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Model structures for (oo, n)—categories
on (pre)stratified simplicial sets and
prestratified simplicial spaces
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MARTINA ROVELLI

We prove the existence of a model structure on the category of stratified simplicial
sets whose fibrant objects are precisely n—complicial sets, which are a proposed
model for (co, n)—categories, based on previous work of Verity and Riehl. We then
construct a Quillen equivalent model based on simplicial presheaves over a category
that can facilitate the comparison with other established models.
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Introduction

Grothendieck and Quillen observed that the nerve of ordinary 1-categories, taking
values in simplicial sets, allows us to study the homotopy theory of categories. The nerve
construction is a fully faithful embedding, and its essential image can be characterized
as those simplicial sets which admit unique inner horn extensions. Dropping the
uniqueness requirements led to the notion of a “quasicategory”, which is a model of an
(00, 1)—category. Joyal and Lurie took the first steps towards understanding the theory
of (o0, 1)—categories by means of a model structure on the category of simplicial sets
whose fibrant objects are precisely quasicategories.

One might want to try and apply the same ideas to 2—categories or more generally
n—categories. When n > 1, the approach has the caveat that the simplices in dimension
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at least 2 have to play a double role, encoding both higher (possibly noninvertible) cells
of an n—category, but also recording the composition of the lower-dimensional cells.
As a manifestation of this issue, the nerve construction for n—categories, as defined by
Street, fails to be fully faithful.

In order to solve this problem, Roberts introduced the additional structure of a “strat-
ification” on the nerve, declaring that the simplices corresponding to identity cells
are “marked”. Verity showed that the resulting Roberts—Street nerve, taking values in
“stratified simplicial sets”, is a fully faithful functor whose image can be characterized as
those stratified simplicial sets that admit unique extensions with respect to three classes
of maps, recovering a similar picture to the case n = 1. These stratified simplicial sets
go under the name of “strict n—trivial complicial sets”.

Given that the naturally occurring examples of higher categories are not strict, one might
want to modify the stratified nerve construction to accommodate the new framework.
To this end, rather than working with a stratification in which only identities are marked,
one can instead consider the “saturated” stratification for the nerve of an n—category,
in which the marked simplices are precisely the equivalences. The resulting nerve is an
“n—trivial (weak) complicial set”, in the sense that it admits extensions with respect to
the same classes of maps, but the lifts are no longer unique. However, when endowed
with the saturated stratification, the nerve gains the right lifting property with respect
to a fourth kind of map, as a manifestation of the fact that all equivalences are marked.

The n—trivial complicial sets that are also saturated, or for short n—complicial sets,
are a proposed model of (oo, n)—categories. This perspective, firstly proposed by
Verity in unpublished work [33], was widely explored by Riehl [26, Section 3], and the
existence of a model structure for n—complicial sets was conjectured. It is expected
that this model structure on Strat should be equivalent to the other established models
of (o0, n)—categories (see Barwick and Schommer-Pries [4, Conjecture 15.13]). A
variety of other models of (co, n)—categories are already known to be equivalent; see eg
Ara [1], Barwick and Schommer-Pries [4], Bergner and Rezk [5; 7] and Haugseng [12];
amongst them we mention Rezk’s ®,—spaces [25], which are fibrant objects in the
category 5Set®n of simplicial presheaves over the category ®,. The aim of this work
is to establish the model structure for n—complicial sets and take the first steps towards
the further comparison with ®,—spaces.

Given that the models of n—complicial sets and of ®,—spaces offer different advantages,
an explicit comparison would yield a useful tool to export the constructions from one
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model to another. For instance, when working with (pre)stratified simplicial sets the
pseudo-Gray tensor product is easy to define, as just the product of the underlying
simplicial sets endowed with a certain stratification.

On the other hand, the globular approach of ®,-spaces is a powerful setup to talk
about dualities of an (co, n)—category.

In [26], Riehl conjectured (based on ideas by Verity) the existence of a model structure
for n—complicial sets as a special instance of a theorem of Verity [32], which gives
conditions to obtain cartesian model structures on the category Strat of stratified
simplicial sets. In this paper we start by providing the verifications of these conditions,
obtaining a proof of the desired model structure for n—complicial sets, which appears
as Theorem 1.25.

Theorem A For n > 0, there is a cartesian model structure on the category Strat of
stratified simplicial sets, whose fibrant objects are precisely n—complicial sets.

To record the piece of information given by a stratification on a simplicial set, one
can identify a category A obtained by adding to A new objects [m]; as well as
structure maps [m] — [m]; for m > 1. A “stratified simplicial set” is then a presheaf
X: t AP — Set with the further condition that the set of marked k—simplices X ([m];)
is contained in the set X ([m]) of ordinary k—simplices, namely that the new structure
map X ([m];) — X([m]) is an inclusion.

With the further goal in mind of finding an explicit comparison of models between
Rezk’s ®,—spaces and Riehl-Verity’s n—complicial sets, we produce two intermediate
model structures on the categories Set’!A” and sSer’ A" of “prestratified simplicial
sets” and “prestratified simplicial spaces”, respectively. Here we construct such model
structures and show that there are Quillen equivalences

Strat 2 Set' A 2 sSet’ A%

Producing a Quillen equivalence
O] op
sSet' A" =2 5Set®n
with the model of ®,—spaces is the subject of an ongoing project, joint with Bergner.

The model structure that we put on Ser’A”

relies on Cisinski’s theory of model cate-
gories of presheaves [8], generalizing the techniques involved in establishing the Joyal

model structure on sSet for quasicategories [16].
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Theorem B  For n >0, there is a model structure on the category Set*®” of prestratified
simplicial sets, whose fibrant objects are called n—precomplicial sets, and this model
structure is Quillen equivalent to the model structure on the category Strat for n—
complicial sets.

The construction of the model structure appears as Theorem 1.28, and the Quillen
equivalence as Proposition 1.35.

Next, in order to create a Quillen equivalent model structure on simplicial presheaves
over tA we specialize Ara’s method from [1], which is in turn a generalization of
methods of Joyal and Tierney [17] and Cisinski and Moerdijk [9].

Theorem C For n > 0, there is a cartesian model structure on the category sSet' "

of prestratified simplicial spaces, whose fibrant objects are called n—precomplicial
spaces, and this model category is Quillen equivalent to the model structure on Set' ™
for n—complicial sets.

The construction of the model structure appears as Theorem 2.7, and the Quillen
equivalence as Theorem 2.14.

The model of n—precomplicial spaces, which is morally a generalization of Rezk’s
model for complete Segal spaces [24], is also interesting in itself. On the one hand, it
carries all the advantages of model categories of simplicial presheaves; for instance, it is
easy to define n—precomplicial objects in a different model category. On the other hand,
the indexing category ¢ A does not depend on 7, so describing an n—precomplicial
space for large n requires the same amount of data as for small values of 7.

In an ongoing project, we aim to achieve the final comparison with ®,—spaces.

Conjecture The model structure on the category sSet 2™

of prestratified simplicial
spaces for n—precomplicial spaces is Quillen equivalent to the model structure on

op
Rezk’s model structure on sSet®n for ©,,—spaces.

The equivalence of models has already been established for n = 1, as a consequence
of the fact that Lurie’s model structure for naturally marked simplicial sets and Rezk’s
model structure for complete Segal spaces are Quillen equivalent, and for n = 2, as a
consequence of work by Lurie [20] and by Gagna, Harpaz and Lanari [11].

The case n = oo

As a final note, we point out that this paper focuses on n—(pre)complicial sets as a
model of (oo, n)—categories for finite 7, but the constructions and theorems are also
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valid for the case n = co. In particular, one gets a notion of an co—(pre)complicial set,
as well as a model structure for co—(pre)complicial sets, and might wish to relate them
to some version of an (oo, co)—category.

A precise notion of an (0o, co)—category has not been formally established. How-
ever, based on the notion of an (oo, n)—category for all finite #, some of the experts
seem to agree that there are (at least) two meaningful approaches one can take. In a
MathOverflow post [15], Barwick, Rezk and Schommer-Pries consider two different
notions for the (oo, 1)—category of (0o, co)—categories, each given by the homotopy
limit of a tower of functors from the (oo, 1)—category of (oo, n+1)—categories to
the (o0, 1)—category of (o0, n)—categories. The functors occurring in these towers
are respectively the right and left adjoints to the inclusions of (oo, n)—categories into
(00, n+1)—categories.

Roughly speaking, in the first case, referred to as inductive, amap of (oo, 0o)—categories
is a weak equivalence if and only if it induces equivalences of underlying (oo, n)—
categories, and in the second case, referred to as coinductive, if and only if it induces
equivalences of truncated (0o, n)—categories. The different nature of the two notions
is already present when working with strict higher categories; for instance, Lafont,
Meétayer and Worytkiewicz [18] define w—categories following the coinductive point
of view.

We believe that co—(pre)complicial sets should provide a model for the inductive notion
of (0o, co)—categories. Moreover, they can conjecturally be used to implement the
coinductive notion, by localizing with respect to the nerve of the free co—categorical
adjoint equivalence (denoted by P! in [18]), considered as maximally marked. These
topics will be addressed in future work.
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1 The model structure for n—(pre)complicial sets

In this section, we define the categories Strat and Se'~” of stratified and prestratified
simplicial sets, and put Quillen equivalent model structures on them. The fibrant objects,
called “n—(pre)complicial sets”, are a proposed model for (oo, n)—categories.

1.1 Prestratified and stratified simplicial sets

We start by giving a description of Verity’s category tA from [32], in terms of its
generators and relations.

Notation 1.1 Let #A be the category defined as follows. The set of objects is given
by
Ob(zA) := {[m] for all m > 0} U {[m]; for all m > 1}.

The maps in ¢ A are generated under composition by the following four kinds of maps:

o cofaces d': [m]—[m+1]for0<i <m+1,

e codegeneracies s': [m] —[m—1]for 0<i <m—1,

e counmarking maps ¢: [m] — [m]; for m > 1,

e comarking maps %: [m]; = [m—1]for 0 <i <m—1,

subject to the usual cosimplicial identities

dd =d'd’" " im—21—[m] if0<i<j<m,
std =d's/™1: [m] — [m] if 0<i<j<m,
std) =id=s/d’*: [m] — [m] if 0<j<m,
stdt = d'=Vs/: [m] = [m] ifl1<j+1l<i<m+l1,
sist =s's/ e m+2]—>[m] if 0<i<j<m,

and the additional relations
to=s:[m+1]—>[m] ifm=>1land0<i<m,
si§j+1=sj§i:[m+2],—>[m] if0<i<j<m.

The generating morphisms of A can be pictured as follows:
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Digression 1.2 Verity essentially gives this description of A in terms of generators
and relations in [32, Observation 12]. The list of relations is however not exhaustive,
as the family of relations sko {l t=glo {k is omitted.! The complete description
of ¢t A will appear in [27].

We are interested in presheaves over tA.

Definition 1.3 A prestratified simplicial set is a presheaf X: t A°° — Set. We write

Xm:=X([m]) and 1Xy, = X(m]),
and we write
() Xom := X([m]ry)

for the value of X at a generic element [m](,) of ¢t A. We denote by Ser’ A” the category
of prestratified simplicial sets.

The inclusion A < ¢ A induces a functor
U: Set' 8" — sSet

which sends a prestratified simplicial set to its underlying simplicial set. In particular,
to describe a (pre)stratified simplicial set it is enough to give the underlying simplicial
set, and describe which simplices are marked (possibly with multiple labels). The first
of the two extra relations present in the indexing category ¢ A translates to saying that
any degenerate simplex is marked, with a distinguished label in the case of multiple
marking. The second extra relation says then that these distinguished markings coincide
whenever the simplex can be expressed as an iterated degeneracy in different ways.

Remark 1.4 The forgetful functor Ser'2” — sSer mapping a prestratified simplicial
set to its underlying simplicial set has both a left and a right adjoint,

(=) sSet 2 Set'™" .U and U: Set!2™ 2 sSet :(—)F.

The left adjoint (—)P assigns to a simplicial set X its minimal stratification X b where
only degenerate simplices are marked. We regard this one as the canonical stratification
on a simplicial set, and often omit the notation. Similarly, the right adjoint (—)” assigns
to a simplicial set X its maximal stratification X*, where all simplices marked in
positive degrees.

'Without the relation s¥ o ¢ I+1 =l o é‘k, we almost recover instead Street’s category hZA from
[29, Section 5], modulo the fact that #A does not contain [1]; amongst its objects.
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We record for further reference the notation for representable prestratified simplicial
sets.

Notation 1.5 We denote by:

e A[m] the prestratified simplicial set represented by [m] for m > 0. In particular,

only degenerate simplices are marked. We observe that A[0] is the terminal
object of Ser’A” .

e A[m]; the prestratified simplicial set represented by [m]; for m > 1. In particular,
besides the degenerate simplices, the only nondegenerate m—simplex is marked.

e A[—1] the prestratified simplicial set that is constant at the empty set, ie given
componentwise by () A[—1]x = &. We observe that A[—1] is the initial object
of Ser'A™

A direct verification (or an instance of [8, Proposition 1.2.27]) shows the following
characterization of monomorphisms in Set’ 2™ :

Lemma 1.6 The class of monomorphisms in Se'””™ is the saturation in the sense of
Definition A.5 of the set of maps
I :={0A[m] — A[m]|m > 0} U{A[m] — A[m]; | m > 1}.

Any monomorphism of prestratified simplicial sets factors into two pieces: a “regular”
inclusion and an “entire” inclusion, which we now define. These notions agree with
Verity’s original ones from [32, Definition 9] in the case of maps of “stratified simplicial
sets”, which will be defined later.

Definition 1.7 A monomorphism of prestratified simplicial sets j: X < Y is

(1) entire if it is an identity on the underlying simplicial set;

(2) regular if for every m > 1, the following diagram is a pullback:

tXm —25 Xon

il [

Y —5— Y

Remark 1.8 The class of regular inclusions is closed under compositions, retracts,
transfinite compositions and products with any prestratified simplicial set.
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Verity works with prestratified simplicial sets that satisfy a further condition.

Definition 1.9 [32, Definition 5] A stratified simplicial set® is a prestratified simpli-
cial set X: t A°? — Set such that the structure maps

tXm — Xm

induced by the coforgetful maps ¢: [m] — [m]; are injective for all m > 1. We denote

# AP

by Strat the full subcategory of Se given by the stratified simplicial sets.

For a stratified simplicial set X: t A’ — sSet, we think of X}, as the set of m—simplices,
and of X}, C X}, as the subset of marked or thin n—simplices. Following the same
intuition, when X is only prestratified an m—simplex can be marked admitting multiple
labels, and tX,, is then a set of labels of marked m—simplices. An example of a
prestratified simplicial set that is not stratified will be given in Example 1.11.

Remark 1.10 All the representable prestratified simplicial sets from Notation 1.5 are
stratified simplicial sets and the full subcategory of Strat given by the standard simplices
A[m] for m > 0 and the standard marked simplices A[m]; for m > 1 is isomorphic
to tA. In particular, in this category we see that, beside the usual cosimplicial maps
between standard simplices, there are entire maps ¢: A[m]| — A[m]; for m > 0, and
for m > 1 the i™ codegeneracy induces a map ¢': A[m], — A[m —1].

As pointed out in [32, Observation 12], Strat is a reflective subcategory of Se//2” | as
the inclusion 7 fits into an adjoint pair

R: Set'™" 2 Strat .
The left adjoint, which we call the reflector, can be computed levelwise on objects as

(RX)n:=X, and (RX,:=im(tX, — Xp).

In particular, limits and colimits in Ser’A”™

are pointwise, limits in Strat are computed
in Ser!2”, and colimits in Strat are obtained by applying the reflector to the colimits

in Set'A"

2We warn the reader that Verity’s use of the terminology “stratified” is unrelated to that of Ayala,
Francis and Tanaka [2] and Lurie [21].

Algebraic & Geometric Topology, Volume 20 (2020)



1552 Viktoriya Ozornova and Martina Rovelli

Example 1.11 Note that pushouts in SerA” and in Strat might differ a lot. Indeed,

given a diagram of stratified simplicial sets and monomorphisms, the pushout in Ser*A”

might not be a stratified simplicial set, and therefore cannot be the pushout in Strat.
For example, the pushout in Ser'2”™ of the diagram of entire inclusions

Alm]; <= Alm] — Alm];

is not a stratified simplicial set.

However, as an instance of the following proposition, sometimes the pushouts in Strat
and in Ser!2™ do coincide:

Proposition 1.12  The pushout in Ser*2™ of a regular inclusion of stratified simplicial
sets along any map of stratified simplicial sets is a regular inclusion of stratified
simplicial sets.

One can prove this proposition by means of the following lemma:

Lemma 1.13 (Reedy’s Lemma) Consider a diagram of sets

Nll ™ l

C/ s D/

Suppose that the front and the back faces are pushouts, the maps «, B, v, j and j' are
injective, and the left-hand face is a pullback. Then

(1) the map § is injective, and

(2) the right-hand face is also a pullback.

Proof of Proposition 1.12 Given a span
y<xL, 7
of stratified simplicial sets such that j is a regular inclusion, we apply Lemma 1.13 to

the following diagram:
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tXm A > tZm v
l % f | \
J Xm > Zm
|
tYm > 1Py
P o
Ym > Py

where P denotes the pushout of the span above in SerA”. We conclude that the
pushout in Ser'A™ is a stratified simplicial set by Lemma 1.13(1), and that the pushout
of j is again a regular inclusion by Lemma 1.13(2). |

Remark 1.14 We record two closure properties of Strat:

(1) A retract in Set’~” of an object in Strat is again in Strat.
(2) The filtered colimit in Ser'2™ of objects in Strat is again in Strat. In particular,
filtered colimits in Strar and Ser'2™ coincide.

# AP

Proposition 1.15 The categories Se and Strat are cartesian closed, with internal

homs given by the prestratified simplicial set

((ZY ) 1= Homg, a0 (A[m] sy x Y, Z).

When it is useful to emphasize the ambient category, we write homg, (Y, Z) or
homyg,,a» (Y, Z) for the internal hom Z Y

Proof The fact that the above formula for ZY yields the internal hom for the category

of presheaves Set’2”

is formal and a special case of Proposition A.1. Moreover, we
will show that if Z is a stratified simplicial set and Y any prestratified simplicial set,
then the internal hom ZY of SerA” is also a stratified simplicial set. Using this fact,
it is easy to see that the same formula yields the internal hom for the category Strat
whenever Y and Z are stratified simplicial sets. The fact that the category Strat is

cartesian closed is also mentioned in [32, Observation 12 and Definition 59].

To justify the claim, we need to check that for any stratified simplicial set Z and for
any tA—set Y the map t+(ZY)r — (Z¥), induced by ¢: [k] — [k]; for k > 1 is
injective. This map is precisely the map

Homg, a0 (A[k]; X Y, Z) — Homg, a0 (A[k] x Y, Z)
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induced by precomposition with ¢ xid: A[k]xY — A[k]; x Y. So we want to show
that a lift of a map of presheaves f: A[k]xY — Z to a map f: Akl xY — Z is
unique if it exists. Since the underlying simplicial sets of A[k]x Y and Alk]; x Y
are equal, we only need to check that the value of f on marked simplices is uniquely
determined by f. Moreover, since the marked simplices of A[k]x Y and Alk]; xY
coincide in all dimensions except &k, we only need to check that the value of ]7 on [k];,
namely the function

Tk, s (AKIx Y)([k]e) — Z([k],),

is uniquely determined by f. Since Z is by assumption a stratified simplicial set,
the structure map ¢g: Z([k];) — Z([k]) is injective, so it is enough to check that the
function

or © firg,: (AKX Y)([k]e) — Z([k]e) — Z([k))

is uniquely determined by the f. We conclude recalling that f is uniquely determined
on the underlying simplicial set and observing that there is a commutative diagram of
the form

ALKl x VKD 2 Z (k)

o [

(Alk]e x Y)([k]) Y Z([k]) a

Remark 1.16 The inclusion Strat < Set!2” is fully faithful as a functor enriched

f AP

over Se , ie it induces an isomorphism of prestratified simplicial sets

i homg, (X, V) = homg, a» (X, V).

Remark 1.17 The reflector is a functor enriched over Set!A™

prestratified simplicial sets

, ie it induces a map of

R: homg,a» (Y, Z) — i homg,;(RY, RZ).

Moreover, the adjunction is enriched over Ser’A” , ie there are natural isomorphisms
of prestratified simplicial sets

i homgq (RY, X) = homg,,a» (Y, X),

which is an easy consequence of the fact that R commutes with products.
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1.2 Precomplicial and complicial sets

In this subsection, we describe which (pre)stratified simplicial sets should be thought
of as (o0, n)—categories, which in [27] go under the name of “n—(pre)complicial sets”.
The condition that we require is having the right lifting property with respect to four
classes of elementary anodyne maps. For an account on the purpose and the intuition
behind each of them, see the expository note [26].

The elementary anodyne maps involve the following stratified simplicial sets, which
can also be found in [26], and partially in [32, Notation 10].3

Notation 1.18 We denote by

(1) AK[m] for 0 < k < m the stratified simplicial set whose underlying simplicial
set is A[m] and in which a nondegenerate simplex is marked if and only if it
contains the vertices {k —1,k, k + 1} N [m];

(2) AK[m] for 0 < k < m the stratified simplicial set obtained from A¥[m] by
additionally marking the (k—1)* and (k+1)% face of A[m];

(3) AK[m]” for 0 < k < m the stratified simplicial set obtained from A¥[m] by
additionally marking the k™ face of A[m];

(4) A¥[m] for 0 < k < m the stratified simplicial set whose underlying simplicial
set is the k—horn A¥[m] and whose nondegenerate marked simplices consist of
those simplices that are marked in A*[m];

(5) A[3]eq the stratified simplicial set whose underlying simplicial set is A[3], and
whose nondegenerate marked simplices consist of all 2— and 3—simplices, as
well as 1-simplices [02] and [13].

We also make use of the join construction for stratified simplicial sets x: Stratx Strat —
Strat. The underlying simplicial set of this join construction agrees with Joyal’s join con-
struction of the underlying simplicial sets from [16, Section 6.6] or [27, Appendix D.2],

3For historical reasons, Street and Verity first focused on stratified simplicial sets that had the right
lifting properties with respect to the maps of type (1) and (2), and refer to them as “weak @ —categories” [29]
and “weak complicial sets” [32], respectively. A weak complicial set that also has the right lifting property
with respect to the maps of type (3) is called “n—trivial”. Later on, Riehl introduced in [26] the terminology
“saturated” for n—trivial weak complicial sets that also have the right lifting property with respect to maps
of type (4).
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ie given simplicial sets A and B the set of k—simplices of 4 x B is given by

k

(Ax By = | [ (41 x Bey—y).
[=—1

following the convention that A_; = B_; = *. The stratification of the join construction
can then be found in [32, Observation 34] or [27, Appendix D.2]. Explicitly, a k—
simplex in the join A x B can be seen as amap « * 8: A[l/]x A[k—]—1]— Ax B with
« an /—simplex in A and B a (k—/—1)—simplex in B, with the convention A[—1]=&;
the simplex o = 8 is then marked if and only if either & or 8 is marked (or both).

Definition 1.19 Let n > 0. An elementary anodyne extension is one of the following:
(1) The complicial horn extension from [32, Definition 15], ie the regular inclusion
Ak[m] — Ak[m] for m>1 and 0 <k <m.

(2) The complicial thinness extension from [32, Definition 15], ie the entire inclu-
4

sion
A¥im] — A¥[m]” for m >2 and 0 <k <m.
(3) The ™ triviality extension map, ie the entire inclusion
Alll— A[l]; for [ > n.
(4) The saturation extension from [26, Definition 3.2.7], ie the entire inclusion
All]* A[3leq = A[l]x AR for [ > —1.

We denote by A, the collection of all elementary anodyne extensions.
Remark 1.20 An involved combinatorial argument shows that, in the presence of the

maps of type (1), (2) and (3), requiring a right lifting property with respect to (4) is
equivalent to requiring it with respect to the family of maps

Alm]x A[3]eq * A[l] = Alm] x A[3]ﬁ *x A[l] for I,m > —1

instead. We refer the reader to [27, Appendix D] for more details.

The following terminology is borrowed from [27]:

4We point out that the cases k = 0, m behave quite differently from the cases 0 < k < m. For instance,
in the former there are marked 1-simplices, namely [0, 1] or [m — 1, m], which are used to encode Joyal’s
special outer horn lifting property as explained in [27, Appendix D.4].
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Definition 1.21 For n > 0, an n—complicial set is a stratified simplicial set that has the
right lifting property with respect to the elementary anodyne maps from Definition 1.19.

Roughly speaking, a stratified simplicial set W consists of a set of objects Wy, and
for k > 0 a set of k—morphisms W}, and a set of k—equivalences ¢t Wj.. According to
this intuition, lifting with respect to

(1) all complicial horn extensions guarantees that cells can be suitably composed;

(2) all complicial thinness extensions guarantees that any composite of equivalences
is also one;

(3) n-triviality anodyne extensions guarantees that all cells in degree higher than n
are invertible;

(4) all saturation anodyne extensions guarantees that all equivalences are marked.

In this sense, it is fair to regard an n—complicial set as an (oo, n)—category.

Remark 1.22 The parameter n only appears in the triviality elementary anodyne
extension. In particular, if n > n’ then A, C A,/ and any n’—complicial set (which is
an (0o, n’)—category) is also an n—complicial set (which is an (oo, n)—category). Let
us elaborate on what n—complicial sets recover for low values of 7:

(0) A O—complicial set is precisely a Kan complex endowed with the maximal
stratification.

(1) A l-complicial set is a quasicategory in which the marked 1-simplices are
precisely the equivalences, and all simplices in degree higher than 1 are marked;
so l—complicial sets are essentially the same objects are Lurie’s “naturally
marked quasicategories” from [19].

(2) The underlying scaled simplicial set of a 2-complicial set is a weak co—bicategory
in the sense of [20], as shown by Gagna, Harpaz and Lanari in [11].

We also instead want to consider prestratified simplicial sets (which are not necessarily
stratified) that satisfy the same lifting properties.

Definition 1.23 For n > 0, an n—precomplicial set’ is a prestratified simplicial set
that has the right lifting property with respect to the elementary anodyne maps from
Definition 1.19.

In the next section we construct model structures for n—complicial and n—precomplicial
sets.

5We warn the reader that Verity [31] uses the terminology “precomplicial” to mean something different.
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1.3 The model structure for n—complicial sets

The model structure on Strat for n—complicial sets was first claimed in Example 3.3.6
of [26] as an instance of [32, Theorem 100]. We provide the technical details of the
proof.

The weak equivalences, which we call A,—local equivalences, are defined in terms of
the set® A, of elementary anodyne maps, and in terms of the class of A[1],—homotopy
equivalences in Strat.

The notion of A[1];~homotopy equivalence in Ser’2™ is given in Definition A.3, and

agrees with the one given in [32, Section 6.1] for maps that are in Strat.

Definition 1.24 A map of prestratified simplicial sets f: X — Y is a A,—local
equivalence if and only if for any n—complicial set Z, the induced map on internal
homs f*: ZY — Z¥X is a A[1];~homotopy equivalence.

Theorem 1.25 For n > 0, the category Strat admits a cartesian, left proper, combina-
torial model structure where

e the cofibrations are precisely the monomorphisms,
» the fibrant objects are precisely the n—complicial sets, and

e the weak equivalences are precisely the A, —local weak equivalences.
We call this the model structure for n—complicial sets.
The key fact to check is the following proposition. We recall that a A,—anodyne

extension in Strat is a map in Strat that can be written as a retract of a transfinite
composition of pushouts of elementary A,—elementary anodyne extensions.

Proposition 1.26 For n > 0, the pushout-product of a A, —anodyne extension I — J
and a monomorphism K — L,

UxL)Ujxg (JxK)—J XL,
is an anodyne extension in Strat.

6The index n in Ay does not refer to the n—fold iterated A —construction from [1, Section 2.10].
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Proof The proof of the proposition consists of the verifications of all possible cases of
a generating monomorphism from Lemma 1.6, with an elementary anodyne extension
from Definition 1.19. When the elementary anodyne extension is a complicial horn or
thinness anodyne extension, this was first done in [32, Lemma 72 and Observation 74],
and a detailed argument is also now available in [27, Proposition D.3.8], and partially
in [13]. When the elementary anodyne extension is a triviality or saturation anodyne
extension, this is proven in Lemmas B.5, B.6, B.7 and B.8. O

We can now prove the theorem:

Proof of Theorem 1.25 The existence of the desired cofibrantly generated model
structure is an application of Verity’s theorem [32, Theorem 100] for model structures
on Strat, which is in turn an instance of Smith’s theorem for the existence of model
structures. In order to use Verity’s theorem, we need to check that the set A, satisfies
conditions (i)—(ii) of [32, Definition 91]:

(i) First, we observe that the set A, contains by definition Verity’s elementary ano-
dyne maps, which are precisely the complicial horn inclusions and the complicial
thinness extensions from Definition 1.19.

(i) Next, we show that for every map / — J in A, and for every n—complicial
set X, the induced map on internal homs X7 — X7 is a A[l];—homotopy
equivalence. First, we claim that this map is an “acyclic fibration”, ie it has the
right lifting property with respect to all monomorphisms. For this, we consider
a lifting problem for a monomorphism K — L:

K— X7
[ 27l
L—— x!

By adjointness, the lifting problem is equivalent to

KxJUgxr LxI ﬁ X
A

LxJ

Given that the vertical arrow is a A,—anodyne extension by Proposition 1.26
and since X is an n—complicial set, a lift exists. We conclude knowing that
any acyclic fibration between stratified simplicial sets is a A[1];—homotopy
equivalence by [32, Observation 90].
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Given that every object is cofibrant, the model structure is left proper, and the fact that
it is cartesian is by [32, Observation 107]. O

Remark 1.27 (1) The argument employed to show (ii) is standard and holds more
generally in categories of presheaves as treated in Section A.1 (Proposition A.8).

(2) The model structure for n—complicial sets built in Theorem 1.25 coincides with
the Strat—enriched Bousfield localization of the model structure for n—trivial
(weak) complicial sets from [32, Example 104], with respect to the saturation
anodyne extensions. The ingredients needed to recognize the fibrant objects
in such localized model structure as the n—complicial sets are precisely the
techniques from Appendix B.

1.4 The model structure for n—precomplicial sets
We now construct a Cisinski model structure on Se’ 2™ for n—precomplicial sets.

Theorem 1.28 For n > 0, the category Ser*™ supports a cartesian model structure
where

e the cofibrations are precisely the monomorphisms,
e the fibrant objects are precisely the n—precomplicial sets, and

e the weak equivalences are precisely A, —local weak equivalences.

The key fact to check is that A, interacts well with A[1]; in the sense of the following
proposition.

We recall that an anodyne extension in Set' 2"

is a map that can be expressed as a retract
of a transfinite composition of pushouts in Ser’A™ . Given that colimits in Set’A” and
in Strat differ in general, for a map of stratified simplicial sets, being anodyne in Strat

£ AP

or in Se is not a priori the same requirement.

Proposition 1.29 The elementary anodyne extensions from Definition 1.19 generate a
class of anodyne extensions in Set*” relative to A[1]; in the sense of Definition A.6,
ie

(1) the pushout-product of either inclusion A[0] — A[l]; and a monomorphism
K — L and

(A[0] x L) Uafo)xx (All]r x K) — A[l]s x L

is an anodyne extension, and
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(2) the pushout-product of the inclusion dA[1] < A[l]; and an elementary anodyne
extension [ — J,

(I x A[l]y) Uyxgapg (J x 0A[1]) — J x Al]y,

is an anodyne extension.

Proof We verify the conditions (1)—(2):

(1) We first observe that the pushout-product of either inclusion A[0] — A[l];
(which is in particular a complicial horn inclusion) and any monomorphism
K < L is an anodyne extension in Strat by Proposition 1.26. By Theorem B.3
we conclude that the same map is also an anodyne extension in Ser’4” .

(2) We know from Proposition 1.26 that the pushout-product of the inclusion
dA[l] — A[l]; and a generating anodyne map is an anodyne extension in
Strat. By Theorem B.3 we conclude that the same map is also an anodyne

extension in Set'A” . |

We can now prove the theorem:

Proof of Theorem 1.28 The existence of the desired model structure is an application
of Theorem A.7 for model structures on Ser!2™ . In order to use the theorem, we
only need to know that the class A, generates a class of anodyne extensions relative
to A[l];, which was proven in Proposition 1.29.

We now argue that the model structure is cartesian. By [1, Proposition 2.7] it is enough
to show that the pushout-product of any anodyne extension I — J in Se//2” and any

monomorphism K — L in Ser'A™,

UxL)Ujxg (JxK)—J XL,

is an anodyne extension in Ser'2” . Without loss of generality, we can assume that
I — J is an elementary anodyne extension from Definition 1.19 and K — L is a
generating monomorphism, as in Lemma 1.6; in particular, both maps, as well as their
pushout-product, live in Strat. By Lemma B.4, it is enough to show that the pushout-
product is an anodyne extension in Strat (rather than in Set’2™ ). The conclusion now
follows from Proposition 1.26. a
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Remark 1.30 There are strictly more n—precomplicial sets than n—complicial sets.
However, a stratified simplicial set is fibrant if and only if it is an n—complicial set.

1.5 The Quillen equivalence

We can now show that the model structure for n—complicial sets and that for n—
precomplicial sets are Quillen equivalent.

Proposition 1.31 The reflector R preserves cofibrations and weak equivalences. In
particular, the adjunction
R: Set'®” 2 Strat :i

is a Quillen pair between the model structures for n—precomplicial sets and n—compli-
cial sets.

Proof The fact that the reflector R preserves cofibrations is straightforward from the
explicit description of R. We now prove that the reflector R respects weak equivalences,
too.

If X — Y is a weak equivalence in Se'2” , then WY — WX is a A[1],—homotopy
equivalence in Set’2” for any n—precomplicial set W, and in particular for any n—
complicial set W. Using the fact that the adjunction is enriched from Remark 1.17, we
obtain that WY — WRX 5 a homotopy equivalence in Set!A” for any n—complicial
set W, and therefore RX — RY is a weak equivalence in Strat. a

Proposition 1.32 The reflector respects fibrant objects.
The proof makes use of the following preliminary lemma:

Lemma 1.33 For any prestratified simplicial set X the unit X — i RX is an acyclic
fibration.

Proof We prove that for any presheaf X the unit X — i RX lifts against all cofibra-
tions, which are precisely the monomorphisms. By Lemma 1.6, it suffices to show that
the unit lifts against each of the generating monomorphisms

IAm] — A[m]> and A[m] < A[m];.
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First, consider a lifting problem in Ser’2” of the form

IA[mP —— X

\[ 9 //)( l

Alm]> —— iRX

for m > 0. Since (—)® is left adjoint to the forgetful functor U, this lifting problem is
equivalent to the following one in sSet:

which admits a solution.

Next, consider a lifting problem in Ser’2” of the form

Alm] —5— X
[
Alm]; — iRX

for m > 1. The data of this commutative square is precisely an m—simplex o € Xp, in
the underlying simplicial set of X that is marked as an m—simplex of RX, namely
0 € t(RX)m, and the lift exists if and only if there exists a marked simplex & € X,
that is mapped to o by the structure map X, — X},. By definition of R, the map

tXm —> im(p: tXy = Xm) =t(RX);m

is surjective, and an elementary diagram chase shows that any preimage ¢ € t X, of ¢
gives the desired solution. a

We can now prove the proposition:

Proof of Proposition 1.31 Let A4 be a fibrant object in Se/!2” . In order to show the
fibrancy of RA in Strat, we need to solve a lifting problem of the form

J —— RA
Pt

l 7

7
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for J < J’ any elementary anodyne extension in Strat (and thus in Se/2”). By
reading the diagram in Se’2” instead, we look at a lifting problem as follows:

iJ] —— iRA
B
l et
iJ
We add to the diagram the unit of 4, which is an acyclic fibration by Lemma 1.33,
obtaining
A
I
iJ] —— iRA
7
\[ et
iJ

Since iJ is cofibrant, we find a lift iJ — A as follows:

iJ

Since the inclusion iJ — iJ' is an acyclic cofibration, we find a further lift iJ" — A

/l

in Se

iJ
By composing with the unit, we obtain the desired lift. a

Proposition 1.34 The inclusion creates—namely, reflects and preserves — weak
equivalences.

Proof Let X — Y be a map in Strat. The map i X — iY is a weak equivalence in
Set' A" if and only if the map

homSett AP (l Y, A) - homsettA"P (l X, A)
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is a A[1],~homotopy equivalence for any A fibrant in Se'A™. Since the model
structure is cartesian by Theorem 1.28, the unit is an acyclic fibration by Lemma 1.33,
and acyclic fibrations are A[l];—homotopy equivalences by [8, Proposition 1.3.26],
this is equivalent to asking for the map

homg,ar (i Y, i RA) — homg,,a» (i X, i RA)

to be a A[1],~homotopy equivalence in Set!A” . By Remark 1.16, this is equivalent to
asking for the map
homStmt(Y, RA) - homStrat(Xa RA)

to be a A[l];—homotopy equivalence in Strat. By Proposition 1.32 and since the
reflector is essentially surjective (even when restricted to fibrant objects on both sides),
this is equivalent to saying that X — Y is a weak equivalence in Strat. a
Proposition 1.35 For n > 0, the adjunction

R: Set' 2" = Strat i

is a Quillen equivalence between the model structure for n—precomplicial sets and
n—complicial sets.

The proof makes use of the following characterization of Quillen equivalence that
applies to our situation:

Proposition 1.36 [10, Proposition 3.5] Ifin a Quillen pair the right adjoint creates
weak equivalences and the unit of any cofibrant object is a weak equivalence, the
Quillen pair is a Quillen equivalence. |

Proof of Proposition 1.35 The inclusion creates weak equivalences by Proposition
1.34 and the unit is a weak equivalence by Lemma 1.33. We conclude by Proposition
1.36. |

1.6 The role of saturation

We collect here for the interested reader a few remarks that should clarify what difference
it makes to include the saturation anodyne extension in the list from Definition 1.19.

Verity [32] originally focused on a model structure on Strat built in the same way as the
one from Theorem 1.25 but without including the saturation anodyne extension. This
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translates to saying that the fibrant objects do not have the right lifting property with
respect to this class of saturation anodyne extensions, and are therefore not (necessarily)
saturated.

It is a natural question to wonder in what Verity’s original model structure, which we
will refer to for the time being as the model structure for nonsaturated n—complicial
sets” and the model structure for n—complicial sets from Theorem 1.25.

More precisely, we would like to answer the following natural questions:

(1) Are the two model structures equal?

(2) If not, are the homotopy theories represented by these model structures equiva-
lent?

(3) What differences arise when focusing on stratified simplicial sets coming from

the familiar examples of strict n—categories?

The answer to (1) is easily formulated:

Answer (1) Let n > 0. The model structure for nonsaturated n—complicial sets and
the one for n—complicial sets are not equal.

To see this, let us denote by I the free isomorphism category (regarded as a discrete n—
category if n > 1), and by NRS(I) its Roberts—Street nerve, ie the stratified simplicial
set whose underlying simplicial set is the ordinary nerve N (I), and whose marked
simplices are those corresponding to identities. In particular, in N®S(I) everything is
marked in dimension two and above, and only degenerate 1-simplices are marked.

Proposition 1.37 Let n > 0.

(a) In the model structure for nonsaturated n—complicial sets, the Roberts—Street
nerve NRS(I) is fibrant and the unique map N®S(I) — A[0] is not a weak
equivalence.

(b) In the model structure for n—complicial sets, the Roberts—Street nerve NRS(I)
is not fibrant and the unique map N®5(I) — A[0] is a weak equivalence.

Proof For (a), we know by classical results, eg [30; 28; 31], that the stratified simplicial
set NRS(I) has the right lifting property with respect to all complicial horns, thinness

7In Verity’s terminology, these would be weak complicial sets that are moreover n—trivial.
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and triviality anodyne extensions from Definition 1.19, and is therefore a nonsaturated
n—complicial set. Next, we observe that for N®S(I) — A[0] to be a weak equivalence
in the first model structure, it would have to be an acyclic fibration and in particular
lift against the monomorphism A[1] < A[l];. This means that all 1-simplices would
have to be marked, which is not true.

For (b), consider the 3—simplex ( f~!, /, f~1) of the nerve of I, f being one of the
two nonidentity morphisms of I. This 3—simplex defines a map A[3]eq — N RS(1),
which cannot be lifted along the saturation anodyne extension A[3]eq — A[3J*, so
NRS(I) is not an n—complicial set. Next, we observe that the canonical map NRS(I) —
N(I)* can be written as a pushout of the saturation anodyne extension A[3]eq — A[3]F
and is in particular a weak equivalence. Moreover, any inclusion A[0] — N(I)# is by
Lemma 2.16 a weak equivalence, and therefore so is the unique map N (I — Al0]. O

The same proposition allows us to answer (2), too:

Answer (2) There can be no equivalence of homotopy theories between the saturated
model structure and the nonsaturated model structure that fixes the homotopy type of
A[0] =2 NRS([0]) and the homotopy type of NRS(I).

Indeed, we saw that the homotopy types of A[0] and NRS(I) are equal in the homotopy
category obtained from the model structure for n—complicial sets and not in the one
obtained from the model structure for nonsaturated n—complicial sets.

This fact is not a complete answer to (2), but it is at least convincing that, if the
homotopy theories of nonsaturated n—complicial sets and of n—complicial sets are
equivalent, it would have to be through a quite odd comparison map that does not
implement our intuition on strict n—categories.

We now focus on (3), and discuss how strict n—categories react to each of the two
model structures. As we already did in the counterexample above, we consider the
Roberts—Street nerve N RS as the natural way to regard a strict n—category as a stratified
simplicial set. For a general n—category C, the Roberts—Street nerve is a stratified
simplicial set whose underlying simplicial set is the Street nerve NS5%¢(C), and whose
marked k-simplices are those corresponding to an identity k—cell. Modulo this
identification, we can address (3).

Answer (3) Letn > 0.

(a) The model structure for nonsaturated n—complicial sets is suited to incorporate
the homotopy theory of strict n—categories up to isomorphism.
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(b) The model structure for n—complicial sets is suited to incorporate the homotopy
theory of strict n—categories up to n—categorical equivalence.

A way to make this idea into a mathematical statement is the following:

Proposition 1.38 Let® n = 1,2, and let F: C — D be a functor of n—categories.

(a) The n—functor F is an isomorphism of n—categories if and only if N®S(F) is a
weak equivalence in the model structure for nonsaturated n—complicial sets.

(b) The n—functor F is an n—categorical equivalence if and only if N®S(F) is a
weak equivalence in the model structure for n—complicial sets.

Proof For (b), we show in [23, Theorem 4.12] that the model structure on the category
nCat of strict n—categories, namely the canonical model structure on Cat for n = 1
and the Lack model structure on 2Cat for n = 2, is transferred along a right adjoint

I AP

from the model structure for n—precomplicial sets on Se from Theorem 1.28. In

particular, the right adjoint N U nCat — Ser'™” creates weak equivalences. Since we
constructed in [23, Theorem 5.2] a natural weak equivalence NRS(C) - N i) for
any n—category C, the Roberts—Street nerve N RS also creates weak equivalences, as

desired.

An easier variant of the same argument allows us to show (a). More precisely, one
can show that the trivial model structure on the category nCat of strict n—categories,
namely the one in which weak equivalences are the isomorphisms and all maps are both
fibrations and cofibrations, is transferred along the Roberts—Street nerve N RS from the
model structure for nonsaturated n—precomplicial sets on Se/!A” . In particular, the
right adjoint NRS creates weak equivalences, as desired. a

2 The model structure for n—precomplicial spaces

In this section, we define the category sSet’ 2™ of prestratified simplicial spaces, we
construct a model structure by taking the left Bousfield localization of the injective
model structure with respect to the elementary anodyne maps from Definition 1.19, and

I AP

show that this model category is Quillen equivalent to that on Se . In particular, the

fibrant objects in sSer’2” , which we call “n—precomplicial spaces”, can be thought of
as a model of (o0, n)—categories.

8 This restriction is not needed for (a), and even (b) conjecturally holds true for all n > 0.
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2.1 Prestratified simplicial spaces

We now consider presheaves over ¢t A valued in sSet.

Definition 2.1 A prestratified simplicial space is a presheaf X: t A°? — sSet. We
denote by sSet’ A" the category of prestratified simplicial spaces.

The following is formal and generalizes the adjunction from [17, Proposition 4.7].

Going from the category Set’2” of discrete presheaves over ¢ A to the category sSet’ 2
of simplicial presheaves over t A means that now a presheaf W: t A°P — sSet encodes
spaces (as opposed to sets) Wy of objects, Wy of k—morphisms and tWj, of k-
equivalences. In the next section we will impose conditions in order for W to model
an (0o, n)—category. We first investigate the categorical structure of sSer’ 2" .

Remark 2.2 The map io: 1A — tA x A, given by io([m];)) = ([m]),[0]), and the
projection p: tA x A — tA onto the first component induce two functors that form an
adjoint pair

p*i Ser' N 2 sSer' A ik

The functor p* takes a prestratified simplicial set to a constant prestratified simpli-
cial space. The functor i§ remembers only the 0—simplices of every simplicial set,
constituting a prestratified simplicial space.

Similarly, the projection ¢g: t A x A — A onto the second component induces a functor

q*: sSet — sSet' ™",
which takes a simplicial set to a constant prestratified simplicial space.

We refer the reader to [1, Section 2.15] for more details.

# AP

Lemma 2.3 [14, Definition 11.7.2] The category of functors sSe is enriched

over sSet. Given objects X and Z of sSet'®” , the mapping object in sSet is given
componentwise by

Map g, a0 (X, Z)m 1= Hom g, aw (X x ¢* Alm), Z)
for any m > 0. The simplicial structure comes from the cosimplicial structure of the

object Ale].
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2.2 Precomplicial spaces

The notion of an n—precomplicial space is defined in terms of the class p*(A,) of
elementary anodyne maps and of mapping spaces.

Remark 2.4 By Proposition C.4, the category ¢ A is a regular skeletal Reedy category,
and it is in particular elegant Reedy by Remark A.13. Thus, by [6, Proposition 3.15],
the Reedy cofibrations in sSe’2” turn out to be precisely the monomorphisms, so
that the Reedy model structure turns out to be the injective model structure. Here, the
category sSet is endowed with the Kan—Quillen model structure.

Recall the set A, of elementary anodyne extensions from Definition 1.19.

Definition 2.5 An n-—precomplicial space is a prestratified space that is injectively
fibrant and local with respect to all maps in p*A,, ie for any elementary anodyne
extension I — J in A, the induced map

MapsSet’ A% (p* J W) — MapsSet’ A% (p* I,W)

is a weak equivalence of simplicial sets.

According to the intuition above, the fact that a prestratified simplicial space is local
with respect to

(1) the horn inclusion A![2]— A[2]; is similar to the Segal condition, which encodes
the fact that 1—simplices can be composed, and a witness for the composite is
obtained by filling the horn to a marked 2—simplex;

(2) the horn inclusion A[0] — A[1]; and the saturation anodyne extension A[3]eq —
AR is equivalent when n = 1 to being local with respect to the inclusion
A[0] = NT of a point into the nerve of the walking isomorphism, and is therefore
reminiscent of the completeness condition;

(3) the n-triviality anodyne extension A[/]— A[/]; for / > n says that in dimensions
[ > n the space of /—equivalences is equivalent to the space of all /—simplices,
namely all /—simplices are equivalences.

It is interesting how the Segal and the completeness conditions are essentially both
recorded by a complicial horn anodyne extension.
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2.3 The model structure on sSet’A”

We now construct a model structure on sSet!A” for n—precomplicial spaces as a left
Bousfield localization of the vertical injective model structure.

The weak equivalences, which we call A,—local equivalences, are defined in terms of
the class of n—precomplicial spaces and mapping spaces.

Definition 2.6 A map g: C — D in sSer'®” is a Ap—local weak equivalence if for
every n—precomplicial space X the induced map

g% Map,g,..an (D, X) = Map, g, a» (C, X)

is a weak equivalence in sSet.

I AP

Theorem 2.7 For n > 0, the category sSe supports a model structure where

e the cofibrations are precisely the monomorphisms;
o the fibrant objects are precisely the n—precomplicial spaces;
e the weak equivalences are the vertical A, —local weak equivalences;

e the weak equivalences between fibrant objects are the levelwise weak equiva-
lences.

The proof makes use of the language of “localizers”, and we refer the reader to
Section A.2 for more details. The key fact is that localizers in a presheaf category that
are “accessible” define precisely the classes of weak equivalences for a cofibrantly
generated model structure whose cofibrations are the monomorphisms.

Proof of Theorem 2.7 As in [1, Section 4.1], let us consider the localizer Wigezk
generated by

Winj U p*(An) U p*{0%: X — X x A[l]; | X € Se' ™, £ =0,1}.

Since 7 A is a skeletal Reedy category by Proposition C.4, we will see from Lemma 2.8
and Remark A.18 that the localizer Wigrezc 1S an accessible localizer. The localizer
Wirezk is the class of weak equivalences for a model structure on sSet’ AP ' referred to
as the model structure of formal Rezk spaces in [1, Section 4.3], whose cofibrations are
the monomorphisms.
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We claim that the localizer Wire,x is in fact generated by the smaller class Wj,;U p*(An),
and prove this separately as Lemma 2.8. Then, by Remark A.18, the model structure of
formal Rezk spaces is the Bousfield localization of the injective model structure with
respect to A,. In particular, the weak equivalences are precisely the p*(A,)-local
weak equivalences, and the fibrant objects are precisely the n—precomplicial sets, as
desired. a

We complete the proof of the theorem by proving the claim:
Lemma 2.8 The localizer Wige,x is generated by the class Wiy U P*(An).

Proof By definition, Wigezx is generated by
Wi U p*(An) U p*{X — X x A[l]; | X € Ser' ™"}
As explained in the proof of [1, Proposition 4.2], we know that Wigre, is generated by

WiniU p™ (Ap) U p* {0 A[m]x A[1]; Iy Apm)x afo) Alm] x A[0] — A[m]x A[1]; | m > 0}
U p*{A[m] x A[1]; L Apm)xafo] Alm]e x A[0] — A[m]; x A[l]; [ m > 1}.

As observed in Proposition 1.29, the pushout-product of a generating monomorphism
K — L and either inclusion A[0] — A[l];,

K x All]; O gxafo) L x A[0] — L x A[l]q,

lies in the saturation of A, in the sense of Definition A.5. Given that p* preserves all
colimits as a left adjoint, the pushout product

P (K x A[1]; O gxapo) L x A[0]) — p* (L x A[l]y)
lies in the saturation of p*(Aj,). Thus, this class generates the same localizer as

I/Vinj Up*(An)- O

Digression 2.9 The model structure on sSer’2” for n—precomplicial spaces can also
be realized as a localization of the injective model structure on Fun(A%, Ser’A") =~
sSet' A" (sometimes referred to as the “horizontal (injective) model structure”). More
details on this description can be found in [1].

Remark 2.10 The adjunction

(—)b: sSet™” 2 sSet' X" U
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is a Quillen equivalence

(0) between the model structure for 0—complicial spaces and the model structure
for co—groupoids;

(1) between the model structure for 1-complicial spaces and the Rezk model struc-
ture for complete Segal spaces.

This pattern cannot be extended to n > 1 because, unlike 1—equivalences, 2—equiva-
lences cannot be detected just by means of the simplicial structure.

Remark 2.11 A prestratified simplicial space W which is an n—precomplicial space
is morally “stratified”, in the sense that the structure maps

tWy — Wi

are injective in a homotopical sense. Let us illustrate this for the case m = 2.

We observe that there is a commutative diagram in Ser’2”

Al L apoy All] ——=—— A[2],
Al2] = s Al[2]

\A 2] /

where the horizontal maps are acyclic cofibrations. When applying p* and taking
mapping spaces into W, we obtain a commutative diagram in sSet

Map(p* A[1], W) Xnmap(p*Afo],w) Map(p* A[1], W) <—— Map(p*A[2];, W)

ol H

Map(p*A'[2]. W) < = Map(p* A'[2], W)

Map(p*A[2], W)

where the horizontal maps are now acyclic fibrations, and in particular weak equiva-
lences. This can be read as saying that the structure map

(W, = wp Akl _ yrtAl2] — W,

has a left inverse up to homotopy, as desired.
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2.4 Two Quillen equivalences with Set’A™

We now show that the model structures for n—precomplicial sets and n—precomplicial
spaces are Quillen equivalent in two different ways. This is analogous to the more
familiar picture from [17, Section 4], where Joyal and Tierney exhibit two Quillen
equivalences between the model structure for quasicategories and the model structure
for complete Segal spaces.

Theorem 2.12 For n > 0, the adjunction
p*: Set' " 2 sSer' AT ik

is a Quillen equivalence between the model structures for n—precomplicial sets and
n—precomplicial spaces.

Proof The proof is an application of a variant of [1, Theorem 4.11(1)], which states
the desired Quillen equivalence, given that tA was shown to be a regular skeletal
Reedy category in Proposition C.4.

In order to evoke the original formulation of [1, Theorem 4.11] we would need to
have that the cylinder object A[l]; is fibrant, which is not the case. However, a
careful analysis of the argument shows that, in order to prove [1, Theorem 4.11],
this assumption is only used to show the preliminary result [1, Theorem 2.14] and to
prove [1, Theorem 4.10]. For these to hold in our situation, it suffices to know that the
projection X x A[1]; — X is a weak equivalence for every prestratified simplicial set X.
The projection X x A[l]; — X is a retraction of either of the two canonical inclusions
X — X x A[l];, which can be seen as pushout-products of the map A[0] — A[l]; and
the identity of X ; by Proposition 1.29 these pushout-products are weak equivalences,
and therefore so is the projection X x A[l]; — X. o

Remark 2.13 As a special case of [1, Section 2.22], the cosimplicial object A[s]* in
Set'®” induces an adjunction

Real: sSet’ " 2 Ser'™” :Sing.
Theorem 2.14 For n > 0, the adjunction
Real: sSet’ 2" 2 Ser' ™™ :Sing

is a Quillen equivalence between the model structures for n—precomplicial spaces and
n—precomplicial sets.
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In order to apply Ara’s machinery, we need some preliminary work. Recall from
Remark 1.4 that X# denotes the maximal stratification of a simplicial set X.

£ AP

Proposition 2.15 The cosimplicial object A[]* in Se is a cosimplicial W(A,)-

resolution in the sense of [1, Section 2.22], ie

(1) the canonical morphism A[O]# LT A[0]* — A[1]* is a monomorphism;

I AP

(2) forevery k >0 and every X € Se , the canonical projection X x A[k]# — X

is a W(A,)—equivalence, namely a weak equivalence in Set'*” .
The proof of the proposition makes use of the following lemma:

Lemma 2.16 For n > 0, if a map of simplicial sets X — Y is an acyclic Kan
cofibration, then X* — Y% isa A, —anodyne extension in Set'~” .

Proof We first recall that any acyclic Kan cofibration is a retract of a transfinite
composition of pushouts of horn inclusions, and that the maximal stratification (—)*
commutes with colimits. Thus, if X — Y is a retract of some Xy — colim X; with
Xi; — Xi4+1 being a pushout of a horn inclusion, then X # > Y* is a retract of
X, g — colim(X, iﬁ). Without loss of generality, we can therefore assume that X — Y is
a pushout of a horn inclusion of the form

Nim] —L x

{ l

Alm]| —— Y
and show that X* — Y# is a A,—anodyne extension in Ser/’2” .

If P denotes the pushout in Ser!2” of f along a horn anodyne extension as in

Nim] —L xt

) |

then X* — Y*# factors as
Xt po vyt

While the first map is a A,—anodyne extension in Se’2” by definition, we now argue
that also the second map is one.
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A direct verification shows that the map P — Y*# is an entire inclusion, and that there
is exactly one simplex in P that is marked in ¥ and not in P, namely the j" face of
the m—simplex f’: A/[m]— P. In particular, the inclusion P — Y fits into a pushout

square
Niml L p
N[m]" — Y#

and is in particular a A,—anodyne extension in Set’ A% O

Proof of Proposition 2.15 We check conditions (1)—(2) of being a W(A,)-resolution:

(1) The fact that condition (1) holds is clear.
(2) The projection
X x AlkfF — X = X x A[0]*
is a weak equivalence if and only if the cofibration
X = X x AL 2L v A,

which is a right inverse, is one. Given that the model category Ser’2” is cartesian
from Theorem 1.28, it is enough to know that the cofibration A[0]* — A[k]?
is a weak equivalence, and this follows from Lemma 2.16. This concludes the
proof of condition (2). O

We can now prove the second Quillen equivalence.

Proof of Theorem 2.14 This is an application of the same variant of Theorem 4.11(2)
of [1] that was discussed in the proof of Theorem 2.12. For this, we only need to know
that ¢ A is a regular skeletal Reedy category, which was proven in Proposition C.4, and
that A[e]* is a W(A,)-resolution, which was proven in Proposition 2.15. a

Appendix A Technical tools on model structures
Let A be a small category, with tA as a motivating example. We recall the Cisinski

model structure from [8, Section 1.3] on Ser4”™, and the Bousfield localization of the
injective model structure on sSet4”™ in terms of localizers, as in [1].
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We denote by A[a] the presheaf represented by an object a, and by * the presheaf

constant at a singleton, which is terminal in Ser4” .

A.1 The Cisinski model structure on discrete presheaves

Consider the category Serd”™ of discrete presheaves over A.

The following is a special case of [22, Proposition 1.6.1] (and its proof).

Proposition A.1 The category Set” is cartesian closed, with internal hom between
a presheaf Y and a presheaf Z given componentwise by

(Z¥)e = Homg, 40 (Ala] x Y, Z).

Let T be an object of Ser4™ endowed with two distinguished inclusions dg: % — I
for e = 0, 1 such that the induced map do Ll d;: * Ll x — I is a monomorphism. The
motivating example is the object A[1]; of Ser'A™ , endowed with the two canonical
inclusions A[0] — A[l];. Then, as mentioned in [8, Exemple 1.3.8], the functor I x —
is a cylinder in the sense of [8, Définition 1.3.1].

This guarantees that one can define the usual notion of homotopy and homotopy
equivalence.

Definition A.2 [8, Définition 1.3.3] Two morphisms u;: X — Y for e = 0,1 in
SetA” are called

(1) elementarily T—-homotopic if there exists an [-homotopy between them, ie a
morphism H: X xI — Y such that Hod, = u, for e =0, 1.

(2) T—homotopic if there exists a zigzag of I-homotopies between them.

The [-homotopy relation is the equivalence relation generated by the elementary I—
homotopy relation. Given that the T-homotopy relation is suitably compatible with
composition, it makes sense to define the I-homotopy category Hoy (Ser4”™) of SerA”
as the quotient of Ser4” by the I—equivalence relation.

Definition A.3 [8, Section 1.3.4] A morphism u: X — Y in Set4” is an I-homotopy
equivalence if it becomes an isomorphism in the I-homotopy category.

The following terminology is equivalent to that from [8, Définition 1.3.21]. The
interested reader can see the proof of the equivalences of our terminology with Cisinski’s
in Propositions A.8 and A.9.
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Definition A.4 Let A be a set of morphisms of Ser4” .

e Anobject X of Set4”™ is A—local if for any a: J — J' in A, the induced map
on internal homs
D S ¢
is an acyclic fibration, ie it has the right lifting property with respect to all
monomorphisms.

e Amap f: Y — Y’ inSet” isa A-local weak equivalence if for every A—local
object X the map
*xY > xY

is an [-homotopy equivalence.

Cisinski gives conditions on the cylinder object I and on the set A for Ser4™ to support
a model structure. These conditions are given in terms of “anodyne extensions”.

Definition A.5 Let A be a set of morphisms in Ser4™ . The saturation of A, or the
class of A—anodyne extensions, is the class of morphisms that have the left lifting
property with respect to all morphisms having right lifting property with respect to A.

The small object argument shows that a morphism is a A—anodyne extension if and only
if it can be written as a retract of transfinite compositions of pushouts of morphisms
of A.

Definition A.6 Let A be a set of morphisms in SerA” . The set A is a set of elementary
anodyne extensions, and we say that it generates a class of anodyne extensions, relative
to I, if the following conditions are met:

(1) The pushout-product of a monomorphism K — L and either inclusion dg: * — 1,
(K xI) Hgxx (L x%) > LxI,

is a A—anodyne extension.

(2) The pushout-product of the inclusion dg LI d1: * LI * — I and an elementary
A —anodyne extension I — J,

(I xI) Hyxesrrsy (J x G %)) = J x I,

is a A—anodyne extension.
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The following theorem is a special case of [8, Théoreme 1.3.22]:

Theorem A.7 If the set A is a set of elementary anodyne extensions relative to I,
then the category SetA” supports a cofibrantly generated model structure where

e the cofibrations are precisely the monomorphisms;

e the fibrant objects are precisely the A —local objects;

e the weak equivalences are precisely the A —local maps.

We call this a Cisinski model structure on Set” .
We prove the following characterization of local objects:

Proposition A.8 Let A be a class of elementary anodyne extensions relative to 1.
Suppose moreover that the pushout-product of any A —anodyne extension I — J and
any monomorphism K — L,

UxL)Uixg (JxK)— J XL,
is an [ —-anodyne extension. For a presheaf X on A, the following are equivalent:

(1) The object X has the right lifting property with respect to A .

(2) The object X has the right lifting property with respect to all A —anodyne
extensions.

(3) The object X is A-local, ie for any a: J — J' in A, the induced map on
internal homs
X7 = x7
is an acyclic fibration.

(4) The object XY is A—local forany Y € SetA” |

Proof The equivalence of (1) and (2) is a standard consequence of Quillen’s small
object argument. We now show that (2) is equivalent to (3), and that (3) is equivalent
to (4).

In order to show that (2) implies (3), let K < L be a monomorphism in SerA” | and
consider the lifting problem

K——Xx7

\[ ? /’/7 la*
e
e

L x/
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By adjointness, the lifting problem is equivalent to

KXJ’HKXJLXJ—\)(X.

—~
-
-
-
-
- ?
-

LxJ

Given that the vertical arrow is a A—anodyne extension by assumption, a lift exists.

In order to show that (3) implies (2), let J — J’ be a A-anodyne extension, and
consider the lifting problem

J — X
/7(

j T

J/

By adjointness, the lifting problem is equivalent to

x7
? 7 l
« — X7
Given that * is cofibrant and the vertical arrow is an acyclic fibration by assumption, a
lift exists.

In order to show that (3) implies (4), and therefore (3) is equivalent to (4), let J — J’
be a A—anodyne extension, and consider the lifting problem

J —— XY
//?

£ e

J -

By adjointness, the lifting problem is equivalent to

x7’

? 7 l
Y — X’
Given that Y (as well as any other object) is cofibrant and the vertical arrow is an

acyclic fibration by assumption, a lift exists. a

We prove the following characterization of local objects:
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Proposition A.9 Let A be a class of elementary anodyne extensions relative to 1.
Suppose moreover that the pushout-product of any I —anodyne extension I — J and
any monomorphism K — L,

UIxL)Uixg (JxK)— J xL,
is a A —anodyne extension. Foramap f: Y — Y’ in SetA”™ the following are equivalent:

(1) the map f is a A—local weak equivalence, ie for every A —local object X the
map
[ x7 - xY

is an [-homotopy equivalence;
(2) forevery A-local object X the map
7 xY > xY

induces an isomorphism on 1 —-homotopy classes.

Remark A.10 The natural isomorphism
Homg,,.40 (X x Y, Z) = Homg, 4 (X, ZY),

which witnesses the adjunction between the cartesian product and the internal hom
on Set4” , induces a natural bijection

Homy,, (SEIAOP)(X x Y, Z) = Homy,, (SetAOP)(Xv ZY)

at the level of homsets of the I—homotopy category Hoy(Set4”™) of Set4™ .

Proof of Proposition A.9 We show that (2) implies (1). By the Yoneda lemma,
[ X Y' 5 XY isan I-homotopy equivalence if and only if for any Z € Ser4” it
induces a natural bijection

HomHOJI (SelAOP)(Z’ XY) = HomHo]I (SetA) (Z’ XY )
Using Remark A.10 once, the bijection becomes
Homy, (sa)(Z x Y, X) = Homy, (s5pa0)(Z ¥ Y, X),
and using it again yields

HomHOJI (SetA™) (¥, XZ) = HomHou (SetAP) (Y, XZ)-
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By Proposition A.8, any XZ isa A—local object, so it is enough to require the bijection
HomHO]I (SetAP) (Yv X) = HomHoH (SetAP) (Y,, X),

which says precisely that f* induces an isomorphism when passing to I-homotopy
equivalence classes. a

Remark A.11 As a variant of [8, Lemme 1.3.32], it is easy to show that a map between
local objects is a weak equivalence if and only if it is an I-homotopy.

A.2 Model structure on simplicial presheaves and localizers

Let A be a Reedy category (see eg [14, Section 15.1]), ie a category endowed with
two subcategories A4 and A_ each containing all objects of A and a degree function
deg: Ob(A) — Z>( such that

e every nonidentity morphism in A4 raises the degree,

e every nonidentity morphism in A_ lowers the degree, and

e every morphismin A factors uniquely as a map in A— followed by amap in 4 4.
We will furthermore assume that A is a “regular skeletal Reedy category” in the sense
of [1, Section 1.4] or, equivalently, a “catégorie squelettique réguliére” in the sense of

[8, Définitions 8.1.1, 8.1.36 et 8.2.2]. Examples are the usual simplex category A, and
the category ¢ A, as will be proven in Appendix C.

Definition A.12 [1, Section 1.4] A Reedy category A is regular skeletal if the
following conditions hold:

(1) Every morphism of A_ admits a section.

(2) Two parallel morphisms of A_ are equal if and only if they admit the same set
of sections.

(3) Every morphism of 44 is a monomorphism.

Remark A.13 A Reedy category that meets conditions (1) and (2) is said to be
“skeletal”, also known as “EZ-Reedy category” in [6, Definition 4.1]. In particular, any
regular skeletal Reedy category is an EZ-Reedy category, and by [6, Proposition 4.2]
any EZ-Reedy category is an elegant Reedy category (in the sense of [6, Definition 3.5]).
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Cofibrantly generated model structures on Set4” with cofibrations given by the class
of monomorphisms can be described in terms of their class of weak equivalences.

Definition A.14 [1, Section 2.1] An A-localizer W is a class of morphisms in
SetA” such that

(1) the class W satisfies the 2-out-of-3 property;

(2) the class W contains all acyclic fibrations, ie all maps that have the right lifting
properties with respect to monomorphisms;

(3) the class of acyclic cofibrations is stable under pushouts and transfinite composi-
tion.

For aclass C of maps in Set4” there exists a smallest A—localizer W(C) containing C,
which we call generated by C. An A-localizer is called accessible if it is generated
by a set.

It is proven in [8, Théoréme 1.4.3], and recalled in [1, Theorem 2.2], that accessible
localizers characterize the classes of weak equivalences for certain model structures
on Set4” .

Theorem A.15 Let W be a class of morphisms in SetA™ . Then W is an accessible
A-localizer if and only if it is the class of weak equivalences of a cofibrantly generated
model structure on SetA™ in which the cofibrations are precisely the monomorphisms.

The following remark describes the injective model structure in terms of localizers:

Remark A.16 When A is a regular skeletal Reedy category (eg A = tA), by
[1, Theorem 3.7] the class

Winj :={f: X > Y| fa: Xg => Y, foralla € A}

of vertical levelwise weak equivalences (also considered in [1, Sections 2.16 and 3.6])
is an accessible (AxA)—localizer. The corresponding model structure is the injective
model structure on sSerd” where sSer is endowed with the Kan—Quillen model
structure, given that the cofibrations are precisely the monomorphisms.

We recall the terminology and the construction of localizations of the injective model
structure.
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Definition A.17 Let A be a set of maps of sSet4” .

e Anobject X is A—local if it is injectively fibrant in sSer4” and, for every map
f: I —J in A, the induced map

f*: Map(J, X) — Map(1, X)
is a weak equivalence in sSet.

e Amap g: C— D in sSet” is a A—local weak equivalence if for every A —local
object X, the induced map

g*: Map(D, X) — Map(C, X)

is a weak equivalence in sSer.
We can also describe Bousfield localizations in terms of localizers.

Remark A.18 Let A be a regular skeletal Reedy category (eg 4 = tA), W an
accessible (AxA)-localizer and A a set of maps of sSer4™. Since the localizer
generated by W and A is accessible, by [1, Proposition A.11] the corresponding
model structure is the Bousfield localization [3, Theorem 4.46] of the model structure
corresponding to W with respect to the set A. In particular,

e the cofibrations are precisely the monomorphisms, and in particular all objects
are cofibrant;

e the fibrant objects are precisely the A —local objects;
¢ the weak equivalences are precisely the A —local weak equivalences;

e the weak equivalences between fibrant objects are precisely the levelwise weak
equivalences.

Appendix B Technical results on anodyne extensions

The aim of this section is to show that the pushout-product of an elementary anodyne
extension / — J and a generating monomorphism K — L,

p:(IxD)Urxg (JXxK)— J XL,

is an anodyne extension, in both Strar and Ser’ 2™ .
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Definition B.1 A A,-anodyne extension in Strat (respectively Se'A™ ) is a map in
Strat (respectively Ser'2™ ) that can be written as a retract of a transfinite composition
of pushouts in Strar (respectively Ser'A™) of the elementary A ,—elementary anodyne
extensions from Definition 1.19.

Given that pushouts in Strat and Ser'A”

are in general different (see Example 1.11),
the meaning of the source of p and the question of whether p is a A,—anodyne

extension a priori depend on the ambient category. We show that, in fact, they do not.

Proposition B.2 If ] — J and K — L are two monomorphisms in Strat, the pushout
in Set'®" of
IXL<—IxK—=JxK

is a stratified simplicial set. In particular, it is also a pushout in Strat.

Proof The pushout-product of the two monomorphisms / — J and K — L,

prUxL)Urxg (J xK)— J XL,

is always a monomorphism in Ser4™ . Indeed, this is true in Ser, and product con-
structions, pushout constructions and the property of being a monomorphism are all
checked levelwise. This means that the prestratified simplicial set in the left-hand side

is included in the stratified simplicial set J x L, and it is therefore one, too. a

Theorem B.3 For n > 0, any A,—anodyne extension in Strat is also a A, —anodyne
L

extension in Se

We can easily prove the theorem by means of the following lemma, which will be
proven afterwards:

Lemma B.4 Let A be a stratified simplicial set and f: A — B a monomorphism in
Set'®™ . Then Rf: A=~ RA — RB is aretract of f.

Proof of Theorem B.3 Any anodyne extension 4 — B in Strat is a retract of a
transfinite composition of pushouts of elementary anodyne maps in Strat. Given that

2% coincide, as mentioned in Remark 1.14,

filtered colimits and retracts in Strat and Se
it suffices to show that the pushout in Strar of an elementary A,—anodyne extension

. . o op
is an anodyne extension in Se2” .
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Given any elementary A,—anodyne extension I — J, and any morphism I — X
in Strat, the pushout X — P in Set'A”
extension (and in particular a monomorphism) in Set!A” . By Lemma B.4, the map

of I - J along I — X is a A,—anodyne

X = RX — RP is aretract of X — P, so in particular it is a A,—anodyne extension
in Set!2™ . We conclude, observing that this map is precisely the pushout of 7 — J
along I — X in Strat. a

We now prove the lemma.

Proof of Lemma B.4 We construct a map j: RB — B in Se/!2” as follows. First,
we define j on the underlying simplicial set:

(0) For any m > 0, the component
Jm: (RB)m = Bm — B
is the identity.
We are left to construct a map ¢(RB),;, — t By, for every m > 1. Recall that ¢t (RB) s,
was defined as im(¢: ¢ B, — By,), so that we are essentially looking for a section of
a surjective function. However, in order to obtain a t A—set we need to ensure some
compatibilities; that is, the (unique!) markings in A are mapped identically and that

the distinguished markings of degenerate simplices are mapped to such again. This
leads to the following three steps:

(1) For any m > 1, the restriction of the [m];—component to the image of Rf,
tjim: ((RB)m Nim(Rf)) — t By,

is given by tj, (¢t (Rf)m(a)) :=tfm(a) forany a €t Ay,.

We argue that this assignment is well defined, in that if (R /), (a) = t(Rf)m(a’) for
a,a €tA,,then a =d.

Suppose then that (R /), (@) =t (Rf)m(a’). Since f and Rf agree on the underlying
simplicial sets, we obtain the equalities

Tm(@(@) = (Rf )m(p(@)) = p(t(Rf)m(a)) = p(t(Rf)m(a")
= (R)m(p(d)) = fn(p(d).
Since f is a monomorphism by assumption, we furthermore obtain that ¢ and a’ share

the same underlying simplex ¢(a) = ¢(a’). Finally, since A is a stratified simplicial
sets, ¢ is injective and @ = &', as claimed.
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Next, we define j on all the marked simplices which are distinguished markings of a
degenerate simplex:

(2) For any m > 1, the restriction of the [m];—component to the image of {; for
0<k<m-—1,
Um: ({(RB)m 0im(8x)) — 1B,

is given by j({r (b)) := i (b) € t(RB)y, for any b € Byy—1 = (RB)y;—1 and
some 0 <k <m-—1.

We need to check that simplices that are degenerate in several ways lead to the same
element, and that this is compatible with the assignment on the preimage of 4. The
latter is clear, since A is stratified. We now address the case of multiple degeneration,
by showing that for any element of #( R B),, which can be written in the form ¢z (b), dif-
ferent representatives give the same element in (R B),,. Suppose then that {35 = {0’
for some b, b’ € By,—1 = RB,,—1. Then in particular s b = s5;b’. Assume without loss
of generality that k£ </ (the case k =/ may be excluded since s is injective). Then

b= dkskb = dkslb/ = S]_ldkb/ S (RB)m_l.
From the relation s¥¢(=D+1 = ¢/=1¢k for k <[ —1, we obtain that
Gk = Spesi—1(dib’) = §yspdyh’ € t B

Since s;0" = s3b = sps;_1dib’ = s;55.di. b’ and s; is injective, we conclude b’ = sy dy b’
and in particular
Ceb = s dib = ¢b' € 1By,

as claimed.

Finally, we look at all the remaining marked simplices, which are just mapped to any
preimage:

(3) For any m > 1, the restriction of the [m];—component to the complement of the
image of Rf and the ¢y,

tm: 1(RB)m \ (im(Rf) iy im@k)) — 1B,
k

is given by j(g) :=b €tB,, for any b € tB,, such that ¢p(b) = b in tRBy =
im(t B 2> By).
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We conclude, observing that the components of j were designed to assemble to a
well-defined map of prestratified simplicial sets, it is identity on underlying simplicial
sets and is compatible with markings and degenerate markings, and moreover the
diagram

A A
rf| %
RB T) B
commutes, as desired. O
Thanks to Propositions B.2 and B.3, showing that the pushout-product of a generating

monomorphism and an elementary anodyne extension is anodyne in Ser’2” boils down
to showing that the same map is an anodyne extension in Strat.

B.1 Pushout-products of anodyne extensions and monomorphisms
in Strat

In this subsection, we show that the pushout-product of certain A,—anodyne extensions
I — J and a generating monomorphism K < L is a A,—anodyne extension in Strat.
In each of the cases that we treat, the map

UxL)Ujxg (JxK)—JxL

is an entire inclusion. This means that it is an identity on the underlying simplicial set,
and we only need to show that we can mark all the simplices that are marked in J x L
by means of a pushout with a suitable elementary A,—anodyne extension.

Lemma B.5 Let n > 0. Given m > 1 and | > —1, the pushout-product of the

saturation anodyne map A[l] x A[3]eq <> A[l] % A[3]* with the boundary inclusion
0A[m] — Alm],

(AlT1*A[3leq) X AlmILL AL« A1) <0 AL (AT AL x D A[m] — (A A[3]F) x A[m],
is a A, —anodyne extension in Strat.

The strategy for the proof was shared with us by Riehl in a personal communication.

Proof We first observe that the putative anodyne extension is an entire inclusion with
underlying simplicial set (A[/]* A[3]) x A[m] = A[/ 4 4] x A[m], and we now analyze
the differences in the stratifications.
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For k > [ + 3, we observe that every k—simplex is marked in A[/]x A[3].q. Indeed, a
k—simplex of A[/]* A[3]eq can be written in the form

ap xay: Alk]x Alky] = Alky + 1 4+ ko] = All] x A[3]

with ky,ky > —1 and ky + k, =k — 1. Now, if k, > 2, then the resulting k—simplex
is marked since A[3]eq is 1-trivial. If k5 <1, we conclude k1 > k—2>17+1, so that
the kq—simplex oy of A[/] is necessarily degenerate and thus marked. This shows that
every k—simplex for kK >/ + 3 is marked in A[/]* A[3]eq. Combined with the fact that
A[m] is m—trivial, we obtain that every k—simplex of the left-hand side (and thus of
the right-hand side) is marked for & > max{/ + 3, m + 1}. For k <m, every marked
k—simplex of A[m] is degenerate, and therefore lies in dA[m], so that the marked
simplices in dimensions k < m coincide on both sides. This means the simplices that
are marked in the right-hand side and not in the left-hand side are concentrated in
dimensions m < k <[ + 3, whenever this set is nonempty.

Any k—simplex of A[l + 4] x A[m] can be written in the form
(a1 * ez, B): Alkq] * Alks] = Alk] — (A[l] * A[3]) x A[m]

with k1,k, > —1 and k; + k» = k — 1. For such a simplex being marked on the
right-hand side but not on the left-hand side, it is necessary that k, = 1 and that o,
represents one amongst [01], [12], [23] and [03]. Furthermore, 8 needs to be surjective,
since otherwise 8 would be contained in dA[m]. Finally, we observe that if k1 >/, then
also a1 needs to be degenerate and so oy * @5 is already marked in A[/]x A[3]eq. Thus
if (a1 *ay, B) is marked only in the right-hand side, we may assume that k1 =k —2 </
and « is injective. Since B is surjective, we also know that (k) = m.

We start by marking all simplices («; * a», ) for fixed o; and § and for which
B(k — 1) = m, by taking a suitable pushout along an elementary anodyne extension.
To this end, consider the map of simplicial sets

(g *id, B os¥ os* 1) Alk — 2] % A[3] = A[k + 2] — (A[l] * A[3]) x A[m].
In order to upgrade it to a map of stratified simplicial sets
Alk = 2% Al — (Al * AlBleg) X Alm] I (af11 Afs1)xa Al (AT * A x DA,
we observe that a simplex

Y1 * Yoi Als1] * Alsa] — Alk — 2] % A[3]
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with 51,52 > —1 is marked in A[k — 2] A[3]¢q if and only if at least one amongst y;
and y, is degenerate, or if y, = [02] or y, =[13], or s, =2, 3.

e In the first case, one of the components y; is degenerate, and therefore so is its

composite with either of o; xid and f o sk o ght1,

e In the second case, the simplex («; xid) o (y; * y2) = (a1 oY1) * Y is marked in
A[l]* A[3]eq by definition, and the simplex o5% o551 (yy x ) is degenerate,
as a consequence of the expressions

Boskosk oy x[02))(si +1) =Bk —1) =m,
Boskos oy x[02))(s1 +3) = Bk) =m,
Boskos oy x[13))(s1 +2) = Bk) =m,
Boskos oy x[13])(s1 +4) = B(k) = m.

e In the third case, the simplex (ay o)) *)» is marked in A[/]x A[3]¢q by definition

k+1

of A[3]eq, and the simplex f o skos o (1 x y») is degenerate.

These considerations guarantee that the map of simplicial sets defines a map of stratified
simplicial sets

(o »id, B o sk osk+1):
Alle—=2]% Al3leq = (A% A[3]eq) X Alm] L (Afrge ALl xa Alm] (A% ABFF) x O Alm].
Taking the pushout of this map along the elementary saturation anodyne map
Alk — 2] % A[3leq — Ak — 2] » A[3]*
would mark, in particular, the k—simplex

(a1 *id, Bos¥ os*T )0 (id x ap) = (a1 * a2, B): A[k] — A[l + 4] x A[m]

for o, =[01],[12],[23],[03]. Taking the pushout along the sum (over «; and 8 such
that B(k — 1) = m) of all maps constructed this way, we obtain a new stratified set P,
which is an entire substratified simplicial set of A[/]* A[3]# x Am].

By the previous analysis, the only k—simplices marked in A[/]* A[3]* x A[m] and not
in P are those of the form

(01 *x ap, B): Alk]— (A[l] x A[3]) x A[m]

with ap, =[01],[12],[23],[03], ¢y injective, B surjective and degenerate, and S(k—1) =
m—1.
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We proceed to marking all the missing simplices, by taking a suitable pushout along an
elementary complicial thinness anodyne extension. For this, consider the simplicial
map

(g * o) 05KV, Bosk): Alk + 1] — A[l + 4] x Alml].

In order to upgrade it to a map of stratified simplicial sets Af[k 4+ 1] — P, we record
the following:

e Ifan s—simplex y: A[s]— Al[k + 1] contains {k — 1, k, k + 1} in its image, the
simplices (7 * 2) 05K~ 1 oy and (B osK) oy are both degenerate.

e The image of the (k+1)* face d¥*1: A[k] — A[k + 1] can be computed by
means of the expressions

(o *x ap) oskloghkt! = (o *az)odk o sk, B oskodkt! = B.

k—1 odk+1

In particular, the first component (e x ot3) o8 is degenerate by con-

struction and the second component § o skodk+1 is degenerate by assumption.
e The image of the (k—1)* face d¥~': A[k] — A[k + 1] can be computed by
means of the expressions

k—1 o dk—l

(g xap)os = * 0y, ﬂoskodk_l=ﬁodk_losk_l.

Given that the second coordinate o s% o dk~1 is degenerate and fulfils
Boskod ' =Bod ok (k—1) = B(k) =m,

the simplex (o; x oz, B o d*=1 o sk=1) is one of the simplices marked in P by
construction of P.

These considerations guarantee that the map of simplicial sets defines a map of stratified
simplicial sets
Ak 4+1] — P.

Taking the pushout of this map along the complicial thinness extension
Ak_l[k + 1]/ N Ak_l[k + 1]//

would mark precisely the k™ face, which is (a; * a5, B). Taking the pushout along
the sum (over «; and B such that 8(k — 1) = m — 1) of all maps constructed this way
marks all the missing simplices, obtaining precisely A[/]x A[3]¥ x A[m] from P, as
desired. a
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Lemma B.6 Let n > 0. Given n > 1 and [ > —1, the pushout-product of the
saturation anodyne map A[l]x A[3]eq = A[/ ]*A[3]ﬁ with the generating monomorphism
Alm] — A[m);,

(AITT*A[Bleq) X Alml L AT« ALy x ALm) (AT A x Alm] — (AT« A[31F) x Al
is a A —anodyne extension in Strat.
Proof We first observe that the putative anodyne extension is an entire inclusion with

underlying simplicial set A[/ + 4] x A[m], and we now analyze the differences in the
stratifications. If a k—simplex

(01,02): Alk] — A[l + 4] x Alm]

is marked in the right-hand side, either o, is an identity (and in particular k =m) or o,
is degenerate. In the latter case, the simplex is already marked in A[/] * A[3]# x A[m]
and thus in the left-hand side, so without loss of generality we can assume that the
k—simplex is of the form

(01,1d): Alk] — A[l + 4] x A[m].
We also know that o can be written in the form
o1 =ay xay: Alky]* Alka] = Alky + 1+ ko] = Alm] — A[l]x A[3]

for some ki, k, > —1 and some o; and «;. Since oy is marked in A[/]« A[3]ﬁ, either
a; is marked (and therefore degenerate) in A[/] or a, is marked in A[3]* (possibly
both). This implies that oy is also marked in A[/] x A[3]eq and (o7,id) is already
marked in the left-hand side, unless o is injective, k, =1 and ap, =[01], [12], [23],[13].

We will mark the missing simplices (o * ot3,1d) by taking a suitable pushout along a
complicial thinness anodyne extension. To this end, consider the map of simplicial sets

((og * ap) o™ s™): Alm + 1] — A[l] » A[3] x A[m].
In order to upgrade it to a map of stratified simplicial sets
A™m + 11 — A[l]% A[3leq x Almle LAy« aplxapm) Alll* ABJ x Afml,
we record the following:

e If an s—simplex y: A[s] - A[m + 1] contains {m — 1,m, m 4 1} in its image,
the simplices (o] * @3) 0s™ 1oy and s o y are both degenerate.
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o The image of the (m—1)* face d™~': Alm] — A[m + 1] can be computed by
means of the expressions

(] xa) os™ 1 s™)yod™ ! = (0 xap, s™0d™ 1),

Given that the second component is degenerate and the first component is marked
in A[l]* A[3]*, the resulting simplex is marked in A[/]* A[3]¥ x A[m].

e The image of the (m+1)* face d™': Alm] — A[m + 1] can be computed by
means of the expressions

oy *xar08" 0 5™ o = ((ay xap)os" "o ,id).
) ) m—1 _m dm—H . ) m—1 dm—H d

Given that the first component is degenerate and the second is an identity, this
simplex is marked in A[/] x A[3]eq X A[m];.

These considerations guarantee that the map of simplicial sets defines a map of stratified
simplicial sets

Am[m + 1]/ - A[l] * A[3]eq X A[m], HA[I]*A[3]eqXA[m] A[l] * A[?)]ﬂ X A[m]
Taking the pushout of this map along the complicial thinness extension
AN m+1] — A"[m+ 1]’

would mark the simplex (o1 x5, id). Taking the pushout of the sum (over oy and &5 ) of
the maps constructed in this way along the complicial thinness extension A”[m + 1] —
A"[m + 1]” marks all simplices (a1 * a,1id), as desired. O

Lemma B.7 Let n > 0. Given m > 0 and [ > n, the pushout-product of the triviality
anodyne map A[l] < A[l]; with the boundary inclusion dA[m] — A[m],
All]x Alm] T apryxaatm) Alll x 0A[m] — A[l]: x A[m],
is a Ap—anodyne extension in Strat.
Proof We first observe that the putative anodyne extension is an entire inclusion

with underlying simplicial set A[/] x A[m], and we now analyze the differences in the
stratifications.

If a k—simplex
(01,02): Alk] — A[l]x Afm]
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is marked in the right-hand side, then o; needs to be either degenerate or an identity,
and o0, needs to be degenerate. If o is degenerate, then (01, 05) is already marked
in A[/] x A[m] and thus in the left-hand side. So without loss of generality we can
assume that o1 = id, and in particular k¥ = /. This means that the only simplices that
are marked in the right-hand side and not in the left-hand side must be of dimension /.
These simplices can be marked by taking a pushout of a sum of the triviality elementary
anodyne extension A[/] — A[/];. a

Lemma B.8 Let n > 0. Given m > 1 and [ > n, the pushout-product of the triviality
anodyne map A[l] — A[l]; with the generating monomorphism A[m] — A[m];,

A[l]x Alm]; T apnxapm) Allle x Alm] — All]; x Alm];,

is a A, —anodyne extension in Strat.

Proof We first observe that the putative anodyne extension is an entire inclusion
with underlying simplicial set A[/] x A[m], and we now analyze the differences in the
stratifications.

If a k—simplex
(01,02): Alk] = A[l]x Afm]

is marked in the right-hand side, then o; and o, need to be either degenerate or
identities. If at least one of the two is degenerate, then (o1, 07) is already marked in
the left-hand side. Thus, without loss of generality we can assume that k =/ = n and
01 = 0, = id. This means that the only simplices that are marked in the right-hand
side and not in the left-hand side must be of dimension /. These simplices can be
marked by taking a pushout of a sum of the triviality elementary anodyne extension
Alll = All]s. i

Appendix C The Reedy structure on 7A

We aim to endow ¢ A with a Reedy structure. We refer the reader to [14, Section 15.1]
for the Reedy structure (A4, A_) on A, with respect to the subcategory A consisting
of all injective maps and the subcategory A_ consisting of all surjective maps.

Notation C.1 Let deg: Ob(tA) — Zx>¢ be the degree function defined by
deg([0]) =0, deg([k]) =2k —1 for k> 1, deg([k];) =2k for k> 1.
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The resulting (pre)order on #A can be pictured as

0] <[1]<[1] <---<[k]<[k]s <---
We denote by

e (A the subcategory of A generated by A and the comarking maps ¢: [k] —
[k]; forall £k > 1, and

o tA_ the subcategory of A generated by A_ and the maps ¢: [k]; — [k — 1]
forall k> 1andall 0 <i <k —1.

These subcategories are well defined since A is a full subcategory of A (see Remark
1.10).

Proposition C.2 The category t A endowed with the structure from Notation C.1 is a
Reedy category.

We need a preliminary lemma:

Lemma C.3 For every k > 1, the map ¢: [k] — [k]; is a monomorphism and an
epimorphism in tA.

Proof To see that ¢: [k] — [k]; is a monomorphism, it is enough to observe that there
is no relation in A of the form ¢ o = «'.

In order to show that ¢: [k] — [k]; is an epimorphism, let two maps o, B: [k], — [m](y)
be given such that «p = f¢. Since we already know ¢ is a monomorphism in A,
we can assume that the target is actually [m]. Since only generating morphisms in A
starting in [k]; are the ¢’ and since A is a full subcategory, we can find o/, B’ € A as
well as 0 <7, j <k —1 such that &’¢* =« and B = B’¢/. Thus, ap = Be implies
o's’ = B's/. Assume without loss of generality that i < j. If i = j, then precompose
with d? to arrive at o’ = f’, and we are done in this case.

If i < j, then the relation o’s’ = f’s/ implies by precomposing with d’ that o’ =
B's/d" = B'd's’~1. Precomposing with d/ yields B’ = o's'd’ = o’d/~1s* for

i < j —1. Now we employ the relation s'¢/ = s/~1¢% to arrive at

O(/é-i :ﬁ/disj—lé-i zﬁ/disié-j :a/dj—lsidisié-j =a/dj—1sié-j :IB/é.j’
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as desired. For i = j —1, we get o’ = 8’ by precomposing with d/ = d*1 additionally

to the already obtained o’ = B’d’s*. Thus, we obtain, employing s*¢ 1 = si¢f,
O(/;i — a/disié-i — a/disié-i-i-l — ’B/é-j,

which completes the proof. a
We can now prove the proposition:

Proof of Proposition C.2 As a preliminary remark, we observe that in tA_, there
are no generating maps (and thus no nonidentity maps) whose target is in A\ A.
Similarly, there are no nonidentity maps in A4 whose source is in tA \ A. Since
@ is the only generator with target in [n];, any map in t Ay either is in Ay or there

exists a decomposition

(m] £ [n] 2> [n],

with B € A4 . Since ¢ is a monomorphism by Lemma C.3, this decomposition is unique.
Similarly, each map in ¢t A_ either is in A_ or can be (nonuniquely!) decomposed as

[k]: <> [k — 1] 25 [n]
with B € A_.

We need to show that each map in A can be uniquely decomposed into a map in tA_,
followed by a map in #A . For this, we distinguish several cases. In every case, we
first provide a factorization and then prove its uniqueness:

(1) A map «: [m] — [n] between elements of A factors as
[m] — [im(er)] > [n],

where im(a)+1 is the cardinality of the image of «. Since A is Reedy, this factorization
is unique in A, and a different factorization in A would need to be of the form

[m] — [klr > [nl.
which is impossible as there are no maps of this form in tA_.
(2) A map of the form «: [m] — [n]; factors as
[m] = [k]>= [n] > [n];.

where the first two maps form the canonical factorization in A as in the first case.
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Given any other factorization
[m] = [k'](ey > [n]s,

we know by the preliminary remark that the latter map needs to be of the form [k] >
[n] >> [n];, with the first map [k’] >> [n] being in AL . This reduces the uniqueness of
the factorization again to the analogous result in A.

(3) A map of the form «: [m]; — [n] factors as

e 55 [m — 1] L5 [k] > [n],

where the last two maps come from the factorization in A. The choice of i might not
be unique, but we claim that the composite of ¢* and f is unique. Given any other
factorization

[m]e = [l = [n],

we can conclude that the intermediate object has to be in A by the preliminary re-
mark. Now we can precompose both factorizations with ¢: [m] — [m];. The resulting
factorizations

[m] > [l]>>[n] and [m]—> [k]>— [n]
have to coincide since A is a Reedy category. In particular, the maps

[[]>[n] and [k]>— [n]
coincide, and the maps
[m]—>[I] and [m]—> [k]

coincide. Moreover, by Lemma C.3 we know that ¢: [m] — [m]; is an epimorphism
and therefore the maps

[m]y = [/] and [m]; — [k]

coincide.
(4) A nonidentity map «: [m]; — [n]; factors as
(m]y =5 [ — 1] L5 [k] > [n] %> [n];,

where the two middle maps come from the factorization in A. Observe once again that
since there is no relation of the form g = @/, any two different factorizations would
need to agree before the last application of ¢, which reduces this case to the previous
one. o
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Recall from Definition A.12 the notion of a regular skeletal Reedy category.
Proposition C.4 The category t A is a regular skeletal Reedy category.

Proof We verify the conditions (1)—(3) from Definition A.12 for tA:

(1) We need to show that every morphism in tA_ admits a section. First, every
morphism in A_ admits a section, given that every morphism in A_ is a composition
of s/ for varying j, and s/d’/ =id. Next, every ¢’ admits a section since we have
C'¢ = s' and thus {@d’ = s'd’ = id. Therefore, any morphism in #A_, which is a
composite of maps in A_ and of maps of the form ¢’, admits a section, as desired.

(2) We need to show that two parallel arrows in t A_ coincide if they have the same
set of sections. Note that any morphism in tA_ is either in A_ or of the form a{’
with ¢ € A_.

Given that t A does not have nontrivial automorphisms, and that A is a full subcategory,
the statement for the morphisms in A_ follows from the one for A.

Now assume that a¢?, B¢/ [k]; — [/] have the same set of sections. Since the sections
are maps of the form [/] — [k];, all of them can be necessarily written as ¢y for
some y in A. Since ¢ is a monomorphism, we conclude that a¢’p = as’ and
B¢’/ ¢ = Bs’/ have the same set of sections. Given that A is regular skeletal, we obtain
that al’¢ = B¢/¢. Since ¢ is an epimorphism by Lemma C.3, we conclude that
all = B¢/, as desired.

(3) We need to show that every morphism in t A is a monomorphism. This is true
for morphisms in A, given that they have left inverses, and we observed that ¢ is a
monomorphism before. O
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