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Holomorphic bundles on the blown-up plane
and the bar construction

JOAO PAULO SANTOS

We study the moduli space 2 (IAP‘)qZ) of rank r holomorphic bundles with trivial
determinant and second Chern class ¢, = k, over the blowup ]P’; of the projective
plane at g points, trivialized on a rational curve. We show that, for k = 1,2,
we have a homotopy equivalence between 901, (I?’;l and the degree k component
of the bar construction B(D"P2, (M P2)4, (MM PF)?). The space My (P7) is
isomorphic to the moduli space IMMZ; (Xq) of charge k based SU(r) instantons
on a connected sum X, of g copies of P2 and we show that, for k = 1,2, we
have a homotopy equivalence between INZ; (X, # X;) and the degree k component
of BONZ"(X,), MI"(S*), MZ"(Xs)). Analogous results hold in the limit when
k — 0o. As an application we obtain upper bounds for the cokernel of the Atiyah—
Jones map in homology, in the rank-stable limit.
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2178 Jodo Paulo Santos

1 Introduction

Let P2 = C2 U P! be the projective plane seen as a compactification of C? and
denote by Lo, C IP? the rational curve at infinity. Given a finite set / C C2, let IF’IZ
be the blowup of P2 along I. In this paper we study the moduli space 9y of rank r
holomorphic bundles £ on ﬁlz with first Chern class c1(€) = 0, trivialized at L.
These bundles are topologically classified by their second Chern class ¢ = k and by
Bogolomov’s inequality — see Kobayashi [29, Theorem 4.1] — we must have k > 0.
We write D =[5 M} ;. where D1}, denotes the subspace of bundles with c; =k .
By collapsing Lo C ﬁ,z to a point we obtain a smooth 4-manifold diffeomorphic to a
connected sum of #/ copies of the projective plane with reversed orientation, which
we represent by #; P2. Tt was shown in Buchdahl [10] and Matuschke [32] that sm; k
is isomorphic as a real analytic space to the moduli space INZy (# 1 IP’Z) of instantons
with charge k on an SU(r) bundle over #; P2 (a standard reference for instantons is
Donaldson and Kronheimer [16]).

It has long been known — see Taubes [46; 47] and Donaldson [15] — that, given 4—
manifolds X and Y, under rather general hypotheses one can glue together instantons
on X and Y to obtain an instanton on the connected sum X #Y. When X =Y = S*4,
this construction gives the moduli space 9MZ"(S*) the structure of a graded homotopy
algebra over the C4 operad — see Boyer and Mann [7, Section 6] — where C4 denotes
the little 4—cubes operad; see May [33, Section 4]. In particular, Z"(S*) behaves
homologically like an algebra over the C4 operad. For general X and Y we have
a map EJJTI]Z](X ) X S))TIIQZ(Y ) — SDTI,Z] +k2(X #Y). Conversely, by “stretching the
neck”, an instanton V4 on X #Y decomposes as an instanton on X, an instanton
on Y and several instantons (the number depends on V4 ) on infinite cylinders — see
Morgan, Mrowka and Ruberman [36, Theorem 6.3.3] — which we may regard as an
element in the space MZ"(X) x IMZ"(S*)" x MZ"(Y) for some n. These spaces
are the building blocks of the bar construction B(ORZ"(X), MZ"(S*), MI"(Y)) (see
Section 2.1.3 below), which suggests that this bar construction should be related to the
moduli space 9MZ"(X #Y). In this paper we investigate this relationship.

We will state our results in terms of the moduli space 9t} of holomorphic bundles
on ]?512 Holomorphic bundles on a blowup X ofa complex surface X can be studied
using gluing techniques (see Buchdahl [11], Santos [41] and Gasparim [20]). For
k = 2, a neighbourhood of the subspace of bundles over X which are nontrivial on
one of the exceptional divisors can be obtained by gluing in “concentrated” framed
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holomorphic bundles on P? — see Santos [42, Propositions 4.8 and 4.9] — mimicking
the description of a neighbourhood of points at infinity in the compactified moduli
space of instantons (see [16, Section 8.2]). The bar construction is homeomorphic to
the nerve of the open cover thus obtained.

The procedure described above for kK = 2 can also be implemented, for any k, in the
limit when the rank r goes to infinity: the gluing maps correspond to Whitney sum.
Whitney sum is not strictly associative so some care has to be taken in defining the
bar construction. Our approach is similar to the one in Angeltveit [1]: we replace
the simplicial category with a topological category whose spaces of morphisms are
homotopy equivalent to the discrete spaces of morphisms in the simplicial category.

In finite rank we define the gluing maps for k = 1,2 using the monad description
of holomorphic bundles introduced in Donaldson [14] and King [26]. Although the
same techniques could in principle be used for k > 2, there are several complicating
factors. For k = 2 the only nontrivial products we need to consider are of the form
im’]’l X E)Jt;(,l — M5 k> and we can further reduce to the case where #J,#K < 1,
where we have simple monad descriptions of the moduli spaces. Also, the gluing maps
depend on a choice of disjoint open sets in C? (of the form U x C). Since there is never
a need to multiply together more than two nontrivial factors, associativity is not an issue
so we don’t need the little cubes operad. All these simplifying factors fail for k > 2.

1.1 Results

For k = 1,2 we obtain a description of the moduli space 9t} in terms of the moduli
spaces M7, and M., with x € I : using results in [42], we construct, for any disjoint

: 2 . r r r _ .
finite sets /1, ..., I, CC~, maps H: Qﬁh’kl X"'Xgﬁln,kﬂ —>§)ﬁ],k,where 1 —Ui I;

and k =), k; <2. Using these maps we build the degree 0, 1 and 2 components
of the bar constructions B(90}, M7, 9;) and B(MY, [T,e; ML, [1es V%), which
we represent by B(---)<2.
Theorem 1.1 Let I = {x1,...,x4} C C2. Then:
(1) The map B: 9% x ([]; E)JI)’C[) — 9N} induces a map
he: B(zmg,]_[im’ ]_[zm;) — M7 _,
i i <2 -

which is a homotopy equivalence.
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(2) If I =JUK, with J N K = &, then the map B: I, x My — M} induces a
map B, M, My )<2 — MM _, which is a homotopy equivalence.

Direct sum with a trivial rank 7' —r bundle induces a map 9, — EITI;/ and we
let MP° = colimM;. Kirwan [28, Theorem 1.2], Sanders [40, Theorem 3] and
Bryan and Sanders [8, Theorem 1.1] showed that we have homotopy equivalences
M >~ [[4=0 BU(k) and ML =~ [ [y~ BU(k) x BU(k) (for x € C?). For J C I,
pullback of bundles induces a map 7y I_: M, — M7 . Combining the maps 77 ; with
Whitney sum allows us to define, for each I C C?2, a bar construction (see Sections 4
and 5), which we denote by

571 = B (e, T omee, [T o).
xel xel
and a map

h[l ||%1 || —> gﬁ?o

The second Chern class of the bundles gives a grading of the spaces |87 ]|. In the limit
when r — oo the maps H agree with the Whitney sum maps, so Theorem 1.1 implies
that iy is a homotopy equivalence in degrees 1 and 2 (see Theorem 8.47).

Conjecture 1 The map hy: ||By|| — 9M7° is a homotopy equivalence.

For disjoint finite sets / and J we have (see Proposition 5.12)
(1.2) B(IB7 1. M. 1B 1D = [Brusll-

Assuming Conjecture 1 holds, it follows that 977, ; ~ B(IM7°, M, MFP). Also,
from a finite-rank version of (1.2) (see Proposition 8.42) it can be seen that parts (1)

and (2) of Theorem 1.1 are equivalent.
We also show that, in order to check the conjecture in a given degree k, it is enough to

show that the map /4 is a homotopy equivalence when #/ <k :

Theorem 1.3 [f, for every finite set J C I with #J <k, the map hj is a homotopy
equivalence in degree k, then hy is a homotopy equivalence in degree k .

Note that finite rank versions of Theorem 1.3 and (1.2) (see (8.46) and Proposition 8.42)
imply Theorem 1.1 for k = 1.

There is an analogue to Theorem 1.1 in the limit when k — 4o00. Write MMZ} =
MZ” (# I IP’Z) and let €7, denote the space of all connections on an SU(r) bundle
over #; P2 with second Chern class equal to & mod gauge equivalence. This space
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is homotopically equivalent to Map, (#; P2, BSU(r)); see Cohen and Milgram [13,
Theorem 1.3]. For each degree k > 0 we have IMZy © C 34 ¢ and in [48], Taubes
described, for k’ > k, homotopy equivalences %[ 1 = ¢}, Which restrict to maps

MIy , — M}

1 x> and showed that “in the direct limit” the natural inclusion maps

1.4) 1g: MLy — Cp

induce a homotopy equivalence IMZy = %7 o~ The r = 400 case of the following
theorem shows that Conjecture 1 holds in the limit when k — 400

Theorem 1.5 Let r be either a nonnegative integer or r = +00. Then there is a
homotopy equivalence

B(Cgé,oo’ l_[ %é,oo’ 1_[ Cg;,oo) - cglr,oo'
x€l x€el

As an application, we study the image in homology of the map i; in (1.4) in the
limit when r — 4-o00. This map was first studied by Atiyah and Jones [2] in the
finite-rank case. They conjectured that 7; induces an isomorphism in homology and
homotopy through a range ¢ (k, r) that grows with k. The original conjecture (over S*4)
was proven in Boyer, Hurtubise, Mann and Milgram [6], Kirwan [28] and Tian [49]
and generalizations were proved in Hurtubise and Milgram [24] and Gasparim [20].
We compute the homology of [B;|| and show that the map [|By x|l — €73 is an
isomorphism in homology up to homological dimension 2k + 1. As a corollary we
show that:

Theorem 1.6 Let hy g ||By k|l — N7, be the c2 = k component of the map hy .
Then hy i is injective in homology and, in homological degree up to 2k + 1, we have:

(1) The inclusion map 1x: MLy — €75 induces surjective homomorphisms in
homology.

(2) The map hy j is an isomorphism in homology up to the range of validity of the
Atiyah—Jones conjecture.

We also give upper bounds for the cokernel of the map 1 in homology up to di-
mension 4k — 2#I + 7; furthermore, since the space ||Bj k|| is simply connected
(Proposition 10.8), statements analogous to (1) and (2) above also hold in homotopy
(see Theorem 1.6* on page 2255).

The paper is organized as follows: In Section 2 we briefly recall the definitions and
basic facts about the bar construction, homotopy colimits and operads. In Section 3,
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we describe the moduli spaces of holomorphic bundles 9t} and, in the limit when
r — 00, give them the structure of E,—spaces. In Sections 4 and 5, we describe the
bar constructions in the limit when r — co. In Section 6, we prove Theorem 1.3. In
Section 7, we define the products H used in the statement of Theorem 1.1 and prove
their properties. In Section 8, we prove Theorem 1.1 and use it to show that /7 x is a
homotopy equivalence for k = 1,2. In Section 9, we prove Theorem 1.5. In Section 10,
we compute the homology of |87 and prove Theorem 1.6. In the appendix, we
gather some technical proofs concerning the bar construction.

2 Preliminaries on operads and the bar construction

The two-sided bar construction for monoids and its generalization for algebras over
operads play a central role in our work. We gather here some terminology and facts
which we’ll be using throughout the paper. Let Top be the category of compactly
generated spaces in the sense of [50] and let hTopEthe homotopy category. Unless

otherwise stated, mapping spaces always have the compact—open topology.

2.1 The bar construction

In this section we provide some background on the bar construction and homotopy
colimits. More details can be found in [23].

2.1.1 Diagrams of spaces A topological category € is a small category with topolo-
gized morphism sets such that composition is continuous and ob € C mor € is a closed
cofibration. A continuous functor €; — &, is said to be an equivalence of categories
if it is the identity on objects and a homotopy equivalence on the morphism spaces.

A €—diagram of spaces is a continuous functor X: € — Top. A weak equivalence
between €—diagrams X; and X, is a natural transformatioTa: X1 — X2 such that
a(A): X1(A) - X2(A) is a homotopy equivalence for all A € ob €. We say « is a
homeomorphism if «(A) is a homeomorphism for all A € ob €. A functor between
topological categories i: €1 — €, induces a pullback of diagrams: given a €, —diagram
X: € — Top we let i*X =Xoi: ¢ — Top.

Example 2.1 Let & = {Uy}qc4 be an open covering of a space X and for each finite
subset 0 C A let Uy = (e Ua- Let €y be the category whose objects are the
nonempty open sets U, and whose morphisms are the inclusions. We refer to the
tautological diagram of spaces N: &, — Top as the nerve of the open cover U.
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2.1.2 Simplicial spaces Let A be the simplicial category, whose objects are the finite
ordered sets [n] = {0, ...,n} and whose morphisms A(m,n) are the order-preserving
maps u: [m] — [n]. Let A°P be the opposite category. The A°P—diagrams of spaces
are called simplicial spaces. Given a simplicial space X,: A°® — Top, its geometric
realization [33, Definition 11.1] is the topological space |X.| = (]_[;0 A" x Xp)/~,
where A" is the standard n—simplex and the equivalence relation is generated by
E-p,a) ~(E,u-a) forevery £ € A", a € X, and u € A(m,n). A natural
transformation X, — Y, induces a map | X,| — |Y.]|.

Example 2.2 A space Y can be identified with the simplicial space Y, with ¥, =Y
for all [n] € ob A: we have a canonical homeomorphism |Y,| = Y [33, Lemma 11.8].
Given a simplicial space X,, a sequence of maps

Jn: Xn =Y with  fr(ux) = fa(x) (x € Xu, p € A(m, n))
induces a map | X,| — Y.

2.1.3 The bar construction for monoids Let G be a topological monoid (that is, G
has an associative product with unit) acting on the left and on the right on topological
spaces Y and X, respectively. The bar construction B(X, G,Y) is the homotopy-
invariant version of the orbit space X x¢ Y. It is defined as the geometric realization
of the simplicial space B,(X, G, Y) defined on objects by

B,(X,G,Y)=XxG"xY
and defined on morphisms as follows: given u € A(m,n) let uy = p(o), with

a =1,...,m; then we can write

m
@3 X6y = (06 x (T GRtor ) (6" <)

a=1

and the map X x G" xY — X x G™ x Y is induced by the maps
XxGM - X, G'HMmxY—Y and GHeTHel 5 G (a=1,...,m)

defined by the product in G and the actions of G on X and Y.

If we let G°P denote the space G with the opposite monoid structure, then G°P acts
on the left on X and on the right on Y and B(Y, G°P, X) is naturally homeomorphic
to B(X,G,Y).

Proposition 2.4 The actions G XY — Y and X xG — X induce maps B(G,G,Y)—
Y and B(X, G, G) — X, respectively, which are homotopy equivalences.
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Proof For the map B(G,G,Y) — Y see [23, Proposition 3.1(5)] (taking into account
Remark 2.5 below). The result for the map B(X, G, G) — X then follows from the
homeomorphism B(X, G, G) = B(G°?, G?, X). |

One important example is the case where X = Y = x and G is a group. Then
BG = B(x, G, %) is the classifying space of G and EG = B(G, G, *) >~ * is the
universal principal bundle over BG.

2.1.4 The categorical bar construction Given a topological category €, a €—dia-
gram Y and a €°°—diagram X, the bar construction B(X, €, Y) is the geometrical
realization of the simplicial space defined on objects by

Bn(X,C,Y)
= [ {&:faooon fir): fror--0 f1 €C€(A, B) is defined, y € Y (A). x € X(B)}
A,Bec¢

and defined on morphisms by composition of arrows in € and by the evaluation maps
€(A,B)xY(A) = Y(B) and X(B) x€(A4, B) - X(A).

Remark 2.5 The bar construction for monoids in Section 2.1.3 is the special case
when the category € has only one object; then its space of morphisms is a monoid G
and a €—diagram is a space Y with a left action of G.

2.1.5 Homotopy colimit Let X be a €—diagram. The colimit of X is colime X =
(Iaeob e Xa)/~, where the equivalence relation identifies x ~ - x for all x € X, and
u € €(a, b). The homotopy colimit is the homotopy-invariant version of the colimit.

Definition 2.6 Let ¢ be a topological category, let X be a €—diagram and let * be
the constant €°P—diagram on a one-point space. The homotopy colimit of X along € is

hco€limX =B(*, ¢, X).

For convenience, we state here some basic properties of the homotopy colimit which
we will be using later:

Proposition 2.7 (1) Given a simplicial space X, there is a simplicial space tX
weakly equivalent to X whose geometric realization |tX| is homotopically
equivalent to hcolimaer X. Furthermore, if X is a good simplicial space (in the
sense of [44, Definition A.4]) then hcoliman X ~ |X| >~ |t X].
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(2) Given a €—diagram X and a topological space Y, we have hcolim(Y x X) =
Y x hcolim X.

(3) If Xi,..., X, are €—diagrams then hcolime (] [; X;) = [[; (hcolime X;).

Proof Statement (1) is [44, Propositions A.1(iv) and A.3], and (2) and (3) follow easily
from the definition and properties of the bar construction [23, Proposition 3.1]. a

Given a functor F: € — © and an object D € D, the undercategory D | F is the
category whose objects are the pairs (f,C) with C € € and f: D — F(C) and
whose morphisms p: (f,C) — (f’,C’) are the morphisms p: C — C’ in € such
that F(p)o f = f’. The overcategory F | D is the category whose objects are the
pairs (C, f) with f: F(C) — D and whose morphisms p: (C, f) — (C’, ') are
the morphisms p: C — C’ in € such that f’o F(p) = f. We say the functor F is
right cofinal if

2.8) B(x,D | F,x)~x forall De®.

If F is right cofinal then the induced map hcolimg F*X — hcolimgp X is a homotopy
equivalence [23, Proposition 4.4].

2.2 Operads

We wish to generalize the bar construction of Section 2.1.3 to spaces A which, instead
of a strictly associative product, have a family of products with each product associative
only up to homotopy. The technical tool to handle this situation is the theory of operads,
of which we give some background in this section. General treatments of this topic
can be found in [31; 18].

Before we define operad we need to introduce some notation about symmetric groups:

Definition 2.9 Let X, denote the symmetric group of permutations of n elements.

e Given an n—tuple (ay,...,d,) and o € X, we write
o(ar,....an) = (Ag-1(1) - - Ag—1(n))-
e Let ji,...,jr be nonnegative integers, let j = ji +---+ ji and consider the
partition P of {1,...,j} into k intervals of sizes ji,..., jk.

- Given 0 € X, let 0j,,... j, € X, be the block permutation which permutes
the k blocks of the partition P in the same way that o permutes the elements
of {1,...,k}.
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- Given; € X, let 11 @ --- @ ¢ € X; be the image of (z1,..., 7¢) under
the inclusion X x---x X; — X; induced by the partition P.

An operad P is a sequence of spaces P(n) parametrizing n—adic operations A" — A
on a space A. Note that, given maps 6: Ak — A and 6;: AV — A, composition
defines amap Qo (0y,...,0): AVt Tk 5 4.

Definition 2.10 An operad P (in the category Top) is a sequence of spaces {P(n) }n>0
with P(0) = {x}, together with the following data: a right action of the symmetric
group X, on P(n); aunit 1 € P(1); and continuous maps

y: P(k) xP(j1) x---xP(j) > P() (G =j1+ -+ Jjk)
which we also represent by y(0;01,...,0;) =00(0y,...,0), satistying:
Equivariance Given 0 € P(k), 6; € P(j;), 0 € ¢ and 1; € Zj;, we have

Oo(brtr,....0ktk) = (00 (01,....00)) (11 © - D 11),
(Bo)o(bh,....0k)=(Oo00(b1,....0k))0),....jx-

Associativity 0o (010 (6011,....015).....0k 0 (Ok1.....0kj,))
=(@o(01,....0) 0 (O11.-...0jys o Ok1s oo, Ok ).
Unit lof=60o(,...,1)=86.

A morphism of operads P; — P is a sequence of equivariant maps P (n) — Pa(n)
such that the induced map ¥: [ [, P1(n) — [],, P2(n) satisfies (1) =1 and

(o (O1.....0c) = (Y0)o(Yb1,....,¥0).
Example 2.11 Given a based topological space A, the sequence of spaces End4(n) =
Map(A”", A) defines an operad called the endomorphism operad of A. The group X,

acts by permuting the factors in A”.

Definition 2.12 An operad P is said to be an Eo,—operad if for each n the space
P(n) is contractible and the action of X, on P(n) is free.

An FE,,—operad models multiplications which are associative and commutative up to
all higher homotopies. The following example plays a central role in our work:
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Definition 2.13 A universe is a countably infinite-dimensional complex Hermitian
vector space. Given a universe Hl, the complex linear isometries operad LM over H
has M (n) the space of linear isometries H” — H. The group X, acts on £H(n)
by (¢o)(v) = ¢(ov) for ¢ € ZH(n) and v = (vy,...,v,) € H".

The action of =, on ZH(n) is clearly free and the spaces <™ (n) are contractible
[34, Lemma 1.3] so ZH s an E - —operad.

2.2.1 Algebras over operads An algebra A over an operad P, also called a P—
algebra, is a based topological space A together with a sequence of equivariant maps
q: P(n) x A" — A, which we represent by (0,a1,...,a,)— 0-(ai,...,a), such
that 1(a) = a and the following diagram commutes:

A x oo x ATk

0, x---XV y(el,...,ek)
0

Ak A

A morphism of P-algebras is a map f: A — B such that f(0 - (ay,...,ar)) =
0-(f(a1),.... flak)).

2.2.2 Modules over algebras over operads Let P be an operad and let A be a
P—algebra. A left module over A [21, Section 1.6] is a topological space M together
with maps ¢z.: P(k + 1) x AK x M — M (with k > 0), equivariant with respect to
the action of ¥ C Xy (the subgroup of permutations preserving k + 1), such that
qr (1, m) = m and the following diagram is commutative:

AN XX AR x (ATR+1 x M)

91X-~-X9k>V Wﬁkﬂkﬂ)
AR s M o M

The above definition corresponds to the notion of a left module, but, using equivariance,

amodule M over a P—algebra A can be equivalently defined [3, Definition 1.1] as a
family of maps P(n) x AX~1x M x A"~ — M satisfying suitable unit and associativity
relations and inducing a total action

n
(2.14) qr: P(n) xs, ( [] A" <M x A"—k) — M.
k=1
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In particular, for k = 1 we have amap P(n) x M x A"~! — M giving M the structure
of a right module over the P—algebra A.

Example 2.15 Let P be an operad. A morphism of P-algebras f: A — B gives B
the structure of an A-module by defining

qr(0; a1, ....a,bry1) = q(0; f(ar),. ... f(ax), bpy1)-

3 Moduli spaces of holomorphic bundles

In this section we give the moduli space of holomorphic bundles the structure of
an algebra over the linear isometries operad (Definition 2.13) using the machinery
of [5; 34].

Definition 3.1 Let .# denote the category of linear isometries whose objects are the
finite or countably infinite-dimensional complex Hermitian vector spaces topologized
as the limits of their finite-dimensional subspaces and whose morphisms .#(V, W)
are the linear isometries o: V — W. For each r > 0 let .#,. be the full subcategory
whose objects are the r—dimensional complex Hermitian vector spaces and let .#, be
the union of the categories .7 .

Recall that Lo, C P2 denotes the rational curve at infinity and we write IF’IZ for the
blowup of P2 along a finite set / C P2\ Lo,. We work with the following construction
of the moduli space:

Definition 3.2 Let V € ob . and let £ — IF)IZ be a rank r smooth complex vector
bundle with first Chern class ¢y (£) = 0. A holomorphic structure on E is a semi-
connection dg: Q°(E) — Q%1(E) satisfying the integrability condition 5% =0. Let
C(I, E, V) be the space of pairs (g, ¢) where df is a holomorphic structure on E and
¢: E|L., = V X L is a holomorphic trivialization. Let Aut(E) denote the group of
smooth bundle automorphisms of E. Then we let (I, E,V)=C(I, E,V)/Aut(E).

In [30, Theorem 1.1 and Lemma 2.6], it was shown that the group Aut(E) acts freely
on C(I, E,V) and the quotient has the structure of a finite-dimensional Hausdorff
complex analytic space.

Proposition 3.3 Let £y, E; — @12 be two isomorphic smooth complex vector bundles.
Then there is a canonical isomorphism (I, E1,V) = IM(I, E», V).

Algebraic € Geometric Topology, Volume 20 (2020)



Holomorphic bundles on the blown-up plane and the bar construction 2189

Proof Given anisomorphism y: E; — E, defineamap ¥.: C(I, E1,V)—C(I, E3,V)
by Vs (5, ¢)= (o 9o ¥~ 1, ¢ oy™1). This map descends to the quotient to give a
homeomorphism 9t(1, E1, V) — 9(I, E,, V) which is independent of the choice of
isomorphism . O

Since the isomorphism class of E is completely determined by ¢2(E) =k and tk E =
dim V, we will use the notation zm}’k =M, E,V).

Definition 3.4 Let / C C2 be a finite set.

ey

2

3

“)

For each V € ob .7, we represent the moduli space of holomorphic bundles
on IF’IZ with rank r =dim V by

o
\% \
my = ]_[ m],k’
k=0
with basepoint the trivial bundle V x P 12 € zm}’o.
Let o € % (V1, V). For each rank r smooth bundle £ we define the map
Ca: C(I, E,Vy)—C(I, E, V,) by sending (0, ¢) to (3, (o xid) o¢). These
maps descend to the quotient to give a map
my: m," — om,>.
Given Vi, V5 € ob ., and smooth bundles £ and E,, let
w: C([, Eq, Vl) X C(], E,, Vz) — C([, Ei1®E>,, Vi Vz)

be the map defined by w((91,¢1). (2, $2)) = (31 D 32, d1 & ¢»). This map
descends to the quotient to give a map

w: M) x> — ) 1OV2,

Given J C I let y r: 15’12 — IF’} be the blowup of I@"} along I \ J. Then,
for each smooth bundle E, pullback of holomorphic bundles induces a map
”;,I: C(J,E,V) > C(I,n} ;E, V). These maps descend to the quotient to
give a map

w3 My — My

Lemma3.5 Let V,W €ob.# andlet * € SJT;W be the basepoint. Then the map

w o (id X *): smy — m}’@W

is a closed embedding.
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Proof The map w o (id x *) is given by Whitney sum with the trivial bundle W x P 12
For each k, the moduli space Sﬁy « can be described [12, page 532] as the space of some
matrices a, ago, a(l)o, ¢ and d obeying the integrability condition in [12, equation (3.4)]
modulo the free action of a certain group G [12, equation (3.7)]. Here ¢ € Hom(C¥, V),
d e Hom(V, C¥) and the group action on ¢ and d is given by ¢ — choo and d — good
with hgg, goo € GL(k). The holomorphic bundle is given as the cohomology of a
monad of the form (see [12, equation (3.1)])

0> &E®E B WeaVE RneorF —0

for some bundles &; and F; over ﬁlz and a vector space Wy. If [zg, 21, 23] € P2 are ho-
mogeneous coordinates then A = (c z (')) and B = (: dg2 ) [22, equations (27) and (28)].
It follows that the map w o (id x *) is induced by the assignment (a, a(o)o’ a(l)o, c,d)—
(a,ago,a(l)o,z oc,dop),where 1: V—>V@W is the inclusion and p: VW — V

is the projection. So w o (id x *) embeds sm}’k as a closed submanifold of S)Jtyl?w . O

Using the terminology of [34], the pair (7, w) is an #—functor. That is:

Proposition 3.6 Let ®: .7, X J4 — 5 be the direct sum functor. Then the assign-
ments V mt}’ and o — NG define a continuous functor My from .7 to Top
and w: My x M; — My o @ is a commutative, associative and continuous natural
transformation satisfying w(x, *) = x (where * € 93?9 is the basepoint) and such that
w o (id x *) is a closed embedding.

Proof The proof is straightforward. |

Proposition 3.7 The functor 9 extends to a tunctor 9My: .# — Top and w extends
to a natural transformation My x Ny — My o B.

Proof We can extend 91; to infinite-dimensional vector spaces H by letting ,’JJYIIHI =
colim Z)ﬁy, where the colimit is taken over the finite-dimensional subspaces V C H.
See [34, Proposition 1.9] for details. O

Proposition 3.8 Let #™ be the complex linear isometries operad over a universe H
(Definition 2.13). Then w induces an .,?H—algebra structure on i)ﬁ}ﬂ. Further-
more, a linear isometric isomorphism «: H; — H, induces a map of i —algebras
Mg: zm}Hl — Sﬁgﬂz which is a homeomorphism.

Proof See [34, Definition 1.6 and Remark 1.7]. O
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Given finite subsets J C I C C2, the map n} ; from Definition 3.4(4) passes to the
colimit to give a map 77 ;: EITIH;I — Z)JT}H.

Definition 3.9 Let € be the category of finite subsets of C2 with morphisms the
inclusions.

Proposition 3.10 The assignments I — S)LRIIHI and (J CI)w> n} ; define a functor
between ¢ and the category of #™ —algebras.

Proof We can easily check that 775 ; is a natural transformation between the functors
My and My which commutes with w. The result follows. O

Remark 3.11 For J C I, the space EDTIIHI has the structure of a module over the .M —
algebra MY | induced by the map Ty i)ﬁI;H — EITI?I and the .#H —algebra structure
on S)JTH;I (see Example 2.15).

4 The homotopy coherent bar construction

We wish to generalize the bar construction of Section 2.1.3 to the case where, instead
of a monoid G acting on spaces X and Y, we have an algebra A over an operad P
and modules M and N over A.

4.1 Modules

Let P be an operad and let A be a P—algebra. We need to generalize the notion of a
(right) module M over A of Section 2.2.2 to the case where the maps M x A" - M
are parametrized, not by P(n + 1), but by a certain sequence of spaces .# (n). Recall
the notation from Definition 2.9.

Definition 4.1 Let P be an operad with composition data y and unit 1 € P(1). A
monoidal module .# over P is a sequence of spaces .# (n) (where n > 0) together
with the following data: a right action of ¥, on .Z(n); a unit 1_, € .#(0); and maps

Tr: A (k) x A (o) X P(j1) X+ xP(ji) = #(j) (G =Jjo+ -+ Jjk)

which we also represent by Tr(§;&,01,...,60,) =Eog (§/,01,...,0;), satisfying:
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Equivariance Let £ € .7 (k), 0; € P(ji), §' € #(jo), 1i € X}, and 0 € Ty with
0(0) =0. Then
Eor (E't0,01t1,....0kx) = (EoR (E.01,....0) (20 ® - D 1),
(Eo)or (§'.01,....0k) = (Eora(E.01,....0K))Tjo,....jx-
Associativity
Eor (§or (", 001.....00j0).010(O11.....01j,),....0k0(O1.....0kj))

= (é-' OR (%'/, 01, ey Gk)) OR (SN, 901, ey 90/‘0, ey gkl, ey ijk)'

Unit lyorE=§or(1y1,....1)=¢.

We say .# is an Es,—module if the X; actions are free and the spaces .# (k) are
contractible.

A morphism of monoidal modules .#, — .#, over an operad P is a sequence of equi-
variant maps .#1(n) — .#>(n) such that the induced map vy: [ [ #1(n) — || #2(n)
satisfies ¥ (1.4) = 1, and Y/ (Eor (§'.01,...,0k)) = (Y &) or (Y&, 01,..., k).

Remark 4.2 The name monoidal module comes from .# being a right module over P
[18, Section 5.1.1] and [ [,, .#(n) being a monoid.

Example 4.3 Given spaces A and M, the sequence Endyp (n) = Map(M x A", M)
is a monoidal module over the endomorphisms operad End4 of Example 2.11.

We now generalize the definition of a module over a P—algebra from Section 2.2.2.

Definition 4.4 Let .# be a monoidal module over an operad P. An .#-module
over a P-algebra A is a topological space M together with 3 equivariant maps
gr: (k) x M x A¥ — M, such that the following diagram is commutative:

(M xAjO)XAjl X...xAjk =M XAj0+"'+jk

S/X@[)@% W‘Ql ..... 0x)
§

M x Ak M

Example 4.5 Let P be an operad with composition data y and, for each n > 0, let
Py(n) =P(n+1). Then P, is a monoidal module over P with data 'g = y and
the P+ —modules over a P—algebra A are the right modules over A4 in the sense of
Section 2.2.2.

The main example of a monoidal module in our work is the following:
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Example 4.6 Let .# denote the category of linear isometries (Definition 3.1). Given
universes H and U (Definition 2.13), let .#(n) = #(H & U”, H). Then .#(n) is a
monoidal module over the linear isometries operad .#Y . We are interested in the case
where U = H" for some r > 0. Let P"(n) =[]/_; ZH(n). Then P’ (n) is naturally a
suboperad of er(n) s0, in this case, .# is a monoidal module over P’ . Furthermore,
if A is an 2™ _algebra then A” is a P"—algebra and A is an .#-module over A" .

Remark 4.7 Definitions 4.1 and 4.4 correspond to the notion of a right module. In
a completely analogous way we can also define left monoidal modules .#* over an
operad P and left .4/ —modules over a P—-algebra A.

4.2 The bar construction

To define the homotopy coherent bar construction we replace the simplicial category A
with a new category, obtained by expanding the spaces of morphisms to include the
operad data. Given an operad P, write P4 (n) = P(n + 1) (see Example 4.5)

Definition 4.8 Let P be an operad with data y and let .# be a monoidal module
over P with composition data I'r. We represent by A(.#,P) the category with the
same objects as the simplicial category A and whose morphisms are defined as follows:
For each morphism p € A(m,n) let

A P)G0) = Gt0)x (| T] Pl ) 5P = ).

a=1

Then, the space of morphisms is defined to be

At PYm.ny= [] A2 P)(w.
weA(m,n)

Let w € A(m,n) and v € A(n, p). Composition of morphisms:
A(A,P) () x A, P)(v) > A(A,P)(vou)

is defined using the operad data

MO
TR: A (o) x 4 (vo) x [ [ P(vp—vp—1) > 4 ().
B=1
Mo
y: P(tta—pa—1) % [|  POs=v8=1) > Py — Vug)-
B=po—1+1
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n

y: P+(n—um)x( I1 P(vﬁ—vﬁ_l))x7>+<p—vn)—>7>+<p—vum).
B=um+1

From the associativity of the operad data it is straightforward to prove that this compo-
sition law is associative.

Remark 4.9 The above construction could also be done replacing Py by an arbitrary
(left) monoidal module but we won’t need that generality.

We now define the bar construction. Comparing with the bar construction for monoids in
Section 2.1.3, the category A(.#,P) replaces the simplicial category A and geometric
realization is replaced by the homotopy colimit (Section 2.1.5). By analogy with
the notation for geometric realization, we often represent the homotopy colimit of a
A( A, P)°P-diagram X by

heolim X = || X|.

A, P)op

Definition 4.10 Let P and .# be as in Definition 4.8. Let A be a P-algebra, let M
be a right .#-module over A and let N be a left module over A. We represent by
Bo(M,A,N): A(#,P)® — Top the functor defined on objects by

Bu(M,A,N)=M x A" x N

and defined on morphisms as follows: Given u € A(m,n) we can write (compare
with (2.3))

n
M x A" x N = (M x A*0) x ( I1 A“D‘_““—l) x (A" Hm x N).

a=1

Then the map A(#,P)(1) x M x A* x N - M x A™ x N is induced by the maps

qRr: A (o) x M x A0 — M,
q: Pl — pa—1) X AFeTHel — 4,
q: P+(n—pm) x A"7Hm x N — N.

We define the bar construction by taking the homotopy colimit:

@.11) B(M, A, N) = hcolim B.(M, A, N).
A(,P)P
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4.3 Maps from the bar construction

If G is a monoid acting on spaces X and Z, we can build a map from B(X, G, Z) to
a space Y from a sequence of maps X x G" x Z — Y giving a map to the constant
diagram Y, (see Example 2.2). When X = G and Y = Z, this map is a homotopy
equivalence [23, Proposition 3.1(5)]. In this section we generalize these results to the
bar construction of Section 4.2.

Let P, #,and A, M and N be as in Definitions 4.8 and 4.10. We wish to define maps
B(M, A, N) = Y for some space Y. The idea is to replace ¥ with a homotopically
equivalent space. We will need, for each n > 0, spaces Y(n) parametrizing maps
M x A" x N — Y. Although Definition 4.13 below could be made for any spaces Y (n)
satisfying suitable associativity relations, in this paper we will confine ourselves to the
case where Y(n) = .#(n +1).

Definition 4.12 Let A denote the category whose objects are the ordered sets [n] =
{0,1,...,n} C Z plus the empty set, which we represent by [—1] € A, and whose
morphisms are the order-preserving maps.

The simplicial category A is a full subcategory of A. We will define a category
A(.,P) equivalent to A which contains A(.#,P) as a full subcategory.

Definition 4.13 (1) Given a monoidal module .# over an operad P, let P4 (n) =
P(n+ 1) and let .#4+(n) = .#(n + 1). We define a category Z(///, P) with the
same objects as A and morphisms defined as follows: For m, n # [—1], the spaces of
morphisms coincide with those of A(.#,P) and we let Z(/// ,P)(—=1,n) = .#+(n).
Given m,n >0 and u € A(m,n), composition of morphisms

A, P)(=1,m) x A, P) () = A4, P)(~1,n)
is defined using the operad data:

Fis 00 % 10) | [T PGt =o)X P = ) = 40

a=1
(2) Let A be a P-algebra, let M be a right .#—module over A and let N be a left
module over A. Let Y be a topological space and suppose we have, for each n > 0,
maps

4.14) O: My(n)x M x A" x N — Y
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equivariant with respect to the X,-action on .#4(n) and A", and such that the
following diagram commutes (where j = jo + -+ jr4+1):

(M x A70) x ATV x -+ x AJk x (A/k+1 x N) =M x A/ x N

EoX@lx...XGV W(EO,QI ..... 9k,9k+1)
&

M x Ak x N Y

Let %.(M, A,N;Y): 5(//1, P)°P — Top be the functor extending B.(M, A, N), send-
ing the object [—1] to Y and defined on the remaining morphisms by the map in (4.14).
We let

(4.15) B(M,A,N:Y) = hcolim B,(M,A,N:Y).
A( ,P)oP

Proposition 4.16 The inclusion [—1] — A induces a map Y — %(M, A, N;Y) which
is a homotopy equivalence.

Proof This follows from the cofinality theorem [23, Proposition 4.4] since [—1] is a
homotopy initial object. |

Definition 4.17 We represent by hpas 4, n:;y: B(M, A, N) — Y the map in the homo-
topy category hTop determined by the diagram

B(M, A, N) > B(M, A, N:Y) <=7,

where the first map is determined by the functoriality of the homotopy colimit.

If G is a monoid acting on the right on a space Y and on the left on itself, then
B(Y,G,G) ~ Y [23, Proposition 3.1(5)]. The analogous result for B is the following:

Proposition 4.18 Let .# be a monoidal module over an operad P and let M be an
# —module over a P—algebra A. Then the map hpr g, a.m: B(M, A, A) — M is a
homotopy equivalence. Furthermore, if . # = P+ and N is a left module over A, then
the map hq o N.N: *B(A, A, N) — N is a homotopy equivalence.

Proof The statement for hps, 4, 4. follows immediately from Lemma A.6 and the
proof for hg 4, n;n is completely analogous. 0
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4.4 Morphisms

If, for each i = 1,2, we have a monoid G; acting on spaces X; and Z;, then a
homomorphism f: Gi — G, and equivariant maps fx: X1 — Xp and fz: Z; — Z»
induce a natural transformation B,(X1, G1, Z1) — B.(X2, G2, Z>) and hence a map
between the bar constructions which is a homotopy equivalence if f, fx and fz are
homotopy equivalences [23, Proposition 3.1(6)]. In this section we prove analogous
results for the homotopy coherent bar construction.

Suppose : P1 — P> is a morphism of operads, and .# is a monoidal module over P,
with composition data T'g. We represent by *.# the monoidal module over P; with
V*4(n) = #(n) and composition data

Y TR E O, 0p) =TR(E:E Y01 . ¥On).

For each i = 1,2, let .#; be a monoidal module over P; and let V1 ,: .41 — V*.>
be a morphism of monoidal modules over P;. Then y and v, induce a functor
F: A(#1,P1) = A(, P2) and given any A(.#5, P,)—diagram B we have a pull-
back A(.#1,P1)—diagram F*B = F o B. Now suppose A is a P,—algebra and
M and N are, respectively, a right .#>-module over A and a left module over A.
Then we have a P;—algebra {*A4, a right .#;-module ¥*M and a left module y*N
over ¥ *A defined in the obvious way.

Proposition 4.19 We have an isomorphism of A(.#1,P1)°P —diagrams
B(Y* M, y*A, y*N) =~ F*B,(M, A, N)
and, if P; and .#; are E~, then the functor F' induces a homotopy equivalence

hecolim F*B,(M,A,N) => hcolim B,(M,A,N).
Ay, P1)P A(t2,P2)°P

Proof The isomorphism of A(.#;,P;)°P—diagrams can easily be checked by direct
inspection. The homotopy equivalence follows from [23, Proposition 3.1(6)], since F
is an equivalence of categories. O

Let P be an operad and let .# be a monoidal module over P. For each i =1, 2, let
A; be a P-algebra, let M; be an .# -module over A; and let N; be a module over A; .
Let

frA1—> A, furMy— f*Ma, fn: Ni— f*Na
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be, respectively, a morphism of P algebras, a morphism of .#Z-modules over A
and a morphism of modules over A4;. Also suppose we have, for each i = 1,2,
maps Q;: A+ (k) x M; x Af.‘ x N; — Y, satisfying the associativity conditions in
Definition 4.13 and let fy: Y7 — Y3 be a map such that

fr(QuEim,ay, ... ax.n)) = Qa(§: fu(m), far)..... flak), fn(n)).
Then f, far, fv and fy induce natural transformations, which we represent by
%'(fM9 f; fN) %.(Ml, Al’ Nl) - %0(M29 AZa NZ)’

4200 - _
Bo(fm, [ In: Jr): Be(M1, A1, N1;Y1) = Bo(M2, A2, N2 Y>).

Proposition 4.21 If P and .# are Ex and f, fy and fy are homotopy equiva-
lences, then B( far, f, fn) is a homotopy equivalence.

Proof This follows immediately from the homotopy invariance of the homotopy
colimit [23, Proposition 4.4] O

5 The spaces ||B/||

Let .#H be the linear isometries operad (Definition 2.13) and let .# be the category
of linear isometries (Definition 3.1). By Proposition 3.8, the spaces DJ?}IH are M-
algebras.

Definition 5.1 Given a finite set / C C2, let H! =@,.c; H and, for each nonnegative
integer n, let

Ay =sHe @) H). £2%m=]]L%n.

xel

Also, let fﬂ(n) = .,%IH(n + 1) and f_]EI’I(n) =Wl 40).

In Example 4.6 we observed that .,%IH is a monoidal module over .#™-7 and MY is
an .Zf-module over the .#™-! —algebra [],c; ME. The space [],c; M is also
an ™1 _algebra, and the pullback maps 7 x: MY — ME make [],; M into
a module over [, <; Dﬁlg (Example 2.15). Next we apply Definition 4.13(2) with
Y = SJT}IH. We need a map

n
0: g,}ﬂ(n)xaﬁgx(]_[mgﬁ) xl_[smgljlam}m

xel xel
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satisfying the associativity conditions in Definition 4.13. We define this map, for each
fe fﬂ_ (n), by the composition

My x (1_[ Smg)n X (l_[ imx)
o (o) (T w) =0 ([T ' Lo om,

where the map 7* is induced by pullback.

Definition 5.2 We write

B = AP, =, (T [T,

xel xel
KW = R(gf 2™T), BH = %.(smgﬂ, [T ] mgﬂ;smgﬂ).
xel xel

Also, we write ||’BIIHI | = hcolim %IIHI and we denote the map of Definition 4.17 by

(5.3) hr: B — o
Proposition 5.4 The maps hy and h, are homotopy equivalences.
Proof This immediately follows from Proposition 4.18. |

Let € be as in Definition 3.9. Given a morphism i: J — I in €, the projection
LT () — M () and the map le(n) — X}HI(n) induced by the inclusion
He (H')" — Hea (H)" induce equivalences of categories, which we represent by

A AIIH[ — A]I;I and K,-: Z}H — KI;H,
and hence, by Proposition 4.19, homotopy equivalences
(5.5) |AFBF — [BF] and | AFBF| — BT

The inclusions of based spaces

i [[mg - [[mg. in: [[ Y > [[ ¥

xeJ xel xeJ xel

together with the pullback maps 71; I S)ﬁ]ﬁﬂ — EIRIIHI induce maps (see (4.20))

(5.6) B(d,i,in; 7y ): | ABY| - IBF,  Bd, i in): [A7BF] — 1B

Algebraic € Geometric Topology, Volume 20 (2020)



2200 Jodo Paulo Santos

Remark 5.7 Although we are not going to need these facts, we observe that the assign-
ments / — Ay and i — A; define a functor from € to the category of topological
categories equivalent to A, and the assignments / ||‘B}H|| and (i: J > )~ ||’ZB§HI||
define a functor | BH|: ¢ — hTop. Furthermore the maps h;: ||%IIHI|| — S)J?IIHI define
a natural transformation between the functors || B, 9tH: ¢ — hTop (for the functor
9MH see Proposition 3.10). -

We now show that, for an appropriate choice of universes (Definition 2.13), the spaces
||% 7]l and ||B7 | are modules over the ¥ —algebra My (see Proposition 5.8 below).
Given universes Ho and H;y, we have canonical operad maps i;: ZH s pHo®H:
(with j =0, 1): the map ip maps f € £Ho(n) to the isometry f ®1: (H?”)@Hl —
Ho ® H; and similarly for i;. Let H = Ho ® H;. The maps ip and i; induce
equivalences of categories Fj;: A;Hj — A?I (with j =0, 1), and, by Proposition 4.19,
homotopy equivalences

hcolim F}* %IIHI =5 hcolim %IIH[.
@y (afyr

Also observe that each i; gives smgl the structure of an .2/ —algebra.

Proposition 5.8 Let Hy and Hj be universes, let H =Hy®Hj and let iy: L7 N
M be the canonical map of operads. Then || F, l.’: %IIHI | and || F; %IIHI || are left modules
over the .M —algebra MY .

Proof Given f € f_]flg (n) the map (ME)” x ”sz %IIHIH — ”sz %}HH is defined by
the natural transformation (img)” X Fi*]‘ %IIHI — Fi’; ‘BIIHI given, for m # —1, by the
maps

(5.9 ME)" x B (m) = (ME)" x M) x ( I1 img)m x ( [1 wﬂ?)

xel xel
i (f)xidxid " ~
2’—>9n}§1x(]_[zm§) x(]_[zm]}}) = BH(m)
xel xel

and, for m = —1, by the maps
—~ * n d 7 ~
() x BE(_1) = (mEyr x ol Ta.)W quiynet 00D gl gH (),

The fact that this is a natural transformation follows from the commutativity of the
following diagram, where f € #He(m+1), ge LM (k+1)and J =@ or J =1I:
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io(f)xid
(OED > MEL x (&

idxmg)l n(g)l

(mﬁ‘}ﬂ)n « m%ﬂ iz (f)

The map (IMH)” x £ ’B?IH — |IF} %E'HH is obtained by restricting the natural
transformation defined above. O

Remark 5.10 Using equivariance, we can also think of || Fi’; %}ﬂ | and || Fl.*l‘ %Eﬂ | as
right modules over zmlg (see Section 2.2.2). These structures are induced by the maps
(compare with (5.9))
huff "
SBE () ()" T (omH o oy ) ( I meI) x ( I DﬁH)
xel xel
i (f)xidxid H H " H H
TP st (T on ) x (T onH) = 8 om)
xel xel

and also, in the case of || Fl’; %}HH , by the maps

idx () )"
%’

BE (1) x ()" = i x (omi)n @iyt 20 gpl _ FH (),

Let I,J C C? be finite disjoint sets. Fix universes Hj;; and Hg and let H =
H;y @ Hy. Let i: 17 — #H pe the canonical operad map. From Definition 4.10,
with P = £He and .# = Py (see Example 4.5), we get functors
H
- B (| FrBil oG | FFBYD: Az ?, £M2) — Top,
) & & H
8.1 (| BT MG | F BT Az ? . 2%7) — Top,

where the superscript in %?ﬂ@ (---) is added to stress that we are over the operad .ZHe |
From Remark 3.11, S)ﬁgﬂ and SJ?HJ'H are modules over the .#H —algebra Dﬁ]g. Taking
P =" and .# = P, we get the functor

Bl my, mih: A, ™) — Top.
We will use the notation in (4.11) to represent the homotopy colimit of these functors.

Proposition 5.12 With notation as above, we have a commutative diagram in hTop

BHe (| Frp |, mE, || FrBi|) —— BH O, omE ot

=| |

h
H 10J H
”sB]L)J” mlu]
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where the left vertical map is a homotopy equivalence and the top horizontal map is
induced by hy and hj .

The proof will be given on page 2260 in the appendix.

6 Proof of Theorem 1.3

In this section we fix a universe H, and write 9t and B instead of MM and BH . Fix
a finite set / C C2. Foreach n =—1,0, ... and J C I, the topological space B J(n)is
naturally graded as a product of graded spaces, and given a morphlsm fe Ay (m,n),
the induced map B Jg(n)— B J(m) preserves the grading. Denote by B Jk: Ay— Top
the functor obtained by taking the degree k component of B g.Lethy: |Bs|| =My
be the map in Definition 5.2. The objective of this section is to prove Theorem 1.3,
which we now restate:

Theorem 1.3 If, for every J C I with cardinality #J < k, the map hj is a homotopy
equivalence in degree k , then hy is a homotopy equivalence in degree k .

Let ¢ be as in Definition 3.9 and let 9M: € — lﬂ) be the functor introduced in
Proposition 3.10.

Definition 6.1 Let ¢ be the full subcategory of € whose objects are the subsets
J CI with#J <k.

We first need the following result (by nerve of an open cover we mean the functor of
Example 2.1):

Lemma 6.2 [42, Theorem 2.1] Let 9My: € — Top denote the degree k compo-
nent of the functor 9N and write M j . for its value on J € €. Then the collection
U= {T[;’Im‘]’k}‘legl’k is an open cover of M . and the maps ”;,I induce homeo-
morphisms between the restriction of 9y to &y and the nerve of U.

We now turn to the proof of Theorem 1.3:

Proof It is enough to show that the map By || — ||% 1.kl is a homotopy equivalence.
For each morphism j: J — 1, it will be convenient to replace the functor ‘B ; with the
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functor Aj-%]: Z;p — Top (see (5.5)). Let A*%k: Z?p x €1 ;. — Top be the functor
defined on objects by
A*DBp(n, J) = A By i (n);

given morphisms i: (J1, j1) = (J2, j2) and f € Ar(m,n), we define A*%(f,i) by
the diagonal map in the following commutative diagram (for the vertical maps in the
diagram see (5.6)):

A% By ()~ &% B, (m)

i| |i

~ f ~
A% B, (n) —— A By, (m)

We define the functor A*B: A(}p x &1 x — Top by restricting A*B k- We claim that
the maps

(6.3) heolim(hcolim A*By ) — heolim By .,
Crk A7 A7

(6.3)(a) heolim (hcolim A*%) — heolim B 4
Q:I.k Z(])p Z‘I’P

induced by the maps Aj% Jk = B 1,k are homotopical equivalences; the theorem will
follow since we then have a commutative diagram

heolimg, , || A*By || — heolime, , [|A*By ||

zl |=

B 7.kl 1B 7, l

and by hypothesis (and the homotopy invariance of the homotopy colimit), the top

horizontal map is a homotopy equivalence. We first prove that the map in (6.3) is a
homotopy equivalence. From the commutation of homotopy colimits [23, Section 6]
we get
hcolim(hcolim A*By ) = heolim(hcolim A*By ),
Cr .k AY AF Tk

so it is enough to show that we have a weak equivalence of AOIP —diagrams

heolim A*By ~ By k.

Crk

which we now prove. Let Z; C Z x 7+ DED) pe the subset of tuples of nonnegative
integers whose sum is k. We write an element k € Zy as k = (ko, (Kax)xel,a=0,....n)-
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Unraveling Definition 5.2 we see that, for n > 0, we have B x(n) = [ [; Brx(n),

By k(1) = Mg g, ¥ ( [] ™ kax) (H My kOX)

a=1,..., n xel

where

Let supp k C I be the set of points such that there is an « for which kyy > 0. If we let

{‘B],k(n) if suppk C J,

B =
7.k(m) if suppk ¢ J,

then B ; 1 (n) = [ [ B sk (n) and under this isomorphism the map B ; x (1) — By (1)
corresponds to inclusion. Let ®7 x C € x denote the full subcategory whose objects J
satisfy supp k C J. Then, using the properties of the homotopy colimit (Proposition 2.7)

we obtain
(hcohm A* ‘Bk (n) = ]_[ hcohm %J k(n) = ]_[ hcohm %1 k(n)
keZj keZy
>~ | BDra xBra(n) ~ By i(n)
keZy

because Dy  has an initial object, namely supp k. To complete the proof we need to
show that the map in (6-3)(a) is a homotopy equivalence. We just need to show that
(hcolimg, , A*By)(—1) = By x(—1), that is (see Definition 5.2),

hcolim My ~ My .

Crk

This immediately follows from Lemma 6.2 and [43, Proposition 4.1]. O

7 The gluing maps for k = 1,2

In this section we define the gluing maps H used in the statement of Theorem 1.1.
The definition is based on the monad description of holomorphic bundles introduced in
[14; 26], which we now review.

7.1 The monad description of the moduli spaces

We first set some notation. Let [x1, X2, x3] € P? be homogeneous coordinates, and
let Loo = {[x1,X2,x3] € P?: x3 =0} C P? be the line at infinity. We identify the
blowup IP’{O} of P2 at [0,0, 1] with the subvariety of P2 x P! consisting of the pairs
([x1, %2, x3], [y1, y2]) such that x1y1 + x2y2 = 0.
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Let V be a finite-dimensional complex Hermitian vector space and let W, Wy and
W1 be complex vector spaces of dimension k. Let R?,I’, be the space of 4-tuples
(a1,az,b,c) where a; € End(W), b e Hom(V, W) and ¢ € Hom(W, V), obeying the
integrability condition

(7.1) aija —azay +bc =0,

and let 7?%’,0 w, be the space of 5—tuples (ai,an, d.b, ¢) where a; € Hom(Wy, W),
d € Hom(Wyp, Wy), b € Hom(V, Wp) and ¢ € Hom(Wy, V) are such that

(7.2) a1(Wh) +ax(Wh) +b(V) = Wo,
obeying the integrability condition
(7.3) G1da, —arday + bé = 0.
Notation 7.4 Except for the proof or Proposition 7.11 below, we always take W = W}
and write
Ry, =Ri. Ry, =Ri (k= dim Wy = dim W}).
Also, we fix for each k an isomorphism yi: Wy — Wj.

For each r = (ay,as,b,c) € Ry and x = (x1, x2,x3) € C3, consider the linear maps
Arx: W1 — le @V and By x: W12 @V — W; given in matrix form by

X1 —di1X3
(7.5) Ar,x =|x2—azxx3|, Br,x = (—XQ +axx3z x1—aixs bX3).
cX3

Then the vector spaces Im A, , and Ker B, x depend only on [x1, X2, x3] € P2, The
4—tuple r is called nondegenerate if

(7.6) Ay x and B, x have maximal rank for every [x] € P2.

Let Rrkeg C Ry denote the subspace of nondegenerate configurations. To each r € ng
we assign a framed holomorphic bundle (&,,¢,) over P2 as follows: Consider the
subbundles Im A, and Ker B, of the trivial bundle (W12 ® V) x P2. The integrability
condition (7.1) is equivalent to Im A, C Ker B, and we define &, as the quotient

& =Ker B, /Im A,.
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The inverse of the trivialization ¢, is the composition
(7.7) ¢r_1: V X Loo — Ker B, — &,
where the first map is induced, for each [x] € L, by the inclusion V — Ker B; .

In a similar way, given 7 = ([11,512,07,5,5) € ﬁk, X = (x1,X2,X3) € C3 and y =
(y1, y2) € C2, we have linear maps

A Wi @Wo— Wo@W)?>@V and Bj,: Wo@ W)’ @V — Wod W,

defined by
aixs =)z
X1 —d&1X3 0
~ ~ ~ X2 a2x3 —x1 —a1X3 bX3
Fox — azXx3 yi], F,x_(d d 0 )
)CZ—dd2X3 0 yron Y2 Y2
5x3 0

The subspace R C Ry of nondegenerate 5—tuples is the space of elements 7 € Rreg

such that
(7.8) /T;J and E;,x have maximal rank for every ([x], [y]) € IF’{ZO}.

The integrability condition (7.3) is equivalent to Im /T C Ker E aif xq Y1 +x2y2, =0)
and we define a holomorphic bundle over IP’{O} by & = Ker B, /Im A,, as before
(see (7.7)), the inverse of the trivialization (]5, is induced by the inclusion V — Ker B~.

The groups GL(W7) and GL(Wy) x GL(W7) act on Ry and Rk, respectively, by

(1.9) g-(ai,az,b,c) = (ga1g~". garg™'. gb.cg™"),
(g0.81)+ (@1,d2.d, b, ¢) = (god187". g0dgi " g1d gy " gob. g1 ).

The group actions preserve the nondegeneracy conditions and we denote the quotients
by
My, =R*/GL(W;) and M{X},k = R}*/(GL(Wp) x GL(W})).

Theorem (Donaldson, King) The actions of GL(W}) on Rreg and GL(Wp)xGL(W))
on R are free and the assignments r +— (&, ¢,) and 7 +— (&, [5;) descend to the
quotient defining isomorphisms

Y = v Y4 = v
(7.10) w@. M@,k —_—> mg,k, ’W{O}. M{O},k —_—> m{o}’k.
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Proof The statement for P2 is proven in [14, Proposition 1]. The statement for Iﬁfo}
is proven in [26, Theorem 3.4.1]. O

Proposition 7.11 Let V; and V; be finite-dimensional complex Hermitian vector
spaces and let J C C? be either @ or {0}.

(1) Given a linear isometry a: Vi — V,, with dual o*: V, — V7, the isomorphisms

in (7.10) take the induced maps Sﬁylk — zm‘}’2k to the maps o: M y;{ - M Jvi

given by
[ai,as2,b,c] > [ay,az,boa™, aoc] (J =9),

[al’d27d~’5,g]H[&ladz’dagoa*vaog] (J:{O})

(2) The isomorphisms in (7.10) take Whitney sums ,’J)Tylkl X Dﬁyzkz — V1OV

v \é Vi@V kit
. 1 2 1 2 : .
to the maps w: MJ,k1 X MJ,k2 — MJ,k]Jrk2 induced by direct sum:

([ar,a2,b,cl,[a},ay. b’ ') = [a1 ®al,ar ®a),b®b . c® ']
(J =9),
(a1.d2.d.b.8).[ay.35.d' . 0. &) > [0 @3, 2 @@y d@d b &b E ]
(J =1{0}).
(3) Foreach z = (z1,z2) € C?, let 7,: P2 — P? be the translation map defined by
(7.12) tz([x1, x2, x3]) = [x1 + 21X3, X2 + 22X3, x3].

Then the isomorphisms in (7.10) take the pullback map t;: smg s img ¢ o
the map t;: Mgvk — M;’k given by

17 ([ar.a2,b.c]) =[a1 —z1,a2 — 22, b, c].

(4) Let m: f”{zo} — P2 be the blowup map. The pullback map m*: S)JTXJC — EJJIX)}J(

is taken by the isomorphisms in (7.10) to the map n*: M g M {%}  &iven as
follows: fix a vector space isomorphism yj: Wy — Wy ; then

m*(la1,az,b,c)) = [xi ar, xx  azs xxs x5 'b. ).

Proof We prove (1) and (2) only for J = & since the proof for J = {0} is completely
analogous. We’ll use the notation R;/VV instead of Ry (see Notation 7.4).

(1) We assume first that dim V; =dim V,. Given r = (a1, a3,b,c) € RE{,‘ let a(r) =
(a1,az,boa™,aoc) € R‘V{}. We want to show that [Eq(r), Pa(r)] = [Er, (@ X id) 0 ¢ ]
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(see Definition 3.4(2)). We have a commutative diagram

Ar.x Br.x
W ———— WEeV, ——— W

H gllxa H
1

a(r),x

2 B,
W@Vz—)W

which induces an isomorphism ¥4: & — &£y () and, restricting to Loo, we have
(a xid) 0 ¢y = G (r) © Va (see (7.7)), so

[Er, (@ xid) 0 @y ] = [Er, Pa(r) © V] = [Ea(r)> Par)]-

Now consider the general case. Any isometry «: V; — V, is the composition of an
isomorphism V; — «(V;) and an inclusion a(V;) — a (V) ® a(V;)+ = V, whose

Ot(Vl)

induced map M — Mm% Tk is given by direct sum with a trivial bundle, so the

result follows from 2).

(2) Givenre REIV and r’ € R‘V{,/, let rpr’ e RX,%\‘;,/ be the 4—tuple obtained by direct
sum in each coordinate. Then from the definition of the linear maps A and B, (7.5), it
is straightforward to see that the complex

W@W’M(WEBW’)ZED(VGBV')MW@W’

gives rise to an isomorphism &g, = & @ &

(3) For each x € P2 let t,x be as in (7.12). The map 7): Ry — Ry defined by
1y (ay,a2,b,¢) = (a1 —z1,a2 — 22, b, ¢) preserves the nondegeneracy conditions and
the framing and from (7.5) we immediately get Ay r.x = Ax, x and By x = By*, «.
It follows that 77 &, = &£,

(4) In[9, Lemma 4.1] it was shown that, if we take W = Wy (see Notation 7.4) then
pullback is given by the map j(ay,az,b,c) = (aIX;I,aZX;I, Xik> b, cx;l) In this
paper we take W = W;. If we let f: Mgk = RV /GL(Wl) — RV /GL(WO) be the
isomorphism defined by

flar.az,b,e) = (xi'arxe. xe a2 Xk x5 b xe).
then j o f(ai,az,b,c) = ()(,:1611, )(Izlaz, Xk» )(I:Ib,c), which finishes the proof. O

7.2 Completion of the moduli space

From now on (except in Proposition 7.46) we work with a fixed finite-dimensional
complex Hermitian vector space V, which we will omit from the notation.
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We now drop the nondegeneracy conditions (7.6) and (7.8), and consider the geometric
invariant theory quotients, formed by identifying orbits whose closures intersect [27,
Remark 8.14]:

My =Ry //GLW1), Moy x = Ri// (GL(Wp) x GL(W1)).

Theorem (King) The spaces M, o,k and A_I{O},k are isomorphic to the Donaldson—
Uhlenbeck completions 977@,;( and ﬁ{o},k'

Proof The statement for P2 is proven in [26, Theorem 5.2.7]. The statement for Iﬁfo}
is proven in [26, Theorem 5.3.7]. O

We briefly sketch how the isomorphisms ¥ and Yoy in (7.10) extend to the completion.
For more details see [26, Section 5]. The Donaldson—Uhlenbeck completion 972@’;{
consists of pairs ([£, ¢], £) where [£,¢] € My, ; for some j <k and £: C2 > Z isa
nonnegative function which vanishes except at a finite number of points py, ..., p, and
is such that ) _; £(p;) =k —j. Such a function £ determines an unordered (k—j )—tuple
in C2, with each point p; appearing with multiplicity £(p;), which in turn correspond
to a point in the symmetric product S¥=/C2. So the Donaldson—Uhlenbeck completion
has a natural stratification

k
(7.13) Myx = | Mo,; x SF-/C2.
Jj=0
Any 4—tuple r € Ry is equivalent to a direct sum 7€ @ r® where ™€ € R;.eg for
some 0 < j < k, determining a point in Mg ;, and rd = (alA, aZA, 0,0), where alA
and c12A are (k — j) x (k — j) diagonal matrices. For each simultaneous eigenvector,
the eigenvalues of a;, a, determine a point p € C2. The k — j points thus obtained

define an unordered (k—j)—tuple in S¥—/C2.

Remark 7.14 If r = r™2@r? is a degenerate configuration then &, = Ker B, /Im A,
is a coherent sheaf which is locally free except at a finite number of points. The
holomorphic bundle &, is the double dual of the sheaf £, and £ is the cycle associated
to the zero-dimensional sheaf &g/, at each point p; where &, is not locally free,

U(pi) = dimg (Epree /Er)p, -

The completion 971{0},;( can be described in an analogous way to 971@,;(: it is the
space of pairs ([€,¢], (p1...., pk—;)) with [£,¢] € Moy ; and (p1,..., px—;) an
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unordered (k— j)—tuple in the blowup C2 of C2 at the origin, which we identify with
the pairs of points ((A1,A2), [i1. 12]) € C? x P! satisfying u1A1 + 2z = 0. Any
5—tuple 7 € Ry is equivalent to a direct sum 7€ @ 72 with 7€ ¢ ﬁ;eg for some j,
determining a point in My ;, and 72 = (a2, a5, d™,0,0), where a, a® and ds
are (k—j) x (k—j) diagonal matrices. For each simultaneous eigenvector v of d A&IA
and jAdzA , there is a unique [pt1, 2] € P! such that Ml&IAv —{—,ugdzAv =0 (this follows
from condition (7.2)) and the eigenvalues A; of d~Adl.A satisfy (1A + uads =0,
determining a point ((A1,A2), [11, u2]) € C2. The k — J points thus obtained define
an unordered (k—j)—tuple in S*¥—/ c2.

7.3 Blowup

Let 7: X — X be the blowup of a complex surface X at a point z € X and let
L = n~1(2) be the exceptional divisor. A holomorphic bundle on X determines a
holomorphic bundle on X :

Proposition 7.15 Given a holomorphic bundle € over X there is a unique (up to
isomorphism) holomorphic bundle £ over X such that (7*&)|x\r = Elfi\L'

Proof Uniqueness follows from Hartogs’ theorem: any bundle isomorphism over
X \ {z} can be extended to an isomorphism over X. To show existence we take £ to
be the double dual of the direct image sheaf, £ = (m+&)VV. This sheaf is locally free
[19, Chapter 2, Proposition 25] and hence it is a holomorphic bundle. Moreover, we
have (n*g)\/vb{\{z} ~ E|)'('\L’ as required. O

We represent the double dual of the direct image sheaf by
myVE = (&)Y,

Proposition 7.16 For any holomorphic bundle £ over X, we have £ = mn*E =~

\AY *5

A4

Proof From [11, Lemma 2.2(a)] it follows that w7 *& is locally free, so w7 ™*E =
a/Va*E. Since 7| g\, 18 an isomorphism, we have £|y\(z} = ¥ E|x\(zy and
hence, by uniqueness (Proposition 7.15), we get £ = m.m*E. |

Now fix a finite set / C C? and a point x ¢ J, let I = JU{x} and let 7: IF’IZ —>IF’3 be the
blowup at x. We define a map w,: My — m J.k as follows: let Ebea holomorphic
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bundle over }f”lz, since 7|z, is an isomorphism, a trivialiEation 5 of §| L., induces a
trivialization of (1,/V€)|L., . which we represent by 7«(¢); we define

(7.17) m[€, ) = ([ VE, mx ()], €),

where £(p) =0 for p % x and £(x) = c2(E)—ca (Y VE) > 0 (see [11, equation (2.10)]).
From Proposition 7.16, it immediately follows that

(7.18) .t E, ¢] = €, 4]

Remark 7.19 The map 7, sends a holomorphic bundle £ to the point in the Donaldson—
Uhlenbeck compactification determined by the direct image sheaf 74& ; see Remark 7.14.

Proposition 7.20 Let [£,$] € M k- The following are equivalent:
(1) €|y is the trivial bundle.
) 7(E.9) €My
(3) E=a*xYVE).
Proof Statement (2) is equivalent to ¢ (€) = c» (Y VE) so it is clear that (3)=>(2) and

from [11, equation (2.10)] it follows that (2) =>(1). Finally, from [11, Lemma 2.2(a)(c)],
it follows that (1)= (3). O

Corollary 7.21 Let I = {x,y} C C? and let £ be a holomorphic bundle over ﬁ{zy}.
Then, with notation as in Definition 3.4(4), we have

(rx,0)i 0 Ty 1€ X TG 0 (77a,9)5 €.

Proof From Proposition 7.15 it follows that, given any holomorphic bundle £ over P2,
we have

(To)s "’ 0 (y, )0V E = (Mo, 1) € = (Mo x)y " o (x,1)i €.

Since the bundle (7, 1)y o er* ;€ 1s trivial on the exceptional divisor, we get

(x,1)x” o7y (€ =5 0 (Tox)y” 0 (nx,1)y” oy (€ (Proposition 7.20)
=750 (Toy)y o (my, 1)y omy 1€

=7} 0(gy)s € (Proposition 7.16). O
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Proposition 7.22 Let 7,: Moy — M@,k be the map induced by the map in (7.17)
and by the isomorphisms in (7.10). Then we have

weay,az,d,b,c]l=[day,day,db,c].

Proof Forany 7 e ﬁg’g , o7 is nondegenerate away from the blowup point and 7 *&,, 5
restricted to IE’{ZO}\L is isomorphic to & restricted to IE’{ZO}\L (see [26, Proposition 6.1.1]
and subsequent discussion). By Proposition 7.15, this implies that &7 is isomorphic

to 7ry'VE, which finishes the proof. O
Definition 7.23 Let SoM{oy.1 = {[F] € Mygy.1 : 7V & is the trivial bundle}.

Proposition 7.24 Let 7 € R®. The following are equivalent:
(1) [F]€ SoMpy,1-
(2) m[f]=0eC?=My1\My,;.
(3 [r] ¢7T*M@,1'
@) 7F=(ay,az,0,b,c).

Proof The equivalence of (1) and (2) follows immediately from the definition of
SoMjpy,1 and the definition of 7,. To show that (1) <= (3) note that [F] &€ SoMo},1
is equivalent to &y = ) VE; € My,1. From Proposition 7.16 it follows that if
Ee 7*My,1 then nYVE e Mo.1, so (1)=(3); from Proposition 7.20 it follows that
if 7.8 € My,1 then e 7*My.1, s0 (3)=(1). Now let 7 = (ay,a2,d,b,c). Then
[Fl € m*M .1 is equivalent to d being an isomorphism (see the beginning of Section 3.6
in [26]), which shows that (3) <= (4). O

7.4 Blowups at points z # 0

We identify the blowup Iﬁé ) of P? at a point z = (21, z2) € C? with the subvariety
of P2 x P! consisting of the pairs ([x1, X2, x3], [y1, y2]) such that (x; — z1)y1 +
(x2 — 22)y2 = 0. Translation in C? induces an action 7: C? x P2 — P2 and an
isomorphism 7: ]17’{20} — ]13{22} given respectively by

tz([x1, X2, X3]) = [x1 + z1x3, X2 + 22x3, X3],

Tz ([x1, X2, x3], [V1, ¥2]) = ([x1 + z1x3, X2 + z2X3, X3], [V1, Y2])-
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Let ¥rg0y: M{oy,x — Mo}k be asin (7.10). The translation map 7, allows us to identify,
for any z € C2, the moduli space My, with Mgy i, through the isomorphism

(7.25) Vi = (2 ) o W0y Myoy ke = Mz k-
Let 7,: P2 — P2 be the blowup at z € C2 and let 7 = 7 be the blowup at 0. Then

Yor*, =(r; Y on® and m)Yo(r;H)*=1

* \AY

Y4 —z O Ty

7.5 The monad description of the gluing maps

For k = 1 we have dim Wy = dim W; = 1, so there is a canonical isomorphism
End(W;) = C. Consider the maps f: Mz — C and f: Mg, — C defined by

(7.26) f(la1,a2,b,c]) =a; and f([al,az,d,b,c]) =da.
It follows from Proposition 7.11(4) that f o 7* = f.
Definition 7.27 Let D = {(m,m’) € My x My : f(m) # f(m')}. We define

H: D — Mgy, by
bc’

612 7
(7.28) [a1,az2,b,c]B[d}, a5, b, = (aol 0,) pe 1A ,(bb,),(c )|
ay a-a, %

Let

1\7;(1) ={[a1,a2,b,c] € ]\7@,1 lar,az2,b,c]l € My or (ar,az) # (0,0)},
~ _ — — 0
D ={(,m) € Moy, x M2 3 : (i) # f(m)}.
Let B: D — ]\7{0},2 be defined as follows (where y; is as in Notation 7.4):

(7.29) [d1.d».d.b,¢|B[ar.az,b,c]

be

i 0 ) a2 (ci o) ( b ) i
= — ) —1lpx ) ) — ,\C C .
|:(0 xta gx,_bc A7 az 0 x1) \uy'p (¢ )

ai—ai

Proposition 7.30 The maps H and B are well defined and we have:

(1) The map H is commutative.

(2) Let C? be the blowup of C? at the origin. If we write ]\7@,1 = Mgz U C2?,
]\7;&’(1) = My,1 U (C?\ {0}) and Mgy, = Mgy, U C? (see the stratification
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in (7.13)) then the restriction of B and @ to the strata indicated below is given
by the canonical maps

B: (Mg,1 xC3HND — My xC?C Mg,

B: (C2xC%)ND — S?C? C My 5,

B: (Mygy.1 x C2\ {0}) N D — Mgy 1 x C? € Mygy 5,

f: (€% x Mp,1) N D 295 T2 x Mygy 1 C Mygys,

@: (@2 x C2\ {oH) N D —C?xC?— S2C?c ]\7{0},2.
(3) Given (m,m’) € D we have t;(mBm') = (¢Jm) B (tJm’).
(4) Given (m,m’) € D we have n*(m Bm’) = (x*m) Bm'.

(5) Given (i, m) € D we have w,(f B m) = (. 7) Bm.

Proof First we check that & is well defined. Let 7 € 7~€1 and r € R be such that
(71, IrD € D, let g, g1 € GL(W;) and let go € GL(Wp). Then, by (7.9) and (7.29), we
get

-\ & _ ((&o 0 g1 0 e
(7.31) ((go,g1)-r)53(g'r)—((0 Xl_lg)(l)’(o g))'(rﬁﬂr),

which shows B is well defined in the quotient. We also need to check that [7] 8 [r]
satisfies conditions (7.2) and (7.3). The integrability condition is straightforward. Con-
dition (7.2) is trivially satisfied if @yaq # 0, so assume aja; = 0. Since f(n"i) # f(m),
we cannot have a; =ay =0. If @1 =0 then a; # 0 and, since [F] satisfies (7.2), either
dy #0 or b £ 0. In either case, [] B [r] satisfies (7.2). If @, = 0 then d; # 0 and,
since [r] € M. ;é, (1), either as # 0 or b # 0. In either case, condition (7.2) is satisfied.
This shows that B is well defined. The proof that H is well defined is completely
analogous. Statements (3), (4) and (5) follow easily from Propositions 7.11(3)-(4) and
Proposition 7.22 if m,m’ € Mg1 and /i € Mgy 1, and the general case follows by

continuity since Mg,1 C ]W@,l and Mgy ; C 1\7{0},1 are dense. We prove (1) and (2):

(1) Let r,r’ € Ry be such that [r].[r/] € D and let g = (9 }) € GL(W}). Then
g '(rBr')g =r Hr, so, in the quotient, [r]B[r'] = [r']B[r].

(2) We only prove the statement for H since the proof for B is entirely analogous.
Suppose 1’ = (a},a),, b’ c) ¢ ereg. Then we must have either ' =0 or ¢’ =0.
Assume ¢’ = 0 (the proof for the case b’ = 0 is completely analogous). Let
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r =(ay,az,b,c) and foreach ¢ > 0 let g = (1) € GL(W7). Then

~ 0
g-(rEHr):((aol a/1)7( a1 a/l az) ))

Taking the limit when & — 0, we get r8r’ ~ (a1, az, b, c)EB(al, a’z, 0,0), which
corresponds to ([r], (a}.a})) € Mgy, ifre RE, or ((a1,az), (a],ab)) € S?C?
if ré¢ ereg (see Section 7.2). ]

7.6 The spaces E))TY’U

In order to extend the maps H and [ in Definition 7.27 to the moduli spaces My 1
we will replace these moduli spaces by homeomorphic subspaces. Let n;’ ; beas
in Definition 3.4(4). Identify the spaces 91z and My through the isomorphism Vg
(see (7.10)). The maps f and f in (7.26) extend to maps Mty ; — C in the following
sense:

Proposition 7.32 There is, for each finite set I C C?, a unique continuous map
f1: My,1 — C with the property that fo = f and fj = fyon}y ; forany J C I.

Proof Uniqueness follows because n;’ My,1 isdensein My 1. Let z=(z1,22) € C?
and let Y, be as in (7.25). We define f; = (fo w{_zi) +z1. Then fromj , = fa.
The open sets {n;’ 1Mz 1}zer form an open cover of My 1 and the collection of maps
{ fz}zer1 is compatible in the intersections (see Lemma 6.2), so { fz},c7 defines the
required map f7. |

Definition 7.33 We say an open set U C C is a Jordan open set if U is the bounded
region inside a Jordan curve.

Let U C C be a Jordan open set and let / C U x C be a finite set. Let V be a
finite-dimensional complex Hermitian vector space. Then we define

V.U — V.U
(7.34) My =), M =My for k#1.
Except for Proposition 7.46, we omit the vector space V from the notation.

Proposition 7.35 Let U and I be as in Definition 7.33. Then there is a homeomor-
phism fmf/ —=> 9M; which is homotopic to the inclusion map.
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Proof The statement is a tautology in degrees k # 1, solet k = 1. Let p: C?> — C
be projection onto the first factor. First we show that there is a neighbourhood U’
of p(I) in U and a homotopy H: U x [0, 1] = C between the inclusion U — C and
a homeomorphism U = C such that H(z,t) = z for all z € U’. By the Schoenflies
theorem there is a homeomorphism /: C — C such that #(U) = D is the open unit disk.
Welet H=h"'0 Hp o (hxid), where Hp: D x [0, 1] — C is a homotopy between
the inclusion and a homeomorphism D = C which is the identity on a smaller disk
D’ C D containing h(p(I)). Then H has the required properties, with U’ = h~1(D’).

Identifying My 1 with 915 1, we define the homotopy Hy: Qﬁg,l x [0,1] = Mg 1
by Hy([a1,a2,b,c].t) =[H(a1,t),az2,b,c]. Then

(7.36) me zm@ 1 = Hg(m,t)=m

Foreach z € I let 7}: My 1 — M,,1 and 54 M, 1 — 972@,1 be the maps induced
by the projection From Proposition 7.24(4), if [F] € SoMjgy,1 then fio1([F]) =0 so
SoMipy,1 C M{o} 1 Let SoM; 1 C M1 be the image of SoMj{py,1 under the isomor-
phism V1 Mgy 1 — Mz 1. Then SoIN; 1 C SDT 1 and from Proposition 7.24(3) we
have nz*f)ﬁg,l USoM;,1 = mY

Zl’SO

xrmd, umy, =Y
Define H,: mtgfl x [0, 1] — M, ; by

) ng(nZ.m t) 1fmen*9ﬁgl,

H 1) =
@, 1) 1fm€9ﬁg.

We need to check that H » is well defined and continuous. From (7.18) it follows that,
for any m € ‘,)ﬁg’l, we have

(7.37) H,(n¥m.t) =} Hy(m,1).

If i =mfmenfMY N smz | then m € MY, | so, by (7.36) and (7.37),

a, 1’
Hy(nfm.,t)=n}Hy(m,1) =n'm

and H is well defined. By Lemma 6.2, the set n*S)ﬁU .1 is open, and im{o} , is clearly
open so H. is continuous. From (7.37) it follows that the homotopies {H;},<; patch
together to define the homotopy Hy: 27)?;71 x[0,1] = My 1. |

Proposition 7.38 Let U;, U, C C be disjoint open sets. Then:
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(1) The map H: ZWg"l X Mgzl — ]\7@,2 is a homeomorphism onto the subspace
No ={[a1,a3,b,c] € ]\7@,2 : exactly one eigenvalue of a; is in each U;}.

(2) If 0 € U; then the map H: ]\7{% L X Mgzl — Mgy » is a homeomorphism onto
the subspace

Ny ={(ay,a3,d,b,c) € ]\7{0}’2 : exactly one eigenvalue of day is in each U;}.

Proof This is proven in [42, Proposition 4.5(1)] in the nondegenerate case and when
U; and U, are disjoint balls but the exact same proof works in our case. We sketch
how the inverse of the map A is constructed. Let 77 = [ay,as, d , 15, ¢] € N1. Then
the eigenvalues of da; are distinct. Fix an eigenvector basis for day. Then each
eigenvector v determines, up to rescaling, an eigenvector of did with the same
eigenvalue: if a;v # 0, then we can take w = ayv; if ajv = 0, then we choose w
generating the kernel of d1d. With this choice of basis, 7 is of the form

71t

/ ~ ~
a o Y TZda d 0 % N
7.39 1 , e ., , , e
739) (0 xrlai) TGRS (0 xl) (xrlb’) @)

a
d'a,—-a), 1 72

(compare with (7.29)) and the action of GL(Wy) x GL(W}) reduces to the action of
80 0 g1 0
0 x?ng1)’(~0~g . h
in (7.39) we can recover [a},a5,d’ b',¢'] € My, and [a),a), b, c'] € Mg ;. O

pairs of the form (( )) (compare with (7.31)). From the matrices

7.7 The product maps

Given disjoint finite sets /; and /> and disjoint open sets U; and U, containing them,
. U U .

we wish to define maps Hy, r,: zm,ll’l X 971122,1 — My, u1,,2. Since the space My ;

has an open cover {n;ck 1My 1}xer» we only need to define the map in the cases when

Iy and I, have one element or fewer and check the compatibility on the intersections.

Let v, be as in (7.25). Identifying Mg with g, we define

(740)  Hoo=8, B, 5=y oBo(W)xr)), Bs:=B 500

where o is the permutation o (mg, m;) = (mz, my). Then it follows from Proposition
7.30(3)(4) that (73 ,m)B; sm’' =} ,(mHBgy zm'). Next we consider the case where
Iy and I, are both singletons:
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Proposition 7.41 Let Uy, U, CC be disjoint open sets, let x € Uy xC and y € U xC,
and let I = {x, y}. There is an open embedding B, ,: szjjl X E)ﬁ;]zl — My 5 such

that the following diagram commutes:
idxmj ), 75y Xid

U, Us U, U, Uy U,
MG <MY My x M3 ML <M

Hx.o Hx.y Heo.y
a* *

x, I v.I

gjt)«7,2 ! g)ﬁl,2 ' Sjty,2

Furthermore, the image of Hy , is given by
Im 8By, = (77 ; Nx U n;,,Ny UC)NMy .,

where Ny and N, are the images of Hy s and Hg ), respectively, and C is the
complement of 7% My > U n)’fli)ﬁy,z in My 5.

Proof The proof follows the same lines as the proof of Proposition 4.9 in [42]. Given

iy € MYL and i, € M2

1> we define m = iy Hy,y iy as the unique solution of

the system of equations

(7.42) (7rx,1)em = iy By o (70,y)eMy,

(7.43) (ﬂy’]).m == (ﬂ@,x).l’ﬁx Eﬂg’y ﬁ/ly.

We need to prove existence and uniqueness of solution. We have two cases (see

Proposition 7.24(3)):

(1) Suppose that my = n;’xmx for some my € My 1. Then, by Proposition 7.16,
equation (7.43) becomes (1), 1) = mx By, iy € M, >, which, by Proposition 7.20,
is equivalent to

(7.44) m =gy [ (7y,)em =7 1 (mx By iiiy).

This shows uniqueness of the solution. To show existence we must check that the
solution of (7.43) given in (7.44) satisfies also (7.42). Applying Corollary 7.21 and
Proposition 7.30(4)(5), we get
(x,1)e(70y,1) " (mx o,y iity) = (75,x) (7a,y)e (mx Bo,y iity)
= (ﬂg,x)*(mx Ho,0 (T2,y)emy)
= (”;,xmx) Bx,o (7a,y)ehy.

The case where 77y = 7 ,m, for some m) € My ; is completely analogous.
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(2) Suppose my € SoMy,1 and my € SoM, 1 (see Definition 7.23). Then, by
Proposition 7.24(2), we have 75 xo/11x =X and 74,4y, =y s0, by Proposition 7.30(2),

~ - - y =
(7Tx,1)em =My Bx o (Tg,yeny) = (Mx, y) € M1 x C7 C My 5,
(ty. 1) = (g xaiix) By, y ity = (fiiy, x) € My, 1 x C* C My 5,
and these equations are equivalent to
(e, D)y 'm =Ty, (wy,1)f m =iy,

But the map (x 1)y X (y,7)5 " is a homeomorphism by [42, Proposition 4.3], so

this system of equations has a unique solution, namely

m = ((nx,l):k/v X (ny,l);/v)_l(ﬁ’ixaﬁ’zy)-

The statement about the image of Hy , easily follows from (1) and (2) above. Now
we must show continuity. Consider the Gieseker compactification 97?1,2&3, defined as
the closure of 9 > inside the moduli space of framed sheaves [41, Section 2.3; 25,
Theorem 1.21]. Pick sequences 71 € My ,; and fﬁ;{ € 9y, 1 converging respectively to
m and m'. If iy By, 7ty doesn’t converge to 71 B,y 71, then, by compactness, there
is a subsequence 77, By y ﬁi;{n converging to a framed sheaf (£, ¢) over @12, with
(€., ¢) #mHy,,m'. By the continuity of the direct image maps (see [41, Appendix D])
and pullback maps, equations (7.42) and (7.43) imply that

(JTX’[).(‘: = 1/71 Eax,@ (ng,y).ﬁ’i/, (ﬂy,]).g = (ﬂg,x).ﬁé Bag’y ﬁi/.

The first equation implies that the sheaf £ is locally free away from y and from
the second equation it follows that £ is locally free away from x, so £ is locally
free, and hence a holomorphic vector bundle. Uniqueness of the solution implies that
& = m By, m’, which finishes the proof of continuity.

It remains to be shown that the inverse is also continuous. Consider sequences 71y €
DMy,1 and ) € M,y 1 such that 7y By, i) — i By,y 7' Then (7.42) and (7.43)
imply that

lim (g Bx,o (g,y)ei)) =i By g (75,y)
k—+o00

lim ((ng’x).fﬁk Bag’y ﬁ"l;c) = (ﬂg’x).ﬁ;l Bag,y n7l/.
k—4o00

By Proposition 7.38, the maps Hy,z and Hg,, are embeddings, so 7y — m and
Aty — ', which finishes the proof. O
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Corollary 7.45 The collection {ry /My 2,7y My 2, ImBy )y} is an open cover
of 93?1,2.

Proof This is [42, Theorem 4.1] if we take U; and U, to be open disks around
x and y, respectively (see [42, Definition 4.1]): with the notation in [42] we have
A = n;’limx,z, AR = n;’limy,z and N> = ImHy . For general U; and U, the
only thing that needs to be checked is that Im H y is open. This is [42, Proposition 4.8],
whose proof only uses the fact that x € U; x C and y € U, x C. |

Proposition 7.46 Let ky,...,k, be nonnegative integers such that k =Y k; <2
and let Uy, ..., U, C C be pairwise disjoint open sets all contained in an open set
U C C. For each n—tuple of pairwise disjoint finite sets I = (11, ..., I,) such that
I; C U; xC, there is a map Hy: DJIXZ‘ x---xi)ﬁ};”gz — DJTX}CU (With I =Y Ii)
such that:

(1) Givenany J = (J1,...,J,) with J; C I; for any i, we have

* * *
nypoBy =HWro(ny j x--xnj ;), where J=UJ,-.

i

(2) Given a linear isometry a: V — V', the following diagram is commutative:

V.,U; VU
1_[S)jtll’kl i);n

v.,u; HiI v, U
Hmli,k,: —>m1,k

(3) Let 1;: V — V™ be the inclusion onto the i™ factor and let w be the map
induced by pullback and Whitney sum. Then we have a commutative diagram

| 4

1_[ mtvm U;

(4) Given a permutation o € X, let 01 = (I5(1), ..., I5(@n)). Then the following
diagram is commutative:
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v,u; Hr v,U
Hml,:,ki —>5m1,k

GJ/
Hor

]—[ VyUa(i)
L5y ko)

(5) The maps Hj are associative, that is, if m < n then
By =810-Uln.Ins1...In © (Bry,...1,, Xid).

Proof If k; =k and k; =0 for j # i, then Hy is defined by pullback:

The only other case is the one where k; = k; =1 for some i # j and k = 2. The map

. .. . ; V.U,

By will be defined as the composition of a certain map Hy, 7;: SDTX’?’ x M I 1’
V,U . " V.U v, U ' L ’

Emliwj!z with pullback USRS E 931,[%,2 — O, 5. It remains to define the

maps Hy, ;. Using the open cover from Lemma 6.2 we can reduce to the case

—

where /; and /; are either empty or have only one element. These cases were taken
care of in (7.40) and Proposition 7.41. Property (1) is clear and property (5) follows
easily from (1). It remains to prove properties (2), (3) and (4). First we consider the
case when I = &.

(2) Follows immediately from Proposition 7.11(1) and the definition of H, (7.28).

(3) Letm=Jay,az,b,cle M{X’IUi and m’'=[a/|,a}, b, '] € MZ’IUJ. By Proposition
7.11(1) we have 1;(m) = [a1,a2, b1, 1;c] and 1;(m') = [a’l,a’z,b’lj’?‘,ljc’]. But
now bl;kl j ¢’ =0 and b"1 ]’.kzic = 0, from which it follows that the matrices in
(7.28) are block diagonal and hence 1; (m) B 1;(m’) = 1;(m) & 1; (m’), which,
by Proposition 7.11(2), corresponds to Whitney sum.

(4) This was proven in Proposition 7.30(1).

The results extend to the general case by continuity, since 7 I_DJT;,’IU " is dense
o417 2

in ZIRX? . O
8 The bar constructions in finite rank

The objective of this section is to prove Theorem 1.1. Up until Section 8.7 we work
with a fixed finite-dimensional complex Hermitian vector space V which we omit
from the notation. First we define, for each finite set L C C?, the degree 1 and 2
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components of the bar construction (see Section 2.1.3)

Br(s) = B.(sm@, []9. [] Smx)

x€L x€L
and, given disjoint finite sets J and K, the degree 1 and 2 components of the bar
constructions and the maps appearing in the diagram

B(|Bs|. Mg, |Bk|) — |Br|

T

B(Mty, My, Mg) —— Ny

For each Jordan open set U (see Definition 7.33) and each finite set / C U x C, let
?)ﬁ;] be as in (7.34). The face maps will be defined using the gluing maps Hy from
Proposition 7.46. In degree k = 1 all nontrivial gluing maps are pullback maps. In
degree k = 2 we will need:

* The pullback maps 77 ;: sm?l — S)Jtyz, with J C I and U; C U,, obtained
by restriction of the pullback maps in Definition 3.4(4).

e The gluing maps B, 7,: M7, x M2 —mY | with Uy, U, C U and
UinNnU, =9.

e The inclusion maps i: E)ﬁyl — 93?5]2, with Uy C Us.
The maps Hy, 7, require a choice of pairs of disjoint Jordan open sets Uy and U, and
for the inclusion maps and pullback maps to be well defined we also need larger open
sets containing certain families of open sets. We will now make these observations
precise. Fix disjoint finite sets J, K C C? and let ] = J UK. Let p: C2 — C be
projection onto the first factor. Given z € C let 9iz and Iz be respectively the real and

imaginary parts of z. Since a biholomorphic map f: C? — C? induces isomorphisms
My = My(r), we may assume without loss of generality that:

8.2) The assignment x — N p(x) (with x € I) is one to one.
In degree k = 2, our constructions depend on a choice of Jordan open sets
C,Dx,Up,C, cC (foreachx el andeach L C I, L # @)

satisfying the following properties, for all L', L C I and all x, y € I with x # y:
CocU,nC, p(x)eDycCcUy, L'CcL = UpClUg,

83

(8.3) DyNnC=9g, UNU,=2, UjnUg=0a.
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Remark 8.4 Theorem 1.1, proved below, shows that the homotopy type of the
spaces | Br| is independent of the choice of open sets.

Proposition 8.5 Given disjoint finite sets J and K such that | = J U K satisfies
condition (8.2), there are Jordan open sets satisfying conditions (8.3).

Proof Fix § < %min{|§)’ip(x)—§ﬁp(y)| :x,y €1, x # y} and fix r sothat |p(w)| <
r — 3§ for any w € I. Consider the rectangle

R={zeC:-8<Nz<d, —r+28§ <3z <r+4}.

For each U C C let U* = {z : z € U} be reflection on the real axis. Consider the
following open sets, where x € J, y € K and w € I :
Cj={zeC:—r—8<Rz<r+8r—8<Jz<r+8}, Cx=Cj,
C={zeC:r—-6<Nz<r+6, -r—86<Jz<r+6}UCyUCk,
Ur=R+%Rpx), Uy=R"+%Rp(y),
Dy ={zeC:|z—p(w)| <6},
UJ=CJu(UUx), UK:CKU(UUy), UI:CU(UUw).
xeJ yeK wel

We define Uy, for #L > 1 as follows: if L C J, we take Uy, = Uy ; if L C K, we take
Ur, = Uk; otherwise, Uy = Uy . Finally, we take C;, = U N C. O

8.1 Structures in degrees up to k

Although we are only able to define gluing maps up to degree 2, we can still form a bar
construction in degrees up to 2 by formally truncating the moduli spaces as follows:

Definition 8.6 Given a graded space 4 = ]_[nzo An with Ag = {*}, let Ay =
{x} Ay I---T Ay LI {*}LI--- be the graded space obtained by collapsing to a point
each summand A4, where n > k.

Give the cartesian product A<x X A<, the natural grading. A monoid structure on A
in degrees up to k is a monoid structure on the truncated graded space A<y . For k =2
this is equivalent to a map

q: A1 x A1 — As.
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A left action of A on a graded space N = {x} LI Ny LI N, L1 --- in degrees up to k is
a left action of A<x on N.j. For k =1 this is just a map Q‘f: Ay — Ny. For k =2,
giving such an action is equivalent to giving maps

t A1 x Ny = Na, t 4, > N; and £ 4, > N,
11 1 2
satisfying the relation

8.7) 05(q(r1.r2)) = 0%, (r1. 04(r2)).

We similarly define a right action of A on a graded space M in degrees up to k as a
right action of A<x on M. For k =2 this action is given by maps

Ql1: Mix A1 - My, Q7: Ay > M, and Q5 Ay > M,

satisfying Qf og = QY o (Q] xid). We represent the bar construction induced by
the actions of A on M and N by

A map from B(M, A, N) to a graded space Y can be defined by amap Bo(M,A,N)—>Y
coequalizing the face maps B; (M, A, N) = Bo(M, A, N). In degree 1 such a map is
defined by maps Wys: M1 — Y1 and Wy: N1 — Y; satisfying the relation
(8.8) Wy 0 Qf = War 0 OF.
In degree 2 a map B(M, A, N) — Y is defined by maps
WMZM2—>Y2, WNZN2—>Y2, W111M1XN1—>Y2,

satisfying the relations

Wi 0 Q%1 = Wipo(id x %),
(8.9) Wy o Q%) = Wy1 0 (QF xid),

War 0 Q5 = Wy 0 05.

8.2 Bar constructions in degree 1

In degree k = 1, a choice of Jordan open sets is not necessary. However, we still need
to be careful in how we define the degree 1 bar constructions because they will be used
in degree 2 to define the upper row in diagram (8.1).

Let J, K C C? be disjoint finite sets and let / = J UK. Given L C I and x € L pick
open sets D, and Uy such that p(x) € Dy and Dy C Ur, whenever x € L (compare
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with conditions (8.3): in degree k =1 we don’t need to require that Dy N D, = & for
x # y). Given a finite set L C [ the maps

( I imDX) JIEZFN (1—[ ime)

xX€EL xeL
0;: (1‘[ smgx) [ 2y Y,
xeL x€eL

(where ([T97), denotes the degree 1 component) define, in degree 1, a left and a right
action of [ E)JZD xon ] S)JTD * and im@ , respectively, giving rise to a bar construction
in degree 1 which we represent by

(8.10) Br1(*) =B, (imgL

[T omB- ]_[sz)

x€eL xeL

Notation 8.11 In the proof of Proposition 8.42 it will be important to distinguish
between the following two homeomorphic summands in Bz, 1(2):

((HSJIDX) x*)H(*x(nfmgx)) (]_[sm x]_[mIQX)chL,l(z).

xeL xeL xel xeL

We will write

(1) - L= )

x€L x€L x€L
(l_[mex) ]_[DﬁDxr_*x(l_[imgx).
x€L x€L xX€L 1

The maps

. UL ”;,L Uy, . D ;.L Uy,
Wir: M =5 M4 and Wy (]_[ zmxx) | [ 2y ==L o,
x€L x€L

satisfy relation (8.8), so they define a map

(8.12) he: |BL.i| — MY4

Remark 8.13 Let B\L,l be the simplicial space obtained by taking D, = Ur = C.
Then, for any other choice of open sets D, and Uy, satisfying p(x) € Dy C U, the

maps of monoids and modules determined by the inclusions Dy, U;, C C induce a
weak equivalence B, 1 — §L,1 (see Proposition 7.35).
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Now let L1, L, C I be disjoint finite sets and let L = L U L,. Let Uy, U, and Cg,
be Jordan open sets such that
@814) L, CcU;xC (withi=12), Co,cUNUy and U UU, CUpL.
The maps

ot mSh 1‘;—’52»931"2 and Q] MSH fgf—smgi’

define, in degree 1, left and right actions of ﬁﬁg on Dﬁgz and D)IL , respectively,
giving rise to a bar construction B(E)JTU1 , zmgL , thz) The maps

L3 nr
Wag: O} —+5 Y and - Wy 02, =25
define a map
(8.15) f: B(ﬁﬁgi,fmgﬂfmgj)l — smfﬁ

Consider now the case when L1 = L, = .

Proposition 8.16 Let Cr, Uy, U and Ur be Jordan open sets satisfying (8.14).
Then the map
f1BENY MSH . mT%) — MY

2,10 ta,1

from (8.15) is a homotopy equivalence.
Proof The maps of monoids and modules determined by the inclusions Cy,, Uy, Uy C
U}, induce a weak equivalence

B(M, ML, M) ~ BEONGL, MYE, M),
and f is the composition

U C U U, U, U,

B(Emgll,i)ﬁ@ﬁ,i)ﬁ 21) B -, M, ME ) —>9ﬁg 1

which is a homotopy equivalence (Proposition 2.4). |

8.3 The spaces | By >|

Fix open sets satisfying conditions (8.3), and for each open set U in the chosen
collection, fix a homeomorphism Yy : Sﬁg —=> M, homotopic to the inclusion zmg —
M7, (see Proposition 7.35). Choose some order for the elements of /. For each finite
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set L C I we define a monoid structure on ]_[ reL Mg in degrees up to 2 by

o0 o (T]me) «(TTone) 2 (T )« (T2

xeL xelL xeL xeL
— x Dy Dx
- ]_[(sz,l o) 1 ]_[ (Dﬁ@lx M)
xelL x,y€L
x#y
Hg o Li Uy
2ol ( 1 imgxz) o[ oy xmgy)
xelL x,yeL
y<x

-

We define a left action of [[9z on [[9M in degrees up to 2 by conjugating the
following maps with the homeomorphisms smg = Mgk and smfj e =My ke

ofi: (26 = (TTmd) == ([T 0%).

xelL xel xel

(8.18) ( I] imD") LLZEN ( I1 ‘Jﬁf’“) ,

x€eL xelL 1

Qg: (l—lsmgx) [§E2 (Hfmfc]x)
2

xeL xelL 2

I mUx) YU, (l—[ Z)ﬁ@) .

xel xeL

where Qfl is defined in an analogous way to the map ¢ in (8.17). Relation (8.7)
follows from Proposition 7.46(1).

Notation 8.19 We’ll abuse notation and denote by Qe, Qg and Q{l both the maps
in (8.18) and the maps obtained by conjugating them with the homeomorphisms ¥y .

Remark 8.20 The monoid structure on [[9z and its left action on [[9My are
obtained by conjugating the maps (in degree 2)

1_[ E@,@: l_[(mgx Xmgx) — 1_[ mg*,

xel xeL xelL

. C D
[T 8o [JORG xmP) - [[mP
xeL xelL xeL

with the homeomorphisms ;.

We define a right action of (]_[ im@) <, On Mz, <2 using the following maps:
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m
Qf,: MG x ( l_[ mgx) —=2 My,

xX€eL 1

EZ ..... 1% EZ ..... 1%
or: ( I1 imgX) —=5 S, 0% ( ] zmQX) e My s,
x€eL 1 x€eL 2

Note that, from Proposition 7.30(1), the map Q7 doesn’t depend on the order of the
factors in the product [ [,y zmgx . Relation (8.7) follows from this observation and the

(8.21)

naturality of the maps Hg o with respect to inclusions. From the monoid structure and
the actions just defined we get a bar construction B, (im@, [T, [] smx) in degree 2.

Remark 8.22 We are not interested in the degree k = 1 summand of this bar con-
struction, which is not the same as the one in (8.10).

Write L = {x1,...,x;} and let By = By, ... x, . The maps

Wﬁ4:ﬁngg-zg£>ﬂﬁLg, DKV:(:[]'ﬁRx) 25(:I]jﬁngk) EﬁéﬂnLg,
2 2
(823) xeL xX€L

. ~ C D n*JOEZJ
Wii: Mo x ( I1 smx) =~ [JonS , xmyy) =L—=50my
x€L I yeL

satisfy relations (8.9), so they define a map

(8.24) hg: 13(931@,]_[931@,]_[smx)2 My .

The bar construction B.(fmg, [IMa,[] imx)z is independent of the choice of home-
omorphisms ¥ . To make this independence explicit we will introduce a simplicial
space Br 2(*) homeomorphic to B, (Mg, [TMg, []My), . For each n let

I zm;fx)zumg,l « (1‘[ smggx)

X€EL X€EL 1

(8.25) Bpa(n)=Mz U (

Hi];[l (( [] E)thx)z L oms | x ( I1 mt@DX)

x€eL xeL 1

u(T1=€) <(11 fmﬁ’x)l)

xeL x€eL

n
u [T ([To) < ([To2)
i,j=1"xeL I NxeL 1
i<j

The maps Yy induce a homeomorphism Br »(n) = By (Mg, [ Mg, []My), for
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each n. These homeomorphisms induce a simplicial space structure on By, 5. Note that
on morphisms By » is defined using only the inclusions i, pullbacks and the gluing
maps Hg oz and Hy x .

In the proof of Proposition 8.42 we will need another simplicial space Bzigz homotopi-
cally equivalent to By, >, which we now define. For each x € L let

By=CU ( g Uy).
yel
y#X
We define, for each n, a space Bzigz (n) homeomorphic to By, »(n) as follows:

(8.26) B} (n) =im@,zH( [ imfc]) H( 11 a2y Ximf,’i)
2 x€L

X€EL

u [1(( 11 902), 1 (1 2y xomy)

i=1 xeL xeL

u( 1 omGyxm2y)u( LI mtgflxsﬁﬁq))

x€L x,);éeL
y#X
u ,ﬁl 1 (( u mCy, x MLy ) 1 (y];é[x 2, xmP+)).

i#]j
For each n we have a homotopy equivalence B »(n) — Bzigz (n), defined as the

identity on the My 7, (]_[ Dﬁgx)z and (]_[ Dﬁgx) , summands (see (8.25)) and defined
on the remaining summands by the inclusion maps

Dy Dy By Dy
Smg,lx( [T 2 ) L (mtg,lxmx,l)_) L (M5 xMT),

x€L I xeL X€EL

Dg Dx Bx Dx
i)ﬁg,lx< I1 93%’) =11 (mtg,lxm@,l)_) L1 (mz,lxm@,l ’
xelL I xeL xeL

(xl;[L mC) x( n mPr) = (XEL Sy <2y )i u Mme, xmPs)

(8.27)
” ( x]g[L gﬁgﬁ Xmﬁ?) H ( x];é[y gﬁgfl Xmﬁ{) ’
( xl;[L aﬁgx)l ) ( xl;[L mtgx) N (x]g[L m(é‘ﬁ Xmgfl) H ( xuy mgyl Xmgﬁ)
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The face and degeneracy maps on By, > are defined using inclusions, pullbacks and the
glulng maps. All these maps can be naturally extended to define a simplicial structure
on B lg : if we write

(o) = (LI ) ur (LT o oty ),

x€eL xeL x,yeL
y<x
Uy U, Uy
(]_[fm@) (||£m )H(||zm®’1xzm®,l,
xeL xelL x,yeL
y<x

all the face maps in B , between nondegenerate summands are represented in the
diagram below:

ixid

Hg
[ mB5y = omPy LI Sy x M2y ——— [] My

xelL xeL xel
wﬂz.x
idxm} C D
LI 9z x5y
xeL ’ ’
A EB%
U,

11 ﬂﬁglxﬁﬁ xi)ﬁ LI Mz2

(8.28) x,y€L xeL x€L
y#EX w”@ x /
ixid
Ea@,@
,yeL

U, Ty, yxng x Ho.o

ixid

* .
J'(gqul

Ux
_
LI E)ﬁysl X ﬁﬁx | ——————— 1 X Sm@’l Mz 2
x,yEL X yeL
y<x y<x

The inclusion maps in (8.27) induce a weak equivalence By, » — Bzigz

The map Wi, in (8.23) extends to a map | | S)ﬁBxl X sm 1 — My 2, so the map hg
in (8.24) extends to a map

(8.29) he: | BpS| — My .
8.4 The space B(t;, M, WMk) in degree 2

In this section and the next, we fix finite sets L1, Lo C I such that Uy, NUL, = @
(we are interested in two cases: the case where #L1 = #L, = 1 and the case where
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Ly =J and Ly = K). We give M the structure of a monoid in degrees up to 2 by

the map
(8.30) g: Moy x My = ME X M2 222 00t .
We define a left action of 91y on 9Ny, using the maps

0%y Moy x My = ME XMy 2 222 0y,
(8.31) 0f: Moy = mCy T o 2oy,

g Lo
Q2 m@ 2 ; mLz 25

and we define in an analogous way a right action of 9tz on Mz, by

U C C
832) oMU XM My, MY —>smL L Moo > My, 2.

These actions give rise to a bar construction B(S)JTL1 My, Mp,). Let L=L1UL,.
The maps

oL 3 U, Br,.L oL
1 1 2 1:L2 2
mLIQ —>mL,2, DﬁLl,l XDﬁLz,l —)WL,z, QﬁLz,z —>mL’2

induce a map in degree 2,

8.33) SiBENL, My, M,) — M.

Remark 8.34 The monoid structure and the actions defined in this section are well
defined if we take Cp, = Ur, and Cr, = Ur,. We represent the bar construction
thus obtained by ﬁ(ile Mg, My,). By Proposition 7.35, the maps of monoids and
modules determined by the inclusions Cr,, C Ur, and Cr, C U, induce a homotopy
equivalence

By, My, My,) => BONL,, My, ML,).

In the proof of Proposition 8.42 we will also need to consider the bar construction
induced by the left and right actions of 91 on itself defined using the maps Qg =
Q; =id: mgz—)mgz and
2] C i U
0% M 1 szl —5 M 5, Q?mgflzl_’m@ﬁz’
Hy C i U
Qfp: M @1 Xgﬁ@l —5 Mo, OF: M > mY)!
(compare with (8.31) and (8.32)). We represent the bar construction thus obtained by

(8.35) Bg,z - B(mg, m@, mg)z.
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The maps Wy = Wy =id: Mg — Mgy 2 and

U Uy, By,
Wlli m@Lll X mlez ﬂ) m@’z

induce amap f: Bz — My 2.
Proposition 8.36 The map f: By — Mgy 2 is a homotopy equivalence.

Proof If we let B\gsz denote the bar construction obtained by taking Cr, = U,
and Cr, = U, (see Remark 8.34), the inclusion map By > — B\g,z is a homotopy
equivalence and the map f is the composition By » =5 B\g,z — M2, which is a
homotopy equivalence (Proposition 2.4). |

8.5 The space B(|B|, M, |Bk|) in degree 2

Consider the monoid structure on Mz <> defined in (8.30). We define a left action
in degrees up to 2 of the monoid Mz <2, seen as a constant simplicial space, on the
graded simplicial space By, =« Br, 1 U Bp,, I« 1I--- (see (8.25) and (8.10))
by the natural transformations

C i U,
®37) 01 Mm 2 CBL,i(n) and Q5 My -S> B, (),

. C
and by the natural transformation Q¥ Sm@ﬁl X Br,,1 — BL, > defined by

(8.38) IS4 x Br,1(n)

n
—aohxamo i | (zmgf; x( I1 zmQX)I )Hamgfll x(

1)

1

i=1 x€L»> x€Ly
By o111 "
L1
Lm@,zuU(mg,lx( ] zm@DX) )usmg,lx( I1 imfx)
i=1 x€ls xX€L> 1
C BL2’2(I’I).

To check that these maps define a natural transformation it is enough to observe that
the following diagram is commutative:

fI)TCLl E)JTULZ idxH imCLl oD idx[ mcLl D
a,1 x a,1 y a,1 X(erL2 (%) )1 5 a,1 X(erLz X )1

(8.39) laa Ji xid lixid

H D iXm_[H-* D
imfaﬂ ¢ mg,l X(erLz imzx)1 l mg,l X(nxeLz My x)l
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Relation (8.7) follows from the commutativity of the diagram

CrL, Cr, idxi Cr, UL2 C Cr,
zm@,l XEITI@’I —>5m@’1 x M, —>9th,1 x Br,.1(n)

N
_ ot

Moo ———————— Moy —————— Br,0(n)

where the map in the top row equals id x Qf.

To define a right action of 9tz on |By, | in degrees up to 2 we proceed as follows: By
taking the opposite monoid structure on g, defined using the map

CL2 CLl
Eag,g: Sﬁg’l sz,l —>§mg,2,

we get, in a standard way, a right action of 9z on By,. If we then switch every
occurrence of the finite sets L1 and L, in the definitions above, we recover the original
monoid structure on Mg, (8.30), together with a right action Oél Br,. Explicitly, we
have Q} = Q%, the map Q7 is inducecé by the inclusion Sm@ﬁl C My UL ;' and the
map Q7 is induced by the inclusion im@le — MME | and by the map

Uy CL
Boot M1 x M7 — My

(compare with (8.37) and (8.38)). These actions give rise to a bar construction
B(lBL1 |a g‘n@’ |BL2|)
Consider the map hg: |Br;|— M, (with j =1 2) defined in degree 1 by composing

the map in (8.12) with the homeomorphism sm = 9y, and defined in degree 2
in (8.24).

Proposition 8.40 The map hg is equ1var1ant with respect to both the left actions of
the monoid My on |Br,| and M, L2 , (8.31), and the right actions of 9y on | By, |

and 9, L‘ , (8.32).

Proof Consider first the left actions. We need to show that the following diagrams are

commutative:

¢ ¢ ¢

Cr o7 2 CrL 11
Qﬁ 2 ? |BL2,1| mQ,Z ? |BL2,2| m@ 11 X |BL2,1| ’ |BL2,2
=2 * idxhmg =2

Ty To.Ly
2 U M o Cr UL Bo.L,
L

SDILZZI 2 Mm,, 1 xi)ﬁ 2 —)SDTLZ,
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That is clearly the case for the first two diagrams. The commutativity of the third
diagram amounts to the commutativity of the following diagrams:

CLI UL2 Hg o CLI D, ixid C D
ML M2 = My G (T s )1 L G x( T e ),
xX€L»> X€L>
idJ né,@l ideELzl EEQ,Lzl
CL] UL2 Hag’Lz C U He, L
My xMp, 0 Me,,2 im@ﬁ' E)JILLzl 2 M,
5 2, ’
The proof for the right actions is completely analogous. O

By Proposition 8.40, the map i induces a map in degree 2,

(8.41) B(|BL1|,fmg,|BL2|)—>B(Z)JTL,,§)JT@,9JIL2).

8.6 The diagram (8.1)

In the previous sections we defined, for k = 2, the bar constructions and all maps
except the top one appearing in diagram (8.1) (see (8.24), (8.33) and (8.41)).

We now consider the case k = 1. We take all Jordan open sets to be C (see Remark 8.13).
The maps hg and f are defined in (8.12) and (8.15) respectively. A left action of
My on the simplicial space By, in degree 1 is defined by the natural transformation
Qf: My1 ~=> Br,.1(n) and a left action of 9 on the space My, in degree 1 is
defined by the map Qe = n;’ Ly Mz,1 — Mp,.1. The corresponding right actions
are defined similarly. The map hg is easily seen to be equivariant with respect to these
actions so it induces a map in degree 1,

B(|BL1 [, M, |BL2|) — BONL,, My, M,).

Proposition 8.42 Let L1, L, C I be disjoint finite sets such that U, N U, = @
and let L = Ly U L,. Then there is amap B(|Br,|,Mg, |BL,|) — |BL| in degrees 1
and 2 which is a homotopy equivalence and such that the following diagram commutes
up to homotopy:

B(|BL,|, Mg, |BL,|) —— | BL|

(8.43) l lhm

f
BN, , My, Mp,) —— My,
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The method of proof of this proposition will be generalized when we prove Proposition
5.12 on page 2260.

Proof Consider first the degree k = 2 case. We begin by defining a trisimplicial
space Fo: (A x A x A)°® — Top homeomorphic to B.(BL,(*), Mgy, Br,(*)). For
each nonnegative integer n let

n n
c c
Az (n) = (]_[ fmz,z) nl ( [ o5 x im@,le)’

i=1 i,j=1
i<j

n
Cr. )
Ay =[] M7 (G =12).
i=1

Note that A>(n) and Ay, 1(n) are homeomorphic respectively to the degree 1 and 2
summands of (9Mz)". Then let

Fo(ny,n,n2) = B, »(n1) U Az(n) L By, »(n2) U B, 1(n1) X Ap,,1(n)
L Br,,1(n1) x Br,,1(n2) L Ap, 1(n) X Br,,1(n2).

The homeomorphisms ¥y induce homeomorphisms

Fo(ni,n,n2) =By (B, (n1), Mg, Br,(n2))

which give Fy the structure of a trisimplicial space. Realizing Fy with respect to 7
and ny we obtain the simplicial space B.(|BL, |, Mz, | BL,|).

Let F; be the bisimplicial space obtained by realizing Fo with respect to n. We write
| F1| for its geometric realization, which may be described in three homeomorphic
ways (see [39, Lemma, page 94]): realizing with respect to one of the n; and then with
respect to the other, or realizing the diagonal simplicial space (if we let d: A - Ax A
be the diagonal functor, then |d*F;| = |Fy]|). Let
U C C U
Bé,l1 = B({Ul@l‘l ; gﬁ@Ll , mg)I, Bé’ZI = B(E)ﬁC, mng i m@Lz)l

(see Proposition 8.16) and let By 2 be as in (8.35). Also recall Notation 8.11. All the
face maps in d*F; between nondegenerate summands are represented in the diagram
below (in the lower half of the diagram the order of the factors in some of the products
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was switched to make the maps clearer):

B (I ) e (IT05) (T, ——— ([1m),

Lo Ly Lo
A
(Tom2),  (1z),
« S f
(ITon?) < (r1m2), (TTom3+), = B33 (ITong),
~ A
(TTomg~), = (TTige),
e

Dy Ly Dx Cy . Ux
(me )1XB@”1 (me >1X<E§mg )1 (me )2
We now describe a weak equivalence d*F; — Bzigz (see diagram (8.28)). We only

need to define it on d *Fy(n) for n <2 since all summands in d*F;(n) are degenerate

for n > 2. The map d*F;(0) — BzigZ(O) is defined by the homotopy equivalence

By 2 — 9y » of Proposition 8.36, by the map

oo () 011 ) ) (11 22

x€L x€L»> x€Ll yeLs 1
D,CU.
2= (T %) u( TT o) ua( T on ) <( T %)
x€elq 2 xX€L»> 2 x€l 1 xX€Lr 1
x€eL 2
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and by the map
(8.45) ( I zm{?x) x BE U BLY x( I sm,’?x)
xeL, 1 x€L> 1
~ L Dy L D, ) fxid By Dy
=( ]_[ B@,zlxmx,l)u( ]_[ Bz,llxmx,l) > ]_[ M7 <ML,
x€L x€L»> x€L

where f is the homotopy equivalence from Proposition 8.16, which is well defined
since U, C By for x € L1 and Uy, C By for x € L».

The map d*F;(1) — Bzigz(l) is defined on nondegenerate summands by the map

(] o), (I o), (T o22), = (1 ) = (1] )
xel 2 xX€l» 2 xel 1 yeL»> 1 x€eL 2
(compare with (8.44)), the map
Dy L L Dy By Dy
( 1_[ M ) xB@’ZIHBg’llx( 1_[ My ) — Uﬁﬁg’lxim@,l
x€L 1 xX€L»> 1 xX€L
(compare with (8.45)), the map

(T o) (I o) w (T ), < (T ),

xel xelq x€l» x€l,

N c Dy C, D Cy D,
=]_[§m®j‘1x9ﬁxjﬂ ]_[ My x M2y 1 ]_[ M) x ML

xelL x,yelq x,yeLy
X#y xXF#y
CycUy Cx D Uy D Uy Dy
> IJ_&RQJ.XSﬁxJ.U: Il M7y <My U IJ M7y <MY
x€L x,y€L x,y€L>
x#y x#y
and the map
((TT202) «( TT =02) w( T =x2) «( T =)
xel 1 xX€Ll» 1 xel 1 x€Ll»> 1
~ Dy Dx Dy Dx
=~ [ oy xmgy I [ ] omg?y < mys
x€L yeL,
yeL»> x€l»>
DycUy Uy D, Uy D,
—— [ oy <oy [ oy x oy
x€L y€L,
yeL,> x€el»
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The map d*F;(2) — Bblg 5(2) is defined on nondegenerate summands by the map

(T1oe) (I o) IL ) = (T 2),

x€L x€L x€L»> X€L>
C,cU, C. Dy U, Dy Uy D
== [ gy xmgsm [ gy <oy [ oy <oy
x€eL x,yeLq x,y€L>
x#y x#y

and the map

( I mpx) ( I mtnx) ( 1 mox) ( I mm)

xeL xX€L> x€eL xel,
~ D,V’e DX’ DX’
= [ 2y 2y [ 2y
x€L ye€Ly
yeL»> X€Ly
D,cU, D, D,
222 [ w2y xomPy 1 [ [ mD, < omBs.
x€eL Ye€L,
y€L2 XGLZ

In this way we get a diagram

bi
B(|BL,|. M. |BL, )2 2 |d*F1| —— | B}

| |

BN, . Mz, Mp,) —— Mr o

which commutes by the commutativity and associativity of the gluing maps (Proposition
7.46). This finishes the proof for k = 2. The proof for k = 1 uses analogous but much
simpler arguments. |

8.7 Proof of Theorem 1.1

We can now prove Theorem 1.1, which we restate here. Let V be a finite-dimensional
complex Hermitian vector space and denote the dependence of the bar construction
on V by BE].

Theorem 1.1 Let I = {x1,...,x4} C C2. Then:
(1) The map hg: |BIV| — ﬂﬁy from (8.12) and (8.24) is a homotopy equivalence

in the k = 1,2 components.
(2) If I =J UK, with J NK = @, then the map BN, MY, MY) — M) from
(8.15) and (8.33) is a homotopy equivalence in the k = 1,2 components.
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Proof From Proposition 8.42 with L = J and L, = K, it follows that part (2)
of the theorem is a consequence of part (1), which we now prove. Let € be as in
Definition 3.9 and let €; ; be as in Definition 6.1. Let S)JT]‘Z: ¢ — Top be the functor
defined on objects by Z)JT]Y )= zm}fk and defined on morphisms by pullback. Also,
let B,y: € x A" — Top be the functor defined on objects by B]y (n,J)= B}”k(n).
Analogous but simpler arguments to those in the proof of Theorem 1.3 (on page 2202)
show that we have a commutative diagram

heolime, , BY —— heolimg, , M,

(8.46) ~ l l ~

v A\
Bl ——————— My,

where the vertical maps are homotopy equivalences, so the proof will be complete if we
show that the top horizontal map is a homotopy equivalence. Thus, for kK = 1 we only
need to consider the trivial case when #/ = 1, and, for k =2, we only need to consider
the case where / = {x, y} C C? which we now analyze. Now consider Proposition 8.42
in the case where L1 = {x}, L, = {y} and L = {x, y}. The maps |B§’| — mt}{
in diagram (8.43) are trivially homotopy equivalences, hence the left vertical map
is a homotopy equivalence. Thus we only have to show that the bottom horizontal
map in diagram (8.43) is a homotopy equivalence. Consider the bar construction in
Remark 8.34. We have maps

BENY . mY, mY) = BenY,mY, my) —omy.

The face maps between the nondegenerate degree 2 summands in ﬁ.(i)ﬁy, sm;’, EITIJY)
as well as the map ﬁo(zm}{, my, im},]) — DJ?IY are represented in the following cube
diagram (where we omit V from the notation):

nx,L
mtx,z DJTL,Z
Ex’%’ /
idxm 22
Ux Uy T i Ux U, x.y .
mx’l Xf)ﬁg’l Dﬁx,l Xf)ﬁy,l Ty
*
Tg,x 5 o xid
nh  xid Moo My o

U, U, Uy Uy
M5 x My MY me,l
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The diagram obtained from the cube by removing the vertex E)J?IY 5 1s homeomor-
phic to the nerve N of the open cover of 9)? L2 in Corollary 7.45 (see Example 2.1
for the definition of nerve), and the barycentric subdivision of B (9)? zm;’, E)JIV)
(see [38, Section 8.3.A, page 60]) is homeomorphic to B,(*, N, *). It follows from
[43, Proposition 4.1] that the map ]§(9ﬁ¥, my, Sﬁy) — S)JT]Y is a homotopy equiva-
lence, which concludes the proof of the theorem. |

Taking the limit when dim V — co we can now prove:

Theorem 8.47 Let H be a countably infinite-dimensional complex Hermitian vector
space. Then the map hy: ||’BgiI | — SUZ?I in Definition 5.2 is a homotopy equivalence
in degrees 1 and 2.

Proof The maps in Proposition 7.46 pass to the colimit to define maps

H,U; H,U
B [, — o

We need to see how these maps are related with the action of the linear isometries
operad ™ . Let 14: H — H” be inclusion onto the o™ factor. Let P be the suboperad
of the endomorphism operad of H consisting of complex linear maps f: H"” — H
such that f o1, is an isometry for all @ = 1,...,n. Then P(n) = £(1)", so P(n)
is contractible. Also note that P contains the linear isometries operad .¥. We fix
basepoints * € P(n) given in matrix notation by

x=[1--- 1]: H" - H.

Forany f € P(n) andeach @ =1,...,n,let fo, = f o14. Given finite disjoint sets

J1, ..., Jn, we define amap By s as the composition
n
) H.Us /o H.Uy By, opHU _
848) @y [ ot e ]‘[sm,a’ka Ul (k_Zkafz).
a=1

Note that, for f = %, we have Hy y = Hy. The maps Hy s are compatible with
the operad data in the following sense: Let ji,..., j, be nonnegative integers and
let j =Y ji;let f € P(n) and g; € P(j;); consider finite disjoint sets Jy, with
a=1,...,j andforeachi =1,...,n,let s; = j; +---+ j; and let

Si

Ji=s 100 K= | T G=1....0);
oa=s;_1+1
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also, let

n J
J=(h.....0)., K=(Ki.....Kp). J=|JKi={]

i=1 a=1

Then we have

n
(8.49) By rolle = Br, 70| | Bae-
i=1
To prove this last statement, let 1o,: H — H/i (witha=1,..., J ) be inclusion into the
(—s;j—1)" factor and let f; = f o1; and gjoq = gi © 1o. Equation (8.49) then follows
from the commutativity of the following diagram (the lower triangle is commutative by
Proposition 7.46(2) and the upper right triangle is commutative by Proposition 7.46(5)):

n [T o fiogia 5i HU EEJ HU
[ 11 oibve]Milleficse e fp it
z—l[a =s;i—1+1 ] l_ll:Dl=Sl' 1+
IIiergiaJ’ /////,//ii:}};i;% \};TE;;\\\\\\\$ [
n S n n
Ve zm
il;lll:azsgl+l Ja ] [1; 8y, il;ll I1; fi ,];[

Let g =#I,let Py (n) =P(1+ngq) and P! (n) =]]; P(n) (compare with Definition 5.1).
Consider the category A(Py,P!) (see Definition 4.8). Then we can define a functor
Fr: A(Pr,P1)P — Top by letting F7(n) = B}Hl(n) (see (8.25)) and defining the
morphisms using the IIES By, in (8.48). The inclusion of operads 2" P induces
an equivalence of categories 1: A; — A(P;, P!). For f € #H(n) c P(n) we have
the commutative diagram (see Proposition 7.46)

n [Tte [1f =n
H,Uy H” Ua H,Uq
T e, — H Mpea — 1L Mk,

Horx ™

H",U
ﬁan

H,U

EIn.l,k
so the inclusions DJTH;I’U — Z)JT];H induce a weak equivalence from the restriction of
Fr to Ag to %IIHI. To finish the proof we observe that the inclusion of the basepoint
in P(n) induces an equivalence of categories A — A(P;,P!) and the restriction
of F7 to A equals the simplicial space B}HI. The functor F; extends to a functor
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Fr: Z(PI,PI )— Top (see Definition 4.13) and B}HI extends to a functor E}HI: A —
Top by letting Fr(-1) = B}HI (-1 = ?J)IIIHI and defining the functors on morphisms in
the obvious way, and we have a commutative diagram

H =~ ~ H
By Fr By
M H ~ T ~ ~H
By FrI By

which completes the proof. |

9 The limit when &k — oo

We now consider the limit when k& — oo. We will work with the moduli space of
instantons, which we now describe. For each finite set J C C? let #7 P2 be the
smooth 4-manifold obtained by collapsing Lo, C IP’Z to a point yoo € #7 P2 and let
7 IP’2 — # 7 P2 be the collapsing map. Let g be a smooth metric on # s P2 such that
7*g is compatible with the complex structure on ]P’z. Let V be a finite-dimensional
complex Hermitian vector space, let £ — # P2 be an SU(V) vector bundle with
second Chern class c2(E) = k, let A(E) denote the space of smooth connections
on E and let Py, denote the space of isomorphisms ¢: E,_ — V equivariant with
respect to the SU(V) action. The gauge group G of smooth automorphisms of E acts
freely on Pso X A(E) and we represent the quotient by %}jk. The moduli space of
instantons is the subspace EJJZIX « C <gJV’k of equivalence classes of connections whose
curvature is self-dual with respect to the Hodge * operator. This space is isomorphic
to sm“’k (see [10, Theorem 0.1; 32, Corollary 2.14]). Let mzy = [ 90t k and
‘K}V =¥ k The same arguments as the ones in Section 3 show that DJTI 7 and
‘KJV are ., —functors and we have:

Proposition 9.1 The inclusion smz}’ — %JV and the isomorphism Vv : E)JII}V — sm‘j
are maps of %y —functors.

Proof The result is clear for the inclusion and it follows easily for the map ¥y from
its description: given a self-dual connection & on E, the (0, 1)—part of the pullback
(T*€ YO s a holomorphic structure on the pullback bundle 7*E — Iﬁ% and an isomor-
phism ¢ € Py, induces a holomorphic trivialization ¢ xid: 7*E|_ = E,_ X Loo —
V X Loo; then Yy ([p, £]) = [(7*€) D, ¢ xid] € SJIVk (recall Definition 3.2). O
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Taking the direct limit when k& — oo (see the discussion preceding Theorem 1.5)
the inclusion EDII}' C %JV induces a weak homotopy equivalence DJII}’, . = %JV’OO
[48, Theorem 2*] and ‘5}’ is homotopically equivalent to the space of based maps
Map, (#J P2, BSU(V)), where BSU(V) is the classifying space of SU(V) (see
[13, Theorem 1.3]).

We now prove Theorem 1.5. Since P2 hasa CW-complex structure given by attaching
a 4—dimensional cell D* to S? via the Hopf map h: S3 — S2, we can view maps
from P2 as maps from D* whose restriction to the boundary factor through %. In an
analogous way, the space of maps from #, P2 to B SU(V) is homotopy equivalent to
the space of maps from D* to BSU(V) which factor through the map S3 — \, S 3Vh
\/,, S2. For the remainder of this section / denotes the unit interval, / = [0,1] C R.
Note that S% =~ 73/913 and \/, S is the quotient of 7> by the subspace of triples
x = (x1, x2, x3) with either x € aI3 or x1 = i/nwithi=0,...,n.

Definition 9.2 Given a based topological space (X, x) let M4 X represent the space
of compactly supported maps f: (—o00,0] x I3 — X such that f(z,x) = * whenever
x €d(l3).

(1) We identify, up to homotopy, Q*X with the subspace of maps f € M,X such
that £(0,x) = forany x € /3.

(2) Let H: I3 — S? be the composition of the projection 13 — I3/3I3 with the
Hopf map. We identify, up to homotopy, Map, (P2, X) with the subspace of
maps f € M4X whose restriction to 0 x /3 factors through H. Restriction to
0 x I3 induces a map p: Map, (P2, X) — Q2X.

(3) Let x = (x1,x2,x3)€ 3. We identify, up to homotopy, Map, (#n I[T2, X) with
the subspace of maps f € M, X such that
(@ f(0,i/n,xz,x3)=xfori =0,...,n and any xp,x3 € [ ;

(b) foreachi=1,...,n, therestriction of f to Ox[(i —1)/n,i/n]x1?=13
factors through H: I3 — §2.

We have a map p = (p1, ..., pn): Map, (#nr P2, X) — (Q2X)" whose compo-
nents p; are induced by restriction to 0 x [(i —1)/n,i/n]xI? fori =1,...,n.

We now give (Q#X)" the structure of an associative monoid and define actions of
(Q4X)" on Map, (P2, X))"” and Q*X.
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First we define a left action of 24X on M X. Given a function feMiX we
let s¢ be the supremum of the set of 7 € (—o0, 0] such that f(s,x) = * for any
s <t and any x € I3. Then, given g € Q*X, we define g- f € M4X by

f(t, x) if 1 > sy,

- ft,x) = ]
g/t %) glt—sp.x) ift <sy.

This action preserves the subspaces 24X, Map, (P2, X) and Map, (#, P2, X)
and clearly (g1-g2) - f = g1-(g2- f). Since (M4X)" = M4(X"), we get an
associative product on (24X)" and a left action of (Q*X)" on (M,X)".

We now define a map w: (M« X)" — M4X by concatenation in the second
variable. Given f = (f1,..., fn) € (M X)", foreach i = 1,...,n and
x1 €[ —=1)/n,i/n], welet o(f)(t,x1,x2,x3) = fi(t,nx1—1i +1,x2,x3).
Then, given f € (M4«X)" and g € (Q*X)", we have w(g - f) = w(g) -o(f).
The map w restricts to define maps (24X)"” — Q*X and (Map*(IFTZ, XN —
Map*(#nIETz, X). We define a right action of (24X)" on Q*X by f-g =
frog).

We represent by

9.3)

B(2*X,(2*X)", (Map, (P2, X))")

the bar construction induced by the actions in (4) and (5) (see Section 2.1.3).

Theorem 1.5 is a special case of the following theorem, when X = BSU(V):

Theorem 1.5% The maps Q%X x (2% X)")* x (Map, (P2, X))" — Map, (# P2, X)
sending (g, f1,-.-, fx. f) tog-o(f1----- fr - f) induce a map

h: B(Q*X, (2*X)", (Map, (P2, X))") — Map, (#, P2, X),

which is a homotopy equivalence.

Proof We have a commutative diagram

B(Q4X, (Q4X)", (Q*X)") — s QX

| ,.

B(Q4X. (24X)". (Map, (P2, X))") —— Map, (#, P2. X)

lpoh o

(Q2X)" (Q2X)"
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The maps i are inclusions and the map p is the one defined above in Definition 9.2(3).
The right vertical maps are induced by the cofibre sequence \/, S 2 5 #y, P2 - S4,
and hence they form a fibration sequence. Since the top row is a homotopy equivalence
(see Proposition 2.4), to finish the proof we only have to show that the left vertical
maps form a fibration sequence. The map p o/ is induced by the composition

Q4X x (Map, (P2, X))" 22> (Map, (P2, x))" 12 (@2x)",

where p» is projection onto the second factor and p: Map, (IPTZ, X) = Q2X is the
map defined above in 9.2(2). The homotopy fibre F,.; of the map p ok is the fibre
product

Fpon — B(Q*X, (2*X)", Map, (P2, X))")

l l(poh)x*

(@2x)m! —2 L (@2x)n x (Q2X)"

where, given a path y in (2%2X)", evo(y) = y(0) and ev;(y) = y(1), so, from [33,
Corollary 11.6] we see that Fyop = B(Q4X, (Q4X)", F}), where F), is the homotopy
fibre of the map p. Since the inclusion Q*X — F o 1s a homotopy equivalence and the
simplicial spaces involved are good, it follows from [44, Proposition A.1] that the map

B(Q*X, (Q*X)". (Q*X)") —» B(Q*X, (Q*X)". F))

is a homotopy equivalence. This concludes the proof. |

We now study the rank-stable limit. Consider the .# —functors (see [34, page 16])

v_ SU(VeV) PV _ SU(Va V)
~SU(V) x SU(V)’ T 1xSU®VY)’

l;V = PV XSU(V) V.

For each V the natural map EY — XV is an SU(V) vector bundle and there is a
canonical isomorphism of the fibre E ,Y over the basepoint with V. For dimV < oo
let £ be the canonical universal connection on EV [37, Section 2]. Then pullback
induces a map of .#,—functors Y¥ry: Map(# J P2, X V) — %}7 which extends uniquely
to a morphism of .# —functors by passage to limits.

If H is a universe (Definition 2.13), then we can identify the classifying space BSU
and the universal bundle ESU with X™ and P™, respectively. The maps vy induce
a map of .#H —algebras Map(# J P2, X H) — CK}H’Ik which is a homotopy equivalence
(see [2, page 101, second paragraph]). Let n = #J and consider the homotopy
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coherent bar construction B(2*BSU, (2*BSU)", (Map, (P2, BSU))") constructed
as in Definition 5.2. We will now see how this bar construction is related to the one
in (9.3).

Proposition 9.4 There is a homotopy commutative diagram

B(Q4BSU, (24BSU)Y", (Map, (P2, BSU))") —— Map, (#, P2, BSU)

|

B(Q*BSU, (2*BSU)", (Map,, (P2, BSU))")

where all the maps are homotopy equivalences.

Proof The idea of the proof is the same as in the proof of Theorem 8.47. Let D, X C
(M4 X)" be the subspace of n—tuples (fi,..., f,) such that, for all x € (—oo,0]x 13,
we have fi(x) # % for at most one i. We then have a map u: Dy X — My X
with w(f1,..., fu)(x) = fi(x) if fi(x) # * for some i, and u(f1,..., fu)(x) = *
otherwise. An isometry a: V — V' induces a map XV — X V" and hence a map
MXY > Mo XY Let 1;: V — V" be inclusion into the i factor. Then the
following diagrams are commutative (compare with Proposition 7.46):

p,xV i p xve poxv % yv

I T

M XY M xY 2 M xV

where [[#; and ]« denote the maps obtained by restricting the domain and the
codomain of the product maps. The analogues of the maps in (8.48) are defined as
follows: let P be as in the proof of Theorem 8.47, let 1;: H — H" be inclusion into
the i™ factor and for each f € P(n) define a map # as the composition

PR S RICALN N NI VISS S

We now express the maps of Definition 9.2(4)(5) in terms of w as follows:

(1) Let ji: MxX — (M4X)" be inclusion into the i™ factor and consider the
composition w; = w o j;. For each i, the map w; is an embedding and the
map o is the composition

w: M X)" 0% pox 25 A, X,

Algebraic € Geometric Topology, Volume 20 (2020)



Holomorphic bundles on the blown-up plane and the bar construction 2247

(2) Foreach s <0 let 75: Q*X — Q%X be defined by

glt—s,x) ift<s,

‘ng(l,x)= lft>S

For each g € M, X let s¢ be as in Definition 9.2(4). Given spaces X1, ..., Xju+1
and (g1....,8m.8&m+1) € (]_[?Ll Q4Xi) X My X1, for each i let r; =
Sgis1 T gy, andlet T ([T4X:) x My Ximp1 — ([T X)) x Mu X 41
be defined by

(81, &m+1) = (tr 81+ -+ Try &m> Em+1)-

If X =---=Xpuy1 =X then pot(gy,....8m+1) = &1+ &m " &m+1-
Note that the map 7 is an embedding with image the subspace of (m+1)—tuples

(g1+---+8&m+1) € [[; M« X; such that supp g; C (=00, 5¢; ]

Let P/ and P, be as in the proof of Theorem 8.47 and consider the functor
Fr: APy, PT)P — Top
with Fj(m) equal to the image of the following embedding (where n = #J ):
Q*BSU x ((Q*BSU)")™ x (Map(P2, BSU))"
1 i) i =5
(o) xMer o4 psy (4 BSUY"Y™ x (Map(P2, BSU))"
= Q*BSU x (2*(BSU"))"™ x Map(P2, BSU")
—T5 Q*BSU x (*(BSU"))" x Map(P2, BSU")

and defined on morphisms by using the maps (s . The proof now proceeds exactly as
in the proof of Theorem 8.47. |

10 Homology

In this section we prove Theorem 1.6. We’ll always work with a fixed countably
infinite-dimensional vector space H which we omit from the notation. We begin by
computing the homology of ||%B||. Fix a point x € C? and consider the homology rings
R=H.(MMy) and M = H.(M,). It was shown in [28, Theorem 1.2; 40, Theorem 3;
8, Theorem 1.1] that My ~ [[r»o BU(k) and My =~ [ ;5o BU(k) x BU(k) as
E—spaces; the pullback 7*: 937_@ — I, is induced by the diagonal inclusions
Ap: BU(k) — BU(k) x BU(k) (see [9, equation (2)]). Thus we have R =@ Ry and
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M =@ My, where Ry =~ H,(BU(k)) and My, =~ H«(BU(k)x BU(k)) = R @ Ry .
If we write
R=Z|r;;i =0,1,2,...],

where r; € Hp;(BU(1)) is dual to cli (see [35, Theorem 21.4.3]), then Ry is the
Z—-submodule of homogeneous polynomials of degree k. The inclusion

[ [(BUK) x BU(K)) — (]_[ BU(k)) x (]_[ BU(k))

induces an inclusion
Mz@kRk(X)RkCR@R:Z[x,-,yj i, j>0]

(where x; and y; have homological degree 2i); namely, M is the subring generated
by x;y; with i, j > 0. Consider the bigrading on the Z-modules R and M, where
the bidegree (i, k) summand consists of the elements in R and M} with homological
degree 2i ; in particular,

(10.1) degri =(i,1) and degx;y; =@+ j,1).

The diagonal inclusions Ay: BU(k) — BU(k) x BU(k) induce a homomorphism
Ax: R — M of bigraded rings with Ay (ry) = Zi+j=k X;yj, which makes M into
an R—module.

Proposition 10.2 Let T; C Z[x; : i > k] be the Z—submodule of homogeneous
polynomials of degree k, let Ny = Ty ® Ry C My andlet N = @, Ny C M. Then
M is a free module over R with basis N.

Proof Let ¢: R® N — M be the homomorphism of bigraded Z-modules induced
by A.. We want to show that ¢ is an isomorphism. We begin by showing that ¢ is
surjective. First we need to establish some notation. Let A and B be eventually zero
sequences of nonnegative integers,

A:(ao,al,...,an,...), B:(bo,bl,...,bn,...).
We order these sequences by lexicographic order. Let
aop ai

xAyB:xO x{ ...xz"...ygo...y,?"...eR(X)R,

and let [A| = 3, ax and |B| =Y, bi. Then xAyB € M if and only if |A| = | B|,
and these monomials form a Z—-basis for M. We define a total order on the set of
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monomials x4y# as follows:

xAlyB1 >xAzyB2 if and only if |Aq|> |Az]|, or
|A1| =|Az2| and A1 > A, or
A] =A2 and Bl < Bz

(notice the reversed order on the B;). We will show by induction on the ordering of
the monomials that any monomial x4y® € M is in the image of ¢. The statement
is clearly true for 1 € M and whenever x4y® € N,, for some n, so fix a monomial
x41yB1 ¢ M, \ N, and assume, by the induction hypothesis, that every monomial
x42y B2 strictly smaller than xA1yB1 isin the image of ¢. Since xA1yBr ¢ N, | there
isa k <n and asequence A =(ag,ay,...) with |A|=n—1 and a; =0 for i <k—1 such
that x41 = x;,_;x4. Also, since k <n, we can write y&1 = YniYno—1--. ynk_kHyB
with nqy <ny <---<ng and B = (bg, b1, ...) asequence with |B|=n—k and b; =0
fori <nyp—k+1. Set x4 = y; =0 for ¢ <0 and consider the following element

in Z[x;, y;]:
Yny Yny
Yni—1 - VYnp—1
d= xAyB det : L :
Yni—k+2 " Ynp—k+2
Tn, Ty

(where, abusing notation, we write r; instead of A,r;). Using Laplace’s formula in the
last row we find that d = Zf-‘:() 'n; pi With p; € M,y . In particular, all monomials in
each polynomial p; are strictly smaller than x41 yB1 so, by the induction hypothesis,
we have d € Im¢. Now, using the identities r,, = ) x¢y,,—¢ in the last row, we find
that

Ynq Yn
00 Yni—1 - Ynp—1
d=ngxAdeet . :
t=0 Yni—k+2 *** Ynp—k+2
Yni—t 0 Ynp—t
Notice that the terms in the sum vanish for £ =0,...,k —2 and xexA < xk_le for

£ > k. Also, for £ =k — 1, the leading term of the determinant is the product of the
entries in the main diagonal. Thus we can write

d = g1y yn ymy1 . Vm—kr1 + p=xM1yP 4+ peImg,

Algebraic € Geometric Topology, Volume 20 (2020)



2250 Jodo Paulo Santos

where p is a finite sum of monomials strictly smaller than x41y 81 Using the induction
hypothesis we conclude that x41 y 21 € Im ¢, which finishes the proof of the surjectivity
of ¢. Since R® N and M are free Z-modules, finitely generated in each bidegree,
in order to show that ¢ is an isomorphism we only need to check that the dimensions

over Z match, which we will prove in Lemma 10.5 below. O

Before we continue we introduce some notation. Let (¢;¢g), = ]_[?;(1, (1—1t4") denote
the g—Pochhammer symbol and let (¢), = (¢; ¢)n . Also consider the g —multinomial

k _ (@) L
(il,...,in)q_m (k=i1+---+in)

and let (’l.c)q = (l.’,f_ i)q be the g—binomial. One easily checks that

(10.3) (f)q==qi(k?1)q*‘(§:f)¢

Lemma 10.4 Forany n, j € Z withn > j > (0 we have

nj_z (Dn (n J)qqk2+kj=l.

(‘])k+j

Proof The proof is by induction on n — j. The result is clear for n = j. Using the
relations (Z)q = (" ) +q" k(L ) and (q)n = (1 —¢")(q)n—1, we get

4 ,_nﬂil (@)n (n J—l) K24k Z (Dn o j—k(n—j—l) k> +kj
nj = k) ( k—1 )4

Q)k—w

n—j—1

B (Dn_ (n—=j=1\ i k1 (k+1)2+(k+1))
= (=g A+ Z (f])k+/+1( k )qq 1

=(1—¢")An-1,j +4" An,j+1,
hence A, ; =1 by the induction hypothesis. |

Consider the bigrading in the Z—-modules R, M and N, (10.1). Write the Hilbert
series as P(q,t) =) _d; xq' 1%, where d;; is the rank of the bidegree (i, k) summand.

Lemma 10.5 The Hilbert series of R, M and N are, respectively,

o n o n n?
q

PRg.N =) o Pu@n =) s PR = (o5
n=0 n=0

n=0

and we have Pp(q,t) = Pr(q,t)Pn(q,t).
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Remark 10.6 Lemma 10.5 shows that the Hilbert series of R ® N equals Pregn =
Pr Py = Py, which concludes the proof of Proposition 10.2.

Proof Since Ry =~ H*(BU(k)) = Z|c1,...,cx] with degc; = (i, 1), and My, =
R ® Ry, the Hilbert series of Ry and M} are respectively 1/(g), and 1/ (q),%,
from which the formulas for Pr and Pjs immediately follow. The Hilbert series of
Zlx;i i > k] = Z[xk] ® Z]x+1] ® - -+, where x; has bidegree (i, 1), is

lo—o[ 1 Z (tg*)"

i—k I—1t q (@n
(the second equality is a special case of the g—binomial theorem; see [4, Corollary 2.3]).
The Hilbert series of Ty C Z[x; : i > k] is obtained by taking the coefficient of % and

hence it is given by qkz/(q)k , so the Hilbert series of N = T ® Ry, is qkz/(q)i , from
which we get the formula for Py (q,t). Writing Pas, Pr and Py as power series

(tq q)oo

in ¢t and multiplying the series, we see that the identity Pys = Pg Pn is equivalent to

Z 1
((‘I)k)z(Q)n v (@0
which follows immediately from Lemma 10.4 by taking j = 0. a

Proposition 10.7 Given a finite set I C C? with cardinality #1 = n, we have

Ho(|B7)=MRp---Qr M = N®" @ R.

n

Proof Consider the equivalence of categories F: Ay — A and let F,B7: AP —
Top be Segal’s homotopy pushdown construction (see [23, Section 5]). Then we
have homotopy equivalences |87 =~ hcolimae Fp+B; [23, Proposition 5.5] and
heolimaor FpB1 >~ |1 FpB1| (Proposition 2.7(1)). The homology version of Segal’s
spectral sequence [43, Proposition 5.1], converging to the homology of |t Fp+Br|, has
as E! term the simplicial chain complex E.I’q = Hy(tFpsBr) = Hy(FpsByp). If
1: A; — Ay denotes the identity functor, then we have weak equivalences F*Fj, B <
1*15487 — B [23, Proposition 5.3], so the functors F.B; and Bj are naturally
equivalent as functors A°® — hTop. It follows that the chain complex H,(F}By) is
isomorphic to the bar complex B(R, R®", M ®"). By Proposition 10.2, M ®" is a free
module over R®" with basis N ®”, so the spectral sequence collapses and we find that

H*(”%I”)§M®n®]z®nR§N®n®R;M®R...®RM’

which concludes the proof. |
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Proposition 10.8 The degree c; = k components ||By | of the space ||By|| are
simply connected.

Proof The proof is by induction on #/. For #I = 0, 1 it immediately follows from
Proposition 5.4. For the induction step we use Proposition 5.12. Write [ = J U L with
#J,#L <#] and J N L = &, and let

By,Lk(®) =B F Byl Mo, | FBLDk.
1Bkl =BUF Bl Ma, | F*BLIDk-

Then ||Br k|l ~ [IB s, xll. By induction hypothesis, the connected components of
B,k (m),

m
|EFB 7.0 % ( I zmg,a,-_aj_l) XIFFBL k]| (0<00< < om <),

Jj=1

are simply connected. Let Fj, be Segal’s homotopy pushdown along the equivalence
of categories F: A(%+,.%) — A. The simplicial space obtained by replacing each
connected component in F,*B 1 x by a singleton is B,(*, €, x), where & is the
category {0 - 1 — --- — k}. A choice of basepoint in the connected component
of Fp+«*B s 1 k(k) corresponding to the composition of arrows 0 — 1 — --- — k €
By (*, €, *) determines via the face and degeneracy maps, for any m, a collection
Ko(m) C Fps*B 1 1 (m) of basepoints, one in each connected component, inducing
a simplicial map Bo(k, €, *) — FpaBy k. Let T1(FpaB g L x(m)) denote the
fundamental groupoid with Ky(m) as the set of objects and with morphisms the
equivalence classes of paths between basepoints. The diagram of spaces Fp+«B 1
induces a diagram of groupoids 71 (Fy«B s 1 k) and, since the connected components
of Fp4B 1 i are simply connected, we have an isomorphism of diagrams

T1(FpsBy,Lk) = T1(Ba(x, €, %)).
By [17, Theorem 1.1], we have natural equivalences of groupoids
T (hcolim Fh*%J,L,k) ~ hcglim T (FpB 7L k)
op

Aop

and

71 (hcolim B, (%, €, %)) 2 heolim 771 (B4 (%, €, )).
AoP Aop
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Since hcolimae B (¢, €, *) >~ B(x*, &, *x) is contractible,
(B, Lkl =m (hcg(}pim FneBy k) = hCX}gmﬁl(Fh*‘BJ,L,k)
~ hcg(}pim T1(Bo(*, €, %)) = Ty (hcxggmB.(*, Cr. %)) = {1},
which finishes the proof. O
As in Lemma 10.5, we write the Hilbert series of Hy(||B7]|) as Pr(q.t) =Y dijxq't*,

where d;j is the rank of the bidegree (i,k) summand. Also, given power series
51,82 € Z[lq]l, we write 51 = 52 + O(g¢™) if 51 =52 in Z[q]]/{¢™).

Lemma 10.9 Let I C C? be a finite set with cardinality n. Then the Hilbert series of
H.(||®81])) is given by the q—series

o0
Pnic(q) 2 b2 2
(1010) Pr(q.n=) PR where pug= Y g KL
k=0 (Q)k i1 ++in=k
The polynomials p, j satisty:
(M) pra=1 pak= (%), Pn1 =14 —1)q and
Pr2=14+@—-1g+50-1)0+2)q>+ n—1)72¢>+ 300 —1)g*.
(2) Forany n, k we have (q)go_lpn,k =1+ 0(gkt).
(3) For2<n<k+1 we have
2k—n+2 .
@5 Pak=1-02"=2) Y ¢ =" =3¢ 1 0oE* ).
i=k+1

Proof By Proposition 10.7, the homology of ||*B || is isomorphic to the tensor product
M ® N®r=1 o its Hilbert series is given by

00 Zk 00 qkzlk n—1 1% P,
P’("’”:(Z@)( ) :Z@%"‘

2
k=0 k=0 (@) k=0

with p, x as in (10.10). The cases k = 1,2 and n = 1 are easily computed, while
the case n = 2 is a special case of the g—Vandermonde identities [45, solution to
Exercise 1.100, page 188].
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We prove statement (2) by induction on »n. Statement (2) holds for n = 1, 2 since,
by (1), we have (¢)oo P2k = (¢*t oo (gFt 1. Assume (2) holds for n — 1. The
polynomials p,, ; satisfy the recurrence relation

pnk—zq ( )pn 1,k—i>»

so we find that

k 2 (kN2 k 2 (k\2 k
b pngk = 4" (a)q(q e Pn—tk—a =) 4" (a)q(l +0(¢* ).
a=0 a=0

Since ¢@° gk—a+1 = O(qk“), we get

(@) pnk—(q)oqu ()0 = @ p2at 0+ =140,

which finishes the proof of (2).

We now prove (3) by induction on 7. For n =2 we have (¢)oo P2,k = (¢ 1) oo (¢* V)i
and the result follows. Assume (3) holds for n — 1. Then

k
_ 2 (k2 _
@D Pnge=Y_ 4" (a)q (@)% Pr—t,k—a
a=0

k 5 /N2 2k—2a—n+3 .
— Z qa (a)q (1 o (2n—1 —2) Z ql + O(q2k_2a_n+4)).
a=0

i=k—a+1
For a # 1 wehave a> +2k —2a—n+4=(a—1)>+2k—n+3>2k—n+4,s0

5 2k—2a—n+3 5 2k—a—n+3 5 2k—n+3
i - j - i 2k—n+4
qa Z ql :qa a Z ql :qa a Z ql +(9(q n—+ )’
i=k—a+1 i=k+1 i=k+1

while for a = 1 we have, by the induction hypothesis,

2k—n+3
D2 prk—1=9— Q2" =2) Y g+ 0@,
i=k+1
Thus we have
k 5 2k—n+3
?.’o_zpn,k=zcl“( ) @"'-2 > ¢ Zq“ “’( )
a=0 i=k+1 a=0

+q2k—n+3 + O(q2k—n+4)'
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Now, using (10.3) and the g—Vandermonde identities, we get

Yoo (5, - 2 (), (), S (8),(60), (40,

and substituting above we get

2h—1 2k—n+3 .
@52k = o=@ = (7 ) D g Lo,
T iskt+1
Multiplying by (¢)eo and observing that (q)oo(zkk_l)q = (") (@ Voo = 1+ 0(¢5),
we get, since n > 3,

2k—n+3
@5 Prsk = @oob2k — 2" =4) Y ¢ +¢* "+ 0@ ).
i=k+1
The result now easily follows. a

Let I C C? be a finite set with cardinality #/ = n and let Crx = %I]I?Ik denote the
rank-stable limit of the space %IV  of equivalence classes of framed connections on
an SU(V) vector bundle over #’n P2 with ¢ = k (see Section 9). The space 47 x
is homotopically equivalent to BU" ! (see [8, Remark 1.1]). We are ready to prove
Theorem 1.6, which is a consequence of the following theorem:

Theorem 1.6* Let 15: My j = MI; y — €7 be the natural inclusion map and let
hrg: 1B x|l = 9 & be the c2 = k components of the map hy in Definition 5.2:
h
1Bk || =125 My g = MIy o = 11

Then:

(1) The map 15, induces surjective homomorphisms in homology and homotopy up

to degree 2k + 1.
(2) The map hy j is injective in homology.

(3) The map hy j is an isomorphism in homology in degree i provided i <2k + 1
and the map (1x)«: H; (OMZy ;) — H; (€7 k) is an isomorphism.

(4) The map hy j is an isomorphism in homotopy in degree i provided i <2k and
the map (1x)«: m; (MMZIy k) — 7; (€7 k) is an isomorphism.
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(5) Let b; be the Betti numbers of BU" 11, let ¢5; be the coefficients of the power

series
m . w .
Z C2iql — (Zb2iql)(2n(qk+l NI q2k—n+2) + (2n _ 1)q2k—n+3)7
i=0 i=0

and set ¢; =0 for i odd. Then the rank of the cokernel of the map
(te)«: Hi(MIpx) — Hi (€1 k)
is less than or equal to ¢; fori <4k —2n +7 provided 2 <n <k + 1.

Proof By Proposition 9.1 the inclusions 9t; — 47 are maps of ¥ —algebras which
induce a map of the bar constructions

1971 =B ([ T2 [T Ma) » ([T [ [ %00 %0)

and we get a commutative diagram, where the right vertical map is a homotopy equiva-
lence (Proposition 9.4):

Bl — %(l_[%”x,l_[%,%)

(10.11) h,l l

My —— €1

To prove (2) it is enough to show that the top horizontal map is injective in homology,
which we now prove. Let R = Hy (%) = H«(BU x Z) and M = H.(¢x) =
H.«(BU x BU x Z), and let ry be a generator of Hy({l1} x BU). Then R and M
are respectively the localizations of R and M away from ro: R = R[ry 1 and
M = M[ro_l]. Also M is free over R and

Ho(B([T % [[%0.%0)) 2 M@z @ M = (M &g+ @& M)l .
Since M ®r - ®r M is ro—torsion free, the map
MQ®R--®rRM — (M ®g---®r M)[ry ']
is injective, as claimed. It follows that the map /A is injective in homology.

We will now compute the dimension of the cokernel of the map Hu(||B;«ll) —
H« (%7 ) induced by the diagonal map in diagram (10.11). The ring H (%7 ) is
graded by half the homology degree with Hilbert series Y, baiq' = 3, 1/(q)%!
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and the Hilbert series of Hx (|8 k||) was computed in Lemma 10.9. Subtracting the
coefficients of the Hilbert series, we obtain

1 pak 1=(G@"H%@%  Puk ( — : k4182 n—1
_fnk LA baig" |(A1—(g" )2 (@) P kc)-
@ (@2 (@)a! ZO peree

Statement (5) follows from Lemma 10.9(3), observing that

(qk+1)§o =1 _2(qk+l +"‘+q2k+1) +O(q2k+2).

Furthermore, by Lemma 10.9(2), the map H..(||Br||) — H«(%7) is an isomorphism in
degrees up to 2k + 1, proving (3). Since 47 x >~ BU" ! and |B; || are simply con-
nected (Proposition 10.8), by the Hurewicz theorem the map 7« (|[Bs k||) — 7« (€7 k)
is an isomorphism in degrees up to 2k and is surjective in degree 2k + 1. Statements
(1) and (4) immediately follow. O

Appendix Bar construction

In this appendix we prove Propositions 4.18 and 5.12. First we need to prove some
lemmas. Let A be as in Definition 4.12. The identity M x A" x A =M x A" leads
us to make the following definition:

Definition A.1 We represent by A and A the categories whose objects are the same as
the objects of A (with @ = [—1]) and such that A(m,n) C A(m+1,n+1) is the set of
order-preserving maps x: {0,...,m+1}—{0,...,n+1} with g(m+1)=n+1, and
ﬁ(m, n) is the set of order-preserving maps ji: {—1,0,...,m+1}—>{-1,0,...,n+1}
with i(m 4+ 1) =n+1 and (1) = —1.

Remark A.2 The categories A and A are subcategories of A since we can extend
any function [m] — [n] canonically to a morphism [m + 1] — [rn + 1] by sending
m+1to n+ 1. In a similar way, A is a subcategory of A. Also observe that the
object [—1] is a final object of both A°? and AP and, for m # —1, restriction gives
an isomorphism of sets A(m,n) = A(m,n + 1).

Lemma A.3 The inclusion functors F: A°P — AP, F: A% 5 A% and F: A% — AP

are right cofinal.

For the definition of right cofinal see (2.8).
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Proof We first show that F is right cofinal. It is enough to show that, for any [1] € A,
the overcategory F J [n] has a final object. This object is the pair ([n + 1],1), where
[n+1]€ A and 1: F(jn+1]) = [n+ 1] — [n] corresponds to the identity map under the
isomorphism A(n+1,n) = A(n+1,n+1) = A(n+1,n+1). The exact same proof
shows that F is right cofinal since the pair ([z + 1],7) is also an object in F | [n].

The proof for F is similar. Let fe A(n +1,n) be the map f:{—-1,...,n+2} —
{=1,...,n+1} with f(=1)=—1and f(i)=i—1fori=0,....,n+ 1. We will
show that ([n + 1], f) is a final object of F | [n]: given amap fi: {—1,....m+1} —
{—1,...,n 4+ 1} there is a unique map u: {0,...,m+ 1} = {0,...,n + 2} such that
A= fo F (i), namely jx(i) = ji(i) + 1. This completes the proof. |

Let P be an Eo, operad with composition data y and let .# be an Eo monoidal
module over P with composition data I'g (see Definition 4.1).

Definition A.4 We denote by A(.#,P) the topological category equivalent to A
whose morphisms are defined as follows: for each w € A(m + 1,n + 1) let

m+1
Ap( Py = (o) x [ | Plrta = pta—1)

a=1
and define

WEA(m,n)
Given € A(m,n) and v € A(n, p), composition A, (#,P) x Ay(4,P) —
ZWM (A, P) is defined using the operad data

o
M (o) % M (o) x [ | Pog—vp_1) “2> .t (vp0).
=1
Mo
P(he — Ma—1) X l_[ P(vﬂ—vﬁ_l)LP(vM—vMa_l) (x=1,...,m+1).
B=pa—1+1

Notice that, for p, <n, wehave Py (n—um) = P(Um+1—MUm), hence A(.#,P) and
A(4,P) (see Definitions 4.8 and 4.13) are canonically subcategories of A(.#, P).

Lemma A.5 The functor %.(M ,A, A; M) from Definition 4.13(2) can be extended
to a functor B (M, A): A(#,P)°P — Top.
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Proof Given € A(m+ 1,n+ 1) with w41 =n + 1, the required maps

m+1
A (Al PYx M x A" = Ry (it P) x M x AHO x [T AleHat — M x 4™
a=1
are induced by the maps
M(o) X M x A — M, P(jg — fha—1) X Ate™He=1 5 4 O

Let B(M, A) be the homotopy colimit of the functor B,(M, A) in Lemma A.S5.
Proposition 4.18 is now a direct consequence of the following lemma:

Lemma A.6 We have a commutative diagram

B(M, A, A) — B(M, A)

[

DM A A:M) Ly

where every map is a homotopy equivalence.

Proof The bottom horizontal map is a homotopy equivalence by Proposition 4.16,
so it is enough to show that the inclusion functor A(.#, P)°®® — A(.#,P)° and the
functor » — A(.#,P)°° which sends * to [—1] are right cofinal. This follows from
the pullback squares

A, P)—— A =
[
A#.P)—— A Al#.P)— A

since the horizontal maps are equivalences of categories and the right vertical maps are
cofinal. |

We now turn to the proof of Proposition 5.12. Recall Definitions 3.1 and 5.1. Given
disjoint finite sets I, J C C 2 auniverse H and integers a, b and ¢ with ¢ > 1 and
b,c >0, let

LB a,b,c) =7 (H* ® (H)? & (H')®, H).
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By Proposition 3.7, 91 is an .# —functor, so we have maps
b c
A7) L (a,b,c)x (ME)? x (]‘[zm]g) X (]‘[zmg)
1 J

a I\b Jy¢
aflﬁg(a,b,c)xmgl SH)" & (H") —>9ﬁlg.

Note that ,ZI]}}(LO, c) = .,?JH(C) and ,ZIEJI(I,IJ, 0) = .,?IH(b). We also have an iso-
morphism .,2”1}} (1,a,a) = f}% 7 (a) induced by the permutation

o He H)* e H)* > He HY).
The permutation 7 also induces a map
a a
v o x (Hzmgﬂ) « (Hzmgﬂ) ﬁs.mgﬂx(
1 J

and we have a commutative diagram

[T )

10J

LB (1,a,a) x MY x ([T, ME)* x (T, mE)* —— mH
as Jos |

2 (@) x M x ([T M) ———— mE

Proposition 5.12 Let I, J C C? be finite disjoint sets. Fix universes Hy; and Hg
andlet H=Hy @ Hyy. Let i: 17 — #H be the canonical operad map. Then, in
hTop, we have a commutative diagram

BHe (| Frst|, ml, | Frsl)) —— |8,

(A.9) l lh,w

BH oM ont oty ——— ol

where the top horizontal map is a homotopy equivalence and the left vertical map is
induced by hy and hy.

Proof As in the proof of Proposition 8.42, the strategy is to compare the bar construc-
tion with a trisimplicial version and take the diagonal. In the proof of Proposition 8.42
we only needed two functors, Fp and F;. Here, however, we need three more functors
to define the vertical maps in diagram (A.9) (see Section 4.3). Recall the functors
in (5.11). We will define diagrams of spaces (see Section 2.1.1) Fo, 51, @1, $2 and §3
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indexed by certain categories Cyp, Cq, C 1, C2 and Cj in such a way that we get a
commutative diagram in hTop (compare with diagram (8.43)),

B (| Fros | mE, | FrsH ) 2 (1ol = 151 - 1B 70,1
:/
1311
B (|| B mE, || FBY ) —2 (152 133 e B, |
%H(mﬁ;’ mE ) BH (o, S)jtlgl,_iml}ﬂ; me,,) = sm%_f

The result then immediately follows.

We begin by defining a category C topologically equivalent to AxAxA (see
Definition A.1). The categories Cy, Cy, @1, C> and C3 will be subcategories of C.
The objects of C are the triples (ml ,m,mJ ) of integers with mI,m,mJ > —1.
To define the morphisms recall the notation of Definition 5.1. Given morphisms
ul e Z(ml,nl), ue ﬁ(m,n) and u’ e Z(mJ,nJ), with m # —1, let

cu’ ., pn’)
m! +1 m
= ( [T <™ wd —ué_n) x 217 (1+ po, (1, 0) X ( []2" (e —ua_o)
a=1 a=1
m’ +1
<im0y (T 257 e =ad),
a=1
(with the convention that ,u’In,H =n! 41 and ,u;;,H =n’ +1). For m = —1 let
Clur,t.mnr)
m!+1 m’ +1
=( I1 fH”(ué—ué_l))Xfu(2+n,u6,u5)><( I1 fH’J(ui—ui_l)),
a=1 a=1

where 1 is the unique morphism in ﬁ(—l, n). We define the morphisms in C by

c(n’.m.m”). ' nn?y =[] c@! pnh.
wh o,
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We define the categories C; and C3 by the pullback diagrams

Ci——AxAxA C3——AxAxA

| 1]

C—— AXAXA C— s AxAxA

<—[>l

Also let C; C C3 be the full subcategory whose objects are the triples of integers
(nl,n,nJ) with nl,n/ > —1 and n >0, let C; = C3 ﬂ@l and let Co = C, N C;.
Notice that we have equivalences of categories Cy =~ AxAXA, Ci~AxAxA
and Cop ~ A X A XA.

We now define the functor §»: C — Top. On objects, Font,n,n’) = ‘BH(nI) X
(S)JIH)” EBH(nJ ) and the functor §» is deﬁned on morphisms as follows: given
morphisms ! e A(m Inly, weA@m,n), u’ eA(m T on?y,and feCul,pu, pn),
we can write, for nf,n’ # —1,

: n!—uf 1o
200 mn?) 22 (TTn ) ot (comhytovo e (T ) )
1 1 1
x (M) x B ()
L Fam? .m.m?),
where f acts on the product as in Definition 4.10 and (A.7). If either n! or n’/

equal —1, f acts using the structure of SJY}H and INH 7 as modules over the LH_
algebra i)ﬁg (Remark 3.11).

We define the functor §¢ as the restriction of §» to Cgp; then the inclusion Cy C Cp
induces a map [|Fol| — [|52]-

We now define the homotopy equivalences go and g». Let A Ho _ A(f , #Hs)

(see Definition 4.8) and consider the functor F': AH’ 7 x A ? x AH’ 7 — C, (see

Definition 5.2) which is the identity on objects and is induced on morphisms as follows:

given morphisms p! € A(m!, nl)y, pneA(m,n) and p’ A(m? ,n’), the map
Z}H” X Agﬂg X Z]EI” —Cy

is given by the maps

m!+1 m!+1
[1 £ e —mim)— T 2™ wd =i,
a=1 a=1
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m+1 m+1
1_[ XHZ(ILa_,Uva—l) - 1_[ XH(Ma_,Uva—l),
a=1 a=1
m’ +1 m’ +1
1_[ fH”’J(Mi _I’Lé—l) - 1_[ fHJ(Mé —Mo{—l)
a=1 a=1

induced by the canonical maps i: L%/ — #H and iy Mo — #H and by maps
LM (ud) x 22 (14 po) — 215 (1 + po. 1. 0),
LR (11— ) x L] () > L+ 1= . 0. 1),

which we now define. Using matrix notation, the image by the first map of a pair of
isometries

I
[er7 hry): Hyy ® (Hr)HHo = Hyy, [go fol: He @ (Hg)H° — Hy

is the isometry

I
g0 ® 817 fo® g1y 8o @ h1s]: He HMO @ (H! ) o — H,

where we identified "0 with (Hg)"° @ Hy; and (H?)*0 with Hy ® ((Hps)! )"0 .
The second map is defined in an analogous way: the image of a pair of isometries

(g0 ol Ho & (Ho)" ™" — Mo, [grs hy): Hiy © (Hrp)")"0 — Hyy
is the isometry
(90 ® 217 fo ® 817 8o @ hys): H®H" 7 @ (H/ )"0 — H.
Now, a direct verification shows that we have a homeomorphism of Agﬂz —diagrams

heolim  F*3H =~ e (| Fr3H ), i || F*BH)),

(ZE-HI‘] « ZHfIJ yop

and, since F is an equivalence of categories, by [23, Proposition 3.1(6)] and the
commutation of homotopy colimits (see [23, Section 6]), we get

hcolim §, ~ hcolim F*3s
cy NN
>~ heolim(  hcolim  F*3>)

(A](])’HQ)OP (ZHI'HIJ xAiHIJ)OP

=~ heolim BHe (|| F*BH| o || F*B8H ).
(Ag2)r
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Therefore we have a commutative diagram in Top:

BHe (|| F*BH), o, | £ %H||)<—H hcolim F32\|—>||32||

~H11 ~H1J )op
(A.10) z[ / -

ple (ol ol ont) —> B (ot ontl ontl)

where the right diagonal map is induced by the functor AéH — C5 which sends n to
(—1,n,—1). We define g, as the top row in diagram (A.10). The map go is defined
by taking the restriction of g to ‘BHQ’(HFI.*%HIﬂll, omH, ||Fl-*%]5]1||) and observing that
it factors through |So|l.

We now construct a pair of functors J: 6{) P Top and F3: P — Top. On objects,
Tzl n,n?)y=F !, n,n’) forn #—1,

BH @) x (T, ME)" x (e M) itn? -1
([Tees M )(H,smH) x BH Ty ifn! #£ -1,

and §3(—1,—1,-1)= DJIIUJ On objects, the functor F1is defined by 31 (nl,n,n’)=
53 (nl,n,nJ) for (nf,n,n')e Ci. The functors are defined on morphisms in the

Sl —1,n7) =

usual way. We also define §1 as the restriction of §3 to Cf P (which coincides with
the restriction of §1 to Cl0 P). Since, by Lemma A.3, the inclusions A — A and
A — A are right cofinal, it follows that the inclusions Co — C 1 and C; — C 1 are
also right cofinal and hence the maps ||§o| — ||§1 | and ||F1]| — ||§1 | are homotopy
equivalences.

The map_ BH oM, omH oM omH ) — |35l is induced by the functor A —
AxAxA given on objects by n — (—1,n, —1) (compare with the right diagonal map
in diagram (A.10)).

We now define a diagonal functor d: Arug — Cs, given on objects by n + (n,—1,n);
to define d on morphisms just observe that, for any u € A(m,n), the spaces of
morphisms Arug (i) and C3(u, 1, p) are isomorphic (see diagram (A.8)). Now, direct
inspection shows that B JuJ = d*F3. Restricting d we get a functor d: Ajyy — C;
and we also have B,y = d*F1. We claim that the map ||d*F1 || 4, |31l induced
by d and the inclusion §; — § 1 is a homotopy equivalence. This follows from the
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pullback rectangle in the diagram

o

Arus Top

%

l diag idx[—1]xid =
A——AXA —— AXxAXA
Since the bottom arrows are cofinal and the vertical arrows are equivalences, it follows
that d is cofinal and hence ||d*F1]| 4, ||§ 1|l is a homotopy equivalence. In an
analogous way we can see that the map ||d *§3| AN |$3] is a homotopy equivalence,
which finishes the proof. |
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