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Seifert surfaces for genus one hyperbolic knots
in the 3—sphere
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We prove that any collection of mutually disjoint and nonparallel genus one orientable
Seifert surfaces in the exterior of a hyperbolic knot in the 3—sphere has at most 5
components and that this bound is optimal.
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1 Introduction

Any knot K in the 3—sphere S3 bounds orientable Seifert surfaces S’ C S3, and the
smallest genus among such surfaces is the genus of K. For any minimal genus Seifert
surface S’ for K the once-punctured surface S = S’ N Xx C X is incompressible
in the exterior Xx = S3 \ int N(K) of K, with boundary slope the standard longitude
J =08 C Xk of K.

The knot K is hyperbolic if its complement S* \ K admits a complete hyperbolic
structure of finite volume, or equivalently, by Thurston’s work [17], if any properly
embedded annulus or closed torus in its exterior Xx is compressible or parallel to Xk ,
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in which case there are at most finitely many exceptional slopes r C dXg for which
the surgery manifold Xg (r) = Xgx Uy (S! x D?), where r bounds a meridian disk in
ST x D2, is not hyperbolic.

Regarding a question of K Motegi, of whether there is a universal bound on the number
of pieces in the JSJ decomposition of the surgery manifolds Xg (r) for hyperbolic knots
K C S?, the family of genus one hyperbolic knots is an interesting test case. In this
direction, Y Tsutsumi [19] proved that for r = J the exterior of any genus one hyper-
bolic knot in S3 contains at most 7 mutually disjoint and nonparallel genus one Seifert
surfaces, providing a potential bound for the number of pieces in the JSJ decomposition
of the surgery manifold Xg (J), and gave an example of a genus one hyperbolic knot
Ko C S* whose exterior contains three genus one Seifert surfaces that produce the JSJ
decomposition of Xk, (J) consisting of three pieces, one of them hyperbolic.

In this paper we establish the optimal bound of 5 for the number of genus one Seifert
surfaces in the exterior of any hyperbolic knot in S3.

Theorem 1 The exterior of any genus one hyperbolic knot in S* contains at most 5
mutually disjoint and nonparallel genus one Seifert surfaces.

We point out that replacing the once-punctured tori in Theorem 1 with nonisotopic
once-punctured Klein bottles of common boundary slope produces a similar bound
(see Theorem 1.1 of Valdez-Sanchez [20]).

Denote by T a collection of mutually disjoint and nonparallel once-punctured tori
properly embedded in the exterior Xx of a genus one hyperbolic knot K C S3. A
complementary region of T C Xk is the closure of a component of Xg \ T if T
separates Xg , and otherwise the manifold Xx cut along T. The collection T C X is
maximal if it has the largest possible number of components among all such collections
in Xg.

By Theorem 1, any maximal collection T has at most 5 components, and the next
result shows that the bound of 5 is achieved by infinitely many hyperbolic knots.

Theorem 2 There is a family of genus one hyperbolic knots

K = K(l)(P1341,P3,53,P6,Q6) cs’

parametrized by infinitely many choices for the integers p1, p3, Ps,qe¢ =2 and ¢y, 83 C
{Z£1} each of whose exterior X contains a maximal collection of 5 mutually disjoint

Algebraic € Geometric Topology, Volume 19 (2019)



Seifert surfaces for genus one hyperbolic knots in the 3—sphere 2153

and nonparallel once-punctured tori, such that the JSJ decomposition of Xk (J) consists
of 5 Seifert fiber spaces over the annulus with one singular fiber and any exceptional
surgery on K is an integral homology 3 —sphere.

All the complementary regions of T C Xk for the knots in Theorem 2 are genus two
handlebodies; in fact, in Lemma 4.1 we prove that for any collection T at most one
complementary region may not be a genus two handlebody, and if such a nonhandlebody
region is present then T has at most 4 components. Also, by Lemma 8.1 the property of
any exceptional surgery on K being an integral homology 3—sphere holds for arbitrary
hyperbolic knots with a 4— or 5S—component collection T in their exterior.

The paper is organized as follows. The proofs of the main results are given in Sections 4,
7 and 8, with Sections 2, 3, 5 and 6 containing supporting technical material.

The first approximation to Theorem 1 is given in Lemma 4.3, which states that any
collection T C Xk has at most 6 components. Its proof relies on certain features
of the complementary regions of a maximal collection T obtained by analyzing the
properties of the disk faces of the graphs of intersection produced by T and a Gabai
meridional planar surface for the knot. The complementary regions of T that are
handlebodies play a crucial role throughout the paper, and we model them by pairs
(H, J) consisting of a genus two handlebody H and a separating circle J C dH which
is nontrivial in A and stands for the longitudinal slope of K, and in particular by
simple pairs, which arise from boundary compressing an incompressible separating
once-punctured torus in a genus two handlebody. The basic properties of pairs needed
in the proof of Lemma 4.3 are presented earlier in Section 3.

In the case of a collection T with exactly 6 components we have that all complementary
regions are genus two handlebodies; disposing of this case requires a detailed analysis
of how these complementary regions fit together to form a knot exterior in S*, and to
this end we further develop the properties of pairs in Section 6, along with some useful
properties of once- and twice-punctured tori in knot exteriors given in Section 5 and
aimed at distinguishing satellite knots.

In Section 6.1 we show that any simple pair identifies a unique “core knot” of its
handlebody. The results of Sections 5 and 6 along with the classification of hyperbolic
knots with nonintegral toroidal surgeries — see Gordon and Luecke [9] — are then used
to establish a mechanism in Section 7.1 by which the “core knot” of a simple pair
complementary region of T can be identified as a hyperbolic Eudave—Mufioz knot,
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whose surgery properties lead to the construction in Section 7.2 of genus two Heegaard
splittings of S* associated to any 6—component collection T C Xg , with the knot K
embedded as a separating circle in the corresponding genus two Heegaard surface. The
picture obtained at this point is that of each complementary region of T being a simple
pair, with the collection of associated core knots “orbiting” around the knot K (see
Figure 12).

These Heegaard splittings are translated in Section 7.3 into Heegaard diagrams and
further into presentations of the fundamental group of the 3—manifold corresponding
to each splitting. Two nonequivalent families of Heegaard diagrams are obtained and
discussed in detail in Sections 7.4 and 7.5. A theorem of T Kaneto [15] on the structure
of the relators of a group presentation of 71 (S3) obtained from a genus two Heegaard
diagram provides the final contradiction that proves Theorem 1 at the end of Section 7.5.

Section 8 is devoted to the construction of the family of genus one hyperbolic knots
KD (p1.q1, p3.83, pe.qe) CS> with exterior containing a 5—component collection T
and the proof of Theorem 2. These examples are constructed by adapting some of
the Heegaard splittings obtained in Section 7 so as to produce the manifold S and
using a criterion from Lemma 8.1 to establish their hyperbolicity, a strategy that also
allows the construction of examples of hyperbolic knots with maximal 4—component
collections T.

Interestingly, for the examples of knots where T has 5 components, in Lemma 8.3 we
prove that the “core knot” of at least one of the complementary regions is a hyperbolic
Eudave-Muiioz knot, while conversely E Ramirez-Losada (personal communication)
has independently constructed infinite families of hyperbolic knots that bound 5 genus
one Seifert surfaces starting from a tangle decomposition whose double branched cover
is a hyperbolic Eudave—Mufioz knot.

Acknowledgements

The author is grateful to E Ramirez-Losada for bringing Tsutsumi’s paper [19] to
his attention and for many helpful discussions, and to the referees for their many
suggestions which greatly improved the original text.

2 Preliminaries

We work in the PL category. Standard definitions, constructions and results of 3—
manifold topology can be found in [10; 11], and information on JSJ decompositions of
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3-manifolds in [11; 13; 14]. If A is a set or a space then |A| denotes its cardinality or
the number of its connected components.

Unless otherwise stated, all manifolds are assumed to be compact and orientable, and
submanifolds to be properly embedded. If 4 is a submanifold of a manifold M then
N(A), int(A), cl(A4) and fr(A4) denote its regular neighborhood, interior, closure and
frontier in M, respectively; the components of dA4 are denoted by d; 4,9, A4, ...,0;A.
Any two submanifolds can be isotoped so as to intersect minimally, that is, transversely
and in the smallest possible number of components.

For circles o and § in a surface S, « is nontrivial if it does not bound a disk in the
surface, the isotopy class of « in the surface is called its slope (relative to the surface),
A(a, B) denotes their minimal geometric intersection number and « - 8 their integral
algebraic intersection number whenever the surface S is orientable.

Let S be a surface in a 3—manifold M which is not a disk or 2—sphere. The surface S
is compressible if some nontrivial circle in .S bounds a disk in M, called a compression
disk for S'; otherwise S is incompressible. Such a surface S is boundary compressible
in M if there is an arc « in S which is not boundary parallel and an arc § in dIM
with S NS = do and not parallel in dM into S such that the circle « U 8 bounds
a disk in M with interior disjoint from S'; otherwise S is boundary incompressible.
The surface S is essential in M if it is incompressible, boundary incompressible and
not parallel to any component of M.

A 3—manifold M is irreducible if every 2—sphere in M bounds a 3—ball, and bound-
ary irreducible if dM is an incompressible surface in M ; M is atoroidal if any
incompressible torus in M is parallel to dM, and toroidal otherwise. For A C M
a 1-submanifold, M (A) denotes the 3—manifold obtained by attaching 2—handles
to M along the components of A and capping off any resulting 2—sphere boundary
components with 3-balls. If S is a surface in M with 4S5 # &, S denotes the surface
in M (0S) obtained by capping off the circles d.S with disjoint disks in M (3S). We
denote by M |S the manifold cl[M \ N(S)] C M obtained by cutting M along S.

If K CS3 is aknot with exterior Xx C S* then the slopes in dXx correspond
homologically to circles in dXg of the form pu + gA, where p, g € Z are relatively
prime integers and p and A are a standard meridian—longitude pair of K; we also say
that pp+gA has slope p/q € QU{oo}, with oo corresponding to the slope 1/0 of 1
thus a slope r C 0Xk is integral if and only if A(r, u) = 1. The knot K is simple if
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its exterior Xg 1is atoroidal, and a satellite knot otherwise; by [17] a simple knot is
either a torus knot or a hyperbolic knot.

S(ny,...,ny) denotes a Seifert fiber space over the surface S with k > 1 singular
fibers of indices n; > 2. Usually S will be the 2—sphere S?, the disk D? or the
annulus A%. We write S(x, ..., *) when the specific values of the n; are not relevant.
We use L, with p > 0, to denote a lens space with fundamental group Z/pZ, so
Lo=S'xS?and L, =S3.

2.1 Graphs of intersection

Let M be an irreducible 3—manifold with boundary and P and Q compact surfaces
(orientable or not) properly embedded in M. After isotoping P in M so as to intersect
QO minimally, each component of dP intersects each component of dQ minimally
in M and no circle component of P N Q is trivial in both P and Q.

Wecall Gp=PNQ CPand Gg=PNQ C Q the graphs of intersection between
P and Q, where we take the boundary circles of, say, P, as the fat vertices of Gp and
the arc components of P N Q as the edges of Gp.

If F is aface of Gp then each boundary component of F which is not a circle in PN Q
is an alternating union of edges of Gp and arcs in M ; F is a k—sided face if its
boundary contains a total of k edges.

A disk face D of Gp is trivial if it is 1-sided. An edge of Gp is trivial if it is part of
a trivial disk face of G p, and essential otherwise. The graph Gp is essential if it has
no trivial edges.

The faces of the graphs of Gp and G can be used to find information about the
complementary regions of P or Q in M ; we have for instance the following well-
known facts:

Lemma 2.1 (1) If P is boundary incompressible then the graph G ¢ is essential.
(2) If P is incompressible then any circle component of P N Q is nontrivial in Q.

(3) Suppose that P is a separating surface. Let R be the closure of some component
of M\ P and D a k—sided disk face of Gg properly embedded in R. If the
graph G p is essential then dD intersects 0P C dR minimally in 2k points; in
particular, D is a compression disk for dR in R. |
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2.2 Essential surfaces in knot exteriors

Let K be a nontrivial knot in S3 and P an essential surface (not necessarily orientable
nor connected) in the exterior Xx C S® of K with boundary slope r # 1, where
1 C 0Xk is the meridional slope of K.

In this context, using thin position, D Gabai proved in [7] the following result:

Lemma 2.2 [7, Lemma 4.4] There is a planar surface Q C Xk with meridional
boundary slope which intersects P minimally so that each arc component of P N Q is
essential in P and Q and each circle component of P N Q is essential in Q. a

We call the surface Q in the above lemma a Gabai meridional planar surface for P.

2.3 Planar graphs

A planar graph is a graph in a many-punctured 2—sphere Q C S?.

Let G be a planar graph consisting of a set V' of vertices and a set E of edges.
For convenience, we also denote by V and E the cardinalities of the sets V' and E,
respectively, and by d the number of disk faces of G; we thus have the Euler relation
E<V+4+d-2.

A bigon is a 2—sided disk face of G. A graph without bigons is called reduced.
We denote by G the reduced graph of G obtained by amalgamating each maximal
collection of mutually parallel edges of G into a single edge. Thus each edge & of G
corresponds to some collection of mutually parallel edges ey, ..., e, of G, in which
case we say that e has size |e] = k.

Following [21], we will say that a component I' of G is extremal if T" is contained in
adisk D C S? which is disjoint from G'\ I', and that a vertex v is an interior vertex of
the extremal component I" if v is a vertex in I' and there is no arc in D that connects
v to dD and whose interior is disjoint from I". Notice that any graph G has at least
one extremal component, and that any face of G which is incident to an interior vertex
of an extremal component is a disk.

Lemma 2.3 If G is a reduced essential planar graph such that each vertex has degree
at least 3 then

(1) any extremal component of G has at least one interior vertex,

(2) ifno disk face of G is 3—sided or 5—sided then G has vertices of degree 3 and
4 —sided disk faces.
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Proof Part (1) is the content of [21, Lemma 3.2]. For part (2), let k be the smallest
degree of the vertices of G and / the smallest number of edges around a disk face of G.
By hypothesis we have that £ > 3 and / =4 or [/ > 6, and from Euler’s relation for G
that kV <2FE <2V 42d—4 and ld <2F <2V +2d—4. Therefore (k—2)V <2d and
(I—2)d <2V, which implies that (k—2)(/—2) <4 and hence that k =3 and / =4. O

3 Genus two handlebodies and pairs

In this section we present several properties of circles in the boundary of a genus two
solid handlebody H and their relations to annuli and once-punctured tori in H, and
introduce the notion of a pair (H, J).

3.1 Companion annuli and power circles in genus two handlebodies

Let M be a 3—manifold with boundary and y C dM a circle which is nontrivial in M.
We say that a separating annulus A properly embedded in M is a companion annulus
of y if A is not parallel into dM and the circle components of d4 cobound an annulus
Ay, COM with core isotopic to y in dM. If the region cobounded by A4 and A4, in M
is a solid torus V, we say that V is a companion solid torus of y in M and denote the
components of M|A by M4 and V.

The following result gives conditions for the uniqueness in M of circles in dM that
have companion annuli:

Lemma 3.1 Let M be an irreducible 3-manifold with boundary and y C oM a
separating circle that is nontrivial in M such that oM = T U, F, where T C OM is
a once-punctured torus. Then Ty is incompressible in M and there is, up to isotopy, at
most one circle in Ty which has a companion annulus in M.

Proof Any compression of 7 in M yields a disk in M bounded by y, contradicting
the nontriviality of the circle y; therefore 77 is incompressible in M.

Suppose that a and b are nontrivial circles in 77 with incompressible companion
annuli A, B C H, respectively. Isotope 4 and B so as to intersect minimally, keeping
d(AU B) C Ty, and suppose that 04 N dB # &. Since 7] is a once-punctured torus,
each component 9d; A intersects each component d; B in A(9; A,0; B) = [0; A-0; B|
points; therefore the parity rule in [16, Lemma 2.2] applies and so any arc of AN B
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has opposite parities with respect to 4 and B. In particular, some arc ¢ of AN B is
positive in, say, 4, and negative in B thus c is boundary parallel in A4, essential in B,
and may be assumed to be outermost in A, hence to cobound with d4 a boundary
compression disk D C A for B. Boundary compressing B along D produces a disk £
properly embedded in M with 0E C T a nontrivial (separating) circle, contradicting
the incompressibility of 77 . Therefore dA and 0B are disjoint in 7%, so @ and b are
isotopic in 77 . ad

We now show that each boundary component of an “essential” annulus in a handlebody
is always a nonseparating circle.

Lemma 3.2 If H is a handlebody of genus at least two and A C H is an incom-
pressible and not boundary parallel annulus then there is a nontrivial disk E C H
disjoint from A, with A and E both separating or both nonseparating in H and each
component of dA a nonseparating circle in dH.

Proof Boundary compressing the annulus 4 in H yields a properly embedded
nontrivial disk £ C H homologous to A which can be isotoped away from A. Thus
A and E are both separating or both nonseparating in H and A4 is isotopic to an
annulus constructed by adding a band in dH to E along some arc o C dH with both
endpoints on the same side of dE and otherwise disjoint and not parallel into J0F,
so the disk £ must be nontrivial in . As H has genus at least 2, there is a circle
B C 0H \ 0E which intersects @ minimally in one point, which implies that each
boundary component of 04 is a nonseparating circle in dH. |

Let y,y’ C dH be mutually disjoint and nonparallel circles. We say that

e y is a primitive circle in H if y represents a primitive element in the free group
1 (H); geometrically, this is equivalent to the presence of a disk in H which
intersects ¥ minimally in one point;

e y isapower circle in H if y represents a nontrivial power in 1 (H), that is, if
y represents a power p > 2 of some nontrivial element in 1 (H) (eg the circle
L in the handlebody H; of Figure 5, left);

e v,y C 0H are coannular if they cobound an annulus in H, and separated if
there is a separating nontrivial disk (a waist disk) in H separating y and y’;
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e v,y COH are basic circles in H if they represent a basis of the group 7y (H)
(relative to some basepoint), in which case, by the 2—handle addition theorem
[12; 2] applied to Y’ C dH \ y, y and y’ must be separated circles (eg the
circles a); and w3 in the handlebody R; 3 of Figure 16, top).

The concepts above are related to Casson and Gordon’s discussion in [2] of roots in the
fundamental group of a compression body. The following lemmas present the results
we need here in the context of genus two handlebodies and through the properties of
companion annuli, which will become increasingly relevant in the sequel.

Lemma 3.3 Let H be a genus two handlebody and y C dH a circle which is nontrivial
in H. Then

(1) the surtace dH \ y compresses in H if and only if y is a primitive or a power
circle in H, in which case

(a) 0H \ y compresses along a waist disk Dy, C H which cuts H into two
solid tori V, V' C H with y C dV,

(b) dH \ y compresses along a nonseparating disk in H, which is unique up to
isotopy;

(2) y has a companion annulus in H if and only if y is a power circle in H, in
which case y represents a nontrivial power of some primitive element of w1(H);
more precisely,

(a) the companion annulus A of y is unique up to isotopy and cobounds with
dH a companion solid torus of y, of whose core y represents a nontrivial
power in 71 (H),

(b) H|A consists of a genus two handlebody H4 and a solid torus, and the core
of A is a primitive circle in Hy.

Proof That dH \ y compresses in H if and only if y is a primitive or a power circle
in H, and that y has a companion annulus in H if and only if y is a power circle
in H, follow from [20, Lemma 5.2].

Suppose that D C H is a compression disk for dH\y . If D C dH\y is a nonseparating
circle then there is a circle « C dH \ y which intersects dD transversely in one point,
hence D is nonseparating and the waist disk Dy, = fr N(D Ua) C H is a compression
disk for dH \ y which cuts H into two solid tori V, V' C H with, say, y C V, so
(1)(a) and the first part of (2) hold.
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If 0D C 0H \ y is a separating circle then we can take Dy, = D as the waist disk
for H in the above argument, so that H =V Up, V' with y C 9V, whence 0H \ y
compresses along some meridian disk D’ of the solid torus V’, which is nonseparating
in H. It is not hard to see that D’ is unique in H up to isotopy, so (1)(b) holds.

In (2), any companion annulus 4 of y can be isotoped away from D’ and into the
solid torus H|D’, so the uniqueness of A and the fact that it cobounds with 0H a
companion solid torus of y follow from the uniqueness of D’. Since H =V Up, V'
and y C dV, A may also be isotoped in H away from D,, so that A C V runs
p > 2 times around V, whence y represents the p™ power of the core circle of V,
which is primitive in 71 (H). We also have the decomposition V|4 = V; Uy V> for
some solid tori Vi, V, C V with y C V] and A4 C 0V, running once around V,; as
H4=V,Up, V', it follows that Hy is a genus two handlebody and that the core of
A C dV;, is isotopic to the core of V,, which is primitive in H4. Therefore (2) holds. O

In light of Lemma 3.3(2),

e we will say that a circle y C dH is a power p circle for some integer p > 2 if
y is a power circle in H that represents the power p of some primitive element
of m1(H), or, equivalently, if y runs p times around its companion solid torus
in H;

e we extend this notation so that a circle y C dH is a power p = 1 circle if and
only if y is a primitive circle in H.

Regarding separated or coannular circles we have the following result:

Lemma 34 Let y,y’ C dH be disjoint and nonparallel circles in 0H which are
nontrivial in a genus two handlebody H, and let S = 0H \ (y Uy’) C 0H. Then S has
at most one compression disk in H up to isotopy, and the following conditions hold:

(1) The surface S compresses in H along a separating disk if and only if y and y’
are separated in H, in which case each circle y and y’ is a primitive or power
circle in H.

(2) The surface S compresses in H along a nonseparating disk if and only if y and
y’ are coannular circles in H, in which case y and y’ are both primitive or both
power circles in H.

(3) If y is a primitive or power circle and y’ is a power circle then S compresses
in H along a separating disk.
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(4) If y and y' are coannular in H and D is the nonseparating compression disk
for S, then
(a) up to isotopy, the annulus bounded by y LIy’ is unique in H when y is a
primitive circle, and there are exactly two such annuli when y is a power
circle;
(b) if y is a power circle with companion annulus B C H then B can be
isotoped into H|D, in which case y’ and the core circle yg of B are
coannular and primitive in the genus two handlebody Hp C H|B.

Proof If the circles y and y’ are separated by a waist disk D C H then D is a
compression disk for S in H. If y and y’ cobound an annulus A C H then, by
Lemma 3.2, each circle y and y’ is nonseparating in dH, so A is nonseparating and
there is a nonseparating disk £ C H disjoint from A, which is then a compression
disk for S. In either case the surfaces dH \ y and dH \ y’ compress in H and so by
Lemma 3.3 each circle y and y’ is a primitive or a power circle in H, and it is not
hard to see that D and E are unique up to isotopy.

Since the circles y and y’ are not parallel in dH, if S compresses in H along a
separating disk D C H then y and y’ are separated by D in H ; thus (2) holds.

If y is a primitive or power circle and )’ is a power circle in H then, by Lemma 3.3(1),
the surface F = 0H \ y compresses in H and contains y’; since, by Lemma 3.3(2),
if B’ and V’ are the companion annulus and solid torus of ’ then the manifold
H(y') = Hp(y") Uz V’(y’) is a connected sum of a solid torus and a lens space, it
follows by the 2—handle addition theorem that the surface S = F \ y’ compresses
in H. Thus (3) holds.

Suppose now that there is a nonseparating compression disk D C H for S. Then
H|D is a solid torus with y Uy’ C d(H|D), so the closures of the components of
d(H|D)\ (y Uy’) are two annuli 4 and A’ and so y and y’ are coannular in H|D,
hence in H. Thus (1) holds.

Let A C H be any properly embedded annulus with boundary y LI y’. By Lemma 3.2,
the annulus A is incompressible and nonseparating in H, so S compresses in H along
a unique nonseparating disk D C H disjoint from A; therefore A lies in the solid
torus H|D and hence it is parallel to 4 or A" in H|D.

Let p > 1 be the number of times that y runs around H|D, so that y is a power p
circlein H. If p =1 then A and A’ are parallel in H|D and so, up to isotopy, A is
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the unique annulus in H cobounded by y and y’. If p > 2 then A and A’ are not
parallel in H|D and so there are two possible such annuli A.

Now, if p > 2 and B C H is the companion annulus of y then B can be isotoped so
as to intersect D minimally and hence, by a standard innermost—outermost intersection
argument, to be disjoint from D. Since the circles y and y’ are not parallel in dH,
necessarily the core circle yg of B and y’ are not parallel in the genus two handlebody
Hp C H|B. Therefore, by Lemma 3.3(2), yp is a primitive circle in Hpg, and by
part (2) the circles y’ and yp are coannular in Hg. Thus (4) holds. O

The following result gives conditions for the manifold obtained by attaching one or
two solid tori to a genus two handlebody to be a handlebody.

Lemma 3.5 Let H be a genus two handlebody and y,y’ C dH a pair of disjoint
circles.

(1) If M = HU,, V is a manifold obtained by gluing a solid torus V to H along
an annular neighborhood A = dH N dV of y such that A runs at least twice
around V, then M is a genus two handlebody if and only if y is a primitive
circle in H.

(2) If M =V Uy, HU, V' is a manifold obtained by gluing solid tori V and V' to
H along disjoint annular neighborhoods A = dH NdV and A’ = dH NV’ of
y and y’, respectively, where each annulus A and A’ runs at least twice around
V and V', respectively, then M is a genus two handlebody if and only if y and
y' are basic circles in H.

Proof For part (1), if M is a genus two handlebody then by Lemma 3.3 the annulus
A C M is a companion annulus of some power circle in dM, so by Lemma 3.3(2)(b)
the circle y is primitive in H. Conversely, if y C dH is primitive in H then by
Lemma 3.3 there is a waist disk of H disjoint from y which cuts A into solid tori W
and W’ with y C W a circle that runs once around W ; therefore ¥V Uy W is a solid
torus, so M =V Uy (WUp, W)= (VU4 W)Up, W' is a genus two handlebody.

For part (2), if M is a genus two handlebody then 4 and A" are companion annuli
of some disjoint power circles @ and &’ in dM, respectively; since 4 and A’ are
disjoint, by [20, Lemma 5.1] the circles « and o’ are not mutually parallel in dM.
Therefore, by Lemma 3.4(1), (3), the circles « and «’ are separated in M by some
waist disk D C M, which can be isotoped in M to be disjoint from A LI A" to become
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a separating disk for y,y’ C dH. The argument for part (1) now shows that y and y’
are primitive and hence basic circles in H. The converse follows in a similar way. O

3.2 Pairs

A pair (H, J) consists of a genus two handlebody H and a separating circle J C dH
which is nontrivial in H. If (H,J) is a pair then the closures 77 and T, of the
components of dH \ J are once-punctured tori with 07y =J =0T, and 0H =T U T;,.

A pair (H,J) is

o trivial if it is homeomorphic to the pair (77 x 1, 0Ty x{0}) with T} corresponding
to 77 x {0};

e minimal if any once-punctured torus 7" in H with 07 = J is parallel to 7}
or T, so in particular any trivial pair is minimal;

e if w; C T; is a power circle in H with companion annulus A; C H, where
the circles d4; cobound an annulus A4; C T;, then isotoping (7; \ A4}) U 4;
slightly off 7; produces a once-punctured torus 7} properly embedded in H
with 07} = J, and we say that T is the once-punctured torus in H induced by
the power circle w; .

The next result establishes the uniqueness of power circles in a couple of related
situations.

Lemma 3.6 Let H be a genus two handlebody and y C dH a nontrivial circle in H.

(1) If y separates 0H into once-punctured tori Ty and T,, then each T; is incom-
pressible in H and contains, up to isotopy, at most one power circle.

(2) If the circle y is nonseparating in dH and neither a primitive nor power circle
in H then any two circles in 0H \ y which are power circles in H are isotopic
in the torus dH(y).

Proof Part (1) follows from Lemma 3.1. For part (2), by Lemma 3.3(1) the surface
dH \ y is incompressible in H, hence by the 2-handle addition theorem the manifold
H(y) is irreducible with incompressible torus boundary. So if a,b C dH \ y are any
power circles in H with corresponding companion annuli A, B C H then the annuli
A and B are essential in H(y) and so, by an argument similar to the one used in the
proof of Lemma 3.1, their minimal intersection A N B must be empty, whence a and b
are isotopic in dH (y). |
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It follows from Lemma 3.6(1) that the once-punctured torus induced by a power circle
in T; C 0H is unique up to isotopy. We will say that a pair (H, J) is simple if, for
some {i, j} ={1,2}, T} is parallel in H to the once-punctured torus induced by some
power circle in 7;.

We will see below that the pair (H, J) in Figure 9, top, is simple.

The next result establishes several basic facts about pairs.

Lemma 3.7 Let (H, J) be apairwith0H =T,U T, and T C H any once-punctured
torus with 0T = J. Then

(1) H(J) is an irreducible manifold with incompressible boundary f”l L fz;

(2) T isincompressible and separates H into two components whose closure are
genus two handlebodies Hy and H, with 0H; =T Uy T;;

(3) T boundary compresses in H towards some T;, in which case the pair (H;, J)
is either trivial or simple;

(4) the pair (H, J) is trivial if and only if H(J) ~ ]A“l x 1.

Proof By Lemma 3.6, 77 and T, are incompressible in H and hence (1) holds by
the 2—handle addition theorem. Similarly, 7" is incompressible in H. Since H can be
embedded in S3, the closed surface 7" U T} is orientable and separates S3, hence T
separates H into two components whose closures Hy, H, C H satisfy H = HiUt H,.
That H; and H, are handlebodies follows now as in [19, Lemma 2.3].

Suppose now for definiteness that 7" boundary compresses in H towards 77 . Then
T boundary compresses into an annulus A C H with dA nonseparating circles in 7}
that cobound an annulus 4; C 7. The once-punctured torus 7" can be recovered by
adding a band to the annulus A along an arc in 77 with one endpoint in d; A and the
other in d, A4, thatis, T is parallel in H to the once-punctured torus (77 \ A1) U 4.
If A is parallel to 4 then T is parallel to 77, so H; ~ T7 x I and hence the pair
(Hy, J) is trivial. If A4 is not parallel to A; then A is a companion annulus of the
core circle w; of A;, in which case, by Lemma 3.3(2), the circle w; is a power p > 2
circle in H, which implies that T is parallel in H; to the once-punctured torus in H;
induced by the power circle wy C T7. Thus (3) holds.

For part (4), if H(J) is homeomorphic to T 1 x I then J is the boundary of the cocore
disk for some tunnel arc ¢ of fl x I. As H is a handlebody, by [6, Lemma 1.1] the
arc ¢ is isotopic in YA“I x I to a vertical arc {x} x I and so (H, J) is homeomorphic to
the trivial pair (77 x I, d7T7). The converse follows by definition of trivial pair. |
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Figure 1: The genus two handlebody F x I.

We now construct a special family of pairs described in [19, Section 4]. Let F
be a once-punctured torus and o1,y C F properly embedded circles that intersect
transversely in one point. The manifold F x [ is a genus 2 handlebody with boundary
(F x{0}) U ((0F) x I) U (F x {1}), and the circles y; = a1 x {0} C F x {0} and
¥y, = ap X {1} C F x {1} form a basis of the rank two free group ;1 (F x I). We
denote by J the separating circle (0F) x {%} C d(F x I). Figure 1 shows the 4-tuple
(Fx1,J,y1,y) up to homeomorphism.

Let H be the manifold obtained by gluing solid tori V; and V, to F x I along annular
regular neighborhoods of the circles y; and y;, respectively, so that y; is the fiber of a
fibration of type (a;, p;) in V; for some p; > 1 (whence y; runs p; times around V;).
By Lemma 3.5(2), H is a genus two handlebody.

We will call a pair (H, J) constructed as above a pair of type (a1, p1;as, p2), or in
short of type (p1, p>); clearly, any pair of type (p1, p2) is also of type (p2, p1).

Remarks 3.8 (1) A pair is trivial if and only if it is of type (1, 1).

(2) A pair is simple if and only if it is of type (p, 1) or (1, p) for some p > 2 (see
Figure 9, top).
For, if (H,J) isa (p.1) pair with H = (Fx 1)UV, and J = (0F) x {3} as
above, then the core wy C T} of the annulus 0V \ (F x {0}) is a power p > 2
circle in H with companion annulus dV; N (F x {0}); thus the once-punctured
torus 77 induced by @y C T} in H can be identified with F x {0}, which is
parallel to 7, = F x {1} in H, whence the pair (H, J) is simple. Conversely, if
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(H, J) is simple then we may assume that there is a circle w; C 77 which is a
power p > 2 circle in H, with companion annulus A C H and companion solid
torus V' C H, such that 7} is parallel in H to the once-punctured torus 7| C H
induced by w; . Thus the region in H cobounded by 7| and T’ is homeomorphic
to T, x [0, 1], with T, corresponding to 75 x {0}, T} to T x {1}, and J to the
circle (073) x{0}; as H is homeomorphic to the handlebody obtained by adding
the companion solid torus V' of w; to the core of the annulus A C T, x {1}, by
definition (H, J) isa (p, 1) pair.

(3) A pair of type (p1, p2) with py, p» = 2 will be called a double pair.
The following result summarizes the content of Lemmas 4.2, 4.3 and 4.4 of [19].

Lemma 3.9 [19] For any pair (H, J),
(1) if (H,J) is simple then it is minimal;

(2) H contains at most two once-punctured tori with boundary slope J which are
mutually disjoint and nonparallel, and not parallel into 0H. a

In light of Lemma 3.9, we will say that a pair (H, J) is maximal if H contains two
disjoint, mutually nonparallel once-punctured tori 77, T;, C H with boundary slope J
which are not parallel to 77 or T5.

In such a case, by Lemma 3.7, T 1/ urT. 2’ cuts H into handlebodies Hy, H; and H, with
0Hy =T,UT, and H = H, Ury Ho Uty H>. The following result is an immediate
consequence of Lemmas 3.7(3) and 3.9(1).

Corollary 3.10 If (H,J) is a maximal pair with H = H, Ury Hy Ur; H, then the
pairs (Hy, J) and (H,, J) are simple. a

The construction of maximal pairs will be discussed in more detail in Remarks 7.7.
The last result of this section provides a useful classification of trivial or simple pairs.

Lemma 3.11 A pair (H, J) is of type (1, p) for some p > 1 if and only if there is a
disk in H which intersects J minimally in 2 points.

Proof Suppose that (H,J) is a (1, p) pair obtained from the pair (F x I, J) in
Figure 1 by gluing a solid torus V5 along the circle y, C d(F x I), so that y, runs p
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Figure 2: The circle §; C T;.

times around V5. Then the disk D{ C F x I shown in Figure 1 is properly embedded
in H and intersects J C 0 minimally in 2 points.

Conversely, suppose D C H is a nontrivial disk which intersects J C dH minimally
in 2 points, and let 0H = T7 Uy T,. Then, for each i = 1,2, a; = T; N dD is a
nontrivial — hence nonseparating— arc in 7;, and so D is a nonseparating disk in H.

Let f; be the core circle of the annulus obtained by cutting 7; along the arc o; C T;.
Then B; and B, are disjoint from the circle D = oy U &5, and hence from D, so by
Lemma 3.4 the circles §; and B, are coannular power p > 1 circles in H. We also
let §; C T be any circle that intersects the arc «; C 77 and the circle 8; C T each
transversely in one point, so that §; is primitive in H. The situation is represented in
Figure 2.

If p > 2 then by Lemma 3.4(4) the power circle 8, has a companion annulus B C H
and companion solid torus Vz C H disjoint from D, with core circle 8, C B such that
B, and B are coannular and primitive circles in the genus two handlebody Hp C H|B.

If p>2,welet H = Hp, and, if p =1, we set H' = H. Thus H’ is a genus two
handlebody with J, 81, 85.8; C 0H' and D C H’, where D intersects J minimally
in two points and is disjoint from the coannular primitive circles B, 8, C dH'.

Now, the disk D’ =fr N(§; UD) C H' is a waist disk of H’ that separates the primitive
circles 8y, 8, C 0H' and intersects J C dH’ minimally in 4 points. Therefore the
4—tuple (H', J, 8y, B5) is homeomorphic to the 4—tuple (F x I, J, y1,y2) of Figure 1;
since H= H’ for p=1and H = H'Upg Vg for p > 2, it follows that the pair (H, J)
is of type (1, p). O

Algebraic € Geometric Topology, Volume 19 (2019)



Seifert surfaces for genus one hyperbolic knots in the 3—sphere 2169

T

T;'-i—l Tn

Figure 3: The once-punctured tori 7; C Xk .

4 Genus one hyperbolic knots in S*

In this section we assume that K C S? is a genus one hyperbolic knot and T =
Ty U---U Ty acollection of N = |T| > 1 mutually disjoint and nonparallel once-
punctured tori properly embedded in Xx with boundary slope the longitude J of K,
where the 7; are labeled consecutively around dN (K) following some fixed orientation
of the meridian slope u C dN(K), as in Figure 3.

4.1 Complementary regions of T C Xg

Forany 1 <i, j <N with i # j denote by R; j C Xk the region cobounded by T;
and T; that contains the oriented arc of p with ;N 97; as initial point and © N 97; as
terminal point (see Figure 3), so that R; j N R;j; =T;UT; and Xg = R; jUR; ;. For
i =j welet R;; =cl[Xg \ N(T;)] be the manifold obtained by cutting X along 7;.

Since the surface T is essential in X , by Lemma 2.2 there is a Gabai meridional planar
surface Q for T which intersects T minimally in essential graphs Gg = ONT C Q
and Gt = OQNT C T such that each circle component of Q N'T is essential in Q.
We denote the subgraph Q N (T3, U---UT;,. ) C Q of Gg by GiQ1 """ e

The next result establishes connections between properties of the graph G and the
regions R; ;.
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Lemma 4.1 Each boundary cycle of any face of G has an even number of edges,
and for any i and j either R; j is a genus two handlebody or an atoroidal irreducible
and boundary irreducible manifold. In particular, the following regions are genus two
handlebodies:

(1) at least one of the regions R;,j or R;; forany i # j;
(2) any region R; ; that contains a disk face of GiQ’j (with 7 = j allowed);

(3) any region R;;y if Gg is connected or each vertex of GQ has degree at
least 3, and if some region R; ;4 is not a handlebody then |T| < 4 and any
other region R; ;1 is a handlebody.

Proof That each boundary cycle of any face of G is even-sided follows from the
fact that each component 7; of T has one boundary component. As K is a hyperbolic
knot, its exterior Xg C S3 is irreducible and atoroidal, and since 7; and T; are
incompressible in Xk each region R; ; is irreducible and atoroidal too.

Since the boundary slope J of 7; and T is a longitude of K, in S? the surfaces dR;, j
and dR; ; for i # j or dR;; and ON(T;) for i = j are mutually parallel and hence
compressible. If, say, 0R; j compresses in R; ; then the maximal compression body
W of dR; j in R;; with 04+ W =0R; ;j (see [1]) is nontrivial and so either 0_W = &
or d_W is a collection of incompressible closed tori in R; j. As T; and 7 are
incompressible surfaces in X , any torus component of d— W must be incompressible
in Xk, contradicting the hyperbolicity of K; therefore 0_W =@,so W =R, j isa
genus two handlebody, and so (1) holds.

Part (2) follows now from Lemma 2.1 and the argument above. If G ¢ is connected then
all its faces are disks, while if each vertex of the reduced graph (_?Q has degree at least 3
then by Lemma 2.3 any extremal component of (_?Q has an interior vertex vg, whence
all faces of G ¢ incident to vo must be disks; in either case we have that necessarily
each region R; ;1 contains a disk face of G, so the first part of (3) follows from (2),
and the second part is now a consequence of (1) and Lemma 3.9(2). |

Lemma 4.2 If for some i # j the region R; ; contains a bigon disk face of GiQ’j
then R; ; is a handlebody and the pair (R; ;. J) is simple. In particular, |e| < 2 for
each edge e of GQ.

Proof Suppose that D C R; ; is a bigon face of Go ; in particular, D may be the
bigon disk face D in G cobounded by the outermost edges ¢; C 7; and e; C Tj of
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some edge ¢ = {e;,€;41....,¢ej} of (_?Q with |e| > 2. By Lemma 4.1(2) the region
R;,j is a handlebody and so (R;,;, J) is a nontrivial pair, while by Lemma 2.1 the disk
D C R; j is nontrivial and intersects 07; LI 07; minimally in 4 points, and hence J
minimally in two points. Therefore, by Lemma 3.11, the pair (R;,j, J) is simple and
hence minimal by Lemma 3.9(1), which in the case of D = D implies that j =i + 1
and hence that |e| = 2. |

We now establish a first approximation to Theorem 1.

Lemma 4.3 If K C S? is a genus one hyperbolic knotand T =T, U---UTx C Xg
is a collection of N > 1 mutually disjoint and nonparallel once-punctured tori then
N <6, andif N =5 then each complementary region R; ;1 is a handlebody.

Proof By Lemma 2.2, there is a Gabai meridional planar surface Q C Xg for T
which intersects T minimally in essential graphs Gg C Q and Gt C T such that
each vertex of the graph G has degree N and, by Lemma 4.1, each disk face of G,
and hence of its reduced graph GQ , has an even number of edges around its boundary.
Therefore, by Lemma 4.2, each vertex of 6Q has degree at least %N .IEN =5
then each vertex of (_JQ has degree at least 3 and so, by Lemma 2.3(2), GQ has a
vertex of degree 3 > %N , 80 N =<6, and each region R;;4; is a handlebody by
Lemma 4.1(3). O

In the next couple of sections we digress to present the supporting results needed for the
analysis in Section 7 of the case |T | = 6 and the construction in Section 8 of examples
of hyperbolic knots for the cases |T| =4, 5.

5 Toroidal surfaces in knot exteriors

The results in this section analyze the interaction between once- or twice-punctured tori
in a satellite knot exterior in S* and the companion annuli of circles in such surfaces,
and will be used in Section 7.1 to establish the connection between hyperbolic knots
in S with 6—component collections T and the family of hyperbolic Eudave-Muiioz
knots.

5.1 Once-punctured toriin Xg

We extend the definition of companion annulus given in Section 3.1 to include the case
of circles in nonseparating orientable surfaces.
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Figure 4: The knot K, as a boundary component of the pair of pants P =
(OB)xIUbCV.

Let F be a properly embedded orientable surface in the exterior Xx of a knot K C S3
and F x [—1, 1] a thin regular neighborhood of F in Xx with F = F x {0}. A
surface S in X is said to locally lie on one side of F if 0S C F, FNint(S) = & and
either SN (F x[—1,0)) =@ or SN (F x (0,1]) = &; that is, near 95, S intersects
only one side F x [0, 1] or F x[—1,0] of F x[—1,1].

A companion annulus for a nontrivial circle y C F is an annulus A that locally lies on
one side of F and is not parallel into F, with the circles 04 isotopic to y in F.

Examples of genus one knots Ko C S* with a once-punctured torus F C Xk that
contains a nonseparating circle y with companion annuli on either side of F' can be
constructed as follows. Let L C S* be a cable knot with solid torus regular neighborhood
V CS? and essential annulus B C X7 = S3\int(V). Using a thin regular neighborhood
(@V)x[0,1]C V of aV = (0V) x {0}, extend B slightly into int(V') to an annulus
B = B U ((0B) x [0,1]). Construct a pair of pants P embedded in V by suitably
attaching a band b C int(V') to the annuli (dB) x [0, 1] C V connecting the boundary
circles (0B) x {1}, in such a way that the circles d; PLId, P = PN IV (= dB), when
oriented relative to P, end up with opposite orientations relative to dV, and the circle
Ko = 93 P is nontrivial in V (see Figure 4). It follows that the knot Ky is a satellite
of L with winding number zero in V and F = P U B is a once-punctured torus
bounded by Kj; moreover, the core y of B is a circle in F with companion annuli
the closures of the components of 0V \ dB, which lie on either side of F.

In fact, the argument of the next result shows that any such knot Ko C S3 is obtained
in this way.
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Lemma 5.1 Let K C S? be a genus one knot and F C Xk a properly embedded
incompressible once-punctured torus. If there is a nontrivial circle y C F which has
companion annuli locally on either side of F then y is nonseparating in F and K is a
satellite knot.

Conversely, if an essential torus in Xx intersects F' minimally in a nonempty collection
of circles then there is a nonseparating circle in F' which has companion annuli locally
on either side of F.

Proof Let A and A’ be companion annuli for y C F that locally lie on opposite
sides of F. Without loss of generality, we may assume that 4 and A’ have been
isotoped so as to intersect minimally with the circles d4 = dA” cobounding an annular
neighborhood B C F of y. Let V, V' C Xk be the regions in Xx bounded away
from 0Xg by the closed tori 4 U B and A’ U B, respectively, and let r denote the
slope of y in dV and dV".

Suppose that y is parallel to dF in F, and consider the companion annulus A4 of y.
Then A can be isotoped in Xk so that its boundary lies in dXg , whence A becomes
an essential annulus in Xx . It follows that either A4 is a cabling annulus for K, in
which case Xg (9F) has a lens space connected summand, or K is a composite knot
with A a decomposing annulus having meridional boundary slope, neither of which is
the case since dF is a longitude of K. Therefore y is not parallel to dF and so y is a
nonseparating circle in F.

Recall that F Nint(A) = @ = FNint(A4"). If AN A" # & then each component in a
minimal intersection of 4 and A’ is a core circle in A and 4’ and so it is possible to
construct a closed surface S in Xx which intersects F transversely in the circle y out
of the annular components of A\ A" and A’\ A. As y is nonseparating in F, it follows
that S is a nonseparating closed torus or a Klein bottle in Xx C S*, which is impossible.

Therefore AN A’ =@ andso VNV’' =&, hence V Ug V' is a manifold with torus
boundary which contains B as an essential annulus. Thus V Up V"’ is not a solid torus,
so Vz = S3\int(V Ug V') is a solid torus whose core L is a nontrivial knot in S3
with exterior X7 = V UV’ and N(K) C V. Since B is an essential annulus in X7,
the boundary slope r C X7 of B relative to the solid torus V7, is either meridional or
integral.

Now, the surface P = F NV is an incompressible pair of pants in V7 with do P =
0F C ON(K) and 91 P U0, P C VL oppositely oriented circles of slope r relative
to V. Thus K has zero winding number in V7, and is therefore not a core of Vy .
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Suppose K is disjoint from some meridian disk D of Vy . If the slope r is meridional
in V7, then the circle y C F bounds a disk in Xg and so F is not m—injective
in Xg, contradicting the incompressibility of F. Therefore r is an integral slope
in Vg ,soif D and P are isotoped so as to intersect minimally then an outermost disk
of DN P C D boundary compresses P in Vy towards dV7 into an annulus whose
boundary component in dV is a trivial circle; thus dg P = F bounds a disk in Vp,
so K bounds a disk in V7, contradicting the nontriviality of K in S3.

It follows that K is a nontrivial knot in the solid torus Vy , and hence that K is a
satellite of the nontrivial knot L in S3.

Conversely, suppose that 7" is an essential torus in Xg which intersects F' minimally in
a nonempty collection of circles 7'M F. Then TN F consists of at most two parallelism
classes of circles in F': a class corresponding to the slope of some nonseparating circle
y C F, and a class of circles parallel to dF.

Since T separates Xg, T'N F cannot consist of a single copy of the nonseparating
circle y in F, hence the closure P of the component of F'\ T that contains dF is not
equal to F.

Suppose that P is an annulus. If 7 bounds a solid torus V C S* with N(K) C V
and Vg = V \ int N(K) is the exterior of K in V, then the annulus P is properly
embedded in Vg and so K is a cable of the core of V' with dP N dN (K) the slope
m/1 in ON (K) of the cabling annulus of K, where necessarily m # 0, contradicting
the fact that dF = 0P N AN (K) is the longitude of K.

Therefore P is not an annulus, which implies that all circles 7'M F have slope y in F,

and hence that y has companion annuli on both sides of F. |

5.2 Twice-punctured tori in X g

In this section we assume that K C S is a knot whose exterior Xg contains a properly
embedded incompressible, separating, twice-punctured torus F with boundary slope
r C 3Xg such that the closures F2 and F" of the components of X \ F are genus
two handlebodies.

We consider the following auxiliary conditions:

(C1) There is a nonseparating circle in F which is a power circle in FZ and F".
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(C2) For some {*,xx} = {B, W} there are two mutually disjoint and nonisotopic
nonseparating circles in F which are power circles in F* and primitive and
coannular circles in F**,

Lemma 5.2 Ifthe knot K C S3 is a satellite then either (C1) or (C2) holds and K is a
satellite of a torus knot, and if (C2) holds then K is a genus one knot and the boundary
slope r of F is the longitude of K.

Proof Let K C S? be a satellite knot and 7 C Xk an essential closed torus that
bounds a solid torus V C §3 with K € N(K) C V whose core is a nontrivial knot
with exterior X = S3\int(V) C Xk

Isotope 7 so as to intersect F minimally. Since FZ and F" are handlebodies, we
must have that 7 N F # &. By the incompressibility of 7" and F and the minimality
of T'N F, each component of 7' N F is a circle which is nontrivial in both 7" and F';
thus for % € { B, W} each component of 7N F* is an incompressible annulus in F*
which is not parallel into F.

Suppose A; is a component of, say, T N FB which is parallel in F& into dF5B. By
minimality of 7 N F, A; must be parallel in F?8 to the annulus FB N N(K), that
is, the circles d; A1 and d, A; must be parallel in F to the circles d; F and 0, F. If
A, is the component of TN F? with 9; Ay = 0,4, then 9, A, is neither a primitive
nor power circle in F" and so, by Lemmas 3.3 and 3.4, A4, is parallel into 9F". By
minimality of 7' N F, it then follows that "= A{ U A5, hence that T is parallel in Xg
to N (K), contradicting the hypothesis on 7.

Therefore no annulus component of 77N F* is parallel in F* into dF*, so again,
by Lemmas 3.2, 3.3 and 3.4, in dF* each component of 7' N F is a nonseparating
primitive or power circle in F*, and so in F the circles TN F form at most two
parallelism classes, neither one parallel to dF.

If some component of 7' N F is a power circle in both FB and FW then (C1) holds.
If some component y; of 7 N F is not a power circle in, say, F&, then y; is primitive
in F2 and by Lemma 3.3 it has no companion annulus in F2; hence the component 48
of T N FB with y; C d4A® must be a nonseparating annulus in F2. It follows that
T N F has two parallelism classes in F, represented by the circles 948 = y; LUy, C F.

Any component A% of TNFW that is a nonseparating annulus in % can be isotoped
in F so that 948 = 94", thus producing a closed Klein bottle or nonseparating
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Figure 5: The (p1, p2)—torus knot L in H; and Vi (with (py, p2) = (2, 3)).

torus A8 Uy AW c Xx c S3, which is impossible. Therefore 7 N F? is a union of
a family of disjoint companion annuli for y; and another family of disjoint companion
annuli for y,. By Lemma 3.3(2), y; and y, must be power circles in FZ and so
(C2) holds. Moreover, in this case the circles 942 = y; Ly, cut the surface F into
two pairs of pants, hence the frontier of N(4Z U F) in Xk consists of two disjoint
once-punctured tori, each with boundary slope r, and so K is a genus one knot with
longitudinal slope r. O

We remark that the converse of Lemma 5.2 holds, that is, if one of the conditions (C1)
or (C2) is satisfied then K is a satellite knot, though we shall not make use of this fact.

Examples of knots K C S? with such a twice-punctured incompressible torus F C Xg
satisfying condition (C1) or (C2) can be constructed, not exhaustively, as follows. We
begin by constructing two distinct genus two Heegaard splittings of S3 associated
to any (pj, p2)—torus knot L C S3 with py, p» > 2. Figure 5, left, shows a genus
two handlebody H; standardly embedded in S*, which produces a Heegaard splitting
H; U H, of S?, where the knot L is embedded in 0H; in the “bottom-half” solid
torus part of H;. Thus, for i = 1,2, L is a power p; circle in H;.

Figure 5, right, shows the knot L in the boundary of a solid torus V; which is part
of a genus one Heegaard splitting V; U V5 of S3. Let N(L) C S3 be a thin regular
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neighborhood of L, and for i =1, 2 let y; be a core of the annulus V;NIN (L) CIN(L),
so that y; runs p; times around V;. As the arc T C dV; with endpoints in L shown in
Figure 5, right, is a tunnel for L, the genus two handlebody H; = N(LU71) C S3 is
part of a Heegaard splitting Hy U H, of S®. After a small isotopy if necessary, we may
assume that the circles y; Ly, lie in dH; = dH,, whence y; and y, are coannular
primitive circles in H; while y; is a power p; circle in Hp for i =1, 2.

Clearly, if K is any circle embedded in dH; \ L or dH; \ (y; U y,) which is neither
a primitive nor a power circle in H; and H, (any “sufficiently complicated” such
embedding will do), then by Lemma 3.3(1) the knot K and the twice-punctured torus
F = (0H) N Xk satisfy condition (C1) or (C2), respectively.

6 Structure of pairs

We now take a closer look at the structure of pairs. We begin with a classification of
pairs (H, J) of type (p1, p2), which include all simple and double pairs, in terms of
the number of intersections of J with nontrivial disks in H. Each simple pair (H, J)
is shown to have a distinguished core knot in H, and double pairs are shown to be
obtained as a union of two simple pairs. Basic and primitive pairs are introduced in
order to classify maximal pairs and to discuss properties of more general pairs (H, J),
including the relationship between primitive, power and Seifert circles in dH \ J. These
properties will be used in later sections in the analysis of knot exteriors in S3 that can
be decomposed as a union of nontrivial pairs.

Lemma 6.1 A pair (H, J) is of type (p1, p») for some pq, p» > 1 if and only if
there is a disk in H which intersects J minimally in 4 points.

Proof Let (H,J) be a pair of type (p1, p2). By construction, the pair is obtained
by attaching solid tori to the genus two handlebody F x I shown in Figure 1 along
the circles yq, ¥y, C F x I; clearly the waist disk Dy, C F x I shown in Figure 1 lies
in H and intersects J minimally in 4 points.

Conversely, suppose that (H, J) is a pair with 0H = Ty Uy T, and E C H is disk
which intersects J minimally in 4 points. Then, for i = 1,2, T; N dE consists of 2
arcs such that either (1) for i = 1,2, the arcs T; N JE are parallel in T;, in which case
E is a separating disk, or (2) for some {7, j} = {1,2}, the arcs 7; N JE are parallel
in 7; and the arcs 7; N OE are nonparallel in 7}, in which case E is a nonseparating
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Figure 6: The unique circle y, C T, with A(y,, 0E) = |y, -dE| = 2.

disk. Notice that, by connectedness of dF, the case where the arcs T; N E are not
parallel in 7; for i = 1,2 does not occur.

In case (1) E is a waist disk for H. Let y; C 7T; be the unique circle in 7; which is
disjoint from the arcs 7; N dE. Then the circles y; and y, are separated in H by E
and so, for each i = 1,2, y; is a power p; circle for some p; > 1, which implies that
(H, J) is a pair of type (p1, p2).

In case (2) we may assume that (7, j) = (1, 2), and Figure 6 shows the triple (0H, J, 0F)
up to homeomorphism. Since the arcs 7, N dE are not parallel in 75, there is a unique
circle y, C T, which intersects the arcs 7, N JE each minimally in one point with
algebraic intersection number y, - 0E = £2 (see Figure 6). If E’ is a disjoint parallel
copy of E and « is any arc component of y, \ (0E UJE’) not in the parallelism region
between E and E’, then Eq = fr N(E Ua U E’) is a waist disk of H which can
be isotoped so as to intersect J minimally in 4 points and be disjoint from E U y;,.
Therefore, by case (1) the pair (H, J) is of type (p1, p») for some p;, p, > 1. In fact,
since £ and D form a complete disk system for H, it follows that y, is a power 2
circle in H and hence that p, = 2. O

6.1 Cores of simple pairs

The next result classifies simple pairs via power circles and summarizes some of their
properties.

Lemma 6.2 Let (H, J) be a pair with 0H = Ty Uy T,. Then (H, J) is a simple pair
of type (1, p) for some p > 2 if and only if the pair (H, J) is minimal and there is a
circle in Ty or T, which is a power p circle in H, in which case
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(1) there are power p circles w; C T; which are coannular in H and such that
dH \ (w1 U w,) compresses along a nonseparating disk D C H that intersects
J minimally in 2 points;

(2) any power circle in T; is isotopic to w; ;
(3) any disk in H which intersects J minimally in 2 points is isotopic to D;

(4) H(J) = A?(p) with singular fiber of index p represented by the core K of
the solid torus H|D and regular fibers the circles w; C YA“, C dH(J); moreover,
if (H,J) is a simple pair of type (0, 1;a, p) then there are essential annuli
Ay, Ay C H\ N(K) with 0;A; = w; and 0, A; C IN(K) a circle of type
(a, p) in N(K) (see Figure 7);

(5) if a nonseparating circle « C T; intersects w; and D minimally then |« N w;| =
| N D|; in particular, « C T; is primitive in H if and only if o Nw;| =1 =
e N D|, and it ¢ = | Nw;| = | N D| then

(S'xD?)#L, if ¢=0,
H(a) = H(J)(a) = {S! xD? if g=1,
D?(p.q) if ¢>2.

Proof Suppose that (H, J) is a simple pair of type (1, p) for some p > 2. Thus
H = (F x 1)UV for some once-punctured torus F, where J C dH is the core of the
annulus (0F) x I and V is a solid torus glued to F x I along an annular neighborhood
of some nonseparating circle y C F x {0} such that y runs p times around V. If
yo C F x{0}\ V is a circle parallel to y in F' x {0} and 6y C F x {0} is an essential
arc in F x {0} disjoint from V U yp, then the annulus B = yy x I C F x I is properly
embedded in H with boundary a pair of coannular power p circles w; = 0; B =
YoXx{0} C Fx{0}C Ty and wy; =0, B=yox{1} C Fx{1} C T, in H,and D =8¢ x [
is a nonseparating disk properly embedded in A which intersects J minimally in two
points and is disjoint from w; U w,. That w; is the only power circle in 7; follows
from Lemma 3.6, while, by Lemma 3.3(1), the disk D C H is the unique compression
disk for dH \ wy; thus (1), (2) and (3) hold.

As y is a primitive circle in F x I, y is also primitive in the solid torus F x I|D
and so the core of V' and the core K of the solid torus H|D = (F xI|D)U, V are
isotopic in H|D C H. From the identity

H(J)=(FxI)(J)U, V =(FxI)U,V
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T2 AZ A 1 T1

[0)) w1
H

Figure 7: The core knot K and power circles w; C 77 and w, C T5 of a
simple pair (H, J).

it follows that the manifold H(J) is a Seifert fiber space A%(p) over the annulus with
singular fiber K C H of index p and regular fibers w; C YA“, and so (4) holds.

Finally, let @ C T be any nonseparating circle, and consider the arc §; = 771 NdD C D.
After isotoping « in T so as to intersect wq U §; C 77 minimally we must have
q =leNwi|=|eNd| =]|en D|. Since J bounds a disk in H(«x) we have the
identity H(a) = H(J)(a) = A%(p)(«); therefore,

« is primitive in H <= H () = A%(p)(«) is a solid torus <= |a Nwy| =1,
and the rest of (5) follows in a similar way. O

We will call the knot K C H in Lemma 6.2(4) the core of the simple pair (H, J), and
say that K and the pair (H, J) have index p > 2.

Lemma 6.3 Let (H,J) be a simple pair with 0H = Ty Uy T,, core knot K C H,
power circles wy C Ty and w, C T,, and incompressible annuli Ay, A, C H\int N (K)
as shown in Figure 7. Then the solid torus V; = N(A;) U N(K) C H has core K and
is the companion solid torus of the power circle w1, and there is a homeomorphism

H' =c[H\Vj]=cl[H\ (N(A)UNK)|~ To x I

such that T, C H' corresponds to T> x {0} C T x I and the circle A, N N(K) C 0H’
to wy x {1} C T x {1}.

In particular, if (H*, J*) is a pair with 0H* = T* Uy« T, and M = H Ur =1 H*
then M is a handlebody if and only if wy C Ty = T}* is primitive in H*.

Proof Vi = N(A;) U N(K) C H is indeed a solid torus with core K, with the
power p > 2 circle w; running p times around V; by Lemma 6.2(4). Therefore
fr(N(A4;) U N(K)) is a companion annulus for @w; in H with companion solid
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torus V7, both of which are unique up to isotopy in H by Lemma 3.3, and so
the first part follows from the definition of a simple pair. As the homeomorphism
H'=cl[H\(N(A;)UN(K))]~ T, x I induces a homeomorphism M ~ H*U,, V1,
the second part now follows from Lemma 3.5(1). O

Lemma 6.4 Let (H,J) be a simple pair with 0H = Ty Uy T, core knot K C H of
index p > 2, and power circles w; C Ty and w, C T>. Denote by X Hgy = H\int N (K)
the exterior of K in H, and by r the slope in N (K) corresponding to the circles 0, A;
(see Figure 7).

If oy C Ty and «ap C T, are primitive circles in H, then there is a unique slope
s C AN (K) such that the circles «y and «, are coannular in the handlebody X Hk (s),
and the following conditions hold:

(1) A(s,r) =1 and the pair (XHg (s), J) is trivial.

(2) There is a unique circle s’ C 0H \ (a1 U ay) which cobounds an annulus A in
XHg with s CON(K); s’ intersects each circle wy, w, C dH minimally in one
point.

(3) The circles oy Loy CdH and s C N (K) cobound a pair of pants P in XHg
disjoint from the annulus A.

(4) The slope s is integral in N (K) if and only if «; and o are basic circles in H
if and only if " is a primitive circle in H, in which case each circle oy and o,
runs once around the solid torus H(s').

Proof By Lemma 6.2 there is a unique disk D C H which intersects J minimally
in two points, is disjoint from w; U @, and intersects each primitive circle «; and o,
minimally in one point. Thus the frontier Dy, of a thin regular neighborhood of oy U D
is a waist disk of H which minimally intersects J in 4 points and the circle o in 2
points.

The waist disk D,, separates H into two solid tori V and V' with VNV’ = Dy,
and D a meridian disk of V. Since the solid tori H|D and V' are isotopic in H, the
core knot K of the pair (H, J) can be identified with the core circle of V’. Therefore
the exterior V¢ = V' \int N(K) of K in V' is a product of the form (dN(K)) x I
and V (s) is a solid torus with dV (s) = dV"’ for each slope s € dV". In particular
we have that XHg (s) = V Up,, V¢ (s) is a handlebody, and each slope s C dN (K)
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@1 XHg(s)

Figure 8: The circles o1, @, w; and w, in dH and 0X Hg (s).

cobounds an annulus A in V¢ with a unique slope s” C 9V’ \ Dy, so that 5" bounds a
meridian disk Dy in the solid torus Vi (s).

We also have that w, C dV’\ Dy, and that 7, = ap N IV is a single arc which, by
Lemma 6.2(5), intersects @, minimally in one point. The situation is represented in
Figure 8, top, where for simplicity we have used p = 2 and a specific primitive circle
ay C Th; the circle oy is not shown in this figure.

For any slope s C N (K), as Dj is disjoint from «, by Lemmas 3.3(1)(b) and 3.4 the
circles oy and o are coannular in X Hg () if and only if Dj is disjoint from o, that
is, if and only if the circle s = dDj is disjoint from the arc #,. Since, up to isotopy,
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there is a unique such circle s’ C 9V’ \ Dy,, namely the circle obtained as the union
of #; and a component of dDy, \ 5, it follows that there is a unique slope s C N (K)
such that o; and «, are coannular in XHg (s), in which case A(s,r) = 1 since
Is" Ny | = |t Nw;| = 1, and the corresponding meridian disk Dj C Vi (s) is disjoint
from o, and intersects w, minimally in one point; thus D intersects J = N (o1 Uw;)
minimally in two points and so the pair (XHg (s), J) is of type (1, 1), that is, trivial.
Moreover, the circles o, ap and s’ are necessarily mutually nonparallel in dH and
hence separate dH into two pairs of pants, so @, @, and the slope s cobound a pair
of pants P in XHg disjoint from A.

Finally, let D’ be a meridian disk of V' which is disjoint from Dy, C 9V’ and
intersects «p minimally, and let x, y C H be circles dual to D and D', respectively,
which represent a basis for 71 (H). Then there is a nonzero integer m such that, in
mi(H)={(x,y|—), oy = x and ap, = xy™. It follows from the above construction
(see Figure 8, top) that s’ = y™ in 1 (H), hence that s runs |m| times around N (K),
and hence that

the slope s is integral <= |m| =1
<= «y and « are basic circles in H
& s’ is primitive in H,
in which case H(s’) is a solid torus and the circles ay and o, run once around H(s’).
O

6.2 Basic simple pairs and Seifert circles

A pair (H,J) with dH = T Uy T}, is a basic pair if there are circles oy C T and
oy C Th which are basic in H. Any trivial pair is basic, and the next result classifies
the simple pairs that are basic. The construction of general basic pairs will be discussed
in Remarks 7.7.

Lemma 6.5 Let (H,J) be a simple pair of type (0, 1;a, p) with 0H =Ty Ny T,
and unique meridian disk D C H with |DNJ|=2. Then (H, J) is a basic pair if and
only if a = +1 mod p, in which case if a; C T is any primitive circle in H then

(1) there is a circle a» C T, such that a; and o, are basic circles in H ;

(2) uptoisotopy in T, the circle ap C T, is unique if p > 3, and there are exactly
2 such circles if p = 2;
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(3) for each pair of basic circles «y C T7 and oy C T, there is a unique complete
disk system D', D" of H disjoint from D such that |[D" Naq|=1=|D" Nay|
and | D" Nay| =0=|D'Nay|; moreover, the 7—tuple (H, J, D, D', D", a1, a5)
is homeomorphic to the one shown in Figure 9, bottom (where p = 2 is used for
simplicity).

Proof By Lemmas3.11 and 6.2(3), (5) there is a unique disk D C H which intersects J
minimally in two points such that a circle in 77 or 75 is primitive in H if and only if
it intersects D minimally in one point.

If @y C T is any primitive circle in H then the frontier Dy, of a regular neighborhood of
a1 UD is a waist disk of A which intersects J minimally in 4 points. Therefore the 5—
tuple (0H, J, dD, 0Dy, 1) is homeomorphic to the 5—tuple (d(Fx 1), J, D1, Dy, ¥1)
of Figure 1, which implies that the 5—tuple (H, J, D, Dy, ;) is homeomorphic to
the one shown in Figure 9, top (where p = 2 is used for simplicity).

We construct a circle y C 7> which intersects @, minimally in one point as follows.
The waist disk D,, separates H into two solid tori V and V' with VNV’ = Dy,
and meridian disks D C V' \ Dy, and D’ C V' \ Dy, such that w, C V' represents a
circle of type (a, p) in V/, R =V N T, is a rectangle intersected by one arc of 9D,
and A’ =V’ N T, is an annular neighborhood of w, in 7.

Let t C A’ be any properly embedded arc with endpoints in dD,, which intersects w;
minimally in one point. Then ¢ along with an arc of dD,, produces a closed circle
t C V' of type (c,q) in V' for some integers ¢ and ¢ such that |¢| = | D’ N¢| and

1

aq— pc==l1;thus a =+¢g~" mod p.

The union of the arc ¢ with a core arc in the rectangle R = V' N T, which intersects
dD N R minimally in one point produces the desired circle y (see Figure 9, bottom).
Since y and w, form a basis for the integral first homology group of 75, if oy C T3 is
any circle which intersects w, minimally in one point then, homologically, the identity
oy =y +nw; holds in 75 for some integer 7.

Therefore, if x and y represent the basis of w1 (H) dual to the complete disk system
D, D' C H, respectively, then, in 71 (H) = (x, y | —), under some orientation scheme,
we can write oy = x and ap = x - (p?)™ -9 = x - y"P+4 for some m € Z. Hence o,
and «» are basic circles in H if and only if mp +q = £1,s0 ¢ = £1 mod p, and so

1

a==x+q " ==x1mod p.

Now, there is at most one solution m for each equation mp 4 q¢ = £1, and there are
integers m; and my withm;p4+q =1 and myp+g =—1if and only if p =2 and
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Figure 9: A basic simple pair (H, J) of index p = 2.

¢q is odd, in which case m; —m, = 1. Hence oy = y + mw; is unique up to isotopy
if p > 3, and there are two such circles a5 if p = 2.

Since D’ is disjoint from «y, if «; and a5 are basic circles in H then, by Lemma
3.3(1)(b), D' is the unique nonseparating compression disk of dH \«, while |D'Nay | =
Imp+q|=1.As |DNay|=1=|DNay|, cutting dH along dD Ua, UdD’ produces
an annulus A C dH which intersects «; minimally in one spanning arc. Thus the
core of A is a circle in dH disjoint from D U a, U D’ that bounds a nonseparating
disk D” in H, hence, by Lemma 3.3(1)(b), D” must be the unique compression disk
for 0H \ a5 . Therefore the 7—tuple (H, J, D, D', D", a1, a3) is homeomorphic to the
one shown in Figure 9, bottom (where p = 2 for simplicity and one of the two possible
circles oy is shown).
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Conversely, if @ = =1 mod p then the 4—tuple (H, J, D, Dy,) is homeomorphic to
the one shown in Figure 9, bottom, and so a circle o, C T, representing xyT! in
1 (H) can be easily constructed, in which case oy = x and oy = x y*! are basic
circles in H. O

A circle « C 0H in a genus two handlebody H is a Seifert circle if the manifold H («)
is a Seifert fiber space of the form D2 (x, ).

In the following result, we use the structure of the annuli obtained by 2—handle addition
on a 3—manifold given in [4, Theorem 1] in order to characterize the Seifert circles
o C dH in terms of properties of the surface d H \« or the pair (H, «). Its statement uses
the concept of a primitive pair (H, J), a nontrivial pair that contains a nonseparating
annulus whose boundary components are primitive circles in H separated by J; the
properties of primitive pairs will be developed in Section 6.4.

Lemma 6.6 Let H be a genus two handlebody and « C dH a circle such that 0H \ «
is incompressible in H. If H(«) contains an essential annulus A" with 0A” C 0H \ «
then one of the following conditions holds:

(1) there is a circle in 0H \ a which is a power circle in H (necessarily, its compan-
ion annulus is essential in H(x)),

(2) « separates 0H and the pair (H, «) is trivial or primitive,

(3) « is nonseparating in dH and H(a L 0A") = L, for some p # 1.

Proof If H(wx) contains an essential annulus A’ then, by [4, Theorem 1] and Remark
(d) after its statement, there is an essential annulus 4 C H(«) satisfying condition
(a) or (b) of that theorem whose boundary is parallel in dH to one or both of the
components of dA’.

Suppose first that part (a) of [4, Theorem 1] holds, that is, the annulus A4 lies in H
with d4 C H \ «, which by [4, Theorem 1] is the case if « separates dH. Necessarily
A is incompressible and not boundary parallel in H, so by Lemma 3.2 each component
of 04 is a nonseparating circle in dH, and by Lemmas 3.3(2) and 3.4 both components
of A are primitive or both are power circles in H. In the latter case, (1) holds, so
assume that the circles dA are primitive in H. Since A is not boundary parallel in H, by
Lemma 3.3(2) A must be a nonseparating annulus and so the circles o, d;1 A and d, A
are mutually disjoint and nonparallel in dH, and H(d; A) is a solid torus with meridian
circle 0, 4. If o C 0H is a separating circle then by definition the pair (H, «) is either
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Figure 10: The manifold H(«) and thedisk D C H, C T (p=1).

trivial or primitive, so (2) holds, while if « is nonseparating then the circles d, 4 and «
are parallel in 0H (3 A) and hence H(axUdA") = H(0A) =S!xS? = Ly, so (3) holds.

Suppose now that part (b) of [4, Theorem 1] holds but not part (a), so that « is a
nonseparating circle in dH and no circle in dH \« is a power circle in H. By Remark (b)
after the statement of [4, Theorem 1], there is an incompressible, nonboundary parallel
pair of pants P C H with two boundary components d; P, d, P C dH \ o which are
nonseparating and mutually parallel, and a third boundary component d3 P C dH \ «
which separates d; P Ll d, P from « such that the surface PcH () obtained by
capping off d3 P with a disk in H(«) is an essential separating annulus with the same
boundary slope as A’. Moreover, P separates H (o) into two components N and T,
where T is a solid torus such that if T C H(«) is the cocore of the 2—handle attached
to H along o, then 7 can be slid over itself to form the union of an arc t, and a core 4
of T, where 1, N T is a straight arc in 7" from 97 to t;; the situation is represented
in Figure 10. Therefore H = cl[H (@) \ N(t1 U 12)], and in 0H the meridian circle
of N(ty) C T is isotopic to o while the meridian circle of N(t3) is isotopic to d3 P.

The circle d3 P separates dH into two once-punctured tori 7 and T, with
01PUIPCTy, aCT, and 0dT; =03P =0T,

while the incompressible surface P separates H into two genus two handlebodies H;
and H, (see [19, Lemma 2.3]), where the notation is chosen so that « C T, C dH,
and hence Hy(a) =T.

Since the annulus P is not boundary parallel in H(«) and H(a) = H;(93 P)U  Hy (),
P must run p = 2 times around the solid torus 7" = H,(«). Thus there is a disk D
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properly embedded in H, which is disjoint from d; P LI d, P and intersects P in one
arc, d3 P minimally in two points, and o« minimally and coherently in p points; the
disk D is shown in Figure 10 (in the case p = 1 for simplicity).

Boundary compressing P in H along D produces 2 nonseparating annuli By, B, C H,
where 1By =0; P, 91 B>, =0, P, and 0, B1 and 0, B, are parallel circles in T, C 0H
with A(e, d,B1) = p = A(e, 3, By). By Lemma 3.4 and our hypothesis on dH \ & not
containing any power circles in H, d{ By and d B, are primitive circles in H. There-
fore the pair (H, d3 P) is primitive and H(d; By) is a solid torus with meridian disk B 1
such that A(w, 8§1) = A(w, 02B;) = p, whence H(a UdA") = H(a LU0y By) =L,
so (3) holds. O

Lemma 6.7 Let H be a genus two handlebody and o« C 0H a nonseparating circle.
Then « is a Seifert circle in H if and only if the surface 0H \ « is incompressible in H
and contains a power circle B with companion annulus B C H such that (1) « is a
primitive circle in the handlebody Hp C H|B, in which case (2) f is a regular fiber
of H(a), and any power circle in 0H \ « satisfies (1) and (2).

Proof If « is a Seifert circle in A then by Lemma 3.3 and the 2—handle addition
theorem the surface 0H \ oy C H is necessarily incompressible and contains a power
p > 2 circle by Lemma 6.6 applied to the unique separating essential annulus A’ in
H(a) =D?(x, %).

Let B C H and Vp C H be the companion annulus and solid torus of §, respectively.
From the identity H(a) = Hp(c) Ug Vg = D? (%, %) it follows that the annulus B is
essential in Hp(«) and hence that Hp(«) is a solid torus. Therefore « is a primitive
circle in Hp and the circles 3B, and hence 8, are regular fibers of H(at) = D2 (x, ).
The converse holds by a similar argument. a

6.3 Double and maximal pairs

Lemma 6.8 Let (H,J) be a pair with 0H =T, Uy T,.

(1) Suppose that w1 C Ty and w, C T are, respectively, power p1 and p, circles
in H that induce disjoint once-punctured tori T| and T, in H with boundary
slope J. Then T{ U T, cut H into 3 genus two handlebodies Hy, H; and H,
as shown in Figure 11, top, such that
(a) (Hy,J) and (H,, J) are simple pairs of types (1, py) and (1, p,), respec-

tively;
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(b) (Hy, J) is a basic pair; specifically, the power circles w} C T{ in Hy and
w) C T, in H, are basic circles in Hy, with | and o/ primitive circles in
HyU H, and Hy U H,, respectively;

(c) if (Hy, J) is a simple pair with power circles yy C T{ and y, C T, then,
foreachi € {1,2}, A(w},y;) =1 and y; is a primitive circle in H;;

(d) ifthe pair (Hy, J) is nontrivial then any nonseparating circle ¢y C T1 which
is not isotopic to w; in T is neither a primitive nor a power circle in H ;
in particular, the surface 0H \ oy is incompressible in H and the manifold
H(wty) is irreducible with incompressible boundary, with oy a Seifert circle
in H if and only if o is primitive in Hy U H .

(2) (H,J) is a double pair of type (p1, p) if and only if there is a once-punctured
torus T C H with 0T = J that separates H into simple pairs (H;, J) and
(H,, J) oftypes (1, py) and (1, p,), respectively (see Figure 11, bottom), in
which case
(a) any once-punctured torus in H bounded by J is parallel to T, Ty or T5;

(b) ifw; CT C Hy and w, C T C H, are the power circles in H, and H,
then A(w},w)) =1, w] is a primitive circle in H,, and o) is a primitive
circle in Hy;

(c) if oy C T is any nonseparating circle which intersects w; minimally in ¢
points, then

H(ay) = Hy(J) Uz Hy(ay)

(S'xD2)# L, if g=0,

ST x D2 if ¢ =1 and « is primitive in H,
D2(p,,r) forsomer >2 if ¢ =1and «y is not primitive in H,
A%(p2) Uz D*(p1.q) if ¢>2.

Proof For part (1), that the manifolds Hy, H; and H, are genus two handlebodies
follows from Lemma 3.7, so the pairs (H1, J) and (H,, J) are simple by definition
and so (1)(a) holds.

By a similar argument both Hy U H; and HyU H, are handlebodies. Now, if V| C H;
and V, C H, are companion solid tori of the power circles w] C T} and ) C T (see
Figure 11, top) then, by Lemma 6.3, H' = V; U Hy U V, is homeomorphic to H, so by
Lemma 3.5(2) the circles a)i and a)g are basic circles in Hy. Similarly, by Lemma 6.3
) is primitive in H, U Hy and ) is primitive in H; U Hy, and if the pair (Ho, J)
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Figure 11: Once-punctured tori in a genus two handlebody H.

is simple and y; C T} is a power circle in Hy then A(w},y;) = 1 by Lemma 6.2(5),
and we also have that y; is primitive in H;. Therefore parts (1)(b) and (1)(c) hold.

For part (1)(d), if oy is not isotopic to w; then by Lemma 3.6 «; is not a power circle
in H. If o is a primitive circle in H then by Lemma 6.3 the manifold H Uy, V
obtained by gluing a solid torus to H along an annular neighborhood of «; in 77, so
that @y runs p > 2 times around V, is a genus two handlebody which, as (Hy, J) is a
nontrivial pair, contains three mutually disjoint nonparallel and not boundary parallel
once-punctured tori with boundary slope J, contradicting Lemma 3.9. Therefore «; is
also not primitive in H, so by Lemma 3.3(1) the surface dH \ oy is incompressible
in H, and so by the 2-handle addition theorem the manifold H (1) is irreducible with
incompressible torus boundary. The remaining part of (1)(d) follows from Lemma 6.7.

For part (2), if (H, J) is a double pair of type (p;, p2) then, by construction, there
are power p; circles w; C T; and so the hypothesis of part (1) is satisfied with
(Hp,J) = (T 1/ x I, J) a trivial pair; therefore by (1)(a) the torus T = Tl’ separates H
into simple pairs (Hy,J) and (H,, J) having the claimed types. Conversely, if a
once-punctured torus 7" C H exists that separates H into simple pairs (H;, J) and
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(H,, J) of types (1, py) and (1, p,), respectively, then again 7; and 7, contain
power p; and p, circles, so by (1) and (1)(a), along with Lemma 3.9(1), we have that
the induced once-punctured tori 7| and T, are parallel in H to T, so (Hp,J) is a
trivial pair and so (H, J) is a double pair of type (p1, p2). In particular, (2)(a) holds.

Since for any two nonseparating circles o, 8 C T, in Hy ~ T x[—1, 1] the circles
ax{—1}C T x{—1} and B x {1} C T x {1} are basic circles if and only if & and B
intersect transversely in 7" in one point, (2)(b) follows from (1)(b) and (1)(c), while
(2)(c) follows from the identity H(a;) = A%(p,) Uz Hy(ay). O

6.4 Primitive pairs

Recall that a nontrivial pair (H, J) with dH = T Uy T5 is primitive if there are circles
o1 C Ty and oy C T, which are primitive and coannular in H. In this section we
use primitive pairs to analyze the structure of nonminimal pairs with power or Seifert
circles.

Lemma 6.9 If (H,J) is a primitive pair with 0H = T1Uj T, A C H is any annulus
with boundary a pair of primitive circles oy C T1 and o, C T, and f8; C T; is any
nontrivial circle with A(f;,«;) > 1, then

(1) the manifold H(B;) is irreducible and boundary irreducible, and if A(B;,a;) =2
then H(B;) is toroidal,;

(2) any incompressible, nonboundary parallel annulus in H with boundary in dH\ J
is isotopic to A, and any circle in T; which is primitive in H is isotopic to «; .

Proof Assuming (1) holds, if 8; C T; is a primitive or power circle in H then H(B;)
has compressible boundary by Lemma 3.3(1)(b), hence ; must be isotopic to «;; also
any incompressible and nonboundary parallel annulus B C A with boundary in dH \ J
is either a companion or a nonseparating annulus in H, hence each component of dB
is a primitive circle in A by Lemmas 3.2 and 3.3 and the argument above, and so B
must be isotopic to 4 in H by Lemma 3.4(4). Thus part (2) follows from part (1).

Suppose now for definiteness that 81 C 7 is any nontrivial circle with A(B1, 1) > 1.
By Lemma 3.7(1) the manifold H(J) is irreducible with incompressible boundary
YA“I u Tz. Set H(J)(a1) = H(J)U Vq, where V7 is a solid torus attached to H(J)
along fl so that «; bounds a disk in V;. Then H(J)(«1) = H (o) is a solid torus
with meridian disk 4 ¢ H (1) which intersects the core K; of V7 minimally in one
point, so in H(cp) the knot Ky has wrapping number one and exterior H(J) C H (o).
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Since the pair (H,J) is not trivial, by Lemma 3.7(4) the knot K; is not a core
of H(ap). Therefore K is alocally knotted core of the solid torus H(«y), that is, the
torus F C H(J) obtained as the frontier of M = N(AUJH(J)) C H(J) is essential
and separates H(J) into two components X and M, where X is the exterior of a
nontrivial knot in S* (ie of the local knot tied along the core of H(c;)), and M can be
identified with a Seifert fiber space of the form P xS!, with P a pair of pants, such that
OM =Ty UT, U F and the annulus A C M is fibered. Thus H(B1) = X Up M(B1)
is irreducible and boundary irreducible.

Since M (B1) ~ A2(q) for ¢ = Ay, B1) > 1 and IM(B;) = T2 U F, if ¢ > 2 then
T, and F are not mutually parallel in M () and so the torus F is essential in H B).
Therefore (1) holds. O

In the following result we determine the structure of a general pair (H, J) for which
there is a circle ¥ C dH \ J which is either a power circle (eg if (H, J) is a simple,
double or maximal pair) or whose complement dH \ y contains a power circle (eg if
y is a Seifert circle).

Lemma 6.10 Let (H,J) be a pair with 0H = Ty Uy T, and T C H any once-
punctured torus with 0T = J which separates H into nontrivial pairs (H, J) and
(Hy,J) with 0H; =T U T;.

(1) If wq C Ty is a power circle in H then either w is a power circle in Hy or the
pair (Hy, J) is primitive with w, a primitive circle in Hy and coannular in H,
to some circle @} C T which is a power circle in H.

(2) If a; C T is a nonseparating circle such that the surface 0H \ «; C H is
incompressible and contains a circle § which is a power circle in H, as is the
case when «; is a Seifert circle in H, then either 8 C T, or each pair (Hy, J)
and (H,, J) is a simple or double pair; in particular,

(a) there is a circle in T, which is a power circle in H,
(b) if ay is a Seifert circle in H then o is a primitive circle in Hy and there is
a circle in T, which is a power circle in H .

Proof For part (1), by Lemma 3.3(2) there is a companion annulus A4 for @ in H. As
A and T are incompressible in H, A can be isotoped so as to intersect 7" minimally,
so that A N T consists of circles which are nontrivial in 4 and T. If ANT = @
then w is a power in H; by Lemma 3.3(2), so assume that A N T # &. Then
AN Hy has an annulus component 4; with 0; 41 = w; and d, 4 = a)i C T, and the
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component A, of AN H, with d; 4, = a)i is, by minimality of A N 7, a companion
annulus for a); in H,; thus a)i is a power circle in H, by Lemma 3.3(2). If T’ C H,
is the once-punctured torus induced by ] then, by Lemma 3.7(2), H;|T" consists
of two handlebodies H) and H', say with T’ C 0H}, such that the pair (H},T’) is
simple. Similarly, H|T’ consists of two handlebodies H; Uz H, and H, and so, by
Lemma 6.3 applied to the pairs (H;,J) and (H}, J), the circle ], and hence w,
are primitive circles in Hj ; therefore the pair (Hy, J) is primitive.

For part (2), let B C dH \ o1 be a power circle in H. Notice that if «; is a Seifert circle
in H then by Lemma 6.7 the surface dH \ «y C H is incompressible and contains
such a power circle 8; in particular, by Lemma 3.3(1) «; is neither a primitive nor
power circle in H.

We assume that 8 has been isotoped in dH \ o7 so as to intersect J minimally. As o
is not a power circle in H, if BN J = & then B C T>.

Suppose now that 8N J # &, and let B C H be a companion annulus for 8 which
is disjoint from «; and intersects 7' minimally, so that the graphs of intersection
Gr=BNT CT and Gp= BNT C B are nonempty. Since dH \ ¢ is incompressible
in H, the minimality of BN 7T implies that if e C BN T is an arc that bounds a trivial
disk face D in B (resp. T') then e is essential in 7" (resp. B) and so D is a boundary
compression disk for 7" (resp. B) in H.

If the graph Gr = BN T C T has a trivial disk face D7 then boundary compressing
B along Dt produces a nontrivial separating disk in H with boundary in dH \ o,
contradicting the incompressibility of dH \ «; in H ; therefore the graph G has no
trivial disk faces.

If the graph Gg = BN T C B has a trivial disk face Dp and Dp C H;, then Dp
intersects J minimally in 2 points by Lemma 2.1(3) and so the pair (H;, J) is simple
by Lemma 3.11. If Dp C H; then, as o is disjoint from 0B, «; is disjoint from
Dp C B and so, by Lemma 6.2(5), «; is disjoint and hence isotopic in 77 to the power
circle of the simple pair (H;, J), which is not the case. Therefore Dp C H, and so the
pair (H,, J) is simple, whence 7, contains a power circle in H, by Lemma 6.2(1).

Otherwise the graphs Gt and Gp are essential, so Gp consists of spanning arcs
that cut B into a collection of 4—sided disk faces, alternately lying in Hy and H>.
By minimality of B N T any such disk face of Gp in H, intersects J minimally
in 4 points; therefore each pair (H;,J) and (H3, J) is a simple or double pair by
Lemma 6.1, so again T, contains a power circle in H,. Thus (2)(a) holds.
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Figure 12: The complementary regions R; ;1 of T C Xk.

Observe now that H(ay) = Hy(J) Uz Hi(ay), where Hy(J) is an irreducible and
boundary irreducible manifold by Lemma 3.7. If « is a Seifert circle in H then
H(oy) = D2 (%, %) is an irreducible and atoroidal manifold, hence T bounds a solid
torus in H(ay) and so H;(«) must be a solid torus, so «; is primitive in H;. By
(2)(a) there is a circle y C T, which is a power circle in H. If y is not a power circle
in H, then by (1) the pair (H;, J) is primitive, with y C T a primitive circle in H,
and coannular to a circle Y’ C T which is a power ¢ > 2 circle in H;. By Lemma 3.4
the circles oy and y’ are separated in Hj, hence the meridian disk of the solid torus
Hi(«y) intersects ¥’ minimally in ¢ > 2 points, which by Lemma 6.9(1) implies
that H(oy) = Ha(J) Uz Hi () = D2 (%, ) is a toroidal manifold, a contradiction.
Therefore y C T3 is a power circle in H, and so (2)(b) holds. O

7 Thecase |T|=6

In this section we assume that K C S is a hyperbolic knotand T =77 U---U Ty a
collection of N mutually disjoint and nonparallel once-punctured tori in Xg , initially
considering several special cases with N <5 before discussing the case N = 6 in detail.

For the rest of this section we extend each once-punctured torus 7; C Xg up to the knot
K via annuliin N (K) with disjoint interiors, so that 37; = K and int(7;)Nint(7}) = @
for i # j; for simplicity we will continue to say that the 7; are mutually disjoint.
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Using the notation set up in Section 6.1, we represent and label the regions R; ;41 as
in Figure 12 (where we take N = 6), each of which is a handlebody by Lemma 4.3. In
particular, if a pair (R; ;1 1, K) is simple then its core K; has index p; > 2 and its power
pi circles w; C T; and o] C T;4; cobound annuli 4;, A; C R; ;4 \ int N(K;) with
d14; = w; and 91 A; = o and circles 9, A4;, 0, A4; C IN(K;) of slope a;/ p; relative
to N(K;), where ged(a;, pi) =1, so that (R; ;+1, K) is a pair of type (0, 1;a;, p;).

7.1 Core knots and hyperbolic Eudave-Muiioz knots

The next result establishes a connection between the core knots K; produced by the
collection T and the family of hyperbolic Eudave—Muiioz knots under some conditions.

Lemma7.1 Let K CS? beahyperbolic knot that bounds a collection T = T; UT,UT5
of mutually disjoint and nonparallel once-punctured tori such that Ry » is a handlebody
and (R, K) a simple pair with core knot K, and the regions R, 3 and Rj, are
not handlebodies. Let Vi = N(K1) U N(A1) C Ry,2 be a solid torus neighborhood
of Ky and identify Xk, with S3 \int V7, so that w is a nonintegral slope in 0Xg, of
the form ay/ py. Then

(1) the twice-punctured torus F = cl(T} U T3\ V) C Xk, is essential in Xk, ;

(2) Xk, (wy) is an irreducible manifold and FcXx k, (w1) is an incompressible
separating torus;
(3) if T, C Ry 3 and Ty, C R3; are once-punctured tori bounded by K which are
not parallel to Ty, T3 and Ty, T3, respectively, then
(a) K is a hyperbolic Eudave—Muifioz knot of index p; = 2;
(b) there are circles y',y"” C Tz with A(y’,y") # 0 which are power circles in
R, 3 and R, respectively; in particular, if any of the pairs (R, 3, K) or
(R3,p, K) is minimal then it is simple;
(c) theregions Ry, and Ry, are handlebodies;
(d) if each of the pairs (R34, K) and (Rp 1, K) is simple of index 2 then the
region Ry, 4 is a handlebody.

Proof Let FE . FW c X k, be the closures of the components of Xk, \ F, with
FW = R3 1 ; the situation is represented in Figure 13. By Lemma 6.3 F B is homeo-
morphic to R 3, while by Lemma 4.1(1) the regions R, 3 and Rj3 ; are handlebodies;
therefore F2 and F" are handlebodies.
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FB

Figure 13: The regions FZ and F" in Xg, =S*\intV;.

By Lemmas 5.1 and 6.3, the circle w; C T} is neither primitive nor a power in R3 ;.
Therefore the surface F' is incompressible in R3 ; by Lemma 3.3(1) and so, by the
2-handle addition theorem, F" (w;) = R3 1 (1) is an irreducible manifold with
incompressible boundary the torus F.

Using the solid torus neighborhood V] = N(K;) U N(A}) C Ry, of Ky, it follows
in a similar way that a)i is neither a primitive nor power circle in R 3, and hence that
dR; 3 \ @] is incompressible in R, 3 and R 3(w}) is an irreducible and boundary
irreducible manifold.

Since the homeomorphism between F B and R; 3 identifies F with the surface
0R; 3 \ int N (a)g) and the slope w; of the core of the annulus Vi N Fp with a)i,
we have that F' is incompressible in Xk, and

Xk, (@1) = F¥ (1) Uz FB(01) ~ R3 1(01) Uy Ry 3(w))

is irreducible with F C X k, (w1) an incompressible separating torus, so (1) and (2) hold.
In particular, K; is not a torus knot, so by [17] K; is either a satellite or hyperbolic
knot.

For part (3) observe that, by Lemma 3.7(2), (R2,4. K), (R4,3, K), (R34, K) and
(Rp,1, K) are all nontrivial pairs. As the boundary slope w; C dXg, of F is nonintegral,
if Ky is a satellite knot then by Lemma 5.2 there is a circle y C F, not parallel to dF,
which is a power circle in FB and F". Via the homeomorphism F& a R; 3,
y corresponds to a circle in R 3 \ @] which is a power circle in R, 3, so by
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Lemma 6.10(2)(a) there is a circle Y’ C T3 which is a power circle in F B~ Ry3. A
similar argument applied to F?¥ = R3,; shows that there is a circle y” C T3 which
is a power circle in F. However, by Lemma 3.6, the circles y and y’ are isotopic
in BFB(a);), while ¥ and y” are isotopic in dF" (w;). But then y’ and y” must be
isotopic in 73, which by Lemma 5.1 cannot be the case since K is a hyperbolic knot.

Therefore K; must be a hyperbolic knot, so by [9, Theorem 1.1] K is a hyperbolic
Eudave-Muifoz knot and the slope a/p; of dF; is half-integral, whence p; = 2.
By [5, Theorem 2.1] and the invariance argument used in [5, Proposition 2.2], the
closed torus F C K 1(w1) is unique up to isotopy and separates Xk, (w;) into two
Seifert fiber spaces FB(w;) and F¥ (w;) of type D?(x, %) (the uniqueness of the
torus F C K 1(wy) also follows from the fact [9] that the regular fibers of the two
Seifert fiber spaces D% (%, %) in K;(w,) intersect transversely in one point). Therefore,
by Lemma 6.10(2)(b), there are circles y’, y” C T3 which are power circles in R, 3
and Rj p, respectively, where A(y’,y”) # 0 by Lemma 5.1. And whichever pair
(Rg,3, K) or (R34, K) is minimal must, by Lemma 6.2, be simple.

Moreover, as wq is a Seifert circle in F W — R3,1, by Lemma 6.10(2)(b) the circle
@1 is primitive in Rp ; and so Ry 5 is a handlebody by Lemma 6.3. Since F B(wy)
corresponds to R 3(w}), in a similar way it follows that @] is primitive in R, , and
R 4 is a handlebody. Therefore (3)(a), 3(b) and 3(c) hold.

For (3)(d), if each of the pairs (Rp 1, K) and (R34, K) is simple of index 2 then each
circle d, A, C IN(K,) and 82AZ C ON(Kp) (see Figure 13) bounds a Mdbius band
By C N(K3) and By C N(Kp). By (3)(c) and Lemma 3.5(1) the circles w; = BIA;)
and a); = 014, are primitive in R; » and so by Lemma 6.4(3) there is a slope s; in
dN (K1) which along with @, Ll @, cobounds a pair of pants Py in Ry \int N(K7).
Thus the slope s1 C AN (K;) bounds the once-punctured Klein bottle B, U Py U By, in
the exterior S* \ int N (K1) of the hyperbolic knot K; and so by [8, Theorem 1.3] the
slope s is integral; therefore the circles a)[; and w; are basic in Ry > by Lemma 6.4(4)
and hence Ry, is a handlebody by Lemma 3.5(2). a

7.2 Heegaard splittings of S3

For the rest of Section 7 we consider the case N = 6 exclusively. In this section we
prove that some pair of complementary regions R; ;43 and R;43; form a Heegaard
splitting of S*. For convenience we summarize below a number of properties of the
regions R; ;.

Algebraic € Geometric Topology, Volume 19 (2019)



2198 Luis G Valdez-Sdnchez

Lemma 7.2 (1) Eachregion R; ;4 is a handlebody and each pair (R; ;4+1, K) is
minimal and nontrivial.

(2) Forsome i € {1,2} each pair (R;i+1,K), (Ri+2,i+3, K) and (Rj14,i+5, K)
is simple.

(3) Each region R; ;4 is a handlebody.

(4) No pair (R;;+1, K) is a double pair, and if a region R; ;13 is a handlebody
then (R; 3, K) is neither a simple nor a double pair and (R;y1,i+2.K) isa
basic nonprimitive pair.

(5) The region R; ;43 is a handlebody if and only if the pair (R; ;+1. K) is simple
and the power circle w; C T;j4y of R; ;4 is primitive in R;4 43, and if
R; 43 is a handlebody then (R4 ;+3, K) is also a simple pair. Thus, if all
regions R; ;13 are handlebodies then all pairs (R; ;+1, K) are basic and simple,
and if (R;;41, K) is not a simple pair then the regions R; ;43 and R;_, ; are
not handlebodies.

Proof Part (1) follows directly from Lemma 4.3 since the degree of each vertex of G
is 6. Also, by Lemmas 2.3(1) and 4.2 there is a vertex v in (_?Q of degree 3 around
which there are 3 incident bigon disk faces of G located in alternating regions; thus
(2) holds. We also have that for each i the region R;;1, contains no bigon disk faces

of GiQ,i+2, so the graph GiQ’i+2’i+4 is reduced with each vertex of degree 3 and so by
Lemma 4.1(3) the region R; ;4> C Xk is a handlebody; therefore (3) holds.

If the region R; ;3 is a handlebody then by Corollary 3.10 the pairs (R;;+1, K)
and (R;y2,i+3. K) are simple, and by Lemma 6.8(1)(b) the power circles w; C T;14
and w; 4 C T4, are basic in R;yq ;2. Therefore, in R;1 1 ;42, the circles a)l/ and
w47 are primitive but not homotopic to each other, hence not coannular, which by
Lemma 6.9(2) implies that the pair (R;41 42, K) is not primitive. The remaining
parts of (4) and (5) follow from (1) and Lemmas 3.7(3) and 6.8. O

Lemma 7.3 At most one pair (R; ;+1,J) may not be simple.

Proof Suppose, for definiteness, that the pair (R 2, K) is not simple. Then the region
R 4 is not a handlebody by Lemma 7.2(5), so R4 ; is a handlebody by Lemma 4.1(1).
By Lemma 7.2(4), neither (R 2, K) nor (Ry4,1, K) is a simple or double pair; as the
pair (R34, K) is not minimal, by Lemma 3.9 it is not simple. Therefore by Lemma 4.2
the graph G 1Q’2’4 has no bigon disk faces, and by Lemma 6.1 it has no 4—sided disk
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faces in Ry, or Ry . It follows that G IQ’2’4 is a reduced planar graph with each
vertex of degree 3, which by Lemma 2.3 must have 4—sided disk faces, all of which
must lie in the region R 4. Therefore (R34, K) is a double pair by Lemma 6.1 and
so the pair (R34, K) is simple by Lemma 6.8(2).

A similar argument applied to the graph G IQ’Z’S shows that the pair (R5 ¢, K) is also

simple. Since by Lemma 7.2(2) the pairs (R2 3, K), (R4,5, K) and (Re,1, K) must
be simple, the lemma follows. a

Lemma 7.4 If the region R 4 is not a handlebody then
(1) all the pairs (R; ;+1, K) are simple,
(2) the core knots Ky C Ry 2 and K3 C Rj3 4 are hyperbolic Eudave-Mufioz knots
of indices p; =2 = p3,
(3) all regions R; ;43 # R1,4 are handlebodies.

Proof Recall that if the region R; ;43 is a handlebody then by Lemma 7.2(5) the
pairs (R;;+1, K) and (R;12 43, K) are simple.

Since Rj 4 is not a handlebody, by Lemma 4.1(1) the region R4 ; is a handlebody,
hence the pairs (Ry4,s5, K) and (R 1, K) are simple. By Lemma 7.3 we may assume
that one of the pairs (Rj 2, K) or (R34, K), say (R 2, K), is simple. Thus at most
one of the remaining pairs (R3 3, K), (R3,4, K) or (R5,6, K) may not be simple.

Now, by Lemma 7.2(3) the region R 4 is a handlebody, while by Lemma 3.9 R4 5 is
not a handlebody. Therefore, by Lemma 7.1(3) applied to the simple pair (R 2, K)
and the collection of tori 7y, T and T4 with T, = T3 and T = T, the knot K
is a hyperbolic Eudave-Mufioz knot of index p; = 2, the minimal pair (R34, K)
is simple, so the core knot K33 is defined, and Rs > is a handlebody and so the pair
(Rs,6, K) is simple. By symmetry, K3 is also a hyperbolic Eudave-Mufioz knot of
index p3 =2 and R3¢ is a handlebody.

If R, s is not a handlebody then applying the argument above to the simple pair
(R4,5. K) shows that (R; 3, K) is a simple pair and the core knots K, C R; 3 and
K4 C Ry4,5 are hyperbolic Eudave-Mufioz knots of indices p, = 2 = py4, contradicting
Lemma 7.1(3)(d) applied to the simple pair (R34, K) and the tori 7, T3 and T4 with
T, =T, and Tp = Ts. Therefore R, s is a handlebody, so (R 3, K) is a simple pair,
and in a similar way Rg 3 is also a handlebody. |

We now combine the results above to obtain a genus two Heegaard splitting of S3.
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Proposition 7.5 All the pairs (R; ;+1, K) are simple and, without loss of generality,
we may assume that all the regions Ry 4, R4,1, Rs> and R3¢ are handlebodies. In
particular, Ry 4 Uy Ry 1 is a genus two Heegaard splitting of S3 and w; C Ty and
wg C T}y are Seifert circles in Ry 1.

Proof That all pairs (R;;+1, K) are simple follows from Lemma 7.2(5) if all the
regions R; ;43 are handlebodies, and otherwise from Lemma 7.4, which also implies
that at most one region R; ;43 is not a handlebody, so we may assume that Ry 4, R4, 1,
Rs, and R3¢ are handlebodies.

Since R3¢ is a handlebody, by Lemma 7.2(5) the circle a)g C T} is primitive in Ry4 ¢
and hence a Seifert circle in R4 ; by Lemma 6.8(1)(d), disjoint from the power circle
a)g C T; COR; 4. In asimilar way, w; C T is a Seifert circle in R4,; since Rs; is
a handlebody. O

7.3 Heegaard diagrams

In this section we construct the Heegaard diagrams of the genus two Heegaard splittings
Ri4Uj Ry, of S3? provided in Proposition 7.5. To this end we first obtain specific
homeomorphic representations of basic simple pairs and more general pairs with the
help of the following result:

Lemma 7.6 Let S be a closed genus two surface and ay, by, as, by, ag, by, co C S
nontrivial circles which intersect minimally as shown in Figure 14, top, where ¢y
separates S into two once-punctured tori Sy and S, with a; Ub; C S;. Then

(1) any nontrivial separating circle ¢, C S which is disjoint from a; Ul a, and
intersects ag minimally in 2 points is obtained by Dehn twisting co along by,
that is, by connecting the endpoints of 2n nontrivial arcs in S \ a; and 2n
nontrivial arcs in S, \ a, in one of the two ways shown in Figure 14, center;,

(2) any nontrivial separating circle ¢, C S which is disjoint from by U b, and
intersects by minimally in 2 points is obtained by Dehn twisting ¢y along ay,
that is, by connecting the endpoints of 2n nontrivial arcs in S \ by and 2n
nontrivial arcs in S, \ b, in one of the two ways shown in Figure 14, bottom.

Proof Let Ay C S be a thin annular neighborhood of cy; we will refer to the
components of S\ int 4y as S; and S, correspondingly, so that dS; LI dS, = 04,.
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Figure 14: The separating circles ¢4, cp C S.

Suppose ¢, C S is a nontrivial separating circle disjoint from @ Ll a,. Then ¢, may
be isotoped so as to intersect ¢y minimally, hence to intersect A9 C S minimally
into a collection of parallel spanning arcs. The arcs ¢, N S;, being disjoint from the
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T,

ag N Ag ap N Ay

I
2n

Figure 15: Generators of the arcs ¢, N A in the annulus Ay .

circle a; C S;, form a disjoint family of mutually parallel nontrivial arcs in ;. Since
lap Na;| =1 it is possible to isotope ¢,, if necessary, so that the arcs ¢, N S; are
disjoint from the arc ag N S;, that is, so that the points ¢, N ag lie in the annulus Ay.
Also, as ¢, separates S, we must have |c; N S;| = 2n for some integer n > 1. The
situation so far is represented in Figure 14, center.

In the annulus A the endpoints of the spanning arcs ¢, Ao C A are distributed around
dAy = 0S5 U dS, and separated by the two arcs ag N A, as shown in Figure 15. Now,
the collection of arcs ¢, N Ag is uniquely determined by one spanning arc connecting
a point of ¢, NS with a point of ¢, N S3. It is not hard to see that the only collections
cq N Ao which intersect a N 4, minimally in two points are the ones generated from
the arc connecting the points 1 and 2 or the arc connecting the points 3 and 4 indicated
in Figure 15, each of which in fact produces a separating circle ¢, in S as shown in
Figure 14, center. Therefore part (1) holds, and (2) follows in a similar way. |

We now construct a diagram for the Heegaard splitting R 4 Uy R4 1 as follows.
Since R14 = Ry Ur, Ry 3 Ur, R34 is a handlebody, by Lemma 6.8(1)(b) the
circles a)g C T, and w3 C T3 are basic circles in Rj 3; therefore, as the pair
(R3.3, K) is simple, by Lemma 6.5(3), there are unique disks D, D', D” C R, 3
such that the 7—tuple (R 3. D, D', D", /|, w3, K) is homeomorphic to the 7—tuple
(H,D,D’,D",ay,a3,J) in Figure 9, bottom (where p, = p =2 is used for simplicity).

Since |w; N D"| =1, by Lemma 3.4 E; 3 = fr N(w] UD") C R, 3 is the unique disk
that separates the primitive circles @] and w3 ; moreover E 3 intersects D minimally
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in one arc and the separating circle K C dR; 3 minimally in 4p;, points (see Figure 9,
bottom, with J = K).

Therefore, by Lemma 7.6(2) with a; = 0D", a; = 0D’, by = D, by = 0}, by = w3,
co=0E> 3 and ¢, = K, the 7—tuple (R, 3, D, D', D", w/, w3, K) is homeomorphic
to the 7—tuple shown in Figure 16, top, where there are two choices for the circle K,
while the 6-tuple (dR; 3,0D, w}, w3, dE; 3, K) is homeomorphic to the 6—tuple in
Figure 16, center, by Lemma 7.6(1), where there are two choices for the circle 0E; 3.

Remarks 7.7 (1) If (H,J) is any basic pair and oy C T and o C T, are basic
circles in H then, by the 2-handle addition theorem and Lemma 3.4, o; and o5
are separated in / and so the compression disk of dH \ ¢; intersects o; minimally
in one point. It is not hard to see by the argument above that the pair (H, J) must
therefore be homeomorphic to the pair (R 3, K) in Figure 16, top, obtained by any
valid connecting pattern between the endpoints of the arcs K MN.S; and KN .S3, and that
(H, J) is simple if and only if it is constructed using the specific connecting schemes
in Figure 16, top.

(2) By Corollary 3.10 and Lemmas 3.5 and 6.3, any maximal pair (H, J) is homeo-
morphic to a manifold obtained by attaching solid tori V; and V, along annular
neighborhoods of basic circles oy C T 1’ and ay C T, respectively, of a nontrivial basic
pair (Hy, J) with dHo = T{ U T, in such a way that each circle a; runs at least
twice around V.

By Lemmas 3.5(2) and 6.3, attaching the companion solid tori Vl/ CRiand V3C R34
to R, 3 along the circles @] and w3, respectively, yields a handlebody homeomorphic
to Rj 4 such that the 5—tuple (8R1,4,a)1,a)g, 0E; 3, K) is homeomorphic to the 5—
tuple (dR3 3, a)/l,a)3, dF, 3, K) in Figure 16, center.

Notice that £5 3 C Ry 3 becomes a waist disk in Ry 4 which cuts R; 4 into two
solid tori V7, V3 C Ry 4, and such that dE; 3 cuts dR 4 into two once-punctured tori
S1 CdVy and S4 C dV3, with wy; C S and a); C S4, and meridian disks D; C V; and
D3 C V3 with dD1 C Sy and dD3 C S4. Thus Dy and D5 are the compression disks in
Ry 4 of 0R| 4\ ] and 0R; 4\, respectively, which are unique by Lemma 3.3(1)(b).
Since in 0R; 4 the circles w; and a)g are disjoint from K U dE, 3 while w4 and a)/6
are disjoint from K with | Nwg| = 1 = |wg N }], it follows that the 7—tuple
(0R1,4, 01, a)g w4, a)g, 0E; 3, K) is homeomorphic to the one shown in Figure 16,
bottom.
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Figure 16: The circles K and 8E§i)3 in 0R, 3 and 0R; 4.

Let 0E glg and 0E gzg be the versions of the circle dE; 3 shown in Figure 16, bottom,
obtaine({ by connec"ting the endpoints 1 and 2 or 3 and 4 in Figure 16, center, re-
spectively. It is not hard to see that the automorphism of dR 4 obtained by reflecting
the surface dR; 4 across the plane that contains the circles a)/6 L wgq maps 0E 51)3 onto

OEY) for {i. j} = {1.2}.
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Therefore in the sequel we will assume for definiteness that dE; 3 = 8E§1;, as shown
in Figure 17, top (where p, = 2).

In order to obtain the first half of the Heegaard diagram for Ry 4 U R4 1, it remains
to identify the circles dD; C S; and D3 C S4 in the version of dR; 4 = S1 Uy Sy
shown in Figure 17, top, where p, = 2 is used for simplicity. We do this with the help
of a specific homological frame for S; and Sy.

The oriented circles a1, b; indicated in Figure 17, center, lie in 77 and have the
minimal intersections |a; Nby| = |a; Nw;| = |b; Nwi| =1 and |b; Nw;| = 0. Since
ay and b; are disjoint from BES; and |w; NdD1| = p1, homologically in S; we can
write dD{ = pya; + ¢ by for some integer ¢ with ged(p;,q1) = 1.

This and future arrangements can be described as follows: An oriented circle with a
box on top represents a collection of |k| mutually disjoint, parallel circles, oriented
in the direction given by the arrows on the circle if k£ > 0, and in the opposite direction
if k <0; thus 0D is the circle obtained as the homological sum of the circle collections
with boxes p; and ¢ in Figure 17, center. The circle dD3 is constructed in a similar
way as the homological sum of the collection of circles with boxes p3 and g3 with
gcd(ps3,g3) = 1, shown in Figure 17, bottom.

The second half of the Heegaard diagram for Rj 4 U Ry ; is obtained similarly: A
waist disk E5s ¢ C R4,1 is constructed that separates R4 ; into solid tori that contain
the power circles w4 and a)g and have meridian disks D4 and D¢ with minimal
intersections | D4 Nw4| = pa, | D Nwg| = pe and [ Dy Nwg| =0 = |Dg N w4]. We
then use the method of Lemma 7.6(2) (see Figure 14, bottom) to represent the circle
0Es56 C 0R4,1 on top of the diagrams for dR 4 = dR4,; of Figure 17.

We will call the diagram for dR4,; obtained by constructing the circle 0Es ¢ = 0E gl())_
using the endpoints labeled 1 and 2 in Figure 14, bottom, a type 1 diagram, and a
type 2 diagram if 0Es ¢ = 0E gzg is constructed using the endpoints labeled 3 and 4
in Figure 14, bottom.

The Heegaard diagrams are now uniquely determined up to some number n € Z of
Dehn twists along the annulus Ag C 0R; 4, which we consider in more detail in the
sequel. In the meantime, for n = 0, Figure 18, top, shows the circle JF glg of a type 1
diagram for R4 ; with ps = 2, and the circles dD4 and dDg appear in Figure 18,
center and bottom, as obtained from the construction above.

We summarize our findings in this section in the following result:
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Figure 17: The circles (top) 0E> 3 = 0E ;13 (p2 =2) and (center and bottom)
8D1 and 8D3 in 8R1’4.

Lemma 7.8 If K C S? is a genus one hyperbolic knot whose exterior Xg contains
6 mutually disjoint and nonparallel once-punctured tori, then S* admits a genus two
Heegaard splitting Ry 4 Uy R4,1 of type 1 or2 with K C Ry 4 = 0R4,; a separating
circle. m
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Figure 18: The circles BEglg (ps =2)and dD4 and 0Dg in dR4,1 = R 4

forn =0.
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7.4 The type 1 Heegaard diagrams for R 4U; R41

The identification of 0R; 4 and dR4 ; is completely determined by the images of the
circle pairs w; U wg and o} U, up to some number 7 € Z of Dehn twists along the
annular neighborhood Ax C dR; 4 of K shown in Figure 19, top; the Dehn twists
are applied only to the arcs Ax N (dD4 L 0Dg), where n > 0 is taken as the direction
indicated by the arrows along the arcs ¥ and § in Ag shown in Figure 19, top.

Figure 19, top, shows the embeddings of the circles D and D3 in dR; 4 obtained
with p, =2, and the embeddings of dD4 and dDg are shown in Figure 19, center and
bottom, respectively, with n =0 and ps = 3.

7.4.1 Fundamental group presentations, I In order to analyze the fundamental
group of the manifold Ry 4 Uy R4, ; and properties of the words represented by circles
in the Heegaard surface dR; 4, we consider here the situation in more general terms.

Let H be a genus two handlebody; its fundamental group is isomorphic to the rank 2
free group . For i = 1,2, let y; C dH be disjoint separated power p; circles with
p1 =1 and p, > 2, where if p; =1 then y; is taken to be a primitive circle. Thus
there is a waist disk D that cuts H into two solid tori V7 and V, with y; C dV; \ D,
and by Lemma 3.3(1)(b) the meridian disks D; C V1 \ D and D, C V5, \ D are the
unique compression disks of dH \ y, and dH \ y;, respectively. Let x; be a core circle
of V; dual to D;, so that w{(H,q) = (x1,x, | =) for ¢ € D.

By Lemma 3.3(2) the companion annulus A, C H of y; is unique and can be isotoped
away from D and into V3, hence D lies in the handlebody Hy, C H|A, as a waist
disk; since by Lemma 3.5(1) the core circle 7, C 0Hy, of A is primitive in Hy,, we
have that 1 (Hy,,q) = (x1,12 | =) forg € D.

The next result now follows from van Kampen’s theorem.

Lemma 7.9 The map mni(Hy,,q) — ni1(H,q) (¢ € D) induced by the inclusion
Hy, C H is an injection given by x{ — x| and 1, — xfz. In particular, if a circle
y C 0H \ y, is represented by the words w(xy,1;) € m1(Hy,,q) = (x1,t2 | —) and
Wi(x1,x5) € mi(H,q) = {(x1,x2 | =) for ¢ € y N D, then W(xy,x,) = w(xl,xfz).

0

Determining which words in the free group [, of rank two are primitive will be useful
in the sequel. The next result from [3] gives a simple condition satisfied by such words.
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0D UdD; (top),

Figure 19: The type 1 Heegaard circles for Ry 4U Ry, ;1:
dD4 (center) and dDg (bottom) (with n =0, pr =2, ps = 3).

Algebraic € Geometric Topology, Volume 19 (2019)



2210 Luis G Valdez-Sdnchez

Lemma 7.10 [3] In any cyclically reduced primitive word in Fy = (x1,x, | —)
different from xljEl or xéﬁl , for some {i, j} = {1, 2} the exponents in x; are all equal
to 1 or all equal to —1, while the exponents in x; are all nonzero of the form m or

m+ 1 for some m € 7. O

7.4.2 Fundamental group presentations, Il Recall that D, D3 C R; 4 are the
compression disks of 0R; 4 \ @} and 0R; 4\ w;, respectively. Therefore we have
that (R 4) = (x1,x3 | —) where the free generators x; and x3 represent the
circles in Ry 4 dual to the disks Dy and D3 constructed in Section 7.4.1, respectively;
similarly, 7;(R4,1) = (x4,X¢ | —), where x4 and x¢ represent the circles in Ry ;
dual to the disks D4 and Dy, respectively.

Set ¢ =¢q; — p; fori =1,3,4,6.
Lemma 7.11 gcd(p;,e)=1fori=1,3,4,6,and ¢; =q;— p; € {1} fori =4,6.

Proof That gcd(p;i, ;) = 1 follows from the fact that ged(p;,q;) = 1.
From Figure 18 we have that, in 71 (Ry4,1) = (x4, X6 | —),
wy = (xPxPo)PsTIxPAxI0 and ol = (xfoxP4)PsTIx Doy

relative to the basepoints @) Nw and w} Nwy. By Proposition 7.5, ] is a Seifert circle
in R4 ; disjoint from the power circle a)g CTi C Ry4,1. Therefore, by Lemmas 6.8(1)(d)
and 7.9 the word (xex3*)?5~ ! x¢x7* obtained by replacing x7° with x in the word
that represents w; must be primitive in the free group (x4,x6 | —). Since p4 > 2, by
Lemma 7.10 we must have ¢4 = p4 £ 1, and hence that ¢4 € {£1}. That g6 € {1}

follows in a similar way by considering the word for wj . |

For convenience, in the sequel we will denote the generators x; and x3 of the free group
m1(Ry,4) = (x1,x3 | —) and their inverses by x and y, and X and Y, respectively.

Let F, = (x, y | —) denote the rank two free group generated by x and y, and M,
the monoid generated by x, X, y and Y. Denote the cyclic reduction of any word
w € F;, by [w]. For any two words w; and w; in the monoid M, we denote their
equality in M, by w; = w, and in the free group F, by w; = w,. Thus w; = w,
implies that w; = w,, and x?y = xxy = [Xx3y] but x2y % Xx3y £ x3Xy.

Cyclic permutations of a word w in [, are performed by treating w as an element
in M, , that is, without performing any cancellations on w.

Algebraic € Geometric Topology, Volume 19 (2019)



Seifert surfaces for genus one hyperbolic knots in the 3—sphere 2211

For any two words w; and wj in F,, we say that

e w;j is equivalent to w, and write w{ = w, if wy is some cyclic permutation of
-1

wy or w

e w; divides wj if wy, = a-w; -b for some (possibly empty) words ¢ and b;

e wp | w;, if there is a word u such that [w{] = « and [w;] = u - v, that is, if
some word equivalent to [w;] divides some word equivalent to [w,].

With this notation the following result follows from Kaneto’s theorem [15]:

Lemma 7.12 [15, Theorem 1] If (x,y |ry,r,) is a presentation of 7 (S3) obtained
from a genus two Heegaard splitting of S* then, for some {i, j} = {1,2}, either
[ri] = x and [rj] =y, orri|r;. |

Unlike the division relation, the relation || is not transitive: if w; = x2y, w, = x?y?
and w3 = xy2xY then wy||w, and w, = xp2x || w3; however, none of the cyclic
permutations x2y, xyx or yx? of w; divides any of the cyclic permutations xy2xY,
y2xYx, yxYxy, xYxy? or Yxp2x of ws, from which it follows that w; Jf ws. We
have however the following restricted version of transitivity for ||:

Lemma 7.13 Suppose that w; and w, are cyclically reduced words in [y with
w || wy . If each cyclic permutation of w; is divisible by one of the words s,t € F,
then s | wy ort|w;.

Proof Without loss of generality we may assume that wy = u - v for some cyclic
permutation u of wy, and that s divides u; by definition it follows that s || w, . ad

7.4.3 Presentations for the group w1 (R 4Uy Ry4,1) Inordertoapply Lemma 7.12
to the group presentation
m1(R1,4Uy Re,1) = (x, y | D4, 0Ds)

we need to determine the words represented by the circles dDy4, 0D C 0R4,1 = 0R| 4
in the free group m(R;,4) = (x, y | —). At this point we remind the reader that the
bound p; > 2 holds for each 1 <i <6.

We shall see below that some of the circles representing dD4 or dDg contain disjoint
parallel copies of the oriented arcs y and § shown in Figure 19, top, obtained by
Dehn-twisting once a corresponding spanning arc in the annulus Ax C dR; 4 in the
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indicated directions. Reading the oriented intersections of y and § with the disks
D1, D3 C Ry 4 produces the words

y = (xplyp3)]72 . (Xpl YP3)p2 and 8 — (YPS Xpl)pZ . (yp3xp1)l’2’
which will appear as factors in some of the words for dD4, 0Dg € w1 (R1,4) = (x, y|—).

Let o and B be oriented components of the collections with p4 and g4 circles shown
in Figure 19, center, respectively, so that homologically we have 0D4 = pso+ g4 and
B = —wy. It follows that dD4 = wy (e, B) in w1 (Ry,4) = (x,y | —), where wa(a, B)
is a cyclically reduced primitive word in the free group (o, 8 | —) (which is unique up
to cyclic order) with abelianization psa + ¢4f. Since we have by Lemma 7.11 that
qa4 = p4 + &4 with g4 = =1, we can take dD4 = E)DA;Ir = (af)P+-B if ¢4 = +1 and
D4 =D, =a-(af)P4 1 if 64 =—1.

In a similar way, in 7;(R 4), we have dDg = (‘)DgIr = (uv)?6 - v if ¢g = +1 and
0D =0Dg =u- (uv)Po~1 if g5 = —1, where u and v are oriented components of the
collections in Figure 19, bottom, with ps and g circles, respectively, so that v = wy.

Taking @ N B and u N v as basepoints, the words corresponding to o and S, and u
and v, in 1 (R 4) after n € Z Dehn twists along the annulus Ag , with n > 0 taken as
the direction indicated by the arrows on the arcs y and ¢ in Figure 19, top, are given by
the following expressions obtained with the convention that o, say, reads x whenever
it intersects the oriented circle dD; from right to left, and x~! = X otherwise:

o =[§"x91 P Vnyps—qs]ps—lgnqu—pl ynxpl[ypsxpl]pz—l
= [§"x®! yny83]ps—15nx81 Y x P [yP.%xPl]Pz_l’
B = 0)4_1 =" YP3)P2—1XP1 yP3tes — (X PrY P3)P2yes,
Otﬂ — [(gnxal yny83]115 YP3’
u =yt yP3 a3 xd1=P1|Ps= 1y 0, P3 a3 gy P3(x Py P3yp2—1
=[p" Y€35nx81]P5—1 yrYes§ny P (x P YP3)P2—1 ,
V=w = (yP3xP1)P2—1yP3xP1+81 = (pP3xPryP2x®1,
uv = [y"y e §"xe1Ps x P,
Therefore we obtain the following words for dD4 and dDg:
aDZ" — (aﬂ)P4’3 — [[Snxsl Vn Y83]P5 YPS]p4 (Xpl YPS)PZ YES’
Dy =a(af)?+!

= [§"xE1 Y 3PS TN B PLP3 x P1]P2T L[ xB1 )y €3]Ps Y P3|PaT
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3D;‘ = (uv)Pov = [[y" Y 838" x1]P5 x P1]P6 (P3 x P1)P2 x 81
dDg = u(uv)Pe!
= [y"Y&3§" X! ]Ps—l yrY e §ny P (X P YP3)P2—1 [[y" Y €387 x1]P5 x P! ]PG_I )
There are three cases to consider, depending on the value of n € Z.
7.4.4 The case n =0 We have the identities
aD:‘ — [(xgl YSS)PS YP3]P4 . (Xpl YPS)PZ Y53 ,
N——
N
D, = (x®1 y83)P5—1 xp1+61(ypsxp1)pz—1 J(xE1 Y#3)Ps Yps]m—l’
s t
aDg- = [(Ye3xE1)P5xP1|P6 . (yP3xP1)P2 81

Dy = Y83x81)175—lyp3+83 (X7 YP3)P2—1 ,[(Y33x81)175x171]176_1.

It is then not hard to see that
(1) any cyclic permutation of |[8DI]] is divisible by s = (x®1Y®3)P5YP3 but
s}oDE,
(2) any cyclic permutation of [dD, ] is divisible by
§ = xP1+81(yP3xP1)P2—1x81 or =Y§& (x81Y€3)P5—lyp3
but s, } E)DgIE .
Observe now that the words 8Djft and aD;t are related by the following symmetry:
(S) For each * € {£} there is a word w(x, y, X, Y;a,b,c,d,e) in the free group
(x,y,X,Y | —) depending on parameters a, b, c,d, e € Z such that
Dy =w(x,y, X,Y:e1, p1.€3, p3, pa),
ODg = w(Y. X, y.x:€3, p3. €1, P1. Ps)-
Similarly, in items (1) and (2) the words for s and ¢ are each of the form
W(X,J’»X, Y;gl’pl’g?)’p?))v

that is, independent of p4 and pg. Therefore, replacing s and ¢ in (1) and (2) above
with the words s and ¢’ corresponding to the transformation

W(x,y, X, Y e1,p1.e3,p3) > WX, X, y, x;¢e3, p3, &1, p1)

and using the symmetry (S) above, statements (1) and (2) transform into the following
equivalent statements:
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(1) any cyclic permutation of [[BDgr]] is divisible by s’ = (Y®3x°1)P5xP1 but
s’y oDFE,
(2') any cyclic permutation of [0D] is divisible by either
§ = yPp3tes (X P YP3)P2—1Y83 or t = x&! (Y83x61)175—1x171
but 57, Z’Han.
We therefore have by Lemma 7.13 that [[8Dl.i]] F oD ji]] for each {i, j} = {1,2}.
In all cases that follow for type 1 or 2 Heegaard diagrams we will explicitly establish

the equivalent version of statements (1) and (2) above, and that the corresponding
equivalent versions of (1”) and (2’) also hold will follow by the argument above.

Remark 7.14 The values p; =2 for 1 <i <5, pg =4, ¢t = +1 and ¢; = —1
for i = 3,4, 6 produce an integral homology 3—sphere R; 4 Uy R4 ; which by the
argument above is not homeomorphic to S* for n = 0. Thus in general integral
homology does not differentiate the manifolds Ry 4 Uy R4 1 from S3.

7.4.5 Thecase n >0 We have

3Dj_ — ([[(YP3XP1)P2 (yP3xP1)P2Y X E[(xP1 pP3)P2 (X P1 YP3)P2]'1Y€3]1’5 Yps)l"l
—————
C A
(X PryP3)P2yEs,
B
3D4_ — [[(YP3 XPI)PZ (yp3xp')p2]”x£1 [(xplyp3)172 (XPl Yps)pz]n Y83]1’5_1
([(Y P3 X P1)P2()P3 x P1)P2]1 xE1
. [(xpl yp3)P2 (XP1 Yps)pz]nxpl (yp3xp1)pz—1

t

. ([[(YP3 XPI)PZ (yP3XP1 )Pz]nx81
[(xPr P3P (X Py P3)P2]y e3P Ypa)l’4—1 ’
3D;‘ — ([[(xpl yP3)P2(XP1Y P3)P2J1Y E3[(Y P3 X P1)P2()P3 x P1)P2]1 €1 ]1’5x171 )1’6
. (yp3x171 )P2x81 ,
dDg = [[(xpl yP3)P2 (X PLY P3)P2|ty &3[(Y P3 X P1)P2 (yp3xpl)Pz]nx61]P5_1
[(xP1yP3)P2 (X PLY P3)P2]1y €3
(Y P3 X PrYP2(pP3x PLYP2] Y P3 (X P Yps)pz—l
. ([[(xplym)pz (XPI YP3)pz]n Y3

. [(Yps XPI)PZ (yp3xp1)p2]”x81 ]PSXIH )1’6_1.
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(1) Any cyclic permutation of [[BDI]] is divisible by s = Y 3P3%€3 (located in AC)
or

t=ABC = (X?! YP3)P2yP3+83 (X PLY P3)P2y 3 (Y P3 X P1)P2,
but s, 7 4 E)DgIE .
(2) Any cyclic permutation of [dD, ] is divisible by either
g=Y3tes o f= (X Py P3)P2x P (yP3xP1)P2—1

but s,tHaDgt.

7.4.6 The case n <0 We use the identities
y = (y—l)lnl = [(yP3xP1)P2 (YP3XP1)P2]|’1|’
§" = (5—1)|n| = [(XP Y P3)P2 (xplyps)pz]ln\
to obtain the words

aDr — ([[(XP] Y P3)P2 (xP1 yps)liz]lnlx€1 [(pP3xP1)P2(YP3 Xpl)pz]ln\ y83]1’5 yP3)1’4
~———
N

S(XPLYP3)P2Y?3,
D] = [[(Xpl Y P3)P2 (xplyps)P2]|n|x81 [(yP3xP1)P2(Y P3 XPl)Pz]ln\Yes]pS_l

(X PLY P3)P2 (x P yP3) P2l 81 (,P3 x P1)P2 (Y P3 Y P1)P2]Inl . \ P1(,P3 P1)P2~]

A
([[(xPryP3)P2(xP1 pP3)P2]l X E1[(P3 x P1)P2(Y P3 X P1)P2]"l Y63]1’5 Yps)l’4—1 ,
N, e’ N’
B s

aD: = ([[(p73xP1)P2(Y P3 X Pryp2)Inlyes((xP1yP3)r2 (xmyP3)P2]In\x61]P5xP1)P6
(pP3xPryP2xe1
Dy = [[(ypsxpl)Pz (Y P3 XPI)P2]|”|Y53 [(XP1YP3)P2 (xplyps)PZ]ln\x61]P5_1
[(yP3xP1YP2(Y P3 X P1YP2|I Y 3[(X PLY P3)P2(xP1 yP3)P2]Inly P3(x P1y P3)P2~1
. ([[(yPSXPI)PZ(YP3 XPl)Pz]\n\Yss[(Xpl Y P3)P2 (xP1 yps)Pz]lnlxsl]p5xP1)P6_l_
(1) Any cyclic permutation of [[aDZF]] is divisible by s = Y ?37€3 but s }t 8D;’E.
(2) Any cyclic permutation of [dD, ] is divisible by either
s=YP3tes o = AB = (yp3xP1)szp3 (XPIYPS)PZ

but s, § 0DF .
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By Lemmas 7.13 and 7.12, we have therefore established the following result:

Lemma 7.15 If the Heegaard diagram of the manifold Ry 4 Uy R4 1 is of type 1 then
Ri4Uy Ry  #S3. O

7.5 The type 2 Heegaard diagrams for R 4U; R4,1

We follow the outline of the analysis of type 1 Heegaard diagrams given in Section 7.4.

The circles 0E gzg’ 0Dy4,0Dg C 0R4,1 = OR| 4 are shown in Figure 20, and the circles

0D; COR 4 fori =1, 3,4, 6 that form the Heegaard diagram of type 2 for Ry 4Uy R4 ;
are shown in Figure 21 (where n =0, p, =2 and ps = 3).

The circles o, B, u,v C 0R; 4 are defined and their words in 71 (R 4) = (x,y | —)
computed relative to the basepoints « N B and u N v as in Section 7.4, obtaining the
identities

o = (xP1yP3)P2[§N xE1 0 Y83]P5y173+83,

ﬂ =Y (YP3 XP])PZ’
Bow = [YE3§"xE1"|P5 P3|
U= (Yps XPI)PZ[V”YSS 5nx81]175 XPH'SI,
v = x91yP3 (xPlyPS)PZ_l = x®1(xP1 yP3)P2,
vu =[xy Y e s Ps x P
The conclusion of Lemma 7.11 applies in the present context, so we can take dD4 =
ID} = (Ba)P*p if 4 = +1 and 0D4 = 0D; = a(Bar)?*~ ! if &4 = —1, and IDg =
aDgL = (vu)Pov if ¢ = +1 and dDg = IDg = u(vu)?o~1 if ¢g = —1. This yields
the words
aD:‘ — (,Ba)p4,8 — [[Y835nx€l yn]PS yp3]P4 Y83 (YPS XPI)PZ’
oD, = oz(,Boz)l"‘_1
= (xP1yP3)P2[§" xE1 YN Y83]P5y173+83[[ys35nx61 yn]psym]m—l ,
aD6+ = (vu)Pov = [[x1p" Y E3§7|P5 X P1]P6 xB1 (x P1 P3) P2
dDg = u(vu)?e~!

= (Y P3 X P1)P2[)y 83 §n x81]P5 X P1ten [[x&1y" Y 83§"1P5 XPI]P6_1’
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@
5.6

Figure 20: The circles BEg?g (n=0, ps =2)and 0D4 and dD¢ in 0R4,; = 0R1 4.
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Figure 21: The type 2 Heegaard circles for Ry 4Uy R4,1 (n =0, pp =2,

ps =3).
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7.5.1 The case n =0 We have
BDI = [(YE3xE1)P5 yP3|P4. Y E3(Y P3 X P1)P2
= (YE3xE1)P5 ) P3[(Y 83 xB1)Ps ,P3|Pa~1  y &3y P3 x P1)P2
( )7y )73y ( )
B s A
D, = (xP1yP3)P2 (xE1 Y€3)1’5y1’3+53[(Y83 x81)p5y173]p4—1,

N
aDg- - [(x81 Y83)p5XP1]P6x81 (xPlyP.%)PZ’

D = (YP3 Xpl)pz(ygax81)PsXp1+61[(x€1 Yss)stpl]pe—l_

(1) Any cyclic permutation of [[BDZ']] is divisible by
§ = yP3—83 or t=AB = x%1 Y83XP1(YP3XP1)P2—1Y€3x81
but 5,7 4 E)D;‘E .

(2) Any cyclic permutation of [dD, ] is divisible by s = y?37%3 or t = Y #3x®1 yP3
but s,z } aDgt .

7.5.2 The case n >0 We have

3Dr = ([Y€3[(Y1’3 XP1)P2(yP3 xP1)P2]" xE1[(xP1 pP3)P2(X P Yps)pz]n]PSyP3)P4
—_—
s Y (YPIXPL)P2,
D, = (xP1yP3)P2 [[(Y“ X P1yP2(yP3 xP1YP2YIxEL[(xP1 P3)P2 (X P1 YPs)Pz]nY83]p5
—_——

s

. yP3tes ([Y€3[(y113 X P1)P2(yP3 xP1)P2]" x €1
.[(xplym)}’z (XP1 YP3)P2]n]P5yp3)P4_1’
8D2‘ = ([xsl [(xP1yP3)P2(XPLY P3)P2|1 Yy €3[(Y P3 X P1)P2 (yP3xP1)P2]n]P5 Xpl)P()
< XCL(xPLyP3)P2,
0Dy = (YP3xP1)P2 [[(xplym)pz (XPLY P3)P2]1y €3[(Y P3 X P1)P2 (yp3xp1)p2]nx81]1’5
. XP1+61 ([xsl [(xpl yp3)p2(Xp1 YP3)1’2]"Y83
.[(YP3XPl)Pz(ypsxpl)Pz]n]PsXpl)Pﬁ—l.

In this case we have that any cyclic permutation of [[BDf]] is divisible by s = x2P11¢1
(located in several disjoint sites) but s }f BDEE.
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7.5.3 The case n <0 We have

aD:— — ([):jj,[(XPl Y P3)P2 (xplyps)Pz]lnlxm [(yP3xP1)P2(Y P3 XPI)P2]|”|]p5 yP3)p4

¢ A
SYEI(YPIXPL)P2,
D e ——

B
dDy = (xP1yP3)P2 [[(XPI Yp3)p2(xp1yp3)p2]‘”‘xsl[(yp3xp1)p2(Yp3Xpl)p2]|"|Y83]p5
T 7
.yPates ([YS-”[(XI” Y P3)P2 (xPIyPS)P2]|"|x51
A B P3P1YP2 (Y P3 Y P1)P2)Inl1P5 |, p3) P41
(73 xP)P2( Y2 pp)
C

3D6+ = ([x";l [(pP3xP1)P2(Y P3 X P1)P2]nly e3[( X P1Yy P3)P2 (xplyps)pz]lnl]PSXpl)PG
. x81 (xplyl’s)Pz’
dDg = (Y P3 X P1)P2 [[(yP3XP1)P2 (Y73 XPl)Pz]\n|Y83[(XP1 Y P3)P2 (xplyPS)P2]|n|x81]p5
. XY P1ter ([x” [(pP3xP1)P2(YP3 Xpl)pZ]In\ys_z
J(XP1YP3)P2(xP1 yps)pz]\n\]PSXm)%—l.
(1) Any cyclic permutation of [[BDI]] is divisible by either
s=AC =yP3™% or (= ABC =YS(XP1yP3)P2-1xyriyses
but s, } E)DgIE .
(2) Any cyclic permutation of [dD, ] is divisible by
s=AA' B = yP3—83 or t=CD = yP3 (xPlyP3)P2
but s, 7§ E)DéC .

By Lemmas 7.13 and 7.12, we have therefore established the following result:

Lemma 7.16 If the Heegaard diagram of the manifold Ry 4 Uy R4, is of type 2 then
Ri4Uy Ry #S3. o

We are now ready to give the proof of the first main theorem of this paper:

Proof of Theorem 1 Let K CS? be a genus one hyperbolic knotand T = T U---UTy
a collection of N > 1 disjoint, mutually nonparallel once-punctured tori in Xg . By
Lemma 4.3 we then have that N < 6, and if N = 6 then, by Lemma 7.8, S3 has
a genus two Heegaard splitting of type 1 or 2, contradicting Lemmas 7.15 and 7.16.
Therefore N < 5. d
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8 Examples of genus one hyperbolic knots in S3

By Lemmas 4.1 and 5.1, if K C S3 is a hyperbolic knot with a collection T C Xg of
once-punctured tori then each complementary region of T is atoroidal and no circle in
any component 7; C T has a companion annulus in Xk on either side of 7;. The next
result shows that these two properties essentially characterize genus one hyperbolic
knots and gives properties of some of its surgery manifolds. For notation, a surface S
properly embedded in a manifold M is strongly knotted if the manifold obtained by
cutting M along S is irreducible and boundary irreducible. As usual, J C 0Xg
denotes the slope of the standard longitude of K.

Lemma 8.1 Let K C S? be a genus one knot whose exterior X contains a collection
T=Tiu---UTy C Xg of N > 1 mutually disjoint and nonparallel once-punctured
tori.

(1) Ifforeach 1 <i < N the region R; ;1 is atoroidal and no circle in T; has
companion annuli in Xg on both sides of T; then either K is a hyperbolic knot
or N =1 and K is the trefoil knot.

(2) For K a hyperbolic knot and r C 0Xg any slope such that A(r, J) > 2,

(a) if some component T; C T is strongly knotted then the manifold Xk (r) is
Haken,

(b) if N = 4 then each component of T is strongly knotted and the manifold
X (r) is Haken and hyperbolic.

Proof For part (1), the hypotheses on the regions R;;1; imply that any essential
torus 7' C Xg can be isotoped so as to intersect T minimally with 7" N 77, say, a
nonempty collection of circles which are nontrivial and mutually parallel in 7" and 7;.

For Ry 1 =cl(Xg \ T; x[—1, 1]), each component of 7"N Ry ; is therefore an annulus
which is either (a) a companion annulus in R ; for one of the slopes 7'N (T} x{—1,1}),
or (b) a nonseparating annulus in R ; with one boundary component in each of
Ty x{—1} and T} x {1}. By hypothesis not all the annuli in 7" N R; ; can be of
type (a), while any annulus component of type (b) can be extended via an annulus in
T} x [~1, 1] to form a closed Klein bottle or nonseparating torus in Xx C S*, which
is impossible. Therefore K is not a satellite knot, so by [17] K is either a hyperbolic
or torus knot, and in the latter case K must be the trefoil knot and N = 1.
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For part (2)(a), assume for definiteness that 77 is strongly knotted. Let F =0R; ; C Xk
and let r C dXg be a slope with A(r, J) > 2. If Xg(r) = Xg Uy V;, where V, is
a solid torus and r bounds a disk in V,, then the annulus 4 = N(T7) N Xk is
incompressible in the manifold M = N(77) U4 V,, and we can write

Xg(r)=[Rij UN(T)]UV, =R 1 UF[N(T1)Uq V;]=R1,1 UF M.

Since N(T1) ~ Ty x[—1, 1] with T} corresponding to T x{0} and A to (d77)x[—1, 1],
if D C M is a compression disk for dM = F then the minimal intersection of A
and D in M is nonempty, with A N D C A consisting of a collection of spanning arcs
of A. Hence if E C D is an outermost disk cut out by an outermost arc of AN D C D
then E liesin N(77) or V, and OF intersects the core J of A minimally in one point,
which is impossible since J, the core of A4, runs A(r, J) > 2 times around V, and
separates dN (7). Therefore M is irreducible and boundary irreducible and so the
manifold Xg (r) = Ry,; Ur M is Haken.

For part (2)(b), suppose that N > 4 and there is an incompressible torus Tin X, x(r).
Since the manifold R;; contains the collection T \ 77 of N —1 > 3 once-punctured
tori, the once-punctured torus 77 is strongly knotted by Lemmas 3.9 and 4.1.

After an isotopy, T may be assumed to intersect V, minimally in a nonempty collection
of meridian disks, so that 7= T N X is an essential punctured torus which intersects T
minimally in essential graphs G =T NT C7T and G=TNT CT.

If p = A(r,J) = 2 then each vertex of G has degree pN > § and so, by the initial
part of Lemma 4.1 and by Lemma 4.2, both of which hold with 7" in place of the
many-punctured 2—sphere Q, for the reduced graph G (see Section 2.3) each of its
edges has size at most 2, so each of its V = |d0T'| > 2 vertices has degree at least
% pN > 4, and each of its d > 0 disk faces has at least 4 edges. Applying Euler’s
relation to the reduced graph Gr yields the relations

4V <2E <2V +2d = V =<d,
4d <2E <2V +2d = d =<V,

which imply that d = V, hence that p = 2 and N = 4, and that in G7 all vertices
have degree 4, all faces are 4—sided disk faces, and each edge e is the amalgamation
of two mutually parallel edges from Gr.

Soif f is a 4-sided disk face of Gr that lies in, say, the region R; >, then the union
of f and the bigon disk faces of G incident to each edge around f forms a 4—sided
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Figure 22: The graph Gr =T NT CT.

disk face f3* of the graph G%’4 =T N (T3 uTy) C T which lies in the region
R4 3 D Ry (see Figure 22). Thus by Lemmas 2.1(3) and 4.1(2) the region R4 3 is
a genus two handlebody such that the disk f3-4 C R4 3 intersects K minimally in
4 points. By Lemma 6.1, (R4,3, K) must be a simple or double pair, contradicting
Lemma 6.8(2)(a) since the punctured tori 71, 7, C R4 3 are neither boundary parallel
nor mutually parallel in R4 3. Therefore the Haken manifold Xk (r) is atoroidal, hence
hyperbolic by Thurston’s hyperbolization theorem [17; 18]. |

The type 1 Heegaard diagrams for the manifold M = R; 4 Uy R4 ; constructed in
Section 7.4 can be adapted to yield knots in M that bound 5 mutually disjoint and
nonparallel once-punctured tori, simply by setting ps = 1, so that 75 and T become
mutually parallel in R4 1, and 4 and 6 become consecutive labels.

After setting ps = 1, a simple strategy to obtain M = S3 consists in choosing some
of the parameters p; and ¢; in such a way that the circle dDy4, say, is primitive in
R4, 50 that Ry 4(0Dy) is a solid torus and hence M = R 4(3D4 U dDg) is a lens
space. Choosing the remaining parameters so that the circles dD4 and dDg represent
an integral homology basis for R; 4 finally yields that M = S3.

We remark that the symmetry between the words of dD4 and dD¢ in m (R 4) dis-
cussed in Section 7.4.4 makes irrelevant which of these two circles is chosen to be
primitive in Ry 4, and also that it does not seem possible to implement this strategy
using a type 2 Heegaard diagram for Ry 4 Uy Ry4 1.

For the rest of this section we will use the notation set up in Section 7.4. We implement
the strategy outlined above by setting the standard parameters

n=0, gi==%1, py=2, §3==%1, qg3=—(p3+03), (ps.q4)=(2,1), ps=1

on top of the generic conditions pq, p3, pg > 2 and gcd(p;,qi) = 1.
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R34

Figure 23: The knot K = KW (p1,q1, p3, 83, p6. q6) -

As in Section 7.4, x and y, and x4 and x¢, denote circles dual to the complete disk
systems D1, D3 C Ry 4 and Dy, Dg C R4 1, respectively, so that w1 (R 4) =(x, y|—)
and 71 (Ry4,1) = (x4, X6 | —). Therefore, in 71 (R},4), we have

o=x1 ypsxpl , ,3 = XPLyP3 xyPi Y613’ u=Y8B x> Y,Ds’ V= yp3x171 yp3xq1
and hence dD4 = 0D, = a?f = x21 yP3xq1 yP3+83 g primitive in 7 (R1,4).

From the proof of Lemma 7.11 we have that, in 71 (R4,1),
— (+P4,.Po —1,P4 96 _ .2 46
w1 = (x x5 x X0 = xgx ",
I (P6 . Payps—1 D6 . qa __ Pe
w3 = (xg°x,") Xg X, = X4Xg",
while from Figure 19, top, we obtain, in 1 (R 4),
-1 8
wg = (xP1yP3)P2= 1 P1 A3 — xP1 P3Py P3+03
l -1
wg = (ypsxpl)Pz ypsqu — yP3xP1yP3xq1 ,
relative to basepoints at the orientation arrows for w4 and wg indicated in Figure 17,

center. In particular, the circle a); C T}y is primitive in Ry 1.

By construction we still have that w4 C T4 and a)g C T are power circles in Ry 1, S0
Ts5 and T§ are the tori in R4 ; induced by the power circles w4 C T4 and a)g cT;.
Since the circle a)g C Ty is primitive in R4 1, by Lemma 6.8(1)(d) 75 and T¢ are

Algebraic € Geometric Topology, Volume 19 (2019)



Seifert surfaces for genus one hyperbolic knots in the 3—sphere 2225

indeed mutually parallel in R4 ; and can be identified with one another, whence by
Lemma 6.8(2)(b) we must have A(a)g, we)=11in T5s = T§.

The knot K C 0R; 4 C M now depends on 6 parameters and will be denoted by

K =KD(p1.q1. p3.83. ps.q6) C M.,

with the 5 once-punctured tori T = 77 U T, U T3 U T4 U Tg C Xg and the core
knots K; of the complementary regions of T represented by the diagram in Figure 23,
obtained by setting 7s = T in Figure 12. Homologically, in Ry 4 we have

D4 =20+ B =2q1x + (p3 —q3)y = 2q1x + (2p3 +63) y,
D¢ = peu + qev = [g6(p1 + q1) — P1P6]x +[2p396 + 83 ps]y.

and so

M =S* < 03D, and dD¢ form a basis for the first homology of R4

2q4 2p3+33

< det
[(Pl +4q1)96 — P1P6 2P396+ 336

] = Ap¢+ Bge = ¢ € {1},
where A = p1(2p3 +83) +2383q1 and B = q1(2p3 —383) — p1(2p3 +63).

Lemma 8.2 gcd(A4, B) = 1 for any of the standard values of p;, q; and §3; in
particular, there are infinitely many pairs (pes,q¢) With pg > 2 such that M = S3, for
which g¢ > %pG > 1.

Proof Since 83,97 € {£1}, we have that A + B = ¢;(2p3 + d3) is odd and
A—qi1p1(A+ B) =283q; = £2, hence that gcd(A, B) = 1. The estimates

A= pi(2p3 +83) +283q1 =2(2p3 —1)—2 >4,
—B=p1(2p3 +683) —q1(2p3 —683) = p1(2p3 —1)—(2p3 + 1)
=(p1—D2p3—1)—-2=1

show that g¢ > 1. The relations

_Aps—¢ _ ps(=B) + ps(A4+ B)—¢
_B _B
q1p6(2p3 +383) —¢ P6(2p3 +83) —eqy

= pe + =Ppet+dq1-
-B P1(2p3 +83) —q1(2p3 —§3)

qe
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imply that g¢ > pg for g = +1, while for ¢g; = —1, since ¢ <1 < 2p3 — 8§53, we have

Pe(2p3 +83) +¢ - Pe(2p3 +683) + (2p3 —33)
P1(2p3+683) +(2p3s—33)  p1(2p3 +83) + (2p3 —83)
- Ps(2p3+383)+(2p3—83) _ pe
T 22p3+83)+(2p3—383) T 2

and hence that
Pé _ D6 Ps(2p3+383)+e¢

6= 5 = &5

> — >
2 2 pi(2p3+683)+ (2p3—983)

Let K denote the family of all knots K (p1,q1. p3. 83, pe.qe) C S* with standard
parameters such that Apg + Bgg = ¢ € {£1}.

Proof of Theorem 2 For each knot K € K there is a collection

T=T,UuT,UT;UT,UTs C Xx

of 5 mutually disjoint once-punctured tori such that for each i the region R;;y is

a handlebody and the circles wlf_l,

w;) = 1. If there is a circle y in 7; which is a power in Xg

w; C T; are power circles in R;_1; and R;;1,

respectively, with A(w]_,,

on either side of 7; then, by Lemma 3.1 applied to R;;, ¥ must be isotopic in 7; to

', and w;, contradicting the fact that A(w]_,,

the knot K is hyperbolic and the slope r = a/b of any exceptional surgery on K

w w;) = 1. Therefore, by Lemma 8.1

satisfies the condition |a| = A(r, J) <1, so Xg(r) is an integral homology 3—sphere.

Moreover, each pair (R;;+1,J) is simple of index p; > 2 and so, by Lemma 6.2(4),
X (J) is the union of Seifert fiber spaces of the form AZ(p;), A2(p,), A%(p3),
A?(p4) and A2 (pg), hence the collection T produces the JSJ decomposition of Xg (J).
As the manifolds A?(p) and A?(g) are not homeomorphic for p # ¢ (see [11, VI.16]),

if {p1, p3. pe} #{p}. Py P} then for the knots
K =KW (p1.q1,p3.85. ps.q) €K and  K' =KD (p}.q}. p}. 85, pg.q5) €K
the surgery manifolds Xg (J) and Xg/(J') are not homeomorphic, hence K and K’

are knots of different types and so by Lemma 8.2 the family of knots K is infinite. O

The following result establishes a connection between the hyperbolic knots in the
family K and the hyperbolic Eudave—Mufioz knots:
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Lemma 8.3 For each knot K = K(l)(pl,ql, P3,03, Ps,qe) € K the core knot K4 of
the simple pair (R4,6, K) is a hyperbolic Eudave—-Muiioz knot; if (p1,q1) # (2,1)
then K, is also a hyperbolic Eudave—Muiioz knot, and otherwise it is a trivial or cable
knot.

Proof By construction, the power circles a)lf_l CTi CRi—1;and w; CT; C R;jt1
intersect minimally in one point, hence each region R; 3, Ry 4, R3¢, R4,1 and Re >
is a handlebody by Lemma 7.2(3).

As w; = xfxg(’ € m1(Ry,1) and g¢ > 2 by Lemma 8.2, w; is a Seifert circle in R4 ;

and so by Lemma 3.5(1) R4, is not a handlebody.

Since D; and D3 are the compression disks of dR 4 \a)g and dR; 4 \ w; in Ry 4,
respectively, the setup in Section 7.4.1 applies and so by Lemma 7.9 the circle
wg = xP1yP3xP1y P3Hds ¢ m1(Ry,4) = (x,y | —) is represented by the word w4 =
ZyP3zY P3tHos ip 71 (Ry4) = (z.y | =), where 0] = z. Since p3+63 =p3+1>1,
the word wg = zyP3zY P3183 js not primitive in (z, y | —) by Lemma 7.10 and so
R; ¢ is not a handlebody by Lemma 3.5(1). Therefore, by Lemma 7.1 applied to the
collection T3, Ty, T¢ C Xg , it follows that K4 is a hyperbolic Eudave—Mufioz knot.

Since wg = yP3xP1yP3x9 em (R 4) = (x,y|-) and ¢; ==*1, by Lemmas 6.8(1)(d)
and 7.9 we have that

wg is a Seifert circle in Ry 4 <= wg=1txP"tx9" is primitive in 771 (Ry 3) = (x,1|—)
= (P1.q)=2,1).

Thus, by Lemma 3.5(1), Re 3 is a handlebody if and only if (p1,q;) = (2, 1). There-
fore, if (p1.91) # (2,1) then R 3 is not a handlebody and so K, is a hyperbolic
Eudave—-Muiioz knot by Lemma 7.1 applied to the collection 75, T3, T¢ C X .

For the case (p1,q1) = (2,1), since Rj 4 is a handlebody and the pair (R 3, K) is
simple, by Lemmas 3.5 and 6.4 the circles a)i C T and w3 C T3 are basicin R 3 and
there is an integral slope s, C N(K3) C R, 3 which is coannular in R 3 \ int N(K3)
to a circle 55, C dR; 3 \ (@] U w3) which intersects each of the power circles w; C T
and @), C T3 minimally in one point, whence s, intersects K C dR5,3 minimally in
two points; also, s’2 is a primitive circle in R, 3 and the circles a)i and w3 run once
around the solid torus R 3(s5).

By Lemma 6.3, s’2 can be isotoped in R 4 onto a circle 122 in 0R; 4 \ (w1 U a);) SO
that it intersects K C dR; 4 minimally in two points, hence each of the circles wy
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and w; minimally in one point. Thus K » must be the circle shown in Figure 19, top
or center (where p, = 2), modulo some number m € Z of Dehn twists along the
annulus Ax C 0Ry 4.

Moreover, by Lemmas 6.3 and 6.4(4) the manifold R 4 (IZ 2) is homeomorphic to the
union of the solid torus R 3(s5) and the companion solid tori of the power circles ]
and w3 in R; > and R34, respectively and hence it is a Seifert fiber space of the form
D2(pi, pa), so IZZ is a Seifert circle in Ry 4.

In the case of the circle K, in Figure 19, top, in w1 (R 4) = (x,y | —), the word
represented by K, is of the form

w(x2, yP3) = yp3x2[X2Yp3x2yp3x2yp3 X2Yp3]m[X2yp3x2yp3x2YP3X2YP3]m

and it is not hard to see that if m s 0 then the cyclic reduction of the word w(x, y¥3)
contains both x and X (and y?3 and Y #3) and hence it is not a primitive word by
Lemma 7.10, which by Lemmas 6.8(1)(d) and 7.9 implies that 122 is not a Seifert
circle in Ry 4, contradicting the above argument. Therefore we must have m = 0 and
SO Ez C 0R; 4 is isotopic to the circle shown in Figure 19, top. In the case of the
circle K, of Figure 19, center, a similar computation shows that the word w(x, y¥3)
is not primitive for any m € Z and so this case does not arise.

It follows that the circle dD4 = psot + g4 =20+ C OR | 4 = 0R4,;, obtained from
Figure 19, center, with ps = 1, intersects K » minimally in one point and so K o is
a primitive circle in R4 ;. The proof of Lemma 3.3(1) now shows that the unique
compression disk £ C Ry ; for the surface 0R4 ; \1?2 can be made disjoint from Dy.

Since 122 is isotopic in S3 to K,, we can therefore identify the exterior X, C S3 of
the knot K, with the manifold Ry 4(0E), so that 0D4 C 0X> is the meridian slope
and K » C 0X; has integral slope.

Now, relative to the point Ez N dD4 C Ry 4, the words in w1 (Ry14) = (x,p | —)
represented by the circles 122 and dDy4 (oriented as in Figure 19, top and center) are

K, = yP3x? and 0D4 = yP3xY%x.
If |g3| = p3 +83 =1 then p3 =2, §3 =—1 and g3 = —1, in which case we have that
0Dy (K2)™" 0Dy = yP3xY?@3x = (y%x)

and hence 2-0D4 — IZZ C dR1,4 (written homologically) is a power circle in R 4,
while if |g3| > 2 then
(Ky)™!-8Dy = (XY X)%
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and hence 0D4 — K 2 C 0Ry 4 is a power circle in R; 4. Therefore in all cases there
is a circle y C N(0D4 U I?z) C dR,4 which is a power in R; 4 and is disjoint
from 0E, hence the companion annulus and companion solid torus of y in R 4 lie in
X, = Ry 4(0F) and so K, is either a trivial or cable knot. O

Remarks 8.4 (1) Other infinite families of hyperbolic knots K in S3 with a col-
lection T C Xk of 5 once-punctured tori can be obtained using variations of the
construction above, for instance, by setting the parameters n = 0, (p4,¢4) = (1,0)
and

(p1.91) =2.1), pr=ps=2, p3#0mod3, ¢3==I,

along with the conditions pj3, pg > 2 and gcd(pg,q¢) = 1 on a type 1 Heegaard
diagram, in which case the core knot K5 is always a hyperbolic Eudave—Mufioz knot.

(2) The above process can also be modified to produce examples of hyperbolic knots
in S* which bound a maximal collection of 4 mutually disjoint and nonparallel once-
punctured tori as follows. On top of the generic conditions pi, ps3, pa, pe = 2 and
gcd(pi,qi) = 1, set the standard values

[

n=0, pr=1 (p4.q4) =2, 1), ps
along with the condition
21— p1 =681 ==%1 or g3 ==l1.

Then A =—(2q; — p1)gq3 and B = q1q3 + (291 — p1) p3 are relatively prime integers,
and an infinite family of hyperbolic knots K = KM (py1, g1, p3.q3. pe.q6) C S? is
produced by the condition 4 pg+ Bge = 1, each of which has exterior that contains a
family of 4 mutually disjoint and nonparallel once-punctured tori T =T UT, LT, U Ty
that separate Xg into simple pairs, so that T produces the JSJ decomposition of Xg (J)
consisting of Seifert spaces of the form A%(p;), A%(p3), A2(p4) and A (pg).

Now, any incompressible torus in Xg (J) can be isotoped away from T and into the
interior of some atoroidal cable space A?(py), whence it must be isotopic to some
component 7; C T of 9A%(py). Soif T/ = T/uT,uT;uT,UT, C Xk is a
5—component maximal family of once-punctured tori then, for some i # j, T/ and
fj’ must be mutually isotopic, hence parallel, in Xx (J), and hence by Lemma 3.7(4)
T/ and Tj/ must be mutually parallel in Xg, which is not the case. Therefore the
collection T is maximal.
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