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Functoriality of the EH class and the LOSS invariant
under Lagrangian concordances

MARCO GOLLA
ANDRAS JUHASZ

We show that the EH class and the LOSS invariant of Legendrian knots in contact
3-manifolds are functorial under regular Lagrangian concordances in Weinstein cobor-
disms. This gives computable obstructions to the existence of regular Lagrangian
concordances.

57TM27; 57R17, 57R58

1 Introduction

Link Floer homology, defined by Ozsvéth and Szabd [26] and denoted by HFL, is
an invariant of links well-defined up to isomorphism. In the case of knots, it is also
known as knot Floer homology, and denoted by HEK . It becomes natural for decorated
links, according to the work of Dylan Thurston, lan Zemke, and the second author [20].
Furthermore, the second author showed [18] that decorated link cobordisms induce
functorial cobordism maps on HFL. As exhibited by Sarkar [27] and Zemke [30],
moving the decorations around the link often induces a nontrivial monodromy of link
Floer homology.

Let A be a Legendrian knot in a contact 3—manifold (Y, £). Then A admits a Legen-
drian tubular neighborhood N(A), ie a regular neighborhood identified with S! x R?
such that A = S! x {0}, and

&l n(a) = ker(cos 8 dx —sin 6 dy),

where 6 is the angular coordinate on S', and (x, y) are the Euclidean coordinates
on R?; see Geiges [13, Example 2.5.10]. If My = Y \ N(A), then 0M, is a
convex surface with dividing set y4 that consists of two curves, each corresponding
to the framing tb(A). We call (M4, ya) the sutured manifold complementary to A .
We denote by YA = Yip(a)(A) the result of Dehn filling M with slope y4, and
write A’ for the core of the Dehn filling. There is a pair of points P C A’ such
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that P x S C A’ x D? is glued to y, . Furthermore, R (P) is the component
of A’\ P for which Ry (P) x S! is glued to Ri(yp). Then (Y5, A’, Pp) is a
decorated link in the sense of [18, Definition 4.4]; see Section 2.2.

Stipsicz and Vértesi [28] defined the invariant
EH(A) := EH(&|p, ) € SFH(—=M4, —yp) 2 HFK(=Y5, A’, Pp)

of Legendrian knots. Note that EH(A) is nonvanishing whenever EH(§) # 0, since the
Honda—Kazez—Mati¢ gluing map [15] for the sutured submanifold (Mp, ya) of (¥, &)
takes EH(A) to EH(§).

Definition 1.1 Suppose (X, ) is a Liouville cobordism from (Y_,&_) to (Y4, &4).
Let A+ be a Legendrian knot in (Y4,£&+), and let L be a Lagrangian concordance
in (X,w) from A_ to A;. Then X[ is the result of gluing L x D? to X \ N(L)
with framing tb(A_) = tb(A+), and we write L’ for L x {0}.

Note that (X7, L’) is a concordance from (Ya_,A”) to (Ya,,A)). If (X, w) is
Weinstein, then Eliashberg, Ganatra, and Lazarev [11, Definition 2.1] say that the
Lagrangian cobordism L is regular if the Liouville vector field can be chosen to
be tangent to L. For example, Conway, Etnyre, and Tosun [7, Lemma 3.4] proved
that a Lagrangian cobordism in the symplectization (R x Y, d(e’a)) of a contact
manifold (Y, £) with contact form « is regular if it is decomposable; see Section 2.
(Note that we had also observed this lemma, but decided not to include it in this paper
once [7] appeared.) We are now ready to state our first main result.

Theorem 1.2 Suppose that L is a regular Lagrangian concordance from A_ to A 4
in the Weinstein cobordism (X, w) from (Y_,&_) to (Y4, &4+). Choose an arbitrary
decoration ¢’ on L' C X consisting of two arcs, one of which connects R_(P,_)
and R_(Pp_), and the other R4 (Pp_) and Ry(Pp,). We write L' for the re-
verse of the decorated concordance L' = (Xr,L’,0') from (=Y, . A/, P5,) to
(—YA_,A”, Pp_). Then the knot cobordism map

Fzi HFK(—Yp, , Ay, Pa,) — HFK(=YA_, A", Pp_)
takes EH(A +) to EH(A-).

It is natural to ask whether Theorem 1.2 holds for exact Lagrangian concordances.
It would be true if every exact Lagrangian concordance were regular; see Eliashberg
[10, Problem 5.1].
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Given a Legendrian knot A in a contact 3—manifold (Y, &), Lisca, Ozsvith, Stipsicz,
and Szab6 [21] defined an invariant E(A) € }fﬁ((—Y, A, tg), where tg is the Spin©
structure defined by the contact structure &. This is now commonly known as the LOSS
invariant. In light of naturality, this is really an invariant of a Legendrian knot with a
decoration P consisting of two points; ie

£(A, P) e HFK(=Y, A, P, ).

Baldwin, Vela-Vick, and Vértesi [3, page 926] conjectured that the LOSS invariant
is functorial under Lagrangian cobordisms. This is supported by a result of Baldwin
and Sivek [2, Theorem 1.2], which gives a contravariant map for every Lagrangian
concordance that preserves a monopole Floer Legendrian knot invariant. However,
they do not show that this map is an invariant of the Lagrangian cylinder. Furthermore,
they also proved [1, Theorem 1.5] that there is a (non-natural) isomorphism between
knot Floer homology and monopole knot homology that sends the LOSS invariant to
their monopole Legendrian invariant. It is also worth mentioning that it is currently not
known whether the cobordism maps in the Heegaard Floer setting agree with the maps
in the monopole setting.

Stipsicz and Vértesi [28] showed that gluing a suitable basic slice to dM s induces a map
F: SFH(—=My, —ya) — HFK(=Y, A, P)

that takes EH(A) to /)Z\(A, P). As F isnot always invertible, € carries less information
than EH. However, unlike EH, the LOSS invariant can vanish even when EH(§) # 0,
which can be used to obstruct the existence of regular Lagrangian concordances. Our
second result is that £ is functorial under regular Lagrangian concordances.

Theorem 1.3 Let L be a regular Lagrangian concordance from A_ to Ay in the
Weinstein cobordism (X, ) from (Y_,&_) to (Y+,&4+). Choose arbitrary decorations
Py on Ay consisting of two points, and a decoration ¢ on L consisting of two arcs,
one of which connects R—_(P-) and R_(P+), and the other R (P-) and R4 (P4).
Then L := (X, L, o) is a decorated concordance from (Y_, A_, P_) to (Y4, A4, P4)
such that

Fz(£(A+, Py)) = £(A-, P-).

This implies the following, which also follows from the work of Baldwin and Sivek [2].

Corollary 1.4 Let Ay be a Legendrian knot in (Yx,&4). If E(A+) = 0, but
L(A-) # 0, then there is no regular Lagrangian concordance from A_ to A4 .
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Marengon and the second author [19, Theorem 1.2] showed that, given a decorated knot
concordance C in I xS3 from (S3, K¢, Py) to (S3, K;, P;) and admissible diagrams
(Zi, i, B, wi, z;) of (S, K;, P;) for i €0, 1}, there is a filtered chain map

fe: CR(Zg, o, Bo» wo) — CE(Z 1, aq, By, wy)

of homological degree zero such that the induced morphism of spectral sequences
agrees with Fo on the E! page and with IdF, on the total homology and on the E*°
page. Consider the maps

8, HFK 4(S3, K, 5) — HFK;_;(S3, K, s — k)
for k > 1. Using these, we have the following refinement of Corollary 1.4.

Corollary 1.5 Let A and A_ be Legendrian knots in (S3, £gq). If 8k (E(A+)) =0,
but 83 (£(A-)) # 0, then there is no decomposable Lagrangian concordance from A _
to Ay.

Note that £ is unchanged by positive stabilization, and hence gives rise to an invariant T
of transverse knots. Baldwin, Vela-Vick, and Vértesi [3, Theorem 1.1] showed that T
agrees with 6 defined using grid diagrams, which is algorithmically computable.
Ng, Ozsvath, and Thurston [22, Theorem 1.1 and 1.2] proved that the mirrors of
10135 and 12n,99 have Legendrian representatives A; and A,, both with tb = —1
and r = 0, for which §(A1) =0 and §(A2) # 0. Furthermore, the pretzel knots
P(—4,-3,3) and P(—6,—3,3) have pairs of Legendrian representatives A; and A,,
both with tb =—1 and r = 0, for which (A ) #0 and H(A,) #0, but §;00(A1) =0
while §; o 6 (A,) # 0. Hence, we obtain the following.

Proposition 1.6 Let
K e {_101327 _12'”200? P(_4’ _3’ 3)7 P(_69 _39 3)}

Then there exist Legendrian knots A1 and A, in (S3, £gq) of topological type K with
the same rotation and Thurston—Bennequin numbers such that there is no decomposable
Lagrangian concordance from A, to Aq.

The knot P(—4,—3,3) is 107409 and P(—6,—3,3) is 12155, ; see [8, Remark 4.5].
Furthermore, the pairs of Legendrian representatives A and A, shown in [22, Figures
4 and 5] are Lagrangian slice; ie there are Lagrangian concordances from the unknot
to A1 and to A,. In fact, these are both decomposable. It follows from Proposition 1.6
that there is no decomposable Lagrangian concordance from A, to the unknot. Indeed,
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otherwise, composing this with the decomposable Lagrangian concordance from the
unknot to A, we would get a decomposable Lagrangian concordance from A, to Aj.
More generally, Cornwell, Ng, and Sivek [8, Theorem 3.2] showed that there is no de-
composable Lagrangian concordance from a Legendrian knot to any Legendrian unknot.

Let K be a framed knotin Y with longitude ¢ and meridian 7. Thenlet M =Y\ N(K)
be the knot complement, and suppose that y,, is a dividing set on dM consisting of
two parallel curves of slope £ + n-m. Gluing a basic slice to IM x I with dividing
set Y, on dM x {0} and y,,+1 on dM x {1} induces a map

o+: SFH(=M, —yn) — SFH(=M, —yn11).
We will prove the following result in Section 4.

Corollary 1.7 Let A+ be a Legendrian knot in (Y+,&y). If there is a regular La-
grangian concordance from A_ to AL and £(Ay) € im(a_’ﬁ) for some k € N, then
£(A-) eim(ok).

Let K be a framed null-homologous knot in Y. The first author [14] and Etnyre,
Vela-Vick, and Zarev [12] showed that the limit of SFH(M, y,,) along the maps o4 is
HFK™ (—Y, K). Furthermore, if K is Legendrian, then EH(K) limits to the LOSS in-
variant £ (K). Then Proposition 3.7 implies that every parametrized concordance (see
Section 3) induces a map on the limit. This construction is due to Tovstopyat-Nelip [29]
when Y = S3. It is an interesting question whether this coincides with the cobordism
map defined by Zemke on HFK™.

Proposition 1.8 Suppose that K+ is a null-homologous knot in Y4, and let C be a
parametrized concordance from K_ to K. . Then its reverse induces a map

FZ: HFK™ (=Y., Ky) — HFK™ (-Y_, K_).

Furthermore, if £ is a contact structure on Y+, and Ay is a Legendrian representative
of K, while C is a regular Lagrangian concordance, then

Fa(£7(A4) = £7(A-).
Note that Sarkar [27] and Zemke [30] proved that the basepoint-moving map is trivial
on HFK™. The analogue of Corollary 1.7 is the following:

Corollary 1.9 Let A1+ be a null-homologous Legendrian knot in (Y4, &4). If there
is a regular Lagrangian concordance from A_ to A4 and £ (A4) € im(UK) for
some k € N, then £7(A_) € im(U¥).

Algebraic & Geometric Topology, Volume 19 (2019)



3688 Marco Golla and Andrds Juhdsz

Acknowledgements

We would like to thank Sungkyung Kang, Steven Sivek, Andras Stipsicz, and lan
Zemke for helpful discussions.

The second author has been supported by a Royal Society Research Fellowship. This
project has received funding from the European Research Council (ERC) under the
European Union’s Horizon 2020 research and innovation programme (grant agreement
No 674978).

2 Background

2.1 Lagrangian cobordisms

An oriented link A in the contact 3—manifold (Y, §) is Legendrian if it is everywhere
tangent to £. Let (Y_,&_) and (Y4, &+) be contact 3—manifolds. Then a Weinstein
cobordism from (Y_,&_) to (Y4+,£&4) is a quadruple (X, w, v, ¢), where

(1) X s acobordism from Y_ to Y,

(2) o is a symplectic form on X,

(3) v is a Liouville vector field on X (ie L,® = w) that points into X along Y_
and points out of X along Y,

(4) A =1yw induces &1+ on Y4, and

(5) ¢: X — R is a Morse function such that d¢(v) > c||v||*> for some ¢ € Ry and

some Riemannian metric on X.

Weinstein cobordisms are precisely the ones that can be obtained by attaching so-called
Weinstein handles of indices 0, 1, and 2 to Y_, where the 2-handles are attached
along Legendrian knots A with framing tb(A) — 1.
Suppose now that Ay is a Legendrian link in (Y4, £&1). According to Eliashberg,
Ganatra, and Lazarev [11], an exact Lagrangian cobordism from A_ to A4 consists
of a Weinstein cobordism (X, w, v, ¢) from (Y_,&_) to (Y4+,&4), together with a
Lagrangian L C X such that

(1) L isexact (ie A|z is exact),

(2) v istangent to L near dL, and

3) IL=—-A_UA;.
The exact Lagrangian cobordism L is regular if it is tangent to v; see [11, Definition
2.1]. In this paper, we say that L is a Lagrangian concordance if it is a cylinder (this
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notion is more general than what is usually understood by concordance, in that we do
not require the ambient manifold to be the symplectization of a contact manifold).

Let ag = dz—y dx be the standard contact form and &y, = ker(o) the standard contact
structure on R3. Note that S3 with the standard contact structure Esta = ker(ogq) is
the one-point compactification of (R3,&y). Chantraine [4] originally introduced the
notion of Lagrangian cobordism in the symplectization (R x R3, d(e’ag)) between
Legendrian links in (R3,£). In the rest of this subsection, we focus on this special
case, as it admits a nice class of regular Lagrangian cobordisms.

Definition 2.1 Let A_ and A be Legendrian links in (R3, ). Then a Lagrangian
cobordism from A_ to Ay consists of an embedded Lagrangian submanifold L of
the symplectization (R x R3, d(e’ag)) such that, for some 7 € R,

E+(L,T):=LN((T,00) xR3) = (T,00) x Ay,
E(L,T):=LN((—00,—T)xR3) = (—oc0,—-T) x A_,
and
Lr:=L\ (4 (L, TYUE_(L,T))

is compact with boundary A 4 x{T}U—A_ x{—T}. The Lagrangian cobordism L is
exact if there is a function f € C®(L,R) such that df = e’ag|r, and f is constant
on £+(L) and £_(L); see Ekholm, Honda, and Kélman [9, Definition 1.1].

According to Chantraine [4, Theorem 1.3], if A_ and A4 are knots and L is a
Lagrangian cobordism from A_ to A, then r(A_) =r(A4) and tb(A4+)—tb(A_) =
—x(L), where r is the rotation number and tb is the Thurston—Bennequin number.

If two Legendrian knots are Legendrian isotopic, then they are Lagrangian concordant.
Every Lagrangian concordance is automatically exact. Chantraine [6] showed that
Lagrangian concordance is not a symmetric relation.

Chantraine [5, Definition 1.4] and Ekholm, Honda, and Kdlman [9, Section 6] defined
the class of decomposable Lagrangian cobordisms. These are products of certain
elementary cobordisms, namely Legendrian Reidemeister moves, saddles, and births of
unknot components; see Figure 1. Each decomposable Lagrangian cobordism is exact,
but it is not known whether the converse holds; see [5, Question 1.5; 9, Question 8.10;
10, Problem 5.1]. For a potential example of a nondecomposable Lagrangian con-
cordance, see Cornwell, Ng, and Sivek [8, Conjecture 3.3]. Conway, Etnyre, and
Tosun [7, Section 3.2] extended the notion of decomposable Lagrangian cobordism to
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Figure 1: Front projections (ie projections to the (x, z) plane) of elementary
Lagrangian cobordisms. Moves 1, 1/, 2, 2/, and 3 are the Legendrian Reide-
meister moves, 4 is a saddle move, and 5 is a birth. A Lagrangian cobordism
is decomposable if it is a composition of elementary ones.

symplectizations of arbitrary contact 3—manifolds, and they proved [7, Lemma 3.4]
that the decomposable Lagrangian cobordisms in a symplectization are all regular.

2.2 Sutured Floer homology

Sutured Floer homology, defined by the second author [17], assigns a finite-dimensional
[F,—vector space to a balanced sutured manifold. It is an extension of the hat version of
Heegaard Floer homology, due to Ozsvath and Szabé [23; 24], to 3—-manifolds with
boundary. If £ is a contact structure on M such that dM is convex with dividing set y,
then Honda, Kazez, and Matié [16] assign to £ an element EH(§) € SFH(—M, —y).

The second author [18, Definitions 2.3 and 2.4] introduced the notion of sutured
manifold cobordism.

Definition 2.2 Let (M_, y—) and (M, y+) be balanced sutured manifolds. A sutured
manifold cobordism from (M_, y_) to (M4, y+) is atriple W = (W, Z,[£]) such that
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(1) W is a compact oriented 4—manifold with boundary and corners along 07,

(2) Z is a compact codimension-zero submanifold of dW with dW \ Int(Z) =
—M_UM4, and

(3) [&] is the equivalence class of a positive contact structure on Z such that M
is a convex surface with dividing set y4 .

We say that W is special if Z = I x (dM_) and & is an [—-invariant contact structure
such that {¢} x dM_ is a convex surface with dividing set {¢} x y_ for every ¢ € I with
respect to the contact vector field d/0d¢.

In [18], the second author also constructed functorial maps for sutured manifold
cobordisms. In particular, every sutured manifold cobordism W from (M_,y_)
to (M4, y+) induces a linear map

Fy: SFH(M_, y_) - SFH(M 4+, y+).
This is a composition Fyys o ®_g, where —£ is & with its co-orientation reversed, and
®_g: SFH(M-,y-) - SFH(M_U—-Z,y4)

is the Honda—Kazez—Mati¢ gluing map [15] induced by —& and the sutured submanifold
(—M_,—y-) of (—M_U Z,—y4). We can now view W as a cobordism W* from
(M_U—-=Z,yy) to (M4, y+) that is a product along the boundary, ie as a special
cobordism. It induces a map Fyys by composing maps assigned to 4—dimensional
handle attachments, defined analogously to the Ozsvath—Szab6 handle maps [25].

A decorated knot is a triple (Y, K, P), where K is a knot in the oriented 3—manifold Y,
and P is a pair of points on K that divide it into arcs R_(P) and Ry(P). A
decorated concordance X = (X, C, o) from (Yy, Kg, Py) to (Y7, K1, P1) consists of
a cobordism X from Y, to Y;, a properly embedded annulus C in X with dC =
— KoUK, and a pair of arcs 0 C C such that one arc connects Ry (Py) with R4 (Py),
and the other R_(Py) with R_(Py); see [18, Definition 4.5]. The sutured manifold
cobordism W(X) = (W, Z, [£]) complementary to the concordance X is defined by
taking W = X'\ N(C), and taking Z to be the unit normal circle bundle of C, oriented
as W, together with the S '—invariant contact structure £ that induces the dividing
set 0 on C. We define the map Fy induced by the decorated concordance X to
be Fyy(x).

If W is a sutured manifold cobordism from (M_, y_) to (M4, y+), then we can also
view it as a cobordism W = (W, Z,[—£]) from (—M4,—y4) to (=M_,—y_). In
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this paper, we call W the reverse of W, as we think of our cobordisms going from left
to right. The second author [18, Theorem 11.8] showed that Fy;; = F{,"V when W is a
special cobordism, where the dual F7, is taken with respect to the natural pairing

(,): SFH(M,y) ® SFH(—M,—y) — [F,,

obtained by choosing a diagram (X, «, ) of (M,y) and (—X,«, B) of (—M,—y),
and defining (x, y) =Jx,y for x, y € T4 NTg. The sutured manifold cobordism W (X))
complementary to a concordance is equivalent to a special cobordism, hence Fy = F3.
This applies to the maps featuring in Theorems 1.2 and 1.3.

3 Parametrized concordances

Definition 3.1 Let K; be a knot in the oriented 3-manifold Y;. A parametrized
concordance from Ky to K, is a properly embedded annulus C in a cobordism X
from Y; to Y7, together with a normal framing and an identification C ~ I x S! such
that {i} x S! ={i} x K; for i €{0,1}.

Remark 3.2 By framing, we mean a concrete identification of a regular neighborhood
N(C) of C with Cx D?. The normal framing of C restricts to framings of K¢ and K.

Given a parametrized concordance (X, C) from (Y, Ko) to (Y7, K1), let
We =X \N(C),
M; =Y;\N(C) forie{0,1},
Zc=CxS! oriented as dWc.
If y is a dividing set on S! x S! consisting of two parallel curves, then let £, be the

I—invariant contact structure on Z ~ I x S x S such that {t} x S! x S! is convex
with dividing set y; = {¢t} x y forevery ¢ € I.

Example 3.3 Suppose that (X, C, o) is a decorated concordance from (Yy, K¢, Po)
to (Y1, Ky, Py). If we choose the identification C 2 S! x I such that

o= x{x)U x{y}) forsome x,yeS!,

Pi={i}xP for i €40, 1},

then the S !—invariant contact structure £ on Z ~ C x S! with dividing set o on C is
I—invariant as well. Hence £ =&, for y = P x S,
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As usual, we identify Q P! with Q U {oo} by mapping [p : g] to ¢/p if p # 0, and
to oo otherwise. For r =[p :¢q] € QP! and p, g € Z relatively prime, let

£ = {(e2TP! 27y r e [y ST x ST,
and write

yr =4, U _(eﬂi/q» D¢,

when ¢ # 0, and y, = £, U —(1,—1){, otherwise. Then y, is a dividing set on
T?=S'"xs".
Let K be a framed knot in an oriented 3—-manifold Y ; ie we are given an identification
N(K) ~ S x D?. Then we can talk about the sutured manifold

Y(K,r):= (Y \ Int(N (K)), )/,)
for any r € Q P'. For example, if (K, P) is a decorated knot, | P| = 2, and the framing
N(K)~ S'x D? is chosen such that P ={(1,0), (—1,0)}, then Y(K, P) =Y (K, c0),
as yp consists of two meridional sutures over P.

If (X,C) is a parametrized concordance from (Y, K¢) to (Y7, K;) and r € QP!,
then we denote the contact structure &, by &,, and we let

Fer = Fwe,zc g SFH(Yo(Ko, 1)) — SFH(Y1 (K1, 1)),
where the framings of K¢y and K are the restrictions of the normal framing of C.

Definition 3.4 Suppose that (X, C) is a parametrized concordance from (Y, Ko)
to (Y1, K;) and r € Q P'. We denote by (X, (C), C,) the parametrized concordance
where X, (C) is obtained by gluing N(C) to X \ N(C) along a map that sends each
meridian {¢} X Yoo to {t} Xy, for t € I, and C, = C x {0} C C x D> ~ N(C). This
carries a natural parametrization. We call (X, (C), C,) the result of r—surgery along
the concordance C'.

Note that Definition 1.1 is a special instance of the above construction. In particular,
(X, L") = (Xu(L), Ly), where n is tb(A+) measured with respect to the normal
framing of L.

Lemma 3.5 Let (X, C) be a parametrized concordance from (Yy, Ky) to (Y1, K1)
and r € QP. If we choose a decoration o, of the surgered concordance (X, (C), C,)
as in Example 3.3, and the complementary sutured manifold cobordism

WX, (C), Cr,0r) = (W, Z,[§)]),
then [§] = [&/].
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Proof This is a straightforward consequence of the definitions. O
For (r,7") e QP! x QP!, let
Vrrr =¥ x {0} Uy x {1} CO(T? x I).

Then (T2 x I, yy,) is a balanced sutured manifold. If ¢ is a contact structure on
(T?x 1, yy,), then it induces a gluing map

@k ¢: SFH(-Y(K,r)) — SFH(-Y (K, ).
Let C be the reverse of the concordance C.

Proposition 3.6 Suppose that (X, C) is a parametrized concordance from (Y, Ky)
to (Y1, Ky). If (r,7") € QP! x QP! and ¢ is a contact structure on (T? x I, yy,7),
then the following diagram is commutative:

()]
SFH(—Y (K1.r)) — 55 SFH(=Y; (K{. "))

lFC.r lFC,r’
P

SFH(—Yo(Ko. 1)) —> SFH(—Yo(Ko. "))

Proof The map F& , is defined by gluing (Z&,6r) to Y1(K1,r), and then attaching
4—dimensional handles. As Z5 is just a collar of the boundary of the result of the gluing,
we can assume all the handles are attached away from Zz. Then @, ¢ is induced by
gluing (T? x 1, ) to Yo(Kog,r). By [18, Proposition 11.5], disjoint gluing and handle
maps commute. Hence, we also obtain @, o F . if we first glue & UCto Y1(Kq, 1),
followed by the handle attachments along Y7 (K, 7). Since &, and &,/ are I—-invariant,
& U is isotopic to { U &, . Gluing ¢ to Y1(Ky) induces @k, ¢, and then gluing &,
to Y1(K1,r’) and attaching the handles induce F, Cr- The result follows. a

Proposition 3.7 Suppose that (X, C) is a parametrized concordance tfrom (Y_, K_)
to (Y4+,K4), and let n € Z. Then

0+ 0 Fg = Feny1©0+

Proof For n € 7, we denote by ¢, the basic slice on (7% x I, Yn,n+1) corresponding
to positive stabilization. Given a knot K in Y, we let

04: SFH(—Y (K, n)) — SFH(=Y (K, n + 1))

be the map induced by gluing ¢,. Then this commutes with parametrized concordance
maps by Proposition 3.6. a

Algebraic & Geometric Topology, Volume 19 (2019)



Functoriality of the EH class and the LOSS invariant under Lagrangian concordances 3695

Let A be a Legendrian knot in (Y, £). Using the above notation, the map
F: SFH(—M, —ya) — HFK(-Y, A)

of Stipsicz and Vértesi [28, Theorem 4.2] that takes EH(A) to E(A) is defined the fol-
lowing way. Choose an identification N(A)~ S!xD?,andlet n€ QP! be tb(A) with
respect to this framing. The framing determines the decoration P = {(1,0), (—1,0)}
of A. Let ¢ be the basic slice on (72 x I, ¥n,0) determined by a bypass arc oriented
coherently with the meridian of A (this is given by the orientation of A). Then

F =®p ¢ SFH(—Y(A,n)) — SFH(=Y (A, 0)) = HFK(~Y, A, P).
We denote the image of EH(A) by E(A, P).

4 Proofs

Definition 4.1 Let A1 be a Legendrian knot in (Y4, &4), and write

(M:I:, V:I:) = (MAiv VA:t)'

Given a parametrized Lagrangian concordance L in the Weinstein cobordism (X, w)
from A_ to A4, we can associate to it a special cobordism W(L) = (W, Zr,[EL])
from (M_,y-) to (M4, y+), as follows. Let N(L) be a Lagrangian tubular neigh-
borhood of L. Then N (L) is identified with the unit cotangent disk bundle DT* L.
We denote by d;N(L) the part of dN (L) identified with the unit cotangent circle
bundle ST*L. This carries the canonical contact structure &.,,, which has dividing
set Y+ on dM 4. Then the parametrization of L induces a contactomorphism

®: (M—v y—’é—lM_) - (M— U 8}1N(L), Y-, S—|M_ U gcan)-

We then set
Wi = (X \N(L) U (I x M),

and Z; = I x M4, together with the R—invariant contact structure &7 such that
{t}x0M+ is a convex surface with dividing set {}xy4 forevery # € I. We identify the
incoming end of W(L) with (M_, y_) using ¢. We call W(L) the sutured manifold
cobordism complementary to the parametrized Lagrangian cobordism L.

Remark 4.2 It is important to note that &, is a positive contact structure if we
orient d; N (L) as the boundary of N (L), which is the opposite of the boundary orien-
tation of X'\ N(L). Hence, the contact structure &,y is not isotopic to any .S !'—invariant
contact structure arising from a decoration of the tb(A )-surgered concordance L’.
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A sutured manifold cobordism W = (W, Z, [£]) from the contact manifold with convex
boundary (M_,y—,{_) to (M4, y+,+) is Weinstein essentially if its special part
from (M_,{_) to (M1 U Z,{4 U§) can be obtained by attaching Weinstein 1- and
2-handles; see [18, Remark 11.23].

Proof of Theorem 1.2 Choose a parametrization of L’ compatible with the dec-
oration ¢’ as in Example 3.3. We endow L with the parametrization induced by
the tb(A +)—framed surgery. Let W(L) = (WL, Z1,[éL]) be the special cobordism
complementary to L, as in Definition 4.1. By Lemma 3.5, the sutured manifold
cobordisms W(L') and W(L) from (M_,y-) to (M4, y4) are equivalent. Hence

Fz = Fyoy = By

Using Lemma 2.2 and the preceding discussion of Eliashberg, Ganatra, and Lazarev [11],
we obtain that Wy, can be built by attaching Weinstein handles to

(M_U3,N(L). y4- E-|pr_ U can)-

Hence, by [18, Remark 11.23], the sutured manifold cobordism W(L) is Weinstein in
the sense of [18, Definition 11.22]. The result now follows from a result of the second
author [18, Theorem 11.24] that the reverse of a Weinstein sutured manifold cobordism
induces a map that preserve the EH class. a

Proof of Theorem 1.3 Let L be a regular Lagrangian concordance from A_ to Ay .
Choose a parametrization of L compatible with the decoration o as in Example 3.3,
and let r be tb(A_) = tb(A ) measured with respect to this normal framing. If we
apply Proposition 3.6 with C = L, Ko =A_, Ky = A4, r' =0, and ¢ the basic
slice on (T2 x I, Vr,0) used in the definition of the Stipsicz—Vértesi map, then we
obtain the commutative diagram

SFH(=Y+ (A4 1) %y SFH(=Y+ (A +.0))

lFL,r JFL,O
@

SFH(—Y_(A_,r)) ——%5 SFH(-Y_(A_, 0))

Note that SFH(—YL(A1,0)) =~ Pﬁ:\K(—Yi, A+, P1) tautologically. If we endow L'
with the parametrization induced by r—framed surgery along L and denote by £’ the
corresponding decorated concordance, then Fy . = Fz by Lemma 3.5. Furthermore,
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F

(4-1)

7o = F7. Hence, we can rewrite the above diagram as

Py~
SFH(~Y (A 4.r)) —— HFK(=Y, Ay, Py)

Ie |-

¢ — —
SFH(—Y_(A_,r)) —— HFK(-Y_, A_, P_)

Now consider EH(A 1) € SFH(—Y4 (A4, r)). By Theorem 1.2, we have

Fz(BH(A 1)) = BH(A-).

Because @4 | ;(EH(Ai)) = E(Ai P.), the commutativity of diagram (4-1) amounts
to FLU(’S(A+5P+))_£(A—5P ) a

Proof of Corollary 1.7 Let L be a Lagrangian concordance from A_ to A 4. Choose

a parametrization of L, and let n be tb(A ) = tb(A_) with respect to the normal

framing of L. Then Fy, k6 = Fz by Lemma 3.5. The result now follows from

Theorem 1.3 and Proposition 3.7. a
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