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Hyperbolic extensions of free groups
from atoroidal ping-pong

CAGLAR UYANIK

We prove that all atoroidal automorphisms of Out.FN / act on the space of projec-
tivized geodesic currents with generalized north–south dynamics. As an application,
we produce new examples of nonvirtually cyclic, free and purely atoroidal subgroups
of Out.FN / such that the corresponding free group extension is hyperbolic. Moreover,
these subgroups are not necessarily convex cocompact.

20F28, 20F67; 37D40

1 Introduction

Let FN be a free group of rank N � 3, and Out.FN / be its outer automorphism group.
Consider the short exact sequence

1! FN
�
�! Aut.FN /

q
�! Out.FN /! 1;

where � sends an element of FN to the corresponding inner automorphism, and q is
the natural quotient map.

Given a subgroup � < Out.FN /, the preimage E� D q�1.�/ gives an extension
of FN . In fact, any extension of FN produces an extension of this form; see Dowdall
and Taylor [16, Section 2]. Motivated by a long history of investigating hyperbolic
extensions of hyperbolic groups — see Bestvina and Feighn [1], Bestvina, Feighn and
Handel [4], Farb and Mosher [17], Hamenstaedt [20], Kent and Leininger [26] and
Mosher [31] — Dowdall and Taylor [16] initiated a systematic study of the following
question:

What conditions on the group � guarantee that the extension group E� is hyperbolic?

When the group � is infinite cyclic, generated by ' 2 Out.FN /, combined work of
Bestvina and Feighn [1] and Brinkmann [8] shows that E� is hyperbolic if and only if
' is atoroidal, meaning that no power of ' fixes a nontrivial conjugacy class in FN .
Dowdall and Taylor [16] proved that if a finitely generated subgroup � < Out.FN / is
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purely atoroidal (ie every infinite-order element is atoroidal) and the orbit map from �

into the free factor complex is a quasi-isometric embedding, then the extension E� is
hyperbolic. The second condition also implies that every infinite-order element ' 2 �
is fully irreducible, meaning that no power of ' fixes the conjugacy class of a proper
free factor; see Section 2 for definitions.

So far the only known examples of hyperbolic extensions of free groups come from
slight variations, or iterated applications of these two constructions, and Schottky-type
subgroups generated by high powers of fully irreducible and atoroidal elements. The
following subgroup alternative result allows us to produce more examples:

Theorem 1.1 Let H < Out.FN / be a subgroup that contains an atoroidal element ' .
Then one of the following occurs:

(1) There is some minimal H–invariant free factor A of FN such that the restriction
of H to A is virtually cyclic in Out.A/.

(2) There exists a subgroup � � H such that � Š F2 and that every nontrivial
element of � is atoroidal. Moreover, the corresponding extension group E� is
hyperbolic.

Remark 1.2 Theorem 1.1 generalizes a well-known result of Bestvina, Feighn and
Handel. Indeed, if the subgroup H is irreducible, namely no finite-index subgroup
of H fixes a proper free factor, then H contains a fully irreducible element by a
theorem of Handel and Mosher [21]; see also Horbez [22] for a concise and more
general proof. Since H contains an atoroidal element, then Theorem 5.4 of Uyanik [36]
implies that H contains an element which is both fully irreducible and atoroidal. In
that case, Bestvina, Feighn and Handel [4] show that either H is virtually cyclic, or
there is a nonabelian free subgroup � of H such that every nontrivial element of � is
atoroidal and the corresponding free group extension is hyperbolic. A different proof
of the aforementioned result of Bestvina, Feighn and Handel is given by Kapovich and
Lustig [25], who additionally obtained that each nontrivial element is fully irreducible.

Remark 1.3 The subgroup H isn’t necessarily irreducible or it doesn’t have to preserve
a free splitting of FN . Theorem 1.1 gives new examples of hyperbolic extensions of
free groups, which do not come from previously known constructions. In particular, they
are not necessarily convex cocompact; see Dowdall, Taylor and Tiozzo [15; 16; 34].
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The main ingredient in the proof of Theorem 1.1 is the following dynamical result. See
Section 3.1 for definitions.

Theorem 1.4 Let ' 2 Out.FN / be an atoroidal outer automorphism of a free group
of rank N � 3. Then there exist a simplex of attraction �C and a simplex of repulsion
�� in PCurr.FN / such that ' acts on PCurr.FN / with generalized north–south
dynamics from �� to �C.

The space PCurr.FN / of projectivized geodesic currents contains positive multiples
of conjugacy classes as a dense subset, and hence serves as a natural tool for detecting
atoroidal outer automorphisms; see Section 2.5 for details. The proof of Theorem 1.4
builds on our earlier results with M Lustig about dynamics of reducible substitutions [29]
and is modeled on the proof of the specific case where both ' and '�1 admit absolute
train track representatives as we treated in [28]. In this paper, we use completely split
relative train track maps (CTs), which are particularly nice topological representatives
introduced by Feighn and Handel [18]. The new key insight in the proof of Theorem 1.4
is to use the legal structure coming from the splitting units in the CT that represents
' 2 Out.FN / rather than using the classical legal structure coming from the edges.

As a byproduct of Theorem 1.4 we also obtain:

Corollary 1.5 Let ' 2 Out.FN / be a fully irreducible and atoroidal outer automor-
phism. Then, for any atoroidal outer automorphism  2 Out.FN / (not necessar-
ily fully irreducible) which is not commensurable with ' (ie 't ¤  s for any s

and t ), there exists an exponent M > 0 such that, for all n;m > M, the subgroup
� D h'n;  mi< Out.FN / is purely atoroidal and the corresponding extension E� is
hyperbolic.

Note that the subgroup � in Corollary 1.5 is irreducible, and since � is not purely fully
irreducible the orbit map to the free factor graph is not a quasi-isometric embedding [16].
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2 Preliminaries

2.1 Graphs and graph maps

A graph G is a 1–dimensional cell complex, where 0–cells are called vertices and
1–cells are called topological edges. We denote the set of vertices by VG, and the
set of topological edges by EtopG. Identifying the interior of an edge with the open
interval .0; 1/ each edge admits exactly two orientations. We denote the set of oriented
edges by EG. Choosing an orientation on each edge splits the set EG into two disjoint
sets: the set ECG of positively oriented and the set E�G of negatively oriented edges.
Given an oriented edge e 2 EG, the initial vertex of e is denoted by o.e/ and the
terminal vertex of e is denoted by t.e/, and the edge with the opposite orientation is
denoted by e�1 .

An edge path 
 in G is a concatenation 
 D e1e2 � � � en of edges in G such that
t.ei�1/D o.ei/ for all i D 2; : : : ; n. An edge path 
 D e1e2 � � � en is called reduced
(or tight) if e�1

i ¤ eiC1 for all i D 1; : : : ; n� 1. A reduced edge path 
 D e1e2 � � � en

is called cyclically reduced if o.
 /D t.
 / and in addition e�1
n ¤ e1 . We call cyclically

reduced edge paths circuits.

Given an edge path 
 , we denote the reduced edge path obtained by a homotopy
relative to endpoints of 
 by Œ
 �.

2.2 Markings and topological representatives

Let RN denote the rose with N pedals, which is the finite graph with one vertex and N

loop edges attached to that vertex. A marking is a homotopy equivalence mW RN!G

where G is a finite graph all of whose vertices are at least valence 2.

A homotopy equivalence f W G!G is a (topological) graph map if it sends vertices to
vertices, and its restriction to the interior of an edge is an immersion. Let m0W G! RN

be a homotopy inverse to the marking mW RN! G. We say that a topological graph
map is a topological representative of an outer automorphism ' 2 Out.FN / if the
induced map satisfies .m0 ıf ım/�W FN ! FN D ' .

A filtration for a topological representative f W G! G is an ascending sequence of
f –invariant subgraphs ∅DG0 �G1 � � � � �Gk DG. The closure of Gr nGr�1 is
called the r th stratum, and is denoted by Hr .
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For each stratum Hr , there is an associated transition matrix Mr of Hr which is
a nonnegative integer square matrix. The ij th entry of Hr records the number of
times Œf .ei/� crosses ej or e�1

j . A nonnegative square matrix M is called irreducible
if for each i and j , there exists k D k.i; j / such that M k

ij > 0, the matrix M is
called primitive if k can be chosen independent of i and j . The stratum Hr is called
irreducible (resp. primitive) if and only if Mr is irreducible (resp. primitive). If Mr is
irreducible then it has a unique eigenvalue �� 1, called the Perron–Frobenius .PF/
eigenvalue, for which the associated eigenvector is positive. We say that Hr is an
exponentially growing stratum or EG stratum if � > 1 and nonexponentially growing
stratum or NEG stratum if �D 1. We say that Hr is a zero stratum if Mr is the zero
matrix.

2.3 Train track maps

We first set up the relevant terminology to define relative train track maps, and their
strengthened versions, CTs. The standard resources for this section are [6; 5; 18].

Let f W G!G be a topological graph map. A direction at a point v 2G is the germ
of an initial segment of an oriented edge. The map f W G ! G induces a natural
derivative map Df on the set of germs, and we say that a direction is fixed or periodic
if it is fixed or periodic under the derivative map. A turn in G is an unordered pair
of directions. We say that a turn is degenerate if the two directions are the same, and
nondegenerate otherwise. A turn is called illegal if its image under some iterate of Df

is degenerate, otherwise a turn is called legal. An edge path 
 D e1e2 � � � ek is called
legal if each turn .e�1

i ; eiC1/ is legal. We say that, a turn is contained in a stratum Hr

if both directions are contained in Hr . An edge path 
 is called r –legal if every turn
in 
 that is contained in Hr is legal. If Hr is an EG stratum, and 
 is a path whose
endpoints are in Hr \Gr�1 , then 
 is called a connecting path.

Definition 2.1 A homotopy equivalence f W G ! G representing ' 2 Out.FN / is
called a relative train track map if for every exponentially growing stratum Hr the
following hold:

(RTT-i) Df maps the set of directions in Hr to itself.

(RTT-ii) For each connecting path 
 for Hr , Œf .
 /� is a connecting path for Hr . In
particular, Œf .
 /� is nontrivial.

(RTT-iii) If 
 is r –legal, then Œf .
 /� is r –legal.
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Definition 2.2 (Nielsen paths) A path � is a periodic Nielsen path if there is an
exponent k � 1 such that Œf k.�/�D � . The minimal such k is called the period, and
if k D 1 then � is called a Nielsen path. A periodic Nielsen path is called indivisible if
it cannot be written as a concatenation of periodic Nielsen paths. We will denote the
(periodic) indivisible Nielsen paths by (pINPs) INPs.

Definition 2.3 (taken and exceptional paths) A path 
 2 G is called r –taken by
f W G ! G if 
 appears as a subpath of f k.e/ for some k � 1 and for some edge
e 2Hr in an irreducible stratum. We will drop r and only say taken whenever r is
irrelevant. Let ei and ej be linear edges as defined in Definition 2.10 below such that
f .ei/D eiw

mi and f .ej /D ejw
mj for some root free Nielsen path w . Then a path

of the form eiw
pe�1

j for p 2 Z is called an exceptional path.

Definition 2.4 (splittings and complete splittings) Let f W G!G be a relative train
track map. A decomposition of a path 
 in G into subpaths 
 D 
1 �
2 � � � 
m is called
a splitting if Œf k.
 /�D Œf k.
1/�Œf

k.
2/� � � � Œf
k.
m/�. Namely, one can tighten the

image f k.
 / by tightening the images of the subpaths 
i . We use the “ �” notation for
splittings.

A splitting 
 D 
1 �
2 � � � 
m is called a complete splitting if each term 
i is one of the
following:

(1) an edge in an irreducible stratum;

(2) an INP;

(3) an exceptional path;

(4) a connecting path in a zero stratum that is both maximal and taken.

The paths in the above list are called splitting units.

Lemma 2.5 [5; 18] Every completely split path or circuit has a unique complete
splitting.

The properties of relative train track maps are not strong enough for our purposes.
Hence, in order to study the dynamics of atoroidal outer automorphisms, we utilize
completely split train track maps (CTs) introduced by Feighn and Handel. In what
follows, rather than giving the defining properties of CTs we will list the relevant
properties of CTs and cite the appropriate resources. We refer the reader to [18] for a
detailed discussion of CTs. We begin with two definitions:
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Definition 2.6 A subgroup F< FN is called a free factor of FN if there is another
subgroup F0 < FN such that F�F0 D FN . We denote the conjugacy class of a free
factor F with ŒF�. A free factor system is a collection F DfŒF1�; : : : ; ŒFk �g of conjugacy
classes of free factors of FN such that there exists F0 < FN (possibly trivial) with
the property that FN D F1

� � � � � Fk
�F0. There is a partial order on the set of free

factor systems as follows: given two free factor systems F D fŒF1�; : : : ; ŒFk �g and
F 0 D fŒF01�; : : : ; ŒF0l �g, we say that F @ F 0 if for each ŒFi � 2 F there exists ŒF0j � 2 F 0

such that g Fi g�1 < F 0j for some g 2 FN .

The free factor graph FF.FN / is the (infinite) graph whose vertices correspond to
conjugacy classes of proper free factors, and there is an edge between ŒF� and ŒF0� if
either F < g F0 g�1 or F0 < g F g�1 for some g 2 FN . By declaring the length of
each edge 1, FF.FN / is equipped with a path metric d , and a result of Bestvina and
Feighn says that FF.FN / is hyperbolic [2]. The group Out.FN / acts on FF.FN /

with simplicial isometries and fully irreducible elements are precisely the loxodromic
isometries [2].

Definition 2.7 For any marked graph G and a subgraph K of G, the fundamen-
tal group of the noncontractible components of K determines a free factor system
Œ�1.K/�D F of FN . We say that K realizes F . Given a nested sequence C of free
factor systems F1 @ F2 @ � � �@ Fn we say that C is realized by a relative train track
map f W G! G if there is an f –invariant filtration ∅D G0 � G1 � � � � � Gk D G

such that for all 1� i � n we have F i D Œ�1.Gk.i//� for some k.i/.

The following theorem is the main existence result about CTs:

Theorem 2.8 [18, Theorem 4.28, Lemma 4.42] There exists a uniform constant
M D M.N / � 1 such that for any 'M 2 Out.FN / and any nested sequence C of
'M –invariant free factor systems, there exists a CT f W G! G that represents 'M

and realizes C .

We now state several results about structures of paths in CTs that will be relevant in
the discussion follows.

Lemma 2.9 [18, Lemma 4.21] If f W G!G is a CT, then every NEG stratum Hr

consists of a single edge ei . Moreover, either ei is fixed, or f .ei/D ei �ui , where ui

is a nontrivial, completely split circuit in Gi�1 .
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Definition 2.10 Let e 2 G be an NEG edge. The edge e is called a fixed edge if
f .e/ D e , a linear edge if f .e/ D e�, where � is a nontrivial Nielsen path, and a
superlinear edge otherwise.

Lemma 2.11 (properties of CTs [18, Definition 4.7, Lemma 4.13, Lemma 4.15,
Corollary 4.19, Lemma 4.25]) (1) For each edge e in an irreducible stratum,
f .e/ is completely split. For each taken connecting path 
 in a zero stratum,
Œf .
 /� is completely split.

(2) For each filtration element Gr , Hr is a zero stratum if and only if Hr is a
contractible component of Gr . In particular, there are only finitely many reduced
connecting paths that are contained in some zero stratum.

(3) Every periodic indivisible Nielsen path (INP) has period one.

(4) The endpoints of all INPs are vertices. The terminal endpoint of each NEG edge
is fixed.

(5) If 
 is a circuit or an edge-path, then Œf k.
 /� is completely split for all suffi-
ciently large k .

(6) Each zero stratum Hi is enveloped by an EG stratum Hr , each edge in Hi is
r –taken, and each vertex in Hi is contained in Hr and has link contained in
Hi [Hr .

(7) If Hr is an EG stratum, then there is at most one indivisible Nielsen path �r of
height r that intersects Hr nontrivially. The initial edges of �r and ��1

r are
distinct edges in Hr .

(8) If Hr is a zero stratum or an NEG superlinear stratum, then no Nielsen path
crosses an edge of Hr .

2.4 CTs representing atoroidal automorphisms

Given an atoroidal outer automorphism ' 2 Out.FN /, let f W G! G be a CT with
filtration ∅ D G0 � G1 � � � � � Gk D G that represents a suitable power of ' as
given by Theorem 2.8. Observe that for such a CT, there are no exceptional paths
in the complete splitting of Œf n.e/� for any e 2 � as there are no linear edges in �
(since it requires a closed Nielsen path). The following is an easy consequence of the
definitions:

Fact 2.12 Let f W G! G be a CT that represents an atoroidal outer automorphism.
Then every Nielsen path is a legal concatenation of INPs and fixed edges.
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Definition 2.13 We call a splitting unit � expanding if jŒf n.�/�j !1 as n!1 . If
f W G!G is a CT that represents an atoroidal outer automorphism, then an expanding
splitting unit is one of the following three types:

(1) an edge in an EG stratum;

(2) a superlinear edge in an NEG stratum;

(3) a maximal connecting path 
 in a zero stratum such that the complete splitting
of Œf k.
 /� contains at least one of the above two types for some k � 1.

2.5 Geodesic currents

Let @FN denote the Gromov boundary of FN . Let @2FN be the double boundary, ie
@2FN D @FN � @FN n�, where � denotes the diagonal. Let �W @2FN ! @2FN be
the flip map given by �.�1; �2/D .�2; �1/.

The group FN acts on itself by left multiplication, which induces an action of FN

on @FN and hence on @2FN . A geodesic current on FN is a locally finite (positive)
Borel measure on @2FN which is both FN –invariant and flip-invariant.

The space of geodesic currents on FN is denoted by Curr.FN /, and endowed with the
weak-� topology it is a metrizable topological space [7]. The space of projectivized
geodesic currents PCurr.FN / is the quotient of Curr.FN /, where two currents are
equivalent if they are positive scalar multiples of each other. The space PCurr.FN / is
compact; see [24].

Both Aut.FN / and Out.FN / act on the space of currents by homeomorphisms, and
these actions descend to well-defined actions on PCurr.FN /.

Let g 2 FN be an element which is not a proper power. We define the counting
current �g corresponding to g as follows: for any Borel set S �@2FN the value �g.S/

is the number of FN –translates of .g�1;g1/ or of .g1;g�1/ that are contained
in S. For any nontrivial element h 2 FN we write hD gk , where g is not a proper
power, and set �h WDk�g . A rational current is a nonnegative real multiple of a counting
current. The set of rational currents forms a dense subset of Curr.FN /; see [23; 24; 30].

3 Dynamics of atoroidal automorphisms

3.1 North–south dynamics

Let X be a compact metric space, and G be a group acting on X by homeomorphisms.
We say that g 2G acts on X with (uniform) north–south dynamics if the action of g
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on X has two distinct fixed points x� and xC and, for any open neighborhood U˙

of x˙ and a compact set K˙ �X nx� , there exists M > 0 such that

g˙nK � U˙

for all n�M.

North–south dynamics is a strong form of stability for the action of a group on a compact
metric space, and allows one to deduce various structural results about the group
itself. For example, a fully irreducible outer automorphism ' 2 Out.FN / acts on the
closure CV of the projectivized outer space with north–south dynamics [27]. Similarly,
if ' is both fully irreducible and atoroidal, then ' acts on PCurr.FN / with north–south
dynamics [30]; see also [35]. On the other hand, an atoroidal outer automorphism does
not act on PCurr.FN / with classical north–south dynamics. Existence of invariant
free factors makes them dynamically more complicated but, as we show below, they
still exhibit a strong form of stability.

Definition 3.1 (generalized north–south dynamics) Let X be a compact metric space,
and G be a group acting on X by homeomorphisms. We say that an element g 2G

acts on X with generalized north–south dynamics if the action of g on X has two
invariant disjoint sets �� , and �C (ie g��D�� and g�CD�C ) and, for any open
neighborhood U˙ of �˙ and a compact set K˙ � PCurr.FN / n�� , there exists
M > 0 such that

g˙nK˙ � U˙

for all n�M.

We restate Theorem 1.4 from the introduction for the benefit of the reader, the proof of
which is given at the end of this section.

Theorem 1.4 Let ' 2 Out.FN / be an atoroidal outer automorphism of a free group
of rank N � 3. Then there exist a simplex of attraction �C and a simplex of repulsion
�� in PCurr.FN / such that ' acts on PCurr.FN / with generalized north–south
dynamics from �� to �C.

The rest of this section is modeled on our earlier paper [28] with Lustig, and utilizes the
dynamics of reducible substitutions as treated in [29]. In what follows we explain the
subtleties that arise in this new setting carefully, while referring to [28] for arguments
that follow by straightforward modifications from the old setting.

Algebraic & Geometric Topology, Volume 19 (2019)



Hyperbolic extensions of free groups from atoroidal ping-pong 1395

3.2 Symbolic dynamics and CTs

In this section we recall the relevant definitions in symbolic dynamics and results from
our earlier paper [29], that allows us to describe the simplex of attraction and simplex
of repulsion in Theorem 1.4 explicitly.

Let AD fa1; : : : ; ang be a finite alphabet, and A� denote the set of all finite words
in A. A substitution �W A!A� is a rule that assigns to each letter a 2A a nonempty
word w in A� . A substitution induces a map, which we also denote by � , on the set
of infinite words AN by concatenation:

�W AN
!AN ; x1x2 � � � 7! �.x1/�.x2/ � � � :

Given a substitution �W A! A� there is an associated transition matrix M� , where
fM�gij is the number of occurrences of aj in �.ai/. A substitution � is called
irreducible if for all 1� i; j � n, there exists an exponent k D k.i; j /� 1 such that
the letter ai appears in the word �k.aj /. The substitution � is called primitive if k can
be chosen independently. In what follows, up to passing to powers and rearranging the
letters, we will assume that each transition matrix is a lower diagonal block matrix where
each diagonal block is either primitive, or has bounded entries for all M t for all t � 1

[29, Lemma 3.1]. We refer the reader to [32; 29] for a detailed account of substitutions.

Given a nonprimitive substitution we consider maximal invariant subalphabets

0DA0 @ A1 @ A2 @ � � �@ An DA

and call AiC1 nAi the i th stratum in analogy with train tracks terminology [29, proof
of Proposition 3.5].

Given two words w1 and w2 in A� , let jw1jw2
denote the number of occurrences of

the word w2 in w1 . The following is a slight variation of Theorem 1.2 and Corollary 1.3
of [29], a detailed proof of which is given in [29, Proposition 5.4, Case 1].

Proposition 3.2 [29] Let � be a substitution on a finite alphabet A. Then there
exists a positive power � D �s such that for any nonempty word w 2A� and any letter
ai 2A, the limit frequency

lim
t!1

j�t .ai/jw

j�t .ai/j

exists. Furthermore, if ai is in a primitive stratum Hi , where the Perron–Frobenius
eigenvalue of Hi is strictly bigger than those of the dependent strata, then the limit
frequencies are independent of the chosen letter.
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The next proposition shows how one can extract dynamical information from CTs by
interpreting them as substitutions and invoking Proposition 3.2. Similar ideas were
also used in our earlier work [35; 28] in the setting of train tracks and [19] in the CT
setting for studying dynamics of relative outer automorphisms.

For any two reduced edge paths 
 and 
 0 in a graph G, define

h
; 
 0i WD j
 0j
 Cj

0
j
�1 :

Proposition 3.3 Let f W G! G be a CT that represents an atoroidal outer automor-
phism ' 2 Out.FN /. For any splitting unit � and any reduced edge path 
 in G, the
limit

�
 WD lim
n!1

h
; f t .�/i

jf t .�/j

exists. Moreover, for any expanding splitting unit � , the set of values

f�
 j 
 is a reduced edge path in Gg

defines a geodesic current �� on FN .

Proof If the splitting unit is not expanding then there is a definite bound on the length
jŒf n.�/�j for all n� 1. Hence, the image Œf n.�/� becomes periodic after sufficiently
many iterations. Since every periodic Nielsen path has period one, the sequence of
paths Œf n.�/� becomes eventually fixed, and the claim follows. For the remaining
part of the proof we assume that � is an expanding splitting unit and will prove the
claim by induction on the height of the stratum. Let r D 1. Since ' is atoroidal, H1

is necessarily an EG stratum, and the restriction of f to G1 DH1 is an absolute train
track map. Hence, the result follows from [35, Proposition 2.4 and Lemma 3.7]. Now
assume that the claim holds for r � k � 1. There are three cases to consider.

First suppose that Hk is an EG stratum. A splitting unit of height k is either an edge
e 2 Hk , or an INP intersecting Hk . Since an INP is not expanding we just need to
prove the claim for an edge e 2 Hk . Let A be the alphabet whose letters consist
of edges in irreducible strata that are in Gk , INPs contained in Gk�1 , and maximal,
taken connecting paths in a zero stratum that are in Gk�1 . The fact that this alphabet
is finite follows from the properties of the CT map that represents an atoroidal outer
automorphism. Let �W A�!A� be the substitution induced by the CT f W G!G on
the alphabet A using the following rule: �.�/D Œf .�/�. For each “letter” in the above
alphabet, the image is completely split and hence a reduced “word” in this alphabet.
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Hence, the above formula is a substitution, and Proposition 3.2 gives the required
convergence.

The latter claim that the set of values f�
 g
2PG defines a unique geodesic current is
easy to check. They satisfy Kirchhoff conditions, ie

(1) 0� �
 � 2<1,

(2) �
 D �
�1 ,

(3) �
 D
P

a2A �a
 D
P

a2A �
a ,

as in [29, Proposition 3.13; 35, Lemma 3.7], and by the Kolmogorov measure extension
theorem the result follows.

Now assume that Hk is an NEG stratum. Since � is expanding it is necessarily a
superlinear edge e . By properties of CTs, f .e/D e �u, where u is a circuit in Gk�1

such that u is completely split and the turn .u;u�1/ is legal. We can similarly define
a substitution as in the EG case, where the alphabet consists of the edge e , and
splitting units appearing in u, and all of its iterates. The frequency convergence for the
corresponding substitution is now given by Proposition 3.2.

Finally, if Hk is a zero stratum, then � is a maximal connecting taken path, whose
image Œf .�/� is completely split, and has height � k � 1. Hence, the claim follows by
induction.

Remark 3.4 Proposition 3.2 together with the arguments in the proof of Proposition 3.3
reveals that, for an EG stratum Hr where the PF–eigenvalue is strictly greater than
those of the dependent strata, the currents �e are independent of the edge e chosen
from Hr . Furthermore, combined with [29, Proposition 5.4], we have that for any
other expanding splitting unit � , the current �� is a linear combination of currents
coming from edges in EG strata.

Definition 3.5 Given a CT map f W G! G that represents an atoroidal outer auto-
morphism ' 2 Out.FN /, we define the simplex of attraction as the projective class of
nonnegative linear combinations of currents obtained from Proposition 3.3. We define
the simplex of repulsion similarly, using a CT map that represents '�1 .

3.3 Goodness and legal structure

Lemma 3.6 (bounded cancellation lemma [11]) Let f W G ! G be a topological
graph map. There exists a constant Cf such that for any reduced path �D �1�2 in G
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one has

jŒf .�/�j � jŒf .�1/�jC jŒf .�2/�j � 2Cf :

That is, at most Cf terminal edges of Œf .�1/� are canceled with Cf initial edges of
Œf .�2/� when we concatenate them to obtain Œf .�/�.

Definition 3.7 (goodness) Let 
 be a reduced edge path in G and 
 D 
1 �
2 � � � 
m

be a splitting of 
 into edge paths 
i . Define gCT.
 / to be the proportion of the sum
of the lengths of the 
i that have a complete splitting to the total length of 
 . Define
goodness of 
 , denoted by g.
 /, as the supremum of gCT.
 / over all splittings of 

into edge paths. Since there are only finitely many decompositions of an edge path
into subedge paths, the value g.
 / is realized for some splitting of 
 . We will call the
splitting for which g.
 / is realized the maximal edge splitting of 
 . The subpaths that
are part of a complete splitting in the maximal edge splitting will be called good. The
subpaths in the maximal edge splitting which do not admit complete splittings will be
called bad.

Let w 2 FN be a conjugacy class in FN , and 
w be the unique circuit in G that
represents w2FN . We define the goodness of the conjugacy class w as g.w/ WDg.
w/.

Remark 3.8 The properties of CTs — see Lemma 2.11(1) and (5) — imply that for-
ward images of good paths are always good, and forward images of bad paths are
eventually good.

Proposition 3.9 Let f W G!G be a CT representing an atoroidal outer automorphism
' 2 Out.FN /. There exists s > 0 such that for any completely split edge path � such
that j� j is sufficiently big,

total length of expanding splitting units in �
j� j

� s:

Proof Let � be a completely split edge path, and consider its complete splitting. By
properties of CTs (Lemma 2.11(6)) each maximal connecting path in a zero stratum
is necessarily followed by an edge in an EG stratum. Since zero strata are precisely
the contractible components, there is an upper bound for the length of any maximal
connecting path in a zero stratum, say Z0 . Since ' is atoroidal, there is also an upper
bound for the length of any path that is a concatenation of INPs and fixed edges, say Z1 .
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Let ZDmaxfZ0;Z1g. From these two observations it follows that for any completely
split edge path of length� 2ZC 1, we have

total length of expanding splitting units in �
j� j

�
total length of EG or superlinear edges in �

j� j

�
1

2ZC 1

Convention/Remark 3.10 The values Z0 , Z1 and hence Z are valid for all powers
of f . From now on, we will replace ' , and hence f , with a power (which we will
still denote by f ) so that each expanding splitting unit grows at least by a factor of
2.2ZC 1/.

Definition 3.11 (short and long good paths) In light of Proposition 3.9 we will call
a good segment 
 a long good segment if j
 j � 2ZC 1 and short good segment if
j
 j � 2Z .

Lemma 3.12 Let Cf be the bounded cancellation constant and C WDmaxfCf ;2ZC1g.
Let 
 D 
1
2 be an edge path such that 
1 and 
2 are completely split. Then any
edge that is C away from the turn f
�1

1
; 
2g is good.

Proof Since any completely split path of length � 2ZC 1 grows at least by a factor
of 2, the bounded cancellation lemma dictates that reducing f .
1
2/ will not result
in any cancellation at edges C away from the concatenation point; hence, the claim
follows.

Lemma 3.13 For any edge path 
 the total length of bad subpaths in Œf k.
 /� is
uniformly bounded by j
 j2C.

Proof This is an easy consequence of Lemma 3.12.

We first show that, up to passing to further powers, the goodness is monotone.

Lemma 3.14 Let f W G!G be a CT representing an atoroidal outer automorphism
' 2 Out.FN /. There exists an exponent t 0 � 1 such that for any circuit 
 with
1> g.
 / > 0 and for all t � t 0, one has

g.Œf t .
 /�/ > g.
 /:
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Proof Note, by definition, the total length of good subpaths in 
 is g.
 /j
 j. Under
iteration of f , each good segment remains good and the length of each good segment is
nondecreasing. Therefore, the total length of good segments in Œf k.
 /� is � g.
 /j
 j.

Let t 0 be an exponent such that for each edge path ˇ of length � 2C C 1, the edge
path Œf t .
 /� is completely split for all t � t 0. Therefore, for any bad segment ˇ such
that jˇj � 2C C 1, the path Œf t .ˇ/� is completely split, and hence contains no bad
edges. For any bad segment ˇ of length � 2C C 1, divide ˇ into subsegments ˇi of
length 2C C 1, with the exception of the last segment being of length � 2C C 1. By
the choice of t 0, each Œf t .ˇi/� is completely split, where the turns at concatenation
points are possibly illegal. The bounded cancellation lemma dictates that total length
of bad segments decreases by at least the number of subsegments, and the conclusion
of the lemma follows.

Convention/Remark 3.15 In what follows, we pass to a further power of ' and f
so that each expanding splitting unit grows at least by a factor of 2.2ZC 1/ and the
goodness function is monotone. We furthermore consider the bounded cancellation
constant for this new power, but we continue to use f and Cf .

The following is one of the key technical lemmas in this paper. It allows us to get
convergence estimates while dealing with forward iterations of CTs.

Lemma 3.16 Let ı > 0 and � > 0 be given. There exists an exponent mCDmC.ı; �/

such that for all circuits 
 with g.
 / > ı , we have g.Œf m.
 /�/ > 1� � for m�mC .

Proof Let 
 be a cyclically reduced edge path such that g.
 /D ı > 0. First consider
the splitting of 
 into maximal good segments ai and maximal bad segments bi . There
are two cases to consider:

Case 1 First assume that
total length of long good segments in 


total length of good segments in 

�

1

4ZC 1

This gives that

total length of expanding splitting units in 

total length of good segments in 


�
1

.2ZC 1/.4ZC 1/
:

Note that by Lemma 3.13 the total length of bad segments in Œf k.
 /� is uniformly
bounded by .1� g.
 //j
 jC. On the other hand, the assumption above together with
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Convention/Remark 3.15 implies that

total length of good segments in Œf k.
 /�� g.
 /j
 j
1

.2ZC 1/.4ZC 1/
.2ZC 1/k2k :

Therefore,

g.Œf k.
 /�/�
g.
 /j
 j 1

.2ZC1/.4ZC1/
.2ZC 1/k2k

.1� g.
 //j
 jC C g.
 /j
 j 1
.2ZC1/.4ZC1/

.2ZC 1/k2k

D
g.
 / 1

4ZC1
.2ZC 1/k�12k

.1� g.
 //C C g.
 / 1
4ZC1

.2ZC 1/k�12k
;

which converges to 1 as k!1; hence, the conclusion of Lemma 3.14 follows for
big enough k , say k DmC .

Case 2 Otherwise, we have

total length of long good segments in 

total length of good segments in 


<
1

4ZC 1
:

Equivalently,

(3-1)
total length of short good segments in 

total length of long good segments in 


� 4Z:

We now subdivide the path 
 into subpaths as follows. Consider the maximal edge
splitting of 
 . First subpath starts at a good edge, and it stops after tracing a total length
of 2ZC 1 good segments end at a vertex such that the next edge is good. The second
subpath starts at where the first path stops, and traces a total length of 2ZC 1 good
segments, and stops at a vertex such that the next edge is good. We inductively form
subpaths 
1; 
2; : : : so that each of them contains good segments of length 2ZC 1,
with the possible exception of the last subpath. Note that by construction, 
i � 
2 � � � 
s

is a splitting of 
 .

Observe that (3-1) implies that

#f
i containing bad segmentsg
#f
i which are completely goodg

� 4Z;

which, in turn, implies

#f
i containing bad segmentsg �
s4Z

4ZC 1
;

where s is the total number of subpaths in 
 in the above subdivision.
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Since
total length of good segments in 
 �

1� g.
 /

g.
 /
s.2ZC 1/;

each 
i above that contains a bad segment contains

1� g.
 /

g.
 /
s.2ZC 1/

4ZC 1

s.4Z/
D
.2ZC 1/.4ZC 1/

4Z

.1� g.
 //

g.
 /

bad edges on average.

Therefore, for each 
 with g.
 /� ı , at least half of the subpaths contain bad segments
of total length

�
.2ZC 1/.4ZC 1/

2Z

.1� ı/

ı
DW Cb

Let tb > 0 be an exponent such that for all edge paths 
 with j
 j � Cb , the path
Œf k.
 /� is completely split for k � tb . Therefore, at least half of the subsegments in
the subdivision will be mapped to long good segments, and the result follows from
Case 1.

Lemma 3.17 Let U a neighborhood of the simplex of attraction and a positive number
ıC> 0 be given. Then there exists an exponent N DN.ı;U / such that for any w 2FN

with g.w/ > ı ,
.'N /n.�w/ 2 U

for all n� 1.

Proof We first apply a power of f so that for every conjugacy class w with g.w/> ı ,
we have g.'.w// > 1� � for small � > 0. The rest of the proof is nearly identical
to the proof of Lemma 6.1 in [28], where edges are replaced by expanding splitting
units.

Lemma 3.18 Let f W G!G be a CT that represents an atoroidal outer automorphism.
Given 0< ı < 1, there exists an exponent T such that, for any element w 2 FN , and
for all t � T either

g.'t .w//� ı

or

total length of bad segments in f t .
w/�
1
2

total length of bad segments in 
w;

where 
w is the unique circuit in G representing w .
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Proof Let 
w be the unique circuit in G that represents w 2 FN . Consider the
splitting of 
 into maximal good segments ai and maximal bad segments bi . Recall
that C D maxfCf ; 2Z C 1g. Let us call a bad segment bi a long bad segment if
jbi j> 10C, and a short bad segment otherwise.

There are two cases to consider:

Case 1 First assume that

total length of short bad segments in 
w
total length of bad segments in 
w

�
1

10
:

Since every maximal bad segment is followed by at least one good segment, we have

total length of good segments in 
w �
1

10C
total length of short bad segments in 
w

and hence

total length of good segments in 
w �
1

100C
total length of bad segments in 
w:

Therefore,

g.
w/�
1

100CC1
:

Now, invoking Lemma 3.16, there is an exponent T1 such that

g.'t .w//� ı

for all t � T1 , which is clearly independent of the conjugacy class w .

Case 2 Now assume, on the other hand, that

(3-2)
total length of long bad segments in 
w

total length of bad segments in 
w
�

9

10
:

Let T2 be an exponent such that for all edge paths 
 with j
 j < 10C, Œf t .
 /� is
completely split for all t � T2 . Then, for any long bad segment b , the bounded
cancellation lemma implies that

total length of bad segments in Œf t .b/�� 1
5

total length of bad segments in b:

Together with (3-2), we get

total length of bad segments in f t .
w/�
9

50
total length of bad segments in 
w

for all t � T2 . Now set T DmaxfT1;T2g, and the lemma follows.
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Lemma 3.19 Let hW G0!G0 be a CT that represents '�1 2Out.FN /. Define g0.
 0/

for 
 0 2 G0, and g0.w/ for w 2 FN analogously. Then, given 0 < ı < 1, there is an
exponent T > 0 such that, up to replacing f and h with powers, for any element
w 2 FN either

g.'t .w//� ı or g0.'�t .w//� ı

for all t � T .

Proof Let hW G0 ! G0 be a CT that represents '�1 2 Out.FN / and g0 be the
corresponding goodness function, and we pass to appropriate powers according to
Convention/Remark 3.15. The proof is now nearly identical to that of Proposition 4.20
of [28], where the number of illegal turns is replaced by the total length of bad segments.

Proposition 3.20 [28, Proposition 3.3] Let f W X ! X be a homeomorphism of a
compact metrizable space X. Let Y �X be a dense subset of X, and let �C and ��
be two f –invariant sets in X that are disjoint. Assume that the following criterion
holds:

For every neighborhood U of �C and every neighborhood V of �� there exists an
integer m0 � 1 such that, for any m�m0 and any y 2 Y , one has either f m.y/ 2 U

or f �m.y/ 2 V .

Then f 2 has generalized uniform north–south dynamics from �� to �C .

Proposition 3.21 [28, Proposition 3.4] Let f W X ! X be a homeomorphism of a
compact space X, and let �C and �� be disjoint f –invariant sets. Assume that some
power f p with p � 1 has generalized uniform north–south dynamics from �� to �C .

Then the map f , too, has generalized uniform north–south dynamics from �� to �C .

Proof of Theorem 1.4 The theorem now follows from a combination of Lemmas 3.17
and 3.19 and Propositions 3.20 and 3.21.

4 Hyperbolic extensions of free groups

In this section we use the dynamics of atoroidal outer automorphisms to prove Theorem
1.1 from the introduction, which allows us to construct new examples of hyperbolic
extensions of free groups.

Algebraic & Geometric Topology, Volume 19 (2019)



Hyperbolic extensions of free groups from atoroidal ping-pong 1405

In what follows we will utilize theory of laminations on free groups which appear as
supports of currents on FN . We refer the reader to [4; 5; 9; 12; 13; 14; 18; 21] for
detailed discussions. A lamination is a closed subset of @2FN which is FN –invariant,
and flip-invariant. We say that a free factor F carries a lamination ƒ if all lines in ƒ
are contained in @2 F.

Convention 4.1 Throughout this section we assume that we pass to the finite-index
characteristic subgroup IAN .Z3/ of Out.FN /, as in Handel–Mosher subgroup decom-
position theory [21], so that for each outer automorphism every periodic conjugacy
class is fixed, and every periodic free factor system is invariant.

Let H be a subgroup of Out.FN / and F1 @ F2 @ � � �@ Fn D FN be a maximal H–
invariant filtration of FN by free factor systems, meaning that if H.A/DA for some
F i @ A @ F iC1 , then either AD F i or AD F iC1 . Let ' 2H be an atoroidal outer
automorphism. Consider a (possibly trivial) refinement A1 @ A2 @ � � �@ Am D FN

of F1 @ F2 @ � � �@ Fn D FN which is a maximal invariant filtration for ' .

If H fixes the conjugacy class of a free factor F of FN , we will call the image of H
in Out.F/ under the natural homomorphism Stab.F/! Out.F/ the restriction of H
to F and denote it by HjF .

We say that an H–invariant free factor F is minimal if H does not fix the conjugacy
class of any proper free factor of F. Similar definition holds for ' by considering the
cyclic subgroup h'i. Observe that for ' 2H , each minimal '–invariant free factor Fi

'

is contained in a unique minimal H–invariant free factor Fi
H .

Definition 4.2 Let ' and  be two atoroidal outer automorphisms with attracting
and repelling simplices �˙.'/ and �˙. / given by Theorem 1.4. We say that '
and  are independent if �˙.'/\�˙. /D∅.

Lemma 4.3 Let ' 2H be an atoroidal outer automorphism. Suppose that the restric-
tion of H to Fi is not virtually cyclic for each minimal H–invariant free factor Fi

of FN . Then H contains two independent atoroidal outer automorphisms.

Proof Let fFi
gs
iD1

be the set of all minimal H–invariant free factors. For each
i D 1; : : : ; s the restriction of H to Fi is irreducible; hence, by [21, Theorem A;
22, Theorem 0.1], H contains an element �i whose restriction to Fi is fully irreducible,
and since H is not geometric (since it contains an atoroidal element), we can choose �i

in a way that its restriction to Fi is both fully irreducible and atoroidal [36, Theorem 5.4].

Algebraic & Geometric Topology, Volume 19 (2019)



1406 Caglar Uyanik

Vi

�i
�.�/
�

Ui

�
�i
C.�/

�i
C.'/

�i
�.'/

PCurr.Fi/

Figure 1: Dynamics on PCurr.Fi/

Since fully irreducible and atoroidal elements are precisely the loxodromic isometries
of the cosurface graph [15], invoking [10, Theorem 5.1] we can find a single � 2H
such that for each i D 1; : : : ; s , the restriction � jFi is fully irreducible and atoroidal.
Recall that each fully irreducible and atoroidal outer automorphism acts on the space
of projectivized geodesic currents with uniform north–south dynamics [30; 35]. Let
Œ�i
�.�/�2PCurr.Fi/ and Œ�i

C.�/�2PCurr.Fi/ denote the unstable and stable currents
for the restriction � jFi . Since the stabilizer of the set fŒ�i

�.�/�; Œ�
i
C.�/�g is virtually

cyclic in Out.Fi/ [25], using the assumption on H we can furthermore assume that for
the above � 2H it holds that � jFi and 'jFi are independent.

Hence, we can find M > 0 large enough that �M .�i
˙
.'// \�i

˙
.'/ D ∅, where

�i
˙
.'/ are the attracting and repelling simplices of 'jFi in PCurr.Fi/.

More precisely, choose open neighborhoods Ui and Vi of Œ�i
C.�/� and Œ�i

�.�/� in
PCurr.Fi/ which are disjoint from �i

˙
.'/. Pick M >0 such that �m.PCurr.Fi/nVi/�

Ui for all m�M ; in particular, �M .�i
˙
/� Ui . See Figure 1. In fact, we choose M

that works for all minimal H–invariant free factors for suitable open neighborhoods of
attracting simplices as there are only finitely many minimal H–invariant free factors.

Now consider the automorphism �D�M'��M, which is atoroidal since being atoroidal
is invariant under conjugacy. Furthermore �i

C.�/ D �M .�i
C.'// and �i

�.�/ D

�M .�i
�.'// in PCurr.Fi/, and �C.�/D �M .�C.'// and ��.�/D �M .��.'// in

PCurr.FN /.
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Claim � and ' are independent.

Let Œ�k
C� be an extremal point in the attracting simplex �C.'/. We first want to show

that �M .Œ�k
C�/¤ Œ�� for any point Œ�� 2�˙.'/.

Notice that by Proposition 3.3 the point Œ�k
C� corresponds to some EG stratum Hk in

the CT map f W G!G that represents ' .

Let Fk
' be the unique (minimal) free factor carrying supp.�k

C/ (this support is the
attracting lamination corresponding to the EG stratum Hk in the sense of Bestvina,
Feighn and Handel [5]), and consider a minimal '–invariant free factor Fi

' @ Fk
' . The

free factor F i
' is contained in some minimal H–invariant free factor F i as above.

Let Œ�i
C� 2�C be the unique geodesic current whose support is carried by Fi

' . We
first observe that by definition supp.�i

C/� supp.�k
C/. Second, the subgroup H and

so the element �M preserves Fi ; therefore, supp.�M�i
C/ is carried by Fi .

Suppose, for the sake of contradiction, that �M .Œ�k
C�/ D Œ��. In that case we have

supp.�M .Œ�k
C�//D supp.Œ��/; hence,

supp.�M .Œ�i
C�//� supp.�M .Œ�k

C�//D supp.Œ��/:

Only sublaminations of supp.Œ��/ that are carried by Fi could possibly come from
supports of extremal points of �i

˙
.'/, and since .�M�i

C/ \�
i
˙
D ∅, the above

inclusion is not possible; hence, we get a contradiction.

Since the support of any point in �C.�/ is a union of supports of extremal points, we
get �C.�/\�˙.'/D∅. A symmetric argument finishes the proof.

We will prove the hyperbolicity of the extension using a classical argument of Bestvina,
Feighn and Handel [4] which originates in the work of Mosher [31] as interpreted by
Kapovich and Lustig [25].

Proposition 4.4 Let '; 2 H be two independent atoroidal outer automorphisms.
Then there exist M;N > 0 such that for any � 2 Curr.FN / and for all n � N and
m�M, for at least three out of four elements ˛ in f'n; '�n;  m;  �mg,

j˛�jG � 2j�jG :

Proof Let U be a sufficiently small open neighborhood of �C.'/, and M0 > 0 be
such that for any �2Curr.FN / such that Œ��2�C.'/ it holds that j'n.�/jG � 2j�jG
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for all n�M0 . This can be done, because of the topology of the space of currents, and
the fact that for each extremal point Œ�C� of �C.'/, '.�C/D ��C for some � > 1.
For the corresponding statement in the fully irreducible case see [25, Lemma 4.12].

We also choose a small neighborhood V of ��.'/, and M1 so that for each � 2
Curr.FN / such that Œ�� 2��.'/ it holds that j'�n.�/jG � 2j�jG for all n�M. Let
M 0 DmaxfM0;M1g.

Similarly, we choose neighborhoods U 0 and V 0 of �C. / and ��. /, respectively,
and a corresponding N 0 > 0.

By Theorem 1.4, there exists an exponent MC such that

'n.PCurr.FN / nV /� U

and
'�n.PCurr.FN / nU /� V

for all n�MC .

Similarly, there exists an exponent NC such that

 n.PCurr.FN / nV 0/� U 0

and
 �n.PCurr.FN / nU 0/� V 0

for all n�NC .

Now set M DM 0CMC and N D N 0CNC . Let � 2 V . Then the choice of M

and N guarantees that j'�n�jG � 2j�jG , j m�jG � 2j�jG and j �m�jG � 2j�jG .
The other cases can be proved similarly; hence, the proposition follows.

Proof of Theorem 1.1 Let F i be a minimal, nontrivial H–invariant free factor, and
let ' , � and � be as in Lemma 4.3. Since � is fully irreducible, for large M the free
factors F i

' and �MF i
' fill the free factor Fi . Under this assumption, based on work of

Bestvina and Feighn [3], Taylor [33, Theorem 1.3] proved that for some K > 0, the
group h'K ; �K i is isomorphic to a free group of rank 2. (He proves much more but
we don’t need that here.)

The fact that the corresponding free group extension is hyperbolic now follows from
Proposition 4.4 and the Bestvina–Feighn combination theorem; see the proof of
[4, Theorem 5.2].
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We finish the paper with Corollary 1.5 from the introduction:

Corollary 1.5 Let ' 2 Out.FN / be a fully irreducible and atoroidal outer automor-
phism. Then, for any atoroidal outer automorphism  2 Out.FN / (not necessarily
fully irreducible) which is not commensurable with ' , there exists an exponent M > 0

such that for all n;m>M, the subgroup � D h'n;  mi<Out.FN / is purely atoroidal
and the corresponding free extension E� is hyperbolic.

Proof Let ' be as above, and let Œ�C.'/� and Œ��.'/� be the corresponding stable
and unstable currents in PCurr.FN /. Since  is not commensurable with ' , the
attracting simplex �C. /, the repelling simplex ��. /, and the stable and unstable
currents Œ�C.'/� and Œ��.'/� are all disjoint.

Choose disjoint open neighborhoods of these sets, and choose high enough powers
of ' and  so that there is a uniform north–south dynamics, which is guaranteed
by Theorem 1.4. Then Proposition 4.4, together with Bestvina–Feighn combination
theorem, gives the required result.

References
[1] M Bestvina, M Feighn, A combination theorem for negatively curved groups, J. Differ-

ential Geom. 35 (1992) 85–101 MR

[2] M Bestvina, M Feighn, Hyperbolicity of the complex of free factors, Adv. Math. 256
(2014) 104–155 MR

[3] M Bestvina, M Feighn, Subfactor projections, J. Topol. 7 (2014) 771–804 MR

[4] M Bestvina, M Feighn, M Handel, Laminations, trees, and irreducible automorphisms
of free groups, Geom. Funct. Anal. 7 (1997) 215–244 MR

[5] M Bestvina, M Feighn, M Handel, The Tits alternative for Out.Fn/ , I: Dynamics of
exponentially-growing automorphisms, Ann. of Math. 151 (2000) 517–623 MR

[6] M Bestvina, M Handel, Train tracks and automorphisms of free groups, Ann. of Math.
135 (1992) 1–51 MR

[7] F Bonahon, Geodesic currents on negatively curved groups, from “Arboreal group
theory” (R C Alperin, editor), Math. Sci. Res. Inst. Publ. 19, Springer (1991) 143–168
MR

[8] P Brinkmann, Hyperbolic automorphisms of free groups, Geom. Funct. Anal. 10
(2000) 1071–1089 MR

[9] M Clay, A Pettet, Relative twisting in outer space, J. Topol. Anal. 4 (2012) 173–201
MR

Algebraic & Geometric Topology, Volume 19 (2019)

http://dx.doi.org/10.4310/jdg/1214447806
http://msp.org/idx/mr/1152226
http://dx.doi.org/10.1016/j.aim.2014.02.001
http://msp.org/idx/mr/3177291
http://dx.doi.org/10.1112/jtopol/jtu001
http://msp.org/idx/mr/3252963
http://dx.doi.org/10.1007/PL00001618
http://dx.doi.org/10.1007/PL00001618
http://msp.org/idx/mr/1445386
http://dx.doi.org/10.2307/121043
http://dx.doi.org/10.2307/121043
http://msp.org/idx/mr/1765705
http://dx.doi.org/10.2307/2946562
http://msp.org/idx/mr/1147956
http://dx.doi.org/10.1007/978-1-4612-3142-4_5
http://msp.org/idx/mr/1105332
http://dx.doi.org/10.1007/PL00001647
http://msp.org/idx/mr/1800064
http://dx.doi.org/10.1142/S1793525312500100
http://msp.org/idx/mr/2949239


1410 Caglar Uyanik

[10] M Clay, C Uyanik, Simultaneous construction of hyperbolic isometries, Pacific J.
Math. 294 (2018) 71–88 MR

[11] D Cooper, Automorphisms of free groups have finitely generated fixed point sets, J.
Algebra 111 (1987) 453–456 MR

[12] T Coulbois, A Hilion, M Lustig, R–trees and laminations for free groups, I: Algebraic
laminations, J. Lond. Math. Soc. 78 (2008) 723–736 MR

[13] T Coulbois, A Hilion, M Lustig, R–trees and laminations for free groups, II: The
dual lamination of an R–tree, J. Lond. Math. Soc. 78 (2008) 737–754 MR

[14] T Coulbois, A Hilion, M Lustig, R–trees and laminations for free groups, III: Cur-
rents and dual R–tree metrics, J. Lond. Math. Soc. 78 (2008) 755–766 MR

[15] S Dowdall, S J Taylor, The co-surface graph and the geometry of hyperbolic free group
extensions, J. Topol. 10 (2017) 447–482 MR

[16] S Dowdall, S J Taylor, Hyperbolic extensions of free groups, Geom. Topol. 22 (2018)
517–570 MR

[17] B Farb, L Mosher, Convex cocompact subgroups of mapping class groups, Geom.
Topol. 6 (2002) 91–152 MR

[18] M Feighn, M Handel, The recognition theorem for Out.Fn/ , Groups Geom. Dyn. 5
(2011) 39–106 MR

[19] R Gupta, Relative currents, Conform. Geom. Dyn. 21 (2017) 319–352 MR

[20] U Hamenstaedt, Word hyperbolic extensions of surface groups, preprint (2005) arXiv

[21] M Handel, L Mosher, Subgroup decomposition in Out.Fn/: research announcement
and introduction, preprint (2013) arXiv

[22] C Horbez, A short proof of Handel and Mosher’s alternative for subgroups of Out.FN / ,
Groups Geom. Dyn. 10 (2016) 709–721 MR

[23] I Kapovich, The frequency space of a free group, Internat. J. Algebra Comput. 15
(2005) 939–969 MR

[24] I Kapovich, Currents on free groups, from “Topological and asymptotic aspects of
group theory” (R Grigorchuk, M Mihalik, M Sapir, Z Šuniḱ, editors), Contemp. Math.
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