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Equivariant loops on classifying spaces

KRISTIAN JONSSON MOI

We compute the homology of the space of equivariant loops on the classifying space
of a simplicial monoid M with anti-involution, provided 7o(M) is central in the
homology ring of M. The proof is similar to McDuff and Segal’s proof of the group
completion theorem. Then we give an analogous computation of the homology of the
C,—fixed points of a I'—space-type delooping of an additive category with duality
with respect to the sign circle. As an application we show that this fixed-point space
is sometimes group complete, but in general not.
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1 Introduction

It is well known that for a grouplike simplicial monoid M the natural map
Ap: |M|— Q|BM |

is a weak homotopy equivalence, where B denotes the bar construction and |—|
denotes geometric realization. In the nongrouplike case the classical group completion
theorem of McDuff and Segal [8] and Quillen [11, Theorem Q.4] states that for a
simplicial monoid M satisfying certain conditions, A, induces an isomorphism of
H,.(M)-modules,

Ho(M)[rg(M)™ => Ho(QBM)).
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The first goal of this paper is to investigate the corresponding situation when M has
an anti-involution, ie an involution (—): M — M such that (mn) = nim. This extra
structure induces a natural action on |BM | of the cyclic group C, of order two.

We let R1'! denote the sign-representation of C, on R and write S'-! for its one-
point compactification. For a pointed C,—space X we write Q"1 X for the space
Map, (S"!, X) with the conjugation action of C,. In his Ph.D. thesis [18], Nisan
Stiennon has shown that Az is in fact an equivariant map

M| — QU BM],
and that if M is grouplike, then the induced map on fixed points
M| — @ BM )

is a weak equivalence. In view of the group completion theorem it is natural to ask
what happens when M is not grouplike. The simplicial monoid M acts from the left
on the fixed points M €2 by the formula (1, 1) — m -n -, and homotopy coherently
on the equivariant loop space (Q"!'|BM|)2 in a similar way. Note that the fixed
points M €2 will usually not inherit a monoid structure from M, only a left M —action.
Using these actions we provide an analog of the group completion theorem:

Theorem 3.12 Let M be a simplicial monoid with anti-involution such that wyM is
in the center of Hy«(M'). Then the map
(&
A 1M — (@1 BM|)©

induces an isomorphism
70 (M “)[mo (M) ™' =5 mo(Q" | BM )
of left mwoy(M )—sets and an isomorphism of left Hyx(M )—modules
Hy (M ) [mo(M) ™' = Ho (@1 BM])).

In [16, Section 4], Segal proved a variant of the group completion theorem for I"—spaces.
Shimakawa [17] later considered the G —equivariant situation for G' a finite group.
He described an equivariant delooping machine in terms of I'g—spaces and proved
a group completion statement for these deloopings provided one is delooping with
respect to a representation sphere S% such that W # 0. In this paper we consider
the case G = C, and W = R%!. Since (R'!)¢2 = 0, Shimakawa’s result does not
apply. We describe a Segal-type delooping with respect to the sign circle S!-!, whose
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Equivariant loops on classifying spaces 2513

input is an additive category ¥ with a subcategory of weak equivalences w% C ¢
and duality 7. In such a category there is a notion of symmetric form, which is a pair
(X, ) where X is an object of ¥ and ¢: X — TX is a map in w% with certain
symmetry properties. These form a monoidal category Sym(w%) which behaves
like a space of fixed points of the duality 7' acting on %. In particular, there is
a homotopy equivalence | N Sym(w%)| ~ |[Nw%|“2; see Section 4 for details. The
delooping produces a pointed C,—space | Nw% (S !+!)| which comes with a natural C,—
equivariant map |[Nw%| — QU1 Nw% (S!:1)|. On underlying spaces this is equivalent
to Segal’s I"—space delooping of the E,—monoid |Nw%|, while on C,—fixed points it
is a I'—space approximation to Schlichting’s delooping map [Sym(w%)| — GW (¢, w)
[12, Section 4] whose target is the Grothendieck—Witt space of (¢, w).

The analog of Theorem 3.12 in this setting is as follows:

Theorem 5.14 Let (¢, w¢,T) be an additive category with strict duality and weak
equivalences. Then the map |N Sym(w%)| — (! |Nw<€(S1’1)|)C2 induces isomor-
phisms

7o(N Sym(w#))[mo Nwe ™ "] => mo (2 [Nwz (1)) )
of monoids and
Hy(NSym(w%))[roNw? ™ '] => Ho(QV  Nwz(SH1))©?)

of left Hy(Nw%)-modules.

Since only the action of 7o Nw% is inverted and not the action of 7o N Sym(w%),
the H—space (Q LY Nwe (S 1’1)|)C2 is in general not grouplike unless % is enriched
in Z[%]—modules (see Propositions 5.15 and 5.17). Therefore, it is in general not
equivalent to the Grothendieck—Witt space GW (%', w), which is an infinite loop space.
The delooping Q| Nw#(S"!)| and the theorem above are used in Hesselholt and
Madsen’s book [4] to prove that the C,—fixed-point space of real algebraic K—theory
is homotopy equivalent to Schlichting’s Grothendieck—Witt space [4, Theorem 9.1].
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2 Homology fibrations

In this section we collect some basic facts about homology fibrations of simplicial and
bisimplicial sets. We make no claim to originality; the results here can either be found
in [10], [2, Section IV.5] or [5] or are easy consequences of the results there.

A map of spaces or simplicial sets inducing an isomorphism on integral homology will
be called a homology equivalence.

Definition 2.1 A commuting square

A B

| b

C——D
g

_

of simplicial sets is called homology cartesian if for any factorization of f: B — D
as a trivial cofibration followed by a fibration

B> W — D,
the induced map from A to the pullback C xp W is a homology equivalence.

Note that a homotopy cartesian square is automatically homology cartesian. Just as for
homotopy cartesian squares, it doesn’t matter which factorization we use or whether
we choose to factor f or g. By analogy with the case of homotopy cartesian squares
[2, Lemma I1.8.22(2)] we have the following lemma, whose proof we omit:

Lemma 2.2 Let
A—— A —— A"

L] ]
B——B —— B”

be a diagram of simplicial sets such that the square Il is homotopy cartesian. Then I
is homology cartesian if and only if the outer rectangle I + II is homology cartesian.
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Equivariant loops on classifying spaces 2515

Let Y be a simplicial set. An m—simplex o € Y,;, of Y corresponds to a unique map
A™ — Y, which we will also call o. The simplices of Y form a category Simp(Y’)
where an object is a map o: A™ — Y, and where a morphism

(0: A" > Y)—> (1: A" =>Y)
is amap «: [m] — [n] in A such that the diagram

commutes. Composition is given by composition of maps in A.

Let f: X — Y be a map of simplicial sets. Then, for any simplex o: A" — Y, we
define f~!(0) to be the pullback in the square

SHo)—— X

| b

For a diagram

Am An

\/

[Ha): 7o) = 7).

there is an induced map

The assignments
o "1 0)
and
(ax: (00 = A™") = (v: > A) > (fHaw): 7o) = ()
form the object and morphism components, respectively, of a functor

/71 Simp(Y) — sSet.

If g: Z — Y is another map to Y, then a map 4: X — Z of objects over Y induces a
natural transformation

he: 71— gL,
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2516 Kristian Jonsson Moi

Note that the natural map colim f~! — X over Y is an isomorphism; in particular,
colim id}_,1 2 Y. The homotopy colimit hocolim ! is the diagonal of the bisimplicial
set [ [, /7! (see [2, Example IV.1.8]) which is given in degree n by (I, /'), =
]_[aeNnSimp(y) /~Y(0(0)). The canonical maps f~!(c(0)) — X combine to give a
map ][, /~! — X of bisimplicial sets, where X is constant in the “nerve” simplicial
direction. This map induces a weak equivalence on diagonal simplicial sets (see
[2, Lemma IV.5.2]).

Lemma 2.3 Let f: X — Y be a map of simplicial sets. The following are equivalent:

(1) For every simplex o: A" — Y, the pullback diagram

[THo)—— X
| b
is homology cartesian.

(2) For any pair of simplices 0: N — Y and t: A" — Y and for any diagram

the induced map on pullbacks along f,
SN 7o) = [T,

is a homology equivalence.

In the proof of this lemma we will use the following result, which is proven in
[2, Lemma IV.5.11]; see [10, Theorem 1.4] for a different proof of Lemma 2.3.

Theorem 2.4 Let X: I — sSet be a functor such that for any morphism i — j in 1
the induced map X (i) — X (j) is a homology equivalence; then for all objects i of I
the pullback diagram

X (i) — hocolimy X

|

* — NI
1

is homology cartesian.
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Proof of Lemma 2.3 (1) = (2) We begin by factoring f as
x5 w-Lsy,

where g is a cofibration and a weak equivalence. Condition (1) says precisely that
the natural transformation g4: f~! — f ~! has components which are homology
equivalences. Since j7 is a fibration, the functor ]7 ~1 sends all maps in Simp(Y) to
weak equivalences. Therefore, a map «: ¢ — t in Simp(Y) gives a naturality square

o) L

g*,ol lg*.r

F0) == T

where the vertical maps are homology equivalences and the lower horizontal map is a
weak equivalence. It follows that f~!(as) is a homology equivalence.

(2) = (1) By [2, Remark IV.5.18] we have, for every simplex o: A™ — Y, a diagram
of bisimplicial sets

o) —— 1,/ ——X

I l n lf

AN [ idy ——— Y

~ 11 JZ

* ]_[NSimp(Y) *

Write d(I) for the square obtained by taking diagonals in the square I and similarly
for the other subdiagrams. The square d (I + HI) is

f~Y(6) —— hocolim f~!

|

* ———— N Simp(Y)

which is homology cartesian by Theorem 2.4. Since the square d(III) is homotopy
cartesian it follows by Lemma 2.2 that d(I) is homology cartesian. The square d (IT)
is also homotopy cartesian, so it follows, again by Lemma 2.2, that d(I + II) is
homology cartesian. a
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2518 Kristian Jonsson Moi

Definition 2.5 A map f: X — Y of simplicial sets is called a homology fibration if
it satisfies the conditions of Lemma 2.3.

Definition 2.6 A map p: E — B of topological spaces is called a homology fibration
if for any point b € B the natural map from the fiber Fp at b to the homotopy fiber
hFj induces an isomorphism on integral homology.

The relation between the two kinds of homology fibrations is given as follows:

Theorem 2.7 [10, Theorem 4.4] A map f: X — Y of simplicial sets is a homology
fibration if and only if the induced map on geometric realizations | f|: |X| — |Y| is a
homology fibration of topological spaces.

Recall Segal’s edgewise subdivision functor Sd: sSet — sSet, which has (Sd X), =
Xon+1 (see the appendix here and the appendix of [15] for details). An important
property of this construction is that the geometric realization of a simplicial set X is
naturally homeomorphic to the geometric realization of its subdivision Sd X. Using
this, we get the next lemma from Theorem 2.7.

Lemma 2.8 A map f: X — Y of simplicial sets is a homology fibration if and only
if the induced map Sd f: Sd X — Sd Y is a homology fibration.

The next lemma follows easily from Lemma 2.3(2).

Lemma 2.9 The pullback of a homology fibration along any map is a homology
fibration.

Lemma 2.10 Let f: X — Y be a homology fibration and let g: Z — Y be any map.
Then the pullback square

z g
is homology cartesian.
Proof Factor the map f as ~
xsbwLsy,
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Equivariant loops on classifying spaces 2519

where i is a trivial cofibration. There is an induced factorization
Zxy X 25 Zxy W ls 7
of & and we must show that j is a homology equivalence.

Let
Hy(h™',Z): Simp(Z) — Ab

be the composite functor given by
o h~'(0) > Hy(h™ ' (0).Z),

and similarly for Hy (h=',7Z), where Ab is the usual category of abelian groups. The
natural transformation j«: Hy (h=1.,72)—> H, (E_l , Z) is an isomorphism of functors,
since f is a homology fibration and the maps from the pullbacks over o to the pullbacks
over g(o) are isomorphisms. Recall that for a functor F: I — Ab the simplicial abelian
group EF is given in degree n by

EFy= P Flio)

io—)m—)in

with structure maps as for [ [, F (see [2, Section IV.2.1]). The map
E(Hg(h™",2)) — E(Hy(h™",2))

induced by j is an isomorphism. By [2, Section IV.5.1] there is a natural first quadrant
spectral sequence

EPY =n, E(Hy(h™ ', 2)) = Hpyq(Z xy X, Z)

and a corresponding one for 4! converging to Hy4y(Z xy W,Z). The map j
induces an isomorphism of E,—pages and is therefore a homology equivalence by the
comparison theorem for spectral sequences. |

For a homology fibration f: X — Y, the functor H,( ™!, Z) sends all maps to isomor-
phism and hence factors through the groupoid GSimp(Y') obtained from Simp(Y’) by
inverting all morphisms (see [2, Section IV.5.1]). This groupoid is naturally equivalent
to the fundamental groupoid of the geometric realization |Y| (see [2, Theorem III.1.1]).
If for any pair of maps &,¢: 0 — t in GSimp(Y') the induced maps

£ Gt Hy(f71(0),2) = Hy (/71 (2), Z)
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agree, we say that the fundamental groupoid acts trivially on the homology of the
fibers of f. If Y is also connected, then, for any simplex p in Y, there is a unique
isomorphism of functors

(0 Hy(f710,2)) = (0 = Hy(/ 7' 0, 2))

whose value at p is the identity map.

Lemma 2.11 Let f: X — Y be a homology fibration such that the fundamental
groupoid of Y acts trivially on the homology of the fibers of f. Then, for any
homology equivalence g: Z — Y, the induced map

g Zxy X =X

is a homology equivalence.

Proof Assume, without loss of generality, that Y is connected and choose a fiber F
over some vertex of Y. Then, by [2, Section IV.5.1], there are Serre spectral sequences,

for f,
Ef’q = Hp(Y, Hy(F)) = Hp+q(X),

and, for the pullback of f along g,
EV? = Hy(Z, Hy(F)) = Hpyq(Z xy X).

The map induced by g’ on E,—pages is an isomorphism by the universal coefficient
theorem and the fact that g is a homology equivalence. It follows that g’ is a homology
equivalence. a

We now turn to bisimplicial sets. A map of bisimplicial sets will be called a homology
equivalence if the induced map on diagonals is a homology equivalence. Note that
any element o € Y, ,, called a bisimplex, is classified by a unique map o: A™" — Y
from a representable bisimplicial set.

Lemma 2.12 Let f: X — Y be a map of bisimplicial sets. The following are
equivalent:

(1) The diagonal df: dX — dY is a homology fibration.

Algebraic & Geometric Topology, Volume 20 (2020)
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(2) For any pair of bisimplices o: A™" —Y and t: AP*? — Y and for any diagram

A (@)« s AP4

N

the induced map on pullbacks along f
SN Bs: f7Ho) = (@)

is a homology equivalence.

Proof (1) = (2) Given a bisimplex o: A™" — Y we choose a vertex v € Yy
belonging to ¢ . Since pullbacks commute with diagonals, we get a diagram

df 1) —— df "\ (0) —— dX

T

A ——— A" x N' —— dY
in which the two squares and the outer rectangle are pullback diagrams. The middle
vertical map is a homology fibration, by Lemma 2.9, since it is a pullback of df. The
lower left map is a weak equivalence, so it follows by Lemma 2.11 that the induced
map df ' (v) — df ~!(o) is a homology equivalence. By definition this means that
the map f~!(v) = f~1(0) is a homology equivalence. A map («, B): o — T gives a
commuting triangle

S7w)
) / \ )
SO e )

By the argument above the two downward maps are homology equivalences, so it
follows that f~1(a, B) is as well.

(2) = (1) The proof follows roughly the same outline as the corresponding proof
for simplicial sets. As for simplicial sets there is a category Simp(Y') of bisimplices
of Y and condition (2) says that the functor /~!: Simp(Y) — bisSet takes values in
homology equivalences. Composing /~! with the diagonal functor d: bisSet — sSet
gives a functor df~1: Simp(Y) — sSet taking values in homology equivalences. For a
simplex o: A" — dY there is a diagram of bisimplicial sets like the one in the proof of
Lemma 2.3 and by the same argument we conclude that df  is a homology fibration. O
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Definition 2.13 A map f: X — Y of bisimplicial sets is called a homology fibration
if it satisfies one (and hence both) of the conditions of Lemma 2.12.

The exposition of Propositions 2.14 and 2.15 below and their proofs follows the
unpublished lecture notes [5, Lecture 05] closely. If X is a bisimplicial set, we will
write X, for the vertical simplicial set

lq] — Xn,q-

Proposition 2.14 Let f: X — Y be a map of bisimplicial sets such that for each
n > 0 the map f,: X, — Y, is a Kan fibration. Assume that for each 0: [m] — [n]
and each v € Y, o the induced map on fibers f,;1(v) — f,71(0*(v)) is a homology
equivalence. Then f is a homology fibration.

Proof We show that f satisfies condition (2) of Lemma 2.12. Given a bisimplex
7: AP — Y choose a vertex v of A7 and let (id[,], v)«: AP0 s AP-4 be the corre-
sponding map of bisimplicial sets. In level n we can form the iterated pullback

]_[yeAI,’l fn_l(v) i) ]_[yeAﬁ fn_l (((V» id[q])*'f)n) — Xy

1 | |

0 = qg_
]-[)/GA% A ]_[v UVGA% A ]_[((yaid[q])*f)n

Yy

where the map vy is a weak equivalence since f;, is a fibration. This says precisely
that the map ! ((dpp, v)*1) = f ~1(1) is a levelwise weak equivalence, and so in
particular a homology equivalence. Therefore it suffices to consider diagrams of the
form

(a,id) AP0

N

In level n the induced map f~!(v) — f~!(w) fits as the top row in the diagram

Ly enn fo ' ((y.id)*v) Hsear /' ((8.id)*w)

T T

[yean fo ') ——— L, enn fp (W) ——— [sear /' (w)
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where the vertical maps and the lower left-hand map are homology equivalences by
assumption on f. The lower right-hand map becomes the weak equivalence

o xid: A x frH (w) - AP x f7 (w)

after taking diagonals. a

Theorem 2.15 Let f: X — Y be a map of bisimplicial sets such that for each n > 0
the map fn: X, — Y, is a homology fibration and for each v € Y, o the induced map
on fibers f, ' (v) — f,,1(0*(v)) is a homology equivalence. Then f is a homology
fibration.

Proof We begin by factoring the map f: X — Y as a levelwise trivial cofibration
followed by a levelwise fibration X > W s ¥. Given a bisimplex o: A?? — ¥
we get a diagram of bisimplicial sets

o) — X

| :

o) —— W |f

| !

APE — Y

which in level n looks like

]_[GGAZ A (CA idg))*0) —— Xy

l ~ | &n

[loenr iy ' ((0,idg) *0) —— Wi f

| hn

A Y,

Since f; is a homology fibration, the upper left vertical map induces a homology
equivalence on each summand, and is therefore a homology equivalence. This says
that the map f~!(0) — h~!(0) is a levelwise homology equivalence and hence a
homology equivalence.
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Given a vertex v € Y, o and a map 6: [m] — [n], there is a commuting square of fibers

S ') — S (%)

L]

hy () —— h ' (0™v)

The vertical maps are homology equivalences since f is a levelwise homology fibration
and the upper horizontal map is a homology equivalence by assumption on f. From
this we see that the lower horizontal map is a homology equivalence, which, by
Proposition 2.14, implies that 4 is a homology fibration. A map o — 7 in Simp(Y)
induces a square of pullbacks

[THo)—— /(D)

|

h=1(0) —— h~\(z)

where the vertical maps are homology equivalences. Moreover, the lower horizontal map
is a homology equivalence since / is a homology fibration. Hence the top horizontal
map is a homology equivalence and f is a homology fibration. |

For a bisimplicial set X we write Sd; X for the Segal edgewise subdivision of X in
the first (horizontal) variable and Sd, X for the subdivision in the second (vertical)
variable. Clearly Sdj Sd, X = Sd, Sdj X and dSdy, Sd, X = Sd(dX).

Lemma 2.16 Let f: X — Y be a map of bisimplicial sets satisfying the conditions
of Theorem 2.15. Then Sdy, f and Sd, f also satisfy the conditions.

Proof We treat Sdj, f first. In level n the map Sdj f is just the map f: Xp,4+1 —
Y2n+1, which is a homology fibration by assumption. Assume given a vertex v €
(Sdp Y)u,0 = Y241,0 and a simplicial structure map 6: [m] — [n]. The induced map
0*: (SdY), — (SAY),, is the simplicial structure map (6 LU 6°P)*: Y241 — Yom+1,
so the map on fibers is a homology equivalence by assumption.

Now for the map Sdy f. For n > 0 the map (Sdy ), is the subdivision Sd( f;)
of the map f,: X, — Y5, so by Lemma 2.8 it is a homology fibration. A vertex
v € (SdYy)o = Yy,1 need not come from a vertex in Y, o, but it can be connected to
such a vertex by an edge. Since Sd( f;) is a homology fibration it then follows that the
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fiber over v is homology equivalent to the fiber over a vertex in Y. This implies that
for any simplicial structure map 6: [m] — [n] the fiber over v maps by a homology
equivalence to the fiber over (Sd 6*)(v). a

3 Simplicial monoids with anti-involution

Definition 3.1 An anti-involution on a monoid M is a function m + m from M to
itself such that (m:) =m and m-n =n-m for all m,n € M. A simplicial monoid with
anti-involution is a simplicial monoid M with a self-map of the underlying simplicial
set, which is an anti-involution in each simplicial level.

Given a monoid M we can form the bar construction BM, which is the simplicial
set [n]— M *" with the usual structure maps. If M has the extra structure of an
anti-involution, we get extra structure on the bar construction as well. The system of
maps

{wi: B,’M —> B,’M}
given in level p by

wp(my,ma,....mp) = (Mp,... .My, m)

together with the simplicial structure maps of BM form a real simplicial set (see the
appendix), which we, by abuse of language, also call BM. Similarly, for a simplicial
monoid M with anti-involution we get a functor

BM: (AR)°® — sSet.

Write A' X M for the external product bisimplicial set [p].[g] = Al x M,. The
natural map A! ® M — BM extends to a map of Aolg x AP —gets

AR XM — BM,

where the real structure maps in the source are given by w,(§,m) = ({°P,m). As a
consequence, we get a Cy—equivariant map on geometric realizations,

A% |M| - |BM],

which sends the C,—subspace |Al|x {e}U{0, 1} x | M| to the basepoint. The group C,
acts on |Al| by reflection through the midpoint (see Example A.2), so there is an
induced C,—map SU! A |M| — | BM| whose adjoint is the canonical map

v M| — QU BM.
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Nonequivariantly, the topological monoid | M | acts by left multiplication on itself and
acts homotopy associatively on the loop space by m -y = A(m) * y, where * means
concatenation of loops. The map A is Cp—equivariant and commutes up to homotopy
with the action of | M |. We are interested in the properties of the map induced by A
on C,—fixed points,

220 M| (@ BM))C.

The topological monoid | M| acts continuously on the fixed points |M |€2 by m-n =
mmnim and up to homotopy on the fixed points of the loop space by m-y = A(m)*xy xA(in).
These actions commute with kgj up to homotopy.

Definition 3.2 Let N be a commutative monoid. An element s € N is called a cofinal
generator if for any x € N there is an n > 0 and an element y € N such that xy = s”.
A vertex ¢ in a simplicial monoid M with mo(M) commutative is called a homotopy
cofinal generator if its class [¢] € mo(M) is a cofinal generator.

Example 3.3 Let M be a simplicial monoid such that the monoid (M) is finitely
generated and commutative. Pick vertices ?q,...,#;, € My whose path components
[t1], - .., [ts] generate mwo(M). Then the vertex ¢t = 11, -- -1, is a homotopy cofinal
generator of M.

From now on let M denote a simplicial monoid with 7¢(M) in the center of H, (M)
and let ¢ be a homotopy cofinal generator of M. For a simplicial set X with a left
M —action we set

Xoo = hocolim(X £ X L5 x L5 .00,
In particular, we have
Moo = hocolim(M £> M L M L5 ...

The homology of M is a graded ring with the Pontryagin product. Since [¢] is in
the center, multiplication by [¢] on H«(M) is H.(M )-linear. Hence there is an
isomorphism of left H, (M )-modules

Hy(Moo) = colim(Hyx (M) 15 H (M) s gy 2,

Lemma 3.4 The map M — M including M at the start of the diagram induces an
isomorphism of right H, (M )—modules

Hyo(M)[rro(M)™'] > Hy(Moo).
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Proof Since my(M) is central in Hy(M ), there is an isomorphism
colim(Hx (M) s g, (M) s gy s oy = g om)e Y

and Hy(M) — H,(M)[t™'] is the localization map. The element [¢] is a cofinal
generator of (M), hence the further localization map

Ho(M)[t™'] = Ho(M)[mro(M) 7]

is an isomorphism. O

It follows that the vertices My of M act on My, by homology equivalences. The
following result can also be found in eg [2, Theorem IV.5.15]:

Lemma 3.5 Let X be a simplicial set with a right action of M on which M acts by
homology equivalences. Then the canonical map p: B(X, M, x) — BM satisfies the
conditions of Theorem 2.15. In particular, it is a homology fibration.

Proof In each level n > 0 the map p;, is the canonical projection
Pn: X x M — M",
which is a homology fibration.

Let v € M be a vertex and let 6: [m] — [n] be a map in A. Note that the fiber over
any vertex is isomorphic to X. We must show that the map on fibers

Py () = ppt (0% ()

is a homology equivalence. Since 6* can be factored into face and degeneracy maps, we
reduce to these cases. If 6* =d; with j #0, then the map p, ' (v) > p; ! (6*(v)) isan
isomorphism, and similarly for 6* = s;. If 8* = d, then the induced map corresponds
to acting on X by an element of M| and is therefore a homology equivalence. a

Recall that we are using the Bousfield-Kan model for the homotopy colimit throughout
this paper. If M is a simplicial monoid, we write sSetps for the category of simplicial
sets with right M —action and M —equivariant maps.

Lemma 3.6 Let I be a small category and let G: I — sSetys be any diagram. If X
is a simplicial set with left M —action, there is a natural isomorphism of simplicial sets

dB(hocolim G, M, X') = hocolimdB(G, M, X).
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Proof Both simplicial sets are obtained by taking iterated diagonals of the trisimplicial
set B([[,G. M, X) given by

[P).lg]. [r] = ( 1 G(O(O))q) x M % Xq. o

oeN,(I)

Corollary 3.7 For any simplicial set X with a left M —action, there is an isomorphism
of simplicial sets
dB(Moo, M, X) = (dB(M, M, X))oo.

Theorem 3.8 (group completion [8; 11; 10]) Let M be a simplicial monoid such
that mg M is in the center of Hy(M ). Then the map A induces an isomorphism of left
H,.(M)-modules

Ho(M)[ro(M)™'1 => Ho(QBM)).

Proof Assume first that M has a homotopy cofinal generator . By Lemma 3.5,
the map B(Myso, M, *) — BM is then a homology fibration with fiber M. Taking
X = * in Corollary 3.7 shows that the simplicial set d B(Mso, M, %) is a homotopy
colimit of contractible spaces and hence is contractible. The contracting homotopy
induces a map |Moo| — Q| BM | which is a homology equivalence and we conclude
by Lemma 3.4.

For general M we let F(M) denote the filtering poset of submonoids of M with
finitely generated monoid of path components. Then there is an isomorphism of
simplicial monoids colimpy, e p(ar) M; = M and the colimit is filtering. The functors
|—|, B, 2, Hy«(—) and inverting o commute with the filtering colimit in question, so
the result now follows since each M; € F(M') has a homotopy cofinal generator by
Example 3.3. a

Inspired by the proof of Theorem 3.8 we will now proceed to analyze the map )\%. It
becomes easier to work with the anti-involution when we take the Segal subdivision in
the horizontal (ie bar construction) direction of BM. The output is the bisimplicial
set Sd, BM, which has a simplicial action of C, and whose fixed points we will now
describe. An element in level (p, g) of Sdy BM is a tuple

X2p+1
(ml,...,m2p+1)qu s
and the action of the nontrivial element in C, is
(ml,...,mp,mp+1,mp+2,...,m2p+1)|—>(n_12p+1,...,merz,%pH,n_ap,...,n_al).
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The fixed points of this action are of the form

(my,....,mp,Mpy1,Mp,...,My), where mppq =ip4.
Here, the last p factors are redundant and projection on the first p + 1 factors gives a
bijection

2p+1

bpg: (M) )2 = MX x ME2.

The monoid M, acts on ch 2 on the left by (m,n) — m-n-m. Both this action and
the description of the fixed points are compatible with the simplicial structure maps
of M. Combining this with the fact that

dp(l’l’ll, . ,mp,mp+1,17_1p, . ,1’71) = (ml, . ,mp'mp.;_l ~n_1p, e ,1’71),
we get the following:
Lemma 3.9 Let M be a simplicial monoid with anti-involution. Then the maps by, 4
determine a natural isomorphism of bisimplicial sets

b: (Sdy BM)C? => B(x, M, M ©?).

The map p: B(Ms, M, *) — BM induces a map
Sdy, p: Sdy, B(Mso, M, %) — Sdy, BM

on subdivisions. Since p satisfies the conditions of Theorem 2.15, the map Sdj p does
as well, by Lemma 2.16. Therefore Sd;, p is a homology fibration.

Lemma 3.10 The pullback of Sdj p along the inclusion
B(x, M, M) < Sd;, BM

is isomorphic to B(Mso, M, M €2).

The proof is straightforward. It now follows from Lemma 2.10 that the square

B(Mgo, M, M€2) —— Sdj, B(Moso, M, %)

. | |

B(%, M, M) ——— Sd;, BM
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becomes homology cartesian after taking diagonals. We consider M €2 as a bisimplicial
set which is constant in the first variable. Define the map

it M — B(M, M, M©?)
levelwise by
me(e,e,...,e,m).

This map has a retraction r given by
r(mo,my,...,mp,m)=mo-my--Mp-M-Mp -0y -My

and there is a standard simplicial homotopy r oi ~ id. The map M — My of
Lemma 3.4 induces a map

j: B(M, M, M) - B(Ms, M, M©?).
Lemma 3.11 Themap joi: M2 — B(Mso, M, M ©2) induces an isomorphism of
left (M) —sets
70 (M 2)[mo(M)™'] =5 7o(dB(Moo, M. M 2))
and an isomorphism of left Hy(M )—modules
Hy (M )[rr0(M)™"] =5 Hy(d B(Moo, M, M ).
Proof We present the argument for homology, the one for 7y being similar. By

Corollary 3.7 there is an isomorphism (dB(M, M, M €2)) o =~ dB(Moo, M, M €2).
In the diagram

dB(M, M, M) L dB(M, M, M) -~ aB(M, M, MC2) L ...

| Jo |

MC2 r MEC2 r MG~

the vertical maps are weak equivalences and hence induce a weak equivalence of
homotopy colimits dB(M, M, M €2)o, 7> MO%Z. In homology we get a sequence of
isomorphisms of left Hx(M )-modules

Hy(B(Moo, M, M) =5 Ho (M) =5 Hyo(M)[mo(M)™']. O

Let (X, x) be abased Cp—space with 0: X — X representing the action of the nontriv-
ial element of C,. The homotopy fiber hF,,, of the canonical inclusion ty: X C2es x
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of the fixed points can be identified with the space of paths x: [0, 3] — X such that
x(0) = x and X(%) € X2 There is a map

bx: hF, — (Q11X)C

given by bx (x) = x * (6 o X), where * is the concatenation operation and ¥ is the
path ¢ — x(1 —¢). This map is a homeomorphism with inverse given by restricting
loops to [0, %]

Now we apply geometric realization to the square () to obtain a homology cartesian
square of spaces

|B(Moo, M, M ©2)] —— |B(Moo, M, %)|

The space |B(Meoo, M, )| is contractible and so |B(Mso, M, M €2)| is homology
equivalent to the homotopy fiber of the composite

|B(x, M, M©?)| = |BM|®> < |BM|.

By the discussion above, this space is homeomorphic to (Q''|BM[)€2 and so we get
a homology equivalence

gt |B(Moo, M. M )| — (@1 | BM ).
Theorem 3.12 Let M be a simplicial monoid with anti-involution such that wy M is
in the center of Hy(M). Then the map

22 M (@ BM|)C

induces an isomorphism
70 (M “)[mo (M) ™' 2> mo(Q" | BM )
of left moy(M )—sets and an isomorphism of left Hyx(M )—modules
Hy(MP)[mo(M)™1] 2> Hu (@M BM ).
Proof Assume first that M has a homotopy cofinal generator ¢t € My. By Lemma 3.11,

the map
joil: IM©?| — | B(Mso, M, M©?)]
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induces the desired localization map on homology. Since the homology equivalence
g: |B(Moo, M, M©2)| — (211 BM )2 is induced by the contracting homotopy on
| B(Moo, M, *)|, which is homotopic to a homotopy that induces the map 2 &2 , We
conclude that Afj also induces the desired map on homology.

If M does not have a cofinal generator, we reduce to the above case by a colimit
argument as in the proof of Theorem 3.8. A similar argument proves the my—statement
of the theorem. O

We end this section with a remark that aims to put Theorem 3.12 in a broader context
and suggests a possible universal property for the space (Q11|BM |)C=.

Remark 3.13 Let M be any simplicial monoid with anti-involution and let f: M —
N be a map of ordinary simplicial monoids such that N is grouplike and the map
Bf: BM — BN is a weak equivalence. Such N and f can always be found as
in [11, Section Q.5], after replacing M up to C,—equivariant weak equivalence by a
simplicial monoid with anti-involution whose underlying simplicial monoid is levelwise
free. We may then view N as a model for the homotopy-theoretic group completion
of M. The simplicial set N has a canonical right M —action, and there is a homotopy
cartesian square of spaces

|B(N. M, M )| —— |B(N, M. )|
|B(x, M, M©2)] —— |BM |

The upper right-hand corner | B(N, M, *)| is contractible, so we get a weak equivalence
|B(N, M, M©?)| ~ ("1 BM|)2.

Since B(N, M, —) is a model for the derived induction functor from left M —simplicial
sets to left N —simplicial sets, this suggests that (21| BM|)€2 is a kind of initial | M |-
space under | M |2 on which M acts homotopy coherently, via homotopy equivalences.
This perspective, which we will not develop further here, fits well with Theorem 3.12
above as well as with Stiennon’s result [18] for grouplike monoids.

4 Categories with duality

In this section we summarize some facts we will need later. The reader can consult
[1; 13; 4] for further details.
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Definition 4.1 A small category with duality is a triple (¢, T, n) where € is a small
category, T: €°°P — ¢ is a functor and 7: id — T o T°P is a natural transformation
such that for each object ¢ in ¢ the composite map T'¢ ~2<> TTPT¢ T@e) e s
the identity on T'c. If T o T°P = Id¢ and n = id, the duality is said to be strict.

Example 4.2 A monoid M can be thought of as a category %y with one object
and Homg,, (*, *) = M as monoids. Then a duality (7',n) on %y is the same as a
monoid map ¢: M° — M, ie such that t(mn) = t(n)t(m) for all m,n € M, and an
element n € M such that nt2(m) = mn for all m € M and t(n)n = e. The duality is
strict if and only if 7 is an anti-involution on M.

The main example of interest to us is the following (see eg [21]):

Example 4.3 A Wall antistructure is a triple (R, «, &) where R is a ring, « is an
additive map R — R such that a(rs) = a(s)x(r), and ¢ is a unit in R such that
a?(r) =ere”! and a(¢) =&~ !. When R is commutative, one can take o = idg and
¢ € {=£1}. An interesting class of noncommutative cases is when R is an integral group

1

ring Z[G] for a discrete group G, with the involution determined by «(g) = g~ and

ee{£l}.

For an antistructure (R, «, &) there is a naturally associated category with duality
P(R, a, &) with underlying category P(R) the category of finitely generated projective
(f.g.p.) right R—modules. The duality functor on P(R,«,¢) is Homg(—, R), where
for an f.g.p. module P we give Homg (P, R) the right module structure given by

(/r)(p) = a(r) f(p). The map

np: P =>Homg(Hompg(P, R), R)
is the isomorphism given on elements p € P by np(p)(f) = a(f(p))e. It is straight-
forward to check that the equation Nyom g (P,R) © 1p = idHomg (P, ) holds for all f.g.p.
modules P. There are several well-known ways to ensure that the category P(R) is
small; we will not go into this here.
Definition 4.4 A duality-preserving functor

(F.£): (€. T.n) —> (¢".T".7)

consists of a functor F: ¥ — ¢’ and a natural transformation

£ FoT - T oF
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such that for all ¢ in ¢ the diagram

e
F(c) — 5 T/(T")*" F(c)

F(’lc‘)J/ lT/(Sc)

FTT®(¢) —— T'FPT(c)
T(c)
commutes.

Composition is given by (G,{) o (F,&) = (G o F,{F o G(§)). An equivalence of
categories with duality is a duality-preserving functor
(F.8): (¢, T,n)— (€. T, 1)

such that there is a duality-preserving functor (F’,&’): (¢/,T',n') — (¢, T, n) and nat-
ural isomorphisms u: F'oF -=>1dy and u’: FoF’ =5 1d¢ satisfying 5}:(0)017,(&) =
T(uc)our( for ¢ in ¢ and similarly for u’.

Definition 4.5 Let (¢, T, n) be a category with duality. The category Sym(%¢, T, n)
of symmetric forms in (¢, T, n) is given as follows:
e The objects of Sym(%, T,n) are maps f: a — Ta suchthat f =Tf on,.

e A morphism from f:a— Tato f':a — Ta' isamap r: a — d’ in € such
that the diagram

f/
commutes.

e Composition is given by ordinary composition of maps in .

The reason for the name “symmetric form” in the preceding definition is the following.
Let (R, a,¢) be a Wall antistructure. The category Sym(P (R, o, ¢)) has as objects
maps ¢: P — Hompg(P, R) such that the adjoint map ¢: P ®z P — R is a biadditive
form on P satisfying

¢(pr.gs) =am)g(p.q)s. &g, p) =a(@(p.q))e
for r,s € R and p,q € P. A map

h: (P <> Homg(P, R)) — (P’ ¥ Homg(P', R))
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is an R—module homomorphism /: P — P’ such that ¢’ (h(p), h(q)) = @(p.q) for
all p,q € P. If the map ¢: P — Hompg (P, R) is an isomorphism, we say that (P, ¢)
is nondegenerate.

Definition 4.6 [14, Lemma4] For a category with duality (%, T, n), the strictification
2(¢, T, n) has as objects triples (¢, ¢’, /) where f: ¢/ — Tc is a map and morphisms
from (c,c’, f) to (d,d’, g) are pairs (r: ¢ — d,s: d’ — ¢’) such that the diagram

c’—f>Tc
T
d/—g>Td

commutes. Composition is given by composition in each component. The duality
on 2(%¢,T,n) is given by sending an object f: ¢/ — Tc to the composite ¢ <>
TT% XL ¢’ and (ric—d,s:d —c)to(s:d —c,r:c—d).

It is easy to see that the duality on 2(%¢, T, 7) is strict. There are duality-preserving
functors

(L,0): (€, T,n) > 2(¢,T,n),
given by I(c) = (¢, Tc,idr()), I(f) = (f.Tf) and i = (id7 (). 1c), and

(K.,k): 2(¢,T,n) — (¢.T.,1n),
given by K(c,c', f) = ¢, K(r,s) =r and k(. s) = f. These induce homotopy
inverse weak equivalences N4 >~ N 2% and NSym(%) ~ NSym(2%). Both the

construction 2 and the functors K and [/ are functorial in (¢, T, n) for duality-
preserving functors (see [14, Lemma 4]).

A strict duality T on a category ¢ gives a map
NT: (N€)® = N(¢®) = N¥

such that NT o (NT)°? = idy«. We know from Lemma A.1 that this is equivalent to
extending the simplicial structure of N @ to a real simplicial structure. It follows that
the geometric realization has an induced C,—action given by

[(co LS L% ot tn)] > [(en 2225 - ZOS Tty 1)
for (co Sy Cnyto, ..., ty) € Ny% x A", Thus, from the topological perspective,

the effect of the Z—construction is to replace the geometric realization |N |, which
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has an action of C, in the homotopy category,! by the bigger space | N 2%| which has
a strict action of C,. The actions are compatible in the sense that the maps |N/| and
| N K| are mutually inverse isomorphisms of C,—objects in the homotopy category.

Definition 4.7 Let ¥ be a category. Its subdivision Sd% is a category given as
follows: An object of SAd% is a morphism f: a — b in ¥ and a map from f:a — b
to g: ¢ — d is a pair (h,i) of maps such that the following diagram commutes:

a / b
hl Tid
¢ d

—
—
Composition is given by (h',i")o (h,i) = (W' oh,ioi’).

g

There is a natural isomorphism SdN¥ = NSd¥%. If (¢,T,n) is a category with
duality then there is an induced functor

SdT:Sd¢ — Sd¥

given by SdT(a L5 b) = Th I Ta and SAT(h,i) = (Ti, Th). If T is a strict
duality then Sym(%) is the category fixed under the C,—action defined by Sd T

5 K -theory of additive categories with duality

Definition 5.1 Let ¥ be a category and let X; and X, be objects of €. A biproduct
diagram for the pair (X7, X») is a diagram

p1 D2
@) XYie=sSsY——X;
1 15]
in ¢ such that pj oij =idy;, the p;’s express Y as the product of X7 and X, and

the i;’s express Y as a coproduct of X; and X,.

Recall that if ¢ is a category with a zero object and each pair of objects has a biproduct
diagram in %, then the hom sets of & naturally inherit the structure of commutative
monoids such that composition is bilinear (see [7, Section VIIL.2] for details). Such
a category % is called additive if the hom sets are abelian groups, not just monoids.

n fact, the action on |N¢¥| refines to a homotopy coherent C,—action but we will ignore this
additional structure in the present paper.
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A functor between additive categories is called additive if it preserves biproducts and
zero objects. Additive functors induce group homomorphisms on hom groups.

Let X be a finite pointed set. The category Q(X) is defined as follows (see also
[4, Section 4]): The objects in Q(X) are the pointed subsets U € X. A morphism
U — V of pointed subsets is a pointed subset of the intersection U NV. The composition
of twosubsets ACUNV and BSCVNWis ANBCUNW. Notethat ACUNV
can be thought of both as a map from U to V and as a map from V to U. This gives
an isomorphism Q(X) = Q(X)P.

Definition 5.2 Let ¥ be an additive category and X a finite pointed set. A sum-
diagram in ¥ indexed by X is a functor

A 0(X) > €

such that for any pointed subset U € X the maps A(U) — A({u, *}) induced by the
pointed subsets {u, x} € U induce an isomorphism

AU) = ] Alu.*)).
ueU\{*}
We write 4 (X) for the full subcategory of sum-diagrams in the functor category
Fun(Q(X),%).

A pointed category is a category ¢ with a chosen object 0. When ¥ is additive,
04 will always be a zero object, but in general it need not be. We say that a functor
between pointed categories is pointed if it preserves the chosen objects. Many of the
constructions below rely on having chosen basepoints. Therefore we will usually work
with pointed categories.

For a pointed additive category and a finite pointed set X we require that the elements
of €(X) be pointed, ie that they send the subset {*} to 0. We write €% for the
(pointed) category Funy (X, ¥) of pointed functors from X to %, where we think of X
as a discrete category. There is a natural evaluation functor ey: ¢ (X) — ¥ given on
objects by ex (A)(x) = A({x, x}) and similarly for morphisms. The following lemma
is easily verified:

Lemma 5.3 Let ¥ be a pointed additive category. For any finite pointed set X, the
functor
ex: €(X) > ¢¥

is an equivalence of categories.
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A pointed map f: X — Y induces a pushforward functor f: €(X) — ¢ (Y) given
by

(Sx(A)U) = A(STHU \{x) U ).

Given two composable maps f and g of finite pointed sets it is not hard to see that
(fog)x = fxo0gx, so that we get a functor

% (—): FinSety — Caty,

where FinSet. is the category of finite sets and pointed maps and Cat, is the category
of small pointed categories and pointed functors between them. This notion is a variant
of Segal’s I'—category construction [16]. If S is a pointed simplicial set which is finite
in each simplicial level, we can regard it as a functor S: A°® — FinSet, and form the
composite functor

) (S): A% 55 FinSets 9 car,,

which is a simplicial pointed category, ie a simplicial object in Cats .

Definition 5.4 An additive category with weak equivalences is a pair (¢, w¢) where
% is an additive category and w% C ¥ is a subcategory such that all isomorphisms
are in w%¢ and such that if /" and g are in w% then their coproduct f @ g is in w%.

A map F: (¢,w%) — (¢',w'¢’) of additive categories with weak equivalences is an
additive functor which preserves weak equivalences. It is an equivalence of additive
categories with weak equivalences if it is an equivalence on the underlying categories
and on the categories of weak equivalences. If ¢ is pointed, we take w% to be pointed
with the same chosen object as €.

Let (¢, w%) be a pointed additive category with weak equivalences and X a finite
pointed set. The subcategory w%(X) € ¢ (X) which has the same objects as % (X)
and morphisms that are pointwise in w% is a subcategory of weak equivalences. If
f: X — Y is apointed map, then the functor fi maps w%(X) into w%(Y), so there
is an induced functor

wE(—): FinSetsx — Cats.

As in Lemma 5.3, the functor wey: wé(X) — wé¥ induced by ey is an equivalence
of categories. We write S! for the simplicial circle A'/dA!, with basepoint [9A!].
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Segal showed in [16] that the space Q|Nw%(S!)| is a model for the algebraic K —
theory of (¢, w%’), analogous to the space 2| BM | for a simplicial monoid M. Here
w%(S') is defined as in the construction (2) above.

The functor w% — w¥ (Sll) sending an object ¢ to the diagram with value ¢ on the
nontrivial subset of Sl1 and 04 on {x} is an equivalence of categories. There is an
induced map

A'R Nwé — Nw?(S")

of bisimplicial sets, which in turn induces a map
Le: INWE| — QINw?(SV)]

of spaces. In [16, Section 4] Segal proves a group completion theorem for the map A4
analogous to Theorem 3.8. We will mimic the treatment of the monoid case above to re-
prove Segal’s result and extend it to an equivariant statement analogous to Theorem 3.12
in the case that ¢ has an additive duality.

Lemma 5.5 (see eg [7, Theorem X1.3.1]) Let (¢, w%) be an additive category with
weak equivalences. Then there is a pointed additive category with weak equivalences
(¢’,w'€¢") and an additive equivalence F: (¢, w%)— (€', w'€”) such that (¢',w'€")
has a coproduct functor
®: ¢ x€¢ — ¢

making €' a strictly unital, strictly associative symmetric monoidal category.

The construction w%(S') makes sense also for nonpointed & but one must choose a
basepoint for Q|Nw%(S')| and Ay to be defined. This can be done in such a way

that the induced map Fg1: wé(S') — w'¢’(S') gives a homotopy equivalence on
geometric realizations and there is a commutative diagram

A
INWE| —2— QINwE (S|

Fl IQINFSH

INw'¢”| — QINwW'E' (S|
3

of spaces, in which the vertical maps are homotopy equivalences and H-maps. From
now on we assume, without loss of generality, that (4", w%) is pointed and has a strictly
unital and strictly associative coproduct functor @ as in Lemma 5.5.

The path components of the nerve Nw% will be called weak equivalence classes. The
set mo Nw% of such classes is a commutative monoid under the operation [a] + [b] =

Algebraic & Geometric Topology, Volume 20 (2020)



2540 Kristian Jonsson Moi

[a @ b]. We assume that 7o Nw% has a cofinal generator represented by an object ¢
of €. Then there is a functor t @ —: ¥ — ¥ which restricts to an endofunctor on w%.
By analogy with the monoid case above, we form the diagram

we L= wy L= e L= ...

of categories. We define N to be the poset category of natural numbers with the usual
ordering

0—-1->2—---,

so that the above diagram of categories becomes a functor D: N — Cat in the obvious
way. Now set W%so = N [ D, where | denotes the Grothendieck construction (see
eg [19]). The objects of the category w% are pairs (m,c) € N x ob% and a map
(n,¢) > (n+k,d) isamap (t®—)¥(c) > d in we (see also [3, page 8]). Thomason
[19, Theorem 1.2] constructs a natural weak equivalence

hocolim(ND) - Nwso.

Since the nerve Nw% is a simplicial monoid, its homology Hx(Nw%) is a ring under
the induced Pontryagin product. The following result is the categorical analog of
Lemma 3.4:

Lemma 5.6 The canonical functor wé — w%é sending an object ¢ to (0, ¢) induces
an isomorphism of left H, (N w%)—modules

Hy(Nw?)[no(Nw?) '] => Hy(NwEso).

We now recall the simplicial path construction (see [20, Section 1.5] for details). Define
the shift functor P: A — A by P([n]) =[0]*[n]=[1+n] and P(a)=id[g*a, where x
denotes the join operation on A. For a simplicial object X: A°® — & the (simplicial)
path object PX on X is defined as PX = X o P°°. The natural transformation
§%: 1dp — P given on objects by §°: [n] — [1 4 1] gives a natural map dy: PX — X.
For a simplicial set X there is a natural map PX — X, onto the vertices of X which
is a simplicial homotopy equivalence [20, Lemma 1.5.1]. In the case of the simplicial
circle the map dy: PS' — S! induces a map wé(PS') — we(S') of simplicial
categories, which we will also call dy. There is a simplicial homotopy equivalence
PS! =5 % which induces a weak equivalence Nw%(PS') => Nw%(*) ~ * of
bisimplicial sets. Let 7, 4| be the object olf 4 (S,: +1) Whichmaps to (2,0, ...,0) under
the equivalence esl, . <K(S,}Jrl) —> ¢Sn+1 . Then do(Cy+1) is the constant diagram
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with value Oy and adding 7, from the left gives a functor
Zn+1 e —: we(S +1) g w<g(Sn+1)

which commutes with dg. We define wé' (S ! 41)oo to be the Grothendieck construction
on the diagram
Tny10—

weE(S, +1) we(S +1) we(S +1)—>

The wé (Sn1 +1)o0 s assemble to a simplicial category we¢’ (PS1')s with a map

Tny1®— 10—

do.00: WE(PS")oo — wE(ST).

Including w%' (S +1) in the first spot of the diagram gives a map w%(PS') —
w% (PS") oo such that the diagram

wé(PSY) wé(PS) oo
S e
we(Sh)

commutes.

Proposition 5.7 The induced map on nerves,
Ndp oo: NWE(PS")oo — NwE(S?),
is a homology fibration of bisimplicial sets.

Proof We will show that the map satisfies the conditions of Theorem 2.15. First, we
verify that it is a levelwise homology fibration. The functor 7, ; & — commutes with
(do,00)n so the evaluation functors give a commuting square

w‘é(Sn_H)oo Lnoo, WEo X WE"

3 | E
wE(Se, —— we™"
where the horizontal arrows are equivalences of categories.
Assume given a simplex o: A" — Nw¥% (S,%) and consider the resulting diagram

(do,00)n

N
A" —Z— Nw/(S)) ——— Nwé(SL, Doo

idl J/Nen J/Nen’oo
A"

— s Nw?* ———— Nw%oo x Nwe™"
N(e,00) p

Algebraic & Geometric Topology, Volume 20 (2020)



2542 Kristian Jonsson Moi

Since the vertical maps are weak equivalences, the induced map on homotopy pullbacks
is a weak equivalence. The map p is obviously a homology fibration, so it suffices to
show that the map on actual pullbacks is a weak equivalence. Nerves commute with
limits, so this pullback can be taken in Cats, where it is straightforward to check that
the map on pullbacks is an equivalence of categories.

To see that the second condition of Theorem 2.15 holds, we observe that the fiber over
an object ¢ in w&(S}) is equivalent to W% . Now we conclude by Lemma 5.6 in
the same way as in the proof of Lemma 3.5. a

The proof of the following theorem (cf [16, Section 4; 11, Section Q.9]) is similar to
that of Theorem 3.8:

Theorem 5.8 (K —theoretic group completion) The map A4 induces an isomorphism
of left Hx(Nw%)-modules

Hy(Nw)[mo(Nw?) ™' = Hy(QUNwE(S))).
We now turn to additive categories with duality.

Definition 5.9 An additive category with duality and weak equivalences is a tuple
(¢, T,n,wé) such that

(1) T is additive and n takes values in weak equivalences,

(2) T and n give a duality on %,

(3) T sends (opposites of) weak equivalences to weak equivalences,

(4) (¥¢,w?%) is an additive category with weak equivalences.

Note that the conditions (1) and (3) imply that 7" and »n restrict to a duality structure
on the category w% and so we may apply the Sym—construction. For ease of notation
we will often write Sym(w%’) when T and 5 are clear from the context.

Example 5.10 Let (R, ®, &) be a Wall antistructure. Then the category P(R,«,¢)
becomes an additive category with duality and weak equivalences if we take the
weak equivalences to be the isomorphisms. In applications it is sometimes useful to
work with bounded chain complexes in P(R, «, €) with quasi-isomorphisms as weak
equivalences; see eg Schlichting’s paper [14].
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To get a strict duality we can apply the functor Z; the category 2% is additive since €
is. Taking the weak equivalences in 2% to be pairs of maps in w¢ gives 2(¢, T, n)
the structure of an additive category with duality and weak equivalences which is
a functorial and better-behaved replacement of (¢, T, n, w?). There is a square of
H-spaces and H-maps

Ao
INwe| —=— QNwE(S))|

| |

\Nw2%| 22 QINwae (S|
where the vertical maps are weak equivalences. Note that Lemma 5.5 also applies to
additive categories with duality and weak equivalences, so that we may assume that
our categories have a strict duality 7', a duality-preserving direct sum functor (— & —)
which is strictly associative and strictly unital and that the unit 0 is fixed under the
duality; see eg [12, Remark A.11].

Remark 5.11 Let v: T(—)® 7 (—) — T (—®—) be the canonical natural isomorphism.
The category Sym(w%’) has a functorial sum operation L, called the orthogonal sum,
given by

(fiesTE)L(g:d—Td)=c®d L2 T(c)® T(d) 2% T(c @ d).

Under the induced operation the set 7o (Sym(w%’)) becomes a commutative monoid
with unit represented by the 0—form 0 — 0. For any object ¢ S q of Sd(w%) we
can form the hyperbolic form H(f) on ¢ WAy , which is the object

0 TN

coTd) L L reyo TTW) 2" T(c @ T(d))

of Sym(w%’). This is also compatible with maps in Sd w%. Together, the functors L
and H give an action of Sdw% on Sym(w%), in the sense of [3, page 218], which is
analogous to the action of M on M €2 of Section 3.

Let X be a pointed C,—set with : X — X representing the action of the nontrivial
group element. We define a strict duality oy on Q(X) by composing the natural
isomorphism Q(X)° => Q(X) with the map defined by U + o (U) and similarly
for morphisms. If ¢ is an additive category with weak equivalences and strict duality,
there is an induced duality Ty on w% (X)) given by taking a diagram

A: Q(X)—> %
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to the composite diagram
op
0(X) 25 (X)) A% gor Ly .

Clearly the duality Tx is strict and functorial in both X and (¢,7). Let ny =
{0,1,...,n}, based at 0, with the action of C, taking an element k > 1ton—k + 1
and fixing 0. If X = 24 then the action interchanges the two nontrivial elements and
the duality on % (24 ) sends the diagram

pP1 D2
XY —X
i iz
to the diagram
Tip Tiy
TX' TY TX.
Tp, Tp,

We give wg™" the strict duality given on objects by
X1, s X)) > (TXy, ..., TXy)
and similarly for maps. The evaluation map
en: WE(ny) = we™"
is compatible with these dualities and is an equivalence of categories with duality.

We will now use the real simplicial set S1! = AIR / 8A1R to describe an action of C,
on the algebraic K —theory space of an additive category with strict duality and weak
equivalences. For each n > 0 the category w% (S,}’l) inherits a duality 7}, from the
action of wy, and the duality 7'. There are induced maps

Win,n' an%(S,L’l) — an%(S,i;l)
given by
fl fn Tmfn Tmfl

wm,n(AO — = Ay) = (T Ay —— -+ —— T) Ap),

which satisfy the relations Wy, , © Wyn,p = id and Wy, 0 (o, B)* = (@°P, BP)* cwp 4
for maps («, B): (Im], [n]) = ([p).[¢g]) in A x A. After subdivision these assemble to
a map of bisimplicial sets

W:SdNw%(SdS"!) - Sd Nwz(Sd S,

which in level (m,n) is the map Nwam41,2n+1-
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The bisimplicial set Sd Nw%(Sd S!-1) is naturally isomorphic to NSdw%(Sd S'-!)
and under this identification the map W comes from a map of simplicial categories

W:Sdw#(SdS"!) — Sdw#(Sd S,

which squares to the identity and hence defines an action of C on Sdw#(Sd S!:1).
The function f;: S,i’l — n 4 given by sending the basepoint to 0 and £ () =#a 1 ({1})
for @ = % is a Cy—equivariant bijection. Let

el wg(shly » we™”

n

be the evaluation map corresponding to f;. It is an equivalence of categories with
duality and in level 2n 4 1 it induces a functor

L1, 1,1 2n+1
Sdey, . s SdwE(S,, ) —> Sdwe™

which is C,—equivariant. The category Sd w&" ™" has the action given by

(f1,-- 5 fan+ ) = (Thant1s -5 T,

so a fixed object is of the form (1, ..., fu, fu+1> L fu>---» Tf1) with Tfy11 = fry1.
We see that the last n factors are redundant, so evaluation followed by projection on
the first n + 1 coordinates defines a functor

Sym(w‘ﬁ(Szl;zl_H)) — Sdwe™" x Sym(w%)
which is an equivalence of categories.

The map do: PS' — S induces a map Sddy: Sd PS' — Sd S and hence a map of
simplicial categories

Sdw%(Sd PS') — Sdwz(Sd S1).

Define Pb(%, T, w%) to be the pullback in the diagram

Pb(¢,T,w¢) ——— Sdw%(Sd PS!)

| l

Sym(w%(Sd S1+1)) — Sd w#(Sd S1)

of simplicial categories where the bottom map is the inclusion functor and the right-hand
vertical map is induced by Sd dy. Note that the evaluation map gives an equivalence
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of categories
Pb(€, T, w?)n ~ Sdw% x Sdwe™" x Sym(w%).

Thinking of Sym(w%’) as a constant simplicial category, we define a map of simplicial
categories
i: Sym(w%) — Pb(¢, T, w?)

which in level # sends an object f: @ — Ta to the sum-diagram with value f: a — Ta
on subsets containing the unique nontrivial fixed point of .S 21n1+1 and id: 0 — 0 on
subsets not containing it. The morphisms in i, (/) are identities or 0 as for 7.

Lemma 5.12 The map i induces a weak equivalence on nerves.

Proof Under the equivalences Pb(%, T, w%) =~ Sd w% x Sdwé™" x Sym(w%), the
functor i, corresponds to the inclusion of Sym(w%’) by

(fra—>Ta)~(1d: 0—0,id: 0—0,...,id: 0—0, f:a— Ta).

Applying the simplicial path construction P to Sym(w%'(Sd S1'!)) gives a simplicial
category with a simplicial deformation retraction to Sym(w%(Sd S1)) = Sym(w%).
There are maps

PSym(w%(Sd S11)) — Sym(wz(Sd St1)),
PSym(w%(Sd S™'1)) — Sdw%(Sd PS '),

analogous to the ones for B(M, M, M €2) in Lemma 3.10 and the resulting map
PSym(w%(Sd S11)) — Pb(%, T, w%) is a levelwise equivalence of categories. O

Now assume that ¢ has an object ¢ whose class in 1o Nw% is a cofinal generator. By
a colimit argument as in the proof of Theorem 3.8, this can be done without loss of
generality The subdivision of the functor t & —: w¢ — w% is the functor that adds
95 ¢ o0 objects a — b of Sd w¢. Similarly, the subd1V1510n Sd7, @ — of the functor
T®— deﬁned earlier, adds the map of sum-diagrams 7, LN T, to objects A — B in
Sd w%(Sn ). For each n > 0 there is a diagram
Sd7, Sd 7y
Sdwe(S)) 207, gqweg(st) 2O

and we define Sd W%, and Sd W& (S,)xo to be the Grothendieck constructions on
the diagrams as before. The map

(Sddo)s: SAWE (Sy,4,) = SAWE(S;,11)
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commutes with the maps Sd7, @ — and just as before there is an induced map
Sdw%(Sd PS1)oo — Sdw%(SdS1)

which induces a homology fibration on nerves. The maps Sd 7, ®— also induce a map on
the pullback Pb(¢, T, w¢) which commutes with the projection to Sym(w%(Sd S-1)).
There results a pullback square of simplicial categories

Pb(¢, T, wE)oo — SAdw?(Sd PS!)o
Sym(w€(Sd S11)) ——— Sdw#(Sd S1)

where the vertical maps induce homology fibrations on nerves. The inclusion of
Pb(%¢, T, w%) into Pb(¢, T, w? ) at the start of the diagram defining the latter will
be called ;.

Lemma 5.13 The map

joi: Sym(w%) — Pb(¥¢, T, we¢)so
induces an isomorphism

Hi(NSym(w?))[moNwe '] => Hy(NPb(E, T, wE)oo)

of left Hx (N Sd w%)—modules.
Proof By Lemma 5.12, the map i induces an isomorphism Hy(NSym(w?%)) =
H.(NPb(%,T,w?%)) of left Hy(N Sd w%)-—modules. The map

Sd7: Pb(%, T, w?) — Pb(%, T, w¢)

induces left multiplication by [¢] on Hx(NPb(¥, T, w%)), and by Thomason’s theorem
[19, Theorem 1.2] we get a sequence of isomorphisms

Hi(NPb(C, T, w€)oo) = colim(H* (NSym(w?)) U H(NSym(w?%)) . )
>~ Hy(NSym(w%))[t ]
>~ Hy(NSym(w%))[ro Nwé ]
of left Hy (N Sdw%)-modules, as desired. o

The proof of the following statement is similar to that of Theorem 3.12. We use that
there is a natural ring isomorphism Hy(NSdw®¥) =~ Hy(Nw%).
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Theorem 5.14 Let (¢, w%¢,T) be an additive category with strict duality and weak
equivalences. Then the map |N Sym(w%)| — (Q'! |Nw<5(S1’1)|)C2 induces isomor-
phisms

7o (N Sym(w®))[moNwe ™' =5 mo (5! [Nwe (S 1)) )
of monoids and
Ho (N Sym(w®))[mo Nwe ™' ] =5 Ho (' [ Nwe(SH)])?)

of left Hx(Nw%)-modules.

For a Wall antistructure (R, o, €) we set
KLY (R, @, 8) = 7o (VY| NSym(i 2 P(R, a, £))(S ")) .

We will now investigate the two fundamental cases when R = Z and o = idyz, namely
¢ =1 and ¢ = —1. In the first case observe that Sym(i P(Z,idz, 1)) is the category
of nondegenerate symmetric bilinear form spaces over Z.

Proposition 5.15 The monoid K(l)’1 (Z,idg, 1) is not a group.

Proof By Theorem 5.14, there is an isomorphism
Ky (Z,idz, 1) = 70| NSym(i 2 P(Z, idz, 1)) | [0 (Ni 2(P(Z))) ']
and the right-hand side is isomorphic to the monoid
M = moNSym(i P(Z,idz, 1))[mo(Ni (P(Z)))"'].

We will show that the latter is not a group by finding an element that does not have an
inverse.

The n™ hyperbolic space H" is the symmetric bilinear form space with underlying
abelian group Z2" and the symmetric form given by the matrix

0 I
I, 0)°

where I, denotes the n x n identity matrix. The monoid 7o(Ni(P(Z))), which is
isomorphic to N, acts on 7o N Sym(i P(Z,idz, 1)) by adding hyperbolic spaces H"
via the orthogonal sum. Let (1) denote the group Z with the symmetric bilinear form
given by ordinary multiplication. Assume that [(1)] has an inverse in M. Elements
of M can be represented as differences [a] —[H™] where a is in Sym(i P(Z,idg, 1)).
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An inverse for [(1)] is a difference [a] —[H™] such that [(1)] + [a] —[H™] =0 in M,
or equivalently such that for some »n the equation

(] +[al + [H"] = [H™] + [H"]

holds in 7o N Sym(i P(Z,idz, 1)). Since H™ 1 H" =~ H™*" this means that we
have an isomorphism
(1) Lal H" = H™",

On the left-hand side the element (1, 0, 0) pairs with itself to 1 € Z under the bilinear
form. However, on the right-hand side any element gives an even number when paired
with itself. We conclude that no such isomorphism exists and hence that K é’l (Z,idgz, 1)
is not a group. a

The second case is Sym(i P(Z,idgz, —1)), the category of nondegenerate symplectic
bilinear form spaces over Z. We write _y H"(Z) for the symplectic form module with

0 Iy
-1, 0)°

By [9, Section 1.4, Corollary 3.5], any symplectic form module over Z is isomorphic

matrix

to 1 H"(Z) for a uniquely determined n > (. We call this number the rank of the
symplectic module. The corresponding rank map

70| NSym(i P(Z,idz, —1))| — N

is an isomorphism of monoids.

Proposition 5.16 The rank map induces an isomorphism
Ky (Z,idg,—1) = Z.
The results above show that the H—space (Ql’l INwe (S 1’1)|)C2 is not always the

group completion of the topological monoid NSym(%, T, w%) in the sense of [§]
or [11]. However, there are many important cases where this holds.

Proposition 5.17 Let (¢, T) be an additive category with strict duality such that the
functor Homy (—, —) takes values in the category of Z[%] —modules. Then the map
INSym(i¢)| — (Ql’l |Ni<5(Sl’1)|)C2 induces isomorphisms

7o(NSym(i))[mo N Sym(i%) "] =5 mo (V1 |Nig (S1H]) )
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of groups and
Ho (N Sym(i%))[mo N Sym(i¢) '] => Hy (@ |Niz(SP1)]) )
of left Hy(Nw%¢)-modules.

Proof The monoid wg/Nw% acts through the hyperbolic map

H: ngNwé — mgNSym(i %).
Since 2 is invertible in all the Hom groups of the category %, any object (X, ¢) of
Sym(i %) is an orthogonal summand in an object of the form H(Y) for some object ¥
of & by [6, Theorem 1.4]. It follows that H is a cofinal homomorphism of monoids,

so that inverting the action of wo Nw% is, up to isomorphism, the same as inverting the
action of all of w9 N Sym(i¢). Applying Theorem 5.14 now gives the desired result. O

Remark 5.18 The group 7o(N Sym(i €))[mo N Sym(i ¢)~'] appearing in Proposition
5.17 is isomorphic to the classical Grothendieck—Witt group GW (%, T); see eg [14]
for details. For more on the relation between group completion, Grothendieck—Witt
groups and the space (Ql’l |Nw<5(S1’1)|)C2 see [4].

Appendix The category AR

The category AR has the same objects as the finite ordinal category A but more
morphisms. In addition to the maps of A, there is, for each n > 0, a morphism
wy: [n] = [n], which should be thought of as reversing the ordering on [r]. The maps
satisfy the relations

4) Wp O Wy = id[n]’
) wy—100’ = o1 O Wp,
6) wpp1 08" =8"" 0w,

for 0 >, j > n. Following [4], a functor from (A R)°P to sets is called a real simplicial
set and similarly for functors into other categories. The maps induced in a real simplicial
object by w, are denoted by wy,,.

If we restrict a real simplicial set X to A° then the geometric realization ‘(X | Aop)‘
carries an action of C, which, for (x,,...,%;) € X, X A", acts by

[(x’ t01 R t”l)] = [(wn(x)’ Zl’l? e 9t0)]
(see [4] for details). Recall the functor
(—)P:A—= A
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which is the identity on objects and which sends 8': [n] — [n + 1] to (§?)°P = §"+1~1
and 0/: [n] = [n—1] to (6/)® = ¢" 1=/ Clearly (—)°P o (—)° =Ida. Let & be
any category. Given a simplicial object X: A°? — &7, its opposite is defined by

XP = Xo(—)%.

This defines a functor on the functor category /2" which squares to the identity.

Lemma A.1 Giving an extension of a functor X: A°® — o/ to the category AR is
equivalent to giving a map w: X°° — X such that w o w°P? = idy .

Now recall the functor Sd: A — A given by Sd[n] = [2n + 1] and Sd(6) = 8 = 6°P,
The Segal edgewise subdivision of X is defined by Sd X = X o Sd. This gives an
endofunctor on 72" which satisfies Sd o (—)° = Sd, so that Sd X°P = Sd X for any
simplicial object X. Given any real simplicial object X: (AR)°P — &7, we can regard
it as a simplicial object X'|a» With a map w: X°? — X as in Lemma A.1. On the
subdivision we get a map

Sd(w): Sd X°P =Sd X — Sd X

such that Sd(w)? = idgq x . In other words, Sd(w) defines an action of C, on Sd X.
For a real simplicial set X the natural homeomorphism }Sd(X | Anp)| =5 | X | a0| of
[15, Appendix 1, Proposition A.1] is C,—equivariant.

Example A.2 The simplicial set Al extends to a real simplicial set AIR with wy () =
a°P. Its geometric realization is the topological 1-simplex with the action of C, given
by reflection through the middle point. Its boundary aAlR realizes to the two endpoints,
which are interchanged by the C,—action. We write Slle’1 for the real simplicial set
AIR / 8A1R. The geometric realization |S IIQ’I | is C,—homeomorphic to the usual S!-!.
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