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On negative-definite cobordisms
among lens spaces of type (m, 1) and
uniformization of four-orbifolds

YOSHIHIRO FUKUMOTO

Connected sums of lens spaces which smoothly bound a rational homology ball are
classified by P Lisca. In the classification, there is a phenomenon that a connected
sum of a pair of lens spaces L(a,b)# L(a,—b) appears in one of the typical cases of
rational homology cobordisms. We consider smooth negative-definite cobordisms
among several disjoint union of lens spaces and a rational homology 3—sphere to give
a topological condition for the cobordism to admit the above “pairing” phenomenon.
By using Donaldson theory, we show that if 1/m has a certain minimality condition
concerning the Chern—Simons invariants of the boundary components, then any
L(m, 1) must have a counterpart L(m,—1) in negative-definite cobordisms with a
certain condition only on homology. In addition, we show an existence of a reducible
flat connection through which the pair is related over the cobordism. As an application,
we give a sufficient condition for a closed smooth negative-definite 4—orbifold with
two isolated singular points whose neighborhoods are homeomorphic to the cones
over lens spaces L(m, 1) and L(m,—1) to admit a finite uniformization.

57R18, 57R57; 57MO05, 57R90

1 Introduction

Lisca [25] classified all connected sums of lens spaces which smoothly bound rational
homology 4-balls. In fact, all of them are connected sums of several pairs of lens
spaces in the list of five typical families of components such as L(a,b) # L(a,—b)
for coprime a and b. In particular, if a connected sum of s copies of L(m, 1) and
t copies of L(m,—1) bounds a rational homology ball then s must be equal to . In
this classification, a crucial role was played by Donaldson’s theorem on intersection
forms of definite closed smooth 4—manifolds. Motivated by this result, we focus on the
formation of pairs L(a,b)# L(a,—b) on the boundaries of compact oriented smooth
4—manifolds W such that the dimension b;’ (W) of a maximal positive subspace for
the cup product (intersection form) on the second real cohomology H?(W) of W is
zero, called negative-definite cobordisms.
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To be precise, we consider the following problem:

Problem 1.1 Which negative-definite cobordisms between a disjoint union of lens
spaces and a rational homology 3 —sphere admit a pair of lens spaces L(a, b)#L(a,—b)?

In this paper, we show the following theorem:

Theorem 1.2 Let Y be a disjoint union of lens spaces Y; = L(a;,b;) fori =1,...,s
and a Brieskorn homology 3—sphere X (p, q,r). Suppose Y bounds a compact oriented
negative-definite smooth 4—manifold W such that

(1) Y1 =L(m,1) withm =max{a;} > pqr and m # 4,
(2) the homomorphism

iv: H1(Y;Z) > H{(W;Z)

induced by the inclusion i: Y — W is surjective, and

(3) thereisno e € H*>(W;Z) with rational self-intersection number e = —1/m.

Then there exists i # 1 such that Y; = L(m,—1).

Note that this theorem does not exclude the possibility s = 1, in which case we
immediately see such a cobordism W does not exist and s > 1 must hold. Here we
remark that this Theorem 1.2 is a special case of our main Theorem 4.1, which is a
generalization of Theorem 2.1 in [16] and Theorem 6.1 in [14], both due to M Furuta.

To prove our main result, we make use of a topology of the moduli space of SU(2)—
instantons on an oriented smooth 4—-manifold with cylindrical ends.

Remark 1.3 (1) The condition m # 4 in Theorem 1.2 is necessary. In fact, without
this condition, the complement W of a tubular neighborhood of a non-singular
quadratic curve in CP2 would give a counterexample.

(2) The existence of an L(m,—1) does not necessarily imply the existence of an
L(m, 1) in negative-definite cobordisms stated in Theorem 1.2, since L(3,—1)
obtained by plumbing of linear chain [—2,—2] of length 2 with weight —2
would give a counterexample.

Our main result, Theorem 4.1, and Theorem 6.1 in [14] also state existence of a
reducible flat connection on such negative-definite cobordisms as in Theorem 1.2. As
an application we consider a uniformization problem of 4—orbifolds. The notion of
orbifolds is firstly introduced by I Satake [30] as the name *“V —manifold” in his study
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on Siegel’s modular varieties and is also studied by W Thurston [33] as orbifolds in
view of his geometrization program on 3—manifolds. A typical example is a quotient
space X = M/G of a manifold M with respect to a properly discontinuous action of a
(finite) group G, in which case M is called a (finite) uniformization of the orbifold X.
Note that there exist orbifolds which do not admit uniformization; these are called “bad
orbifolds”.

In this paper, we consider a version of the “uniformization problem” proposed by
M Kato [20] in our context. In the complex analytic category, this problem also has
its origin in “Fenchel’s problem” raised by M Namba [26] as a higher-dimensional
generalization of Fenchel’s conjecture about F —groups, solved by S Bundgaard and
J Nielsen [5] and R Fox [13].

Problem 1.4 (see the uniformization problem [20]) Let X be a smooth orbifold with
singular locus ¥ X. Give a good condition on (X, ¥X) for the existence of a finite
uniformization (G, M) of (X, X).

Here a “good” condition means a condition without referring to the fundamental group
T (X —2X) of X —XX.

For a Z,—action on the 4—sphere S* = C? U {oo} defined by ¢-(z,w) = ({2, w)
on C2 c §* for ¢ = e27i/m ¢ 7, C U(1), the quotient space X = S*/Z,, is a
4—dimensional orbifold which has a singular point p; = 0 whose neighborhood U;
is homeomorphic to the cone c¢L(m, —1) over the lens space L(m,—1), and there is
also a singular point p, = oo whose neighborhood U, is homeomorphic to the cone
cL(m, 1) over the lens space L(m, 1). Conversely, we have the following:

Theorem 1.5 Let X be a closed negative-definite smooth 4—orbifold with two isolated
singular points p1 and p, each with a neighborhood U; homeomorphic to the cone
cL(a;i,b;) over the lens space L(a;,b;) for i = 1,2. Suppose H1(X;Z) = {0}
and that there is no e € H*(X;Z) with e? = —1/m for m = max{ay,a>} # 4. If
Uy ~ cL(m,—1) then Uy ~ cL(m, 1) and there exists a smooth 4—manifold X witha
smooth Z,, —action such that X /Zm = X as smooth orbifolds.

This paper is organized as follows. In Section 2, we make further remarks on our main
result, Theorem 4.1, and its backgrounds in comparison with other works. In Section 3,
we recall basic definitions and results concerning the moduli space of instantons over
4-manifolds with cylindrical ends. Here we give a setting of moduli space of instantons
and recall basic facts on counting reducible instantons, virtual dimension of the moduli
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space, Uhlenbeck compactness and Chern—Simons invariants. In particular, to describe
the ends of the moduli space, we discuss the moduli space of Z,,—invariant instantons
over the cylinder R x S3, C Taubes’ gluing result and discuss a holonomy perturbation
to deform the ends of the moduli space. In Section 4, we give the full statement of our
main result, Theorem 4.1, and give a proof of the theorem. We also discuss several
examples to demonstrate necessity of the conditions in the theorem. In Section 5,
we prove Theorem 1.5 on a cyclic branched covering of a negative-definite smooth
4—orbifold. In fact, we deduce Theorem 5.1 as a corollary of Theorem 4.1, which gives
a cyclic branched covering of a smooth negative-definite 4—orbifold with boundary
and with isolated singular points whose neighborhoods are homeomorphic to the cones
over lens spaces L(a;, b;). The branched covering space is an orbifold itself which
locally uniformizes only a pair of neighborhoods homeomorphic to the cones over lens
spaces L(m,1) and L(m,—1).

Acknowledgements The author thanks Professor Mikio Furuta for many valuable
suggestions and continual encouragement to write down this paper. He would also
like to thank to Nobuhiro Nakamura, Hirofumi Sasahira and Shinichiroh Matsuo for
detailed discussions and valuable comments. The author was a visiting scholar of the
Department of Mathematics at Indiana University Bloomington while most of this work
was carried out. He wishes to thank the department for its hospitality and would like to
thank his hosts, Professor Paul Kirk and Professor Charles Livingston, for illuminating
discussions, many suggestive comments and much encouragement during his stay.

2 Further remarks on the main theorem and background

In this section, we make further remarks on the main theorem and its background. In
addition to Problem 1.1, the main theorem partially answers the following problem:

Problem 2.1 If there exists a negative-definite cobordism between a disjoint union Y
of several lens spaces L(a;,b;) and a rational homology sphere %, what kind of
constraint for the homomorphism ix: H1(Y;7Z)— H1(W;Z) induced by the inclusion
i: Y < W can be expected?

Theorem 4.1 tells us that the pair L(m, 1) # L(m,—1) is related through a U(1) flat
connection on the cobordism W, which implies the existence of a homomorphism
H{(W;Z) — U(1) whose restrictions are the standard inclusion up to complex conju-
gation on L(m,£1) and trivial on the other components of the boundary.
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One typical example is the plumbed homology 3—sphere ¥ = X(I") associated to a
graph I" by taking the connected sum W = ([0, 1] x L(m, 1)) # P(I") of the cylinder
[0,1] x L(m, 1) and the plumbing P(I") with negative-definite intersection form. In
this case, the homomorphism y: H{(W:;Z) = Hy(L(m, 1); Z) — U(1) is given by
the inclusion Z,, — U(1).

In [14], Furuta developed an abstract perturbation method to prove Donaldson’s theorem
for intersection forms on closed smooth definite 4-manifolds X with Hq(X;Z) = {0}.
As an application, he strengthened Theorem 2.1 of [16], which made an assumption
on the fundamental group of the 4—-manifold (orbifold), to prove Theorem 6.1 of [14],
which only makes an assumption on the first homology and proved an existence
of an abelian representation. One major difference between our Theorem 4.1 and
[14, Theorem 6.1] is that our theorem allows for a general rational homology 3—spheres
as components of ¥ which are not necessarily spherical space forms. One consequence
of this is that we cannot apply Theorem 2.1 of [16] to prove our theorem by simply
coning off the boundary components to obtain closed orbifold.

Theorem 4.1 states that even if there is another rational homology 3—sphere ¥ on the
boundary, the pair L(m, 1)# L(m,—1) appears provided m is greater than a positive
number N(X) associated to X. In fact, we may choose any number N(X) in the
statement of Theorem 4.1 such that 1/N(X) is less than or equal to the minimum
Chern—Simons invariant t(X) of X, and if X is the Brieskorn homology 3—sphere
¥ (p,q,r) then we can take N(X) = pgqr [15; 12]. By using a method developed by
P Kirk and E Klassen [22], the Chern—Simons invariant can be calculated for many
3—manifolds including graph manifolds. In fact, the Chern—Simons invariants of a large
class of manifolds including Seifert fibered 3—manifolds are explicitly calculated by
D Auckly [4]. Here we mention the following remarks:

Remark 2.2 (1) Theorem 4.1 does not tell us whether y o (i)« for j € {1,i} is
the inclusion p: Z,, < U(1) or its complex conjugate. We shall discuss this
issue and uniformization of 4—orbifolds with more than two isolated singular
points elsewhere.

(2) The condition m > N(X) cannot be removed. In fact, the singular D%—bundle
W =3 x g1 D? associated with the Seifert fibration ¥ — S of negative
rational Euler number with the cone over lens spaces removed would give a
counterexample.
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(3) Theorem 1.2 is a special case of the main result, Theorem 4.1, in which we
treat the case that the boundary components are not necessarily lens spaces but
“positive” (or “negative”) spherical space forms. In this case we obtain a not
necessarily reducible flat connection relating the pair of positive and negative
spherical space forms.

(4) Theorems 1.2 and 4.1 can be extended to the case of lens spaces L(a, b) with a
sufficiently greater than b in place of L(m, 1). We shall treat this elsewhere.

To prove an existence of a (reducible) flat connection over an oriented smooth 4-—
manifold with cylindrical ends under a certain condition on homology, we make use of
the “sliding end” or “bubbling” phenomenon of SU(2)-instantons. The author does
not know how to deduce our theorem from usual applications of the Seiberg—Witten
theory or Heegaard Floer theory since we do not know how to extract information on
flat SU(2) connections in these theories at least as directly as in the Donaldson theory.

There are several areas in which the Donaldson theory works effectively while the
Heegaard Floer theory or Seiberg—Witten theory alone would be difficult to approach.
It is known that the Seifert fibered integral homology 3—spheres X (p, ¢, pgk — 1) for
k=1,2,... arelinearly independent in the homology cobordism group 03H of homology
3—spheres by a result of Furuta [15] and R Fintushel and R Stern [12]. For the Z/2—
homology cobordism group, M Hedden and Kirk [18] showed that d /(d¥ —1) surgeries
on the right-handed (p, ¢) torus knot are linearly independent. Hedden and Kirk [19]
also showed that the Whitehead doubles of (2, 2" —1) torus knots are independent in the
smooth knot concordance group. This result is generalized by J Pinzén-Caicedo [27] to
infinite collections of satellite knots. Note that positivity of the R—invariant introduced
by Fintushel and Stern in [10] as the virtual dimension of the moduli space of instantons
plays a crucial role in these arguments. On Ozsvéth and Szabd’s Heegaard Floer theory,
S Kim and C Livingston [21] proved that Z*° C Coker(&D, 0%[1/1)] — 6g)) by using
the d —invariant. Recently, M Stoffregen [32] investigated behaviors of Manolescu
invariants «, 8, y on Seiberg—Witten Floer homology under connected sums and used
also recent result on Heegaard Floer homology to show that ¥(p,2p —1,2p + 1) for
odd p with p > 3 are linearly independent in 9_51 . However, this technique does not
detect the family X (p, q, pgk —1).

Our result is in a sense opposite to that of A Casson and C Gordon [6], P Gilmer and
Livingston [17] and Fintushel and Stern [11]. In fact, their arguments give a necessary
condition for characters y;: Hy(Y;; Z) — Z,, C U(1) of spherical space forms Y; to
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extend over a rational homology cobordism W, which implies a necessary condition
for an existence of a Z,,—covering W—Ww extending the Z,,—coverings 17, —Y;
associated to the character p;. On the other hand, our result gives a sufficient condition
for Y; and their negative-definite cobordism W with a character yy: Hy(Y1;Z) —
Zm C U(1) to extend over Hy(W;Z), which 1mphes a sufficient condition for the
existence of Z,,—covering W—>Ww extending Y1 > Y.

In the Casson—Gordon argument, D Ruberman [28] extended their result for spherical
space forms to rational space forms, that is, rational homology 3-spheres divided
by finite group actions, using the moduli space of instantons on 4-manifolds with
cylindrical ends. To extend our result for lens spaces to one for general rational
homology 3—spheres such as rational space forms, we need to know the moduli space
on the cylinder over rational space forms which corresponds to the end of the moduli
space. This deserves further study.

For a simply connected smooth 4-manifold X with boundary the Poincaré homology
3—sphere X(2,3,5) and negative-definite intersection form Qx, = Eg, N Anvari [2]
gave a necessary condition for a free Z,—action on X (2, 3, 5) to extend smoothly to Xg
by using the isotropy data of isolated fixed points. This result is proved by considering
the Zp—equivariant moduli space of instantons over the 4—manifold with a cylindrical
end. Furthermore, Anvari and I Hambleton [3] gave infinite families of Brieskorn
homology 3—spheres with free Z,—actions which can be extended locally linearly
but cannot smoothly to smooth contractible 4—manifolds. To study relationships with
their results, we will consider a negative-definite cobordism between the quotient
Y(ai,...,an)/Zp and a disjoint union of lens spaces.

H Sasahira [29] defined Floer homology for lens spaces by treating problems on
reducible connections via Furuta’s method using twisted Dirac operators and derived a
gluing formula by Fukaya’s method using loops. To give an interpretation of our argu-
ments in terms of Floer homology for lens spaces will be a subject of our future work.

3 Preliminaries on instantons over 4—manifolds with
cylindrical ends

In this section, we recall basic definitions and results on analysis concerning instantons
over 4—manifolds with cylindrical ends. We discuss a new feature which was not treated
in [16], a perturbation of the moduli space called holonomy perturbation introduced by
Donaldson [7], which we use to prove a key theorem, discussed in Section 4.
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3.1 Instantons over 4—-manifolds with cylindrical ends

Let Y be a disjoint union of a finite number of closed oriented 3—manifolds Y;
indexed by i € I and W be a compact oriented smooth 4—-manifold with boundary Y.
Let X be a smooth oriented 4—-manifold obtained by gluing W and half-infinite
cylinders R4 x ¥; with product orientation along the boundaries {0} x Y;, where
R4 ={t e R |t > 0}. In what follows we simply describe such a manifold X as a
“4-manifold with cylindrical ends”. Let (P, ) be an adapted SU(2)-bundle over X,
that is, a pair of a principal SU(2)-bundle P over X and a set & = {«; } of flat SU(2)-
connections o; on P|r, xy;. We may assume that «; is a pullback piBi by the
projection p;: R4 x Y; — Y; of a flat connection f; on an SU(2)-bundle Q; over Y;
under an identification P|r, xy; = p;Q; using parallel transport in the direction R
with respect to the connection «;. We do not distinguish ¢; and B; in the sequel.
Two adapted bundles (P,«) and (P’,a’) are equivalent if and only if there exists
a bundle isomorphism h: P — P’ such that o;[[; oo)xy; = 7@/ |[;,00)xy; for some
r >0 forany i € I. Let 8 be the trivial flat connection (the product connection) on the
product bundle X x SU(2) — X. Then the trivial flat connection 6; on the restriction
(X x SU(2))|r . xy; over each ends R4 x ¥; C X is induced by 6 and we call the
adapted bundle isomorphic to (X xSU(2), {6;}) the trivial adapted bundle. The second
Chern number of (P, «) is defined to be

1
CZ(P,OC) = Sn—z/XTI'(FA/\FA),

where A is a smooth connection on P with A|[; 00)xy; = i |[r,00)xy; for some r >0
for any i € I, and it does not depend on a choice of such connections A. If we fix
SU(2)-bundles Q; over Y; and flat connections B; on Q;, then the isomorphism
classes of adapted bundles (P, @) with a bundle isomorphism %;: P|r, xy; = p; Qi
satisfying «; = h} B; are classified by c2(P, ) and if (P’, ) is another such bundle
then ¢ (P, o) —c2(P,a) € Z.

Now we identify the gauge equivalence classes of the flat connection ¢; with the
conjugacy classes of representation of 71(Y;) induced by the holonomy of «; and
use the same symbol «; . Let ad«; be the adjoint representation of «; and place the
non-degeneracy condition H(Y;;ada;) = {0} on each flat connection ;. Note that if
Y; is a spherical space form S3/G for some finite group G acting on 3 with a flat con-
nection ; corresponding to a representation p: G — SU(2), then H!(§3/G;ad p) =
(H'(S3;R) ® su(2))? = {0}, and that if ¥; is a rational homology 3—sphere X and
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o; is a trivial flat connection 6, then H1(Z;ad ) = H!(Z;R) @ su(2) = {0}, so they
satisfy the non-degeneracy condition.

Fix a Riemannian metric g; on each Y; and choose a metric g on X which matches the
product metrics over ends g|r, xy; = d t2 + g;. Let D4 be the deformation operator
associated to a connection A on P which restricts to ; on [r, 00) x Y; for each i for
some r > 0,

Da=—dj@d: Q' (gp) > Qgpr) ® Q3 (gp).
and let Ly, be the selfadjoint elliptic operator over Y; such that

d

DA:E

+ Lai

over [r,00) x Y;. Let § > 0 be a positive real number less than the absolute values of
the eigenvalues of the selfadjoint operator Ly; for any i € /. Fix a smooth function
w: X — R satisfying w > % over X and w(z, y) = €% oneachend (¢, y) e Ry x V;
and define a weighted Sobolev norm ||¢||Li,a = ||w¢||le( for an integer k > 0. Fix an
integer [ > 2. Take a reference smooth connection Ay on P with Ag|r IxY; = 0.
Let A(P,«) be the space of LIZ’S —connections on P and G(P,«) be the group of

2,8
Ll+1,10c

—gauge transformations on P defined as follows:
A(P,a) ={Ag+alae L (N(gp)))}.
G(P, ) = {g € T(P xaa G) | Vaog € L7 (N (P xaa G))}.

Then G(P, «) is a Hilbert Lie group acting smoothly on the Hilbert manifold A(P, o)
by g-A=A—dyg-g~ " for Ac A(P,a), g €G(P,a) to define the quotient topological
space B(P,a)=A(P,a)/G(P, o). Now the condition that V4, g € LIZ’S with weighted
norm forces any gauge transformation g € G(P, ) to have a uniform limit along each
cylinder R4 x Y;. Let ev: G(P,a) — I, be the evaluation homomorphism to the
stabilizer Iy = [[;¢; It; of @ and define the based gauge group Go(P, ) to be the
kernel of the map ev. Then Go(P, «) acts on A(P,«) freely and the quotient

B(P,a) = A(P,)/Go(P, )
is a Hilbert manifold with local model

TiB(P.a) = {A+alae L (N(gp)). df’a =0l
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where d:"g = w_z-djl‘ -w?. The full quotient B(P, &) is obtained by dividing B(P, &)
with the extra symmetry G(P,«)/Go(P, ) = T,

p: B(P,a) = B(P,«)/ Ty = B(P, ).

A connection A is called an anti-self-dual (ASD) connection or simply an “instanton” if
and only if the curvature Fy4 is anti-self-dual, F A+ = %(F 4 +xF4) =0, where « is the
Hodge star operator with respect to the metric g. Then we have a G(P, o) —equivariant
smooth map

®: A(P,a) — L7 (N (gp)),  ®(A)=F; for A€ A(P,a).
Let M(P,«) be the moduli space of instantons on (P, «),
M(P,a) ={A e A(P,a)| F =0}/G(P, ),

which can be seen as the quotient of the framed moduli space M(P,a)= p Y M(P, )
divided by the free Iy —action. By non-degeneracy condition H!(Y;;ada;) = {0}, any
instanton A over (P, «) decays exponentially to the flat connection «; up to gauge
transformation toward the ends R x Y;. In particular, for any connection B which
is equal to «; over ends, since | F4| decays exponentially along ends, ||FA||i2 x) =
[x|Fal?volxy = [y |Fp|*voly = 8n%c,(P. ).

3.2 Enumeration of reducible instantons for SU(2)

If a connection A on the adapted SU(2)-bundle (P, ) has the isotropy subgroup
G(P,a)4 of the gauge group G(P,«) isomorphic to {£1} then A is said to be ir-
reducible; otherwise, A is reducible. In particular, reducible instantons, which are
reducible connections on (P, o) whose curvature 2—forms are anti-self-dual, correspond
to the singular points of the moduli space M(P,x).

For later discussion, we need to count reducible instantons for adapted SU(2)-bundles
over 4—-manifolds with cylindrical ends. Hedden and Kirk [18] described enumeration
of reducible instantons in the case that the gauge group is SO(3).

Proposition 3.1 Let (P, «) be an adapted SU(2)—bundle over a 4—manifold X with
cylindrical ends R4 x Y; for j € I, where Y; are rational homology 3—spheres.
Suppose that the SU(2) flat connections «; are all reducible, so that the corresponding
representation «;: mw1(Y;) — U(1) is determined up to complex conjugation. Then
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there exists a one-to-one correspondence between the set of all reducible instantons
Mied(P, ) C M(P,) on (P, «) and the set

C(P.a)={e € H*(X:Z) | e* = —c2(P.a). ie = xe(L;) for j € I}/{%1},

where i;: Y; < X is the inclusion and L; is the flat S —bundle over Y; associ-
ated with a;. Note that e(L;) is determined up to sign because the representation
aj: m1(Y;) — U(1) is determined up to complex conjugation.

Proof The proof goes essentially the same as in the SO(3) case discussed by Hedden
and Kirk [18]. In our SU(2) case, the primary obstruction of extending gauge transfor-
mations from the boundary ¥ to X gives an element of H 2(X Y m (SU(2))) = {0}.

O

3.3 Perturbation on a compact part of the moduli space

In this subsection, we state the following proposition, used in the discussion below. Let
X be a smooth oriented 4—manifold with cylindrical ends and (P, ) be an adapted
SU(2)-bundle over X. Fix a Riemannian metric on X with product ends.

Let [ be an integer satisfying / > 2 and consider the space B(P,«) of the gauge
equivalence classes of L12’5 —connections on (P, «). We let B*(P, ) be the irreducible
part of B(P, ),

B*(P,a) = A*(P,a)/G(P,a), A*(P,a)={Ac A(P,a)|G(P,a)q = {£1}},
and let g*(P, o) = p~L(B*(P,a)), where G(P, )4 is the stabilizer of A4 in G(P, ).

Let T be a G(P, a)—equivariant smooth map A(P, o) — le,g (/\2Jr (gp)) followed by

compact embedding le’g c L*S

;1 » and consider the G(P, @)—equivariant map defined

by the formula
O (A)=F; +7(4) for Ac AP, ).
Its derivative
dif + (Dv)a: Kerdy® N L7 (N (gp)) > L7 (N (ap)

is a Fredholm operator for each 4 € A(P, ).

Then we have the following:
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Proposition 3.2 (see Furuta [16, Proposition 4.2]) Let X be a 4—manifold with
cylindrical ends and with b1 (X) = 0 and b;’ (X) =0, and let M(P,«) be the moduli
space of instantons on an adapted SU(2)—bundle (P, ). Suppose there is a compact
set K in M(P,a) such that

(D®)a: Kerdy? n L7 (N (ap)) — L7 (/R (ap))

is surjective for any A € p~'(M(P,a) — K). Then there exists an open neighbor-
hood U of K in B(P,«) and a smooth G(P,«)—equivariant map o: A(P,o) —
LIZ’S( 2+(gp)) supported in p~1(U) such that the following properties hold:

(1) Forany [A] € M°TT(P,a) := p((®; +0)71({0})), the derivative of ®; + o
at A,

D(®; +0)4: Kerd:’g N le,S (/\1 (gp)) — le’_81 (/\2+(gp)),

is surjective.

(2) The irreducible part M** (P, a) = M (P, a) N B*(P, a) is a finite-dimen-
sional smooth manifold and the tangent space T} A]M e T(P, «) of the framed
moduli space M*U+t(P,a) = f\;l’UJrr(P, a)n E*(P, «) is isomorphic to the
first cohomology,

Hj = Kerd:/lm dq = Ker dj N Kerd:’g C le’s,
of the elliptic complex
8 (A0 d Al di 25 2
0— L7y (N(ap)) = L7 (N (gp)) = L7 (R (gp)) — 0.

(3) For any [A] € Mieq(P, ) we have o(A) = 0, and there exists a neighborhood
N of [A] in M®tT(P,«) with a homeomorphism ¢: N — ¢CP? to the cone
cCP% over CP? for some d with ¢([A]) the vertex of ¢cCP% whose restriction

¢|n—qap: N —{[A]} - cCP? — {h([A])}
is a C*° —diffeomorphism.
(4) M°TTY(P,a)NU iscompact.
Proof Since the second cohomology Hj of the complex has finite dimension at each
instanton A, a perturbation can be constructed over a local slice at A. Since A(P, ) is

a Hilbert manifold, we can use a C*° cut-off function B: B(P, «) — R defined by using
the le,S —norm ||a||; 2.5, so that we can take a smooth partition of unity subordinated
!
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to an open covering of the compact subset K C M(P, ) C B(P, ) consisting of local
slices at each A to construct a perturbation o: A(P, o) — le"g( 2+(gp)). This is a
standard argument; see for example [24] and for the le"s —norm see [8]. O

3.4 Equivariant instantons over R x §3

Next we consider equivariant instantons over R x S3 for the standard sphere S3.
In what follows, we use an identification C? =~ H given by (z,w) > z + jw, so
that the left multiplication x — ax for x € H with a € H is C-linear, to identify
SU(2) = Sp(1). We fix an orientation o(H) = 1 Ai A j Ak of H. By noting that

X =xo+ix1+ jxa+kxz=xo+ixy+ j(x2—ix3) € H,

we see that the orientation o(H) is opposite to that induced from the standard one of C
given by 0(C) = 1 Ai and so the identification C @ C = H defined by (z, w) >z + jw
gives an orientation-preserving diffeomorphism.

Definition 3.3 Let (QO, 6p) be an adapted SU(2)-bundle over the cylinder R x S3
defined by Qo = R x 3 x Sp(1) with a pair 6y = {6y . 0; } consisting of the trivial
flat connection 935 over %(r, 00) x S3 for some r > 0 with respect to the trivialization

24t 00lt(rooyxs3 = £(r,00) x S x Sp(1) — £(r, 00) x S x Sp(1),

2 (t,y,q) = (6, y, yFTV2q) for (1, y,q) € £(r,00) x S x Sp(1).
Then (Qo. 0p) admits an SU(2)xSU(2)—action

g-(t,y,q) = (t,exyeZl e—q)
for
(t,y.q) €ERxS?xSp(l), g =(e4,e-) € Sp(1) x Sp(1)

to define an (SU(2)xSU(2))—equivariant adapted SU(2)—bundle over R x S3 with
¢2(0o.60) = 1. Note that under the trivialization 74, the SU(2)xSU(2)-action has
the form

g-(t,y,q) = (t,erye=l, aF (g)q), where aif(g) = ex,
for

(t,y,q) € £(r,00) x S xSp(1) and g = (eq,e_) e Sp(l) xSp(1).

If the action of a finite subgroup G of SU(2) x SU(2) on 3 C H is free, we call G a
pseudofree subgroup of SU(2) x SU(2). Consider the quotient bundle Q¢ = 00/G

Algebraic & Geometric Topology, Volume 19 (2019)



1850 Yoshihiro Fukumoto

over R x S3/ G with the flat connection ozgE on Qo] 4+ (r,00)xS3/G induced by the
trivial flat connection 935 on #(r,00) x S3 x Sp(1). The adapted bundle (Qg, o)
with o = {og . o 1 and ¢2(Qo. o) = 1/|G| is called the adapted SU(2)—bundle
associated with a pseudofree subgroup G of SU(2) x SU(2).

Remark 3.4 Let Y = S3/G be the 3—dimensional spherical space form obtained by
taking a quotient of S3 by a finite group G C SO(4) acting freely on S3 C R* by
matrix multiplication. The action (e4,e_)-x = ejrxe_! for x € H of Sp(1) x Sp(1)
on H induces the projection 7r: SU(2) x SU(2) — SU(2) x{41; SU(2) = SO(4). If we
can take a lift G of G, which means that G is the image of an injective homomorphism
t: G — SU(2) x SU(2) with 7 ot = idgp(4), then G isa pseudofree subgroup of
SU(2) x SU(2) acting on S3 C H as above.

Then we have the following proposition:

Proposition 3.5 (see Furuta [16, Lemmas 5.1 and 5.2]) Let (Qg, o) be the adapted
SU(2)-bundle over RxS3/ G associated to a pseudofree subgroup G of SU(2)xSU(2)
as in Definition 3.3. Then the moduli space M(Qo, cg) is regular and diffeomorphic
toR.

Proof Let f: §*—{0,00} — R x §3 be the G —equivariant conformal equivalence.
Then G —invariant instantons on the é—equivariant adapted bundle (Qo, 6p) over
R x S3 with finite energy cz(éo, 6p) = 1 have the pullback over S* — {0, co} and
extends across {0, oo} uniquely by Uhlenbeck’s removable singularity theorem [34] to
obtain an G —invariant instantons on a 6—equivariant SU(2)-bundle Q over S* with
¢2(0) = 1. This correspondence induces a diffeomorphism M G(Qo, 6p) > M G(Q)
between moduli spaces of G —invariant instantons. Then take the quotient by G to
obtain a diffeomorphism M(Qo, ) — M(Q) and the assertion follows from the fact
that M(Q) is regular and diffeomorphic to R by Lemmas 5.1 and 5.2 in [16]. |

Now we introduce a notion of positivity and negativity of spherical space forms, which
was introduced by Furuta in the context of orbifolds [16].

Definition 3.6 (see [16, Definition 2.1]) A closed 3—manifold Y is called a positive
(resp. negative) spherical space form — positive (resp. negative) for short—if ¥ =~
$3/G with a finite group G C Sp(1) acting on S3 C H by the left (resp. right)
multiplication,

g-yv=gy (tesp.g-y=yg Y for ye S>CH and g € G C Sp(1).
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Definition 3.7 (see [16, Section 5, before Lemma 5.3]) If Y = S3/G is a positive
(resp. negative) spherical space form and G is the corresponding subgroup of Sp(1),
then G can be embedded into the group SO(4) = Sp(1) x4 Sp(1) and we regard G
as a subgroup of SO(4) by the identification

G CSp(1) CSp(1) x g1y {£1} CSO(4) = Sp(1) x¢+13 Sp(1)
or
G CSp(1) C{=£1} xg+13 Sp(1) C SO(4) = Sp(1) x¢+13 Sp(1),

respectively, and call G a positive (resp. negative) subgroup of SO(4). In this case,
we can take a lift

tpos: G CSp(1) = G = G x {1} € Sp(1) x Sp(1)
or

tnegt G C Sp(1) — G = {1} x G C Sp(1) x Sp(1),

respectively, to define a G —action on the adapted bundle (Qo, fo) by composing
with (pos (resp. tneg). We denote the representation corresponding to the inclusion
G C Sp(1) by p: G — Sp(1) acting on fibers Sp(1) by left multiplication. Then we
call the quotient adapted bundle (Qg, &g) obtained by taking the quotient of (Qo, 6o)
by G the adapted SU(2)-bundle over R x Y of ¢2(Qy, ) = 1/m associated with
the positive (resp. negative) subgroup Gi.

Remark 3.8 The SO(4)=SU(2)x41;SU(2)—action on S3 = H U {oo} is given by
[er,e_]-x =eyxe”l, xe83 [ey,e_]eSp(l) X¢+13 Sp(1).

Note that we have an identification H> x =z 4+ jw — (z,w) € C & C, so that Sp(1)
is identified with SU(2) under the left multiplication. If G = Z,, C U(1) C Sp(1) C
Sp(1) x¢413 {£1}, where U(1) = {e!? |0 e R} and [ey,e_] =[¢, 1] € G, then

1] x =8z + jw) =z +j¢ w.

On the other hand, the orientation 0(C?) induced from the standard one o(C) = 1 A i
is opposite to the orientation o(H) = 1Ai A j Ak of

H=R+Ri+Rj+Rk=Cq ,;C =~C?,

so that 1: C?2 3 (z,w) — z + jw € H gives the orientation-preserving diffeomorphism
and

ot 1oz, w) = ¢z, ¢w),
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implying S3/G = L(m, 1) is positive. Similarly if G = Z,, C U(1) C Sp(l) C
{£1} x¢+13Sp(1) and [e4,e—] =[1,{] € G then

(L x=(C+jw =2+ w
and

(o[l glon)(zow) = (C7'z, Cw),

so that S3/G = L(m,—1) is negative.

The following proposition is a key to studying behaviors of flat connections after the
“sliding ends” phenomenon:

Proposition 3.9 (see [16, Lemma 5.3]) Let G be a finite group acting on S3 freely.
Let (Q1,61) be a G —equivariant adapted SU(2)—bundle Q1 — R x S3 with the trivial
flat connections 01 = {Qli} over Ry x S3, cz(él, 01) = 1, and the G —action on Ql
defined by representations ozf*L: G — SU(2) with respect to the trivializations of 91i.
Suppose there exists a G —invariant instanton Ay on (Q 1,61). Then the following
properties hold:

(1) If afr =1, then S3/G is negative and ay is conjugate to the inclusion p: G —
Sp(1).

(2) If S3/G is positive and ai" is the inclusion p: G < Sp(1) then a] = ¢ and p
is conjugate to ep for some homomorphism ¢: G — {+1}.

Proof The proof is the same as in [16] for the case of G —equivariant instantons on the
G —equivariant SU(2)-bundle Ql over S* under an identification with G —equivariant
instantons on an adapted G —equivariant SU(2)-bundle (Q 1,61) over Ry x S3. Note
here that the conformal map

fiRxS> > S*=HU{oo}, f(t.y)=("y)" ",

is orientation-preserving with respect to the standard orientation o(H) = 1 A7 A j A k.
However, the map f sends the positive end R x S3 to the punctured unit ball B;—{0},
where By = {x € H | |x| < 1}, and the induced orientation on the boundary S3 = 9B,
of By C H is opposite to that of the standard orientation S3 in R x S3. On the
other hand, self-dual connections change to anti-self-dual connections if we change
the orientation of the 4-manifold. Hence, the “positivity” (resp. “negativity’’) in our
proposition coincides with that of Lemma 5.3 in [16]. a
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3.5 The virtual dimension of the moduli space

To calculate the virtual dimension of moduli spaces of instantons over 4—manifolds
with cylindrical ends, it is easier to use the addition property for indices [8, Section 3.3].
First we recall:

Definition 3.10 Let (P, ay) for kK = 1,2 be an adapted SU(2)-bundle over a 4—
manifold Xj with cylindrical ends R4 x Yj; indexed by i € I for a finite set I
containing 0 and with an identification Y9 =Y = —Y;¢ for the i = oth component,
and a fixed bundle isomorphism /: P1|R, xy,, — P2|R | x¥», such that a0 = h*a29.
For a fixed parameter 7' > 0, we define a gluing X1 #(7) X2 of X1 — ((2T, 00) x Y10)
and X, — ((2T, 00) x Y2¢) under the identification (t1, y1) ~ (t2, y2) if (t2, y2) =
T -1, y1) for (¢1, yl) € [T, 2T]XY10, (12, yz) € [T, 2T]XY20. The gluing Pl#(T) P>
is defined naturally by using the isomorphism /: Pi|R  xy;, — P2lR,xYs,- Set
ay #ax = oy Uaz —{a19,a20). Then (Py #(7) P2, a1 # az) defines an adapted
SU(Z) —bundle over X; #(T) X5.

In fact, the isomorphism class of (P1 #(7) P2, a1 #a3) does not depend on the parame-
ter T, so we omit the parameter 7" in the notation #7y of the gluing if we do not need
to specify it. Then, by additivity of indices of elliptic operators under connected sums,
we have the following:

Proposition 3.11 Let X be a Riemannian 4—manifold with cylindrical ends R+ x Y;
fori e{l,...,s+1} and b;(X) =0, b;'(X) =0, where Y1 is a rational homology
3—sphere and the Y; are spherical space forms Y; = S3/G; fori €{1,...,s}. Suppose
that Y1 is a positive spherical space form S3/G1 with |G{| = m. Let (Q, ) be an
adapted SU(2)—bundle over R x Y1 of ¢2(Q, B) = 1/m associated with the positive
subgroup G equipped with flat connections B = {f1} on each ends R x Y1, where
B+ = p1 is the inclusion p1: Gy — Sp(1) and B_ = 0. Let (Py, ) be the trivial
adapted SU(2)-bundle Py = X x SU(2) equipped with trivial connections 6 = {0;}
on each ends. If (P,a) = (Po# Q, 0#p) is the connected sum of (Py,0) and (Q, B)
along Y7 . Then we have the following properties:

(1) The virtual dimension of the moduli space M (P, «) is equal to that of M(Q, B).

(2) If (Q',B’) is an adapted SU(2)-bundle over R x Y1 of ¢3(Q’, B’) =0 equipped
with flat connections 8’ = {B!,} oneach ends R xY1, where B/, corresponds to
arepresentation e: Gy — {£1} and f__ =0, andlet (P',a') = (Po#Q’,0#p')
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be the adapted bundle obtained by the connected sum of (Pg, ) and (Q’, ')
along Yy, then the virtual dimension of the moduli space M(P’,a’) is equal
to 3.

(3) If Y; =S3/G; is anegative spherical space form with |G;| =|G1| for some i # 1
andlet (Q"”, B”) be an adapted SU(2)—bundle over RxY; of c2(Q”,8")=1/m
associated with a negative subgroup G; equipped with flat connections " =
{B.} oneachends Ry xY;, where /[ = 6 and B’ = p; is the flat connection
corresponding to the inclusion p;: G; < Sp(1). Let (P”,a”) be an adapted
SU(2) —bundle such that the connected sum (P"# Q" ,a” #B") of (P”,a”) and
(Q”, B") along Y; is isomorphic to (P, a). Then the virtual dimension of the
moduli space M(P",a") is —dim T, , where T}, is the stabilizer of p; in the
gauge transformation group of Q”ly, .

Proof The virtual dimension of the moduli space M(P, @) is equal to the index
ind™ (P, @) of the deformation operator Dy = —d; @ d; for a connection A on
(P, o) acting on sections with positively weighted norms,

Da=—d}®d: LY (N(p)) - L7 (Nap) ® N (ap)),

which can be calculated as the index of the operator DQPS over the 4-manifold W with
boundary Y under Atiyah—Patodi—Singer boundary condition (see [8, Section 3.3.2,
Proposition 3.19]). The statements (1) and (3) follows from the addition formula for
indices under the connected sum (P, ) = (P’,a’)#(Q, B) along the i component
with flat connection o] = f— and «; = B [8, Propositions 3.9 and 3.10],

ind™ (P, @) = ind™ (P',&') +ind*(Q, B) +dim T,

where F"‘f is the stabilizer of &} in the gauge transformation group of P |y, . For the state-
ment (2), we now apply (1) to see ind™ (P’, &’) =ind*(Q’, ), and ind* (Q’, B’) =—3
follows from Proposition 2.6 of [18] by noting that p(Y;,0) = 0 and p(Y1,¢) =0
since ¢ is a nontrivial central representation such that ade = 1. a

3.6 Chern-Simons invariants and compactness of the moduli

Instanton moduli spaces on 4—manifolds with product ends in general fail to be compact
due to either “bubbling” (when a divergent sequence of instantons has curvatures
concentrating to a point in the 4—manifold) or “sliding ends” (when the curvatures
recede to infinity along a cylindrical end). These phenomena can be controlled by
Chern—Simons invariants.
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Here we recall the definitions.

Definition 3.12 (see [15]) Let Y be a closed oriented 3—manifold, and Q — Y
be a principal SU(2)-bundle with a flat connection o on Q. Let X be an oriented
smooth 4-manifold with cylindrical ends R x (¥ U Y”) for some disjoint union Y’ of
closed oriented 3—manifolds, and (P, &) be an adapted SU(2)-bundle over X such
that (P|r, xy.d|r,xy) = (py Q. pya) for the projection py: R4 xY — Y and
(PR xy"» GlR, xy") = (R4 x Y' xSU(2), 0) for the trivial flat connection 6. Then
the Chern—Simons invariant of (Y, «) is defined to be

cs(Y,a) =cr(P, @) (mod Z).

Note that cs(Y, o) does not depend on the choice of the adapted bundle (P, &) — X as
above. In fact, if we take another (P’,&’) — X then the bundle P # P’ over X U(—X)
obtained by gluing along ends gives c2(P,&) —ca(P', &'y =co(P#P') e 7.

Definition 3.13 [18] Let Q be an SU(2)-bundle over a closed oriented 3—-manifold
Y andlet R x Q — R x Y be the pullback by the projection R x Y — Y. Let a4 be
flat connections on Q viewed as flat connection on the ends R4 x Y of the cylinder
R x Y. Then the relative Chern—Simons invariant cs(Y, @—, @+ ) is defined to be

cs(Y,a—,ay) =c2(Rx Q,{o—,a4+}) € R.
Note that cs(Y, o—, a4)—cs(Y, g*a—,ay) € Z for any g € Aut(Q), and cs(Y, —, o)
descends to a locally constant R /Z—valued function on the space R(Y, SU(2)) of all
conjugacy classes of SU(2)-representations of the fundamental group 71(Y) of Y.

Since R(Y,SU(2)) is compact, the set of all values cs(Y,y,«) (mod Z) for all flat
connections « and y on Q is finite.

Definition 3.14 [18] Let b: R/Z — (0, 1] be the obvious bijection. For a rational
homology 3—sphere Y and a flat connection o on a SU(2)-bundle Q over Y, we
define its minimum Chern—Simons invariant t(Y, o) by

(Y, @) = min{b(cs(Y, y,)) € (0, 1] | y a flat connection on Q}.
Then we have the following compactness result:

Proposition 3.15 Let X be a 4—manifold with cylindrical ends Ry x Y; fori € I
and (P, o) be an adapted SU(2)-bundle over X with

0<cz(P,oz)=e=min{r(Y,~,ozi)|i61}5%.
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Suppose that H'(Y;;ady) = {0} for any flat SU(2)—connection y over each compo-
nent Y; with cs(Y;,y) =€ (mod Z). Fix a Riemannian metric on X with product ends.
Let MP (P, ) be the moduli space of o—instantons A on (P, «), that is, connections
A satisfying the equation F;” + o(A) =0, where o: A(P,a) — L12’8 (N (gp)) isa
smooth perturbation such that

2 2
(1) ”O(A)”LZ(X) <47T €,
(2) there exists a compact set Q C W = X — [ [; (R4 x Y;) such that

(a) suppo(A) C Q2 forall Ae A(P,«), and
—0i 2 2
(b) o(A)=0if ||FA||L2(Q)>47T .

Then, for any sequence {[A,]} in M (P, ), there exists a subsequence {n'} of {n}
and a sequence of gauge transformations {g,’} such that one of the following holds:

(1) {g; An} converges to a o —instanton A" on the bundle (P,a) over X in C\% -
topology.

(2) {g, Aw} converges to a o —instanton A’ on a limiting adapted bundle (P’,a)
over X in CJ—topology, and there exists a unique i € I and a sequence
{Tw} with T,y > 0 and lim,/_,o Ty = 400 such that the sequence of the
pullback connections {c;n/ (g, An’|RxY;)} by the translation cr,, with T,
over [—T,s, 00) xY; converges to an instanton B on an adapted bundle (Q}, B})
over the cylinder R x Y; in C° —topology such that

c2(P,a') =0, (0.8 =¢,
where
a; =a; for j#i, o =B, ,Bl{+=a,~.
Proof Each term of the sequence of o—instanton {[4,]} C M (P, «) satisfies the
perturbed equation F AJ; + 0(A,) = 0. Since the support of the perturbation o is
contained in a compact subset 2 C W away from the cylindrical ends R4 x Y;, we
see as in the proof of Theorem 5.4 in [8] that the sequence {[A,]} has a weak chain
convergent subsequence. By the condition |0 (A4) ||i2 < 47%¢, we have

| Fa, 117> =872 +2[|0(An)l|7 > < 8w +2- 4% = 2-8n%¢ < 872,

and since o(A) = 0 for those connections A with ”FA”i2(9) > 472, we see that
the perturbation term vanishes for connections with the energy concentrating on €2.
Therefore, we can apply Uhlenbeck’s removable singularity theorem [34] to see that
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the bubbling does not occur. Since t(Y;,®;) > € for all i € I, the sequence has a
chain-convergent subsequence [8, Section 5.1] with a limit given by 7 —instanton A’
on a limiting adapted bundle (P’, @) with limy—c0 |0(An) |12 = |l0(A)] 12 < 472
and at most “one-term chain” from ozl’. to a; with 7(Y;, ;) = € over some R x Y;
(possibly empty). If the limit has a one-term chain, an instanton B/ is formed on some
limiting bundle (Q/, B}) over R xY; with ] =« and ﬂl’-+ = ; and satisfies the
conservation of the topological charge

e =ca(P,a) = c2(P', &)+ ¢2(0;, B]) = c2(P', ) + ¢,
so that c2(P’, @’) = 0, which corresponds to (2). The other cases correspond to (1). O
3.7 Perturbation on ends of the moduli space

In the following discussion, we need a perturbation which works even after bubbling
or sliding ends occur. In [7], Donaldson used a holonomy of the connections to perturb
(holonomy perturbation) the moduli space of flat connections after bubbling to prove
his Theorem A for smooth negative-definite 4—manifolds with nontrivial fundamental
groups. Here we use a variant of the formulation given by Kronheimer in [23]. It is
easier in our case since we know that the bubbling does not occur.

Let X be a 4-manifold with cylindrical ends Ry x ¥; for i € I and (P’,a’) be an
adapted SU(2)-bundle over X. Fix a Riemannian metric on X with product ends. Let
B be a smooth embedded ball in X and ¢: S! x B — X be a smooth submersion with
g(l,x)=xforallxe B. Letw € Qi(X) be a self-dual 2—form with suppw C B. For
a smooth connection 4 in P’ — X, we denote by Holy, (A) € Aut(Py) the holonomy
of A around the loop ¢: S' — X given by gx(z) =¢(z, x). Then we have a holonomy
map Hol,(A): B — T'(glp/|p). where glp, = P’ xaq gl, with Ad(g)a = gag~! for
g € SU(2) and a € gl,, and define @ ® Hol,(A) € Qi(g[z) by extending by zero.

Let ¥: glpr — sup, = gp/ be the orthogonal bundle projection and p,: R — [0, 1] be
a smooth cut-off function satisfying p,, (x) =0 for |x| < u, pu(x) =1 for |x| >2u
with 0 < [p}, (x)| < 1/ for some fixed sufficiently small u which we specify later, in
the proof of Proposition 3.16. Let v/,,: glp, — gp/ be the adjoint equivariant cut-off
of the map v,

Vu(g) = pu(|¥(g)¥(g) for g €glp/,

and denote the induced maps by v, ¥,.: I'(glp/|p) — I'(gp/|B), respectively. Now
define
Viio(4) = © ® (¥, 0 Holg(4)) € Q% (gp1).
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Then, taking / > 2, the map Vq‘f » extends to a smooth map of Hilbert manifolds
(see [23])
6 (A2
Vitar Aza(Pl) — L7 (R, (@),

For the reference smooth connection Ag there are constants K, depending only on ¢,
Ao and the cut-off function p,, such that the n'" derivative

N NUN! 8 A2
D"Vt la: L (N (@p)" — L7 (Ni(ap)
satisfies

n
ID"VE latar, ... .an)ll 25 < Knllollcr [ laill 2 -
1,Ag i=1 1,Ag

which follows from Proposition 7 in [23] since Vq’f w(A) and D" Vq’f |4 are compactly
supported in supp w, and le,s —norm and le—norm are equivalent on supp .

N

v=1°

Let 71 = ({By,qv, 0y, &} W) be a finite collection consisting of
(1) a 4-ball B, in X, a submersion ¢,: S! x B, — X,

(2) a self-dual 2—form w, € Q3 (X) with suppw, C By,

(3) coefficients &, € R, and

(4) a cut-off parameter u > 0.

Then we call 7 a perturbation data and define a smooth map of Hilbert manifolds
N
Var APy = LT (Ri(ap). A Va(A) =Y eV, (A).
v=1

The perturbed moduli space M™(P’, ") with perturbation data 7 is defined to be
M*(P' o'y ={A e AP, &) | F + Vz(4) =0}/G(P.&).

Now we have the following:

Proposition 3.16 Let P’ be a finite set of nontrivial adapted bundles (P’,a’) with

c2(P’,a’) = 0 over a 4—manifold X with cylindrical ends. Suppose there is no

reducible connection in the bundle (P’,«') and ind™ (P’, ) <0 for all (P',a’) € P".
Then there exists a perturbation data w = ({ By, qy, 0y, 8,,}11)\;1, W) such that

Mn(P/,O(/) -

for all (P',a’) € P’. If there is no reducible flat connection on the trivial bundle
(X xSU(2), 8p) except for the trivial flat connection 6 then M™ (X xSU(2), 6p) ={[0]}.
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Proof The proof is essentially the same as that of Proposition 2.6 in [7]. Since the
second homology Hj of the Atiyah—Hitchin—Singer complex is finite-dimensional for
each flat connection A, we can take a finite number of mutually disjoint embeddings
qv: S 1« B, — X and self-dual 2—forms w, with support inside 4-balls B,, such that
{wy ® (¥ oHoly, (A))}» span the space Hj for each irreducible flat connection A4,
where {: glp, — sup- is the adjoint equivariant map defined above. Since the space of
all flat connections is compact and the trivial flat connection is isolated for b1 (X) =0
and b; (X) =0, the irreducible part V' is compact. Then we can take a finite collection
{wy ® (Y oHoly, (A4))}v to span Hj for all irreducible A, so that there is no solution on
an open neighborhood U of V' in B(P, «). Note that the Uhlenbeck compactness [35]
holds with small holonomy perturbation due to the fact that (i) there exist constants
g0 > 0 and C > 0 such that for any sufficiently small ball B, centered at each point x
such that [|F4ll2p,) < €0, there exists a connection matrix A with respect to a
trivialization such that d*A = 0 and

14250 < ClFall2ca,).
and (ii) for each s > 2, there exists a polynomial Rs(Z, W) € R[Z, W] and an interior

domain x € Ds € By such that if ||g||L%(Bx) < g1 and |e| := max{|e,|} then

”’Z”L%(DS) < Rs(e1.|e]).
Now take © > 0 to be
1= 1 min{ mgl |y oHolg, . (A)||ve{l,....N}, [Ale M*(P',d), (P'.a') e P'}.
xXe€B, !
Note also that the trivial flat connection is the isolated solution during the holonomy
perturbation. Then we see that there is no solution outside U for sufficiently small

perturbations. Now by definition of . we have v, o Hol,, (A4) = ¥ o Holy, (A4) for
[A] € M*(P’,a’) and the perturbation V}; has the required properties. O

Then, by using Propositions 3.15 and 3.16, we obtain:

Proposition 3.17 Let X be a 4—-manifold with cylindrical ends Ry xY; fori € I.
Let (P, ) be an adapted SU(2)—bundle over X with

0<ca(Poa) =e=min{r(Yi, o) |i €I} < 3.

Let P’ be the finite set of all possible limiting adapted SU(2)—bundles (P’,«’) over
X which come from (P, «) satistying

(1) c2(Pa') =0,
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(2) indt(P’,a') <0,
(3) there is no reducible instantons on (P’,a’), that is, Meq(P', ') = &.

Then there exists a holonomy perturbation
Va: AP.a) — LT (N (gp)),  Va(A) = Z po(Aen Vi o, (A).

with perturbation data w1 = ({By, qv, ®y, &y }v=1,... N, 4) satistying q, (S x B,)N
RyxY))=@ foralliel, ve{l,...,N} and G(P,a)-invariant smooth functions

pv: A(P,a) >R forve{l,...,N}

such that M™(P’, ') = & for all adapted bundle (P’,a’) € P’ and if (X x SU(2), 0)
admits no nontrivial reducible flat connection then M™ (X x SU(2), 6) = {[6]}.

Proof By Proposition 3.16, we can take a perturbation 7 = ({By, ¢y, @y, &y}, 1) SO
that M™(P’, o) = & forall (P’,a’) € P’ and if (X x SU(2), #) admits no reducible
flat connection then M7 (X xSU(2), ) = {[f]}. Here, by taking B, sufficiently small
and gx: S' x {x} — X in general position, we may assume ¢,,(S! x B,,) are inside
W =X —]];e; (R xY;) and they are all disjoint and take A > 0 to be less than a
half of the distances between them. Then we can take a A—neighborhood U, of the
image ¢,(S! x B,) and set a G(P, a)—invariant function

Ev) = g [ 100 P ol ()

to define a G(P, o)—invariant smooth map p,: A(P,o) — R by composing with a
smooth cut-off function. Then the assertion follows from Propositions 3.16 and 3.15. O

3.8 Taubes’ gluing instantons

In our discussion, it is crucial to construct an end of the instanton moduli space and in
particular the moduli space need to be nonempty. We use a result of Taubes concerning
gluing of instantons.

Let (Py,ar) for k = 1,2 be an adapted SU(2)-bundle over a 4—manifold X; with
cylindrical ends R4 x Yg; indexed by i € I} for a finite set I containing 0 and with
an identification Y9 = Y = —Y»q for the i = 0™ component, and a fixed bundle
isomorphism /: P1|R, xy;, = P2|RxY», such that a9 = h*az. Let Ay be an
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instanton on ( Py, ay). For a fixed parameter T > 0, we defined an adapted SU(2)-
bundle (Py#(1) P2, a1#az) over the glued 4—manifold X7 #(7) X» in Definition 3.10.
fXi=X= WU]_L—(R+XY1,‘) and Xo =R XY, oy = {an9, 221} then Xl#(T)XZ =
X #) (RxY) is diffeomorphic to X1 = X. Now we identify Q11 = Q21, a11 =21
and R X Q21 = P> using the parallel translation, Py #(7) P> is isomorphic to P and
ar#tay = (a1 —{a10}) U{az1}. Therefore, we have an isomorphism as adapted bundles

(P1#() P2, a1 #az) = (P1, (01 —{a10}) U{aar}).

Fix a Riemannian metric on X for k = 1,2 with product ends. Let M’(P;,a2) be
the (translation-)reduced moduli space, that is, the moduli space of instantons A on
the adapted SU(2)-bundle (P5,®2) over R x Y with the center of mass zero,

00
/ [|FA|2VOIR><Y =0,

—0o0
so that M (P2, a2) = R x M'(P2,az) under the identification (¢, A) — c; A using
translation ¢, by . We denote by Iy, the stabilizer of «1¢ in the gauge transformation
group of Pyly,,, and let M (Py, o) be the framed moduli space of instantons on
(Pg, o) with respect to the stabilizer Iy, so that M( Py, ox)/ Toyo = M(Py,ax).
Then Taubes’ gluing result is the following:

Theorem 3.18 (see [8, Section4.4]) Let Ay be an instanton on (Py,ay) fork =1,2,
N C M(Py, o) a precompact neighborhood around [Ay] whose closure consists of
irreducible and regular points and ]Vk = p,:l (Ny) the inverse image of the projection
Pk: M(Px,ag) = M(Py,ar) = M(Pk,ak)/ T, Then there exists a map

TT! E = Nl XF&]O ﬁz —> M(Pl #(T) P2,0l1 #0[2)

which is a diffeomorphism onto a neighborhood of the moduli space of instantons on
the adapted bundle (P1 #(1) P2, a1 #a2) over the gluing X1 #(7y X2 for sufficiently
large T > 0.

In particular, if X2 =R xY>, then (P1#(7) P2, a1#02) = (P1, (@1 —{a10}) Uiaz1}).
Let Ny C M'(P2,a2) be a precompact neighborhood around [A;] whose closure
consists of irreducible and regular points and N = )23 ! (N5) be the inverse image of
the projection p»: M/(Pz, az) > M (P2, a3) = /Q,(Pz, a2)/ T, and suppose N
is isolated and regular in M(P1, 1) ; then

v E = Nixr,,, Ny x (T,00) > M(Py, (@1 — {a10}) U a1 })

gives a diffeomorphism onto an end of the moduli space for sufficiently large T > 0.
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Proof This is now a standard result and follows by taking the function spaces with
l>2,

U= le,_sl (/\2+ (gP#m))’ V= L?’S((AO & /\1)(9P#<T)))

in the proof of Theorem 4.17 in [8] and an argument for gluing reducible instantons [8,
Section 4.4.1; 9, Theorem 7.2.62]. O

We apply Theorem 3.18 to show:

Theorem 3.19 Suppose [ > 2. Let X be a Riemannian 4—manifold with cylindrical
ends Ry xY; fori € I having the following properties:

(1) b1(X)=0and b, (X)=0,
(2) ix: H1(Y;Z) — H1(X;Z) is surjective, where i: Y = [[;c; Yi — X is the
inclusion,

(3) all Y; are rational homology 3—spheres and Y1 = S3 /G is positive.

Let (P, o) be the adapted bundle obtained by gluing of the trivial bundle (X xSU(2), 6)
over X and the adapted bundle (Q, ) over Rx Y1 of c2(Q, B) = 1/m associated with
the positive subgroup G1 of SO(4) = Sp(1) X413 Sp(1) with B— = 0 and B+ = py
along Y1, where py corresponds to the inclusion py: G1 < Sp(1). Let

Vi AP a) — L5 (N (ap))

be a holonomy perturbation with perturbation data m = ({ By, ¢y, ®y, &y}, |t) such that
the perturbed moduli space M™ (X xSU(2), 6y) consists only of the gauge equivalence
class [0] of the trivial flat connection 8 on X x SU(2). Then the perturbed moduli
space M™ (P, «a) of the bundle (P, «) has at least one end component.

Proof Note that the trivial flat connection 6 over rational homology 3—sphere Y;
is non-degenerate, H'!(Y;,adg) = {0}. Since H! = H'(X;R) ® g = {0} and
H92 = H_% (X;R) ® g = {0}, the moduli space M(X x SU(2), 6p) has an isolated
point [f] corresponding to the gauge equivalence class of the trivial flat connection
6 on X x SU(2) and [f] is a regular point. Now the set of all reducible instantons
Mied(X x SU(2), 6p) has a one-to-one correspondence with the set

{ € Hom(H:1(X: Z), U(1)) | g0 (ij) =0 for j € I}/ 4z,

where ij: Y; < X is the inclusion. Since ix: H1(Y;Z) — H1(X;Z) is surjective we
see that Meq(X x SU(2), 6p) = {[0]}. Note that the virtual dimension of the moduli
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space M(X x SU(2), 6p) is
virdim M(X x SU(2), fp) = —3(1 — b1 (X) + b (X)) = -3 <0.

Let 7 = ({ By, qv, 0y, en v 1) be a perturbation data such that the perturbed moduli

vl’

space M”™ (X x SU(2), 6p) with respect to the holonomy perturbation
,8
Vet A(P.a) > L7 (N (ap))

consists only of the gauge equivalence class [0] of trivial flat connection 6. Let us de-
note A, 2.8 (P, ®) simply by A, and so on. Let Hol,(A4) € le(g[P |B) be the holonomy
functlon over B of an L 5 _connection A along the family of loops ¢: S! x B — X.
Since Lz’loc c CO, Holq (A) is continuous on B, so that we have definite values
(Holy(A))(x) for each x € B, which we denote by Hol,, (4). Let f;: A— R be the
G—invariant continuous function

Jq(A) = max|y o Holg, (4)].

We denote the induced map f;: B = A/G — R by the same symbol by abuse of
notation. Let U be an open set in B defined by

N
U= f7, (=00, w)).
v=1
Let B be the space of gauge equivalence classes of framed connections on (P, o) with
respect to Fal = Iy and p: B—B=8B / I'y be the basepomt ﬁbratlon and take the
intersection N; of the open set U= p~Y(U) in B, and let M (X xSU(2), 8p) be
the perturbed framed moduli space.

Since Vz(A) =0 for [A] € U, N is equal to the intersection of U and the unperturbed
framed moduli space /Q(X x SU(2), 6p) consisting only of the SU(2)—conjugate orbit
of the trivial flat connection @, the fiber p~1([6]) is a single point {[#]} and hence

Ny =T nM" (X xSU(2), 60) = U N M(X xSU(Q2), 6) = {[0]}.

On the other hand, the moduli space M(Q, B) of the adapted bundle (Q, B) over RxY;
of ¢2(Q, B) = 1/m associated with the positive subgroup G; with f_ =6 and B4+ =p
which corresponds to the standard representation p: G — SU(2) is diffeomorphic to
the moduli space /\/t(Q’)G1 of G—invariant instantons on a G1—equivariant SU(2)—
bundle Q over S* and hence is diffeomorphic to R and the corresponding reduced
moduli space is a point, M'(Q, ) = {pt}. Note that all instantons on (Q, f) are
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irreducible. The space M(Q, B) is regular; see Proposition 3.5. Since the point in
M’ (Q, B) is irreducible, its framed moduli space /W(Q, B) is SU(2), so that we may
take its precompact neighborhood ]VZ/ to be MI(Q, B) itself. Now the stabilizer of the
flat connection 6 is Iy = SU(2). Then, by Theorem 4.17 in [8] and the argument for
the reducible case [8, Section 4.4.1], the Taubes’ gluing map

T E = N1 x, Ny x (T, 00) = U NM((X xSUQ)#Q,0p# ) = U NM"(P,a)

gives a diffeomorphism onto an end of the perturbed moduli space M™ (P, @) of 7—
instantons contained in U for a sufficiently long “neck” 7" > 0. Then the assertion
follows from the diffeomorphism

E = Ny xr, Ny x (T, 00) = {[0]} xr, M (Q, B) x (T, o0)

~ {[6]} x M (Q, B)/ Ty x (T, o0)
~ {[6]} x SU(2)/SU(2) x (T, 00) = (T, 00). O

4 Main theorem

In this section, we state and prove Theorem 4.1 by using the preliminary result of
Donaldson theory discussed in the previous section.

4.1 Statement of the main theorem

Our theorem is stated with condition only on the homology groups without referring to
the fundamental groups itself, which is our major deviation from a theorem in [16].

Theorem 4.1 Let X be an oriented smooth 4—manifold with cylindrical ends R  xY;
forie{l,...,s+t}, where Y; fori €{l,...,s} are spherical space forms Y; =~ S3/G,-
and Ygyp = Xy fork € {1,...,t} are rational homology 3—spheres. Suppose that X
satisfies the following conditions:

() b1(X)=0,b5(X)=0.
(2) Cok(Hy(Y:Z)— Hi(X:Z))={0} and Y = [[}2} ¥;.

Set m = max{|G;||i € {l,...,s}}. Then there exists a positive constant N(X) > 0,
depending only on ¥ = ]_[,i:1 Y, such that if m > N(X) the following property
holds: Let Y7 be a positive spherical space form satistying the following conditions:

(D) |Gi|=m.
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2

3)

If G is cyclic, then we assume that

1
K :#{e e H*(X) ( e? = G ife=xe(Lp). ife=0forj # 1}/{11}

is even, where ij: Y; < X is the inclusion and L, = S3 xg, S! — Y1 is the
S _bundle associated with the inclusion p: G < S! C SU(2).
The intersection of the images of the two maps

Hom(H(X:Z),S') - Hom(Gy, S1),

Hom(G;/Ni,{£1}) - Hom(G1, S!)

is {1}, where Ny is the normal subgroup of G| generated by elements g € G
of ordg # 4.

Then there exists a negative spherical space form Y; with i # 1 such that the following

holds:

(1

2)

|Gi| = m and there exists a representation
X m1(X, x0) > SU(2)

such that the induced map y o (i;)«: G; — SU(2) is conjugate to the inclusion
homomorphism G; — SU(2) if j € {1,i} and is the trivial homomorphism
G; — {1} forany j ¢ {1,i}, where (i;)«: m1(Y}, y;) = m1(X, xo) is induced
by the inclusion ij: Y; < X and a path from y; € Y; to xo € X.

Ifall G; with |G;| = m are cyclic, then G; = Z,, and there exists a character
x Hi(X:;Z) — U(1)

such that the induced map x o (ij)«: G; — U(1) is the inclusion Z,, < U(1)
up to complex conjugation for j € {1,i} and is trivial G; — {1} for j ¢ {1,i},
where (ij)«: H1(Y;;Z) — Hi(X;Z) is induced by the inclusion i;: Y; — X.

Remark 4.2 The condition (3) for the group G in Theorem 4.1 is automatically

satisfied if G is not isomorphic to Z4 or to any binary dihedral groups [16, Lemma 2.1;
14, Section 6].

Remark 4.3 The author does not know whether the character y o (i;)«: G; — U(1)

for j € {1,i} in the statement of Theorem 4.1 is equal to the inclusion G; C U(1)

itself or its complex conjugate.
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Proof of Theorem 1.2 The lens space L(a,b) is a special case of the spherical
space form S3/G for G = Z, and, in particular, L(m, 1) (resp. L(m,—1) is the
positive (resp. negative) spherical space form as in Remark 3.8. Then m # 4 implies
G1/Ny = {1} in the statement of Theorem 4.1. By the assumption that ¥ = 0 is even,
the assertion follows from Theorem 4.1. a

Example 44 Let Y = L(m,1) and (K,—m) be the trivial knot K in S3 with
framing —m, so that the (—m)-Dehn surgery along K is ¥ = y_,;,(K), and W =
B*U (D? x D?) be the compact oriented 4—manifold obtained by attaching 2—handle
D? x D? along K with framing —m. Then W is a simply connected negative-
definite 4—manifold such that ix: H (Y ;Z) = Z,, — H1(W;Z) = {0} is surjective.
On the other hand, H,(W;Z) is generated by the 2—sphere S obtained by gluing
a properly embedded disk in B* with boundary K and the core of the 2—handle
{0} x D2 C D?x D?. Then, by taking the disk D in D? x D? with boundary 3D =
the meridian loop of K, the rational intersection pairing is D ¢ D = —1/m and we
have

k=#aD e Hy(W,Y;Z)|(@D)e(aD)=—1/m, 0«(aD) = £u}/{+1}
=#aecZ|a’>=1,a=+l (modm)}/{£1}=1.

Since « is odd, we cannot apply Theorem 4.1.

Example 4.5 Let Y = L(m,—1) = L(m,m —1) and (L,m) = J";'(Li, —2) be
a linear chain of m — 1 components of trivial knots L; for i € {1,...,m — 1} of
framing —2 and with linking number 1k(L;, L;+1) =1 fori € {1,...,m —2}, so
that the corresponding Dehn surgery is ¥ = y,;(L). Now denote V; = D? x D? and
let W = B*U ]_[;”;11 V; be the compact oriented 4—manifold obtained by attaching
2-handles V; along L; to the 4-ball B* with framing —2 for i € {1,...,m —1}.
Then W is a simply connected negative-definite 4—manifold such that ix: H1(Y;Z) =
Zm — H1(W;Z) = 0 is surjective. On the other hand, H,(W;Z) is generated by
the 2—spheres S; for i € {1,...,m — 1} obtained by gluing a properly embedded disk
in B* with boundary L; and the core of the 2—handle {0} x D?> C V; = D? x D2.
Then, by taking the disk D; in V; = D? x D? with boundary dD; = j; the meridian
loop of L;, the rational intersection pairing

Hy(W,Y;Z)x Hy(W,Y;Z) —> Q

is given by (D; » Dj) = Q(W)™1, where Q(W) = (S; » S;) is the intersection matrix
of W.
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In particular, if m = 3 for example, then
1( -2 —1

2__1
c=#)aDi+bDy e HyW,v:z)| GP1H PP =S }/{il}

and we have

«(@Dy +bDs) =+,
=#{(a,b) € Z*|2(a*+ab+b*) =1, a+2b=+1 (modm)}/{£1} = 0.

Here, we cannot apply Theorem 4.1 despite k being even because L(m,—1) is not
positive.

4.2 Proof of the main theorem

In this section we give a proof of Theorem 4.1. Let (P, o) be the adapted SU(2)-bundle
over X obtained by gluing the trivial adapted bundle (X x SU(2), 8y) over X and the
adapted bundle (Q, B) over R x Y defined in Definition 3.3 of ¢»(Q, ) = 1/|Gq|
associated with the positive subgroup G of SO(4) = SU(2) x¢41; SU(2) and with
B ={B+}, where f_ = 6 and B4+ = «; along Y7, where o is the flat connection
over Y; corresponding to the inclusion p: G <> SU(2) defined in Definition 3.7. Then
c2(P,a) =c2(Q,B) =1/|Gy|. Note that H'(Y;ad y) = {0} for any flat connection y
over any spherical space form Y and H!(Yy;ad 8) = {0} for the trivial flat connection @
over any Q-homology 3—sphere Yp. Fix a Riemannian metric g on X with product
ends g(0,00)xY; = dt® + gy; - Let M(P, ) be the moduli space of instantons on P,

M(P, ) ={A € A(P,a) | Ff =0}/G(P, ).

The proof of Theorem 4.1 consists of a somewhat lengthy chain of lemmas. Here we
sketch the main steps of the proof as follows:

(1) The moduli space M (P, &) has virtual dimension one and the number of reducible
instantons is even (Lemma 4.6).

(2) We construct a holonomy perturbation 7 to obtain the perturbed moduli space
M™(P,a) such that the irreducible part of the moduli spaces M (P’,a’) of the
limiting flat bundles (P’,@’) < (P, «a) with virtual dimension negative are all empty
except for the trivial one, (X x SU(2), 8p). Taubes’ gluing construction works in our
setting to see there is at least one end component of M”™ (P, «).

(3) Take a sequence {[A,]} in M (P,«). Since the energy of m—instantons on
(P, ) is nearly 1/m no bubbling occurs and the series converges on (P, ) or chain
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convergent to a w —instanton [A’] on some limiting flat adapted bundle (P’,«’) and a
genuine instanton [B/] with energy 1/m on a limiting bundle (Q;, B) over R x Y;
for one i € {l1,...,s} (sliding end).

(4) Ifi # 1 then we see Y; must be the negative spherical space form ¥; = §3/G; with
|G;| = m and the flat connection ¢; = 6; changes in the limit to the one corresponding
to the standard inclusion p;: G; < Sp(1) and the virtual dimension of the moduli
space of the limiting bundle (P’,«’) is —dim I, . In particular, if G; is cyclic then
—dim Iy, = —1. On the other hand, if i = 1 then o1 = p changes to the flat connection
corresponding to the representation conjugate to &: Gy < {=£1}. In this case the virtual
dimension of the moduli space of the limiting bundle (P’, @’) is —3 and so that & must
be trivial by assumption and the perturbation 7. Then we see that the limiting bundle
must be trivial (P’,a) = (X x SU(2), 6p) (Lemmas 4.7, 4.8 and 4.9).

(5) Suppose there is no choice of the limiting bundle (P’,a’) < (P, «) except for the
trivial one, (X x SU(2), 6p). Then perturbing compact part of M”™ (P, ), we obtain
a smooth 1-manifold M”™+? (P, a) with even number of boundary points and with
one end, which is impossible. Hence, there exists a nontrivial limiting flat bundle
(P’, &) corresponding to the representation y: 71(X, xo) — Sp(1) in the statement of
Theorem 4.1. If all G; with |G| =m are cyclic then we use the proof by contradiction
above to see there exists some limiting flat bundle (P’, ") with nontrivial reducible
flat connection corresponding to the character y: Hi(X;Z) — S! we are looking for
(Lemmas 4.10 and 4.11).

Now we start the proof with the following:

Lemma 4.6 The moduli space M (P, «) has virtual dimension one and the number k
of reducible instantons is even.

Proof By Proposition 3.11(1), the virtual dimension of the moduli space M (P, @) is
equal to 1. If Gy is cyclic, then the inclusion G; < Sp(1) comes from the reducible
one, p: G; — S 1 "and all other flat connections «; are the trivial one. Hence, by
Proposition 3.1 there is a one-to-one correspondence between the set Mieq(P, ) C
M(P, ) of all reducible instantons on (P, ) and the set

C(P.a) = {e e HA(xX;2)| 2 = — L iT¢ = FelLo). }/{:I:l},

G| ife=0 for j #1

where i;: Y; < X is the inclusion and L, = S3 Xp S1 — Y;. On the other hand, if
G1 C Sp(1) is not cyclic then there is no reducible instanton, Meq(P, ) = &. O
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Take any positive constant N(X) >0 satisfying 1/N(X) <min{t(Z,0)|k€{l,...,t}}.
Then, for any m = |G| = max{|G; |} > N(X) the adapted SU(2)-bundle (P, o) over X
satisfies

0<ca(Poa)=1/m=min{t(Y;,;) |i €{l,....s+1}} < 3.

Note that (Y4, 51x) # 1/m for k € {1,...,t}. Let R(Y,SU(2)) be the space of
all conjugacy classes of SU(2) representations of the fundamental group 71(Y). Now
Y; =S3/G; are spherical space form for i € {1, ..., s} and hence #R(Y;, SU(2)) <|G;|
is finite. Let Py be the set of all adapted bundles (P’,«’) over X satisfying

(1) c2(P',0’) =0,
(2) indt(P’,a') <0,
(3) there are no reducible instantons on (P’, '), thatis, M q(P’,a') = &, and

@) o, =0forkell,... 1}

By (1), c2(P’,a’) = 0, the isomorphism class of adapted SU(2)-bundles (P’,a’) €
Po with given flat limit «’ is unique. By (4), a;+k =0 for k € {1,...,t} and
#R(Y;,SU(2)) is finite for i € {1, ..., s}, so there are only finitely many possibilities
for a}, so that the set Py is finite. Then take a holonomy perturbation with perturbation
data 7 = ({By, qv,wy, &y}, ) as in Proposition 3.17 applied to the case P’ = Py and
e=1/m.

Let {[A,]} be a sequence in M”™ (P, «). Then Proposition 3.15 applied to the case
€ = 1/m implies that, by taking gauge transformation if necessary, 4, converges to a
m—instanton A’ on the original bundle (P, «) or converges to a w—instanton A" on
a limiting bundle (P’,«’) over X with an instanton B; formed on a limiting bundle
(Q:.B;) over RxY; forone i €{l,...,s} satisfying

1
c2(P',a')=0, 205,80 = o
where

. . - +
a}zaj for j #1i, o =B; B =ai.

Now if an adapted SU(2)-bundle (P’, ) over X is isomorphic to a limiting bundle
after “bubbling” or “sliding end” of a sequence {[A,]} of instantons on a bundle (P, «)
over X with ¢cp(P’,a’) < ¢2(P,a) then we denote (P, a’) < (P, ).

Then, by Proposition 3.11, we have virdim M(P’,a’) < 0, as follows:
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Lemma 4.7 Let (P’,a’) < (P,a) be the limiting flat bundle. Then either one of the
following holds:

(1) There exists i ¢ {l1,s+1,...,s 4t} such that Y; must be negative and the flat
connection o, corresponds to a representation conjugate to the standard inclusion
pi: Gi = Sp(l) and a; =1 forall k #1i, and

virdim M(P', ') = —dim I, .
In particular, if G; is cyclic then virdim M(P’,a’) = —1 < 0.

(2) The flat connection o} corresponds to a representation conjugate to a representa-
tion &: Gy — {*1} and &(g) =1 forall g € Gy withordg # 4 and a; =1
for k # 1, and in this case virdim M(P’,a’) = -3 < 0.

Proof Let B/ be a limiting instanton formed on a limiting adapted SU(2)—bundle
(Q!, B}) over R x S§3/G; with

c2(0;. B)) =1/1Gi| = 1/|Gul.

which corresponds to a G;—invariant instanton B’ on a G;—equivariant pr1n01pal
SU(2)—bundle Q’ Qo over R x §3 associated with some G;—action on QO given
by ,81’ - G; — Sp(1).

Ifi ¢{l,s+1,...,s+¢} then, by definition of the adapted bundle (P, «) at Y;, we
have ,Blf+ =1 and, by Proposition 3.9, Y; is negative,

Gi C {1} x¢413 Sp(1) C Sp(1) x¢413 Sp(1)

and B] is conjugate to the inclusion p;: G; < Sp(1). Then the limiting flat connection
a) on the i™ component of the limiting adapted bundle (P’,a’) is conjugate to ]~
and hence to the inclusion p; . Then, by Proposition 3.11(3), we have

virdimM(P',a’) = —dim T}, .

In particular, if G; is cyclic then p;: G; = Z,, < S! for some S! subgroup of
Sp(1) and I, = § 1 so that the moduli space of the limiting bundle (P’,a’) has
virdim M(P’,a’) = -1 < 0.

On the other hand, suppose i = 1. Since Y7 is positive,

G1 CSp(1) xgx13 {1} C Sp(1) X¢413 Sp(1)

Algebraic & Geometric Topology, Volume 19 (2019)



On negative-definite cobordisms among lens spaces and uniformization of 4—orbifolds 1871

and, by definition of (P, «) to Y7, we have ,8/1+ = p1. By Proposition 3.9, we have
B = ¢ and p; is conjugate to £p;. Now evaluate g € G and take the trace; we get

Trg =Trp1(g) = Tr(e(g)p1(g)) = Tr(e(g)g) for g € Gy.

Hence, e(g) =1 for g € G; with Tr g # 0. This condition is equivalent to the condition
that e(g) = 1 for ord g # 4. The virtual dimension of the moduli space of the limiting
bundle (P’,a’) is virdim M(P’,a’) = —3 < 0 by Proposition 3.11(2). O

Lemma 4.8 If the limiting bundle (P’,a’) < (P, a) admits no reducible flat connec-
tion and ind™ (P’,a’) <0, then (P’,a’) belongs to Py.

Proof As we mentioned before the statement of Lemma 4.7, the limiting bundle
(P’, o) satisfies c(P’, ') =0. Suppose (P’, «’) admits no reducible flat connection,
Mieq(P’, o') = @, and the virtual dimension of the moduli space M(P’, a’) is negative,
ind™ (P’,a’) <0. Since c2(P, ) = 1/m, Proposition 3.15 applied to the case € = 1/m
implies that O‘;+k =6 for Yy1p =2f fork e{l,...,t} with t(Zg,0)>1/N(2) >
1/m = c(P, «) and therefore (P, ') € Py. O

Lemma 4.9 The representation &: G; — {£1} in Lemma 4.7(2) must be trivial and
in this case (P’,a’) =~ (X x SU(2), 6p).

Proof By Lemma 4.7(2), the virtual dimension of the moduli space M(P’,a’) is
negative, ind ™ (P’, ') <0. Suppose (P’, a’) admits no reducible flat connection. Then,
by Lemma 4.8, we see that (P’,a’) € Py. Since c2(P’, ') =0 and o] € R(Y;, SU(2))
with #R(Y;, SU(2)) is finite for i € {1, ..., s} and O‘;+k =0 forke{l,... t}, wesee
Py is a finite set so that, by Proposition 3.16, we have M™(P’, o') = &. Hence, there is
no divergent sequence in M” (P, &) weakly convergent to a connection in M™ (P’, o),
which contradicts the assumption that (P’,a’) < (P, «). Therefore, (P’,«’) admits a
reducible flat connection A" over X with a] = e. Then the corresponding holonomy
representation Hol(A’) of A’ has a reduction to a circle subgroup S! of Sp(1) and
satisfies Hol(A’) o (i1)« = &, and we see that

XS Im(Hom(H1 (X),S') > Hom(G, Sl))
ﬂIm(Hom(Gl/Nl, {£1}) > Hom(Gq, Sl)) = {1},
where

N1=(g€G1 |Ol’dg7é4),

and therefore ¢ = 1. Now we know that Hol(A4") o (i)« = 1 for all j ¢ {1,i}, so
that Hol(A") oiyx = 1 for ix: H1(Y) — H{(X). Since ix: H1(Y;Z) - H{(X;Z) is
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surjective, the homomorphism H;(X;Z) — S! induced by Hol(A4’) is trivial in all
H{(X;7Z), so that the reducible flat connection A’ is trivial and therefore (P’,a’) =
(X x SU(2), 6o). O

Lemma4.10 (1) There exists a sequence of instantons on (P, o) which weakly con-

verges to some nontrivial flat SU(2)—bundle (P’, '), that is, (P’,a’) < (P, ).

(2) Ifall G; with |Gj| = m are cyclic then there exists some limiting adapted

flat SU(2)-bundle (P’,a’) < (P, ) which supports a nontrivial reducible flat
connection.

Proof (1) By Theorem 3.19 applied to the case P’ = Py and € = 1/m, the
perturbed moduli space M”™ (P, ) has one end component A" = R admitting a diver-
gent sequence weakly converging to the trivial flat connection 6 on (X x SU(2), 6p).
Suppose there is no other limiting bundle (P’, o) < (P, «) except for the trivial bundle
(X x SU(2), Hp) then the complement K = M™(P,«)\ N is compact. In fact, any
sequence in MT (P, «) has a subsequence which converges to an instanton on (P, &)
itself or weakly chain convergent to the trivial flat connection 6 on (X x SU(2), 6p)
up to gauge transformation, and for the latter case, the subsequence must have a
subsequence contained in the component N. Note that b;(X) = 0 and b; (X)=0.
Then, by Proposition 3.2, we take a perturbation o of M”™ (P, ) with support an open
neighborhood of K such that the perturbed moduli space M9 (P, ) is a smooth
1—dimensional manifold with one end and even number (= «) of boundary points and
this is impossible. Therefore, some (P’,«’) admits a nontrivial flat connection.

(2) Suppose all G; with |G| =m are cyclic, so that [, = § 1 and suppose that any
limiting bundle (P’, «’) < (P, &) admits no nontrivial reducible flat connection over X.
If (P’,a’) is not isomorphic to (X x SU(2), ), then by assumption that there is no
reducible on (P’,a’), Meq(P’,a') = @, and

ind*(P',a') = —dimT,, = -1 <0,

s0, by Lemma 4.8, we have (P’,a’) € Py, and by Proposition 3.16, M™(P’,a’) = @.
Hence, the limiting bundle (P’, «’) must be isomorphic to (X x SU(2), 6p) and the
perturbed moduli space M’ (P, «) has at most one end. Then the rest of the argument
goes as in (1) to get a contradiction, so that some limiting bundle (P’,«’) admits a
reducible nontrivial flat connection. |

Lemma4.11 (1) There exists some limiting bundle (P’,«’) < (P, «) with a non-
trivial flat connection which induces a representation y: w1(X, x9) — Sp(1)
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such that y o (ij)+ is conjugate to the inclusion G; — Sp(1) for j =1,i and is
trivial otherwise.

(2) Ifall G; with |Gj| = m are cyclic, there is a limiting bundle (P’, ") < (P, )
with a nontrivial reducible flat connection inducing a character y: Hy(X;Z) —
S such that y o (ij)« is conjugate in Sp(1) to the inclusion G; — S for
j =1,i and is trivial otherwise.

Proof (1) By Lemmas 4.10, 4.7 and 4.9, there exists a limiting bundle (P’,a’) <
(P, a) with a nontrivial flat connection A" on (P’,a’), and over each ends R4 x ¥,

the flat connection lim; oo A’ lieyxy; = cx} corresponds to the representations

aj(g) =es, where g =ley, 1] € Gy,
a/(g) =e—, where g=[l,e_]€ G,

of =1 if j#Li

Now the holonomy of A’ gives a representation y: 71 (X, xo) — Sp(1) such that the
composition y o (i)« is conjugate to the inclusion G; < Sp(1) for j € {1,i} and is
conjugate to the trivial one otherwise.

(2) Ifall G; with |G;| =m are cyclic, there is a limiting bundle (P’,a') < (P, «)
with a nontrivial reducible flat connection A" and the flat connection a} over each
ends R4 x ¥, as above. Now the holonomy representation of A’ has a reduction
to a subgroup S! of Sp(1) and hence factors through the Hurewicz homomorphism
m1(X, x0) = H{(X;Z) to give a character y: H{(X;Z)— S! such that the compo-
sition y o (i;)« is Sp(1)—conjugate to the inclusion G; < S! for j € {1,i} and is
conjugate to the trivial one otherwise. O

This completes the proof of Theorem 4.1.

5 Application to a uniformization problem of 4—orbifolds

In this section, we give an application of Theorem 4.1 to a uniformization problem of
smooth 4—orbifolds. Here we recall the notion of orbifolds. For the definitions and
basic facts concerning orbifolds see [30; 33]. A smooth orbifold (X, F) is a pair of
a Hausdorff space X and a collection F of {170{, Gy, o} consisting of an open set
ﬁa C R”, a finite group G, acting on ﬁa and a homeomorphism @y: Uy & ﬁa /Gqy
satisfying the property that {Uy} is an open covering of X which is closed under
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finite intersections and if Uy, C Upg then there exists an injective homomorphism
hgo: Go — Gg and a smooth embedding Agg: Uy — 173 equivariant with respect
to hgq which induces the inclusion Uy C Ug.

An orbifold covering map 7: (X,F) = (X, F) is a continuous map 7: X — X such
that each point x € X has a neighborhood U with a homeomorphism ¢: U ~ U /G
for some {U, G, ¢} € F and each component V; C p~1(U) admits a homeomorphism
Vit Vi l~]/G,~ for some subgroup G; C G so that {17, Gi, ¥} e F and the natural
projection U /Gi — U /G induces 7 restricted to U. If the covering transformation
group Aut(sr) of & is isomorphic to a group H then m is called an orbifold H -
covering. Suppose a (finite) group G acts on a manifold M properly discontinuously,
then M/G has a natural orbifold structure and the natural projection map 7: M —
M/ G is an orbifold covering map and M is called a (finite) uniformization of M/G.

Now Theorem 1.5 is a special case of the following:

Theorem 5.1 Let X be an oriented smooth 4—orbifold with finite isolated singu-
lar points pi,..., ps in the interior of X whose neighborhood U; of the singular
point p; is homeomorphic to the cone cY; over a spherical space form Y; = S3/G;
fori €{l,...,s} and with boundary a disjoint union of rational homology 3 —spheres
{Z k};czl . Suppose that X satisfies the following conditions:

(1) b1(X)=0 and b, (X) = 0.
(2) Cok(iz«: H1(Z;Z) — H1(X;Z)) ={0} and £ =4, Zk.

Set m = max{|G;| |i € {l,...,s}}. Then there exists a positive constant N(X) > 0,
depending only on X, such that for any m > N(X) the following property holds:

Let Uy ~ cY; be the cone over a negative spherical space form Y1 = S3/ G satisfying
the following conditions:

(1) |Gil=m.
(2) If Gy is cyclic, then we assume that

c=#lec HAX—{p}:2)| ()2 = ——— i*e = +e(L,), i§e=0}/{i1}
|G1]

is even, where ¢ is the composition
v H2(X —{p1}2) > H*(X = {p1}:Q) — H*(X: Q).

i1: Y1 < X is the inclusion and L, = S3 XG, S1 — Yy is the S'—bundle
associated with the inclusion p: G < S! C SU(2).
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(3) G is not isomorphic to Z4 or a binary dihedral group.

Then U; ~ cY; for some positive spherical space form Y; = §3/G; for i # 1 with
|Gi| = m and the following holds:

(1) There exists a smooth orbifold finite Galois covering : X — X such that
each connected component V; of w~1(U;) is homeomorphic to V; ~ C?/H;,
where H; = {e} for j € {1,i} and H; = G; otherwise, and the natural map
C2/H;j — C2?/G; induces r restricted to V; .

(2) If m1(X,x0) is generated by (ix, )#m1(Zg, zx) for k € {1,...,t} with base-
points xg € X, zx € X, where (i, )# is the homomorphism induced by the
inclusion ix, : Xy <> X, there exists h € SU(2) and a torsion-free finite-index
normal subgroup N’ of the group T generated by G1 U hG;h~! in SU(2)
and a smooth orbifold T/ N’ —covering =: X — X such that each connected
component V; of 7~ (U}) is homeomorphic to V; ~ C?/H;, where H; = {e}
for j € {1,i} and H; = G; otherwise, and the natural map C2/H; — C2/G;
induces 7 restricted to V.

(3) Ifall G; with |G;| =m are cyclic, then G; = Z, and there exists a smooth
orbifold 7, —covering m: X — X such that each connected component V; of
7n~Y(U;) is homeomorphic to V; ~ C2/H;, where H; = {e} for j € {1,i}
and Hj = Z,, otherwise, and the natural map C2/H; — C?/Z,, induces m
restricted to V.

Proof Let W be a 4-manifold obtained by removing the neighborhoods U; ~ cY; of
singular points p; for i € {l,...,s}. Then W is a compact smooth 4-manifold
with boundary Y the disjoint union of spherical space forms Y; = —S3/G; for
i e{l,...,s} and t—components of rational homology 3-spheres Ys4; = ¥; for
i €{l,...,t}. Since X is negative-definite with respect to the rational intersec-
tion pairing H,(X; Q) x H»(X; Q) — Q as a rational homology manifold, we see
H>(W;Q) =~ Hy(X; Q) and therefore W has a negative-definite intersection pairing
Hy(W;Q) x Hy(W;Q) — Q. By assumption that ixs: H{(2;Z) - H1(X;Z)
is surjective, the homomorphism iy: H{(Y;Z) — H;(W;Z) induced by inclusion
i: Y < W is surjective. Note also that by the assumption

= %#{e e HX(W:Z) | e* = —%, ife=cte(L,). ife=0if j #£1}
is even, Y1 = —S3/Gq is a positive spherical space form and m = |G| = max{|G;|} >

N(X) and G is not isomorphic to Z4 or a binary dihedral group. Then by Theorem 4.1
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we see |G;| = |G1| and ¥; = —S3/G; is a negative spherical space form for some
i # 1 and there exists a representation y: w1 (W, xo) — SU(2) such that y o (ij)« is
the inclusion p: G; — SU(2) up to SU(2)—conjugation for j € {1,i} and is trivial
otherwise, where (i;)« = (8_]),k o(ij)u: m1(Y;,y;) = m1 (W, x0) is a homomorphism
obtained by composing the isomorphism (§;)«: 71(X, xo) — m1(X, y;) induced by a
path §; from xo to y; in W and the homomorphism (i;)4: 71 (Y, y;) = m1 (W, y;)
induced from the inclusion i;: Y; < W.

(1) Now we have a representation y: m1(W, xg) — SU(2). Then we can apply an
argument in the proof of Theorem 1.5.10 in [26] due to Namba. Note that the image
I' = y(m1(W, x0)) C SU(2) C GL(2, C) is finitely generated and I'; = (y0i;4)(G;) C
SU(2) is isomorphic to G; if j € {1,i} and I'; = {e} otherwise. By a lemma of
A Selberg [31, Lemma 8] —or see an elementary proof in [1] due to R C Alperin—
there exists a torsion-free normal subgroup N of I' of finite index. Then we take a
quotient yn: w1 (W,x9) > ' — I'/N. Let W — W be the I'/ N —covering space
associated with the surjective homomorphism yn: 71 (W, xo) — I'/N. Since yo(i;)«
is conjugate to p: G; C SU(2) for j € {1,i}, we see yn o (i;)« is conjugate to the
induced homomorphism py: G; CI' — I'/N. Since N is torsion-free, N NI'; = {e}
and so yn o (i)« is conjugate to an injection G; — I'/N for j € {1,i}. Hence, the
group of covering transformations restricted to a single connected component 171 of the
inverse image 7~ !(Y;) is isomorphic to the image f‘] of I'; in I'/N. For j € {1,i},
I is isomorphic to G;, and I?j/Gj ~ S3/G; so that 17] ~ S3, and 771(Y)) is
a disjoint union of |['/N|/m copies of S3. For j ¢ {1,j}, xo(i;)x = 1 implies
T; = {e}, so that 7~1(Y;) is a disjoint union of |T'/N| copies of ¥; = S3/G; for
Jed{l,....s}\{l1,i} and |I'/N| copies of Ys4; = X; for j € {1,...,¢}. Then
the 4—orbifold X obtained by gluing two B* along Y1, ¥ ~ §3 and gluing I'/N
copies of ¢Y; along ¥; = S3/G; foreach j €{1,...,s}\{1,i} and the induced map
7 X — X satisfies the assertion.

(2) Now set x; = x o (ij)«; then, by taking a conjugation if necessary, we may take
nE@yD)) =T, xi(m Y y)) =k
xj (@Y, ) =Ley if j ¢{1.i}

for some h € SU(2). If 71 (X, xo) is generated by (i, )«m1(Zg, zx) for ke {1,... 1},
m1(W, xo) is generated by (i;)«m1(Y;,y;) for j €{l,...,s} and (i, )s7m1(Zk, Zk)
for k € {1,...,t} and hence the representation y induces a surjective homomorphism
x: w1 (W, x9) — I/, where I' is the subgroup of SU(2) generated by I'7 UAT} AL,
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Then, by Selberg’s lemma again, there exists a torsion-free finite-index normal subgroup
N’ of T”, and we take the quotient yn/: 1 (W, x9) — I’ — I'’/ N’ to the finite group
I'Y/N'. Since N’ is torsion-free, N'NT"y = {e} and N'NhT;h~1 ={e}, so that the maps
I" —T'/N’ restricted to T; and AL;h~! are injective. Let 7: W — W be the I /N'—
covering space associated with the surjective homomorphism )(’N: (W, x9) >T'/N".
Since yo(ij)« = p, p: G; CSU(2) for j € {1,i}, the group of covering transforma-
tions restricted to a single connected component 171 of the inverse image 7! (Y;) is
isomorphic to the image T; of I'; in I'/N’. For j € {1,i}, I} is isomorphic to G;,
and ¥;/G; ~ §3/G;, sothat ¥; ~ 3, and 7~ 1(¥;) is a disjoint union of |T"/N’|/m
copies of S3. For j ¢ {1,j}, ynso(ij)x = 1 implies f} = {e}, so that 7~1(¥))
is a disjoint union of |T’/N’| copies of ¥; = S3/G; for j € {1,...,s}\{1,i} and
IT"/N’| copies of Ys1; = X; for j € {l,...,t}. Then the 4—orbifold X obtained
by gluing |T’/N’|/m copies of B* along ¥; ~ S for j € {1,i} and gluing |T”/N’|
copies of cY; along Y; = S3/G; foreach j €{l,...,s}—{1,i} and the induced map
7 X — X satisfies the assertion.

(3) Ifall G; with |G;| =m are cyclic, then by Theorem 4.1 we see Y; = L(m, —1) for
some i # 1 and there exists a character y: Hy(W;Z)— U(1) suchthat yoi; is the in-
clusion p: Z, < U(1) up to complex conjugation for j € {1,i} and is trivial otherwise.
Since ix: H1(Y;Z) — H1(W;Z) is surjective, we see the character y induces the
surjective homomorphism y: H{(W;Z) — Z,. Let m: W — W be the Z, —covering
space associated with the surjective homomorphism w{(W) — H{(W;Z) — Zn
obtained by composing y with the Hurewicz homomorphism. Since yoij« = pt!
and p: Zy C U(1) for j € {1,i}, the group G, of covering transformations g € Z,
is the cyclic group Z,, itself and acting on the single connected component 171 of the
inverse image 7~ 1(Y;) with f’:j/Zm ~ L(m, £1), so that ¥ = S3. On the other hand,
xoij«=1for j ¢ {1} implies that 7 ~!(Y;) is a disjoint union of m copies of
Yi=L(aj,b;) for je{l,...,s}\{1,i} and m copiesof Ysy; =X, for j €{l,...,t}.
Then the 4—orbifold X obtained by gluing two B* along Yi, Y ~ S3 and gluing
m copies of cL(a;,b;) along Y; = L(a;,b;) foreach j € {1,...,s}\{l1,i} and the
induced map : X — X satisfies the assertion. a
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