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On equivariant and motivic slices

DREW HEARD

Let k be a field with a real embedding. We compare the motivic slice filtration of a
motivic spectrum over Spec(k) with the Co—equivariant slice filtration of its equivari-
ant Betti realization, giving conditions under which realization induces an equivalence
between the associated slice towers. In particular, we show that, up to reindexing, the
towers agree for all spectra obtained from localized quotients of MGL and MR,
and for motivic Landweber exact spectra and their realizations. As a consequence, we
deduce that equivariant spectra obtained from localized quotients of MR are even
in the sense of Hill and Meier, and give a computation of the slice spectral sequence
converging to s « BP (n)/2 for 1 <n < oo.

14F42, 55P91; 18E30, 55N20, 55P42

1 Introduction

The slice filtration in equivariant or motivic homotopy theory is an analog of the
Postnikov filtration in ordinary homotopy theory that takes into account the more
complicated structure of these categories. In the equivariant setting, the slice filtration
was used by Hill, Hopkins, and Ravenel [11] to give a stunning solution of the Kervaire
invariant one problem, while in motivic homotopy theory it has been used to construct
a version of the Atiyah—Hirzenbruch spectral sequence for KGL , the motivic spectrum
representing algebraic K—theory; see Levine [19]. More recently, the motivic slice
spectral sequence has been used by Rondigs, Spitzweck, and @stver [35] to compute
the first Milnor—Witt stem of the motivic sphere spectrum over a general field. These
results indicate the fundamental importance of the slice filtration in both motivic and
equivariant homotopy theory.

As is well known, there are many similarities between the stable motivic homotopy
category over Spec(R) and the C—equivariant motivic category; indeed, there is a
Betti realization functor Re from the former to the latter, and one can ask about the
relation between the slice filtration for a motivic spectrum FE , and the corresponding Cp—
equivariant slice filtration of Re(£). A priori there is no reason that these should be re-
lated, as they are evidently defined differently; for example, the motivic slice functors are
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3642 Drew Heard

triangulated, while the equivariant ones are not. On the other hand, Betti realization takes
the motivic spectrum KGL representing algebraic K—theory to Atiyah’s real K—theory
spectrum KR, and the nonzero motivic and equivariant slices are given respectively by

s¢(KGL) ~S?%IM7 and PyIKR ~X?79°H

for g € Z. This notation will be explained more in Sections 3 and 5 respectively;
however the main point to note is that Betti realization takes 294 M Z to £299° H7,,
so that Betti realization takes the ¢ motivic slice of KGL to the 2¢™ slice of KR.

Our main result implies the stronger statement that, up to reindexing, Betti realization
induces an equivalence between the slice towers of KGL and KR. More generally, in
Theorem 5.15 we give precise conditions on when Betti realization is compatible with
the slice towers of a motivic spectrum E and its realization Re(E). These conditions are
satisfied when £ = M GL , the motivic spectrum representing algebraic cobordism, and
its p—local variant MGL (,), or more generally by quotients and localizations of these
by elements coming from the Lazard ring via the natural morphism L — MGL. We
call these motivic spectra localized quotients of MGL (see Definition 3.4 for a precise
definition). This definition also makes sense in the Cy—equivariant context, where the
role of MGL is played by real cobordism MR. A specialization of Theorem 5.15 is
then the following.

Theorem 1.1 Let k CR be afield, E™' € SH (k) a localized quotient of MGL , and
E°4UVY jts Cy—equivariant Betti realization. Then, for all g € 7, there are equivalences

Re(sg(E™)) = Py (™),
and the odd slices of E€Y vanish.

As with the case of KGL above (which is a special case), we in fact prove that Betti
realization induces an equivalence between the slice towers of E™' and E®9V; for a
precise statement, see Theorem 5.16. Using work of Hill, Hopkins, and Ravenel we
deduce the following corollary on the bigraded homotopy groups of E°4UY,

Corollary 1.2 Let E®®V be a localized quotient of MR . Then

Tok—1,k ESM =0
forall k € 7.
Such a result was previously known for quotients of BPR by work of Greenlees and

Meier [6, Corollary 4.6], but they proceed by direct computation, whereas our result is
a consequence of the computation of the slices of E®Ui,
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The comparison theorem gives a morphism of exact couples between the motivic and
equivariant slice spectral sequences, and hence a morphism of spectral sequences. Now
suppose k is a real closed field. Using that there is an injection 7wy x MFy — w4 x HF >
from the motivic cohomology of a point to the equivariant cohomology of a point, one
can leverage the existing equivariant computations to give computations in motivic
homotopy theory. We take this up in Section 6.2 where, as an example, we compute
7x,x BP(n)/2 for 0 <n < oo, at least up to extension. The case n = oo was previously
known by work of Yagita [46]. When n = 1 we recover, up to a nontrivial extension
problem, the computation of the mod 2 algebraic K—theory of R by Suslin [40].

Outline of the proof The proof of our main theorem works by first passing through
various different slices filtrations on the motivic stable homotopy category. Many mo-
tivic spectra of interest (including localized quotients of M GL ) are cellular, meaning
that they can be constructed out of colimits and extensions of the bigraded motivic
spheres S @b fora,beZ. A consequence of the computations of the slices of the
sphere spectrum is that if a motivic spectrum is cellular, then so are its slices. In
Section 3.3 we construct the analog of Voevodsky’s slice filtration on the cellular
motivic category, and show that for any cellular spectrum, the slices and cellular slices
agree; see Theorem 3.16.

There is an alternative to Voevodsky’s slice filtration known as the very effective slice
filtration; see Bachmann [3] and Spitzweck and @stver [39]. In Section 4 we introduce
the cellular version of this slice filtration, and give conditions on when this agrees with
the effective slice filtration. In particular, we show in Propositions 4.3 and 4.11 that
this is true when E is a localized quotient of MGL or is Landweber exact.

The cellular very effective slice filtration in motivic homotopy is similar to the Hill—
Hopkins—Ravenel slice filtration in C—equivariant homotopy theory. Using an abstract
version of a theorem of Pelaez, proved here in Section 2.2, we study the relationship
between the very effective cellular slice filtration of a cellular motivic spectrum E, and
the Hill-Hopkins—Ravenel slice filtration of its realization, culminating in Theorem 5.13.
Combining this with the results in the previous paragraphs gives our main theorem.

Conventions Throughout we work with co—categories, specifically the quasicategories
of Joyal and Lurie [22; 23] — the results could equally well be proved using the theory
of stable model categories, similar to work of Gutiérrez, Rondigs, Spitzweck, and
@stveer [7]. We will always use the terminology limit and colimit for homotopy limit
and homotopy colimit.
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A full subcategory U of a presentable stable co—category C is called thick if it is a
stable subcategory closed under retracts. It is called localizing if it is thick and is
additionally closed under arbitrary colimits.
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arguments in Section 4. We also thank Oliver Rondigs and Markus Spitzweck for
discussions during a visit to the University of Osnabriick. This work was started while
the author was at Hamburg University, supported by DFG-Schwerpunktprogramm 1786.
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we thank the referee for many useful suggestions and corrections.

2 Slices of stably monoidal categories

In this section we define the notion of a slice filtration on a symmetric monoidal stable
oo—category C, and give a version of a theorem of Pelaez on the functoriality of the
slices with respect to an exact functor F': C — D between categories equipped with
slice filtrations.

2.1 An axiomatic approach to the slice filtration

Let C be a symmetric monoidal stable presentable co—category, compactly generated by
aset G of objects, and such the tensor product commutes with colimits in both variables.
We will call such a category a stably monoidal category. Following [7, Section 2] we
begin by axiomatizing the notion of a slice filtration.

Definition 2.1 Let C be as above. Let {C;};cz be a family of full subcategories of C.
We say that {C;};cz is a slice filtration of C if the C; satisfy the following conditions:
(A1) Each C; is closed under equivalences.

(A2) Ciy1CC;forallieZ.

(A3) Each C; is generated under colimits and extensions by a set of compact objects K;.
(A4) The tensor unit is in Cq.

(A5) Each g € G is contained in some C; .

(A6) If X €Cpand Y €Cy,then X ®Y isin Cy.
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Remark 2.2 Our axioms are slightly different from those given in [7], and in particular
we do not require the stronger statement that if X €C, and Y €Cy,, then XQY €Cp 4.
Our motivation comes from equivariant homotopy theory, where the slice filtration
of Hill, Hopkins, and Ravenel [11] satisfies (A6), but does not satisfy the stronger
multiplicative relation; see [10, Proposition 2.23]. We note that the regular slice filtration
introduced by Ullman does satisfy this stronger condition; see [41, Proposition 4.2].

As in [7], these subcategories are not necessarily closed under desuspension and fibers.
Since C is assumed to be presentable, each C; is also a presentable co—category by (A3)
and [23, Proposition 1.4.4.11].

The following is well known to hold at the level of triangulated categories, or model

categories; we provide a proof for completeness.

Lemma 2.3 For each q € 7 the inclusion ig: C4; < C has a right adjoint ry that
commutes with filtered colimits.

Proof Since the inclusion functor preserves colimits, it has a right adjoint by the adjoint
functor theorem [22, Corollary 5.5.2.9]. Note that, by construction, the inclusion functor
preserves compact objects. If follows from [22, Proposition 5.5.7.2] that r; preserves
filtered colimits. o

Remark 2.4 If C; is a stable subcategory, then r;, commutes with all colimits
[23, Proposition 1.4.4.1(2)].

Definition 2.5 For any E € C, we define f,(E) =izjory(E).
The following is a standard example.

Example 2.6 Taking C = (Sp, S, ®) to be the category of spectra and letting 1Cy =
{Z™S | m > q}, we see that f,;(E) is the (g—1)—connected cover of E, and the
diagram

o= fgr1E— fgE — fg1E— -

is the dual Postnikov tower of E .

The counit of the adjunction gives rise to a morphism f;E — E. In fact, by
[23, Proposition 1.4.4.11] there exists a ¢t—structure on C such that C; = C>o. In
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particular, there is a functorial cofiber sequence
JeE = E = cyE

such that f, E € C; and ¢, E € CqL, the full subcategory of C consisting of those
X € C such that Home(Y, X) is contractible for all ¥ € C;. The map fy E — E is
characterized up to a contractible space of choices by the properties that f; E € C; and
Hom¢(M, f4 E) =5 Hom¢(M, E) forall M € Cq. Similarly, the map E — ¢4 E is
characterized by the properties that ¢, E € Cj- and Home(cg E, N) = Hom¢(E, N)
forall N € C;-. This leads to the following recognition principle which is proved as
in [11, Lemma 4.16].

Lemma 2.7 Suppose there is a fiber sequence
F,—E—Cy

such that Fy €Cy and Cy € (Cq)J-. Then the canonical maps Fy — f4 E and cg E — Cy
are equivalences.

Since Cy+1 € Cy itis not hard to verify that the natural morphism fy 11 f¢ E — fg+1E
is an equivalence, thus giving rise to a morphism fy11E — f,E.

Definition 2.8 The ¢ slice of E, denoted by s4 E, is the cofiber of the natural map

Remark 2.9 By construction there is an equivalence s4 E =~ c441 f¢ E. It would also
be reasonable (as is done in the equivariant slice filtration) to define 54 E as the fiber of
the map cy+1E — cqg+1¢4 E >~ ¢4 E . Since this fiber is also easily seen to be equivalent
to cg+1fq E =~ 54 E, it makes no difference.

The following is an immediate consequence of Lemma 2.3.
Lemma 2.10 Both f; and s; commute with filtered colimits.

Once again, if C; is a stable subcategory of C, then f; and s, commute with all
colimits.

Finally, we note the following simple, but useful, result.

Lemma 2.11 Suppose that A € C is invertible and has the following property: if

X €Cy, then A® X € Cyyy for some fixed integer k € 7, independent of q. Then
Jeq(ARE)~ A® f,_rE forany E € C, and similar for s(A® E).
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Proof Suppose X € C,. It follows that there are equivalences
Home (X, f,(A"' ® E)) ~ Home(X, A™' ® E)
~ Hom¢(X ® A4, E)
~ Home(X ® A, fy4kE)
~ Home(X, A" ® f, 41 E).
By the Yoneda lemma we see that fy(A"!® E) ~ 47! ® Jq+k E —it follows that
if X €Cy, then AT'®X e Cy—k for all g. Now running the same argument with

A® E instead of A7! ® E shows that fy(A® E) ~ A® Jq—k E. The result for
sq(A ® E) follows from the defining cofiber sequences. a

2.2 Pelaez’s theorem

In the motivic category, Pelaez [31] studied the behavior of the slice filtration under
pullback. His results generalize to our setting, giving very general criteria for when
slices commute with functors.

Recall that a functor F: C — D between stable co—categories is called exact if F
carries zero objects into zero objects and preserves fiber sequences. Now let C and D
be stably monoidal categories with slice filtrations {C;} and {D;} respectively, and let
F: C — D be an exact functor. We are interested in the relationship between F'( quE )
and quF (E), and similar for F (ng ) and sé)F (E). The simplest case is when the
functor has a particularly nice left adjoint.

Lemma 2.12 Suppose G: C — D is an exact functor between stably monoidal cate-
gories with slice filtrations satisfying G(C4) € Dy for all g € Z. Suppose moreover
that G has a left adjoint F such that F(Dy) C Cy4 for all g € 7. Then there are natural
equivalences og: G(quE) = quG(E) and Bg: G(ng) = s?G(E) forall E €C
andq € Z.

Proof We first prove the result for G( chE ) — the defining cofiber sequences then
show the corresponding result for G(SSE ). This is a simple consequence of Lemma 2.7.
Indeed, we have a cofiber sequence

G(fyE) — G(E) > G(cSE)

for which we need to show that G(f{ E) € Dy and G(c$ E) € D;-. The first follows
by assumption (since ( quE € Cq), while for the second we have

Homp (X, G(c§ E)) ~ Home(F(X), ¢ E) =~ *
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for any X € Dy, since cgE € Cj- by construction. It follows that G(cgE ) € DCJ]- as
required. o

Example 2.13 (slices and base change) Given a stably monoidal category C, there ex-
ists an co—category CAlg(C) of commutative algebra objects in C; see [23, Chapter 2].
Given such an A € CAlg(C) we can form the category Mod¢z(A) of A-modules in C,
which is a stably monoidal category A with the relative A-linear tensor product
[23, Section 4.5].

The following is not hard to verify.
Lemma 2.14 Given a slice filtration {C;} on C, there exists a slice filtration on

Mod¢(A), defined by letting Mod(A); be the smallest full subcategory of Mod¢(A)
generated under colimits and extensions by IC; ® A for each compact generator K; of C; .

We will write qu and s;;‘ for the corresponding functors. There is an adjoint pair
—®A: C7=Mod¢(A) :U,
where U denotes the forgetful functor, and we will apply Lemma 2.12 to the functor U.

Lemma 2.15 Let A be a commutative algebra object in C and assume that A € Cy.
Then there are equivalences

g USAE) ~ fEU(E) and Bg: U(sfE) ~ sSU(E)
for any E € Mod¢(A).

Proof We need to show that U( quE ) €Cq and M ® A € Dy whenever M € Cy.
The latter is clear from the definition of D, and the fact that tensor products commute
with colimits. For the former, note that C, is generated under colimits and extensions
by K4 ® A, and it is easily seen to be enough to check that U(K,; ® A) € Cy (since U
preserves colimits). Since U(Ky ® A) >~ Ky ® A, it follows that we must check that
Kq® A e€Cy. Butsince K4 €Cq and A € Co, we have Ky ® A € C4 by (A6). a

Remark 2.16 In the motivic context this example is well known; see for example
[20, Lemma 2.1(4)].

Example 2.17 (multiple slice filtrations) Given a stably monoidal category C, there
can be many different slice filtrations. Suppose we are given two slice filtrations {Cg }
and {54} on C with corresponding functors f; and f;. Assume that C; € C; for
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all i € Z. By Lemma 2.7 (note CJ- - CJ-) we see that if f, E € Cq for all ¢ € Z, then
there are equivalences fy E = qu and 54 F = 5S¢ E . This can also be proved by
using the identity functor in Lemma 2.12.

When we study the interaction between slices and Betti realization, Lemma 2.12 will
not suffice, and we need a stronger result, which we base on a theorem of Pelaez [31].
We begin with the following lemma, which is also well known in the motivic context.

Lemma 2.18 Let C be a stably monoidal category with a slice filtration. Then the
canonical morphism
:colim fpbE — E
¢ colim o

is an equivalence for any q € 7.

Proof Let G be a set of compact generators of C. It suffices to prove that Hom¢(g, ¢)
is an equivalence for each g € G. By (A5) each g is contained in some C;, and so it
suffices to show that Hom¢(g, fi¢) is an equivalence for suitable i . By Lemma 2.10
we are reduced to showing that

Home(g, colim fi fpE) — Home(g, fi E)

is an equivalence. But it is easy to see that the natural transformation f;(e): fi fp —
fiid >~ f; is a natural equivalence whenever p <i, and the result follows. |

We now define the precise conditions that will be used in Pelaez’s theorem. Throughout
this paper, we will consistently require the following conditions:

2.18
Condition (1) F(E) ~ F(colimy<, fy E) ~colim,<, F(fy E).
Condition (2) F(f{E)€Dy.
Condition (3) F(SSE) € Dyyy.
Observe that the counit adjunctions give rise to morphisms

fPF(E) L5 o ppepy £, pro(r)

for any E € C. If Condition (2) is satisfied for all ¢ € Z, then ¢ is an equivalence for
all g € Z, and hence there are morphisms

ag: F(fYE)— fPF(E).
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By the definition of s, there is an induced morphism
Bq: F(sg(E)) — sq F(E)
making the following diagram of cofiber sequences commute:

F(ff E) — F(ffE) — F(sSE) —— XF(fS,E)

l/acl-l-l l/all lﬁq lanH

1 F(E) —— fPF(E) —— s F(E) —— Xf5 F(E)

Definition 2.19 We say that F: (C,Cy) — (D, Dy) is compatible with the slice fil-
tration at E if oy and B, are equivalences for all ¢ € Z. If the slices filtrations
on C and D are understood, then we will simply say that F': C — D is compatible
with the slice filtration at E.

Note that this implies that the towers F( qu+1E) are q?HF (E) are equivalent.
Pelaez’s theorem then gives precise conditions to ensure that an exact functor F
is compatible with the slice filtration at a given object E € C.

Theorem 2.20 (Pelaez) Suppose that F': C — D is an exact functor between stably
monoidal categories with slices filtrations {C; } and {D;} respectively. If F satisfies
Conditions (1), (2), and (3) for E € C, then F: (C,C;) — (D, D;) is compatible with
the slice filtration at E € C.

Proof We sketch the proof, since it is essentially the same as that given by Pelaez
[31, Theorem 2.12] (see also the thesis of Kelly [16, Section 4.2.2]). We first note that
the conditions of the theorem imply that the natural maps o, and B, do exist. By the
argument given in [31, Lemma 2.10] we have equivalences

ag+1(fy E): F(fu1(fy E)) = [ F(f E)
and
Ba(fq E): Fsg(fg E)) = 57 F(f{ E)
forall g € Z.
We now proceed to show the result for s, since essentially the same proof works for f;.
By Lemma 2.18 we have E =~ colim,<,4 fpE. By Condition (1) and Lemma 2.10

the morphism B, (E) is given by colimp<4 B4( prE), and so it suffices to show
that B4 ( fch ) is an equivalence for all p < g. By the discussion in the first paragraph
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it is true for p = ¢q. The result then follows by a downward induction exactly as done
by Pelaez. a

Remark 2.21 In the situation of Lemma 2.12, we have that Conditions (2) and (3) hold
automatically; the former by assumption, and the latter by an easy adjunction argument.
However, there seems to be no reason for Condition (1) to hold in general. The extra
condition appears to arise because the assumptions in Lemma 2.12 are stronger — if
F(CSH E)e DqL_H , then F(ng) € DqL_H , but the converse need not be true.

3 The effective and cellular effective motivic slice filtrations

3.1 The stable and cellular motivic homotopy category

Let SH (S) denote the Morel-Voevodsky stable motivic homotopy category over a base
scheme S [28]. We assume that S is a Noetherian scheme of finite Krull dimension,
and that S is essentially smooth over a field of characteristic exponent c, ie ¢ = 1
when the characteristic is zero, and is the characteristic otherwise.™

By [32, Corollary 1.2] the co—category underlying this category (which we also denote
by SH(S)) is a stably symmetric monoidal category in our terminology. We let
1=3X%S denote the monoidal unit of this category. If Sm/S denotes the category of
separated smooth schemes of finite type of S, then the set of objects

{(TPAE®X, | pgeZ, X € Sm/S}
is a set of compact generators of SH (S) [4, Theorem 9.1].
It is useful to consider the cellular motivic category, as it was defined by Dugger and

Isaksen [4].

Definition 3.1 The cellular motivic category SH (S)..y is the localizing subcategory
of SH(S) generated by X791 for all p,q € Z. A spectrum is called cellular if it lies
in SH (S)cell .

This subcategory is a stable presentable co—category by [23, Proposition 1.4.4.11].
Since the tensor product in SH (S) commutes with colimits in both variables, it is easy

*Some of the results in this paper can be extended, for example, to smooth schemes over Dedekind
domains using work of Spitzweck [38], but we leave the details to the interested reader.
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to check that the tensor product of two cellular motivic spectra is again cellular, and
hence that SH (S)..y is a stably monoidal category.

Such cellular spectra include KGL, the motivic spectrum representing algebraic K—
theory, MGL , the algebraic cobordism spectrum (both are proved in [4]), M A[1/c], the
c—inverted motivic Eilenberg—Mac Lane spectrum associated to an abelian group A [13],
and KQ), the motivic spectrum representing Hermitian K—theory [34] (here we require
that the base scheme has no points of characteristic two).

An argument similar to that in the proof of Lemma 2.3 shows that the inclusion
SH(S)cenn C SH(S) has a cocontinuous right adjoint, which we denote by Cell. On
the level of homotopy categories, this is equivalent to the functor studied by Dugger
and Isaksen in [4].

Since we will need it later, we introduce a closely related subcategory.

Definition 3.2 Let S be an essentially smooth scheme over a field of characteristic
exponent ¢. We say that E € SH (S) is c—cellular if it is in the localizing subcategory
generated by £%°1[1/c] for a,b € Z.

Remark 3.3 Clearly, if the characteristic exponent is 1, then c—cellular objects are
simply cellular objects. In general, every c—cellular object is cellular, but the converse
need not be true.

3.2 Quotients and localizations of MGL

Of fundamental importance to us will be the algebraic cobordism spectrum MGL.
We briefly recall its construction here, referring the reader to [43] for more details.
Let BGL, denote the classifying space of the group scheme GL, over S. There is a
universal bundle y™* — BGL,, and we let MGL,, = (BGL,)"» * be the motivic Thom
spectrum associated to this bundle. The canonical inclusion BGL,, — BGL, 4+ and
standard properties of Thom spectra gives rise to a morphism P! @ MGL,, — MGL,, 1,

and hence a motivic spectrum
MGL = (MGLy, MGL1,MGL,,...).
Applying [4, Lemma 6.1] there is an equivalence

mot

(3-a)  MGL ~ colim T2 "£®° MGL,, ~ colim Z~2""" % (BGL,)"" .
n n
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The spectrum MGL, and certain quotients and localizations of it, will be studied
extensively in the sequel, and so we begin by defining exactly the spectra that we need,
following [20].

Recall that there is a classifying map L — MGL x, where L = Zlay,a3,...] is
the Lazard ring; see [13, Section 6.1] or [29, Corollary 6.7] (here the grading is such
that a; has bidegree (2i,7)). We will implicitly identify elements of L with elements
of MGL 4 . In fact, this is not such an abuse of notation; if § is the spectrum of a
field, then the map L[1/c] — MGL (5 1)«[1/c] is an equivalence [13, Proposition 8.2].

First, we define MGL /a; as the cofiber of a;: »26i MGL — MGL . Given a finite
collection {iy,i2,...,ix} C N we define MGL /(a;,,...,a;, ) inductively by

MGL/(ai,,...,ai,) = N/a;,,

where N >~ MGL /(a;,,...,a;,_,) (here the quotient N/a;, is defined in the obvious
way). By [20, Remark 1.5] this is equivalent to the M GL-module

MGL/(ail, . ,al-k) = MGL/a,-l QMGL - MGL MGL/al'k.
For an arbitrary subset Z C N we define

MGL/(Z) = colim MGL/(a;,,...,ai.),
{i1,...,ix }CT

where the colimit is taken over the filtered poset of finite subsets of Z.

Now let Z¢ be the complement of Z, and let Z[Z€] denote the graded polynomial ring
on the a; for i € Z¢. Let Zp denote a collection of homogeneous elements of Z[Z¢],
and define MGL /(T)[Z;'] = MGL/(I)[{Z]-_I | zj € To}].

We will also have need to consider p—local and mod p-versions. Let MGL () be the
p-localization of MGL . Explicitly, this can be given by the colimit of the maps

MGL X5 MGL,

where n is an integer relatively prime to p. Then, for an arbitrary subset Z C N, we
define MGL (,,)/(Z) as above. Similarly, we can also define MGL (,)/(I)[Z, =
MGL (p)/(I)[{zj_l} | zj € Zp}]. Finally, we write MGL /(Z, p)[Io_l] for the cofiber
of the multiplication by p map on MGL (,)/(T)[Z, .

It will be useful to introduce terminology to describe these type of spectra.
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Definition 3.4 A motivic spectrum is said to be a localized quotient of MGL if it
can be constructed by quotients and localization of MGL or MGL () as above.

Example 3.5 The following examples show that these give many analogs of spectra
familiar in chromatic homotopy. Following [20], define subsets

Bf={a; |i #pF—1.k=0}
B(n)y={ai|i #p*~1.0<k <nj,
k(n)y ={ai i # p" —1}.
These give rise to the motivic spectra
BP = MGL (,)/({a; |i € B,}),
BP(n) = MGL )/({a; | i € B{n),}).
E(n) = BP (n)[a,n_].
k(n) = MGL (,)/({ai | i € k{n)y},
K (n) = k(m)ayi_y).

We note that BP and E (n) are Landweber exact over MGL but the other spectra
constructed are not.

Finally, we will need the following technical result on the slices of quotients of MGL .

Proposition 3.6 (Levine and Tripathi) Let Z C N be arbitrary, and let Z¢ be the
complementof T. Let M denote either MGL /(I), MGL (,,)/(Z),or MGL (,,)/(Z, p).
Then there is an equivalence

so(M) ~ M/(Z°).

Proof The case M = MGL (,)/(Z) is shown in the proof of [20, Proposition 4.5],
and the case M = MGL /(Z) can be proved in the same way. The mod p case then
follows since the functor s is exact. O

3.3 Effective and cellular effective slices
Following Voevodsky [44], consider the collection
Ky ={S%’S®X, | X e Sm/S.acZ.b>q}< SH(S).

Let E‘% SH (S )eff C SH (S) denote the localizing subcategory generated by /Cy . It is
then easy to see that this forms a slice filtration of SH (S) in the sense of Definition 2.1.
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Indeed, (A1)-(AS) follow immediately, and (A6) can be checked on generators, for
which it is seen to be true.” The filtration of SH (S) by the g™ connective covers

I SH () cS4SH (S ..

is Voevodsky’s slice filtration, which we call the effective motivic slice filtration. We
let qu and sg denote the associated functors, although we will omit the superscript
unless it is unclear.

As noted in the introduction, many motivic spectra are cellular. The analog of the
effective slice filtration in SH (S)..y is defined by the collection

K = {1 a € Z, b= g} S SH(S)can-

In particular, if we let E%SH (S )eff C SH (S)cen denote the localizing subcategory

cell =
of SH (S)cen generated by ICer” we get the cellular effective motivic slice filtration

- SITYSH (), c SLSH ()P -

This forms a slice filtration of SH ()0 - We let qull and sge” denote the associated

functors. The following simple result is very useful.

Lemma 3.7 For any a,b € Z and any motivic spectrum E , we have fq(E“’b E)~

Cell Cell

Ea’bfq—bE’ and similar for sq, f, q -

,and s
Proof Apply Lemma 2.11 with A = £%4°1, o

3.4 The comparison theorem

Our main result in this section is to compare the effective and cellular effective slice
filtrations. The motivation for this arises in later sections, where we will compare the
motivic and Cr—equivariant categories, because we understand precisely the behavior
of the motivic spheres under equivariant Betti realization.

Lemma 3.8 Let S be an essentially smooth scheme over a field of characteristic
exponent c. Then the slices of any c—cellular spectrum are cellular.

Proof By a localizing subcategory argument it is sufficient to show the result for
%P1[1/c] and a,b € Z. By Lemma 3.7 we can reduce further to checking the
statement for 1[1/c] itself.

In fact, by [7], it even satisfies the property thatif X € C; and Y €C;j,then X QY €C;y ;.
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Let E;’t (MU) = Exti,’ltu* mu MUy, MUy) be the cohomology of the Hopf algebroid
associated to complex cobordism. By [13, Theorem 8.7] (following the ideas of Levine
and Voevodsky) there is an equivalence

(3-b) sqA[1/¢]) ~ V=0 ST SIMZ[1 /] ® ES*4(MU).

Note that by [47, Proposition 2.2] Extlsv’lﬁq* muMUx, MUy) is a finite group when
(s,q) # (0,0) (in which case it isomorphic to Z). The result then follows from
[13, Proposition 8.1]. O

Lemma 3.9 Let E be a motivic spectrum. If Cell(f,E) € E%SH(S)igl for all
q € Z, then

Cell: (SH(S), SLSH (S)*) > (SH (S)cenr, S%SH ()7
is compatible with the slice filtration at E ; ie there are equivalences
aq(E): Cell(fy E) => £, Cell(E),
By(E): Cell(sg E) => s Cell(E)
forallg € Z.

Proof This is a consequence of Lemma 2.12. Indeed, the left adjoint of Cell is the
inclusion functor, and by definition £%.SH (S )ﬁgl Cx1SH(S 7 |

Of fundamental importance for us is the following result [39, Theorem 5.7].

Theorem 3.10 (Spitzweck and @stvaer) The algebraic cobordism spectrum MGL is
in SH($)4,.

Proof Consider the unit map 1 — MGL. The proof of Spitzweck and @Ostvaer
shows that the cofiber of this map is contained in ©1.SH (S )igl CSH(S )?gl . Since
1eSH(S )i{:{l and this category is closed under extensions, the result follows. O

Corollary 3.11 (1) For any 0 < n < oo the quotient MGL /(a1,...,ay) is in
SH ()M,
(2) For any simplicial Z[1/c]-module A the motivic Eilenberg—Mac Lane spectrum
MA isin SH(S)%,.

Proof (1) is immediate in light of the previous theorem. The case A = Z[1/c]
of (2) is then a consequence of the equivalence MGL /(ay,az,...)[1/c] >~ MZ[1/c]
[13, Theorem 7.12], while the general case follows from [13, Proposition 4.13]. O
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Remark 3.12 In fact, the proof of Spitzweck and @stvaer shows that MGL lies
in the smallest full subcategory closed under colimits and extensions generated by
{£%P1|a,b > 0}; see the remark at the bottom of page 586 of [39]. We will study this
category, denoted by SH (S )gﬁ{lf , in more detail in the next section. For now, we note

that the same arguments show (1) and (2) hold with SH (S )zﬁlflf in place of SH (S )igl :

Note that, by Lemma 3.8, f;,(MGL(1/c]) is cellular, so that we do not need to apply
Cell in the following lemma.

Lemma 3.13 Let S be an essentially smooth scheme over a field of characteristic
exponent c¢. Then

Cell: (SH(S), SLSH (S)*) > (SH (S)cenr, S%SH (5)¥7)

is compatible with the slice filtration at MGL[1/c]; ie there are equivalences
ot fy(MOL[]) = £ (ML [ ])
. I7\ ~ Cell( [l])
Ba: sa(MGL[]) => 5§ (MGL | .
forallqg € Z.

Proof By Lemma 3.9 it is enough to show that Cell( f, MGL[1/c]) € E%SH (S)ﬁgl.
By [13, Theorem 7.12] and the proof of [36, Theorem 4.7], f,MGL][1/c] is the
colimit of a diagram of MGL[1/c]-modules of the form X2k MGL[1/c], where
k>q.F Since Cell(S26K MGLI[1/c]) ~ S** MGL[1/c] e Sk SH*, < =1 SH/,
by Theorem 3.10, the result follows because Z% SH (S )igt is closed under colimits. O

Using this result we can now prove compatibility of the slice filtration with Cell in
the case that £ is Landweber exact in the sense of [29]. Note that these spectra are
always cellular by [29, Proposition 8.4]. We will write LB = L[by, b3, ...], so that
the Hopf algebroid (L, LB) is the Hopf algebroid classifying formal group laws and
strict isomorphisms.

Lemma 3.14 Let M. be a Landweber exact L[1/c]-module, and E € SH (S) the
associated motivic spectrum. Then

Cell: (SH(S), SLSH (S)) — (SH(S)cenr, S%SH (5)H)

fAs noted in [13, Theorem 8.5] one can remove Spitzweck’s assumption that the field is perfect.
Indeed, for an essential smooth morphism f: T — S of schemes, [31, Theorem 2.12] shows that

f*fEMGLg[1/c]) ~ fT f*(MGLg[1/c]) = ] (MGL7[1/c]).
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is compatible with the slice tower at E ; ie there are equivalences
ag: fo(E) => fLNE) and  Bg: s4(E) => s5(E)

forallq € Z.

Proof This is essentially the argument given in [13, Lemma 8.11]. If M, is flat, then it
is a filtered colimit of finite sums of shifts of L[1/c] by Lazard’s theorem, and the corre-
sponding spectrum E is a filtered colimit of the corresponding diagram of MGL(1/c]-
modules. Since f; commutes with filtered colimits by Lemma 2.10, the previous lemma
implies the result holds for such E (using, say, Lemma 3.7 to handle the suspensions).
For the general case, it suffices to show that Cell f,(MGL[1/c]QFE) € E%SH (S )igl ,

since E isaretractof MGL[1/c]® E. But MGL[1/c]® E is the spectrum associated
to the flat Landweber exact L[1/c]-module LB[1/c] ®p[1/¢] M. a

We now give a full computation of the cellular slices of the motivic sphere spectrum.
This is done using precisely the techniques of Voevodsky, Levine, and others in com-
puting s4(1). We again let E;’q (MU) denote the E, term of the Adams—Novikov
spectral sequence; ie E;’q (MU) = Exti,’[%* muMUx, MUy).

Theorem 3.15 Let S be an essentially smooth scheme over a field of characteristic
exponent c. Then there is an equivalence

sq A1 /c]) 2 sq(A1/c]) 2 Vo T2 IMZ[1/c] ® ES*9(MU).

Proof We will assume that ¢ = 1 for legibility. Consider the diagram in SH (S) ..y

1 —— MGL —= MGL®> — ..

which gives rise to a morphism
(3-c) s$@) — ﬁznsge“(MGL@').
We have used the notation lim for the limit in SH cell - 1t is easy to see that lim(—) ~

Celllim(—), by checking the latter satisfies the universal property of the limitin SH .. .

We claim that (3-c) is an equivalence. The proof of this is the same as the proof of
[35, Proposition 2.9], and so we simply sketch it for the reader. In fact, more generally,
it is true that

SqulluW@m) = hE’nSqull(m®m ® MGL®(.+1)),

with the claimed equivalence being the case m = 0.
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For m > g+1 the claim follows because both sides are trivial, since MGL € EITS H igl .
We now induct downwards on m as in loc. cit., using the commutative diagram of
cofiber sequences

5y (MGL®" 1) ——— Celllimsg™!(MGL®™" D @ MGL®“*1)

! |

5y (MGL®™) —————— Celllimsg*'(MGL®™ ® MGL®“*")

! l

5y (MGL®™ ® MGL) — Celllims;*!(MGL®™ ® MGL ® MGL®“*")

Here the top horizontal arrow is inductively an equivalence, and the bottom is via
[35, Lemma 2.10]. It follows that the middle horizontal arrow is also an equivalence,
and it follows that (3-c) is an equivalence as claimed.

Since MGL®* is Landweber exact, we have sge”(M GL®*) ~ sq(M GL®*) by
Lemma 3.14, and by naturality this is compatible with the maps in the totalization. It
follows that

5! (1) = Celllim sg™ (MGL®*) = Cell lim s (MGL®*) = Cell s, (1).

where the last equivalence follows from the computation of the slices of the sphere
spectrum; cf [35, Proposition 2.9]. By Lemma 3.8, Cells4(1) 2~ s54(1), and so we
conclude that sqce“(l) ~s5q(1). a

We are now in a position to prove the main result of this section.

Theorem 3.16 Let S be an essentially smooth scheme over a field of characteris-
tic exponent c. Then ¢: (SH (S) ey, S-SH (S)%4) — (SH(S), SLSH ()7 is
compatible with the slice filtration at a c—cellular motivic spectrum E ; ie there are
equivalences

og L qce“(E) > fy(tE) and PBg: Lsge“(E) —>54(LE)

forallq € Z.

Proof We want to apply Theorem 2.20. It is clear that Conditions (1) and (2) hold, so
that such maps o, and B, as in the statement of the theorem do exist. A localizing
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subcategory argument then reduces to checking the statement on X791[1/c], and as
usual by shifting, we can reduce to checking it on 1[1/c] itself. It thus suffices to see
that sceu(l[l/c]) € (Eq+1SH (S))L. But Theorem 3.15 shows that sceu(l[l/c]) ~
sq(1[1/c]), and by construction the latter is always in (ZqHSH (S))L O

Remark 3.17 We do not know if the stronger condition that
Cell: (SH(S), SLSH (S)* ) > (SH (S)cenr, SLSH (5)Y7)

is compatible with the slice filtration at a motivic spectrum E holds in general. The
work of this section shows that it holds whenever E is c—cellular.

4 The very effective cellular slice filtration

The effective slice filtration considered previously constructs slices by filtering with
respect to the Tate sphere G,, ~ S'!. An alternative was introduced in [39] by
Spitzweck and @stvaer which filters with respect to P! ~ §2:1 To be precise, consider
the collection of objects

Kq=1{Z**"SPX | X € Sm/S,a >q} < SH(S).

Define E% SH (S )igl to the smallest full subcategory of SH (S).ey generated under
colimits and extensions by ;. The full subcategories {E%SH (S )i{:{l }qez define a
slice filtration of SH (S)ce; - We denote the associated slice functors by f; and 5.
The very effective slice filtration has been studied in more detail by Bachmann in [3].

As in the previous section we can define a cellular version of this filtration via the
collection
kg = {2241 .a = ¢} S SH(S)can

This gives rise to the very effective cellular slice filtration of SH (S) ..y

- SIHUSH ()X c LSH ()XY

~Cell

Note that these categories are not localizing. We write f, fCell and 5q° for the associated

functors, which are not triangulated.

The following can be proved via Lemma 2.11.

Lemma 4.1 For a motivic spectrum E, we have f;]ce”(Zza’“ E) ~ x24.4 Jq Cen(E )

Cell

and similar for Sq
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Since we always have ©2.SH (S )gj{lf Cc 1 SH(S )igl there exists a natural transfor-

7 Cell

mation q

— f£°". The following is a consequence of Example 2.17.
Lemma 4.2 If E is a cellular motivic spectrum such that f,*'(E) € ST SH(S )2§lflf
for all g € Z, then there are equivalences

]Zcell(E) i) chell(E) and S:gell(E) i> chell(E).

This gives the following.

Proposition 4.3 Let E be a localized quotient of MGL . Then
fq(E) i) qull(E) i) f;Cel](E)’
sq(E) = s$E) = 50N(E)

forallqg € Z.

Proof Since the motivic spectra considered are always cellular, the left-hand equiv-
alences follow from Theorem 3.16. To show the theorem for MGL we must show
that f,(MGL) € Z%SH (S )Zﬁ{;f . However, we have already seen in the proof of
Lemma 3.13 that f,(MGL) is a colimit of a diagram of MGL-modules of the form
»2k-k MGL , where k > g. We know that MGL € SH(F)'c’jlflf by Remark 3.12, and
hence that 2K MGL € X SH (F)**f < $2.SH (F)*}f . Since this category is
closed under colimits we are done.

From the defining cofiber sequences, it follows that f,(MGL/(a;,,...,a;,)) is in
E%SH (S)'c'jlflf for any finite subset {i;,...,i,} C N, so the proposition is true for
MGL/(a;,,...,a;,). Similar arguments work in the p—local and mod p cases. For
an arbitrary subset 7 we defined MGL /(7) as a filtered colimit of terms of the form

MGL/(aj,,...,a;,). It follows that the proposition holds for MGL /(Z).

To deal with the localizations we appeal to work of Levine and Tripathi. In partic-
ular, let Z C N be arbitrary, and let M denote either MGL /(Z), MGL (,)/(Z) or
MGL/(Z, p). By Proposition 3.6 the assumptions of [20, Corollary 2.4] are satisfied,
and the proof of Levine and Tripathi shows that f;(M[Z, 11) is a colimit of terms
of the form X~2k-—k Jq+kM for k > 0. The first part of this proposition shows that
forxM € SLTESH ($)% | and hence that =26k £ M € SLSH (S)*4 . The
result follows since this category is closed under colimits. a
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It is remarked in [39], and then proved in detail in [3], that the very effective slice
filtration is the positive part of a f—structure on the very effective motivic stable
homotopy category. In the case that S is the spectrum of a perfect field F, Bachmann
used the homotopy ¢—structure to give a description of the very effective motivic category
in terms of homotopy sheaves. We will give a similar description for the very effective
cellular slice filtration. We begin with the cellular analog of the homotopy #—structure,
as defined in [13, Section 2.1]. We restrict ourselves to working over SH (F), where F
is a perfect field.

Definition 4.4 The category of cellularly d—connective objects (or just connective
when d = 0) is the smallest full subcategory of SH (F)..y generated under colimits
and extensions by the collection

(=511 | s—t >d}.
Note that jzceUE is always cellularly g—connective by definition.

Proposition 4.5 A cellular motivic spectrum E € SH (F) .y is cellularly connective
ifand only if m, , E =0 fora—b < 0.

Proof Let C denote the category of those cellular spectra £ such that 7, , E = 0
for a —b < 0. We observe that 1 is in C whenever s >t by Morel’s connectivity
theorem [27, Section 5.3]. It is clear that C is closed under extensions, so we must
show that it is closed under arbitrary colimits. As in the proof of [39, Lemma 5.10] we
can assume the colimit is either a coproduct or a pushout, for which the result is clear.
We thus see that all cellularly connective objects are in C.

For the converse, recall again that X%'1 is connective for s > ¢. Suppose now
we are given a cellular spectrum E with 7, 5 £ = 0 for a —b < 0. Then, by the
method of killing cells, as described in the proof of Proposition 4(2) of [3] (see also
the “Details on killings cells” after the proposition), one can construct a cellularly
connective spectrum Z along with a map Z — E inducing an isomorphism on bigraded
homotopy groups. Because both Z and E are cellular, this map is an equivalence
[4, Corollary 7.2]. O

Remark 4.6 If E is d—connective in the sense of [13, Section 2.1], then we observe
that 7, p Cell(E) = 1, E = 0 for a — b < d by [13, Theorem 2.3]. It follows that
Cell(E) is cellularly d—connective in the above sense.
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Remark 4.7 A similar, but not equivalent, category is considered by Shkmebi and
Isaksen [15], who only allow the spheres £5-'1 for s —¢ > 0 and s > 0. Their version
of Proposition 4.5 is [15, Proposition 3.17] —the proof is in the same spirit as the one
given above.

If we restrict to effective cellular spectra, then we end up with a similar characterization
of very effective cellular spectra— we thank Tom Bachmann for suggesting that this
holds.

Proposition 4.8 If E € L.SH (F),, then E € SISH (F)**lf if and only if

cell

TapE =0

forall a,b € Z satisfyinga—b <q and b > q.

Proof This is identical to the previous proposition. We can reduce to the case ¢ =0 by
shifting. Let D denote the collection of those £ € SH (F )5{:{, such that 7,  E = 0 for
all a, b € Z satisfying a—b < 0 and b > 0. This is closed under colimits and extensions
and contains ¥2%¢1 for a > 0, so that in particular SH (F )"eff C D. Conversely,
if E is in D then by killing cells as above we can build Z € SH (F )”eff along with
amap Z — E inducing an equivalence in bigraded homotopy groups (here we only
need to use the spheres 4?1 with a —b < 0 and b > 0 because E € SH(F)?;};I

assumption). a

Remark 4.9 The collection of cellularly connective objects forms the positive part
of a r—structure on SH (F)..y , and the collection of cellular very effective motivic
spectra forms the positive part of a z—structure on SH (F )igl By the same argument

as [3, Proposition 4.3(3)] the functor ro: SH (F)ceyy — SH (F)ce{l is r—exact.

Corollary 4.10 If che”E is cellularly g—connective for all g € Z, then there are
equivalences

f;Cell(E) i> quell(E) and Egell(E) i) chell(E).
Proof This is a consequence of the previous proposition and Lemma 4.2. a

The main reason for introducing cellularly g—effective spectra is to investigate the
very effective cellular slices of a Landweber exact motivic spectrum. The analogous
argument also works in the noncellular situation; see [1, Lemma 2.4 and Remark 2.5].
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Proposition 4.11 Let E € SH(F) be a Landweber exact motivic spectrum. Then
there are equivalences

fq(E) i) quell(E) i ]ZCCH(E),

sq(E) = s{N(E) = 55U(E)
forall g € 7.

Proof The exact same argument as given by Hoyois in [13, Lemma 8.11] shows that
JeE = che“(E ) is always cellularly g—connective. The result is then a consequence
of Corollary 4.10. |

5 Equivariant slices

In the previous sections we have studied various filtrations on the stable motivic
homotopy category. In this section, we study the Hill-Hopkins—Ravenel slice filtration
in C—equivariant homotopy theory, and show how Betti realization interacts with the
different slice filtrations.

5.1 The C-equivariant homotopy category

In this section we give a brief introduction to the category of Cr—equivariant spectra.
For a more detailed discussion, one can see the appendix of [11], or for a slightly
shorter introduction, see [12, Section 2].

We define SH(C,) to be the co—category associated to the symmetric monoidal
category of orthogonal Ch—spectra [24]. This has been studied in some detail in
[25, Section 5]. In particular, it is a stably monoidal category; see Definition 5.10 and
Remark 5.12 of [25]. It has a set of compact generators, given by {S°, PG}

We will grade homotopy groups by the real representation ring RO(C,) = {a + bo |
a,b € 7}, where o denotes the sign representation. We follow motivic notation, and
write S7>9% for the smash product (§1)?~7 ® S99 (if ¢ = 0, then we will sometimes
just write S7). We let ngqu = [S79° E]¢2, and write n, o E for the underlying
nonequivariant groups. We recall that the equivariant and nonequivariant homotopy
groups of a Co—spectrum E can be combined into a Mackey functor, which we denote
by npqE.

In the Cr—equivariant category, the analog of the motivic algebraic cobordism spec-
trum is the real bordism spectrum MR constructed by Araki and Murayama [2],
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Landweber [18], and Hu and Kriz [14]. This is a real oriented ring spectrum, and
therefore admits a map mp; MU = L, — nZCkZ’k MR from the Lazard ring, which
is in fact an isomorphism [14, Theorem 2.28]. It follows that we can form quotients
and localizations of MR analogous to those considered for MGL in Section 3.2, and
hence there is a notion of a localized quotient of MR.

Example 5.1 The spectrum KR that is defined by a; ! MR/ (a2, a, .. .) agrees with
Atiyah’s real K—theory spectrum [14, Theorem 3.18].

5.2 The Hill-Hopkins—Ravenel slice filtration

The Hill-Hopkins—Ravenel slice filtration starts by defining the following slice cells:
(1) S244°9 of dimension 2g,
(2) $§247149 of dimension 2¢g — 1, and
3) S?1® (Cy)4+ of dimension ¢.
Note that the dimension always corresponds to dimension of the underlying nonequivari-
ant sphere. We then define =¥ SH (C») to be the smallest full subcategory of SH (C»)

closed under extensions and colimits containing the slice cells of dimension > g. This
gives rise to the Hill-Hopkins—Ravenel equivariant slice filtration

- C SITISH (Co)HHR 5295 H (C,)HHR ...

Note that these categories are not localizing (in that sense, they are closer to the very
effective motivic slice filtration than the effective one).

Following standard equivariant notation we write Py X for the associated colocalization
functor, P9=1X for the localization functor, and qu X for the n'™ slice; that is, there
are functorial fiber sequences

PyX > X —>P97'X and Pyy1X — PgX — PIX
where we have Py X € S9SH (Co)HHR | pa=1X e (R9SH (Co)HHR)L and Pl X €
(Eq_HSH(Cz)HHR)J‘.

Remark 5.2 The regular slice filtration, first introduced by Ullman [41; 42] uses only
the first and third slice cells above. Let us denote the full subcategories generated under
colimits and extensions by the regular slice cells of dimension > g by X9 SH (C,)"¢8,
and the associated functors by ﬁq, P 9, and ﬁqq . It is easy to see [42, Proposition 3.4]
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(or as a consequence of Example 2.17) that if Py X € X9SH (C;)"*8 forall g € Z,
then there are equivalences Py X —> Py X, and PJ X —> PJX. As we shall see, this
is always the case when the slice tower of a motivic spectrum is compatible with Betti
realization.

We say that a spectrum X is a g—slice if Pg X ~ X. In particular, if X is a g—slice,
then X € (R4 SH (C,)HHR)L 1t is known that a spectrum is a O-slice if and
only if it is of the form H M for M a Mackey functor whose restriction maps are all
monomorphisms [11, Proposition 4.50(ii)]. Since qiz%f (22kko x) ~ 322k, k"Pq(X )
([10, Theorem 2.18] or as a consequence of Lemma 2.11) we deduce the following.

Proposition 5.3 Let M be a constant Mackey functor. Then

EZq’qUHM c (22q+1SH(C2)HHR)J'.

For a C—equivariant spectrum E, the odd and even slices can be completely described
in terms of 74« «(E). Given a C-Mackey functor M, we let P°M denote the
maximal quotient of M for which the restriction map M (Cy/Cz) — M (Cs/e) is a
monomorphism. The following is then a combination of [11, Proposition 4.20 and
Lemma 4.23] and [10, Corollary 2.16].

Proposition 5.4 For a Cy—equivariant spectrum E the slices are given by
PY(E) = 52999 HP mpy 4 (E) and P37\ (E) = S297 M Hpy y 4E.

Because of this, Hill and Meier [12] introduced the notion of even and strongly even
C»—equivariant spectra.

Definition 5.5 (Hill and Meier) A C—spectrum E is even if m24—1,4E = 0 for
all g. It is strongly even if it is even and 724 4 F is a constant Mackey functor for
all g € Z, ie if the restriction

nzq 2 E > 5,  E=magE

is an isomorphism.

In particular, if E is even, then the odd slices vanish (and conversely). Many spectra,
such as BPR and MR are known to be even (in fact, strongly even) [12]. Because of
this we will study variants of the Hill-Hopkins—Ravenel slice tower, which we refer to
as the even and odd slice towers.
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For a general C—equivariant spectrum E, we say that the even slice tower is the tower

vioo—— PogioE —— PygE —— Py o FE —— ---

| | |

2g+2 2q 2q—2
P2q+2 E P2q E P2q—2 E

where Prgy2E — Pz E is the composite Prgi2FE — Prgy1E — PogzE, and
each Pryi2FE — Py E — P22 g E is a cofiber sequence. We call the collection
{X24SH (C,)HHR }qgez the even slice filtration. Clearly if a motivic spectrum is even,
then the even slice tower is just the usual regular slice tower where we have removed
the (contractible) odd slices. Similarly, we can define the odd slice tower and the odd

slice filtration by using only the odd Pyg4+1.

5.3 Betti realization and slices

Given a scheme over R, the associated analytic space X(C) is a Cp—space, where the
Cy—action arises from complex conjugation. As shown in [8, Section 4] for example,
this leads to a stable realization functor SH (R) — SH (C>). Given k C R, we can
compose with the base-change functor SH (k) — SH (R) to define a realization functor,
which we denote by Re. We record its fundamental properties [8, Proposition 4.8].

Theorem 5.6 (Heller and Ormsby) Let k € R be a field. Then there is a strong
symmetric monoidal, cocontinuous functor Re: SH (k) — SH (Cz). Moreover, the
functor satisfies Re(S?9) ~ §P-99,

By composing with the inclusion functor, Betti realization also gives rise to a functor
Re: SH (k)een — SH (C3).

Remark 5.7 The adjunction constructed by Heller and Ormsby is a Quillen adjunction
between model categories. The main result of [26] shows that this gives rise to an
adjunction between the associated co—categories.

The following is a folklore result, for which we are unable to find a reference in the
literature.

Proposition 5.8 The C,—equivariant realization of MGL is real bordism MR.

Proof Let ;"' denote the universal bundle over the Grassmannian BGL,, so that

mot

MGL ~ colim 72" $£%°(BGL,)"" .
n
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By Theorem 5.6 we have
Re(MGL) ~ colim £~2"719 Re(S®(BGLY ).
n

By construction, the realization functor is constructed levelwise, and so it commutes with
the suspension spectrum. Moreover, by construction, Re(BGL,) ~BGL,(C) ~BU(n)
equipped with its natural complex conjugation Cr—action. Using Theorem 5.6 again, it
is then easy to see that Re(BGLZ,’rqn m) ~ BU(n)V’rfal. Together we see that

real

Re(MGL) ~ colim X2 $.°°(BU(n))"n ,

n
which is a model of MR by [11, B.252]. O
As noted, Hu and Kriz showed that the restriction maps MRy p — MU, are
isomorphisms and so we can define localized quotients of MR analogous to the
localized quotients of MGL constructed in Section 3.2. Given a localized quotient £™

of MGL , we will denote by E“V the corresponding localized quotient of MR. The
following is then a consequence of the fact that realization commutes with colimits.

Corollary 5.9 The Betti realization of a localized quotient E™" of MGL is the
corresponding localized quotient E®"Y of MR.

Remark 5.10 In the case where E™® = BP (n), this confirms the assumption made
in [30, Remark 3.15].

We also have the following [8, Theorem 4.17].

Proposition 5.11 (Heller and Ormsby) Let A be an abelian group. Then Re(M A) >~
HA.

While simple, the following result motivates our use of the very effective cellular
category, as it is not true for the effective cellular category. For example, because
S710 e 9.SH(S)Y,, we have S71:0 ~ £,Cell(§=1.0) but the realization of §~1-0
is not in OSH (C,)"e8 .

Lemma 5.12 Let E € SH (k).p - Then

Re(f,CVE) € B2 SH (C2)"°8 ¢ £2FSH (C,)HHR,

Proof Consider the full subcategory U © SH (S)..y consisting of those objects U €
SH (S)en for which Re(U) € 2K SH (C,)"® . The subcategory U is clearly thick,
and because Re preserves colimits (Theorem 5.6) and >2kSH (C2)"e8 is closed under
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colimits, we see that I/ is closed under colimits as well. Moreover, Theorem 5.6 again
implies that the spheres $24:¢ for a > k are in U. It follows that =% SH (S )gj};f cu,
and hence

Re(SK.SH (5)"') C Re(U) € S SH (C2)"%.

In particular, Re( ]};CCGIIE )€ 22k SH (Cy)"e8 for E € SH (k)oy » as required. O

We are now in a position to apply Pelaez’s theorem to compare the Betti realization of
the slice tower of a motivic spectrum to both the even and odd slice filtrations of its
Betti realization.

Theorem 5.13 Let E € SH (k). be a cellular motivic spectrum. If Re(cheuE ) e
(2241 SH (Co)HHRY L for all g € Z, then:
(1) The functors
Re: (SH (k) geny, 4.SH (k)*H ) — (SH(C,), 221 SH (C,)HR),
Re: (SH (k)genr, S%.SH (k) ) — (SH (C,), =27 SH (C,) HHR,)
are compatible with the slice filtration at E . In particular, there are equivalences
Re(f " E) => P2gRe(E) —=> P2g—1 Re(E),

so that
Re(EqCCHE) wheni = 2q,

P! Re(E) ~
! 0 otherwise

forall q.
(2) The Cy—spectrum Re(E) is even, so that wo4—1,4 Re(E) =0 forall g € Z.
(3) The regular and Hill-Hopkins—Ravenel slice towers of Re(E) are equivalent.

Proof We first apply Pelaez’s theorem to the functor
Re: (SH (k) eny, 4.SH (k) ) — (SH(C,), (21 SH (C,)THR)),
By Theorem 5.6 and Lemma 5.12 we see that Conditions (1) and (2) are satisfied.

Condition (3) is the statement that Re('s'qceuE ) € (X2412SH (C,)HHR)L — Since

X24T2SH (Co)HHR ¢ 320+ 1SH (Co)HHR | we have (S2471SH (C,)HHR)L
(229128 H (C,)#HR) L By assumption, Re(5 ' E) € (52911 SH (Co)HHR)L 5o
that Condition (3) is satisfied.

A similar argument works for the functor

Re: (SH (k) cenr - EqTSH(k)Zg;f) — (SH(Cy), (S29 1 SH (C,) HHR)),
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Since £24SH (C,)HHR  324-1§H (C,)HHR e can again use Theorem 5.6 and
Lemma 5.12 to see that Conditions (1) and (2) are satisfied, and Condition (3) is
precisely the assumption of the theorem.

By Theorem 2.20 we deduce that there are equivalences

Re(fCME) => PqRe(E) and Re(sce“E)—>P Re(E),

as well as

Re(f ME) = Prg_1Re(E) and Re(ECCHE)—>P22; ~ Re(E).

It follows that the natural map P4, Re(E) — P>4—1 Re(E) is an equivalence, so that
there are equivalences Re( f; E) = P4 Re(E) = Pr4—1Re(E), as claimed.

By construction, for any motivic spectrum E, there is a cofiber sequence

PI I Re(E) — PJ Re(E) — PJRe(E).

If ¢ =2j —1 is odd, then the previous paragraphs show that P, Jj 11 Re(E) ~ 0, and

Re(ST"E) => P;! Re(E) => Py/"| Re(E).

Similarly, if g =2 is even, then we have Re(sce“E) N PZJ Re(E) = PZJ Re(E),
and P22 ]J 11 Re(E) ~ 0. In either case we see that the clalmed formula for Pl’ Re(FE)
holds, and we have proved (1).

Since the odd slices of Re(E) are contractible, it is even by definition, and by
Proposition 5.4 we must have m24-1,4 Re(E£) = 0. This proves (2).

To see that (3) holds, we must show that P, Re(E) € X9SH (C»)"*% . Suppose ¢ =2j
is even. Then P,; Re(E) =~ Re(fce”E) € X%/ SH(C,)"8 by (1) and Lemma 5.12.
Similarly, if ¢ = 2j — 1 is odd, then Pyj_1Re(E) >~ PjRe(E) ~ Re(fce”E) €
2/ SH(Cy)"°8 C £2/~1SH(C,)"® . This proves (3). o

The condition that Re(s, Cllpy ¢ (X241 SH (Co)HHR)L g stated more succinctly in
the terminology of [11] by the requirement that Re(sceu(E )) is slice (2g+1)-null.
This is a statement that can be checked by the vanishing of certain equivariant homotopy
groups —see [11, Lemma 4.14] — however, in practice this can be difficult to check.
We will instead rely mainly on the following.

Corollary 5.14 Let E € SH (k) .y be a motivic spectrum. If, for each q € Z there
is an equivalence cheuE ~ \Vier 2299 M A; , where each A; is an abelian group and
1 is a finite indexing set, then the conditions of Theorem 5.13 are satisfied.
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Proof Using Theorem 5.6 and Proposition 5.11 we see that
Re(S"E) > Vier S*P97H A; .

By Proposition 5.3 we have that X279 H 4; € (22911 SH (C,)HHR)L Because
the indexing set / is finite, products and coproducts in SH (C,) agree, and since
(2241 SH (C,)HHR) L 5 closed under limits, we conclude that Re(\/ieI 244 MAi)
is in (2241 SH (C,)HHR) L o

By combining the previous theorem with work in the previous section we can give
conditions when the effective slice filtration on a motivic spectrum E is compatible
with the Hill-Hopkins—Ravenel slice filtration on its realization Re(E).

Theorem 5.15 Let E be a motivic spectrum that satisfies the following conditions:
(1) E is cellular.
2) fuE e SLSH(S)'H forallge Z.
(3) Re(s E) € (X291 SH (Co)HHR)L forallge Z.

Then Re: (SH (k), £%.SH (S)") — (SH(Cy), £24SH (C2)HHR) s compatible
with the slice filtration at E, the Co—spectrum Re(E) is even, and the regular and
Hill-Hopkins—Ravenel slice towers of Re(E) agree.

Proof Combine Theorem 3.16 and Proposition 4.3 with Theorem 5.13. a

5.4 Some examples

In the following we let E™ denote a localized quotient of MGL , and we let A
denote either Z, Zp), or Z/ p, depending on whether E is a quotient and localization
of MGL, of MGL ), or of MGL (,) / p, respectively. Moreover, we write E'P
and E°4'V for the corresponding motivic and topological spectra.

Theorem 5.16 Let E™ be a localized quotient of MGL . Then E°V satisfies the
conditions of Theorem 5.15. The odd slices of EV are contractible, and if there are
only finitely many monomials in degree 2q , then the even slices of E®"Y are given by

P22ql] (EequiV) ~ \/I EZq,quA’
where the wedge is indexed by monomials of degree 2q in E;O; .

Proof We have already seen that E™ is cellular, and that f; E™' € =2 SH (S )gg{lf
(see Proposition 4.3), so that (1) and (2) of Theorem 5.15 are satisfied.
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By using either Theorem 2.3, Corollary 2.4, or Corollary 2.5 as well as Remark 2.6
of [20], we can compute that

sq(E™) ~ S2PIMAQ Ey) ~ \p S*IMA,

where the wedge is indexed by monomials of degree 2¢g in E;O; (compare Section 4
of [20]). The qth slice is just >24:49 M E;g’, and so Condition (3) of Theorem 5.15
is also satisfied by Propositions 5.3 and 5.11. Finally, if there are only finitely many
monomials of degree 2¢, then the indexing set [ is finite, so that Corollary 5.14 applies
and gives the decomposition of the slices. |

Example 5.17 Under our assumptions on k, this theorem applies to £ = KGL,
since there is an equivalence KGL ~ al_lMGL/(az, as,...) [36, Theorem 5.2]. By
Example 5.1, the realization of KGL is Atiyah’s real K-theory spectrum. We recover
the computation of the slices of KRR mentioned in the introduction, namely that

»4:4/20 7, when q is even,

PIKR ~ i
0 otherwise.

Corollary 5.18 Any localized quotient E®"Y of MR is even; ie & 2k—1,kE equiv — ()
forallk € 7.

Remark 5.19 In [6, Corollary 4.6] Greenlees and Meier prove that equivariant spectra
of the form BPR/I are strongly even. The above results give an independent proof
that they are even, but the logic is different; they compute the relevant homotopy groups
to show evenness, while we use knowledge of the slices.

Another example comes from motivic Landweber exact spectra.

Theorem 5.20 Let E be a motivic Landweber exact spectrum, with E'°P the corre-
sponding topological Landweber exact spectrum. Then its realization Re(FE) satisfies
the conditions of Theorem 5.15. The even slices of Re(E) are given by

Pyl (Re(E)) = £%.Hypg E'®,
and the odd slices are contractible.

Proof This is similar to the previous theorem — motivic Landweber exact spectra are,
by definition, cellular, and we know that fy E™ € SZ.SH (S )'c’g;f by Proposition 4.3.
By [37] we have s4(E) ~ Z291M E;Ol.p. It follows that the conditions of Theorem 5.15
are satisfied, and the result follows. O
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Remark 5.21 In general, the realization of a cellular motivic spectrum need not have
any relation with the slices of its Betti realization. For example, since motivic slices
commute with suspension, but the equivariant ones do not, one can check that (for
example) K0 MIF, when k # 0 is a counterexample. For a more interesting example,
the g™ slice of the motivic sphere spectrum always has a summand %99 M Z /2 (under
the equivalence of (3-b), this summand is generated by oz‘l]; see [35, Corollary 2.13]).
By [10, Corollary 2.20 and Corollary 2.21] this has the wrong suspension to be an
m-—slice (for any m € Z) unless ¢ = 0. A similar statement holds for the slice of KQ
using the computation of its slices in [33].

The examples of 1 and KQ given above should not be surprising — after all, here the
effective and very effective slices do not agree (the latter is proved by Bachmann [3],
and the former follows since 3¢(1) >~ 59(KQ)). On the other hand, we do not know
the relation between the very effective slices of KQ and the equivariant slices of
Re(KQ) ~ KOc,, Co—equivariant real K—theory. The very effective slice filtration
of KQ is given by

$29455(1)  when g = 0 mod (4),
%299M7/2 when g =1 mod (4),
¥24:4M7  when g =2 mod (4),
0 when g = 3 mod (4).

54(KQ) ~

Here the suspensions are such that it is possible that the realization of the g™ slice
is the 2¢™ equivariant slice of the realization. We save any further investigation for
future work.

6 The slice spectral sequence
Suppose we are in the situation of Theorem 5.15. We have slice spectral sequences in
motivic and equivariant homotopy®

Ef”q’w =7y wSq(E) = mpw(E)
and
s ~ 2
Ef) W ~ Tp,w PZ; (Re(R)) = mp,w(Re(E)),

SAll the spectral sequences we consider in this section converge, for example by [13, Theorem 8.12]
and [11, Theorem 4.42].
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and moreover Betti realization induces an isomorphism between the two spectral
sequences.’ It follows that we can use naturality to determine differentials in the
motivic spectral sequence from known differentials in equivariant homotopy theory.

6.1 The motivic and equivariant slice spectral sequences

We begin by reminding the reader of the equivariant and motivic cohomology of a
point with F—coefficients. We start with the motivic case, which is easier to describe.
Let k be a field. Then there is a canonical element € H %1 (Spec(k), F,) such that

T (MTF2) = H™**(Spec(k), F2) = kM (k)[<].

where kM (k) denotes the mod 2 Milnor K—theory of k, and kM (k) has cohomological
bidegree (n,n) — this is a consequence of [45]; see [5, Remark 4.4] for a convenient
reference.

Now assume that k C R is a real closed field (that is, k£ is a subfield of R that
is not algebraically closed, but k(+/—1) is). In this case, we have an isomorphism
kM (k) = F[p] [17, Corollary X.6.9], where p represents [—1] € kM (k) = k> /(k*)2.
Together, we conclude that H**(Spec(k), F») = 5[z, p], where 7 has homological
bidegree (0,—1) and p has homological bidegree (—1,—1). We denote this ring
by Mz.

The Cy—equivariant Bredon cohomology of a point is given in [14, Proposition 6.2].
It is useful to first describe some elements in it. There is an element a4 € nfi_l S0
corresponding to the inclusion $%% — §1:  Following standard conventions, we
denote the image of ay in 7wy « HF» = H™*7*(pt, HF,) by as as well. Under

realization, the class p € H**(Spec(k), F») maps to the class aq .

The other distinguished class is denoted by u4, and is the element corresponding to
the generator of H IC 2(SLO Fjp) = JTOC 2 (HF>). Under realization the class T maps
to the class uy.

With this in mind, the Bredon equivariant cohomology of a point can be described by

ﬁ*,*HEZ = H_*’_*(Pt, HF,) = FZ[“O” aa] EBIFZ% i@ 7 }, i,j>0.
Uy

Twe are implicitly using the even equivariant slice filtration, and ignoring the odd slices, which are all
contractible.
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Of course, some care must be taken when interpreting this because us and a, are
not actually invertible. Here the homological bidegrees are given by |us| = (—1,0),
lag| = (—1,—1), and |8]| = (2,0). The element 6 is both us— and as—torsion, and
is infinitely divisible by the same elements, and any two elements in F,{6/ (uf,aé)}
multiply trivially.

6.2 Mod 2 BP and BP (n)
Let £k € R be a real closed field, so that the class p is nonzero. We define mod 2
versions of BP and BP (n) by
BP/2=MGL(5)/({2.a; | i # p/ —1}),
BP(n)/2 = MGL 3)/({2,a; |i #2/ —1,0 < j <n}).

If we write v; = a,i_;, then the corresponding topological spectral spectra have
coefficient rings

(BP/2)x = BPy«/2 =TFs[v1,v2,...],
(BP(n)/2)« = BP(n)«/2 = Fa[v1,...,vn].

Then the calculations of Levine and Tripathi [20, Corollary 4.6] give
sq(BP/2) ~ X219 MF, ® BPy;/2 and s4BP(n) ~ X*T1MTF, ® BP (n)2,/2.
The associated slice spectral sequence for BP /2 then has the form

EP®Y ~ 29747 (Spec(k), BP2g/2) = 7q,w BP /2.

When ¢ =0, we have so(BP/2) >~ M5, and so there are classes 7 € 7g,—150(BP /2)
and p € m_1 —150(BP /2). In particular, in the slice spectral sequence for BP /2 we
have t™ € and p™ € E{"" T
in 7T2k,k5k(BP/2) ~agoMFF,.

0,0,— o
E; " . Moreover, the classes vy give rise to elements

Proposition 6.1 The E—term for the slice spectral sequence for BP /2 is given by
Ef”q’w =~ (o, 7,01, v2,...]

with tridegrees |t| = (0,0, —1), |p| = (—1,0,—1), and |v;|= (2 T1—=2,2/ —1,2/ —1).
The differentials d; (rzk) are zero fori <2 —1, and

2k 2kl
dyk_1(T7) = vp .
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Proof That the Ei—term has the claimed form is clear from the discussion above. To
determine the differentials, we use naturality to compare with the differentials for the
C»—equivariant slice spectral sequence for BPR /2. By Theorem 5.16 we can compute
the slices for BPR/2 (or this can also be deduced using the method of twisted monoid
rings in [11]). In particular, we deduce that the odd slices for BPR /2 are trivial,
and the even slices are given by wedges of HF,, where the wedges are indexed by
monomials in BP4/2. We chose to actually work with the even slice filtration, as this
Betti realization induces an isomorphism on slices.

It follows from the discussion in the previous section that in positive degrees the
E1—term of the slice spectral sequence has the same form as the motivic slice spectral
sequence, namely Fs[aq, Uy, V1, U2, ...], Where v; € ﬂz(zi_l),zi_lBPR is the equi-
variant lift of v; € 7p(,i_1)BP. In particular, there is an injection on the E;—page of
the corresponding slice spectral sequences.

The differentials in the equivariant slice spectral sequence for BPR/2 can be de-
termined by the differentials in the slice spectral sequence for BPR itself. The
differentials in the latter can be determined by the work of Hu and Kriz [14] or
as a consequence of Hill, Hopkins, and Ravenel [11, Theorem 9.9], and are fully
described in [21, Proposition 3.4]. To wit, the Ej—term is given in positive degrees by
Zlag,uzs,0;]. Here usze € m_o > HZ is a lift of the class uf, € oHIF, (the
class uy does not exist in 7y » H Z.). The differentials d; (rzk) are zero for i <2k —1,
and
dye_y 3y ) =TaZ !

Note that we use a different grading convention to that of Hill, Hopkins, and Ravenel —
we choose to start our spectral sequence on the E;—page instead of the E,—page.
Moreover, we work with the even slice filtration. This has the effect that the first
differential in our spectral sequence is a dy, which corresponds to a dz—differential
for Hill, Hopkins, and Ravenel. Similarly, their d,x—differential corresponds to a
d,k _—differential in our grading.

By considering the map of slice spectral sequences induced by the quotient BPR —
BPR/2, we deduce that the equivariant slice spectral sequence for BPR/2 has
differentials

k+1_
dok_y (u2 )—v aZ !

This can also be determined using the methods of Hu and Kriz; cf [14, Section 3].
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From the calculations of the Ei—pages, we see that the map of spectral sequences
from BP /2 to BPR/2 is an injection on the E1—page. It follows that the equivariant
differential d;(7) = p implies that there is a motivic differential d; (4s) = a4, and that
the spectral sequence is an injection on the E»—page. Inductively, we deduce that the
morphism of spectral sequences is an injection on the Ej;—page, and that the motivic
differentials are as claimed. a

This E1—term is remarkably similar to the p—Bockstein spectral sequence for computing
Extg (M3, M), as studied by Hill in [9], where E is the subalgebra of the mod 2
motivic Steenrod algebra generated by the Milnor primitives. Using a similar analysis
to Hill (see [9, Corollary 3.3]), and the previous proposition, one arrives at the following
result, which should be compared to Yagita’s computation [46, Theorem 6.5].

Theorem 6.2 Over a real closed field k C R, the Eso—term of the slice spectral
sequence BP /2 is given additively by

FZ[P, T, vi(j) | i >0, J 20]
subject to the relations

2 = 0,

i+1_ .
P> Tlui(j) =0,
vi(j) v (@) = vi (j +25714) - vp (0)  when k > i.

Here v; () is represented on the E1—page of the slice spectral sequence by 2t v;
(so, in particular, v; (0) is represented by v; ).

A similar analysis gives the following for the truncated Brown—Peterson spectra.

Theorem 6.3 Over a real closed field k C R, the Ej—term of the slice spectral
sequence for BP (n)/2 is given by

Ef’q’w =~ [p, T,V1,...,Un].
The differentials d; (tzk) are zero for i <2k —1, and
2k+1—1

k
dzk—l(T2 ) = vkp

for 1 <k <n. We deduce that the E,—term of the slice spectral sequence of BP (n)/2
is given additively by

Falp, 7, th+1,vi(j) |0 <i <n, j > 0]
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subject to the relations
2= 0,
P () =0,
vi (/) - ve(0) = v; (j +25770) - v (0)  when k >,
i(j) = tag1vi (j —2"7") when j > 2"

Here v; () is represented on the E1—page of the slice spectral sequence by 2t Vi,

. . 1
while t,, 41 is represented on the E1—page by 2"

There can be nontrivial extensions in these spectral sequences. For example, when
n =1, the Eoxo—page of the slice spectral sequence for BP (1)/2 is given by

Falp. 7. 12, v1]/(t%. p>v1).
In particular, in weight zero it is given by
Fz[tzvf]{l,,ovl, (pzvf, V1), tpv%, tpzvf, 0,0,0}.

On the other hand, we have that BP (1)/2 ~ kgl /2, so that in weight O this computes
the mod 2 algebraic K—theory of k. By Suslin [40], over Spec(R) we have
Z/2 whenn=0,1,3,4 mod (8),
Kyn(R,Z/2)~={7Z/4 whenn =2 mod (8),
0 otherwise.

If follows that there must be a nontrivial additive extension between pzvf and tvq,
and their tzvf—multiples.
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