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The Lannes—Zarati homomorphism
and decomposable elements

NGO A TUAN

Let X be a pointed CW—complex. The generalized conjecture on spherical classes
states that the Hurewicz homomorphism H: w.(Qo¢X) — H«(QoX) vanishes on
classes of m«(QoX) of Adams filtration greater than 2. Let <pSM: Ext’ (M, F>) —
(Fy ® 4 RyM)* denote the s™ Lannes—Zarati homomorphism for the unstable A—
module M. When M = H* (X), this homomorphism corresponds to an associated
graded of the Hurewicz map. An algebraic version of the conjecture states that the
s™ Lannes—Zarati homomorphism, (pAM , vanishes in any positive stem for s > 2 and
for any unstable .A-module M.

We prove that, for M an unstable .A-module of finite type, the s Lannes—Zarati
homomorphism, @M, vanishes on decomposable elements of the form «f in positive
stems, where o € Exti(Fz,Fz) and B € Ext‘i(M, F,) with either p > 2, ¢ > 0
and p+g=s,0r p=s5>2, g =0 and stem(f) > s — 2. Consequently, we
obtain a theorem proved by Hung and Peterson in 1998. We also prove that the fifth
Lannes—Zarati homomorphism for H* (RP*°) vanishes on decomposable elements
in positive stems.

55P47, 55Q45, 55510, 55T15

1 Introduction and statement of results

Let X be a pointed CW—complex. Let Qo X = Q{°S°X be the basepoint component
of QX = QS X. Itis a classical unsolved problem to compute the image of the
Hurewicz homomorphisms

H: 725(X) = 1:(00X) — Hy(QoX).

Here and throughout the paper, homology and cohomology are taken with coefficients
in F,, the field of two elements. The classical conjecture on spherical classes for
X = SO states that the Hopf invariant-one and the Kervaire invariant-one classes are
the only elements in 775 (S°) = 74(Q0S°) detected by the Hurewicz homomorphism.
Nguyén HV Hung states the generalized conjecture on spherical classes as follows
(see Hung and Tuin [14]).
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Conjecture 1.1 Let X be a pointed CW—complex. Then the Hurewicz homomorphism
H: 74,(QoX) — Hx«(QopX) vanishes on classes of 74«(Q¢X) of Adams filtration
greater than 2.

(See Curtis [4], Snaith and Tornehave [21] and Wellington [22] for a discussion with
X =259%)

An algebraic version of this problem goes as follows.

Let Py =[xy, ..., xs] be the polynomial algebra on s indeterminates xi, ..., X,
each of degree 1. Let the general linear group GLy = GL(s, [F;) and the mod 2 Steenrod
algebra A both act on Py in the usual way. The Dickson algebra of s variables, Dy, is
the algebra of invariants

Dy :=TFy[xq,..., XS]GLS.

As the action of A and that of GL; on Py commute with each other, Dy is an algebra
over A.

Let M be an unstable .A-module. The Singer construction RgM of M is the
Ds—submodule of Py ® M generated by St; M, where Sty denotes the Steenrod
homomorphism defined as follows. Given a homogeneous element z € M of degree
|z|, we set for convention Sty(z) = z, and define by induction

|z|

Sti(x;2) = Y xFI®5q'(2),
i=0
Sts(xl, e, Xgs Z) = Stl(xl; Sts—l (Xz, e, Xgs Z))

Note that Ry M is an A—submodule of Py ® M. (See Lannes and Zarati [ 16, Definition-
Proposition 2.4.1].)

Let us denote by

M. s,s+i *
@s  Exty T (M, F) — (IF, ® 4 RgM);

the s Lannes—Zarati homomorphism for an unstable .A-module M, defined in [16].
Here (F, ® 4 RgM);* is the F—dual of (F, ® 4 RgM);. When M = f]*(X), this
homomorphism corresponds to an associated graded of the Hurewicz map. The proof

of this assertion is unpublished, but it is sketched by Lannes [15] and by Goerss [7].

The Hopf invariant-one and the Kervaire invariant-one classes are represented by
certain permanent cycles in Ext}‘{* (F,,F,) and Exti(* (5, F,), respectively, on which

Algebraic & Geometric Topology, Volume 19 (2019)



The Lannes—Zarati homomorphism and decomposable elements 1527

the Lannes—Zarati homomorphisms are nonzero (see Adams [1], Browder [3] and
Lannes and Zarati [16]). Hung stated the so-called algebraic version of the generalized
conjecture on spherical classes for M = H *(S9%) =T, in [9] and for any unstable
A-module M in [14].

Conjecture 1.2 (the generalized algebraic spherical class conjecture) The Lannes—
Zarati homomorphism
oM. Ext’ T (M, Fy) — (F, @ 4 RyM);*

vanishes in any positive stem i for s > 2, and for any unstable .A-module M.

The conjecture was established for the case M = H *(S%) with s = 3, 4 and 5,
respectively, in Hung [10; 11] and Hung, Quynh and Tuén [13]. That the Lannes—Zarati
homomorphism for M = H *(S°) vanishes for s > 2 on decomposable elements in
Ext’ (F2,F,) was proved in [12]. The conjecture was also established for the case
M = H*(RP) with s = 3,4 in [14].

One of the main results of the paper is the following theorem:
Theorem 1.3 Let M be an unstable A—module of finite type. Then the s Lannes—
Zarati homomorphism for M,

oM. ExtF (M, Fy) — (Fy ® 4 RyM)],

vanishes on the elements of the form «f in any positive stem i , where @ € Extﬁ (Fy, Fy)
and 8 EExti(M,IFZ) with either p >2,¢>0and p+g=s,or p=5>2,q=0
and stem(f) > s —2.

Theorem 1.3 gives evidence supporting Conjecture 1.2, in particular providing a result
valid for all unstable .4-modules of finite type M.
Using Theorem 1.3 for the case M =IF,, we obtain the following theorem, which was

first proved in [12]:

Theorem 1.4 (Hung and Peterson [12]) The s Lannes—Zarati homomorphism
forIF,,
@32 ExC (Fy, Fy) — (Fa @4 D)y

vanishes on the decomposable elements in any positive stem i for s > 3.
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1528 Ngé A Tudn

In [12], Hung and Peterson proved Theorem 1.4 by showing that ¢ = @ (pfz

isa
homomorphism of algebras and, more importantly, that the product of the nonunital
algebra . o(F2®.4 Ds)* is trivial, except for the case (Fo® 4 D1)*®(F,®@4D1)* —
(Fy ® 4 D»)*. The methods used to prove Theorem 1.3 are different from the methods
of Hung and Peterson. The important new ingredient is the usage of the chain level
representation of the dual of the Lannes—Zarati homomorphism (see Theorem 2.1).
Moreover, the advantage of using the chain level representation of the dual of the
Lannes—Zarati homomorphism is that the proof of Theorem 1.3 is short and elementary.

The proof of Theorem 1.3 is based upon the key Lemma 3.3.

Hung and the author [14] established a relation between the Lannes—Zarati homo-
morphisms for H*(RP®) and for H*(S°). The relation comes from the so-called
algebraic Kahn—Priddy theorem (see [17, Theorem 1.1]). By using the algebraic Kahn—
Priddy theorem, Hu’ng and Tuén showed that if gp (RP ) vanishes in positive stems,
then so does gaH (s ,for s > 1 (see [14, Proposmon 10.2]). So, Conjecture 1.2 with
M = H* (RP®) is interesting. In this paper, by using Theorem 1.3 and the fact that
qJISFZ and (pf *®RP>) vanish in positive stems (see [13, Theorem 1.4; 14, Theorem 1.8]),
we obtain the following proposition:

Proposition 1.5 The fifth Lannes—Zarati homomorphism for H* (RP°),

oI ®ES). Bx ([ (RP™), Fy) — (F, ® 4 Rs H*(RP™)),
vanishes on the decomposable elements in any positive stem i .
Note that Ext¥ (M, F) is a module over Ext¥ (IF,,F5) (see Section 2); the notation of
the submodule of decomposables is the usual one.

The paper is divided into three sections and organized as follows. Background and
references are provided in Section 2. Theorems 1.3 and 1.4 and Proposition 1.5 are
proved in Section 3.

2 Background

We start this section by sketching briefly Singer’s invariant-theoretic description of the
lambda algebra.

Let T be the Sylow 2—subgroup of GL; consisting of all upper triangular s x s
matrices with 1 on the main diagonal. The Ty—invariant ring, My = PsTs, is called the
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Mui algebra. In [19], Mui shows that PsTs is a polynomial algebra
Ty _
Pgs =,[Vy, ... Vil,
on elements Vj of degree 2k=1 where

Vi=Vi(xy....x) = [ (@i +-+aisixiog +x0).

aj; ek,

Recall that the Dickson algebra Dg was computed in [5]:

Ds = FZ[QS,O’ ceey Qs,s—l]-

Here the Dickson invariant Qg ; of degree 2% — 2% can inductively be defined by

2
Qs,i = Qs—l,i—l + Qs—l,iVs,

where, by convention, Qs s =1 and Q,; =0 for i <0 (see [5; 19]). (For the action
of Steenrod algebra on V; and Qg ;, see [8].)

Let L(s) C Py be the multiplicative subset generated by all the nonzero linear forms
in Pg. Let (Ps)r(5) be the localization given by inverting all the nonzero linear forms
in Ps. Using the results of Dickson [5] and Mui [19], Singer notes in [20] that

As:=((P)r)™ =Fo[ViEL . VE,
. GLy _ +1
I = ((PS)L(S)) - ]FZ[Qs,s—l, ) Qs,17 Qs,o

Further, he sets
vi =V =Vie/ Vi Vi (k=2),

so that
Vi = vlzk zvgk_S vV (K=2).
Then, he obtains
As =Fo[uEl, o vE!,

with degv; =1 for every i.

Singer defines I," to be the [F,—subspace of Iy = DS[QS_(I)] spanned by all monomials
y =001 - 00 with is_y,...,i1 20,ip € Z, and ig +deg y > 0. He also shows

s,s—1

in [20] that the homomorphism

0s: As@QN = Ag_1 ®N, as(v{‘~ v”@z)—v1 . J‘ 1(§§>Sq1erl
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maps [;F @ N to Fstl ® N. Here N is an arbitrary left A-module. Moreover, it is a
differential on I'* N = @, (T;t ® N). He also proves that

Hy('TN) = Tor}'(F,, N).

Let A be the (opposite) lambda algebra, in which the product in lambda symbols is writ-
ten in the order opposite to that used in [2]. It is bigraded by putting bideg(A;) = (1,i),
where A; € AL, Singer proves in [20] that the F,—linear map

Es: Fs+—>(As)*, U{I"'U_{S'_)()\‘jl.“)‘js)*,

is an isomorphism for each s > 0. Here the duality * is taken with respect to the basis
of admissible monomials of A. Recall that for each s > 1, a basis for A® is given by
the set of admissible monomials

AjAjy o Aj |0 j1, j1 =2j2, .oy Js—1 = 2Js},
while A? is spanned by the unit (see [20]).

Suppose N is a left A-module which is finitely generated in every degree. Let N *
be the Fy—dual of N which is a right .A—module by transposing the left .A-module
on N. The tensor product A ® N* is bigraded by

AN =3 A Fe N
k

For any sequence I = (iy,...,Is) of nonnegative integers, we write A; to denote
Aiy e+ Aj; € A For m* € N*, we write Aym™ to denote Ay ® m* € A ® N* and let
m* =1m*. So A ® N* is a bigraded differential left A—-module with the action of A
on it given by

Ag(ogm™) = Ayhpm?®,

where J is a sequence of nonnegative integers. Moreover, the differential of A ® N *
is given by
S(hym*) =8(hpym* + > Ahjm* S¢/t1.
Jj=0

(For the differential § on the lambda algebra, see [2; 18].) Then Extjs+t(N JFa) =
H*'(A® N*,8) (see [2; 18]). By means of the differential, one recognizes that the
left action of A on A ® N* induces a left action of Ext:’* = Ext;’*(Fz, F,) on
Extj{*(N ,IF»). Hence, the latter becomes a left Exti’*—module.

Algebraic & Geometric Topology, Volume 19 (2019)



The Lannes—Zarati homomorphism and decomposable elements 1531

In the remaining part of this section, we recall some results used to prove the main
results in this paper.

Theorem 2.1 (Hung and Tuén [14]) Let M be an unstable A-module. Then, for
any s > 0, the map
(<ps )*: ReM —T," M, ¢ Sts(z) > cQ'sZ,(l) ®z,

for ¢ € Dy and a homogeneous element z of degree |z| in M, is a chain-level represen-
tation of the dual of the Lannes—Zarati homomorphism

(@M)*: (F2 ®4 RgM); — Tory , ;(Fa2, M).
This map is natural with respect to . A—homomorphisms of unstable A-modules.
As Ry M is afree Dg—module (see [16, Definition-Proposition 2.4.1]), the map is well
defined.

An element in Dy is called .A—decomposable if it is in ADy, where A denotes the
augmentation ideal of the Steenrod algebra A.

Giambalvo and Peterson showed in [6] a sufficient condition for a monomial in Dy to
be .A—decomposable as follows:

Theorem 2.2 (see [6, Corollary 4.8]) Let s > 2 and assume that I = (ig,...,i5—1)
is a s—tuple of nonnegative integers and Q1 = Q.- Q-1 € Dy with ig > s —2.
Then Q! is A—decomposable.

3 On the vanishing of the Lannes—Zarati homomorphism on
decomposable elements

The goal of this section is to prove Theorems 1.3 and 1.4 and Proposition 1.5.
In [20], Singer defines an algebra isomorphism ¥ 4: Ay — A, ® A4 by

v ®1 if 1 <i=<p,

Vp.q(Vi) = {1 Qui—p if p+1=<i=<s,

for any pair of nonnegative integers p and ¢ for which p 4+ ¢ = s. Here we understand
Ao =T2, ¥50(x) =x®1 and ¥ 4(x) =1 ® x. Then, he shows that

(3.0.1) Upa(0si) = 025202, ®0,,;

jz0
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for each i with 0 <i <. Suppose ¢ = Q" ... 0"~! ‘e Dy; then

5,0 s,5—1
s—1
Ypq(c) = l_[ E/fp,q(Qs,i)ti (since V¥p 4 is an algebra isomorphism)
i=0

min{i,q}

ti
—H( Z 200, ,®qu) (by (3.0.1))

= l_[ Z Q% (by the binomial theorem),
i=0|a;|=t;
where o
_ ti! ORI — kO @
= KOy @ P’ BASCIRRRE m‘“{’ ‘1}) jori| = T+ +kmm{i,q}
0 min{i,q}"
and min{i,q} o
qa_9Jj k !
Qal_ l_[ (Q2 2 pz]®QqJ) .
j=0

So, for ¢ € Dy, we have ¥, 4(c) = 01 ® 07 with Q7 € D, and Q7 € D,.

Lemma 3.1 Suppose ¢ € Ds and Yrp 4(c) =} 0'® 0’7, p+qg=s. Theneach Q!

has the form Q;O’o-n QZ;I_I, where iy =ny +2my, ... .ip—y =np_; +2mp_y and
ip=(29—=1)(ny +---+np_y) forny,...,np_1,my,...,mp_1 nonnegative integers.
Proof Suppose ¢ = SOO . Q;Ss_i | € Ds. From the above calculation, we see that
each Q7 has the form Qp Q;P;Jl_l with

io= 21— 1)k + kD 4 4 £E),
i :kél)+21k§2)+,_‘+2qk£§q+1)’

ip—1 =k(()17—1)+21k§17)+_“+2qk‘§s—1)'

Setn;=ky and m; =Y9_ 2771k for 1 <i < p—1. Then iy =ny +2my, ...
ip—l =np—1 +2mp_1 and ig > (29— 1)(n, +"'+I/lp_1).

The lemma follows. O
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Suppose N is an A-module of finite type. By ambiguity of notation, the following [F,—
linear map is also denoted by the same notation as the isomorphism £5: [;F — (A%)*
(see [20, page 689)):

Ui TP @N = (A @NY, vl vl @z (2, ) (€] - vf),-).
This map is an IF, —isomorphism for each s > 0.

The following lemma was first proved for N = [, by Singer in [20, page 689].

Lemma 3.2 The diagram

4
TN —— (A @ N*)*

l I+

b
[T, N = (A 1o N*)*

commutes for s > 1. Here, N is an A-module of finite type.
Proof Use an argument similar to the proof of [20, Proposition 8.2]. |

Suppose N is an .A-module of finite type. Let (-,-) be the usual dual paring
Tor(F, N) ®Ext’ (N, Fy) —IF,. We note that this dual paring is induced in homology
by the dual paring (I;" ® N) ® (A* ® N*) — [F, that allows us to identify I;* ® N
with the dual of A* ® N*, as mentioned in Lemma 3.2. We also denote by (-,-) the
dual paring (F, ® 4 RsM) ® (F, ® 4 RsM)* — F, for M an unstable A-module.

Let N be an .A-module. Suppose « is an element in Exti{t(N ,IF2). Then, stem(c) is

given by stem(a) = —s.

Lemma 3.3 Let M be an unstable A-module of finite type. Let c¢ Stg(z) be an
element of RgM for ¢ € Dy and a homogeneous element z of degree |z| in M. Then,
for o € Extﬁ(Fz,Fz) and f € Exti(M,IFz), p>0,g>0and p+q =s,

(e Sts(2)]. oM (@B)) = Y Q'O R @0 Sty ()] 6} (B

1010%)*!|=stem(a)
107 Sty ()| =stem(B)

Here Q and Q7 appearin v, 4(c) =Y. 01 ® Q7.
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Proof Suppose o = [x] € Exti(IFz,IFZ) and B =[y] € Exti‘(M, F,), where x is a
cycle in A? and y is acycle in A? ® M *. Then we have

(e Sts(2)], oM (a))

= ((eM)*([c Sty(2)]). aB)

={[cQ lzl ®z] apf) (by Theorem 2.1)
=(c QL b®Z.xy)
= (Yp, q(cQ| 0)®z,X® ) (see [20, page 688])

=(Y 00} 2 070 @z x 2] (since Ypq(0s0) = OZy ® Oy0)
=Y (010r ! x) Q70 @z ).
We note that Of Q2 2l and QJquZJO ® z are cycles in FI;" and Fq+ ® M, respectively.
So, we get
(e Sts(2)]. oM (@)
=Y (1070 N ) (07 0k @ 21. B)
=Y ((@F) Q102 L e) (@) (07 Sty (2)]. B) (by Theorem 2.1)

= Yo (@) )@l 07 sty (). )
1010%)*!|=stem(a)
|Q7 Sty (z)|=stem(B)
= Yo QTN ep @NIQ Sty 6} (B o
10102} |=stem(a)
|Q7 Sty (2)|=stem(B)

We recall the following lemma, which was first proved in [12]. We give a proof to
make the paper self-contained.

Lemma 3.4 (Hung and Peterson [12]) Let ¢ = Q;}OO e Q;f’;l_l € D, withiy > 0.

If i, = 0 (mod 2) for some m > 0, then ¢ is A—decomposable.

Proof We prove this by induction on the smallest m > 0 with i, = 0 (mod 2). If
m =1, then Sq' (Q"’ IQ”+1 . Q;” ' ,) = c. For the induction step,

im—1—1 im+1 117 1
(Q Qpm—t Qpim - Qpp1) = C+ZQ

where each QX has the form Qk" . Q];";il with k,,_1 =0 (mod 2) and ko >0. O

2m1
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The following repeats Theorem 1.3 from the introduction:

Theorem 3.5 Let M be an unstable A—module of finite type. Then the s Lannes—
Zarati homomorphism for M

oM. Exti{Hi(M, Fy) — (F2 ® 4 RyM)

vanishes on the elements of the form «f in any positive stem i , where « € Exti (Fy,F»)
and B € Ext%(M.F,) witheither p>2,g>0and p+qg=s,orp=s>2,4=0
and stem(f) > s —2.

Proof We will show that ¢; M (@B) =0, where o € ExtA(]Fz, Fy),B € ExtA(M Fy)
with either p >2,¢g>0and p+¢g=s,0r p=5>2, g =0 and stem(B) > s —2

Casel (p =2, q>0) ByLemma 3.3, for any ¢ Stg(z) € RgM with ¢ € Dy, a
homogeneous element z € M of degree |z| and V¥ 4(c) =) 0'® 07 with Q' D,
and QJ € Dy, we have

(le Sts(2)], oM (@B)) = 3 (1010571 op @) (107 Sty ()] 2 (B)).

10707y I=stem(er)
10714 () =sem(8)

We see that Wp q(cQ|Z| =) QIQ2 2l QJQ‘Z| So, by Lemma 3.1, QIQ2 12l hag

the form . Q;;’pl | » Where ig > > (27— 20)(n21+ +np_1), i —n1+2m1, e
ip—1 =Np_1 +2mp 1. We will prove that QIQ ‘1zl s A-decomposable.

If ig =0, then 0> (29 —2°)(n, +---+np_1). So, itimplies that ny =---=n,_; =0.
We get

Q1Y = Q... 2ol = qR! 2 Mtk P2 e (g g

Dl p,p—1 = p,p—17°

Hence, QIQ2 12l ¢ AD,

If ip > 0 and one of the nonnegative integers n1,...,n,_1 is even, then by Lemma 3.4
129zl _ Hio ip—1 1

we have Q Q P Qp,p_1 € AD,.

If ip > 0 and all of the nonnegative integers ny,...,n,_ are odd, then

0= (=21 +-+np_)Zp—1>p-2.
Hence, by Theorem 2.2, we obtain QIQ2 Izl Q;OO--- Qif;il € .,é_tDp.

So, we get ([QIQ2 |Zl] (ppz(a)) = {[0], (ppz(oc)) = 0. We conclude that pM (af) = 0.
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Case2 (p=s5>2,¢g=0and stem(f) >s—2) ByLemma 3.3, for any ¢ Sts(z) €
Ry M with ¢ € Dy, ahomogeneous element z € M of degree |z| and ¥ 0(c) =c®1,
we have

(e Ste(2)]. oM (@B)) = ([c Q7). oM (@)){[2]. B).

If |z| # stem(B), then ([z], B) = 0. So {[c Sts(z)],(psM(a,B)) =0.

If |z| = stem(B), then |z| > s — 2 (since stem(B) > s —2). By Theorem 2.2, we
have chsZ(|) € AD;. We conclude that {[c Q'Sz(l)], gosM(oz)) = ([0], (psM(oz)) = 0. Hence,
([e Sts(2)], oM (@B)) = 0.

The theorem is proved. |

Consequently, when M = IF,, we obtain the following theorem, which was first proved
by Hung and Peterson in [12]. Recall that Hung and Peterson proved this theorem by
showing that ¢, = P, <p£F2 is a homomorphism of algebras and, more importantly,
that the product of the nonunital algebra @,. o(F2 ® 4 Ds)* is trivial, except for the
case (F, ®4 D1)* ® (Fy ®4 D1)* — (F2 ®4 D2)*.

The following repeats Theorem 1.4 from the introduction:
Theorem 3.6 (Hung and Peterson [12]) The s Lannes—Zarati homomorphism
(p;FZ: Ethis—i_i(Fz, F2) = (F2 ®4 Dy)f

vanishes on the decomposable elements in any positive stem i for s > 3.

Proof We must show that goiﬂFz (¢f) =0, where x € Extﬁ (F,,F,) and Be Extj’4 (Fy,F»)
with p >0, ¢ >0 and p 4 ¢ =s. Since the algebra Ext:’*(IFz, IF,) is commutative,
we have left to consider the case p > 2 and ¢ > 0. In this case, by Theorem 3.5, we
have <p£F2 (aB) =0.

The theorem is proved. |

For brevity, H* (RP°°) will be denoted by P. The following repeats Proposition 1.5
from the introduction:

Proposition 3.7 The fifth Lannes—Zarati homomorphism for P,
¢f: Bx(}’ T (P.F2) — (F2 ®4 Rs P,

vanishes on the decomposable elements in any positive stem i .
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Proof We must prove that ¢ (oz,B) 0, where o eExtA(Fz, IF,) and eExtA(P Fy)
with p >0, ¢ >0 and p + g = 5. We will consider the following three cases:

Casel (p=2,q>0) ByTheorem 3.5, we have ¢ (a,B) =0.

Case2 (p =35, q=0) Then, for any ¢ St5(z) € R5P with ¢ € D5 and a homoge-
neous element z € P of degree |z|, we have {5 o(c) =c®1, and

(e Sts (). F @B)) = (0 h). 0¥ (@) (Sto(2)]. 9 (B))  (by Lemma 3.3)

0,

where the last equality follows from the fact that goISFZ (o) = 0 (see [13, Theorem 1.4]).

Case3 (p=1,qg=4) Then, for any ¢ Sts5(z) € R5I3 with ¢ € Ds, a homogeneous
element z € P of degree |z| and ¥/ 4(c) =) 0l ® 07 with 01 € D; and 07 € Dy,
we have

(ests@lel @)= Y (10707 @)’ st of ()
10107 | =stem()
IQ"St4(Z)| stem(B)
(by Lemma 3.3)

=0,
where the last equality follows from the fact that ¢, (ﬁ) =0 (see [14, Theorem 1.8]).

The proposition is completely proved. a

Remark 3.8 From the proof of Proposition 3.7, and Theorem 3.5, we can see that for
2

s > 3, and for any unstable A-module M of finite type, if <,0£~F and (p ~, vanish in

positive stems, then gosM vanishes on the decomposable elements in positive stems.
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