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Infinite staircases in the symplectic embedding problem for
four-dimensional ellipsoids into polydisks

MICHAEL USHER

We study the symplectic embedding capacity function Cg for ellipsoids E(1,a) CR*
into dilates of polydisks P(1,8) as both @ and B vary through [1,00). For
B =1, Frenkel and Miiller showed that Cg has an infinite staircase accumulating
ata =3 +22 , while for integer B > 2, Cristofaro-Gardiner, Frenkel and Schlenk
found that no infinite staircase arises. We show that for arbitrary 8 € (1, 00), the
restriction of Cg to [1,3 4 24/2] is determined entirely by the obstructions from
Frenkel and Miiller’s work, leading Cg on this interval to have a finite staircase with
the number of steps tending to co as § — 1. On the other hand, in contrast to the
results of Cristofaro-Gardiner, Frenkel and Schlenk, for a certain doubly indexed
sequence of irrational numbers L, x we find that C Lk has an infinite staircase; these
L, x include both numbers that are arbitrarily large and numbers that are arbitrarily
close to 1, with the corresponding accumulation points respectively arbitrarily large
and arbitrarily close to 3 + 2V2.

53D22

1 Introduction

It is now understood that questions about when one domain in R?” symplectically
embeds into another often have quite intricate answers. The best known example of
this is the characterization from McDuff and Schlenk [9] of when one four-dimensional
ellipsoid embeds into a ball. Writing
2 2
w z
Bt = {w.zec?| 2L TEL <l

a b

they completely describe the embedding capacity function
C ¥ (o) = inf{A | there exists a symplectic embedding E(1,«) < E(1, 1)},

showing that, on the interval [1, 7#), where 7 is the golden ratio, C® is given by an
“infinite staircase” made up of piecewise linear steps; for a > t#, C*(a) is given
either by the volume bound /& or by one of a finite list of piecewise linear functions.
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1936 Michael Usher

In this paper we consider instead embeddings of four-dimensional ellipsoids into
four-dimensional polydisks

P(a.b)={(w.z) € C* | w|w|* <a. n|z|> <b}.

For any given 8 > 1, we consider the embedding capacity function Cg: [1,00) — R
defined by

(1-1) Cg(a) = inf{A | there exists a symplectic embedding E(1,a) < P(A,AB)}.

So the fact that symplectic embeddings are volume-preserving implies the “volume
bound” Cg(a) > \/W . The function C; was completely described in Frenkel
and Miiller [4], and was found to be qualitatively similar to the McDuff—Schlenk
function C®¥', with an infinite staircase followed by a finite alternating sequence of
piecewise linear steps and intervals on which it coincides with the volume bound; in
this case the infinite staircase occupies the interval [1,3 + 2+/2). More recently, for
all integers 8 > 2 the function Cg was found to have a rather simpler description in
Cristofaro-Gardiner, Frenkel and Schlenk [3]: in this case there is no infinite staircase
and the function coincides with the volume bound on all but finitely many intervals
where it is piecewise linear, with the piecewise linear steps fitting into a fairly simple
pattern as 8 varies.

The contrast between the complexity of the function C; and the simplicity of Cg for
integer § > 2 raises a number of questions, some of which we answer here. First,
we determine how the infinite staircase that describes Cy |[1’3 +23) disappears as the
parameter B is adjusted away from 1. In fact, we show that for all real §, the restriction
of Cg to 1,3+ 24/2] is in a sense “as simple as possible” given the results of [4]
concerning Cj: the obstructions to symplectic embeddings (arising from a specific
sequence of exceptional spheres in blowups of S2? x §?2) that give rise to the Frenkel—
Miiller staircase are the only obstructions needed to understand Cg(«) for any real B
and any « € [1,3 + 2+/2]; see Theorem 1.6. By directly inspecting these obstructions
one can see that, for any given § > 1, only finitely many of them will actually be
relevant, and indeed we find a sequence by, “\( 1 such that the graph of Cg |[1,3 +247]
consists of exactly m steps whenever 8 € [by,, byy—1).

Complementing this, we show that once o becomes larger than 342+/2 the obstructions
from [4] and [3] are quite far from being sufficient to describe Cg|[; o] for all 8. The
main ingredient in this is a triply indexed family of exceptional spheres Al(];) in blowups
of S2x S2; for very small values of i these have some overlap with the classes from [4]
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The symplectic embedding problem for four-dimensional ellipsoids into polydisks 1937

and [3], but otherwise they are new. If one fixes integers #n > 2 and k > 0 and varies i,
the resulting classes can be used to show that, for certain irrational numbers L,
(see (4-15)), the function Cp, , has an infinite staircase, accumulating at the value
a = S, k > 1 characterized by the identity

(1 + Sn,k)z _ 2(1 + Ln,k)2
Sn,k Ln,k ‘

Fixing n, it holds that L, x 1 as k — oo, and hence that S, ; (3 + 242 as
k — oco. On the other hand, setting k = 0 we have L, o = v/n? —1, so there are
arbitrarily large B (which even become arbitrarily close to integers) for which Cg has
an infinite staircase, a counterpoint to the result of [3] that Cg never has an infinite

staircase for integer 8 > 2.

0)
N
for o = ¢; n/d; » (with notation as in (4-12)) than do any of the classes denoted by E,

For i > 2, the obstructions from our classes Al( give larger lower bounds for Cp,, ,(c)
or Fy, in [3]. Since Ly o = v/n2—1> 2 for n > 3, this gives many counterexamples
to [3, Conjecture 1.5].

1.1 Initial background and notation

Before stating our results more explicitly, let us recall some of the facts that are the basis
of our analysis; these will largely be familiar to readers of [9; 4; 3]. The first main point
is that, if b/a € Q, the existence of a symplectic embedding E(a, b)° — P(c, d)° from
the interior of an ellipsoid into the interior of a polydisk is equivalent to the existence
of a certain ball packing, dictated in part by the so-called weight sequence W(a, b)
of E(a,b). Here W(a, b) is determined recursively by setting W(x, 0) = W(O0, x)
equal to the empty sequence and, if x < y, setting W(x, y) and W(y, x) both equal
to the result of prepending x to the sequence W(x, y — x). (The recursion terminates
because we assume b /a € Q.) Forany a € Q> we let w(a) =W(1,a). So for instance
W(8,3)=(3,3,2,1,1) and w($) = (1.1, %, 3. ). Then [4, Proposition 1.4], which
is based on the analysis in McDuff [7], asserts that E(a, b)° symplectically embeds
into P(c,d)® if and only if there is a symplectic embedding of a disjoint union of
balls,
B(c)°UB(d)° U ( | ] B(w)°) < B(c+d)°.

weW(a,b)

Here B(x) denotes the four-dimensional ball of capacity x, ie B(x) = E(x, x).
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In turn, as is explained at the end of the introduction to McDuff [7] based on McDuff
and Polterovich [8], Li and Liu [6] and Biran [1], a disjoint union B(ag)U---U B(ay)
of closed balls symplectically embeds into B(A)° if and only if there is a symplectic
form w on the complex (N +1)—fold blowup X1 of CP? whose associated first
Chern class agrees with the one induced by the standard complex structure on X 1
(namely 3L — ), E;, where L is Poincaré dual to the hyperplane class and the E; are
the Poincaré duals of the exceptional divisors), and which endows the standard hyper-
plane class with area A and the respective exceptional divisors with areas ao, ...,ay .

Let us write Cx(Xn+1) for the set of cohomology classes of symplectic forms on
X n+1 having associated first Chern class 3L — Zi E;, and denote the closure of this
set by Cx (Xn+1). Also write a general element of H2(Xy1:R) as

N
dL—ZliE,‘ = (d;l‘o,...,lN).
i=0

In this notation it follows easily from the above facts that:

Proposition 1.1 [4;7] Let x € Q and B,A € R witha, 8 > 1 and A > 0, and write
the weight sequence w(x) = W(l,«) as w(o) = (x2,...,xy). Then the following
are equivalent:

() A>Cpla).
(i) (AB+1);AB,A,x2,....xn) €Cx(XN+1)-

Moreover, by [6, Theorem 3], we have
(1-2) Cx(Xng1)={ce H*(Xy+1:R)|c?>>0,c-E>0forall E € Ey41},

where x4 denotes the set of exceptional classes in X 41, ie the classes Poincaré
dual to symplectically embedded spheres of self-intersection —1. (Applying [6,
Theorem 3] directly we would also need to check that ¢ - L > 0, but since L =
(L—Eyg—E1)+ Eo+ E; is a sum of elements of £y 41, this follows from the other
conditions.)

To study embeddings into polydisks it is often helpful to use different coordinates on
HZ(XNH;]R), as described in [4, Remark 3.7]. Recall that, for N > 1, our (N +1)-
fold blowup Xy 41 of CP?2 can also be viewed as an N—fold blowup of S? x S?
(say with exceptional divisors Ef, ..., E} ), with the Poincaré duals S; and S, of
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The symplectic embedding problem for four-dimensional ellipsoids into polydisks 1939

the 2 factors corresponding respectively to L — Eg and L — Eq, and with the E !
corresponding to L — Eg— E; for i =1 and to E; for i > 2. Let us accordingly write

N
(d.exmy.....my)=dS1+eSy— > mE] € H*(Xy11:R)

i=1

(note that we are using angle brackets when we use “CP? coordinates” and parentheses
when we use “S? x S? coordinates”). Hence the representations in our two bases are

related by
(1-3) (d,e;my,my....my)={(d+e—mi;d—mi,e—my,my,...,mp),
(1-4) (r:50.81.52,...,5N) = (r —s1,7 —S0:7 — 50 — 51,52, ...,SN).

Condition (ii) in Proposition 1.1 can then be rephrased as

(1-5) (AB,4;0,w(@)) € Ck (XN +1),

where here and throughout the rest of the paper we abuse notation slightly by writing
the weight sequence w(a) = (x2,...,xy) as though it were a single entry in the
coordinate expression of our cohomology class, so that (A8, A;0, w(a)) is shorthand
for (A8, 4;0, x2,...,xn). By considering small-weight blowups and taking a limit it
is easy to see that (1-5) is equivalent to

(AB. A w(w)) € Cx(XN).

Now if w(a) = (x2,...,xy) then ) ; xl.2 = a; conceptually this is because one
can obtain the weight sequence by subdividing a 1-by-a rectangle into squares of
sidelengths x; . Thus the self-intersection of the class (A8, A; w(«)) is equal to 242 8—«
and so is nonnegative if and only if A obeys the volume bound A > \/W alluded to
earlier. Now suppose that E = (d, e;m) € £n, where m € Z" . One example of such an
element E is E; =(0,0;0,...,—1,...,0), which has nonnegative intersection number
with (A8, A; w(w)) since all entries of w(c) are nonnegative. All other elements of Ex
have d,e > 0 (by positivity of intersections with embedded holomorphic spheres
Poincaré dual to S; and S3), all m; > 0 (by positivity of intersections with El’ ) and
d + e > 0 (given that m; > 0, this follows from the Chern number of E being 1). The
intersection number of such a class with (A8, A; w(w)) is equal to A(d + Be) —w(a)-m
and so is nonnegative if and only if A > w(«)-m/(d + Be). Recalling that elements
of £y have Chern number 1 and self-intersection —1, we accordingly make the
following definition.

Algebraic € Geometric Topology, Volume 19 (2019)



1940 Michael Usher

Definition 1.2 Let £ = (d,e;m) € H*(Xy:Z) be either equal to some E/ or have
the properties that ¢ (TXy)-E =1, E-E =—1,and all m; >0 (and hence! d,e >0
with d +e > 0). Let « € Q have weight sequence w(«) of length N — 1 and let
B € [1,00). The obstruction from E at (o, f) is

0 _ ifE=E,
Ha,p(E) =9 wi@)m otherwise
d+Be '

Proposition 1.1 and (1-2) therefore imply:

Corollary 1.3 For any B > 1 and any o whose weight sequence has length N — 1,

C (a)=max{ [ sup i (E)}
B 2 Eeen wh

In fact, it follows from [1, Section 6.1] that if we let g N be the set of classes E €
H?(Xy:Z) obeying the assumptions in the first sentence of Definition 1.2, then we

we have

continue to have

(1-6) Cﬂ(oz)=max{ [ sup Ma,ﬂ(E)}-
2/8 Eeéy

Thus, enlarging the set Ey to £y does not affect the supremum on the right-hand side
above. This sometimes will save us the trouble of checking that certain families of
classes that are easily seen to lie in g N 1in fact lie in €x . That said, it is sometimes
important to know that a class lies in £x, because the fact that distinct elements of Ex
have nonnegative intersection number often provides useful constraints.

As « varies through Q, the length of its weight sequence also varies, so the value N
appearing in Corollary 1.3 and in (1-6) depends on «. To avoid keeping track of
this dependence, it is better to work in the union of all of the H?(Xy;R), with two
elements in this union regarded as equivalent if one can be obtained from the other
by pullback under the map X — Xn given by blowing down the last N — N
exceptional divisors when N’ > N . Let H? denote this union; more formally,

H?:= lim H>(Xy:R)

N—o0

Indeed, the condition on the Chern number shows that 2(d + ) > 2(d +e) —_m; > 0, and then if
either of d and e were negative we would have E - E <2de < —2, which is not the case.
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for the directed system whose structure maps H?(Xy:R) — H?(Xy/;R) are the
pullbacks associated to the blowdowns Xy’ — X . So any element of 72 can be

expressed as (d,e;my,...,my) —or, if one prefers, as (r; so,...,sy) —for some
finite collection of real numbers d, e and my,...,mp, and (d,e;my,...,my) and
(d,e;myq,...,mp,0) are expressions of the same element of #2. The Chern number

of such an element is 2(d + ¢) — Y _m; and its self-intersection is 2de — > miz; in
particular these are both independent of the choice of representative of the equivalence
class.

It is easy to see that if E € &y (resp. E € g ) then the image of E under the
blowdown-induced map H?(Xy;R) — H?(Xy/;R) for N’ > N belongs to Ey-
(resp. to En’). Let £ and € be the respective unions of the images under the canonical
map H2(Xn:;R) — H? of the various &y and £y, so an element E € £ can be
regarded as Poincaré dual to an embedded symplectic sphere of self-intersection —1
for all sufficiently large N .

Definition 1.2 extends to arbitrary « € Q N[1, oo) and arbitrary E € g we simply need
to interpret the dot product w(a)-m when E = (d, e;m), and if w(a) = (x2,...,xN)
and m = (mo, ..., my+),> we use the obvious convention that w(a)-m = ZZN=2 X;im;.
With this definition of 4 g(E) for arbitrary E € Eand e e QN [1,00) it follows
easily from Corollary 1.3 and from (1-6) that

1-7 Cp(a) = max{ \/%, zuelzua,ﬂ(E)} = max{ \/%, Zue%ua’ﬂ(E)}.

Since Cg is easily seen to be continuous this is enough to characterize Cg(«) for all
real > 1.

The great majority of elements of £ or £ that we will consider in this paper have a
rather special form:
Definition 1.4 An element E € #2 is said to be quasiperfect if both E € € and there
are nonnegative integers «, b, ¢ and d such that

E =(a,b;W(c,d)).
Such an element is said to be perfect if additionally E € £.

2Here we can assume N’ > N by appending zeros to 77, which does not change the corresponding
element of £.
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There are quasiperfect classes that are not perfect, such as (31, 14; W(79,11)) =
(31,14;11%7,2%5,1%2),3 which cannot lie in £ because it has negative intersection
number with the element (3, 1; 1%7) of £.

The discussion in [9, Section 2.1] shows that for each E € & and B > 1, the function
o > [l g (E) is piecewise linear, though in some cases it can be somewhat complicated.
For quasiperfect classes E = (a, b; W(c, d)), it will often be sufficient for us to consider
a simpler piecewise linear function I'. g(E) which, like w. g(E), provides a lower
bound for Cg:

Proposition 1.5 If E = (a,b; W(c,d)) €€ is quasiperfect and o, § > 1, define

da . c

if a <—,

Lop(E) = 4P ¢
a+Bb 1foezg.

Then Cg(a) > Ty, g(E).

Proof Observe first that w(c/d) = (1/d)W(c,d) and w(c/d)-w(c/d) =c/d, so

peap (@ b:Wie.d)) = 2.
Hence
C C
(%) (7)) 2 o

But Cyg is trivially a monotone increasing function (increasing « enlarges the codomain
of the desired embedding) while Cg also satisfies the sublinearity property Cg(far) <
1Cg(a) for t > 1, because if there is a symplectic embedding £ (1, «) < P(A,ApB) then
by scaling we obtain a composition of symplectic embeddings E(1,ta) — E(¢,tx) —
P(tA,tAB); see [9, Lemma 1.1.1]. The proposition then follows from (1-8) and these
monotonicity and sublinearity properties. a

1.2 The disappearing Frenkel-Miiller staircase
o0

n=-—1
(these are the classes called E(B8;) in [4, Section 5.1]; we recall the formula in (3-1)),

In [4] the authors introduce a sequence of perfect classes that we denote by {FM,, }

and [4, Theorem 1.3(i)] can be expressed in our notation as stating that

Ci(a) = sup{ly,1(FM,) |n > —1} for e €[1,3 +2/2].
n

3Throughout the paper we use the usual convention that z*¢ means that z is repeated ¢ times, so
(31,14; 1177 2>5 1%2) = (31,14; 11,11, 11,11, 11,11, 11,2,2,2,2,2, 1, 1).
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See Figure 1.

Ci(@) _
1

1
Ci(0%) = Ci(@)
FM6

10°
10*
103
102

10

1
1 1 1
1 10 102 103 104 02—«

Figure 1: A plot of the Frenkel-Miiller infinite staircase Ci|[; ,2) Where
02 =3+ 2+/2, top, together with a log—log plot which makes more visible
some of the steps that accumulate at 02, bottom. Each step in each of the
plots is labeled by the Frenkel-Miiller class FM,, having the property that
C; coincides with I'. ; (FM,) on that step.

Our first main result is that the analogous statement continues to hold for Cg with

B>1.
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Theorem 1.6 For any f > 1 and any « € [1, 3 + 2+/2], we have

(1-9) Cp () = sup{ly g (FMy) [ n = —1}.

The right-hand side of (1-9) can be computed explicitly, and its behavior when § = 1
is different from its behavior when 8 > 1. The perfect classes FM, have the form
(Xn, Yn; W(cn, dp)), where the ¢, /d, form an increasing sequence. It is also true that
the It /q,,1(FMy) = ¢u/(xn + yn) form an increasing sequence, in view of which
the graph of o« +— sup, {Iy,1(FM,) | n > —1} forms an infinite staircase as described
in [4]. However for any B > 1 there is a value of n (depending on 8, and always odd)
for which I, /4, g (FMy) is maximal, as a result of which the right-hand side of (1-9)
reduces to a maximum over a finite set.

A bit more specifically, let { P, },;2, and {H,}2 , be the Pell numbers and the half-
companion Pell numbers, respectively (see Section 2.1), and for n > —1 let

Pn+2‘}'1

if n is even,
b Pnia—
n =
Hn+1 + 1 . .
——T=—— ifnisodd.
Hpy1-1
The b, form a decreasing sequence that converges to 1, with the first few values

being given by b_; =00, bg =3, b1 =2, by = %, bz = %, bs = Z—é. We show in

Proposition 3.4 that, for all «,
sup{ly g(FMp) | n > —1}
n

max{ly, g (FM—1), Iy g (FMo), ..., Iy g (FMar—1)}  for B € [bag, bog—1],
= (max{I} g(FM_1), Ty g(FMo), ..., Ty g(FMpr_1), Iy g (FMog 1)}
for B € [bag+1, bax]-

As B increases within the interval [byx 1, b2k], the I, g(FMy) all become smaller
since our codomain P(1, B) is expanding, but the maximal value of Ij, g (FMpx_1)
decreases more slowly than does the maximal value of I}, g(FMy 4 1), matching it
precisely when B = b,y . In particular the step in the graph of Cg corresponding to
FM, 41 disappears as 8 /" b,y , being overtaken by the step corresponding to FMpg 1 .
Similarly, as 8 " boi_1, the step corresponding to FM,;_, is overtaken by the step
corresponding to FM,;_3 (and the step corresponding to FM,;_; remains as the final
step, surviving until B reaches bpx_,). See Figure 2. Once f rises above by = 3,
only the “step” (more accurately described as a floor) corresponding to FM_; remains.
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1.67] FMa~ 1.62} FMs
FM,
FM;, FM, FM;
1.64 1
1.6}
B =28 lbabs] B=10 ¢ lba.bs]
1.61
5 17 2 5 17 2
3FM35 FM1 3 5
FM, 1.535¢
159}
1.58 | 1.5251
B =2 clbs b B =2 €by.bi]
5 17 29 5 17 29
3 5 3 5

Figure 2: Plots of the functions Cg |[ 4.9,34+23] for selected values of . For
by < B < b3, Cﬂ|[1,02] is given as the maximum of obstructions arising
from the Frenkel-Miiller classes FM_;, FMy, FM;, FM, and FM; (the
first two of which are relevant only for values of « outside the domain of
these plots). The obstruction from FM; approaches the obstruction from
FM, as § approaches b3 = %, and these obstructions cross once § > b3
so that FM, is no longer relevant. Once 8 > b, = % the obstruction from
FM; likewise overtakes the obstruction from FM3. Increasing f still further
would lead to the obstruction from FM_; overtaking that from FMy when S
crosses b; = 2 and overtaking that from FM; when B crosses by = 3.

In fact one has FM_ = (1, 0; 1) so that I}, g(FM—1) = 1 for all «, B; thus for f >3
Theorem 1.6 just says that Cg(a) =1 for @ <3+ 24/2, ie that the bound given by the
nonsqueezing theorem is sharp for all such «. (This latter fact is easily deduced from
well-known results, since 3 +2+/2 < 6 and for 8 > 3 there is a symplectic embedding
of E(1,6)° into P(1,B); see eg [3, Remark 1.2.1].)

Remark 1.7 In fact, our proof shows that, when B > 1, the equality Cg(a) =
sup, {Io,g (FMy) | n > —1} continues to hold for & < ag(8) for an upper bound ()
that is somewhat larger than 3 +2+/2, and converges to 3 4 2+/2 as 8 — 1. (Explicit,
though typically not optimal, values for ag(8) can be read off from Propositions 3.14
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and 3.15.) It follows from our other main results that such a bound ao(8) must
depend on B, as there are pairs (o, 8) arbitrarily close to (3 + 2+/2, 1) for which
(1-9) is false. (For instance, in the notation used elsewhere in the paper, one can take
(e, B) = (Spk» L) forlarge k and any n > 2.)

Remark 1.8 In [4], the “feet” of each of the stairs* of the infinite staircase describing
C1(a) for a < 02 are found to precisely agree with the volume constraint. We see
in Proposition 3.17 that the situation is different for Cg(c) with B > 1: although as
B approaches 1 the number of stairs in the staircase describing Cgl[; 527 becomes
arbitrarily large, at most one (and, for most 8, none) of these stairs touches the volume
bound. More precisely, for « € [1,02] and B € (1, 00), Proposition 3.17 shows that
the only pairs (a, 8) for which Cg(a) = /a/2f are those of the form
( Py Hy + 1)
P22k—1 " Hyp —1

. 144 9 4900 50 166464 289
where k > 1. The first few such pairs are (4, 2), (f, g), (W’ @), ( 28561 ,m).

1.3 New infinite staircases

The analysis in [9] and [4] shows that, for any «, 8 > 1 such that Cg(«) exceeds the
volume bound /a/28, there is a neighborhood of a on which Cpg is piecewise linear.
Let Sg denote the collection of affine functions f: R — R having the property that
there is an nonempty open set on which Cg coincides with f. Thus the graph of Cg
consists of segments which coincide with the graph of one of the functions from Sg,
collectively forming a sort of staircase, and other segments which coincide with the
volume bound. We say that Cg has an infinite staircase if Sg is an infinite set. In
this case, we say that o € R is an accumulation point of the infinite staircase if for
every neighborhood U of « there are infinitely many f € Sg such that Cg coincides
with f on some nonempty open subset of U .

Remark 1.9 Arguing as in [9, Corollary 1.2.4], for any E = (x, y;m) € £\ |J,{E}}
we have 1 = c1(E) =2(x + y)—)_; m;, so that for any o € Q,

ﬁ-w(a)fzmi <2(x+y),

1

#In other words, the points at which the slope suddenly increases.
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and so, for any 8 > 1,
m-w(a) E2()c—|—y) <2,
x+ By x+ By

Thus if the volume bound /a/2p is at least 2, ie if o > 88, then Cg(a) is equal
to the volume bound. It follows easily from this that if Cg has an infinite staircase

Ma,p (E) =

then this infinite staircase must have an accumulation point. An unpublished argument
communicated to the author by Cristofaro-Gardiner appears to imply that the only
possible accumulation point for any such infinite staircase is the value o > 1 determined
by the equation (1 +a)?/a = 2(1+ B)?/B.

Again denoting by Py, and H,, the Pell and half-companion Pell numbers, respectively,
for any integers n > 2 and k > 0 let

_ Hy(WnZ—1+41)+2nPy + (Vn2 —1-1)
T o (Wi =1+ 1)+ 2nPy — (V2 —1—1)
(Vn? =1+ 1)Pog 1 +nHpqy
(VnZ =1+ 1) Py +nHy_y

L

Sn,k =

In particular,

P m— vn?2—14+14+n
Ln,O = I’lz—l, Sn’()= .
vVn2—1+1-n

Our second main result is the following, proven as part of Corollary 4.10:

Theorem 1.10 For any n > 2 and k > 0, the function Cp,, , has an infinite staircase,
with accumulation point at Sy, f .

We also show in Corollary 4.10 that (14 Sn’k)Z/Sn’k =2(1 —I—Ln,k)z/Ln’k, consistent
with Cristofaro-Gardiner’s work.

The proof of Theorem 1.10 makes use of a collection of perfect classes Al(kn) =
(@i n g bin ki W(Cink-dink)) for i,k >0 and n > 2. (See (4-12) and (4-14) for
explicit formulas.) For fixed n and k and varying i, the numbers ¢; , i /d; » x form a
strictly increasing sequence, and we see in (4-18) that Cp,,  coincides on a neighbor-
hood of each ¢; ,, i /d; » x With the function I'. (Ag;)). This is enough to show that
CL, . has an infinite staircase, though it does not determine the structure of the staircase
in detail since does not address the behavior of Cp, , outside of these neighborhoods.
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At least for k = 0, the infinite staircase of Theorem 1.10 does not consist only of steps
givenby the I'. 1, . (A( )) indeed, Proposition 4.11 shows that sup; I}y, 1, O(A( )) is
below the volume bound at certain points o € (¢ n,0/di n,0.Ci+1,n,0/di+1,n,0). (We
expect the analogous statement to be true for arbitrary k, and have confirmed this with
computer calculations for all n, k < 100.) In Section 4.6 we introduce a different set
of quasiperfect classes’ //1\( ) The fact that A(k) and A A( ) are all quasiperfect implies
that we have a lower bound

o0
k k
(1-10) Ly @) = s0p| Tz, () | 4 € 1 AR,
i=0
and Conjecture 4.23 asserts that this inequality is in fact an equality for all « in the
region [co , k/do.n k- Sn k] occupied by the staircase.

Setting k = 0, Proposition 4.22 shows that the right-hand side of (1-10) is strictly
greater than the volume bound for all « € [co,4,0/d0,1,0. Sn,0]. Computer calculations
show that the analogous statement continues to hold for all n,k < 100. In particular,
while it is in principle possible for an infinite staircase for some Cg to include intervals
on which Cg coincides with the volume bound, our infinite staircases do not have
this property, at least when k = 0 and » is arbitrary, or when 7, k < 100. Indeed, in
contrast to the Frenkel-Miiller staircase, these infinite staircases do not even touch the
volume bound at isolated points prior to the accumulation point S, x .

One can show that the interval of & on which Iy, 1, . (Alq;)) realizes the supremum on
the right-hand side of (1-10) has length with the same order of magnitude as 1/ (Pzzka),%i)
where w, =n + +/n% — 1, while the corresponding interval for I, L (//1\}];)) is con-

tained in [¢; , k/di n k> Ci+1.n.k/di+1,n k) and has length bounded by a constant times
1/ (Pzzkw,‘l” ). Thus the steps corresponding to the Afk)

(k) .
Az+1 n’

, are between those which

correspond to A( ) and and decay in size at a faster rate. See Figure 3.

Our infinite staircases for Cr,, . join together nicely with the picture in Section 1.2. As
we see in Section 4.7, for all » it holds that Agf,)l = FM,j._1, so that the initial obstruc-
tion in our staircase coincides with one of the Frenkel-Miiller obstructions. Moreover
when n > 4 Proposition 4.14 shows that L, ; lies in the interval (b, bag—1), and
$0 FMp 1 is the last surviving obstruction in the Frenkel-Miiller staircase for Cpr,, , .
For the remaining values of n, as we explain in Section 4.7, Proposition 4.14 shows that

A(()kg =FM,_ is the penultimate surviving obstruction in the Frenkel-Miiller staircase

SWe expect these classes to all be perfect, and have checked this for many examples, but we do not
have a general argument.
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1+/3
(0)
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—

1+4/3 3 3(2+4/3) 5
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7T+44/3

wle

u|'5

Figure 3: Partial plots of our lower bound (1-10) for C, ,, (which we con-
Jecture to be equal to Cp, ), with steps labeled by their corresponding
elements of £, together with the volume bound curve. The bottom plot
is a magnification of the box in the upper right of the top plot; evidently
such a magnification is needed in order to make the step corresponding to

Aﬁ = (11,7; W(31,5)) visible.

for Cp, , (and the last one is ffgkg = FMjf +1), and that Agg is the antepenultimate

surviving obstruction in the Frenkel-Miiller staircase for Cr, , , with the last two being

ffgk% = FM,; and Agk% = FMjx 1. So in all cases our staircases overlap with the
remnants of the Frenkel-Miiller staircase.
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As for the accumulation points S, , we see in Proposition 4.13 that each S, ; lies
in the interval (Ppx 4/ Pok+2, Pak+2/ Pax) (Which for k = 0 is to be interpreted as
(6,00)). Since Py n/Pax — 3+ 2+/2 as k — o0, this shows that Spk—3+ 22
as k — oo, uniformly in n. In the other limit as n — oo with k fixed, one has
Snk /" Pakt2/Pox and Ly /" (Hag41 + 1)/(Hak41 — 1) as n — oo. In this
limit all of the steps in our staircases have length tending to zero except for the step
corresponding to A( ) (which as mentioned in the previous paragraph is equal to
FMyk 1 independently of n), and indeed a special case of Proposition 3.14 shows that
when B = (Hag+1+1)/(Hpk41—1), the final step that remains in the Frenkel-Miiller
staircase for Cg extends all the way to & = Ppg 42/ Py, at which point it can be seen
to coincide with the volume bound.

The existence of an infinite staircase for Cr, , appears to depend quite delicately
on the specific values L, ;. In particular it follows from Corollary 4.21 that all
but finitely many of the I'. g (Agcn)) cease to be relevant to Cg when f is arbitrarily
close to but not equal to L, . For typical values of B that are close to some of the
L, x we expect Cg(a) for « slightly larger than 3 + 24/2 ~ 5.828 to be given by
the maximum of a small collection of the T g (Ail;)) for various values of n. For
example one can show (for instance using the program at [12]) that for 8 = % (which
lies between Le 1 and L7,1), Cg is given on [3 +24/2, 1106090] by the obstruction
coming from the exceptional class FM; = A( = (2, 1;W(5.1)), on [1292, 2323]
by the obstruction coming from A§16 = (25, 20 W(77,13)), and on [% 47577] by
the obstruction coming from A1 7 =1(29,23;W(89, 15)), after which it is given on a
somewhat longer interval by the obstruction coming from the nonquasiperfect class
(2,2;2,1%%), which readers of [4] will recognize as the first class to appear after the
infinite staircase for Cj .

The Ag‘;) and ffl(kn) are not the only perfect classes to contribute to some of the
functions Cg in the region following the Frenkel-Miiller staircase; for instance,
(15,10;W(43,7)) is the first class after FM; to contribute to C 3 and cannot be
found among the A(k) fl\(k) Preliminary computer experiments suggest that classes
such as (15, 10; W(43, 7)) may fit into different families that are structurally similar to
the Ag;), perhaps leading to infinite staircases for other irrational values of 8 besides
the L, . (To give a concrete family of examples, the author suspects that Cg has an
infinite staircase for § = (2n—1+2+n2 —1)/(2n—2++/n% —1) for all integers n > 2.
For n = 2 this is equal to V3= L5, but for n > 3 it is distinct from all of the L,

since it lies strictly between % = SUPg>1.n>2 Lnk and V3 =ming>» Ly.0.) However,
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analogous methods would not seem to be capable of producing infinite staircases for
C s when B is rational, consistently with the conjecture of Cristofaro-Gardiner, Holm,
Mandini and Pires (see [10, page 13]) that would imply that the only rational 8 for
which any such staircase exists is the value § = 1 considered in [4].

1.4 Organization of the paper

The following section collects a variety of tools that are used at various places in our anal-
ysis. It seems unavoidable that many of our proofs will involve extensive manipulations
of Pell numbers P, and H,, and some relevant facts about these appear in Section 2.1.
As will be familiar to experts, the subsets of H2(Xy1;R) appearing in (1-2), namely
Cx(Xn+1) and En 41, are acted upon by Cremona moves. In Section 2.2 we recall
this and set up relevant notation, after which we identify a very useful composition of
Cremona moves, labeled E in Proposition 2.5, and compute its action on various kinds
of classes that appear in the rest of the paper. Restricting attention to classes of the
form (a, b; W(c, d)) such as those that appear in Definition 1.4, we then consider the
question of when such a class is (quasi-)perfect. Some simple algebra shows that the
quasiperfect classes of this form having gcd(c,d) = 1 correspond, after a change of
variables, to solutions to a certain (generalized) Pell equation. We can then exploit the
construction from [2] of infinite families of such solutions to define (Definition 2.10)
the k™ —order Brahmagupta move C — C®) acting on classes (a,b; W(c,d)). By
construction this move preserves the property of being quasiperfect provided that
gcd(c,d) = 1, and in Proposition 2.12 we use the aforementioned composition of
Cremona moves & to show that it also preserves the property of being perfect. Section 2
concludes with a brief discussion of what we call the tiling criterion, which gives a
sufficient criterion for a class to belong to C(X v +1), expressed in terms of partial tilings
of a large square by several rectangles. The roots of this go back to [11, Section 5],
and something similar is used in [5, Section 3], but we give a more systematic and
straightforwardly applicable formulation here.

Section 3 contains the proof of Theorem 1.6. First we rewrite more explicitly, for
any given f8 > 1, the supremum sup,, I3, g (FMy), identifying it as a supremum over
a finite set depending on § and not on «. Using the monotonicity and sublinearity
of Cg, the statement that the lower bound Cg () > sup,, I, g(FM,) is sharp for all
o € [1,3 4 2+/2] is easily seen to be equivalent to sharpness just for a finite subset
of a (depending on 8 > 1), namely the points where the “steps” in the finite staircase
determining sup,, I, g(FM;) come together (as well as one point at the end of the
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staircase). In each case this is equivalent to a certain class belonging to Cx (Xn+1),
which we show (in Section 3.2) to hold using the techniques of Section 2. A bit
more specifically, our preferred approach to showing that a general class belongs to
Ck(Xn+1) is to apply repeated Cremona moves to the class, often iteratively using &,
until it satisfies the tiling criterion. Roughly speaking, the move E transforms the
problem for the k™ class to the problem for the (k—2)"! class. Our use of the tiling
criterion is somewhat different than the approaches used in [9; 4; 3], and seems better
adapted to a situation where the codomains of our embeddings depend on a continuous
parameter . Section 3 concludes with Section 3.3, which relates Cg () to the volume

constraint, proving the results mentioned in Remark 1.8.

Section 4 contains the proof of Theorem 1.10 and discusses some of the properties of our
infinite staircases. In Section 4.1 we provide a general criterion for a sequence of perfect
classes (a;, bi; W(ci,d;)) to give rise to an infinite staircase. We then construct our
*®) in Section 4.2, and show in Section 4.3 that, for

i,n
o0
i=0

prove Theorem 1.10, though it does not provide a complete description of the staircases.

®

i,n

for Cg provided by the Alq;) falls under the volume constraint at some values of «

key collection of perfect classes A
fixed n and k, the sequence {Alq;) satisfies our general criterion. This suffices to
We explain in Section 4.4 that, at least for k£ = 0, the lower bound sup; I, 1, , (A

lying within the region occupied by the staircase, so the staircase is not completely
described by the obstructions from Al(,kn). Section 4.5 carries out a few elementary
calculations that help make sense of the values L, x and S, x from Theorem 1.10,
and then makes progress toward understanding how the function of two variables
(o, B) = Cg(a) behaves near S, x and L, x, by finding two classes which are not
among those contributing to the infinite staircase and whose obstructions at (S, k., L, k)
exactly match the volume. We use this to give some indication of how our infinite
staircases disappear as B is varied away from L, x in Corollary 4.21. Section 4.6
/fl(];) , which appear to be necessary to completely describe our
staircases, leading to the conjectural formula for Cr, , (@) in Conjecture 4.23. Finally,

introduces the classes

in Section 4.7 we work out the interface between our infinite staircases and the remnants
of the Frenkel-Miiller staircase that are determined in Section 3. With the exception of
Section 4.7, Sections 3 and 4 are completely independent of each other.

Acknowledgements 1 am grateful to D Cristofaro-Gardiner for useful remarks and
encouragement and for explaining his results about possible accumulation points of
infinite staircases, to F Schlenk for comments on the initial version of the paper, and to
an anonymous referee for various corrections and suggestions. A crucial hint for the
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2 Some tools

2.1 Preliminaries on Pell numbers

The Pell numbers P, and the half-companion Pell numbers H, appear frequently
throughout the paper, and here we collect some facts concerning them. The sequences
{Py} and {H,}, by definition, obey the same recurrence relation

Pui2=2Ppy1+ Pn, Hpy2=2Hp41+ Hy,
with different initial conditions
Py=0, P1=1, Ho=1, Hi =1.

Denote by o = 1 + /2 the “silver ratio”, so that o is the larger solution to the equation
x2 = 2x + 1, the smaller solution being —1/0 = 1 — +/2. Note that 02 = 3 + 2+/2,
which is the quantity appearing in Theorem 1.6. It is easy to check the following
closed-form expressions for P, and H,:

@1 p,=2 9"
272

From these expressions it is not hard to check,for n, j € N with j < n, the identities

_ o+ (—o)™"

) Hl’l 2

(2-2) PutjPa—j = Py + (=1)"*/*1 P2,
(2-3) PyijHpxj = PyHy +(—1)""/ P H;,
(2-4) HyHyyj =2PyPpy; +(—1)"Hj.

Given the initial conditions Py = H; = Hyp = 1, we immediately see some useful
special cases of these identities:

(2-5) Pui1Hug1 = PpHy £+ (-1)"H,

(2-6) Puy1 Py =P+ (=1)",

@-7) HZ =2P + (=1)" = 2Pp11 Ppy — (=1)",
(2-8) HyHyp1 = 2Py Poy1 + (—1)".
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Also, the fact that the P, and H, obey the same linear recurrence relation makes the
following an easy consequence of their initial conditions:

(2:9) Hp=Py+ Pp1=Pyy1—Pn, Pp=%(Hy+ Hp1) =5(Hny1— Hy).

Furthermore we have the identities

(2-10) Hyyo+ Hy =2Hy41+2H, = 4Py,
(2-11) Poyo+ Pyn =2Py41+ 2P, =2Hp 4.
Moreover,

(2'12) Pn+2+Pn—2:2Pn+1+Pn+Pn—2:SPn+2Pn—1+Pn—2:6Pn,
(2-13)  Hp42+ Hp—2 = 6H,.

Although the conventional definition is that Py, H, are defined only for n € N, we
will occasionally (and without comment) use the convention that P—_y =1, H_; = —1

and P_, = —2; evidently this is consistent with both the recurrence relations and the
closed forms given above.

Proposition 2.1 For k > 0 the following inequalities hold:

P H P P H P
2k+1 < 2k+2 < 2k+3 < 0_2 2k+4 < 2k+3 < 2k+2.
Prj_q Hyy Py Prrio  Hopqq Py

(Strictly speaking P, 42/ Pag is not defined if k = 0 since Pp = 0, but in this case
we interpret Pog 4,/ Por as 0o. A similar remark applies to Proposition 2.2.)

Proof We have
Put1Hp — Pp—1Hyt2 = 2Py + Pn—1)Hy — Pn—1(2Hy+1 + Hy)
=2(PyHy — Py—1Hp11) = —2(=1)",
where the last equality uses (2-5), and this immediately implies that

P H P H
2ktr _ Hokvz 0 Pakdo | Hokss
Prg_q Hyy Py Hyp 41

Similarly, using the other case of (2-5) we have

Pan+1 - Pn+2Hn—1 = Pn(an + Hn—l) - (2Pn+1 + Pn)Hn—l
=2(PpHy — Pyy1Hp—1) =2(-1)",
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so that
H P H P
2k+3 > 2k+-4 and 2k+2 < 2k+3

Hory1 Pogyn Hyy Poky1

So it remains only to show that Py 11/ Pak_1 <02 < Pagyo/ Py forall k. By (2-1),
we see that

P2k+1 B O.2k+1 +O.—2k—1 i 1+U_4k_2 <02
P2k—1 O—2k—1 +0_2k+1 1+G_4k+2

since o > 1. Similarly,

P |
P2k l—0—4

It so happens that the sequence

{2(P§k+2—1)}°° {6 286 9798 }

2 = I R
H 49 1681

k=0

will play a role in the proof of Theorem 1.6 (specifically in Proposition 3.15), and the
following estimate will be relevant:

Proposition 2.2 For k > 0 we have

2(P2 . —1 P
02< (2k+2 )< 2k+2'

2
Hy oy P

Proof First notice that (2-7) gives H?

skt1 = 2Pak Pak2+ 1, and so

Popy2 H g = 2P3 o Pog + Paryo > 2Por (P3 = 1),
from which the second inequality is immediate. As for the first inequality, based
on (2-1) we have
2(P22k+2 -1 B o4kt+4 _ 10 4 g—4k—4 B 2(1 — 100 4k—4 U—Sk—8)

H22k+1  g4kt2_9y g4k—2 1 —20—4k—2 | 5—8k—4

So the desired inequality is equivalent to the statement that —100 ~4k—4 4 g—8k—8
207472 4 g8k=4 e (multiplying both sides by o4k+4 and rearranging)

(2-14) 202 -10> 0" *k(1—07%).

Of course since o > 1, (2-14) holds for all k£ > 0 if and only if it holds for k = 0, ie if
and only if 202 40 ~* > 11. But this is indeed true: we have 262 =2(3+2+/2) > 11
since /2 > %. This proves (2-14) and hence the proposition. |
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[ [

Figure 4: The square tiling of a 338-by-70 rectangle corresponding to the
fact that

WPy, Ps) = (P&*,2Ps, P4, 2P3, P4, 2Py).

We now discuss some connections between weight sequences and Pell numbers. As in
the introduction, for any pair of nonnegative, rationally dependent real numbers x and y,
the weight sequence VW(x, y) associated to the ellipsoid E(x, y) is determined recur-
sively by setting W(x, 0) = W(0, x) equal to the empty sequence and, if x < y, setting
W(x,y) and W(y, x) both equal to (x, W(x, y — x)) (abusing notation slightly), ie to
the sequence that results from prepending x to the sequence W(x, y —x).

More geometrically, the weight sequence W(x, y) = (w1,...,wy) is obtained by
beginning with an x-by-y rectangle and inductively removing as large a square as
possible (of side length w; at the i!" stage), leaving a smaller rectangle, until the final
stage when the rectangle that remains is a square of side length wy . Thus the statement
that W(x, y) = (wy, ..., wg) implies, in particular, that an x-by-y rectangle can be
tiled by a set of squares of side lengths wy, ..., wg.

First we compute a certain specific family of weight sequences.

Proposition 2.3 For any positive real number x and any m € N, we have
W2 Pam+1X, Pamx)
= ((P2mx)X4, 2Py—1x, ..., (szx)X4, 2P2j_1x, e, (P2X)X4, 2Py x).

(Of course, since P, =2P; =2, we could equally well write the last five terms in the
sequence as (2x)*°. See Figure 4 for the corresponding tiling in the case that m = 3.)

Proof This is a straightforward induction on m: if m = 0 then since Py, = 0, both
sides of the equation are equal to the empty sequence, while for m > 0 the fact that

0<2Pom+1—4Pom =2Poym—1 = Pom — Pam—2 < Pom
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implies that
WQRPam+1%, Pamx) = (P2mx)**), W2 Pam—1x, Pamx))
= ((Pamx)**, 2 Pam—1X), W2 Pam—1X, Pam—2x)).

Thus the validity of the result for m — 1 implies it for m. O

The following computation gives the first part of the weight expansion w(«) =W(1, @)
of an arbitrary rational number « > 1, with more information when « is close to o2,

Proposition 2.4 Assume « € [Py 41/ Pak—1, Pak+2/ P2kl N Q, where k > 0. Then
w(w) =
(1, (3 P2 =L Ppa)* Pra—Ps,..., (3 Pok — 2 Pop_50)* Pop_ya = Pyry 1,
W(3 Pakt2 — 3 Paket, Pag—10 — Pag41)).
(If kK = 0, in which case the condition @ € [Pyxy1/Pak—1, Pak+2/ Pak] just says

that o € [1, 00), then the sequence (%Pz — %Pooe)x“, <oy Pop_100— Pyj 41 should be
interpreted as empty, so this just simplifies to w(x) = (1, W(1,a —1)).)

Proof We proceed by induction. For &k = 0 the statement is trivial. Let o be in
[Pok+1/ Pok—1, Pak+2/ Pax] where k > 1, and assume the statement proven for all
J < k. Note that Proposition 2.1 shows that

[P2k+1 P2k+2]C[P2j+1 Pyjyo

, , ] for j <k,
Po—1 Py Pyj 1 Py

so the inductive hypothesis applies to our particular «. The special case j =k — 1 of
the inductive hypothesis leads us to consider W(%sz - %sz_za, Prp 30— sz_l) .
We simply observe that

1 1
(Pak—30 — Pag—1) — 4(5 Pak — 5 Pog—20) = Pak_10 — Pajyq1 =0,
since we assume that o > P,x 41/ Pog—1, and then that
1 1 1 1
(5 Pak — 5 Pok—2) — (Pag—10t — Pagt1) = 5 Pogyo — 5 P > 0,
since we assume that o < Ppx 4,/ Pog. Thus
wlpy-Lp P —P =
(2 2k—3 I2k—20, 230 2k—1) =
1p,—1p 4 p — Pot1)UW (L Pogn— L Py, P —P
((2 2k—7 2k—201) s I2f—1¢ 2k+1) (2 2k+2— 3 L2k, 2k—1¢ 2k+1)-

The result then follows immediately by induction. |
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2.2 Cremona moves

As in the introduction, let Xy denote the (N +1)—point blowup of CP2, with L
and Ey, ..., Ey in H>(Xy41,7Z) the Poincaré duals of a complex projective line and
of the N 4+ 1 exceptional divisors of the blowups, respectively. If x,y,z € {0,..., N}
then Xy 41 contains a smoothly embedded sphere of self-intersection —2 that is
Poincaré dual to the class L — Ex — Ey, — E;, and the Cremona move

xyzt H*(Xn41:R) = H*(Xn 415 R)

is defined to be the cohomological action of the generalized Dehn twist along this
sphere. Likewise if x,y € {0,..., N} then X4+ contains a smoothly embedded
sphere of self-intersection —2 Poincaré dual to Ex — Ey,, and we let ¢y, denote the
action on H? of the generalized Dehn twist along this sphere. In terms of the basis
{L,Eog,..., En}, we have

cxyz(dL—Za,-E,-)=(d+5xyz)L— S @b Ei- Y ks,
i

ie{x,y,z} i¢{x,y,z}
where
(2'15) 8xyz :d_ax_ay_az
and
Cxy (dL—Za,-Ei) =dL—ayEx—axEy— Y a;E;.
i ig{x,y}
(So in terms of the coordinates (d;ao,...,ay) from Section 1.1, cxy, adds §xy; to

the coordinates d,ax,ay,a; and cy, simply swaps a, with a, .) Note that Cremona
moves preserve the standard first Chern class ¢ (TXy) =3L —) ; E;. We say that
two classes A, B € H?>(Xy+1;R) are Cremona equivalent if there is a sequence of
Cremona moves mapping A to B. The operations cyy; and cy), obviously give rise to
corresponding operations on the direct limit H? = lim H 2(Xn:R), which we denote
by the same symbols.

A crucial fact for our purposes will be that Cremona moves ¢y, and cy, preserve both
the closure of the symplectic cone Cx (X +1) and the set of exceptional classes Ey 11 .
Indeed, as shown in [9, Proposition 1.2.12(iii)], one has E € Ex 41 if and only if £ can
be mapped to Eg by a sequence of Cremona moves; since Cremona moves are induced
by orientation-preserving diffeomorphisms this implies that they likewise preserve
Cx(Xn1) by (1-2). Thus to verify that condition (ii) in Proposition 1.1 holds (and
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thus to show that A > Cg(«)) it suffices to find a sequence of Cremona moves which
sends the class (A(B + 1);AB,A,x2,...,xn) to a class that can be directly verified
to lie in Cx(Xn+1). Likewise, to show that classes such as the Al(kn) that we use to
prove Theorem 1.10 belong to &, it suffices to show that they are Cremona equivalent
to Eg = (0;—1,0) = (1,0; 1).

There is a particular composition of Cremona moves whose repeated application
underlies both the proof of Theorem 1.6 and the construction of many of the classes
involved in our infinite staircases. Specifically, let

~ 2
8 = 36 0 €456 © (236 © €012 © €345 € Aut(H “(X7;R)).

Proposition 2.5 Given any Z, A, B,C, e € R, we have
E(Z;A+e, A—e, B, C)=(Z'; A +e, A —e, B4, C),
where A’, B’, C' and Z' are computed as follows. Let
{=7-2B.
Then
A =2—-A4 C'=2-C, B =C'+Z-24—-B, Z =2B'+¢.

Proof This is a straightforward computation, which we leave to the reader. a

Repeated application of the following proposition will be helpful in the proof of
Theorem 1.6.

Proposition 2.6 Forany j € N and y,«, B € R, we have
E((Paj—1(y(B+1)—1)—Pajn0; $ Haj oy (B+1)—P2j—1+3y(B—1),
4
THy i oy(B+1)—Paj—1=Ly(B—1), (A P2j—L Prj20)™", Pyj_10—P2j 1))
=(P2j+1(y(B+1)—1)—Pyja; s Hajy(B+1)—Paj 11+ y(B—1).

LHyjy(B+1)—Paj41—Ly(B—1), (L P2 Qy(B+1)—a—1)) ",
Pj—12y(B+1)—a—1)).

Proof We follow the notation of Proposition 2.5, so
Z="Py1(yB+1)—1)—Prjaa, A=3Hyj2y(B+1)— Paj_1,

1 1
B =3P — 5P 0, C="Pyj10—Prjq1.
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We then find
C=(Poj—1(y(B+1)—1)— Prj2a)—2(3 P2j — 1 P2j 20)

=Py 1y(B+1)—Prj_1—Prj=Prj1y(B+1)— Hyj
and

Z-24—B=y(B+1)(P2j—1—Haj_2)— 5 P2j 20+ (—P2j_1+2P2j_1— 1 P2j)

=P o(y(B+1)—3a—13).
Thus

C'=20—-C=Pyj1Ry(B+1)—a)—(2H2j— P2j1+1) = P2j—12y(B+1)—a—1),
where we have used that 2H5; — P21 = P2;—1 by (2-11). Also,
B'=C'+(Z-24—B)=(P2j1+5P2j2)2y(B+ 1) —a—1)

= 1P 2y(B+ 1) —a—1),
and then

Z'=2B"+¢=(Pyj—1+2P2j)y(B+1)— (Hzj + P2j) — Prjx

=P2jr1(y(B+1)—1) = Pyja.
Finally

A'=20—A=(2P2j_1—3H2j—2)y(B+1)—(2H2;—Paj_1) =3 Haj y(B+1)—P2j 11,
since (2-10) shows that %sz + %sz_z =2P5;—1 and (2-11) shows that

Pyji1+ Pyj—1 =2H3;.
In view of Proposition 2.5, this completes the proof. m|

The definition of E given above presents it as an automorphism of H»(X7;R); we will
use variants ™ of E which are automorphisms of Hs(Xn;R), where N >n+5>7.
Specifically, we define

—~n
(2-16) gm = Cn+1,n+4° Cnt+2,n+3,n4+4 © Cnn+1,n4+4 ©€01n © Cnt1,n+2,n+3-

Equivalently,

—n .
ﬁ( )((r7 S07 S17S2’ .. -,Sn—l,snaSn+1sn+2vsn+37sn+4,sn+5v LRI 7SN—1>)
.o / / / / / /
= (r 9S09S19S2’~--’Sn—17Snysn-|—1sn+27sn+3asn+4’sn+5"-~’SN—1)7

where ', 54,87, ...,5), 44 are defined by the property that
o] . /. 7 / / /
E(r:50.851.8n -2 Sn+4)) = (150,51, Sy - Sp14)-

(In practice we will have s, = $p4+1 = Sn+2 = Sp+3 so that we can apply Proposition 2.5.)
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We will now use the &™) together with Propositions 2.4 and 2.6 to modify via Cremona
moves the classes that are relevant to the embedding problems that arise in the proof of
Theorem 1.6. Recall that E(1,«)° symplectically embeds into yP (1, B) if and only if
(yB.y:W(1,a)) € Ck(Xn+1), where N is the length of the weight sequence w (o).

Proposition 2.7 Assume that y, B > 1 and that o € [Py 41/ Pok—1, Pak+2/ P2r]NQ,
where k > 1. If 2y(B+1)—a—1 <0 then (yB,y; W(1,a)) ¢ Ck(Xn+1), where N
is the length of w(«). Otherwise, (yB,y; W(1,a)) is Cremona equivalent to the class

k _
Za,ﬁ,y -

(Pak+1(y(B+1)—1) — Poga; 3 Hopy(B 4+ 1) — Pog1 +v(38— 1),
THoy(B+1) = Po1 — v (38— 1).W(3 Pak+2 — 3 Paget, Pog—1ot — Pogy).
WA Py Qy(B+1)—a—1), Poy12y(B+1) —a—1))).

Proof Combining (1-3) with Proposition 2.4, we see that our class (y8,y; W(1,a))
is equal to

(y(B+D—1;yp—1,y—1, (%Pz—POOt)M, Pia—Ps,..., (%1[’2k—%1"2k—20l)X4

Po_100— Poj 1, W(5 Pak42—% Pagt, Pok—100— Poj41)).

’

With a view toward Proposition 2.6, note that the first three terms can be rewritten as
yB+1)—1=Pi(y(B+1)—1)— Poc,
yB—1=1Hoy(B+1)— P1+ 3y(B—1),
y—1=3Hoy(B+1)—Pi—5y(B—1).

So we can apply Proposition 2.6 successively with j =1, ..., k to find that the image of
(yB.v: W(1,)) under the composition of Cremona moves EGk=3o...0 8N o 22
is equal to

(Pak+1(y(B+1)—1) — Poga; 3 Hogy(B+ 1) — Pokr1 +¥(GB + 1),
T Hopy(B+ 1) — Py —v (38— 1). (A P22y (B + 1) —a— 1)),
Piy(B+D—a—1)..... (L Py@y(B+D—a—1)" Py 1 Qy(B+ 1) —a—1),
W(3 Pog 2 — % Poker, P10t — Pogy1)).

If 2y(B+1)—a—1 <0 then the above expression has some negative entries, so our class
pairs negatively with some of the £/ and thus cannot belong to Cx (Xn+1). Otherwise,
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we can use Proposition 2.3 to group the entries beginning with %Pz Qy(B+1)—a—1)
and ending with P, _1(2y(8 + 1) —a — 1) together as

W(3 P Qy(B+1)—a—1), Py 2y(B+1) —a —1)),

and so (modulo reordering, which can be carried out by Cremona moves ¢y ), the
above class is precisely the class Zla‘, by given in the proposition. |

Remark 2.8 The values of o such that there exist k for which Proposition 2.7 is
applicable to « are precisely those « in the interval [P3/ Py, P4/ P»] =[5, 6]. For any
such «, we have

w(o) = (1,0 =5 W(@—>5,6—a)).
Consider the class E = (2,2;2, 1°), which lies in £. We find that, for « € [5,6],

2,1°°)-(1°,a=5)  a+l

2428 C2B41)
Thus the condition that 2y(8 + 1) —«a — 1 > 0 in Proposition 2.7 is equivalent to the
condition that the class E does not obstruct the embedding E(1,«)° < yP (1, f).

Ko, (E) =

The class E was identified in [4] as giving a sharp obstruction to this embedding when
B=1and a €[02,6]. (For B =1 and 1 <a < 02, on the other hand, Mg p(E) is
less than the volume bound.) Results such as Theorem 1.10 show that the situation is
more complicated for « € (62, 6] and B arbitrarily close but not equal to 1.

Remark 2.9 Since Py =0 and %Pz = Py =Hy= P_; =1, the k =0 version of the
class E’ocz,ﬂ,y would degenerate to (y(8+1)—1;y8—1,y —1,W(1,a—1)), which by
(1-3) is equal to (8, y; W(1,a)). So the appropriate — and trivially true — variant of
Proposition 2.7 for k = 0 (which would allow « to be an arbitrary value in [1, 00)) is
simply that (yB,y; W(1,a)) € Cx(Xn+1) if and only if Eg,ﬂ,y € Cx(Xn+1) (with
no condition on 2y(B 4+ 1) —a —1).

2.2.1 The Brahmagupta move on perfect classes We now use the move & from
Proposition 2.5 to construct an action on classes of the form (a, b; W(c, d)) that will
be important in our proof of the existence of some of the infinite staircases from
Theorem 1.10. (Specifically, the obstructions producing the infinite staircase for Cr, ,
will be obtained from those producing the infinite staircase for Cyr,, , by the k" —order
Brahmagupta move, defined below.)
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To motivate this, let us consider the question of whether a class C = (a, b; W(c, d)),
where a, b, c,d € N, belongs to the sets & or & from the introduction. Assume for
simplicity that ged(c,d) =1 and that a > b and ¢ > d . Since the entries of W(c, d)
are all nonnegative, we will have C € £ if and only if C has Chern number 1 and
self-intersection —1. Writing W(c,d) = (my,...,mpy), the Chern number of C is
2(a+b)—);mi =2(a+b)—(c+d—1), where we have used [9, Lemma 1.2.6(iii)]
and the assumption that ¢ and d are relatively prime. Thus C has the correct Chern
number for membership in g precisely if 2(a 4+ b) = ¢ + d . This holds if and only if
we can express C in the form

2-17) C=(%x+e,%x—e;W(x+8,x—5)),

where x, §, € € N with § < x. Since we will have Zmlz =((x+8)(x—35) (asis
obvious from the interpretation of W(x + §, x —§) in terms of tiling a rectangle by
squares, as in [9, Lemma 1.2.6(ii)]), the self-intersection number of C is

23x+€)(Ax—€) — (x +8)(x —8) = -2 (x* —28% + €2).
Thus a class of the form (2-17) belongs to € if and only if the triple (x,§, €) obeys
(2-18) x2 282 =2-¢€2

Now if we temporarily regard € as fixed, and x and § as variables, (2-18) is a (gener-
alized) Pell equation x> — D§*> = N with D =2 and N =2 — 2. A basic feature of
such equations, observed in [2, XVIII 64-65, page 246], is that their integer solutions
come in infinite families. Indeed the equation asks for x + 8\/5 to be an element
of norm N in Z[+/D], and the norm is multiplicative, so if u + v+/D € Z[+/D] has
norm one then (u + v+/D)(x + 8+/D) will have norm N, ie (ux + Dvé, vx + us)
will again be a solution to the equation. In our case, where D =2, (2-7) shows that, for
any k >0, Hp + Pz +/2 has norm one in Z[+/2]. Thus, given € € Z, if (x, §) is one
solution to (2-18) then, for all k, (Hyrx 4+ 2P5i8, Pojx + Hp8) is also a solution.

Accordingly we make the following definition:
Definition 2.10 For k € N, the k""—order Brahmagupta move is the operation which
sends a class C € H2 having the form (2-17) where x, 8, € € N and § < x, to the class

C® = (Ixp +e dxp —eW(xg + 8. xk — k).
where
X = szx + 2P2k8 and Sk = szx + H2k8.
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Recalling that a quasiperfect class is by definition one having the form (a, b; W(c, d))
that belongs to &, the preceding discussion almost immediately implies the following.

Corollary 2.11 If C = (a,b;W(c,d)) with gcd(c,d) = 1 is a quasiperfect class,
then for all k € N, the class C®) js also quasiperfect.

Proof By construction, the operation C — C (k) preserves the self-intersection number.
Writing ¢ ®) = (%xk + €, %xk —e;W(xg + O, xx — Sk)), with x; and §; as in
Definition 2.10, the argument preceding Definition 2.10 shows that C &) will have
Chern number 1 provided that ged(x; + 8k, xx — 0x) = 1. We have xj + 8 =
Pogy1X + Hpp 16 and xx — 8 = Pog—1x + Hpx—16, by repeated use of (2-9). In
particular,
(2-19) X — Ok = Xp—1 + O—1.
Also,

(xk + k) + (Xk—1 — Sk—1) = (Pak+1 + Pak—3)x + (Hop+1 + Hop—3)8

= 6(Pak—1x + Hop—18) = 6(xg—1 + Sk—1),

where we have used (2-12) and (2-13). Together with (2-19) this shows that the ideal
in Z generated by xj + 8; and xj — Jy is the same as that generated by x;_1 + 0z _1
and x;_1 — 8x_1. So by induction on k we will have ged(xg + 8k, xx — ) = 1 if
and only if ged(xg + 80, X0 —80) = 1. But (x0 + 8o, X0 —S0) = (¢, d), so this follows
from the hypothesis of the corollary. |

It turns out that the k™—order Brahmagupta move also preserves the set of perfect
classes, not just the set of quasiperfect classes.

Proposition 2.12 Let x, €, §, k > 0 with x > §. Let x; = Hprx + 2P, 8 and
8k = szx —+ H2k8. Then

(%x + e, %x —e;W(Hx+6,x —8)) and (%xk + e, %xk —e; W(xg + O, X —é’k))

are Cremona equivalent. In particular, if C = (a,b; W(c,d)) € £ with ged(c,d) =1,
then also C%) e €.

Proof First observe that, using (2-9),

3Hyp + 4Py = 3Hop + 2(Hop 41 — Hox) = 2Hop 1 + Hop = Hop g,
2Hyp + 3Pk = 2(Pagy1 — Pox) +3P2k = 2Po 41 + Pox = Pogyo,

and so, since H, =3 and P, =2,
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(Haxp + 2 P26k, Paxy + Ha0p)
= (3(H2kX + 2P2k8) + 4(P2k.x + szg), 2(H2kx + 2P2k8) + 3(P2kx + sz(S))
= (Hog 42X + 2Py 428, Pogy2X + Hopy29).
Thus the map (x,§) — (xg41,0k+1) can be factored as the composition of the maps
(x,8) —~ (xg,8) and (x,§) — (x1,81), and so by induction (x,§) — (x, §x) is just
the k—fold composition of the map (x, §) — (x1,81). This implies that it suffices to
prove the proposition when k& = 1, in which case (x1,81) = (3x + 468, 2x + 35).
We then have, since we assume x > § > 0,
W(x1 +681,x1 —81) =W(0Gx +78,x +8) = (x +8)™ ) UW(28, x + )
= ((x +8)™°,28) UW(28, x —§).
So
(3x1+e€ 3x1 — € W(x1 + 81, x1 — 81))
= (%3)( + 48 + €, %3x + 46 —e; W(x1 + 81, x1 —81))
=(2x +38;4x + 28 + €, 2x +28 —€, (x +8)**, 28, W(28, x — §)).
Applying Proposition 2.5 shows that this class is Cremona equivalent (via 2@ =

€36 © €456 © €236 © €012 © €345) tO
(§:3—x+28+€.1—x+28—¢€,0°, W28, x—9)).
which after the usual change of basis (1-3) is equal to
(3x+e tx—ex—8,0°, W(28,x—9§)).
But (x —§) UW(2§,x —38) = W(x + 6§, x — ), so after deleting zeros the above class
simply becomes (%x—l—e,%x—e;W(x—i—S,x—S)). |
2.3 Tiling

We note here a simple criterion for a class to belong to the set Cx (X 41) that appears
in Proposition 1.1. Throughout this section a p-by-g rectangle means a subset of R?
that is given as a product of intervals having lengths p and ¢, not necessarily in that
order. A square of sidelength p is a p-by- p rectangle.

Proposition 2.13 Suppose that r, s, ...,Sny € Rso have the property that there are
squares R, So, ..., Sy of respective sidelengths r, g, ...,sy such that the interiors
S? of the S; are disjoint and | J;_y S C R. Then (r;so,...,sn) € Ck (Xn+1).
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Proof By [8, Proposition 2.1.B] it suffices to show that there is a symplectic embedding
N (o] o
LIiZg B*(si)° < B(r)°.
For any v > 0 let us write
O(w) = (0,v) x (0,v) and A(v) = {(x1,x2) € (0,00)? | x1 + x2 < v}.
Also for any subsets 4, B C R? let us denote by A x; B the “Lagrangian product”

Axp B ={(x1,y1,x2,¥2) | (x1,x2) € 4, (y1,y2) € B}.
(We of course use the symplectic form dxj A dy; + dxa Ady; on R*))

Now [11, Proposition 5.2] states® that, for any s > 0, there is a symplectomorphism
B(s)° =~ O(xr) xg A(s/m). The map

(X1, y1,x y)H(ix Ty =x Zy)
1, V1,X2, )2 JTI’SI’JTz’SZ

is a symplectomorphism of R*, which maps () xz, A(s/m) to O(s) xz A(1). Thus
the existence of a symplectic embedding |_|1N=0 B(s;)° < B(r)° is equivalent to the
existence of a symplectic embedding

N
(2-20) |_|@Gsi) x A1) = O) x A1),

i=0
But the hypothesis of the proposition implies that the squares [(I(sg), ..., d(sy) can
be arranged by translations to be disjoint and still contained in [J(r); applying these
translations in the x, x, directions in R* then gives the desired embedding (2-20). O

Corollary 2.14 Let ay, by,...,am, by, r > 0 and suppose that there are a;-by-b;
rectangles T; fori = 1,...m such that the T are disjoint and such that Ul’-"=1 T? is
contained in a square of sidelength r . Then the class

(r;wW(ai,b1), ..., W(am, bm))

belongs to C(Xy), where N is the sum of the lengths of the weight sequences
Wi(ai, b;).

Proof Indeed if we write W(a;,b;) = (si1.....5;k;) then, as noted earlier, an a;-
by-b; rectangle can be divided into squares of sidelength s;1, ..., s;x, with disjoint
interiors. So we can simply apply Proposition 2.13 to a collection of squares of
sidelengths s;; (1 <i <m, 1 <j <k;). O

SWhat Traynor denotes by B*(s) is what we would denote by B(xs).

Algebraic € Geometric Topology, Volume 19 (2019)



The symplectic embedding problem for four-dimensional ellipsoids into polydisks 1967

We will say that a class (r; W(az, b1), ..., W(am, bm)) satisfies the tiling criterion if
it obeys the hypothesis of Corollary 2.14. Our most common method of showing that a
general class belongs to Cx (X ) will be to find a sequence of Cremona moves which
converts it to a class that satisfies the tiling criterion.

3 Proof of Theorem 1.6

3.1 The Frenkel-Maiiller classes

Theorem 1.6 asserts that, for any § > 1 and «a < 0?2 =3+ 2ﬁ, Cg () is given
as the supremum of the obstructions Iy g(FMj) induced by the Frenkel-Miiller
classes FM,,. We now recall the definition of the classes FM,, and describe more
explicitly sup, I, g(FM,); in particular, we will see that for any given B > 1, this
reduces to a supremum over a finite set that is independent of «.

The classes FM;,, which are shown to belong to £ in [4, Theorem 5.1], are given by

(Pn+1, Pr+1:W(Hp42, Hy)) for n even,
(zHn+1 41,5 Hyir = L, W( P2, Pa)) - forn odd,

(The slightly more complicated formula in [4] is equivalent to this by (2-10) and (2-11).)

(3-1) FM, =

While the definition in [4] assumes that n > 0, we can also set n = —1; this yields the
class FM_; = (1,0; 1), which also belongs to £.

Remark 3.1 In terms of Definition 2.10 we have
FMai_; =FM%)  and FMy, = FM{.

So, since it is easy to check that FM_; = (1,0;W(1,1)) € £ and that FMy =
(1, 1;W(3, 1)) € &, Proposition 2.12 leads to an easy proof that all of the FM,, are
perfect classes.

Based on the definition in Proposition 1.5, we have

H,« Hyio
W for o < —,
1—1 FM — n+1 n ,
o, (FMp) Hyin o Hyis (n even)
(IB + 1)Pn-i—l a Hn
G g e R
+ n+1— - - n
I, sg(FM,) = n odd).
o p (FM») 2Py1n fora > P2 ( )
B+DHpy1—(B—1) Py
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For n > —1 let

Hyyo
H— for n even,
(3-2) =1 p "
nt2 for n odd,
Py
and let us abbreviate
Hn+2
m forn even,
(3-3) Yn,8 = La,,p(FMp) = 2nP
n+2
for n odd,

B+DHpp1—(B-1)
for the value taken by Ij, g(FM,) for all o > a;. Note that y_; g = 1 for all B
(corresponding to the nonsqueezing bound), but all other y,, g depend nontrivially on 8.

For the remainder of this subsection we will examine more closely the quantity
(3-4) sup Iy, g (FMy),
n

leading to the more explicit formula in Proposition 3.7. First of all notice that
the o, from (3-2) form a strictly increasing sequence by the first two inequalities
in Proposition 2.1; this sequence converges to o by (2-1). When 8 = 1 it is also true
that the numbers y, g form a strictly increasing sequence as n varies, but we will see
presently that this is not the case when § > 1, as a result of which Theorem 1.6 implies
qualitatively different behavior for § > 1 than for § = 1.

Proposition 3.2 The y, g satisfy the following relationships for k € N and 8 > 1:

(1) Yak+2.8 > Vak,p forall B.

(1) V2k+1,8 > Y2k,p forall B.
(iii) Yok, > V2k—1, ifand only if B <1+2/(Hpq2—1).
(V) V2k+1,8 > V2k—1,p ifandonly if f <1+2/(Ppgy2—1).

The statements (iii) and (iv) also hold with their strict inequalities replaced by nonstrict
inequalities.

Proof First we use (2-5) to see that
V2k+2,8 _ Hop1a/((1+ B) Pogy3) _ 2Hak43Pog 1 + Hogio Pog+1
Y2k,B Hopio/(1+ B)Pogy1)  2HopioPogyr + Hopqo Pogyg
_ 2Hop 42 Pofyo + 2+ Hogy 2 Poj 1 S
2Hsp 42 Pogy2 + Hog 42 Pog 11

17

proving (i).
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Also, using (2-7), we see that

VokB  _ Hop1o/((B+1)Pory1)
Yok+1,8  2Pak43/(B+ 1D Hypyr—(B—1))
H22k+2 B—1 Hyjpqn

2Pk i3Pakt1 B+ 12Pogiq Pogys
_ 2Pypy3Pop =1 -1 Hokyo
2Pk 43 Pop 11 B+ 12Pyp 11 Popi3

<1,
proving (ii).
On the other hand, we calculate using (2-4) and (2-2) that

Hog Hoj o = 2Pyp Potn +3=2P5 | + 1,

and hence that
VokB  _ Hop1o/((B+1)Pory1) _ HopHokta B—1 Hypin
Yok—1,8  2Pak41/((B+1)Hy —(B—1)) 2P22k+1 B+1 2P22k+1

1 B—1
=1+ 1 Hok42 ).

- _
2P2k—i—1 ’8 +1

Thus Yok, > Yak—1,g if and only if 1 —((B—1)/(B + 1)) Hyk 4, > 0, ie if and only
if B<1+2/(Hpyryo—1), as stated in (iii).

Finally, we see from (2-5) that

P y3Hog — Pog+1Hok12 = 2Pogk 42 + Pogy1) Hok — Pogy1(2Hog 11 + Hog)
= 2(Pag 2 Haok — Pog+1Hogy1) =2,
and hence that
Vak+1,8 _ 2Pok43/((B + 1) Hogqo — (B —1))
Y2k—1,8 2Pk 41 /((B+ 1) Hy —(B—1))
(Bt D) Popy3Hop —(B—1)Popy3
"~ (B4 D Pogy1Hokr — (B—1) Pogyy
_ B+ D(Poky1Hoki2 +2) = (B = D(Pok 41 +2Pok+2)
B+ D Pagr1Hopyo — (B— 1) Pogy1
2(8+1)—2(8—1)Pogy2
B+ D) Poy1Hokyo —(B—1)Pors1’

which is greater than one if and only if (8 — 1) Pyr4o < B + 1, ie if and only if
B <1+2/(Pyryo—1), proving (iv). |
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Let us write b_1 = oo and, for n € N,

1+ ﬁ for n even,
(3-5) bn = "3

1+m for n odd.
Sobg=1+2 =3 bi=1+2=2ba=1+25=8 b= bs=1,
bs = %,.... Since for n > 2 it holds that P, < H, < Pp+1, we have by > by >
-+« > by >---. Also evidently lim, o0 by, = 1.

The following can be derived directly from Proposition 3.2.
Corollary 3.3 If byx < B < byg—1,then yrx_1 8 > yy g foralln € NU{—1}, and

Y—1,8 <VY0,8 <" <VY2k-1,-
On the other hand if byg 1 < B < byi, then yrp 1.8 > yu,p foralln € N U{—1j},
and we have y, g < yp41, foralln € {—1,0,...,2k —2}, while y2x_» g < Yok, g <
V2k—1,8 < V2k+1,8-

Recalling the definitions of I}, g(FMj) from Proposition 1.5 and y, g from (3-3),
observe that if B, m and n have the property that m > n (so that «,, > o) and
Ym,8 < Yn,p - then we in fact have I}, g(FMy) > I, g (FM;,) for all «. Hence, using
continuity considerations at the endpoints of the intervals, Corollary 3.3 implies that
for any given § > 1, the supremum on the right-hand side of Theorem 1.6 becomes a
maximum over a finite set, as follows:

Proposition 3.4 If 5 € [byy, byr_1], then

sup Ty g(FMy) = max{I g (FM-1), [, g(FMy). ..., I g (FMak 1)},
neNU{-1}

and if ﬂ S [b2k+1,b2k], then

sup Iy g(FMy)
neNU{-1}
= max{ly g (FM_1), [y g (FMo), .. ., T g (FMog—1), [y, g (FMag 11)}-

For n € N, let
Yn—1,8%
(3-6) sp(B) = In=1.8%n.
Vn,B

thus s, (B) is the unique value of o at which the constant piece of I},_; g coincides
with the nonconstant piece of I}, g. Obviously if y,_; g <y, g, then s,(B) < ay.
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Proposition 3.5 If n is even, then an—1 < s,(B) for all B, while if n is odd, then
Op—1 < Sp(B), provided that B < 1+2/(Hy—1—1) =by—>.

Proof Evidently oy—1 < s,(B) if and only if y, g/on < yp—1,8/0tn—1. We see from
the definitions that for k € N,

V2kp _ Hop
Aok (B+1)Payq

V2k—1.8 2Py

(3-7) wm—1  (B+DHy—(B-1)

and

So
vokpleak  (BH1DHy —(B—1)Hay
Vak—1,8/%k—1 B+ 1)2Pagi1 Pog—i
(B+1DQ2Poy1Prp—1—1)—(B—1Hyi -
(B + D2Pag 11 Pog—1

where we have used (2-7). This proves the first clause of the proposition.

17

For the second clause, write n = 2k + 1 and note that (2-4) and (2-2) imply that

Hop Hppyp = 2Pk P +3=2P5  +1,and so
Yok+1,8/%k+1 _ 2Pok+1/((B+ D) Hagkso— (B —1))
YVak,p/ 2k Hop /(B + 1) Pag+1)
) 273,
Hox Hopqr — ((B—1)/(B + 1)) Ho
2P

S 2P 1= ((B=D/(B+ D) Hai
which is smaller than one provided that ((/3 —-1)/(B+ 1))H2k < 1, ie provided that
B<14+2/(Hy —1). 0

Corollary 3.6 If B € [bygs1,b2x—1], then for all n € {0,...,2k — 1}, we have
on—1 < Sp(B) <ay. Hence
max{ly g(FM—_1),..., Iy g (FMag—1)}
[y,p(FM—1)  for 1 <a <s0(B),
= To,p(FMp) for s, (B) <o < sp+1(B) and 0 <n <2k —2,
[y,p(FMag—1) for o > spp—1(B).

Proof Throughout the proof we only consider values of n in the set {0,...,2k —1}.

Corollary 3.3 shows that y,,_1 g <y, g forall such n, which as noted earlier implies that
sn(B) < oy . Since the b, form a strictly decreasing sequence, we have byj_1 < by—2
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forn =0,...,2k — 1, so Proposition 3.5 applies to show that «,—; < s,(B8) for all B
in the interval under consideration. This proves the first sentence of the proposition.

Given this, since the I'. g(FMj) are all globally nondecreasing and, on the interval
[n—1,0an], T. g(FMy—1) is constant while I' g(FM,) is strictly increasing, with
Iy, 8),8 FMyu—1) = I, (8), (FM,,), it follows that I, g (FMy—1) > I}, g (FMy) for all
o € [op—1,5,(B)] and [, g(FM,) > I}, g(FMy—1) on [s,(B).an]. Moreover, since
both T g(FM;—1) and I g(FMy) are constant on [, 00) and linear on [1, ap—1],
these inequalities extend to I'. g(FM,—1) > I". g(FMj) on [1,s,(B)] and T g(FM) >
I g(FMp—1) on [sy(B),00). Since the s,(B) form an increasing sequence in 7,
applying this repeatedly shows that for j >n, I g(FM;—1) > T". g(FM;) on [1,s,(B)],
and for j < n, I' g(FM,) > I". g(FM;) on [s,(B),00). Hence, on each interval
[sn(B). Sn+1(B)]. the I'. g(FM;) are maximized by setting j = n, while I". g(FM—1)
is maximal on [1,s9(f8)] and I' g(FMjk_;) is maximal on [sp5_1(B),00). This is
precisely what the second sentence of the corollary states. O

In view of Proposition 3.4, Corollary 3.6 gives an explicit piecewise formula for
sup,eNu{—1} Lo, (FMp) in the case that B lies in an interval of the form [bag, bog—1]-
If instead B € (Dag+1,b2x) for some k, then we have sup,enu¢—13 Lo, (FMn) =
max{l, g(FM_1), ..., I g(FMpk_1), Ty g (FMag 4 1)}, and so we need to take into
account the relationship of I'. g(FMyx_1) and T g(FMpx 11). Accordingly, write

V2k—1,8%2k+1
(3-8) Shye(B) = HELLZEEL,

V2k+1,8
so that 57, (B) is the value of « at which the linear piece of I'. g(FMyt ;) coin-
cides with the constant piece of I". g(FMy_1). Since for B € [byx 41, bok] we have
Y2k—1,8 < V2k+1,8 it holds that s, (B) < &g 1. To compare 57, (B) to apx—1, we
first use (3-7) to see that

Qok—1 _ Vok+1,8/%k+1 _ Paky1/((B+ D Hoqz — (B —1))

&9 S (B)  Var—1.8/02k—1  Pag—1/((B+ 1) Hax — (B—1))
_ (B D Py 1 Hop —(B—=1) Pory1
(B+1)Pogx—1Hoppo—(B—1)Pog—1
Now

Pox 1 Hop — Pog—1 Haog o = 2Pop + Pog—1)Hox — Pog—1 (2Hop 41 + Hpyp)
= 2(Pyr Hyp — Pog—1 Hop 1) = =2,
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in view of which the numerator of (3-9) is smaller than the denominator for every

g=1.

So when B € [bog+1, bax], we have

(3-10) tok—1 < S5 (B) < Wopt1.

and
Iy g (FMar_1) = Ty g(FMa 1) for a <55, (B),
To.p (FMag 1) = T g (FMpg—y)  for o > 55, (B).

The inequality s;k (B) > a1 implies that s/zk (B) > s25—1(B), so these calculations
together with Corollary 3.6 imply that for 8 € [bak 41, bok],

max{ly g(FM—-1), ..., Iy g (FMog—1), Iy, g (FMag 11)}

Iy g (FM_1) for 1 <a <s9(B),

Iy, g (FMy) for sp(B) <a <sp4+1(B) and 0 <n <2k —2,
T, g (FMag_1)  for sy 1(B) <o <55, (B),

Iup (FMag 41)  for a > Slzk(ﬁ)

For future reference we rephrase this derivation as follows.

Proposition 3.7 If € [byy, byr—_1], we have
Yn—1,8 i op—1 <o =<sy(B) and n €{0,...,2k —1},
sup Iy g(FM,) = Ynp® if sn(B) <a<a, and n €{0,...,2k — 1},
neNU{-—1} (047 .
Yok—1,8 If ¢ > a1,
and if ﬂ S [b2k+1, bzk], then
Yn—1,8 if ap—1 <a<s,(B) and n € {0,...,2k — 1},

Ynp% it spy(B) <a <o, and n €{0,...,2k —1},

(07]
sup [y g(FMy) = {vak—1,8  if aop—1 < <55, (B),
neNU-1) V2k+1,8%

if s5, (B) <o < g1,
02k +1 2k

Yok+1,8 o =00k

Here, oy, Yn g, bn. sn(B) and S/zk (B) are defined, respectively, in (3-2), (3-3), (3-5),
(3-6) and (3-8).
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Provided that 8 lies in the interior (by,, b,,—1) of an interval between consecutive by, ,
the m +1 values y_1. g, Yo,8:---»Ym—1,8 (f miseven)or y_1 g, ¥0,8,---»¥Ym—2.8>
Ym,p (if m is odd) form a strictly increasing sequence by Corollary 3.3, and so the graph
of sup,enui—1; I*,5(FMp) consists of m distinct nontrivial “steps” from y_;, 5 =1
to yo,4, from yp g to y1 g, and so on, ending at a step from y,,_» g to either y,,_1 g or
Ym,p depending on the parity of m. (If m =0, so that 8 € (3, o0), then sup,, I}, g (FMy)
is just the constant function 1, corresponding to the nonsqueezing theorem.) As j
approaches by,,—1 from below, two of the heights y; ; approach each other and so one
of the steps collapses to a constant.

Since H, and P, are each asymptotic to constants times ", where o = 1 4+ /2, the
formula (3-5) makes clear that b,, — 1 is asymptotic to a constant times o~ ""*. Thus
the number of steps in the graph of sup,, I'. g(FM,) is comparable to log(1/(8 — 1)),

which of course diverges to infinity as § — 1, but does so rather slowly. For example,

13861 3364)

the interval [by¢, bg) of values of § for which the graph has 10 steps is [W’ 356

3.2 Sharpness of the lower bound

As noted earlier, the existence of the Frenkel-Miiller classes FM,, immediately implies
an inequality Cg(c) > sup,enui—1} o, g (FMp) for all &, so to prove Theorem 1.6 we
just need to establish the reverse inequality for & < o2 In fact, consulting the formula
in Proposition 3.7, we see that it is sufficient to establish the reverse inequality at the
various points s, () and (when B € (bog+1,b2k)) s;k (B) that appear in that formula,
together with a single point & with o > o2. Indeed if we know that Cp(sn(B)) <
sup, Iy, (8),8 (FMy), then the obvious inequality Cg(a) < Cg(a’) for a < ' will
then imply that Cg(a) < sup,, I}, g(FMy) for a € [@y—1.54,(B)], and the sublinearity
inequality Cg(ta) <1Cpg(c) for > 1 noted in the proof of Proposition 1.5 will imply
that Cg(a) < sup,, Iy, g (FMy) for a € [s,,(B). atn]; similar remarks apply to the other
intervals in 3.7.

Thus we must show that
(D Cg(sn(B)) < yn—1,8 for B < b, if n is odd and for B < b1 if n is even,

(D Cp(s9(B)) < vak—1,p for bogy1 < B < by, and
() Cg(a) < y2k—1,p for some o > o2, whenever byy < B < bsk_».

Note that it is sufficient to prove (I), (IT) and (IIT) when S is rational (and hence s, (8)
and S/Zk (B) are also), as this will be sufficient to prove the equality

Cp(e) =sup Ty g(FM,) for B e[l,00)NQ and & <3+ 22,
n
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and both sides of this equality are easily seen to vary continuously with §. The
forthcoming discussion will prove statements (I), (I) and (IIT) for rational 8 > 1.
Specifically:
e The case of (I) with n odd follows from Proposition 2.7 and Corollary 3.9, while
the case of (I) with n even follows from Proposition 3.12.
e (ID) follows from Proposition 3.13.
e The condition by, < 8 < byr_, is equivalent to the condition Py (f —1) <

B+1=< Prry2(B—1), so (III) follows by combining Propositions 3.14 and 3.15.

The statements listed above all amount to showing that a certain class of the form
(yB.y: W(1,a)) belongs to the appropriate symplectic cone closure Cx(Xx). By
Proposition 2.4, if & € [P 41/ Pak—1. Pok+2/Pak] NQ and y > (¢ +1)/(28 +2),
then (yB8,y; W(l,«)) is Cremona equivalent to the class denoted there by Zz, By
which may be written as

2]‘;:/3:1/ = <Z’ A’ B’ W(C7 D), W(E, F)),

where

Z = Py p1(y(B+1)—1)— Pya,

A= HyyB+1)— Py +v(3B-1).
(3-11) B=3SHyy(B+1)—Pay1—v(38—1),

1 1
C =3 Pypy2— 5Py, D = Pyp_1a — Py,

E=3PyQy(B+1)—a—1), F=PyQyB+1)-—a-1),

(We use this notation even if k = 0, although in that case E (which is zero) and F
(which is typically nonzero) are not relevant to E{ft By As noted in Remark 2.9, when
k = 0 we do not need to assume that y > (¢ +1)/(28 +2).)

Throughout the rest of this section Z, A, B, C, D, E and F will refer to the above
quantities.

3.2.1 Thecase y = yai,g The statements (I)—(III) in the beginning of Section 3.2
involve one case of embedding an ellipsoid E(1,«)° into yox g P(1, B) (with a =
Sok+1(B) and B < byx+1), and three cases of embedding an ellipsoid E(1, «)° into
Vak—1,8 P(1, B) (with & = 554 (B) and B < byg 11, with a = 53, (B) and by <
B < by, and with & equal to some value greater than 02 and b, < 8 < boi_,). This
subsection will establish the one case involving y = yox,8 = Hog42/((B + 1) Pagk41).
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We accordingly assume that B < byr41 = 1 + 2/(Hpr4o — 1); equivalently, that
(B+1) > Hyr42(B —1). Proposition 3.5, and the fact that bpx 1 < bog—1, shows
that apx < spk41(B), while Proposition 3.2 shows that y,x g < ¥2x+1,8 and hence

that 525 +1(B8) = (Y2k,8/V2k+1,8)%2k+1 =< @2k +1- In particular, since

Pok+1 2 Pao
U2k-1 =7 <agr and k4 <0° < 5,
2k—1 2k

we have sx41(B) € [Pak+1/ Pak—1, Pak+2/ P2k], and so Proposition 2.7 (or, if £ =0,
Remark 2.9) is applicable to the question of whether there is a symplectic embedding

E(1, 52%41(0))° = yar,p P(1,D).
Proposition 3.8 Let y =y, g and a = spx41(B). Then for any 8, we have
(i) Z=2C,
(i) D+F =4C,
(i) A+B+E=C,
(iv) A=F = Pyy3— Popt100.
Under the additional assumption that 1 < 8 < by 41, we have
vy A=C,
(vi) B=>0.

Proof By the definition of y,x g we have Pyg41y(B+ 1) = Hogy2, 50
Z = Hogy2 — Pakt1 — Pogt = Popyo — Pogor = 2C,
proving (i). Next, notice that

F =2Pyy17(B+1) = Pog100 — Pog1 = QHog2 — Pogt1) — Pok+1

= 2Pak+2 + Pak+1) — Pok+10 = Pogy3 — Pak 410,

which proves the second equality in (iv), and also implies that
F+ D = (Pok+3— Pak+1) = (Pak+1 — Pog—1)ot = 2Pojy0 — 2Py = 4C,

proving (ii). Also, using again that y(8 + 1) = Har 42/ Pk 41, We see that

H> H H —1
(3-12) a= et p o ks B
2Pk 41 2Py B+1
_ ! (H H 2P, .+ H p- 1)
e 2k 2k 42 Sk+1 2k+2;3 1
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_ ! (1 + Hapga D™ 1)
2Py Sy N
(using (2-4) and (2-6)), and similarly,

1 B—1
3-13 B = 1-H .
G-13) 2P2k+1( kg 1)

Since the condition that 8 < b,x 4 is equivalent to the statement that (8—1)/(8+1) <
1/ Hy 42, this last equation immediately implies (vi).

Since E = (Ppx/2Pox+1)F, we also find that

Poryo Py Py
C—-—E= — — P —P
( 5 5 o 2P2k+1( 2k+3 2Ue+10)

1
= 2by 1(P2k+1P2k+2— Py Pag43)
J’_
1
= 2by (Pok+1Pok+2 —2Pok Pogy2 — Pog Pog 1)
2k 41
1
=3P . (Pok41(Pogq2 — Pagx) — 2Py Pog12)
2k+1
! (P? Poi Pogto) !
=— — Pox Prg42) = ,
Pyyp 2K Pog 41

where the last equation uses (2-6). But (3-12) and (3-13) clearly imply that A + B =
1/ Pk 41 also, so C — E = A+ B, which is equivalent to (iii).

So far we have not used the assumption that & = 5,511 (8); however this assumption
will be relevant to the remaining two statements. We have

op+1  Hoppa(f+1)—(B— 1)'

Y2k+1,8 2Pk 41
We see then using (3-12) that

1 B—1\ , v
A+ Pyyja = 1+ Hopoo— ) + L(H F)—(B—1
2k+1 2P2k+1( 2k+2’3+1) 2( 42+ 1D —(B-1))
1 B—1 ;3—1)
= 1+ H — 4+ H —H
2P2k+1 ( 2k+2’3 +1 2k+2 2k+2,3 1
2
Z—H2k+2+1=P2k+3
2Pk 41

where the last equation uses (2-7). This proves (iv) since we have already seen that

F = Pygt3— Pory1c.
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It remains to prove (v). It is obvious from the definitions that A > B and that £ and
F have the same sign. So since B > 0 by (vi) and A = F by (iv), we deduce that also
E > 0. But then (iii) gives A = C — B — E < C, as desired. O

Corollary 3.9 For y = yyr g and o = spi41(B) with 1 < B < byi41, we have
2y(B+1)—a—1=>0, and the class E’; By belongs to Cgx (X ) for appropriate N .

Proof We noted earlier that o < ay 41 (as a consequence of Proposition 3.2), so
since o1 = Pak+43/ Pak+1, Proposition 3.8 (iv) shows that F > 0. But F has the
same sign as 2y(f8 + 1) —a — 1, proving the first statement of the corollary.

Proposition 3.8(ii), (iv) and (v) together show that D = 4C — A > 3C . (Note also that
C and D are nonnegative since, as noted earlier, « € [Pog+1/ Pak—1, Pok+2/ Pak].)
Thus E’; g,y can be rewritten (also using Proposition 3.8(i)) as

(2C; A, B,C*3, W(C,D —3C),W(E, F)).

We will see that this class satisfies the tiling criterion of Corollary 2.14. Note that
obviously, A > B, and B > 0 by Proposition 3.8(vi); we have also already noted that
C, D—3C and F are positive, and so E is also nonnegative since E is a nonnegative
multiple of F.

We must show that a square of sidelength 2C contains, disjointly, the interiors of
3 squares of sidelength C, squares of sidelengths A and B, a C -by-(D—3C) rectangle
and an E -by- F rectangle. We can place the 3 squares of sidelength C in three of the
four quadrants of the square of sidelength 2C, so it suffices to show that the remaining
quadrant (also a square of sidelength C) can be tiled by squares of sidelengths A
and B together with a C -by-(D—3C) rectangle and an E-by- F rectangle.

Proposition 3.8(ii) and (iv) show that A+ (D —3C) = C. Placing the C -by-(D—-3C)
rectangle along one side of the remaining quadrant, we see that it suffices to tile an
A-by-C rectangle by a square of sidelength A, a square of sidelength B and an
E -by- F rectangle. Since (using various statements in Proposition 3.8) F = A < C,

A+ B+ E=C and A, B, E >0 (and hence B < (), this is straightforward to do by
k

- a,B.y
satisfies the tiling criterion, so belongs to the appropriate Cx (X ) by Corollary 2.14.

simply stacking the two squares and the rectangle on top of each other. Thus X

See Figure 5. |
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BxB

AXE (D-3C)
XC CxC

Ax A

CxC CxC

Figure 5: The tiling used to prove Corollary 3.9

The fact that (y2k,8 B, vak.: W(L, s2k41(B))) € Ck (Xn) for B < byj41, or equiva-
lently that there is a symplectic embedding E(1,s2¢+1(8))° < yak,g P (1, B), now
follows directly from Proposition 2.7 (or Remark 2.9 in the case that kK = 0).

3.2.2 Thecase y = y2x—1,4 We now turn to the various embeddings E(1,a)° —
yP(1, B) that we require when

2Pk 41
Hy(B+1D)—(B-1)
Continue to denote by Z, A, B, C, D, E and F the functions of k, o, 8 and y
given by the formulas of (3-11).

Y =VY2k-1,8=

Lemma 3.10 Ify = yx_ g. then for any k, a and B we have
@ A=y@B-1),
(il) B =0,

(iii) A+C+E=Z.

Proof Indeed, we find that

1 _ Py 1Hog =2Ppp 1 Hop)(B+ 1) + 2P 1 (B—1)
sHory(B+1) = Popyr = Yy B+ 1) —208—1)

=2y(B—1),
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which immediately implies (i) and (ii) by the definitions of A and B.
Also,
A+CHE=y(B-1)~+ (5Poak+2— 5 Pok) + 3 PuQy(B+ 1) —a—1)
=y(B—1)+ Pary(B+1) = Py + 3 (Pag 12 — Pag).
Now we can rewrite P,j as Py — Hpy, and %(P2k+2 — Pyy) as Pogyq, giving

A+C+E=Pyp(y(B+1D)—1)— Pyoa+2Py i1 +y(B—1)— Hyy(B+1)
= Z+2Pysy —y(Ha B+ D= (B—1) = Z,
proving (iii). O
Proposition 3.11 Ify = ypx_; g and a, f > 1, then 2y(B +1) —a —1 > 0 provided
that one of the following holds:
() @ =< Hpg42/Hoi, or
(i) o=s5.(B),or
(i) B+1=<Hy41(B—1) and @ = Pogyo/ P, or
(V) B+1<Hya(f—1) and
_ 2Py Pog2(B+D—(B-1)
o= .
Hykpr Hyu(B+1D—(B-1)

Proof Using (2-10), we have

4Py 1 — Hop)(B+ D+ (B—1)
3-14 2 H—-1=
19 7D Hy(B+ 1) —(B—1)
_ Hopo(B+ 1)+ (B—1)
Hy(B+D)—(B-1)
This is obviously greater than H,g 4,/ Hyk , proving (i). As for (ii), we have
/ k41 Hopp2(B+1D—(B—1)
S (P) = yV2k+1,ﬁ B 2Pk 41 7
so if o = 57, (B), then (2-10) gives
(4Pog41— Hop42) B+ D+ (B-1)
v
2Prk41
_ Hy(B+D)+(B-1)
=V > 1,
Hy(B+1)—(B—1)

2y(B+1)—a =

which suffices to prove (ii).
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Next, we see from (2-11) and (2-8) that

Pokyo Pokot Pok _ 2)/(,3—1—1)—2H2k+1

2y(B+1)————-1=2y(B+1)—
Py Py Py

_ 2@Pok Pogy 1 (B+1) = Hog 1 Hok (B+1)+ Hog 11 (B—1))
Py (Hap (B+1)—(B—1))

(—(B+D+Hop11(B—1)).

2
Py (Hog (B+1)—(B~1))

which immediately implies (iii).

Finally let
_ 2Pppy1 Pog (B 1) —(B—1)
o= .
Hyky1 Har(B+1D—(B-1)

By (3-14), we have

2y(B+1)—a—1
_ Mo 1 Hok o (B4 1)+ Hop 1 (B=1D) =2 Pop i1 Pok 2 (B+ D +2Pop 11 (B—1)
Hog+1(Hap (B+1)—(B—1))
_ (k1 Hok42=2Pog 41 Pog42) (B+1) + (Hog 11 +2Pog1 1) (B—1)
Hop+1(Hox (B+1)—(B—1))
__—(BHD+ Hopya(B—1)
Hap 1 (Hor (B+1D—(B—1))’

where the last equation follows from (2-8) and (2-9). Thus (iv) holds. O

Proposition 3.12 If 1 < B < byx41, ¥ = Vak—1,8 and a = sy (B), with W(1, )
having length N — 1, then (yB,y:W(l,a)) € Ck(Xn).

Proof Corollary 3.6 shows, under the assumption that 8 < by, that app—1 <

s2k(B) < ap for any k, ie that sp1(B) € [Pak+1/Pak—1. Hak+2/Hog]. In par-
ticular, Proposition 2.7 applies, with the same value of k, when o = s,;(8), and
Proposition 3.11(i) shows that

Hp o
H

0<2y(B+1)— —1=<2yB+1)—a—1.

So both the parameters

E=1PpQy(B+1)—a—1) and F =Py QyB+1)—a—1)
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CxF ExF

Ax A

Figure 6: The tiling used to prove Proposition 3.12

are nonnegative, and, using Proposition 2.7 and Lemma 3.10, the class (y8, y; W(1, «))
is Cremona equivalent to

(3-15) (Z;A,0,W(C, D), W(E, F)),

where, as before, Z = Py 1 (y(B+1)—1)— Py, A=y(f—1),C = %P2k+2 —
%sza and D = Pyp_j00 — Py 41, and where, moreover, Z =A+4+C + E.

Now, by definition, & = (at2x /V2k,8)¥ = (P2k+1(B + 1D)y)/Hak . So, by (2-11),
F—=D =2Py1y(B+1) = (Pokt1+ Pak—1)2 =2Pop1y(f + 1) —2Hppa = 0.
Also,
Z—F =—=Pop1v(B+ 1D+ (Pogt1— Pa)a = —Pop11y(B+ 1) + Hypr = 0.
So (3-15) can be rewritten as
(F: 4,0, W(C, F), W(E, F)).

We have already noted that £, F > 0, and clearly A = y(f—1) > 0. Also, C >0
since o« < Hpy 4o/ Hogx < P42/ Pax. Moreover, by Lemma 3.10, F = A+ C + E,
which, of course, in particular implies that A < F'. Consequently, the class satisfies
the tiling criterion (see Figure 6), and so our original class (y8, y; W(1,a)) belongs
to Cx(Xn). |

Proposition 3.13 If byr | < B < bk, y = yar—1,8 and o = 55, (B), with W(l, )
having length N — 1, then (yB,y;W(1,a)) € Cx(XN).
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Proof By (3-10), asx—1 < < aog41, i€ Popy1/Pox—1 < < Pog13/Popy1- So,
since Pogy3/Paks1 < 02 < Pppyn/Poy, Proposition 2.7 applies, with the same
value of k, when o = Slzk (b); moreover, Proposition 3.11(ii) shows that we have
2y(B+1)—a—1>0. So our class (yB,y; W(l,«)) is Cremona equivalent to
(Z;A,0,W(C, D), W(E, F)), where Z, A, C, D, E and F are defined by the
usual formulas of (3-11).

Note that the definitions yield

Hak2(B+ 1) —(B-1)
Hy(B+1D—(B—-1)

In particular, we have o = S/zk (B) = Hag 42/ Hjj . Consequently,

Sék(ﬂ) =

D —2C = (Pok—10 — Pog41) — (Pog+2 — Popt) = Hapot — Hap 12 = 0
and
W(C, D) = (C**)uW(C, D —2C).
Also,

4Pk 41— Hog12—Hap)(B+1)+2(B—-1)
Hyp(B+1)—(B—1)

F =Py 12y(B+1)—a—1) = P4y

2Pyt (B—1)
- —y(B=1) = 4,
HyB+1)—(—1 ~VP7D

where the third equality uses (2-10) and the last uses Lemma 3.10(i). Moreover,

Z+C+E = (Pys1+ Pa)y(B+1) + (—Paks1 + 3 Pakt2 — 5 Pak) — 2Py
= Hyp1y(B+1) —2Pya,
and so
(3-16) Z+CH+E—-D=Hyy1y(B+1)— Q2P + Po—1)at + Popyy
= Hop41y(B+1)— Pypyi(a—1).
Now,

_ (Hopo(B+ D) =(B=D) = (Hox (B+1)=(B—-1)) _  2Hop 1 (B+1)
Hoyp(B+1)—(f—1) Hoy(B+1)—(B-1)
Thus (3-16) shows that

—1

2Ho 41 Pogp1(B+1) =2Py 41 Hyp 1 (B + 1) _

sHCHE-D= Hy(B+ 1D —(B—1)

0.

SoD-2C=Z-C+E.
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Thus the class (Z; A,0, W(C, D), W(E, F)) can be rewritten as
(Z:A,0,C*2, W(C,Z—C + E),W(E, A)).

Applying the Cremona move cg23 and recalling from Lemma 3.10 that Z=A+C+ E,
and hence Z — A —2C = E — C, we conclude that (y8,v; W(1,«)) is Cremona
equivalent to

(3-17) (Z—CH+E;A—C +E,0,E*2 W(C,Z—C + E), W(E, A)).
Now rearranging the equation Z = A+ C + E shows that A+2E =Z—C + E and
(A-C+E)+E+C=A+C+E)-C+E=Z—-C+E.

So by combining the E*? with the W(E, A) into an E-by-(Z—C+E) rectangle
and placing this in between a C -by-(Z—C +E) rectangle and a square of sidelength
A—C + E, as in Figure 7, shows that (3-17) satisfies the tiling criterion, provided that
itholds that A—C + E > 0.

ExFE

ExXE

Cx(Z-C+E)

ExA

(A—C+E)
X
(A—C+E)

Figure 7: The tiling used to prove Proposition 3.13

Since A+ C + E = Z, we have
A—CH+E=2-2C = Py1(y(B+1)—1)—Pogy2 = Pop117(B+1)— Hap 42
_ (P31 — Hok Hak12)(B+ 1)+ Hop 1 2(B—1)
B Hyp(B+1)—(B—1)
_ —(B+ D+ Hoya(B-1)
Hy(B+D—=(B-1)
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where the last equation follows from (2-4) and (2-5). Our assumption 8 > by
is equivalent to the statement that 8 + 1 < Hpx (B — 1), and so we indeed have
A—C + E > 0. So Figure 7 shows that (3-17) satisfies the tiling criterion and hence that
the class (yB,y; W(1,a)), to which it is Cremona equivalent, belongs to Cx (Xy). O

Proposition 3.14 Assume that P (B —1) < B+ 1 < Hyp41(B—1) where k > 1,
andlet y = ypr_1,8 and o = Py 5/ Poi. Then (yB,y; W(l,)) € Cx (Xn), where
N —1 is the length of W(1, ).

Proof It follows from Proposition 2.7 that this is equivalent to the statement that
(Z: A, B,W(C, D), W(E, F)) belongs to the appropriate Cx(Xy) provided that
E, F >0, and Proposition 3.11(iii) shows that we indeed have E, F > 0 due to the
assumption that B+ 1 < H,x 4 1(B—1). Moreover the hypothesis that & = Ppgy»/ Pag
means that C = 0, so that W(C, D) is the empty sequence. Also, Lemma 3.10 shows
that B = 0 and that (since C =0) Z = A + E, so we just need to consider the class

(3-18) (A+E; A, W(E, F)),

where

Pk Pk
B =2 (2B 1)~ T2 1) = Py + 1)~ Pt + P
2

= Pyy(B+1)— Hyry1 (using (2-11)),

2P
Pk
Now 2P 4P 2P
F 4| — 212k+1 2%k p 2k_1E20,
Pk Py
so (3-18) is equal to
(3-19) (A+E; A, E** W(E, F —4E)),

where FF —4FE = (2P2k_1/P2k)E = (1 - sz_z/sz)E < E. Also

A=2E = y(B—1)—2Poy(B+1)+2H2p 41
_ 2Py 1 (B—1)—4Pog 11 Pop (B+1)+2Hop 1 Hox (B+1)—2Hop11(B—1)
- Hop (B+1)—(B-1)
_ 2B+ 1D)—CHok+1=2Pok+1)(B=1) _ 2((B+D =P (B—1) _
a Hor (B+1D)—(B-1) © Hy(B+D—(B—1) ~

by our assumption on 8. So A > 2F.
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The facts that A >2F >0 and that 0 < F —4FE < E imply that the class (3-18) satisfies
the tiling criterion, as can be seen for instance from Figure 8. Since (y8,y; W(1, a))

is Cremona equivalent to (3-19), this proves the proposition. |
ExE ExE
Ex(F—AE)
ExE
AxA
ExE

Figure 8: The tiling used to prove Proposition 3.14

Proposition 3.15 Assume that Hyp1(B—1) < B+ 1 < Pyr1>(B—1), and let
_ 2Ppy1 Pok2(B+ D) —(B—1)
o= .
Hypp1 Hy(B+1)—(B—-1)
Then 02 < a < Pp4»/ Py . Furthermore, if y = Y2k—1,8 and W(1,a) has length
N —1, then (yB.y:W(l,a)) € Ck(Xn).

Proof Note that
Popr(B+1)—(B—1) 14 P2 — Hoi
Hy (B+1)—(B—1) Hy—(B=1/(B+1)

is an increasing function of B, so to prove the first sentence it suffices to check

that « € (02, Pax 12/ Pak) just when B is one of the endpoints of the interval of
possible values of B under consideration, ie when 8 + 1 = Ppr4,(B — 1) or when
B+1=Hoyt1(B—1).If B+1= Popi2(f—1) Gieif f =1+2/(Ppr42—1)) then,
using (2-5),

2 2 2
_ 2Pyq1 Porpo— 1 2Py Pogn— 1 2(Py 1)

’

Hog1 PogyoHop =1 Hogy1 Pogy1Hok4a HY oy
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which is greater than o2 by Proposition 2.2. On the other hand, if B+1= Ha; 4 1(B—1)
(ieif B =1+42/(Hzk41 — 1)) then, using (2-8),

oo 2Pkt Poksa o1 =1 2Poky 1 (Pokto Hoks1 =) _ Pagtn 1
Hogy1 HppHppyq—1 Hop 412 Py Pog41) Pyr Py Hppqg

So since « is an increasing function of B, for any B € [1 + 2/(Pr4o — 1), 1 +
2/(Hk 1 — 1)] we will have inequalities

2(P%, ., —1) P 1 P
o2 < 2k+2 <a< 2k+2 < 2k+2,

H Py PopHog4 Poy

proving the first sentence of the proposition.

Now since Hypg 2 > Poj 4o, Proposition 3.11 shows that 2y(8 4+ 1) —a —1 > 0. By
what we have already shown, we have

P i1 - P i3 2 Pk 42
P11 Porgr Py

So Proposition 2.7 applies with the same value of k, so that (y8,y; W(1,®)) is
Cremona equivalent to (Z; A,0, W(C, D), W(E, F)),where Z, A, C, D, E and F
have their usual meanings (and we have used Lemma 3.10 to see that B = 0).

Now
D —4C = (Pok—10 — Pog+1) = 2(Pop+2 — Por) = Pop 10 — Pogy3,

which is positive since, as noted above, o > Pog 3/ Pog+1. So using Lemma 3.10(iii)
we can rewrite (Z; A,0, W(C, D), W(E, F)) as

(A+C +E;A,0,C** W(C,D—4C), W(E, F)).

Applying the Cremona moves cg23 and coq5 successively yields §ga3 = 8045 = E—C,
so (yB,y;W(1,a)) is Cremona equivalent to

(3-20) (A—C +3E;A—2C +2E.,0,E** W(C,D —4C),W(E, F)).
Now we noted earlier that D —4C = Pyj 4100 — Pog43, while, using Lemma 3.10,

(3-21) A—C+3E =3 Pya—3Poyr+ 3Py Qy(B+1)—a—1)+y(B-1)
=yGBPu(B+ 1)+ (B—1)) — Poxa — 3(Pay2 + 3Pak)
=y@BPu(B+1)+(B—1)) = Py — (Pogy1 +2P2g).
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So

(A—C +3E)— (D —4C)
=y@Pu(B+1)+(B—1)— (Pakt1+ Pop)ot + (Pog43— Pogy1 —2Pox).
Now Poj i1+ Pog = Hog+1 and Pog 43— Pog1—2Pok =2Ppp42—2Pop =4 Pk 1.
So we obtain
(A—C +3E)— (D —4C)
=yQ@Pu(B+1)+(B—1)) — Hopr10 +4Pop 11

(6P Pogy1 —2Pop 1 Pogyo +4Hop Por 1) (B+ 1)
+ 2Por41+ 2P 11 — 4P+ 1)(B—1)

Hy(B+1D—(B-1

(BPak — Popyp+2Hp) =0,

_ 2Pupi(B+D)
Hoc(B+1)—(B—1)

since Py ip =2(Pog+1— Pak) +3Pok = 2Hog + 3Py

Furthermore, we have F +4E = (Pk+41 +2P1)2y(B+ 1) —a — 1), so by (3-21)
we find

(A—C +3E)— (F + 4E)
=yY(BPak — 2Pk 41— 4P )(B+ 1)+ (B—1)) + (Pog41 + Pai)
=y(=Pos2(B+ 1)+ (B—1) + Hyp 110 =0,

since by definition we have

oy Pria(B+1)—(B—1)
= V.
Hyp g

We have thus shown that D —4C = A—C 4 3E = F 4+ 4F, in view of which (3-20)
can be rewritten as

(F4+4E:F —C +3E,0, E** W(C.F +4E),W(E, F)).

So since we already know that C, E, F > 0, by joining together four squares of
sidelength £ with an F-by-E rectangle to form an (F + 4E)-by- E rectangle and
then combining this with an (F + 4FE)-by-C rectangle and a square of sidelength
F — C + 3E as in Figure 9, it will follow that (3-20) satisfies the tiling criterion
provided merely that we show that F —C +3E = A—2C 4 2E is nonnegative. In fact,
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FxE

(F+4E)xC

(F—C +3E)
x (F —C +3E)

Figure 9: The tiling used to prove Proposition 3.15

we find (using (2-11) and (2-8)) that
A=2C+2E =y(B—1)— Pakya+ P+ Po Qy(B+1)—a—1)
=yQ2Py(B+1)+(B—1))—2H3k 41
_ (4Pog Py = 2Hop Hop 1) (B+ 1) + 2 Pog 1 + 2Hop ) (B— 1)
Hyp(B+1)—(B—1)
_ 2B+ D+ 2Py (B—1) 0
Hy(B+D)—-(B-1) — 7
since we assume that § + 1 < Pyr4»(8 —1). So (3-20) indeed satisfies the tiling
criterion and the proposition follows. m|

We have now proven all of the propositions listed near the start of Section 3.2, and
hence have completed the proof of Theorem 1.6.

Remark 3.16 In the case that k = 0, Corollary 3.9 and Propositions 3.12, 3.13 and
3.15 can be read off from results in [5]. (The & = 0 case of Proposition 3.14, on the
other hand, is vacuous since H; = 1 and so the condition S + 1 < Hpr (B — 1)
can never be satisfied.) Indeed [5, Proposition 3.8] can be rephrased as saying that if
m € Zy and B € R with B >m, then Cg(m+ ) <1. Since y_; g =1, by =2 and
bo = 3, and since easy calculations show that so(8) =1+ B and s((B) =2+ B, the
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k = 0 case of Proposition 3.12 amounts to the statement that Cg(1 + ) < 1 when
1 < B <2, and that of Proposition 3.13 amounts to the statement that Cg(2+ ) <1
when 2 < 8 < 3. Also, the k = 0 case of Proposition 3.15 shows that if 8 > 3, then
Cg(3+B) < 1. So when k is set equal to zero each of these three propositions becomes
a special case of [5, Proposition 3.8].

Meanwhile, [5, Proposition 3.10] (with y =b = 8 and a = 1) shows, for 1 < <2,
that for all A > 1 there is a symplectic embedding E(%(l +B).24B) <= AP(1,B) and
hence that Cg(3(B +2)/(B + 1)) <3/(B + 1), which is easily seen to be equivalent
to the k = 0 case of Corollary 3.9.

3.3 The Frenkel-Miiller classes and the volume constraint

Theorem 1.6 and Proposition 3.7 together give an explicit formula for Cg(a) for all
a € [1,02]. Of course there is a lower bound Cp(a) > /a /2B arising from volume
considerations, and we now show precisely when this bound is sharp.

Proposition 3.17 Let | <a <o? and B > 1. Then Cp(a) = \/a/2p if and only if,
for some k > 1, we have
2
}Ek
2

B=by_1 and o= .
}Bk—l

Remark 3.18 From the definitions together with (2-4) and (2-2) one computes

H? —1 P2
S2k—1(b2k—1) = 2k =2
2Py Pl

2 2
Sok—z(b2k—1) = Poml IZZk :
HoxHoyp—2—1 Py |

So the special value of « indicated in Proposition 3.17 is equal both to s _1(bor—1)
and to s5, _,(bog—1)-

Proof of Proposition 3.17 Given the formulas for sup,, I, g (FMj) in Proposition 3.7,
it is easy to see that it suffices to prove Proposition 3.17 for « equal to 02, to so5—1(B)
and spx_»(B) whenever B < by, and to 55, _,(B) whenever byp_; < B < byy.
(Briefly, this is because for fixed 8, a constant function of « that is bounded below
by \/m on an interval is strictly greater than \/m on the whole interval except
possibly at the right endpoint, and an increasing function of the form o — ma that is
bounded below by \/W on an interval is strictly greater than \/W on the whole
interval except possibly at the left endpoint.)
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For a = 02, the statement follows directly from Propositions 3.14 and 3.15: choosing k
sothat B € [bar_2, boy], one or the other of these results (depending on the precise value
of B) gives o’ > 02 such that Cg(06?) = Cg(a’) = yax—1,4- Since Cg(a’) > Vo' /2B
and 02 < o/, it follows therefore that Cg (02) > /o2/28.

If o = sp_1(B) and B < byi_;, then Proposition 3.7 gives Cg(a) = yop—2,8. A
routine computation then yields

V2k—2,8

2(B+1) Py

_ Vok—2.(B—1)

©2(B+1) Py
Now since 8 < by_1 =1+ 2/(Hy — 1), we have (B + 1) > Hy (B —1) > 0,
with equality if and only if B = b,x_;. This shows that 28Cg ()?> —a > 0 (ie that
Cp(a) > \/m) when o = 55, _1(B) and 1 < B < byj_1, with equality only when
B = byj_1. (Note that the assumption 8 > 1 is needed due to the factor of § — 1
in (3-22).)

(3-22) 2By34_p p—52k-1(B) = ((4B—(B+1)*) Ha +(B+1)(B—1))

(B+1D)—Hap (B—1)).

The case that o« = 555 _»(B) and 1 < B < byr_; is similar. We then have Cg(x) =
Y2k—3,8 and we find that

Yok—3,8 Pak—1(B—1)
Hop—2(Hak—2(B+1)—(B—1))
This is strictly positive since the assumption that 1 < 8 < by implies g + 1 >
Hy (B—1) > Hop_2(B—1). So for @ = s9,_»(B) and 1 < B < byj_1, we have
2BCg (@)>—a >0, ie Cp(a) > (Ja/2B.

The final case, in which @ =55, () and byx_; < B < byj_5, requires a bit more

2BY35—3.p —S2k—2(B) = (B+1)—Hox—2(B—1)).

work. In this case Cg(a) = y2x—3,4, and one finds

2BVak—3.8 — Spp—r(B)

o
= Y2k—3,8 (2,3V2k—3,ﬂ B L )

Y2k—1,8
=y ( 4BPrk—1 _ (/3+1)H2k—(,3—1))
*3 B\ B+ DHu—(B—1) 2Pos

_ Y2k-3.8 (88P7,_, — (Hay(B+1)— (B— 1) (Hp—2(B+1)—(B—1)))
2Pyp—1(Hoyp—2(B+ 1D —(B—1))
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Thus for « = s;k_z(,B) and byg_1 < B < byg_, the sign of Cg(a) — /a/2B will be
the same as the sign of
g(B) =8Py, — (Ha (B+1) = (B—D)(Hap2(B+1)—(B—1))
and, in view of Remark 3.18, the proof will be complete if we show that for 8 €
[hok—1,b2k_2], we have g(B) > 0 with equality if and only if § = byj_1.
For f = byr_1 wehave B+ 1= Hy; (B —1) and so
g(hok—1) = 8boi—1 P3y_y — (bo—y — 1)*(H3 — 1) (Hog o Hop — 1)
= 8bak—1 Py —4(bak—1 — 1)’ Py Py,
= i@(flzk + 1)(Ho —1)—4P3) =0
(Ho—1)? 2
where we have used (2-4) and (2-2). For the other values of 8, we compute the
derivative of g as
g (B)=8P3 _ —(Hap—1)(Hak—2(B+1)—(B—1))—(Hag—2—1)(Hox (B+1)—(f—1))
=8P —2(Hok Haj—2—1)=2B(Hog Hok—p+1—(Hoi+ Hpg—»))
=4P3 _ —4B(Pak—1—1)%,
where we have used (2-4), (2-2) and (2-10). Thus g’(8) > 0 provided that 8 <
(14 1/(Par—1 —1))%. Now

() < ()
Py —1 Py —1 Py—1—1) "

so in particular g’(B) > 0 for all B € [bogx—_1,bak—2]. So since g(byy_1) = 0, this

byk—r =1+

implies that, for B € [bog_1,bar—2], we have g(B8) > 0 with equality if and only if
B = byr_1, as desired. |

4 Finding the new staircases

4.1 A criterion for an infinite staircase

Recall from the start of Section 1.3 that we say that Cg has an infinite staircase if
there are infinitely many distinct affine functions each of which agrees with Cg on
some nonempty open interval; we have also defined in Section 1.3 the notion of an
accumulation point of an infinite staircase. The new infinite staircases that we find in this
paper will be deduced from the existence of certain infinite families of perfect classes
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(a,b;W(c,d)). (Recall from the introduction that a class of the form (a, b; W(c, d))
is said to be perfect if it belongs to the set £ of exceptional classes, and quasiperfect if it
satisfies the weaker condition of having Chern number 1 and self-intersection —1. Note
that distinct perfect classes always have positive intersection number with each other.)
Before constructing these classes, we will derive in this section a general sufficient
criterion (see Theorem 4.4) for an infinite sequence of perfect classes to guarantee the
existence of an infinite staircase for some Cg.

To put the following results into context, we remark that a very similar argument to
those used in [9, Lemma 2.1.5] and [4, Lemma 4.11] shows that, if C = (a, b; W(c, d))
is a perfect class, then C is the unique class in & with Cy/p(c/d) = pe/g,a/6(C).
Thus every perfect class exerts some influence on the function («, 8) = Cg(a) of two
variables. We will require a somewhat more flexible version of this statement, showing
that a perfect class (a, b; W(c, d)) sharply obstructs embeddings of ellipsoids into
dilates of P (1, B8) for all B in an explicit neighborhood of a/b, not just into dilates of
P(1,a/b).”

Lemma 4.1 Assume that C = (a,b;W(c,d)) € £, with ¢ > d, ged(c,d) = 1 and
a > Bb where B > 1. Assume moreover that we have inequalities

(4-1) (a—pBb)? <28 and (a—b)(a—pb)<1+8.

Mc/d,ﬂ(C)>maX{,/ﬁ, sup  fesa,p(E)¢.
Bd’ gee\icy

Proof We first compare p./4 g(C) to the volume bound /c/28d . As W(c,d) =
dw(c/d), we have w(c/d)-W(c,d)=cd/d = c, and so

c
a+pBb’

Then

Meja,p(C) =

This is greater than the volume bound if and only if ¢2/(a + Bb)? > ¢/2Bd, ie if and
only if
(a + Bb)? <2Bcd =2B2ab + 1),

7We take B to be less than or equal to a/b in what follows because this turns out to be true in all of
the examples that we consider later, but a similar argument with slightly different inequalities gives an
analogous result when > a/b.
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where the equality cd = 2ab + 1 follows from C having self-intersection —1. Since
(a + Bb)?> —4Bab = (a — Bb)?, this latter inequality is equivalent to (a — Bb)? < 28,
as is assumed to hold in the statement of the lemma.
As for the comparison to SUpgeg\(cy Ke/d,p(E), note first that if £ = (x, y; m) €&
with y > x, then (y, x;m) also lies in &, and
w(c/d)-m - w(c/d)-m
y+Bx x+ By
since we assume that 8 > 1. Thus

(4-2) Meja,p((y, x:im)) = = fea,p((x, y;m)),

sup  fiesa,p(E) = max{ic/q (b, a; W(c,d)), sup  fiesap((x, yim))}.
Ece\{C} (x,y;m)eE\{C}
x>y

We have jic/q 8(C) > ficsa,p((b.a; W(c,d))) as a special case of (4-2).
Consider any (x, y;m) € E\{C} with x > y. Since (x, y;m) and C = (a,b; W(c,d))

belong to £ they have nonnegative intersection number, ie bx +ay —W(c,d)-m > 0.

So since w(c/d) = (1/d)W(c,d), we find

w(c/d)-m - bx +ay _ b 1+ (a/b)(y/x) - a+b
x+By Tdx+By) d 1+B(y/x) T d(1+p)

Here the final inequality follows from the assumption that y < x and the fact that,

since we assume a/b > B, the function ¢ — (1 4 (a/b)t)/(1 + Bt) is nondecreasing.

Meja,p(E) =

So to complete the proof it suffices to show that (a + b)/(d(1 + B)) < c/(a + Bb),
ie that

(4-3) (a+b)(a+ Bb) < cd(1 + B).

But since C has self-intersection —1 we have ¢d = 2ab + 1, so (4-3) follows imme-
diately from the second inequality in (4-1) and the observation that (a + b)(a + b) —
2(1 + B)ab = (a —b)(a — Bb). O

Proposition 4.2 Assume that C € £ satisfies the hypotheses of Lemma 4.1. Then
there is a § > 0 such that for all rational « > 1 with | —c/d| < 8, the class C is the
unique class in £ with

Cp (@) = e, (C).

Proof For any rational o > 1 we have

4-4) Cﬂ(a)zsup({\/%} U{ua’ﬂ(E)|E65}).
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(See [3, Section 2.1].) Lemma 4.1 shows that our class C obeys Cg(c/d) = pt¢7q,8(C),
and more strongly that for « = ¢/d, there is a strict positive lower bound on the
difference between 1o g(C) and any of the other values in the set over which the
supremum is taken on the right-hand side of (4-4). It will follow that this property
continues to hold for all « sufficiently close to ¢/d provided that the family of functions
{a > g g(E)| E € £} is equicontinuous at a = ¢/d , ie for any € > 0 there should
be § > 0 independent of E such thatif [« —c/d| <& then |y g(E)—peja p(E)| <€
for all E € £. Of course since 1y g(E;) =0 for all a, B it suffices to restrict attention
to E € E\U;{E]}.

Now we find, for E = (x, y;m) € £\ J;{E]} (so that x and y are not both zero, and
2xy — ||m||?> = —1 since E has self-intersection —1) and ag, a1 € Q,

_ | wlao) —wlan)) - | _ [[wlao) —wlan) ||
wao,ﬂ(E)—ual,,s(Eﬂ—‘ —vle) A Julen) —ve
[ 2xy +1
= [[w(ag) — w(ery) | m
2
< ||w(050)—w(0!1)||\/(X/Z{zj_ﬂ;/gy) 1
= w(eo) —wie)| /L +1.

p

So our family is equicontinuous at ¢/d provided that the weight sequence function
w: QN[L,00) > Q> =1/, Q" is continuous at ¢/d (with respect to the obvious
metric on Q° that restricts to each Q" as the Euclidean metric). This latter fact follows
easily from [9, Lemma 2.2.1], which shows that, if the length of the vector w(c/d) is ny,
then for « in a suitable neighborhood of ¢/d we can write w(«) as (Z (), 7 (a)) where
{isa piecewise linear Q" —valued function equal to w(c/d) at o = ¢/d . Thus within
this neighborhood we have a Lipschitz bound ||E(o¢) —w(c/d)| <Mla—c/d|, and so

7 = a—lE@P< a(fw(S)| -]~ ) < (- &) +2m|a—< | /5.
Therefore |w(a) —w(c/d)|? = ||Z(oz) —w(c/d)||* + ||F(a)||* converges to zero as
a—c/d. O

Having shown that, for any perfect class C = (a,b; W(c,d)), . g(C) is equal to Cg

in a neighborhood of ¢/d , we now use results from [9] to identify . g(C) in such a
neighborhood with the function I'. g(C) from Proposition 1.5.
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Proposition 4.3 Suppose that C = (a, b; W(c, d)) is a perfect class with ¢ > d and
ged(c,d) = 1, and suppose that B > 1 is arbitrary. Then there is a § > 0 such that for
alla € (¢/d —6,¢/d + §), we have

do ) c

ifa <=,

Hap(C) =Typ(C)=14+pb ———d
ifa>—.

a+pb d

Proof Since
w(a)-W(c,d) d c
Moz,ﬂ(c)z a+t pb :a—i-ﬁbw(a)'w(g)’

the proposition is equivalent to the statement that, for all ¢ in a neighborhood of ¢/d ,

a ifa< £,
c d
(4-5) w(e) - w (—) —
d < ifa> S
d —d’
But (4-5) can be read off directly from [9, Lemma 2.2.1 and Corollary 2.2.7]. (Note
that, as is alluded to at the start of [9, Section 2.2], the number denoted therein as N
can be taken either even or odd according to taste, by allowing the possibility of taking

the final term £ in the continued fraction expansion of ¢/d to be 1.) |

Theorem 4.4 Suppose that § > 1 has the property that there is an infinite collec-
tion {(a;, bi; W(ci, d;))}72, of distinct perfect classes all having a; > Bb;, ¢; > d;,

ged(ci,di) =1, (a; —PBb;)? <2p and (a; —b;)(a; —Bb;) < 1+ B. Then the embedding
capacity function Cg has an infinite staircase.

Moreover, this infinite staircase has an accumulation point S = lim; o ¢; /d; , which
is the unique number greater than 1 that obeys

(1+5)>  2(1+p)?
s B

Proof Write C; = (a;, bi; W(ci, d;)). Proposition 4.2 shows that for each i there is an
open interval /; containing ¢;/d; on which Cg is identically equal to & > g g(Ci);

moreover, the uniqueness statement in that proposition implies that the intervals ; can
be taken pairwise disjoint (so in particular the various ¢; /d; are all distinct). Now the
function Cg is nondecreasing, and Proposition 4.3 shows that, for each i, Cg is equal
to the constant ¢; /(a; + Bb;) on a nonempty open subinterval of /;, but takes a strictly
larger value at the right endpoint of /; than at the left endpoint. In particular this forces
the various ¢; /(a; + Bb;) to all be distinct — more specifically, if ¢; /d; < c;/d; then
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ci/(a; + Bbi) <cj/(aj + Bb;). So there are infinitely many distinct real numbers
c¢i/(a; + Bb;) such that Cg is identically equal to ¢; /(a; + Bb;) on some nonempty
open interval, which suffices to prove that Cg has an infinite staircase.

As for the accumulation point, since the open intervals on which Cg is equal to
¢i/(a; + Bb;) contain ¢; /d; in their respective closures, it is clear that if lim; o ¢; /d;
exists then this limit is an accumulation point for the infinite staircase. So it remains
only to show that ¢; /d; — S, where S is as described in the statement of the corollary.

The fact that we have a bound (a; —8b;)? <2 where > 1 and the (a;, b;) comprise
an infinite subset of N2 implies that the values |a; — b;| diverge to infinity, in view
of which the bound (a; — b;)(a; — Bb;) < 1 + B, and the fact that both factors are
nonnegative, forces a; — Bb; — 0. Now since C; has Chern number 1 and self-
intersection —1, we have

¢i +di =2(a; +b;) and cjd; =2a;b; + 1.

Dividing the square of the first equation by the second shows that
(ci +di)? _ 4((1+B)bi + (ai — pbi))?
cid; Z,Bbl.z +2(a; — Bbi)b; +1 '
Our hypotheses imply that the b; diverge to co. Also, a; is a bounded distance
from Bb;, and (a; — Bb;)(a; — b;) is bounded with 8 # 1, in view of which
1
51 (ai — Bbi)((ai —bi) — (ai — Bbi))
remains bounded. Hence the limit of the right-hand side of (4-6) is 2(1 4+ 8)%/B. So
writing S; = ¢;/d; we obtain lim; o0 (1 + S;)?/S; = 2(1 + B)?/B. But the function
x> (14 x)?/x = x +2 4 1/x restricts to [1, 00) as proper and strictly increasing,

(4-6)

(a; — Bbi)b; =

so this forces S; — S, where S is the unique solution greater than 1 to the equation

(14 8)2/S =2(1+B)?/B. O
4.2 The classes Al(’;)

We now begin the construction of explicit families of perfect classes that give rise to
infinite staircases. For any positive integer n let us define a sequence of elements

(4-7) Vin = @in.bin. Cin. din) € Z*
recursively by

1_)'0,}1 =(170’1’1)’ ﬁl,n= (n9172n+171)7 6l+2,n :2n61+1,n_61,n
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We then let
Ain = @in,bin;W(cin,din)).

Notice that the identity ¢; , + d; » = 2(ain + bi n) clearly holds by induction on i,
so that the A4; , can be expressed in the form (2-17). The classes Al(’;)
the introduction are then obtained by applying the k" —order Brahmagupta move of

Definition 2.10 to A; ,. (In particular, Al@n) =Ain.)

promised in

Clearly Ao, = (1,0;1) = (0;0,—1) € £. It is not difficult to check that 4, =
(n,1;W(Q2n +1,1)) € £; indeed, A, coincides with the class denoted by E, in [3],
and this class is shown to belong to £ in [3, Lemma 3.2]. Consequently, the following
will show that every 4; , € €.

Lemma4.5 Fori>2and n>1, A;, is Cremona equivalent to A; 3 5.

Proof First we relate W(c; . din) to W(ci—2,n.di—2,,). Wehave cop =1, c10 =
2n+1,dop=din=1,and ¢cj, =2ncj_1n—cj—2pand dj, =2ndj_1,—dj_2.
So we find ¢z, = 4n2 4+ 2n —1 and dzn = 2n — 1. It is sometimes convenient to
allow the index j in ¢;, and d;, to take negative values; the recurrences then give
c—1n=—1and d_1 , =2n—1. From these formulas we see that, for both j =1 and
Jj =2, we have identities

(4-8) Cin—0@2n+2)djy=cj2n and dj,—2n—2)cj2p=dj2n.

But then the recurrence relations defining our sequences make clear that if the identities
(4-8) hold for j = 1,2, then they continue to hold for all ;.

Now it is easy to see, using that n > 1, that {¢; ,}72, and {d; »}{2, are monotone
increasing sequences, and so in particular ¢; ,, d; » >0 forall i > 0. If i > 2 we have,
using (4-8),
2n+2
W(Cin.din) = (d 5" ) UW(Ci—2.n. di )
2n+2 2n—2
= (d;,(rf " )»Cix—(zf'n )) UW(¢i—2,n.di—2,n).

‘We thus have

Ain=(ain, bin; dX@nt2) x2n=2) W(ci—2.n,di—2,n))

*Yin *Yi—2.n

2n+1) x(2n—2
=(ai,n+bi,n_dl’,n§ai,n_di,nvbi,n_di,n,d,')’(,f D XCPD (i gn, di—an)).

*vi—2,n
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Applying the sequence cg23 © €g450 -+ 0¢0,2,2n+1 Of 7 Cremona moves each with
8 =b; n—2d; , yields

(ai,n +(n+ 1)bi,n —(2n+ 1)di,n§
aip+1bi g — 20+ Ddi g, (i —di )@, dy 2D Wi g . dia ).

Ln>%“i—2.n

Now for all i one has a; , + (n + 1)b; , = ¢; » (indeed this clearly holds for i =0, 1
and therefore it holds for all i since a;,, b;, and ¢; , all satisfy the same linear
recurrence), and the first equation in (4-8) shows that ¢; , —(2n+1)d; n =ci—2n+din.
So the class displayed above can be rewritten as

(Ci—2,n +din;
cizn — (i — din). (bin — din) @V di g G Wiei—ain, di—2.)).

We can then apply 7 — 1 Cremona moves

C2n+2,2n+3,2n+4,C2n+2,2n+5,2n+6, - - - » C2n+2,4n—1,4n>

each with § = —c;_3 5, to obtain

(di,n —(n— z)ci—Z,n;
Cican— bim—din), (bin—dig) "V d; y — (n—1)ci—p,n, 0%C"72),
W(ci—Z,n, di—2,n))-

Now delete the zeros and apply n Cremona moves
€1,2,2n+2,¢3,4,2n4+2 - - -» €2n—1,2n,2n+2>
each with § = ¢;—2 » —2(b; » —d; n), to obtain

(4-9) (@n+1)dip+2ci—2,n—2nbip;
(Ciman—bin—din))*C"D b y—di p. di p+ci—an—2n(bi n—din),
W(ci—2,n.di—2.n))-

Let us simplify some of the terms in (4-9). First, using the first equation in (4-8),
(2n + 1)dip +2¢i—2,n —2nbip = ¢i—2n + Cin — din —2nbin = ci—2.n,
where the fact that

(4-10) Cin—din—2nbi, =0
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follows by a straightforward induction argument. Also, we find that
@-11) bijm—dipn=ci—2n—bi—2n;

indeed, extending the definition of b; ,, using the recurrence, so that b_y , =2nbg , —
b1, = —1, this is easily seen to hold for i = 1,2 and hence it holds for all i since
bin, cin and d; , all obey the same linear recurrence. This implies that
Ci—2.n— (bi,n - di,n) = bi—2,n-
Moreover,
di,n + Ci—2n— 2n(bi,n - di,n) = _ani,n - di,n + (ci—2,n +(2n + 2)di,n)
= _2nbi,n - di,n + Cin = 0,
where we have used (4-8) and (4-10). Thus after deleting a zero the class (4-9), which

is Cremona equivalent to A; ,, can be rewritten as

2n+1
(Ci—z,n§bl'x_(2tln ),Ci—2,n_bi—z,naW(ci—z,n»dl’—z,n»-

The sequence of n Cremona moves ¢1,2 2,41 ©€3,4,2n+1©** 0 €2n—1,2n,2n+1, €ach

with § = —b;_3 ,, transforms this to

(ci—an —nbi—2p;
bi—an, 0%C™ iy u— (1 + Dbi—zn. di—2.n. W(Cim2,n — di—2.n. di—2.n)).
Deleting the zeros, then applying one last Cremona move ¢g;2 with § = —d;_> ,, and
then deleting another zero gives
(ci—z,n _nbi—z,n _di—2,n§
bi—an—di—an.cicon— M+ Dbi—apn—di—20 W(Ci—2.n—di—2,n. di—2.n))
= (ci—2n—(n+Dbi—2n,bi—2n:di—2n, W(Ci—2,n—di—2.n,di—2,n))
= (aj—2,n,bi—2,n; W(ci—2,n,di—2.n)) = Ai—2,n,

where the identity ¢, — (n 4 1)b; , = a; n, applied here with j =i —2, follows as
usual by checking it for j = 0, 1 and using the fact that a; ,, b, , and c;, all satisfy
the same recurrence. So we have found a sequence of Cremona moves that maps A4;
to Aj—2, when i > 2. O

Corollary 4.6 Forany n > 1 and i,k > 0, the class Al(kn) belongs to £.
Proof This follows immediately from Lemma 4.5, Proposition 2.12 and the fact that

AO,n,Al,n ek. O
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4.3 Verifying the infinite staircase criterion

To analyze the obstructions imposed by the classes Al(];) € & it is useful to first
give closed-form expressions for the integers a;,, b;n, cin and d;, from (4-7).
Throughout this section we will assume that n > 2. Let

Wy, =n++vn?—-1.

Then w, is the larger solution to the equation t?> = 2nt — 1, the smaller solution
being w, ! =n —+/n2—1. Thus both x; = ), and x; = w,’ give solutions to the
recurrence X;4, = 2nXx;j4+1 — X;; these solutions are linearly independent since we
assume that n > 1, and so any solution {x; i=o t0 Xj+2 =2nx;4+1—Xx; mustbe alinear
combination (with coefficients independent of i) of ) and w,,". This in particular
applies to each of the sequences {a; n}72 . (hin}iey» 1Cintiey and {d;n}ie,, and
using the initial conditions from (4-7) (and the fact that w,; —w,, 1'—=24/n2—1 while
Wy + w,; 1 = 2n) to evaluate the coefficients shows that
Ajn = %(a);, + a)n_i)’

1

i

- =i

W S

(4-12) 1 i -1 —i
Cion = ﬁ((a)n + l)a)n - (wn + l)a)n ),

1 . i
di,n = 2\/?1((1 —Cl)n l)a),l,l + (a)n — l)a)n l).
n2 —
In particular,
(4-13) lim 2% — /2 1.
i—>00 bi,n

0
. k) b .

written as Ai,n = (@i nksbinkiW(Cink dink)) where, as one can verify using
the facts that ¢; , + d;i » = 2(a; n + bin) (since A;, has Chern number 1) and that

Cin —din = 2nb; , (by (4-10)) together with (2-9), the entries a; , k., bj n k> Cink

Applying the k" —order Brahmagupta move, we find that the classes A;. can be

and d; , i are given by

i n g = 5((Hog + 1)ajp + (Hog + 2nPog — Db »),
bing = 5(Hak — Dain + (Hag +2n Py + D)bj ),
Cink = %(sz—i—zci,n - szdi,n),

di,n,k = %(Pchi,n - P2k—2di,n)-

(4-14)
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Let Ly x = lim; o0 @; 4 k/bi n k50 using (4-13),

_ Hyp(Wn?2 =1+ 1)+ 2nPy +(Vn2—1-1)
Hop (VnZ =1+ 1)+ 2nPy —(vVn2—1-1)

We will see that each Al(kn) satisfies the requirements of Lemma 4.1 with 8 = L, .

(4-15) Lk

Lemma 4.7 Fori, k >0 and n > 2 we have

2w, (Hak +nPay)
Ain.k _Ln,kbi,n,k = .
Hop(Vn?2—1+41)4+2nPy — (Vn?2—1-1)

Proof The above formulas for a; ., bin, ajpnk and b; , i yield

1 .
e = ﬁ((sz(\/n2 —1+1)+2nPy + (Vn2 = 1= 1))}
n —
+ (Ho (V2 —1=1)—2nPy + (V2 — 1 + 1))w,;"),
1 .
bi,n,k = ﬁ((HZk(V 7’12 —1 + 1) + 2l’lP2k - (V n2 —1- 1))6();1

+ (Ha (V2 —1—1)=2nPy — (Vn2 -1+ 1))w;i).

The coefficient of a)ﬁl in the formula for a; , x is the numerator of (4-15) and the
coefficient of a),’l in the formula for b; ,  is the denominator of (4-15) (of course this
is not a coincidence since L,y = lim; o0 @; n k/bi n i ). Letting &, = Vn? —1, we
obtain

aink — Ln,kbi,n,k
—i

O (L = @1 Pyt — Hayje(En — D) + (Ly g + D(En + 1)

=
_ 0 2(6n — )20 Pog — Hog(§n = D))2(Hak (50 + 1) + 20 Pop) (6 + 1)
4én Hop(6n +1) +2n Py — (§n — 1)

0, (Hor (G + 1)? = (En — D?) + 20 Py (§n + 1) + (62 — 1))
B 265 (Hok (§n + 1) +2nPo — (§n — 1))

_ w, " (2Hy +2nPyy)

B Hop(§n + 1) +2n Py — (60 — 1)'

We can now prove the inequalities in Lemma 4.1 for our classes Alq;).
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Proposition 4.8 Forany i,k >0 and n > 2 we have (a; n x — Ln kbinx)* < Ln k-

Proof It is clear from Lemma 4.7 that it suffices to prove this in the case that i = 0,
as the left-hand side is a decreasing function of i. As in the proof of Lemma 4.7 we
let £, = v/n%? — 1. We find from Lemma 4.7 that

(ao,n,k - Ln,kbO,n,k)2
Ln,k

_ (2Hoj 4 2nPyy)?

" (Ha(§n+ 1) +2n P + (§n — 1) (Ho (60 + 1) + 2n Py — (6, — 1))

_ (2Hoi 4 2nPy)?

" (Hok(En + 1) +2nPy)? — (62— 1)?

_ (2Hsi +2nPy)? -
(QHpp +2nPoi) + Hap (§n — 1))? — (4 — 1)?

1. O

Proposition 4.9 Forany i, k >0 and n > 2 we have
(ai,n,k - bi,n,k)(ai,n,k - Ln,kbi,n,k) <L

Proof We have

1 . -
Aink—bink =ain—bin= 2«/?1((\’ n?—1-Do, +(vVn2—1+1w,").
n J—

Multiplying this by the identity in Lemma 4.7 gives
(ai,n,k - bi,n,k)(ai,n,k - Ln,kbi,n,k)
_ (vn2—1—1)(Hpi +nPpy)
VN2 — [(Hy (VnZ— 1+ 1) +2n Py — (V2 —1—1))
+o? (Vn? =1+ 1)(Hyg +nPo) '
VnZ —1(Hyp(Vn2 =1+ 1)+ 2nPy — (Vn2 = 1—1))

In particular, (@; » x — bin k) (@i nk — Lnkbink) is a decreasing function of i, and

its value for i = 0 is
2(Hyk +nPyy)
Hy(Vn2—1+1)+2nPy — (Vn?2—1-1)

This is at most 1, since

Hop(Vn?2 =14 1) = (Vn2=1=1) = 2Hyp + (Hag — 1)(¥n2 —1—1) > 2H,i. O

(4-16)

We can now establish Theorem 1.10 from the introduction. Specifically:
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Corollary 4.10 For any k > 0 and n > 2, CLn,k has an infinite staircase, with
accumulation point

(W2 =1+ 1) Py yy +nHppq
(Vn?2—1+1)Pyg—q +nHpp—

4-17) Sn.k

satisfying the equation

(1 + Sn,k)2 _ 2(1 + Ln,k)2
Sn,k Ln,k ‘

Proof Indeed it follows quickly from what we have done that the distinct perfect classes
Al(];) all satisfy the criteria of Theorem 4.4 with B = L, : that a; , x > L, kbj n k is
immediate from Lemma 4.7, and the inequalities (a; , x — Ln’kb,-,n,k)2 <2L,j and
(@ink—bink)@ink—Lnibink) <1+ Ly, are given by Propositions 4.8 and 4.9,
respectively. Finally, we need to check that ¢; , x and d; , x are relatively prime. The
proof of Corollary 2.11 shows that the Brahmagupta moves preserve the property that
ged(c,d) =1, so it suffices to show that ged(c; »,din) = 1. By (4-8), for i > 2 the
ideal generated by c¢; , and d; , is the same as that generated by ¢;—> , and d;—3 5,
reducing us to the case that i € {0, 1}. But this case is obvious since do,, =d1,, = 1.
Thus Theorem 4.4 immediately implies the corollary, except that we still need to prove
the formula (4-17) for S, f .

To prove this formula, recall that by Theorem 4.4 our infinite staircase will have an
accumulation point at S, x = lim; 500 Cj n k/di n k SO We just need to check that this
limit is equal to the right-hand side of (4-17). Now it is immediate from (4-12) that
lim; o0 Cin/din = (1+wp)/(1 —w;l). So by taking the limit as i — oo of the ratio
of the last two equations in (4-14) we find, using the identities Py, — P2 = 2Ppy—1
and Py, + Pyp—» = 2Hy;,—1, that
_ Poieyo (1 +wp) — Py (1—w; 1)
Poi (1 + wn) — Pog—2(1 — ;1)
_ 2Pk + Popqa(n+vVn2—1)+ Py (n—~n?—1)
2Pk + Par(n+~vn? —1) + Py _p(n—~/n?—1)
(I +vn2=1) Py +nHypqg
(1+~n2=1)Pyy_y +nHo_y

Sn,k

4.4 A; , and the volume constraint

The proof of Corollary 4.10 —specifically, a combination of Propositions 4.2, 4.3,
4.8 and 4.9 —shows that for each i there is an open interval U around ¢; , i /d;j n k
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such that
(4-18) Cr, (@) =T, (A%) forall xeU.

This is enough to show that Cp,, , has an infinite staircase, but it leaves a number of
other questions about Cr,, , unanswered, since these open intervals may be rather small.

Proposition 1.5 shows that, for all o, we have Cp,, , (a) > sup; I 1, , (Al(,’;)). Now
the formulas (4-12) obviously imply that ¢; ,/d;in < Ci+1,n/di+1,n, and based on
(4-14) and (2-6), specifically the fact that P22k — Pry—5 Pri4» =4 >0, it follows that
Cink/dink <Citink/ditinxk forali, n and k. By examining sup; I'. 1, . (Al(f‘,l))
on the interval [¢; , k/d; n ks Cit1,n,k/di+1,n,k], We conclude that

. d.
(4-19) CLn,k () > max Cin,k i+1,n,k% %

aink + Ln,kbi,n,k aj+1,n,k + Ln,kbi-i-l,n,k

C" 7k C' 17 5k
for o € [ L H—n]’

i,n,k di+l,n,k

with equality on a neighborhood of the endpoints of [¢; , x/di n k. Cit1,nk/di+1,nk]-
Moreover our analysis shows that the maximum above is attained by the first term for
o = Cj pk/dink and by the second term for o = ¢; 41 4 k/d; n k> SO the value

_ Ci,n,k(ai+1,n,k + Ln,kbi+1,n,k)
di+1,n,k (ai,n,k + Ln,kbi,n,k)

at which the two terms are equal lies in the interval [¢; , /i n k> Cit1.nk/di+1,nk]-
It turns out that (at least for k = 0, though more extensive calculations would likely
yield the same conclusion for arbitrary k) equality does not hold in (4-19) throughout
the entire interval [¢; » k/din k. Cit1nk/di+1,0k]-

More specifically, restricting to the case k =0, we have L, o = Vn2—1 and
Ain,0~+ Lnobino=ain+ m@‘,n = o),
Thus the right-hand side of (4-19) simplifies to
max{ci,na)n_i, di+1,naa)n_i_l},

and the two terms in the maximum are equal to each other when o = ¢; ,@n/di+1,n-
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Proposition 4.11 Fori >0 and n > 2 we have

(4-20) 2,72 Cin®n

; < .
n%n
l 2vn?—1diy1,n

Proof Note first of all that
w2 —1=02n%—142nvn2—1)—1=2vVn2—1(n+ vVn2—1) = 2vn2 — lw,.
From this together with (4-12), one computes

2vn? — 1Ci,ndi-i-l,n

e ((@n + D} — @ + Do (@n — D) + (@0~ Doy

24/n?2 -1
2
w; —1 - : : -
_ n 2i —2i—2\ __  2i+1 —2i—1
_—2m w; —w, )=w;, " —o, .

Since (4-20) is obviously equivalent to the inequality
2vn? — leindit1,n < wr%i—H,

the conclusion is immediate. O

Corollary 4.12 For a = ¢; nwp/di+1,n, we have

o

(4-21) CL,o(@) = > sup T, L, o(Ain).
1

n,0
Proof The first inequality is just the volume constraint. To prove the second inequality,
observe that the left-hand side of (4-20) is the square of the right-hand side of (4-19) at
o = Cj nwWn/di+1,n, which we noted earlier is equal to sup; I, 1, ,(Ai,»), while the
right-hand side of (4-20) is the square of the volume obstruction \/m . a

Thus the classes A;, do not suffice by themselves to determine the behavior of Cz,,
between the stairs (at ¢; ,/d; ») that we identified in proving Corollary 4.10. In fact
we will see in Section 4.6 that the first inequality in (4-21) is also strict, as there are
classes //fi,n which give obstructions that are stronger than the volume on the intervals
on which sup; Iy, 1, o(Ai,n) falls under the volume constraint.

Computer calculations show that the analogous statement to Corollary 4.12 continues
to hold at least for many other values of n and k (not just for k = 0 as above). If
_ ci,n,k(ai-i-l,n,k + Ln,kbi+l,n,k)
di+1,n,k(ai,n,k + Ln,kbi,n,k)
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is the point at which the two terms in the maximum on the right-hand side of (4-19)
agree, the statement that \/a /2L, x >sup; Iy, (Alq;)) is easily seen to be equivalent
to the statement that

2Ln,kci,n,ka"i-‘rl,n,k - (ai,n,k + Ln,kbi,n,k)(ai-i-l,n,k + Ln,kbi—i-l,n,k) <0.
Using the definitions (4-12), (4-14) and (4-15), one can expand the left-hand side above

in the form

rn,ka)ﬁl + Spuk + l‘n,ka)n_ZI ,

where ry, i, s,k and 7, i are (at least at first sight) rather complicated expressions
involving Pell numbers and +/n2 — 1, but are independent of i . Carrying this out in
Mathematica, we have in fact found that r, x = s, x = 0 for all n and k, and that
Ink <0 whenever n,k < 100. Thus for all n,k < 100 and all i, there are points

& €[Cink/dink:Cit1nk/dit1,nk] at which \Jo/2L, ;> sup; Ty, L, . (A,(,IE))
4.5 Some facts about L, ; and S,

Since the formulas (4-15) and (4-17) for the “aspect ratios” L, x and the corresponding
accumulation points S, x are a bit complicated, let us point out a few elementary facts
about these numbers.

Proposition 4.13 For all n > 2 we have

(4-22) 2n+2<8S,0<2n+2+ ,
’ 2n—2
and, fork > 1,
P P
M<Sn,k<sn+l,k< 2k+2‘
Pogyo P

Proof The k = 0 case of (4-17) gives

S Vn2—1+4+1+n 1+ wy,
’0= = — .
Y Vi T4+1-n -yt

Using that w2 = 2nwy, — 1, and hence that —2 — w, ! = w, — (2n + 2), we find

(wn — ;Y (wn + 1) B w2+ oy —1—w;!

(wn —wrfl)Sn,o =

l—w;! -t
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Thus

w
Sno=(@2n+2)———=>2n+2.
Cl)n_a)n

Furthermore,

_An?—Doyt 4@ -1 (n—vn2-1)
(2]’1 _2)(Sn,0 - (27’1 + 2)) - wn _wn_l - 2m

=2nvn2—-1-2m*-1) <1,

where the last inequality follows from the fact that (n — 1/2n)?> > n? — 1, so that
2n+/n?—1<2n(n—1/2n) =2n? — 1. This completes the proof of (4-22).

For the remaining statement, recall that, by construction, Sy, x = lim; 0 ¢y k/din k-
So by taking the limit of the ratio of the last two equations of (4-14) as i — oo it is

clear that
_ Pog128n0— Pak

Spk =
" Py Sn,0 — Pok—2

s

for k > 1. Since Ppxo/ Prx < Por/Prr—o by Proposition 2.1, the function

P ot — Poy
Pt — Pop_»

t—

is strictly increasing. By (4-22) and our assumption that n > 2, we have S, 11,0 >
Sn,0 > 6 and hence

6P, —P P t—P
2k+2 2k < Sn,k < Sn+1,0 < lim 2k+2 2k .
6Pk — Pog—> 100 Poxt — Pog—»
But the limit on the right is equal to Pk 4,/ Pox , while (2-12) shows that the expression
on the left is equal to Pog 44/ Pog+2- |

We now describe the locations of the L, x, in particular indicating how they compare
to the various by, from (3-5).

Proposition 4.14 Foranyn > 2 and k > 0 we have L, < L4k, and
(bak» bak—1) ifn>4,
Lyk € § (baks1.box) if n =3,
(bak+2.bak+1) ifn=2.
Also, for all n > 2 and all k we have

2P 1 H 1
k42 1 <Lpg < Hokyr 1 lim L, .

2Pyp+2—1 Hypy1—1 nooo
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Proof Since x — (14x)?/x is a strictly increasing function of x as long as x > 1, the
equation (1+ Sn,k)z/Sn,k =2(1 +Ln,k)2/Ln,k and the fact that S,, ., L, x > 1 allow
us to conclude that L, y < L,y  directly from the fact, proven in Proposition 4.13,
that Sn,k < Sn—i—l,k-

Let
Lyg—1 VnZ—1-1
Lok +1  Hoyp(VnZ—1+1)+2nPy

As t+ (t—1)/(t+1) is astrictly increasing function for ¢ > 0, to show that L, ; lies in
some interval (s, ¢) it suffices to show that m, x liesin ((s—1)/(s+1), (t—1)/(t+1)).

(4-23) My k=

From (3-5) one finds

b2k+1
by —1

bagy1+1
bagy1—1

= Pyky> and = Hop4o.

We see that

1 (V3+1)Hy +4Py
ms k \/3—1
= 2Pop1+ V3Hok i1 € (Hak42.2Pok+2).

= 2+ V3)Hop + (2 +2+/3) Py

since H2k+2 = 2P2k+1 + H2k+1 while 2P2k+2 = 2P2k+1 —+ 2H2k+1 . Thus

1 1 b -1 b -1
mz,kE( ’ )C( 2k+2 =1 Dok )
2Pyk12 Hopio bak42+1 bogg1+1
and so Ly x € (bak42,b2k+1). (In fact the argument shows more specifically that
L2,k > (2P2k+2 + 1)/(2P2k+2 — 1), which is larger than b2k+2 )

Also,

1 V8+1 6 (9+4ﬁ) (6+12ﬁ)
— = Hy+— Py =— " VHy +[—=|P
M3 1 \/g—l 2k \/g_l 2k 7 2k 7 2k

€ (2Hpi + 3Pk, 3Hyi +4P3k) = 2Py q1 + Pog, 3P 1 + Pog)
= (Pak+y2: Pok42 + Paky1)
= (Pak 42, Hopy2),

9+4./2
—= <3 and

where we have used both equalities in (2-9) and the facts that 2 <

3< M <4.S0m3k € (1/Hap42,1/ Pag+2), and so L3k € (bogt1,box)-
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Similarly,
1 «/15—|—1H + 8 p (8—{-\/15)[_1 +(4+4\/15)P
= kt—F——Pu=\—F—|Hux+|—5— | Pk
max  N15-1 ¢ J15-1° > 7 2
< Pak+2,

which implies that L4 g > byg. Sosince L, x < L, 41k forall n we have L, x > by
for n > 4. Furthermore,

Hop +2Py +1  Hopyp+1

Hop +2Py—1  Hypqq—1°

Ln,k < lim Ln,k =
n—00

Since
Hopp1+1  Hye+1
< = b2k—1 ’
Hypy1—1  Hyp—1
this suffices to complete the proof. |

We now give a bit more information about the function of two variables («, ) = Cg ()
near (o, B) = (Sp k. Ln k). Some useful context is provided by the following mild
extension of [4, Corollary 4.9].

Proposition 4.15 Fix y > 1. There are only finitely many elements E = (x, y;m) € €
having all m; # 0O for which there exist o, f > 1 such that py g(E) > y/a/2f.

Recall from the introduction that £ consists of classes (x, y;7) € H2 having Chern
number 1 and self-intersection —1 which are either equal to the Poincaré duals of the
standard exceptional divisors E/ or else have all coordinates of 7 nonnegative; in
particular, £ C €. The provision that all m; # 0 is included due to the trivial point that
if (x, y;m) satisfies the condition then so does (x, y;0,...,0,m) (which formally
speaking represents a different element of £ C H?), where the string of zeros can be
arbitrarily long.

Proof Suppose that E € & has Mo, p(E) > )/\/Ot/—Z,B where o, 8 > 1, and write
E = (x, y;m), so the fact that E has self-intersection —1 shows that ||| =2xy +1.
Since (g, p (Elf ) = 0 by definition, E is not one of the standard classes E;, so all
coordinates of m are nonnegative and hence x + y > 0 with x,y > 0. Using the
Cauchy—Schwarz inequality and the fact that |jw(x)||> = «, we then find that

o Cw(a)-m_ Ja2xy + 1
(4-24) V\/;SMa,ﬂ(E)— gy < P
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Now since 0 < (x — 8y)? = (x + By)?> —4Bxy and since x 4+ By > 0, rearranging
(4-24) gives

4Bxy 2xy’

4 2 1
yf\/M: L4

in other words,

2xy < y2 1
But there are only finitely many pairs of positive integers x and y obeying 2xy <
1/(y? —1); for each of these pairs (x, y) there are only finitely many sequences of
positive integers m; obeying 2xy — Y ml2 = —1. Thus there are only finitely many
classes satisfying the condition that have both x, y > 0. We should also consider the
possibility that one of x or y is zero, but in this case the condition 2xy —Zfil ml.2 =—1
with all m; nonzero forces N to be 1 and m to be £1, so that the Chern number
condition 2(x + y) —> m; = 1 forces either x + y =0 and m; = —1l,or x +y =1
and m; = 1. So allowing x or y to be zero does not change the fact that only finitely
many classes in € obey the condition. |

Corollary 4.16 If 8, S > 1 and if the function Cg has an infinite staircase accumu-

lating at S, then Cg(S) = /S/28.

Proof Of course Cg(S) > \/W by volume considerations. If equality failed
to hold then we could find a neighborhood U of S and a value y > 1 such that
Cp(a) > y\/m for all @ € U. But then, by (1-7) and Proposition 4.15, Cg(a)
would be given for a € U as the maximum of the values u, g(E) where E varies
through a finite subset of £ that is independent of «. Since the functions & > jiy g (E)
are piecewise affine (with finitely many pieces), by [9, Section 2] this would contradict
the fact that S is an accumulation point of an infinite staircase. |

In particular, Corollary 4.16 applies with 8 = L, x and S = S, 1, so that Cp, , (S, x)
agrees with the volume bound, and we have

Sn,k
n,k
We will see now that there are at least two distinct choices of £ € £ for which the

(4-25) 18, x Ly 1 (E) < forall E € €.

bound (4-25) is sharp. This will later help give us some indication of what happens to
our infinite staircases when f is varied away from one of the L,, .
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Proposition 4.17 Let n > 2 and k > 1. Then

Sn.k
2,2;2, 1)) =/ 7=,
Sy kL i (( ) 2L, k

Proof By Propositions 2.1 and 4.13 we have

so since 02 =3 +2+/2 > 5 we have
w(Sn,k) = (IXS: W(l, Sn,k - 5)) = (IXS» Sn,k =35, W(6_ Sn,k: Sn,k - 5))

Hence

(2, 1><5) . (IXS» Sn k _S’W(6_Sn k> Sn k _5))
2,2:2,1°%)) = : —
IS g Ln e (( ) 24+ 2L,k

_2+4+Sn,k_5 . 1(1+Sn,k)

20+ Lyg)  2\14Lys

But the identity (1+ S, %)?/Spx =2(1 4+ Ly x)?/ Ly from Corollary 4.10 implies

immediately that
l 1+ Sn,k _ / Sn,k O
2\1+ Ln,k 2Ln,k '

Proposition 4.17 does not apply to the case k = 0 because Sy, > 6, leading w(Sy,0)

to have a different form. Here is the analogous statement for that case.

Proposition 4.18 For any n > 2 let

Gn=(n*—n—1,2n—1;2n—1,(2n —2)*C@n+D 1x@n=2))

G = > = .
/‘LSH.():LH.O( n) V 2Ln,0 Wy — 1

Proof Changing basis as usual, we find

Then G, € &, and

Gn = (202 —n—1;2n% = 30,0, (2n —2)*@n+D *@n=2))

Applying n Cremona moves ¢34, €056 - - - » €0,2n+1,2n+2, €ach with § = —2n + 3,
reduces this to
(2n—1;0,0,2n —2, 1X@n=2)y,
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which after deleting zeros and changing basis simply yields (2n —2, 1; W(4n — 3, 1)),
which is the familiar class A1 2,2 that of course belongs to £. Thus G, € £.

Now in view of Proposition 4.13 we have

w(Sn,0) = (1X@" 2 W(1, Sp0— (21 +2)))
= (1XC"¥2 (8, 6= (2n+2) "2 W(1 = (2n—2)(Sn,0— (21 +2)),
Sn,0—(2n+2)))
and hence
2n—1,(2n—2)*@n+D 1x@n=2)) (5, )
=2n—1+2n-2)2n+1)+ 2n—2)(Sx,0 — (2n +2))
=14+2n—-2)2n+2)+ 2n—2)(Spo0—2n+2))=2n—-2)Sy0+1.

Hence

2n—2)S,0+1
(4-26) IS 0L o(Gn) = ( )5n.0

2n2—n—1)+@n—1)Lyo

Now Ly 0 = ~/n? —1, so the denominator of the above fraction is
Q> —n—1)+Q2n—1)Vn2—1=Q2n—-1)n+vVn2-1)—1=w?—w,.
So since Sp,0 = (wy +1)/(1 —w, 1) and w2 = 2nw, — 1,

2n—D(wn + 1D/ —w7H) +1
4-27) 15, 0.0 (Gn) = 2n=2)(wp +1)/(1 —w, ") +

w2 —wy
2n—=2)(wn + D+ (1-wz"
N (wn —1)?
w2 — 2wy +2n —w;! w2 —wy Wp
N (wn —1)2 =(wn_1)2:wn_1'

On the other hand since 2L, 0 =2+vn%? —1=w, —a)n_l , we have

Sno wp + 1 _ w2 (wy + 1) _ w?2
2Lno  (I—oyD(wn—op") (o —D(@z—1) (0p—1)%

So by (4-27) we indeed have s, o1, 0(Gn) = \/Sn,0/2Ln,0 = ©n/(wy —1). O

Proposition 4.19 Let k >0 and n > 2. Then

® _ | Snk
FSn,k,Ln,k(Al,nH = m
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Proof We have, freely using identities from Section 2.1,

k
AE) o1 = (3((Hag + D1+ 1) + Hag + @n +2) Py — 1),
3 ((Hap = D) (n+ 1) + Hop + 2n +2) Pog + 1);
WS (Pak 220 +3) = Pok), 3 (P (21 +3) = oy 2)))

= (%(”(HZk-H + 1) +2Pok 1), 3(n(Hoks1 — 1) + 2Pojy1):;
WnPagq2 + Hopyp,n Py + sz))-

Now we have S, x = (Pak+25n,0 — Pak)/(P2kSn,0 — Pak—2) and Spo <2n +3
by Proposition 4.13, so since ¢ > (Par 42t — Pax)/(Part — Pog—5) is an increasing
function (as can be seen from Proposition 2.1) it follows that

Clntlk _ Popyo(n+1)— Py
dink Por(n+1)— Pyr_p

So S, i lies in the region on which I (Ag’f,)l_H) is linear. Abbreviating &, =

+/n? —1 as in earlier proofs, we have

k
FSn,ksLn.k (AE,ZH)

Sn,k <

(nPag + Hog)Sn k
3(1(Hok1 + 1) +2Pog 1) + 5 (1(Hag 1 — 1) + 2 P2k 1) Lk
(nPax + Hog)Sn k
3(nHpjey1 4+ 2Pog ) Ly + 1) —5n(Ly g — 1)
(§n + D) Pogy1 +nHopyq
(6n + 1) Pog—1 +nHyp

(nHog i1 +2Po41)((En + 1) Hog +2nPog) —n(n —1)
sz(gn + 1) +2nPyy — (En — 1)

(nPax + Hypy)

Meanwhile,
2(&n + 1) Hog + 4n Py

Snk _ Snkt+l (n + 1) Pog—1 +nHogr—
2Ln,k 2(Ln,k +1) 4(5}1 + 1)H2k + 8n Py

Hyp(§n+ 1) +2nPy — (5 — 1)

Thus

k)
Us, cLnx (A7 p11) _ 2(n Py + Hop)((§n + 1) Pag 41 +nHppqq)
VSn /2Ly k) (nHog 41 + 2P 1)((§n + 1) Hog +2nPoi) —n(€n — 1)
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By expanding out both the numerator and the denominator, and twice using the identity
Hyp Hyp 1 = 2Py Pyp 41 + 1, the above fraction simplifies to 1. O

Thus at the accumulation point S, ; of each of our infinite staircases we have two
distinct classes—namely G, and A1 ,41 if K =0, and (2,2;2, 1) and AYZ_H
if k > 0 — which are not themselves involved in the infinite staircase for L, i, but
whose associated obstructions exactly match the volume bound at (S, x, L, ). The
following discussion will show that these classes lead the infinite staircase to disappear
when the aspect ratio B of the target polydisk is varied from L, ;. We leave the proof
of the following simple calculus exercise to the reader.

Proposition 4.20 Let a, b, ¢, d, to > 0 and suppose that c¢/(a + tob) = d /. /1o.
Then

|: : ] =
dt la+1tb Jt t=to
has the same sign as a —tob.

Corollary 4.21 Given n > 2 and k > 0 there is an € > 0 such that

[Snk
Is,. k,ﬂ(Ag nt1) > 2n_,3 for Lyx <B <Lpg te,

[Sn.x
s, ., p((2,2:2,17°)) > 2[3 for Lyg—e€<B<Lpy if k>1,

[ Sk
S, x.8(Gn) > 2,3 for Lygx—€e<B<Lpyg if k=0.

Thus for any choice of n and k we have

S
Cs(Su i) > ,/2”—‘;" for 0 <|B— Lyl <e.

Proof Ty, , s (A1 n+1) and the various ug, . g(E) are, as functions of f, of the
form B+ c¢/(a + Bb), where a and b are the first two entries in the expression of

Agkr)l 4 0or Eas(a,b; m). So by Propositions 4.19 and 4.20 the first statement follows
from the statement that a; , 41 k > Ly kb1 n+1,k» Which holds by Lemma 4.7 and the
factthat L, 11 x > L, k. Similarly the second statement follows from Propositions 4.17
and 4.20 and the fact that 2 — 2L, ; < 0. Finally the third statement follows from
Propositions 4.18 and 4.20 and the calculation

@n*—n—1)*=L} y(2n—1)> = 2n*—n—1)>—(n*~1)2n—1)*> = —2n+2<0. O

Algebraic € Geometric Topology, Volume 19 (2019)



2016 Michael Usher

Combining Corollary 4.21 with Proposition 4.15 and continuity considerations, we
see that if B is sufficiently close to but not equal to L, ; then Cg is given on a
neighborhood Ug of S, i as the maximum of a finite collection of obstruction func-
tions . g(E). In particular, for any given such j, only finitely many of the AI(I;) can
influence Cpg in this neighborhood. A bit more strongly, ¢; , x/d; n.k —> Sp k implies
that for all but finitely many i it will hold that ¢; ,, x/d; » € Ug, and so we will have
Cp(Cinge/din k) > Kecip i /dini [;(A(k)) But, just as in the proof of Proposition 1.5,
this latter inequality implies that in fact Cg(a) > I§ g (A ) for all o. Thus for a
fixed B with 0 < |8 — L, x| <€, only finitely many of the I ﬁ(A( )) ever coincide

with Cg. Similar remarks apply to the classes f/l\l( n) discussed in the next section.

4.6 Additional obstructions

We will see now that the A4; , = Al(o,z are not the only classes that contribute to the
infinite staircase for Ln 0= +vn . For each n > 2 define a sequence of integer

vectors w, n= (a, n,b,n,cl n» ln) bY
W_ip=m+1,—-1,-1,2n+1), Won=m—-1,1,2n—1,1),
Witon = (4% =2 Wi 410 — Wip—(0,4n,4n+4,4n —4).

Since it is clear from these recurrences that @; , , bj n, Ci» and d; , are all nonnegative
for i > 0, we can then define a class

Ai,n = (ai,n’ bi,n» W(a’,n’ di,n))-

In terms of the a; . bi n, Cin,din from (4-12) one finds that

~ ~ 1
din = a2i+1,n—b2i+1,n, bin =bait1n—"5— (@210 1)
(4-28) "

~ 1 ~ 1
Cip = b2i+2,n_m(a2i+l,n —1), din=—-bsin+ m(aZH—l,n +1).
Using (4-12) one then finds that
a2i+1,n — 16?
n—1
2
_ ayip1 01

nz—1
1

=G
w;1)2

(4'29) n— b2i,n€'i,n

—bainbriton

((0)4l+2 24 wn_4l_2) _ (w’%l _a)n—ZZ)(wr%l-I—Z _a);21—2))

(wn —

= V- = 1,
4(n%2—1)
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which in particular implies that gcd(¢; 5, c?,-,n) = 1. Also, using (by a straightforward
induction argument) that

baiton —b2in =2nbrit1,n —2b2ipn = 2a2i+1,n,

one sees that

~ A~ 1 ~ ~
Cin+din =b2ivon—bain+ 22— 2az2it1n) =2(in+ bin).
Together with the fact that ged(¢; p, c/i\i,n) =1, this implies that 4 i,n has Chern number 1
by [9, Lemma 1.2.6]. Moreover a routine computation shows 2a; ,b; n —Ci ndin =—1,
ie that /f,-,n has self-intersection —1.

This suffices to show that /Ti,n is quasiperfect and hence, as seen in Proposition 1.5,
that Cg(a) > I}y g (//1\,,,) We expect that the //l\i,n are all perfect, but we will neither
prove nor use this.

We record the following identities, each of which can be proven by a straightforward
but (in some cases) tedious calculation based on (4-12) and (4-28):

(4-30) Grndin —dinCin =2(@i+1,n — bit1,n).
(4-31) Ei,ndi—i-l,n _C,l\i,nci—i-l,n = _2(ai,n _bi,n),
(4-32) Cin(@in+~n?—1bjn)—cin(@in+Vn?— lgi,n) = (l)n_i_l,

4-33)  dip(ait10+ V2 —1bit10) —dis1,0@in + 02 —1bjp) = w,
(4-34) 28 pdi 1.2V 0% =1 = (@10 + V2 —1b;, n)(ai+1 n+vn2—1biy1,)

w,
—(n — (14 Vn2 =1, >,
n —

(In each of our applications of these identities, the signs of the right-hand sides, not

their exact values, will be what is relevant.) Since a; , > b; , forall i > 0,n > 2, the

identities (4-30) and (4-31) show that

Cin Ci n Ci+1,n

~

di,n di,n di+1,n

(4-35)

Now Fc, o /din, W(A, n) =Cin/(@in+~n?—1b;,) provides a lower bound for the
value of C\/i(oz) atany « > ¢; »/d;i n,and in partlcular at o =¢; n/dl ». However,
(4-32) shows that this lower bound for C/»2—1(Ci.n/ dl .n) coming from A; n is smaller

than the lower bound T%; , /4; ,,.v/n2—1 (A,,n) coming from our new class A,,n.
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Using (4-19) and the fact that a; , + vVn? —1b; , = a),il, we have
(4-36) C =i (@) = max{ci nw, T, fo=i(Ain). dig1pey" o}

for o € [¢in/din, Civi,n/di+1,n]-

Proposition 4.22 Denote the right-hand side of (4-36) by Ei,n (o). Then for all
o €[Cin/din, Cit1,n/dit1,n] we have

~ o
Bip(a) > | ———.
o 2v/n% —1
Thus, C Jn2—1 1s strictly greater than the volume bound throughout the interval
[¢in/din. cit1,n/dit1.n].

Proof We claim
. —i a'n
@) (cimw;)? > —
b 2v/n?—1d;

+1

) 2 2 i
(i) ( Cin ) Ci,nWy
ai,n+ Vnz_lbi,n 2+v/n? — dl+1n(a1n+ vn? — bz n)

To prove (i), first note that a routine computation shows that cl- a=(@2it+1,n—1)/(n—1),
and so (4-29) shows that

~

2 ~
Ci,ndi,n = b2i,nci,n + 1.
Thus (i) is equivalent to the statement that

2vn2 — 1w, > (binCin + 1) > Cin.

Since 2v/n? — 1b; nw, =1-— 4’ , this in turn is equivalent to the statement that
—~Cinwy, 42402 — lw, % > O, ie that
(4-37) Cin <2vVn2 —1w>.
We find
A 1 2i42 _, —2i-2 1 2i+1 —2i—1
G = @ e ) ey e R e

CUZI 2 n+1w + 1 _21 2+ n—i—lw_l
2‘/,12 @n V-1 n—1 2‘/,12 n—1""

2~/n2—( \/ZTQ)" 2 _ZZF)
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(l) _ ,n-‘l_ C()n+2 —21 n+

<w?-— n—i_/n(%nl )— —14+2nvn?— n—|- ( —24++vn%2-1)

=@2n2—1)—(m+1)+2nvn2—1—(n-2) ’;fll
<@2n?—4)+2nvn2—1<4@m?-1)

since n > 2. Thus
21

Zx/n2

proving (4-37) and hence proving claim (i) at the start of the proof.

Cin < 4(n —1) =2vn2 -1,

As for claim (ii), that claim is equivalent to the statement that

Cin >al+ln+Vn2 bl+1n
Zl\i,n"‘ Vnz_lbi,n 2+v/n? — dl+ln

But this latter inequality follows immediately from (4-34).

We now deduce the proposition from claims (i) and (ii). By definition l?i,n () >cipw, i
for all i, so claim (i) shows that

Bin(@ = | —— “
i’n o - - — .
2+/n2—1 d[,n
Next let
Cz na)l-l-l
oo =

di—i—l,n(ai,n +/n?— 151',11).

Then (4-33) implies that oo > i n/ c?,',n, and claim (ii) shows that

Cz n (o))

a1n+\/ bln 2\/”2_1'

For all o € [Ei,n/c?,-,n,ao] we then have

C:

i,n (64} o
> .
din+~n bln \/2\/112—1 _\/2«/112—1

Bz nla) >
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Finally, o9 was chosen to have the property that
Cin

Zl\l',n + V/n?— ll/?\,',n

—i—1
= di+l,n(1)n @,

so we have
: o
di 41 w0 T la> [ ————  for o = &g, and hence also for all & > og
5 n ’ ‘
24/n?2 -1

But by definition, B, n(@)>dit1n0, ~i—ly for all . So we have shown that B, n(a)
is strictly greater than the volume bound v «/2 V/n2 —1 for all « in each of the three
intervals [c,,n/d,,n,c,,n/d,,n], [c,,n/dl,n,ao] and [@o, ¢j+1,n/di+1,2], completing the
proof. |

Applying Brahmagupta moves, one obtains quasiperfect classes Al ©) for all i,k>0
and n > 2. For k = 0, sup; max{Tg,r,, . (A(k)) To,L, « (A )} exceeds the volume
bound for all o € J;[¢; n.k /i n k- c,-_,_l,n’k/d,_,_l’n,k] by Propos1t10n 4.22. We suspect
that the same inequality holds for all k£, and computer calculations following the same
strategy as those described at the end of Section 4.4 confirm that it holds whenever
n,k <100.

4.7 Connecting the staircases

The Frenkel-Miiller classes that were featured in Section 3 fit in to our collections of
classes A( ) and A A(k) . Specifically we have

k k
AF) = (L 1w 10,1-0) %
= (3 (Hok + 1), 3 (Hax — 1); W(Hak + Pak. Hog — Pag)) = FMag_y

independently of n, and

@38)  AY) = (32, 50 we +1,2-1)P
= (Hag + Pax, Hop + Pox; W3 Hyy + 4Py, Hyi)) = FMyy.

These are not the only ways of expressing the FM,, as A(k) or f/l\(k) for instance,

since Ao 3=A12=2,1;/V5,1)) =FM; = A((),)l, we can write
k+1 k k
(4-39) FMogi1 = Agyr D =A%) = 4.

Theorem 1.6 shows that for o« < 3 + 2\/5 we have

Cg () = sup{Irm, (o, B) [ n € NU{—1}},
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and if B > 1 then Proposition 3.4 reduces this supremum to a maximum over a finite
set. Meanwhile, for the specific values B = L, i, (4-18) shows that

Cink
lnk

CL, (@) =Ty, k(A( )) for all @ in a neighborhood of ———

We have seen that, at least for £ = 0 and likely for all k, the equality

Cpl(a) = sup L, (A%

does not persist throughout the interval [c; , k/d; n k> Cit1,nk/di+1,nk]; indeed,
Corollary 4.12 and Proposition 4.22 show that (again, at least for k = 0) there is

a subinterval of this interval on which /f( )

gives a stronger lower bound than do any
of the AJ(. n) . However we conjecture that thls is all that needs to be taken into account

to fully describe our infinite staircase.

Conjecture 4.23 Let n > 2 and k > 0. Then for all o € [copn k/don k> Sn k] We
have

k k
CLn.k (a) = Sup FaaLn,k (A) | A e U{Al(n)’ A( )}}
i=0

Let us compare the behavior of Cr, , on [con k/don k- Sn k], as predicted by this
conjecture, to the behavior given by Theorem 1.6 on [1,3 + 2+/2]. First, notice that
since (4-39) gives

k
A( ) =FMy_; = = (3(Hak + 1), 5(Hag = 1):W(Pag41. Pak—1)).

the left endpoint ¢ , x/do n k of the interval given in Conjecture 4.23 is equal to
Pojg 41/ Pag—1, which is less than 3 + 22 by Proposition 2.1. If n > 4, then we can
conclude that the first step in our infinite staircase for Cr, , coincides with the final
step in (what remains of) the Frenkel-Miiller staircase, since Proposition 4.14 shows
that in this case L, ¢ € (bak,bak—1), which by Proposition 3.4 implies that the last
step remaining in the Frenkel-Miiller staircase is the one determined by FM5; _; . For
the case n = 3, since Agg = FM5;_1 and /fgkg = FMjx 41 by (4-39), referring again
to Propositions 4.14 and 3.4 we see that the first two steps in the staircase described by
Conjecture 4.23 are I 1, , (FMpx_1) and I 1, , (FMyg 4 1), which coincide with the
last two steps of the Frenkel-Miiller staircase. Finally, in the case n = 2, we see that
Agk% =FMs;_1, 14\(()12 = FM,; and Agk% = FMjx 41, and so the first three steps in the
staircase from Conjecture 4.23 coincide with the last three steps of the Frenkel-Miiller
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staircase. In all cases Theorem 1.6 therefore implies that the formula in Conjecture 4.23
holds for all o € [co p k/don k.3 + 2/72].
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