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Coproducts in brane topology

SHUN WAKATSUKI

We extend the loop product and the loop coproduct to the mapping space from the
k —dimensional sphere, or more generally from any k—manifold, to a k—connected
space with finite-dimensional rational homotopy group for £ > 1. The key to
extending the loop coproduct is the fact that the embedding M — M S s of
“finite codimension” in the sense of Gorenstein spaces. Moreover, we prove the
associativity, commutativity and Frobenius compatibility of them.

55P35, 55P50, 55P62

1 Introduction

Chas and Sullivan [1] introduced the loop product on the homology Hy(L M) of the
free loop space LM = Map(S!, M) of a manifold. Cohen and Godin [2] extended
this product to other string operations, including the loop coproduct.

Generalizing these constructions, Félix and Thomas [6] defined the loop product and
coproduct in the case M is a Gorenstein space. A Gorenstein space is a generalization
of a manifold in the point of view of Poincaré duality, including the classifying space of a
connected Lie group and the Borel construction of a connected oriented closed manifold
and a connected Lie group. But these operations tend to be trivial in many cases. Let K
be a field of characteristic zero. For example, Tamanoi showed that the loop coproduct
is trivial for a manifold with the Euler characteristic zero in [10, Corollary 3.2], and
that the composition of the loop coproduct followed by the loop product is trivial for
any manifold in [10, Theorem A]. Similarly, Félix and Thomas [6, Theorem 14] proved
that the loop product over K is trivial for the classifying space of a connected Lie
group. A space with the nontrivial composition of loop coproduct and product is not
found.

On the other hand, Sullivan and Voronov generalized the loop product to the sphere
space LX M = Map(Sk, M) for k > 1. This product is called the brane product. See
Cohen, Hess and Voronov [3, Part I, Chapter 5].

Published: 20 October 2019 DOI: 10.2140/agt.2019.19.2961


http://msp.org
http://www.ams.org/mathscinet/search/mscdoc.html?code=55P35, 55P50, 55P62
http://dx.doi.org/10.2140/agt.2019.19.2961

2962 Shun Wakatsuki

In this article, we will generalize the loop coproduct to sphere spaces, to construct
nontrivial and interesting operations. We call this coproduct the brane coproduct.

Here, we review briefly the construction of the loop product and the brane product. For
simplicity, we assume M is a connected oriented closed manifold of dimension 7. The
loop product is constructed as a mixture of the Pontrjagin product Hy(2M x QM) —
H,(QM) defined by the composition of based loops and the intersection product
Hy«(M x M) — Hyx_pn(M). More precisely, we use the diagram

incl

LM x LM <™ M sy LM 2222 L

(L.1) l l
A

MxMi———M

Here, the square is a pullback diagram by the diagonal map A and the evaluation map
ev; at 1, identifying S' with the unit circle {z € C | |z| = 1}, and comp is the map
defined by the composition of loops. Since the diagonal map A: M — M x M is
an embedding of finite codimension, we have the shrieck map A"t Hy(M x M) —
Hy_, (M), which is called the intersection product. Using the pullback diagram, we
can “lift” A to incl': Hy (LM x LM)— Hy_p(LM xpp LM). Then, we define the
loop product to be the composition comp,, o incl's Hy(LM x LM) — Hy_pm(LM).

The brane product can be defined by a similar way. Let k& be a positive integer. We use
the diagram

incl comp

LM x LM 2 LM xpp LEM — LM
MxMe—2  y

Since the base map of the pullback diagram is the diagonal map A, which is the same
as that for the loop product, we can use the same method to define the shriek map
incl': Hy (LAM x LK M) — Hy_pn(L¥M xpr L*¥M). Hence we define the brane
product to be the composition comp,, o incl': Hy (LXM x LK M) — Hy_m(L*M).

Next, we review the loop coproduct. Using the diagram

comp incl

LM +— LM xpg LM —— LM x LM

(1.2) Wev_ll l
A

MxM+——M
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we define the loop coproduct to be the composition incly o comp': Hy(LM) —
Hy p(LM x LM).

But the brane coproduct cannot be defined in this way. To construct the brane coproduct,
we have to use the diagram

comp incl

LM «—— LAM xp LAM 255 LM x LM

L

Aol V P — |

Here, ¢: M — L¥=1 M is the embedding by constant maps and res: LkM — L1 m
is the restriction map to S¥~!, which is embedded to S¥ as the equator. In the usual
sense, the base map ¢ is not an embedding of finite codimension. But, using the
algebraic method of Félix and Thomas [6], we can consider this map as an embedding
of codimension 777 = dim Q1 M , which is defined as a finite integer when the iterated
loop space QK10 is a K—Gorenstein space. Hence, under this assumption, we have
the shriek map ¢': Hy(L¥~'M) — Hy_7(M) and the lift comp': Hy(L*¥M) —
H*_m(Lk M xp LEM ). This enables us to define the brane coproduct to be the
composition incly o comp!: Ho(LKM) — Hy_m(L*M x L¥M).

Note that, if €@, 7,(M) ® K is of finite dimension, then Qk=1M is a K-Gorenstein
space by a result of Félix, Halperin and Thomas [4, Proposition 3.4]; see also our
Proposition 2.2. The converse also holds when k > 2 by [4, Proposition 1.7].

More generally, using connected sums, we define the product and coproduct for mapping
spaces from manifolds. Let S and 7' be manifolds of dimension k. Let M be a
k —connected K—Gorenstein space of finite type. Denote m = dim M. Then we define
the (S, T')—brane product

pust: He(MS x MT) > Hy_py(MS*T)
using the diagram

incl

MS s MT 2 ArS o MT 20 pg S#T

oo T

MxM+——M

Assume that M is k—connected and Q%! M is a Gorenstein space (or, equivalently,
D, mn(M) ® K is of finite dimension). Denote /7 = dim Qk=1 M. Then we define
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2964 Shun Wakatsuki

the (S, T)-brane coproduct
Ss7: He(MS* Ty > Hy (M5 x MT)

using the diagram

incl

comp
MSHT —— MS <y MT 2 MS x mT

(14) l l

Al VP — |

Note that, if we take S = T = S¥, then pugr and g7 are the brane product and
coproduct, respectively.

Next, we study some fundamental properties of the brane product and coproduct. For the
loop product and coproduct on Gorenstein spaces, Naito [9] showed their associativity
and the Frobenius compatibility. In this article, we generalize them to the case of
the brane product and coproduct. Moreover, we show the commutativity of the brane
product and coproduct, which was not known even for the case of the loop product and
coproduct on Gorenstein spaces.

Theorem 1.5 Let M be a k—connected space such that Qk=1Mf is a Gorenstein
space. Then the above product and coproduct satisfy the following properties:

(1) The product is associative and commutative.
(2) The coproduct is associative and commutative.
(3) The product and coproduct satisty the Frobenius compatibility.
In particular, if we take S =T = Sk, the shifted homology H 4 (L*M) = Hyy (L M)

is a nonunital and noncounital Frobenius algebra, where m is the dimension of M as a
Gorenstein space.

Note that M is a Gorenstein space by the assumption dim (M) ® K < oo (see
Proposition 2.2). The associativity of the product holds even if we assume that M
is a Gorenstein space instead of assuming dim 74 (M) ® K < co. But we need the
assumption to prove the commutativity of the product.

A nonunital and noncounital Frobenius algebra corresponds to a “positive boundary”
TQFT, in the sense that TQFT operations are defined only when each component of
the cobordism surfaces has a positive number of incoming and outgoing boundary
components. See a paper of Cohen and Godin [2] for details.
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See Section 7 for the precise statement and the proof of the associativity, the commutativ-
ity and the Frobenius compatibility. It is interesting that the proof of the commutativity
of the loop coproduct (ie &k = 1) is easier than that of the brane coproduct with k > 2.
In fact, we prove the commutativity of the loop coproduct using the explicit description
of the loop coproduct constructed in another article of the author [11]. On the other
hand, we prove the commutativity of the brane coproduct with & > 2 directly from the
definition.

Moreover, we compute an example of the brane product and coproduct. Here, we
consider the shifted homology Hy(L¥ M) = Hy1m (L% M). We also have the shifts
of the brane product and coproduct on H*(Lk M) with the sign determined by the
Koszul sign convention.

Theorem 1.6 The shifted homology Hy(L?S?"*1) for n > 1 equipped with the
brane product (. is isomorphic to the exterior algebra A(y, z) with |y| = —2n—1 and
|z| = 2n — 1. The brane coproduct § is described as follows:

=1Ryz—yR®z+zy+yz®1,
s(M=y®yz+yzQy,
8z)=zQyz+yzQ®z,
8(yz)=-yzQyz.
Note that both the brane product and coproduct are nontrivial. Moreover, (6 ®1)oé # 0,

in contrast with the case of the loop coproduct, in which the similar composition is
always trivial [10, Theorem A].

On the other hand, the brane coproduct is trivial in some cases.

Theorem 1.7 If the minimal Sullivan model (AV,d) of M is pure and satisfies
dim V" > 0, then the brane coproduct on Hy(L?>M) is trivial.

See Definition 6.4 for the definition of a pure Sullivan algebra.

Remark 1.8 If we fix embeddings of disks D¥ < S and D¥ < T instead of
assuming S and 7 are manifolds, we can define the product and coproduct using
“connected sums” defined by these embedded disks. Moreover, if we have two disjoint
embeddings i, j: DK <5 S to the same space S, we can define the “connected sum”
along i and j, and hence we can define the product and coproduct using this. We call
these the (S, 7, j)—brane product and coproduct, and give definitions in Section 4.
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Section 2 contains brief background material on string topology on Gorenstein spaces.
We define the (S, T')-brane product and coproduct in Section 3 and the (S,i, j)—
brane product and coproduct in Section 4. Here, we defer the proof of Corollary 3.2
to Section 5. In Section 6, we compute examples and prove Theorems 1.6 and 1.7.
Section 7 is devoted to the proof of Theorem 1.5, where we defer the determination of
some signs to Sections 8 and 9.

2 Construction by Félix and Thomas

In this section, we recall the construction of the loop product and coproduct by Félix
and Thomas [6]. Since the cochain models are good for fibrations, the duals of the loop
product and coproduct are defined at first, and then we define the loop product and
coproduct as the duals of them. Moreover we focus on the case when the characteristic
of the coefficient K is zero. So we make full use of rational homotopy theory. For the
basic definitions and theorems on homological algebra and rational homotopy theory,
we refer the reader to [5].

Definition 2.1 [4] Let m € Z be an integer.

(1) Anaugmented dga (differential graded algebra) (A4, d) is called a (K -)Gorenstein
algebra of dimension m if
1 if [ =m,
dimEBxt, (K, 4)={ " '="
0 otherwise,
where the field K and the dga (A, d) are (A, d)-modules via the augmentation
map and the identity map, respectively.
(2) A path-connected topological space M is called a (K—)Gorenstein space of
dimension m if the singular cochain algebra C*(M) of M is a Gorenstein
algebra of dimension m.

Here, Ext4(M, N) is defined using a semifree resolution of (M, d) over (A, d) for a
dga (A, d) and (A, d)-modules (M, d) and (N, d). Torg(M, N) is defined similarly.
See [6, Section 1] for details of semifree resolutions.

An important example of a Gorenstein space is given by the following proposition:

Proposition 2.2 [4, Proposition 3.4] A 1-—connected topological space M is a K-
Gorenstein space if w«(M) ® K is finite-dimensional. Similarly, a Sullivan algebra
(AV,d) is a Gorenstein algebra if V is finite-dimensional.
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Note that this proposition is stated only for QQ—Gorenstein spaces in [4], but the proof
can be applied for any K and Sullivan algebras.

Let M be a 1—connected K—Gorenstein space of dimension 7 whose cohomology
H*(M) is of finite type. As a preparation to define the loop product and coproduct,
Félix and Thomas proved the following theorem:

Theorem 2.3 [6, Theorem 12] The diagonal map A: M — M?* makes C*(M) into
a C*(M?)-module. We have an isomorphism

*
EXtC*(M2)

(C*(M),C*(M?)) = H* " (M).
By Theorem 2.3, we have Ext’é‘*(Mz)(C*(M), C*(M?)) = H°(M) =K, hence the
generator

Ay € Ext™ (C*(M),C*(M?))

C*(M?2)
is well defined up to multiplication by a nonzero scalar. We call this element the shriek

map for A.

Using the map A;, we can define the duals of the loop product and coproduct. Then,
using the diagram (1.1), we define the dual of the loop product to be the composition

incly o comp®: H*(LM) <™ H*(LM xpr LM) ™% g*+m LM x LM).
Here, the map incl, is defined by the composition

H*(LM xpy LM)<—Tor (C*(M),C*(LM x LM))

C*(M?)

i A!,ld
Torig(A1,id) Tor Zthz)(C (MZ) C (LMXLM))—)H*+m(LMXLM)

where the map EM is the Eilenberg—Moore map, which is an isomorphism (see

[5, Theorem 7.5] for details). Similarly, using the diagram (1.2), we define the dual of
the loop coproduct to be the composition

compy oincl*: H*(LM x LM) el HY (LM xpp LM) ™5 H*(LM).
Here, the map comp; is defined by the composition

H*(LM xp; LM) <— Torc*(Mz)

Toriq(Ay,id)

(C*(M),C*(LM))
Tor o) (C*(M?), C*(LM)) => H* ™" (LM).
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3 Definition of the (S, 7)-brane coproduct

Let K be a field of characteristic zero, S and 7' manifolds of dimension k, and M
a k—connected Gorenstein space of finite type. As in the construction by Félix and
Thomas, which we reviewed in Section 2, we construct the duals

M;T: H*(MS#T) — H*+d1mM(MS X MT),
83'/T: H*(MS X MT) N H*+dim9k_1M(MS#T)
of the (S, T")-brane product and the (.S, T")-brane coproduct.
The (S, T)-brane product is defined by a similar way to that of Félix and Thomas.
Using the diagram (1.3), we define ,ugT to be the composition
incly o comp®: H*(MS*T) ™% xS sepy M Ty by prrtmpgS o« T,

Here, the map incl, is defined by the composition

EM
H*(MS xpy MT) —= Torz*(Mz)(C*(M), C*(MSxMTy)

Torig(Ay,id
B, Torftm o (CHMP)., CH(MS x MTY) > H™™(MS x M),

Next, we begin the definition of the (.S, 7")-brane coproduct. But Theorem 2.3 cannot
be applied to this case since the base map of the pullback is ¢: M — L=

Instead of Theorem 2.3, we use the following theorem to define the (S, 7")—brane
coproduct. A graded algebra A is connected if A° =K and A* =0 forany i <0. A
dga (A4, d) is connected if A is connected.

Theorem 3.1 Let (A® B, d) be a dga such that A and B are connected commutative
graded algebras, (A, d) is a sub-dga of finite type and (A ® B, d) is semifree over
(A,d). Let n: (A® B,d) — (A,d) be a dga homomorphism. Assume that the
following conditions hold:

(a) The restriction of 1 to A is the identity map of A.
(b) The dga (B,d) =K ®,4 (A ® B, d) is a Gorenstein algebra of dimension in.
(¢c) Forany b € B, the element db — db liesin AZ2® B.

Then we have an isomorphism

Extligp(4. A® B) = H* " (A).
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This can be proved by a similar method to Theorem 2.3 [6, Theorem 12]. The proof is
given in Section 9.

Applying to sphere spaces, we have the following corollary:

Corollary 3.2 Let M be a (k—1)—connected (and 1—connected) space of finite
type such that Q¥~'M is a Gorenstein space of dimension /. Then we have an
isomorphism

E (C*(M),C*(L*"'M)) =~ H* ™ (M).

%
Xtow (L*=1 M)
To prove the corollary, we need to construct models of sphere spaces satisfying the
conditions of Theorem 3.1. This will be done in Section 5.

Note that, since L°M = M x M, this is a generalization of Theorem 2.3 (in the case
that the characteristic of K is zero).

Assume that M is a k—connected space such that Qk=1Mf is a Gorenstein space.

Then we have Ext” (C*(M),C*(L¥='M)) = H°(M) =~ K, hence the

C*(LkilM)
shriek map for ¢: M — L*=TM is defined to be the generator
€1 € BXZ (i 5y (CT (M), C* (LT M),

which is well defined up to multiplication by a nonzero scalar. Using ¢; with the
diagram (1.4), we define the dual 8:9’T of the (S, T)-brane coproduct to be the
composition

compy oincl*s H*(MS x MT) U % (M xpp MT) 2P f(prS#T),
Here, the map comp, is defined by the composition

EM
H*(MS xp MT) <2 Torgen i1y (C* (M), C*(MS*TY)
Torig(c1,id) — _ _
—— Torg ] i1 0y (CELFT M), CHMSHT)) > BT (M ST,

Note that the Eilenberg—Moore isomorphism can be applied since LM s 1-
connected.

4 Definition of the (S, i, j)-brane product and coproduct

In this section, we give a definition of the (.S, 7, j)-brane product and coproduct. Let .S
be a topological space, and i and j embeddings D¥ — S. Fix a small k—disk D c D¥
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and denote its interior by D° and its boundary by dD. Then we define three spaces
#(S,i,7), Q(S,i,j) and \/(S,i, j) as follows. The space #(S,i, j) is obtained
from S\ (i(D°) U j(D°)) by gluing i (dD) and j(dD) by an orientation-reversing
homeomorphism. We obtain Q(S, i, j) by collapsing two disks i (D) and j(D) to two
points, respectively. The space \/(S, i, j) is defined as the quotient space of Q(S,1, j)
identifying the two points. Then, since the quotient space Dk /D is homeomorphic to
the disk D¥, we identify Q(S,1, j) with § itself. By the above definitions, we have the
maps #(S,7, j) — \/(S,i, j) and S = Q(S,i, j) = \/(S.i, j). Foraspace M, these
maps induce the maps comp: MVESLD 5 p#SEI) and incl: MVESED 5 MpS.
Moreover, we have diagrams

MS U V(S S0P g (S i)

|,

MxM+—=—M
and
VG Py VAV CEN) BRLLING Yo

| |

LF"M M
in which the squares are pullback diagrams. If M is a k—connected space such that
Qk=1)f is a Gorenstein space, we define the (S, i, j)-brane product and coproduct
by a similar method to Section 3, using these diagrams instead of the diagrams (1.3)
and (1.4). Note that this generalizes the (S, T')-brane product and coproduct defined
in Section 3.

5 Construction of models and proof of Corollary 3.2

In this section, we give a proof of Corollary 3.2, constructing a Sullivan model of the
map ¢c: M — LM satisfying the assumptions of Theorem 3.1.

First, we construct models algebraically. Let (AV,d) be a Sullivan algebra. For an
integer / € Z, let sV be a graded module defined by (s/ V)" = V"% and s'v denotes
the element in s/ V corresponding to the element v € V.

Define two derivations s*~1 and ‘=1 on the graded algebra AV ® AsK~!V by
S(k—l)(v) _ Sk—lv’ S(k—l)(sk—lv) — 0,

d* Dy =dv, A% () = (—nFsEDan,
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Then it is easy to see that d® =1 o d*=1) — 0 and hence (AV ® Ask~1V, d*k=1D) ig
a dga.

Similarly, define derivations s and d® on the graded algebra AVRAsKIV @ askV
by

s(k)(v) = sk, s(k)(sk_lv) = s(k)(skv) =0,
dPwy=dv, d®(Fv)=d® D), dB(Fv) = To+H(-1)Fs®dv.

Then it is easy to see that d %) 0 d%) = 0 and hence (AV & AsK~1V @ AskV, dK))
is a dga.

The tensor product (AV,d) ® \pgrsk—1y (AV & Ask71V @ AskV, d®)) is canoni-
cally isomorphic to (AV @ AskV, d®)), where (AV,d) isa (AV@Ask=1V, d*k—1)_
module via the dga homomorphism ¢: (AV ® Ask~1V, d&=1)  (AV, d) defined
by ¢(v) =v and ¢ (s~ 1v) = 0.

It is clear that, if y=k—1 — 0, the dga (AV ® Ask—1 V, J(k_l)) is a Sullivan algebra
and, if V=K =0, the dga (AV® AsKIYV @ Ask Y, d(k)) is a relative Sullivan algebra
over (AV @ Ask=1y, dk=1),

Define a dga homomorphism
2 (AV QASKTIV @ AskV, dP) > (AV, d)
by &(v) = v and &(s*~'v) = &(sKv) = 0. Then the linear part
0@): (Ves v askv,d®) > (v,dy)
is a quasi-isomorphism, and hence ¢ is a quasi-isomorphism [5, Proposition 14.13].

Define a relative Sullivan algebra Mp = (AV®2 @ AsV,d) over (AV,d)®? by the
formula

oo i
d(sv):l@U—U@l—Z(S?:)

i=1

1)

inductively (see [5, Section 15(c)] or [11, Appendix A] for details).

For simplicity, we write M g« = (AV@AskV,d®)) for k> 1 and Mgo=(AV,d)®?,
and M pr = (AV QR AsKIV @ AskV, d )Y for k > 2 and Mp1 = Mp.

Let A*(—) be the functor of the algebra of polynomial differential forms. Note that,
for a space X, A*(X) is a commutative dga which is naturally quasi-isomorphic to the
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singular cochain algebra C*(X) as differential graded algebras. See [5, Section 10]
for details.

Using these algebras, we have the following proposition:

Proposition 5.1 Let k > 2 be an integer, M a (k—1)—connected space of finite
type and f: (AV,d) — A*(M) its Sullivan model such that V=k=1 =0 and V is
of finite type. Then, for any | with 0 </ < k — 1, there are quasi-isomorphisms
fi: Mgt => A*(L' M) and g;: M pi — A*(D' M) such that the diagrams

Mg —2 5 (AV.d) ——— Mg Mgt % My

f’l: fl: fll’l fl—ll/: gll:

AS(LIM) = A% (M) - A*(LIM)  AXLI7'M) =5 4*(D' M)

commute strictly, where D'M = Map(Dl , M). In particular, the dga homomorphism
¢: Mgi—1 — (AV,d) is a Sullivan representative of the map c: M — L*¥='M with
strict commutativity ¢* o fy = fo¢

Proof We prove the proposition by induction on /. The case / = 0 is well known,
since ¢ is the diagonal map and ¢ is the multiplication map.

Let / be an integer with 1 </ < k — 1 and assume that we already have f;_;
satisfying ¢*o f; = fo¢. Let ¢: M — D' M be the embedding by constant maps,
and res: D!M — L'='M the restriction map to the boundary. Since reso ¢ = ¢, the
outer square in the diagram

Mot 220 4 (Ll=1M) =5 4*(D! M)

A—LI075

is commutative by the induction hypothesis. Here, ¢* is a surjective quasi-isomorphism,
since the map ¢ is a homotopy equivalence and has a retraction, namely the evaluation
map at the basepoint. Hence, by the lifting property of a relative Sullivan algebra with
respect to a surjective quasi-isomorphism, there is a dga homomorphism g;: M pr —
A*(Dl M) which makes both of the triangles in the above diagram commute strictly.
Note that, when / = 1, this diagram is constructed in [8, Section 4.5], without the strict
commutativity of the lower right triangle.
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Here the map ¢: M — L! M is given by the pullback diagram

M —— LI='m
Applying the functor 4*(—) to the diagram and considering its model, we have the
diagram

A*(M) < AL M)

/ Ji—1

AV < ) Msl—l

where the faces are strictly commutative and the square in the front face is a pushout dia-

gram. By the universality of the pushout, we have the dga homomorphism f;: M g1 —
A*(L' M), which makes the diagram commutative. In particular, it satisfies fo¢p =
¢* o f;. Note that f; is a quasi-isomorphism by the Eilenberg—Moore theorem
[5, Section 15(c)]. This completes the induction. O

Proof of Corollary 3.2 In the case k = 1, apply Theorem 3.1 to the multiplication
map (AV,d)®? — (AV,d). (Note that this case is a result of Félix and Thomas [6].)

In the case k > 2, using Proposition 5.1, apply Theorem 3.1 to the map ¢. a

6 Computation of examples

In this section, we will compute the brane product and coproduct for some examples,
which proves Theorems 1.6 and 1.7.
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In [9], the duals of the loop product and coproduct are described in terms of Sullivan
models using the torsion functor description of [7]. By a similar method, we can
describe the brane product and coproduct as follows:

Theorem 6.1 Let M be a k—connected K—Gorenstein space of finite type and
(AV,d) its Sullivan model such that V=K = 0 and V is of finite type. Then the
dual of the brane product on H*(L¥ M) is induced by the composition

= £®id
./\/lsk = AV ®Msk—1 MDk <TMDk ®MS’<—1 MDk

(p®id)® 4 (¢ ®id) ~
—d)) MSk ®/\V_/\/[Sk = AV Ry ®2 Msk®2

E®id 51®id ~
EQi ®2 §i®i /\V®2®/\V®2MS"®2 =~ Msk®2,

= Mp®,pe2 Mgk
where 8, is a representative of Ay. (See Section 5 for the definitions of the other maps.)

Assume that Q=1 M is a Gorenstein space. Then the dual of the brane coproduct is
induced by the composition

~ u®,/n
Mg ® = /\V®2®Msk—1®2MD"®2 — = AV @My (Mpk®m g Mpr)
£Qid
= Mpr®@mg_, (MDk®MSk_1MDk)
1 ®id
> Mgrk—1@M gy M pk @ 4y M pi)

£®id

i>./\/le®/\/1Sk_1./\/le T>/\V®M 1MDk i>./\/lsk,

Sk—

where Yy is a representative of ¢y, the maps . and |’ are the multiplication maps, and
n is the quotient map.

Proof We omit the detail of the proof for the brane product, since it is the same as
that for the usual loop product. Here we give a detailed proof of the construction of the
model for the brane coproduct.

Here we use two pullback diagrams

LM xpp LM —— LAM M xpeoapy LKM ——— LFM

T

Lkmy —< v pm |/ — Y V/

The spaces LKM xpy L¥M and M x Lk—1p1 LEM are obviously homeomorphic
and hence we identify them outside of this proof, but we distinguish them in this
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proof in order to specify the pullback diagrams. By a similar method to the proof of
Proposition 5.1, we have dga homomorphisms /x: M pk ® vy Mpk — A* (L*M)
and ix: AV @ty (Mpk ® gy Mpi) = A*(M X pi—1py L¥ M) such that the
diagrams

Mgr—1 ————> Mpk Qmgi—y Mpk

6.2) :lfk_l =

A¥(LK=1M) — 7 g% (Lk M)

./\/lsk (S IN Msk T) AV ®MS’<—1 (MDk ®Msk—1 MDk)

lfk@)fk
6.3) A" (L*M) ® 4+ ary A*(LF M) i
A*(LEM xpg LEM) ————— A*(M X g1y LK M)

commute strictly, where the horizontal maps in the second diagram are the canonical
isomorphisms.

Using the above maps, we obtain the diagram

Toria (fie» fic)

H*(L*M x LM ) 21— Torg (4*(L¥M)), A*(L*M)) H* (Mg ®Mgr)

incl® J{ J{
Tor ¢ (fic» fic)
H*(L*M g LM ) 5 Tor g gy (A (LAM), A*(LRM)) ——220 ¥ (Mg @y Migre)
* k EM N Wik Torg, | (fihi) . J’ _
H (MXLk.lML M)?TorA*(Lk'lM)(A (M),A (L M)) = H (AV®Msk-lMSk)
compy Torjg(c1,id) H*(Mpi ®M5k—1 Msk)
J(H*(y;@id)

Torg, | (fk-1-hk)

H*(L*M) ¢———Tor gx (1) (A* (LFIM), A% (LFM)) H* (M1 ®m g Misk)

H * (M Sk)
where Mg = M pr ® m gk—1 M pi . The composition of the vertical maps in the left
column is the definition of the brane coproduct and the one in the right column is the
description in the statement of the theorem. The horizontal maps in the right squares are
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defined by the strict commutativity of the diagrams in Proposition 5.1 and (6.2). The
commutativity of the central square follows from (6.3) and that of the other squares are
obvious from the definitions. The commutativity of this diagram proves the theorem. O

As a preparation of computation, recall the definition of a pure Sullivan algebra.

Definition 6.4 (see [5, Section 32]) A Sullivan algebra (AV, d) with dim V < oo is
called pure if d(V®") = 0 and d(V°) c AVeven,

For a pure Sullivan algebra, we have an explicit construction of the shriek map §
and y,. For 8y, see [9]. For yy, we have the following proposition:

Proposition 6.5 Let (AV,d) be a pure minimal Sullivan algebra. Take bases V" =
K{x1,...xp} and Vo9 =K{y,...y,}. Define a (A\V ® AsV,d)-linear map

n: (AV QAsV @ As2V,d) — (AV @ AsV, d)
by y(s?y; ---szyq) = sXx1---85xp and )/!(szyj1 ---szyjl) =0 for | < q. Then y
defines a nontrivial element in Extapygasy (AV, AV Q@ AsV)
Proof By a straightforward calculation,  is a cocycle in

Homapgasy (AV @ AsV @ As2V, AV Q@ As V).
In order to prove the nontriviality, we define an ideal

I'=(X1,....Xp, V1o oo s Ygs SV1s- s 8Yq) CAV QASV.

By purity and minimality, we have d(I) C I. Using this ideal, we have the evaluation
map of the form

Extayoas V( AV, AV @ ASV) @ Torapgasv (AV, AV @ AsV /1)
S Toraygnas vV (AV @ ASV, AV @ AsV /T) =5 As VD,

By this map, the element [}]®[s2y; - -- Szyq ® 1] is mapped to the element sxq -+ -5xp,
which is obviously nontrivial. Hence [y1] is also nontrivial. a

Now, we give proofs of Theorems 1.6 and 1.7.

Proof of Theorem 1.6 Using the descriptions in Theorem 6.1, we compute the
brane product and coproduct for M = S?"*! and k = 2. In this case, we can
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take (AV,d) = (Ax,0) with |x| = 2n + 1, and have Mg:1 = (A(x,sx),0) and
Mp2 = (A(x,sx,5%x),d), where dx = dsx = 0 and ds?x = sx. The computation
is straightforward except for the shriek maps & and y;. The map §; is the linear map
Mp—> (Ax, 0)®2 over (Ax, 0)®2 determined by (1) = 1®x—x®1 and §((sx)!) =0
for / > 1. By Proposition 6.5, the map yy is the linear map M px — M gr—1 over
Mgi-1 determined by y(s?x) =1 and (1) = 0.

Then the dual of the brane product p is a linear map
1V A(x, 52x) = Alx, s2x) @ A(x, 52X)
of degree m = 2n + 1 over A(x) ® A(x), which is characterized by
VD =10x—-x®1, pn'@E*x)=10x—xQDE*x®14+1®s5%x).
Similarly, the dual of the brane coproduct §V is a linear map
8V A(x, s2X) @ Ax, 52x) = A(x, s2x).
of degree i = 1 —2n over A(x) ® A(x), which is characterized by
Y =0, Vx@)=—1, Y1®s*x)=1, §Y(s*x®s>x)=—s2x.
Dualizing these results, we get the brane product and coproduct on the homology,

which proves Theorem 1.6. a

Proof of Theorem 1.7 By Proposition 6.5, we have that Im(yy ® id) is contained in
the ideal (sxq,...5xp), which is mapped to zero by the map ¢ ® id. O

7 Proof of the associativity, the commutativity and the
Frobenius compatibility

In this section, we give a precise statement and the proof of Theorem 1.5.

First, we give a precise statement of Theorem 1.5. For simplicity, we omit the statement
for the (S, i, j)-brane product and coproduct, which is almost the same as that for the
(S, T")-brane product and coproduct. Let M be a k—connected K —Gorenstein space
of finite type such that QK101 is also a Gorenstein space. Denote m = dim M. Then
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the precise statement of (1) is that the diagrams

Vv
MssT.U

H*(MS#T#U) H*(MS#T % MU)
7.1) l“g,r#u lME,TUU
Y,
H*(MS x MT#UY 2B00 S s M T x M V)
and
e ng TS\ PTS  wT s

H*MT#S)y 25 grx(MT x MS)

(7.2) }: Jri
wy
H*(MS#T) S.T H*(MS XMT)

commute by the sign (—1)". Here, tx and tx are defined as the transposition of S
and 7. Note that the associativity of the product holds even if the assumption that
Qk=1)f is a Gorenstein space is dropped.

Denote 77 = dim $2¥~1 M. Then (2) states that the diagrams

\
(SSLIT.U

H*(MS xMT x MY) H*(MS x MT#U)
7.3) J‘Sg,TLIU lag.T#U

H*(MS*T x MY) Sseru H* (M S#T#U)
and
H*(MT*S) 15, 5. H*(MT MS)
(7.4) }: lt;
H*(MS*Ty =21, 8s.r H*MS#MT)

commute by the sign (—1)™. Similarly, (3) states that the diagram

v
SS,T#U

H*(MS X MT#U) H*(MS#T#U)

(7.5) JME#T.U l“‘EHT.U
H*MS x MT x MY) $Tuy H*(MS*T x MY)
commutes by the sign (—1)™".

Before proving Theorem 1.5, we give a notation g, for a shriek map.
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Definition 7.6 Consider a pullback diagram

XL>

Y
ol
ALB

of spaces, where ¢ is a fibration. Let o be an element of Ext’%, 3 (C *(A),C*(B)).
Assume that the Eilenberg—Moore map

EM: Torg. g (C*(4), C*(Y)) = H*(X)

is an isomorphism (eg B is 1—connected and the cohomology of the fiber is of finite
type). Then we define g, to be the composition

gat H*(X) < Tork. ) (C*(4). C* (V) % Torstm (C*(B), C*(Y))

= H*T™(Y).

Using this notation, we can write the shriek map incl, as incl, for the diagram (1.3),
and the shriek map comp, as comp,, for the diagram (1.4).

Now we have the following two propositions as preparation of the proof of Theorem 1.5:

Proposition 7.7 Consider a diagram

X g s Y
™ ~N
[7) q
£ Ly
A > B q

A —— B

where g and q’ are fibrations and the front and back squares are pullback diagrams. Let
a € Ext’g*(B)(C*(A), C*(B)) and o € Extm*(B,)(C*(A’), C*(B')). Assume that
the elements o and o' are mapped to the same element in Ext’g*(B,)(C*(A’), C*(B))
by the morphisms induced by a and b, and that the Eilenberg—Moore maps of two
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pullback diagrams are isomorphisms. Then the following diagram commutes:

lrp* lw*
H*(X) —% H*tT™(Y)

Proposition 7.8 Consider a diagram

X—>Y—>Z
D q J
A—>B—>C

where the two squares are pullback diagrams. Let o be an element of the module
Ext’g*(B)(C*(A), C*(B)) and B an element of Ext” *(C)(C*(B), C*(C)). Assume
that the Eilenberg—Moore maps are isomorphisms for two pullback diagrams. Then we
have

(F 0 /)pogra) = 850 Jar
where gi: Extg.. C+(B) (C*(A),C*(B)) —> Extm*(c)(C*(A), C*(B)) is the morphism
induced by the map g: B — C.

These propositions can be proved by straightforward arguments.

Proof of Theorem 1.5 First, we give a proof for (3). Note that the associativity in (1)
and (2) can be proved similarly.

Consider the diagram

inel* compe,
H*(MSXMT#U) e H*(MSXMMT#U) H*(MS#T#U)
comp™ comp™ comp™
SoasT Uy inel x(AfS T Uy oPexidy S#T U
H*(M>xM* xpyMY) H*(M°Xpy M xpy MY )——— H*(M > X3y MY)
inclA! incl(idxA)! incl(idxA)!

incl*® €Omp (¢ xid),

H*(MSxMTxMYV)—"— s H*(MSxpy MTxMY) H*(MS*T x M Y)

Note that the boundary of the whole square is the same as the diagram (7.5). The
upper left square is commutative by the functoriality of the cohomology and so are
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the upper right and lower left squares by Proposition 7.7. Next, we consider the lower
right square. Applying Proposition 7.8 to the diagram

incl

comp
MS xpr MT xpr MY —— MS#T 5oy MY 2 MSHT x MU

l | l

MxM—9  pk=tprsopg XA k=10 5 M2

we have
inCl(igx A), © COMP(cxig), = (incl© cOMP) (iax A),o((idx A)..(exid))-
In order to compute the element
(idx A)yo((idx A)«(cxid)r) EEXtc*(kalMXMZ)(C*(MXM), C*(LF "M xM?)),

we use the models constructed in Section 5. Let 6 € Hom'/’\'V®2 (Mp, AV®2) and
Y€ Hom%[S oy Mpic, Mgi— 1) be representatives of the generators:

[B1] = Ay € BXUZ, 302, (C*(M). C*(M3)).

= e €EXC. (px1 ) (CH (M), CHLET M),

*(
Then, using the isomorphism
Ext’gj(";ﬂxl‘k_lM)(C*(M x M), C*(M?x L*¥=' M)

= Hm+m(H0m/\V®2®MSk_1 (MP &® MDk, /\V®2 ® MSkfl )),
we have a representation

(idx A)ro ((idx A)x(c xid)) = [i[d® &l o[ ®id] = [(=1)"" 1 ® 8]
as a chain map. Similarly, we compute the other composition to be
COMP ¢ xig), © INCl(iaxA), = (comp o incl) (e xid),o((cxid))(dxA);
with
(¢ xid)y o ((¢ xid)x)(id x A)y = [ ® &1].

This proves the commutativity by the sign (—1)™" of the lower right square.
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Next, we prove the commutativity of the coproduct in (2). This follows from the
commutativity of the diagram

incl™®

H*(MTXMS) H*(MT XMMS) H*(MT#S)

(7.9) Jri lr;‘ lr;‘

H*(MS XMT) incl* H*(MS X 0 MT) comp: H*(MS#T)

The commutativity of the left square is obvious. If one can apply Proposition 7.7 to the

diagram
MS xp MT = > MSHT
T
Tx res
MT X s MS comp N MT#S
(7.10)
]I; ¢ N L1\ res
\ \ 1
M £ y LK1 M

we obtain the commutativity of the right square of (7.9). In order to apply Proposition 7.7,
it suffices to prove the equation

(7.11) Exty= (id, ) (c1) = (=)™ ¢y
in Extex(pi—1 30 (C*(M), C*(LK~1M)). Since
XU ko130 (C (M), C*(L*¥'M)) =K

and Ext;=(id, 7*) o Exty+(id, 7*) = id, we have (7.11) up to sign. In Section 9, we
will determine the sign to be (—1)™.

Similarly, in order to prove the commutativity of the product in (1), we need to prove
the equation

(7.12) Exte= (id, ‘L’*)(A!) = (—l)mAg

in Extex(pr2)(C* (M), C*(M?)). As above, we have (7.12) up to sign. The sign is
determined to be (—1)" in Section 8.

The same proofs can be applied for the (.S, i, j)—brane product and coproduct. a
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8 Proof of (7.12)

In this section, we will prove (7.12), determining the sign. Here, we need the explicit
description of A; in [11].

Let M be a 1—connected space with dimn«(M) ® K < co. By [11, Theorem
1.6], we have a Sullivan model (AV,d) of M which is semipure, ie d(Iy) C Iy,
where [y is the ideal generated by V", Let &: (AV,d) — K be the augmenta-
tion map and pr: (AV,d) — (AV/Iy,d) the quotient map. Take bases V" =
K{xy,...xp} and V°4 =K{y;,... ys}. Recall the relative Sullivan algebra Mp =
(AV®2 @ AsV,d) over (AV,d)®? from Section 6. Note that the relative Sullivan
algebra (AV®2 ® AsV,d) is a relative Sullivan model of the multiplication map
(AV,d)®% — (AV,d), Hence, using this as a semifree resolution, we have

Ext, o, (AV, AV®2) = H*(Hom , ye,(AVE? @ AsV, AV ®2)).

By [11, Corollary 5.5], we have a cocycle f € Hom,,e,(AV®2 ® AsV, AV ®2)
satisfying

i=q
Sexisxp)=[]0®@y—y®D+u
ji=1
for some u € (1 ® y1,...,Yq ® yq). Consider the evaluation map

ev: Bxt, o2 (AV, AV®?) @ Tor o2 (AV, AV /Iy) — Tor \ peo2(AVE2, AV Iy)
=5 H*(AV/Iy),

where (AV,d)®?, (AV,d) and (AV /Iy, d) are (AV,d)®?-module via id, ¢-id and
pro (g-id), respectively. Here, we use (AV®? ® AsV,d) as a semifree resolution of
(AV,d). Then, we have

eV([/1®[sx1---sxp]) = [y1 -+ ygl #0.

and hence [ f]# 0 in Ext, o2 (AV, AV®2). So it suffices to calculate Ext, (id, 7)([ /])
to determine the sign in (7.12), where ¢: (AV,d)®? — (AV,d) is the dga homo-
morphism defined by t(v® 1) =1®v and (1 Qv) =v® 1.

Proof of (7.12) By definition, Ext,(id, ) is induced by the map

Homy (7,7): Hom ,;e2(AV®2 @ AsV, AV®?) — Hom,, g2 (AVEZ @ AsV, AV ®2),
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where 7 is the dga automorphism defined by 7,82 = ¢ and 7(sv) = —sv. Since
[(sxy--sxp) = (—1)Psxy---sxp and

Jj=q j=q
t(]_[(1®yj—yj®1)) = (-1)? ]_[(1®yj—yj®1),

Jj=1 j=1
we have

ev([Hom (7, ) ()]®[sx1 -+ sxp]) =ev([to fof|®[sx1 - 5xp]) = (=17 T[py -+ ygl.

Since the parity of p+¢ is the same as that of the dimension of (AV, d) as a Gorenstein
algebra, the sign in (7.12) is proved to be (—1)". a

9 Proof of (7.11)

In this section, we give the proof of (7.11), using the spectral sequence constructed
in the proof of Theorem 3.1. Although the key idea of the proof of Theorem 3.1 is
the same as Theorem 2.3 due to Félix and Thomas, we give the proof here for the
convenience of the reader.

Proof of Theorem 3.1 Take a (4 ® B, d)-semifree resolution n: (P, d) = (A,d).
Define (C,d) = (Homygp(P, A® B),d). Then Extygp(4,A® B) = H*(C,d).
We fix a nonnegative integer N, and define a complex

(Cn.d) = (Homygp(P,(4/A”")® B).d).

We will compute the cohomology of (Cy,d). Define a filtration {F”Cy},>0 on
(Cn.d) by FPCn = Homygpg(P,(A/A”™")ZP ® B). Then we obtain a spectral
sequence {E7?},>¢ converging to H*(Cy.,d).

Claim 9.1 EP9 =

{HP(A/A>N) if ¢ =m,
2

0 if ¢ #m.
Proof of Claim 9.1 We may assume p < N. Then we have an isomorphism of

complexes

(AZP/AZPT! 0) ® (Homp(B Q4gp P. B),d) => (EF. dy),
hence
(AZP /AP @ H*(Homp(B ® 498 P. B).d) => EF.
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Define
_ = 1® =
7. (B,d) ®4@8 (P,d) — (B,d) 48 (4,d) =K.
Note that the last isomorphism follows from the assumption (a). Then, since 7 is a
quasi-isomorphism, so is 7. Hence we have
K if ¢g=m,
HY(Homp(B ® 45 P. B). d) ~ Ext}(K, B) = Hg=m
0 if g#m,
by the assumption (b).
Hence we have

EPY = (AZP /AZP*) @ HY(Homp(B ®4gp P. B). d) = A?  Ext% (K, B).

Moreover, using the assumption (c) and the above isomorphisms, we can compute the
differential d; and have an isomorphism of complexes

9.2) (E7?. dy) = (4%, d) ® Exth (K, B).

This proves Claim 9.1. a

Now we return to the proof of Theorem 3.1. We will recover H*(C) from H*(Cy)
by taking a limit. Since l(lnjlv Cn = 0, we have an exact sequence

0 — lim' H*(Cy) - H*(lim Cy) — H*(lim H*(Cy)) — 0.
N N N

By Claim 9.1, the sequence {H*(Cx)}n satisfies the (degreewise) Mittag-Leffler
condition, and hence l&l}v H*(Cy) = 0. Thus, we have

H'(C) = H'(lim Cy) = lim H (Cy) = H'™™(A4).
N N
This proves Theorem 3.1. O

Next, using the above spectral sequence, we determine the sign in (7.11).

Proof of (7.11) If k =1, (7.11) is the same as (7.12), which was proved in Section 8.
Hence we assume k& > 2. As in Section 7, let M be a k—connected K—-Gorenstein
space of finite type with dim 7 (M) ®K < 0o, and (AV, d) its minimal Sullivan model.
Using the Sullivan models constructed in Section 5, we have that the automorphism
Ext.«(id, t*) on

Extes (pr—1 3y (C* (M), C*(LF' M)

Algebraic & Geometric Topology, Volume 19 (2019)



2986 Shun Wakatsuki

is induced by the automorphism Homy (7, ¢) on
Hom g ask—1y (AV @ AsSKTIV @ AsKV, AV @ k1Y),
where ¢ and 7 are the dga automorphisms on
AV QASKTIV,d) and (AV @ AsKT1V @ AskV, d),

respectively, defined by

t(v) =v, t(sk_lv) = —sk=1y,

) =v, (¥ ) =—skTv, 7(s*v) =—sk0.
Now, consider the spectral sequence { £} in the proof of Theorem 3.1 by taking
(A® B,d) = (AV @ Ask=1V,d) and (P,d) = (AV @ Ask~1V @ Ask V., d). Since

k > 2, Hom,(7,t) induces automorphisms on the complexes Cy and F?Cy, and
hence on the spectral sequence {E}*?}. By the isomorphism (9.2), we have

EP? ~ HP(A) ® Ext! (K, Ask1V),

Ask=1p
and that the automorphism induced on E, is the same as id ® Extz(id, 7), where 7 is

defined by l_(sk_1 V) = —s*=1y for v € V. Since the differential is zero on Ask=—1V,
we have an isomorphism

Ext® (K, Ask—1 V)~ ®Extisk_lvi (K, /\sk_lvi),

i

Ask=1p

where {vy,...,v;} is a basis of V. Using this isomorphism, we can identify

Extz(id, 1) = ) Extz; (id. 77),
i

where 7; is defined by 7; (sK1v;) = —s*~1v;.

Since (—1)4™Y = (—=1)™ it suffices to show Extz, (id, t;) = —1. Taking a resolution,
we have

Ext* (K, /\sk_lvi) = H*(HOm/\sk—lvi (/\s Yo ® Askv;, sk o)),

Extz (id, 7;) = H* (Homy, (i, 1)),

Ask—1ly;

where the differential d on AsK~!v; ® Askv; is defined by d(s*'v;) = 0 and

d(s¥v;) = s¥~1v;, and the dga homomorphism 7#; is defined by 7; (s¥~1v;) = —sk—1y;

and 7;(sKv;) = —s¥v;. Using this resolution, we have the generator [ f] of the co-

homology H* (Hom,, gx—1,, (AsKF1v; @ Askv;, AsK~1v;)) = K as follows:
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o If |sk=1y;| is odd, define f by f(1) =s1v; and f((s¥v;)!) =0 for I > 1.
o If |s*~1y;| is even, define f by f(1) =0 and f((skv;)) =1.

In both cases, we have Homg, (7;, %) (/) =7;o f of; =— f . This proves Extz (id. 7;) = —1
and completes the determination of the sign in (7.11). m|

Acknowledgement

I would like to express my gratitude to Katsuhiko Kuribayashi and Takahito Naito for
productive discussions and valuable suggestions. Moreover, I would like to thank my
supervisor Nariya Kawazumi for enormous support and comments. Furthermore, I am
grateful to the referee for helpful comments based on his or her careful reading. This
work was supported by JSPS KAKENHI Grant Number 16J06349 and the Program for
Leading Graduate School, MEXT, Japan.

References

[1] M Chas, D Sullivan, String topology, preprint (1999) arXiv

[2] RL Cohen, V Godin, A polarized view of string topology, from “Topology, geometry
and quantum field theory” (U Tillmann, editor), London Math. Soc. Lecture Note Ser.
308, Cambridge Univ. Press (2004) 127-154 MR

[3]1 RL Cohen, K Hess, A A Voronov, String topology and cyclic homology, Birkhauser,
Basel (2006) MR

[4] Y Félix, S Halperin, J-C Thomas, Gorenstein spaces, Adv. in Math. 71 (1988) 92—-112
MR

[51 Y Félix, S Halperin, J-C Thomas, Rational homotopy theory, Graduate Texts in
Mathematics 205, Springer (2001) MR

[6] Y Félix, J-C Thomas, String topology on Gorenstein spaces, Math. Ann. 345 (2009)
417-452 MR

[7] K Kuribayashi, L. Menichi, T Naito, Derived string topology and the Eilenberg—
Moore spectral sequence, Israel J. Math. 209 (2015) 745-802 MR

[8] L Menichi, Rational homotopy—Sullivan models, from “Free loop spaces in geometry
and topology” (J Latschev, A Oancea, editors), IRMA Lect. Math. Theor. Phys. 24, Eur.
Math. Soc., Ziirich (2015) 111-136 MR

[91 T Naito, String operations on rational Gorenstein spaces, preprint (2013) arXiv

[10] H Tamanoi, Loop coproducts in string topology and triviality of higher genus TQFT
operations, J. Pure Appl. Algebra 214 (2010) 605-615 MR

Algebraic & Geometric Topology, Volume 19 (2019)


http://msp.org/idx/arx/math/9911159
http://dx.doi.org/10.1017/CBO9780511526398.008
http://msp.org/idx/mr/2079373
http://dx.doi.org/10.1007/3-7643-7388-1
http://msp.org/idx/mr/2251006
http://dx.doi.org/10.1016/0001-8708(88)90067-9
http://msp.org/idx/mr/960364
http://dx.doi.org/10.1007/978-1-4613-0105-9
http://msp.org/idx/mr/1802847
http://dx.doi.org/10.1007/s00208-009-0361-5
http://msp.org/idx/mr/2529482
http://dx.doi.org/10.1007/s11856-015-1236-y
http://dx.doi.org/10.1007/s11856-015-1236-y
http://msp.org/idx/mr/3430259
http://msp.org/idx/mr/3444363
http://msp.org/idx/arx/1301.1785
http://dx.doi.org/10.1016/j.jpaa.2009.07.011
http://dx.doi.org/10.1016/j.jpaa.2009.07.011
http://msp.org/idx/mr/2577666

2988 Shun Wakatsuki

[11] S Wakatsuki, Description and triviality of the loop products and coproducts for rational
Gorenstein spaces, preprint (2016) arXiv

Graduate School of Mathematical Sciences, The University of Tokyo
Tokyo, Japan

swaka@ms.u-tokyo.ac. jp

Received: 29 March 2018 Revised: 17 December 2018

Geometry € Topology Publications, an imprint of mathematical sciences publishers :.msp


http://msp.org/idx/arx/1612.03563
mailto:swaka@ms.u-tokyo.ac.jp
http://msp.org
http://msp.org

	1. Introduction
	2. Construction by Félix and Thomas
	3. Definition of the (S,T)–brane coproduct
	4. Definition of the (S,i,j)–brane product and coproduct
	5. Construction of models and proof of Corollary 3.2
	6. Computation of examples
	7. Proof of the associativity, the commutativity and the Frobenius compatibility
	8. Proof of (7.12
	9. Proof of (7.11)
	Acknowledgement

	References

