by,as] = 1.
None of the other defining relations gives a new relation among «; and b;. Therefore,
by renaming a = a,, b = by, c =a; = as, d = by = b3, it follows that 7 (Xjg,ia) is
the free abelian group generated by a, b, ¢ and d.

We can modify the presentation of 71 (Xjq,iq) to obtain a presentation of 71(Xy, g)
with generators ay, by, ...,as, b3 and with defining relations (R-0), (R-d;), (R-d>),
(R-d3) and the following ones:

(R-Br(ds)) arazbray' Brlas) by [Br(as), Br(b3)] =1,
(R-Br(ds)) arby ' azbyay! Br(b3)Br(as) ™ by [Br(as), Br(b3)] =1,
(R-Br(ds)) b1[Br(b3). Br(a3)b2BRr(b3) azby 'ay! =1,
(R—ag(d7)) ayasloeg(as), ar(by)|ag(as)'ay! =1,
(R—ag(dg)) arby azag(az)ar(bs)ag(as) taglas)tayt =1,
(R—ag(dy)) brazag(az)ag(bs) 'ag(az)lay! =1,
(R-Brag(dio)) Br(ar)azby ar(as), ar(bs)lar(asz) ' bray ! =1,

(R—BLag(di1)) Br(a)Br(b1) " asby ag(as)ar(b3)ag(az)™
cag(as)”'hay ' =1,

(R-Bragr(di2)) Br(b1)azby 'ag(as)ar(bs)  ar(as) " bray ! = 1.
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Again the relation (R—x) corresponds to each vanishing cycle. As we discussed
above, the relations (R-0), (R-d; ), (R-d3), (R-d3) imply that a; = a3, by = b3 and
[ay,b1]=laz, by]=1. Weregard 71 (X1) as the quotient nl(Z%)/(S) ={c,d)/{[c,d])
and then construct a homomorphism ¢r ,: 71(21) — 71(Xy g) as follows: for an
element g € m(E%) we define @7 , ([g]) tobe Ir -z (g) 17!, where [g] € m1(Z) =
711(2%) /{8) is an element represented by g. The map ¢y, is well-defined since
Ir -(,oL(c)-IZ1 =ay, I .(pL(d)-lL_1 = by and [ay,b;] = 1. Similarly we can define
another homomorphism ¢g,: 71(Z1) — m1(Xy,g) as [g]— lR-(pR(g)-lF. However,
oL, and @pg, in fact coincide since ¢y ,.(c) = a; = a3 = pr.(c) and @1 ,.(d) =
bi = by = R(d). Tt follows that @z (a1) = ¢L, ((c)) = 9r.(@(c)) = ar(as), and
similarly az (b1) = ag(b3), Br(a1) = Br(az) and Br(b1) = Br(b3). Therefore we
can identify ¢ with ay = a3 and d with b; = b3 in a way that a(c) = ar(a1) =
ar(az) asawordin ¢ =a; = a3 and d = b; = b3, and a(d) = ar (by) = ar(b3),
and so on. We also rename a = a, and b = b,. Then the relation (R-8r(ds))
becomes chB(c)~1b~1 = 1, the relation (R-Br(ds)) becomes dbp(d)~ b1 =1,
the relation (R—ag(d7)) becomes caa(c) " 'a™! = 1 and the relation (R—ag(dy))
becomes daa(d) 'a~! = 1. No other defining relations give a new relation. In
conclusion, 71 (X, g) is isomorphic to the group described in Lemma 5.11, hence to
the fundamental group of the 72—bundle over 72 associated with the monodromy
factorization [o, B] = 1, as desired. O

We are now ready to prove Theorem 1.4.

Proof of Theorem 1.4 The fundamental group of a 7?—bundle over 7% cannot be
isomorphic to that of a rational or ruled surface. The theorem by Baykur—Hayano [3,
Theorem 4.1] implies that the Lefschetz pencil fy g is symplectic Calabi—Yau. Fur-
thermore, we can deduce from [9, Corollary 3.3] that a symplectic Calabi—Yau four-
manifold M is homeomorphic to the total space X of a T?—bundle X — T2 with
a section if and only if 7y (M) is isomorphic to 71(X). By Lemma 5.13 we can
conclude that X, g is homeomorphic to the total space of T2 -bundle over T2 with a
section whose monodromy representation sends two elements generating 71 (7'2) to o
and B. a

We end this subsection with the following conjecture:

Conjecture 5.14 The pencil f, g is isomorphic to that constructed by Smith [24]. In
particular, the total space Xy g is diffeomorphic to that of a T?—bundle over T?2.
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Appendix: Homology groups of Lefschetz pencils from
monodromy factorizations

Let f: X\ B — CP! be a genus-g Lefschetz pencil and ley " ley =15, -+ 15, @
monodromy factorization of f. As in the proof of Lemma 5.13, the fundamental
group 71(X) is calculated from the vanishing cycles ¢y, ..., c,. In particular, we
can easily calculate H;(X;Z), which is isomorphic to the abelianization of 7{(X).
Since the Euler characteristic of X is equal to 4 —4g 4+ n — p, we can deduce from
the universal coefficient theorem that H,(X'; Z) is isomorphic to Z" & T (H(X; Z)),
where r =2 —4g +n— p+2rank(H,(X;Z)) and T (H{(X;Z)) is the torsion part
of Hy(X;Z). However, the above observation does not give any information on the
fiber class of [, especially the divisibility of /. In this appendix, we will explain
how to obtain the divisibility of f by calculating the second homology of X from a
handlebody structure associated with f.

Let X be the blow-up of X at the points in B and ]7 the Lefschetz fibration on X
derived from f'. The manifold X can be decomposed as

(A-1) X = D?x ¥, U(2-handles) U D? x g,

where the two copies of D? x % ¢ are tubular neighborhoods of regular fibers and each
2-handle corresponds to a Lefschetz singularity of ]7 and are attached along a vanishing
cycle with framing (—1) with respect to the fiber framing (see [14]). We denote the
2-handle in the above decomposition corresponding to the vanishing cycle ¢; by hiL.
The two copies of D? x X ¢ above can be further decomposed as follows:

o The former D? x ¥ ¢ can be decomposed into a O-handle, 2¢g 1-handles and a
2-handle, which we denote by /.

o The latter D2 x % ¢ can be decomposed into p 2-handles, 2g+ p—1 3-handles
and a 4-handle, where the cores of the 2—handles are contained in the exceptional
spheres arising in the blow-up. We denote the 2—handles in this decomposition
by hl,...,hg.

The decompositions above give rise to a handlebody structure of X,in particular we can
obtain a chain complex C = {(C;, 9;)}; such that C; is a free abelian group generated by
the 7 —handles above. The homology group H;(C) is isomorphic to H,'(X~ ; Z), with the
fiber class of f (resp. the exceptional classes) represented by /g (resp. hg, . ,h§ ).

The group C; can be identified with H;(Zg;Z) in the obvious way. Under this
identification, d,: C; — C; sends hi to the homology class of the corresponding
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vanishing cycle. Since both /&g and h{g are contained in Z, = kerd,, we obtain
a generating set {zl,...,zm,hp,hg, ... ,hg} of Z, such that each z; is a linear
combination of hlL, .o hy

The decomposition of the latter D2x X ¢ in (A-1) is induced from the handle decom-
position of Xg, which consists of p 0-handles, 2g+p—1 1-handles and a 2-handle.
Indeed, we can regard an i —handle of this D?x X ¢ as the product of D? and an (i —2)—
handle of X, . Let X g be the surface obtained by removing the p 0O-handles of X. We
take points ¢q1,...,qp € 825 so that the map mo({q1,...,¢p}) — 710(82?) induced
by the inclusion is bijective. Let §; be the simple closed curve in 25 parallel to the
boundary component containing ¢; . We take a disk D C Int(Z‘g ), apoint ¢ € dD and a
path o« C X% \ Int(D) connecting ¢; and . Let E§+l be the surface T3 \ Int(D) and
O the set {q1,...,qp.q}. Itis easy to see that the homology group Hl(ZgH, 0;7)
is isomorphic to Z28+2” and is generated by elements represented by the cores of
1-handles of Xg, §;,...,d, and «. We can define an intersection pairing

o Hy(Z2T, 0:Z) x Hy (221 2) > Z

which assigns («, §) € H; (Eg“, 0:7)x H; (Zé,7Jr1 ; Z) to the algebraic intersection
between a union of oriented paths in H(ngJ +1, Q) representing « and a closed curve
representing 3, where H(Zﬁ,’ L Q) is the set of paths whose edges are points in Q.

Lemma A.1 Let n be a 3—handle in the latter D?x X ¢ in (A-1) and 1’ the 1-handle
of X¢ corresponding to 1. Suppose that i is attached to two 0—handles corresponding
to hfg and hé. We inductively take k; € 7, and n; € H1(2§+1, 0;7) as follows:

 no=7,

o kp=o0(m—1.¢;) and ;=1 —kycy,
where we identify two regular fibers in the former and latter D* x % ¢ Via the attaching
map. Then the element 1), is equal to ' + 8; — 8; — k p[dD)] for some kr € Z, and the
following equality holds:

n
03 =Y kil +kphp + hig —h.
I=1

Proof Note first that the coefficients of d3(n) are equal to the algebraic intersections
between the attaching sphere of n and the belt spheres of the corresponding 2—handles.
The attaching sphere of 1 is the union of

o the product of D? and the edges of the core of 7', and

e the product of dD? and the core of 7’.
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The former part intersects the belt spheres of h’ and hJ geometrically once (and the
signs of these intersections are opposite). It is easy to see that the latter part intersects
the belt sphere of hlL algebraically k; times. Let Mod(Zg +1) be the set of isotopy
classes of self-diffeomorphisms of Eﬁ,’ 1 Wwhich are not necessarily the identity map on
the boundary. The product f., - - -1, in Mod(Eg +1) is a diffeomorphism obtained by
pushing the disk D. We can verify that the path f, - - - ., (the core of 1") goes through
the center of D algebraically kg times when we move it to 1’ by an isotopy of Eg .
This observation implies that the product of dD? and the core of 1’ intersects the belt

sphere of /1 algebraically kf times. o
Let {or1, ... 204 p—1} be a generating set of C3. Using Lemma A.1 we can obtain the
representation matrix Ao of d3 with respect to the generating sets {a1, ..., Qg4 p—1}
and {21,...,2,,,,/11:,h}9 ...,hg}:

(03(ct1), ... 03(2g4p—1)) = (Z1.. ... Zm hE. hg, ... h%) Ay.

Furthermore, applying fundamental operations to Ay we can find another generating

/ / / / .
set {al,...,a2g+P_1} of C3 and elements z},...,z, ., of Z, such that:
. zlf is a linear combination of zq, ..., z;, hF.
/ 1 AN :
e {z},-.., m+1,h ,..-» hg} is a generating set of C3.

e The first m + 1 rows of the representation matrix A; of d3 with respect to
{aj. ... ,a’2g+p_1} and {z],... m+1’hl ...,hg} has nonzero entries only
on its diagonal part.

e Letey,...,ent+1 beeach of the first m + 1 diagonal entries of A;. There exists
a positive integer k such that ¢; = 0 for any / > k and ¢;|e; 4+ forany i <k.

Lemma A.2 Forany i <k and j > m + 2, all the entries in the j™ column of A,
are equal to 0 and the (j,i)—entry of Ay is divisible by e; .

Proof Leta;; bethe (i, j)-entry of A;. Thecycle } ;5. » a,-jh’;m_l is a boundary
for any j > m + 2. Since the handle h{g represents the exceptional class, the classes
[h l,. [hg] are linearly independent in H,(X). Thus, a; i =0if j >m+2. Since
the cycle €iz;+ ) ismt2 ajjh‘g_m_.l is a boundary when i <k, the class e;[z]] is
equal in H,(C) to — Zj2m+2 aj?[hfg_m_l]. Since [h{g_m_l] is the exceptional class,
the divisibility of D> _;> 45 aji[hé._m_l] in Hy(X) is equal to ged({ajitj>m42). On
the other hand, the divisibility of e;[z;] is divisible by e;. Thus, e;|a;; for any i <k
and j >m +2. a
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Lemma A.2 implies that we can find cycles z{,...,z; | such that
o {zf...., m—i—l’hl ...,hg} is a generating set of C,,
e the representatlon matrix A, of d3 with respect to {af, ..., a) ot p—l} and
{z/1 seesZyy +1 , hl .. ,hg} has nonzero entries only on its diagonal part,
e the first k diagonal entries of A, are ey, ..., e, and the other entries are 0.

In particular, the second homology group HZ(X~ ;Z)) is isomorphic to the group
(B; Z/eiZ) & 7m+1=k @ 7P where the former two components are generated
by z{.... ,z;,; 41> While the last compoBent is generated by hlL,... ,hg. Further-
more, the natural homomorphism H,(X;Z) — H,(X;Z) coincides with the pro-
jection (®;Z/e;Z) ® ZMT1k @ 7P — (®;Z/e;7) & Z™H'1~% . The fiber class
of f is represented by &, which we can represent as a linear combination of
Z{ses m—i—l’hl ...,hg. Thus, the fiber class of f is the image of [Ar] under
the projection HZ(X; 7)— Hy(X;7Z).

In summary, the procedure above not only gives an isomorphism between H,(X; Z) and
an abelian group, but also determines which element in the abelian group corresponds
to the fiber class of f . In particular we can calculate the divisibility of /. Moreover, in
order to apply this procedure in practice we need only (possibly tedious) linear-algebraic

calculations, which we can do using a computer.
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