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Weighted sheaves and homology of Artin groups
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We expand the theory of weighted sheaves over posets, and use it to study the local
homology of Artin groups. First, we use such theory to relate the homology of classi-
cal braid groups with the homology of certain independence complexes of graphs.
Then, in the context of discrete Morse theory on weighted sheaves, we introduce
a particular class of acyclic matchings. Explicit formulas for the homology of the
corresponding Morse complexes are given, in terms of the ranks of the associated
incidence matrices. We use such method to perform explicit computations for the
new affine case én, as well as for the cases A,,, B, and ,an (which were already
done before by different methods).
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1 Introduction

The topological theory of Artin groups started in the 1960s with classical braid
groups (see Fox and Neuwirth [24] and Arnold [2; 3]), and was broadened to general
Artin groups in the 1970s; see Brieskorn [7], Brieskorn and Saito [8], Cohen [16],
Deligne [21], Fuks [26], Gorjunov [27] and VainStein [44]. It has received much atten-
tion in connection with problems in singularity theory, homotopy theory, hyperplane
arrangements and combinatorics (see Paris [37] for some references), up to recent
applications of some special cases to conjectures about hyperbolic groups; see Agol [1].
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Thanks to a good topological model for the K (s, 1) space of Artin groups (see Salvetti
[38; 39]), a combinatorial free resolution for these groups was found by De Concini and
Salvetti [20], and several (co)homology computations were carried out by Callegaro,
De Concini, Moroni, Procesi, Salvetti and Stumbo [19; 18; 14; 9; 10; 11; 12; 13]
(equivalent resolutions also appeared in Squier [42], Ozornova [34] and Paolini [35]).
The computational methods used in these papers are essentially based on filtering the
algebraic complex and using the associated spectral sequence.

In Salvetti and Villa [41] a more combinatorial method of calculation was introduced,
based on the application of discrete Morse theory to a particular class of sheaves over
posets (called weighted sheaves). It is interesting to notice that similar ideas were
considered later in Curry, Ghrist and Nanda [17], even if there the authors were mainly
interested in computational aspects.

In this paper we expand the theory of weighted sheaves. First, we observe a surprising
relationship between some twisted (co)homology of the classical braid groups and
the (co)homology of certain independence complexes, which in their simplest form
have already been studied in a combinatorial context (see for example Babson and
Kozlov [4], Engstrom [22] and Kozlov [30]). This relationship is obtained in an indirect
way, after localization. The exact formula we are going to prove is the following (it
was announced in Salvetti [40] without proof).

~ R
Theorem 3.4 H.(Bryy1:R)y, = Hy—g+1 (Indd_z(An_d); @D )).
¥d
Here on the left we have the homology with local coefficients of the classical braid
group and on the right we have the homology of some independence complex with
trivial coefficients (we indicate by ¢4 the d™ cyclotomic polynomial).

As said before, our method is based on the notions of weighted sheaves over posets and
of weighted matchings, which are interesting objects by themselves. In our situation,
the d—weight vy (o) of a simplex o is the maximal power of the d" cyclotomic
polynomial which divides the Poincaré polynomial of the (finite) parabolic subgroup
generated by the vertices of the simplex. We allow matchings between simplices of the
same weight. Applying discrete Morse theory, one obtains a Morse complex which
still computes the local homology.

Then, by applying these methods to other Coxeter graphs (in particular to finite and affine
type cases), we come up with the notion of precise matching. In all the cases we consider,
it is possible to produce acyclic weighted matchings such that the Morse complex turns
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out to have a very nice property: the boundary of a critical p—simplex o has a nonzero
coefficient along a critical (p—1)-simplex t if and only if v;(0) = vg(r) + 1. Then
the homology of the Morse complex reduces to the computation of the ranks of the
incidence matrices among critical simplices (Theorems 4.2 and 4.4). We show that
the existence of precise matchings can also be interpreted in terms of second-page
collapsing of a spectral sequence which is naturally associated to the weighted sheaf
(Proposition 4.3).

As we discuss at the beginning of Section 5, the existence of precise matchings for a
certain Artin group has strong implications for its homology. In particular, we want to
highlight the following nontrivial result:

Theorem 5.2 Let Gw be an Artin group (corresponding to some finitely generated
Coxeter group W) that admits a ¢ —precise matching for all cyclotomic polynomials
¢ = g (with d > 2). Then the homology H+(Xw: R) does not have ¢* —torsion for
k>2.

Here Xw (introduced in Section 2.4) is a finite CW—complex which is a deformation
retract of the orbit space associated to W, and ;1 (Xw) = Gw. When W is finite and
in a few other cases, Xy is known to be a K(Gw, 1), whereas this property is only
conjectured in general; see Brieskorn [7], Callegaro, Moroni and Salvetti [13], Charney
and Davis [15], Deligne [21], Hendriks [28], Lek [31], Okonek [33], Paris [37] and
Salvetti [38; 39].

Theorem 5.2 can be seen as a result about the homology of the infinite cyclic covering
of Xw and its monodromy. It is known that the conclusion of this theorem holds
for all Artin groups of finite type, due to geometric reasons (see Remark 5.3). Our
construction provides a new combinatorial condition that applies to a wider class of
Artin groups (including, among others, the affine groups of type A, and Cp).

The methods we develop allow explicit and complete computations, in general in a more
direct way compared to other known methods. We use them to compute the twisted
homology in the case of affine Artin groups of type Cp, obtaining the following result:

Theorem 5.20 Let Gw be an Artin group of type C,. Then the @4 —primary compo-
nent of Hy«(Gw ; R) is trivial for d odd, and for d even is as follows:

(R/(@a)®" T if n—k <m <n—1,
H,(Gw; R =
m(Gw; R)g, 0 otherwise,

where n =k%—|—r.
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We also carry out complete computations in the cases A,, B, and Ay these cases
were already done before by different methods [25; 19; 18; 11], but we need them to
perform computations of more complicated cases.

In a recent preprint [36], the first author succeeded in constructing precise matchings
for all remaining Artin groups of finite and affine type. Therefore, precise matchings
seem to be a suitable and effective tool for studying the homology of Artin groups.

The paper is structured as follows. In Section 2 we recall the most important definitions
and results of [41]. In particular, we introduce the general framework of weighted
sheaves over posets, and then explain how it can be used to compute the homology
of Artin groups. In Section 3 we study the case of braid groups (ie Artin groups of
type Ap), and relate their homology with that of certain independence complexes. In
Section 4 we introduce precise matchings and derive a general formula for the homology
of the Morse complex. In Section 5 we apply the theory developed in Section 4 to the
case of Artin groups. We construct precise matchings for Artin groups of type A,, By,
A, and C,, and use such matchings to explicitly compute the homology.

2 Preliminaries

In this section we are going to recall some definitions and constructions from [41] (see
also [32]).

2.1 Weighted sheaves over posets
Let (P, <) be a finite poset.

Definition 2.1 Define a sheaf of rings over P (or a diagram of rings over P) as a
collection
{Ax | x € P}

of commutative rings together with a collection of ring homomorphisms

{px,y: Ay > Ax | x 2y}
satisfying
Px,x = idA)C s

X2XYy=2Z = Px,z=Px,yPy,z-

In other words, a sheaf of rings over P is a functor from P°P to the category of
commutative rings.
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Fix a PID R; usually we take R = Q[g¢*!]. The divisibility relation

pilp2 <= (p1) 2 (p2)

gives R the structure of a small category and R/R. the structure of a poset (where
R, is the group of units in R) with minimum element the class of the units and
maximum element 0. Any functor w: (P, <) — (R, |), which maps every x € P to
some w(x) € R\ {0}, defines a sheaf over P by the collection

{R/(w(x))|xe€ P}
and

{ix,y: R/(w(y)) > R/(w(x)) | x <y},

where iy ) is induced by the identity of R.

Definition 2.2 Given a poset P, a PID R and a morphism w: (P, <) — (R,|) as
above, we call the triple (P, R, w) a weighted sheaf over P and the coefficients w(x)
the weights of the sheaf.

Remark 2.3 Consider the poset topology over P, where a basis for the open sets is
given by the upper intervals B={P-,, p € P}. Let (P, R, w) be a weighted sheaf.
Then one can see w as a functor from (B, 2) to (R,|) and thus a weighted sheaf
defines a sheaf in the usual sense.

From now on our poset will be a simplicial complex K defined over a finite set S, with
the partial ordering

071 <= o0Cr.

We adopt the convention that K contains the empty simplex &. A weighted sheaf
over K is given by assigning to each simplex o € K a weight w(o) € R, with

o<1 = w(o)|w(r).

Let C2(K; R) be the 1-shifted standard algebraic complex computing the simplicial
homology of K, ie

C(K:R)= P Rel.
oekK
lo|=k
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0
o

The boundary is given by

where e is a generator associated to a given orientation of o (C(? (K;R) = Re% ).

80(62)2 Z [G:r]eg,

le|=k—1

where [0 : 7] is the incidence number (which is equal to 1 if T < ¢, and otherwise is
equal to 0).

Definition 2.4 The weighted complex associated to the weighted sheaf (K, R, w) is
the algebraic complex L. = L«(K) defined by

R _
L= D Gy

lo|=k

with boundary 9: Ly — Lj_; induced by 9°:
d(ageq) = Z[O Tlirg(ag)er.

<0

There is a natural projection 7: C2(K; R) — L, which maps a generator e, in C2
to the generator e, in L.

Remark 2.5 The diagram {R/(w(0)) | 0 € K} also defines a sheaf over the poset K
in the sense of Remark 2.3. The sheaf cohomology associated to the open covering
given by the upper segments coincides with the homology of the weighted sheaf.

2.2 Decomposition and filtration

Let S = (K, R, w) be a weighted sheaf. For any irreducible ¢ € R, we define the
@—primary component S, = (K, R, wy) of the weighted sheaf S by setting

w‘P(U) = va(G)v
where v, (0) is the maximal r such that ¢” divides w(o). Since R is a PID and
w(o) # 0, such a maximal value exists. Notice that S, is a weighted sheaf. The

weighted complex (L), associated to Sy, is called the ¢ —primary component of the
weighted complex L. In degree k one has

R _
(Li)e = @ ((pvw—(g))ea.

lo|=k
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The complex (L«), has a natural increasing filtration by the subcomplexes

R
s . _
F (L*)(ﬂ - @ ((pvw(a)) €o-
vy (0)<s
This filtration is associated to an increasing filtration of the simplicial complex K,
Kyps =10 € K |vy(0) < s}.

Then F*(L+), is the weighted complex associated to the weighted sheaf

(Kop,s, R, w(o|Kw,s)-
Theorem 2.6 [41] Let (K, R,w) be a weighted sheaf, with associated weighted
complex L. For any irreducible ¢ € R, there exists a spectral sequence

E, ;= Hi((Lx)g)

that abuts to the homology of the ¢ —primary component of the associated algebraic
complex L. Moreover, the E'—term

Epg=Hprqg(F?/FP™Y) = Hpyg(Kg.p. Ko p-1: R/ (67))
is isomorphic to the relative homology with trivial coefficients of the simplicial pair

(qu,p, K(p,p—l)'

2.3 Discrete Morse theory for weighted complexes

Given x and y in a poset (P, <), the notation x < y means that y covers x,ie x <y
and there is no other z € P such that x <z < y.

Recall the basic facts of discrete Morse theory (see for example [23; 30]). A matching
in a poset P isaset M C P x P suchthat (x, y) € M implies x <1y, and each x € P
belongs to at most one pair of M. An alternating path is a sequence

o> X1 <Ay D> X2 <A y2 B> -+ D> Xy < Y (B> Xpmt1)

such that each pair x; <1 y; belongs to M and no pair x; <1 y;—; belongs to M. A
cycle is a closed alternating path with yg = y,,. An acyclic matching over P is a
matching with no cycles. We are going to describe a variant of discrete Morse theory
which is suitable for our situation.
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Definition 2.7 A weighted acyclic matching on a weighted sheaf (P, R, w) over P
is an acyclic matching M on P such that

(x.y) e M = (wx)) = (w(y))

(in [41] we required w(x) = w(y), but the above generalization does not change the
results).

The standard theory generalizes as follows. Let S = (K, R, w) be a weighted sheaf
over a finite simplicial complex K and let M an acyclic weighted matching. A critical
simplex of K is a simplex o which does not belong to any pair of M. The following
definition is equivalent to [41, Definition 3.3]:

Definition 2.8 The Morse complex of S with respect to M is defined as the torsion

complex
R
o critical (w (0))
with boundary
Me)= D lo:1]Mer,
T critical
Izl=lo]—1

where [0 : 7] € Z is given by the sum over all alternating paths
o> 11 <01 DT> DT <oy > T
from o to t of the quantity
(=)Mo :t1][o1 : t1][o1 : ©2][02 i T2] -+ [Omm : T [Om - T).

The boundary map ™ is extended by R-linearity, where some care should be taken
since each e; lives in a component with a possibly different torsion (9 is the same
as the boundary map of [41]).

Theorem 2.9 [41] Let S = (K, R, w) be a weighted sheaf over a simplicial com-
plex K. Let M be an acyclic matching for S. Then there is an isomorphism
Hi(Ly,d) = Ho (LY, 0™

between the homology of the weighted complex L, associated to S and the homology
of the Morse complex L)' of S.
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Remark 2.10 If we forget about the weights, the matching M is in particular an
acyclic matching for the simplicial complex K. Therefore, the algebraic complex
CO2(K; A), which computes the (shifted and reduced) simplicial homology of K with
coefficients in some ring A, admits a “classical” algebraic Morse complex

CHK: M= P Ae,

o critical

T critical
Iz|=lo|-1

with boundary map

Remark 2.11 Set C? = C2(K: R) and let 7: C? — L, be the natural projection.
The composition with the projection L+« — (L), for some fixed irreducible element
@ € R, yields a natural projection 7,: CY — (Ly),. Similarly at the level of Morse
complexes we have the projection 7,: (CHM — (L*)$4 which sends a generator e
in (CO)M to the generator ¢, in (L*){;". Then, by construction, the maps induced
in homology by the projections 7, and 7, commute with the Morse isomorphisms

of [30; 41]: )
Hi(CO) —"— Hy((Lx)y)

(7o)« h

Hy((CHM) ——— Hu((Lx)p"h)

~

Let ¢ € R be an irreducible element and let M be a weighted acyclic matching on S, .
Then the filtration on the weighted complex induces a filtration on the Morse complex,

FPLof= @ —

S
o critical ((pvww))
vy (0)<p
Consider also the quotient complex
R
M _ M -1 M ~ >
FALag' = FP(Lag! /P Ly = D e
o critical
vp(o)=p

Theorem 2.12 [41] Let S and ¢ be as above and let M be an acyclic matching
for S,,. Then the E!—page of the spectral sequence of Theorem 2.6 is identified with

Ep = Hpyq(FP (L))",
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where (L«);;" is the Morse complex of S, . The differential

1. 1 1
dpg Epg = Ep14

is induced by the boundary of the Morse complex, and thus it is also computed by using

alternating paths.

2.4 Weighted sheaves for Artin groups

We use the constructions given above in the context of Artin groups. Let (W, S) be
a Coxeter system, with |S| = n finite, and let I" be the corresponding Coxeter graph
(with S as vertex set). Recall that W can always be realized as a group of reflections
in some R” (for example through the Tits representation — see [6; 43] and also [37]),
so that it has the following naturally associated objects:

(i) a hyperplane arrangement in R”
A={H | H is the fixed-point set of some reflection in W };

(i1) configuration spaces

Y = (int(U) +iR™)\ | | Hc.
HeA
Yw =Y /W,

where U = W -C is the Tits cone (here Cy is a fixed chamber of the arrangement,
and C| is its topological closure);

(iii) a simplicial complex (defined over the finite set S)
K = Kw = {0 C § | the parabolic subgroup W, generated by o is finite}.
One can define the Artin group Gw of type W as the fundamental group 71 (Y ). It
has a presentation
Gw = (gs, S €S | 85858585’ """ = 8s'8s8s'8s " ")

(both the products have m(s,s’) factors, where m(s,s’) is the order of ss’ in W).
Recall also the following results [39, Theorems 1.4 and 1.8]:

(i) The orbit space Yy deformation retracts onto a finite CW—complex Xy given

Q=UQU

oceKy

by a union

of convex polyhedra with explicit identifications of their faces.
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(ii) Consider the action of the Artin group Gy on the ring R = Q[¢*!] given by
gs > [multiplication by —¢g] forall s € S.

Then the homology H«(Xw; R) is computed by the algebraic complex

with boundary

dew) = Y [0 W"(‘” .

T<o

where W;(q) = ZweWg q'™) is the Poincaré polynomial of W, .

Remark 2.13 The R-module structure on Hy(Xw; R) is given by the transformation
Mg induced by g—multiplication. If the order of w4 is n, then the homology groups
decompose into cyclic factors which are either free, of the form Rk , or torsion, of the
form R/(pg), where ¢4 is the d™ cyclotomic polynomial with d |n. Therefore, we
are interested in localizing to cyclotomic polynomials.

Theorem 2.14 [41] To a Coxeter system (W, S) we can associate a weighted sheaf
(K, R, w) over the simplicial complex K = Kw , by setting w(o) = Ws(q). Also, for
any cyclotomic polynomial ¢ = ¢4, the map wy, (o) — which gives the maximal power
of ¢ which divides Wy (q) — defines a weighted sheaf (K, R, wy) over K = Kw .

The homology of the associated weighted complex is strictly related to the homology
of Xw. Specifically, set C? = CO(K: R) and consider the diagonal map

A: Cr— CL,  eq > Wy(q)el.

By the formula for the boundary map it follows that A is an injective chain complex
homomorphism, so there is an exact sequence of complexes
A 0w
0->Ci—C,— Li—0,

where

- D (Wa (61))

oKy
lo|= k

is the quotient complex. Passing to the associated long exact sequence we get

(1) - Z5 Hy o (Li) > Hi(Co) 25 Hi(C0) 25> Hy(Lw) — Hy—(Ci) 25 -
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Then the homology of L can be used to compute the homology of Ci.

The orbit space Yw (and thus the CW—complex Xw =~ Yw ) is conjectured to be
a classifying space for the Artin group Gw [21; 7; 31; 37]. This conjecture was
proved for Artin groups of finite type [21], for affine Artin groups of type A, B,
and 5,, [33; 13] and for some other families of Artin groups [28; 15]. Whenever the
conjecture holds (in particular, this is true for all the cases we consider in this paper),
the homology H.«(Xw; R) coincides with the twisted homology H.(Gw ; R) of the
Artin group Gy .

3 Homology of braid groups and independence complexes

In this section we are going to show how the twisted homology of braid groups (ie Artin
groups of type A, ) is related to the homology of suitable independence complexes.
Recall that a Coxeter graph of type A is a linear graph with n vertices, usually labeled
1,2, ..., n (see Figure 1), and that the corresponding Artin group is the braid group
on n + 1 strands (which we denote by Br,41). With a slight abuse of notation, by A4,
we will sometimes indicate the graph itself.

1
O

3 4 n—1 n
O O+ -0 ®

Figure 1: A Coxeter graph of type A,

O

The homology of Br,, 41, with coefficients in the representation R = Q[g*1] described
in the previous section, has been computed in [25; 18]. See also [10] for coefficients
in Z[g*!] (but we will not address this case).

Theorem 3.1 [25; 18] The ¢4 —primary component of the twisted homology of a

braid group is given by

R/(pg) ifn=0or —1(modd),

H.(B iR, =
+(Brat 13 Rlgg 0 otherwise,

where the nonvanishing term is in degree (d —2)k if n =dk orn =dk —1.

Recall that, if G is a graph with vertex set VG, an independent set of G is a subset
of VG consisting of pairwise nonadjacent vertices. Also, the independence complex
Ind(G) of G is the abstract simplicial complex with VG as set of vertices and whose
simplices are all the nonempty independent sets of G. Thus, Ind(G) is the clique
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complex of the complement graph of G. In contrast with the simplicial complex K
introduced in Section 2, the simplicial complex Ind(G) does not contain the empty
simplex, and the dimension of a simplex ¢ € Ind(G) is given by |o|—1. The homotopy
type of Ind(A;) has been computed in [30] by means of discrete Morse theory, and
the result is the following:

Proposition 3.2 [30, Proposition 11.16] We have

Ind(4,) ~ Sk=1if n =3k orn =3k —1,
T pty ifn=3k+1.

By comparing this with Theorem 3.1 we obtain the following relation between the
homology of the independence complex of A, and the ¢3—primary component of the
twisted homology of Bry, 41

Corollary 3.3 We have

_ R
H.(Bry41; R)fp3 = Hi (Ind(An—3)§ (§03))’

where on the left we have local coefficients and on the right we have trivial coefficients.
O

In general, following [40], define the r—independence complex of a graph G as

Ind, (G) = {full subgraphs G’ C G such that each connected component of G’
has at most r vertices}.

So Ind, (G) is an abstract simplicial complex on the set of vertices VG of the graph G,
which coincides with Ind(G) for r = 1. The case r =0 also makes sense: Indg(G) =@
for any graph G. We are going to prove the following generalization of Corollary 3.3:

Theorem 3.4 We have

~ R
Hy«(Brpt+1; R, = Hs—g 1 (Indd—z(An—d); —)
(pa)

where on the left we have local coefficients and on the right we have trivial coefficients.

From the expression of the ¢, —primary component of the local homology of the braid
group (Theorem 3.1) we obtain the following consequence:
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Corollary 3.5 We have

~ Hy(S*=2k=1y  forn =dk orn=dk—1,

Hy(Indg—>(A4n)) = «l ) .
0 otherwise.

Therefore, the knowledge of the twisted homology of the braid group gives the homology

(with trivial coefficients) of Ind;(A4,). Conversely, the knowledge of the homology of

Ind,; (A,) gives the twisted homology of the braid group.

The Poincaré polynomial of a Coxeter group of type Ay is given by

k
q" —1
Wac(q) = [k +1lg!,  where [klg = ~—- = []¢a

dlk

d>2
(see for example [5]). Consider now a simplex 0 C S = {1,...,n}. Denote by I'(0)
the subgraph of A, induced by o. Denote by I'1 (o), ['2(0), ..., [ (0) the connected
components of I'(0) and by ny, na, ...n, their cardinalities (see Figure 2). The
i™ connected component is a Coxeter graph of type A, ; » so the entire Coxeter graph
induced by o has Poincaré polynomial

Wo(q) = [n1+1]g!- [n2 + gt [nm + 1]g!

_ ﬁ [T ol

i=1d>2
(pZE":l [(n;+1)/d] )

d>2

Then we are interested in the homology of the weighted complex (L), associated
to the weighted sheaf (K, R, wy), where ¢ = ¢4 is a cyclotomic polynomial (with
d >2)and

m L1
w(0) = "0, v(p(o):ZL” - J

. d
i=1
1 2 3 4 5 6 7 8 9
O O O O O O O O @}
I'i(0) (o) I'3(0)

Figure 2: An example with n = 9 and 0 = {2,3,5,6,7,9} € Ind3(A4y). In
this case, |1 (0)] =2, |[T'2(0)] =3 and |T'3(0)| = 1.
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Notice that only the connected components with at least d — 1 vertices contribute to
the p—weight. Therefore, the weighted complex (L), is generated by the subgraphs
having at least one component with > d — 1 vertices.

Theorem 3.6 There is a weighted acyclic matching M on K such that the set of
critical simplices is given by
Ct(M)={o|T(o)=T1U---UTlp—1UAg_1, || <d =2} UIndy_»(A4p)
={tUAg-1 |7t €Indg_(Ay—g)} Ulndg_(An),

where A;_q is the linear graph on the verticesn —d +2, ..., n.

Proof First notice that removing the d™ vertex from an Aj; component leaves the
@ —weight unchanged:

vo(p) = | | = 1 | = | =4y U A g)

(see Figure 3).

k vertices

d — 1 vertices k —d vertices

Figure 3: The ¢p—weight of an A3 component remains the same if we remove
the d'™ vertex, splitting Ay into Ag_; U Ag_q.

Let Ko =1Indy_»(A,) € K (this is the set of the simplices o € K such that all the
connected components of the induced subgraph I'(c) have cardinality < d —1). Let
us define on K/ = K \ Ky the following matching M. For ¢ € K’, with I'(0) =
ryu---uly,, set

i(0)=min{i | |T;| >d —1}.

Then match o with the simplex 7 obtained by adding or removing from o the d" vertex
of the component I'; ). By the remark at the beginning of the proof, M is a weighted
matching. We prove that it is acyclic. In fact, suppose that an alternating path contains
some subpath

tdo>1 <0’

with 7 # 7’. Then either i(t) <i(z') or (set j =i(r) =i(7))

Li(r)={a,a+1,...,.a+d -2}, T;)={a+1,....,a+d—1}

Algebraic & Geometric Topology, Volume 18 (2018)



3958 Giovanni Paolini and Mario Salvetti

for some a <n —d + 1. In this case the first vertex of I';(z”) is greater than the first
vertex of I'j (7). Therefore, an alternating path in K’ cannot be closed.

The set of critical elements of M in K’ is given by
Cr(M) = {0 | T(0) = Ty U+ UTpey UAg_y, [Ti| <d —2},

where A;_; is as in the statement of the theorem. a

Proof of Theorem 3.4 Consider the matching M of Theorem 3.6. Since K¢ =
Ind;_»(Ay) does not contribute to the weighted complex (L«),, We concentrate on
the poset K’ = K \ K. Notice that there are no nontrivial alternating paths between
critical elements of K’. Therefore, the boundaries between simplices in

C/'(M) ={rtUAg_1|t€ndy 2(4n_a)}

are the same as the boundaries of Ind;_,(A4,_4). In the long exact sequence (1) the
algebraic complex C? has vanishing homology in all degrees (because K is the full
simplicial complex on n vertices), so we have an isomorphism Hy41(L+) = Hx(Cy).
Therefore,

_ R
Hy(Brny1: R)g, = Hx(Cx)gy = Har1(Li)g, = Hi—gt1 (Indd—z(An—d)§ _((Pd))'

In the last isomorphism there is a (d —1)—shift in degree due to the loss of d —1 vertices
when passing from Cr’(M) to Indg_,(A,,_g); there is then a further 1-shift in degree
due to the fact that in L, a simplex ¢ has dimension |o|, and in Indg_,(A4,_4) it
has dimension |o| — 1; finally, it is necessary to pass to reduced homology because the
empty simplex is missing in Indy_,(A4,_4). |

For the sake of completeness we also determine the homotopy type of the r—indepen-
dence complex Ind;_,(A;) (obtaining again Corollary 3.5 as a consequence). This is
a straightforward generalization of the case d = 3, proved in [30, Proposition 11.16].

Proposition 3.7 We have

§ak=2k=1 " iy —dk orn=dk — 1,

Indy_»(A,) ~
ndg_»(An) {pt} otherwise.

Proof We denote here for brevity Ko =1Ind;_,(A,). Let n = gd +r be the euclidean
division of n by d .
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Let P ={cqg > caq > C3q > -+ > Cqq > Cx} be a linearly ordered set, where cx is
the minimum element. Define a map f: Ko — P as follows. If 0 € K¢ does not
contain any multiples of d, then set f(0) = c«. Otherwise, set f(0) =c;q if jd €0
but j'd ¢ o for j' < j. Clearly f is a poset map (if we remove a vertex from o, j
increases or remains the same).

In f~!(cy) consider the matching M; = {(c \ {1}, U{1}) |0 € f~(cz)}, which
is justified by

o€ fHey) = {2,....d-1}¢Zo.
Similarly, in f~!(c ja) for j < g, consider the matching

Mj ={@\{( = Dd+1}, 0 UL —Dd +1) o € f7 (i)},

justified by
oefNeja) = {(G-Dd+2,....jd—1}Zo.

Each M; is acyclicin f~!(c id)» thus

is an acyclic matching on Ko by the patchwork theorem (see [29, Lemma 4.2;
30, Theorem 11.10] for example). Since each M; is a perfect matching on f (e id)
for j =1,...,q and K; = f~!(cx) is a subcomplex of Ky, it follows that K
deformation retracts onto Kj.

Sd—3

Notice now that K is the join of ¢ copies of Indy_,(Ayz_1) = and one copy

of Ind;_,(A;). For r =0 we get

Ko = (S973)*1 =~ §9(d=3+q-1 _ gqd—2q-1

and for r =d — 1 we get

Ko = (Sd—3)*(fI+1) ~ §@+tDd=3)+q _ S(q+1)d—2(q+1)—1,

which give the first case in the corollary. If r is not 0 or d — 1 then Ind;_5(A;) is a
full simplex A”~! on r vertices, and therefore Ky is contractible. a
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4 Precise matchings

In this section we are going to introduce the notion of precise matching on a weighted
sheaf. The motivation comes from the study of the twisted homology of some families
of Artin groups, as we will show in the subsequent sections. For now we go back to
the general framework of weighted sheaves over simplicial complexes (later we will
specialize in the case of Artin groups).

Assume from now on that the PID R contains some field K. Our main case of
interest is K = Q and R = Q[¢*!]. Let S = (K, R, w) be a weighted sheaf over the
finite simplicial complex K, with associated weighted complex L. Given a fixed
irreducible element ¢ of R, let S, be the p—primary component of S and let (Lx)y
be its associated weighted complex. Let M be a weighted acyclic matching for S, .

Let G™ be the incidence graph of the corresponding Morse complex: the vertices
of GM are the critical simplices of K, and there is an (oriented) edge o — © whenever
]/\/l

[0 :7]M is not 0 in R (or equivalently in K), where [0 : 1] € Z is the incidence

number between ¢ and t in the Morse complex of K. In other words, there is an edge
o — t if [0 : 7]™ is not a multiple of char K = char R. When K = Q, this simply

means that [o : 7]M # 0.

Let 7 be the set of connected components of G™ (computed ignoring the orientation
of the edges). Recall that vy (o) is the maximal k € N such that ¢* divides w(o).

Definition 4.1 The matching M is ¢—precise (or simply precise) if, for any edge
o — 7 of GM, we have that vy,(0) = vy(7) + 1.

In other words, M is precise if, for any two simplices o and 7 lying in the same
connected component i € Z, the following relation holds:

Vp(0) = vp(7) = o] —|1].

Equivalently the quantity |0| —v,(0), as a function of o, is constant within a fixed
connected component of G . This definition is motivated by the fact that precise
matchings exist in many cases of interest (we will see this in Section 5), and that the
homology of the Morse complex is much simpler to compute (and takes a particularly
nice form) when the matching is precise. The name “precise” has been chosen because
for a generic matching one only has vy (0) > vy (7) (When 0 — 7 is an edge of G™M),
and we require vy (0) to be precisely vy (7) + 1.

Algebraic & Geometric Topology, Volume 18 (2018)



Weighted sheaves and homology of Artin groups 3961

Assume from now on in this section that M is a ¢—precise matching. To simplify the
notation, set (A« d) = ((Lx)y", ) and (Vi 8) = (C2 (K, K)M, ). Our aim is to
derive a formula for the homology of the Morse complex A.. Since the differential &
vanishes between simplices in different connected components of G, the complex
(Vs, 6) splits as

(Vi 8) = P Vi 8.

i€l

@ Key

o critical
OE€i

where

and the boundary map §': V! — V! is the restriction of § to V. The differential o
of A isinduced by &, and thus it also vanishes between simplices in different connected
components. Therefore, we have an analogous splitting for (A, d),

(Ax.0) = P(AL. 0’

ieZ

- D (we(0)) w(O))

o critical
OE€Ei

where

and the boundary map 9’: AL — AL is simply the restriction of 9 to A% .

Fix now a connected component i € Z. Since M is precise, there exists some k € Z
(which depends on i) such that v, (o) = |o| 4+ k for all o € i. Therefore, in degree m
we have

. R R ; R
r - - — l
4m= D W%—( D K%)@KW—‘%@KW’
oeCr, oeCr,
where Crin is the set of critical simplices o such that o €i and |o| =m. By construction
the boundary 8;,: Aﬁn — Ain_l factors accordingly:
3, =8 ®K m,

where
R R

TTm: ((pm+k) - ((pm—i-k—l)

is the projection induced by the identity R — R. Since im 8,’;1 11 Sker 8£n , each V,i,

splits (as a vector space over K) as a direct sum of linear subspaces

Vo = mlea 2EB
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where W!

ml_

im§!,, ; and W}, 1EBW 2_ker8’ Then

ker(aﬁn) = ker(S,"n QK Tm)

; R ; ((pm-f-k—l) '
- ((W’"’l@ )®K( m+k))@(W'"’3 K (k) )

im(3),41) = im(8} 4 ®K Tm+1) = Wy, OK (gmtEy

Therefore, the homology of (A’,§) is given, as an R—module, by

ker(d!, ker(d;,)

Hm(A )= lm(am+1)

; R ; ((pm+k—1)
= (W’"’z K (¢m+k>) ® (W’“ B iy )

L. R R
~ ( Hp (V.6 — Kk )
( (V.8 &x <¢m+k)) 69( ®K )

In the last isomorphism we used the fact that dim W’ 3 =dim Vi —dimker§! =rk§’ .

Recall that the previous formula holds for a fixed connected component i € Z, and k
depends on i . Since we now need to take the direct sum over the connected components,
let k; be the value of k for the component i .

Theorem 4.2 The homology of (L), is given, as an R—module, by

R ws R
(L) 2 (@ Hn (V) @ i ) @ (K07 o o).

i€l

Proof By Theorem 2.9, Hp((Lx)g,d) = Hm((L4);", 9*). Using what we have
done in this section, we have that

Hyn(La)y", 8™) = Hp(As, 9)

=P Hm(AL.9)
i€T
(@ Hp (V] )®]K @ mlik )) @D ((@]Krksfn) QK %)
i€T iel
R R
i, V Krk&n _)
(162 ( )®K( m+k))®( ®K(§0) )
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Let us see how the existence of a precise matching can be interpreted in terms of the
spectral sequence associated to the weighted sheaf (see Theorem 2.6).

Proposition 4.3 If a ¢ —precise matching M exists, then the spectral sequence E}, ,
associated to the weighted sheaf S, collapses at the E 2 _page.

Proof By Theorem 2.12, the E!—page can be computed through the Morse complex
of our matching M:

E; q = Hp+q (-7'—1) (L*)M)
and the differential d 1}’ 4 1s induced by the boundary of the Morse complex. The spectral

sequence then splits as a direct sum over the connected components of GM,
r _ rz
Epg= @ Epg:
i€T
where Ep g = Hpyq(F PAL). Since the matching is precise, for m # p —k; we have
i _ i —14i _
FPA, =FPA, JFPT Al =0.

This means that the page £ 27’2 =~ F 1},{1 is nontrivial only in the row ¢ = —k;, and the
entire spectral sequence E;, . collapses at the E 2_page. a

What we have done so far in this section assumed ¢ to be some fixed irreducible
element of the PID R. In order to recover the full homology of L, we need to let ¢
vary among all equivalence classes of irreducible elements of R modulo the units.
Suppose from now on we have a ¢—precise matching M, on S, for each ¢. The

following result follows immediately from Theorem 4.2, provided that we add a “¢
subscript (or superscript) to all the quantities that depend on the matching M,,.

Theorem 4.4 The homology of L is given, as an R—module, by

R R
H, (L, d) = H,, (Ve Kk Sm )
() =D D P ))®( )

4 i€Zy

For later applications, we finally need to study how the isomorphism of Theorem 4.4
behaves with respect to the projection 7: C? — L, of Remark 2.11. This projection
is the direct sum over ¢ of the projections

Tp: C2— (L)
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Instead of studying the induced map (74)x: Hm(C2) — Hp((L+)y), we study the
map
(Tg)x: Hn((CHM) = Hm (L))

between the Morse complexes (here M = M,, is a precise matching which depends
on ¢). For i € Z,, let m;: (CHM — V*(p’i ®K R € (C2)M be the projection on the
subcomplex corresponding to the connected component i, and let (7;) be the map
induced in homology. Let [c] € Hy, ((C2)™), for some cycle ¢ € ker M  (C)M.
Applying the map (77p)«: Hpy (CHM) — Hm((L*)/(;/‘) we obtain

(Tp)x([c]) = (ﬁ(p)*( > (m)*([C])) =Y @)x(()x([c]).
i€, i€,
Applying the isomorphism of Theorem 4.2, this element is sent to

> ()« ((e]) @k [1] € @D Hm (V&) @k ————

(oM+ko.iy
i1€Zyp i€Zy ( ! )

We are going to use these computations to prove the following result, which describes
the kernel and the cokernel of
Proposition 4.5 The cokernel of mx: H,, (C?) — H,,(Ly) is given by

R )@ rk8,“,’,

coker mmy =~ (—
@ (@)

In addition, the kernel of  is a free R—module isomorphic to Hy,(C?).

Proof Throughout the proof, consider the following R—modules identified one with
each other, without explicitly mentioning the isomorphisms between them:

Hp(Ly) = @ Hy ((Lx)p)
@

= @ Hn((L+)g")

= @( B )05 ) o (10 o ).

1€y

Recall that the matching M depends on ¢, although we write M instead of M,
in order to make the notation more readable. Also recall that the isomorphisms
Hpy((Ly)g) = Hm((L*)/(;”) occur in the commutative diagram of Remark 2.11.
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We want to show that the image of 74: Hy, (C2) — H,,(Ly) is given by

im 7y = @( a Hu(VE @K © mfk )) C Hpm(Ly).

% i€Zyp

Let ¥y: Hy CcH—H *((L*)é") be the map defined as the composition
Ho(C2) > Hu(COM) F25 Ho(La)).

By commutativity of the diagram of Remark 2.11, the image of 4 = G}(p (p)« is the
same as the image of

D Ve Ha(C2) — D Ha((L2)g).
0 0
We have already proved that, for any [c] € H,,((C2)™M),
(Fo)a(le]) = ler(p((m) () ®r1] € @ Ha (V) @ et
which means in particular that

im(7p)« © P Hn (V") @K

m+kyiy’
€T, (90 q0’1)

Therefore, we immediately have the inclusion

im(my) C Z1m1ﬂ¢ = Zlm(Jw)* - @( @ Hu (V") ®K (¢ mfk ))

1€Zy

To prove the opposite inclusion, we show that any element of the form

[c] ®k [1] € Hn (V") ®K W

is in the image of m, (for any fixed ¢ and i). To do so, choose o € R such that
o =1 (mod " ke.i) and « = 0 (mod ™ +*n.j) for any irreducible element 1 # ¢
which divides some weight w(o) and for any connected component j € Z, (there is
only a finite number of such 7 up to multiplication by units, because K is finite). The
element ¢ ®k « is a cycle in V,ﬁ’i ®k R € CA(K,K)M ®k R = (C2)M. Then, if
[¢] is the preimage of [c ®k «] under the isomorphism H(CQ) =5 H.((CHM), we
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have that

R

FoE0) = (To)e((c Bxc0]) = €] @ [1) € Hn(VE) @k

Y ([€]) = ()« ([¢' @k @]) =0 for any n # ¢,

where [c’] is the image of [c] under the isomorphism
Ho((CHMe) =5 Hi(C) =5 Hu((CHM).
Therefore, [c¢] ®k [1] is in the image of 7. We have thus proved that
. R
i =B D V)8 i),
% i€Zy ( )

Then the cokernel of w4« can be easily computed:

(L) wsg R R \®
herne = S =@ e )= @)

The R—module Hy,(C?) = Hp(C2(K:K)) ®Kk R is free and finitely generated, be-
cause H,,(CY(K;K)) is a finite-dimensional vector space over K (recall that K is a
finite simplicial complex). The kernel of 74 is a submodule of H,,(CQ), so it is itself a
free R—module with lower or equal rank. Let [c1], ..., [cx] be an R—base of H,,(C2).
Consider the nonzero ideal

I = ﬂ ﬂ ((pm-l-k,') CR,
@ i€y

where ¢ varies among the (finitely many) irreducible elements which divide some
weight w(o) (for 0 € K). Fix any nonzero element o € I. Then the elements
afc1], ..., afck] generate a free submodule of ker 74 of rank k = rk H,,(C?). There-
fore, ker 7, and H,,(C?) have the same rank, so they are isomorphic as R—modules.

O

5 Precise matchings for Artin groups

Consider now the case of Artin groups, as in Section 2.4. For a Coxeter system (W, .S)
we have constructed a weighted sheaf S = (K, R, w) with

= {0 C § | the parabolic subgroup Wy is finite}
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and R = Q[g¢*!]. The associated weighted complex L fits into the short exact
sequence

0>Cy 2C0E L, —0,
which gives rise to the long exact sequence (1):
T A 0\ T A
o= Hiep1(Ly) = Hp(Co) — Hi (Cy) —> Hi(Ly) = H—1 (Cx) —> -+ .

In order to compute H«(Cx) = H«(Xw; R), we split this long exact sequence into
the short exact sequences

0 — coker wx — Hp, (Cy) XN ker e — 0,

where on the left we have the cokernel of mx: Hy+1(C2) — Hpt1(Ls) and on the
right we have the kernel of 74: Hy,(C2) — H,,(Ly). Since ker 74 is a free R—-module,
these short exact sequences split:

Hp, (Cy) = coker s @ ker 7.

Recall that the only irreducible elements of R that occur in the factorization of the
weights are the cyclotomic polynomials ¢, for d > 2. As in Section 4, suppose
from now on that we have constructed a ¢—precise matching M, for each cyclotomic
polynomial ¢ = ¢, (with d > 2). Then we have an explicit description of coker 7«
and ker my thanks to Proposition 4.5, and we obtain the following result:

Theorem 5.1 Under the above hypothesis, the homology of Xw with coefficients in
the representation R = Q[qT] is given by

R @rk8r(f1+l
mwin = (B(5) )@ e, o
%

In particular, the term H,,, (C2) gives the free part of the homology, and the other direct
summands give the torsion part. The torsion part actually takes a very particular form,
and we are going to highlight this in the following result:

Theorem 5.2 Let Gw be an Artin group that admits a ¢ —precise matching for all
cyclotomic polynomials ¢ = ¢, (with d > 2). Then the homology H.«(Xw; R) does
not have (pk —torsion for k > 2. a
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We are particularly interested in Artin groups of finite and affine type. When Gy is
an Artin group of finite type with n generators, K is the full simplicial complex on
S = {1,...,n} and therefore C? has trivial homology in every dimension. Thus, the
formula of Theorem 5.1 reduces to
R (S] rk 8::; +1
Hp (Xw: R) = (—)
" @ ()
When Gw is an Artin group of affine type with n+1 generators, K is obtained from the

full simplicial complex on S = {0, 1,...,n} by removing the single top-dimensional
simplex. Then we have

Hyy(X 'R)N{R for m =n,
T @, (R (9) @™+t for m <,

Remark 5.3 When Gy is an Artin group of finite type, the corresponding reflec-
tion arrangement of hyperplanes A is finite. In this case it is well known that there
is an R—module isomorphism between the twisted homology H.(Xw; R) and the
homology with constant coefficients Hy(F; Q) of the Milnor fiber F of A [9]. The
g—multiplication on the homology of Xy corresponds to the action of the monodromy
operator on the homology of F. If N = |A|, the square of the defining polynomial
of the arrangement is W —invariant, thus the order of the monodromy of the Milnor
fibration divides 2N. It follows that the polynomial g2V — 1 must annihilate the
homology. Since g2V — 1 is square-free in characteristic 0, the homology cannot have
<pk —torsion for kK > 2. So the conclusion of Theorem 5.2 is not surprising in the case

of Artin groups of finite type.

In the rest of this paper we are going to construct precise matchings for Artin groups
of type A, Bp, A, and C,. For each of these cases we are then going to: describe
the critical simplices with respect to the constructed matching; find all alternating
paths and incidence numbers between critical simplices; determine the ranks rk §2
and use Theorem 5.1 to compute the homology H«(Xw; R). The final results are
stated in Theorem 3.1 (for A4, ), Theorem 5.13 (for By ), Theorem 5.16 (for Zn) and
Theorem 5.20 (for 5,1 ).

Let us first introduce some notation. We will have S = {1,2,...,n} for the finite cases
(A, and By ), and S ={0,1,2,...,n} for the affine cases (A, and Cy,). A simplex
o C S will be also represented as a string of bits ¢; € {0, 1} (for i € S), where ¢; =1
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ifi €S and ¢ =0 if i ¢ S. For example, if S = {1, 2, 3, 4}, the string representation
of o0 ={1,2,4} is 1101. Also, for 0 € S and v € S, let
U .
VIR L {v} %f v ¢ 0,
o\{v} if veao;
it can be regarded as the bitwise xor between the string representation of o and the
string with €, = 1 and ¢; =0 for i # v.

5.1 Case A4,

Many properties of the homology H«(Xw; R) in the case A, have been thoroughly
discussed in Section 3. Using precise matchings we are going to obtain a new proof of
the formula for the homology of braid groups (Theorem 3.1).

Let S = {1,2,...,n} be the set of vertices of the Coxeter graph of type A4,, as in
Figure 1 on page 3954. In this case K is the full simplicial complex on S. Fix now an
integer d > 2 and set ¢ = ¢4. The p—weight of a simplex o € K has been computed
in Section 3 and is as follows:

m
Vp(0) =Y wy(An,),
i=1
where n; is the size of the i™ (linear) connected component of the subgraph induced
by o and wy(Ag) stands for the p—weight of a connected component of type Ay,

wy(Ag) = LkdilJ

Fix also an integer f with 0 < f <d —1. Let K;?f

A _
Kn ={oceK|1,2,...,f €0}

given by

C K be

Notice that K AO = K,and K4 nf is not a subcomplex of K for f > 1 (butitis still a
subposet of K, so it makes sense to define a matching on it). We are going to construct
a @—precise matching on K A NE In particular, for f = 0, we will get a p—precise
matching for K. The prec1se matchmgs on K4 y for f > 1 will become useful when
treating the cases B, An and Cn

For a fixed d, the matching will be constructed recursively in #n and f for n > 0 and
0<f=<d-1. Wewill write K,, s for K ;:‘ f throughout Section 5.1. The matching
is as follows:
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(a) If{l,...,d —1} Co then match o with 0 ¥ d (unless n = d — 1, in which case
o is critical). Here o is matched with a simplex, which also occurs in case (a).
Notice that for f = d — 1 case (a) always applies, thus in the subsequent cases
we can assume [ <d —2.

(b) Otherwise, if n = f then o is critical.

(c) Otherwise, if f 41 € o then match o with o\ { f + 1}. Notice that o \ { f + 1}
occurs in case (d).

(d) Otherwise, if {f +2,...,d —1} € o then match o with ¢ U{f + 1}. Notice
that o U { f + 1} occurs in case (c).

(e) We are left with the simplices ¢ such that {1,..., f, f +2,...,d —1} C o and
f+1¢o. If we ignore the vertices 1,..., f + 1 we are left with the simplices
on the vertex set { f +2,...,n} which contain f +2,...,d —1; relabeling the
vertices, these are the same as the simplices on the vertex set {1,...,n— f —1}
which contain 1,...,d —2— f. Then construct the matching recursively as in

Kn—f-1,d-2-1-

Example 5.4 Forn=5,d=3and f =1, K, r contains 24 =16 simplices of which
14 are matched and 2 are critical. For instance, consider the simplex o = {1, 4, 5}.
Case (e) applies because 1 € ¢ and 2 ¢ o; the recursion requires us to consider the
new simplex o’ = {2,3} € K3,9. Again case (e) applies because 1 ¢ 0’ and 2 € ¢’;
the recursion requires us to consider the new simplex o’ = {1,2} € K, ;. Finally,
case (a) applies because {1,2} € o”, and ¢” is critical because ¢” = {1, 2}. Therefore,
o ={1,4,5} € Ks; is also critical. See Table 1 for an explicit description of the
matching for K51, d = 3.

Remark 5.5 A peculiarity of this matching is that, if 0’ — 7’ is in the matching,
then o’ = ¢’ U{v} with v = f + 1 or v =0 (mod d). This can be easily checked by
induction.

Lemma 5.6 The matching described above is an acyclic weighted matching on K, 7.

Proof We proceed in two parts:

Part1 (the matching is acyclic) The proof is by induction on 7, the case n = 0 being
trivial. For n < f', in K,, s there are either 1 or 0 simplices. Assume from now on
n> f.Let P ={pa, pe, pc.a} be a three-element totally ordered poset, with the order

Algebraic & Geometric Topology, Volume 18 (2018)



Weighted sheaves and homology of Artin groups 3971

Simplices v (0) Step
O=—O=0=—0=0 — O=0- 0 0=0 2 (a)
—0—0—0—0 > 0—0—0—00 | (a)
0—0—0—0—0@ > O=0—O0—0—0 | (a)
—0—0—0—0 > 0=—0—0—0—0 | (a)
—0—0—0—0 > 0—0—0—00 | () v (a)
0000500000 0 () v (e)/(d)
—0—0—0—0 > @—0—0—0—0 0 () » ()(d)
—0—0—0—0 (critical) 1 (€) v () » (a)
—0—0—0-0 (critical) 0 (&) » (&) » (&) w (b)

Table 1: Matching in the case A, with n =5, d =3, f = 1. The last
columns indicates the case where simplices occur. When case (e) is reached,
the arrow “~»" indicates how the recursion continues (after K5, ;, the recur-
sion involves K3, K>,1 and Ko).

given by p, > pe > pcq. Consider the map n: K, y — P which sends o € K, 7 to
the pyx such that o occurs in case (x) (here cases (c) and (d) are united). For instance,
n(o) = p, ifand only if {1,...,d — 1} C 0. Notice that the map 7 is compatible with
the matching, ie two matched simplices lie in the same fiber of 7.

Let us prove that 1 is a poset map. Given two simplices 0 > t, we want to prove
that n(o) > n(t). If n(r) = pathen {1,...,d — 1} C 7 C g, so n(o) = p, also. If
nT)=pethen{l,..., f, f+2,...,d —1} Ct C o, thus n(0) € {pa, pe}. Finally,
if n(t) = pc.d, there is nothing to prove.

Since 7 is a poset map, our matching is acyclic if and only if it is acyclic on each
fiber of 1. The restriction of the matching to n~!(p,) consists of edges o — t with
o =t U{d}, so there is no alternating path of length > 4 and the matching is acyclic.
The restriction to 77! (pcq) is acyclic for the same reason (it is always the vertex f + 1
which is added or removed). The restriction to 77! (p.) is acyclic by induction.
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Part 2 (the matching is weighted) The proof is by induction on n, the case n =0
being trivial. In case (a), vy(0) = vy(0 ¥ d) by what we have already said in
Section 3 (see the proof of Theorem 3.6). In cases (c) and (d), both the simplices o
and o ¥ (f + 1) do not contain {1,...,d — 1}. Thus, the (possibly empty) connected
component of 1 has size < d — 2 and does not contribute to the weight. Therefore,
Vp(0) = vy (0o ¥ (f + 1)). Finally, suppose that o and t are simplices that occur in
case (e). Let 0,7 € K,,_y_1 4—»— r be the simplices obtained ignoring the vertices
1,..., f+1,as described above. Since f <d —2 we have that

Vp(0) =vp(tr) ifand only if vy (0) = V(7).
so we are done by induction on 7. a

The critical simplices of the matching on K, ¢ are quite simple to describe. If f <d -2,
n> fand n = f or —1 (mod d), there are two critical simplices, one of weight 1
and one of weight 0. If n = f there is one critical simplex (in fact there is only one
simplex in K, r). In all the other cases the matching has no critical simplices. We are
going to prove this in the following theorem. See Table 2, and Figures 4 and 5, for an
explicit description of the critical simplices. Notice in particular that, when there are
two critical simplices, one is a face of the other in K, .

Case Simplices lo| Ve (0)
n=kd+ | (701972 0 1/0197 2k 41 1
n> f (Figure 4) (17014-2=f )k 1/ n—2k 0
f<d=21| —kd—1 (1Fo142=fo)k=11d=1 2k +2 1
(Figure 5) | (1/014-2=F0)k=11/019-2f pn—2k+1 0

n=f 1/ n lor0

Table 2: Description of the critical simplices for A4,

Theorem 5.7 (critical simplices in case A,) The critical simplices for the matching
on K, r are those listed in Table 2. In particular, the matching is always precise, and
has no critical simplices if n # f,—1 (modd) or n > f =d — 1. In addition, when
there are two critical simplices there is only one alternating path between them (the
trivial one).

Proof We proceed in two parts:
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k —1 times

f vertices d —2— f vertices f vertices d — 1 vertices
k times
@  O—0O0—@u=@ - @—O - @ @
f vertices d —2— f vertices f vertices

Figure 4: Critical simplices for f <d —2andn=kd + f (k> 1)

Part 1 (critical simplices) The proof is by induction on 7, the case n = 0 being

trivial (there is one critical simplex for f = 0, namely the empty simplex @&, and no

critical simplices for f > 0). Let 0 € K}, s be a simplex. Let us consider each of the

five cases that can occur in the construction of the matching:

(a)

We have {1,...,d — 1} C 0. Then o is critical if and only if n =d — 1. If
n =d — 1 then o is indeed listed in Table 2, as the first of the two critical
simplices in the case n = kd — 1 (here k = 1). Conversely, the only simplex of
Table 2 which contains {1,...,d — 1} is the first one of the case n = kd — 1
when k = 1.

(b) Wehave n = f and 0 ={1,..., f}. Then o is critical, and it is indeed listed
as the second of the two critical simplices in the case n = kd + f (here k = 0).

(c) Wehave {1,..., f+ 1} Co. Then o is not critical. The only listed simplex
which contains {1, ..., f + 1} is the first one of the case n = kd — 1 for k =1,
but it is equal to {1,...,d — 1} and so it must be different from o .

(d Wehave f+1¢o0 and {f +2,...,d —1} £ o. Then o is not critical. It is
easy to check that all the listed simplices t with n > f and f + 1 ¢ t satisfy
{f+2,...,d — 1} C 7, so none of them can be equal to o .

k —1 times
@ - 0—0O0—0=——0 - 00 | Q=== - Q
f vertices d —2— f vertices d —1 vertices
k —1 times
f vertices d —2— f vertices f vertices d —2— f vertices

Figure 5: Critical simplices for f <d —2andn=kd —1 (k>1)
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(e) Wehave {1,...,f,f+2,...,d—1}Co and f+1¢0c. Then ¢ is critical if
and only if the simplex ¢ € K,,_ 1, g—o—  is critical, where & is constructed
from o by ignoring the first / + 1 vertices. By induction, & is critical if and only
if it is listed in Table 2. By taking the simplices of Table 2 for K;,_ r_1 42—
and adding 170 at the beginning, one obtains exactly the simplices of Table 2
for K, r (but the two cases are exchanged). This concludes the induction
argument.

For fixed n and f, the quantity || —vy(0) is constant among the critical simplices o .
More precisely, it is equal to n — 2k for n = kd + f (except for f =d —1) and to
n—2k 4+ 1 for n = kd — 1. Therefore, the matching is precise.

Part 2 (alternating paths) We want to prove that the only alternating path between
critical simplices is the trivial one. Consider the case n = kd + f for k > 1 (the
case n = kd — 1 is analogous). Let o and t be the two critical simplices (the ones of
Figure 4). Notice that 0 = t U {n — f'}. To establish a contradiction suppose we have
a nontrivial alternating path

o> T <o do> D, o, >1, m>1.

Since 71 # T, we must have 0 = 71 U {v1} with vy # n — f. Notice that n — f is
the only vertex v € ¢ which satisfies v = f 4+ 1 or v = 0 (mod d). Therefore, by
Remark 5.5, the vertex vy will never be recovered throughout the alternating path. This
is a contradiction since vq € T. O

As a consequence we can compute the homology H«(Gw; R) for Gy of type A, .
This gives a proof of Theorem 3.1.

Proof of Theorem 3.1 (homology in case A,) We simply need to apply the formula
given by Theorem 5.1 using our precise matching on K = K, o. Since f = 0, there
are critical simplices for n = kd or n = kd — 1. The boundary 8,‘51 41 1s nontrivial
only for
m=n-—2k=k(d—-2) if n=kd,
m=n—-2k+1=k(d-2) if n=kd—1.
In both cases for m = k(d —2) we have rk 831 41 =1, and all the other boundaries are
trivial. Theorem 3.1 follows. |

Remark 5.8 A relation with independence complexes can be found for K, s also
when 1 < f <d —2. Indeed, choosing a suitable weighted matching (similar to the

Algebraic & Geometric Topology, Volume 18 (2018)



Weighted sheaves and homology of Artin groups 3975

one of Theorem 3.6), the set of critical simplices of positive weight in K, ¢ is

{oUAg—1|o€lndg2(Ap—q) N Ky—a, r}

5.2 Case B,

Consider now a Coxeter graph of type Bj, as in Figure 6. In this case K is again the
full simplex on vertices {1,2,...,n}. The Poincaré polynomial of a Coxeter group of
type By is given by

Wa, (q) = [2k]g! = [ [ [2i]g = [ [ o= B0,
4

i=1
where, for a given cyclotomic polynomial ¢ = ¢, we have

lk/d|  ifd is odd,

we(By) = { | (k/£)| ifd is even;

see for example [5]. Then we can compute the p—weight of any simplex o € K by
looking at the subgraph I'(0) induced by o. Let ['1(0), ..., [y (o) be the connected
components of I'(c), with cardinality ny, ..., n,;,, respectively, where I'1(0) is the
(possibly empty) component that contains the vertex 1 € S. Then

m
Vp(0) = @y (Bn,) + Z Wy (An;).
=2
The situation is quite different depending on the parity of d. If d is odd, the p—weight
of a By 41 component is equal to the ¢—weight of an A; component:

k+1
wp(Biyr) = | | = 0u(4e) (@ 0da).
For this reason it is possible to construct a very simple matching on K: match any
simplex 0 € K with o ¥ 1.

3 4 n—1 n

1 4
O

2
O O O O—--- -0
Figure 6: A Coxeter graph of type B,

Lemma 5.9 The matching constructed above for d odd is an acyclic weighted match-
ing on K, with no critical simplices.
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Proof Clearly the matching is acyclic and there are no critical simplices. Let us prove
that the matching is weighted. Let 0 € K. The only difference between I'(0) and
I'(0 ¥ 1) is the leftmost connected component, which in one case is of type By and
in the other case is of type Ay . Therefore, vy(0) = vy(0 ¥ 1). a

Suppose from now on that d is even. The simplicial complex K is partitioned as

K= |_|K ,  where K; = {UEK‘ L'FC;;;”J =q}.

q=0

Here T'1(0) is the (possibly empty) connected component of I"(o) which contains the
vertex 1. Notice that each K is a subposet of K, but not a subcomplex in general.
For a given simplex o € Ky, let [T'1(0)| = q% +rwith0<r< % The matching
on K is as follows:

(@ Ifr>1 (ie q%+1€0) then match o Witha\{q%—i—l}.
(b) If r =0 (ie q% +1¢0)and {q% +2,...,(¢g+ 1)%} & o, then match o with
oU {q% + 1} (unless n = q%, in which case ¢ is critical).

(c) We are left with the simplices o for which neither (a) nor (b) apply, ie with r =0
and {g%+2,...,(q+1)2} Co. Ignore the first g% + 1 vertices and relabel the
remaining ones from 1 to n—q % —1, so that we are left exactly with the simplices

A : A :
of Kn—qd/2—1,d/2—1' Then construct the matching on Kn—qd/2—1,d/2—1 as in
Section 5.1.

Putting together the matchings on each K, we obtain a matching on the full simplicial
complex K.

Example 5.10 For n = 4 and d = 4, the simplicial complex K contains 2% = 16
simplices of which 12 are matched and 4 are critical. For instance, consider 0 =
{1,2} € K. Then ¢ = 1 and r = 0. Since 4 ¢ o, case (b) occurs. Therefore, o is
matched with o U{3} = {1, 2, 3}. See Table 3 for an explicit description of the matching
in this case.

Lemma 5.11 The matching constructed above for d even is an acyclic weighted
matching on K .

Proof We proceed in two parts:

Part 1 (the matching is acyclic) The map K — (N, <) which sends ¢ to g =
UF] (o)|/ %J is a poset map compatible with the matching, and its fibers are exactly
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Simplices vp(0) g  Step

O—0—0—O > O=®—O0—0 1 I (a)/(b)
eto—0—0 -0 0—0—e 0 0 (b
0lo0—0—0-020—0—0 0 0 @b
eto—0—0-50r0—0—0 0 0 @b

oto—o0—-0-0r0—0—0 0 0 @b

4
O Qe QD) (critical) 2 2 (b
4
o—0—0O0—=0 (critical) 1 1 (©)
Oi.—.—. (critical) 1 0 (o

Oi.—.—O — Oi.—O—O 0 0 (o

Oi.—O—. (critical) 0 0 (o

Table 3: Matching in the case B, withn =4 and d =4

the subsets K, for ¢ € N. Therefore, we only need to prove that the matching on each
fiber K, is acyclic.

Let P = {pc, pap} be a two-element totally ordered poset with p. > p,p. For a
fixed g € N, consider the map n: K; — P which sends o to the py such that o
occurs in case (x) (here cases (a) and (b) are united). Clearly 5 is compatible
with the matching. We want to prove that it is a poset map, and for this we only
need to show that if n(r) = p. and v < o then n(o) = p. also. We have that
{1,...,q%,92+2,....(¢g+1)%} C v Co. The simplex o cannot contain the vertex
q% + 1, because otherwise we would have o € K, 1. Therefore, n(o) = p.

On the fiber n7!(pap) the matching is acyclic because the same vertex q% + 1 is
always added or removed. On the fiber =1 (p.) the matching is acyclic by Lemma 5.6.
Therefore, the entire matching on K is acyclic.

Part 2 (the matching is weighted) Let o0 € K; be a simplex which occurs either
in case (a) or case (b). We want to show that vy (0) = vy (0 \4 (q% + 1)) Suppose
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Simplices lo| Ve (0)
o = 194/2(014/27Yk=a=201d=1 p k1 g4+1 g+1 0<g<k-2
o) = 199/2(014/2-1)k~q n—k+q q 0<qg<k

Table 4: Description of the critical simplices for B,, where d is even and n = k%

without loss of generality that o occurs in case (a), ie r > 1 and q% +1e€o0. Let
t=0)\{g% +1}. The only difference between I'(¢) and T'(r) is that '(0) has a
Byd /24 component, whereas I'(z) has a B4/, component and an 4,—; component
instead. Since 1 <r < i, we have that

a)w(Bq%+r)=w(p(Bq%)=q and wy(A,-1) =0

(the second equality holds because r — 1 < % —1<d —2). Therefore, vy(0) = vy(7).

For simplices occurring in case (c), the matching only involves changes in the connected
components not containing the first vertex (ie connected components of type Ag).
Therefore, Lemma 5.6 applies. a

Now we are going to describe the critical simplices. The matching has no critical
simplices when 7 is not a multiple of % On the other hand, if n = k%, we have two
families of critical simplices: o4 (for 0 <g¢ <k—2)and 0(; (for 0 <g <k). See Table 4
and Figure 7 for the definition of these simplices. For instance, in Example 5.10, the
critical simplices are o9 = {2, 3,4}, 05, ={1,2,3,4}, o0y ={1,2,4} and o = {1,3}.

See also Table 5, where the critical simplices are listed by dimension.

Theorem 5.12 (critical simplices in case B,) The critical simplices for the matching
on K are those defined in Table 4. In particular, the matching is always precise, and

k —qg —2 times
4
O O O Qu: - -mQ-:| + -O———QummmQu - - - Q- - | - =O O O @n - - - =@
q% vertices %—l vertices d — 1 vertices
k —q times
4
o o o O - - - B~ - | - ~O————Qe—On - - - =0
q% vertices %—1 vertices

Figure 7: Critical simplices for B, , where d is even and n = k%. Above is
the simplex o, (0 < g <k —2) and below is the simplex oé (0<g<k).
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lo| vp(0)  Simplices

n k 0},
n—1 k—1 ox_p,0,_,
n—2 k—2 ox_3,0;,_,

n—k+1 1 00, 0]
n—k 0 o}

Table 5: Critical simplices for B, by dimension, where d is even and n = k%

has no critical simplices if d is odd or if d is even and n # 0 (mod %) In addition, if
disevenand n =0 (mod %), the incidence numbers between the critical simplices in
the Morse complex are as follows:

[0g: 0411 = (=)@~ D4/2,
[og 101" = (—1)k—D@/2=D+q
[0) 1042 = (—1)k@d/2=D+q

/
q
log s 0g—1 )™ = (=)@ D42,

Proof We proceed in two parts:

Part 1 (critical simplices) For d odd there is nothing to prove. Suppose from now
on that d is even. For a given simplex o € K, let us consider each of the three cases
that can occur in the construction of the matching.

(a) We have q% + 1 € 0, and o is not critical. Indeed, none of the simplices of
Table 4 contains the vertex q% + 1.

(b) We have q% +1¢0 and {q% +2,...,(q+ 1)%} & o . In this case o is critical
if and only if n = q%. Indeed, the only simplex of this type in Table 4 is 0]’c
(which occurs for g = k,ie n = q%)

(c) In the remaining case, we end up with the matching on Kn_q dj2—1,dj2—1"

Theorem 5.7, this matching admits critical simplices if and only if
d

n—qz—lz%—l (modd) or n—q%—lz—l (mod d),

By
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ie for n =0 (mod £). Notice thatif f =% —1thend —2— f =% —1 also.
Therefore, again by Theorem 5.7, for n =0 (mod %) the critical simplices are

exactly the ones listed in Table 4.

For a fixed n = k% , the quantity |o| — vy (o) is constant among the critical simplices
and is equal to n — k. Thus, the matching is precise.

Part2 (incidence numbers) We are going to show that there is exactly one alternating
path for each of the four pairs. Notice that if o — 7 is in the matching of K, then
oc=tU{v} withv=1 (mod %) and v > q% + 1. In particular, if at a certain point
of an alternating path one removes a vertex v with v # 1 (mod %) , then that vertex
will never be added again. But all the critical simplices contain every vertex v with
v#E 1 (mod %), so any alternating path between critical simplices cannot ever drop a
vertex v with v # 1 (mod £).

Let us now consider each of the four pairs.

(0g4,04—1) We have that 04 = 04—1 U {v} where v = (¢ — 1)% + 1, so there is
the trivial alternating path o4 — 04—1 which contributes to the incidence number
[04:04—1]™ by

[04:04-1] = (_1)|{w60q|w<v}| — (_1)(q—l)d/2.
Suppose by contradiction that there exists some other (nontrivial) alternating path
g > T <P > T<dpa D> DTy A pm B> 0g—1, m=>1.

Let 04 = 71 U {u}. By the previous considerations, we must have u = 1 (mod £). If
u= (k- 1)% + 1 then 71 = 0(;, but this is not possible since alternating paths stop at
critical simplices. Similarly, if u = (¢ — 1)% + 1 then we would stop at 71 = 04—1.
Therefore, we must have u < (¢ — 2)% + 1. But then 71 € Ky with ¢’ <¢—2, and
by induction all the subsequent simplices in the alternating path must lie in

U K
q"<q—2
In particular, 04—1 € Ky~ for some q"” < q — 2, but this is a contradiction since

(0og, a‘;) This case is similar to the previous one, except for the fact that o, = O'é U{v}
for v=(k — 1)% + 1. So the only alternating path is the trivial one, which contributes
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to the incidence number by

[og :o;] = (_1)|{weaq|w<v}| — (_l)qd/2+(k—q—1)(d/2—l) _ (_1)(k_1)(d/2_1)+q‘

(0‘;,0‘; _y) This case is also similar to the previous ones. Here we have Ué =
/

04— U {v} with v = (g — 1)% + 1, so the contribution to the incidence number due to

the trivial alternating path is

[G‘; :Uc;—l] _ (_l)l{weofllw<v}| — (_1)(q—1)d/2.

(a‘;, 04—2) This case is more complicated because the only alternating path is non-
trivial. Suppose we have an alternating path

Oy TI<P1 > T2 <A P2 D> D> Ty < P > 0g—2, m =1

(m must be at least 1 because 04— is not a face of oé in K). Let O’é =11 U{v}, with
v=1 (mod %) If v=(g— 1)% + 1 then 7 =0, and we must stop because o, _,
is already critical. If v < (¢ — 3)% + 1 we fall into some K,/ with ¢’ <g—3 and itis
not possible to reach 04> € K4—». Therefore, necessarily v = (g — 2)% + 1. Then
71 1s matched with

d
P1 =r1U{q§+1}.

Then again, 7, = p; \ {v2} and the only possibility for v, (in order to have 1, # 13
and not to fall into some K, with ¢/ <g —3)is va = (¢ — 1)% + 1. Proceeding by
induction we obtain that

T =Pi—1\{(q_3+i)%+1}’
Pi=fiU{(q—1+i)%+l}.

The path stops at tx_,41 = 04—2, and its length is m = k — g . See Table 6 for an
example. The contribution of this path to the incidence number is

(=D oy :nllor: 7]+ [ok—q : Tk—gllPh—q : 942,
where
[pi—1:7i] = (=1)(4~2d/2+(=D)(@d/2-1)
— (—1)@=2d/2+(-D)d/2-D)+d~1

— (_1)(q—2)d/2+(i—1)(d/2—1)+1

[pi : 7]
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(these formulas also hold for pg = a(/] and tx_y41 = 04—2). Then

k—q
[0} 0 2™ = (—1)“( TTtoi1 :willor: ri]) [Py 0 2]
i=1

= (_l)k—q (_l)k—q(_1)(q—2)d/2+(k—q)(d/2—1)

— (_l)k(d/2—1)+q' O
Simplices Vp(0)
4
0} = O==@==Q@=—=@—O0—0—0O0—0—0—0 2
4
71 = O—QO==Q@u=@—0O0—0—O0—0—0—0 1
4

T = Oi.—O—.—.—.—O—.—O—. 1
P2 = Oi.—O—.—.—.—.—.—O—. 1
3 = Oi.—O—.—O—.—.—.—O—. 1
p3 = Oi.—O—.—O—.—.—.—.—. 1

oo = Oi.—O—.—O—.—O—.—.—. 1

Table 6: The only alternating path from 0; to 04— for n =10, d = 4,
k=5and g =2

Having a complete description of a precise matching on K, we can now compute the
homology H.(Gw: R) for Gw of type B,. We recover the result of [19].

Theorem 5.13 (homology in case By, [19]) For an Artin group Gw of type By, we
have
R/(pq) ifdiseven,n=k%andn—k <m=<n-—1,

Hp(Gw: R)p, =
m(Gw; R)g, 0 otherwise.

Proof For a fixed ¢ = ¢4, we need to compute the boundary 8% 41~ Assume that
n= k% , otherwise there are no critical simplices. In top dimension (m + 1 =n) we
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have 1k 8% =1, because [0}.:04_,17#0. For m <n—k—1 the boundary 8% .1 vanishes,
because there are no critical simplices in dimension <n—k —1. For m =n —k we
have rk 8}, | = 1, because [0 : 0] # 0. Finally, for n —k + 1 <m <n —2, we have
(setgqg=m—n+k)

0 B [Uq 3Uq—1][0(;+1 :O'q—l] B (_1)(q—l)d/2(_1)k(d/2—1)+q+1 _
o = rk( fog:o4llog 0] )~ ™\ (cp&n@aDrapyearz )=
because

(=1)le—Dd/2 (—1)k@/2=D)+q+1 il i
det ((_1)(k—1)(d/2—1)+q (—1)2d/2 = (-2 - (-n?* =o0.

To summarize, we have rk 821_1_1 =1forn—k<m<n-—1,and rk 8%_1_1 = 0 otherwise.
We conclude applying Theorem 5.1. |

5.3 Case A4, n

Consider now the case of affine Artin groups of type Ay (see Figure 8 for a picture of
the corresponding Coxeter graph). Recall that, for affine Artin groups, the simplicial
complex K consists of all the simplices 0 € .S ={0,...,n} except for the full simplex
0 =1{0,...,n}. Forany o € K, the induced subgraph I'(c) consists only of connected
components of type Ay . The weight v, (o) is then computed as in Section 5.1.

Figure 8: A Coxeter graph of type A,

If o is a simplex of K then ¢ misses at least one vertex of {0, 1,...,n}. Define A to
be the first vertex missing from o reading counterclockwise from 0. Then o belongs
to a unique

Ky={ceK|hé¢oand{0,...,h—1}Co}.
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In other words, the subsets K form a partition of K,
n
K=| |k
h=0

Construct a matching on a fixed K as follows. Let h =gd +r with0 <r <d —1,
and let m = n —qd . Consider the following clockwise relabeling of the vertices: r — 1

becomes 1, r —2 becomes 2, ..., 0 becomes r, n becomes r +1, ..., h+2 becomes
m—1, h+ 1 becomes m (the vertices r, r + 1, ..., h are forgotten). This relabeling
induces a poset isomorphism

Kp => K},

Then equip Kj with the pullback of the matching on K n“i’ , defined in Section 5.1 (for
h = n the only simplex in K}, is critical).

Lemma 5.14 The matching defined above is an acyclic weighted matching on K .

Proof Consider the map 7: K — (N, <) which sends ¢ € K to min{h e N | h ¢ ¢}.
Then 7 is a poset map with fibers n~!(h) = K},. The matching on each K, = K;i’r
is acyclic by Lemma 5.6, therefore, the whole matching on K is acyclic.

Fix h € {0,...,n}. The bijection K, = KA _ is such that, if o — &, then Vp(0) =

m,r

Vy(0)+¢q. Indeed, I' (o) is obtained from I'(0') by adding gd vertices to one (possibly
empty) connected component, and this increases the weight by ¢g. Then, since the
matching on KA _ is weighted, its pullback also is. a

m,r

Theorem 5.15 (critical simplices in case An) The critical simplices for the matching
on K are those listed in Table 7. The only nontrivial incidence numbers between critical
cells are

[fq:rc/l]M::I:l (forn=kd +r with0<r <d-2),
[0g.r :Ué,r]M = *1,
[G:0p_, JM=%1 (forn=kd—1).

In particular, the matching is precise.

Proof We proceed in three parts:

Part 1 (critical simplices) For n #% —1 (mod d), the matching on K} has critical
simplices only for 7 =n (mod d). If we write n = kd +r with 0 <r <d —2, then
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Case Simplices lo| Uy (0)
n=kd+r g n—2k—-q)+1 g+1 0<g<k-—1
# —1 (mod d) 7, n—2k-—gq) q 0<qg<k
ogr n=2k—-q)+2 g+1 0<q<k-2,0<r=<d-2
n=kd-1 oy, n=2k-q)+1 ¢ 0<g<k-1,0<r<d-2
o=1"0 n k
Simplices

T, = 1qd+r01d—10(1r01d—2—r0)k—q—1
‘L'(; — 1qd+r0(1r01d—2—r0)k—q
Ogr = 1qd+r01d—1O(Id—z—rOIro)k—q—Z1d—2—r0

O—;,r — 1qd+r0(1d—2—r01ro)k—q—l 1d—2—r0

Table 7: Description of the critical simplices for A, . Below, the binary string
notation is used.

Kga+r=K ;‘_q dr has two critical simplices for 0 < ¢ <k —1 and one critical simplex
for ¢ = k. These simplices are the ones listed in Table 7.

Suppose now that n = kd — 1. For any h = gd +r, with 0 <r < d —2, the complex

~ K4
qu+r = Kn—qd, r

for h = n the complex K, =~ K 51_1’ 41 has one critical simplex. In the remaining

has two critical simplices because n—gd = —1 (mod d ). Moreover,

cases the matching on Kj has no critical simplices. Again, the critical simplices are
those listed in Table 7.

Part 2 (incidence numbers for n = kd +r) We want to find the incidence numbers
between critical simplices of consecutive dimensions. We start with the case n =kd +r,
with 0 < r < d — 2. First, let us look for alternating paths from 7, to ‘[‘; (for
0<q=<k-—1).Set h =qd + r. Suppose we have one such path,

T > 8 <Ap1 > < P2 > > G < pm D> T

If at some point a vertex v € {0, ..., h—1} is removed, then the path falls into some Kp/
with i/ < h and can never return in Kj,. Therefore, the path must be entirely contained

in K =~ K;:l—qd,r’ and by Theorem 5.7 it must be the trivial path 7, > ré. Thus,
[tq:74] = £1.
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The other pairs of critical simplices in consecutive dimensions are (ré 41, Tq) for
0 <g <k —1. There is a trivial path r; 11 B> tg which consists in removing the vertex
h = qd + r, and contributes to the incidence number by

Suppose we have some other (nontrivial) alternating path
() 1 DO <> <pa > D>y < pm > Ty, m> 1

Let py = 14 U{v}. If v =h then pp = r(;_H, which is excluded. Then v must be
one of the other vertices that do not belong to 7. They are of the form v =n —sd
(for0<s<k—g—1orv=n—(d—-1—-r)—sd for0 <s <k—q—2). If
v=n—(d—1—r)—sd, then p, is matched with p, U {n — (s 4+ 1)d}. This is
impossible because p,, must be matched with some ;, <I py,. Similarly, if v =n—sd
with 0 < s < k —¢g — 2, then p, is matched with p,, U{n —(d —1—r) — sd}
and not with some {;; <1 pp,. The only remaining possibility is v = n — sd with
s=k—qg—1,iev=n—(k—g—1)d = (q+ 1)d + r. In this case py, is matched
with ¢ = pm \ {gd + 2r + 1}. Going on with the same argument, we have exactly
one way to continue the alternating path (from right to left in (2)), and we eventually
end up with ré 11 - From left to right, the obtained alternating path is the following:

1 =144 \{gd +2r +13},
p1 =281 U{n},

& =p1\{gd +r},
p2=80U{n—(d—-1-r)},
3= p2\ {n},

p3 =8 U{n—d},
Sa=p3\{n—(d—1-r)},

En = Pt \ (g + Dd +2r + 11,
Pm = Cm U{qd +2r + 1},
ta = pm\ (@ + Dd + 1.

The length of the path is m = 2(k —¢q). Apart from gd + r, which is the vertex in
t(; 11 \ 7g, the other vertices are added and removed exactly once during the path. If a
certain v is added in some p; and removed in some {; (the removal might possibly
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come before the addition), then
1 if v=mn,

loi :&illpj-1:¢5] = —1 otherwise.

This is true because, except for v = n, between the addition and the removal of v
exactly one vertex u with u < v has been added/removed. Namely, between the
addition and the removal of a vertex v = jd + 2r + 1 (for ¢ < j <k — 1) the vertex
u = jd + r is added/removed, and between the addition of the removal of a vertex
v=jd+r forqg+1<j <k—1)the vertex u = (j — 1)d + 2r + 1 is added.
Therefore, the alternating path (2) contributes to the incidence number by

D" (=)™ G pr] = (DI = (L
Finally, the incidence number is given by
[g41: 1} = (D" + (=)' =0.

Part 3 (incidence numbers for n = kd — 1) Consider a generic alternating path
starting from 6 = {0,...,n— 1},

o811 <p1 > <pa B> > < pm D> Cmt1.

Letg =0 U{v}. fn—d+1<v<n-—1then {g :Gl/c—l,r forr=n—-1-v.
Therefore, we have trivial alternating paths from & to any of the al’c_u. Ifv<n-d
then ¢y € K, with h <n—d = (k—1)d — 1. None of these K} ’s contains critical
simplices {41 With |{,41| =n—1, and the alternating path cannot return in any Kjp,
with A" > (k — 1)d. Thus, there are no other alternating paths from & to critical
simplices of K. Then the nontrivial incidence numbers involving ¢ are

G0, )M =+1.

. . . /
Consider now a generic alternating path from og,, to 0 ..,

Ogry >80 <P1 D> 82 <2 D>+ D> G <1 P B> O,

Let py, = Ué’rz U{v}. Adding v to oé’,z causes the creation of a connected component
I'; with |T;| = —1 (mod d). This means that p,, is matched with a simplex of higher
dimension, or is not matched at all (this happens for v = (¢ + 1)d — 1). Therefore,
the alternating path must be trivial, and it occurs only for r; = r». Then the nontrivial
]M

incidence numbers of the form [0y, :

/
L0g.r,) " are

[O—q,r :U;,r]M == :l:l.
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Finally, consider a generic alternating path from 0[/1 +1.0q 0 0grss
3) Ogi1r > 81 <p1 D>l < P2 > > & < pm > Og.ry.

As before, we work backwards. Let p, = 04, U {v}. Apart from the choices
v=gqd +r and v = (g + 1)d + r, in all other cases p;,, has a connected component

of size = —1 (mod d) and this prevents the continuation of the alternating path. For
v =gqd +r we obtain p, = a(; +1,r,» 50 We have a trivial alternating path from 0[/1 1.

to 04,r,. For v = (q + 1)d + r, iterating the same argument, we have exactly one way
to continue the alternating path (from right to left in (3)) and we end up with aé 1y
From left to right, the path is as follows (set ¥ = r;):

G =011, \ (g +1)d -1},
p1 =8 U{n},

L2 =p1\{gd +r},
p2=0U{n—(d—-1-r)},
&3 = p2\ {n},

p3 =8¢3U{n—d},
Sa=p3\{n—(d—1-r)},

Em = pm—1\{(q +2)d — 1},
pm = m Ui(g + 1d — 1},
ogr = pm \{(q +1)d +r}.

The length of the path is m = 2(k —¢q) — 1. As happened in the case n = kd + r, the
contribution of this alternating path to the incidence number is given by

D" (D" G pr] = (1)L
The contribution of the trivial path 0(/1 41, B> Og,r is given by (=1)94+7  Therefore,

[Jr;+1,r Log, 1M = (—=1)49H7 4 (—1)29HrHl = g, a

We are now able to recover the result of [12] about the homology H«(Gw ; R) when
Gw is an Artin group of type Ay,
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Theorem 5.16 (homology in case A, [12]) For an Artin group Gw of type A, we
have
(R/(9q)®4 " ifn=kd—1land m=n—-2i+1(1<i<k),
Hn(Gw:R)p, = { R/(¢0q) itn=kd+rand m=n-2i (1 <i <k),
0 otherwise,

where 0 < r < d — 2 in the second case.

Proof We apply Theorems 5.1 and 5.15. For n = kd +r (0 <r <d —2), the
boundary map S,th hasrank 1 when m+1=n—-2(k—¢q)+1 for0 <g <k —1,
due to 7,); it has rank O otherwise. For n = kd — 1, the boundary map 8,“,’, 1 has rank
d—1ifm+1=n-2(k—g)+2 (for 0 <g <k —2, due to the simplices oy ;) or if

m+ 1 =n (due to ¢); it has rank 0 otherwise. a

5.4 Case 5,,

The last case we consider is that of Artin groups of type C,. The corresponding Coxeter
graph I is shown in Figure 9. As in the A, case, the simplicial complex K consists
of all the simplices 0 € S = {0,...,n} except for the full simplex ¢ = {0,...,n}.
For any o € K, the subgraph I'(o) of I' splits as a union of connected components of
type By (those containing the first or the last vertex) and of type Ay (the remaining

ones).
0 4 1 2 3 n—1 4 n
O O O O—--- =0 O
Figure 9: A Coxeter graph of type Cy
For each m with 1 <m <n, let K,l,f be the full simplicial complex on {1,...,m},

endowed with the weight function of By, (see Section 5.2). We are going to construct
a precise matching for the case C, using the precise matching on Knli .

For h €{0,...,n} set
Ky={ceK|hé¢oand{0,...,h—1} Ca}.

Asin the A, case, since every simplex o € K misses at least one vertex, the subsets Kp,
form a partition of K,

n
K =] K.
h=0
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Construct a matching on a fixed Ky, as follows. Ignore the vertices 0, ..., & and relabel
the remaining ones from right to left: » becomes 1, n — 1 becomes 2, ..., h + 1
becomes n — k. This induces a poset isomorphism

= B

Then equip K with the pullback of the matching on K f_ ;, constructed in Section 5.2
(for h = n the single simplex in K}, is critical).

Remark 5.17 For d odd we are simply matching o with o0 ¥ n for all o except
o={0,...,n—1}.

Lemma 5.18 The matching defined above is an acyclic weighted matching on K .

Proof As in the proof of Lemma 5.14, the subsets K}, are the fibers of a poset map
and the matching is acyclic on each K; =~ K f_ h-

If a simplex o € K}, is sent to & by the isomorphism K} = K f—h’ then vy (o) =
Vy(0) + wy(By). Since the matching on K f_ 5 1s weighted, the matching on K, also
is. a

Theorem 5.19 (critical simplices in case C,) The critical simplices for the matching
on K are those listed in Table 8. In particular, the matching is precise. In addition the
only nontrivial incidence numbers between critical simplices in the Morse complex are
as follows (for d evenand n = k% + r):

[041.45 : Og1, 11" = (=D,
[941.42 :U!I1—1,612]M = (_1)ﬂ+1’
(041,90 :G(;uqz]M = (_1)ﬂ+d/2+1,
[6‘;1,42 :0111,112—2]/\4 = (_1)ﬁ+1,
[Ul;wh :041—2542]/\4 = (_l)ﬂ,

[06/11,42 :Gtgl,qz—I]M = (_l)a—H,

/ L M _ B+d/2
[041,612 ‘ULI1—1,612] = (=1 ’

Whefea:(k—612)(%—1)+m+r+% andﬂ:ql%-i—r.

Proof As we have already said, for d odd there is exactly one critical simplex.
Suppose from now on that d is even. Let n = k% +r,with0<r< % —1.
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Case Simplices lo| Vp(0)
dodd | o=1"0 n 1or0
012 N"—k+qa+a+l gi1+q@p+1 0<qi+g2=<k-2
d even
Opgs  N—k+taita  qitq  0=qi+qa=k
Simplices
Ogran = 1q1d/2+r01d—10(1d/2—10)k—q1—q2—2lqzd/z
— d/2+ d/2—1\k—q1— dj/2
Uél,qz = 1914/2+r((14/2-10)k—41~42 924/

Table 8: Description of the critical simplices for C,. When d is even, set
— k4
n=ks+r.

Part 1 (the critical simplices) In Kj there are critical simplices if and only if
n—h=0 (mod %), ie when h = ql% + r for some ¢; (with 0 < g1 < k). By
Theorem 5.12 there are two families of critical simplices: 04, 4, (for 0<g1+g2 <k—2)
and 0(;1 4 (for 0 <q1+q» <k), as shown in Table 8 and Figure 10. In a fixed dimension
m=n—k+1 (0<[<k)there are 2/ 4 1 critical simplices if / <k —1 and [ critical
simplices if / = k. See Table 9.

Part 2 (paths ending in 04, 4,) Consider a generic alternating path starting from
any critical cell pg and ending in a critical cell of the form oy, 4, ,

p0>fl <]p1 >T2<p2>"'>fm <pml>aql,q2.
Let pm = 0g,,4, U{v}. If v = ql% + r then p, = 0(;1+2,q2 and the alternating path
stops. If v =n — qz% then the alternating path stops at p,, = 0g4,,4,+1. Suppose
k —q1—q> —2 times
4 4

ql% + r vertices d — 1 vertices % — 1 vertices qz% vertices

k — g1 — q» times

4 4
O O Q= - - - =Q Q= | - =@ Q= - - - =D O=+ |+ - On - - - =) 0]

. d . .
q1% +r vertices 7 — 1 vertices 429 vertices

Figure 10: Critical simplices for C,, with d even and n = k‘% + r. The
diagram for the simplex o4, 4, is at the top and the diagram for the simplex

, . .
0g1.q> 18 below it.
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g1+ g2 < k — 3, otherwise there are no more cases. If ql% +r+d<v<n —qz%,
then I'(pm) has at least one connected component of size d — 1 and therefore p;,
is matched with a simplex of higher dimension; thus the path stops without having
reached a critical simplex. If v = q1% +r +d then py, is matched with

T = pm \ {(Zl% +r + %} — lq]d/2+r01d/2—10ld—lo(ld/z—lo)k—ql—42—30142d/2

in the binary string notation. From here the path can continue in many ways. Let
Pm—1 = Tm U{w}.
e Ifw= ql% +r, we end up with py—1 =04, 41,45 -
e Ifw= ql% +r+ %, we would be going back to py, .
o Ifw> ql% +r+ %d , then I'(p,—1) has at least one connected component of
size d — 1 and therefore p,,—; is matched with a simplex of higher dimension.

o Ifw= ql% +r+ %d, then p,,—1 is matched with

d
Tm—1 = Pm— 1\{611 +r+d}
=1q1d/2+r01d/2 101d/2 101d—10(1d/2—10)k—q1—q2—401q2d/2‘

By induction, repeating the same argument as above, this path can be continued

in exactly one way and it eventually arrives at the critical simplex o q L gat2

The path has length m = k — ¢y — g — 2 and is as follows:
71 :J"“’qﬂ_z\{n —qZ%},
p1 =11 U {n—%%—d},
T2 = P1 —Q2———},

\
z—rzU{n qz——— }

2
Pz\{” 6]2%— }

d
Pm—1 = Tm—1 U{Q1§+r+d},
d 3
Tm —Pm—l\{CI1§+r+§d},
d d
Pm —TmU{q15+r+§},
d
041,92 :Pm\{6115+r+d}-
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Simplices

/
O01-1,0 0T

Ol—2,1 071

01,1—2 O

/
00,1-1 0—1’1_1

Table 9: Critical simplices for 5,, indimension m =n—k+1 (0<[ <k),
where d is even and n = k% + r. For | = k only the second column occurs.

Part 3 (paths ending in o], . ) Consider now a generic alternating path starting

q1.92
L. . . .. /
from any critical cell po and ending in a critical cell of the form oy, ...
4) pol>11<1,01>Tz<1/02>"">fm<1/’ml>°r;1,qz'

As usual, let p,,, = 04, 4, U {v}. For the same reasons as above, there are only three
possibilities: v = ql% +r,v= ql% +r+ % and v=n —qz%; in all the other cases,
Pm 18 matched with a simplex of higher dimension. If v = ql% + r then the path ends
(to the left in (4)) at p,,, = o7 v = ql% +r+ % then the path ends at oy, 4,

q1+1,q92

Finally, if v =n — qz% then the path ends at 0;1,q2+1-

Part4 (incidence numbers) We have seven families of incidence numbers to compute,
each coming from one of the alternating paths we have found:

From oz, 12 4, to 04,4, The alternating path is trivial and consists in removing the
vertex v =¢i15 +71, so

(042,42 : Ogr.ao ] = (=)0 azlo =il = (yme/r,

which implies

[06/11,112 :OKII—Z,CD]M = (_1)q1d/2+r = (—1)'3.

From oy, 4,+1 to 04,4, Again the path is trivial, and it consists in removing

v=n-— qz%. Therefore,
[041,45+1:041.0:)" = (—1)ltweoqr.aphw=vil
— (_l)n—t12d/2—(k—611—112—1)
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— (_l)kd/2+r—¢I2d/2—k+q1+tI2+1
— (_1)(k—q2)(d/2—1)+r+t11+1’
which implies
[041,112 :Ulh,!h—l]M = (_1)(k—q2+1)(d/2—1)+r+q1+1 = (=%

From o4, 41,4, t0 04,4, The path consists in removing ¢ %—i—r, adding ¢ %+r+%
and removing ql% + r 4+ d . Therefore,
[Uq1+l,q2 :Uql,qz]M — (_1)(_1)q1d/2+r(_l)qld/2+r+d/2—l(_l)qld/2+r+d—1
— (_l)qld/2+r+d/2+l
which implies
(01,2 1 0g1—1,go** = (=)D TDEZITHAREL = (—pPEL,

From o Last+2 109010 The path is the one we explicitly wrote at the end of Part 2.

Notice that from p;—1 to t; one removes the vertex v; =n— (g2 —i + 1) 5 » and from
7; to p; one adds the vertex v =n — (g2 —i — 1)‘21 . Therefore,

[pi1: 7l : 7] = (—D)lwemlvi<w=<vill — (_qyd—1 — _p

Then we can compute the incidence number in the Morse complex:

m
[041,612+2 :GQ1,612]M = (_l)m( H[Pi—l 2] [pi Ti]) (041,42 : Pm]
i=1
— (_l)m(_l)m(_1)q1d/2+r+(d—1)
— (_l)qld/2+r+l
which implies
M _ (_l)qld/2+r+1 — (_1)ﬂ+1

/ .
[Uql,qz -0q, yQ2—2]

’ .. . . _ . d
From aql +1,4, to o, ,, The pathis trivial and consists of removing v =¢15 +r.
Then

/ M qld/2+r
[0611-}-1,!12 qw]z] _( 1)

which implies
[O—él,¢12 q1 142]M = (1)@= Dd/24r — (_1)B+d/2,
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From oy, 4, to o/ The path is trivial and consists in removing v = g1 % +r+ %.

91,92
Then

(041, 4> :o;qu]/‘/‘ — (=) Dd/2Hr+d[2=1 _ (q)Bd/2+1

From o’ to The path is trivial and consists in removing v =n — qz%.

o.l
q1,92+1 q1-92
Then
[0121,1124-1 :o(;l,qz]M = (_1)"—42d/2—(k—111—112)

— (_1)kd/2+r—qzd/2—k+q1+qz

— (_1)(k—f12)(d/2—1)+r+(11’
which implies

[Gél,qz :O—él,q2_1]M — (_1)(k—Q2+1)(d/2—1)+r+t11 _ (_l)a—i-l. 0

We can finally compute the homology H.«(Gw; R) for Artin groups of type Cp.

Theorem 5.20 (homology in case Cn) Let Gy be an Artin group of type C,. Then
the g4 —primary component of H,.(Gw ; R) is trivial for d odd, and for d even is as
follows:

(R/(pa)®mHh=ntl ifn—k <m<n-1,

H,, (Gw; R o
m(Gw; R)g, 0 otherwise,

where n =k%—|—r.

Proof In order to apply Theorem 5.1 we need to find the rank of the boundary
maps 531 41 of the Morse complex. For d odd there is only one critical cell, thus all
the boundaries vanish. Suppose from now on that d is even, and let n = k% +r.In
order to have a nontrivial boundary 8:;’1 41 We must have at least one critical simplex
both in dimension m and in dimension m + 1, thus m =n—k 4/ with 0 </ <k —1
(see Table 9).

Casel (/ <k—2) We are going to prove that, for / <k — 2, a basis for the image
of § = 8,‘;’1“ is given by

B={00g,4, |91 +q2=1}.
By Theorem 5.19 we obtain the following formula for §oy, g4, :

80414, = (_l)aUQIa‘IZ_l + (—1)/3“041_1,(12 + (_1)ﬂ+d/2+1‘7¢;1,qz’
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where o = (k —q2)(4£ — 1) +¢q1 +r+ 2 and B = g1 + r. In this formula the
0gq1,q2—1 (T€SP. 04 —1,4,) term vanishes if g = 0 (resp. g1 = 0). The term Uc’h’qz
appears in 60y, 4, but not in any other element of 5, thus B is a linearly independent

set. In addition, if g; + g2 = + 1, we have that

8‘7:;1,(12 = (—1)B+10q1,qz—2 + (—1)ﬂ0q1—2,42 + (_1)a+101;1,qz—1
+ (0P 0g g,
_ (_1)a+ﬂ+d/2((_1)a+d/2+lo_q1’q2_2 + (_1)ﬁ+10q1_1’q2_1
+ (_1)ﬂ+d/2+10(;1’q2_1)
n (_l)d/2+1((_l)a+10q1—1,q2—1 n (—1)5+d/2+10q1—2,q2
+ Do )
= (=) TPHI 255, ot + (=) 2 S0, g

Therefore, B generates the image of 82;_1_1. Thus, rk 8,(;)1_1_1 =|B|=[+1forl <k-2.

Case2 (I =k—1) Forl =k—1,ie m = n — 1, the situation is a bit different
because there are no critical simplices of the form oy, 4, With g1 + g2 = /. However,
we can still define

€q1.92 = (_1)a6q1,42—1 + (_l)ﬂ—HUql—l,qz + (_1)'3+d/2+10121,t12

for g1 +¢q»> =1, and
B ={eq g a1 +q2=1}.

The term oy, .. appears in €g,,4, but not in any other element of B', thus B’ is a

linearly independent set. As above we have that, for g1 +¢q2 =1 + 1,

)Ot+,3+d/2 )d/2+1

/ —_—
80611,42 - (_1 €g1,q2—1 1 (_1 €gq1—1,q9>-

Then B’ generates (and so it is a basis of) the image of 5.

We have proved that, for 0 </ <k—1, the rank of 8,‘fl+1 isequalto [+1=m+k—n+1.
Then we conclude by applying Theorem 5.1. a

Concluding remarks
Future work will focus on other families of Artin groups. In particular, it seems that

precise matchings can be constructed in all finite and affine cases (see [36]), possibly
allowing explicit homology computations.
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The methods developed in this paper are particularly powerful when the coefficients
are over a PID, but Artin groups with roots of different lengths (eg B, En and 5,1)
also admit natural representations over polynomial rings with more than one variable.
We believe that some of our theory can be extended to such cases, and this can also be
the aim of future work.
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