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Homology of ternary algebras yielding invariants
of knots and knotted surfaces

MACIEJ NIEBRZYDOWSKI

We define homology of ternary algebras satisfying axioms derived from particle
scattering or, equivalently, from the third Reidemeister move. We show that ternary
quasigroups satisfying these axioms appear naturally in invariants of Reidemeister,
Yoshikawa, and Roseman moves. Our homology has a degenerate subcomplex. The
normalized homology yields invariants of knots and knotted surfaces.

57TM27; 55N35, 57Q45

1 Introduction

The fundamental group of the complement of a knot K in R? is often considered
either via the Wirtinger relations (of the form x; = x,:lxj-xk) or with the Dehn
presentation. The binary operations in structures called racks and quandles — see
Fenn and Rourke [12], Joyce [16], and Matveev [21] — and their usefulness in knot
theory — arise from generalizing the conjugation in the Wirtinger relations. Rack and
quandle (co)homology has been closely studied in recent years; see for example Carter,
Elhamdadi, and Saito [5], Carter, Jelsovsky, Kamada, Langford, and Saito [6], Fenn,
Rourke, and Sanderson [13], and Przytycki and Rosicki [27]. The cocycle invariants
obtained from such (co)homology theories proved to be very useful. Some problems to
which they were applied are the tangle embedding problem, as by Ameur, Elhamdadi,
Rose, Saito, and Smudde [1]; showing noninvertibility of knotted surfaces, as by Asami
and Satoh [2] and Carter, Jelsovsky, Kamada, Langford, and Saito [6]; calculating
the minimal number of triple points in knotted surface projections, as by Satoh and
Shima [30]; and finding the minimal number of broken sheets in knotted surface
diagrams, as by Saito and Satoh [29].

In this paper we focus on (co)homology of structures obtained from generalizing the
relations in the Dehn presentation of the knot group. The relations are of the form
d = ab~'c and can be viewed as d = abcT, where abcT = ab™!c is a ternary
operation that appears quite often in the universal-algebraic literature, eg in Certaine [9].
This point of view leads us to ternary quasigroups satisfying two axioms obtained
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from the third Reidemeister move (Definition 3.2). We call such a structure a knot-
theoretic ternary quasigroup (abbreviated to KTQ). Our generalization has two stages.
First, we use unoriented diagrams (remembering that the Dehn presentation does not
require a diagram to be oriented), and then we consider more general algebras involving
orientation. The number of KTQ-colorings of a knot diagram (resp. Yoshikawa diagram
or a knotted surface diagram in R?) does not change under Reidemeister moves (resp.
Yoshikawa or Roseman moves), and thus it is a property of the isotopy class of a knot
(resp. knotted surface) and not just a knot diagram (Section 3).

The main part of the paper presents a homology for algebras (X, T') satisfying the
nesting axioms (Al) and (A2) derived from the third Reidemeister move, and the
corresponding degenerate subcomplex. We define the homology of KTQs as the
normalized homology H™ (X, T'). We show how to assign a cycle in this homology
to a KTQ-colored diagram of a knot (resp. knotted surface) so that its homology class
is a knot (resp. knotted surface) invariant.

The normalized homology HN (X, T) very often has a torsion part. Our calculations
(for homology with Z coefficients) with GAP [32] indicate that, up to isomorphism,
there are 2 two-element KTQs, of which one has a torsion part Z, in Hév X, 7)
and H2N (X, T). There are 7 KTQs with three elements, and out of them five have tor-
sion (either Z3 or Zg) in HZN (X, T). There are 37 nonisomorphic four-element KTQs,
of which only three have no torsion part in H2N (X, T), and for the rest the possibilities
are Z,, Z%, Zg, Zg, Zy D72, Z%@ZZ, ZSEBZ4, and ZSEBZi. There are 23 KTQs
with five elements; five of them have torsion part (either Zs or Zg) in H2N (X, T).
Finally, all 193 nonisomorphic six-element KTQs that we were able to generate so
far with GAP have nontrivial torsion part in the second homology H2N (X,T), and
only 14 have no torsion in HIN (X, T). Note that H IN (X, T) is used for invariants
of 1-knots, and H2N (X, T) is for 2-knots.

Some connections (requiring certain assumptions) between arc colorings and region
colorings have been considered by Hietarinta [14]. We will present an example of a knot
diagram on a torus for which the fundamental (shadow) quandle and cocycle invariants
do not work, but KTQs with the associated cohomological invariants can be applied.

The rest of the paper is organized as follows. In Section 2 we construct the homology
for structures satisfying the axioms (A1) and (A2), and the degenerate subcomplex. In
Section 3 we review the definition of a ternary quasigroup and explain how KTQs can
be used in invariants of knots and knotted surfaces. Finally, in Section 4 we construct
(co)homological invariants and show some examples of computations.
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2 Homology

As in [14], we begin with some motivation from physics. We consider three particles
moving with different velocities in one-dimensional ambient space. They divide it
into parts and the state of the vacuum can be different in them (see Figure 1). When
two particles approach each other, they scatter and recede from each other preserving
momenta, but the state of the vacuum between them can change, and we will assume
that the new state is described as abcT, where T: X x X x X — X is a ternary
operation on the set X of states, and a, b, and ¢ are the states before scattering, taken
in a cyclic clockwise order as in Figure 2. With three particles, there will be exactly
three pairwise scatterings, but their order depends on the initial position of the particles.
It is a natural assumption that the states of the vacua after all pairwise scatterings should
not depend on this order, and thus two axioms are obtained:

(A1) (abcT)edT =[ab(bedT)T|(bedT)dT forall a,b,c,d € X,
(A2) ab(bedT)T = a(abeT)[(abecT)cdT)T  forall a,b,c,d € X.

Note that the right-hand side of (A1) (resp. (A2)) is obtained from the left-hand side

of (A1) (resp. (A2)) by the substitution ¢ + bcdT (resp. b +— abcT ).

Example 2.1 Let (G,-) be a group. Consider a generalization of conjugation:
abcS=a'-b-¢c and abcS=a-b-c7L.

Then S satisfies (A2) but not (A1), and S satisfies (A1) but not (A2).

Example 2.2 Let (G,-) be a group. The operation from the Dehn presentation

abeT =a-b~'-¢
satisfies both (A1) and (A2).

Now we will define a homology theory for algebras (X, T') satisfying (A1) and (A2).

Definition 2.3 Let R be a commutative unital ring, and (X, 7) denote a ternary
algebra satisfying axioms (A1) and (A2). Let C,(X) = R(X"*2) be the R—-module
generated freely by (n+2)-tuples (xg, X1, ..., Xn, Xp41) of elements of X. We define

n
:nL
8£(x0,x1, s Xp Xpg1) = Z(—l)’dl." (X0s X175+ s Xns Xpt1),
i=0
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a b c d

Figure 1: Particles moving in one-dimensional ambient space.

where dl.” L. C, — C,_ is obtained inductively by

n,L
do (X0, X15 -+ s Xns Xp1) = (X1, -, Xpt1),
n,L n,L
d;7" (X0, X015 e Xy Xp1) = d; 2 (X0 s X1, X1 X X1 Ty X1+ vy Xpt1)
fori € {1,...,n}. Similarly,
n
R i gn,R
O (X0, X10 - Xp X)) = D (=D' "™ (x0. X1. - X Xy 1)
i=0
where the inductive formula for d’ R €y — Cyy is
n,R —
d; " (X0, X1, ..o Xpy Xp41) = (X0, ..., Xn),
n,R n,R
d;2 (X0, X1, ooy X, X 1) = ;7 (X050 Xim 1, X1 Xi X1 T X 1503 X 1)
fori ef{l,..., n}.
We can describe dl-n ‘L and df R in a different way, defining their coordinates inductively.

We calculate dl.n’L = (dZ’lL, cee, dl.'f,’(L, e, dznnL+1) from right to left. For i €{0,...,n}

and ke{l,....n+ 1},
n,L

(1) ALy = {xk—lxk( k1) T ik =4,
ik Xk itk >i.

We calculate dl."’R = (dV’R L dhR ,dl."’R) from left to right. For i € {0,...,n}

i,0 ° ik N/
and k €{0,...,n},

»R . .
SR {(dl-'fk_lx)xkkaT ifk > i,
Ry =

2 .
) b Xj if k <i.

Theorem 2.4 The R-modules C,, endowed with the maps
9@h) = odL + ok

form a chain complex for any «, B € R.

Proof We need to show that
n—1l,e jn,8 _ n—1,86 jn,e
dl. dj = dj_1 di

forall i < j and €,6 € {L, R}. This will be done in a series of lemmas below. a

Algebraic & Geometric Topology, Volume 20 (2020)



Homology of ternary algebras yielding invariants of knots and knotted surfaces 2341

(abcT)cdT ab(bedT)T

f i
7 /
a(abeT)[(abeT)ed TIT [ab(bcd T)T)(bed T)dT

Figure 2: Particle scatterings and the states of the vacua.

Let x denote (xg, X1, .., Xn, Xpt1)-

Lemma25 d' " tx=al"atx for 0<i<j<n.

Proof The proof is by induction over j —i. First, let j —i =1, so we need

3) d~VEdl e =dl T a

For i = 0, the validity of (3) is immediate (d *L just removes the first input), so

assume that i > 0. In this proof we denote (d)" +1 X Ldl i1, kx dl"+L1 n1X)
by (i +1), and (df’ L dzk X, dl"nﬁ_lx) by (l). Then
n—1,L yn,L n—1,L, ;n,L n,L n—1,L ,.
d; diiix =d; (d; 3] 1% d+1kx i 1 X) = d; (i+1)

(dn LLG+1),..., d.” LG 41, m,dinnl,L(l.Jrl))’
dl,”—l,Ldl,”L dn 1L(dl1 X, dzk X, dnn+1x) din_l’L(i)
= (d" L, ...,dl."’k I’L(l)’ IR,
We see that for k > i + 1,

n—1,L . _ n,L
dig D) =di ] e X = Xk = d;;

_ n—1,L,.
1k+1 _di,k (@)

For k =1,

Ry = @)@l )@l O T = (xicixixio T)xip Xy T
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and

—1,L L L —1,L .
di’jkl (i +1)= (din—i-l,ix)(din+1,i+1x)(di'ji+11 @+ )T

= [Xi—1Xi (Xi Xi 41X 42 T) TN (X X 1 X 42T )X 42 T.

Thus, the equality of dl.n ; 1’L(i ) and dl.n ; 1’L(i + 1) is exactly the application of
axiom (A1). To prove the equalities of the remaining coordinates, we use axiom (A2).

Note that
dn 5 L

~1,L,;
l+1’i+1x:xixi+1x,-+2T:xix,~+1(d" iNT.

ii+1
In general, for £k <i + 1, there is a relation

,L ,L —1,L,.
s ox = xe_1 i@ )T

We prove it by induction, using (A2):

n,L
di+1,k—1x

= X2 X1 (@5 )T = xp_axp_1lxp—r (@5E )@l W E ) TIT
= Xp 2 (k-2 Xk—1 (] ) Dk -2 k1 (A5 T )@ E ) TIT
= X2 (A3 U )@ ) @ ) TIT

= X2 (diE )l )T

Next, we show the equality of the rest of the coordinates in d;' LML 41) and

dl.n_l’L(i), using induction and (A1):

an b+

=@ 0l @l G+ )T

= (A7) A ) )T

= [kmaXpmt (] TN, )l )T

= ({xk—a it [xr— (@55 )@ P F ) TITY

[ (@550 @ ) TIE ) T
= (X—2 X1 (@) DAl )T = @l @l Exy @l )T
=d" o).

Now assume that
n—1,L yjn,L . n—1,L ;n,L
dl., dj, X = a’j,_1 dl., X
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for i’ and j’ suchthat 0 <i’ < j’<mand j'—i’ < j—i,where j —i > 2. For the
rest of the paper, let x[k] denote (xq,...,Xx—1XkXk+17T ..., Xp+1). With this new

notation dl."’Lx =d” Lx[l] fori € {1,...,n}. We have

=ty
=d~Malix )= d!7 P alExlj]
=d!'" M d ) dE ) dlE )l ) X))
=d!'7y @) X)X XX DX g1 Xt
and
d'=Rdr

_ n—LL n,L n,L nL n,
—d. (d. x,...,di’j_lx,di, a’lH_lx d: n_Hx)

—d- lL(dll X, ”,d.n’.le’(df’,L_lx)(dl.’. x)d"h )T.d! LdmE

i,j+ lJ+1x ln+1x)
n—1,L s n,L
zdj_2 (a’i’1 X, d;, 2 X3 Xj— 1, X1 X X1 T X 1se s Xpp1)-

Now the proof ends, since d;’}._lx =d"t x[j]= Xj—1, so from (1), for k < j —2,

it follows that
n,L
d % (X050 X2, X1, Xj—1 X X 41 T, X1y X 1)
n
=d.; ik (X0s -+ o2 X2, Xj— 1, X, Xjg1s 0oy Xpg1). O
Definition 2.6 Given a ternary operation 7, let T denote the ternary operation defined
by xyzT =zyxT.

Remark 2.7 e (X, T) satisfies (A2) if and only if (X, JA”) satisfies (Al).
e (X, T) satisfies (A1) if and only if (X, YA‘) satisfies (A2).

Let y" denote reversing the order of the elements of the tuple y; we will also use
the linear extension of this operator, denoting it with the same symbol. When two or
more operators are considered, we will add their symbols to the differentials, as in the
following lemma.

Lemma 2.8 dl."’R’Tx = (d," LT x") for 0<i<n.

We leave the simple inductive proof to the reader.
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dn—l,Rdn,Rx —

__ yn—1,R yn,R
Lemma 2.9 ; ; a’j_1 d;""x

for 0<i<j=<n.

Proof If T satisfies axioms (A1) and (A2), then T satisfies them also, and
dn—l,L,fdn,L,f =dn—1,L,T\dn,L,7A"

holds for 0 <i < j <n. Then, forO§i<j§n we have

(d”: ll 114 Tdﬂ L Txr)r — (d:ll—%,L,Tdn,l:,Txr)r

= (@ (@ Ty ) = @l @Ry

— djn_l,R,Tdn,R,Tx 0

Lemma210 d/”"Rdt =a!"Eal® for 0<i<j<n.

Proof The proof is by induction over j —i . First,

n—1,R ;n,L n—1,L ;n,R
drtRgml — gn=tbgnR

i+1
for i €{0,...,n— 1}, follows from the equalities
n 1,R n,L n—1,L n,R
d; g (dz+1 1% i gy X) = diy (dzo Xyooosdypmx),

which are true for k € {1,...,n}. By the inductive step (with j —1 > i),
d.n—l,Rdn,L

dn len L dn—l,Ldn,R

x[/]
=d 1L(d" xUj) o d R ox) AR ) dl R d R )D),
d'= Rl Rx

1x[1=

=d!'" "t x, d,”]Rz X (dR @R @R oT L dl Ry,

We check that the mputs for d n~LL are equal in both expressions. First, by comparing
d" Rx[ j] with d; ik R for k < j —2, we see that the coordinate that makes a difference
between x and x[ 7] is not used. Consider the ;™ inputs:

(R @R )@l
(d”]Rz)C)(( ij— ZX)XJ 1x]T)[(( ’] 2x)xj lx]T)X]X]+1T]T

d;-k

(dnj 20X 1 (Xj1Xjxj 1 DT =d; 5~ x[]]-
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For the (j+1)* inputs, we have

R s ,R .
dl’f] x[]]z(dir,lj—lx[]])(xj—lxjxj+1T)Xj+1T

aR ;
= [(d,-'fj_zx[J])xj—l(xj—lxjxj+1T)T](xj—lxjxj+1T)xj+1T
R ; ,R
= ((de_zx[]])xj—lxjT)xjxj-l-lT = ((de_zx)xj—lij)xjxj—i-lT
R _ n,R
= (dl.'jj_lx)ijjHT = dl.'fj X.
The equalities of the subsequent inputs follow inductively from the equality that we
have just checked. a

Lemma2.1l 4 "FdR=d"Ralt for 0<i<j<n.

Proof Because dg L and dg -LL only remove the leftmost input,
n—1,L ;n,R _ ;n—1,R ;n,L
d, di” =d;_ "7 d,

for j € {1,...,n}. Now we use the induction over n — (j —i) (with 0 corresponding
to the case i = 0 and j = n that was just considered):

n—1,R ;n,L
dj_l d;""x

_ gn—1,R L .9 __ sn—1,L jn,R_.
—dj_1 d;>{x[i]=d;_, dj x[i]

~1,L, ;n,R _: R . R v gmR i R ..
= dl."_l (a’;l’0 x[i],.. .,dzi_lx[l],d;l’i x[z],d]'.’,l._Hx[l], .. .,d;’,n x[i]),
i~ "tarRx
n—1,L, ;n,R n,R n,R n,R n,R n,R
= dl._1 (dj,0 x,...,dj,l._lx, (dj,i—lx)(dj,i x)(dj,i+1x)T, .. .,dj,n x).

Since dj'.’,’kR(yo, ey Vnt1) = yi for k < i+ 1 < j, there is equality of the first

corresponding i + 2 inputs for dl.”__ll’L in df__ll’Rdl.'"Lx and in dl."_l’Ld;’Rx. The

equality of the inputs with greater indices follows from the recursive definition of the
. n,R

coordinates of dj . o

Now we define a degenerate subcomplex.

Definition 2.12 For (X, T) and R as before, let CnD (X, T) denote the R—module
generated freely by (n+2)-tuples x = (xg, X1, ..., Xn, Xp+1) of elements of X with
an index j, where 0 < j <n—1, such that xj 11 = xjx;jy1Xj427. For n <1, we
take CP (X, T) =0.

Lemma 2.13 3P (CP(X,T))c CP (X,T) forany o, €R.
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Proof Let x be such that x; 1 = xjx;j1Xj427T, with 0 < j <n—1. We will show
the inclusion for 8,%. The proof for 8,15 is completely symmetric. At its end, dl." Ly

contains the sequencei Xit1s-..,Xp+1. It follows that the sequence xj, Xj11, Xj42
occurs also in all d;""x with i €{0,..., j —1}. Now leti = j + 1:
n,L
d]_H(XO,...,Xj,Xj+1,Xj+2,...,xn+1)
n,L
:dj (X0, Xj, XjXjp1Xj 42T, Xjq2, ..., Xpt1)
n,L
=dj (X052 Xjy X 15 Xj42s ooy Xpg1)-

But in 8L d L and d™ +1 appear with 0pp051te signs. Now let j +2 <i <n. We will
show that in d” Ly, the triple d”JHx d; J+2x d”JHx is degenerate. From (1),
and axiom (A1), it follows that

(] )] ) ]S ) T
[ij;+1(x/+1xj+2(d,,+3X)T)T](xj+1xj+2(d,]+3X)T)( ]+3X)T

(xjxj+1xj+2T)x]+2(dl H_3)C)T = xj+1x]+2(dl H_3)c)T dl ]+2x O

3 Ternary quasigroups in knot theory

In this section we introduce knot-theoretic ternary quasigroups, and show how to obtain
from them coloring invariants of knots and knotted surfaces.

Definition 3.1 A ternary quasigroup is a set X equipped with a ternary operation
T: X3 — X such that for a quadruple (xp, x3,Xx3,Xx4) of elements of X satis-
fying x1x,x37T = x4, specification of any three elements of the quadruple deter-
mines the remaining one uniquely. This leads to three additional ternary operations
L, M, R: X3 — X, defined by

X4X2X3£=X1, X1X4X3M = X, and X1X2X4R=X3.
We call them the left, middle, and right divisions, respectively.
A finite ternary quasigroup (X, T'), with elements numbered 1, ..., n, can be described
by a Latin cube, ie an n x n x n array in which every i € {1,...,n} appears exactly

once in every horizontal row, every vertical row, and every column. Any Latin cube
defines a ternary quasigroup. See [3; 4; 31] for more details on n—ary quasigroups.
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Definition 3.2 A knot-theoretic ternary quasigroup (abbreviated to KTQ) is a ternary
quasigroup satisfying axioms (A1) and (A2).

Recall that the fundamental group of the complement of a knot in R* can be given
the following presentation, called the Dehn presentation: generators are assigned
to the regions in the complement of a knot diagram D on a plane, and relations
correspond to the crossings and are as in Figure 3, left. One of the generators, say the
one corresponding to the unbounded region, is set equal to identity. Geometrically, a
generator can be viewed as a loop originating from a fixed point P beneath the diagram,
piercing a region to which it is assigned, and returning to P through a region labeled
with the identity element. See eg [18] for more details about the Dehn presentation.

Note that the fundamental group relations between generators around a crossing can be

realized using a ternary operation xyzT = xy~!

z. Each generator can be expressed
using 7" and the other three generators as in Figure 3, right. Namely, if x, y,z,w € X
are the generators near a crossing, then w = xyzT, where w and x are assigned to

the regions separated by an over-arc, and x, y, and z are taken cyclically.
Let (X, T, £, M,R) be a knot-theoretic ternary quasigroup such that
xyzL = xyZT(2’3) =xzyT,
xXyzM = xyzf =zyxT,
XyzR = xyZT(l’z) =yxzT.

Then it is easy to check that a group with operation xyzT = xy~!

z is an example of
such a KTQ. An abstract KTQ of this kind, with generators corresponding to regions in a
diagram, and relations of the form d = abc T, assigned to crossings as in Figure 3, right,

generalizes the knot group.

KTQs of the type (X, T, T(2’3), f, T (1’2)) were used to define knot invariants in [24].
In [22] the authors used compositions of two binary quasigroup operations of the form
x % (y-z), satisfying axioms (A1) and (A2), to define invariants for oriented knots. We
also mention the paper [11], in which the author constructed combinatorial invariants
of knots based on colorings of regions of a knot diagram by elements of some finite
ring R, with coloring requirements involving the equation pa +b —c — pd = 0,
for a,b,c,d € R and an invertible element p € R. In this paper, we show how to
use general KTQs (X, T, £, M, R) for colorings of oriented link diagrams, oriented
Yoshikawa diagrams, and oriented knotted surface diagrams in R3. First, we recall
some examples from [24].
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ab led 1 =1

Figure 3: A relation in Dehn presentation and its generalization using a
ternary quasigroup (X, T).

Example 3.3 Let (X, %) be an extra loop. If we define T by xyzT = (x * y~!) % z,
then (X, T) is a KTQ.

Example 3.4 Let (X, %) be a Moufang loop. Then xyzT = (y % x~ ') % z defines
a KTQ.

The following three examples are KTQs of the type (X, T, 7?3, T, 7(-2)) | with
an additional property that abaT = b. This property simplifies the description of
degenerate modules CnD (X, T): they are generated by (n+2)-tuples of elements of X
containing @, b, a on three consecutive coordinates, for some a and b € X.

Example 3.5 Let X = R” with pgrT = p + q —r. Geometrically, T reflects the
point  through the middle of the interval connecting the points p and ¢.

Example 3.6 Let X ={0,...,n—1} with pgrT = p+g—r (modn).
More generally:

Example 3.7 Let (G, -) be a group with operation xyzT = x-z~!-y. One can show
that this operation yields the relations of the core group of a link, core(L). From the
point of view of algebraic topology, core(L) is the free product of the fundamental
group of the cyclic branched double cover of S® with branching set L and the infinite
cyclic group [12; 33].

alb |c

Figure 4: A generic second Reidemeister move and its coloring.
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dbcL =a ¢ =abdR bdeL =a c=adbR

Figure 5: Coloring classical crossings with a KTQ.

In the reminder of the paper, F' will denote a compact oriented surface that may have
a boundary.

Definition 3.8 Let D be a link diagram in the interior of F, or on the plane, and
let (X,T) be a finite KTQ. The regions of D are the connected components of
F \ (universe of D) (or R? \ (universe of D)), and their set is denoted by Reg. A
KTQ-coloring of D is an assignment of elements of X to the regions of D satisfying
the rule from Figure 5 at every crossing.

Remark 3.9 For any choice of orientation, the coloring instructions for a KTQ
X, T,L = T(2’3), M = JA“,R = T(1’2)) in Figure 3, right agree with the way of
coloring described in Figure 5.

We will briefly justify the fact of using ternary quasigroups. In an oriented link diagram,
each of the four corners around a crossing can be uniquely identified (for example,
we can point to a corner adjacent to the two incoming edges). Figure 4 represents a
schematic colored second Reidemeister move, without specifying the types of crossings.
Depending on the orientation, the corner colored by x could be of any of the four types.
If we are to have a coloring, then x must exist for any @, b, and c. If the number
of colorings of a diagram is to be unchanged by the move, then x has to be unique.
Thus, we reach a definition of a ternary quasigroup. We use its primary operation 7' to
color the corner adjacent to the outgoing edges of a positive crossing. In a negative
crossing, T is used for the corner adjacent to the incoming edges (Figure 5).

Lemma 3.10 For D and (X, T) as in Definition 3.8, the number of KTQ-colorings
of D does not change under Reidemeister moves.
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Figure 6: The rule for assigning colors near Yoshikawa markers.

Proof Let KTQ(D) denote the abstract KTQ whose generators correspond to the
regions in Reg and whose relations correspond to crossings, and are as in Figure 5 (one
of the four equivalent relations is assigned to each crossing). KTQ-colorings of D
can be understood as homomorphisms from KTQ(D) to (X, T'). Therefore, to show
that their number does not change under the Reidemeister moves, it is enough to show
that the isomorphism class of KTQ(D) does not change under these moves. KTQs
can be defined equationally, and thus they form a variety and can be analyzed (up to
isomorphism) using presentations and Tietze operations (see [10; 24]). We leave the
details of applying these operations to the reader. a

Consider links in the interior of F' x I, where I denotes the interval. Then we can
project links onto F' and work with the diagrams of links. We have the following
theorem as in [26] interpreting [15].

Theorem 3.11 [26; 15] Two link diagrams D and D, in the interior of F represent
the same link in F x I if and only if one can go from D to D, using Reidemeister
moves and isotopy of F.

Thus, from Lemma 3.10 and Theorem 3.11 follows that KTQs yield invariants of links
in FxI.

Knotted surfaces in R* can be studied in various ways, eg using Yoshikawa diagrams
[34; 19]. We can use KTQ-colorings for (oriented) Yoshikawa diagrams on F, or
on the plane. Figure 6 shows how to color around markers, regardless of the chosen
orientation. Opposite corners are assigned the same color, and for classical crossings
we use the convention from Figure 5. A special case of such colorings for classical
Yoshikawa diagrams was investigated in [20].

One can assign an abstract KTQ(D) to a given Yoshikawa diagram D, with generators
corresponding to the regions of the diagram, and relations assigned to classical crossings
as in Lemma 3.10. For a crossing with a marker, there are two relations equating the
generators in the opposite corners of the crossing.
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Lemma 3.12 Let D denote a Yoshikawa diagram on F or on the plane. Then
the isomorphism class of KTQ(D) does not change under Yoshikawa moves. As
a consequence, for a given KTQ, the number of KTQ-colorings is an invariant of
Yoshikawa moves.

We leave the proof to the reader, noting that Figure 7 shows the (KTQ-labeled) moves
that together with the Reidemeister moves form a generating set for oriented Yoshikawa
moves [19].

Now we turn our attention to knotted surfaces described via projections to R3.

Definition 3.13 Let S be a closed surface embedded smoothly in R* and denote by p
the projection R = R3 xR — R3. We assume that S is in general position with respect
to p. By a diagram of S, we mean the image p(S) equipped with the under-over
information at each transverse double point. For example, one can use a broken diagram
in which fragments of the projection are removed to indicate which part of the surface
was higher before the projection. See [8] for details on broken surface diagrams and
more general information about knotted surfaces and their descriptions. The closure of
the double-point set of p(S) is a graph with vertices of degree 1 (if there is a branch
point) or 6 (for a triple point); loops with no vertices are also possible. We will refer
to the edges of this graph (and to loops without vertices) as double-point edges.

This time, the regions Reg to which the elements of KTQs will be assigned are
three-dimensional; they are the components of R\ p(S). When working with KTQ
invariants of surfaces, it is convenient to have a coorientation.

Definition 3.14 [8; 6] Suppose that the surface S is oriented. We can give a coori-
entation to the complement of the branch point set Br on p(.S) as follows. For a point
x € p(S) \ Br, choose vectors v; and v, that are tangent to p(S) in R3, so that the
oriented frame (v;, v,) matches the orientation of S. Then a normal vector v(x) in R3
is chosen so that the ordered triple (v, v1, v2) matches the orientation of 3—space.

Locally, there are four regions near a double-point edge. The following definitions will
simplify the description of KTQ-colorings and homological considerations.

Definition 3.15 For a double-point edge in a projection p(S) (resp. double point in
a classical knot diagram), the source region is the region such that all coorientation
arrows point out of it, and the farget region is the region such that all coorientation
arrows point into it. An ascending path is a triple of regions (r{, 2, r3), where rq is
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Figure 7: A generating set of Yoshikawa moves.

Maciej Niebrzydowski

the source region, r; and r; are separated by an under-sheet (resp. under-arc), and r3 is

the target region. If elements of a given KTQ (X, T') are assigned to the regions via a

function ¢: Reg — X, then a colored path is the triple (c(ry), c(r3), c(r3)).

Definition 3.16 Let (X, T) be a KTQ, and let D denote an oriented knotted surface
diagram. A KTQ—coloring is a function ¢: Reg — X such that for each double-point

edge y of D, the region near y which is not in its ascending path (ry, r3, r3) receives

the color c(rq)c(ry)c(r3)T; see Figure 8. Note that the coloring rule in Figure 5 can

be understood similarly.

dbcL|= a

—

abeT =

/

adeM = b ¢ = abdR
//‘/‘I—/

d

Figure 8: The coloring rule around an edge of double points in a surface diagram.
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IN__A)

Figure 9: Roseman moves 1-6.

Definition 3.17 For an oriented knotted surface diagram D, we can assign to it an
abstract knot-theoretic ternary quasigroup KTQ(D), with generators in one-to-one
correspondence with regions, and relations corresponding to double-point edges. For a
double-point edge y with ascending path (rq, 7, r3) and fourth region r4, the relation
is rqg = 111137,

It is known that two knotted surface diagrams D; and D, represent the same knotted
surface if and only if they are related by a finite sequence of Roseman moves [28]
(Figures 9 and 10).

Theorem 3.18 Roseman moves do not change the isomorphism class of KTQ(D).
Thus, the number of KTQ-colorings of a knotted surface diagram is an invariant of the
surface.

Proof We prove the invariance under the seventh Roseman move, leaving the remaining
moves to the reader. In the seventh Roseman move (Figure 10) there is a triple point in
the intersection of three planes (in our illustration they are the x y—plane, the xz—plane,
and the yz—plane, and the triple point is (0, 0, 0)). The fourth plane (say, x+y+z=1)
moves to the other side of the triple point. This move is called a tetrahedral move, as it
involves a tetrahedron in the first octant (depicted with solid lines) before the move,
and another one after the move (in the (—, —, —) octant). The coorientation is as shown
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in the figure, and we assume that the sheets are ordered from the highest (unbroken
in broken diagrams) to the lowest (the most broken) as follows: the xy—plane, the
xz—plane, the yz—plane, and the x + y 4+ z = 1 plane. The symbols of generators
are organized according to octants. All the octants, except one, are divided by the
lowest plane (both before and after the move), and they are identified by the coordinate
signs. The symbols of generators are with bars if they are behind the lowest plane, and
without bars if they are in front of it. The following is the list of octants with generators
assigned to their regions:

octant  generators octant  generators
(+.+.+)  aa (+.4+.-) e
(= +.+) b, b (= +.,-) f f
(_’ ) +) c? E_ (_7_’_) g’ g
(+.,—+) d,d (+.,—-) h, h

Before the move, the relations assigned to double-point edges (with their numbers
shown in Figure 10, but see also Figure 15) are

(1) a=ehdT, (7) ¢=badT, (13) d=ccdT,

(2) a=ehdT, (®) c=badT, (14) a=bbaT,
(3) b=fgcT, (9) g=fehT, (150 e=ffeT,
(4) b= feaT, (10) d =hhdT,  (16) h=eehT,
(5) b=feal, (11) a= eeal, (7) d=aadT,

a
6) ¢=ghdT, (12) b=ffbT, (18) c¢=bbcT.
After the move, the relations are
(1) a=ehdT, (7) ¢=badT, (13') d =¢ccdT,
) b= fgcT, (&) g=fehT, (14) h
(3") b=fgeT, ) g=fehl, (15) e
@) b= feaT, (10') d =hhdT,  (16') h = eehT,
(5) ¢=ghdT, (1) c=ggeT, (7) g=f/gT,
6y c=ghdT, (12') b=ffbT, (18) &= bbcT.
The intersection of these two sets of relations contains none of

(2), (5), (8), (11), (14), (17) norany of (2), (5), (8), (11), (14), (17").
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We will show that in these two six-element subsets, five relations are the consequences
of the other relations from their sets, and the last one can be removed together with
the generator corresponding to the tetrahedral region. Thus, we will obtain identical
presentations before and after the move. We will reveal relations as consequences, and
remove them, in the order (14), (17), (11), (8), (5):

bbaT

D FroTybaT L 71 (feaT)T) feaT)aT Y (FfeT)eaT L zear L7,
aadT

W GeaTyadT L e(ehd T)TI(ehd TYdT 2 @ehTyhdT L fhatT 2 7,

eeaT

D zeehdT)T 2 e@ent)[@ehT)hd TIT 2L hihaT)T X ehar 2 3,
badT

D reamyadtr B fe@har)T\@har)ar ‘Y (fenrynat € ghar Lz,

feaTl

D re@haT)T Y2

©) = (3)
F(FehT(fehT)hdTIT 2 Fgghd )T € fge
Now the generator a appears only in (2), so we remove it together with its relation.
For the second subset of relations, we use the order (147), (11"), (17), (2)), (5'):
gghT

WD FreT)ehT Q177 (fehT)TI fehT)RT Y (FreT)ehT 2 eent 0,

ggeT
(17)

ffeT

D Fr(fehnT L F(FfeD(FfeehTIT 2 Fe@ent)T S Feh g,

fecT
D ro(ehdTVTE £(fehT)[(fehTYdTIT 22 fe(ehd TVT L feaT L,
ghdT

E GenTyhd T Y fe(ehd T)TY(ehd TYdT L (feaTyad T Y baaT L.

(71T geT 1 (fge) T fgeT)eT L (77bTybeT 2 bber e

The generator g is now only present in the relation (8’), and thus we remove it with
this relation, obtaining identical presentations before and after the move. As explained

Algebraic & Geometric Topology, Volume 20 (2020)



2356 Maciej Niebrzydowski
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Figure 10: The seventh Roseman move with an assigned orientation and
relation labels.

in [6], other versions of the seventh Roseman move can be obtained using this particular
version and the fifth Roseman moves. O

In the next section, we will use KTQ—colorings as a basis for (co)homological invariants.

4 Geometric applications of KTQ homology

4.1 KTQ homology and the cycles associated with diagrams

Definition 4.1 Let (X, 7') be a KTQ. With the notation of Definition 2.3, Theorem 2.4,
and Definition 2.12, we define KTQ homology, H™ (X, T'), as homology of the quotient

complex
(CN(X.T).0n) 1= (Cuo(X)/CP (X, T), 3= D),

Example 4.2 In low dimensions the differential d, = aL — R is given by
do(a,b) =b—a,
di(a,b,c) = (b,c)—(a,abcT)— (abcT,c)+ (a,b),

dr(a,b,c,d)=(b,c,d)—(a,abcT, (abcT)cdT)— (abcT,c,d)+ (a,b,bcdT)
+ (ab(bedT)T,bcdT,d)—(a,b,c),
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and
ds(a,b,c,d,e) = (b,c,d,e)— (a,abcT, (abcT)cdT, [(abcT)ch]deT)
—(abcT,c,d,e)+ (a,b,bcdT, (bedT)deT)
+ (ab(bedT)T,bcdT,d,e)—(a,b,c,cdeT)
— (ab[bc(cdeT)T]T, be(edeT)T, cdeT, e) +(a,b,c,d).

Remark 4.3 Given an n—element KTQ (X, 7') that colors a knot diagram, one can
consider an associated n?—element structure LB(X, T') consisting of pairs of elements
of X, with the idea that a pair (a, b) is assigned to an arc with neighboring regions
colored by a and b. The KTQ operation then induces 2n partial binary operations
on X2, defined when two suitable coordinates in the two pairs are the same. Such a
structure was defined in [23], and the authors showed that the (co)homology groups that
they construct for it are isomorphic to KTQ (co)homology groups. The differential that
was obtained has a somewhat similar form to the biquandle homology differential, but it
involves the aforementioned 27 operations, and therefore also a ternary operation and
pairs of elements. The authors also noted the equivalence of definitions of degenerate
triples for ternary quasigroups: they can be defined as triples a, b, ¢ with abcT = b or
triples a, b, abbR for any a and b € X. Indeed, b = abcT if and only if ¢ = abbR.

Let D denote either a link diagram or a Yoshikawa diagram (on a compact oriented
surface F, or on a plane) or a knotted surface diagram in R3. If D is colored by the
elements of a given KTQ (X, T'), then we can assign to it a cycle with respect to the
differential d,. We will show that the homology class of this cycle is not changed
by the moves of the type applicable to the diagram D (Reidemeister, Yoshikawa, or
Roseman moves).

Definition 4.4 [8; 6] The sign of a triple point in a surface diagram is defined as
follows. Let vy, var, and vp be coorientation normal vectors to the top, middle,
and bottom sheets, respectively, that intersect at a triple point. If the oriented frame
(vr, var, vp) coincides with the right-hand orientation of 3—space, the triple point is
said to be positive, and otherwise it is negative.

For a triple point, the source region is the region near the triple point such that vr, vys,
and vp point away from it, and the farget region is the region such that vy, vps,
and vp point toward it.
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(a,b) (b,c) —(a,d) —(d,c)

—(a,d) —(d,c) (a,b) (b,c)
da,b,c)=(b,c)—(a,d)—(d,c)+ (a,b)
Figure 11: The differential of a colored path of a crossing.

Definition 4.5 For a triple point of an oriented surface diagram, the term ascending
path will mean a sequence of regions (rg, 1,72, 3), starting with the source region,
and ending with the target region, such that the regions ry and r; are separated by
the bottom sheet, r; and r, by the middle sheet, and r, and r3 by the top sheet.
Let ¢: Reg — X be a function from the set of regions of the surface diagram to a
fixed KTQ (X, 7). Then the sequence (c(rg),c(r1),c(r2),c(r3)) will be called a
colored path.

Definition 4.6 Let D be a KTQ-colored link diagram or a Yoshikawa diagram on a
compact oriented surface F, or on a plane. We define its associated chain, cp, as the
sum of the colored paths over all crossings of D, taken with the sign of a crossing. If D
denotes a KTQ—colored knotted surface diagram in R3, then the associated chain cp
is the sum of the colored paths over all triple points of D, taken with the sign of a
triple point.

Lemma 4.7 For a KTQ-colored oriented link or Yoshikawa diagram D on a compact
oriented surface F (or a plane), its associated chain cp is a cycle with respect to the
differential 0.

Proof First, let D be a link diagram. We see from Figure 11 that in the differential
di(a,b,c) = (b,c)—(a,abcT)— (abcT,c)+ (a,b)
=(b,c)—(a,d)—(d,c)+ (a,b)

of a colored path of a positive crossing, the positive pairs of colors correspond to the
incoming edges, and the negative pairs can be assigned to the outgoing edges. For
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Figure 12: Smoothings of Yoshikawa markers are compatible with KTQ-colorings.

b

a negative crossing, the chain assigned to it is —(«, b, ¢). Thus, in d{[—(a, b, c)] =
—(b,c)+ (a,d)+ (d,c)—(a, b), again the positive pairs correspond to the incoming
edges, and the negative pairs to the outgoing edges. Also, the order of colors in each
pair is directed by the coorientation of a diagram. This ensures that the two ends of an
edge give the same pair of colors, but with opposite signs. Thus, d;(cp) = 0. If D
is a Yoshikawa diagram, then smoothing all the markers in one of the ways shown in
Figure 12 is compatible with the KTQ—coloring. Then it is enough to notice that cp is
the same as the associated cycle of a link diagram obtained after marker smoothings. O

Definition 4.8 [8] For an oriented surface S, each double-point edge y is oriented
as follows: if v; is the oriented normal to the top sheet, vp is the oriented normal
to the bottom sheet, and v, is the vector tangent to the edge y, then it is required
that the ordered triple (vy,v;, vp) match the orientation of 3—space by the right-hand
convention. A triple point always has three double-point edges oriented toward it, and
three edges with orientation out of it.

Lemma 4.9 For a KTQ-colored knotted surface diagram D in R3, its associated
chain cp is a cycle with respect to the differential 9, .

Proof Calculating the differential on a colored path of a triple point corresponds to
taking a sum of six suitably signed colored paths of double-point edges connected at
the triple point. The incoming double-point edges are assigned the colored paths with
a minus sign, the outgoing edges receive positive colored paths, as in Figure 13. Thus,
if a double-point edge ends with triple points, the signed triples assigned to it at its
ends will cancel out. If an edge ends in a branch point, then the triple assigned to it is
a degenerate cycle of the form +(x, y, xyyR). a

Lemma 4.10 The KTQ homology class of a cycle cp assigned to an oriented and
colored link diagram is invariant under Reidemeister moves.
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f = ab(bedT)T h=bedT

=abcT
R
g = (abcT)cdT a B b
N
/ /d
l P

dla,b,c,d)=(b,c,d)—(a,e,g)—(e,c,d)+ (a,b,h)+ (f,h,d)—(a,b,c)
Figure 13: A triple point with the differential of a colored path.

Proof The first Reidemeister move adds or removes a degenerate cycle (a,b,abbR)
(Figure 14), so it does not change the KTQ homology class. The contributions coming
from the two crossings in the second Reidemeister move cancel out, because the
crossings have opposite signs. Now consider the third Reidemeister move with all the
crossings positive, with labels as in Figure 2, with orientation from top to bottom. The
contributions from the crossings after the move, minus the contributions before the
move, are equal to the boundary

dx(a,b,c,d)=(b,c,d)—(a,abcT, (abcT)cdT)— (abcT,c,d)+ (a,b,bcdT)
+ (ab(bedT)T,bcdT,d)— (a,b,c). O

Lemma 4.11 The KTQ homology class of a cycle cp assigned to an oriented and
KTQ-colored Yoshikawa diagram D is invariant under Yoshikawa moves. If the
diagram is on a plane, then cp represents zero in homology.

(a,b,abbR)

Figure 14: The degenerate cycle for the first Reidemeister move.
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Proof With the invariance under the Reidemeister moves proved as in Lemma 4.10, we
need to check the moves with markers from Figure 7. In the colored moves I'y and T, it
is easy to see that @ = e and b = d . Thus, both before and after the moves, two classical
crossings with opposite signs yield the same colored paths, and the total contribution
is zero. In colored move I's, both sides of the move contribute (a, b, ¢). Colored
moves I'g, I'¢, and I'; do not have any classical crossings, so they do not contribute any
colored paths. In colored move I'g, it can be shown that d =c, a=e¢,and b = f. The
chain assigned to the left side of the figure is (g, ¢, a)—(g, ¢, a)+(g,c,a)—(g,c,a) =0,
and on the right side it is (h, b,a) — (h, b,a) + (h,b,a) — (h,b,a) = 0.

The condition required of Yoshikawa diagrams on the plane is that if all the markers
are smoothed in the same way (as in Figure 12), the resulting diagram is a diagram
of an unlink. Since the cycle c¢p assigned to a Yoshikawa diagram is the same as the
cycle assigned to the link obtained after its marker smoothings, in the case of D on
the plane, cp will be homologically trivial. |

Lemma 4.12 The KTQ homology class of a cycle cp assigned to an oriented and
colored broken surface diagram is an invariant under Roseman moves.

Proof We only need to consider the Roseman moves that involve triple points (Figures
9 and 10). The fifth Roseman move is similar to the second Reidemeister move in
that the contributions from the two triple points with opposite signs cancel out. The
sixth Roseman move introduces (or deletes) a degenerate cycle. As for the seventh
Roseman move (Figure 10), with labels and under-over information as in the proof
of Theorem 3.18, the contributions from the triple points after the move, minus the
contributions before the move, are equal to the boundary

(S, freh,d)y=(fre,h,d)—(f, ffeT,(ffeT)ehT,[(ffeT)ehT|hdT)
—(ffeT,e.h,d)+(f, f. fehT,(fehT)hdT)
+(ff(fehT)T, fehT,h,d)—(f, f,e,ehdT)
—(f_f[fe(eth)T]T, fe(ehdT)T,ehdT, d)+(]7, f.e h)

=(fre.h,d)=(f.&h,d)=(@ e h,d)+ ([, [.g¢)
+(2. 8. hd)=(f, f.e,a)=(b,b,a,d)+ ([, f.e,h).
The triple points in this configuration, together with the colors, coorientation, under-
over information, and colored paths, are depicted in Figure 15 (the left and right sides

are switched compared to Figure 10). All the triple points are positive, and thus the
colored paths are taken with the positive signs. a
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Figure 15: The colored triple points involved in the seventh Roseman move,
together with their colored paths.

We define KTQ cohomology groups in a standard dual way, so the cocycles used for
knot diagrams are functions f: X x X x X — A, where A is an abelian group and
(X, T) is a KTQ, satisfying two conditions,

f(a,b,abbR) =0
forall a,b € X and
f(b,c,d)— f(a,abcT, (abcT)cdT)— f(abcT,c,d)+ f(a,b,bcdT)
+ f(ab(bedT)T,bcdT,d)— f(a,b,c)=0

for all a,b,c,d € X. Cocycles for knotted surface diagrams (in R?) are functions
¢: X x X x X x X — A, satisfying

¢(a,b,abbR,c) = ¢(c,a,b,abbR) =0
forall a,b,c € X and
¢(b,c,d,e) —d)(a, abcT, (abcT)cdT, [(abcT)ch]deT) —¢(abcT,c,d,e)
+¢(a,b,bcdT, (bcdT)deT)+ ¢p(ab(bedT)T,bcdT,d,e)—¢(a,b,c,cdeT)
—¢(ab[bc(cdeT)T]T, be(edeT)T, cdeT, e) +¢(a,b,c,d)y=0
forall a,b,c,d,ec€ X .
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In an analogous way to the construction in [6], we define cocycle invariants.

Definition 4.13 Let (X,7T) be a KTQ. Let f denote a cocycle from the KTQ
cohomology of (X, T) with inputs from C;(X) for link and Yoshikawa diagrams,
and from C,(X) for knotted surface diagrams. The cocycle f takes values in an
abelian group A written multiplicatively. Let C denote an (X, T")—coloring of a link or
Yoshikawa diagram D on a compact oriented surface F (or on a plane), or a coloring
of a knotted surface diagram D in R3. For such C, and a classical crossing or a triple
point 7, let cp(z,C) denote the colored path of 7, and let cp ¢ be the cycle assigned
to the colored diagram D. Then we define the cocycle invariant as the state-sum
expression

oD, )= []flep.0)P =" fcpo).
cC T C

where the product is taken over all classical crossings or triple points of D, the sum
is taken over all (X, T')—colorings of D, and €(t) denotes the sign of 7. The value
of ®(D, f) is in the group ring Z[A].

Lemma 4.14 If D denotes a link diagram (on a compact oriented surface F, or on
a plane), then ®©(D, f) is not changed by Reidemeister moves. If D is a Yoshikawa
diagram (on a compact oriented surface F, or on a plane), then ®(D, f) is an invariant
under Yoshikawa moves. If D is a knotted surface diagram in R3, then ®(D, f') is not
changed by Roseman moves. Additionally, in all these cases, cohomologous cocycles
give the same ®(D, f).

Proof The coboundary § is defined via (6/)(c) = f(dc). If cp ¢ is a cycle assigned
to a colored diagram before the Reidemeister, Yoshikawa, or Roseman move, and ¢/,

5Cl

is for the diagram after the move, then we have already proved that ¢p ¢ and c’D, o

are homologous. Thus, ¢p ¢ — cb, o= ad , for some d, and

f(epe) [N = f@d) = (/) d) =1.
It follows that
(D, f)=)_ flecpe) =) flepre) = DD, f).
c c
If f/f~! =§g, then
f(epe) fepe)™ = (68)(epc) = g(dcp,c) = g(0) =1.
Therefore, ®(D, f') = ®(D, f). O
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Example 4.15 There are two two-element KTQs, namely, KTQ, ; = ({0, 1}, 7) and
KTQ;,» = ({0,1}, T>), where

xyzTit=x+y+z (mod 2),
xyzTpn=x+y+z+1 (mod2).
Both are examples of knot-theoretic ternary groups (see [25] for an algebraic analysis
of such ternary groups, with an application to flat links; see also [24] for more general
examples). Note that due to working modulo 2, for both KTQs the divisions £, M,

and R are the same as the primary operations. We will now calculate H ]1\, (KTQ32:Z).
Let x denote the characteristic function

1 ifx=y,
0 if x # y.

Then each n—cochain f can be written as [ = ) yn+2 Cxxx for some coeffi-

xx(y) = {

cients Cyx, where the sum ranges over nondegenerate (n+2)—tuples. Recall that the
degenerate tuples are the ones containing a, b, abbR on three consecutive coordinates,
for some a and b, which, in the case of KTQj; », translates to

a, b, a+b+b+1=a+1.

To find conditions for the coefficients Cx in the case when f is a 1-cocycle, we first
look at the values of f* on boundaries of nondegenerate 4—tuples (degenerate triples
are removed in the calculations):

£(9(0,0,0,0)) = f(—(0,1,0)—(0,0,0) + (0,0,0) 4+ (0, 1,0)) = 0,
fa,1,1,1))=f-1,0,H)—(1,1,H)+ (1,1, )+ (1,0,1)) =0,
f(0(0,1,0,1)) = f(—(0,0,0) —(0,1,0) + (1,0,1) + (1,1,1)) =0,
f(0(1,0,1,0) = f(—(1,1,1)—(1,0,1) + (0, 1,0) 4+ (0,0,0)) = 0.

It follows that

C0,1,0) T C(0,0,00 — Ca1,1,1 = C1,0,1) = 0,

and if we set x = C(9,0,0), ¥ = C(0,1,0)> and z = C(j o,1), then f can be written as

S =XX(0,0,00 T VX0,1,00 + ZX(1,0,0) T (X +y—=2)x1,1,1)
= x(X(0,0,0) + X(1,1,1)) T Y(X(0,1,0) + X(1,1,1) + 2(X(1,0,1) — X(1,1,1))-
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Coboundaries of the characteristic functions in lower dimension are
6X(0,0) = 2X(0,0,0) — 2X(0,1,0)
§X(0,1) = X(0,1,0) + X(1,0,1) — X(0,0,0) — X(1,1,1)>
$X(1,0) = X(0,1,0) T X(1,0,1) — X(0,0,0) = X(1,1,1)-
$Xa,1) = 2X(1,1,1) — 2X(1,0,1)-

In Hy (KTQ, 5; Z), we can write

S =x(X©,1,00 + X1,0,1) + Y(X0,1,00 + X(1,1,1) + 2(X1,0,1) — X(1,1,1))
= (X + ¥)X0,1,00 + (X +2)x1,0,0) T (Y =2)x1,1,1)
= aX(0,1,00 T Bx1,0,0) T (@—=B)x(1,1,1)
= a(X(0,1,00 T X1,1,1) = BOX(1,1,1) — X(1,0,1))-
It follows that H(KTQ, 5:Z) = Z X Z,.

4.2 KTQ cocycle invariants and cocycle invariants from the third quandle
cohomology

Knot-theoretic ternary quasigroups and quandles are universal-algebraic structures with
a common root: the fundamental group of the knot complement. Quandle colorings in
their basic version are colorings of arcs of a knot diagram, but they can be extended to
colorings of regions, although in such case a color assigned to a given region determines
the colors of all the other regions [12; 17]. Such extended colorings are called shadow
colorings, and give cycles in the third quandle homology [7; 8]. The following notion
is important in our considerations.

Definition 4.16 [7] Let D be a knot diagram on a compact oriented surface F. Then
the fundamental shadow quandle SQ(D) is defined using a presentation as follows.
The generators correspond to over-arcs and regions of D. The relations are defined
for each crossing as in ordinary fundamental quandles (Figure 16), and at each arc
dividing regions. Specifically, if A and B are generators corresponding to adjacent
regions such that the normal points from the region colored A to that colored B, and
if the arc dividing these regions is colored by z, then B = A x z.

Two diagrams on F that differ by Reidemeister moves on F' have isomorphic funda-
mental shadow quandles. The shadow colorings using a quandle Q can be regarded as
quandle homomorphisms from the fundamental shadow quandle to Q (see [7]).
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Z=X%Y

Axz=B < A

Figure 16: The (shadow) quandle coloring rule.

We note that it is possible to find examples of links on surfaces for which SQ(D)
collapses (basically because of the first quandle axiom axa = a for all @), and KTQ(D)
and cohomological invariants retain useful information. Here is one such example.

Example 4.17 Consider the oriented knot diagram D on a torus depicted in Figure 17.
The symbols of the generators of SQ(D) assigned to arcs are x, y, and z, and the
symbols of generators assigned to regions are A, B, and C. The quandle relation
X*x =y implies x = y,and zx y = zxXx = x is equivalent to z = x * x = X,
where % denotes the inverse quandle operation. Thus, x = y = z, and it follows that for
any coloring with any quandle Q, the associated cycle in the third quandle homology
(and the cocycle invariants) will be trivial. Indeed, the chain assigned to any colored
crossing will have the colors of the under-arc and the over-arc on two consecutive
coordinates, and since they are the same, it will be a degenerate chain. We can finish
calculating SQ(D): A=Axx=B,and C = A*xy = A*x = A. Therefore, SQ(D)
can be presented as having two generators: x and A4, and one relation A*x = A. Such
SQ(D) is the same as SQ for the meridian loop. KTQ(D) has generators A, B, and C,
and relations A = AABT, A= ABCT,and B = AACT. The signed colored paths
are (A,A4,B), —(A4,B,C), and —(4,A4,C). Let us use KTQ, , with the cocycle
¢ = X(0,1,0) + X(1,1,1)- There are two colorings of D with KTQ, ,. The first is given
by the assignment A — 0, B+ 1, and C + 0, and the second by 4+ 1, B+ 0,
and C +— 1. Taking into consideration that for both colorings (4, A, B) yields a
degenerate chain, the cycles for the colored diagrams are

¢1=—(0,1,00—(0,0,0) and c¢; =—(1,0,1)—(1,1,1).

Therefore, ®(D, ¢) = —t2, where ¢ denotes the generator of Z in the multiplicative
notation. This nontrivial value of the cocycle invariant distinguishes D from some
other knots on the torus, including the ones with crossingless diagrams. Note that
because the divisions in KTQ; , are the same as the primary operation, there is no

Algebraic & Geometric Topology, Volume 20 (2020)



Homology of ternary algebras yielding invariants of knots and knotted surfaces 2367

difference between the coloring of a crossing and the coloring of its mirror image. The
distinction between crossings is made at the level of colored paths. An example that
detects the presence of crossings in D on the level of colorings is a three-element KTQ
({1,2, 3}, T3), which we describe with the primary operation multiplication cube. The
multiplication cube can be sliced into the following three matrices, each matrix for a
fixed first coordinate of xyzT3:

lyzT3 | 1 2 3 29zT5 | 1 2 3 3z |12 3
1 2 3 1 1 12 3 1 31 2
2 |31 2 2 2 3 1 2 1 2 3
3 12 3 3 31 2 3 2 3 1

For example 12373 =2 and 23173 = 3. There are no colorings of D using this KTQ,
and that distinguishes it from a diagram with no crossings, for which the number of
colorings is 3IRegl  GAP calculations show that HéV(X, 13) =7, HIN (X,T3) =173,
and HY (X, T3) = Z2.

4.3 Some computational examples

Here we include more examples of calculations, with the help of GAP [32].

Example 4.18 Consider the following four-element KTQ:

lyzT | 1 2 3 4 290zT |1 2 3 4
1 123 4 1 |21 4 3
2 |21 4 3 2 |12 3 4
3 (34 21 3 (431 2
4 |4 31 2 4 |3 42 1
3pzT |1 2 3 4 4yzT |1 2 3 4
1 |43 2 1 1 [3 41 2
2 341 2 2 |4 321
3|1 23 4 3 |21 4 3
4 |21 4 3 4 |12 3 4

This KTQ is not of the type (X, T, £ =T33 M = T.R= 7(1:2) and its primary
operation 7" is not obtained by composing two binary quasigroup operations. We
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Figure 17: A knot diagram on a torus with symbols for generators of SQ(D)
and KTQ(D).

calculated that
HYNX, T)=272? HNX.T)=2*@®7Z, HNX.T)=Z*07ZieZ.
Let us consider a 1—cocycle with Z, coefficients expressed as a sum of characteristic
functions:
S =Xxa,4) X022 F X123 X(1.4.2) T X0 T X@2.1.3) T X(@2.2,49)
T X230 T X311 T X3,1,2) T X3,1,3) T X3,3,4) T X(4,2,1) T X(4,2,2)
+ X(4,2,4) T X(4,3,1) T X(4,3,2) T X(4,4,1) T X(4,4,2) T X(4,4,3)

Let L denote the Hopf link (with the braid word o107 ), let L, be the Whitehead link
(0102_10102_102_1), and let L3 denote the Borromean rings (01_10201_10201_102 ),
with a generator o; corresponding to a positive crossing. Then the values of the cocycle
invariant are ®(Ly, f)=16+16¢, ®(L,, f)=32+32¢,and (L3, ) =64+192¢,
where ¢ denotes the multiplicative generator of Z;.

Example 4.19 Using the KTQ ({1, 2, 3}, 73) defined earlier, we note that

g=X1,3,1) 71T X(1,3,2) T X2.,1,2) — X(2,2,3) — X(2,3,3) T X3,1,3) T X(3,3,1)

is a 1—cocycle with Z3 coefficients. The value of the cocycle invariant for the square
knot is 9 + 367 + 362, and for the granny knot it is 45 4 18¢ 4 18¢2. The value for
the trefoil knot (070107) is 9 + 18¢, while for its mirror image it is 9 + 18¢2.

Example 4.20 An important class of knotted surfaces are surfaces obtained by twist-
spinning. An r—twist-spin of aknot K, denoted by t” K, is a knotted sphere constructed
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by Zeeman in [35]. Similarly, one can obtain surface-links by twist-spinning classical
links. A useful knotted surface diagram for t” K was described in [2], and our compu-
tations will be based on it. Because in KTQ—colorings one colors only the regions in
the complement of the diagram, it is rather easy to present the information required for
the calculation of the cocycle invariants in a two-dimensional way. We will show it on
an example of a 2—twist-spin of a link L6a5 (in Thistlethwaite’s notation). The resulting
surface-link consists of a sphere and two tori. In Figure 18 each frame contains a
KTQ-colored tangle 7", whose closure is the link L.6a5. Referring to the description
in [2] (Section 3), the first and third pictures correspond to 7 before it enters the first
and the second spherical kink, respectively. The second and fourth pictures of 7~ show
how its colorings look inside the first and the second kink, respectively. After exiting
the second kink, 7~ has to have a coloring that is the same as the one in the first picture.
There are r kinks in the diagram of t” K, so in general our coloring description would
have 2r colored knot (or link) diagrams. The separating lines represent the sheets
belonging to the kinks. They are dashed if the kink is the bottom sheet for the triple
points, and solid if it is the top sheet; the coorientation is indicated by the arrows. For
dashed lines, the signs of the triple points agree with the signs of the corresponding
crossings in the preceding oriented tangle diagram, for solid lines they are opposite.
For a coloring of such a surface-link to be valid, the colors @, b, and ¢ must repeat
themselves in a pattern indicated in Figure 18, where c is the color inside the kinks, b
is the color of the outside region, and « is the color inside the sphere (near the axis of
rotation). Additionally, two consecutive copies of each semiarc of 7 (separated by a
vertical line) correspond to a double-point edge with its required relation. Figure 18
shows a coloring with ({1, 2, 3}, T5). Thus, for example, the relation for the pair of the
top semiarcs separated by the leftmost dashed line is 21173 = 1. The cycle assigned
to the coloring from Figure 18 before removing degenerate 4—tuples is

+(2,1,2,2)+ (3,2, 1,2) +(3.2,2,2) + (2,1,3,2) + (3.2,3,2) + (2. 1, 1,2)
~(2,2,3,1)=(3,1,3,1)=(3,2.3,1) = (2,3,3,1) = (3,3,3, 1) = (2, 1,3, 1)
+2. 1,3, D)+ (13, 1L, D) +(1,3,3, D)+ (2. 1.2, 1)+ (1,3,2, )+ (2,1,1,1)
—(2,3,2,2)—(1,1,2,2)— (1,3,2,2) — (2,2,2,2) —(1,2,2,2) — (2, 1,2, 2).

After removing degenerate 4—tuples it becomes

+(3,2,1,2) 4+ (2.1,3,2) +(3.2.3.2) + (1,3, 1, 1) + (2, 1,2, 1) +(1,3,2, 1)
~(3,1,3,1)—(2,3,3,1)—(3,3,3, 1) = (1,1,2,2) — (2,2,2,2) — (1,2,2,2).
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; 3
4

Figure 18: A concise description of a KTQ—coloring of a surface-link ob-
tained by twist-spinning.

The following is a 2—cocycle with Z3 coefficients:

¢ =—X(1,1,22"X1,2,2,3) T X131, T X(1,3,1,3) — X(1,3,2,3) — X(2,1,2,1) T X(2,1.,3,1)
—X(2,1,3,2) T X(2,2,2,2) T X(2,2,2,3) — X(2,2,3,2) T X(2,2,3,3) T X(2,3,2,3)
+X(2,3,3,1) 7 X(2,3,3,3) T X(3,1,1,1) T X(3,1,1,2) = X(3,1,3,1) — X(3,1,3,2)
—X(3,2,1,3) T X(3,2,3,3) T X(3,3,1,1) T X(3,3,1,3) T X(3,3,3,1) — X(3,3,3,3)-
Its evaluation on the above coloring cycle is 1 (or ¢, if we use the multiplicative
notation). Taking into consideration all the colorings, the value of the cocycle invariant
given by ¢ for this surface-link is 9 + 187. If we change the orientation for all the

components, the value of the invariant becomes 9 4 18¢2. Thus, it is an example of a
noninvertible surface-link.
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