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On rational homological stability for block automorphisms
of connected sums of products of spheres

MATTHIAS GREY

We show rational homological stability for the classifying spaces of the monoid of ho-
motopy self-equivalences and the block diffeomorphism group of iterated connected
sums of products of spheres. The spheres can have different dimensions, but need to
satisfy a certain connectivity assumption. The main theorems of this paper extend
homological stability results for automorphism spaces of connected sums of products
of spheres of the same dimension by Berglund and Madsen.

55P62, 57505

1 Introduction

Let M be a compact manifold with boundary with a chosen basepoint on the boundary.
Denote by map, (M, M) the space of pointed maps with the compact-open topology.
Denote by mapy (M, M) the subspace of maps fixing the boundary pointwise. We
denote by auty(M) the submonoid of homotopy self-equivalences fixing the boundary
pointwise.

The first object we study in this paper is the rational homology of the classifying space
Bauty(M). More precisely, we show that the topological monoid auty(M ) satisfies
rational homological stability for certain families of manifolds, ie that the rational
homology of its classifying space is independent of the manifold in the family in a
certain range. For example, for the g—fold connected sum

Ng = (#g(Sp X Sq)) ~int(D?*9), where 3<p<qg<2p—1,

we show that H;(Bauty(Ng); Q) is independent of g for g > 2i 4- 2. Moreover we
show that H;(Bauty(M # Ng); Q) is independent of g in the same range, where M
is some other connected sum of products of spheres. To make this statement precise,
we introduce the following notation. Let I be a finite indexing set for pairs of positive
natural numbers p; and ¢;, and let n be a positive natural number such that 3 < p; <
qi <2p;i—1 and p; +¢q; =n for all i € I. Note that this implies that necessarily n > 6.
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We define a smooth n—dimensional manifold with boundary diffeomorphic to S~ !,
Ny = (#ier (S7 x S9)) ~int(D"),
and we assume a basepoint chosen on the boundary.

For a given p € N we define the “generalized genus” as

_ (Arank(H,(Np)) if2p=n,
P rank(H,(Ny))  otherwise;

ie gp is the number of S# x $9 summands of Ny, where ¢ =n — p. In other words
we see Ny as the connected sum

Ni = (Hictjerpy 2 (ST X S9)) # (#, (S? x S9)) ~intD".
Write
VP9 =8P xST~int(DfUD)) for3<p=<qg<2p—1landp+qg=n.

We define a new manifold
NI/ = Ny Us, VPa,

by identifying one boundary component of V' #:9 with dNy. Note that N I/ is canonically
diffeomorphic to the manifold Ny, with I’ = I U {i’}, where p; = p and ¢;7 = ¢.
Using this, we define the stabilization map

o auty(Ny) — auty(Ny Uy, VP9) =5 auty(Np),

by extending a self-map of Nj by the identity on V4. In this paper we study the
induced map on homology of the classifying spaces

0«: Hye(Bauty(Ny); Q) = Hy(Bauty(Ny/); Q).

Theorem A The map
H;(Bauty(Ny); Q) — H;(Bauty(Np): Q)

induced by the stabilization map with respect to VP9 where 3 < p <q <2p—1,is
an isomorphism for g, > 2i +2 when 2p # n and g, > 2i +4 if 2p =n and an
epimorphism for g, > 2i + 2, respectively g, > 2i + 4, unless n = 2d with d # 3,7
odd,and g4 = 1.
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In an earlier version of this paper the last condition of the theorem was erroneously not
present. The reason the latter is needed is Lemma 3.4, which implies that the rational
cohomology of the homotopy classes of auty(Ny) is trivial. This is not true for $% x §¢
when d is odd and d # 3, 7. We thank Manuel Krannich for pointing this out to us.

The block diffeomorphism group ISTf/fa (X) is the realization of the A—group, ie a sim-
plicial group without degeneracies, with k—simplices, face-preserving diffeomorphisms

@: ANex X > AN xx

such that ¢ is the identity on a neighborhood of A x 9X. We map a k—simplex ¢ to
the k—simplex in Diffy(Ny-)

AF X (Np Ug, VP) — AR x (N Uy, VP9)

given by ¢ on A* x N; and the identity on AK x V74 where we use the fact that
Npr = Ny Uy, VP4 This induces the stabilization map BDiffy(Ny) — BDiff3(Ny).
Similarly we can define the classifying spaces of the monoid of block homotopy self-
equivalences Bauty(N7), the group of block homeomorphisms B’I”Bf)a(N 1) and the
group of block PL-homeomorphisms Bﬁa(N 7).

Theorem B The map
H; (BDiffy(Ny); Q) — H; (BDiffy(Np); Q)

induced by the stabilization map with respect to VP4, where 3 < p <q <2p—1,is
an isomorphism for g, > 2i +2 when 2p # n and g, > 2i +4 if 2p = n and an
epimorphism for g, > 2i + 2, respectively g, > 2i + 4, unless n = 2d with d # 3,7
odd,and gg = 1.

Remark 1.1 Since Bauty(N;) =~ Bauty(Ny), Theorem A also holds for the classify-
ing space of block homotopy automorphisms. Moreover note that the classifying spaces
of the universal covers B]STffa(NI)(l), B’%[/)a(NI)(l) and Bl?f,a(NI)(l) have the
same rational homology groups. This follows from the fact that the spaces G/ O, G/ PL
and G/ Top occurring in the surgery exact sequence to calculate the normal invariants
are rationally homotopy equivalent and that the weak equivalence (15) also holds for
Top and PL. For Theorem B to also hold for block PL-homeomorphisms one would
need a statement about the mapping class groups like Proposition 5.3(2), ie more
knowledge about the PL—isotopy classes of PL-homeomorphisms.
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The argument is based on work of Berglund and Madsen [4; 5], where homological
stability for the (block) automorphism spaces of the manifolds # ¢ (S 45 S9)<int(D29)
is shown. Berglund and Madsen moreover determine the stable cohomology of the
classifying spaces of the monoid of homotopy automorphisms and the block diffeomor-
phism group.

Outline of the argument The main idea of the proof is to consider the universal
covering
Bauta(NI)(l) — Bauty(Ny)

or rather the universal covering spectral sequence with E2—page
H (71 (Bauty(Ny)); Hy (Bauty(Ny)(1); Q)) = Hs+¢(Bauty(Ny); Q).

If we can show that the stabilization map induces isomorphisms for large generalized
genus g, in arange of s and 7, then the spectral sequence comparison theorem implies
homological stability for the monoid of homotopy automorphisms. So we have reduced
the problem to showing homological stability for the groups mq(Bauty(Ny)) with
certain twisted coefficients.

The first step is to determine the group of homotopy classes of homotopy automorphisms
(Section 5), or rather the quotient acting nontrivially on the homology of the universal
covering. More precisely, we determine the image and kernel of the “reduced homology”
map

H: mo(auty(Ng)) — Aut(Hx(Np))

to the automorphisms of the reduced homology as a graded group. For the manifolds Ny
the kernel is finite. The connectivity assumption 3 < p; < ¢; <2p; — 1 is necessary
here to get the isomorphism (6) in the proof of Proposition 5.1. The image which we
call I'T C Aut(fl* (Ny)) is the subgroup respecting the intersection form and when the
dimension of Ny is even, a certain tangential invariant. In particular we show that
elements in the kernel of Hy act trivially on H;(Bauty(Ny)(1); Q). Thus we only
have to study the groups I7.

In Section 3 we review hyperbolic modules and give a slight generalization in order
to describe the I'; as automorphisms of an object with underlying graded Z—module

In Section 4 we use homological stability results by van der Kallen and Charney to
show a homological stability result for the groups I'7 with certain twisted coefficient
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systems of “finite degree”. In Section 6 we review results of Berglund and Madsen in
order to show that the homology groups H;(Bauty(Ny)(1); Q) are in fact a twisted
coefficient system satisfying homological stability for the I'y. A crucial tool for showing
twisted homological stability are Schur multifunctors (defined in Section 2), which
we use to determine the degree of the coefficient systems. In fact, developing the
Schur multifunctors as a tool to handle the different degrees coming from the homology
H, (N1) was one of the main technical obstacles in generalizing Berglund and Madsen’s
result.

To show the homological stability for the block diffeomorphism groups, we consider
the homotopy fibration

auty(Ny)/Diffy(N;) — BDiffy(N;) — Bauty(Ny).

We can determine the homology of a component of the homotopy fiber using surgery
theoretic methods applied by Berglund and Madsen, which suffices to show homological
stability using similar arguments as for the monoid of homotopy automorphisms.

Future research The most interesting question is if it is possible to determine the
stable (rational) cohomology of Bauty(Nj) and Bﬁ?ffa (N7). The argument by
Berglund and Madsen [5] to calculate the stable cohomology for the manifolds W, =
#4(S d % §9) < int(D?9) relies on Galatius and Randal-Williams [12], where the
stable cohomology of the moduli space of many even-dimensional smooth manifolds
is determined. More precisely Berglund and Madsen show that the universal covering
spectral sequence for the classifying space of the monoid of homotopy automorphisms
collapses at the E,—page

) H* (1 (Bauty(Wy)); H* (Bauty(We)(1): Q)

in the stable range. Using that m;(Bauty(Wy)) is commensurable with a known
arithmetic group Iy and results of Borel [6; 7] on the stable real cohomology of
arithmetic groups, they conclude that

H*(Bauty(Wyg); Q) =~ H*(Ty; Q) @ H* (Bauty(Wy)(1); Q))

in the stable range. The cohomology of I’ in the stable range was calculated explicitly
by Borel. Berlung and Madsen link H*(Bauty(Wg)(1);Q)) via certain derivation
Lie algebras and Kontsevich’s graph complexes to the cohomology of free groups
using work of Conant and Vogtmann [9]. They use a similar approach to determine
the stable rational cohomology of Bﬁffa(Wg). There is not an analogue of [12]
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for odd-dimensional manifolds yet, but the homological stability results of Galatius
and Randal-Williams [13] have been generalized to odd-dimensional manifolds; see
Perlmutter [22; 23]. One could hope that the calculation of the stable cohomology
in [5] generalizes to other even-dimensional manifolds, such as

(#f(S”’—1 x sd“)) # (#g(sd x Sd)) ~int(D29),

especially since Borel’s results are also applicable to the mapping class groups con-
sidered in this paper. It is however an open question if the analogue of (1) collapses.
Using [12] to calculate the stable cohomology of the moduli spaces of even-dimensional
manifolds Ny explicitly could help in answering this question.

Note that the manifolds Ny are highly connected in the sense that they are (m—1)—
connected n—manifolds, where n < 3m — 2. In fact every closed highly connected odd-
dimensional manifold M is rationally homotopy equivalent to a manifold Ny U gn—1 D"
(see Proposition 6.1). This does however not imply homological stability starting with
an arbitrary highly connected odd-dimensional manifold, since we do not have a
twisted homological stability result for their mapping class groups. In general we
do not know the image of H (=) in Aut(l';E,< (M ~ int(D))). This raises the problem
of calculating the (homotopy) mapping class groups for arbitrary highly connected
manifolds. Another possible approach to show homological stability with an arbitrary
starting manifold could be to show twisted versions of the algebraic homological
stability results in [13; 22].

Another problem is to determine the PL—isotopy classes of PL-homeomorphisms for
the manifolds Nj. As already pointed out in Remark 1.1 this would yield a version
of Theorem B for B"I“SI)B(N 7) and Bﬁ:a(N 7). As above, determining PL—isotopy
classes of PL-homeomorphisms for general highly connected manifolds might lead to
a version of Theorem B with more general starting manifolds.

Another direction for future research is to weaken the connectivity assumption in
Theorems A and B. In this situation the kernel of H: 7 (auty(Ny)) — Aut([-~1>,< (Np))
might be rationally nontrivial, because we can not identify [Ny, Ny]x with the endo-
morphisms of H, (N1) as we do in (6) in the proof of Proposition 5.1. In particular this
kernel might act nontrivially on Hy(Bauty(N7)(1); Q). This could lower the stability
range or even make it impossible to show homological stability with similar methods,
because we have to replace the isomorphism (14), which is the first step in showing
Theorem A, by the use of a Lyndon spectral sequence.
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2 Polynomial functors and Schur multifunctors

We start by recalling the definition of polynomial functors in the sense of [11, Section 9]
or rather slightly modified as in [10, Section 3]. Let T: A — B be a (not necessarily ad-
ditive) functor between abelian categories. The first cross-effect functor is defined to be

TY(X) =ker(T(X) — T(0)),

where X — 0 is the natural map to the zero object in A. For k > 1, the k™ cross-effect

functor
% AF » B
is uniquely defined up to isomorphism given T for / < k by the properties:
(1) Tk(Ay,...,Ax) =T(0) if A; =0 for some i.

(2) There is a natural isomorphism

TA @ &A)=TO)d P T (4iy..... 4).

{il a"'air}

where the sum runs over all nonempty subsets {i{,...,i,} C{l,...,k}.

Definition 2.1 A functor T is polynomial of degree < k if T! is the constant zero
functor for / > k.
An immediate consequence is that a functor is of degree < 0 if and only if it is constant.

The higher cross-effects can be defined using deviations. We can define an associative
and distributive composition T on the “integral group ring” of 7'(X) € B by extending
aTb=ab—a—>bfora,beT(A). Givenamap T(f): T(A) — T(B) we get a new
map from T(A) & T (A) defined by

(@.b) = T(f)aTb)=T(f)ab)—-T(f)@)—T(f)b).
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which we call the deviation of 7'(f). The k—fold deviation of k maps

T(f).....T(fx): T(A) - T(B)

is the map
T(/iT---T fi): T(A) > T(B),
given by
THTTh=TO& P D "T(f..... fi)
{i1,.ir}
where the sum runs over all nonempty subsets {iy,...,7,} C{l,...,k} and 0 denotes

the canonical map A —0— B. Setting A=A, ®---® Ay and denoting by m;: A — A;
the projections and by t;: A; — A the inclusions, the k" cross-effect functor is given
on objects by

Tk(Al, oo, Ap) =TImage(T(tyomy T+ T i omy)).
The following properties of polynomial functors follow directly from the definition:

Proposition 2.2 (see eg [10]) (1) An additive functor is of degree < 1.
(2) The composition of functors of degrees < k and <[ is a functor of degree < kI .
(3) Let T: A— B and R: C — B be of degrees < k and <[, respectively. The

levelwise sum
TOHR: AxC—>B

is polynomial of degree < max{k, [}

Example Let Mod(Z) be the category of finitely generated Z-modules. An example
of a degree < k functor is the k—fold tensor product

X): Mod(2)* - Mod(Z).  (A1..... Ax) — X) Ai.

Schur functors give examples of polynomial functors. Note that the following defini-
tions also make sense for general commutative rings, but we are going to restrict our
presentation to the category of graded rational vector spaces Vectx(Q). Schur functors
are treated for example in [20]. We could not find any literature on Schur multifunctors
and hence state the facts we need here.

Let A4 = .# (n) € Vect«(Q) for n > 0 be a sequence of Q[X,]-modules. We refer to
them as X,-modules but implicitly use the Q[3,]-modules structure; in particular @y,
refers to the tensor product over Q[X,]. The Schur functor given by .# is defined to
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be the endofunctor of Vect,(Q) induced by
MV) =P (k) ®5, VO forall V e Vet (Q).
k

where V®k is the left & r—module with action induced by the permutation of the factors
by the inverse (with sign according to the Koszul sign convention). Note that .# (0)
is just a constant summand. A Schur functor .# with .# (!) trivial for [ > k is a
polynomial functor of degree < k.

Let n = (ny,...,n;) with ny,...,n; > 0 be a multiindex. Throughout this article
we will assume all multiindices to have nonnegative entries. We use the following
conventions: ;
|77| = Zi:] nij,
tm) =1,

w+n=my+ny,....my+n;) for u=(my,...,my),
V@ =VE1 ®---@VE", where (V;) € (Vects(Q))',
Xy = Xp, XX Xy,
Consider a sequence of Q[X;]-modules .4 = .4(n) € Vect«(Q) with £(n) =1. As

before, we refer to them as X,—modules. We define the Schur multifunctor given
by .4 on objects by

AV V)= P A @z, (V)®T forall (Vi) € (Veet(Q))'.
L=l

Similarly a Schur multifunctor .4 is a polynomial of degree < k if .4 '(n) is trivial
for |n| > k.

Example Consider Schur functors N;: Vect,(Q) — Vectx(Q) for i =1,...,[. The
tensor product

® Ni: Vecty (Q) — Vecty (Q)
is a Schur multifunctor with (QN;) () = Q@ N (n;).
We define the tensor product of .#Z = .# (i) and A = A (1) as

— Zy
MRNW) = P Indg” s A () ® N ().
wn'=v
The Schur functor defined by this tensor product is indeed (up to natural isomorphism)
the levelwise tensor product of the two functors, as we see by the isomorphisms for
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w +n =v with £(u') = L") = L(v):

(nds’ oz, A (W) ® N () @5, (V)
= (A (W)@ N () ®s, xx, QAT)]) ®s, (V)
= (M W) ® N () O, xx,, (VDBF & (V)®7)
= (M (1) ®x,, (V)®*) & (N () ®x,, (V1)ET).

The tensor powers of an .4/ = .4#'(n) are (up to natural isomorphism) explicitly
described by

) N W) =PIy’ s, A @A ().
where the sum runs over all r—tuples (11, ..., n,) with £(n;) =1 suchthat Y ;_, ni=v.

Now consider a Schur functor .# = .# (m) and a Schur multifunctor .4 = A4 (n).
The composition is a Schur multifunctor isomorphic to the Schur multifunctor given
by

B) (Mo MNW) =P A @5, PIdg! s, A1) ® @A (1),
r
where the second sum runs over all r—tuples (n1,...,7n,) with £(n;) = [ such that

> i_1ni =v. The action of X, is by permuting the tuples (11, ..., 7,) by the inverse.
Indeed as we check using (2):

(A 0 N)(Vi)
=P ) @s, ¥ VD) =P #(0) @5, ¥/ (V)

=P #0)®s, (/) ®3, (V)®)

= @A 0s( D W g, S ODE B ()35,(D)
Al Z?:lﬂi=v

%@@J//@@zr( D Ind%:m...xz,,,=/V<m)®---®</V(nr>®zv(v,->®”).
vor Yimini=v

Remark 2.3 We will later use Schur (multi)functors with domain the category of
rational vector spaces — just consider them as graded rational vector spaces concentrated
in degree 0.
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3 Automorphisms of hyperbolic modules over the integers

In this section we review hyperbolic modules in the sense of [1] in the special case
with ground ring the integers. Fix a A € {41, —1}. Let A C Z be an additive subgroup,
called the form parameter, such that

4) {z—Az|z€eZ}CAC{zeZ|z=—Az}.

Definition 3.1 [1] A A—quadratic module is a pair (M, i), where M is a Z-module
and pu is a bilinear form, ie a homomorphism

MM — 7.

To a A—quadratic module (M, ) we associate a A—quadratic form

qu: M = Z/A,  qu(x) =[n(x, x)],

and a A—symmetric bilinear form
(==Y MM - Z,

defined by (x,y)y, = p(x, ) + An(y,x). (Such A—symmetric bilinear forms are
called even.) We call a finitely generated projective A—quadratic module (M, u)
nondegenerate if the map

M—M* x—(x,—)u,

is an isomorphism.

Denote by O*(Z, A) the category of nondegenerate A—quadratic modules with mor-
phisms linear maps respecting the associated A—symmetric bilinear form and the
associated A—quadratic form.

Given a finitely generated Z-module M, we define a nondegenerate A—quadratic
module H(M)=(M&M™*, upr), where ups ((x, f), (. 2))= f(y). Wecall H(M)
the hyperbolic module on M. A A—quadratic module is called hyperbolic if it is
isomorphic to H(N) for some finitely generated Z-module N. Let {¢;} be the
standard basis for Z& and { f;} the dual basis of (Z#)*. Using this basis we consider
the automorphisms of the A—quadratic module H(Z#) as a subgroup of Gl (Z). The
subgroups can be described as follows:
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Proposition 3.2 [1, Corollary 3.2] The automorphisms of H(Z%) in Q)‘ (Z,A\) are
isomorphic to the subgroup of Gl,¢(Z) consisting of matrices (é g) such that

pTA+1BTC =1,
DTB+ABTD =0,
A'Cc+acT 4 =0,

CT 4 and DT B have diagonal entries in A.

Note that if A = 1 we necessarily have A = 0. When A = —1, condition (4) implies
that 27Z C A C Z, and thus we have the two cases A = Z and A = 27Z. Thus we can
list the automorphisms of hyperbolic modules:

(1) If A=1and A =0, then Aut(H(Z?8)) = Og¢(Z) in Q1(Z,0).

(2) If A =—1and A = Z, then Aut(H(Z¥)) = Sp,,(Z) in 0~(Z.,Z).

(3) If A =—1and A = 27, then Aut(H(Z¥)) in Q~1(Z,27) is the subgroup
of Spyg(Z) described as

A B
{(C D) € Spy,(Z2) ‘ CT 4 and DT B have even entries on the diagonal}.

Let N be a (d—1)—connected 2d-manifold. Wall [29] has shown that the automor-
phisms of the homology realized by diffeomorphisms are the automorphisms of a
A—quadratic module with underlying Z-module H;(N). Later we show a similar
statement for connected sums of products of spheres. For this we need a slight variation
of A—quadratic modules.

Let n =2d € N be even and A C Z be an additive subgroup such that
{z—(=Dz|zeZ}cAClzeZ]|z=—(-1)z}.

When n € N is odd we set A to be the trivial group. It does not play a role in the

following definition, but we keep the notion for convenience.

Definition 3.3 A graded A—quadratic module is a pair (M, (1), where M is a graded

Z—module and p a bilinear n—pairing, ie a degree 0 homomorphism

w: M @M — Zln].
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We associate to (M, ) a symmetric bilinear n—pairing
(— —)u: M ® M — ZIn),

defined by (x, y)u = u(x,y) + (=)W (p, x). When n = 2d, we associate a
A—quadratic form

qu: Mg — Z/A,  qu(x) =[pn(x,x)].

We call a finitely generated projective graded A—quadratic module (M, ) nondegen-
erate if the map
M — Hom(M, Z[n]), x> (x,—=)u.

is an isomorphism.

For n even, we define Q%(Z, A) to be the category whose objects are nondegenerate
graded A—quadratic modules (M, ), where (M, ) is finitely generated as a Z—
module and the morphisms respect g, and (—, —).

For n odd, we define Q% (Z, A) to be the category whose objects are nondegenerate
graded A—quadratic modules (M, ), where (M, ) is finitely generated as a Z—
module and the morphisms respect (—, —) .

Let Q% (Z, A) be the full subcategory with objects concentrated in positive degrees
and hence necessarily concentrated in degrees 1,...,n—1.

For 0 < p; < gq; with i € I such that p; + ¢; = n and |I] finite, we define a graded
A—quadratic module Hy by

8-z | 2 | |@Homg (2w || 2 |]. Z[n)@- - -@Homs (Z#'1], Z[n).
where
gr=liel:pi=kjl.

Denote by {a;} the standard basis for Z8![1] @ --- @ Z8n/21[|n/2]] and by {b;} the
dual basis. The pairing g, = g is then given by

pr(ai,bj) =bj(a;) =8;; and py(ai.a;)=pr(bi.bj)=0.
Denote Aut(Hy) in Q" (Z, A) by I'r. We get the following cases:

(1) When 7 is odd we get
ln/2]

Iy = [] Glg, (Z).
k=1
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(2) When n = 2d and d is even we necessarily have A = 0 and
n/2—1
I = Og,.04(Z) X ]‘[ Glg, (Z).
k=1
(3) Similarly for n = 2d with d odd the only cases are A = Z, 27 and we just
get a product of general linear groups and Sp,,,(Z), respectively the subgroup
described in the list of automorphism groups in item (3) on page 3370.

Berglund and Madsen call a group G rationally perfect if H'(G;V) = 0 for any
finite-dimensional rational G-representation V. We later need that the automorphism
groups of graded hyperbolic modules are rationally perfect.

Lemma 3.4 The groups Iy are rationally perfect, unless they have a summand iso-
morphic to Aut(H(Z)) in Q7Y (Z,27).

Remark 3.5 The condition comes from the fact that the rational cohomology of
Aut(H(Z)) in Q7' (Z,27) is nontrivial. As described in (3) above this is only the
case when n = 2d with d odd, A =—1, A =27 and g5 = 1.

Proof We begin by observing that being rationally perfect is stable under group
extensions; ie if in a group extension

0 K—-G—>C—0

K and C are rationally perfect, then so is G. This follows from the Lyndon spectral
sequence, since H!(C; H(K;V)) and H°(C; H'(K;V)) are trivial for any finite-
dimensional rational G-representation V. In particular products of rationally perfect
groups are rationally perfect. Moreover we observe that finite groups are rationally
perfect.

It follows from Borel’s work on the cohomology of arithmetic groups that the auto-
morphism groups Aut(H (Z#)) of the hyperbolic modules H(Z%) in Q*(Z, A) are
rationally perfect for g > 2 (see eg [5, Theorem A.1]).

In [2] it is shown that Slg(Z) is rationally perfect for g > 3. Since Slg(Z) is an

index-two normal subgroup of Glg(Z), this now also implies that Glg(Z) is rationally
perfect for g > 3.

Recall that the 'y are products of Aut(H (Z*)) and instances of Gl;(Z). Since G, (Z)
is finite and hence rationally perfect, to finish the proof we have to show that Aut(H (Z))
and Gl,(Z) are rationally perfect.
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The group Sl,(Z) is an extension
0—>Cy—Sh(Z)— CyxC; — 0,

and C, * C3 can be seen to be rationally perfect using a Mayer—Vietoris argument.
Hence S1,(Z) and also Gl,(Z) are rationally perfect.

The group Aut(H(Z)) in Q" '(Z,Z) is Sp,(Z), which is isomorphic to Sl,(Z).

Recall that for A = 1, we necessarily have A =0 and Aut(H(Z)) = 01,1(Z) = C,xC;
and hence we are done. a

4 Van der Kallen’s and Charney’s homological stability
results

In this section we recall van der Kallen’s homological stability for general linear
groups and Charney’s homological stability for automorphisms of hyperbolic quadratic
modules. We combine them to homological stability for the ['; defined above with
certain coefficient systems induced by polynomial functors.

Remark 4.1 Charney’s results hold for Dedekind domains with involutions and van
der Kallen’s for associative rings with finite stable range, but we restrict our presentation
to Z (with trivial involution).

We begin by reviewing the notion of coefficient systems as discussed in [10]. A coef-
ficient system for {Glg(Z)}¢>1 is a sequence of Glg(Z)-modules {pg}g>1 together
with Glg(Z)-maps Fg: pg — I*(pg+1), where I* denotes the restriction via the
upper inclusion I: Glg(Z) <> Glg41(Z). We denote the system by p and call the
maps F, structure maps. A map of coefficient systems p and p’ is a collection
of Glg(Z)-maps {7g}g>1 such that they commute with the structure maps. The
levelwise kernels and cokernels are again coefficient systems with the obvious structure
maps. Denote by J: Glg(Z) — Glg41(Z) the lower inclusion map. For a coefficient
system p we define the shifted system Xp by Xpg := J*(pg41) With structure
maps X Fg := J*Fgp1: J*(pg+1) = I*J*(pg+2). Denote by sg € Glg(Z) the
element permuting the last two standard basis elements. We call a coefficient system
central if sg4, acts trivially on the image of Fgy1Fg: pg — pgi2. Denote by
eg_1,¢ € Glg(Z) the element sending all but the g™ standard basis element to itself
and the g, eg,t0 eg_1 +eg. We call a central coefficient system strongly central
if eg 11, ¢42 acts trivially on the image of Fgy1Fg: pg — pgi2.
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Let cg € Glg(Z) (g > 1) be the element sending the i standard basis element to the
(i4+1)* and the g™ to the first.

Denote by p(cg) the multiplication from the left by ¢g. Then the following holds:

Lemma 4.2 [10, Lemma 2.1] Let p be a central coefficient system. Then we have a
map of coefficient systems t: p — X p, defined by

F ( )
Tg: pg —> I*(pgy1) 525 T*(pgir) = Zpy.

We say that a central coefficient system p splits if Xp is isomorphic to p @ coker(7)
via . We then denote coker(z) by Ap. We now define the notion of degree of a
strongly central coefficient system p inductively. We say it has degree k < 0 if it is
constant, and for k£ > 0 we say that it has degree <k if Xp splits and Ap is a strongly
central coefficient system of degree k — 1.

Theorem 4.3 (van der Kallen [15, page 291]) Let p be a strongly central coefficient
system of degree < k. Then

H;(Glg(Z), pg) — Hi(Glg+1(Z), pg+1)
is an isomorphism for g > 2i + k 4+ 2 and an epimorphism for g > 2i +k + 2.
Denote by A, the standard representation of Glg(Z) on Z# and by Xg the action by
the inverse transpose on Z#. Let A be an abelian category. Given a functor
T: Mod(Z) x Mod(Z) — A,

we define a coefficient system {7 (Ag, Xg)}gzl with structure maps induced by the
standard inclusions and actions induced by Ag and Xg.

Lemma 4.4 (compare [15, 5.5] and [10, Lemma 3.1]) If
T: Mod(Z) x Mod(Z) — A

is a polynomial functor of degree < k, then {T()\g,xg)}gzl is a strongly central
coefficient system of degree < k .

Denote now by Gg the automorphism group of H(Z#) in OM(Z, A). And denote
by e, ...,eg the standard basis for Z& and by f],..., fg the dual basis of (Z%)*.
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We see G¢ as a subgroup of Glyg(Z), by considering the elements of Gg as 2gx2g—
matrices acting on H(Z#) = 7Z*¢ . We define the upper inclusion

A0 BO
A B

010
I:Gg—)Gng_l, (C D)I—) C oD
010

—_— O =

and similarly the lower inclusion J: Gg — Ggy1. The definition of a coefficient
system is very similar to the one for Glg(Z) and we only briefly summarize it. A
coefficient system for {Gg}o>1 is a sequence of Gg—modules {pg}o>1 together with
Gg—maps Fg: pg — I*(pg+1). We denote a coefficient system again by p and let
maps of coefficient systems be as above. The shifted coefficient system Xp is the
restriction via the lower inclusion as above. A coefficient system is called central
if cg4p 0C2g44 acts trivially on the image of Fgy1Fg: pg — pg42. For a central
coefficient system we define the map of coefficient systems t: p — Xp, by

u(Cg+20C2g+4) J*(,O )=
Lter27P2gtd)y 2 =

F,
gt pg —> 1" (pg+1) Ypg.

We call a central coefficient system p split if 7 is injective and X p = 7(p) @ coker(7).
For a central coefficient system we define the degree inductively: we say it has degree
k < 0 if it is constant, and for k > 0 we say that it has degree < k if Xp splits and
Ap = coker(7) is a strongly central coefficient system of degree <k — 1.

Theorem 4.5 (Charney [8, Theorem 4.3]) Let p be a central coefficient system of
degree < k. Then

H;i(Gg, pg) — Hi(Ggy1,pg+1)
is an isomorphism for g > 2i + k + 4 and an epimorphism for g > 2i + k + 4.
Again we get a central coefficient system of degree < k by considering the standard
Gg—action Ag g on H(Z¥) = Z?¢ induced by the inclusion G4 C Glyg(Z). Let A be

an abelian category. If
T:Mod(Z) — A

is a polynomial functor of degree < k, then {T' (A4 ¢)}¢>1 is a central coefficient
system of degree <k for {Gg}g>1.

Now we combine the homological stability results above to a result for the groups I
defined in the previous section.
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Denote by A; the standard representation of Ty on (Z&',... K 7*8n/2 . 78n—1)

when 7 is even and on (Z8!,...,7Z8&=1) when n is odd induced by the inclusion
r; c [12 G, (z) with

i=1
2 if k = In,
e = &k 1 lzn where g = [{i € I : pi = k}|.
gr ifk<

More explicitly, we assume that an automorphism

/2]
A=(Ar.... Auppelic [] G, @),

i=1
acts by matrix multiplication of A; on Z'"i for i <n/2 and by multiplication by the
inverse transpose of 4; on Z'»—i fori >n/2.

Given a functor to an abelian category 7: Mod(Z)"~! — A, we get a I';—module
T(Z™, ..., Z"™~1) with the induced action. We denote this I';7—module by T'(Af). For
a fixed p € N such that 0 < p <n/2, denote by [y, the automorphism group of Hj-,
where I’ =T U {i’} with py = p and g = n— p. We define the stabilization map

Op,n—p- I{i(FI, T()\I)) - }Ii(FI’, T()\'I’))

to be the map induced by the obvious upper inclusion I, 4: I't — I'yr and T'(1p4).

Proposition 4.6 Let A be some abelian category, and let T: Mod(Z)"~! — A be a
polynomial functor of degree < k. The stabilization map

opn—p- Hi(Lr, T(Ar)) — Hi(Tp, T(Ap7))

induces an isomorphism for g, > 2i +k +2 when 2p #n and g, > 2i +k +4 if
2p = n and an epimorphism for g, > 2i +k + 2, respectively g, > 2i +k +4, unless
n=2d withd odd, A =—1, A=27Z and gg = 1.

Proof Denote by Iz, the summand of I'7 C ]_[Z.Li/l2J Gly, (Z) that sits in Gl,,(Z).
Let I' = Aut(Hy), where I = I ~{i € I | p; = p}. Note that I x Iy, = I’y and
Iy =Tg,+1 X T', where Iy 4 is defined analogously to Ty, . Consider the functor
- ~ (Mod(Z) — Mod(Z)"! if 2p =n,
PP\ Mod(Z) x Mod(Z) — Mod(Z)"~!  otherwise,
defined by sending a module M to (Z8!,..., M, ..., 7Z87~1), where the M sits at
the (n/2)™ summand, and a pair (M, N) to (Z8',...,M,...,N,...,7Z81), where
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the M sits at the p™ summand and the NV sits at the (n— p)™ summand. This functor is
clearly additive and hence of degree < 1. This implies that the composition 7" 0Jp »—p
is of degree < k and we get a (strongly) central coefficient system of degree < k for

r - Gg, if 2p =n,
& Glg,(Z) otherwise.

This implies that the stabilization maps

Hi(Tg,, T oJInj2n/2(hgye,) = Hilg,+1. T 0Tnj2 n/2(hg,+1,g,+1)),
respectively

Hi (T, T 0 Jpn—p(hg,s hg,)) = Hi(Tgyi1, T 0 Tpnplhg,+1, hg,+1)),

are isomorphisms, respectively epimorphisms, in the ranges in the statement of the
proposition. Observing thatthe 70J,,/5 »/2(Ag,,g, ) Tespectively Tojpyn_p(kgp,xgp),
are precisely the restrictions of the I';—representation to the subgroup I'g, and using
the Lyndon spectral sequence

Hy (T, Hy(Ty,. T(A1))) = H;i(Tr. T(Ap)).

the results follows by comparing spectral sequences. O

5 On mapping class groups
Write

N =N, = (#,.e,(spf x Sqi)) ~int(D"),
where |I| <00, 3<p; <qi<2pi—1and p; +q;i =n fori e l.

Denote by Aut( Hy (Ny)) the automorphisms of the graded group H, (N7). In this
section we study the map

Hy: mgauty(Ny) — Aut(ﬁ* (Ny)).
In particular we are going to determine its image and show that the kernel is finite.

Denote by incl: dN < N the inclusion of the boundary. We observe that V; =
V;ey(SPiv S9) C N is a deformation retract and denote by

aj: S > \/(SP v 8%) and Bj: SU < \/(SP v S%)

iel iel
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the inclusions. We consider incl as an element of 7,_; (\/ie [(SPivS q")) and we
observe that it is given by the sum of Whitehead products ), [e;, Bi]. Denote by

(—. =) He(N)® Hy—«(N) > Z, x®y > (PD~'(x) UPD'(»))([N.dN]),

the intersection form, where PD™!: Hy,(N) — H" *(N,dN) denotes the Poincaré
duality isomorphisms and we evaluate on the fundamental class [N, dN]. The {«;}
and {B;} define a basis for H, (N) via the Hurewicz homomorphism, which we denote
by {a;}, respectively {b;}. Note that b; is dual to a; .

In the case n = 2d is even we need to recall a further piece of structure from Wall’s
classification of highly connected even-dimensional manifolds [29]. The elements
x € H;(N) can be represented by embedded S9. Denote by vy € mg_1(SO(d))
the clutching function of the normal bundle of this embedding. It is independent of
the choice of embedding, since homotopic embeddings are isotopic in this case. This
defines a function

q: Hy(N) — mq-1(SO(d)), x> [vx].
Denote by ¢4 the class of the identity in 77(S?) and by
0: g (S?) — 74-1(SO(d))
the boundary map in the fibration SO(d) — SO(d +1) — S 4 The function q satisfies
(x.x)=HJq(x) and ¢(x+y)=q(x)+q()+{x,y)oq,

where 7;_1(SO(d)) N Tag—1(S%) B, 7 denote the J —homomorphism and the
Hopf invariant. There is also a purely homotopy theoretic description of Jg in
[16, Section 8].

Note that for a;,b; € H;(N), we have ¢g(a;) = q(bj) = 0. Hence Image(q) is
contained in the subgroup (dt;) generated by dty. The J—homomorphism restricts to
an isomorphism

([tatal) % 27, if d is even,
Jliaey): (Otg) — J((3tg)) = 10 ifd=1,3,7,
([tg,tq]) = 2/27 if d is odd and not 1, 3 or 7,

where the second isomorphism is induced by the Hopf invariant. Let

Aut(Hy(N), (=, —),Jq) and Aut(Hy(N),(— —),q)
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be the automorphisms of the reduced homology respecting the intersection form and
the function Jgq (respectively ¢). Note that

(v 3) = pe, )+ EDFP (. ),
where p(—, —) is determined by

w(ai, bj)=206;; and pu(b;,a;) = p(ai,aj) = pu(b; bj)=0.

Now let
0 if n =2d and d is even,

A=<7Z ifn=2danddis3or7,
27 ifn=2d and d is odd and not 3 or 7.

Moreover Jg = gy, where g, is the A—quadratic form associated to p, where we
identify {([t7,tq]) with Z and Z /27 respectively. It suffices to check this for the
elements a; 4 b;, and for these Jq(a; + b;) = [14,t4] and qu(a; + b;) = 1. By the
discussion above we see that

Aut(Ho(N), (—. =), q) = Aut(Hx(N), (-, =), Jq) = T; = Aut(H;) in Q"(Z,A).

For a representative f of [ f] € mo(auty(N)) it is clear that H, (f) € T;. We are now
going to show that all elements of I'; can be realized by a homotopy self-equivalence,
fixing the boundary pointwise.

Proposition 5.1 The group homomorphism
mo(auty(N)) 25 Aut(F(N), (=, ), Jq)

is surjective and has finite kernel.

Proof Compare [4, Proof of Theorem 2.10]. The cofibration incl: dN < N induces
a fibration

mapy (N, N) — map, (N, N) — map, (0N, N),

where mapy (NN, N) is the fiber over incl. Let mapy (N, N) and map, (N, N) be based
at the identity. Restricting the total space to invertible elements, we also get the fibration

auty(N) — aut«(N) — map, (0N, N).
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We are going to analyze the long exact homotopy sequences

-+ — my(map, (N, N),incl) — mg(auty(N)) — mo(autx (N)) — [dN, N ]«

o [T

-+ —— i (map, (0N, N),incl) —— [N, N]g ———— [N, N]x ——— [ON, N«
We consider the monoid homomorphism
H,: [N, N]x — End(Hy(N))

and show that it is onto and with finite kernel. Using the relative Hurewicz isomorphism,
it is easy to see that Vi < [[;c;(S? x S%) is (2min;er{p;}—1)—connected and
hence more than max;ey{g; }—connected (note that we use the connectivity assumption
pi <qi <2p; —1 here). Thus we get a bijection

© VN =V Vil = Vi [T xso)]

iel
~ l_[[SPi’SPj]* Xl_[[Sqi’qu]* Xl_[[S‘Ii’SPj]* Xl_[[SPi’qu]*’

where the products in the last line are over (i, j) € I x I. We write I = | J; I, where

*

I; ={i | pi =}. The only nonfinite factors of the product above are

(7) [T I as?. s7x[s%, s%]).

I @G, j)el;xI;

We make the identification End(FI* (N)) = [[Mat,,(Z), where r; = rank(H;(N)),
using the basis {a;} U {b;}. Note that for [ = n/2, a b; becomes a (r;/2+i)®

basis element. Denote by oc{, . a and ,Bl AU £1 the inclusions S’ <> Vi and

ry
sl y; respectively. There is a multiplicative section of H,

ln/2]
(8) [ [Mat,, (2) - [N, NL,  (M")=(m} )~ farry =\ Sur,
I=1

where fyri: Ve, SP1V 8% — Vr is given by
\/:’zl(zr’ f’ja VZ A m ) if | # %n,
_ r/2 (/2 m! l
fMl_ \/il=1 (Z]l l, +Z] r1/2+1 ’]'B(J r1/2))
r r1/2 l o7 1
vViL r1/2+1(2 : 1’”11“1 +Z; —r1/241 uﬂ(j—r,/z)) if [ =3n.

Algebraic € Geometric Topology, Volume 19 (2019)



On rational homological stability for automorphisms of sums of products of spheres 3381

We observe that the image of this section is precisely the submonoid of [N, N], corre-
sponding to the nonfinite factors (7). Hence we get that Hy: [N,N]x — End(fl* (N))
is surjective and has finite kernel. Restricting to the submonoids of invertible elements
this implies upon using the section (8) that mg(autx(N)) — Aut(lfL,< (N)) is surjective
with finite kernel. The image of 7o (auty(N)) — mo(aut.(N)) consists of the elements
[f] € mo(aut«(N)) such that f oincl >~ incl (we assume all homotopy equivalences in
this proof to be pointed). Since (8) restricts to a section Aut(fl* (N)) — mo(aut«(N))
we get that the image of

Hy: 7o (auty(N)) — Aut(Ii.< (N))

is given by the (M) such that Sy oincl  incl. Using the Hilton-Milnor theorem
we make the identification

©) ﬂn—l(N)éﬂ@@ﬂn_l(\/(S""\/Sqi)),
/ iel;

where 7 is some subgroup of 7,1 (N). We observe that

[n/2]
Jouryoinel = D [fiary o i, faryo Bil = Y Y [fari ool fagr o Bl
iel =1 iel;

ie that the action of [,y respects the summands of the identification (9). Thus it
suffices to check that fj, o Zie]l [al{,ﬁf] ~ Ziell [ocl{,,Bf] for all /. We use that
left homotopy composition is distributive for suspensions [32, page 126], ie that
(x+y)oXz~xo0Xz+ yoXz. For/ # n/2 we calculate

rl

S Y led Bl [fagr oo fagr 0 Bl = ) mi e miy! By

i=1 i=1 i,j,k
l —Ir. 1 nl INT -1 1 pl
~ Y ml ml ek B = Y (MY M, loh. B
i,j.k Jjsk

This expression is homotopic to er’: l[ozl! , ,Bll ] if

(10) (MHT M = idya, @)-

I I
; (A" B
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We calculate

rr/2 r/2

Saro Y Lot B~ Y [fagioaf. fugi o Bi]

i=1 i=1

r/2p-r/2 r/2
I 1 4l pl 11 I al
~ Z[ D (ah o by B D (e o + di,kﬂk)j|
i=1-j=1 k=1
rl/2r1/2rl/2 r,/2r,/2 r,/2
I 4 11 al I 1 tpl .1
= Z Z Z a;,jd; plog. Br ]+ Z Z Z b jci k1Bj. ol
i=1j=1k=1 i=1j=1k=1
ri/2r/2r1/2 ri/2r/2r/2
10 0 1 1 1 tal al
YD ag el o a1+ > Y Y b d! B B
i=1j=1k=1 i=1j=1k=1
r/2r/2
~ Y (DD + )2 BY), (Lot Bi
j=1k=1
ri/2r/2 ri/2r/2
+Y 3 (AHTCh; ket g1+ D (BHTDY); k181 BE)-
j=1k=1 Jj=1k=1

This expression is homotopic to er’:/ 12[015 , ﬁll ] if

AHT D! 4+ (=12 T Bl =1,
(AHT ! 4 (12 (chyT 4l = o,
(BHYT D! + (—1y2(D!)T B = .

(AI)TCI and (BI)TDZ have diagonal entries in A,

where
27 if n =2d and d is odd and not 3 or 7,
A=17Z ifn=2danddis3or7,
0 ifn=2d and d is even.

The diagonal entries of (4/)TC! and (B)T D! have to be in A to kill the elements
[af,af ] and [,Bf, ,Bf ]. These are exactly the conditions to be an automorphism of
H(Z&v2) in 0CD"*(Z, A). Combining this with the condition in (10) we see that
the image of H, in Aut(]LNIﬂ< (N)) is given by

[n/2]

Iy c [] 6l (@).
k=1
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Thus we proved that
Hy: mo(auty(N)) — Aut(Hy(N), (——),Jq)

is surjective. To show that the kernel is finite it suffices to check that g (auty(N)) —
1o (auty (N)) has finite kernel. This follows from the fact that

1 (incl®): q (autx(N),idy) ® Q — 7 (map, (AN, N),incl) ® Q
is surjective for the manifolds Ny with 3 < p; < ¢q; < 2p; — 1, as we will see in

Remark 6.7. O

In fact it suffices to know I'; for our purposes, since the action of elements of the
kernel of H, by conjugation is trivial up to homotopy.

Lemma 5.2 Let f represent an element of the kernel of
Hy: o (auty(Ny)) — I7.
Then f~'ogo f ~ g forall g € auty(Ny).

Proof Note that if [ /] is in the kernel of H, then by exactness of (5) it is given by
an element do, where « € 7y (map, (0Ny, Ny),incl) = 7, (Ny). We represent « as a
map

a(x,t): 0Ny x I — Ny such that a(x,0) = a(x, 1) =idyy;, .

Choosing a collar neighborhood of dN allows us to make the identification
Ny =, Ny UidaNI ONy x 1.

Now we represent f by the composite

idNIUa

N[iN] UidaNI ONy x I Ny.

We represent ! similarly using —«. If we now represent f~! o go f by the
composition

>~ ldN Ua ~
Ny — Ny UidaNI ONy x I —— N;y = N; UidaNI ONy x 1
gUidyny <1 idy,U—a
Al SN Ny UidaNI ONp x 1 — Ny,

ie consider @ and —¢ as having domain two iteratively attached closed cylinders and
see that it is homotopic to

Ny iN] UidaNI ONy X[UidaNI ONy x I MN[.
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This is homotopic (rel dNy) to g, since

aU—a

ONy XIUidaNI ONy x I ———— Ny

is homotopic to the inclusion of Ny x I Ujq, Ny dONy x I as a collar. O

Denote by Diffy (V) the group of self-diffeomorphisms of N fixing a collar neighbor-
hood of the boundary pointwise with the Whitney C°°—topology. Let J: Diffy(N) —
auty(NV) be the inclusion. To show homological stability for the block diffeomorphism
group the following fact about the mapping class group suffices.

Proposition 5.3 (1) The map Hy: 7o (Diffy(N)) — Aut(fl* (N), {(—,—),q) is sur-
Jjective.

(2) The image of mo(J): mo(Diffy(N)) — mo(auty(N)) has finite index.

Proof The first part follows from [18] and [30, Lemma 17]. Kreck shows that all
elements of Aut(fln /2(N), (=, —).q) can be realized as self-diffeomorphisms of

<:I"7"'gn/2(Sn/2 X Sn/z)) ~ int(D")

fixing the boundary pointwise. Wall shows that for manifolds t]g(Dq"'1 x S?), where
3<p=<gqgand ug denotes the g—fold boundary connected sum, all automorphisms
of the homology are realized by diffeomorphisms. Hence it follows for manifolds
#4,(SPi x S9). Since we can assume that a diffeomorphism fixes a disk up to isotopy,
we get it in particular for (#g,(S? x S% )) ~int(D"). Using the diffeomorphisms
above and extending them by the identity on the complement of the manifolds above
the claim follows. The second part follows from the commutative diagram

0 — mo(SDiffy(N)) — mo(Diffy(N)) N Aut(Hy(N), (-, =),q) — 0

| | |-

0 — mo(Sauty(N)) —— mo(auty(N)) — Aut(Hx(N), (=, =), Jq) — 0

where 7 (S Diffy(N)) and 7o(S auty(N)) denote the kernels of the maps H, and the
fact that 7o (S auty(N)) is finite by Proposition 5.1. a

Remark 5.4 There is much literature on the groups of components of mapping
spaces of closed manifolds in different categories. Highly connected even-dimensional
manifolds are for example studied in [18] and [14]. Products of spheres are studied
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in [19; 26; 28]. Homotopy self-equivalences of manifolds and in particular of connected
sums of products of spheres are treated in [3].

For later use we need the following lemma.

Lemma 5.5 The groups mgauty(Ny) and Image(wo(J)) are rationally perfect, unless
n=2d withd # 3,7 odd, and g4 = 1.

Proof This follows from Lemma 3.4 and the fact that the groups are finite extensions
of I'y. O

6 On the rational homotopy type of homotopy
automorphisms

In the last section we determined the group
ny = my(Bauty(Ny), idy,) = mo(auty(Ny))

up to finite extensions. It acts on the simply connected covering X7 = Bauty(Ny)(1)
by deck transformations. This section has two goals:

(1) Describe the my;—modules H.(X7; Q) algebraically (Proposition 6.9).

(2) Make sure the algebraic model is appropriate for showing homological stability
using the results in Section 4 (Proposition 6.3).

All results in this section are either contained in [5] or straightforward generalizations.

We assume some familiarity with Quillen’s approach to rational homotopy theory [24],
ie the functor
A: Top, — dgL,,

from the category of simply connected based topological spaces to the category of
reduced differential graded (dg) Lie algebras. It induces an equivalence of homotopy
categories, where the weak equivalences in Top; are isomorphisms in rational homotopy
groups and in dgL, quasi-isomorphisms. The homology of A(X') allows us to recover
the rational homotopy groups of X. More precisely, there is an isomorphism of graded
Lie algebras

Hy(A(X)) = m4(QX) ®Q,

where the Lie bracket on the right-hand side is given by the Samelson product. The
rational homology of X is given by the Chevalley—Eilenberg homology of A(X'), which
we will explain later.
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For a given simply connected space X the value A(X) is in general very complicated
and one considers dg Lie models instead. A dg Lie model for a simply connected
topological space X is a free differential graded Lie algebra (IL(V), d), together with
a quasi-isomorphism

(L(V),d) = A(X).

When 74 (2X) ® Q is quasi-isomorphic to A(X), the space X is called coformal.

6.1 On a dg Lie model for the simply connected covering of the homotopy
automorphisms

Since Ny >~ \/;c;(SPi v S%), the free Lie algebra JL(s_lﬁ* (N7, Q)) with trivial
differential is a dg Lie model for Ny, where s~! denotes the desuspension. We are
going to write

Ly =L(s™" Hc(N. Q).

Recall that we denoted the homology classes represented by the inclusions
a;: SP"— Ny and B;: S9 < Ny,
by a;, respectively b;. Write
wr =Y —(=Dl[s a; 57 1h;).

iel
We model the inclusion of the boundary incl: dN; — Ny by
L(y) =L, yror.
where IL(y) is generated by a single generator of degree n — 2.

Note that the manifolds Ny are highly connected in the sense that they are (m—1)-
connected n—manifolds, where n < 3m — 2. In fact we can obtain every closed highly
connected odd-dimensional manifold up to rational homotopy equivalence by attaching
a disk to Ny.

Proposition 6.1 Let M be a closed (m—1)—connected (2n+1)-manifold, where
n< %(3m —3). Then there exists an Ny such that

M ~g Ny Ugan D",

Proof There is a differential graded Lie model of M generated by the desuspended
reduced rational homology s~! H, (M, Q) and a differential d. For degree reasons
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the differential can only be nonzero on the desuspension of the fundamental class.
Moreover it can be chosen to be of the form

a(s_l[M]) = % Z :I:[s_le,-, s (ef)],

for some basis {e;} of H, (M ~ {*}, Q) because of Poincaré duality, where # denotes
the dual with respect to the intersection pairing (see [27, Theorem 2]). This however is
the differential graded Lie model of a manifold Ny U g2 D?"*! for some I, where S2"
is included as the boundary in N; and D?"+1, |

Let f: L — K be a map of differential graded Lie algebras. We say that a degree n
linear map 6 € Hom, (L, K) is an f—derivation of degree n if

Olx, ] = [0(x), F()]+ (D" f(x),0(p)] forall x,y e L.

The f—derivations form a differential graded vector space Dery (L, K), with differential
given by
D) =dgo8—(—)god.

The derivations of a differential graded Lie algebra L are the special case
Der(L) = Deriq, (L, L).
We define a bracket for 8, n € Der(L), by
[0.1]=00n—(=1)"yo0.
which makes Der(L) into a differential graded Lie algebra.

Denote by Derg, (IL7) the derivation Lie algebra annihilating wy, ie the kernel of the
evaluation map eve,: Der(IL;) — Ly at wy. The positive truncation Lt of adg Lie
algebra L is given by

L; fori > 2,
L;" = dker(dy: L1 — Lg) fori =1,
0 fori <0

with its obvious differential and Lie bracket.

Proposition 6.2 (special case of [5, Corollary 3.11]) The simply connected covering
Bauty(Ny)(1) is coformal and there is an isomorphism of graded Lie algebras

7x(QBauty(N7) (1)) ® Q = Der; (L).
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Proof The manifolds Ny are formal (in the sense of Sullivan’s rational homotopy
theory) and have trivial reduced rational cohomology rings since they are homotopy
equivalent to wedges of spheres. Thus we can apply [5, Corollary 3.11]. |

6.2 Derivations and the cyclic Lie operad

In this section we collect the results from [5, Sections 6.1 and 6.2]. Let V' be a graded
finite-dimensional rational vector space. By an inner product of degree m we mean a
degree —m morphism

(— =) VRV —->Q

that is nondegenerate in the sense that the adjoint
V —Hom(V,Q), v+ (x,—),
is an isomorphism of graded vector spaces. The inner product is graded antisymmetric if
(x,7) = ==y, ) forall x,yeV.

Denote by Sp” the category with objects graded finite-dimensional rational vector
spaces V' together with a graded antisymmetric inner product (—, —)y of degree m.
The morphisms in Sp™ are linear maps that respect the inner product. For a morphism
f: V — W, there is a unique linear map f* such that

(x, f!(y))V =(f(x),y)w forall xeV andyeW.
Since f'f =idy we get that morphisms in Sp™ are injective.

Given a object V of Sp™, consider the inner product (—, —)y as an element of
Hom(V®2,Q). We make the identification V®2 2 Hom(V®2, Q) using the inner
product on V' ®2 defined by

(x®y, X' ®y) = (=D x)(y, ).

Thus (—, —)y gives rise to an element wy € V®2. The antisymmetry of (—, —) implies
that we can consider wy as an element wy € L(V). If we choose a graded basis
1, ..., with dual basis It ...,Lf for V, then

17
1
wy = iz Z[l?, Ll
1

Example We consider s~! Hy ® Q as an element of Sp”~2). Then Ws—1 H,@Q 18
equal to @y up to sign.
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A Sp”-module in a category V is a functor Sp”™ — V. Our goal in this section is
to show that we can describe Der,, (IL(—)) as a Sp”"—module in a category of graded
Lie algebras gL. Moreover we are going to see that this functor is in fact naturally
equivalent to a Schur functor.

It is clear that IL(—): Sp™ — gL defines a functor. Moreover using the adjoint /" of a
morphism f: V — W in Sp™, it follows that we can consider Der(IL(—)): Sp”* — gL
as a functor, where Der(IL( /))(0) for 6 € Der(IL(V')) is given by the unique derivation
defined by

Der(L(/))(6)(x) = L(/)8(/*(x)) for x € W.

(see [5, Proposition 6.1], where it is also shown that Der(IL(f))(8) is injective).
Proposition 6.2 in [5] now states that for a morphism f: V' — W in Sp™, the diagram

Der(L(V)) —2¥5 1L(V)
Der(lL(f))l llL(f)
Der(L(W)) —%, L(W)
commutes. This implies, in particular, that we get a functor
Der, (IL(—)): Sp* — ¢L,

given by the kernel Der, (IL(V')) of the evaluation map ev,,,: Der(L(V)) — L(V)
for V € Sp™.

We identify the Sp”-module Der(IL(—)) with the Sp”*~module IL(V) ® V, upon using
the map

0_—: L(V)®V — Der(L(—)), Oy.x(¥) = x{x,y) for x eV and 6 € L(V)

(see [5, Proposition 6.3]). Under this identification the evaluation map becomes the
map induced by the Lie bracket; ie the diagram

L)V —— )

9_._\\ H
(A%

oy

Der(L(V)) —~— S 1L(V)

commutes. Denote by g(V') the kernel of [—, —], and observing that [—, —] surjects
onto the graded Lie subalgebra L=2(V') of elements of bracket length > 2, we get the
commutative diagram of Sp”-modules (11) at the top of the next page.
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0 g(V) LV)®V L L=2(V) —0

(1 = 9_{ ‘

0 —— Derg, (L(V)) — Der(IL(V)) L=2(V) —— 0

Vo

Note that in the top row we do not use the inner product, and thus it defines in fact a
functor g from the category of graded vector spaces.

Denote by .ZLie = {Lie(n)},>0 the graded Lie operad and by Zie((n)) the cyclic Lie
operad. Denote by t = (123---n) € X, the cyclic permutation and denote by ¢ * &
the action of ¢ on £ € Zie((n)). There are short exact sequences of ¥,—modules

0 — Lie(n) *> Q[T ®s,_, Lie(n —1) <> Lie(n) — 0,
where p(§) =) ; '@t x£ and €(0 ® &) = o[, x,] (see [5, Proposition 6.4]).
Using the exact sequence we identify the rows of (11) with
s P Lie(n) ®sz, V" — s P Lie(n) ®5, VE" - P Lie(n) ®5,, VE".
n=2 n=2 n=2
Motivated by this we define
Lie(V) =s" @ Lie(n) ®x, VE".
n=2

The Lie algebra structure on Zie((V')) can in fact be explicitly described using the
cyclic operad structure of Zie((n)) and the one on V' ®” given by contractions, but we
are not going to need it. We summarize the above as:

Proposition 6.3 [5, Proposition 6.6] There is an isomorphism of Sp”-modules
in glie,
Zie((—)) = Dery (L(-)).

Remark 6.4 As a composition of the Schur functors s~ and the one given by the
Y-module { Zie(n))},>1, we see that Zie((—)) is also a Schur functor.

6.3 The action of the homotopy mapping class group

To identify the action induced by deck transformations on Der;)" (Ly) we begin by
noting that the Lie algebras (both with Samelson product) 74 (2 Bauty(Ny)) ® Q and
7« (auty(Ny)) ® Q are naturally isomorphic since auty(Ny) is a group-like monoid.
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Moreover the deck transformation action can be described in terms of the Samel-
son product; ie when we make the identification 74 (Bauty(Ny)) = m4—1 (auty(Ny)),
the deck transformation action of my(Bauty(N7)(1)) corresponds to the action of
1o (auty(Ny)) on my—q(auty(Ny)) ® Q given by conjugation. The main tool to identify
the action is the following theorem.

Theorem 6.5 ([21]; stated as in [S5, Theorem 3.6]) Let f: X — Y be a map of
simply connected CW-complexes with X finite and ¢¢: Ly — Ly a Quillen model.
There are natural bijections

mg(map, (X, Y), /) ® Q = Hy(Dery, (Lx,Ly)) for k =1,

which are vector space isomorphisms for k > 1. In the case X =Y and f =idy,
there are isomorphisms of vector spaces

7 (auty (X),idy) ® Q = Hy(Der(Ly)) for k > 1,
and the Samelson product corresponds to the Lie bracket.
Proposition 6.6 (compare [5, Proposition 5.5]) There is a 7 (auty (N7 ))—equivariant
isomorphism of graded Lie algebras
7 (auty(Ny)) ® Q = Dergy (L),
where the action on the right-hand side is through the canonical action of I't on Hy.

Proof We are going to study the long exact sequence of rational homotopy groups of
the fibration

auty(Ny) — aut,(Ny) — map, (0N, Ny).

Denote by ¢: L(w) — L the inclusion of the graded Lie subalgebra of IL; generated
by wy. Using Theorem 6.5 we see that the map

is given by
Der(Lp)x 25 Dery(L(wr), L)k,

where (pZ is the restriction to IL(wy). Note that Dery(L(wy),Ly) = s Under
this identification the map ¢* becomes the evaluation map, which is surjective as
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discussed for the diagram (11). Hence the long exact sequence of rational homotopy
groups splits as

0 — Derg(IL7)x — Der(Lp)s 2% Detg (L(wy), L1)s — 0,

where we use that Dery,(IL7) is the kernel of the evaluation map. The resulting
isomorphism
7 (auty(Ny),idn,) ® Q = Der,) (Ly)

is in fact an isomorphism of graded Lie algebras. Indeed, since the inclusion auty(Ny) —
auty (Ny) is a map of topological monoids, the induced maps on rational homotopy
groups respect the Samelson product and Der™t (IL;) = 7,7 (aut(N7)) ® Q is an isomor-
phism of Lie algebras. Hence we can calculate the Samelson product of 7z, (auty(Ny))
in Dert(Lj).

Now let f,g € aut«(Ny). The action of [f] € mg(aut«(Ny)) on 7wy (auty(Ny)) is
induced by pointwise conjugation g fg /!, where ! is some choice of homotopy
inverse. Let ¢¢ be a Quillen model for f and 6 € Der(IL;), . The action of [ /] on
Der(ILy) is given by

0 ¢robo ¢j71,

by the naturality of the identification 7y (aut«(Ny)) ® Q = Der(ILy); . For a homo-
topy self-equivalence f consider the induced map fix € Aut(fl*(NI)). The map
L(s~!( fx ® Q)) is in fact a Lie model for /', which shows that we can identify the
conjugation action with the induced action of Aut(ITI>l< (Ny)) on Der(ILy)y.

Using that Der} (IL;)x — Der™ (IL;) is injective, we calculate the conjugation action
of mo(auty(Ny)) on my (auty(Ny),idy,) in terms of Dery, (LL1)x . Let f be an element
of auty(Ny); it is in particular also an element of auty«(Ny) and we know that its
homotopy class [ f] in mg(aut«(Ny)) gives us an element in ;. Considering 0 €
Dery, (IL7)x as an element in Der(IL7); we see that [ f] acts by the action induced by
f*GFI on F]*(NI) O

Remark 6.7 Observe that we discussed in the proof that the map
71 (auty (N7)) ® Q — y (map, (0N7, N1)) @ Q

is surjective, and hence the kernel of g (auty(Ny)) — Iy is finite.

We need to identify the maps induced by the stabilization map on rational homotopy
groups. Given an element of 6 € Der;r (Ly) we define an element 0’ € Der$ (Ly/) by
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letting 8" = 0 on generators ¢; and k;, where i € I and 6(t;/) = 0(k;7) = 0. Using
that L is free we get a derivation 6’, which is indeed an element of Der} (IL;/), since
wp = o + (=) |17, ki7]. We refer to this map again as the stabilization map.

Proposition 6.8 The isomorphism
7t (auty (N7)(1)) ® Q == Der; (L)

is compatible with the stabilization maps.
Proof This works exactly as in [5, Proposition 7.7]. |

Ultimately we describe the rational homology H.(Bauty(Ny)(1), Q) as my—modules.
The link between a dg Lie model and the rational homology of a space is given by
the Chevalley—Eilenberg homology. The Chevalley—Eilenberg complex of a dg Lie
algebra L with differential dy, is the chain complex CSF(L) = A s L with differential
§CE = 5gE + SICE, where s denotes the suspension and A the free graded commutative
algebra. The differentials are given by

5gE(sx1 A ASXp) = — Z (=D"Msxy A~ Asdpxi A+ ASXy,
1<i=<n

(SICE(sxl A ASXy)

= Z (—1)|sx‘|+""~fs[x,~,xj]/\sx1 Ao ASX; Ao ASX; A=+ ASXp,

1<i<j<n
where n; = Zj<i |sx;| and n; ; is such that
SXP A ASXy = (=) TSX; ASXj ASXT A== ASX; Av++ ASXi A= A SXy.
Quillen showed that for a dg Lie model Ly of a space X the Chevalley—Eilenberg
homology gives the rational homology groups of X, ie that HSE(Ly) = H.(X: Q).
Grade the Chevalley-Eilenberg chains by word length; ie let (A? (L)), be the elements

of word length p and degree g. Denote by H, EE

-¢(L) the homology of the chain complex

o (APH(L))g 2 (AP (L)) 2 (APTH(L))g — -+

The Quillen spectral sequence is the spectral sequence coming from the filtration by
word length. In case that the dg Lie algebra Ly is a model for a space X, we can
identify the E2—page with

EX(L)pq = HSS(Lx) = HE (1.(2X) ® Q) = HS¥(Ly) = Hu(X; Q).
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The Quillen spectral sequence collapses on the E2—page for coformal spaces, and
hence we get isomorphisms

(12) H, (Bauty(Ny)(1 ~ P Hyo(me(QBauty(Ny)(1)) ® Q).
p+q=r

The Quillen spectral sequence is in fact natural with respect to unbased maps of simply
connected spaces [5, Proposition 2.1]. Since sy is rationally perfect (see Lemma 5.5),
we do not have any extension problems, and hence the isomorphism above is in fact an
isomorphism of 77—modules (see [5, Proposition 2.3]).

Proposition 6.9 There are isomorphisms of wy—modules
H;¥(Dery(Lp)) = Hy (Bauty(N1)(1); Q)
compatible with the stabilization maps

Proof We use the isomorphism of w;—modules (12). By Proposition 6.6, we make
the identification

HEE (m(Bauty(N7)(1) ® Q) = HSE (Dery(Lp)
as mwy—modules. This in turn gives the isomorphism in the claim.

The compatibility with the stabilization maps follows from Proposition 6.8. a

7 Homological stability

7.1 An algebraic homological stability result

Recall the graded hyperbolic modules Hy = H, (N1) from Section 3, which have
the groups Iy as their automorphism groups. Recall that we denoted by Aj the
I'7—module Hj with standard action which we considered as an object

((Hp)1, -, (Hp)p—1) € Mod(Z)" 1.

Moreover recall that we defined

_ | rank((Hp)p) if2p <n,
P rank%((HI)p) if 2p =n,

g7 = Der} (Ly) = Dery (L(s~' H; ® Q)).
For a fixed p < |n/2]| we set
Hyp = Hy @ Z[p] ® Hom(Z[p]. Z[n])
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with the pairing induced by evaluation, where the Z[p] indicates the graded abelian
group with a Z concentrated in degree p. This corresponds to the reduced homology
H,(N;#(SP x S"P)) with the intersection pairing. Denote by I’y the automorphisms
of the graded hyperbolic module Hj-. Recall that we denoted by 1, ,—p: Hf — Hp/
the upper inclusion.

Proposition 7.1 Let n > 3. For all | > 0 there are polynomial functors
%): Mod(Z)" ™! — Vect(Q)
of degree < 1/2 and isomorphisms of I'y—modules
(k1) = Cgr)

compatible with the maps induced by inclusions.

Proof In Proposition 6.3 we described the derivations Der,, (IL;) as a Schur functor
Zie(—): Sp"? - glie, Vs P Lie(k) ®x, V.
k>2

that extended to the category of graded vector spaces Vect,(Q). Consider the inclusion

n—2 n—2
T l—[ Vect(Q) — Vect«(Q), (V;)'Z2 @ Vili].
i=0 i=0
The composition .Zie(—)) o Z is a Schur multifunctor, which we are denoting by % ,
with

Y () = stmrmatet am2m2 =2 Lig(|ul).

where u = (mg,my,...,my_3), given the X, —module structure induced by the
inclusion X, C X,|. Thus the positive-degree derivations are given by the Schur
multifunctor
n—2
v: 1_[ Vect(Q) — glLie,
i=0

where % (1) = @V(/L), when
n—2
Imi+2my+---+m—2)ymy_—r—n+2>1 <~ Zm,—

i=1

1 > 1]

’

n—1

and 0 otherwise. The Chevalley—Eilenberg chains are given by the Schur functor A with
A(r) the trivial ¥,—module concentrated in degree r. The composition € = A o %
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is now given by (using (3))
=~ b))
(W =P AN) @, PIndy! iz, %)@ ®U ().
r

where the second sum runs over all r—tuples (i1, ..., ) such that > j_, i = 4,
and the action of X, is by permuting the r—tuples by the inverse. For a fixed r we
get that the summand corresponding to (1,...,Ur), Where pg = (my g, ..., Mpy),
is only nonzero if Y77 (m;s(i/(n—1))) = 1 forall s = 1,...,r. That implies that

(13) imin —i(Zm,s )zr.
n—2

r+Z((Zm,sz)—n+2) —r+(Zm,l)—nr+2r

i=1 i=1

n—2
= (Zmii) +r(3—n)

i=1

If the summand is nonzero it is of degree

where we used that 3 —n is negative and (13). This implies now that the Chevalley—
Eilenberg /—chains are a Schur multifunctor 47, where %7(it) vanishes for

) n—2 n—2
< n—l(zmii) §2Zm,~ =2|ul.

i=1 i=1

Hence it is of degree <//2. The functor %; in the statement is given by the precom-
position with the additive functor

n—2
—®Q: Mod(Z)" ™" — [ [ Vect(Q).
i=0
The compatibility with the action follows from the fact the functor lifts to

"(Z,N) = Sp"TD, MissTI (M Q). O

As an immediate consequence of Propositions 7.1 and 4.6 we get:

Algebraic € Geometric Topology, Volume 19 (2019)



On rational homological stability for automorphisms of sums of products of spheres 3397

Corollary 7.2 The stabilization map
Hy(Tr, CfF(g1) = Hi(Trr, € (ar)

is an isomorphism for g, > 2k +1+2 when 2p #n and g, > 2k +1+4 if 2p=n
and an epimorphism for g, > 2k +1 + 2, respectively g, > 2k +1+4, unless n = 2d
with d # 3,7 odd, and g4 = 1.

Before we proof the main proposition of this section, ie deduce homological stability
for the Chevalley—Eilenberg homology from the stability for the chains, we need the
following observation about the Chevalley—Eilenberg chains.

Lemma 7.3 There exists a chain homotopy equivalences CSE(gy) = HEE(gr)
sending cycles z + [z] such that
O
CMer) ————— C P (o)
O
HMgr) ——— H (or)
commutes up to chain homotopy of Q|[I'7]-chain complexes.
Proof This is true for all degreewise finite-dimensional Q[G]-chain complexes for G
rationally perfect groups by [5, Lemma B.1] and [5, Proposition B.5]. The groups I'y are
rationally perfect (see Lemma 3.4) and the CS®(gy) are degreewise finite-dimensional,
since the gy are. a
Proposition 7.4 The stabilization map
Hy(Ty. Hf®(gr)) — Hi(Tp, Hi % (gr0))

is an isomorphism for g, > 2k +21+2 when 2p #n and g, > 2k +21+4 if 2p=n
and an epimorphism for g, > 2k + 21 + 2, respectively g, > 2k + 21 + 4, unless
n=2d withd # 3,7 odd, and g4 = 1.

Proof Consider the first hyperhomology spectral sequence with E!—page
Ey (1) = Hi((Tr; C¢®(a1))) = Hyq (Tr; C25(ar).
By Corollary 7.2, E,i ) — E,i I(I/) is an isomorphism for

_[Pk+20+azk+20+4 if p=gn.
&p 2k +2] +2>k + 2/ +2 otherwise,
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and an epimorphism for >. By the spectral sequence comparison theorem we get that
the map
Hi (T, C5P(gn) — Hi (T, €78 (or)

induced by the stabilization map is an isomorphism for g, > 27 +2 when 2p # n and
gp > 2i +4if 2p = n and an epimorphism for >. Upon using Lemma 7.3 and the
chain homotopy invariance of hyperhomology we get that the map

H; (T, CE(gr)) — Hi (T, CEE(gr))

induced by the stabilization map is an isomorphism and epimorphism in the same
range as above. Ultimately we use the natural splitting for hyperhomology groups with
coefficients in a chain complex with trivial differential,

Oj
H; (Ty; HM(91)) ———— Hi(T1s H M (g1))
Ok.1
B r1=i He(Tr: H(a1)) —— Dy yi—i Hi(Tr: HE(ar))
Hence we see that the maps oy ; are isomorphisms and epimorphisms in the range in

the statement of Proposition 7.4. O

7.2 Homological stability for monoid of homotopy automorphisms

The first main result of this article now easily follows from the previous results.

Theorem A The map
H;(Bauty(Ny); Q) — H;(Bauty(Nr): Q)

induced by the stabilization map is an isomorphism for g, > 2i 4+ 2 when 2p # n and
gp > 2i +4 if 2p =n and an epimorphism for g, > 2i + 2, respectively g, > 2i +4,
unless n = 2d withd # 3,7 odd, and gz = 1.

Proof We begin by observing that
(14) Hy(Ty, Hf"(ar)) = Hy (. Hf P (a1)).

because the action of m; is through H: w; — I't and the kernel of fl* is finite
(Propositions 5.1 and 6.6). The result now follows from Proposition 7.4 combined with
Proposition 6.9 upon using the spectral sequence comparison theorem. |
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7.3 Homological stability for the block diffeomorphism group

Denote by auty(X) the A—monoid of block homotopy equivalences, with k—simplices
face-preserving homotopy equivalences

©: AkxX—>AkxX,

such that ¢|ax gy is the identity. The block diffeomorphism group liffa (X) is the
A—subgroup with k—simplices, face-preserving diffeomorphisms

©: AkxX—>Ak><X,

such that ¢ is the identity on a neighborhood of A* x 9X. We do not distinguish
between A—objects and their realizations. Denote the inclusion lﬁa (X) < auty(X)
by J. The inclusion

auty(X) < auty(X)

is a homotopy equivalence and hence we are going to consider them as identified.
The block diffeomorphism group Iiffa (X) and the diffeomorphism group Diffy(X)
with the Whitney C°°—topology on the other hand are not homotopy equivalent —
the difference is related to algebraic K—theory (see [31]). The homogeneous space
auty(X)/ ]5\iff3 (X) is by definition the homotopy fiber of the map J: B]’)\iffa (X)—
Bauty(X). It is related to surgery theory as we explain now.

Let X be a smooth manifold of dimension > 5 with boundary dX. Quinn [25] shows
that there is a quasifibration of Kan A-sets

S8/9(X) - map,(X/3X, G/0) - L(X)

and that its homotopy exact sequence is the surgery exact sequence. The space S aG /0 (X)
is the realization of a A—set with k—simplices pairs (W, ), where W is a smooth
(k+3)-ad (see eg [25, Section 2]) and f: W — Afx X isa face-preserving homotopy
equivalence such that f* restricts to a diffeomorphism [y, ., w: dg1 W — A x9X.
There is a map

auty (X)/Diffy (X) — 557/ (X).
which by the h—cobordism theorem induces a weak homotopy equivalence
~ — G/O
(15) auty (X)/Diffy (X) (1) Zwee. S5/ (X))

of the identity components (see [4, Section 3.2]). Now assume X is simply connected.
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Since
G/0 ~qBO ~q [ [ K(Q.4i).
i=1
we understand the rational homotopy groups:
i (map, (X /0X. G/ 0)) ® Q = (P H*(X.0X: Q) ® mx+:(G/ 0).
k
Note that if X is simply connected,

Q if dim(X)+i =0 mod 4,

i (L(X)) ® Q = Lgim(x)+i (X) = {() otherwise

We now specialize to Ny.

Lemma 7.5 [4, Lemma 3.5] The surgery obstruction map induces an isomorphism
H"(N1,0N1: Q) @ 44 (G/0) = L1k (2) © Q
forn+k =0 mod 4.

Proof Consider the smooth and topological surgery exact sequences

"'—>N3G/O(NI><Dk)®Q—>Ln+k(Z)®Q—>-~

l |

oo NS (N % DK) @ Q —— Lyt (Z) ®Q —— -

The left-hand vertical map is an isomorphism since 7; (Top/O) is finite (see eg [17]).

Milnor’s plumbing construction ensures that for & 4+ n even there is an element in

N, 8G/ TOp(N 1 x D¥) with nontrivial surgery obstruction. Since

NP (Np x D) == my (map, (N7 /87, G/Top))
and
wy (map, (Ny/ON7,G/0)) ® Q
~ H"(N7,dN1; Q) ® 7,4x(G/0O) for n+k =0 mod 4,

the claim follows because both sides are just one-dimensional rational vector spaces. [

This now implies that we have a natural isomorphism

(16)  m(Sy/°(N))®Q = @ H' (N:Q) ® 7144(G/0)  for k >0

4

(compare [5, Corollary 4.6]).
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Recall that Jymo(Diffy(Ny)) has finite index in m(auty(N7)) (Proposition 5.3). By
Cerf’s pseudoisotopy theorem thus also Jim (B If)\iﬁ"a (Np)) in 71 (Bauty(Ny)). De-
note by Bauty(N7) the finite cover corresponding to Image(.’]~ 1). Note that it has
the same (higher) rational homotopy groups. By construction J lifts to a map
B]%a(NI) — Bauty(Ny). Instead of aﬁa(NI)/ﬁfa (Ny) we consider

F; = hofib(BDiffy(N;) — Bauty(Ny)).

We reduced the problem of showing rational homological stability for the block dif-
feomorphisms to the study of the Serre spectral sequence of the homotopy fibration
above. The only missing ingredient is now to understand the rational homology groups
of Fy as 7y = m; (Bauty(Ny))-modules. Observe that by Proposition 5.3 there is a
surjection

71 (Bauty(Ny)) — Iy
induced by ﬁ*

Denote by n: S aG / O(X ) — momap, (X /90X, G/O) the normal invariant, and denote by
o: momap, (X/30X, G/O) — Lgim(x)(X) the surgery obstruction. Using the surgery
exact sequence, we see that for n odd 7y (Fy) is abelian, since it is a subgroup of the
abelian group [X(N7/dNy), G/O]x«. For n even it is a finite extension of the abelian
group [X(Ny/0Ny), G/ O]« by a finite cyclic group (in case L, 47(Z) = Z, the proof
of Lemma 7.5 makes sure that the map to L,+,(Z) is nonzero and hence the kernel
of o is a finite cyclic group). Write

my(Fp)/Image(Ly42(Z) — 71 (Fp))  ifk =1,

ab _F :{
e U1) 7, (Fr) if k> 1.

Proposition 7.6 There are isomorphisms of 7y—modules compatible with the stabi-
lization maps

(1) 7P(F)®Q = (Hy(N1,Q)®7«(G/0))k, where |a®a| = |a|—a| and k =1,
@) Hu(F1.Q) = A(m(F1) @ Q),
where the actions on the left-hand side are induced by the standard actions of 17y

on FI*(NI).

Proof Compare [4, page 26 and Theorem 3.6] and [5, Proposition 7.15]. Observe that
the rationalization (F7)g has rational homotopy groups n,‘:b(]-" 7) ® Q. Consider the
splitting of the homotopy exact sequence of the surgery fibration as

0 = Lyt x41(Z)/ Image(o) — mx(Sy” © (Ny)) — Image(n) — 0.
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By Lemma 7.5 we get

Lytk+1(Z)/Image(0)®Q =0 and Image(n)®Q = (H*(N;,Q)®m+(G/O))x.

Using the isomorphism
H.(Ny; Q) = Homg (Hx(N1; Q); Q) = H*(N1; Q)

we get the isomorphism (1). We see that the action on the right-hand side is induced
by the standard action of I’y as follows: Use the identification

(S0 (X)) = SO (Ny x D).

An element of S aG / O(N 1 x D¥) is represented by a manifold (X, dX) together with
a homotopy equivalence f: X — Ny x D¥ such that f|yx: 0X — d(N; x D¥) is a
diffeomorphism. The action of a

[¢] € 71 (Bauty(Ny)) = Image(J;) = Image(Jo) C 7o (auty(N;))

on f is given by the composition

id
x L5 Ny x D 20k, N D

where ¢ is a diffeomorphism representing [¢] considered as an element of Image(Jy).
[4, Lemma 3.3] now implies that

n((¢ xidpr) o f) = (¢ xidpr)*) 1 (/)) + nlidpi) = (¢ xidpi)*) ™' (1(f)),

using that the normal invariant of a diffeomorphism is trivial. This implies that [¢] acts
on H*(N;Q) ® 7+(G/0)x via (¢~ )* ® id;, (G/0)- But this exactly corresponds to
the standard action under the isomorphism

H*(Np; Q) = Homg (H+(Ny: Q); Q) = Hi(Nf; Q).
If ¢ lies in the kernel of the map
T (l_?auta(NI)) — Iy,

then it is in the kernel of Hy and a similar argument as before shows that it acts trivially
on JTlib (F1) (compare Lemma 5.2). The compatibility with the stabilization maps
follows from the fact that the isomorphisms (16) are natural.

The statement for (2) follows from that for (1) by using the fact that G/O and hence also
the mapping-space map, (Ny/dNy, G/O) are infinite loop spaces. Thus all rational
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k—invariants vanish for map, (Ny/dNy, G/O). Equivalently, for each element o €
7k (map, (N7 /dN, G/ 0))®Q there is an element ¢ € H¥ (map, (N7 /dN7, G/0); Q)
such that c(h(a)) # 0, where / denotes the rational Hurewicz homomorphism. Since

7 ((F1)@) ® Q — 7 (map, (N1 /dN1, G/ 0)) ® Q

is injective, it follows that all rational k—invariants also vanish for (Fj)g. This shows
that (F7)g is a product of Eilenberg—-Mac Lane spaces and hence its homology is
given by the free graded commutative algebra on its homotopy groups. Moreover the
71 (Bauty(Ny))—action is induced by the standard action. |

We use the previous proposition to give a Schur multifunctor description of H, (Fr; Q).
For a multiindex p with £(p) =n — 1, consider the ¥;,—modules IT(x) given by

Q,....1,....0) = s 7,(G/0) ® Q,

where the 1 sits in the i™ position and all other entries are 0. The corresponding Schur
multifunctor
I1: Mod(Z)" ™! — Vect,(Q),

has the property that there is an isomorphism of the induced I'7—-modules
T(Hy) = (Hx(N1. Q) ® 1(G/ O) ™.
It follows now that we get an isomorphism of I'7—modules
Ao TI(Hy) = A((Hx(Ny, Q) ® m4(G/O))) = Hi(F1,Q),

where the left-hand A denotes the free graded commutative algebra endofunctor of
Vect«(Q). Recall that A is given as the Schur functor with A (n) = Q[n] and trivial
Y p—action. Now setting .7 = A, o I1 and observing that A, is of degree <r and I1
additive, we get the following:

Proposition 7.7 There is an isomorphism of I'r—modules

®
H Q= @ #Hwes, H "
£(pn)=n—1

compatible with the stabilization maps, where the ¢, (j4) are zero for multiindexes

such that || > r.

Now we prove the second main theorem of this paper.
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Theorem B The stabilization map
H; (BDiffy(Ny); Q) — H;(BDiffy(Ny/); Q)

is an isomorphism for g, > 2i +2 when 2p #n and g, > 2i +4 if 2p =n and an
epimorphism for g, > 2i + 2, respectively g, > 2i +4, unless n = 2d with d # 3,7
odd,and g4 = 1.

Proof Write Y; = B ]f)\iffa (N7) and X = Bauty(Ny). Consider the Serre spectral
sequences of the homotopy fibration

Fr—>Yr — X I
and the analogue for I’. The stabilization map induces maps on the E,—pages
ow: Hy(X 15 H)(F1; Q) — Hi (X p; H(Fr; Q).
The theorem follows upon showing that these are isomorphisms for g, > 2k +2/ 42
(+4 if p =n/2) and epimorphisms for g, > 2k +2/ +2 (44 if p =n/2). For this
we consider the universal covering spectral sequence

Hy (71 (X 1); Hy(X1(1); Hi(F1: Q) = Hy45(X 15 Hi(Fr,Q)).

The condition above would follow upon showing that the maps induced by the stabiliza-
tion map on the E2—page are isomorphisms for gp>2r+2s4+214+2@if p=n/2)
and epimorphisms for g, > 2r +2s+2/4+2 (+4 if p =n/2). To show this we observe
that there are isomorphism of I'7-modules compatible with the stabilization maps,

Hy(X1{1); Hi(Fr; Q) = Hy(X (1)) ® Hi(F1; Q) = Hg"(a1) © Hi(Fr; Q),

where T acts on the 2™ and 3" terms diagonally. Note that X and X7 have the
same universal cover, which is moreover homotopy equivalent to Bauty(Ny)(1). The
stability for

(17 Hy (i (X ) He (a1) ® Hy(Fr: Q)
follows from stability for
Hy (1 (X 1): 5P (1) © Hi(Fr: Q).

exactly as in Proposition 7.4 upon using the two hyperhomology spectral sequences
and that 77 is rationally perfect (Lemma 5.5). Hence we are left with showing that the
stabilization maps

Hy (m1(X1); CEE(ar) ® Hy(Fr; Q) — Hy (1 (X 1); CEF(gr) @ Hy(Frr; Q)
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are isomorphisms for g, > 2r +2s 4+ 2/ 42 (+4 if p =n/2) and epimorphisms for
gp > 2r+2s 42/ +2 (+4if p=n/2). The Lyndon spectral sequence reduces this
to the corresponding statement for

H,(T1; CB(gr) ® Hy(Fr; Q) — Hy (T CEF(gr) ® Hy(Frrs Q)).

Propositions 7.7 and 6.8 give us isomorphisms of I'7-modules compatible with the
stabilization map CSCE(QI) ® Hj(Fr:Q)) = 6s(Hy) ® 7 (H). The functor %5 is
polynomial of degree < s/2 and the functor .7¢7 is polynomial of degree < /. The
tensor product (in the sense of Schur multifunctors) 45 ® 77 is of degree <s/2+1.
By Proposition 4.6 the stabilization maps

H,(I'1;6s @ #1(Hp)) — H,(I'p; €5 ® Hi(Hp))

are isomorphisms for g, > 2r +5/24142 (44 if p =n/2) and epimorphisms for
gp=2r+s5/24+142 (+4if p=n/2), which finishes the proof. |

References

[11 A Bak, K—theory of forms, Annals of Mathematics Studies 98, Princeton Univ. Press
(1981) MR

[2] H Bass, J Milnor, J-P Serre, Solution of the congruence subgroup problem for
SL, (n = 3) and Sp,, (n = 2), Inst. Hautes Etudes Sci. Publ. Math. 33 (1967) 59—
137 MR

[3] HJ Baues, On the group of homotopy equivalences of a manifold, Trans. Amer. Math.
Soc. 348 (1996) 4737-4773 MR

[4] A Berglund, I Madsen, Homological stability of diffeomorphism groups, Pure Appl.
Math. Q. 9 (2013) 1-48 MR

[51 A Berglund, I Madsen, Rational homotopy theory of automorphisms of manifolds,
preprint (2017) arXiv

[6] A Borel, Stable real cohomology of arithmetic groups, Ann. Sci. Ecole Norm. Sup. 7
(1974) 235-272 MR

[71 A Borel, Stable real cohomology of arithmetic groups, I, from “Manifolds and Lie
groups” (S Murakami, J Hano, K Okamoto, A Morimoto, H Ozeki, editors), Progr.
Math. 14, Birkhiuser, Boston (1981) 21-55 MR

[8] R Charney, A generalization of a theorem of Vogtmann, J. Pure Appl. Algebra 44
(1987) 107-125 MR

[9] J Conant, K Vogtmann, On a theorem of Kontsevich, Algebr. Geom. Topol. 3 (2003)
1167-1224 MR

Algebraic € Geometric Topology, Volume 19 (2019)


https://www.degruyter.com/view/product/474577
http://msp.org/idx/mr/632404
http://dx.doi.org/10.1007/BF02684586
http://dx.doi.org/10.1007/BF02684586
http://msp.org/idx/mr/244257
http://dx.doi.org/10.1090/S0002-9947-96-01555-3
http://msp.org/idx/mr/1340168
http://dx.doi.org/10.4310/PAMQ.2013.v9.n1.a1
http://msp.org/idx/mr/3126499
http://msp.org/idx/arx/1401.4096v2
http://dx.doi.org/10.24033/asens.1269
http://msp.org/idx/mr/387496
http://dx.doi.org/10.1007/978-1-4612-5987-9_2
http://msp.org/idx/mr/642850
http://dx.doi.org/10.1016/0022-4049(87)90019-3
http://msp.org/idx/mr/885099
http://dx.doi.org/10.2140/agt.2003.3.1167
http://msp.org/idx/mr/2026331

3406

[10]

[11]

[12]

[13]

[14]

[15]

(18]

[19]

(20]

(21]

(22]

(23]

[24]
[25]

[26]

[27]

Matthias Grey

W G Dwyer, Twisted homological stability for general linear groups, Ann. of Math.
111 (1980) 239-251 MR

S Eilenberg, S Mac Lane, On the groups H(I1,n), I1: Methods of computation, Ann.
of Math. 60 (1954) 49-139 MR

S Galatius, O Randal-Williams, Stable moduli spaces of high-dimensional manifolds,
Acta Math. 212 (2014) 257-377 MR

S Galatius, O Randal-Williams, Homological stability for moduli spaces of high
dimensional manifolds, I, J. Amer. Math. Soc. 31 (2018) 215-264 MR

PJ Kahn, Self-equivalences of (n—1)—connected 2n—manifolds, Math. Ann. 180
(1969) 26-47 MR

W van der Kallen, Homology stability for linear groups, Invent. Math. 60 (1980)
269-295 MR

M A Kervaire, J W Milnor, Groups of homotopy spheres, I, Ann. of Math. 77 (1963)
504-537 MR

R C Kirby, L C Siebenmann, Foundational essays on topological manifolds, smooth-
ings, and triangulations, Annals of Mathematics Studies 88, Princeton Univ. Press
(1977) MR

M Kreck, Isotopy classes of diffeomorphisms of (k—1)—connected almost-paralleliz-
able 2k—manifolds, from “Algebraic topology” (JL Dupont, IH Madsen, editors),
Lecture Notes in Math. 763, Springer (1979) 643-663 MR

J Levine, Self-equivalences of S" x S*  Trans. Amer. Math. Soc. 143 (1969) 523-543
MR

J-L Loday, B Vallette, Algebraic operads, Grundl. Math. Wissen. 346, Springer (2012)
MR

G Lupton, S B Smith, Rationalized evaluation subgroups of a map, II: Quillen models
and adjoint maps, J. Pure Appl. Algebra 209 (2007) 173-188 MR

N Perlmutter, Homological stability for the moduli spaces of products of spheres,
Trans. Amer. Math. Soc. 368 (2016) 5197-5228 MR

N Perlmutter, Linking forms and stabilization of diffeomorphism groups of manifolds
of dimension 4n+1, J. Topol. 9 (2016) 552-606 MR

D Quillen, Rational homotopy theory, Ann. of Math. 90 (1969) 205-295 MR

F Quinn, A geometric formulation of surgery, from “Topology of manifolds” (JC
Cantrell, C H Edwards, Jr, editors), Markham, Chicago (1970) 500-511 MR

H Sato, Diffeomorphism group of S? x S9 and exotic spheres, Quart. J. Math. Oxford
Ser. 20 (1969) 255-276 MR

J Stasheff, Rational Poincaré duality spaces, Illinois J. Math. 27 (1983) 104-109 MR

Algebraic € Geometric Topology, Volume 19 (2019)


http://dx.doi.org/10.2307/1971200
http://msp.org/idx/mr/569072
http://dx.doi.org/10.2307/1969702
http://msp.org/idx/mr/65162
http://dx.doi.org/10.1007/s11511-014-0112-7
http://msp.org/idx/mr/3207759
http://dx.doi.org/10.1090/jams/884
http://dx.doi.org/10.1090/jams/884
http://msp.org/idx/mr/3718454
http://dx.doi.org/10.1007/BF01350084
http://msp.org/idx/mr/245031
http://dx.doi.org/10.1007/BF01390018
http://msp.org/idx/mr/586429
http://dx.doi.org/10.2307/1970128
http://msp.org/idx/mr/148075
https://www.degruyter.com/view/product/474505
https://www.degruyter.com/view/product/474505
http://msp.org/idx/mr/0645390
https://doi.org/10.1007/BFb0088108
https://doi.org/10.1007/BFb0088108
http://msp.org/idx/mr/561244
http://dx.doi.org/10.2307/1995262
http://msp.org/idx/mr/248848
http://dx.doi.org/10.1007/978-3-642-30362-3
http://msp.org/idx/mr/2954392
http://dx.doi.org/10.1016/j.jpaa.2006.05.019
http://dx.doi.org/10.1016/j.jpaa.2006.05.019
http://msp.org/idx/mr/2292125
http://dx.doi.org/10.1090/tran/6564
http://msp.org/idx/mr/3456177
http://dx.doi.org/10.1112/jtopol/jtw004
http://dx.doi.org/10.1112/jtopol/jtw004
http://msp.org/idx/mr/3509973
http://dx.doi.org/10.2307/1970725
http://msp.org/idx/mr/258031
http://msp.org/idx/mr/0282375
http://dx.doi.org/10.1093/qmath/20.1.255
http://msp.org/idx/mr/253369
http://dx.doi.org/10.1215/ijm/1256065414
http://msp.org/idx/mr/684544

On rational homological stability for automorphisms of sums of products of spheres 3407

[28] E C Turner, Diffeomorphisms of a product of spheres, Invent. Math. 8 (1969) 69-82
MR

[29] CT C Wall, Classification of (n—1)—connected 2n—manifolds, Ann. of Math. 75 (1962)
163-189 MR

[30] CT C Wall, Classification problems in differential topology, II: Diffeomorphisms of
handlebodies, Topology 2 (1963) 263-272 MR

[31] M Weiss, B Williams, Automorphisms of manifolds, from “Surveys on surgery theory,
IT” (S Cappell, A Ranicki, J Rosenberg, editors), Ann. of Math. Stud. 149, Princeton
Univ. Press (2001) 165-220 MR

[32] G W Whitehead, A generalization of the Hopf invariant, Ann. of Math. 51 (1950)
192-237 MR

Matematiska institutionen, Stockholms universitet
Stockholm, Sweden

matthiasgrey@gmail.com

Received: 12 January 2018 Revised: 13 January 2019

Geometry € Topology Publications, an imprint of mathematical sciences publishers :.msp


http://dx.doi.org/10.1007/BF01418871
http://msp.org/idx/mr/250323
http://dx.doi.org/10.2307/1970425
http://msp.org/idx/mr/145540
http://dx.doi.org/10.1016/0040-9383(63)90009-0
http://dx.doi.org/10.1016/0040-9383(63)90009-0
http://msp.org/idx/mr/156354
http://dx.doi.org/10.1515/9781400865215
http://msp.org/idx/mr/1818774
http://dx.doi.org/10.2307/1969506
http://msp.org/idx/mr/41435
mailto:matthiasgrey@gmail.com
http://msp.org
http://msp.org




	1. Introduction
	2. Polynomial functors and Schur multifunctors
	3. Automorphisms of hyperbolic modules over the integers
	4. Van der Kallen's and Charney's homological stability results
	5. On mapping class groups
	6. On the rational homotopy type of homotopy automorphisms
	6.1. On a dg Lie model for the simply connected covering of the homotopy automorphisms
	6.2. Derivations and the cyclic Lie operad
	6.3. The action of the homotopy mapping class group

	7. Homological stability
	7.1. An algebraic homological stability result
	7.2. Homological stability for monoid of homotopy automorphisms
	7.3. Homological stability for the block diffeomorphism group

	References

