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Infinite staircases in the symplectic embedding problem for
four-dimensional ellipsoids into polydisks

MICHAEL USHER

We study the symplectic embedding capacity function Cg for ellipsoids E(1, o) C R*
into dilates of polydisks P(1,8) as both @ and B vary through [1,00). For
B =1, Frenkel and Miiller showed that Cg has an infinite staircase accumulating
ato =3+ 2«/5, while for integer B > 2, Cristofaro-Gardiner, Frenkel and Schlenk
found that no infinite staircase arises. We show that for arbitrary B € (1, 00), the
restriction of Cg to [1,3 + 24/2] is determined entirely by the obstructions from
Frenkel and Miiller’s work, leading Cg on this interval to have a finite staircase with
the number of steps tending to co as f — 1. On the other hand, in contrast to the
results of Cristofaro-Gardiner, Frenkel and Schlenk, for a certain doubly indexed
sequence of irrational numbers Ly x we find that Cr, . has an infinite staircase; these
L,  include both numbers that are arbitrarily large and numbers that are arbitrarily
close to 1, with the corresponding accumulation points respectively arbitrarily large
and arbitrarily close to 3 4+ 2+/2.

53D22

1 Introduction

It is now understood that questions about when one domain in R?” symplectically
embeds into another often have quite intricate answers. The best known example of
this is the characterization from McDuff and Schlenk [9] of when one four-dimensional
ellipsoid embeds into a ball. Writing

2
E(a,b)={(w,z)e@2‘—+—<1 ,

they completely describe the embedding capacity function
C (o) = inf{A | there exists a symplectic embedding E(1, &) < E(A, 1)},

showing that, on the interval [1, 7#), where 7 is the golden ratio, C*!! is given by an
“infinite staircase” made up of piecewise linear steps; for o > t#, C*(«) is given
either by the volume bound ./« or by one of a finite list of piecewise linear functions.
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In this paper we consider instead embeddings of four-dimensional ellipsoids into
four-dimensional polydisks

P(a,b) ={(w,z) e C? | w|w|* <a, n|z|* <b}.

For any given 8 > 1, we consider the embedding capacity function Cg: [1,00) — R
defined by

(1-1) Cg(a) = inf{A | there exists a symplectic embedding E(1,a) <= P(A,Af8)}.

So the fact that symplectic embeddings are volume-preserving implies the “volume
bound” Cg(a) > \/m . The function C; was completely described in Frenkel
and Miiller [4], and was found to be qualitatively similar to the McDuff-Schlenk
function C®¥!, with an infinite staircase followed by a finite alternating sequence of
piecewise linear steps and intervals on which it coincides with the volume bound; in
this case the infinite staircase occupies the interval [1, 3 4+ 2+/2). More recently, for
all integers B > 2 the function Cg was found to have a rather simpler description in
Cristofaro-Gardiner, Frenkel and Schlenk [3]: in this case there is no infinite staircase
and the function coincides with the volume bound on all but finitely many intervals
where it is piecewise linear, with the piecewise linear steps fitting into a fairly simple
pattern as 8 varies.

The contrast between the complexity of the function Cy and the simplicity of Cg for
integer § > 2 raises a number of questions, some of which we answer here. First,
we determine how the infinite staircase that describes C; |[1,3 +242) disappears as the
parameter S is adjusted away from 1. In fact, we show that for all real 8, the restriction
of Cg to [1,3+ 24/2] is in a sense “as simple as possible” given the results of [4]
concerning Cj: the obstructions to symplectic embeddings (arising from a specific
sequence of exceptional spheres in blowups of §2 x S?) that give rise to the Frenkel—
Miiller staircase are the only obstructions needed to understand Cg(«) for any real
and any « € [1,3 + 2+/2]; see Theorem 1.6. By directly inspecting these obstructions
one can see that, for any given § > 1, only finitely many of them will actually be
relevant, and indeed we find a sequence by, “\ 1 such that the graph of Cg |[1,3 +247]
consists of exactly m steps whenever § € [by, bp—1).

Complementing this, we show that once @ becomes larger than 3+2+/2 the obstructions
from [4] and [3] are quite far from being sufficient to describe Cg|[; 4] for all 8. The
main ingredient in this is a triply indexed family of exceptional spheres A in in blowups
of §2xS?2; for very small values of i these have some overlap with the classes from [4]
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and [3], but otherwise they are new. If one fixes integers n > 2 and k > 0 and varies i,
the resulting classes can be used to show that, for certain irrational numbers L, i
(see (4-15)), the function Cp, , has an infinite staircase, accumulating at the value
a = S, k > 1 characterized by the identity

(1 + Sn,k)2 . 2(1 + Ln,k)2
Sn,k Ln,k .
Fixing n, it holds that L, 3 (1 as kK — oo, and hence that S, ; \( 3 + 242 as

k — oco. On the other hand, setting k = 0 we have L, o = ~/n%>—1, so there are
arbitrarily large B8 (which even become arbitrarily close to integers) for which Cg has

an infinite staircase, a counterpoint to the result of [3] that Cg never has an infinite
staircase for integer f > 2.

For i > 2, the obstructions from our classes Ag;) give larger lower bounds for Cp,,, , (@)
for & = ¢j n/d; n (with notation as in (4-12)) than do any of the classes denoted by E,,
or Fy, in [3]. Since L, 0 = v/n?—1> 2 for n > 3, this gives many counterexamples
to [3, Conjecture 1.5].

1.1 Imitial background and notation

Before stating our results more explicitly, let us recall some of the facts that are the basis
of our analysis; these will largely be familiar to readers of [9; 4; 3]. The first main point
is that, if b/a € Q, the existence of a symplectic embedding E(a, b)° — P(c,d)° from
the interior of an ellipsoid into the interior of a polydisk is equivalent to the existence
of a certain ball packing, dictated in part by the so-called weight sequence W(a, b)
of E(a,b). Here W(a, b) is determined recursively by setting W(x,0) = W(0, x)
equal to the empty sequence and, if x < y, setting W(x, y) and W(y, x) both equal
to the result of prepending x to the sequence W(x, y — x). (The recursion terminates
because we assume b/a € Q.) Forany a € Qo we let w(a) =W(1, a). So for instance
W(8,3)=(3.3,2.1,1) and w(3) = (1,1, %, 1. 1). Then [4, Proposition 1.4], which
is based on the analysis in McDuff [7], asserts that E(a, b)° symplectically embeds
into P(c,d)® if and only if there is a symplectic embedding of a disjoint union of
balls,

B(c)° U B(d)° U ( | | B(w)°) < B(c+d)°.

weW(a,b)

Here B(x) denotes the four-dimensional ball of capacity x, ie B(x) = E(x, x).
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In turn, as is explained at the end of the introduction to McDuff [7] based on McDuff
and Polterovich [8], Li and Liu [6] and Biran [1], a disjoint union B(ag)U---U B(ay)
of closed balls symplectically embeds into B(A)° if and only if there is a symplectic
form @ on the complex (N +1)—fold blowup Xy 4 of CP? whose associated first
Chern class agrees with the one induced by the standard complex structure on Xy 41
(namely 3L — ), E;, where L is Poincaré dual to the hyperplane class and the E; are
the Poincaré duals of the exceptional divisors), and which endows the standard hyper-
plane class with area A and the respective exceptional divisors with areas ag, ...,an.

Let us write Cx(Xxy+1) for the set of cohomology classes of symplectic forms on
XN +1 having associated first Chern class 3L — ) ; E;, and denote the closure of this
set by Cx(Xn+1). Also write a general element of H2(Xy1;R) as

N

dL—Y 4iE;=(d:fo.....IN).
i=0

In this notation it follows easily from the above facts that:

Proposition 1.1 [4;7] Let « € Q and B,A € R with o, 8 > 1 and A > 0, and write
the weight sequence w(a) = W(1,a) as w(a) = (x2,...,xn). Then the following
are equivalent:

(i) A>Cg(a).
() (MB+1):AB A, x2,....xN) €Ck(XN11).

Moreover, by [6, Theorem 3], we have
(1-2)  Ck(Xn+41) ={c€ H*(Xn4+1:R) | ¢*> >0, c-E>O0forall E € Enq1},

where £y 1 denotes the set of exceptional classes in Xy 41, ie the classes Poincaré
dual to symplectically embedded spheres of self-intersection —1. (Applying [6,
Theorem 3] directly we would also need to check that ¢ - L > 0, but since L =
(L—Eo—E1)+ Eo + E; is a sum of elements of Ey 41, this follows from the other
conditions.)

To study embeddings into polydisks it is often helpful to use different coordinates on
H?(Xy+1:R), as described in [4, Remark 3.7]. Recall that, for N > 1, our (N +1)—
fold blowup Xy 41 of CP? can also be viewed as an N—fold blowup of S? x S?
(say with exceptional divisors E i, .. E ;\, ), with the Poincaré duals S; and S, of
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The symplectic embedding problem for four-dimensional ellipsoids into polydisks 1939

the S? factors corresponding respectively to L — Eq and L — E;, and with the E]
corresponding to L — Eg— E; for i =1 and to E; for i > 2. Let us accordingly write

N
. _ 2l 2 .
d,e;smy,....my)=dS; —i—eSz—Zm,Ei e H*(Xn+1;R)
i=1
(note that we are using angle brackets when we use “CP? coordinates” and parentheses
when we use “S? x S? coordinates”). Hence the representations in our two bases are

related by
(1-3) (d,esmy,my....mny)={(d+e—mi;d—mi,e —my,ms,...,mpy),
(1-4) (r;s0,51,52,...,SN)=(r—S1,F —S0;7 —850—51,52,...,5N).

Condition (ii) in Proposition 1.1 can then be rephrased as

(1-5) (AB.1:0,w(a)) € Ck(XN+1)-

where here and throughout the rest of the paper we abuse notation slightly by writing
the weight sequence w(a) = (x3,...,xx) as though it were a single entry in the
coordinate expression of our cohomology class, so that (A8, A;0, w(«)) is shorthand
for (AB,A4;0,x2,...,xn). By considering small-weight blowups and taking a limit it
is easy to see that (1-5) is equivalent to

(AB, A;w (@) € Ck(XN).

Now if w(a) = (x2,...,xy) then ) ; xl.2 = a; conceptually this is because one
can obtain the weight sequence by subdividing a 1-by-a rectangle into squares of
sidelengths x; . Thus the self-intersection of the class (A8, A; w(a)) is equal to 212 —a
and so is nonnegative if and only if A obeys the volume bound A > \/m alluded to
earlier. Now suppose that E = (d, e; m) € En, where m € Z" . One example of such an
element E is E l/ =(0,0;0,...,—1,...,0), which has nonnegative intersection number
with (A8, A; w()) since all entries of w(«) are nonnegative. All other elements of £y
have d,e > 0 (by positivity of intersections with embedded holomorphic spheres
Poincaré dual to S; and S5), all m; > 0 (by positivity of intersections with El/ ) and
d + e > 0 (given that m; > 0, this follows from the Chern number of E being 1). The
intersection number of such a class with (A8, A; w(w)) is equal to A(d + Be) —w(a)-m
and so is nonnegative if and only if A > w(«)-m/(d + Be). Recalling that elements
of £y have Chern number 1 and self-intersection —1, we accordingly make the
following definition.
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Definition 1.2 Let E = (d,e;m) € H*(Xn;Z) be either equal to some E! or have
the properties that ¢;(TXy)-E =1, E-E =—1, and all m; >0 (and hence! d,e >0
with d + e > 0). Let o € Q have weight sequence w(«) of length N — 1 and let
B €[1,00). The obstruction from E at (a, B) is

0 | ifE= El’
Ha,p(E) =9 wi@)m otherwise
d+Be '

Proposition 1.1 and (1-2) therefore imply:

Corollary 1.3 For any > 1 and any « whose weight sequence has length N — 1,

Cﬂ(a):max{ /2&, sup Ma,,B(E)}-
Ecén

In fact, it follows from [1, Section 6.1] that if we let g ~ be the set of classes E €

we have

H?(Xy;Z) obeying the assumptions in the first sentence of Definition 1.2, then we
continue to have

(1-6) C/;(a)zmax{ /i, sup /‘Laﬂ(E)}-
2'3 EGEN |

Thus, enlarging the set Ex to En does not affect the supremum on the right-hand side
above. This sometimes will save us the trouble of checking that certain families of
classes that are easily seen to lie in g n in fact lie in £y . That said, it is sometimes
important to know that a class lies in €y, because the fact that distinct elements of £y
have nonnegative intersection number often provides useful constraints.

As « varies through Q, the length of its weight sequence also varies, so the value N
appearing in Corollary 1.3 and in (1-6) depends on «. To avoid keeping track of
this dependence, it is better to work in the union of all of the H 2(X ~:R), with two
elements in this union regarded as equivalent if one can be obtained from the other
by pullback under the map Xy — Xn given by blowing down the last N — N
exceptional divisors when N’ > N . Let 42 denote this union; more formally,

= lim H?*(Xy:R)

N—o0

Indeed, the condition on the Chern number shows that 2(d + e) > 2(d +e) —Y_m; > 0, and then if
either of d and e were negative we would have E - E <2de < —2, which is not the case.
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for the directed system whose structure maps H?(Xy:R) — H?(Xn/;R) are the
pullbacks associated to the blowdowns Xp — Xn. So any element of H? can be

expressed as (d,e;my,...,my)—or, if one prefers, as (r; sg,...,sny) — for some
finite collection of real numbers d, e and my,...,my, and (d,e;my,...,my) and
(d,e;my,...,my,0) are expressions of the same element of /2. The Chern number

of such an element is 2(d 4+ ¢) — >_m; and its self-intersection is 2de — ) _ ml.z; in
particular these are both independent of the choice of representative of the equivalence
class.

It is easy to see that if £ € Ey (resp. E € g ) then the image of E under the
blowdown-induced map H?(Xy;R) — H?(Xn/;R) for N’ > N belongs to En-
(resp. to €n-). Let € and € be the respective unions of the images under the canonical
map H?(Xy:R) — H? of the various £y and En, so an element E € £ can be
regarded as Poincaré dual to an embedded symplectic sphere of self-intersection —1
for all sufficiently large N .

Definition 1.2 extends to arbitrary o € Q N [1, 00) and arbitrary E € &: we simply need
to interpret the dot product w(a)-m when E = (d, e;m), and if w(a) = (x2,...,xnN)
and m = (ma, ..., my-),> we use the obvious convention that w(a)-m = 21N=2 Ximj .
With this definition of 4 g(E) for arbitrary E € Eand @ € Q NI, 00) it follows
easily from Corollary 1.3 and from (1-6) that

1-7) Cp(a) = max% /i, sup ;La,,g(E)} = max{ /i, sup Ma,ﬂ(E)}.
2P Ees 2 Ecé

Since Cg is easily seen to be continuous this is enough to characterize Cg(«) for all
real o > 1.

The great majority of elements of £ or & that we will consider in this paper have a
rather special form:
Definition 1.4 An element E € #2 is said to be quasiperfect if both E € £ and there
are nonnegative integers a, b, ¢ and d such that

E = (a,b;W(c,d)).
Such an element is said to be perfect if additionally E € £.

2Here we can assume N’ > N by appending zeros to 77, which does not change the corresponding
element of £.
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There are quasiperfect classes that are not perfect, such as (31, 14; W(79,11)) =
(31, 14; 11%7,2%5 1%2) 3 which cannot lie in £ because it has negative intersection
number with the element (3, 1; 1*7) of £.

The discussion in [9, Section 2.1] shows that for each E € £ and B > 1, the function
o > [ig g (E) is piecewise linear, though in some cases it can be somewhat complicated.
For quasiperfect classes E = (a, b; W(c, d)), it will often be sufficient for us to consider
a simpler piecewise linear function I'. g(E) which, like . g(E), provides a lower
bound for Cg:

Proposition 1.5 If E = (a,b; W(c,d)) € € is quasiperfect and a, B > 1, define

da . c

— fa<-=,

Lup(E) =4 4 TP a
if o> —=.

a+pBb d

Then Cg(a) > I g(E).

Proof Observe first that w(c/d) = (1/d)W(c,d) and w(c/d)-w(c/d)=c/d, so

pera,p((@ b;wic.d))) = a_i_cw-
Hence
C C
(1-8) ()2 o

But Cg is trivially a monotone increasing function (increasing « enlarges the codomain
of the desired embedding) while Cg also satisfies the sublinearity property Cg(fa) <
tCg(a) for t > 1, because if there is a symplectic embedding E(1, @) < P(A, AfB) then
by scaling we obtain a composition of symplectic embeddings E(1,ta) — E(¢,ta) —
P(tA,tAB); see [9, Lemma 1.1.1]. The proposition then follows from (1-8) and these
monotonicity and sublinearity properties. a

1.2 The disappearing Frenkel-Miiller staircase

In [4] the authors introduce a sequence of perfect classes that we denote by {FM, 72,

(these are the classes called E(f;) in [4, Section 5.1]; we recall the formula in (3-1)),
and [4, Theorem 1.3(i)] can be expressed in our notation as stating that

C1(e) = sup{Ty,1 (FM,) | n > —1} for a €[1,3 4 2+/2].
n

3Throughout the paper we use the usual convention that z*¢ means that z is repeated £ times, so
(31, 14; 11%7 275 1%*2) = (31,14; 11, 11,11, 11,11, 11,11,2,2,2,2,2,1, 1).
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See Figure 1.
Ci()
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Figure 1: A plot of the Frenkel-Miiller infinite staircase Ci|; 52 where

02 =34 24/2, top, together with a log—log plot which makes more visible
some of the steps that accumulate at 2, bottom. Each step in each of the
plots is labeled by the Frenkel-Miiller class FM,, having the property that
Cy coincides with I ; (FM,) on that step.

Our first main result is that the analogous statement continues to hold for Cg with
B>1.
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Theorem 1.6 Forany > 1 and any o € [1,3 4 2+/2], we have

(1-9) Cp() = sup{ly p(FMy,) [n = —1}.

The right-hand side of (1-9) can be computed explicitly, and its behavior when 8 =1
is different from its behavior when 8 > 1. The perfect classes FM,, have the form
(Xn, Yn: W(cn, dy)), where the ¢, /d, form an increasing sequence. It is also true that
the Tt /q,,1(FMy) = ¢u/(xn + yn) form an increasing sequence, in view of which
the graph of o +— sup, {I,1(FM,) | n > —1} forms an infinite staircase as described
in [4]. However for any B > 1 there is a value of n (depending on 8, and always odd)
for which I, /4, g (FMy) is maximal, as a result of which the right-hand side of (1-9)
reduces to a maximum over a finite set.

A bit more specifically, let {P,}>2 , and {H,};2, be the Pell numbers and the half-
companion Pell numbers, respectively (see Section 2.1), and for n > —1 let

Priatl if n is even,
b, — P n+2_1
=
Huord i) i odd.
H n+1—
The b, form a decreasing sequence that converges to 1, with the first few values

being given by b_; =00, bg =3, b1 =2, by = %, bz = %, by = %. We show in

Proposition 3.4 that, for all «,
sup{Ty  (FMy) [ n = 1}
n
max{l[, g(FM_1), Iy g(FMo), ..., Iy g (FMpr_1)} for B € [bor, bogx—1].

= ymax{ly g(FM_1), Iy g (FMo), . . ., Ty, g (FMog—1). Iy g (FMak 41)}

for B € [bok+1.bak]-
As f increases within the interval [byx 1, bo], the Iy, g(FMy) all become smaller
since our codomain P (1, ) is expanding, but the maximal value of I}, g(FMyx_1)
decreases more slowly than does the maximal value of I}, g(FMyg 4 1), matching it
precisely when B = b,y . In particular the step in the graph of Cg corresponding to
FM, 4+ disappears as 8 /" b,y , being overtaken by the step corresponding to FMz_; .
Similarly, as 8 " b,j_1, the step corresponding to FM,;_» is overtaken by the step
corresponding to FM,; _3 (and the step corresponding to FM,; _; remains as the final
step, surviving until 8 reaches b,j_5). See Figure 2. Once B rises above by = 3,
only the “step” (more accurately described as a floor) corresponding to FM_; remains.
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1.67] FMs~ 1.621 FM3;
FM,
|FM, FM; FM;
1.64
1.6t
B =% €[ba. b3 B =2 €[bs. b3
1.61
5 17 29 5 17 29
IFM; 1.535¢
1.59 +
1.58 1 1.525¢
B =3 €lbs,bs] B =3 €lb2bi]
5 729 5 17 2
3 5 3 5

Figure 2: Plots of the functions Cg |[ 4.9.3+2+/2) for selected values of B . For
by < B < b3, Cglj;42) is given as the maximum of obstructions arising
from the Frenkel-Miiller classes FM_;, FMy, FM;, FM, and FM3 (the
first two of which are relevant only for values of « outside the domain of
these plots). The obstruction from FM; approaches the obstruction from
FM, as B approaches b3 = %, and these obstructions cross once 8 > b3
so that FM, is no longer relevant. Once > b, = % the obstruction from
FM; likewise overtakes the obstruction from FM3. Increasing § still further
would lead to the obstruction from FM_; overtaking that from FMy when
crosses b; = 2 and overtaking that from FM; when B crosses by = 3.

In fact one has FM_1 = (1, 0; 1) so that I}, g(FM—_1) =1 for all «, B; thus for 8 >3
Theorem 1.6 just says that Cg(a) =1 for @ <3+ 24/2, ie that the bound given by the
nonsqueezing theorem is sharp for all such «. (This latter fact is easily deduced from
well-known results, since 3 +2+/2 < 6 and for 8 > 3 there is a symplectic embedding
of E(1,6)° into P(1,B); see eg [3, Remark 1.2.1].)

Remark 1.7 In fact, our proof shows that, when B > 1, the equality Cg(a) =
sup, {I'y, g (FMy) | n > —1} continues to hold for o < atg() for an upper bound oo ()
that is somewhat larger than 3 +2+/2, and converges to 3 + 2+/2 as f — 1. (Explicit,
though typically not optimal, values for «o(f) can be read off from Propositions 3.14
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and 3.15.) It follows from our other main results that such a bound «o(f) must
depend on B, as there are pairs («, ) arbitrarily close to (3 + 2+/2, 1) for which
(1-9) is false. (For instance, in the notation used elsewhere in the paper, one can take
(o, B) = (Spk, Ly i) forlarge k and any n > 2.)

Remark 1.8 In [4], the “feet” of each of the stairs* of the infinite staircase describing
C1 (@) for a < 02 are found to precisely agree with the volume constraint. We see
in Proposition 3.17 that the situation is different for Cg(a) with 8 > 1: although as
B approaches 1 the number of stairs in the staircase describing Cgl[; 52] becomes
arbitrarily large, at most one (and, for most 8, none) of these stairs touches the volume
bound. More precisely, for « € [1,062] and B € (1, 00), Proposition 3.17 shows that
the only pairs (a, B) for which Cg(a) = \/W are those of the form

( P22k H2k+1)

2 9
Py Hy—1

where k > 1. The first few such pairs are (4,2), (L&, 2), (222, 22), (15646t 289)

1.3 New infinite staircases

The analysis in [9] and [4] shows that, for any &, B > 1 such that Cg(a) exceeds the
volume bound /a/28, there is a neighborhood of a on which Cg is piecewise linear.
Let Sg denote the collection of affine functions f: R — R having the property that
there is an nonempty open set on which Cg coincides with f. Thus the graph of Cg
consists of segments which coincide with the graph of one of the functions from Sg,
collectively forming a sort of staircase, and other segments which coincide with the
volume bound. We say that Cg has an infinite staircase if Sg is an infinite set. In
this case, we say that o € R is an accumulation point of the infinite staircase if for
every neighborhood U of « there are infinitely many f € Sg such that Cg coincides
with f on some nonempty open subset of U .

Remark 1.9 Arguing as in [9, Corollary 1.2.4], for any E = (x, y;m) € £\ J,{E/}
we have 1 =c(E) =2(x +y)—_; m;, so that for any a € Q,

m-w(a) Szmi <2(x+y),

1

“#In other words, the points at which the slope suddenly increases.
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and so, for any 8 > 1,
m-w(a) S2(x+y) <3
x+ By x+ By

Thus if the volume bound /a/2f is at least 2, ie if « > 88, then Cg(a) is equal
to the volume bound. It follows easily from this that if Cg has an infinite staircase

Ma,p (E) =

then this infinite staircase must have an accumulation point. An unpublished argument
communicated to the author by Cristofaro-Gardiner appears to imply that the only
possible accumulation point for any such infinite staircase is the value o > 1 determined
by the equation (1 + «)?/a = 2(1+ B)?/8.

Again denoting by P,, and H,, the Pell and half-companion Pell numbers, respectively,
for any integers n > 2 and k > 0 let

L Hop(Vn?2—141)4+2nPy + (Vn2—1-1)
k= ’
B Hy (WnZ—141) 4 2nPo — (V02 —1—1)
S, k= (Vn2—141)Poryy +’1H2k+1
" (Vn2 =1+ 1)Pog_y +nHor_y

In particular,

2141
Lno=i2—1, Spo= T __*1+n
Vn2—14+1-n

Our second main result is the following, proven as part of Corollary 4.10:

Theorem 1.10 For any n > 2 and k > 0, the function Cr,
with accumulation point at Sy, j .

.« has an infinite staircase,

We also show in Corollary 4.10 that (14 Sn’k)z/Sn’k =2(1+ Ln,k)z/Ln’k , consistent
with Cristofaro-Gardiner’s work.

The proof of Theorem 1.10 makes use of a collection of perfect classes Al(kn) =
(@i g bin i W(Cink-dink)) for i,k >0 and n > 2. (See (4-12) and (4-14) for
explicit formulas.) For fixed n and k and varying i, the numbers ¢; , x/d; »  form a
strictly increasing sequence, and we see in (4-18) that C Ln  coincides on a neighbor-
hood of each ¢; ,, x /d; p r With the function I'. 1, k(A ) This is enough to show that
CL, . has aninfinite staircase, though it does not determme the structure of the staircase
in detail since does not address the behavior of Cr, , outside of these neighborhoods.

Algebraic & Geometric Topology, Volume 19 (2019)



1948 Michael Usher

At least for k = 0, the infinite staircase of Theorem 1.10 does not consist only of steps
given by the I. 1, (Ag‘n)); indeed, Proposition 4.11 shows that sup; Iy, 7, , (Af’orz ) is
below the volume bound at certain points & € (¢j,n,0/din,0,Ci+1.n,0/di+1,n,0). (We
expect the analogous statement to be true for arbitrary k, and have confirmed this with
computer calculations for all n, k < 100.) In Section 4.6 we introduce a different set
of quasiperfect classes’ A\l(kn) The fact that Al(,kn) and //1\1(];) are all quasiperfect implies
that we have a lower bound

k k
(1-10) CLnk(oz)>sup{ Tu.L,  (A) ‘ Ae {Afn), i )}}
1—0
and Conjecture 4.23 asserts that this inequality is in fact an equality for all « in the
region [co n k/do.n.k>Sn k] occupied by the staircase.

Setting k = 0, Proposition 4.22 shows that the right-hand side of (1-10) is strictly
greater than the volume bound for all & € [co,1,0/d0.1,0. Sn,0]. Computer calculations
show that the analogous statement continues to hold for all 7, k < 100. In particular,
while it is in principle possible for an infinite staircase for some Cg to include intervals
on which C g coincides with the volume bound, our infinite staircases do not have
this property, at least when k = 0 and n is arbitrary, or when n, k < 100. Indeed, in
contrast to the Frenkel-Miiller staircase, these infinite staircases do not even touch the
volume bound at isolated points prior to the accumulation point S, f .

One can show that the interval of a on which I}y, 7, . (A(k)) realizes the supremum on
the right-hand side of (1-10) has length with the same order of magnitude as 1 / (P 2’)
where w, =n + v/n? — 1, while the corresponding interval for I, 1, k(Al n) is con-
tained in [¢; , k/d; n k+Ci+1,n,k/di+1,n k] and has length bounded by a constant times
1/ (P2 w3). Thus the steps corresponding to the ff(k) are between those which

correspond to A(k) and Al(]_?l no

and decay in size at a faster rate. See Figure 3.

Our infinite staircases for Cr,, , join together nicely with the picture in Section 1.2. As
we see in Section 4.7, for all » it holds that A( ) = FM,;_1, so that the initial obstruc-
tion in our staircase coincides with one of the Frenkel—Miiller obstructions. Moreover
when n > 4 Proposition 4.14 shows that L, x lies in the interval (byk, bak—1), and
$0 FMy 1 is the last surviving obstruction in the Frenkel-Miiller staircase for Cpr,, , .
For the remaining values of n, as we explain in Section 4.7, Proposition 4.14 shows that

Agkg =FMjj_ is the penultimate surviving obstruction in the Frenkel-Miiller staircase

SWe expect these classes to all be perfect, and have checked this for many examples, but we do not
have a general argument.
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Figure 3: Partial plots of our lower bound (1-10) for C, Lo.o (which we con-
jecture to be equal to Cp, ), with steps labeled by their corresponding
elements of &, together with the volume bound curve. The bottom plot
is a magnification of the box in the upper right of the top plot; evidently
such a magnification is needed in order to make the step corresponding to
AP} = (11,7:W(31,5)) visible.

for Cr, , (and the last one is //1\(()’{; = FM5j +1), and that Agg is the antepenultimate

surviving obstruction in the Frenkel-Miiller staircase for Cy, , , with the last two being
k) )
A _

0,2 = FMyi and Agk% = FMjx 1. So in all cases our staircases overlap with the
remnants of the Frenkel-Miiller staircase.
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As for the accumulation points S, i, we see in Proposition 4.13 that each S, x lies
in the interval (Ppxy4/ Pok+2, Pak+2/ Pax) (Which for k = 0 is to be interpreted as
(6,00)). Since Prxyo/Pox — 3+ 24/2 as k — oo, this shows that Snk— 3+ 242
as k — oo, uniformly in n. In the other limit as n — oo with k fixed, one has
Suge /" Pakt2/Pak and Ly /" (Hogy1 + 1)/(Hog41 — 1) as n — oco. In this
limit all of the steps in our staircases have length tending to zero except for the step
corresponding to Agg (which as mentioned in the previous paragraph is equal to
FM5 1 independently of ), and indeed a special case of Proposition 3.14 shows that
when 8 = (Hyg+1+1)/(Hpk 41— 1), the final step that remains in the Frenkel-Miiller
staircase for Cg extends all the way to « = P,/ Py, at which point it can be seen
to coincide with the volume bound.

The existence of an infinite staircase for Cp,, , appears to depend quite delicately
on the specific values L, ;. In particular it follows from Corollary 4.21 that all
but finitely many of the I g (Ag;)) cease to be relevant to Cg when f is arbitrarily
close to but not equal to L, ;. For typical values of B that are close to some of the
Ly we expect Cg(a) for a slightly larger than 3 + 2+4/2 ~ 5.828 to be given by
the maximum of a small collection of the I}, g (A( )) for various values of n. For
example one can show (for instance using the program at [12]) that for f = (Wthh
lies between Le,1 and L7,1), Cg is given on [3 + 242 M] by the obstruction

> 169

coming from the exceptional class FM; = (1) = (2,1;W(5,1)), on [%, %]

by the obstruction coming from Ag % = (25, 20 W(77,13)), and on [?3(2)(9)’ 47577] by
the obstruction coming from A(1 % = (29,23; W(89, 15)), after which it is given on a
somewhat longer interval by the obstruction coming from the nonquasiperfect class
2,2;2, 13 ), which readers of [4] will recognize as the first class to appear after the

infinite staircase for Cj.

The Al(kn) and /Tl(kn) are not the only perfect classes to contribute to some of the
functions Cg in the region following the Frenkel-Miiller staircase; for instance,
(15,10; W(43,7)) is the first class after FM; to contribute to C 3 and cannot be
found among the A(k) /,1\( ) . Preliminary computer experiments suggest that classes
such as (15, 10; W(43, 7)) may fit into different families that are structurally similar to
the Al(’;) perhaps leading to infinite staircases for other irrational values of S besides
the L, i . (To give a concrete family of examples, the author suspects that Cg has an
infinite staircase for B = (2n—14+2+vn2—1)/(2n—2++/n2 —1) for all integers n > 2.
For n = 2 this is equal to /3 = L3 .0, but for n > 3 it is distinct from all of the L,

since it lies strictly between % = SUPg>1.pn>2 Lnk and V3 =min, > Ly.0.) However,
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analogous methods would not seem to be capable of producing infinite staircases for
Cp when B is rational, consistently with the conjecture of Cristofaro-Gardiner, Holm,
Mandini and Pires (see [10, page 13]) that would imply that the only rational 8 for
which any such staircase exists is the value 8 = 1 considered in [4].

1.4 Organization of the paper

The following section collects a variety of tools that are used at various places in our anal-
ysis. It seems unavoidable that many of our proofs will involve extensive manipulations
of Pell numbers P, and H,, and some relevant facts about these appear in Section 2.1.
As will be familiar to experts, the subsets of H2(Xy41:;R) appearing in (1-2), namely
Cx(Xy41) and Ey 41, are acted upon by Cremona moves. In Section 2.2 we recall
this and set up relevant notation, after which we identify a very useful composition of
Cremona moves, labeled E in Proposition 2.5, and compute its action on various kinds
of classes that appear in the rest of the paper. Restricting attention to classes of the
form (a, b; W(c, d)) such as those that appear in Definition 1.4, we then consider the
question of when such a class is (quasi-)perfect. Some simple algebra shows that the
quasiperfect classes of this form having ged(c,d) =1 correspond, after a change of
variables, to solutions to a certain (generalized) Pell equation. We can then exploit the
construction from [2] of infinite families of such solutions to define (Definition 2.10)
the k™ —order Brahmagupta move C + C®) acting on classes (a,b; W(c.d)). By
construction this move preserves the property of being quasiperfect provided that
gcd(c,d) = 1, and in Proposition 2.12 we use the aforementioned composition of
Cremona moves & to show that it also preserves the property of being perfect. Section 2
concludes with a brief discussion of what we call the tiling criterion, which gives a
sufficient criterion for a class to belong to C(X v 1), expressed in terms of partial tilings
of a large square by several rectangles. The roots of this go back to [11, Section 5],
and something similar is used in [5, Section 3], but we give a more systematic and
straightforwardly applicable formulation here.

Section 3 contains the proof of Theorem 1.6. First we rewrite more explicitly, for
any given 8 > 1, the supremum sup,, I}, g(FMy), identifying it as a supremum over
a finite set depending on 8 and not on «. Using the monotonicity and sublinearity
of Cg, the statement that the lower bound Cg(a) > sup,, I, g(FMy,) is sharp for all
o € [1,3 +2+/2] is easily seen to be equivalent to sharpness just for a finite subset
of « (depending on B > 1), namely the points where the “steps” in the finite staircase
determining sup,, I}, g(FM,) come together (as well as one point at the end of the
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staircase). In each case this is equivalent to a certain class belonging to Cx (Xn 1),
which we show (in Section 3.2) to hold using the techniques of Section 2. A bit
more specifically, our preferred approach to showing that a general class belongs to
Cx(Xn41) is to apply repeated Cremona moves to the class, often iteratively using &,
until it satisfies the tiling criterion. Roughly speaking, the move E transforms the
problem for the k™ class to the problem for the (k—2)" class. Our use of the tiling
criterion is somewhat different than the approaches used in [9; 4; 3], and seems better
adapted to a situation where the codomains of our embeddings depend on a continuous
parameter 3. Section 3 concludes with Section 3.3, which relates Cg () to the volume

constraint, proving the results mentioned in Remark 1.8.

Section 4 contains the proof of Theorem 1.10 and discusses some of the properties of our

infinite staircases. In Section 4.1 we provide a general criterion for a sequence of perfect

classes (a;, bi; W(ci,d;)) to give rise to an infinite staircase. We then construct our

key collection of perfect classes Al(];) in Section 4.2, and show in Section 4.3 that, for
(k)y oo

fixed n and k, the sequence {A;"}72 , satisfies our general criterion. This suffices to

prove Theorem 1.10, though it does not provide a complete description of the staircases.
k) )

N

We explain in Section 4.4 that, at least for k = 0, the lower bound sup; Iz, , (Al(
for Cg provided by the Al(kn) falls under the volume constraint at some values of o
lying within the region occupied by the staircase, so the staircase is not completely
described by the obstructions from Al(kn) Section 4.5 carries out a few elementary
calculations that help make sense of the values L, x and S, x from Theorem 1.10,
and then makes progress toward understanding how the function of two variables
(o, B) = Cg(ax) behaves near S, x and L, g, by finding two classes which are not
among those contributing to the infinite staircase and whose obstructions at (Sy x, L, )
exactly match the volume. We use this to give some indication of how our infinite
staircases disappear as B is varied away from L, ; in Corollary 4.21. Section 4.6
introduces the classes /’l\l(l;) , which appear to be necessary to completely describe our
staircases, leading to the conjectural formula for Cr,, , (@) in Conjecture 4.23. Finally,
in Section 4.7 we work out the interface between our infinite staircases and the remnants
of the Frenkel-Miiller staircase that are determined in Section 3. With the exception of
Section 4.7, Sections 3 and 4 are completely independent of each other.

Acknowledgements I am grateful to D Cristofaro-Gardiner for useful remarks and
encouragement and for explaining his results about possible accumulation points of
infinite staircases, to F Schlenk for comments on the initial version of the paper, and to
an anonymous referee for various corrections and suggestions. A crucial hint for the
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2 Some tools

2.1 Preliminaries on Pell numbers

The Pell numbers P, and the half-companion Pell numbers H, appear frequently
throughout the paper, and here we collect some facts concerning them. The sequences
{Pn} and {H,}, by definition, obey the same recurrence relation

Puy2 =2Py41+ Pn, Hp+2=2Hu4+1+ Hp,
with different initial conditions
Py=0, Pi=1, Hy=1 H;1=1.

Denote by o = 1 + /2 the “silver ratio”, so that ¢ is the larger solution to the equation
x2 = 2x + 1, the smaller solution being —1/0 =1— ﬁ Note that 02 =3 + 2\/5,
which is the quantity appearing in Theorem 1.6. It is easy to check the following
closed-form expressions for P, and Hj:

B o" — (—O‘)_”

1) P, = H, ="

272 2

From these expressions it is not hard to check,for n, j € N with j <n, the identities

(2-2) PyyjPo—j = P74+ (=1)"/ P2,
(2-3) PytjHusj = PoHy +(—1)"V/ P H;,
(2-4) Han+j :2PnPn+j+(_1)nHj'

Given the initial conditions P; = Hy = Hp = 1, we immediately see some useful
special cases of these identities:

(2-5) Pps1Hpg1 = PoHy £ (=11,

(2-6) Ppy1 Py = P7+ (=1,

2-7) H} =2P7+ (—1)" = 2Py 1 Pooy — (-1)",
(2-8) HyHpy1 =2Py Poyr + (D"
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Also, the fact that the P, and H, obey the same linear recurrence relation makes the
following an easy consequence of their initial conditions:

(2-9) Hy = Pp+ Pp—1 = Poy1— Pn, Pn=3(Hp+ Hp—) = 3 (Hys1 — Hy).

Furthermore we have the identities

(2-10) Hpyo + Hy = 2Hp41 +2Hy = 4P 1,
(2-11) Puio+ Pp=2Pyy1+2Py =2Hp41.
Moreover,

(2-12)  Puyo+ P2 =2Pyp1+Pn+ Pp2=5P, +2P,_1+ P2 =0Py,
(2'13) Hn+2 + Hy—2 = 6H,.

Although the conventional definition is that P,, H, are defined only for n € N, we
will occasionally (and without comment) use the convention that P_; =1, H_; = —1

and P_, = —2; evidently this is consistent with both the recurrence relations and the
closed forms given above.

Proposition 2.1 For k > 0 the following inequalities hold:

P H P P H P
2k+1 _ Hokva _ Pokds _ o 2k+4 _ Hok4s _ Pokto
Poj_q Hyy Pok 41 Prryo  Hoypq Py

(Strictly speaking P, 42/ Pag is not defined if k = 0 since Py = 0, but in this case
we interpret Pog 4,/ Poi as 0o. A similar remark applies to Proposition 2.2.)

Proof We have
Pn—HHn - Pn—lHn+2 = (2Pn + Pn—l)Hn - Pn—l(an—H + Hn)
= 2(Pan - n—lHn+1) = _2(_1)’1,

where the last equality uses (2-5), and this immediately implies that

P H P H
2%k+1 _ Mokt+2 0 D2k+2  Hok+3
Pak—1  Hog Py Hypqq
Similarly, using the other case of (2-5) we have
PpHpt1 — PrnyoHp—1 = Pn(2Hy + Hp—1) — 2Pp41 + Pp) Hp—1
=2(PnHp — Pny1Hp—1) = 2(_1)n’
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so that

H P H P
2k+3 > 2k+4 and 2k+2 < 2k+3 '
Hykt1 Pak2 Hyi Pk 41
So it remains only to show that Pp 1/ Pax—1 <02 < Pogin/ Py forall k. By (2-1),
we see that

Por—y  o2k—1 4 g—2k+1 1 + o—4k+2

since o > 1. Similarly,

P | — g 4k—4
2k+2 = (72 _— > (72. [
Pox 1 —o—4k

It so happens that the sequence

{2(P22k+2—1)}°° {6 286 9798 }

P = Yy TN Y 10410 "
Hj 49 " 1681

k=0
will play a role in the proof of Theorem 1.6 (specifically in Proposition 3.15), and the
following estimate will be relevant:

Proposition 2.2 For k > 0 we have

2(P% —1 P
02< ( 2k+2 )< 2k+2'

2
Hy g Pag

Proof First notice that (2-7) gives H 2

2k+1 — 2P; Pygyo+ 1, and so

PojeraH3y oy = 2P o Pokc + Paksa > 2Poc (P35 — 1),
from which the second inequality is immediate. As for the first inequality, based
on (2-1) we have
2(p22k+2 —1) B g4kt+4 _ 10 4 g—dk—4 B 2(1 — 100—4k—4 4 0—8k—8)

H22k+1 o g4kt2 9y g—4k—2 1 —20—4k—2 4 5—8k—4

So the desired inequality is equivalent to the statement that —100 ™44 4 5—8k—8 5
—20 k=2 | 5—8k—4 e (multiplying both sides by o*k+4 and rearranging)

(2-14) 262—-10> 0 %k (1—07%).

Of course since o > 1, (2-14) holds for all k¥ > 0 if and only if it holds for £k = 0, ie if
and only if 202 +0~* > 11. But this is indeed true: we have 202 =2(3 +2+/2) > 11
since /2 > %. This proves (2-14) and hence the proposition. a
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[T L]

Figure 4: The square tiling of a 338-by-70 rectangle corresponding to the
fact that

W(Q2P7, Pg) = (P&*,2Ps, P4, 2P3, P4, 2Py).

We now discuss some connections between weight sequences and Pell numbers. As in
the introduction, for any pair of nonnegative, rationally dependent real numbers x and y,
the weight sequence YW(x, y) associated to the ellipsoid E(x, y) is determined recur-
sively by setting W(x, 0) = W(0, x) equal to the empty sequence and, if x < y, setting
W(x,y) and W(y, x) both equal to (x, W(x, y — x)) (abusing notation slightly), ie to
the sequence that results from prepending x to the sequence W(x, y —x).

More geometrically, the weight sequence W(x, y) = (wy,...,wg) is obtained by
beginning with an x-by-y rectangle and inductively removing as large a square as
possible (of side length w; at the i™ stage), leaving a smaller rectangle, until the final
stage when the rectangle that remains is a square of side length wy, . Thus the statement
that W(x, y) = (wy, ..., wy) implies, in particular, that an x-by-y rectangle can be
tiled by a set of squares of side lengths wy, ..., wg.

First we compute a certain specific family of weight sequences.

Proposition 2.3 For any positive real number x and any m € N, we have
WQR2Pomt1x, Pamx)
= (Pamx)*. 2Pom—1%..... (P2jx)* 2Py 1x. ... (P2x)** 2Pyx).

(Of course, since P, =2P; =2, we could equally well write the last five terms in the
sequence as (2x)*>. See Figure 4 for the corresponding tiling in the case that m = 3.)

Proof This is a straightforward induction on m: if m = 0 then since P»,, = 0, both
sides of the equation are equal to the empty sequence, while for m > 0 the fact that

0<2Pymi1—4Pom =2Pom—1 = Poyy— Pop—2 < Poyy
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implies that
WQRP2m+41X, Pamx) = (Pamx)**), W2 Pam—1x, Pamx))
= (((Pamx)"*, 2 Pam—1X), W(2Pam—1X, Pam—2x)).

Thus the validity of the result for m — 1 implies it for m. |

The following computation gives the first part of the weight expansion w(x) = W(1, @)
of an arbitrary rational number « > 1, with more information when « is close to o2.

Proposition 2.4 Assume o € [Pog+1/ Pak—1, Pok+2/ Pkl NQ, where k > 0. Then

w(e) =
1 1 x4 1 1 x4
(L.(3P2—3Poa)™", Pra— P3..... (3 Pak — 5 Pak—20) . Pag—10t — Popi1.

W(%P2k+2 - %sza, Pog—10 — Pog11))-

(If £ = 0, in which case the condition @ € [Par41/Pak—1. Pak+2/ Pak] just says
that @ € [1, 00), then the sequence (%P — %Poa)X4, <oy Pyp_j00— Pop 41 should be

interpreted as empty, so this just simplifies to w(e) = (1, W(l,a —1)).)

Proof We proceed by induction. For k = 0 the statement is trivial. Let o be in
[Pok+1/ Pak—1, Pok+2/ Pak] where k > 1, and assume the statement proven for all
Jj < k. Note that Proposition 2.1 shows that

[P2k+1 sz+2}C[sz+1 Pajyo
Py—1’ Py TPy

:| for j <k,
Prj—q

so the inductive hypothesis applies to our particular «. The special case j =k — 1 of
the inductive hypothesis leads us to consider W(%sz — %sz_zoe, Py 30— sz_l).
We simply observe that

(Pak—30 — Pog—1) — 4(% Pog — 3 Pog—sat) = Pog_10t — Pojy1 >0,
since we assume that « > Pog 1/ Pog—1, and then that
(3 Pak — 5 Pak—20) — (Pog—10t — Ppjey1) = 5 Py — 5 Poxr > 0,
since we assume that o < P,/ Psj . Thus
W(5 Pak—3 Pak—20t, Poj_3a—Pp_1) =
((%sz—%sz—za)M» Pog— 10— Poj 1) UW(5 Pag 12— 5 Pok . Pog_10—Pog41).

The result then follows immediately by induction. a
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2.2 Cremona moves

As in the introduction, let X1 denote the (N +1)—point blowup of CP?2, with L
and Eg, ..., En in H*(Xy411,7) the Poincaré duals of a complex projective line and
of the N + 1 exceptional divisors of the blowups, respectively. If x,y,z €{0,..., N}
then Xy 41 contains a smoothly embedded sphere of self-intersection —2 that is
Poincaré dual to the class L — Ex — Ey, — E;, and the Cremona move

Cxyzt H2(XN4+1:R) > H*(XN41:R)

is defined to be the cohomological action of the generalized Dehn twist along this
sphere. Likewise if x,y € {0,..., N} then Xp 4 contains a smoothly embedded
sphere of self-intersection —2 Poincaré dual to Ex — Ey,, and we let ¢y, denote the
action on H? of the generalized Dehn twist along this sphere. In terms of the basis
{L,Ey,...,EN}, wehave

Cxyz (dL _ZaiEi) =(d +5xyz)L - Z (a; +5xyz)Ei - Z ai Ej,
i

where
(2—15) 8xyz:d_ax_ay_az
and
cxy(dL—Za,-Ei) =dL—ayEx—axEy— Y aE;.
i i¢{x,y}
(So in terms of the coordinates (d;ap,...,an) from Section 1.1, ¢xy, adds 6xy, to

the coordinates d, ay,ay,a; and cx, simply swaps a, with a,.) Note that Cremona
moves preserve the standard first Chern class ¢1(TXy) =3L —) ; E;. We say that
two classes 4, B € H>(Xy+1:R) are Cremona equivalent if there is a sequence of
Cremona moves mapping A to B. The operations ¢xy, and ¢y, obviously give rise to
corresponding operations on the direct limit H? = lim H 2(Xn:R), which we denote
by the same symbols.

A crucial fact for our purposes will be that Cremona moves ¢y, and cy, preserve both
the closure of the symplectic cone Cx (X n 1) and the set of exceptional classes En 41 .
Indeed, as shown in [9, Proposition 1.2.12(iii)], one has £ € Ex 41 if and only if E can
be mapped to Eg by a sequence of Cremona moves; since Cremona moves are induced
by orientation-preserving diffeomorphisms this implies that they likewise preserve
Ckx (XN +1) by (1-2). Thus to verify that condition (ii) in Proposition 1.1 holds (and
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thus to show that A > Cg(«)) it suffices to find a sequence of Cremona moves which
sends the class (A(B 4+ 1);AB,A,x2,...,xn) to aclass that can be directly verified
to lie in Cx(Xn41). Likewise, to show that classes such as the Ag;) that we use to
prove Theorem 1.10 belong to &, it suffices to show that they are Cremona equivalent
to Eg = (0;—1,0) =(1,0;1).

There is a particular composition of Cremona moves whose repeated application
underlies both the proof of Theorem 1.6 and the construction of many of the classes
involved in our infinite staircases. Specifically, let

E = 36 0 €456 0 €236 © €012 © ¢345 € Aut(H*(X7; R)).

Proposition 2.5 Givenany Z, A, B,C,€ € R, we have
E(Z;A+e, A—e, B** C))=(Z";A' +¢, A —e, B4, C),
where A’, B, C' and Z' are computed as follows. Let
{=7-2B.
Then
A'=20—-4A, C'=2t-C, B'=C'+Z-24-B, Z'=2B"+¢

Proof This is a straightforward computation, which we leave to the reader. |

Repeated application of the following proposition will be helpful in the proof of
Theorem 1.6.

Proposition 2.6 Forany j € N and y,«, B € R, we have
E((P2j—1(y(B+1D)=1)=P2j—20; 3 Ha2j—2y(B+1)=Paj—1+5y(B—1),
4
SHaj 2y (B+1D)—=Pyj_1—3y(B—1), (5 Paj—5 P2j—20) ", Paj_10—P2j11))
=(Paj+1(y(B+1)—1)—=Prja; S Hajy(B+1)—Paj 11+ 1y (B—1),

THRjy(B+1)—Pajr1—3y(B—1), (3 P2; (2)/(/3+1)—05—1))X47
P2j—12y(B+1)—a—1)).

Proof We follow the notation of Proposition 2.5, so

Z=Pyj1(y(B+1)—1)—Prjr0. A=21Hyj ry(B+1)— Paj_1,

1 1
B=§P2j—§P2j_2Ol, C=P2j—105_P2j+1-
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‘We then find
§=(Poj1(y(B+1)—1)— Pyj o) —2(5 Ppj — 5 P2j2at)

=Py 1y(B+1)—Prj1—Prj=Prj1y(B+1)— Hyj
and

Z—24—B=y(B+1)(P2j—1—Haj—2)— 53 Paj 2o+ (—Paj—1 +2P2j_1 — 1 P2j)

= Pyja(y(B+1)—3a—3).
Thus

C'=20—C=Py;j12y(B+1)—a)—(2H2j;— P2j41) = P2j—1Ry(B+1)—a—1),
where we have used that 2H5; — P> +1 = P21 by (2-11). Also,
B'=C'+(Z-24—B)=(P2j—1 +3P2;2)2y(B+ 1) —a—1)

=P Qy(B+1) —a—1),
and then

Z' =2B'4+{ = (P2j—1+2P2j)y(B+1)—(Hzj + P2j) — P2jc

=Pj+1(y(B+ 1D —1)— Pja.
Finally

A'=20—A=(2P2j_1—3H2j—2)y(B+1)—(2H2j— P2j—1) = 5 Haj y(B+1)—P2j 11.
since (2-10) shows that 3 Haj + 3 Haj—» = 2P and (2-11) shows that

Pyji1+ Prj—1 =2H>;.
In view of Proposition 2.5, this completes the proof. a

The definition of E given above presents it as an automorphism of H(X7;R); we will
use variants ™ of E which are automorphisms of Hy(Xx;R), where N >n+5>7.
Specifically, we define

—~(n
(2-16) E® = 1044 0 it 2,n13,044 © Cnnt 1n+4 © C01n © Cnt 1Ln+2,n43-
Equivalently,
—n .
B (F;50, 51,52, -+« Sn—1» Sn> Snt 150425 Sn-+3> Snt-ds Snt55 - - - SN—1))
/. / / / / / /
= (r ’ S07 Slv S27 ] S}’l—19 Snv Sn+lsn+2’ Sn+39 Sn+47 S}’l+57 L] SN_1>7

/

! o /
where 77,5, 57,5, ..

.S, 14 are defined by the property that
E((r;80,51,8n, .+, Sn+4)) = (r/;sf,,sll,s,/l,...,s;,+4).

(In practice we will have s, = 5,41 = Sp+2 = Sp+3 so that we can apply Proposition 2.5.)
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We will now use the £ together with Propositions 2.4 and 2.6 to modify via Cremona
moves the classes that are relevant to the embedding problems that arise in the proof of
Theorem 1.6. Recall that E (1, ®)°® symplectically embeds into yP (1, §) if and only if
(yB.y:W(l,a)) € Ck(Xn+1), where N is the length of the weight sequence w ().

Proposition 2.7 Assume that y, f > 1 and that « € [Pog+1/ Pak—1, Pok+2/ P2k ]NQ,
where k > 1. If 2y(B+1)—a—1 <0 then (yB,y; W(1,a)) ¢ Cxk(XN+1), where N
is the length of w(a). Otherwise, (yB, y; W(1,«)) is Cremona equivalent to the class

Eg,ﬂ,y -
(Pok1(y(B+1) = 1) — Pogo; S Hopy(B+ 1) — Pogr +¥(38 1),
SHoky(B+1) = Poks1 — v (38— 1).W(3 Pag 2 — 2 Pagr. P10t — Pogy1).
WA PwQy(B+1) —a—1), Py 2y(B+ 1) —a —1))).

Proof Combining (1-3) with Proposition 2.4, we see that our class (y8, y; W(1, «))
is equal to

(Y(B+1)—1:yB—1,y—1, (3 Pa—Poa) ™, Pra—Ps, ..., (3 Pok—% Pak—2er) ™,
Pog—10— Poj 1. W (5 P2 —% Pt Pog—yo—Pojy1))-
With a view toward Proposition 2.6, note that the first three terms can be rewritten as
yB+1)—1=Pi(y(B+1)—1)— Poc,
yB—1=3Hoy(B+1)—P1+3y(B-1),
y—1=3Hoy(B+1)—P1—3y(B—1).

So we can apply Proposition 2.6 successively with j =1, ..., k to find that the image of
(yB.y: W(1, a)) under the composition of Cremona moves &K= o...0 5N o 5?2
is equal to

(Poks1(y(B+1)—1) = Poge: A Hopy(B+ 1) — Pogy1 +¥(GB + 1),
SHaky(B+ 1) = Paipr =y (36 = 1). 3 P22y (B+ D —a = 1)),
Pi2y(B+1D)—a—1),.... (3 Py @y(B+1)—a— 1) Py Qy(B+ 1D —a—1),
W(% P2 — 3 Pk, P10t — Pagy1))-

If 2y(B+1)—a—1 <0 then the above expression has some negative entries, so our class
pairs negatively with some of the E and thus cannot belong to Ck (XN +1). Otherwise,
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we can use Proposition 2.3 to group the entries beginning with %PZ QyB+1)—a—1)
and ending with P,z _1(2y(B + 1) —a — 1) together as

W(3 P y(B+1) —a—1), Py 12y(B+1) —a 1)),

and so (modulo reordering, which can be carried out by Cremona moves cyy ), the
above class is precisely the class EZ’ by given in the proposition. O

Remark 2.8 The values of « such that there exist k for which Proposition 2.7 is
applicable to « are precisely those « in the interval [P3/ Py, P4/ P3] =[5, 6]. For any
such o, we have

w(e) = (1%, 0 =5 W(a—5,6—a)).

Consider the class E = (2,2;2, 1*°), which lies in £. We find that, for o € [5, 6],
2.1°)- (1%, a—5)  a+1

2428 S 2B41)
Thus the condition that 2y(8 4+ 1) —a — 1 > 0 in Proposition 2.7 is equivalent to the
condition that the class £ does not obstruct the embedding E(1,«)° — yP(1, ).

MHa,p (E) =

The class E was identified in [4] as giving a sharp obstruction to this embedding when
B=1and @ €[0?6]. (For f=1and | <& <02, on the other hand, 114 g(E) is
less than the volume bound.) Results such as Theorem 1.10 show that the situation is
more complicated for a € (62, 6] and B arbitrarily close but not equal to 1.

Remark 2.9 Since Pyp =0 and %Pz = Py =Hy= P_1 =1, the k =0 version of the
class E]oc{,ﬂ,y would degenerate to (y(8+1)—1;y8—1,y—1,W(1,a—1)), which by
(1-3) is equal to (yB, y; W(1,«)). So the appropriate — and trivially true — variant of
Proposition 2.7 for k = 0 (which would allow « to be an arbitrary value in [1, 00)) is
simply that (yB,y: W(l,a)) € Cx(Xn+1) if and only if zg’ﬂ,y €Cx(Xn+1) (with
no condition on 2y(B + 1) —a —1).

2.2.1 The Brahmagupta move on perfect classes We now use the move & from
Proposition 2.5 to construct an action on classes of the form (a, b; W(c, d)) that will
be important in our proof of the existence of some of the infinite staircases from
Theorem 1.10. (Specifically, the obstructions producing the infinite staircase for Cr,, ,
will be obtained from those producing the infinite staircase for Cz,, , by the k" —order
Brahmagupta move, defined below.)
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To motivate this, let us consider the question of whether a class C = (a, b; W(c, d)),
where a, b, c,d € N, belongs to the sets & or £ from the introduction. Assume for
simplicity that ged(c,d) = 1 and that a > b and ¢ > d . Since the entries of W(c, d)
are all nonnegative, we will have C € £ if and only if C has Chern number 1 and
self-intersection —1. Writing W(c,d) = (my,...,my), the Chern number of C is
2(a+b)—>; m; =2(a+b)—(c+d—1), where we have used [9, Lemma 1.2.6(iii)]
and the assumption that ¢ and d are relatively prime. Thus C has the correct Chern
number for membership in & precisely if 2(a + b) = ¢ + d . This holds if and only if
we can express C in the form

2-17) C =(%x+e,%x—e;W(x+8,x—8)),

where x, §, € € N with § < x. Since we will have Zmlz =(x+8§)(x—95) (asis
obvious from the interpretation of W(x + §, x — §) in terms of tiling a rectangle by
squares, as in [9, Lemma 1.2.6(ii)]), the self-intersection number of C is

23x+e)(3x—€) —(x +8)(x —8) = —3(x* —28% + €2).
Thus a class of the form (2-17) belongs to & if and only if the triple (x,d,€) obeys
(2-18) x2—282=2—¢€>.

Now if we temporarily regard € as fixed, and x and § as variables, (2-18) is a (gener-
alized) Pell equation x> — D8?> = N with D =2 and N = 2 —€2. A basic feature of
such equations, observed in [2, XVIII 64—65, page 246], is that their integer solutions
come in infinite families. Indeed the equation asks for x + 8+/D to be an element
of norm N in Z[+/D], and the norm is multiplicative, so if u 4+ v~/D € Z[+~/D] has
norm one then (u + v+/D)(x + 8+/D) will have norm N, ie (ux + Dvé, vx + us)
will again be a solution to the equation. In our case, where D =2, (2-7) shows that, for
any k >0, Hpg + Pai+/2 has norm one in Z[+/2]. Thus, given € € Z, if (x, §) is one
solution to (2-18) then, for all k, (Hyrx + 2P, 68, Popx + Hyp6) is also a solution.

Accordingly we make the following definition:
Definition 2.10 For k € N, the k""—order Brahmagupta move is the operation which
sends a class C € H? having the form (2-17) where x, §, € € N and 8 < x, to the class

c® — (%xk +e, %xk — e W(xg + 8k xk — 8k)).
where
X = Hopx +2P5;6 and 8 = Popx + Hoid.
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Recalling that a quasiperfect class is by definition one having the form (a, b; W(c, d))
that belongs to &, the preceding discussion almost immediately implies the following,

Corollary 2.11 If C = (a,b; W(c,d)) with ged(c,d) = 1 is a quasiperfect class,
then for all k € N, the class C®) js also quasiperfect.

Proof By construction, the operation C — C *) preserves the self-intersection number.
Writing C® = (x + €, 1xx — € W(xk + 8. xx — ), with x and § as in
Definition 2.10, the argument preceding Definition 2.10 shows that C®) will have
Chern number 1 provided that ged(xx + 8k, xx —8x) = 1. We have x; + 6 =
Pog+1X + Hpp 416 and xgx — 8 = Ppr—1x + Hox—18, by repeated use of (2-9). In
particular,
(2—19) Xk—Sk = Xk—1 +5k_1.
Also,

(xk +68k) + (Xk—1 — 8k—1) = (Pak+1 + Pok—3)x + (Hak+1 + Hop—3)8

= 6(Pog—1x + Hag—168) = 6(xg—1 + Sg—1).

where we have used (2-12) and (2-13). Together with (2-19) this shows that the ideal
in Z generated by xj + 8 and xj — 8 is the same as that generated by xj_1 + 61
and xz_1 — 8x—1. So by induction on k we will have gcd(xy + g, xp — ) = 1 if
and only if ged(xg + 8o, X0 —80) = 1. But (x¢ + 8¢, X0 — o) = (¢, d), so this follows
from the hypothesis of the corollary. a

It turns out that the k™ —order Brahmagupta move also preserves the set of perfect
classes, not just the set of quasiperfect classes.

Proposition 2.12 Let x, €, §, k > 0 with x > §. Let x;, = Hy;x + 2P»;6 and
O = Popx + Hyi 6. Then

(%x +e, %x —eW(kx+68,x —8)) and (%xk + e, %xk —e; W(xg + O, Xk —(Sk))

are Cremona equivalent. In particular, if C = (a,b;W(c,d)) € £ with gcd(c,d) =1,
then also C®) e €.

Proof First observe that, using (2-9),

3Hoi + 4Py = 3Hpk +2(Hopq1 — Hox) = 2Hop 1 + Hop = Hopq,
2Hyk + 3Py = 2(Paky1 — Pox) +3Pox = 2P 1 + Pox = Pagya,

and so, since H» =3 and P, =2,

Algebraic & Geometric Topology, Volume 19 (2019)



The symplectic embedding problem for four-dimensional ellipsoids into polydisks 1965

(Haxg +2P28k, Paxy + Hodg)
= (3(H2kx + 2P2k8) + 4(P2kx + sz(g), Z(szx + 2P2k8) + 3(P2k.x + H2k8))
= (Hpp42X + 2P 420, Pogyox + Hop420).

Thus the map (x,8) — (xg41,0k+1) can be factored as the composition of the maps
(x,8) — (xg,8r) and (x,8) — (x1,61), and so by induction (x, §) — (xg, §) is just
the k —fold composition of the map (x, §) — (x1,81). This implies that it suffices to
prove the proposition when k = 1, in which case (x1,81) = (3x + 468, 2x + 36).

We then have, since we assume x > § > 0,
W(x1 +681,x1 —81) = WGx + 78, x +8) = (x +8)™°) UW(268, x +6)
= ((x 4 8)*°,28) LUW(28, x —§).

So
(3x14 €. 3x1 —€W(x1 + 81, x1 — 1))

= (%3)6 + 48 + €, %3x + 48 —e; W(x1 + 81, x1 —61))

=(2x +38; Jx +28 + €, 1x + 26 — €, (x +8)**. 28, W(25, x —§)).
Applying Proposition 2.5 shows that this class is Cremona equivalent (via 8® =
€36 © €456 © €236 © €012 © €345) tO

(8: % —x 428+, % —x+28—€,0°°, W(28,x —§)),
which after the usual change of basis (1-3) is equal to
(%x +e, %x —e1x—8,0°°, W(28, x —8)).

But (x —§) UW(268,x —8) = W(x + 6§, x — ), so after deleting zeros the above class
simply becomes (3x + €, X —e; W(x + 8, x —§)). |

2.3 Tiling

We note here a simple criterion for a class to belong to the set Cx (X 1) that appears
in Proposition 1.1. Throughout this section a p-by-q rectangle means a subset of R?
that is given as a product of intervals having lengths p and ¢, not necessarily in that
order. A square of sidelength p is a p-by- p rectangle.

Proposition 2.13 Suppose that r, sg,...,Sy € Rs¢ have the property that there are
squares R, Sy, ..., Sy of respective sidelengths r, sg, ...,y such that the interiors
S7 of the S; are disjoint and UzN=0 S? C R. Then (r;so,....sN) € Cxk(Xn+1).
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Proof By [8, Proposition 2.1.B] it suffices to show that there is a symplectic embedding
LIN o B*(si)° < B(r)°.
For any v > 0 let us write

O() = (0,v) x (0,v) and  A(v) = {(x1,x2) € (0,00)* | x1 + x2 < v}

Also for any subsets A, B C R? let us denote by 4 x; B the “Lagrangian product”

Axp B ={(x1,y1,x2,y2) | (x1,x2) € A, (y1,y2) € B}.
(We of course use the symplectic form dxi A dy; + dxa Ady, on R*.)

Now [11, Proposition 5.2] states® that, for any s > 0, there is a symplectomorphism
B(s)° = O(xr) xg, A(s/m). The map

(x1,y1,x y)H(Sx T yi,>x ”y)
1,1 2, )2 —Al, T V1, A2, )2
’ T s S

is a symplectomorphism of R*, which maps () x7, A(s/m) to O(s) xz A(1). Thus
the existence of a symplectic embedding |_|1N=0 B(s;)° < B(r)° is equivalent to the
existence of a symplectic embedding

N
(2-20) | |@Gsi) x A1) = O) <z A).

i=0
But the hypothesis of the proposition implies that the squares C(sp), ..., d(sy) can
be arranged by translations to be disjoint and still contained in CI(r); applying these
translations in the x1, x, directions in R* then gives the desired embedding (2-20). O

Corollary 2.14 Let ay, by,...,am, bm, r > 0 and suppose that there are a;-by-b;
rectangles T; for i =1,...m such that the T are disjoint and such that | J{L, T is
contained in a square of sidelength r . Then the class

(riWlar, b1), ..., W(am., bm))

belongs to C(Xy), where N is the sum of the lengths of the weight sequences
W(a;, b;).

Proof Indeed if we write W(a;,b;) = (si1,...,5;k;) then, as noted earlier, an a;-
by-b; rectangle can be divided into squares of sidelength s;1,. .., s;, with disjoint
interiors. So we can simply apply Proposition 2.13 to a collection of squares of
sidelengths s;; (1 <i <m, 1=<j <k;). O

SWhat Traynor denotes by B*(s) is what we would denote by B(rs).
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We will say that a class (r; W(ay,b1), ..., W(am, bm)) satisfies the tiling criterion if
it obeys the hypothesis of Corollary 2.14. Our most common method of showing that a
general class belongs to Cx (X ) will be to find a sequence of Cremona moves which
converts it to a class that satisfies the tiling criterion.

3 Proof of Theorem 1.6

3.1 The Frenkel-Miiller classes

Theorem 1.6 asserts that, for any # > 1 and a < 02 = 3 + 2+/2, Cp(a) is given
as the supremum of the obstructions Iy g(FM,) induced by the Frenkel-Miiller
classes FM,,. We now recall the definition of the classes FM,, and describe more
explicitly sup,, Iy, g(FMy); in particular, we will see that for any given g > 1, this
reduces to a supremum over a finite set that is independent of «.

The classes FM,,, which are shown to belong to £ in [4, Theorem 5.1], are given by

G-y EM, = | Pt Pa i W(Hn 42, Ha)) for n even,
" (g Hn+1 + 1 g Hogt = EW(Paga, Py)) - for nodd.

(The slightly more complicated formula in [4] is equivalent to this by (2-10) and (2-11).)
While the definition in [4] assumes that n > 0, we can also set n = —1; this yields the
class FM_; = (1, 0; 1), which also belongs to £.

Remark 3.1 In terms of Definition 2.10 we have
FMai—; =FM%)  and FMy = FM{P.

So, since it is easy to check that FM_; = (1,0; W(1,1)) € £ and that FMy =
(1,1;W(3, 1)) € &, Proposition 2.12 leads to an easy proof that all of the FM,, are
perfect classes.

Based on the definition in Proposition 1.5, we have

Hyo Hy42
W for o < —,
F FM — n+1 n ,
a,ﬂ( n) Hyin or o~ Hyio (n even)
(B+1) Pyt - Hy
7 ;P"a i fora < P;:LZ,
+ — —
T g(FM,) = b+ S b P (n odd).
n+2 for o > n+2
B+DHp1—(B—1) Py
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For n > —1 let

Hn+2
7 for n even,
(3-2) oy = P n
nt2 for n odd,
Py
and let us abbreviate
Hy 42 "
m or n even,
(3-3) Yn,B = Fan,ﬂ (FM,,) =
2Ppi2
for n odd,

(B+DHpr1—(B—1)
for the value taken by I}, g(FMy) for all « > «,. Note that y_; g = 1 for all B
(corresponding to the nonsqueezing bound), but all other y,, g depend nontrivially on .

For the remainder of this subsection we will examine more closely the quantity
(3-4) sup Iy g (FMy),
n

leading to the more explicit formula in Proposition 3.7. First of all notice that
the o, from (3-2) form a strictly increasing sequence by the first two inequalities
in Proposition 2.1; this sequence converges to o2 by (2-1). When B = 1 it is also true
that the numbers y, g form a strictly increasing sequence as n varies, but we will see
presently that this is not the case when 8 > 1, as a result of which Theorem 1.6 implies
qualitatively different behavior for 8 > 1 than for g = 1.

Proposition 3.2 The y, g satisfy the following relationships for k € N and g > 1:

() Yak+2,8 > Vok,p forall B.
(i) Yak+1,8 > Yak,p forall B.
(iii) yak,p > Yak—1,8 ifandonly if B <1+2/(Hpygyr—1).
(V) Yak+1,8 > Vak—1, ifandonly if f <1+2/(Pyr42—1).
The statements (iii) and (iv) also hold with their strict inequalities replaced by nonstrict
inequalities.

Proof First we use (2-5) to see that
Vak+2,8 _ Hop1a/((1+ B) Pog43) _ 2Hok+3Pok+1 + Hog 12 Po+1
Yok, B Hopyr /(1 +B) Paky1)  2Hopy2 Pogyr + Hopyo Popyy
_ 2Hp 42 Pok 2+ 2+ Hop g Pog 11
2Hop 42 P2 + Hok o Pog41

> 1,

proving (i).
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Also, using (2-7), we see that

YakB  _ Hay2/((B+1)Pag41)
Yok+1,8  2Pak43/((B+ D Hapn—(B—1))
Hjwo  B—1  Hyy

© 2Pypy3Pors1 B+ 12Pai Poiys
_ 2Py Porpi =1 Bl Hopyo
2Pog 43 Pog 41 B+ 12Py 41 Poys

<1,
proving (ii).
On the other hand, we calculate using (2-4) and (2-2) that

HoxHojyp = 2P Pogyr +3=2P5  +1,

and hence that
Yok B _ Hopa/((B+1)Pagy1) _ Mo Hopin B—1 Hypin
Vok-1,8  2Pak41/((B+ 1D Hayu —(B—1)) 2P3 ., B+12PF

| B—1
=1+ 1 Hag42).

5 —
2P B+1

Thus yox.g > Vak—1,g if and only if 1 —((B—1)/(B + 1)) Hax 42 > 0, ie if and only
if B<1+4+2/(Hpyryo—1), as stated in (iii).

Finally, we see from (2-5) that

Pok+3Hog — Pogy1Hop+o = 2Pogy2 + Pogy1)Hog — Pog+1(2Hop+1 + Hok)
= 2(Pap+2Haok — Pag+1Hog+1) =2,
and hence that
Vak+1.8 _ 2Pak+43/((B + 1) Hogto — (B~ 1))
Y2k—1,8 2Pk +1/((B+ D Hy —(B—1))
_ B+ Pory3Hor —(B—1) Pokys
(B+ 1) Pogy1 Hogo — (B —1) Pogy1
_ B+ D(Pok+1Hogt2 +2) = (B = D(Pok+1 +2Pok+42)
B+ D Pogy1Hok12—(B—1)Pag41
26+1)=2(B—1)Pog42
B+ D Py Hakyo —(B— 1) Poyr

which is greater than one if and only if (8 — 1) Pyr4o < B + 1, ie if and only if
B <1+2/(Pa+ya—1), proving (iv). a
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Let us write b_1 = oo and, for n € N,
2

1+ Po1 for n even,
(3-5) by = "

1+m for n odd.
Sobo=1+4+52 =3, b1=1+3%=2 b=+ 25=0B.b3=8.bs=14,
bs = %,.... Since for n > 2 it holds that P, < H, < Py41, we have by > by >
-+ > by >---. Also evidently lim, o0 b, = 1.

The following can be derived directly from Proposition 3.2.
Corollary 3.3 If by < B <byi_1., then yp_1 8 > yu,g foralln € N U {1}, and

V-1,8 <Yo0,p <" <V2k-1,8-
On the other hand if by 1 < B < by, then Y418 > Yy, forall n € N U {—1},
and we have y, g < yy41,8 foralln € {—1,0,...,2k —2}, while yx_> g < yak g <
V2k—1,8 < V2k+1,8-

Recalling the definitions of Iy, g (FMj) from Proposition 1.5 and y, g from (3-3),
observe that if 8, m and n have the property that m > n (so that a, > o) and
Ym.,B < Yn,p - then we in fact have Iy, g(FM,) > I, g (FMy,) for all «. Hence, using
continuity considerations at the endpoints of the intervals, Corollary 3.3 implies that
for any given f > 1, the supremum on the right-hand side of Theorem 1.6 becomes a
maximum over a finite set, as follows:

Proposition 3.4 If B € [byy, bor_1], then

sup F(x,ﬂ (FMn) = max{Fa’ﬂ (FM_l), Fot,ﬂ (FM()), e Fa,ﬂ (FMZk—l)}v
neNU{-1}

and if B € [bak+1,bak], then

sup Iy (FM,,)

neNU{-1}
= max{ly g (FM—1), Iy g (FMo), .. ., Ty g (FMog—1), Iy, g (FMog 1)}
For n € N, let
(3-6) sn(B) = =LA,
Vn,B

thus s, (B) is the unique value of o at which the constant piece of I},_; g coincides
with the nonconstant piece of T}, g. Obviously if y,_1 g <y, g, then 5,(8) < ay.
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Proposition 3.5 If n is even, then a,—1 < s,(B) for all B, while if n is odd, then
p—1 < Sp(B), provided that B <1+ 2/(Hp—1 — 1) = bp—>.

Proof Evidently ay—1 < s,(B) if and only if y, g/an < y,—1,8/0tn—1. We see from
the definitions that for k € N,

H - 2Py
V2k,B 2k and Vok—1,8 2k—1

3. = = )
D e T BT )P wr Bt DHm—B—1D)

So
okl (B+1)Hy —(B—1)Hy

Vok—1,8/%k—1 (B4 1)2Pogi1Pag—y
_ B+ D@Poy1 Pog—1 =D —(B—DHor _
(B +1)2Pog+1Pak—1
where we have used (2-7). This proves the first clause of the proposition.

1,

For the second clause, write n = 2k 4+ 1 and note that (2-4) and (2-2) imply that

Hox Hak2 = 2Py Poi2+3=2P; +1,and so
Yok +1,8/ %2k +1 _ 2Pok1/((B+ D) Hak o — (B—1))
Yak.B/ %2k Hop /(B + 1) Pag+1)
_ 2P% 4
Ho Hogq2 — ((B—1)/(B + 1)) Hak
2P}y

25 1= ((B-1/(B+ D) Ha
which is smaller than one provided that ((8 —1)/(8 + 1)) Ha < 1, ie provided that
B<14+2/(Hy —1). o
Corollary 3.6 If B € [byg41,b2k—1], then for all n € {0,...,2k — 1}, we have

ap—1 < 8sp(B) <ay. Hence

max{ly g (FM—1), ..., [y g (FMag—1)}
Fa,ﬂ (FM_,) for 1 <a <so(B),
= 1 o5 (FMp) for su(B) <& < sp+1(B) and 0 <n <2k -2,
Iy g (FMpi_1) for o > spr_1(B).

Proof Throughout the proof we only consider values of # in the set {0,...,2k —1}.

Corollary 3.3 shows that y,_1 g <y, g forall such n, which as noted earlier implies that
Sn(B) < oy . Since the b, form a strictly decreasing sequence, we have by < by—»
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forn =0,...,2k — 1, so Proposition 3.5 applies to show that a,—1 < s,(8) for all B
in the interval under consideration. This proves the first sentence of the proposition.

Given this, since the I'. g(FM}) are all globally nondecreasing and, on the interval
[n—1.an], T. g(FMy—1) is constant while I' g(FM,) is strictly increasing, with
an(}g),ﬁ (FM;—1) = an(ﬂ)’/g (FM,,), it follows that Fa,ﬂ (FM,,—1) > Fa,ﬂ (FMy,) for all
o € [an—1,5,(B)] and T g(FM,) > I}, g(FMp—1) on [s4(B).an]. Moreover, since
both I'. g(FM;—1) and I g(FM,) are constant on [o;, o0) and linear on [1,a,—1],
these inequalities extend to I". g (FMy—1) > T". g(FM,) on [1,s,(B)] and I. g(FMj) >
I g(FMy—1) on [s,(B),00). Since the s,(B) form an increasing sequence in 7,
applying this repeatedly shows that for j >n, I. g(FMy—1) > T g(FM;) on [1, 5, (B)],
and for j <n, I' g(FM,) > I". g(FM;) on [s,(fB),00). Hence, on each interval
[s7(B).sn+1(B)], the T g(FM;) are maximized by setting j = n, while I. g(FM—1)
is maximal on [1,so(B)] and I g(FMpx_;) is maximal on [s5x_1(B),00). This is
precisely what the second sentence of the corollary states. |

In view of Proposition 3.4, Corollary 3.6 gives an explicit piecewise formula for
Sup,eNU{—1} L, (FMy) in the case that B lies in an interval of the form [byg, bag—1].
If instead B € (baf+1,bax) for some k, then we have sup,eny(—1} [o,p(FMn) =
max{l, g(FM_1), ..., I, g(FMpk_1), Iy, g (FMak 4 1)}, and so we need to take into
account the relationship of I'. g(FMyx_;) and I' g(FMyk 4 1). Accordingly, write

V2k—1,8%2k+1
(3-8) She(p) = 2L

YV2k+1,8
so that Slzk (B) is the value of a at which the linear piece of I'. g(FMpx41) coin-
cides with the constant piece of I g(FMax_1). Since for B € [byg 41, bak] We have
Y2k—1,8 < V2k+1,8 it holds that s, (B) < azg 4. To compare 57, (B) to app_1, we
first use (3-7) to see that

Qok—1 _ Vok+1.8/%k+1 _ Parr1/((B+ 1D Hopyz —(B—1))

O 5B Vgl Put/(B+ DHy— B 1)
(B+ 1) Pogr1Hop — (B —1) Popyy
(B D) Pog—1Hojyo— (B—1)Pog—y’
Now

Pox 1 Hop — Pog 1 Hopyo = 2Pop + Pog—1)Hox — Pog—1(2Hop 41 + Hpyp)
= 2(Pox Hyp — Pox—1 Haf 1) = —2,
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in view of which the numerator of (3-9) is smaller than the denominator for every
g=>1.

So when B € [box+1,bax], we have

(3-10) Uop—1 < Sp (B) < Q2ke11,

and
Iy g (FMog—1) > Ty g (FMog 1) for @ < 5%, ().
To,p(FMog41) = Ty g(FMar—q)  for a > 55, (B).

The inequality 7, (8) > axx— implies that s5, (B) > s2x—1(B), so these calculations
together with Corollary 3.6 imply that for 8 € [bag 41, box],

max{ly g (FM_1),.... Iy g (FMag—1), Iy g (FMak11)}

Iy g (FM_1) for 1 <o <sp(B),

Lo.p (FMy) for s,(B) = <sp+1(B) and 0 <n <2k -2,
To, g (FMa_1)  for sor—1(B) <a <55, (),

To,8 (FMag 1) for a > s, (B).

For future reference we rephrase this derivation as follows.

Proposition 3.7 If 8 € [byk, bar_1], we have
Yn-1,8 ifop—1 <a=<sy(B) and n €{0,...,2k — 1},
sup Iy g(FMy) = Yn.p% if s,(B) <a <ay and n €{0,...,2k —1},
neNU{-1} On .
Yok—1,8 I > a1,

and if B € [bak+1,bok], then

Yn—1,8 if ap—1 <o <s,(B) and n €{0,...,2k — 1},

V’;—ﬂ“ if su(B) <o <ap and n €10,..., 2k — 1},
n

sup [ g(FMy) = {vak—1,8  if aop—1 < <55, (B),
neNUi-1} Y2k+1,8%

if 57, (B) <o < a1,
A2k+1 2k +

Yok+1,8 i a>oopqq.
Here, oy, Yn,g» bn, sn(B) and Sék (B) are defined, respectively, in (3-2), (3-3), (3-5),
(3-6) and (3-8).
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Provided that 8 lies in the interior (by,, by,—1) of an interval between consecutive by,
the m + 1 values y_1 8, Yo,8:---»Ym—1,8 (if miseven)or y_1 g, Yo,8.---»Vm—2.8-
Ym,p (if m is odd) form a strictly increasing sequence by Corollary 3.3, and so the graph
of sup,enug—13 ', (FMyn) consists of m distinct nontrivial “steps” from y_; g = 1
to ¥o,8, from yg g to y1 g, and so on, ending at a step from y,,_5 g to either y,,_ g or
Ym,p depending on the parity of m. (If m =0, so that 8 € (3, 00), then sup,, I}, g (FM;)
is just the constant function 1, corresponding to the nonsqueezing theorem.) As j
approaches b,,—1 from below, two of the heights y; ;, approach each other and so one
of the steps collapses to a constant.

Since H, and P, are each asymptotic to constants times ", where 0 = 1 + /2, the
formula (3-5) makes clear that b, — 1 is asymptotic to a constant times o~ ™. Thus
the number of steps in the graph of sup,, I". g(FM,,) is comparable to log(1/(8 — 1)),

which of course diverges to infinity as § — 1, but does so rather slowly. For example,

13861 3364

the interval [b19, bg) of values of 8 for which the graph has 10 steps is [1 3839 3362).

3.2 Sharpness of the lower bound

As noted earlier, the existence of the Frenkel-Miiller classes FM,, immediately implies
an inequality Cg(e) > sup,enui—1} w8 (FMp) for all @, so to prove Theorem 1.6 we
just need to establish the reverse inequality for a < o2. In fact, consulting the formula
in Proposition 3.7, we see that it is sufficient to establish the reverse inequality at the
various points s, (8) and (when B € (bak 11, b2x)) 55, (B) that appear in that formula,
together with a single point @ with @ > o2. Indeed if we know that C 8(sn(B)) <
sup, Ty, 8),8 (FMy), then the obvious inequality Cg(a) < Cg(a’) for o < &’ will
then imply that Cg(ar) < sup,, I}, g(FMy) for a € [@—1,5,(B)], and the sublinearity
inequality Cg(ta) <1Cg(c) for ¢ > 1 noted in the proof of Proposition 1.5 will imply
that Cg () < sup,, [, g (FMy) for o € [s,(B), ay]; similar remarks apply to the other
intervals in 3.7.

Thus we must show that
(D Cg(sn(B)) < Yn—1,8 for B < by if n is odd and for B < by 41 if n is even,

(D) Cg(s5,(B)) < yak—1,8 for bogy1 < B < by, and
) Cg(a) < yzk—1,8 for some a > o2, whenever byy < B < bsk_».

Note that it is sufficient to prove (I), (II) and (IIT) when g is rational (and hence s, ()
and Slzk (B) are also), as this will be sufficient to prove the equality

Cg(a) =sup I g(FM,) for B€[l,00)NQ and a < 34+2+/2,
n
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and both sides of this equality are easily seen to vary continuously with B. The
forthcoming discussion will prove statements (I), (II) and (III) for rational 8 > 1.
Specifically:

e The case of (I) with n odd follows from Proposition 2.7 and Corollary 3.9, while
the case of (I) with n even follows from Proposition 3.12.

e (II) follows from Proposition 3.13.

e The condition by, < f < by, is equivalent to the condition Py (8 —1) <
B+1< Py io(B—1),so (IIT) follows by combining Propositions 3.14 and 3.15.

The statements listed above all amount to showing that a certain class of the form
(yB.y:W(1,a)) belongs to the appropriate symplectic cone closure Cx(Xy). By
Proposition 2.4, if « € [Pag+1/ Pak—1, Pok+2/Pak] NQ and y > (¢ + 1)/ (28 +2),
then (yB,y; W(1l,«)) is Cremona equivalent to the class denoted there by Ez’ By’
which may be written as

sk 5, =(Z: A, B,W(C. D), W(E.F)),
where
Z = Py1(y(B+1)—1)— Py,
A=SHuy(B+1)—Pui+r(36-1),
(3-11) B=1Hyy(B+1)—Pyiy1—v(3B-1).

1 1
C =3 P2 — 5P, D = P10 — Paj41,

E=3PuQyB+1D)—a—1). F=PupQyB+D)—a—1).
(We use this notation even if k = 0, although in that case E (which is zero) and F

(which is typically nonzero) are not relevant to Tk @By . As noted in Remark 2.9, when
k = 0 we do not need to assume that y > (« + 1)/(2,8 +2).)

Throughout the rest of this section Z, A, B, C, D, E and F will refer to the above
quantities.

3.2.1 Thecase y = yyi g The statements (I)—(II) in the beginning of Section 3.2
involve one case of embedding an ellipsoid E(1,«)° into ypr g P(1, B) (with a =
Sok+1(B) and B < by 1), and three cases of embedding an ellipsoid E(1, ) into
V2k—1,6 P(1, B) (with & = 54 (B) and B < bog41, with o = 57, (B) and bpg4; <
B < by, and with « equal to some value greater than 6 and bo; < B < bog_5). This
subsection will establish the one case involving y = yox g = Hagy2/((B +1) Pog41)-
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We accordingly assume that 8 < bop+1 = 1 + 2/(Hog42 — 1); equivalently, that
(B+1) > Hyp42(B —1). Proposition 3.5, and the fact that b < bpg—1, shows
that o < s21+1(B), while Proposition 3.2 shows that y,x g < Y21 41,8 and hence

that o5 +1(8) = (Vak,8/V2k+1,8)%2k+1 =< @2k +1- In particular, since

Prg4o
<ay; and a2k+1<02<L,

Pog—1 Pk

Oof—1 =

we have sx41(B) € [Pak+1/ Pak—1, Pak+2/ P2k, and so Proposition 2.7 (or, if k =0,
Remark 2.9) is applicable to the question of whether there is a symplectic embedding

E(1, 52k 41(0))° = yak,p P(1. D).
Proposition 3.8 Let y =y, g and a = spx41(B). Then for any 8, we have
() Z=2C,
(i) D+ F =4C,
(i) A+B+E=C,
(iv) A=F = Pypy3— Prgt 1.
Under the additional assumption that 1 < 8 < by} 1, we have
(v) A<C,
(viy B>0.

Proof By the definition of y,x g we have Pyr i1y (B + 1) = Hpg4o, 50
Z = Hog42 — Pogy1 — Pokt = Popyo — Pogor = 2C,
proving (i). Next, notice that
F=2Popy17(B+ 1) — P10 — Pog1 = QHo 12 — Pog+1) — Por 41
= 2Pok+2+ Pak+1) — Poky10 = Pogy3 — Pagy10,
which proves the second equality in (iv), and also implies that
F+ D = (Pak+3— Pak+1) — (Pak+1 — Pok—1)a = 2Ppp 2 — 2Py = 4C,

proving (ii). Also, using again that y(8 + 1) = Hpx42/ Pak+1, We see that

H>  H H —1
(3-12) g Motz p L ok p
2Pk 41 2Py 1 B+1
! (H H 2P2 4+ H b 1)
= 2k Hop o — 2k+2
2Pk 41 2k+1 B+1
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— (1 b Hypn b 1)
2Pk 2
(using (2-4) and (2-6)), and similarly,

! B—1
3-13 B = 1-H .
G139 2Pk 41 ( kg 1)

Since the condition that 8 < b,k is equivalent to the statement that (8—1)/(8+1) <
1/ Hpj 42, this last equation immediately implies (vi).

Since E = (Ppx/2Pyx+1)F, we also find that

P P P
C-E= ( 242 ZkOl) — 2 (Popys— P10

2 2 2Pk +1
1
=>p (Pok41Pok42 — Pok Por43)
2k+1
1
=5p (Pok41Pok42 —2Pox Pogyo — Pog Poy1)
2k+1
1
= (Pok4+1(Pogy2— Pox) — 2P Prg12)
2P2k
P2~ PuPai) = —
2k Paky2) = ,
P2k+1 2kt1 Pk 41

where the last equation uses (2-6). But (3-12) and (3-13) clearly imply that A + B =
1/ Pk 41 also, so C — E = A+ B, which is equivalent to (iii).

So far we have not used the assumption that « = 55441 (8); however this assumption
will be relevant to the remaining two statements. We have

Qok+1 _ Hypa(B+1)—(B—1)
Y2k+1,8 2Pk 11
We see then using (3-12) that

B—1
A+ P = 1+ H H 1 —1
+ P 1@ 2sz+1( + 2k+2,3+1 ( wm4+2(B+1)—(B—1))
] B-1 ,8—1)
= 1+ H — 4+ H —H
2P2k+1( 2k+213+1 2k+2 2k+2[8+1
2
Ml
2Pk 41 7

where the last equation uses (2-7). This proves (iv) since we have already seen that

F = Pygy3— Pogqi0.
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It remains to prove (v). It is obvious from the definitions that A > B and that £ and
F have the same sign. So since B > 0 by (vi) and A = F by (iv), we deduce that also
E > 0. But then (iii) gives A =C — B— E < C, as desired. a

Corollary 3.9 For y = yyr g and o = sy 41(B) with 1 < B < byr41, we have
2y(B+1)—a—1=>0, and the class E]o‘[ By belongs to Cx (X ) for appropriate N .

Proof We noted earlier that o < @y 41 (as a consequence of Proposition 3.2), so
since oo 41 = Pax+3/ Pak+1, Proposition 3.8 (iv) shows that F > 0. But F has the
same sign as 2y(B + 1) —a — 1, proving the first statement of the corollary.

Proposition 3.8(ii), (iv) and (v) together show that D =4C — A > 3C . (Note also that
C and D are nonnegative since, as noted earlier, o € [Pog+1/ Pak—1, Pak+2/ Pak].)
Thus Z"a‘! p.y can be rewritten (also using Proposition 3.8(i)) as

(2C; A, B,C*3, W(C,D —3C),W(E, F)).

We will see that this class satisfies the tiling criterion of Corollary 2.14. Note that
obviously, A > B, and B > 0 by Proposition 3.8(vi); we have also already noted that
C, D—-3C and F are positive, and so E is also nonnegative since E is a nonnegative
multiple of F'.

We must show that a square of sidelength 2C contains, disjointly, the interiors of
3 squares of sidelength C, squares of sidelengths A and B, a C -by-(D—3C) rectangle
and an E-by- F rectangle. We can place the 3 squares of sidelength C in three of the
four quadrants of the square of sidelength 2C, so it suffices to show that the remaining
quadrant (also a square of sidelength C) can be tiled by squares of sidelengths A
and B together with a C -by-(D—3C) rectangle and an E -by- F rectangle.

Proposition 3.8(ii) and (iv) show that A + (D —3C) = C. Placing the C -by-(D—-3C)
rectangle along one side of the remaining quadrant, we see that it suffices to tile an
A-by-C rectangle by a square of sidelength A, a square of sidelength B and an
E -by- F rectangle. Since (using various statements in Proposition 3.8) F = 4 < C,
A4+ B+ E=C and A, B, E >0 (and hence B < C), this is straightforward to do by
simply stacking the two squares and the rectangle on top of each other. Thus E’o‘l By
satisfies the tiling criterion, so belongs to the appropriate Cx (X ) by Corollary 2.14.
See Figure 5. a
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BxB
AxXE (D—-3C) CxC
x C
AxA
CxC CxC

Figure 5: The tiling used to prove Corollary 3.9

The fact that (yzk,ﬂﬁ, Yok, W(1, s2k+1(,8))) € Cx(Xy) for B < byi41, or equiva-
lently that there is a symplectic embedding E(1, s2k4+1(8))° = yak,g P (1, B), now
follows directly from Proposition 2.7 (or Remark 2.9 in the case that k = 0).

3.2.2 Thecase y = y2x—1,4 We now turn to the various embeddings E(1,a)° —
yP (1, B) that we require when
Y =V2k-1,8= 2ok 1 .
T Hy(B+D—-(B-1)
Continue to denote by Z, A, B, C, D, E and F the functions of k, o, B and y
given by the formulas of (3-11).

Lemma 3.10 Ify = y,;_y g, then for any k, a and B we have
(i) A=y@B-1,
(iil) B =0,

(i) A+C+E=2Z.

Proof Indeed, we find that

(2Popy1Hop —2Ppp 11 Hop)(B+ 1) + 2P 1(B—1)
2Hy (B+1)=2(B—1)

THoyy(B+1)— Py =

=3v(B-1),
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which immediately implies (i) and (ii) by the definitions of A and B.
Also,
A+CHE=y(B—1)+(5Pus2—5Pou)+ 5Py Qy(B+1)—a—1)
=y(B—1)+ Pory(B+ 1) = Poga + 3(Pog2 — Pag).
Now we can rewrite P,j as Ppri1 — Hpy, and %(P2k+2 — Pyi) as P41, giving

A+CHE=Pyp(y(B+1)—1)— Pyt +2Ppp 11 +y(B—1) — Hyy(B+ 1)
=Z+ 2Py —y(Hy(B+1)—-(B-1)=Z
proving (iii). .

Proposition 3.11 Ify = y,x_; g and o, B > 1, then 2y(B + 1) —a —1 > 0 provided
that one of the following holds:
() o < Hagqz/Hoy, or

(i) a=s5,(B),or

(i) B+1=<Hoky1(B—1) and @ = Ppgya/ Pk, or

(iv) B+1=< Hypio(B—1) and

_ 2Py Pop 2B+ (B 1)
Hopy1 Hy(B+1)—(B—1)

Proof Using (2-10), we have

(4Pog1 —Hy)B+D+(B-1)

G149 A Y7 Ay

_ Hya B+ D+ (B 1)

Hy(B+1)—(B—=1)

This is obviously greater than Hyj 1,/ Ho , proving (i). As for (ii), we have

Wok1 _ Hoapa(B+1D - (B 1)

V2k+1,8 2Pk 11

so if a = 57, (B), then (2-10) gives

(4P2k+1 — Hop ) (B+ D+ (B—1)
2Pk +1

sz(ﬁ +D+(B-1

"Hp B+ D)—B—1)

Sék(ﬁ) =

2y(B+ 1) —a=

> 1,

which suffices to prove (ii).
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Next, we see from (2-11) and (2-8) that

Pojy2

p P 2H
29 (B+1)— - 2k+2+ Dok 2k+1
2

1= 2B =y (g

_ 2@ Pog1 (B~ Hog 1 Hok (B 1)+ Hog 41 (B—1))
Py (Hap (B+1)—(B—1))

(=(B+1D+Hoi11(B—1)),

2
 Pa(Hog (B+1)—(B—1))

which immediately implies (iii).

Finally let
oy 2Pyky1 Pors2(B+ 1D —(B—1)
Hypi1w Hoyp(B+1)—(B—1)

By (3-14), we have

2y(B+1)—a—1
_ Mok 1 Hop 42 (B+1) + Hog 1 (B=1) =2 Pog 11 Pok 2 (B+ D +2Pos 11 (B—1)
Hop 1 (Hop (B+1)—(B-1))
_ (Hoky1 Hok 42 =2 Pk 11 Pok42) (B+ 1D + (Hog+1+2Pog 1) (B—1)
Hap 1 (Hy (B+1)—(B—1))
_ —(BAD+Hop g (B-1)
Ho 11 (Hay (B+1D)—(B—1))

where the last equation follows from (2-8) and (2-9). Thus (iv) holds. m|

Proposition 3.12 If 1 < B < bygy1, ¥ = Yak—1,8 and o = s, (B), with W(1, )
having length N — 1, then (yB,y;W(1,a)) € Cx(Xn).

Proof Corollary 3.6 shows, under the assumption that 8 < by, that arp_1 <

52k (B) =< ag for any k, ie that spx(B) € [Pak+1/Pok—1, Hak+2/Hak]. In par-
ticular, Proposition 2.7 applies, with the same value of k&, when o = s,;(B), and
Proposition 3.11(i) shows that

Hp o

0<2y(B+1)— —1=2yB+D—-a—1

So both the parameters

E=1PyQy(B+1)—a—1) and F =Py Qy(B+1)—a—1)

Algebraic & Geometric Topology, Volume 19 (2019)



1982 Michael Usher

CxF ExF

Ax A

Figure 6: The tiling used to prove Proposition 3.12

are nonnegative, and, using Proposition 2.7 and Lemma 3.10, the class (y8, y; W(1, «))
is Cremona equivalent to

(3-15) (Z;A,0,W(C, D), W(E, F)),

where, as before, Z = Poyr 1 (y(B+1)—1)— Py, A=y(—1),C = %P2k+2 —
%sza and D = Ppx_ja — P41, and where, moreover, Z = A+ C + E.

Now, by definition, & = (at2x /V2k,8)V = (P2k+1(B + 1)y)/Hak . So, by (2-11),
F—D =2Py11y(B+1) = (Papt1+ Pok—1) =2Ppp11y(B+ 1) —2Hspa = 0.
Also,
Z—F ==Pop1v(B+ 1D+ (Pak+1— Par)a = —Pop11y(B+ 1) + Hypr = 0.
So (3-15) can be rewritten as
(F: 4,0, W(C, F),W(E, F)).

We have already noted that £, F > 0, and clearly A = y(f—1) > 0. Also, C >0
since & < Hog 42/ Hog < Pog+2/ Pax. Moreover, by Lemma 3.10, F = A+ C + E,
which, of course, in particular implies that A < F. Consequently, the class satisfies
the tiling criterion (see Figure 6), and so our original class (y8, y; W(1,«)) belongs
to EK (Xn). O

Proposition 3.13 If byr 1 < B < by, ¥y = yak—1,p and & = 55, (B), with W(1, )
having length N — 1, then (yB,y:W(1,a)) € Cx(Xn).
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Proof By (3-10), apr—1 <& < dogt1,1€ Pogy1/Pog—1 <& < Pogy3/Pogy1- So,
since Pog13/Poky1 < 02 < Pyiia/Poi, Proposition 2.7 applies, with the same
value of k, when o = Slzk (b); moreover, Proposition 3.11(ii) shows that we have
2y(B+1)—a—1>0. So our class (y8,y; W(l,«)) is Cremona equivalent to
(Z;A,0,W(C,D),W(E, F)), where Z, A, C, D, E and F are defined by the
usual formulas of (3-11).

Note that the definitions yield

Hyp i (B+1)—(B—1)
Hy(B+1D)—(B—-1)

In particular, we have a = s5, (B) > Hoiy2/ Ho . Consequently,

Sy (B) =

D =2C = (Pag—10 — Pagy1) — (Pak42 — Port) = Hopot — Hpp 42 > 0
and
W(C, D) = (C*?)UuW(C, D —2C).
Also,

(4P y1—Hog 12— Hop)(B+1)+2(B—1)
Hy (B+1)—(B-1)

F =Py 1Qy(B+1)—a—1) = Py4q

2Py 4+1(B—1)
- —y(B-1) = 4,
HyB+1)—p—D VP

where the third equality uses (2-10) and the last uses Lemma 3.10(i). Moreover,

Z+CHE = (Pys1+ Po)y(B+ 1)+ (—Pagg1 + 2 Pogo— 3 Pok) —2Po
= Hypy17(B+1) = 2P0,
and so
(3-16) Z+C+E—-D=Hy1y(B+1)— 2P + Pog—1)t + Pag11

= Hyp1y(B+1)— Pygyi(a—1).
Now,

g1z Hoke2 B+ —(B-1)—(Hoy(B+D—-(B—1) _  2Hok+1(B+1D
Hoyr(B+1D—(B-1) Hy(B+1)—(B—1)

Thus (3-16) shows that

2Hok 41 Pok+1(B+1) = 2P 1 Hopp 11 (B+ 1) _

C+E—D=
sreHE=b Ho B+ D —(p—1D)

0.

SoD-2C=Z—-C+E.
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Thus the class (Z; A,0, W(C, D), W(E, F)) can be rewritten as
(Z:A4,0,C™2, W(C,Z —C + E),W(E, A)).

Applying the Cremona move cg3 and recalling from Lemma 3.10 that Z = A+ C+ E,
and hence Z — A —2C = E — C, we conclude that (y8, y; W(1,«)) is Cremona
equivalent to

(3-17) (Z—C+E;A—C+E,0,E*2 W(C,Z—C + E),W(E, A)).
Now rearranging the equation Z = A+ C + E shows that A4+2F =7 —C + E and
(A-C+E)+E+C=(A+C+E)-C+E=Z—-C+E.

So by combining the E*? with the W(E, A) into an E-by-(Z—C+E) rectangle
and placing this in between a C -by-(Z—C +E) rectangle and a square of sidelength
A—C + E, as in Figure 7, shows that (3-17) satisfies the tiling criterion, provided that
it holds that A —C + E > 0.

ExXE

ExE

Cx(Z—C+E)

ExA

(A—C+E)
X
(A—C+E)

Figure 7: The tiling used to prove Proposition 3.13

Since A+ C + E = Z, we have
A—C+E=272-2C =Py 1(y(B+1)—1)— Pagy2 = Pop117(B+ 1) — Hap42
QP31 — Hok Hok o) (B+ 1)+ Hop 2 (B—1)
Hyp(B+1D)—(B—1)
_ =B+ D+ Hoa(B—1)
Hy(B+D)—(B-1)
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where the last equation follows from (2-4) and (2-5). Our assumption 8 > byj 4
is equivalent to the statement that 8 + 1 < Hpr4,(B — 1), and so we indeed have
A—C + E > 0. So Figure 7 shows that (3-17) satisfies the tiling criterion and hence that
the class (yB,y; W(1,a)), to which it is Cremona equivalent, belongs to Cx (Xy). O

Proposition 3.14 Assume that Py (B —1) < B+ 1 < Hop+1(f—1) where k > 1,
andlet y = yp_1,8 and o = Ppp 15/ Pyi. Then (yB,y: W(l,@)) € Cx(Xn), where
N —1 is the length of W(1, ).

Proof It follows from Proposition 2.7 that this is equivalent to the statement that
(Z: A, B,W(C, D), W(E, F)) belongs to the appropriate Cx(Xy) provided that
E, F >0, and Proposition 3.11(iii) shows that we indeed have E, F > 0 due to the
assumption that S+ 1 < Hpx (B —1). Moreover the hypothesis that & = Py 42/ Pak
means that C = 0, so that W(C, D) is the empty sequence. Also, Lemma 3.10 shows
that B = 0 and that (since C =0) Z = A+ E, so we just need to consider the class

(3-18) (A+ E; A, W(E, F)),
where
A=y(B-1),
B = T2 2y )= T2 1) = Py (B D= KPP
= Pory(B+1) — Hag41 (using (2-11)),

2P
F = 2k+1 E.
Pk

Now

F_4E — 2P2k+1—4P2kE: 2P2k—1E>0

Pk Pk -

so (3-18) is equal to
(3-19) (A+ E; A, E** W(E, F —4E)),

where FF —4F = (2P2k_1/P2k)E = (1 — sz_z/sz)E < E. Also

A=2E = y(B—1)=2Poy(B+1)+2Hop 1
_ 2Pk 1 (B=D)—4Pop i1 P (B 1) +2Hop 1 Hop (B+1D)—2Hop 41 (B—1)
Hor(B+1)—(B—1)
_ 2B+ D)—CHop41=2Pok41)(B=1) _ 2((B+1)—Por(B-1) _
Hor (B+1)—(B-1) Hoyr(B+D)—(B—1) —

by our assumption on . So A > 2F.
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The facts that A >2F >0 and that 0 < FF —4F < E imply that the class (3-18) satisfies
the tiling criterion, as can be seen for instance from Figure 8. Since (y8, y; W(1, @))

is Cremona equivalent to (3-19), this proves the proposition. a
ExXE ExXE
Ex(F—4E)
ExXE
AxA
ExE

Figure 8: The tiling used to prove Proposition 3.14

Proposition 3.15 Assume that Hyp 1 1(B—1) < B+ 1< Pyp12(B—1), and let
. 2Pk 41 Pokg2(B+1) = (B—1)
Hypy1 Hy(B+1)—(B—1)

Then 0% < o < Pyj 1>/ Poi . Furthermore, if y = Y2k—1,8 and W(1, ) has length
N —1, then (yB,y;W(l,a)) € Ck(XnN).

Proof Note that

Py a(B+1D)—(B—1) 14 P2 — Hop
Hy(B+1D—(B-1) Hyr—(B-1/(B+1)

is an increasing function of B, so to prove the first sentence it suffices to check

that « € (02, Pax12/ Pak) just when B is one of the endpoints of the interval of
possible values of B under consideration, ie when 8+ 1 = Py ,(8 — 1) or when
P+1=Hoyt1(B—1).If B+1= Ppi2(f—1) (ieif p =1+42/(Prg+2—1)) then,
using (2-5),

2 2 2
_ 2Py Popyo =l 2Pppgr Popin =l 2Py =1
Hok1 PogvoHop —1  Hogy1 Pak+1Hok+1 H22k+1 ’
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which is greater than o2 by Proposition 2.2. On the other hand, if 8+ 1= Hyj41(B—1)
(ieif B =142/(Hzg4+1 — 1)) then, using (2-8),

o= 2Pkt Poko o1 =1 2Pop 1 (Pok4o Hog1—1) _ Pokra 1
Hopy1 HopHopq1—1 Hoj 412 P2 Pojc+1) Pk PaxHakq

So since « is an increasing function of B, for any B € [1 + 2/(Par42 — 1), 1 +
2/(Hx+1 — 1)] we will have inequalities

2(P2 . —1 P 1 P
o2 < (2k+2 )Sotf 2k+2 < [2k+2

H Py PyHypyr P’

proving the first sentence of the proposition.

Now since Hp 1 > Pog 1o, Proposition 3.11 shows that 2y(8 + 1) —a — 1> 0. By
what we have already shown, we have

P P P
2kt _ Pakis _ o Paksa
Pr—1 Porya Poy

So Proposition 2.7 applies with the same value of k, so that (y8,y; W(l,a)) is
Cremona equivalent to (Z; A,0, W(C, D), W(E, F)),where Z, A, C, D, E and F
have their usual meanings (and we have used Lemma 3.10 to see that B = 0).

Now
D —4C = (Pag—10 — Ppp41) — 2(Pog 42 — Port) = Py — Pop 43,

which is positive since, as noted above, o > Pog 43/ Pog+1. So using Lemma 3.10(iii)
we can rewrite (Z; A,0, W(C, D), W(E, F)) as

(A+C+E;A,0,C** W(C,D —4C),W(E, F)).

Applying the Cremona moves cgp3 and cg45 successively yields 8923 = 8045 = E—C,
so (yB,y; W(1,«a)) is Cremona equivalent to

(3-20) (A—C +3E;A—2C +2E,0,E** W(C,D —4C),W(E, F)).
Now we noted earlier that D —4C = Py 100 — Pyg 43, while, using Lemma 3.10,

(3-21) A—C+3E=3Pya—3Pyis+3PyQy(B+1)—a—1)+y(B-1)
=y@BPu(B+ 1)+ (B—1)) — Py — 3 (Pagt2 + 3P2k)
=y@Py(B+1)+(B—1))— Pyt — (Ppg41 +2Pp).
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So
(A—C +3E)— (D —4C)
=y@BPu(B+1)+ (B—1)) = (Pors1+ Po)a + (Pak 43— Pox1—2Pop).

Now Poj i1+ Pog = Hak+1 and Pog43— Pog+1—2Pok =2Ppp42—2Ppp = 4Pk 1.
So we obtain

(A—C +3E)— (D —4C)
=yQ@BPy(B+1)+(B—1)— Hyppr100 +4Pp 4

(6P Pajy1 —2Pok 1 Pogqo +4Hoi Pog1)(B+ 1)
+ 2Popy1 +2Popp1 — 4Py 1) (B—1)

Hy(B+1D—(B-1)

(3P — Popyp +2Hy) =0,

_ 2P (B
Hy (B+1)—(B—1)

since Pogy2 = 2(Pak+1 — Pak) +3Pox = 2Hog + 3Py

Furthermore, we have F +4E = (P41 +2P;)(2y(B+ 1) —a —1), so by (3-21)
we find
(A—C +3E)—(F +4FE)

=y(BPok — 2P 1 — 4P )(B+ 1)+ (B—1) + (Pog+1 + Pax)e

=y(=Poy2B+ 1D+ (B—1)+ Hap1100 =0,
since by definition we have

_ Py (B —(B-1)
o= V.
Hyg 41

We have thus shown that D —4C = A—C +3E = F +4FE, in view of which (3-20)
can be rewritten as

(F+4E;F —C +3E,0, EX* W(C, F +4E),W(E, F)).

So since we already know that C, E, F > 0, by joining together four squares of
sidelength £ with an F-by-E rectangle to form an (F + 4F)-by- E rectangle and
then combining this with an (F 4 4E)-by-C rectangle and a square of sidelength
F — C + 3E as in Figure 9, it will follow that (3-20) satisfies the tiling criterion
provided merely that we show that F'—C +3E = A—2C +2FE is nonnegative. In fact,
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FxE

(F+4E)xC

(F—C +3E)
x (F—C +3E)

Figure 9: The tiling used to prove Proposition 3.15

we find (using (2-11) and (2-8)) that
A=2C+2E =y(B—1) = Popt2+ Pora+ P Qy(B+ 1) —a—1)
=yQ2Py(B+1)+(B—1))—2Hzk 41
_ (4P Py 1 = 2Ho Hop ) (B4 1) + 2 Py + 2Hop ) (B 1)
Hy(B+1)—(B—1)
_ 2B+ D+2Pyu 0 (1)
Hy(B+D—(B-1) —
since we assume that f + 1 < Por42(8 —1). So (3-20) indeed satisfies the tiling
criterion and the proposition follows. O

We have now proven all of the propositions listed near the start of Section 3.2, and
hence have completed the proof of Theorem 1.6.

Remark 3.16 In the case that £ = 0, Corollary 3.9 and Propositions 3.12, 3.13 and
3.15 can be read off from results in [5]. (The k = 0 case of Proposition 3.14, on the
other hand, is vacuous since H; = 1 and so the condition 8 + 1 < Hpr1(B —1)
can never be satisfied.) Indeed [5, Proposition 3.8] can be rephrased as saying that if
mée€Zy and B € R with > m, then Cg(m+ ) < 1. Since y_; g =1, by =2 and
bo = 3, and since easy calculations show that so(8) =1+ B and sy(B) =2+ B, the
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k = 0 case of Proposition 3.12 amounts to the statement that Cg(1 + B) < 1 when
1 < B <2, and that of Proposition 3.13 amounts to the statement that Cg(2+ ) <1
when 2 < 8 < 3. Also, the k = 0 case of Proposition 3.15 shows that if 8 > 3, then
Cp(3+pB) < 1. Sowhen k is set equal to zero each of these three propositions becomes
a special case of [5, Proposition 3.8].

Meanwhile, [5, Proposition 3.10] (with y =b = and a = 1) shows, for 1 < <2,
that for all A > 1 there is a symplectic embedding E(%(l +B).2+B) < AP(1, ) and

hence that Cg(3(B +2)/(B + 1)) <3/(B + 1), which is easily seen to be equivalent
to the k = 0 case of Corollary 3.9.

3.3 The Frenkel-Miiller classes and the volume constraint

Theorem 1.6 and Proposition 3.7 together give an explicit formula for Cg(c) for all
o € [1,02]. Of course there is a lower bound C g(a) > \/a/2p arising from volume
considerations, and we now show precisely when this bound is sharp.

Proposition 3.17 Let | <a <02 and B > 1. Then Cg(a) = y/a/2p if and only if,
for some k > 1, we have

2
P2k

) .
P2k—1

B=byy_1 and o=

Remark 3.18 From the definitions together with (2-4) and (2-2) one computes

H2 —1 P2
S2k—1(bak—1) = # = Pzi
2k—1 2k—1

2 2
S abapn) = B T2k
- HopHop—2—1 P _,

So the special value of « indicated in Proposition 3.17 is equal both to s;_1(b2r—1)
and to 57, 5 (bog—1)-

Proof of Proposition 3.17 Given the formulas for sup,, I, g (FMj) in Proposition 3.7,
it is easy to see that it suffices to prove Proposition 3.17 for « equal to 02, to sox_1(B)
and $,5_»(B) whenever 8 < byi_1, and to s;k_z(ﬂ) whenever byr_1 < B < byi.
(Briefly, this is because for fixed B, a constant function of « that is bounded below
by \/W on an interval is strictly greater than \/W on the whole interval except
possibly at the right endpoint, and an increasing function of the form o +— ma that is
bounded below by \/W on an interval is strictly greater than \/W on the whole
interval except possibly at the left endpoint.)
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For « = 02, the statement follows directly from Propositions 3.14 and 3.15: choosing k
sothat 8 € [ba_», byk |, one or the other of these results (depending on the precise value
of B) gives o’ > 02 such that Cg(02) = Cg () = yap—1,p- Since Cg(a') > /o' /2B
and 02 < o, it follows therefore that Cg(0?) > /02/28.

If @ = s51_1(B) and B < byx_1, then Proposition 3.7 gives Cg(a) = Yok—2.8- A
routine computation then yields

V2k—2,8

2(B+1) Pog—1

_ Vzk—z,ﬁ(,g—l)

2(B+1) Pagk—1

Now since B < bop_1 =1+ 2/(Hy — 1), we have (8 + 1) > Hop(f—1) > 0,

with equality if and only if 8 = by;_;. This shows that 28Cg ()?> —a > 0 (ie that

Cp(a) > Ja/2B) when o = 55, _1(B) and 1 < B < byi_1, with equality only when

B = boir_1. (Note that the assumption S > 1 is needed due to the factor of § — 1
in (3-22).)

(3-22) 2By3_5 p—S2k—1(B) = ((4B—(B+1)*) Hap +(B+1)(B—1))

(B+1)—Hp (B-1)).

The case that o = s55—(f) and 1 < B < by_; is similar. We then have Cg(a) =
Y2k—3,p and we find that

Yok—3,8 Pak—1(B—1)
Hop—2(Hop—2(B+1)—(f—1))
This is strictly positive since the assumption that 1 < 8 < by;_; implies 8 + 1 >
Hy (B—1) > Hyp_»(B—1). So for o = s55_»(B) and 1 < B < by _1, we have
2ﬂCﬂ(a)2 —a>0,ie Cg(a) > Ja/2B.

The final case, in which o = S/zk—z (B) and byp_1 < B < byi_», requires a bit more

2BY31_3.5—S2k—2(B) = (B+1)—Ha—2(B—1)).

work. In this case Cg(a) = Y213 g, and one finds

2BY2k—3,8 — Sop—n(B)

Qoj—
= Y2k—3,8 (2/3V2k—3,ﬂ - 2kl )

YV2k—1,8
— ( 4Pk —1 _ (/3+1)H2k—(/3—1))
HR3P\ B+ DHok—— (B—1) 2Py

_ V23 (88P%_, — (Hop(B+1)— (B—1)(Hy—(B+1)—(B—1)))
2Py 1 (Hoy2(B+1)—(B—1))
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Thus for @ =55, _,(B) and byx_; < B < byg_, the sign of Cg(ar) — \/at/2p will be
the same as the sign of

g(B):=8BP5 | —(Ha(B+1)—(B—1)(Hay2(B+1)—(B—1))
and, in view of Remark 3.18, the proof will be complete if we show that for 8 €
[b2k—1,b2k—2], we have g(B) > 0 with equality if and only if 8 = byj_q.
For f = byr_1 wehave B+ 1= Hyi (B —1) and so
g(bak—1) = 8bok_1 P3| — (bog—1 — V)*(H}, — 1) (Hpp—p Hog — 1)
= 8bsj—1 Pyj_y = 4(bok—1 = )? P Py,
Pt o+ 1 (Hop —1)—4P3) =0
= G Ok + D (Hai = 1) = 4P5) =0,

where we have used (2-4) and (2-2). For the other values of B, we compute the
derivative of g as

' (B) =8Pz —(Hay—1)(Ha 2 (B+1)—(B—1)—(Har—o—1) (Har (B+1)—(B—1))
=8P | —2(Hog Hog—y—1)—2B(Hoy Hog—p+1—(Hog+ Hog—5))
=4P3_ —4B(Pa—1—1)%,
where we have used (2-4), (2-2) and (2-10). Thus g’(8) > 0 provided that 8 <
(1+1/(Pag—1 —1))%. Now

() <)
< < —_—.
Py —1 P —1 Prg—1—1

so in particular g’(8) > 0 for all B € [byk_1,bsk—_2]. So since g(box_1) = 0, this

bok—p =1+

implies that, for B € [bog—1.b2x—2], we have g(B) = 0 with equality if and only if
B = bak—1., as desired. |:|

4 Finding the new staircases

4.1 A criterion for an infinite staircase

Recall from the start of Section 1.3 that we say that Cg has an infinite staircase if
there are infinitely many distinct affine functions each of which agrees with Cg on
some nonempty open interval; we have also defined in Section 1.3 the notion of an
accumulation point of an infinite staircase. The new infinite staircases that we find in this
paper will be deduced from the existence of certain infinite families of perfect classes
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(a,b;W(c,d)). (Recall from the introduction that a class of the form (a, b; W(c, d))
is said to be perfect if it belongs to the set £ of exceptional classes, and quasiperfect if it
satisfies the weaker condition of having Chern number 1 and self-intersection —1. Note
that distinct perfect classes always have positive intersection number with each other.)
Before constructing these classes, we will derive in this section a general sufficient
criterion (see Theorem 4.4) for an infinite sequence of perfect classes to guarantee the
existence of an infinite staircase for some Cg.

To put the following results into context, we remark that a very similar argument to
those used in [9, Lemma 2.1.5] and [4, Lemma 4.11] shows that, if C = (a, b; W(c, d))
is a perfect class, then C is the unique class in & with Cy/p(c/d) = peja,a/p(C).
Thus every perfect class exerts some influence on the function (a, ) = Cg(a) of two
variables. We will require a somewhat more flexible version of this statement, showing
that a perfect class (a,b; W(c,d)) sharply obstructs embeddings of ellipsoids into
dilates of P (1, 8) for all B in an explicit neighborhood of a/b, not just into dilates of
P(1,a/b).”

Lemma 4.1 Assume that C = (a,b; W(c,d)) € €, with ¢ > d, ged(c,d) =1 and
a > Bb where B > 1. Assume moreover that we have inequalities

4-1) (a—pBb)?> <28 and (a—b)(a—PBb)<1+8.

Mc/d,ﬂ(C)>maX{,/2‘%d, sup  fesa,p(E)¢.
Ees\{C}

Proof We first compare p./q,(C) to the volume bound /c/28d. As W(c,d) =
dw(c/d), we have w(c/d)-W(c,d)=cd/d = c, and so

C
a+pb

Then

Meja,p(C) =

This is greater than the volume bound if and only if ¢2/(a + Bb)? > ¢/2Bd , ie if and
only if
(a + Bb)? <2Bcd =2B(2ab + 1),

7We take B to be less than or equal to a/b in what follows because this turns out to be true in all of
the examples that we consider later, but a similar argument with slightly different inequalities gives an
analogous result when 8 > a/b.
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where the equality cd = 2ab + 1 follows from C having self-intersection —1. Since

(a + Bb)?> —4Bab = (a — Bb)?, this latter inequality is equivalent to (a — Bb)? < 2,

as is assumed to hold in the statement of the lemma.

As for the comparison to SUpgee\(c} He/d,p (E), note first that if £ = (x,y;m) €&

with y > x, then (y, x;m) also lies in &, and

w(c/d)-m . w(c/d)-m
y+px x+ By

since we assume that 8 > 1. Thus

(4-2) Pesa p((y, x:m)) = = fbe/a,p((x, y;m)),

sup  fic/q,p(E) = max{pc/q ((b.a; W(c,d)), sup  fesa p((x, yim))}.
Eece\{C} (x,y;rﬁ)>e€\{C }
x=y

We have pe/q. (C) > [he/a,p ((b, a; W(c, d))) as a special case of (4-2).

Consider any (x, y;m) € E\{C} with x > y. Since (x, y;m) and C = (a,b; W(c,d))

belong to £ they have nonnegative intersection number, ie bx +ay —W(c,d)-m > 0.

So since w(c/d) = (1/d)W(c,d), we find

w(c/d)-m - bx+ay b 1+(a/b)(y/x) - a+b
x+By Tdx+By) d 1+B(/x) Td1+B)

Here the final inequality follows from the assumption that y < x and the fact that,

since we assume a/b > B, the function ¢ — (1 + (a/b)t)/(1 + Bt) is nondecreasing.

Meja,p(E) =

So to complete the proof it suffices to show that (a + b)/(d(1 + B)) < c¢/(a + Bb),
ie that

4-3) (a+b)(a+ Bb) <cd(1+ B).

But since C has self-intersection —1 we have cd = 2ab + 1, so (4-3) follows imme-
diately from the second inequality in (4-1) and the observation that (a + b)(a + Bb) —
2(14 Blab = (a—b)(a— Bb). O

Proposition 4.2 Assume that C € £ satisfies the hypotheses of Lemma 4.1. Then
there is a 6 > 0 such that for all rational @ > 1 with |@ —c/d| < §, the class C is the
unique class in £ with

Cp(@) = pg p(C).

Proof For any rational o > 1 we have

(4-4) Cpla) = sup({ %} tap(E) | E € e}).
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(See [3, Section 2.1].) Lemma 4.1 shows that our class C obeys Cg(c/d) = pic/q,8(C),
and more strongly that for « = c¢/d, there is a strict positive lower bound on the
difference between w4 g(C) and any of the other values in the set over which the
supremum is taken on the right-hand side of (4-4). It will follow that this property
continues to hold for all « sufficiently close to ¢/d provided that the family of functions
{a = e g(E) | E € &} is equicontinuous at & = ¢/d , ie for any € > 0 there should
be § > 0 independent of E such thatif |a —c/d| < § then |uq g(E) —jc/a,p(E)| <€
forall E € £. Of course since jiy,g(E]) =0 for all «, B it suffices to restrict attention
to E e E\UHE]}.

Now we find, for E = (x, y;m) € £\ |J;{E]} (so that x and y are not both zero, and

2xy — |m||* = —1 since E has self-intersection —1) and ag, o € Q,
g )~ g p )] = | O | < Rt =l
— Jlw(eo) - wler)] \/%
< w(eo) — )| \/ S fjﬂy@”z i
= llw(ero) — w(ern)| %+ L

So our family is equicontinuous at ¢/d provided that the weight sequence function
w: QN[l,00) - Q® =, Q" is continuous at ¢/d (with respect to the obvious
metric on Q° that restricts to each Q" as the Euclidean metric). This latter fact follows
easily from [9, Lemma 2.2.1], which shows that, if the length of the vector w(c/d) is ny,
then for « in a suitable neighborhood of ¢/d we can write w(«) as (Z (@), 7(cr)) where
Cisa piecewise linear Q" —valued function equal to w(c/d) at « = ¢/d . Thus within
this neighborhood we have a Lipschitz bound ||£7 (¢)—w(c/d)|| <M|a—c/d|, and so

17 (e)])? =a—nf(a)uzsa—(Hw(g)H—M(a—g))zs (@=5)+2mfa—C] /.
Therefore ||w(a) —w(c/d)|? = ||Z(o¢) —w(c/d)||? + ||F(a)||* converges to zero as
a—c/d. O

Having shown that, for any perfect class C = (a,b; W(c,d)), . g(C) is equal to Cg

in a neighborhood of ¢/d , we now use results from [9] to identify u. g(C) in such a
neighborhood with the function I'. g(C) from Proposition 1.5.
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Proposition 4.3 Suppose that C = (a,b; W(c, d)) is a perfect class with ¢ > d and
gcd(c,d) =1, and suppose that B > 1 is arbitrary. Then there is a § > 0 such that for
alla € (c/d —6,c/d + ), we have

do . c

ifoa <=,

Hap(C) = Ty p(C) = 1 4+ FP d
if o> —.

a+pb d

Proof Since
_w(@) W(,d) d ¢
Heop (O) = == T pp _a+ﬁbww*w(3>

the proposition is equivalent to the statement that, for all « in a neighborhood of ¢/d ,

c
(4-5) w(a)-w(%) =1, i,l
= ifa>=
d
But (4-5) can be read off directly from [9, Lemma 2.2.1 and Corollary 2.2.7]. (Note
that, as is alluded to at the start of [9, Section 2.2], the number denoted therein as N
can be taken either even or odd according to taste, by allowing the possibility of taking

the final term £ in the continued fraction expansion of ¢/d to be 1.) o

Theorem 4.4 Suppose that B > 1 has the property that there is an infinite collec-
tion {(a;,bi; W(ci.d;))}72, of distinct perfect classes all having a; > Bb;, ¢; > d;,
ged(ci, di) =1, (a;j—Bb;)? <2B and (a; —b;)(a; —Bb;) < 1+ B. Then the embedding
capacity function Cg has an infinite staircase.

Moreover, this infinite staircase has an accumulation point S = lim; s« ¢; /d; , which
is the unique number greater than 1 that obeys

(1+8)2  2(1+pB)?
s B

Proof Write C; = (a;, bi; W(ci, d;)). Proposition 4.2 shows that for each i there is an
open interval /; containing c¢;/d; on which Cg is identically equal to & > g g(Ci);

moreover, the uniqueness statement in that proposition implies that the intervals I; can
be taken pairwise disjoint (so in particular the various c; /d; are all distinct). Now the
function Cg is nondecreasing, and Proposition 4.3 shows that, for each i, Cg is equal
to the constant ¢; /(a; + Bb;) on a nonempty open subinterval of /;, but takes a strictly
larger value at the right endpoint of /; than at the left endpoint. In particular this forces
the various ¢; /(a; + Bb;) to all be distinct — more specifically, if ¢; /d; < cj/d; then
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ci/(a; + Bbi) <cj/(aj + Bb;). So there are infinitely many distinct real numbers
¢i/(a; + Bb;) such that Cg is identically equal to ¢;/(a; + Bb;) on some nonempty
open interval, which suffices to prove that Cg has an infinite staircase.

As for the accumulation point, since the open intervals on which Cg is equal to
c¢i/(a; + Bb;) contain ¢; /d; in their respective closures, it is clear that if lim; o ¢; /d;
exists then this limit is an accumulation point for the infinite staircase. So it remains
only to show that ¢; /d; — S, where S is as described in the statement of the corollary.

The fact that we have a bound (a; —8b;)? <2 where > 1 and the (a;, b;) comprise
an infinite subset of N2 implies that the values |a; — b;| diverge to infinity, in view
of which the bound (a; — b;)(a; — Bb;) < 1 + B, and the fact that both factors are
nonnegative, forces a; — fb; — 0. Now since C; has Chern number 1 and self-
intersection —1, we have

¢i+di =2(a; +b;) and c;jd; =2a;ib; + 1.
Dividing the square of the first equation by the second shows that

(ci +di)> _ 4((1+ B)b; + (a; — Bbi))?

c;d; N Zﬂbiz + 2(a; — Bbi)b; +1 .
Our hypotheses imply that the b; diverge to co. Also, a; is a bounded distance
from Bb;, and (a; — Bb;)(a; — b;) is bounded with B # 1, in view of which

(a; — Bbi)b; = (a; — Bbi)((a; —b;) — (a; — Bb;))

(4-6)

1
B—1
remains bounded. Hence the limit of the right-hand side of (4-6) is 2(1 + 8)2/8. So
writing S; = ¢; /d; we obtain lim; oo (1 + S;)%/S; = 2(1 4+ 8)%/8. But the function
x = (14 x)%/x =x 424 1/x restricts to [1, 00) as proper and strictly increasing,
so this forces S; — S, where S is the unique solution greater than 1 to the equation
(1+85)2/S =2(1+p)%/B. O

4.2 The classes Al("; )

We now begin the construction of explicit families of perfect classes that give rise to
infinite staircases. For any positive integer n let us define a sequence of elements

4-7) 5i,n = (ai,n,bi,n,ci,n,di,n) € z*
recursively by

60’n:(1,0,1,1), ﬁl’n:(n,l,zn_{—l,l), ﬁl+2,n:2nﬁl+1,n_al’n.
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We then let
Ai,n = (ai,nabi,n§ W(Ci,na di,n))-

Notice that the identity ¢; , + di n = 2(a; n + bi n) clearly holds by induction on i,
so that the A; , can be expressed in the form (2-17). The classes Al(];)
the introduction are then obtained by applying the k" —order Brahmagupta move of

Definition 2.10 to A; . (In particular, 4% = 4; , )

promised in

Clearly Ao, = (1,0;1) = (0;0,—1) € £. It is not difficult to check that Ay, =
(n,1;W(2n +1,1)) € £; indeed, A1, coincides with the class denoted by E, in [3],
and this class is shown to belong to £ in [3, Lemma 3.2]. Consequently, the following
will show that every A4; , € €.

Lemma4.5 Fori>2and n>1, A;, is Cremona equivalent to A; 2 5.

Proof First we relate W(c; ».,din) to W(ci—2n.di—2,4). Wehave con =1, 1,0 =
2n+1,dop=dip=1,and ¢;, =2ncj_1p—cj2pand dj, =2nd;j 1 ,—dj 2.
So we find ¢z, = 4n?> +2n—1 and d , = 2n — 1. It is sometimes convenient to
allow the index j in ¢, , and d; , to take negative values; the recurrences then give
c—1,n =—1 and d_j , =2n—1. From these formulas we see that, for both j =1 and
J = 2, we have identities

(4-8) cin—@2n+2)djy=ci2n and dj,—(2n—2)cj—2p=dj_2n.

But then the recurrence relations defining our sequences make clear that if the identities
(4-8) hold for j =1, 2, then they continue to hold for all ;.

Now it is easy to see, using that n > 1, that {¢; »}72, and {d; ,}72, are monotone
increasing sequences, and so in particular ¢; ,, d; » > 0 forall i > 0. If i > 2 we have,
using (4-8),

W(cin din) = (@ P2V UW(ci—a 0, din)

N

= (@ S UW(Ci2n. di—2m)-

*vi—2,n
We thus have
. x(2n+2) x(2n-2)
Ai,n = (ai,n’ bi,na dl,n ) ci_z’n ) W(ci—Z,n, d1—2,n))
. xX(2n+1) x(2n-2)
=(ain+bin—din; ain—din, bin—din,d; , € o sW(Ci—2n.di—2.n)).
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Applying the sequence cp23 09450 -0 ¢g,2n,2n+1 Of n Cremona moves each with
6= bi,n — Zdi,n yields

(ai,n +(n+ 1)bi,n —(2n+ l)di,n§
Qi+ 1biy—Q2n+1)d; , (bin—di ) C" Y d; c;(_(;f’n_z), W(ci—2,n.di—2.1)).

Now for all i one has a; , + (n + 1)b; » = ¢; » (indeed this clearly holds for i =0, 1
and therefore it holds for all i since a;, b, and c;, all satisfy the same linear
recurrence), and the first equation in (4-8) shows that ¢; , —(2n+1)d; p =ci—2.n +di n.
So the class displayed above can be rewritten as

(ci—2,n + di,n;
Cimzn = (bin —dim). (bi — di ) @D dj . GNP W(cim2m. di—2.n))-

We can then apply n — 1 Cremona moves
2n+2,2n+43,2n+4, 2n+2,2n4+5,2n+6; - - - » ©2n+2,4n—1,4n,
each with § = —c;_5 ,, to obtain

(din—(n=2)ci—2n:
Cian = (bin —din), bi —dig) "D di g — (1= 1)¢i 20,0772,
W(ci—2.n. di—z,n))-

Now delete the zeros and apply n Cremona moves
€1,2,2n+2,€3,42n+2,-- - 2n—1,2n,2n+2,
each with § = ¢j—2,, —2(b; n —d; n), to obtain

(4-9) ((2’1 + 1)di,n +2ci—2,n _2nbi,n;
(Ci—2,n _(bi,n _di,n))x(2n+1), bi,n _di,n, di,n +cCi—2n —2n (bi,n _di,n)»
W(ci—an.di—2.n))-

Let us simplify some of the terms in (4-9). First, using the first equation in (4-8),
(2n + l)di,n + 2Ci—2,n - 2nbi,n =Cji—2,n+Cin— di,n - 2”bi,n =Ci—2,n»
where the fact that
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follows by a straightforward induction argument. Also, we find that
(4-11) bi,n _di,n =Ci—2,n— bi—2,n;

indeed, extending the definition of b; , using the recurrence, so that b_1 , = 2nbg , —
b1,n = —1, this is easily seen to hold for i = 1,2 and hence it holds for all i since
bin, cin and d; , all obey the same linear recurrence. This implies that

Ci—2,n— (bin —din) =bi—2n.
Moreover,
di,n +Ci—an— 2n(bi,n - di,n) = _znbi,n - di,n + (Ci—z,n +(2n + z)di,n)
= _znbi,n - di,n +cin= 0,

where we have used (4-8) and (4-10). Thus after deleting a zero the class (4-9), which
is Cremona equivalent to A4; ,, can be rewritten as

x(@2n+1)
(cianibi 5, s Cican —bi—an. W(Ci—2,n,di—2,n)).

The sequence of n Cremona moves ¢1,2,2,41°¢€3,4,224+10°**0C2n—1,2n,2n+1, €ach
with § = —b;_5 5, transforms this to
(Ci—Z,n —nbj—3n;
2
bi—2.n. 0% i g n—(n+ Dbizn.di—2.n. W(Ci—2.0 — di—2.n. di—2.)).
Deleting the zeros, then applying one last Cremona move ¢g12 with § = —d;—» 5, and
then deleting another zero gives
(Ci—2,n _nbi—z,n _di—2,n;
bian—di—an.cian— 0+ Dbi2p—di 20 W(Ci—2n—di—2.n.di—2,n))
= (Ci—Z,n - (l’l + l)bi—Z,n, bi—2,n; di—2,n , W(Ci—Z,n _di—2,n , di—2,n))
= (@i—2,n,bi—2,n; W(Ci—2,n,di—2,n)) = Ai—2.n,

where the identity ¢; , — (n + 1)bj , = a; », applied here with j =i —2, follows as
usual by checking it for j =0, 1 and using the fact that @, ,, b; , and c;, all satisfy
the same recurrence. So we have found a sequence of Cremona moves that maps 4;
to Aj—2, wheni > 2. m|

Corollary 4.6 Forany n > 1 and i,k > 0, the class Al(kn) belongs to £.
Proof This follows immediately from Lemma 4.5, Proposition 2.12 and the fact that

Ao,n,Al’n Gg. O
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4.3 Verifying the infinite staircase criterion

To analyze the obstructions imposed by the classes Al(kn) € £ it is useful to first
give closed-form expressions for the integers a; ,, bin, ¢in and d;, from (4-7).
Throughout this section we will assume that n > 2. Let

wp =n++vVn2-—1.

Then w, is the larger solution to the equation 2> = 2nt — 1, the smaller solution
being w, ! =n—+~/n2—1. Thus both x; = a);l and x; = a)n_i give solutions to the
recurrence X;4, = 2nX;4+1 — X;; these solutions are linearly independent since we
assume that n > 1, and so any solution {x,-}?io to X;+2 = 2nx;41—x; must be a linear
combination (with coefficients independent of i) of w/, and w,,". This in particular
applies to each of the sequences {a; . }72 . {bin}ieg> 1Cintiee and {d; )72, and
using the initial conditions from (4-7) (and the fact that w, —,’ 1'—=24/n2—1 while
wp + 0, 1 = 21n) to evaluate the coefficients shows that

ain = (@ +w,"),

1 . .

bi,n = m(wé —wnl),
4-12) 1 L y

Cin = 2«/ﬁ((wn + Do, — (0, + Do, "),

_ 1 —1\, —i

din= ﬁ((l —w, oy + (wp — Do, "),
In particular,
(4-13) lim 27— 2,

i—00 Djp

Applying the k"—order Brahmagupta move, we find that the classes Al(];) can be
written as Alq;) = (@i n k- binkiW(Cink dink)) Where, as one can verify using
the facts that ¢; , + d; » = 2(ain + bin) (since A;, has Chern number 1) and that
¢in —din = 2nb; , (by (4-10)) together with (2-9), the entries a; , k, bi n k> Cink
and d; , ;. are given by

@i g = 5((Hag + Dajp + (Hog + 20 Pog — )b ),
@14 bink = 3(Hag — D)ain + (Hog +2nPog + 1)bj ),
Cimk = 3 (Pok42Cin — Pardin),

1
dink = 5(PaCin — Pak—2din).
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Let Ly x =1imj o0 @j 4 k/bi n k> 50 using (4-13),

“15) . Hop (W2 — 1+ 1)+ 2nPy + (V2 —1—1)
- ’k = .
M Hyk(WnZ—1+ 1)+ 2nPy — (Vn2—1—1)

k)

n

We will see that each Al( satisfies the requirements of Lemma 4.1 with 8 = L, .

Lemma 4.7 Fori,k >0 and n > 2 we have

2w, (Hak + nPay)
Hop (V2 =1+ 1) +2nPy —(Vn2—1-1)

Aink — Ln,kbi,n,k =

Proof The above formulas for a; 5, bj n, a; » x and b; ,, i yield

1 R
Aink = 4—((sz(\/ n2—1+1)+2nPy + (Vn?2—-1-— 1))(0;1

nZz—1
+ (Hy (V2 —1=1) = 2nPy + (V2 — 1 + 1))wn—l’),
((sz(\/nz 1+ 1) +20Py — (V2 — 1 - 1))l
+ (H2k(Vn2 —1—1)—2nPy, —(Vn?2—-1+ 1))a)n_i).

1
bink = ————
SRV

The coefficient of w}, in the formula for a; ,, x is the numerator of (4-15) and the
coefficient of a);, in the formula for b; ,,  is the denominator of (4-15) (of course this

is not a coincidence since L, j = lim; »o00 @; n k/bin k) Letting &, = v/n?2 —1, we
obtain

Aink — Ln,kbi,n,k

—i

= j’g ((Lnk = 1)(2n Pyt — Hor (8 = D) + (L g + D + 1)
_ 0" 2(En — )20 Pog — Hop (€0 — D))2(Hak (50 + 1) + 20 Pp) (6 + 1)
48, Hyp(§n + 1) +2nPy — (5n— 1)

0 (Hop (En + 1)? = (0 — 1)) + 20 Py ((5n + 1) + (£ — 1))
B 260 (Hop (6n + 1) +2nPop — (6, — 1))

_ ;' (2Hoy +2nPyy)

B Hoy(5n + 1) 4+ 2n Py — (En — 1)

We can now prove the inequalities in Lemma 4.1 for our classes A l(];)

Algebraic & Geometric Topology, Volume 19 (2019)



The symplectic embedding problem for four-dimensional ellipsoids into polydisks 2003

Proposition 4.8 Forany i,k >0 and n > 2 we have (a; » x — L,,,kbi,n,k)2 <Lpg.

Proof It is clear from Lemma 4.7 that it suffices to prove this in the case that i =0,
as the left-hand side is a decreasing function of i. As in the proof of Lemma 4.7 we
let £, = v/n2 — 1. We find from Lemma 4.7 that

2
(aO,n,k - Ln,kbO,n,k)
Ln,k

_ (2Hyi + 2nP2k)2
 (Hok(En + 1) +2nPo + (50 — 1)) (Hoi (En + 1) +2n Py — (6 — 1))
. (2Hoj 4 2nPyy)?
" (Ho(En + 1) +2nPyp)? — (6, — 1)2

(2Hoy + 2nPyy)? <1
(QHyk +2nPyi) + Hop (§n — 1))2 = (£, — D2

Proposition 4.9 Forany i, k >0 and n > 2 we have
(ai,n,k - bi,n,k)(ai,n,k - Ln,kbi,n,k) <L

Proof We have

1 . .
ink —bink=0ain—bin= 2\/?I(U n?2—1-ho, +¥n2-1+1w,").
n J—

Multiplying this by the identity in Lemma 4.7 gives

(ai,n,k - bi,n,k)(ai,n,k - Ln,kbi,n,k)
_ (vn? —1—1)(Hpr +nPyy)
Vn2 —1(Hy (V2 —14+1)+2nPsy; — (vVn2—1-1))
(vVnZ—1+4 1)(Hpi +nPyy)
VnZ —1(Hy (W02 =1+ 1) +2nPo; — (V02 —1—1))

In particular, (a; 4 k — bin.k)(@ink — Lnkbink) is adecreasing function of i, and
its value for i =0 is

—2i
+ o,

2(Hyi +nPyy)
Hop (V2 —141) +2nPy — (Vn2 —1-1)

This is at most 1, since

H2k(VH2—1+1)—(Vn2—1—1):2H2k+(H2k—1)(Vn2—1—1)zszk. O

(4-16)

We can now establish Theorem 1.10 from the introduction. Specifically:
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Corollary 4.10 For any k > 0 and n > 2, Cp, , has an infinite staircase, with
accumulation point

(Vn?2 =1+ 1)Pogy1 +nHopqq
4-17) Sn,k =
(Vn2—141)Py—1 +nHpp—

satisfying the equation

(1 + Sn,k)2 . 2(1 + Ln,k)2
Sn,k B Ln,k .

Proof Indeed it follows quickly from what we have done that the distinct perfect classes
Al(kn) all satisfy the criteria of Theorem 4.4 with B = L, i : that a; , x > Ly, xb; 5 i is
immediate from Lemma 4.7, and the inequalities (a; , x — Ln,kbi,n,k)2 <2L, x and
(@i nk—bini)@ink—Lnkbinik) <1+ L,y are given by Propositions 4.8 and 4.9,
respectively. Finally, we need to check that ¢; ,, x and d; , x are relatively prime. The
proof of Corollary 2.11 shows that the Brahmagupta moves preserve the property that
ged(e,d) =1, so it suffices to show that ged(c; »,din) = 1. By (4-8), for i > 2 the
ideal generated by ¢; , and d; , is the same as that generated by ¢;—» , and d;—» 5,
reducing us to the case that i € {0, 1}. But this case is obvious since do, =di1,, = 1.
Thus Theorem 4.4 immediately implies the corollary, except that we still need to prove
the formula (4-17) for S, x .

To prove this formula, recall that by Theorem 4.4 our infinite staircase will have an
accumulation point at S, x = lim; 00 Cj p k/dj n k SO We just need to check that this
limit is equal to the right-hand side of (4-17). Now it is immediate from (4-12) that
lim; 00 Cin/din = (1 4+wpn)/(1 —a)n_l). So by taking the limit as i — oo of the ratio
of the last two equations in (4-14) we find, using the identities Py, — Pp—2 = 2Py
and Py, + Py— = 2H,;,—1, that
_ Pogga(l+on) — P (1 -y ")
Py (14 wp) — Poa(1— ;)
_ 2Pppq1+ Pogqa(n+vn?—1)+ Py (n—~n?—1)
2Psp—1 + Po(n+ vVn2—1) + Pog_s(n—vV/n2=1)
(I +~n?2—=1) Py +nHppq
(1+~nZ =) Py +nHye—y

Sn,k

44 A; , and the volume constraint

The proof of Corollary 4.10 — specifically, a combination of Propositions 4.2, 4.3,
4.8 and 4.9 — shows that for each i there is an open interval U around ¢; , i /d; n k
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such that
(4-18) CL,, (@) =TaL, , (A%) forall @ cU.

This is enough to show that Cyr,, , has an infinite staircase, but it leaves a number of
other questions about Cp, unanswered, since these open intervals may be rather small.

Proposition 1.5 shows that, for all o, we have Cr,, , (a) > sup; T 1, , (A( )) Now
the formulas (4-12) obviously imply that ¢; »,/din < ¢i+1,n/di+1,n, and based on
(4-14) and (2-6), specifically the fact that P22k — Pyj 5 Pri 42 =4 >0, it follows that
Cind/dink <Citink/dit1,nk forali, n and k. By examining sup; I. ., , (Al(f;))
on the interval [¢; , k/di n k> Ci+1,n.k/di+1,nk], We conclude that

. d:
(4-19)  Cr, (@) > max Cink i+ Lk }

Aink+ Ln,kbi,n,k Ait+1,nk + Ln,kbi+1,n,k

Cink Ci+lnk
for o E [ L.n H‘_}’l},

di,n,k di+1,n,k

with equality on a neighborhood of the endpoints of [¢; , k/di n k. Ci+1.nk/di+1.nk]-
Moreover our analysis shows that the maximum above is attained by the first term for
o = ¢j nk/dinx and by the second term for « = ¢; 41 » k/di n i » SO the value

. Ci,n,k(ai-i-l,n,k + Ln,kbi+1,n,k)
di—}-l,n,k(ai,n,k + Ln,kbi,n,k)

at which the two terms are equal lies in the interval [¢; , k/di n ks Cit1,0.0/Di41,0.k]-
It turns out that (at least for k = 0, though more extensive calculations would likely
yield the same conclusion for arbitrary k) equality does not hold in (4-19) throughout
the entire interval [¢; , k/din k. Cit1nk/dit1.0k]-

More specifically, restricting to the case k = 0, we have L, o = Vn2—1 and
a0+ Ln,obino = ain +Vn2—1bjy = 0l
Thus the right-hand side of (4-19) simplifies to
max{ci o, ", dit1 a0y "'},

and the two terms in the maximum are equal to each other when o = ¢; @, /dif1,n-
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Proposition 4.11 Fori >0 and n > 2 we have

(4-20) 2 =2 CinOn

ha®n 2VnZ —1diy1n
Proof Note first of all that
wr—1=02n2=14+20vn2—1)—1=2Vn2 = 1(n + vVn2 = 1) = 2vn2 = 1w,.
From this together with (4-12), one computes
2vn2 —1cindipin

= ; i —i—1 _ i _ i1
- 2m((wn+l)wn (@n + D, ™ (0n — Dol + (0n — Dy ™h

2
w; —1 : : :
n 2i —2i-2 2i+1
n ) n

= w
ovnz=1 "

Since (4-20) is obviously equivalent to the inequality
2vVn? — ¢ pdi 10 < 0",

the conclusion is immediate. O

—2i—1
w, .

Corollary 4.12 For o = ¢; nwp/di+1,n, we have

(4'21) CLn,o (a) = > Sup 1—‘Ot,Ln,() (Ai,n)-
l

n,0
Proof The first inequality is just the volume constraint. To prove the second inequality,
observe that the left-hand side of (4-20) is the square of the right-hand side of (4-19) at
o = Cj nwn/di+1,n, which we noted earlier is equal to sup; Iz, ,(Ai,n), while the
right-hand side of (4-20) is the square of the volume obstruction \/om . O

Thus the classes A; , do not suffice by themselves to determine the behavior of Cr,,
between the stairs (at ¢; ,/d; ) that we identified in proving Corollary 4.10. In fact
we will see in Section 4.6 that the first inequality in (4-21) is also strict, as there are
classes /Ti,n which give obstructions that are stronger than the volume on the intervals
on which sup; Iy, 1, ,(A;i,,) falls under the volume constraint.

Computer calculations show that the analogous statement to Corollary 4.12 continues
to hold at least for many other values of n and k (not just for k = 0 as above). If
. ci,n,k(ai+1,n,k + Ln,kbi+1,n,k)
di-i—l,n,k(ai,n,k + Ln,kbi,n,k)
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is the point at which the two terms in the maximum on the right-hand side of (4-19)
agree, the statement that \/a /2L, y >sup; Iy, 1, . (Al(kn)) is easily seen to be equivalent
to the statement that

2Ln,kci,n,kdi+1,n,k - (ai,n,k + Ln,kbi,n,k)(ai+1,n,k + Ln,kbi+1,n,k) <0.

Using the definitions (4-12), (4-14) and (4-15), one can expand the left-hand side above
in the form
2i —2i
'n kWy + Sn.k + tn,kwn s
where ry, i, s,k and 1, ; are (at least at first sight) rather complicated expressions
involving Pell numbers and v/n2 — 1, but are independent of i . Carrying this out in
Mathematica, we have in fact found that r,, y = s, x = 0 for all n and k, and that
tn.k <0 whenever n,k < 100. Thus for all n,k < 100 and all i, there are points

[PS [Ci,n,k/di,n,b ci+1,n,k/di+1,n,k] at which vV O‘/ZLn,k > sup; Fa,Ln,k (Az(,liz))
4.5 Some facts about L, ; and S, i

Since the formulas (4-15) and (4-17) for the “aspect ratios” L,  and the corresponding
accumulation points S, x are a bit complicated, let us point out a few elementary facts
about these numbers.

Proposition 4.13 For all n > 2 we have

(4-22) 2n+2<Spo0<2n+2+ )
’ 2n—2
and, fork > 1,
Pojia Pk 42
< Sn,k < Sn+1,k < .
Pri42 Py

Proof The k = 0 case of (4-17) gives
_Vn?2—14+14+n 14w,

Sn.o = - .
" Vn2—14+1-n l-o;!

Using that 2 = 2nwy — 1, and hence that —2 —w,, ! = @, — (2n + 2), we find

(0n —oy N wp+1)  wf +op—1—o;!

(wn _wn_l)Sn,O =

1—ow;! 1 —w;!
:Qmumf?—%*:Qmmmfwh+azgmmmm
l—w,; 1 —w;!
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Thus
wp
Sno = (2n+2)——— > 2n +2.
wn_a)

n
Furthermore,
4(n®> - Do, 4m*-1)(n—+vn2-1)
(2n—=2)(Sn0—(2n+2)) = - = —

=2nvn2—1-2m%*-1)<1,

where the last inequality follows from the fact that (n — 1/2n)? > n? — 1, so that
2n+/n2—1<2n(n—1/2n) =2n? —1. This completes the proof of (4-22).

For the remaining statement, recall that, by construction, Sy, x = lim; o0 ¢j n k/din k -
So by taking the limit of the ratio of the last two equations of (4-14) as i — oo it is

clear that
_ Pog425n,0— Pox

 PoicSno— Pak—

Sn,k

for k > 1. Since Ppx2/ Pk < Pog/ Par—o by Proposition 2.1, the function

Poj ot — Py
Pyt — Prp_»

t—

is strictly increasing. By (4-22) and our assumption that n > 2, we have S, 11,0 >
Sn,0 > 6 and hence

6P — P P t—P
2k+2 — Tok _ Spk < Sniro< lim 2k+2 2%k
6Pyy — Pok—2 1—00 Pypt — Pog—»
But the limit on the right is equal to Ppg o/ Pag , while (2-12) shows that the expression
on the left is equal to Pog 44/ Pajk42- a

We now describe the locations of the L, x, in particular indicating how they compare
to the various b,, from (3-5).

Proposition 4.14 Forany n > 2 and k >0 we have L, < L, k., and
(bak s bog—1) ifn=>4,
Lyk € §(bogy1.bo)  ifn=3,
(b2k+2, D2 +1) ifn=2.

Also, for all n > 2 and all k we have

2P 1 H 1
e’ - IS ) 2 - S
2Py 42 —1 T Hpg41—1  nooo
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Proof Since x > (14 x)?/x is a strictly increasing function of x as long as x > 1, the
equation (1 —I—Sn,k)z/Sn’k =2(1 —|—L,,,k)2/Ln,k and the fact that S, x, L, x > 1 allow
us to conclude that L, y < L,k directly from the fact, proven in Proposition 4.13,
that Sn,k < Sn+1,k-

Let
Lyg—1 VnZ-1-1
Lyg+1  Hyp(Wn2=1+1)42nPy

Ast+ (t—1)/(t+1) is astrictly increasing function for ¢ > 0, to show that L,,  lies in
some interval (s, 7) it suffices to show that m,, x liesin ((s—1)/(s+1), (t—=1)/(t+1)).

(4-23) My =

From (3-5) one finds

by +1 baky1+1
We see that
1 V34 1)Hy, + 4P
_ ok 3 4Pok _ () 4 /3 Hop + 2+ 23) Pk
my k ﬁ—l

= 2Pop 1+ V3Hok 11 € (Hag42,2Pok+2),

since H2k+2 = 2P2k+1 + H2k+1 while 2P2k+2 = 2P2k+1 + 2H2k+1 . Thus

1 1 b -1 b -1
mz,kE( ’ )C( 2k+2 =1 Dokt )
2Pyk+2 Hakio bak42+1 bop1+1
and so Ly x € (bag42,b21+1). (In fact the argument shows more specifically that
Ly g > 2Pk 42 +1)/(2P3k 42 — 1), which is larger than byg45.)

Also,

1 V841 6 9+ 442 6+ 122
—_ = H - P =" \H — =¥ \p
P ST R Y S ( 7 ) 2"+( 7 ) 2k

€ (2Hzk + 3Pk, 3Hoi +4P2x) = 2Popy1 + Pop. 3P 41 + Pog)

= (Pak+42. Pok42 + Por41)
= (Pak+2, Hap42),

where we have used both equalities in (2-9) and the facts that 2 < w < 3 and
3< M <4.Som3zx € (1/Hopy2,1/Prgy2), and so L3 g € (bogy1,bok).
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Similarly,
I _ V541, L8, _(8+«/15)H +(4+4«/15)P
_— e ek e, 2%k 2 2k
< Pyr+2,

which implies that L4 g > byg. Sosince Ly x < L4k forall n we have L, j > byi
for n > 4. Furthermore,

Hop +2Pyr +1  Hopqp +1

Hop +2Py—1  Hppp—1

L < lim L, =
n.k nao n,k

Since
Hypp1+1  Hyp+1
< =bak-1,
Hyk41—1  Hy—1
this suffices to complete the proof. a

We now give a bit more information about the function of two variables (e, ) — Cg(a)
near (o, B) = (Sp k. Ly k). Some useful context is provided by the following mild
extension of [4, Corollary 4.9].

Proposition 4.15 Fix y > 1. There are only finitely many elements E = (x, y;m) € €
having all m; # O for which there exist o, f > 1 such that py g(E) > y+/a/2p.

Recall from the introduction that £ consists of classes (x,y:m) € H? having Chern
number 1 and self-intersection —1 which are either equal to the Poincaré duals of the
standard exceptional divisors E; or else have all coordinates of 7 nonnegative; in
particular, £ C . The provision that all m; # 0 is included due to the trivial point that
if (x, y;m) satisfies the condition then so does (x, y;0,...,0,m) (which formally
speaking represents a different element of & C H?), where the string of zeros can be
arbitrarily long.

Proof Suppose that E € £ has Me,g(E) > y+/a/2B where o, B > 1, and write
E = (x, y;m), so the fact that E has self-intersection —1 shows that |m| = 2xy + 1.
Since iq,p(E]) = 0 by definition, E is not one of the standard classes E;, so all
coordinates of m are nonnegative and hence x + y > 0 with x,y > 0. Using the
Cauchy—Schwarz inequality and the fact that ||w(e)||?> = &, we then find that

(4-24) \/7 < o p(E) = lfc(j_)ﬁ;q < ‘/_xvixﬁy;
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Now since 0 < (x — By)? = (x + By)?> —4Bxy and since x + By > 0, rearranging
(4-24) gives

4 2 1
< ¢M _ i L
4Bxy 2xy
in other words,
2xy < .
xy < 21

But there are only finitely many pairs of positive integers x and y obeying 2xy <
1/(y? —1); for each of these pairs (x, y) there are only finitely many sequences of
positive integers m; obeying 2xy — Y ml2 = —1. Thus there are only finitely many
classes satisfying the condition that have both x, y > 0. We should also consider the
possibility that one of x or y is zero, but in this case the condition 2x y—Zf\;l ml2 =—1
with all m; nonzero forces N to be 1 and m to be £1, so that the Chern number
condition 2(x + y) — Y m; =1 forces either x + y =0 and m; = —1,orx +y =1
and m; = 1. So allowing x or y to be zero does not change the fact that only finitely
many classes in g obey the condition. a

Corollary 4.16 If B, S > 1 and if the function Cg has an infinite staircase accumu-

lating at S, then Cg(S) = /S/28.

Proof Of course Cg(S) > \/W by volume considerations. If equality failed
to hold then we could find a neighborhood U of S and a value y > 1 such that
Cp(a) > y\/m for all « € U. But then, by (1-7) and Proposition 4.15, Cg(a)
would be given for & € U as the maximum of the values pq g(E) where E varies
through a finite subset of £ that is independent of «. Since the functions & > g g (E)
are piecewise affine (with finitely many pieces), by [9, Section 2] this would contradict
the fact that S is an accumulation point of an infinite staircase. a

In particular, Corollary 4.16 applies with 8 = L, x and S =S, ., so that Cp,, , (S, «)
agrees with the volume bound, and we have

Sn,k
Ln,k
We will see now that there are at least two distinct choices of E € £ for which the

(4-25) WSy gLy i (E) < forall E €€&.

bound (4-25) is sharp. This will later help give us some indication of what happens to
our infinite staircases when B is varied away from one of the L, .
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Proposition 4.17 Let n > 2 and k > 1. Then

Sn.k
2,2:2, 1% :\/I,
WSy gL i (( ) 2L,

Proof By Propositions 2.1 and 4.13 we have

so since 62 =3 + 2«/5 > 5 we have
w(Sn,k) = (IXS’ W(l’ Sn,k _5)) = (IXS’ Sn,k - 55 W(6_ Sn,k’ Sn,k _5))

Hence

(27 1X5) '(1X57 Sn k _S’W(6_ Sl’l k’ Sn k _5))
2,2:2, 1)) = ’ ’ :
Sy i, Ln i (( ) 2+2L,

_2+4+Sn,k_5 1(1+Sn,k)

20+ Lpg) 2

1+ Ln,k
But the identity (1 + Sy %)?/Snx =2(1 4 Ly )/ Ly from Corollary 4.10 implies

immediately that
l 1+ Sn,k _ Sn,k O
2\1+ Ln,k 2Ln,k '

Proposition 4.17 does not apply to the case k = 0 because Sy o > 6, leading w(Sy,0)
to have a different form. Here is the analogous statement for that case.

Proposition 4.18 For any n > 2 let

Gn=02n*—n—1,2n—1;2n—1,(2n —2)*@n+D 1x@n=2))

Sn 0 ()%
G = 2 = .
/’LSH.OaLn.O( n) V 2Ln,0 Wy — 1

Proof Changing basis as usual, we find

Then G, € &, and

Gn = (2n% —n—1;2n%—=3n,0, (2n —2)*@r+D 1x@n=2))

Applying n Cremona moves ¢34, €056, - - -  €0,2n+1,2n+2, €ach with § = —2n + 3,
reduces this to
(2n—1;0,0,2n —2, 1X¢41=2))

Algebraic & Geometric Topology, Volume 19 (2019)



The symplectic embedding problem for four-dimensional ellipsoids into polydisks 2013

which after deleting zeros and changing basis simply yields (2n —2, 1; W(4n —3,1)),
which is the familiar class A1,2,—2 that of course belongs to £. Thus G, € £.

Now in view of Proposition 4.13 we have

w(Sn,0) = (1*C" 2 W(1, Sy0— (21 +2)))
= (1XCn+2) (S, 0— (21 +2))*@" 2 W(l — (21 —2)(Sn,0— (21 +2)),
Sn,0—(2n+2)))
and hence
(2n—1,(2n —2)<@r+D) 1¥@n=2)y (5 o)
=2n—14+Q2n-2)2n+ 1)+ 2n—2)(Sp,0—(2n+2))
=14+2n-2)2n+2)+ 2n—=2)(Sp,0—2n+2)) =2n—-2)Sy,0+ 1.

Hence

2n—2)S,0+1
(4-26) 188, 0L o(Gn) = @n = 2)5n0

2n2—n—-1)+Q2n—1)Lpo

Now Ly 0= ~/n2 —1, so the denominator of the above fraction is
Cn?—n—-1D)+QC2n—DVn2—1=Q2n—-D)n+vVn2—1)—1 = 0> —w,.
So since Sy.0 = (wn + 1)/(1 —w, 1) and w2 = 2nw, —1,

- _ 1
4-27) 1y 0.Lno(Gn) = 2n—2)(wn + 1)/(1—w; 1) +1

w2 — wy
@2n—2)(wn + D+ (1 -, 1)
N (wn —1)?
w2 — 2wy +2n —w; ! w2 — wp wn
N (wn —1)? :(wn_l)zzwn_l.

On the other hand since 2L, o = 2vn2—1=w, — a)n_l, we have

Sn,0 . wy +1 _ a),zl(a)n +1) . a),%
2Lpo  (I—oyY(on—wh)  (0n—D@2-1) (0,—1)?

So by (4-27) we indeed have s, .1, 0(Gn) = /Sn,0/2Ln,0 = wn/(wn —1). O

Proposition 4.19 Let k >0 and n > 2. Then

Sn,k
2L, '

k
1—‘Sn.ksLn,k (Ag,l?l-i-l) =
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Proof We have, freely using identities from Section 2.1,

k
A1 = (3((Hak + D1+ 1) + Hag + @n +2) Py — 1),

3 ((Hak = D) +1) + Haje + (2 +2) Py + 1):
WS (Pak 220 +3) = P), 3 (P (20 +3) = Pay2)))

= (%(”(H2k+1 + 1)+ 2Pk 11). 5 (n(Hog41 — 1) + 2Pog11):
W(nPag 42 + Hogyo,nPog + sz))-
Now we have S, x = (Pak+25n,0 — Pak)/(PakSn,0 — Pak—2) and Sp0 <2n +3

by Proposition 4.13, so since ¢ > (Ppg 4ot — Pox)/(Pxt — Pag—5) is an increasing
function (as can be seen from Proposition 2.1) it follows that

g Cin+1rk _ Parga(n+1)— Py
n.k < = .
dink Pop(n+1) — Pog—2

So S,k lies in the region on which I' (Aglz

v/n? —1 as in earlier proofs, we have

41) is linear. Abbreviating &, =

k
FSn,kaLn,k (Ag,r)l—}—l)

(nPax + Hor)Sn k
T (n(Hog1+ 1) +2Pog 1) + 3(n(Hog 41— 1) + 2Pog 1) Lk
(nPog + Hog) Sy k
F(nHpjy1 4+ 2Pog 1)Ly + 1) —3n(Ly g — 1)
(n +1) Pog1 +nHop4q
(n + 1) Pag—1 +nHog—

(nHogt1 +2Po41)((En + ) Hog +2nPog) —n(n —1)
Hop(§n + 1) +2nPyy — (60— 1)

(nPyg + Hyy)

Meanwhile,
2(&n + 1) Hog + 4n Py

Snk  Spxt+l (§n + 1) Pog—1 +nHop—y
2Ly 2(Lpx+1) 4(&, + 1) Hop + 8n Py

Hop(6n +1) +2n Py — (5 — 1)

Thus

k)
Us, woLni (A7 py1) _ 2(nPax + Ho)((6n + 1) Pogq1 +nHoppyq)
VSn /Ly k) (nHogq1 4+ 2Pog41)((En + 1) Ho +2nPy) —n(€p — 1)
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By expanding out both the numerator and the denominator, and twice using the identity
Hop Hyp 41 = 2P5j Pog 41 + 1, the above fraction simplifies to 1. a

Thus at the accumulation point S, x of each of our infinite staircases we have two
distinct classes —namely G, and Ay ,4+1 if K =0, and (2,2;2, 1X5) and AY;ZH
if k > 0 — which are not themselves involved in the infinite staircase for L, x, but
whose associated obstructions exactly match the volume bound at (S, x, L, x). The
following discussion will show that these classes lead the infinite staircase to disappear
when the aspect ratio 8 of the target polydisk is varied from L, ;. We leave the proof

of the following simple calculus exercise to the reader.

Proposition 4.20 Let a, b, ¢, d, to > 0 and suppose that c¢/(a + tob) = d//19.
Then

i[ ¢ _i}
dt la+tb ],

has the same sign as a — tob.

Corollary 4.21 Given n > 2 and k > 0 there is an € > 0 such that

k Sn.k
Ts, 6(A% ) > 2”5 for Lyg <B <Ly +e.
S
us, .p((2,2:2, 1)) > 2"; for Lyy—€ <P <Lyy if k>1,
Sn,k .
WSy x.8(Gn) > 2% for Lyj—e<pB<Lyy if k=0.

Thus for any choice of n and k we have

S
Cs(Sux) > 2"5" for 0 < |B—Lyx| <e.

Proof Ty, , s (A§12+1) and the various pg, , s(E) are, as functions of §, of the
form B+ c/(a + Bb), where a and b are the first two entries in the expression of
Agk,)l 41 0r E as (a,b;m). So by Propositions 4.19 and 4.20 the first statement follows
from the statement that a; 41 x > Ly kD1 n+1.k» Which holds by Lemma 4.7 and the
factthat L, 41 x > L, k. Similarly the second statement follows from Propositions 4.17
and 4.20 and the fact that 2 — 2L, x < 0. Finally the third statement follows from

Propositions 4.18 and 4.20 and the calculation

@n?—n—1>—L7 ;2n—1)*> = 2n*—n—1)>~(n*-1)2n—1)> = —2n+2<0. O
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Combining Corollary 4.21 with Proposition 4.15 and continuity considerations, we
see that if B is sufficiently close to but not equal to L, x then Cg is given on a
neighborhood Up of S, i as the maximum of a finite collection of obstruction func-
tions . g(E). In particular, for any given such §, only finitely many of the A(k)

influence Cg in this neighborhood. A bit more strongly, ¢; » x/dink —> Sn.k 1mphes
that for all but finitely many i it will hold that ¢; ,, x /d; » € Ug, and so we will have
Co(Cing/din k) > Keipic/dini.B (A( )) But, just as in the proof of Proposition 1.5,
this latter inequality implies that in fact Cg(a) > I}, ﬂ(A ) for all «. Thus for a
fixed B with 0 < |8 — L, x| < €, only finitely many of the T" /;(A )) ever coincide

with Cg. Similar remarks apply to the classes /T( ) discussed in the next section.

4.6 Additional obstructions

We will see now that the A4; , = A,
infinite staircase for Ln 0 =+~n . For each n > 2 define a sequence of integer

. are not the only classes that contribute to the

vectors w, n= (a, n,bz n,Cz no zn) by
W_ipn=m+1,-1,-1,2n+1), wWon=m—-1,1,2n—1,1),
Witon = (40> =2 Wit1.0 — Wi —(0,4n,4n + 4, 4n — 4).

Since it is clear from these recurrences that d; » , bi n, Ci,n and d; , are all nonnegative
for i > 0, we can then define a class

Ai,n = (&\i,na bi,m W(Ei,l’lv di,n))-

In terms of the a; », bi n, Cin,din from (4-12) one finds that

~ ~ 1

din = a2i+1,n—b2it1,n bin =b2it1n—" 53— (@2it1n—1)
(4-28) ne—

~ 1 ~ 1
Cin = b2ito2.n— m(a2i+l,n —1), dip=-bain+ n__H(a2i+l,n +1).
Using (4-12) one then finds that

azitin—1+

(4'29) di,n - b2i,n6i,n

2 —
T

n?—1

1 . ) .
4(n )((a)4l+2 ) + C()_4l 2) ( 2i —(1)’1_21)(6()31+2 —60;21_2))

_ (wn —
C 4n?-1)

—b2inb2iton

o
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which in particular implies that ged(¢; p, c?,n) = 1. Also, using (by a straightforward
induction argument) that

baivon—boin =2nbrit1,0 —2b2in =202 11,4,

one sees that
. ~ 1
Ci,n +di,n :b2i+2n b2ln + (2n_2a21+1 n) _2(all’l +b1 n)

Together with the fact that gcd(¢; 5, d,-,n) =1, this implies that A, i,» has Chern number 1
by [9, Lemma 1.2.6]. Moreover a routine computation shows 2a; ,b; n —Ci ndin = —1,
ie that /’l\i,n has self-intersection —1.

This suffices to show that /fi,n is quasiperfect and hence, as seen in Proposition 1.5,
that Cg(a) > I}, g (ff,-,n). We expect that the /T,-,n are all perfect, but we will neither
prove nor use this.

We record the following identities, each of which can be proven by a straightforward
but (in some cases) tedious calculation based on (4-12) and (4-28):

(4-30) C’1\1',ndi,n - di,nci,n = 2(ai+1,n - bi+1,n),
(4-31) Cindit1n—dinCivin = —2ain—Dbin),
(4-32) Cim(ain + V12 =1b; n) =i n(@in + Nn2—1b; ) = w, 1,

(4-33) C/l;i,n(ai—‘rl,n +vVn2—1bjy1,n) —dit1,0(Gin + V02— lgi,n) =w, !,
(4-34) 26 ndiy1.0Vn2 —1— @i+ Vn2 —1b; n)(ai+1 n+vVnZ2—1biy1,)
C()
*(’1—(1 + V2 —Daw, 2.
’/l —_—

(In each of our applications of these identities, the signs of the right-hand sides, not
their exact values, will be what is relevant.) Since a; , > b; , forall i > 0,n > 2, the
identities (4-30) and (4-31) show that

Ci,n Cin Ci+1,n
(4-35) ’ < =,
di,n di,n di-i—l,n
Now F cin/ds, n,\/nT(Al n) =Cin/(ain+~n?—1b; ) provides a lower bound for the
value of Cﬁ(a) atany o > ¢; »/dipn,and in partlcular ata =¢; n/d, ». However,
(4-32) shows that this lower bound for C/»2=1(Ci n/ d, .n) coming from A; ,, is smaller

than the lower bound 1%; , /4, ,,,v/n2— (A, n) coming from our new class A, n-
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Using (4-19) and the fact that a; , + Vn? — 1b; , = a)i , we have
(4-36) Cﬁ(a) > max{c; Wy, ,F J,T(Az n), dl-‘rl nwy, o 105}

for a € [¢in/din.Cit1,n/di+1,n].

Proposition 4.22 Denote the right-hand side of (4-36) by B; n(oz) Then for all
o €[cin/din,Cit1,n/di+1,n] We have

Ei,n (05) >

o
221

Thus, C ;>—y is strictly greater than the volume bound throughout the interval
[Ci,n/di,ns Ci+1,n/di+1,n]-

Proof We claim
. Ci
6) (cimwy")? >

2Vn? —1d;

& 2 & wz +1
(ii) ( i,n _ ) i,n
Zl\i,n‘l‘\/nz—lbi,n 2+/n? — dl+1n(azn+\/n - bzn)
To prove (i), first note that a routine computation shows that cl. n=(a2i+1,n—1)/(n—1),
and so (4-29) shows that

2 3 A
Ci,ndi,n = b2i,nci,n + 1.
Thus (i) is equivalent to the statement that

2vn2 =10, % (bainCin + 1) > Cin.

Since 2+/n? — 1by;, nw, <t =1-— 41 , this in turn is equivalent to the statement that
—Cinw,, —4i 4 23/n2 — low, 2i >0, ie that
(4-37) Cin <2vVn2 — 102
We find
~ 1 2i42 _ —2i-2 1 2i+1 —2i—1
; = — — - - _ 2 l
o= o T )T e )

w?! 2 [n+1 1 wy n+1
Wy _wn + + a)n
2 /n2 n— n—1 22 — n—1

}’l+ C() 2 —21 n+
ZVnz V- "
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I]’l+ n+2 —2i H’l+

<w?-— ni—/(inl =2 —1+2nvn2—1- n+ ( —24++vn?-1)

=2n2 =) —m+1)+2nvn2—1—(m—-2)

n+1
n_
<@2n?—4)+2nvn2—-1<4n*-1)

since n > 2. Thus

21
Cin < — e 4(n* — 1) =2Vn2 — 10>
S W "

proving (4-37) and hence proving claim (i) at the start of the proof.

As for claim (ii), that claim is equivalent to the statement that

a,n al+1n+ vn bl—Hn
ai,n+ Vnz_lbi,n 2v/n? — ldi 1,

But this latter inequality follows immediately from (4-34).

We now deduce the proposition from claims (i) and (ii). By definition §,-,n (@) >cinw, i
for all i, so claim (i) shows that

Bin(a) > a for all @ < &
in(@)> | ——— forall « .
o 2vnZ -1 din
Next let

Cz nwl-i-l

Oy =

di-H,n(ai,n +v/n?— lgi,n)‘

Then (4-33) implies that g > . /d;.n, and claim (ii) shows that

Cl n (o7)]

din + Vn? b,,, 22 =1

For all o € [(?,n/c?,n, ag] we then have

~
Ci,n

(044 o
> .
dip+~n?— b,n \/2«/n2—1_\/2\/n2—1

ln(a) i
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Finally, g was chosen to have the property that

~

Ci,n

ai,n +vVn?2— 1bi,n

—i—1
=dit1,n0, o,

so we have
—i—1 o
dit1p0,  a> |———— for a =, and hence also for all o > .
24/n% —1

But by definition, B\i,n (@) > dj+1,00," Lo for all . So we have shown that Ei,n (o)
is strictly greater than the volume bound vV «/2+/n2 —1 for all & in each of the three
intervals [¢j n/din,Cin/dinl, [Cin/din, o] and [0, ¢i41,n/di+1,n], completing the
proof. a

Applying Brahmagupta moves, one obtains quasiperfect classes //1\1(];) forall i, k>0

and n > 2. For k =0, sup; max{ly 1, , (Agﬁl)), To,L, 4 (/fl(.ﬁ?))} ex’ceeds the volume
bound for all « € J;[¢j n.k/dink.Ci+1.nk/di+1,nk] Dy Proposition 4.22. We suspect
that the same inequality holds for all k, and computer calculations following the same
strategy as those described at the end of Section 4.4 confirm that it holds whenever
n,k <100.

4.7 Connecting the staircases

The Frenkel-Miiller classes that were featured in Section 3 fit in to our collections of

(k)

A
,n

classes Al(’;) and . Specifically we have

k _ k
AF) = (L 21w 40, 1-0)
= (§(Hak + 1), 3(Hax — 1); W(Hag + Pag. Hog — Pa)) = FMpj_;

independently of n, and

— k
@38) A% = (22,250 we+1,2- )P

= (Hak + Pog. Hak + Pax: W3 Hog + 4Pog, Hyg)) = FMyg.
These are not the only ways of expressing the FM,,, as Al(kn) or /flq;);
since //1\0,3 =A12=02,1;/V5,1) =FM; = A&,)l, we can write

for instance,

k k k
(4-39) FMoi 41 = Afy V= A7) = AT
Theorem 1.6 shows that for o <3 + 24/2 we have

Cp(a) = sup{Irm, (o, B) |n € NU{—1}},
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and if B > 1 then Proposition 3.4 reduces this supremum to a maximum over a finite
set. Meanwhile, for the specific values B = L, x, (4-18) shows that
Cink

di,n,k

Cr,,(@)=TyL,, (Al(.kn)) for all o in a neighborhood of

We have seen that, at least for £ = 0 and likely for all k, the equality
k
Cp(e) =sup Ty 1, (A%
J

does not persist throughout the interval [c; , k/din k. Ci+1.nk/di+1,0k]; indeed,

Corollary 4.12 and Proposition 4.22 show that (again, at least for k = 0) there is
of the Aj(n) . However we conjecture that this is all that needs to be taken into account

a subinterval of this interval on which gives a stronger lower bound than do any

to fully describe our infinite staircase.

Conjecture 4.23 Let n > 2 and k > 0. Then for all o € [cop k/don ks Sn k] We
have

o0
k k
) = sup| Tt (4) | A € 145 A0
i=0

Let us compare the behavior of Cr, , on [co n k/don k- Sn k], as predicted by this
conjecture, to the behavior given by Theorem 1.6 on [1,3 + 2+/2]. First, notice that
since (4-39) gives

k
AL = Py = (3 (Hox + 1), L(Hag = 1) W(Parg1, Par—r)).

the left endpoint ¢, x/do n i of the interval given in Conjecture 4.23 is equal to
Pk +1/ Pag—1, which is less than 3 + 22 by Proposition 2.1. If n > 4, then we can

conclude that the first step in our infinite staircase for Cy, . coincides with the final

n.k
step in (what remains of) the Frenkel-Miiller staircase, since Proposition 4.14 shows
that in this case L, x € (b2, bak—1), which by Proposition 3.4 implies that the last
step remaining in the Frenkel-Miiller staircase is the one determined by FM,j_; . For
the case n = 3, since Agg = FM,j._1 and /’1\8]2 = FMj; 41 by (4-39), referring again
to Propositions 4.14 and 3.4 we see that the first two steps in the staircase described by
Conjecture 423 are I'. 1, (FMpx_1) and T 1, (FMpt 1 1), which coincide with the
last two steps of the Frenkel-Miiller staircase. Finally, in the case n = 2, we see that
Agg =FMy;_1, /Tf)k% = FM,; and Agk% = FM, 41, and so the first three steps in the
staircase from Conjecture 4.23 coincide with the last three steps of the Frenkel-Miiller
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staircase. In all cases Theorem 1.6 therefore implies that the formula in Conjecture 4.23
holds for all o € [co , k/don ks 3+ 24/2].
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