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Topology of (small) Lagrangian cobordisms

MADS R BISGAARD

We study the following quantitative phenomenon in symplectic topology: in many
situations, if a Lagrangian cobordism is sufficiently small (in a sense we specify) then
its topology is to a large extend determined by its boundary. This principle allows us
to derive several homological uniqueness results for small Lagrangian cobordisms. In
particular, under the smallness assumption, we prove homological uniqueness of the
class of Lagrangian cobordisms, which, by Biran and Cornea’s Lagrangian cobordism
theory, induces operations on a version of the derived Fukaya category. We also
establish a link between our results and Vassilyev’s theory of Lagrange characteristic
classes. Most currently known constructions of Lagrangian cobordisms yield small
Lagrangian cobordisms in many examples.

53D05, 53D12, 53D40

1 Introduction

We study the topology of Lagrangian cobordisms connecting Lagrangian submanifolds
of a symplectic manifold .M 2n; !/. The idea of relating Lagrangian submanifolds
by Lagrangian cobordisms was first conceived by Arnold [1]. The idea has recently
received a lot of attention, in part due to Biran and Cornea’s work [5; 6]. They showed
(among many other things) that Lagrangian cobordisms provide a geometric realization
of operations in a suitable version of the (derived) Fukaya category. They further
showed that examples of such cobordisms arise as the trace of Lagrange surgery. It is
therefore of interest to understand if all such cobordisms come from Lagrange surgery.
More generally there are by now a few explicit constructions available for producing
Lagrangian cobordisms. However, the topological and geometric nature imposed on a
cobordism by requiring it admit a Lagrangian embedding into R2 �M remain rather
mysterious. The present paper aims at exploring this nature. Some of the questions we
attempt to answer are the following:

(a) How different can the topology of Lagrangian cobordant Lagrangians be?
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(b) Does Lagrange surgery of two Lagrangians always give rise to a Lagrangian
“trace of surgery” cobordism?

(c) Is there a quantitative way to detect if a cobordism “originates” from Lagrange
surgery?

Setting and notation .M 2n; !/ will be assumed to be either closed or convex at
infinity; see Eliashberg and Gromov [13]. Our Lagrangian cobordisms live in �M WD
R2.x;y/�M, equipped with the symplectic structure z! WD !R2 ˚! , where !R2 WD

dx ^ dy . We denote by LD L.M; !/ the space of all closed, connected Lagrangian
submanifolds of .M; !/. An element L 2 L is often called a singleton and we say
that an m–tuple .Li/

m
iD1
� L is transverse if Li t Lj for all i ¤ j . A Lagrangian

cobordism V � . �M ; z!/ relating two ordered tuples .Li/
m
iD1

; .L0i/
m0

iD1
�L will always

be assumed to be connected and is symbolically written

V W .L0i/i .Lj /j :

Viewing V as an abstract cobordism, its boundary @V has a negative part and a positive
part, @�V �

Fm
jD1 Lj and @CV �

Fm0

jD1 L0j . When V is oriented, the Li and L0j
inherit an orientation via the convention @V D�@�V t @CV (see Section 3).

2 Main results

Our first result is a cobordism version of the classical adjunction formula for Lagrangian
submanifolds. Given oriented L;L0 2 L we denote by I.L;L0/ the intersection index
of .L;L0/ computed with respect to the orientation !n on M.

Theorem 2.1 Let V W .L0i/
m0

i  .Lj /
m
j be an oriented Lagrangian cobordism between

two oriented ordered tuples .Li/
m
iD1

; .L0i/
m0

iD1
� L. Then

(1) .�1/.nC1/n=2�.V; @�V /D
X

1�i<j�m

I.Li ;Lj /�
X

1�i<j�m0

I.L0i ;L
0
j /:

In the nonoriented case this formula holds true modulo 2.

The next result is in some sense the Floer-homological version of Theorem 2.1. It should
be thought of as a relative version of the main result in Chekanov’s beautiful paper [11].
To state it, we need the notion of a small cobordism. Denote by A. �M ;V / > 0 the
bubbling threshold of a Lagrangian cobordism V W .L0i/

m0

iD1
 .Li/

m
iD1

. A. �M ;V / can
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intuitively be thought of as the area of the smallest nonconstant holomorphic disk on V .
For closed Lagrangian submanifolds this quantity was introduced by Chekanov [11],
but his definition easily generalizes to Lagrangian cobordisms (see Section 3). Recently
Cornea and Shelukhin [12] introduced another nonnegative quantity associated to V —
namely the so-called shadow of V , denoted by S.V /. One can think of S.V / as
measuring the “size” of the projection of V to the R2 –plane (see Section 3). In
particular, S.V / depends in a strong way on the embedding V ,! �M.

Definition 2.2 We say that a Lagrangian cobordism V W .L0i/
m0

iD1
 .Li/

m
iD1

is small
if

(2) S.V / <A. �M ;V /:

Theorem 2.3 Let .L0i/
m0

iD1
; .Lj /

m
jD1
�L be two transverse tuples and let V W .L0i/i 

.Lj /j be a small Lagrangian cobordism. If V is spin then

(3) dimF H�.V; @�V IF/�
X

1�i<j�m

#.Li \Lj /C
X

1�i<j�m0

#.L0i \L0j /:

for every field F. If V is not spin then (3) still holds with F D Z2 .

Remark 2.4 A main novelty of Definition 2.2 is that it imposes no topological restric-
tions on @V . In fact, using the Lagrangian suspension construction [27, Section 3.1.E]
one can check that every L2L is a boundary component of a small nontrivial1 elemen-
tary Lagrangian cobordism. The two most fundamental constructions of Lagrangian
cobordisms known to the author are the Lagrangian suspension construction and the
trace of surgery cobordism introduced by Biran and Cornea [5]. Both of these produce
small Lagrangian cobordisms in many cases (see Example 2.17 for the latter).

Remark 2.5 Recall that if .V nC1; @CV; @�V / is a compact orientable cobordism and
F denotes a field then Poincaré–Lefschetz duality gives F –vector space isomorphisms

Hk.V; @CV IF/ŠHnC1�k.V; @�V IF/ for all k 2 Z:

Of course, whether orientable or not, this always holds with F D Z2 . In particu-
lar, we see that any compact cobordism .V nC1; @CV; @�V / satisfies �.V; @�V / D

.�1/nC1�.V; @CV /.

1That is, a cobordism which does not equal 
 �L � . �M ; z!/ for an embedded curve 
 � R2 . Of
course the trivial cobordism R�L� . �M ; z!/ is always small.
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2.1 Applications to elementary Lagrangian cobordisms

Theorems 2.1 and 2.3 are easiest to apply to elementary Lagrangian cobordisms, ie
Lagrangian cobordisms V W L0 L which have just one negative and one positive
end. For such V the right-hand side of (3) equals 0. The following results all follow
directly from this fact. For detailed proofs we refer to Section 4.

Theorem 2.6 Let L;L0 2 L and suppose at least one of them is spin. If V W L0 L

is a small Lagrangian cobordism then the inclusions L;L0 ,! V induce isomorphisms
on singular (co)homology. In particular, if there exists a small Lagrangian cobor-
dism V W L0 L, then H�.LIZ/ Š H�.L

0IZ/ as graded groups and H�.LIZ/ Š

H�.L0IZ/ as graded rings. If neither L nor L0 is spin then the same result holds for
homology with coefficients in Z2 .

This result gives a “homological answer” to question (a) from the introduction, in the
case of small elementary Lagrangian cobordisms. The following result is very much
in the spirit of Chekanov’s original result [11]. One can interpret it as saying that one
cannot (geometrically) displace a Lagrangian by a small cobordism.

Corollary 2.7 Let L;L0 2 L1 and suppose at least one of them is spin. If there exists
a small Lagrangian cobordism V W L0 L then L\L0 ¤ ∅. Moreover, if L t L0

then

(4) dimF H�.LIF/� #.L\L0/

for every field F. Of course, if neither L nor L0 is spin then the same conclusion holds
for F D Z2 .

Corollary 2.8 No oriented L 2 L with �.L/ ¤ 0 admits an oriented Lagrangian
null-cobordism. Similarly, no L 2 L admits a small Lagrangian null-cobordism.

Of course, the only case where the first conclusion in Corollary 2.8 is a symplectic
phenomenon is when both n and �.L/ are even.2 The corollary in particular implies
that the only oriented Lagrange surfaces in a symplectic 4–manifold which can be
Lagrangian null-cobordant are Lagrangian tori. In contrast, recall that in the smooth

2Recall that every closed odd-dimensional manifold N satisfies �.N /D 0 . Similarly it is well known
that the boundary of a compact manifold has even Euler characteristic, so for �.L/ odd the conclusion of
the corollary follows from classical topology.
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category every oriented surface is oriented null-cobordant! A final application of
Theorem 2.6 to elementary Lagrangian cobordisms yields the following result, which
was generously pointed out to us by François Charette:

Corollary 2.9 Let L;L0 2 L be simply connected and suppose there exists a small,
simply connected Lagrangian cobordism V W L0  L. If dim.V / � 6 then V is
diffeomorphic to Œ0; 1��L. In particular, L is diffeomorphic to L0.

Remark 2.10 Corollary 2.9 concerns the case dim.M /�10. In the case dim.M /D4

one can apply Theorem 2.1 to get a conclusion of a similar spirit: Suppose V W L L0

is an orientable Lagrangian cobordism between two orientable Lagrange surfaces
L;L0 2 L.M 4; !/. Then, by additivity of � and Theorem 2.1, we have �.L/ D
�.V /D �.L0/. Hence, L and L0 are diffeomorphic!

Example 2.11 Consider T2 DR2=Z2 equipped with the symplectic structure !T2

inherited from R2 . Denote by Lh WD
˚
y D 1

2

	
and Lv WD

˚
x D 1

2

	
the standard

horizontal and vertical Lagrangians. Fix two curves 
1; 
2 � T2 as in Figure 1 and
denote by � > 0 the sum of the areas of the little gray “triangles”. Performing Lagrange
surgery [26] along 
1 we obtain the surgered Lagrangian Lh # Lv . By Biran and
Cornea’s Lagrangian cobordism theory [5] the trace of this surgery can be realized
as a Lagrangian cobordism V1W Lh # Lv  .Lv;Lh/. Similarly we can perform
Lagrange surgery along 
2 and obtain a Lagrangian cobordism V2W .Lv;Lh/  
Lv #Lh . Concatenating V1 and V2 we obtain a Lagrangian cobordism V W Lh #Lv 
Lv # Lh . Denote by B the bounded connected component of R2 n �.V /, where
� W �M !R2 denotes the projection. Consider now a split almost complex structure on
zT2 WDR2 �T2 of the type i˚J, where i denotes the standard complex structure on
R2 �C. We then have an i˚J –holomorphic disk with boundary on V ,

uW .B; @B/! .zT2;V /; z 7!
�
z;
�

1
2
; 1

2

��
:

Since the curve uj@B � V projects to the nontrivial element of H1.R
2 nBIZ2/ŠZ2 ,

the inclusion LH #LV ,!V does not induce an isomorphism in Z2 –homology. Hence,
by Theorem 2.6, V is not small. In fact it is easy to check that Œu� generates �2.zT

2;V /

and therefore, if � <Area.B/, we conclude that the class Œu�2�2.zT
2;V / must contain

a zJ –holomorphic disk for every z!–compatible almost complex structure zJ which is
standard at 1 (see Section 3.0.1). This implies that A.zT2;V /D

R
u�z! D Area.B/

and thus

(5) S.V /DA.zT2;V /C �:
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Lh

Lv


1 
2

x

y

0 1
0

1

T 2

B

R2

Lh # LvLv # Lh

�.V /

Figure 1: Left: Lh;Lv �T 2 are indicated together with the curves 
1 (blue)
and 
2 (red) along which Lagrange surgery is performed. The gray region
has area � . Right: the projection �.V /�R2 of V is indicated in black. As
a consequence of the construction of Lagrangian cobordism via surgery [5]
we have Area.�.V //D � .

The construction in Example 2.11 can be carried out for every � > 0, so (5) implies
that Theorem 2.3 is optimal in the following sense: Its statement would cease to be true
if one were to replace A. �M ;V / by a larger number (or S.V / by a smaller number)
in (2). We do not know, however, if Theorem 2.3 continues to be true if one replaces
“<” by “�” in (2).

2.2 Applications to Lagrangian cobordisms with multiple ends

Above we saw that, if we have a small Lagrangian cobordism V W L0 L, then the
homology of L determines that of both V and L0. In this section we consider small
Lagrangian cobordisms V W L0  .Li/i from a “singleton” L0 2 L to an ordered
m–tuple .Li/

m
iD1
2 L. The main interest in such cobordisms comes from the fact

that, in certain situations, they are known to correspond to (possibly multiple) exact
triangles in a suitable version of the derived Fukaya category [6, Theorem A]. The
main questions we are interested in concern homological uniqueness, for example, does
the data

(6)
mM

iD1

H�.Li IZ/ and I WD
X

1�i<j�m

#.Li \Lj /

associated to .Li/i determine H�.V IZ/ and H�.L
0IZ/? We first note an obstruction

to finding small Lagrangian cobordisms with many ends:
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Corollary 2.12 Let .Li/
m
iD1
� L be a transverse m–tuple of Lagrangians in .M; !/.

If L0 2 L and there exists a small Lagrangian cobordism V W L0 .Li/i then

(7) I �m� 1:

Our first result in the direction outlined above is:

Theorem 2.13 Let .Li/
m
iD1
� L be a transverse m–tuple such that every Li is spin

and IDm�1. Then every L0 2L for which there exists a small Lagrangian cobordism
V W L0 .Li/i satisfies

Hl.L
0
IZ/Š

�
Z if l D 0; n;Lm

iD1 Hl.Li IZ/ if l ¤ 0; n;

and V satisfies

Hk.V IZ/Š

�
Z if k D 0;Lm

iD1 Hk.Li IZ/ if k ¤ 0;

where the isomorphism in the case k ¤ 0 is induced by the inclusion
Fm

iD1 Li ,! V .
Of course, if some Li is not spin then the same conclusion holds for homology with
coefficients in Z2 .

This result gives a partial “homological answer” to question (a) from the introduction,
in the case of small Lagrangian cobordisms of the type V W L0 .Li/i . Let’s put this
result into perspective.

Definition 2.14 We will say that an ordered m–tuple .Lj /
m
jD1
� L is simple if it is

transverse and satisfies the two conditions

(a) Li \Lj \Lk D∅ for all distinct i , j and k ;

(b)
�Sm

jD1 Lj

�
�M is a connected subset.

Note that if .Lj /
m
jD1
� L is simple then all singular points of the Lagrange immersion�F

j Lj

�
,!M are transverse and double.

Biran and Cornea [5] discovered that under certain conditions the trace of Lagrange
surgery can be realized as Lagrangian cobordisms with multiple ends. In fact, as
we will see below, these “trace of surgery” cobordisms are often small. Conversely,
Theorem 2.13 suggests that if I is not too large, then every small V W L0 .Li/i is
(homologically) the “trace of surgery” cobordism of the .Li/i and L0 is (homologically)
a surgery of .Li/i . In order to explore this idea further we point out that in the present
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paper the term “Lagrange surgery” should be understood in the sense of [26]. Recall
that, given a simple m–tuple .Lj /

m
jD1
� L, the operation developed in [26] allows

one, after choosing an equipment at every singular point of the immersed Lagrangian�S
i Li

�
� .M; !/, to paste in a Lagrange handle in order to obtain an embedded

singleton z#i Li 2 L.3 Although z#i Li in general depends on many choices, the
diffeomorphism type of z#i Li only depends on the choice of an equipment of each
singular point of

S
i Li [26]. While there are no obstructions in the choice of equipment

at each intersection point from the point of view of Lagrange surgery, the equipments
must be chosen consistently in order to obtain an associated Lagrangian cobordism
z#i Li .Li/i (see Example 2.17 below). The following result is perhaps the most
important application of our results:

Corollary 2.15 Let .Li/
m
iD1
� L be a simple m–tuple whose intersection graph is a

tree. Suppose in addition that every Li is spin. Then every small Lagrangian cobordism
V W L0 .Li/i from a singleton L0 2 L to .Li/i satisfies

H�.V IZ/ŠH�. zV IZ/;

where zV W z#i Li .Li/i is a Lagrangian “trace of surgery” cobordism, the surgery
resulting in z#i Li being performed with respect to any equipment of .Li/i . Moreover,
L0 satisfies

H�.L
0
IZ/ŠH�

�
z#
i

Li IZ
�
:

If some Li isn’t spin then these conclusions hold for homology with coefficients in Z2 .

This corollary attempts to answer question (c) from the introduction in the follow-
ing sense: under the mentioned assumptions, if V W L0  .Li/i is small, then it is
homologically a trace of surgery cobordism.

Example 2.16 There are many examples of symplectic manifolds .M; !/ which admit
simple m–tuples .Lj /

m
jD1
� L.M; !/ whose intersection graphs are trees. One such

example is the plumbing of m unit codisk bundles of m closed Riemannian manifolds.
Other examples are .Am/–configurations (with m > 1) of Lagrangian two-spheres
in symplectic 4–manifolds, in the sense of [28] (see also [28, Section 8] for explicit
examples of such configurations inside

˚
z2

1
C z2

2
D zmC1

3
C

1
2

	
�C3.z1; z2; z3/). Yet

3We use z# in order to emphasize that, if the Lagrange immersion
�S

i Li

�
,! .M; !/ has multiple

singular points, then the surgered Lagrangian z#i Li will not in general coincide with the connected
sum #i Li .
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another example can be found in [7], where the authors (among many other things) study
Lagrangian submanifolds of CP2 (symplectically) blown up at two points. Here they
show the existence of two Lagrangian spheres having a single transverse intersection
point.

Example 2.17 Fix n > 1 and consider a simple pair .L1;L2/ � L.M 2n; !/ of
orientable Lagrangians. Suppose #.L1 \L2/ D k C 1 for some k 2 N [ f0g. We
equip the immersed Lagrangian L1[L2 � .M; !/ consistently, in the sense that in
a Darboux–Weinstein neighborhood of every element of L1 \L2 , L1 is identified
with Rn and L2 with iRn . Then fix some point p 2 L1 \L2 and prescribe that
the equipment at p is positive. This choice induces a sign to the equipment at every
other element of L1 \L2 (see [26]). We will say that .L1;L2/ is positive if the
sign of the equipment of every element of L1 \L2 thus produced is positive, and
we will say that it is negative otherwise. This terminology does not depend on the
choice of p 2 L1 \L2 and .L1;L2/ is positive if and only if .L2;L1/ is. Note in
particular that if k D 0, then the pair .L1;L2/ is automatically positive. If at least one
of the Lagrangians in the simple pair .L1;L2/� L is nonorientable then we say that
.L1;L2/ is negative.

In the case .L1;L2/ is a positive simple pair, a construction due to Biran and Cornea [5]
yields a Lagrangian trace of surgery cobordism

(8) V W z#
i

Li .L1;L2/;

where z#i Li � L1 # L2 # kPn as a smooth manifold, with Pn D Sn�1 �S1 . If on
the other hand .L1;L2/ is negative then the construction yields a Lagrangian trace
of surgery cobordism as in (8), but this time z#i Li � L1 # L2 # kQn as a smooth
manifold, where Qn denotes the mapping torus of an orientation-reversing involution
of Sn�1 . In either case the “trace of surgery” cobordism V has the homotopy type
of the topological subspace L1[L2 �M and z!.�2. �M ;V //D !.�2.M;L1[L2//.
It is easy to see from the construction of V in [5] that one can achieve S.V / < ı for
any ı > 0. In particular, we see that V can be made small if !.�2.M;L1[L2//D ı �Z

for some ı > 0.

2.2.1 Counting holomorphic disks We will say that a Lagrangian L 2 L.M; !/ is
monotone if

!jH2.M;LIZ/ � �L ��LjH2.M;LIZ/

Algebraic & Geometric Topology, Volume 19 (2019)
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for some constant �L � 0. Here !jH2.M;LIZ/ is integration of ! and �LjH2.M;LIZ/

is the Maslov index. Given a monotone Lagrangian L 2 L.M; !/ we denote by
DL � �2.M;L/ the set of elements which have Maslov index 2. Suppose now
that L is monotone and spin, and that a spin structure for L has been fixed. View
D WD fz 2C W jzj � 1g as a Riemann surface with the complex structure induced from C.
For ˛ 2DL and a !–compatible almost complex structure J 2 J .M; !/, we consider
the moduli space

�ML.˛;J / WD fuW .D; @D/! .M;L/ j x@J .u/D 0; Œu�D ˛g:

See eg [29, Section (8f)] for the definition of x@J . For generic J 2 J .M; !/, the set�ML.˛;J / admits the structure of an .nC2/–dimensional manifold, so the quotient
ML.˛;J / by the group of conformal transformations of the disk preserving 1 2D is
an n–dimensional, oriented, compact manifold (with the orientation induced by the
choice of a spin structure). For ˛ 2DL we define �L.˛IZ/ 2Z to be the degree of the
evaluation map evWML.˛;J /!L given by ev.Œu�/D u.1/. By the usual cobordism
argument, �L.˛IZ/ does not depend on the choice of J and it depends on the choice of
a spin structure on L only up to a sign. If L is orientable but not spin, then ML.˛;J /

need not be orientable, but it is still compact so the mod 2 degree �L.˛IZ2/ 2 Z2

of ev is well defined. The following result first appeared in Chekanov [10] with the
assumption that the cobordism V is monotone rather than small. However, the proof
presented there seems to contain a gap. We do not know if the result as stated in [10]
holds true but here we prove it under the stronger assumption that V is small.

Corollary 2.18 Let L;L0 2 L.M; !/ be monotone and spin and equipped with spin
structures. Suppose moreover that V W L0  L is a small Lagrangian cobordism.
Then the isomorphism H�.LIZ/ŠH�.L

0IZ/ from Theorem 2.6 induces a bijection
DL$ DL0 such that the diagram

DL

�L.�IZ/   

oo // DL0

�L0 .�IZ/}}

Z

commutes up to sign.

In [9; 10], Chekanov found and studied his famous exotic Lagrangian tori in standard
symplectic vector space. For each k 2 f1; : : : ; ng, Chekanov produced a monotone
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Lagrangian torus T n
k
2 L.R2n; !R2n/ with the property that T n

k
and T n

k0
are in dif-

ferent Hamiltonian isotopy classes whenever k ¤ k 0.4 This result was proved in [10],
using ideas due to Eliashberg and Polterovich [14], by showing that there are exactly
k elements ˛ 2 DT n

k
for which �T n

k
.˛IZ2/ D 1. A consequence of Corollary 2.18

and [10, Lemma 2.1] is that the same holds true for small cobordisms: T n
k

and T n
k0

are not cobordant by a small Lagrangian cobordism if k ¤ k 0. It was of course already
known that there exist no orientable monotone Lagrangian cobordisms T n

k
 T n

k0
for

k odd and k 0 even (see eg [5, Remark 2.3.1.v]).

We will now consider an explicit example using the T n
k

in order to demonstrate that
Lagrange surgery does not always give rise to a (small) Lagrange cobordism. Given
a> 0, we denote by T n

k
.a/ Chekanov’s torus T n

k
embedded in R2n in such a way that

a Maslov 2–disk has area a. Suppose in the following that n� 3 is odd and consider
T WD T n

k
.a/ for k even and T 0 WD T n

k0
.a/ for k 0 odd. Now (Hamiltonian) perturb T

and T 0 so that T t T 0 and #.T \T 0/D 2. Choose a compatible equipment of the
tuple .T;T 0/. Clearly this equipment must be a negative. We denote by T z#� T 0 the
surgery performed with respect to this compatible equipment. Note that T z#� T 0 is
nonorientable and that we have a “trace of surgery” cobordism T z#� T 0 .T;T 0/.
Since we assume n is odd, we can switch the sign of the equipment at one of the
intersection points by simply changing the choice of which torus is identified with Rn

and which is identified with iRn at that point. We denote by T z#C T 0 the surgery
performed with respect to this changed equipment. Note that T z#C T 0 is orientable.

Corollary 2.19 Suppose in the above setting that we have a small Lagrangian cobor-
dism V W L .T;T 0/ for some L 2 L.R2n; !R2n/. Then both L and V are nonori-
entable and

H�.LIZ2/ŠH�.T z#� T 0IZ2/:

Moreover,
H�.V IZ2/ŠH�. zV IZ2/;

where zV W T z#� T 0 .T;T 0/ denotes the trace of surgery Lagrangian cobordism. In
particular, there does not exist a small Lagrangian cobordism T z#C T 0 .T;T 0/.

This corollary gives a partial answer to question (b) from the introduction: the Lagrange
surgery resulting in T z#C T 0 does not give rise to a small Lagrangian trace of surgery
cobordism T z#C T 0 .T;T 0/.

4In this notation, T n
n is the Lagrangian product torus consisting of the product of n circles in

R2n D .R2/n . For the definition of T n
k

we refer to [9] or [10].
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Remark 2.20 (Kazaryan–Vassilyev characteristic classes) In general, given .Li/i�L
with I�m, one cannot expect that the data (6) determine the homology of every L0 2L
for which there exists a small Lagrangian cobordism V W L0 .Li/i . However, in
certain situations one can deduce information about H�.L

0/ if additional information
about (Lagrange) characteristic classes of L0 is known. Consider a closed manifold W n

with cotangent bundle T �W
�W
�!W , and denote by ! the canonical (exact) symplectic

form on T �W . Recall that a caustic of a Lagrangian L� .T �W; !/ is a singularity of
the map �W jLW L!W . Arnold observed that there are topological obstructions to the
coexistence of different types of caustics for a single Lagrangian L� .T �W; !/ [34].
In his beautiful book [34], Vassilyev introduced Lagrange characteristic classes in
the cohomology ring of a Lagrangian in .T �W; !/ which “measure” these obstruc-
tions (see also [33; 2, Chapter 6, Section 3.3–3.4]). Later, Kazaryan [20; 19] found
additional Lagrange characteristic classes corresponding to what he called “hidden
singularities” and developed the theory of Lagrange characteristic classes in greater
generality. Theorem 2.3 shows that the existence of a small Lagrangian cobordism
imposes even further restrictions on the Lagrange characteristic classes of its ends
than the ones occurring for purely homological reasons. More precisely, we have the
following estimate (here “Lagrange characteristic classes” should be understood in the
sense of either [34] or [19]):

Proposition 2.21 Let .Li/
m
iD1
� L.T �W; !/ be an m–tuple of Lagrangians and

suppose there are exactly k 2N[f0g Lagrange characteristic classes, each of which is
nonzero in some H�.Li IZ2/. Suppose L0 2 L.T �W; !/ is a Lagrangian for which
there exists a small Lagrangian cobordism V W L0  .Li/i . Then L0 has at most
IC kC 1�m distinct nonzero Lagrange characteristic classes in H�1.L0IZ2/.

Note that, if I D m � 1, the proposition says that L0 has at most k nonvanishing
Lagrange characteristic classes in H�1.L0IZ2/. In fact, in this case we know (by
Theorem 2.13) that it has exactly k nonvanishing Lagrange characteristic classes in
H�1.L0IZ2/.

Given a tuple .Li/
m
iD1
� L.T �W; !/, one can apply the estimate in Proposition 2.21

and Kazaryan and Vassilyev’s theory to obtain information about the caustics of a
Lagrangian L0 2 L.T �W; !/ for which there exists a small Lagrangian cobordism
V W L0 .Li/i . The proposition is particularly nice if every Li is an exact perturbation
of the zero section W � T �W , because in this case one has k D 0. As an example,
consider Sn D fx D .x1; : : : ;xnC1/ 2RnC1 W jxj D 1g for n� 6 and let f W Sn!R
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be the height function f .x/D xnC1 . Denote by L1 the zero section in .T �Sn; !/

and define L2 WD �1
F
.L1/, where F WD ��

Snf 2 C1.T �Sn/. Then I D m D 2

and k D 0 for the pair .L1;L2/ � L.T �Sn; !/. Hence, if L0 2 L.T �Sn; !/ is a
Lagrangian for which there exists a small Lagrangian cobordism5 V W L0 .L1;L2/,
then L0 can have at most one nontrivial Lagrange Z2 –characteristic class of degree �1.
So, if in addition it is known that L0 is nonorientable, then Vassilyev’s theory [34]
implies that all singularities of the map �Sn jL0 W L

0 ! Sn of codimension > 1 are
Z2 –homologically trivial, in the sense that their associated characteristic classes vanish.

Remark 2.22 Consider for ı > 0 the space Lı WD fL 2 L j !.�2.M;L// D ı �Zg.
Cornea and Shelukhin [12] defined dc W Lı �Lı! Œ0;1� by

dc.L;L
0/ WD inf

V
.S.V //;

where the infimum runs over all Lagrangian cobordisms V W L0  L satisfying
z!.�2. �M ;V //D ı �Z. They showed that dc defines a (nondegenerate) metric on Lı .
From this point of view, Theorem 2.3 says that H�.LIZ2/ŠH�.L

0IZ2/ if L;L0 2Lı
satisfy dc.L;L

0/ < ı .

Remark 2.23 Consider the subgroup SympcjM . �M ; z!/�Symp. �M ; z!/ of symplecto-
morphisms which are compactly supported relative to M . SympcjM . �M ; z!/ consists,
by definition, of the  2 Symp. �M ; z!/ for which there exist a compact subset C �R2

and a  0 2 Symp.M; !/ such that  D id� 0 on .R2nC /�M. As will be clear from
Definition 3.4 below, A. �M ;V / it is invariant under elements of SympcjM . �M ; z!/.
Hence, in the situation of Example 2.11 we conclude that

S. .V //� Area.B/ for all  2 SympcjM .zT2; z!/:

This can be viewed as a kind of nonsqueezing statement. More generally, we obtain
the following “Lagrangian nonsqueezing statement”: if V W L0 L is a Lagrangian
cobordism satisfying H�.V;LIZ2/¤ 0, then Theorem 2.6 implies that

S. .V //�A. �M ;V / for all  2 SympcjM . �M ; z!/:

See also [8] for a different Lagrangian cobordism nonsqueezing result.

5By Example 2.17 such a Lagrangian is obtained by performing Lagrange surgery on the tuple
.L1;L2/ .
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Remark 2.24 The main observation in the proof of Corollary 2.12 can also be used
to obtain the following estimate: if V W .L0i/

m0

iD1
 .Li/

m
iD1

is a small Lagrangian
cobordism and both .L0i/

m0

iD1
and .Li/

m
iD1

are transverse, then

max.m;m0/� 1�
X

1�i<j�m

#.Li \Lj /C
X

1�i<j�m0

#.L0i \L0j /:

2.3 Outlook and questions

To the author’s knowledge there are currently three known explicit constructions of
elementary Lagrangian cobordisms (up to concatenating Lagrangian cobordisms coming
from these constructions and applying symplectomorphisms, of course):

(a) The Lagrangian suspension construction (see Section 3.1.E in [27]).

(b) Lagrangian antisurgery, which was recently introduced by Haug [17].

(c) Concatenating multiended Lagrangian cobordisms which are constructed as the
trace of Lagrange surgery (this construction is due to Biran and Cornea [5]).

Elementary Lagrangian cobordisms of type (c) are never small (see Example 2.11) and
we do not know of any examples where a Lagrangian cobordism of type (b) is small.
On the other hand there are many examples of small Lagrangian suspensions.

Question 2.25 Is every small elementary Lagrangian cobordism V � . �M ; z!/ the
image of a Lagrangian suspension under an element of SympcjM . �M ; z!/?

This question is very closely related to a conjecture by Biran and Cornea, which
states that every exact Lagrangian cobordism is Hamiltonian isotopic to a Lagrangian
suspension [31]. Although this conjecture remains unsolved, both Suárez [31] and
Tanaka [32] have made good progress towards confirming it.

To our knowledge there is only one known explicit construction which produces
Lagrangian cobordisms of the type L0  .Li/i for an m–tuple .Li/

m
iD1
� L and

L0 2 L and that is the Biran–Cornea trace of surgery cobordism [5]. As was noted in
Example 2.17, such cobordisms can often be made small. Motivated by Corollaries 2.15
and 2.19 we ask:

Question 2.26 Given a simple m–tuple .Li/
m
iD1
� L whose intersection graph is a

tree as well as L0 2 L, is every small Lagrangian cobordism L0 .Li/i the image
under an element of SympcjM . �M ; z!/ of a trace of surgery cobordism coming from
Lagrange surgery of .Li/i ?
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3 Preliminaries on Lagrangian cobordisms

Here we collect a few facts and definitions about Biran and Cornea’s Lagrangian
cobordism theory [5; 6]. We also give precise definitions of the objects used above.
Given subsets V � �M DR2�M and U �R2 we write V jU D V \��1.U /, where
� W �M ! R2 denotes the natural projection. Given an oriented manifold Kk with
boundary @K we use the convention that the induced boundary orientation of @K is
given by the “outward normal first” convention. That is, if q 2 @K , then .v1; : : : ; vk�1/

is an oriented basis for Tq.@K/ if .nq; v1; : : : ; vk�1/ is an oriented basis for TqK ,
where nq 2 TqK points outward from K .

Definition 3.1 [5] We say that two ordered tuples .Li/
m
iD1

; .L0i/
m0

iD1
2 L are La-

grangian cobordant if for some R> 0 there exists a smooth compact Lagrangian sub-
manifold V � .Œ�R;R��R�M; !R2˚!/ with boundary @V DV \.f˙Rg�R�M /

satisfying the condition that for some � > 0 we have

V jŒ�R;�RC�/�R D

mG
iD1

.Œ�R;�RC �/� fig/�Li ;(9)

V j.R��;R��R D

m0G
jD1

..R� �;R�� fj g/�L0j :(10)

In particular, V defines a smooth compact cobordism
�
V;
Fm

iD1 Li ;
Fm0

jD1 L0j
�
. We

write V W .L0j /j  .Li/i . In case each Li and each L0j is oriented we say that
V is an oriented Lagrangian cobordism if V carries an orientation such that the
associated boundary orientation of @V coincides with the orientation given by @V D�
�
Fm

iD1 Li

�
t
�Fm0

jD1 L0j
�
.

As is customary in the field, our notation does not distinguish between a Lagrangian
cobordism and its horizontal R–extension. This extension is a Lagrangian with cylin-
drical ends. More generally we have:

Definition 3.2 [5] A Lagrangian with cylindrical ends is a boundaryless Lagrangian
submanifold V � . �M ; z!/ satisfying the conditions that

(1) V jŒa;b��R is compact for all a< b , and
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(2) there exists R> 0 such that

V j.�1;�R��R D

mG
iD0

..�1;�R�� fa�i g/�Li ;

V jŒR;1/�R D

m0G
jD0

.ŒR;1/� faCj g/�L0j

for Lagrangians Li ;L
0
j � .M; !/ and constants a�i ; a

C
j 2R verifying a�i ¤ a�i0

for i ¤ i 0 and aCj ¤ aCj 0 for j ¤ j 0.

3.0.1 The shadow and bubbling threshold of a Lagrangian cobordism Given a
Lagrangian with cylindrical ends V � . �M ; z!/, we denote by BD B.V / the collection
of gaps in V , ie the collection of bounded connected components of R2 n�.V /. The
following notions were coined by Cornea and Shelukhin [12]:

Definition 3.3 [12] Given a Lagrangian with cylindrical ends V � . �M ; z!/, we define
the outline of V as the closed subset of R2

Ou.V / WD �.V /[
� [

B2B

B

�
:

The shadow of V is then defined as the nonnegative number

S.V / WD Area.Ou.V //:

Denote now by J (resp. zJ ) the space of smooth almost complex structures on M

(resp. �M ) which are compatible with the symplectic structure. We denote by zJc� zJ the
subset consisting of almost complex structures which are standard at1 in the following
sense: for every zJ 2 zJc there exists a compact set C �R2 such that the restriction of zJ
to .R2 nC /�M has the form i˚J for some J 2 J . We say that zJ is supported in C

and we denote by zJ .C /� zJc the subset consisting of almost complex structures which
are supported in C. Given zJ 2 zJ we denote by AS . �M ; zJ / the minimal symplectic area
of a nonconstant zJ –holomorphic sphere in �M. Given a Lagrangian with cylindrical
ends V � . �M ; z!/, we denote by AD. �M ;V; zJ / the minimal symplectic area of a
nonconstant zJ –holomorphic disk in �M with boundary on V . Suppose zJ 2 zJ .C / for
a compact set C � R2 and let u be a zJ –holomorphic disk/sphere. It follows from
the open mapping theorem that if u satisfies Image.� ıu/ 6� C then z 7! � ıu.z/ is
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constant. With this fact at hand it is easy to adapt the usual compactness argument to
show that

AS . �M ; zJ /;AD. �M ;V; zJ / > 0 for all zJ 2 zJc :

Definition 3.4 Let V � . �M ; z!/ be a Lagrangian with cylindrical ends. We define the
bubbling threshold A. �M ;V / of V by

A. �M ;V / WD sup
zJ2 zJc

A. �M ;V; zJ /;

where A. �M ;V; zJ / WDminfAD. �M ;V; zJ /;AS . �M ; zJ /g.

4 Proofs

We begin by proving our applications of Theorems 2.1 and 2.3. The following remark
will be used frequently:

Remark 4.1 Applying Theorem 2.3 with coefficients in a field F ¤Z2 requires us to
know that the (small) cobordism V W .L0i/

m0

iD1
 .Lj /

m
jD1

is spin. However, in many
cases the spin condition follows from the smallness assumption if we know eg that every
Li is spin. The idea is the following bootstrapping argument: Suppose the intersection
points in (3) are so few that one can apply the Z2 –version of Theorem 2.3 to verify that
the inclusion i W

�F
i Li

�
,!V induces injections 0!H k.V IZ2/!H k

�F
i Li IZ2

�
for k D 1; 2. Applying i� to the Stiefel–Whitney classes, we have i�.wk.V // DPm

iD1wk.Li/D 0 for k D 1; 2. Here we use the assumption that every Li is spin. It
follows that wk.V /D 0 for k D 1; 2, so V is spin, as claimed.

4.1 Proofs of results from Section 2.1

Proof of Theorem 2.6 By Theorem 2.3 every small elementary Lagrangian cobordism
V W L0 L satisfies H�.V;LIZ2/D 0DH�.V;L

0IZ2/. In particular, the inclusions
L;L0 ,! V induce isomorphisms on Z2 –(co)homology. The Z2 –version of the
theorem follows. To obtain the Z–version we apply Remark 4.1 to conclude that
one of L and L0 being spin implies that V is spin. Now we can apply Theorem 2.3
to conclude that H�.V;LIF/ D 0 D H�.V;L

0IF/ for every field F. It therefore
follows from the homological universal coefficients theorem [16, Corollary 3A.6]
that H�.V;LIZ/ D 0 D H�.V;L

0IZ/. Hence, the inclusions L;L0 ,! V induce
isomorphisms on Z–(co)homology.
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Proof of Corollary 2.7 Given a small Lagrangian cobordism V W L0 L, we can
“bend” its right end in order to obtain a Lagrangian null-cobordism V 0W ∅ .L;L0/.
It is not hard to see that this bending can be done in such a way that V 0 again is small.
If L tL0 then V 0 has transversally intersecting ends. From the proof of Theorem 2.6
we know that V and hence V 0 are spin. Now the conclusion follows by applying (3)
to V 0. To see this, note that H�.V

0; @CV 0IF/DH�.V
0IF/ŠH�.V IF/ŠH�.LIF/,

where the last isomorphism comes from the inclusion L ,! V .

Proof of Corollary 2.8 If V W ∅ L is an oriented Lagrangian null-cobordism with
boundary L 2 L, then elementary algebraic topology implies ŒL�D 0 2Hn.M IZ/,
so �.L/ D 0. For the second part of the corollary, suppose for contradiction that
L 2 L admits a small Lagrangian null-cobordism V W ∅ L. Then @CV D ∅, so
H0.V; @CV IZ2/DH0.V IZ2/D Z2 . On the other hand, Theorem 2.3 implies that
H0.V; @CV IZ2/D 0. This contradiction finishes the proof.

Proof of Corollary 2.9 L and L0 being simply connected implies that they are
both spin. Therefore, the assumption that V is small and Theorem 2.6 imply that
H�.V ILIZ/D 0DH�.V;L

0IZ/. Now the conclusion follows from Smale’s famous
h–cobordism theorem [30; 22, Theorem 9.1].

4.2 Proofs of results from Section 2.2

Proof of Corollary 2.12 Recall that we are considering an m–tuple .Li/
m
iD1
� L,

a singleton L0 2 L as well as a small Lagrangian cobordism V W L0 .Li/i . Note
that (7) follows from Theorem 2.3 if only we show

(11) dimF Hn.V;L
0
IF/�m� 1

with F D Z2 . To see this, we consider the diagram

(12)

� � � //HnC1.V; @V IF/
@F //Hn.@V;L

0IF/
iF //Hn.V;L

0IF/ // � � �

Lm
jD1 Hn.Li IF/

Š

OO

//Hn.V IF/

OO

with F D Z2 . Here the top horizontal line is a piece of the long exact sequence
associated with the triple .V; @V;L0/. Note that, trivially,

Lm
iD1 Hn.Li IZ2/Š Zm

2

and HnC1.V; @V IZ2/Š Z2 , so iZ2
induces an embedding Zm�1

2
,!Hn.V;L

0IZ2/,
which proves (11).
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Proof of Theorem 2.13 We first prove the Z2 –version of the result. Recall that we are
considering a small Lagrangian cobordism V W L0 .Li/

m
iD1

. Since we are assuming
I Dm�1, the proof above together with Theorem 2.3 and Poincaré–Lefschetz duality
gives

(13) Hk.V;L
0
IF/D 0DHnC1�k.V; @�V IF/ for all k ¤ n

and

(14) Hn.V;L
0
IF/D Fm�1

DH1.V; @�V IF/

with F D Z2 . Since the square in (12) commutes, we also know that the map
Hn.V IZ2/!Hn.V;L

0IZ2/ is onto. Therefore, the map Hk.L
0IZ2/!Hk.V IZ2/

induced by the inclusion is an isomorphism for all k < n. A similar consideration
for the long exact sequence associated with the pair .V; @�V / shows that the map
Hk

�Fm
iD1 Li IZ2

�
!Hk.V IZ2/ is an isomorphism for all k > 0 and therefore

(15)
mM

iD1

Hk.Li IF/ŠHk.@�V IF/ŠHk.V IF/ŠHk.LIF/ for 0< k < n

follows for F D Z2 . This finishes the proof for Z2 –coefficients. For the Z–version
we first claim that the assumption that every Li is spin implies that V is spin. To see
this we first check that V is orientable. For this, note that the image of the first Stiefel–
Whitney class w1.V / 2H 1.V IZ2/ in H 1.@�V IZ2/ vanishes, so w1.V / lifts to an
element ˛ 2H 1.V; @�V IZ2/ which is dual to ˛ a ŒV � 2Hn.V;L

0IZ2/. Exactness
in (12) and surjectivity of iZ2

implies that jZ2
W Hn.V;L

0IZ2/ ! Hn.V; @V IZ2/

vanishes. We therefore conclude that

0D jZ2
.˛ a ŒV �/D w1.V /a ŒV �;

which by Poincaré–Lefschetz duality implies w1.V /D 0, so V is orientable. Note
that L too is orientable, being a boundary component of an orientable manifold.
To see that also w2.V / D 0 2 H 2.V IZ2/, it suffices to note that (13) implies that
H 2.V; @�V IZ2/D 0, so the inclusion @�V ,! V induces an injection

0!H 2.V IZ2/!H 2.@�V IZ2/:

Hence, by Remark 4.1, w2.V /D 0 and V is spin. We can therefore fix any field F

and apply Theorem 2.3 to conclude dimF H�.V;L
0IF/ �m� 1. Since every Li is

orientable, the isomorphism in (12) implies Hn.@V;L
0IF/Š Fm . Exactly as above

we can apply Poincaré–Lefschetz duality to conclude (13) and (14), this time with
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coefficients in F. Since these considerations hold for every field F it follows from
the homological universal coefficients theorem [16, Corollary 3A.6] that (13) and (14)
also hold with F D Z. To finish the proof we need to check that iZ is onto. Since
all groups displayed in the top horizontal line of (12) with F D Z are free, we can
count ranks to conclude that if iZ were not onto then Coker.iZ/ would be torsion
(see eg [18, Chapter II, Theorem 1.6]). Thus, by exactness in (12) we conclude
that, if iZ were not onto, then Hn.V; @V IZ/ would not be free. However, duality
implies that Hn.V; @V IZ/ Š H 1.V IZ/ is free and therefore iZ must be onto. As
in the previous proof it follows that Hn.V IZ/! Hn.V;L

0IZ/ is onto, so that the
inclusion L0 ,!V induces an isomorphism Hk.L

0IZ/ Š�!Hk.V IZ/ for all k < n. A
similar consideration shows that the map H1.V; @�V IZ/!H0.@�V IZ/ is injective.
Comparing this to (13) and (14) with F D Z, one sees that the inclusion @�V ,! V

induces an isomorphism Hk.@�V IZ/ Š�!Hk.V IZ/ for every k > 0, so (15) follows
with F D Z. This proves the Z–version of the theorem.

Proof of Corollary 2.15 Consider a small Lagrangian cobordism V W L0 .Li/
m
iD1

,
where .Li/

m
iD1
�L is a simple m–tuple. If the intersection graph of .Li/i is a tree then

I Dm� 1, so the homologies of L0 and V are computed in Theorem 2.13. Moreover,
any equipment of the immersed Lagrangian

�S
i Li

�
� .M; !/ will result in a surgery

z#i Li which equals the connected sum #i Li at the level of smooth manifolds, and
whose associated Lagrangian “trace of surgery” cobordism zV W z#i Li  .Li/

m
iD1

has the homotopy type of the subset
�S

i Li

�
� .M; !/. The result is now an easy

computation.

Proof of Corollary 2.18 Let L;L02L be monotone and spin and suppose V W L0 L

is a monotone Lagrangian cobordism. This was the setting in which Chekanov [10] orig-
inally proved Corollary 2.18. Chekanov’s idea was that the signed count of holomorphic
disks in a given class ˛ 2H2.M;LIZ/ should coincide with the signed count of holo-
morphic disks in �M with boundary on V representing the class i�.˛/2H2. �M ;V IZ/,
where i W .M;L/ ,! . �M ;V / denotes the inclusion. However, it appears that the proof
of this presented in [10] contains a gap, because it seemingly requires that i� be
injective. But i� is injective if V is small! Hence, assume V W L0 L is a small
Lagrangian cobordism. By Theorem 2.6, we then know that the inclusions L;L0 ,!M

induce isomorphisms H�.M;LIZ/ŠH�. �M ;V IZ/ŠH�.M;L0IZ/, so V is also
monotone and spin. Since the Maslov index is a characteristic class, we have bijections

(16) DL$ DV $ DL0 :
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Choose R > 0 such that V is cylindrical outside the “box” B WD Œ� �R;R � ��2

for some small � > 0. As in Definition 3.1, we can now view V as a subset of
.Œ�R;R��R�M; z!/ by “cutting off” its ends. For zJ 2 zJ .B/ and ˛V 2DV we now
consider the moduli space

�MV .˛V ; zJ / WD fuW .D; @D/! . �M ;V / j x@ zJ uD 0 and Œu�D ˛V g:

Recall that any zJ 2 zJ .B/ satisfies zJ jR2nB D i˚ J for some J 2 J .M; !/. There-
fore, by the open mapping theorem from complex analysis, the image of every zJ –
holomorphic disk u 2 �MV .˛V ; zJ / passing through a point .x;y; q/ 2 V � �M with
jxj > R � � is contained in the fiber f.x;y/g �M. It follows that, after perhaps
perturbing zJ 2 zJ .B/ slightly, the space �MV .˛V ; zJ / (if nonempty) is an .nC3/–
dimensional manifold which has two cylindrical ends: one consisting of the product
of an interval with �ML.˛L;J / and the other consisting of the product of an interval
with �ML0.˛L0 ;J /, where ˛L 2 DL and ˛L0 2 DL0 are the unique elements which
correspond to ˛V under (16). The transversality argument required to ensure that�MV .˛V ; zJ / carries the structure of a manifold is quite straightforward, using the
well-known fact that constant index 0 disks are automatically transverse (see also [5]
for details). Exactly as for V we can “cut off” the cylindrical ends of �MV .˛V ; zJ / and
view it as a manifold with boundary

@�MV .˛V ; zJ /D �ML.˛L;J /t �ML0.˛L0 ;J /:

From now on, this is how we will think of �MV .˛V ; zJ /. The action of the group of
automorphisms of D which preserve 1 2 @D respects the boundary of �MV .˛V ; zJ /,
so the quotient MV .˛V ; zJ / is a smooth .nC1/–dimensional manifold with boundary
@MV .˛V ; zJ / DML.˛L;J / tML0.˛L0 ;J /. Choosing a spin structure on V , we
obtain an orientation of MV .˛V ; zJ / and, by Gromov compactness, MV .˛V ; zJ / is
compact.6 The claim of the corollary now follows from commutativity of the diagram

HnC1.MV ; @MV IZ/

@
��

ev
// HnC1.V; @V IZ/

@
��

Hn.@MV IZ/
ev

// Hn.@V IZ/

where MV DMV .˛V ; zJ / and ev denotes the evaluation map ev.Œu�/D u.1/.

6The images of a sequence of unparametrized holomorphic disks living in the version of MV .˛V ; zJ /

with cut-off ends will remain in a compact subset of �M , so Gromov compactness applies.
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Proof of Corollary 2.19 Recall the setting of Corollary 2.19: We consider T D

T n
k
.a/; T 0DT n

k0
.a/2L.R2n; !R2n/ for some k even, k 0 odd and n�3 odd, perturbed

in such a way that T t T 0 and #.T \ T 0/ D 2. Suppose L 2 L.R2n; !R2n/ is a
Lagrangian for which we have a small Lagrangian cobordism V W L .T;T 0/. Fix
R> 0 such that V is cylindrical outside B WD Œ��R;R��� for some small � > 0. We
will view V � Œ�R;R��R�R2n . For ˛ 2DV and zJ 2 zJ .B/, we consider the moduli
space �M�

V
.˛I zJ / of simple zJ –holomorphic disks in R2C2n with boundary on V ,

representing the class ˛ (see [4, Definition 3.1.1]). For generic zJ 2 zJ .B/, �M�
V
.˛I zJ /

is a smooth .nC3/–dimensional manifold, which (by exactly the same argument as
in the proof of Corollary 2.18) has cylindrical ends. Hence, after “cutting off” the
cylindrical ends, the quotient M�

V
.˛I zJ / of �M�

V
.˛I zJ / by the group of automorphisms

of D which preserve 12 @D is a smooth .nC1/–dimensional manifold with boundary

(17)
[
ˇ

M�L.ˇIJ /t
[
�

M�T .�IJ /t
[
�

M�T 0.�IJ /;

where the unions run over all elements of DL , DT and DT 0 which hit ˛ when pushed
into H2.R

2C2n;V IZ/. Throughout the rest of the proof we will exclusively think of
M�

V
.˛I zJ / as having its end “cut off”, so that it has boundary (17). By [10, Lemma 2.1]

there is an odd number of elements � 2 DT 0 such that �T 0.�IZ2/ D 1 2 Z2 and an
even number of elements � 2 DT such that �T .�IZ2/ D 1 2 Z2 . It follows that by
perhaps changing ˛ 2 DV we can arrange that the parity of the number of � 2 DT 0

occurring in (17) for which �T 0.�IZ2/D 1 differs from the parity of the number of
� 2 DT occurring in (17) for which �T .�IZ2/ D 1. Given such a choice of ˛ , we
choose points q 2 T and q0 2 T 0 which are regular for the evaluation maps

M�T .�IJ /! T and M�T 0.�IJ /! T 0

associated to all � 2 DT 0 and all � 2 DT occurring in (17). Now choose a smooth
embedding 
 W R! V such that7


 .t/D

�
.t; 1; q/ if t � ��R;

.�t; 2; q0/ if t �R� �:

After perhaps perturbing 
 jŒ��R;R��� , we obtain that the evaluation map evWM�
V
!V

as well as its restriction to the boundary ev j@M�
V
W @M�

V
! @V are transverse to 
 . It

follows that N WD ev�1.
 /�M�
V

is a smooth 1–dimensional manifold with boundary
@N D N \ @M�

V
. The choice of ˛ implies that N has an odd number of boundary

7Here we view V as a Lagrangian with cylindrical ends.
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points. Hence, N is not compact and we can find a sequence .uj /j2N �N which has
no convergent subsequence in N . Applying Gromov convergence to .uj / we obtain a
(Gromov) convergent subsequence, again denoted by .uj /.8 By construction there are
two possible (Gromov) limits:

(a) .uj / converges to a genuine cusp curve. That is, the limit consists of a collection

vl W .D; @D/! .R2C2n;V /; l D 1; : : : ; d;

for some d � 2, of nonconstant zJ –holomorphic disks with boundary on V .

(b) .uj / converges to a zJ –holomorphic disk uW .D; @D/! .R2C2n;V / represent-
ing the class ˛ 2 DV . Since ev.u/ 2 
 we conclude that u cannot be simple.

Suppose now for contradiction that V is orientable. Under this assumption we study
the limits in the two cases (a) and (b) above: In case (a) the limit .vl/

d
lD1

satisfies

dX
lD1

�V .Œvl �/D �V .˛/D 2 and 0< z!.Œvl �/ for all l D 1; : : : d:

Since d � 2, it follows that there exists l� 2 f1; : : : ; dg such that v WD vl� satisfies
0< z!.Œv�/ and �V .Œv�/� 1. Moreover, since V is assumed to be orientable we must
have �V .Œv�/ even, so in fact

(18) 0< z!.Œv�/ and �V .Œv�/� 0:

In particular, we conclude that we have

(19) 0< k z!.Œv�/D z!.kŒv�/ and �V .kŒv�/D k�V .Œv�/� 0 for all k 2N:

Since both T and T 0 are monotone with the same monotonicity constant a
2
> 0,

we have z! D a
2
�V on Range.H2.R

2n; @�V IZ/!H2.R
2C2n;V IZ//. Hence, (19)

implies kŒv� 62 Range.H2.R
2n; @�V IZ/!H2.R

2C2n;V IZ// for all k 2N, so that
Œv� represents an element of infinite order in

H2.R
2C2n;V IZ/=H2.R

2n; @�V IZ/ŠH1.V IZ/=H1.@�V IZ/:

Here the isomorphism is induced from the isomorphisms H2.R
2C2n;V IZ/ŠH1.V IZ/

and H2.R
2n; @�V IZ/ Š H1.@�V IZ/ obtained from the long exact sequences in

homology, using H�.R2C2nIZ/ D H�.R2nIZ/ D 0 for � ¤ 0. If instead we are
in case (b), we apply a result due to Lazzarini [21] to extract a zJ –holomorphic disk

8Since we have cut off the cylindrical ends of M�
V
.˛I zJ / , there is a compact subset of �M which

contains the image of every uj . Hence, Gromov compactness applies.
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vW .D;@D/!.R2C2n;V / which (by the same considerations as above) must satisfy (18).
Exactly as above, this again leads to the conclusion that H1.V IZ/=H1.@�V IZ/ con-
tains an element of infinite order.

We conclude that, in both cases (a) and (b), H1.V IZ/=H1.@�V IZ/ contains an element
of infinite order, ie an element which generates an infinite cyclic group. From the long
exact sequence in homology it follows that H1.V; @�V IZ/=H1.V IZ/ is isomorphic
to the kernel of the map

(20) Z˚ZŠH0.T IZ/˚H0.T
0
IZ/ŠH0.@�V IZ/!H0.V IZ/Š Z:

That is, H1.V; @�V IZ/=H1.V IZ/Š Z. Using the short exact sequence

0!H1.V IZ/=H1.@�V IZ/!H1.V; @�V IZ/! Z! 0

it now follows that rank.H1.V; @�V IZ//� 2, which implies

(21) dimZ2
H1.V; @�V IZ2/� 2:

Since V is small and #.T \T 0/D 2, (21) together with Theorem 2.3 implies

(22) H�.V; @�V IZ2/Š

�
Z2˚Z2 if � D 1;

0 if � ¤ 1:

Hence, �.V; @�V / D �2. However, since Hn.R2nIZ/ D 0, the intersection index
I.T;T 0/, computed with respect to any orientations of T and T 0, vanishes. We are
assuming V is oriented, so applying formula (1) in Theorem 2.1 gives

2.�1/1C.nC1/n=2
D .�1/.nC1/n=2�.V; @�V /D I.T;T 0/D 0;

which is clearly a contradiction. This contradiction shows that V must be nonorientable,
so that the first Stiefel–Whitney class w1.V / 2 H 1.V IZ2/ is nontrivial. Using
w1.V / ¤ 0 one can again deduce that (22) holds: H1.V; @�V IZ2/=H1.V IZ2/ is
isomorphic to the kernel of (20) (using Z2 –coefficients instead of Z–coefficients), so
H1.V; @�V IZ2/=H1.V IZ2/Š Z2 . We therefore have a short exact sequence

0!H1.V IZ2/=H1.@�V IZ2/!H1.V; @�V IZ2/! Z2! 0:

Moreover, H1.V IZ2/=H1.@�V IZ2/¤ 0 because w1.V / vanishes on H1.@�V IZ2/

(since T and T 0 are orientable) but w1.V / ¤ 0. Hence, this short exact sequence
implies (21), which, combined with Theorem 2.3, implies (22). In particular, Poincaré–
Lefschetz duality gives

H 0.V;LIZ2/ŠHnC1.V; @�V IZ2/D 0;
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so that the restriction map H 1.V IZ2/!H 1.LIZ2/ is injective. Hence, w1.L/D

w1.V /jL ¤ 0 and L too is nonorientable.

All that’s left to do is compute the Z2 –homology of V and L. Let’s start with V :
Using (22), the “lowest” piece of the long exact sequence for the pair .V; @�V / reads

0!H1.@�V IZ2/!H1.V IZ2/!Z2
2!Z2

2DH0.@�V IZ2/!Z2DH0.V IZ2/!0:

From this and (22), one deduces that

(23) H�.V IZ2/Š

8̂<̂
:

Z2 if � D 0;

H1.T IZ2/˚H1.T
0IZ2/˚Z2 if � D 1;

H�.T IZ2/˚H�.T
0IZ2/ if � ¤ 0; 1:

Now recall from Example 2.17 that the trace of surgery cobordism zV W T z#� T 0 
.T;T 0/ has the homotopy type of the topological subspace .T [T 0/�R2n . Note that,
topologically, .T [T 0/D .T _T 0/=A, where A�T _T 0 is a subset consisting of two
points: one in T and one in T 0. Thus, by elementary algebraic topology, H�. zV IZ2/

coincides with (23). In order to compute H�.LIZ2/ we note that Poincaré–Lefschetz
duality together with (22) computes H�.V;LIZ2/. The “upper” part of the long exact
sequence associated to .V;L/ therefore reads

0! Z2 DHn.LIZ2/! Z2
2 DHn.V IZ2/! Z2

2 DHn.V;LIZ2/!Hn�1.LIZ2/

!Hn�1.V IZ2/! 0;

from which it follows that

H�.LIZ2/Š

8̂<̂
:

Z2 if � D n;

Hn�1.V IZ2/˚Z2 if � D n� 1;

H�.V IZ2/ if � ¤ n� 1; n:

The diffeomorphism type of T z#� T 0 is given in Example 2.17, so again elementary
algebraic topology implies H�.LIZ2/ŠH�.T z#� T 0IZ2/. This finishes the proof of
Corollary 2.19.

Proof of Proposition 2.21 The statement is a consequence of the following basic
fact: a nontrivial characteristic class 0 ¤ ˛L0 2 H l.L0IZ2/ in degree l � 1 which
satisfies ˛Li

D 0 2H l.Li IZ2/ for every i D 1; : : : ;m gives rise to one dimension in
H l.V; @�V IZ2/, namely 0¤ ˛V 2H l.V IZ2/ is in the image of the map

H l.V; @�V IZ2/!H l.V IZ2/:
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Clearly, the image of H 0.@�V IZ2/!H 1.V; @�V IZ2/ has dimension m�1. Hence,
the bound in the proposition follows from Theorem 2.3.

4.3 Proofs of Theorems 2.1 and 2.3

The proof of Theorem 2.1 is an easy consequence of Weinstein’s Lagrangian tubular
neighborhood theorem, so we will carry it out first.

4.3.1 Proof of Theorem 2.1 Consider two ordered, oriented tuples

.Li/
m
iD1; .L

0
j /

m0

jD1 � L

as well as an oriented Lagrangian cobordism V W .L0j /j  .Li/i . The nonoriented
case follows the same line of ideas and will therefore not be mentioned further. By
Remark 2.5 it suffices to compute �.V; @CV /. To do this we may as well assume
that Li t Lj and L0i t L0j for i ¤ j . This can be achieved by attaching small
Lagrangian suspensions to the ends of V [27, Section 3.1E], which clearly does not
change the topology of V. Now fix a Darboux–Weinstein neighborhood U � �M of V ,
so that we have a neighborhood W � T �V of the zero section V � T �V as well
as a symplectic identification U � W which restricts to the identity on V . Denote
by B WD Œ�R;R�2 �R2 a “box” such that V is cylindrical outside B �M. We may
choose U such that it is of product type outside B �M. Denote by gR2 the standard
Euclidean metric on R2 and fix a Riemannian metric gM on M. Now fix a Morse
function f 2 C1.V / such that �rgf points outwards along @CV and inwards
along @�V , where g WD gR2 ˚gM . We further require that

(24) f .x;y;p/D

�
��j .x/ for all .x;y;p/ 2 .�1;�R/� fj g �Lj ;

�Cj .x/ for all .x;y;p/ 2 .R;1/� fj g �L0j ;

where ��j and �Cj have the form �˙j .x/ D ˛x C ˇ˙ for a constant ˛ < 0 and
constants ˇ˙ 2 R. We extend f to a (noncompactly supported and autonomous)
Hamiltonian F 2 C1. �M / by first extending it constantly along fibers in W � U and
then cutting off outside of a fiberwise convex neighborhood containing both graph.df /
and graph.�df /. If f jV\.B�M / is C 2 –small then we can achieve that V1 WD �

1
F
.V /

is cylindrical outside B �M (see Figure 2). We assume that f is chosen so that
this is the case. We equip V1 with the orientation induced by the diffeomorphism
�1

F
W V ! V1 . We now have an identification Crit.f /� V \V1 and it is easy to check

that

.�1/jqjf D .�1/.nC1/n=2Iq.V;V1/ for all q 2 Crit.f /� .V \V1/;
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R
R�R

�.V /

graph.ˇ/

Figure 2: The geometric picture here indicates the situation in the proof of
both Theorems 2.1 and 2.3; graph.ˇ/ is only needed for the proof of the
latter. The projection of V to R2 is indicated in gray and the graph of ˇ is
indicated in blue. The red figure outlines the projection of �1

F .V / to R2 .

where Iq.V;V1/ denotes the intersection index at q with respect to the orientation
z!nC1 of �M and jqjf denotes the Morse index. Since the Morse homology of f is
H�.V; @CV /, we conclude that

(25) �.V; @CV /D
X

q2Crit.f /

.�1/jqjf D .�1/.nC1/n=2I.V;V1/;

where I.V;V1/ denotes the intersection index of .V;V1/ in �M . Standard arguments
in differential topology [15] imply that if f�tgt2Œ0;1� is an isotopy of �M supported
in I �R�M for some compact interval I such that V t �1.V1/ then I.V;V1/D

I.V; �1.V1//. Denote by �W Œ�R�2;RC2�!R a compactly supported bump function
such that

�0.t/

�
� 0 if t 2 Œ�R� 2;�R� 1�;

� 0 if t 2 ŒRC 1;RC 2�;

and � D C on Œ�R;R� for some large constant C > 0. Denote by f�tgt2Œ0;1� the
isotopy generated by ��@y . If C is large enough, it is easy to see that V t �1.V1/

and each intersection point q D .x;y;p/ 2 V \ �1.V1/ � R2 �M corresponds to
some p 2 Li \Lj for i < j if x < 0 or some p 2 L0i \L0j for i < j if x > 0. It
suffices to compare Iq.V; �1.V1// to Ip.Li ;Lj / in the former case and to Ip.L

0
i ;L
0
j /

in the latter case. Recall that we are using the convention that the orientation @V
inherits as a boundary of V corresponds to the orientation of the Li and L0j via
the convention @V D

�
�
F

i Li

�
t
�F

j L0j
�
. One therefore easily checks that if

q D .x;y;p/ 2 V \ �1.V1/ with x < 0 and p 2Li \Lj for i < j , then

Iq.V; �1.V1//D .�1/nC1Ip.Li ;Lj /:

If on the other hand qD .x;y;p/2V \�1.V1/ with x> 0 and p 2L0i\L0j for i < j ,
then

Iq.V; �1.V1//D .�1/nIp.L
0
i ;L
0
j /D�.�1/nC1Ip.L

0
i ;L
0
j /:
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It follows that

I.V; �1.V1//D .�1/nC1

� X
1�i<j�m

I.Li ;Lj /�
X

1�i<j�m0

I.L0i ;L
0
j /

�
:

Together with (25) this finishes the computation of �.V; @CV / and therefore the proof
of Theorem 2.1.

4.3.2 Proof of Theorem 2.3 From now on we consider a small Lagrangian cobordism
V W .L0

1
; : : : ;L0m0/  .L1; : : : ;Lm/ which is spin. The Z2 –case, when V is not

assumed spin, follows the same line of arguments and will not be mentioned further.
Fix once and for all a zJ 2 zJc such that S.V / < A. �M ;V; zJ / together with a small
ı > 0 such that

(26) � WD S.V /C 2ı <A. �M ;V; zJ /:

Fix also R> 0 such that zJ is supported in Œ�R;R�2 �M and set B WD Œ�R;R�2 .

Shaping V We will reduce to the situation where V is a Lagrangian with cylindrical
ends satisfying the following conditions: There exists a ˇ 2 C1c .RI Œ0;1// such that

(27)
Z 1
�1

ˇ.s/ds < S.V /C ı

and such that V is cylindrical outside the set Y �M, where

Y WD f.x;y/ 2R2
W 0< y < ˇ.x/g:

That is, we can write

(28) V \ .R2
nY �M /D

� mG
jD1

I�j � fa
�
j g �Lj

�
[

� m0G
jD1

ICj � fa
C
j g �L0j

�
for intervals of the type I�j D .�1; r

�
j � and ICj D Œr

C
j ;1/ and numbers a˙j 2 R

satisfying a˙j ¤ a˙i for i ¤ j . By perhaps increasing R we may as well assume that
Y � B .

Remark 4.2 The assumption that ˇ satisfying (27) exists and (28) is satisfied can be
made without loss of generality: if V does not satisfy these conditions then it is easy
to find  2 Symp.R2; !R2/ such that the Lagrangian zV WD  � idM .V / � . �M ; z!/

satisfies them. All structures used in the proof below can then be conjugated by  �idM

in order to transfer the results from zV to V . From now on we will therefore (without
further mentioning) assume the existence of ˇ such that (27) and (28) are satisfied.
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Computing H�.V; @˙V I F/ We will estimate the dimension of H�.V; @CV IF/ us-
ing (a suitable adaption of) local Floer homology. To do this we fix a Morse function
on V as in the proof of Theorem 2.1. However, this time we need to be a bit more
specific about the choice we make. More precisely, instead of (24), f is this time
required to satisfy

f .x;y;p/D

�
��j .x/ for all .x;y;p/ 2 I�j � fa

�
j g �Lj ;

�Cj .x/ for all .x;y;p/ 2 ICj � fa
C
j g �L0j ;

where again ��j and �Cj have the form �˙j .x/D ˛xCˇ˙ for a constant ˛ < 0 and
constants ˇ˙ 2 R. Here I˙j are the intervals from (28). We extend f exactly like
before to a (noncompactly supported and autonomous) Hamiltonian F 2 C1. �M /,
and, by choosing f such that f jV\.Y �M / is C 2 –small, we achieve that �1

F
.V / is

cylindrical outside Y �M. Note that �t
F
.V /tV for all t 2 Œ�1; 1�nf0g. Consider now

the strip Z WDR�Œ0; 1� with coordinates zD .s; t/. We study solutions u2C1.Z; �M /

to the problem

(29)
�
@suC zJ 0t .u/.@tu�XF .u//D 0;

u.R� f0; 1g/� V;

where zJ 0 D f zJ 0tgt2Œ0;1� � zJ denotes a smooth path of almost complex structures and
XF denotes the symplectic gradient of F, defined by iXF

z! D�dF. Given a solution
u 2 C1.Z; �M / to (29), we recall that its energy (with respect to zJ 0 ) is defined by

E zJ 0.u/ WD

Z 1
�1

Z 1

0

z!.@su; zJ 0t .u/@su/ dt ds:

Due to our noncompact setting we will need to impose some restrictions on zJ 0 in
order to obtain a well-defined Floer theory. In order to do so we first introduce a bit of
notation. Denote by K �R2 a compact subset such that Y �K . We will then denote
by zJF .K/ the space of smooth paths of z!–compatible almost complex structures
zJ 0 D f zJ 0tgt2Œ0;1� satisfying the condition that

(30) .�t
F /
� zJ 0t j.R2nK /�M D .i˚J 0t /j.R2nK /�M

for all t 2 Œ0; 1�, where fJ 0tgt2Œ0;1� is some smooth path of !–compatible almost
complex structures on M.

Remark 4.3 It was shown in [6; 8] that a generic path in zJF .K/ is regular for (29)
in the usual sense of Floer theory. By this we mean both that transversality is achieved
for generic zJ 0 2 zJF .K/ and that there is a compact subset of �M (depending on F
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and K ) which contains the image of every finite-energy solution to (29) for any path
f zJ 0tgt2Œ0;1� 2 zJF .K/. In the following we will need to consider variations of (29) and
therefore also variations of the almost complex structures. The precise equations (and
therefore also transversality issues) we will face have been dealt with in practically
identical settings before (see for instance [3; 6; 24]). The only nonstandard aspect here
is the compactness issue. However, in each case below compactness follows directly
from the arguments in [6].

Given a path f zJ 0tgt2Œ0;1� 2 zJF .K/ and t 2 Œ0; 1�, we can define AS . �M ; zJ 0t / and
AS . �M ;V; zJ 0t / exactly as in Section 3.0.1. Due to (30) it is an easy consequence of the
open mapping theorem in complex analysis and the usual compactness argument that

AS . �M ; zJ 0t /;AS . �M ;V; zJ 0t / > 0:

It follows that

A. �M ;V; zJ 0t / WDminfAS . �M ; zJ 0t /;AS . �M ;V; zJ 0t /g> 0 for all t 2 Œ0; 1�:

For the next lemma, note that the path Œ0; 1� 3 t 7! .�t
F
/� zJ is an element of zJF .B/.

Lemma 4.4 If F jB�M is sufficiently C1–small then

(a) �<A. �M ;V; .�t
F
/� zJ / for all t 2 Œ0; 1�.

Moreover, if in addition f zJ 0tgt2Œ0;1� 2 zJF .B/ is sufficiently C1–close to the path
t 7! .�t

F
/� zJ then the following two conditions are satisfied:

(b) Given a solution u 2 C1.Z; �M / to (29), it holds that E zJ 0.u/ � � if and
only if E zJ 0.u/ � ı . Moreover, if E zJ 0.u/ <1 then u.Z/ � U if and only if
E zJ 0.u/� ı .

(c) �<A. �M ;V; zJ 0t / for all t 2 Œ0; 1�.

Proof The proof of (a) is a standard compactness argument. Note that for any � > 0

the path Œ0; 1� 3 t 7! .�t
�F
/� zJ is an element of zJ�F .B/. Therefore, any .�t

�F
/� zJ –

holomorphic sphere (resp. disk) into �M (resp. . �M ;V /) whose R2 –component is
nonconstant is contained in B �M. Hence, we can apply Gromov compactness.
Given (a), the points (b) and (c) are nothing but special cases of [25, Propositions 17.1.2
and 17.1.3]. Note that in [25] the results are stated for closed Lagrangians; see also
[23; 24; 11]. However, since Gromov compactness applies, the proof in our setting is
identical to the ones in [25].
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From now on we assume that the data zJ 0 and F are chosen according to Lemma 4.4
and that zJ 0 is regular for (29). We will now discuss the Floer chain complex which
we will be using for the proof of Theorem 2.3. Our main reference for Lagrangian
Floer homology is Zapolsky’s excellent paper [35], where the orientation issues for
Floer homology are worked out in every detail. For more details on the construction
of the Floer chain complex we therefore refer to [35]; see also [29]. Denoting by
PD WD D n f1g the punctured unit disk,9 we recall that a capping of a smooth curve

 W .Œ0; 1�; f0; 1g/! . �M ;V / is a smooth map y
 W . PD; @ PD/! . �M ;V / which is asymp-
totic to 
 at the puncture in a sufficiently rapid way (the so-called b–smoothness
condition from [35, Section 3.3]). In particular, y
 extends to a continuous map on a
compactification of PD obtained by gluing in a copy of Œ0; 1� at the puncture, and this
extension agrees with 
 on the glued in Œ0; 1�. We will denote by �V the space of
equivalence classes of pairs z
 D Œ
; y
 �, where 
 W .Œ0; 1�; f0; 1g/! . �M ;V / is a smooth
curve and y
 is a capping for 
 . The equivalence relation is given by identifying two
cappings if and only if they have equal symplectic areas and equal Maslov indices.
Elements z
 D Œ
; y
 � 2 �V for which 
 is an integral curve of XF are exactly the
critical points of the action functional AF WV W �V !R, defined by

AF WV .z
 D Œ
; y
 �/D

Z 1

0

F.
 .t// dt �

Z
y
 �z!:

We define

(31) CF.F WV / WD
M

z
2Crit.AF WV /

C.z
 /;

where C.z
 /Š Z is generated by the two orientations of a suitable determinant line
bundle of Fredholm operators defined on representatives of y
 as in [35]. Note that
since we identify cappings which have the same symplectic area and Maslov indices,
C.z
 / is only well defined once we have fixed a spin structure on V , so that we
can identify the different rank 1 Z–modules coming from different equivalent cap-
pings [35, Section 7.3].10 We will therefore fix a spin structure on V from now on.
We also define � WD �2. �M ;V /=�, where a � b if and only if z!.a/ D z!.b/ and
�V .a/D �V .b/.11 Then

(32) z! ��V W �!R�Z

9Here we use the notation from Section 2.2.1.
10In fact [35] only requires that a relative Pin˙–structure for V has been chosen. However, for our

purposes it is more convenient to assume V is spin, so we will require the choice of a spin structure.
11Here �V denotes the Maslov class of V .
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is a monomorphism and CF�.F WV / is a � –module. In fact, by the construction of F,
every z
 D Œ
; y
 � 2 Crit.AF WV / is naturally identified with a pair Œ
; y
 �� .q; yq/ where
q 2 Crit.f /� V and yq 2 � . We denote by CF0.F WV /� CF.F WV / the direct sum
of the C.z
 / for which z
 D Œ
; y
 �� .q; yq/ 2 Crit.AF WV / for which yq D 0 2 � . From
this point of view it is easy to see that

(33) CF0.F WV /˝Z � Š CF.F WV /

as � –modules. A crucial ingredient for understanding Chekanov’s construction is the
length between elements z
�; z
C 2 Crit.AF WV /, defined by

l.z
�; z
C/ WDAF WV .z
�/�AF WV .z
C/ 2R:

It is important to note that l is � bi-invariant. We denote by M.F; zJ 0; z
�; z
C/ the
moduli space of finite-energy and unparametrized solutions u of (29) satisfying the
asymptotic conditions

lim
s!�1

us D z
� and lim
s!1

us D z
C

in �V . For such u we have the energy identity

0�E zJ 0.u/D z!.u/Cf .q�/�f .qC/D l.z
�; z
C/;

where we set y
˙ D .q˙; yq˙/. In particular, if yq˙ D 0, we see that E zJ 0.u/ D

f .q�/�f .qC/, so if the Hofer norm of F satisfies

(34) kF jB�Mk � ı;

then automatically u.Z/� U by Lemma 4.4. After perhaps scaling F we can (and
will) assume that F has been chosen to satisfy (34) from now on. We can then define a
� –linear operator @W CF.F WV /! CF.F WV / by declaring that its .z
�; z
C/th matrix
element be 0 if either l.z
�; z
C/ > ı or dimM.F; zJ 0; z
�; z
C/¤ 0 and

(35)
X

u2M.F; zJ 0;z
�;z
C/

C.u/W C.z
�/! C.z
C/

if l.z
�; z
C/ � ı and dimM.F; zJ 0; z
�; z
C/ D 0. Here C.z
 / denotes the Z–linear
operator defined in [35, Section 3.8.1.1]. We point out that @ being � –invariant is a
nontrivial matter. This fact uses the choice of a spin structure for V [35, Section 7.3].
Note that, by the remarks above, @.CF0.F WV //�CF0.F WV /, so we have an operator
@jCF0.F WV /W CF0.F WV /!CF0.F WV /. From the point of view of the identification (33)
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we see that
@jCF0.F WV /˝Z id� D @

because of � –linearity. We will therefore denote @jCF0.F WV / simply by @. Similarly,
given a field F we continue to denote the induced operator on CF.F W V IF/ WD
CF.F WV /˝Z F by @.

Proposition 4.5 .CF0.F WV IF/; @/ is a chain complex (ie @2 D 0) and its homology
HF0.F WV IF/ WDH.CF0.F WV IF/; @/ satisfies

(36) HF0.F WV IF/ŠH�.V; @CV IF/:

Proof For closed Lagrangian submanifolds this is a classical result for whose proof we
refer to [25, Section 17.2]. The only nonstandard aspect when checking @2 D 0 in our
situation is making sure that Floer trajectories cannot “escape” along the noncompact
ends corresponding to L1; : : : ;Lm;L

0
1
; : : : ;L0m0 . This is achieved by simply choosing

almost complex structures which are the restriction of paths from zJF .B/ to U �T �V0 .
One can check this using the arguments from [5]. Checking (36) can now be done using
a PSS argument. This has been carried out in the setting of Lagrangian cobordisms in
[5] or [8]. Those accounts easily adapt to our setting.

Chekanov’s homotopy lemma The inequality in Theorem 2.3 will follow from an
observation due to Chekanov. We will need a slightly modified version of his beautiful
result, so we cover the details we need here. Consider a subgroup A � R�Z and
denote by �W A! R the homomorphism given by projection to the first coordinate.
Given a field F, we consider the group ring ƒ WD F ŒA�. We write an element of ƒ as
a finite sum

(37)
X

k

fkT ak ;

where ak 2A and fk 2 F. We note that ƒ is both a commutative ring with 1¤ 0 as
well as an F –vector space. Consider also the natural positive and negative F –subspaces

ƒ˙ WD

�X
i

fiT
ai

ˇ̌̌
˙�.ai/� 0 for all i

�
together with their F –linear “projections”

P˙W ƒ!ƒ˙;
X

k

fkT ak 7!

X
kW˙�.ak/�0

fkT ak :

Algebraic & Geometric Topology, Volume 19 (2019)



734 Mads R Bisgaard

Given a finite-dimensional F –vector space W , we obtain a free ƒ–module W ˝F ƒ

with rankƒ.W ˝F ƒ/ D dimF .W /. Considering the F –linear subspace W0 WD

W ˝F F Œker���W ˝F ƒ, we have natural positive and negative F –linear subspaces

W˙ WDƒ˙ �W
0
�W ˝F ƒ;

together with the associated F –linear “projection” maps

idW ˝FP˙W W ˝F ƒ!W ˙;

which we (by abuse of notation) continue to denote by P˙ . Suppose now that .W; @/

is a finite-dimensional differential F –vector space. Denoting by @0 WD @˝F idƒ the
induced differential on W ˝F ƒ, we have a free and finitely generated ƒ–differential
module .W ˝F ƒ; @

0/. Following Chekanov [11] we say that two ƒ–linear maps

f;gW W ˝F ƒ!W ˝F ƒ

are �–homotopic if there exists a ƒ–linear map hW W ˝F ƒ!W ˝F ƒ such that

(38) P�.f �g� h@0� @0h/PC D 0

as a map W ˝F ƒ!W ˝F ƒ. The version of Chekanov’s homotopy lemma which
we need is the following. Chekanov’s original formulation seems to differ slightly from
the one we use here, but his proof easily carries over to our setup.

Lemma 4.6 [11] Denote by N a free, finitely generated ƒ–module and by .W; @/ a
finite-dimensional differential F –vector space. If there exist ƒ–linear maps ˆW W ˝F

ƒ!N and ‰W N !W ˝F ƒ such that ‰ˆ is �–homotopic to the identity, then

dimF H.W; @/� rankƒ.N /:

An z!–homotopy Viewed through (32) � will play the role of A above. So, ƒDF Œ��

and � is simply given by z!W � ! R. We point out now that, with coefficients in a
field F, (33) translates into an isomorphism of ƒ–modules

CF0.F WV IF/˝F ƒŠ CF.F WV IF/:

Fix now C1;C2 > 1 and choose two functions '1; '2 2 C1.RI Œ0; 1�/ satisfying

'1.y/D

�
1 for jyj< C1;

0 for jyj � C1C 1;
and '2.x/D

�
1 for x <R;

0 for x �RCC2;
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R
R�R

�.V /

�.�1
G
.V //D �.�1

H
�1

F
.V //

graph.ˇ/

Figure 3: The red figure indicates the outline of the cobordism obtained
by applying �1

H
to the red cobordism in Figure 2. The constant C1 is

chosen so large that the set indicated in this figure is a subset of the strip
f.x;y/ 2R2 W jyj< C1g .

as well as �1=.C2�1/� '0
2
.x/� 0 for all x 2R and consider H 2C1c . �M / defined

by12

H.x;y;p/D

�Z x

�1

�ˇ.s/ ds

�
'1.y/'2.x/:

We then define the time-dependent and compactly supported Hamiltonian

zH 2 C1c .Œ0; 1�� �M /

by zHt .z;p/DH.�1�t
F

.z;p// and note that zH has Hofer norm

k zHk D kHk � S.V /C ı:

The time-dependent Hamiltonian Gt .z;p/ WD F.z;p/C zHt .z;p/ 2 C1.Œ0; 1�� �M /

generates the flow �t
G
D �t�1

F
�t

H
�1

F
, so that �1

G
D �1

H
�1

F
. The outline of �1

G
.V / is

indicated in Figure 3. In this figure, the “bumps” on the rightmost horizontal part of
�.�1

G
.V // arise because

XH D�

�Z 1
�1

ˇ.t/ dt

�
'02.x/@y if jyj< C1 and x �R

and �
�R1
�1

ˇ.t/ dt
�
'0

2
.x/� 0. This implies that, if both C1 and C2 are chosen large

enough (so in particular j'0
2
.x/j is small enough), then these “bumps” don’t introduce

unwanted intersection points. After choosing such C1 and C2 it follows from Figure 3

12Recall the choice of ˇ 2 C1c .R/ made in Section 4.3.2.
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that CF.G WV IF/ is a ƒ–module of rank

(39) rankƒ CF.G WV IF/D
X

1�i<j�m

#.Li \Lj /C
X

1�i<j�m0

#.L0i \L0j /:

Hence, (3) follows from Lemma 4.6 and the following:

Proposition 4.7 There exist ƒ–linear maps

ˆWCF.F WV IF/! CF.G WV IF/;

‰WCF.G WV IF/! CF.F WV IF/;

whose composition ‰ˆ is z!–homotopic to the identity.

Proof The following is basically Chekanov’s proof from [11] (see also [24]). Chekanov
constructed ‰ and ˆ together with a suitable z!–homotopy using Floer’s continuation
principle. Fix two monotone functions �˙ 2 C1.RI Œ0; 1�/ with

�C.s/D

�
0 if s � �1;

1 if s � 1;
and ��.s/D

�
1 if s � �1;

0 if s � 1:

Consider also the positive and negative parts of k zHk,

bC WD

Z 1

0

max�M . zHt / dt � 0 and b� WD

Z 1

0

min�M . zHt / dt � 0;

so that k zHk D bC � b� and choose zR > R such that supp. zHt / � zB �M for all
t 2 Œ0; 1�, where zB WD Œ� zR; zR�. Now consider for u 2 C1.ZI �M / the problem

(P˙)
�
@suC zI˙

.s;t/
.u/.@tu�XF .u/� �˙.s/X zHt

.u//D 0;

u.R� f0; 1g/� V;

where f zI˙z gz2Z is a smooth Z–family of z!–compatible almost complex structures
satisfying

(40) .�t
F /
� zI˙.s;t/

ˇ̌
.R2n zB/�M

D .i˚ I˙.s;t//
ˇ̌
.R2n zB/�M

for some Z–family of !–compatible almost complex structures fI˙z gz2Z on M. We
additionally require that there exists a constant 0< C <1 such that

(41) zI˙.s;t/ D

�
zJ 0t if ˙s < �C and/or t 2 f0; 1g;

zJ1t if ˙s > C and/or t 2 f0; 1g;
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where f zJ1t gt2Œ0;1�2 zJF . zB/ satisfies the condition that zJ1t D zJ
0
t for t 2f0; 1g. Exactly

as in Lemma 4.4 one sees that f zI˙z gz2Z may be chosen so that it is regular in the usual
sense of Floer theory and so that

(42) �<A. �M ;V; zI˙z / for all z 2Z:

We will therefore assume that this is the case from now on. Given z
� 2 Crit.AF WV /

and z
C 2 Crit.AGWV /, we define the length

lC.z
�; z
C/ WDAF WV .z
�/�AGWV .z
C/ 2R

and denote by MC.z
�; z
C/ the space of finite energy solutions u to (PC ) enjoying
the asymptotic conditions lims!�1 us D z
� and lims!1 us D z
C in �V . Since zIC

is regular, MC.z
�; z
C/ is a smooth manifold. Given u2MC.z
�; z
C/, one integrates
by parts to see that

(43) EzIC.u/D lC.z
�; z
C/C

Z 1
�1

Z 1

0

P�C.s/ zHt .u/ dt ds:

If lC.z
�; z
C/� ı� b� , it follows from this and monotonicity of �C that

EzIC.u/� ı� b�C

Z 1

0

max�M . zHt / dt D k zHkC ı � S.V /C 2ı D�

for every u 2MC.z
�; z
C/. In particular, in this case, (42) implies that no bubbling
occurs along MC.z
�; z
C/. If in addition dimMC.z
�; z
C/D 0, it follows from regu-
larity of zIC that MC.z
�; z
C/ is compact. Hence, we can define ˆW CF.F WV IF/!
CF.GWV IF/ as the unique ƒ–linear operator whose .z
�; z
C/th matrix element equals 0

if dimMC.z
�; z
C/¤ 0 or lC.z
�; z
C/ > ı� b� and otherwise equals

(44)
X

u2MC.z
�;z
C/

C.u/˝Z idF W C.z
�/˝Z F ! C.z
C/˝Z F ;

as defined in [35, Section 3.8.1]. Similarly, given z
� 2 Crit.AGWV / and z
C 2
Crit.AF WV /, we consider the quantity

l�.z
�; z
C/ WDAGWV .z
�/�AF WV .z
C/;

and denote by M�.z
�; z
C/ the space of finite-energy solutions u to (P� ) satisfying
lims!�1 us D z
� and lims!1 us D z
C in �V . Again M�.z
�; z
C/ is a smooth
manifold and integration by parts yields

(45) EzI�.u/D l�.z
�; z
C/C

Z 1
�1

Z 1

0

P��.s/ zHt .u/ dt ds
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for every u 2M�.z
�; z
C/. In particular, if l�.z
�; z
C/� ıC bC then

EzI�.u/� ıC bC�

Z 1

0

min�M . zHt / dt ��

for every u 2 M�.z
�; z
C/, so no bubbling occurs along M�.z
�; z
C/. We can
therefore define ‰W CF.G WV IF/! CF.F WV IF/ as the unique ƒ–linear map whose
.z
�; z
C/

th matrix element equals 0 if dimM�.z
�; z
C/¤ 0 or l�.z
�; z
C/ > ıC bC

and otherwise equalsX
u2M�.z
�;z
C/

C.u/˝Z idF W C.z
�/˝Z F ! C.z
C/˝Z F :

The aim now is to construct an z!–homotopy from ‰ˆ to the identity. That is, we
need to construct a ƒ–linear map hW CF.F WV IF/! CF.F WV IF/ such that

(46) P�.id�‰ˆ� h@� @h/PC D 0:

In order to construct h we choose a function � 2 C1.Œ0;1/ � RI Œ0; 1�/, written
.�; s/ 7! �� .s/, such that for every � 2 Œ0;1/ the function �� 2C1c .RI Œ0; 1�/ satisfies

(47)
d��

ds
.s/

�
� 0 if s � 0;

� 0 if s � 0:

Moreover, we require the condition that Œ0;1/ 3 � 7! �� .0/ is a monotone function
onto Œ0; 1� as well as the condition that, for � � 2, we have

�� .s/D

�
�C.sC �/ if s � 0;

��.s� �/ if s � 0:

Consider for � 2 Œ0;1/ the problem

(48)
�
@suC zI �

.s;t/
.u/.@tu�XF .u/� �� .s/X zHt

.u//D 0;

u.R� f0; 1g/� V;

where f zI �z g.�;z/2Œ0;1/�Z is a family of z!–compatible almost complex structures
satisfying (40) (with ˙ replaced by � ) for a family of !–compatible almost complex
structures fI �z g.�;z/2Œ0;1/�Z on M. We require that

zI �.s;t/ D
zJ 0t if � D 0 and/or t 2 f0; 1g:

We also require the existence of a constant 0< C <1 such that, for all � � C,

zI �.s;t/ D

�
zIC
.sC�;t/

if s � 0;

zI�
.s��;t/

if s � 0;
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and, for all � � C, zI �
.s;t/
D zJ 0t if s is sufficiently large. As above f zI �z g.�;z/ can be

chosen to be regular and satisfy

(49) �<A. �M ;V; zI �z / for all .�; z/ 2 Œ0;1/�Z:

Given � 2 Œ0;1/ and z
�; z
C 2 Crit.AF WV /, we denote by M�� .z
�; z
C/ the space of
all finite-energy solutions u 2 C1.Z; �M / to (48) satisfying lim�!�1 us D z
� and
lim�!1 us D z
C in �V and we define

M�.z
�; z
C/ WD f.�;u/ W � 2 Œ0;1/; u 2M�� .z
�; z
C/g:

Since f zI �
.s;t/
g.�;s;t/ is regular, M�.z
�; z
C/ is a smooth manifold for every z
�; z
C 2

Crit.AF WV / and integration by parts yields

(50) EzI� .u/D l.z
�; z
C/C

Z 1
�1

Z 1

0

d��

ds
.s/ zHt .u/ dt ds for all u2M�� .z
�; z
C/:

In particular, we see that if l.z
�; z
C/� ı then

EzI� .u/� ıC

Z 0

�1

Z 1

0

d��

ds
.s/ zHt .u/ dt dsC

Z 1
0

Z 1

0

d��

ds
.s/ zHt .u/ dt ds

� ıC �� .0/bC� �� .0/b� D ıC �� .0/k zHk �� for all u 2M�� .y
�; y
C/;

so, in this case, (49) implies that no bubbling occurs along M�.z
�; z
C/. If in addition
dimM�.z
�; z
C/ D 0 then #M�.z
�; z
C/ <1, so we can define hW CF.F W V /!
CF.F WV / as the unique ƒ–linear map whose .z
�; z
C/th matrix element equals 0 if
dimM�.z
�; z
C/¤ 0 or l.y
�; y
C/ > ı and otherwise equalsX

.�;u/2M�.z
�;z
C/

C.u/˝Z idF W C.z
�/˝Z F ! C.z
C/˝Z F :

To finish the proof we need to check that (46) is satisfied. To do that we fix z
� D
.q�; yq�/; z
C D .qC; yqC/ 2 Crit.AF WV / with z!.yq�/� 0 and z!.yqC/� 0 and we need
to check that the .z
�; z
C/th matrix element of the operator

(51) id�‰ˆ� h@� @h

equals 0. This is clearly the case if the Conley–Zehnder indices of z
� and z
� differ,
so we only consider the case when these coincide, in which case dimM�.z
�; z
C/D 1.
Since

(52) l.z
�; z
C/D f .q�/� z!.yq�/�f .qC/C z!.yqC/� f .q�/�f .qC/� ı;
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no bubbling occurs along M�.z
�; z
C/, so it is compact up to Floer breaking. By
the usual gluing argument, every configuration counted in the .z
�; z
C/th matrix el-
ement of (51) occurs as a boundary point of the compactification of M�.z
�; z
C/

and it therefore follows as in [35, Section 3.8.2] that the .z
�; z
C/th matrix element
of (51) equals 0 if only we argue that every boundary point of the compactification of
M�.z
�; z
C/ occurs in (51). For z
� ¤ z
C there are three types of boundary points:
A boundary point can consist of a pair .uC;u�/ 2 MC.z
�; z
 / �M�.z
 ; z
C/ for
some z
 2 Crit.AGWV /. Applying lC.z
�; z
 /C l�.z
 ; z
C/ D l.z
 ; z
 /, it follows from
(52) and (45) (resp. (43)) that lC.z
�; z
 / � ı� b� (resp. l�.z
 ; z
C/ � ıC bC ). That
is, .uC;u�/ occurs in the definition of ‰ˆ. A boundary point can also consist
of a pair .u; v/ 2M.F I zJ 0; z
�; z
 / �M�� .z
 ; z
C/ for some � 2 .0;1/ and some
z
 2 Crit.AF WV /. Applying l.z
�; z
 /C l.z
 ; z
C/D l.z
�; z
C/, it follows from (52) and
0�E zJ 0.u/D l.z
�; z
 / that l.z
 ; z
C/� ı and l.z
�; z
 /� ı� l.z
 ; z
C/. Using (50) this
last inequality gives l.z
�; z
 / � ıC �� .0/k zHk � �, which implies E zJ 0.u/ � ı by
Lemma 4.4(b). Hence, the pair .u; v/ occurs in the definition of @h. A boundary point
of the type .v;u/ 2M�� .z
�; z
 /�M.F I zJ 0; z
 ; z
C/ similarly occurs in the definition
of @h. This covers the possible boundary points in the case z
� ¤ z
C . In the case
z
� D z
C there is the additional boundary point corresponding to the constant gradient
trajectory for AF WV at z
� D z
C . This element corresponds to id, so the proof is
done.
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