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The Segal conjecture for infinite discrete groups

WOLFGANG LUCK

We formulate and prove a version of the Segal conjecture for infinite groups. For
finite groups it reduces to the original version. The condition that G is finite is
replaced in our setting by the assumption that there exists a finite model for the
classifying space EG for proper actions. This assumption is satisfied for instance
for word hyperbolic groups or cocompact discrete subgroups of Lie groups with
finitely many path components. As a consequence we get for such groups G that the
zeroth stable cohomotopy of the classifying space BG is isomorphic to the I—adic
completion of the ring given by the zeroth equivariant stable cohomotopy of EG for
I the augmentation ideal.

55P91

0 Introduction

We first recall the Segal conjecture for a finite group G . The equivariant stable coho-
motopy groups 7 (X) of a G-CW—complex are modules over the ring ng = ng (%),
which can be identified with the Burnside ring A(G). Here and elsewhere * de-
notes the one-point space. The augmentation homomorphism A(G) — Z is the
ring homomorphism sending the class of a finite set to its cardinality. The augmen-
tation ideal Ig © A(G) is its kernel. Let 7 (X )]I?; be the [ —adic completion
invlim,_, ., 75 (X) /15 - 7 (X) of mg (X).

The following result was formulated as a conjecture by Segal and proved by Carlsson [6].

Theorem 0.1 (Segal conjecture for finite groups) For every finite group G and finite
G-CW-complex X there is an isomorphism

n&”(X)]fC\; =5 7l"(EG xg X).

In particular we get for X' = * and m = 0 an isomorphism

AG)p = 712(BG).
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966 Wolfgang Liick

The purpose of this paper is to formulate and prove a version of it for infinite (discrete)
groups, ie we will show:

Theorem 0.2 (Segal conjecture for infinite groups) Let G be a (discrete) group. Let
X be a finite proper G-CW-complex. Let L be a proper finite-dimensional G—CW-
complex with the property that there is an upper bound on the order of its isotropy
groups. Let f: X — L be a G-map.

Then the map of pro-Z —modules
AG(X): (g (X) /16 (L)" - 70g (X)}nz=1 = {nd" (EG X6 X)(n—1)) }n=1
defined in (3.3) is an isomorphism of pro-Z —modules.

In particular we obtain an isomorphism
m ~ m
TG (X)m = (EG xg X).
If there is a finite G—-CW-model for E G, we obtain an isomorphism

m ~ m

Here EG is the classifying space for proper G-actions and 7z, (X) is equivariant stable
cohomotopy as defined in Liick [11, Section 6]. The ideal I (L) is the augmentation
ideal in the ring ITg (L); see Definition 3.1. We view 7 (X) as a ng (L)—module
by the multiplicative structure on equivariant stable cohomotopy and the map f. We
denote by 7 (X)) its Lg(L)-completion. More explanations will follow in the
main body of the text.

In [11] various mutually distinct notions of a Burnside ring of a group G' are introduced,
which all agree with the standard notion for finite G. If there is a finite G—-CW-model
for EG, then the homotopy theoretic definition is A(G) := ng (EG); we define the
ideal Ig € A(G) tobe Ig(EG), and we get in this notation from Theorem 0.2 an
isomorphism

AG)f, =) (BG).

We will actually formulate for every equivariant cohomology theory 5 with multi-
plicative structure a “‘completion theorem”; see Problem 3.4. It is not expected to be
true in all cases. We give a strategy for its proof in Theorem 4.1. We show that this
applies to equivariant stable cohomotopy, thus proving Theorem 0.2. It also applies to
equivariant topological K —theory, where the completion theorem for infinite groups
has already been proved in Liick and Oliver [16].
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The Segal conjecture for infinite discrete groups 967

If G is finite, we can take L = EG = *, then Theorem 0.2 reduces to Theorem 0.1. We
will not give a new proof of Theorem 0.1, but use it as input in the proof of Theorem 0.2.

This paper is part of a general program to systematically study equivariant homotopy
theory, which is well-established for finite groups and compact Lie groups, for infinite
groups and noncompact Lie groups. The motivation comes among other things from
the Baum—Connes conjecture and the Farrell-Jones conjecture.

Acknowledgements The paper has been financially supported by the Leibniz-Preis
of the author granted by the DFG, the ERC Advanced Grant “KL2MG-interactions”
(no. 662400) of the author granted by the European Research Council, and by the
Deutsche Forschungsgemeinschaft (DFG, German Research Foundation) under Ger-
many’s Excellence Strategy — GZ 2047/1, Projekt-ID 390685813 by the Cluster of
Excellence “Hausdorff Center for Mathematics” at Bonn. The author wants to thank
the referee for a detailed and useful report.

1 Equivariant cohomology with multiplicative structure

We briefly recall the axioms of a (proper) equivariant cohomology #5 theory with
values in R—modules and with multiplicative structure. More details can be found
in [12].

Let G be a (discrete) group. Let R be a commutative ring with unit. A (proper)
G—cohomology theory 7-[2 with values in R—modules assigns to any pair (X, A) of
(proper) G-CW-complexes a Z—graded R—module {H¢ (X, A) | n € Z} such that
G-homotopy invariance holds and there exist long exact sequences of pairs and long
exact Mayer—Vietoris sequences. Often one also requires the disjoint union axiom,
which we will need not here since all our disjoint unions will be over finite-index sets.

A multiplicative structure is given by a collection of R-bilinear pairings
U: HE(X, A) @ g HE (X, B) > HET" (X, AU B).

This product is required to be graded commutative, to be associative, to have a unit
le HOG (X) for every (proper) G-CW-complex X, to be compatible with boundary
homomorphisms and to be natural with respect to G—maps.

Let «: H — G be a group homomorphism. Given an H—space X , define the induction
of X with a to be the G—space ind, X which is the quotient of G x X by the right
H-action (g,x)-h:=(ga(h),h 'x) forhe H and (g, x)eGx X.Ifa: H— G
is an inclusion, we also write indg instead of indg .
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968 Wolfgang Liick

A (proper) equivariant cohomology theory 7—[;‘ with values in R—modules consists of
a collection of (proper) G—cohomology theories H, with values in R—modules for
each group G, together with the following so-called induction structure: given a group
homomorphism «: H — G and a (proper) H-CW-pair (X, A) there are for each
n € Z natural homomorphisms

(1.1) indy: M2 (indg (X, ) — H2 (X, A).

If ker(a) acts freely on X, then indy: H (indy (X, 4)) — H (X, A) is bijective for
all n € Z. The induction structure is required to be compatible with the boundary
homomorphisms, to be functorial in & and to be compatible with inner automorphisms.

Sometimes we will need the following lemma, whose elementary proof is analogous to
the one in [10, Lemma 1.2].

Lemma 1.2 Consider finite subgroups H, K € G and an element g € G with
gHg ' C K. Let Rg—1: G/H — G/K be the G-map sending g'H to g'g 'K
and let c(g): H — K be the group homomorphism sending h to ghg™'. Denote by
pr: (ind(g): H—k *) — * the projection to the one-point space *.

Then the following diagram commutes:

g—1

HL(R—1)
H(G/K) —— 5 H™(G/H)

ind§ J [indg

H (%) Hyg (%)

ind¢ (g) O’H’;( (pr)

Let H; be a (proper) equivariant cohomology theory. A multiplicative structure on it
assigns a multiplicative structure to the associated (proper) G—-cohomology theory
for every group G such that for each group homomorphism «: H — G, the maps given
by the induction structure of (1.1) are compatible with the multiplicative structures on
HE, and M, .

Example 1.3 (equivariant cohomology theories coming from nonequivariant ones)
Let £* be a (nonequivariant) cohomology theory with multiplicative structure, for
instance singular cohomology or topological K—theory. We can assign to it an equi-
variant cohomology theory with multiplicative structure H3 in two ways. Namely,
for a group G and a pair of G-CW-complexes (X, A), we define H (X, A) by
K"(G\(X, A)) orby K"(EG xg (X, A)).
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Example 1.4 (equivariant topological K—theory) In [16], equivariant topological
K —theory is defined for finite proper equivariant CW—complexes in terms of equivariant
vector bundles. It reduces to the classical notion, which appears for instance in [2]. Its
relation to equivariant K K —theory is explained in [17]. This definition is extended to
(not necessarily finite) proper equivariant CW—complexes in [16] in terms of equivariant
spectra using I"—spaces and yields a proper equivariant cohomology theory K;‘ with
multiplicative structure, as explained in [12, Example 1.7]. It has the property that for
any finite subgroup H of a group G we have

Rc(H) for n even,
{0} for n odd,

where Rc (H) denotes the complex representation ring of H .

n(G/H) = Ky (%) = {

Example 1.5 (equivariant stable cohomotopy) In [11, Section 6], equivariant stable
cohomotopy 75 is defined for finite proper equivariant CW—complexes in terms of
maps of sphere bundles associated to equivariant vector bundles. For finite G it reduces
to the classical notion. This definition is extended to arbitrary proper G-CW-complexes
by Degrijse—Hausmann—Liick—Patchkoria—Schwede [7], where a systematic study of
equivariant homotopy theory for (not necessarily compact) Lie groups and proper
G—-CW-complexes is developed.

Let H € G be a finite subgroup. Recall that by the induction structure we have
7;(G/H) = g (). The equivariant stable homotopy groups 7%, are computed in
terms of the splitting due to Segal [18, Proposition 2] and tom Dieck [8, Chapter I,
Theorem 7.7 on page 154] by

= gH = @nin(BWHK),
(x)

where 7*, denotes (nonequivariant) stable homotopy and (K) runs through the conju-
gacy classes of subgroups of H . In particular, we get

|nG(G/H)|<oo for n<—1, ng(G/H):A(H), g (G/H)={0} for n>1,
where A(H) is the Burnside ring.

2 Some preliminaries about pro-modules

It will be crucial to handle pro-systems and pro-isomorphisms and not to pass directly
to inverse limits. In this section we fix our notation for handling pro- R—modules for a
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970 Wolfgang Liick

commutative ring with unit R. For the definitions in full generality see for instance
[1, Appendix] or [4, Section 2].

For simplicity, all pro- R—modules dealt with here will be indexed by the positive
integers. We write { M}, oy}, or briefly { M}, for the inverse system

o o o o
Mo(—lMl(—2M2<—3M3(—4~--,

and also write o) := Q4100 My — My, for n > m, and put o, =idyy, . For
the purposes here, it will suffice (and greatly simplify notation) to work with “strict”
pro-homomorphisms { f, }: { My, on} — { Ny, Bn}, ie a collection of homomorphisms
Jfn: My — Ny, for n > 1 such that 8,0 f, = f,—1 0oy holds for each n > 2. Kernels and

cokernels of strict homomorphisms are defined in the obvious way, namely levelwise.

A pro- R—module {M,,a,} will be called pro-trivial if, for each m > 1, there is
some n > m such that o' = 0. A strict homomorphism f: {M, o} — { Ny, Bn}
is a pro-isomorphism if and only if ker( /) and coker(f) are both pro-trivial, or,
equivalently, for each m > 1 there is some n > m such that im(8}") € im( /) and
ker(fn) € ker(a)’). A sequence of strict homomorphisms

(Mo} L8 (0 ol £ (M o)

will be called exact if the sequences of R—modules M, f—") Ny LN M, is exact

for each n > 1, and it is called pro-exact if g, o f, = 0 holds for n > 1 and the
pro- R—module {ker(g,)/im( fn)} is pro-trivial.

The elementary proofs of the following two lemmas can be found for instance in
[14, Section 2].

Lemma 2.1 Let 0 — {M,, o} LV/IN {My, an} gn), {M,/, o)/} — 0 be a pro-exact
sequence of pro- R—modules. Then there is a natural exact sequence
o , invlim, >, fn = invlim, >, g0 = y
0 — invlim M, ———— invlim M, ———— invlim M,
n=1 n>1 n>1

5 invlim! ;> 1f, invlim! ;> 1gy

%> invlim' M, invlim! M, ———% invlim' M, — 0.
n=1 n=1 n=1

In particular, a pro-isomorphism { f,}: {My, an} — {Nn, Bn} induces isomorphisms

invlim f;,: invlim M,, => invlim N,, invlim' f,: invlim' 1M,=> invlim' N,.
n=1 n=1 n=1 n=1 n=1 n=1
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Lemma 2.2 Fix any commutative Noetherian ring R, and any ideal I € R. Then for
any exact sequence M’ — M — M" of finitely generated R—-modules, the sequence

(M JT"M"y — {M/I"M} — {M"/I"M"}

of pro- R—modules is pro-exact.

3 The formulation of a completion theorem

Consider a proper equivariant G—cohomology theory #; with multiplicative structure.
In the sequel, #* is the nonequivariant cohomology theory with multiplicative structure
given by Hg, for G = {1}. Notice that #°(x) is a commutative ring with unit and
HG(X) isa #°(x)-module. In some future applications #°(x) will be just Z. In the
sequel, [Y, X]¢ denotes the set of G—homotopy classes of G—maps ¥ — X . Notice
that evaluation at the unit element of G induces a bijection [G, X]¢ =5 7o(X). It is
compatible with the left G—actions, which are induced on the source by precomposing
with right multiplication rg: G — G, g’ — g’g, and on the target by the given left
G—action on X .

So we can represent elements in G\ 7o (X) by classes X of G-maps x: G — X, where
x: G— X and y: G — X are equivalent if for some g € G, the composite y org is
G-homotopic to x.

Definition 3.1 (augmentation ideal) For any proper G—-CW-complex X, define the
augmentation module 17 (X) € H¢ (X) to be the kernel of the map

¢(X) H" ().

[Txec\no(x) indt13—>G oHE (%) l_[

G\ (X)

(The composite above is independent of the choice of x € X by G-homotopy invariance
and Lemma 1.2.) If n =0, the map above is a ring homomorphism and I (X):= Hg (X)
is an ideal called the augmentation ideal.

Givena G-map f: X — Y, the induced map Hg, (f): HE(Y) — HG(X) restricts to
amap I3 (Y) — [5(X).

We will need the following elementary lemma:

Lemma 3.2 Let X be a CW-complex of dimension n — 1. Then any n—fold product
of elements in 17, (X) is zero.
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Proof Write X =Y U A, where Y and A are closed subsets, Y contains X (n—2)
as a homotopy deformation retract, and A4 is a disjoint union of (n—1)-disks. Fix
elements vy, vy,...,V, € ]Ig(X). We can assume by induction that vy - - - v,—; vanishes
after restricting to Y, and hence that it is the image of an element u € Hg,(X,Y).
Also, v, clearly vanishes after restricting to 4, and hence is the image of an element
v € Hg (X, A). The product of vy ---v,—; and vy is the image in Hg(X) of the
element uv € Hg, (X, Y UA) =H;(X, X)=0,and so vy ---v, =0. O

Now fix amap f: X — L between G-CW—complexes. Consider H;(X) as a module
over the ring 2 ¢ (L). Consider the composition

i HE (pr)
TG (L)" - HE(X) —> HE(X) —— HE(EG x X)
(md ¢ }) HM
o7 am(£G xg X) 2D HM(EG 6 X)no)),

where i and j denote the inclusions, pr the projection and (EG xG X )—1) is the
(n—1)—skeleton of EG xg X . This composite is zero because of Lemma 3.2 since
its image is contained in 1" ((EG X X)(,—1)). Thus we obtain a homomorphism of
pro-H° (x)—modules,

(33) Ag(f: X = L) {HG(X)/Lg(L)" - Hg(X)}n=1
- {H ((EG XG X)(n 1))}n>1
We will sometimes write Ay; or Ag(X) instead of AG(f: X — L), if the map

S+ X — L is clear from the context. Notice that the target of A¢;(f: X — L) depends
only on X and not on the map f: X — L, whereas the source does depend on f".

Problem 3.4 (completion problem) Under which conditions on #3 and L is the
map of pro-H°(x)-modules AG(f: X — L), defined in (3.3), an isomorphism of
pro-1°(x)—modules?

Remark 3.5 (consequences of the completion theorem) Suppose that the map of pro-
#°(%)—modules A" ¢ (X) defined in (3.3) is an isomorphism of pro- #°()—modules.
Obviously the pro- module {HG(X)/Ig(L)" - HG(X)}n>1 satisfies the Mittag-Leffler
condition since all structure maps are surjective. This implies that its lim!—term
vanishes. We conclude from Lemma 2.1 that

invliml H™((EG %6 X)(u-1)) =0,

1nv11m7-[m((EG X6 X)(n— 1))~1nvhm’H (X)/Ig(L)" - HG(X).
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Milnor’s exact sequence

0 — invlim' " ' ((EG xg X)(u-1)) = H™(EG x¢ X)
n—o00
— invlim Hm((EG XG X)(n—l)) -0
n—oo

implies that we obtain an isomorphism

H™(EG xg X) = invlim HE (X)/T6 (L)" - HE (X).

Remark 3.6 (taking L = EG) The classifying space EG for proper G—actions is a
proper G-CW-—complex such that the H —fixed point set is contractible for every finite
subgroup H C G. It has the universal property that for every proper G—-CW-complex
X there is, up to G-homotopy, precisely one G-map f: X — EG. Recall that a
G-CW-complex is proper if and only if all its isotropy groups are finite, and is finite
if and only if it is cocompact. There is a cocompact G-CW-model for the classifying
space EG for proper G—actions if, for instance, G is word-hyperbolic in the sense
of Gromoyv, or if G is a cocompact subgroup of a Lie group with finitely many path
components, or if G is a finitely generated one-relator group, or if G is an arithmetic
group, a mapping class group of a compact surface or the group of outer automorphisms
of a finitely generated free group. For more information about £G we refer for instance
to [5] and [13].

Suppose that there is a finite model for the classifying space of proper G-actions EG .
Then we can apply this to id: EG — EG and obtain an isomorphism

H™(BG) = invlimHG(EG)/Ig(EG)" - HG(EG).
n—oo
Remark 3.7 (the free case) The statement of the completion theorem as stated in

Problem 3.4 is always true for trivial reasons if X is a free finite G—-CW—complex.
Then induction induces an isomorphism

indg_q13: H™(G\X) => HG(X).
Since [(G\X)" = 0 for large enough n by Lemma 3.2, the canonical map
{H"(G\X)}n=1 => {(H"(G\X)/Lg(L)" - H™ (G\X) }n=1
with the constant pro-#°(*)—module as source is an isomorphism. Hence the source of

AG(f: G — X) can be identified with constant pro-H°(x)—module {H"(G\X)}p>1.
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The projection EG xg X — G\ X is a homotopy equivalence and induces an isomor-
phism of pro-Z-modules

{H"(C\X)(n=1))}nz=1 = {H"((EG %G X)(n—1))}n=1-
Since G\ X is finite-dimensional, the canonical map
{H"(G\X)}n=1 => {(H" (G\X) (—1)) }n=1

is an isomorphism of pro- Z-modules. Hence also the target of A5 (f: G — X) can be
identified with the constant pro-H°(*)—-module {#"(G\X)},>1. One easily checks
that under these identifications, A{;(f: G — X) is the identity.

Hence the completion theorem is only interesting in the case where G' contains torsion.

4 A strategy for a proof of a completion theorem

Theorem 4.1 (strategy for the proof of Theorem 0.2) Let H. be an equivariant
cohomology theory with values in R—modules and with a multiplicative structure. Let
L be a proper G-CW-complex. Let F(L) be the family of subgroups of G given by
{H C G| LY +# @}, and suppose that the following conditions are satisfied:

(1) The ring H°(*) is Noetherian.
(2) Forany H € F(L) and m € Z, the H°(x)-module H'py (%) is finitely generated.

(3) Let He F(L),let P < H?ﬁl(*) be a prime ideal, and let f: G/H — L be any
G-map. Then the augmentation ideal

HY, (pr) indg1y g

1(H) = ker(HY (%) —— HY (H) ——> 1 ())

HE() ndG 13
—>

is contained in P if HE,(L) ———> H (G/H)
into P.

’HOH(*) maps Ig(L)

(4) The completion theorem is true for every finite group H with H € F(L) in the
case where X = L = % and f = id: = — x. In other words, for every finite
group H with LH +# & the map of pro-#°(x)-modules

M () { Mg () /T(H) b p=1 — {0 (BH) (n—-1)) }nz1

defined in (3.3) is an isomorphism of pro-#°(x)-modules.
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Then, under the conditions above, the completion theorem is true for H., and every
G-map f: X — L from a finite proper G-CW-complex X to L; ie the map of
pro-H° (%) —modules

AG(X): {HG (X) /T (L)" - HG(X)}nz1 > {HGUEG X6 X)(n—1))}n=1
defined in (3.3) is an isomorphism of pro-#°(x)—modules.
Proof We first prove the completion theorem for X = G/H, ie for any a G—map

f: G/H — L. Obviously H belongs to F(L). The following diagram of pro-modules
commutes:

A (f:G/H—L)
(HI(G/H) 16 (LY HE(G/H) pz1 —————— (H(EGXGG/H)(n—1))}n=1
{indg —Gln=1
(T (%) /TG (LY H (%) bz 2 D=

pr

{H o) /T H g (%) fn=1

iy M BH )z
where pr denotes the obvious projection. The lower horizontal arrow is an isomorphism
of pro-modules by condition (4). The right vertical arrow and the upper-left vertical
arrow are obviously isomorphisms of pro-modules. Hence the upper horizontal arrow
is an isomorphism of pro-modules if we can show that the lower-left vertical arrow is
an isomorphism of pro-modules.

Let I be the image of I (L) under the composite of ring homomorphisms,

HE () indgy ¢

HE(L) —— HE(G/H) HI ().

Let Jr be the ideal in 7-[21(*) generated by /. Obviously Iy € Jy CI(H). Then
the lower-left vertical arrow is the composite

Mg () /Lg (L)" - Hpg () = Hpp () / (Jp)" - Hpg () — Hpg (o) /LEH)" - Hg (),

where the first map is already levelwise an isomorphism, and in particular an isomor-
phism of pro-modules. In order to show that the second map is an isomorphism of
pro-modules, it remains to show that I(H)* € J ¢ for an appropriate integer k > 1.
Equivalently, we want to show that the ideal I(H)/Jy of the quotient ring H(}I(*) /Jr
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is nilpotent. Since 7—[21 () is Noetherian by conditions (1) and (2), the ideal 1(H)/Jy is
finitely generated. Hence it suffices to show that I(H)/Jy is contained in the nilradical,
ie the ideal consisting of all nilpotent elements, of ’H?{ (*)/Jr. The nilradical agrees
with the intersection of all the prime ideals of 7—[21(*) /Jr by [3, Proposition 1.8]. The
preimage of a prime ideal in 7—[%, (*)/J¢ under the projection 7—[% (%) — ’H%,(*) /Jr
is again a prime ideal. Hence it remains to show that any prime ideal of H?LI (*) which
contains [y also contains I(H). But this is guaranteed by condition (3). This finishes
the proof in the case X = G/H.

The general case of a G—map f: X — L from a finite G—-CW-complex X to a
G—-CW-complex L is done by induction over the dimension r of X and subinduction
over the number of top-dimensional equivariant cells. For the induction step we write
X as a G—pushout

G/HxS1 L,y

.,

G/HXDrL)X

In the sequel we equip G/H x S”~1, Y and G/H x D" with the maps to L given by
the composite of f: X — L with kog, k and Q. The long exact Mayer—Vietoris
sequence of the G—pushout above is a long exact sequence of 7 ¢ (L)-modules and
looks like

.._>H’"—1(G/H><D’)@H’"“(Y)—>Hm—‘(G/HxS’—1)—>Hm(X)
HE(G/Hx D" )@ HEY) > HE(G/H xS —

Condition (2) implies that H7(G/H) and H;(G/H x D") are finitely generated as
#°(x)—modules. Since HO(*) is Noetherian by condition (1), the H°(*)-module
H¢ (X) is finitely generated provided that the #° (%)—module H¢ (Y) is finitely gen-
erated. Thus we can show inductively that the H°(*)—-module He (X) is finitely
generated for every m € Z. In particular, the ring H2 ¢ (X) is Noetherian. Let
J C ’H%(X ) be the ideal generated by the image of Hg(L) under the ring homo-
morphism ’HOG (L) — HOG (X). Then for every HOG (X)-module, the obvious map

{M/1g(L)" - M}p>1 — {M/J" - M }y>,
is levelwise an isomorphism, and in particular an isomorphism of %2 ¢ (X)—-modules.

We conclude from Lemma 2.2 that the following sequence of pro-?—lo(*)—modules is
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exact, where M /I stands for M /I - M :
@2) = (H"THG/H x D) /16 (L)}nz1 & (HE ™ (V)/I6 (L)}u=1
— {HETHG/H x S"™) [T (L)}nz1 = {HEX) /TG (L)}nz1
= {HG(G/H x D")/Ig(L)}n=1 ®{Hg(Y)/Ig(L)}nz1
— {HE(G/H x ") /IG(L)}nz1 — -

Applying EG,_1) Xg — to the G—pushout above yields a pushout and thus a long
exact Mayer—Vietoris sequence

= H" N EG 1) %6 (G/Hx D)) @ HE ™ (EG (1) G Y)
— HE (EGu-1) 6 (G/H x S"™ 1)) > HE(EG(4-1) X6 X)
— HG(EGu—1) %6 (G/H x D")) @ HG(EG(p—1) Xc ¥)
— HE(EG (1) %G (G/H x S"™1)) —
For any finite-dimensional G-CW-complex Z, the obvious map

{HG(EG(n—1) X6 Z)nz1 => {HE(EG X6 Z)(n—1)) }n=1

is an isomorphism of pro-#°(*)—modules. Hence we obtain a long exact sequence of
pro-H° (x)—modules
4.3) ~--—>{H’é’_l((EGxG(G/HxD’))(n_l))}nZI@{H’é’((EGxGY)(n_l))}n -
—{HG™! ((EGXG(G/HXSr_l))(n—l))}nzl —{HG(EGxgX) - 1))}n >1
= {HG(EGxG(G/HXD")) ()}, DIHG (EGX6Y)(n-1)} 2
_>{Hrc':l((EGXG(G/HXSr_l))(n—l))}nzl -

n>1

Now the various maps A5 induce a map from the long exact sequence of pro-HO (%)
modules (4.2) to the long exact sequence of pro-#°(*)-modules (4.3). The maps for
G/HxS"71,G/HxD" and Y are isomorphisms of pro-#°(*)-modules by induction
hypothesis and by G-homotopy invariance applied to the G-homotopy equivalence
G/H x D" — G/H . By the five lemma for maps of pro-modules, the map

WX {HEX) /T (L)" - HEX ) Inz1 — {HE((EG X6 X)(n=1)) } po1

is an isomorphism of pro-#°(*)—modules. This finishes the proof of Theorem 4.1. [

The next lemma will be needed to check condition (3) appearing in Theorem 4.1.

Algebraic & Geometric Topology, Volume 20 (2020)



978 Wolfgang Liick

Given a G—cohomology theory H;, there is an equivariant version of the Atiyah—
Hirzebruch spectral sequence of H°(*)—modules which converges to #”+4(L) in the
usual sense provided that L is finite-dimensional, and whose E,-term is

EPY = HE(L: MY (G/Y),

where Hé’ (X; H‘(I; (G/7)) is the Bredon cohomology of L with coefficients in the
Z0r(G)-module sending G/H to ’H%(G/H ). If H¢, comes with a multiplicative
structure, then this spectral sequence comes with a multiplicative structure.

Lemma 4.4 Suppose that L is an [ —-dimensional proper G—CW-complex for some
positive integer [ . Suppose that for r = 2,3, ...,[, the differential appearing in the
Atiyah-Hirzebruch spectral sequence for L and H;,

0,0. 0,0 r,1—r
d>" E° — Ep T,
vanishes rationally.

(1) Then we can find for a given x € Hg (L; HOG (G/?7) a positive integer k such
that x¥ is contained in the image of the edge homomorphism

edge®?: HE(L) — HA(L;HE(G/?)).

(2) Let He F(L), let P < H(I){(*) be a prime ideal and let f: G/H — L be any
G-—map. Suppose that the augmentation ideal

#HY; (pr)
[(H) = ker(H% (x) ———> HY (H)

ind1ros
md{1y—H 7‘[0(*))
is contained in P if P contains the image of the inverse limit over the orbit
category Or(G; F(L)) associated to the family F (L), under the structure map
for H,

H: invlim I(K) — 1(H).
G/KeOr(G;F(L))

Then condition (3) appearing in Theorem 4.1 is satisfied for H, P and f .

Proof (1) Consider x € Hg (L; HOG (G/?7)). We inductively construct positive inte-
gers kq,k», ..., k; such that

WMk ¢ g0

el for r=1,2,...,1.

Put ky = 1. We have Hg(L;H%(G/?)) = Eg’o and hence x = x! = xIli=1 i ¢ Eg’o.
This finishes the induction base step at r = 1.
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In the induction step from » — 1 to r > 2, we can assume that we have already
r—1
constructed k1, ..., k,_; and shown that xlli=1ki belongs to E?’O. Now choose k;
r—1
with k, -d?’o(xni=l ki) = 0. This is possible since by assumption d)° ®zidg =0.
For any element y € EY°, one checks inductively for j = 1,2,... that
APy = j-dP ()77
This implies
r r—1 3 r—1y . r—1 —
do,O(xr[i=1ki) _ d0,0((x]_[i=lk,~)k;) —k, _dﬁ),O(xI—[,Elk,) . (xl_[i=1)k' o

Since E is the kernel of d 0 0 E?fl, we conclude xlli=iki ¢ E% +1.

Since L is l —dimensional, we get for k ]_[,_1 k; that x* € E". Since EY’ is the
image of the edge homomorphism edge®°, assertion (1) follows.

(2) Consider the commutative diagram

H? (EI(L)(G) HO (G/”)) —)mvhmG/KeOT(G F(L)) ”HK(*)

JHg(u)
0 edge®” 0 0
HO(L) —E " HO(L:H.(G/?)
lngm JH& )
0 edge®0 0 4,0 9 [oF23
HO(G/H) s HY(G/H: HY(G/?)
indg g oH2(imr)
0, )

Here o is the isomorphism which sends v € H2(E z(1)(G); H&(G/?)) to the system
of elements that is, for G/ K € Or(G; F(L)), the image of v under the homomorphism

H2(ix)
HY(Er1)(G): HE(G/?)) —— HX(G/K; HE(G/?))

(edge(),())—l {1}—>K

HE(G/K) 175 340 ()

for the unique (up to G-homotopy) G-map ix: G/K — Er)(G). The G-map
u: L — Ezr)(G) is the unique (up to G-homotopy) G—map from L to the classifying
space of the family F(L), and @ is the structure map of the inverse limit for H. We
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have to prove that I(H) is contained in the prime ideal P provided that P contains
the image of I (L) under the composite

H (f indg—¢g
HE (L) ——— HG(G/H) —— HY (%)
Consider a € Inwvlime, g cor(Gi7 (L)) I(K). Let x € Hg (L;H%(G/?)) be the image
of a under the composite
invlim I(K) — invlim 1O (x) L HO(E G ’H G/?

G/K €Or(G:F (L)) (K) G/K €Or(G:F (L)) k() o(Erw)(@): Hg(G/7)

HQ ;1 (G/)

— 5 HY(L:HY(G/?).
We conclude from assertion (1) that for some positive number k, there is an element
y e HOG (L) with edge®®(y) = x¥. One easily checks that y belongs to Ig (L), just
inspecting the diagram above for H = {1}. Hence the composite

%(f) indg G

Ho(L) 29 140G/ ) Y, (%)
G H

maps y to P by assumption. An easy diagram chase shows that

invlim I(K) — I(H)
" G/KeOr(G;F(L))

maps a¥ to P. Since P is a prime ideal and ¢z is multiplicative, ¢z sends a to P.
Hence the image of ¢g: invlimG/Ke()T(G.f_(L)) I(K) — I(H) lies P. Hence we get
by assumption I(H) € P. This finishes the proof of Lemma 4.4. a

5 The Segal conjecture for infinite groups

In this section we prove the Segal conjecture for infinite groups, Theorem 0.2. It is just
the completion theorem formulated in Problem 3.4 for equivariant stable cohomotopy
Hy = 7y under the conditions that there is an upper bound on the orders of finite
subgroups on L, and L has finite dimension.

Proof of Theorem 0.2 We want to apply Theorem 4.1 and therefore have to prove
conditions (1), (2), (3) and (4) appearing there.

Condition (1) is satisfied because of 79 (x) =

Condition (2) is satisfied because of Example 1.5.
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Next we prove condition (3). Recall the assumption that there is an upper bound on
the orders of finite subgroups of L and that L is finite-dimensional. Recall that F(L)
denotes the family of finite subgroups H € G with L¥ #£ . By Example 1.5 we
can find, for every ¢ € Z with g # 0, a positive integer C(¢g) such that the order
of nzl(*) divides C(g) for every H € F(L). Furthermore recall that L is finite-
dimensional. Consider the equivariant cohomological Atiyah—Hirzebruch spectral
sequence converging to ng+q (L). Its E,—term is given by

EY? = HE(L: wl (%))

Therefore E ;’l_r is annihilated by multiplication with C(1 —r) and hence rationally
trivial for r > 2. Hence for r > 2 the differential

0,0. 0,0 r,1—r
d" E;>" — E|

vanishes rationally. We have shown that the conditions appearing in Lemma 4.4 are
satisfied. Hence in order to verify condition (3), it suffices to prove, for any family F
of subgroups of G with the property that there exists an upper bound on the orders of
subgroups appearing F, for any H € F, and for any prime ideal P of the Burnside
ring A(H), that P contains the augmentation ideal Iz provided P contains the image
of the structure map for H of the inverse limit
¢g: invlim Ig — Ig.

G/ K €Or(G;F)
Fix a finite group H. We begin by recalling some basics about the prime ideals in the
Burnside ring A(H), taken from [9]. In the sequel, p is a prime number or p = 0.
For a subgroup K € H, let P(K, p) be the preimage of p-Z under the character map
for K,

charl: A(H) -7z, [S]~ |SK|.

This is a prime ideal, and each prime ideal of A(H) is of the form P(K, p). If
P(K,p)=P(L,q),then p =gq. If p is a prime, then P(K, p) = P(L, p) if and
only if (K[p]) = (L[p]), where K[p] is the minimal normal subgroup of K with a
p—group as quotient. Notice for the sequel that K[p] = {1} if and only if K is a
p-group. If p =0, then P(K, p) = P(L, p) if and only if (K) = (L).

Fix a prime ideal P = P(K, p). Choose a positive integer m such that | H| divides m
for all H € F. Fix H € F. Choose a free H—-set S together with a bijection
u: S => [m], where [m] = {1,2,...,m}. Such an S exists since |H| divides m
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and we can take for S the disjoint union of m /| H| copies of H. Thus we obtain an
injective group homomorphism

pu: H— Sy, hl—)uolhou_l,

where /5 S — S is given by left multiplication with 4 and Sj, = aut([m]) is the
group of permutations of [m]. Let S;,[py] denote the H—set obtained from Sy,
by the H-action h-o := py(h)oo. Let Syl,(Sy) be the p-Sylow subgroup
of Sp. Let Spm/Syl,(Sm)[pu] denote the H-—set obtained from the homogeneous
space Sy /Syl,(Sm) by the H-action given by /-6 = p,(h) oo. The H-action on
Smlpu] is free. If for K € H we have (Sm/Sylp(Sm)[pu])K # &, then for some
0 € Sm we get pu(K) S o -Syl,(Sm) -0~ !, and hence K must be a p—group.

Suppose that T is another free H —set together with a bijection v: T => [m]. Then we
can choose an H —isomorphism w: S — T'. Let 7 € S}, be given by the composition
vowou~!. Then ¢(t)op, = py holds, where ¢(t): Sy — Sy sends o to Tooor 1.

Moreover, left multiplication with T induces isomorphisms of H —sets

Smloul =g Smlpv] and Sm/Sylp(Sm)[pu] =g Sm/sylp(Sm)[/Ov]-

Hence we obtain elements in A(H),

[Sm] = [Smlou]l and [Sm/sylp(Sm)] = [Sm/sylp(Sm)[Pu]]’
which are independent of the choice of S and u: S => [m]. If i: Hy — Hj is
an injective group homomorphism between elements in F, then one easily checks
that the restriction homomorphism A(i): A(H;) — A(Hp) sends [Sy] to [Sy] and
[Sm/Syl, (Sm)] to [Sm/Syl,(Sm)]. Thus we obtain elements

[Sm]l. [1Sm /Sy, (Sm] € y éré\(])lﬂrcl; 5 A(K).

Define elements

Sl 1,1Sm/Syl (Sm)|-1€  invli A(K
|Sm| - 1, [Sm/Syl,(Sm)| Gy anim, (K)

by the collection of elements |Sy,|-[K/K] and [Sy/Syl,(Sm)|-[K/K] in A(K) for
K € F. Thus we get elements

([Sm]l = |Sm|- 1, [[Sm/sylp(sm)]] - |Sm/sy1p (Sm)|-1€ G/Iiré\g)lil(‘r(l;;f) Ix

The image of [[Si]] — |Sm|- 1 (resp. [Sm/Syl,(Sm)ll — [Sm/Syl,(Sm)| - 1) under
the structure map of the inverse limit invlim /K €O (G:F) I for the object G/H €
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Or(G; F) is [Sm] — |Sm|-[H/H] (resp. [Sm/sylp(Sm)] - |Sm/sy1p(sm)| -[H/H]).
Hence, by assumption,
[Sm]—1Sm|-[H/H] € P(K, p),

[Sm/SYlp (Sm)] = [Sm/Syl, (Sm)| - [H/H] € P(K, p).

Therefore charlf(I: A(H) — Z sends both [Sy,] — S| - [H/H] and [Sm/Syl,(Sm)] —
|Sm/Syl,(Sm)| - [H/H] to elements in pZ. Since charlf(l([Sm] —|Sm| - [H/H]) =
0—|Sm| for K # {1}, we conclude that K = {1} or that p # 0. If K = {1}, then
I(H) ="P({1},0) is contained in P(K, p). Suppose that K # {1}. Then p is a prime.
We have

charg ([Sm/SyL, (Sm)] — |Sm/SYL, (Sm)| - [H/H))
= |(Sm/SylL,(Sm) X | = 1Sm/SyL, (Sm)|.

Since this integer must belong to pZ and [S;,/Syl, (Sm)| is relatively prime to p, we
get (Sm/Syl, (Sm)X # &. Hence K must be a p—group. This implies P(K, p) =
P({1}, p) and therefore 1(H) = P({1},0) € P(K, p). This finishes the proof of
condition (3).

Condition (4) follows from the proof of the Segal conjecture for a finite group H due
to Carlsson [6]. This finishes the proof of Theorem 0.2. O

6 An improved strategy for a proof of a completion theorem

The next result follows from Theorem 4.1, Lemma 4.4 and a construction of a modified
Chern character analogous to the one in [12, Theorem 4.6 and Lemma 6.2], which will
ensure that the condition about the differentials in the equivariant Atiyah—Hirzebruch
spectral sequence appearing in Lemma 4.4 is satisfied. We do not give more details here,
since the interesting cases of the Segal conjecture and of the Atiyah—Segal completion
theorem are already covered by Theorem 0.2 and [16].

Let G be a (discrete) group. Let F be a family of subgroups of G such that there is
an upper bound on the orders of the subgroups appearing F. Let 7-[1 be an equivariant
cohomology theory with values in R—modules which satisfies the disjoint-union axiom.
Define a contravariant functor

(6.1) 14 (x): FGIN] - R-MODULES,
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with the category FGINJ of finite groups with injective group homomorphism as
source, by sending an injective homomorphism o: H — K to the composite

e () 220 a4 (K H) 2 e (),

where pr: H/ K = indy (*) — * is the projection and indy comes from the induction
structure of 5. Assume that 7-[1 comes with a multiplicative structure.

Theorem 6.2 (improved strategy for the proof of Theorem 0.2) Suppose that the
following conditions are satisfied.

(1) The ring H°(x) is Noetherian.

(2) Let H C G be any finite subgroup and m € Z be any integer. Then the H°(x)—
module H'py () is finitely generated, there exists an integer C(H,m) such that
multiplication with C(H, m) annihilates the torsion submodule torsz, (H'; (*))
of the abelian group H'7; (), and the R—module H'; (*)/torsz (H7; (%)) is
projective.

(3) Let H be any element of F. Let P C 7—[21(*) be any prime ideal. Then the
augmentation ideal

I(H) = ker(?-l%,(*) — H%(H) =5 ’H,O(*))

is contained in P if P contains the image of the inverse limit under the structure
map for H,

: invlim I(K) - [(H).
G/KeOr(G;F)

(4) The completion theorem is true for every finite group H in the case X = L = x

and f =id: % — x, ie for every finite group H , the map of pro-#° () —modules

M (o) Mg () /LH) =1 — {H" (BH) (n—1)) }n=1
defined in (3.3) is an isomorphism of pro-#°(x)—modules.
(5) The covariant functor (6.1) extends to a Mackey functor.

Then the completion theorem is true for H:’k and every G-map f: X — L from a finite
proper G-CW-complex X to a proper finite-dimensional G-CW-complex L with the
property that there is an upper bound on the order of its isotropy groups; ie the map of
pro-H° () —modules

BX): (HEX) /T (L) - HEX)nz1 = {HE((EG X6 X)n=1))} y=1

defined in (3.3) is an isomorphism of pro-#°(x) —modules.
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Remark 6.3 The advantage of Theorem 6.2 in comparison with Theorem 4.1 is that
the conditions do not involve L and f: X — L anymore, and only depend on the
functor ’H?q(*): FGINJ — Z -MODULES. If one considers the case R = Z and
assumes 7—[0(*) = 7, then condition (1) is obviously satisfied and condition (2) reduces
to the condition that for any finite subgroup H € G and any integer m € Z the abelian
group H'; () is finitely generated.

Remark 6.4 (family version) We mention without proof that there is a also a family
version of Theorem 0.2. Its formulation is analogous to the one of the family version
of the Atiyah—Segal completion theorem for infinite groups; see [15, Section 6].
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