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Space of isospectral periodic tridiagonal matrices

ANTON AYZENBERG

A periodic tridiagonal matrix is a tridiagonal matrix with an additional two entries
at the corners. We study the space X, of Hermitian periodic tridiagonal n x n
matrices with a fixed simple spectrum A. Using the discretized Schrédinger operator
we describe all spectra A for which X,, 5 is a topological manifold. The space
X, carries a natural effective action of a compact (n—1)—torus. We describe the
topology of its orbit space and, in particular, show that whenever the isospectral space
is a manifold, its orbit space is homeomorphic to S x T7~3. There is a classical
dynamical system: the flow of the periodic Toda lattice, acting on X, 5. Except
for the degenerate locus X ,?’ 5, » the Toda lattice exhibits Liouville-Arnold behavior,
so that the space X, 3 \ X ,?’ 5, 1s fibered into tori. The degenerate locus of the Toda
system is described in terms of combinatorial geometry: its structure is encoded in
the special cell subdivision of a torus, which is obtained from the regular tiling of
the euclidean space by permutohedra. We apply methods of commutative algebra
and toric topology to describe the cohomology and equivariant cohomology modules
of X, nA-
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1 Introduction

Let ' = (V, E) be a simple graph on aset V = [n] = {l,...,n}. Let Mr be the
vector space of Hermitian n x n matrices A = (a;;) such that a;; =0 for (i, j) ¢ E.
We consider the space Mt ; C Mr of all such matrices, which have a given simple
spectrum A = (A1 <Az <---<A,). Note that each space M, carries the conjugation
action of a compact torus 7" . The action is noneffective: scalar matrices commute
with every matrix, hence the diagonal subgroup of 7" acts trivially.

Several examples are well studied. The complete graph I' = K}, corresponds to the
space of all isospectral matrices, which is diffeomorphic to the variety Fl, of complete
flags in C™. The path graph I" = I, with n + 1 vertices produces the space My,
of isospectral tridiagonal matrices, which is known to be a smooth 2n—manifold; its
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2958 Anton Ayzenberg

smooth type is independent of A. The real version of My, ; is called the Tomei
manifold; it was introduced and studied in [31]. The 7" —action on M, , is locally
standard and its orbit space is diffeomorphic to a simple polytope, the permutohedron;
see Tomei [31] and Davis and Januszkiewicz [16]. Note that My, ; is not a toric
variety, although it is closely related to the permutohedral variety; see Bloch, Flaschka
and Ratiu [8].

More generally, the spaces Mr, j corresponding to indifferent graphs I7, are the spaces
of staircase matrices. It is more convenient to encode this type of space by Hessenberg
functions. The Hessenberg function is a function 4: [n] — [n] such that (i) =i and
h(i+1)=h(i). The space M, is the space of Hermitian matrices A such that a;; =0
for j > h(i). Every space Mr, ; is a smooth manifold independent of a simple spec-
trum A. Its odd-degree cohomology modules vanish; therefore, Mr, , is equivariantly
formal in the sense of Goresky, Kottwitz and MacPherson (see Definition 9.5). The
equivariant cohomology ring of M, 3 can be described using GKM theory [19]; see
also Kuroki [21]. See Ayzenberg and Buchstaber [6] for details on the spaces M,
and their relation to regular semisimple Hessenberg varieties.

For the star graph I" = St,, (see Figure 1), the space Mg, , is also a smooth man-
ifold, and its diffeomorphism type does not depend on A. The effective action of
T =T"t1/A(T') on Mgy, ; is locally standard, therefore the orbit space Qs 1 =
Ms;, 5/ T is a manifold with corners. Unlike the case of tridiagonal matrices, the orbit
space Qgy,.1 for n =3 is not a simple polytope. The topology of Qg 4 itself is quite
complicated, and it is difficult to state any general result about the manifold Mg, ;
itself. However, the topology can be described in detail for n = 4, which was done in
Ayzenberg and Buchstaber [5].

In this paper we consider the case I' = Cy,,, the cyclic graph on n vertices. The
Hermitian matrices corresponding to Cy,, have the form

aip by 0 .- l;n

by ax by O :
(1-1) L=L@b=|0 5 a5 - o0 |-

: 0 - . bn—l

by -+ 0 En—l Ap
where a; € R and b; € C. Such matrices are called periodic tridiagonal matrices or

periodic Jacobi matrices. We will simply call them periodic. It is assumed throughout
the paper that n = 3.
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Figure 1: Particular graphs, encoding important isospectral matrix spaces:
the path graph I,,, indifferent graphs I}, the star graph St,, and the cycle
graph Cy,

The space X, 3 = Mcy, 2 of all periodic matrices with a simple spectrum A has
dimension 2n, and carries an effective action of 7 = T"~!. Hence the torus action
has complexity one. The difference between half the real dimension of a manifold
and the dimension of a torus is called the complexity of the action; this terminology
naturally comes from both algebraic geometry and symplectic geometry.

We prove that under certain conditions on a simple spectrum, the space X, ; is not
a smooth manifold, nor even a homology manifold; see Theorem 3.9. This gives a
negative answer to our question, posed in [5]. This also settles a certain inaccuracy
appearing in the work of van Moerbeke [23], who studied the real analogue of X, ;.

For any simple spectrum A, we describe the topology of the orbit space X, ; /T ; see
Corollary 3.6. If X}, 5 is a topological manifold, we prove that the orbit space X, 1/ T
is homeomorphic to the product S* x T%~3. When n = 3, the space X 3,2 1s the space
of all Hermitian matrices with the given spectrum A. This space is diffeomorphic to the
full complex flag variety Fl3. Hence, for n = 3, we recover the result of Buchstaber
and Terzié¢ [11; 12; 13], which states that Fl3/ T2 = S*. Note that the action is not
free, however the orbit space is still a topological manifold. This fact is consistent with
the general theory developed in Ayzenberg [4].

The main ingredient of our arguments is the product of off-diagonal elements

n
B=]]bieC
i=1
of the periodic matrix L(a,b) and the corresponding map p: X, 5 — C given by
p(L(a,b)) = B. We show that with the matrix spectrum fixed, the number B takes
values inside a compact convex subset B C C, lying between two confocal parabolas;
see Theorem 3.4. This statement may be considered folklore: its real version was
proved in van Moerbeke [23] and Krichever and Vaninsky [20], and the complex version
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is not more complicated. In Section 4 we briefly review the facts about the discrete
Schrodinger operator needed for this result.

The value B is preserved by the torus action, hence there is amap p: X, /T — C
from the orbit space, evaluating the number B. The set p~1(C \ {0}) consists of free
orbits. However, the torus action has nontrivial 7 —equivariant skeleton, which is a
proper subset of p~1(0). To describe the structure of the equivariant skeleton, we use
combinatorial geometry.

It is well known that euclidean space can be tiled by parallel copies of a regular
permutohedron. Taking quotients by lattices in a euclidean space, we may produce
many interesting permutohedral cell subdivisions of a torus. We show that a certain
lattice produces a regular cell subdivision P7"~! of an (n—1)—dimensional torus,
which we called the wonderful subdivision. It has several interesting properties. First,
it models the equivariant skeleton of the torus action on X, . Second, this wonderful
subdivision minimizes the number of facets among all possible regular cell subdivisions
of a torus. Such subdivisions and their dual simplicial cell subdivisions for general
PL manifolds are known in combinatorial topology under the name of crystallizations;
see Ferri, Gagliardi and Grasselli [18]. We briefly recall the required combinatorial
geometry in Section 5.

Next we describe the topology of the whole space X, . Let X r?’ 2= 2~ 1(0) denote
the subset of matrices with B = 0. The space X,  is smooth in vicinity of X,?’ 5 this
actually follows from the properties of nonperiodic Toda lattice, see Proposition 3.1.
Using the result of [4] concerning the topological classification of complexity one torus
actions, we describe the topology of a small neighborhood X fi of X r?’ 5~ It happens
that, up to homeomorphism, the 7"~ ! —action on X fi can be extended to a locally
standard 7" —action on this space. The necessary notions related to complexity one

torus actions are given in Section 6.

In a series of works — see our [2; 1; 3] and Ayzenberg, Masuda, Park and Zeng [7] — we
developed a toolbox to compute cohomology and equivariant cohomology of manifolds
with locally standard torus action whose orbit spaces have acyclic proper faces. This
toolbox is applied to the subspace ani The T"-orbit space of X fi is a manifold
with corners, whose face structure is the wonderful cell subdivision of a torus, hence
all its proper faces are acyclic, so we are in position to apply the general technique.
The algebrotopological invariants of X fi are computed in terms of combinatorial
invariants of the wonderful cell subdivision P7”~1. We recall the theory of h—,
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h’'—and h” —numbers of simplicial posets and compute these invariants for the dual
simplicial poset of the wonderful subdivision in Section 7.

In Section 8 we describe the additive structure of 77~ !—equivariant cohomology
modules of the neighborhood X fi The ordinary Betti numbers of X, ; are calculated
in Section 9. There we also prove that X, ; is not equivariantly formal for n = 4 by
comparing the equivariant and ordinary Betti numbers of X, .

2 Torus action and Toda flow

The element ¢ = (t1,...,t,) € T" acts on a cyclic matrix by the formula
(2-1)  tL(a:b1,....by—1.bp) = La;t1t5 by, .. ty1t, L obpey, tnt] - by).

It is easy to see that the torus action preserves the quantity B = [[7 b;. The action is
noneffective: the scalar matrices act trivially. Hence we consider the effective action of
the quotient torus 7"~ 1 = 7" /A(S!) on Xpa-

Apart from the torus action, there is a classical dynamical system acting on the space
of periodic matrices: the periodic Toda lattice. We now briefly recall the definition and
properties of this dynamical system.

Construction 2.1 For a matrix L = L(a, b), consider the skew-Hermitian matrix

0 b —bn

-b1 0 by

P=P(L)= b, 0
e bn—1
bn —by_1 O

The Toda flow (the flow of the periodic Toda lattice) is the flow
(2-2) L=[L,Pl=LP-PL.

The solution L(¢) to (2-2) remains similar to the initial matrix L (0) at all times ¢ € R,
so the Toda flow preserves the spectrum. Therefore the flow acts on the isospectral
space X, ;.

Remark 2.2 The Toda flow commutes with the torus action. Indeed, the action
of T on L is given by DLD™! for some diagonal Hermitian matrix D. We have
P(DLD™Y)=DP(L)D™! and therefore [DLD~', P(DLD~')]=DI[L, P(L)]D~".
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The periodic Toda system is well studied for real symmetric matrices. We need a more
general Hermitian version of periodic Toda system in order to incorporate torus actions.
However, the complex case is not more complicated than the real one. The equations
of the flow have the coordinate form

{di =2(|bi—1|?> =2|bi|?) fori=1,...,n,

2-3
&) bi = bi(a; —aj+1) fori=1,...,n,

where a; and b; are assumed to be cyclically ordered. Since b; € C, each expression
in the second line represents two real equations. We see that the arguments of b; € C
remain constant along the flow. The equations on a; and |b;| have the form

(2-4) {a, 2(|bi—1|* —=2|b;i|*) fori=1,...,n,

%|bl~| = |bi|(aj —ai+1) fori=1,...,n,

which coincides with the real form of the periodic Toda flow.

Construction 2.3 It is a simple exercise that the quantity B = []] b; is preserved
along the flow. In what follows we consider the exceptional subspace

X7, ={L € Xy, |B=0}.

This subspace can be represented as the union X,?’ 3= U’l’ Y;, where Y; C X, 5 is
the subset of matrices having b; = 0 for a particular index i € [n]. The set Y, is just
the set of isospectral tridiagonal Hermitian matrices, which is known to be a smooth
manifold whose smooth type is independent of a simple spectrum A [31]. Moreover,
it is known that Y, is a quasitoric manifold over a permutohedron [8; 16] (the reader
is advised to consult [10] concerning the terminology of quasitoric manifolds). Each
Y; for i # n is diffeomorphic to Y. This follows from the fact that the matrix with
b; = 0 can be transformed to a tridiagonal Hermitian matrix by a cyclic permutation
of rows and columns.

Therefore X}?’ 1 is the union of n submanifolds of dimension 2n — 2; however, these
submanifolds intersect nontrivially. In the intersection of Y; and Y; there lies the
submanifold of matrices with b; = b; = 0, which is a torus-invariant codimension 2
submanifold of both ¥; and Y;. The combinatorial structure of these intersections will
be described in detail in Section 5.

The Toda flow degenerates to a Toda flow of nonperiodic Toda lattice on the exceptional
set Xr? I Each submanifold Y; is preserved by the flow. The Toda flow on Y; is a
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gradient flow (see eg [32] or [14]), which means that asymptotically each trajectory
on Y; tends to an equilibrium point. The equilibrium points are the diagonal matrices

Ly = diag()&a(l), ceey Aa(n))7 o€y,

A direct check shows that the subspace X, ; is a smooth manifold in a neighborhood
of each equilibrium point L [31]. The asymptotical properties of the flow on the
exceptional set imply that X},  is a smooth manifold in a neighborhood of X;?, 5 It
will be shown in Section 3 that X, » is not always smooth in points with large values
of B.

Remark 2.4 For a generic spectrum A the whole space X, ; is a smooth manifold.
This easily follows from Sard’s theorem applied to the map sending the periodic
tridiagonal matrix L to the tuple (tr L,tr L2, ... tr L").

3 The orbit space of the torus action

The action of 7 = T"~! on Xy has n! fixed points, L, for o € Sy, which coincide
with the equilibria of the Toda flow.

Proposition 3.1 The orbit space Q, 3 = X, /T is a topological manifold in a
neighborhood of X ,? 3/ T. The space Qp ; is a topological manifold for generic A.

Proof Note that dim X, ; = 2n and dim7 = n — 1. Consider any fixed point L.
The tangent representation of the action at a point Ly has the weight decomposition
TroXna=V(@1,0) @ ®V(@no), o €Hom(T" ST,

where V(«) is the 1—dimensional complex representation
tz=a(t)- z.
In terms of the noneffective action of the n—dimensional torus 77, we have
i =€ —€j41 forany o € S,,

where {€] = €41, €2,...,€,} is the standard basis of Hom(T”, S1) = Z", as follows
from the explicit expression (2-1) for the action.

The following fact was proved in [4]. Suppose a torus 7" of dimension n — 1 acts
effectively on a smooth manifold X of dimension 2n, and assume that each connected
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component of each equivariant skeleton X; contains a fixed point. Assume, moreover,
that the action has finitely many fixed points, and, at each fixed point, any n — 1 of
n weights ay,...,a, € Z""1 of the tangent representation are linearly independent.
Then X /T is a closed topological (n+1)—manifold. Applying this result to X}, 3 ina
neighborhood of X ’?, 1> We get the first part of the proposition.

The second part follows easily from Remark 2.4, since the action of T outside X,? A
is free. Therefore, whenever X, 5 is a smooth manifold, the orbit space X, /T is
smooth outside X r? 5/ T, thus it is a topological manifold. |

To describe the topology of O, 5 and X, , we formulate a result of independent
interest. Let p: X,  — C be the map which associates the number B = [1'_, bi
to a periodic tridiagonal matrix L(a, b). Since the T —action preserves B, there is an
induced continuous map p: Q, ; — C.

The aim of the following constructions is to describe the image of p and all its
preimages. The description is given in Theorem 3.4 below.

Construction 3.2 Let a simple spectrum (A; < ... < A;) be given. Consider the
characteristic polynomial F(x) = []7_;(x —A;). Since the polynomial has n real
roots, we have the sequence of real numbers

X1 < Xp<-:<Xp-—2<Xp—1,

where x;,—1, Xn—3, Xn—5, ... are the local minima and x,—», X,—4, ... are the local
maxima of F. Let

(3-1) M = min F(xy—;), m= min —F(x,—;).
i 1S even i 1s odd

We obviously have m, M > 0.

Remark 3.3 The interval [—m, M| represents the set of all s € R such that all roots
of the polynomial F(x)—s are real; see Figure 2.

Let n4 be the number of local maxima at which M is achieved and, similarly, n_—
be the number of local minima at which —m is achieved. For generic A there holds
n4 =n_ = 1. Figure 2 shows the case ny =1 and n_ = 2.

Theorem 3.4 The image of p: X, j — C is the set

M
(3-2) B = ZE(C)|Z|$%min " , .
14 cosArgz 1—cosArgz
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A F(x)

Figure 2: The values M and —m on the plot of a characteristic polynomial.

The preimages of the map p: Q, ; — B are as follows. If z € B®, then p~!(z) is
homeomorphic to a compact torus 7"~ 1. If z € dB and the minimum in (3-2) is
achieved at M /(1 —cos Argz), then p~'(z) is a torus of dimension n — 1 —n. If
z € OB and the minimum in (3-2) is achieved at m /(1 + cos Arg z), then p~1(z) is a
torus of dimension n —1—n_. If z € 0B and m /(1 +cos Argz) = M /(1 —cos Argz),
then p~(z) is a torus of dimension n —1 —ny —n_.

The convex set B is shown in Figure 3; it is bounded by arcs of two confocal parabolas.
The set B is a 2—dimensional manifold with corners; we denote by F; and F_ its
left and right sides, respectively, and Fy N F_ = {Zop, Zpot} . Note that the minimum
is achieved at M/(1 —cos Arg z) whenever z lies on the left side of the figure, which
explains the notation.

Ztop

N
/

Zbot

Figure 3: The set B.
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Remark 3.5 It will be convenient to distinguish between the torus, which acts on
spaces, and the geometrical tori arising in Theorem 3.4. Hence, toric groups are denoted
by the symbol T, and tori appearing in geometrical considerations are denoted by the
symbol 7.

Corollary 3.6 With parameters n4 and n— as above, the orbit space Q,, , is homeo-
morphic to X (T  T"+) x T 1=n=""+

Proof The space O, , is foliated over the contractible space B by tori. Hence,
Ona =B xT"!/~,

where a certain n—dimensional subtorus 7% is collapsed over F1 and another n_—
dimensional subtorus 7_ is collapsed over F_ (the nature of these tori and their
independence is clarified in Section 4). We have 7 = T x 7_ x 7"~ 17"=="+ The
subtorus 7"~ 17"=""+ separates as a direct factor of On.» - The remaining factor is
the suspension space, with the suspension points being the preimages of the points zp
and Zpo. This suspension is taken over the space p~!(BNR), which is homeomorphic
to the join of 74 and 7_. m|

Corollary 3.7 For a generic spectrum A there is a homeomorphism Q, 3 =S A3,

Proof In the generic case we have n =n_ = 1. Therefore, Z(7 %7 1) = £53 =S4,
O

Corollary 3.8 (theorem of Buchstaber and Terzié [11; 13]) Consider the effective
action of T = T3/A(T") on the manifold Fl3 of complete complex flags in C3. The
orbit space Fl3/ T is homeomorphic to S*.

Proof Note that X3  is just the set of all Hermitian matrices with the given spectrum.
This manifold is diffeomorphic to the flag manifold Fl3. Notice that, if n = 3, the
characteristic polynomial is cubic, so it has exactly one local maximum and one local
minimum: n4+ = n_ = 1. Hence the statement is the particular case of Corollary 3.7
with n = 3. |

Theorem 3.9 If A is a simple spectrum such that either n4 > 1 orn_ > 1, then X,, ;
is not a homology manifold. In particular, this space is not a smooth manifold.
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Proof The space O, 3 = Z(T"~*T"+)x T~ 1="—=7+ 5 not a homology manifold
unless n4+ =n_ = 1. Indeed, assume n_ > 1 (the case n4 > 1 is completely similar).
Let ¢ € 0, be a point such that p(g) lies in the interior of F. There exists a
neighborhood Uy C @,  of ¢ homeomorphic to Cone 7"~ x R"™"~, according to
the structure of the join. We have

H;(Ug. Ug\{q}) = Hi 1 (T"= % S" "\ = Hi y_pyn_(T"") #0

forn—n_+1<i<n+1=dimQ, ,, that is, at least for one value of ;. This
argument shows that Q,, ; fails to be a homology manifold at g.

The torus action on X,, ; is free over dB. Hence, for any point x € X, ; lying in the
orbit ¢, its neighborhood Uy > x is homeomorphic to U, x R”~1. Therefore,

Hi(Ux, Uy \ {x}) = Hi—n+1(qu Uq \{g}) #0

for some i < 2n, so that X}, ; fails to be a homology manifold at x. a

Remark 3.10 Van Moerbeke [23] proves the real analogue of Theorem 3.4. In the
real case, there is a family of tori, parametrized by real numbers from the interval
[—iM , O) C B NR. The dimension of all tori is n — 1, except for the torus over the
endpoint —%M : its dimension decreases by n4 . Van Moerbeke calls the union of such
a family “an open n—dimensional torus”. This naming seems misleading, since this
union is not even a manifold for n4 > 1, which is proved similarly to Theorem 3.9.

Remark 3.11 The most degenerate case appears in the situation when the values at all
local minima of the characteristic polynomial F(x) = []/_;(x —A;) coincide, and the
values at all local maxima coincide. For example, this holds for the Chebyshev polyno-
mials 7}, (x) (which are defined on the interval [—1, 1] by T} (x) = cos(n arccos x)).
It can be seen that a polynomial gives the maximal possible degeneration if and only if
it coincides with Chebyshev polynomial up to affine transformation of the image and
the domain:
F(x) = yTh(ax + f) +34,

with the natural requirement that F(x) is monic and has » distinct real roots.

4 Schrodinger equation and the spectral curve

In this section we prove the first part of Theorem 3.4. It will be assumed that B =
[116i #0,ie L ¢ X,? 5+ The action of 7' is free on such matrices. We may identify
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On.a = X, 5/ T with the set of isospectral Hermitian matrices of the form

ap b 0 .- w_lbn
bl an bz
4-1) L(w) = 0 by az . )
. . *. bn—l
why, - bn—1 An
where by, ..., b, are positive real numbers and w € C with |{w| = 1. Indeed, the

arguments of any n — 1 off-diagonal terms of a periodic tridiagonal matrix L(a,b)
can be rotated to zero by the torus action (2-1). We continue denoting [[_; b; by the
letter B, although in the new notation B is a positive real number.

Proposition 4.1 For a matrix L(w) with a simple spectrum Ay < --- < A, there holds

B <

NI

. M m
min , )
l—cosArgw 14 cosArgw
where M and m are defined by (3-1).

Proof Matrices of the form L(w) can be studied using algebrogeometric methods in
mathematical physics (we refer to [20] for a brief exposition of this subject in relation
to periodic Toda flow). Let £ be the space of two-sided infinite sequences {7},

Y eC, kel.

Consider the periodic discrete Schrodinger operator given by

H:l—t, HW)=bi_1Vi—1+ar¥r+biVisr,

where we assume a4, = ar and bgi, = br. The eigenfunction ¢ € £ of the
Schrodinger operator with eigenvalue x satisfies the equation

(4-2) H() = xv.

Since b; # 0, every eigenfunction is determined by its initial values (¥, 1) € C2.
We can define the monodromy operator along the period,

4-3) M(x): C2 - C?,  M(x): (Yo, V1) = (Y. Ynt1).

Note that the matrix L(w) has eigenvalue x if and only if there exists a solution
to (4-2) such that

Vitn = W.
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Such functions are called Bloch solutions. We see that whenever there exists a nonzero
Bloch solution with parameter w, the number w is the eigenvalue of the monodromy
operator M(x), so we get a relation

(4-4) det(wl — M(x)) =0.

This equation defines a so-called spectral curve of the periodic Schrodinger equation
in the space of parameters (w, x) € C2. We have det M(x) = 1. Indeed, the operator

M;: (Yi—1, Vi) = (Yi, ¥i+1) has determinant b;_/b; , therefore
bn—1bn—2 lﬂ =1
bn bn—l bl .

Hence, the equation (4-4) of the spectral curve can be rewritten in the form

M(x) = MyMp—1--- M =

(4-5) w? —tr M(x)w + 1 =0.

We have tr M(x) = + P(x), where B = [T} bi as before and P(x) is a monic polyno-
mial in x. Indeed, decomposing M (x) as the product of operators M; along the period
fori =1,...,n, and counting the terms of highest degree of x, we see that the leading
coefficient of tr M (x) is 1/B. Dividing (4-5) by w and letting t =Re w = %(w+w‘1),
we get 2t = %P(x).

The polynomial P(x)— 2Bt is monic and has the given sequence A1,..., A4, asits
roots, therefore

(4-6) P(x)—2Bt = [](x—1) =F(x)., P(x)=F(x)+2B1.
i=1

Consider the set
A={s e€R| P(x) =2Bs has n real roots}.

Recalling the definition of m and M and Remark 3.3 as well as the relation (4-6), we
see that A is the closed interval [—% +1, % + t].

Note that the polynomial P(x)—2Bs is the characteristic polynomial of the matrix
L(wy), where |ws| =1, Rews = s. The matrix L(wy) is Hermitian, therefore all its
eigenvalues are real. Hence, for any s € [—1, 1], all roots of the equation P(x) =2Bs
are real. Therefore,

m M
- ki
Frne g g+
from which we deduce B < 5 mln(lﬂ %) Remembering t = Re w = cos Argw,
we get the required inequality. |
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Proposition 4.2 For z € B, z # 0, the preimage p~!(z) is homeomorphic to a torus.
The dimension of a torus is n — 1 if z lies in the interior of B, n — 1 —ny if z lies
in the relative interior of F+, n —1—n_ if z lies in the relative interior of F_, and
n—1—ny —n_ if z is either Zp Or Zpoy.

Proof In short, this follows from the fact that the periodic Toda lattice is an integrable
dynamical system and its energy levels are the compact submanifolds. The Liouville—
Arnold theorem then implies that these preimages p~'(z) are tori. To specify the
dimensions we give more details on the theory, related to periodic tridiagonal matrices.

As before, consider P(x) = B tr M(x), the monic polynomial in x with coefficients
depending on a;,b; € R. As follows from the considerations above, the eigenvalues of
matrices L(1) and L(—1) are the roots of the polynomials P(x)—2B and P(x)+2B5,
respectively. Let

X1 <X2 X X3<-:-<X2p-2 X Xap—1 < X2

be the union of all these roots, so that x>, X2,—3, X2n—4, X2n—7, X2n—8, . . . are the
roots of P(x)—2B and X251, X2n—2, X2n—5, X2n—6, . . . are the roots of P(x) + 2B.
The intervals

Iy =[x2.x3], I>=[x4,x5], ..., In—1=[x2n—2,%20-1]
are called the forbidden zones. We will call 1,1, I,,—3, ... lower forbidden zones, and
1,5, I,,_4, ... upper forbidden zones, as motivated by Figure 4.

Consider the Riemannian surface ®; of the multivalued function

2n
g0 = Tl (v =),

Over each forbidden interval I for k =1,...,n—1, there lies a circle Sy on Og. If
an interval [; degenerates to a point (ie X, = X5 +1), the circle Sy also collapses to
a point. Van Moerbeke [23] proved:

Proposition 4.3 Real periodic tridiagonal symmetric matrices L(a,b) with the given
spectrum A, given B = [[] b; and b; > 0 are in one-to-one correspondence with

(n—1)—tuples (it1,..., n—1), where puy € Sg.

Therefore, for real z, the preimage p~'(z) is diffeomorphic to a torus 7 = ]_['ll_l S;.
The dimension of this torus equals 7 — 1 in general; however, when some forbidden
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AP

\B

Figure 4: Upper and lower forbidden zones.

intervals are collapsed, the dimension reduces by the number of collapsed intervals.
The upper forbidden intervals collapse if and only if the value 2B reaches M. The
number of collapses among upper intervals equals 74 . Similarly, the lower intervals
collapse if 2B reaches m, and the number of collapses among lower intervals is n_.

Now let L(w) be an arbitrary matrix with w € C, |w| =1 and the given spectrum A.
Let A be the set of roots of the polynomial [[(x —A;) + 2B Re w. It was mentioned
in the proof of Proposition 4.1 that the matrix L(w) has spectrum A if and only if
L(1) has spectrum A. Thus Proposition 4.3 implies the required statement for all
matrices. |

5 Permutohedral tilings

In this section we study the degenerate locus of the periodic Toda lattice. Recall that
X,?’ L= p~1(0) C X,, 5 is the set of all isospectral matrices with B = []] b; =0, and
Qg,,\ = X,?,,{/T = ﬁ_l(o)-

We recall some standard facts from combinatorial geometry. Let €1,...,€, be the
standard basis of Z” =~ Hom(T", S'). We assume that Z" C R” and there is a fixed
inner product on R” such that €y, ..., €, are orthonormal.
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Consider the sublattice N C Z" of rank n — 1 given by

n
Nz{Zaiei ‘aiEZ, Y ai=0anda; —a; =0modn_,

i=1

and let Ng = N ®z R be its real span. Consider the vectors oy, ..., ®,,
o = (n—l)ei—Zej, i=1,...,n.
J#i
We see that
n
(5-1) > =0,
i=1
and any n — 1 of o, ..., «, generate the lattice N. One can think about the ¢; as the

inward normal vectors to the facets of a regular simplex in R”~!.

For any subset S C [n] ={1,...,n} such that S # @, [n], consider the vector

(5-2) os = Za,‘.

ieS
Let P,—1 be the Voronoi cell decomposition of Ng = R”~! generated by the lattice N.
In other words, for any € N we consider the Voronoi cell

Py = {x € Np | dist(x, @) < dist(x, B) forany B € N,  # o},

where dist is the distance determined by the inner product on Ng C R”. Each P, isa
convex (n—1)-dimensional polytope and all these polytopes are the parallel copies of
each other, Py, = Py + .

Construction 5.1 It can be shown (see details in [15, Section 3.8, Theorem 7]) that
Py is the (n—1)—dimensional permutohedron Pe” ! determined by the inequalities

pe" !l = py = {x € Nr | {ag,x) < %(as,as), sealr g %+ @, [n]}

where (-,-) is the inner product on N . We recall the basic facts about the combina-
torics of a permutohedron. The polytope Pe”~! is simple, which means that every
codimension k face is contained in exactly k facets. For a proper subset S C [n] let Fg
denote the facet of Pe”~! determined by the support hyperplane (g, x) = %(aS, ag).
Note that Pe” ™! is centrally symmetric: the facets Fg and F § are opposite to each
other whenever S = [n]\ S.
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Facets Fg,,..., Fs, have nonempty intersection in Pe”~! if and only if the subsets
{S1..... Sk} form a chain in the Boolean lattice 2["]. If o = (S; C--- C Sy) is such
a chain, we denote by Fy, the face Fg, N---N Fg, of the permutohedron. Each face
of Pe"~! is known to be a product of permutohedra of smaller dimensions.

We denote by Fg(Py) (resp. Fy(Py)) the corresponding facets (resp. faces) of the
Voronoi cell P, to distinguish different copies of a permutohedron in the Voronoi
diagram. It can be seen that

(5-3) Fs(Po) = FE(POH-O[S)'

A facet of each cell is adjacent to an opposite facet of a neighboring cell.

We formulate a general construction to precede a particular case needed in the proof of
Theorem 3.4.

Construction 5.2 Let N € N be a sublattice of finite index, ie q =|N/ N | < oo.
Consider the quotient NR/ N. Since N is a cocompact lattice, this quotient is a
torus 7”1, The action of N by parallel shifts preserves the Voronoi diagram, therefore
we have a cell subdivision of the torus 7"~ ! = Nr/ N. There are g maximal cells in
this subdivision; each is a parallel copy of a permutohedron.

Example 5.3 A natural example is N = N. In this case the torus is given by identifying
the opposite facets of a single permutohedron. The cell structure on a torus given by
this identification is known: the corresponding partially ordered set was introduced
and studied by Panina [26] under the name of cyclopermutohedron. This poset has a
natural combinatorial description.

For the considerations of this paper we need another sublattice.

Construction 5.4 Let N’ C N be the sublattice generated by the vectors
,Bk =0 —0Qk41, k= 1,....,n—1.

Note that 8,1 = ap—1 — @y = 20n—1 + 01 + -+ ay—2 according to (5-1). It can be
shown that N/ N’ is the cyclic group of order n. Indeed, in the quotient group N/N’
we have the identities

(5-4) [1] =+ =[an], nler] =[]+ + [en—2] + 2[an—1] = 0.
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Definition 5.5 Let P7"~! be the cell decomposition of a torus 7" ! obtained as a
quotient of the Voronoi diagram of the space Ng by the sublattice N’. We call P71
the wonderful cell decomposition of a torus.

The wonderful decomposition P7”~! has n maximal cells. The cells P, and P, B
are identified in P7"~! whenever B € N’. We denote the resulting cell of P77
by Pq). The relations (5-4) imply

[as] = [S|le1].  [nai] =[0].
Lemma 5.6 Let 1 <k <m <n. In the cell complex PT"~! we have

Fs(Pkia]) = F5(Pfay])

where S is any subset of [n] of cardinality m —k .

Proof Choose any subset S’ such that |S’| =k and S’ is disjoint from S. According
to (5-3) we have

Fs(Priay]) = Fs(Plag) = F5(Plag+as) = F5(Plag, 1) = F5(Pmje;])s

which proves the statement. O

In the following, we denote the maximal cells Pg[,] by PTy. Now we return to
the space of tridiagonal matrices. Recall that Y; denotes the space of all isospectral
matrices L(a,b) with b =0 for k =1,...,n. Let Qj denote the orbit space Y /T.

We have Qgg/1 =7 Ok-

Theorem 5.7 The space Qg 5, can be identified with PT"1 so that the subspaces
Q. are identified with PT .

Proof The orbit space Qo = Q,, is identified with the space of all tridiagonal sym-
metric real matrices

ap by 0 --- 0

b1 an bz 0
L= 0 b2 as '

: B bn—1

O 0 v bn_l an
with b; = 0 and the given simple spectrum A. It is known (see [31]) that Qg is
diffeomorphic to a permutohedron Pe”~! as a manifold with corners. The facet
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Fg(Pe"~1) corresponds to the subset of Qg, which consists of matrices L such that
bis| = 0 and the eigenvalues {A; | i € S} are distributed in the first (|S|x |S|) block.

Similar considerations are valid for other spaces Qp: this can be shown by cyclic
permutation of rows and columns of L. Indeed, the set Qj can be identified with Pe” !
in such a way that the facet Fg(Pe”~!) consists of all matrices with the property

br =0, brys)=0,

and the block between the k™ and (k + |S|)" rows and columns has eigenvalues
{Ai|ieS}.

It can be seen that the faces Fs(Qy) and Fg(Qm) represent the same set of matrices
for 1 <k <m <n and |S|=m—k. Therefore, Fs(Qk) = F5(Qm) in QS’A. These
gluing rules for the cells in Qg’ ,, coincide with the gluing rules for P7y in PT" -1
according to Lemma 5.6. a

For convenience introduce the cyclic notation Qy = Q4. forany k € Z.

Example 5.8 Figure 5, right, shows the space Qg’ 2= PT?2. This example was
described in details by van Moerbeke [23]. The 1-—skeleton of PT? is shown on the
left. As an abstract graph, it is isomorphic to the complete bipartite graph K3 3. This
graph is a GKM-graph of the complete flag variety Flz; see details in [4].

Remark 5.9 Let us briefly sketch the phase portrait of the Toda flow on the degenerate
set of orbits Qz(z), ;- Let v € Ny be a generic linear function on Ng . Take any face of
any permutohedron of the Voronoi diagram in N . On each such polytope consider a
flow, which moves all points in the interior of P to the vertex maximizing the linear
function v. The flow looks the same on all Voronoi cells, thus we have an induced
flow on the torus P71 = Ng/N'.

AVAERVA

Figure 5: The wonderful cell decomposition Qg A= PT2.
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/V

Figure 6: The Toda flow on the level set B = const of the orbit space Qg A
Left: the case B = 0. Right: the case B = const # 0.

This picture describes the Toda flow on Qg’ L=PT" ~1. Indeed, Toda flow degenerates
to the flow of a nonperiodic Toda lattice on each permutohedron Q;, and its Morse-like
behavior is well known (see [17]). For any block tridiagonal matrix, the Toda flow
“sorts” the diagonal elements within each block [31].

The phase portrait for n = 3 is shown in Figure 6, left. The oddity of the phase portrait
near equilibrium points is explained by the fact that the orbit space Q0 ; is not smooth
at these points.

Note that for B # 0, the Toda flow exhibits Liouville-Arnold behavior. The equilibrium
points disappear, however the flow still follows some direction v on a torus; see Figure 6,
right.

Remark 5.10 Each k—dimensional cell of the cell subdivision P77~! lies in exactly
n —k different maximal cells. This means there exists a dual simplicial cell subdivision
K;’;rl. In Section 7 we recall the definition of a simplicial poset, which is a useful
combinatorial notion to study simplicial cell subdivisions.

Note that the simplicial poset K%}l minimizes the number of vertices among all
simplicial cell subdivisions of the torus 7”1, Indeed, any (n—1)—dimensional simplex
of such a subdivision has n distinct vertices, therefore a simplicial cell subdivision
of 7"~1 should have at least n vertices. This number is achieved at K;’)}l .

Remark 5.11 Any closed connected (rn—1)—manifold admits a simplicial cell subdivi-
sion with exactly n vertices. This result was proved in [18], where such subdivisions (or
their equivalent combinatorial representations) were called the crystallizations. The pre-
vious remark shows that K;’)}l provides an explicit crystallization for the torus 7771,

Propositions 4.1 and 4.2 and Theorem 5.7 conclude the proof of Theorem 3.4.
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6 Topology near degeneration locus

In this section we study the topology of a small neighborhood of X’? 1+ The space
Xy, is a smooth manifold in the vicinity of X’? 5. see Construction 2.3.

Remark 6.1 The T —action is free outside X,? , and admits a section given by the
formula (4-1). However, the free part of the action is larger than the outside of X’? IE
the action is also free over the interiors of facets of Qg L= PT"~L. The whole free

action X iref — Xiref /T does not admit a section, as explained below.

Recall that p: X, 5 — C maps a matrix L(a,b) to the product B = []] b;. For a
small ¢ consider the preimage of points close to zero,

X’fi = p_l({z eC||z| < 8}).

According to Proposition 4.2, X nsi is a manifold with boundary, the boundary dX nsi
being the subset

(6-1) X5 =p ({lzl =e}) = Sg x T I x T = T2,

where S} = {z | |z| = &}, T"! is the Liouville—Arnold torus and 7"~! is the acting
torus.

It will be useful to incorporate the circle S} into the action to obtain a 7" —action

<
on X%
n,A

Construction 6.2 Consider a topological manifold with boundary W = 71 x [0, 1].
Its boundary consists of two connected components

W =W UHW, W =T""1x{0}, OW=7""1x{1.

On the left component dgW, we introduce the wonderful cell structure prn—L
constructed in Section 5. This procedure subdivides doW into n permutohedra
PT1,...,PTy of dimension n — 1 so that every cell of dimension k lies in n — k
top-dimensional cells. This makes W a manifold with corners (understood in a broad
topological sense). We leave the right boundary component d; W unchanged: no face
structure is imposed on a1 W.

Let T" ={t = (t1,...,ty) | |ti] = 1} be a compact n—torus and 77 with I C [n] be
its coordinate subtorus,

Tr={teT"|tj=1,j ¢1}.
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Consider the space
Y=WxT"/~,

where (r,1) and (r’,t’) are identified whenever r = r’ lies in the intersection of facets
{PT;|iel}andt"!t € T; for some subset I C [n]. This construction can be
considered as a particular case of either the moment-angle manifold construction for
simplicial posets (see [22; 10]) or the construction of locally standard actions (see [33]).
The space Y is a particular case of the collar models introduced in [3].

The space Y is a manifold with boundary 0Y = d; W x T" =~ T 5 T" 1t carries
the action of 7" which is free on the boundary and its orbit space is W.

Consider the induced action of the subtorus
T" ' ={ttr---t, =1} CT"

on the space Y. It can be checked (details can be found in [4, Construction 5.9]) that
the orbit space Y/ T"~1 is homeomorphic to 77! x D2,

Theorem 6.3 The space X’fi is T"~! —equivariantly homeomorphic to the collar
model Y.

Proof In [4] we developed a topological theory of complexity one torus actions. The
main concepts are recalled here. By definition, an effective action of T 2 T"~! on
X = X?" is called a strictly appropriate action in general position if the following
conditions hold:

(1) The action has finitely many fixed points.
(2) Stabilizers of all points are connected.

(3) Each connected component of each equivariant skeleton X; contains a fixed
point.

(4) For every fixed point x, the weights a1, ..., 0, € Hom(7T"*~1,S1) = 7"~ of
the tangent representation are in general position, which means that every n — 1
of them are linearly independent.

For such actions we proved that the orbit space Q = X/T" ! is a closed topological
manifold of dimension n 4 1. The orbits of dimensions less than n — 1 form a subset
Z C Q which is called a sponge. A sponge is an (n—2)—dimensional subset of Q
locally modeled by an (n—2)-skeleton of RY . The free part of the action gives the
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principal 7"~ ! —bundle
Xt 0\ Z.

This bundle is classified by the cohomology class e € H2(Q \ Z; H;(T"~1)), which
is called the Euler class of the action. Proposition 3.7 of [4] asserts that equivariant
topological type of X is uniquely determined by the triple (Q, Z, e) (which essentially
means that the information on stabilizers of the action can be recovered from the
class e).

Let x € Z be an orbit with nontrivial stabilizer and U, be a small open disc neighbor-
hood of x in Q. The inclusion ix: Uy — Q induces a homomorphism

it H*(Q.Q\ Z; H\(T" ™)) > H*(Ux, Ux \ Z; Hi(T" ™).

The class ex =i (e) € H?(Uy, Uy \ Z; Hi(T"™1)) is called the local Euler class at x.
It was noted in [4] that local Euler classes are always nonzero. In particular, the global
Euler class is always nonzero for suitable actions of complexity one.

These constructions work similarly if X is a manifold with boundary, and the torus
action is free on the boundary. In this case, Q = X/T"! is a manifold with boundary
dX/T™!. The sponge of the action lies in the interior of Q. Under certain conditions
the local Euler classes at fixed points determine the space X uniquely.

Assume Q has the form Qp = M x D?, where M is a closed (n—1)—manifold with
a fixed simple cell decomposition. Assume that the sponge Zjs is the (n—2)—skeleton
of this cell structure, and we have

Zy =MTD = M@ 5 (0} c M x D? = Q.

Proposition 6.4 [4, Proposition 5.7] Let X be a manifold with boundary, which
carries a strictly appropriate torus action in general position such that the orbit space
and the sponge of the action are given by (Qar, Zpr). Assume that the free action
of T on the boundary is a trivial principal bundle. Then the local Euler classes at fixed
points uniquely determine the T"~! —equivariant homeomorphism type of X.

Apply this proposition to spaces X fi and Y. The orbit space is 7"~ x D? in both
cases. The sponge of the action is the (n—2)—skeleton of the wonderful cell subdivision
PT"~1, defined earlier. The free action on the boundary is a trivial principal bundle.
This is true for ani since there is a section of the action; see Remark 6.1. This is
true for Y since Y = W x T" /~, and the T" —action over d1 W is a trivial principal
bundle.
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Finally, consider any fixed point x = Ly of X fi The tangent representation at x is
isomorphic to the standard action of

Tl =t ty =13 CT" ={(t1,....1n)}

on C” (the infinitesimal action just rotates off-diagonal entries, so that the angles of
rotation sum to zero). This action coincides with the action of 7"~ in the neighborhood
of the corresponding fixed point of Y, by the definition of Y. Therefore the local Euler
classes of X’fi and Y coincide at each fixed point.

<

Proposition 6.4 then implies the existence of 7"~ —homeomorphism Xn\i ~Y. O

7 Enumerative combinatorics of the wonderful subdivision

In this section we study the enumerative invariants of the permutohedral cell complex
PT"~! or, equivalently, its dual simplicial poset K%}l. These invariants will be
used further to describe the homological structure of X, ;. At first, we recall several
standard definitions from commutative algebra and combinatorics.

Definition 7.1 A finite partially ordered set S is called simplicial if it has the minimal
element 0 € S and, for any [ € S, the order interval {J € S | J < I} is isomorphic to
the poset of faces of a k—dimensional simplex for some number k = 0.

The elements of S are called simplices. The number k from the definition is called the
dimension of a simplex /. A simplex of dimension O is called a vertex. The geometrical
realization of S is the simplicial cell complex obtained by gluing geometrical simplices
according to the order relation in S'; see [9] for details. In the following we only consider
pure simplicial posets, which means that all maximal elements of S have the same
dimension. A simplicial poset is called a homology sphere (resp. a homology manifold)
if its geometrical realization is a homology sphere (resp. a homology manifold).

Construction 7.2 Let f; denote the number of j—dimensional simplices of S for
j=-—1,0,...,n—1;in particular, f—; = 1 (the empty simplex 0 has dimension —1 ).
The h-numbers of S are defined from the relation

(7-1) Y hitn =3 1),
=0

J=0
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where ¢ is a formal variable. Let E 1 (S) =dim H i (S) be the reduced Betti number of
the geometric realization of S. The h'—and h” —numbers of S are defined as

-1
72 W =hj+(’?)(Z(—1)J—S—IES_1(S)) for 0< j <n,

J s=1

J
- /./ = /. — n ~- = . R _ j—S—l 2
@3 =0 (B ) =n + (j)(;:l:( D /ss_l(5>)
for 0< j <n—1,and i), = h),. Sums over empty sets are assumed to be zero.

Let [m]={1,...,m} be the vertex set of S, with m = fy. Let R be afield or the ring Z,
and let R[m] = R[vy, ..., vn], with degv; =2, denote the graded polynomial algebra
with m generators, corresponding to the vertices of S. Slightly abusing the terminology,
we call the elements of degree 2 linear when working with such polynomial rings. For
a graded R—module V* = @710 V; we denote by Hilb(V*;¢) its Hilbert—Poincaré
function Y72, t/ tkg V; € Z[t].
Definition 7.3 (see [30]) The face ring of a simplicial poset S is the commutative
associative graded algebra R[S] over aring R generated by formal variables vy, one
for each simplex [ € S, with relations

vy, cV, = V0,01 Z vy, V5= 1.

Jelvi,

Here I; Vv I, denotes the set of least upper bounds of 17,/ € S,and I1 NI, € S is
the intersection of simplices (it is well defined and unique when 71 Vv I, # 6). We take
the doubled grading on the ring, in which vy has degree 2(dim / + 1). The natural
graded ring homomorphism R[m] = R[vy,...,v,]| — R[S] defines the structure of
the R[m]-module on R[S].

If R is an infinite field and dimS = n — 1, then a generic set of linear elements
01,...,6, € R[S]> is a linear system of parameters (we remark that linear systems
of parameters can be constructed using characteristic functions on S; see eg [10,
Lemma 3.5.8]). Let ® denote the parametric ideal of R[S] generated by 61,...,6,.

Proposition 7.4 (Reisner [27] and Stanley [29]) For a pure simplicial poset S of
dimension n — 1, there holds
ho + hit?> 4 -+ + hyt"
(1—12)n
For a homology sphere S, there holds Hilb(R[S]/®;t) = _; h;t?'.

Hilb(R[S]; 1) =
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Proposition 7.5 (Schenzel [28] and Novik and Swartz [25; 24]) (1) For a homol-
ogy manifold S, there holds

Hilb(R[S]/©; 1) = Zh;z”.

(2) Let S be a connected R-—orientable homology manifold of dimension n — 1.
The 2™ graded component of the module R[S]/® contains a vector sub-
space (Ins)2j = ( NVH/=\(S; R), Wh1ch is a trivial R[m]—submodule (that is,
R[m]4(Ins)2j =0). Let Ins = @ (le)2/ be the sum of all these submod-
ules except the top-degree component. Then the quotient module R[S]/®/ Ins
is a Poincaré duality algebra, and there holds

Hilb(R[S]/©/Ixs; 1) = Zh;/zzl‘ .

We now compute the combinatorial characteristics of the simplicial poset K%}l dual
to P7"~!. Combinatorially, the simplicial cell complex K;’;T can be defined as a
poset, whose elements are the faces of the wonderful cell decomposition 27”1 and
the order is given by the reversed inclusion. It can be seen that K%T is a simplicial
poset. Recall that { k} denotes the Stirling number of the second kind, that is, the
number of unordered partitions of the set [1#] into k nonempty subsets.

Proposition 7.6 For the simplicial poset K%}l , there holds

fk_lzn(k_l)!{z} fork:]"z’""n? f_l:l,

(7-4) hy = (-1)’(}1’11) + Xl:(—l)l_k(’;:];)n(k—l)!{Z} for [ =0,1,....n,

@) h='(," )+Z( D=0 k) k-7
-1

N (l;) Z(_l)l_k_l(z:i> forl =0,1,...,n,

k=2
70 W=, )+ S (]
k=1
+ (7) i(—l)l_k_l(z:i) forl =0,1,....,.n—1,
k=2

=1
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Proof From the combinatorial description of a permutohedron it follows that the
number f,_(Pe”™!) is equal to k!{z } The wonderful subdivision P7"~! consists
of n permutohedra and each (n—k)—dimensional face of P71 lies in exactly k
permutohedral cells, since the subdivision is simple. Therefore,

_ _ _ n
fea (K57 = fukPT") = £ fug ™) == DY} |
for k = 1. The identity f—; = 1 holds automatically.

Since K727! is a simplicial cell subdivision of the torus 7”71, we have B, (K2 =
(”;1) for j = 1. Expressions (7-4), (7-5) and (7-6) follow from the general definitions
of h—, h'— and h” —numbers. O

8 Equivariant cohomology

Let X be a 2n-manifold with a locally standard action of T”. The orbit space
P = X/T" is a manifold with faces. It means that every codimension k face of P
lies in exactly k different facets of P. Let Sp denote the simplicial poset dual to the
poset of faces of P. In [7] we proved:

Proposition 8.1 Assume that all proper faces of P are acyclic and the projection
map X — P admits a section. Then Hy,(X:Z) = Z[Sp] ® H*(P:Z) as rings,
and as modules over Z[n] = H*(BT™). The components of degree 0 are identified
in the direct sum Z[Sp] ® H*(P;Z). The ring H*(P;Z) is considered a trivial
Z[n]-module.

Now we apply this statement to the space X’fi which is 7"~ ! —equivariantly homeo-
morphic to Y (see Construction 6.2).

Theorem 8.2 The Hilbert—Poincaré series of the T"~! —equivariant cohomology ring
of Xfi is given by

. 1 z .
Hilb(H 7, (X55):0) = A=yt S bt + (140" =11,
i=0

(

Here the h; , the h—numbers of the simplicial poset K;’)}l , are given by (7-4).

Proof Recall that Y is the collar model, that is, the locally standard 7" —space
over 7"~ 1 x [0, 1]. Proposition 8.1 implies the isomorphism, for the 7" —equivariant
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cohomology,
HF, (V) = ZIKE @ H*(T" 7).

There is an induced action of the (n—1)—dimensional subtorus
(8-1) " l={t--ty=1}

on Y, and Theorem 6.3 states that ¥ and X fi are T"~! _equivariantly homeomorphic.
To compute the 7"~ —equivariant cohomology of Y, we first note that there is a Serre
fibration
Yyn1 S5 Ypu,  S'=T7/T""!
-1 —> Yrn, =T"/T"",

where Yrn—1 and Y7n are the Borel constructions of 7! —and 7" —actions on Y,
respectively. Consider the corresponding Serre spectral sequence

ED?=HL,(Y)® HI(SY) = HE T (7).

The sequence has only two nonzero rows, hence it collapses at the E3—term. Let w
denote a generator of H'(S!). The second differential do: H'(S') — HZ,(Y) of
the spectral sequence coincides with the composition

HYT"/T" Y = H>*(B(T"/T" ")) — H*(BT") — H#.(Y),

where the middle map is induced by the projection 7" — T"/T"~1 and the right map
is the defining map for the H*(BT")-module structure on H7,(Y). It follows that

n
dy(w) =n € Z[K}7 2 C HFa(Y),  where n= ) v;,
i=1

according to the definition (8-1) of the subtorus 71,

Lemma 8.3 7 is not a zero-divisor in the face ring Z[K;;}l] , or, equivalently, n is a
regular element.

Proof We use the standard argument in the theory of face rings. For any nonempty
simplex I 2~ AK in K%}l, consider the epimorphism

or: k[KEF] — K[I]

defined by sending vy to 0 for all J £ I. Notice that k[/] is just the polynomial
algebra in dim 7 4 1 generators. The map ¢; is a homomorphism of k[n]-algebras,
with the k[n]-structure on k[/] defined by an epimorphism ; sending the excess
variables to zeroes.
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Assume that there exists 8 € ]k[K%Trl] such that n- 8 = 0. Then ¥;(n) -7 (B) =0
in k[7]. Since there are no zero-divisors in k[/] and ¥7(n) = >, oy vi # 0, we have
¢r(B) = 0 for any simplex / of K%}l. The homomorphism

P ¢r: k(K3 — EPK[I]
I I
is known to be injective [10, Theorem 3.5.6]. Therefore 8 = 0. O

According to the lemma, for any nonzero element 8 € Z[K%}l] C Hy,(Y), there
holds

dr(wB) = (drw)B £ wdr(B) = np # 0.

In other words, d» is injective on the submodule Z[Kg}l] ® H(SY) C E; .

On the other hand, for any element « € H (7"~ 1) C H;ln (Y) with i > 0, we have
dr(wa) = (dyw)a xwdr (@) =n-a =0,

since the products of elements from the components H *(77~1) and Z[K%}l]Jr of the
ring H}, (Y) vanish. Therefore the differential d> vanisheson H (7" 1)@ H!(S1).
Finally, we have

(ZIKp7'/ ()p) @ HP(T"™1)  for ¢ =0,

HP(T" 1) forg=1,p>0.

Two things should be noted here. First, the components of degree zero are identified in
(ZIKE1/(n)p)® HP (T ). Second, the term E g ‘I vanishes, since the generator w
of Eg’l maps to 1 # 0 by dp. The Hilbert—Poincaré series of Z[K%}l] is given by
(Z?:o hiIZi)/(l —12)" according to Proposition 7.4, so we have

D ~
EP9

1 & :
Hilb(Z[Kp7 '/ (n):1) = =T > hit*
i=0

by Lemma 8.3. The statement of the theorem now follows from the degeneration of
the spectral sequence at the E3—term. a

Corollary 8.4 For the whole isospectral space X, ; , there holds
1 n
. * . _ 420
Hilb(H -1 (Xp,2):0) = 12yt ,E=Ohl[ + R(1),

where R(t) is a polynomial and the h; are given by (7-4).
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- < > -1

Proof The space X, ; is patched from an and Xn’s = {p~'(|z] = ¢)}. Both
subsets are preserved by the torus action, hence the equivariant cohomology groups
can be computed via the Mayer—Vietoris exact sequence. However, the torus action
on X:i and X:i N ani is free, so the equivariant cohomology groups of these
subsets coincide with the ordinary cohomology groups of their orbit spaces. Hence
they are concentrated in a finite range of degrees. The statement now follows from

Theorem 8.2. O

Example 8.5 We check the calculations for the case n = 3. The isospectral space
X3, coincides with the manifold Fl3 of complete complex flags. Its equivariant
cohomology is known to satisfy

Hilb(H*(Fl3);1)  1+2t%+2t% +16
(1-12)2 (1—12)2

Using formulas (7-4), compute the 4#—numbers of K%T: (ho,h1,ha,h3)=(1,0,6,—1).
There holds

Hilb(H ', (Fl3); 1) =

14 2¢2 4214 416 _ 1+ 61%—1¢°
(1—12)2 o (1-12)2

which confirms Corollary 8.4.

+ 212,

9 Betti numbers

In this section we describe the additive structure of the cohomology ring of X, ;.
As a first step, we compute the homological structure of the subset Xff , containing
the essential information on the torus action. It is assumed in this section that all
coefficients are taken in a fixed field. The next proposition follows from the general
technique developed in [2].

Proposition 9.1 The homology modules of ¥ =~ Xfi admit the double grading
Hj(Y)=®,1,=; Hp,q(Y). There holds:

(1) Hpqa(Y)= Hy(T" ) ® Hy(T") forg < p <n.

(2) Hpy(Y)=0forg>p.

(3) The dimension of Hp ,(Y) equals

p+1

bt () e ()

k=2
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for p=0,1,...,n—1. In particular, for p = 2 there holds dim H, ,(Y) =
-1
hy+ ()5
The inclusion map i: T"~! x T" = 3Y — Y induces a homomorphism in homology,
which respects the double grading,

is: Hy(T" ) @ Hy(T") — Hp4(Y).
This homomorphism is an isomorphism for ¢ < p, injective for ¢ = p, and zero for
q=>0Dp-

Note that the subspace ani does not depend on the parameters n4 and n_ discussed
in the previous sections. Now we are in position to compute the Betti numbers of X, ; .
Homology of X, ; will certainly depend on the parameters 74 and n—, which encode
“the degree of degeneration” of this space.

Theorem 9.2 The Hilbert—Poincaré series for homology of X, , is given by the

formula
2n )

O-1) D Bi(Xp )t = H> @)+ HS*(0) — H=*(t) + (1+1)- H* (1),
i=0

where

9-2) H=*(t)=(140)>""",
(9-3) HZ4(t) = (14+0)2" "+ =21 =t +1 (141)"+ +1 (141)""),

(9-4) Hse(t):’il(hp+(2)%(_1)P+k—1(2:1))[2p
= k=2 _
+q§<n(npl>(2)t”+q’
TP N s [0 163 G T et

(p.e.q,s,r)eY
and the indexing subset Y in the last expression is defined by the conditions
Os<p<n—-1—-ny—n_, 0<e<l,
0<g<nyg, 0<s<n_, 0sr<n-—1,
(9-6)
r+e>p+gq-+s,
(e=0 and ¢q—+s>0) or (e=1 and ¢ >0ands > 0).

The h—numbers are given by (7-4).
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Proof Although the result looks awkward, the idea behind this calculation is straight-
forward: we analyze the Mayer—Vietoris sequence for the union X, ; = Xfi U ani

Let X n:i (t) denote the intersection Xfi N ani Then there is a long exact sequence
OT) = Hi(X[5) “ Hi(X55) @ Hi(X75) — Hi(Xn2) — Hi—1(X5)
b Hi (X S5) @ Hi (X75) — -
Note that given an exact sequence
Ai 75 B — Ci — Ai—1 2=5 By,
the dimension of the vector space in the middle is given by
(9-8) dim C; = dim B; —dim A; + dim Kero; + dim Kero; —q.
After introducing the natural notation
H=5(t) =) dim H; (X 5)t",
i
HZ*(t) =) dim H; (X751,
i

HS*(t) =) dim H;(X5)1',
i

H*'(t) = ) " dim(Kery;: Hi(X,5) = Hi(X55) @ Hi(X )t
i

formula (9-8) implies (9-1). We need to check formulas (9-2)—(9-5):

(1) According to (6-1), X% >~ T>"~! which implies (9-2).

(2) The space X fi supports a free action of 7”1, which admits a section. Therefore,
¢ _ 0= -1
(9-9) Xn,i = Qn’i xT" ",

where in =X fi /T™ 1. The structure of the orbit space was described in detail in
Section 3: fa = X’fi /T™ 1 is fibered by Liouville-Arnold tori over B\ {|z| <&} —
the biangle with a hole. The homotopy type of the latter space is

(9-10) Ze e Tl (ST BTV BT,

Indeed, the space Q:i can be collapsed to the subspace p~!(dB). The latter space is
foliated over the circle 0B = F1 U F_ by tori: the preimages of points in the interior
of Fy are 7" "+ "-—1 x 7"~ the preimages of points in the interior of F_ are
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Thn+~n==1xT"+ and the preimages of points in F4NF_ are the tori 77 "+~"-—1,
It can be seen that 7"~ "+~"-~1 gplits as a direct factor. The remaining space is the

suspension over the disjoint union 7"+ LI7"~. By a standard property of the suspension,
we have Z(77+ U T") ~ S v 7"+ v £7"-, which proves (9-10).

Formula (9-3) follows from (9-9) and (9-10).

(3) Homology of ani is described by Proposition 9.1. Formula (9-4) is its simple
consequence.

(4) To derive (9-5), we need to count the dimension of the vector space of all homology
cycles of X %, annihilated by both maps

15 He(X5) — H*(X,jj), i Ha(X5) — H*(X,ij).
The torus Xn:i decomposes into the product
Xoa = SEx 7 x 7l e 7ol T s S T x T x T,
where

(a) the component 7"~ ! corresponds to the acting torus;

(b) 7"+ and 7" are the components of Liouville-Arnold tori, collapsing over the
sides of the biangle B;

(c) T 17"+7"— is the surviving component of the Liouville—Arnold torus;

(d) S! is the circle {|z| = &}, lifted to the total space.

These five components of the torus explain the appearance of the five-element indexing
subset in the statement. Let 0 = wp @ ae ® a);r ® wy @ vy be a homology cycle from

Ho(X;3) = Ho(T"1 77" ) @ Hi(S1) ® Ha(T") @ Hu(T"7) ® Hi(T" ),
where the degrees of the factors are indicated in their subscripts.

Lines 1-2 of condition (9-6) simply indicate the range of the indices: from zero
to the dimension of the corresponding torus. We have ($(6) = 0 if and only if
r+e > p+q+s according to the last part of Proposition 9.1. This explains line 3
of condition (9-6). Finally, we investigate the map 7: H.x (Xn:i) — H, (Xnaj) and
describe its kernel. Note that the tori 7"~! and 77~ !1="+~"~ gplit as direct factors in

the map (*: X5 — X:i Hence we have

Keri? o Hyo(T" ! x 7" 17"+ @ Ker 12,
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T 5
U*X‘_)T”x— THx]= = \gn- T

SIx T+ xT"= S(T"+xT'=uUT"+xT"") SLVvET" v ET"

Figure 7: The map = pinches the product S x(7"+x7"~) at two points
of S, then collapses 7"+ on the left side and 7"~ on the right side.

where ¥ is the inclusion map from Qn:j/T”_l_”Jr_”* ~ S x 7™ x 7" to
6 T I e (T U T") > STV ST v BT, We have
Qn A

1 ife=0,qg+s5s=0,
04+0+0 ife=0,g+s5>0,
e +0+4+0 ife=1,qg+s5s=0,
0+Zof +0 ife=1,¢>0,5s=0,
04+0+ 350~ ife=1,g=0,s5>0,
0+0+0 ife=1,¢>0,5>0.

(9-11) (e @0 @oy) =

A convenient way to see these formulas is to replace i~ by a homotopy equivalent map
illustrated on Figure 7. For example, a homology element ¢, ® w;' Qw; withe=1,
g >0 and s = 0 is represented by a subtorus S x 79 x pt. The map ZIZ sends this cycle
to 77 in the right half of X (7"+ x 7"— U T"+ x T"-). The left half vanishes since
T"+ is collapsed, together with 79 over the left part. The same reasoning explains all
other formulas (9-11).

This calculation shows that 6 € Ker (Z if and only if the 4" line of condition (9-6) holds.
Therefore, both maps ¢ and (7 annihilate 6 if and only if the 5—tuple (p,e,q.s,7)
satisfies the conditions (9-6). This proves (9-5). O

Example 9.3 The Betti numbers computed for small values of n are shown in Tables 1
and 2.

Corollary 9.4 The space X,, , has nonzero Betti numbers in odd degrees for n = 4.

Proof Theorem 9.2 implies that B1(X,, ) =n—1—n4 —n_. This number is nonzero
unless n4 and n_ are the maximal possible, representing the most degenerate case.
For the most degenerate case, and n = 4, B2,-1(X, 1) is nonzero. To prove this, it is
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Bo B1 B2 Bz Ba Bs Bs Br1 Bs Po Bio P11 Biz

0O 2 0 2 0 1

1 6 2 16 2 6 1 1

2 13 9 65 16 65 9 13 2 1

3 23 25 203 67 456 67 203 25 23 3 1

AN A~ WS
e e

Table 1: Manifold case, ny = 1,n_ = 1.

sufficient to estimate the coefficient at r2%~1 in (9-5) by 2 from below. Indeed, the
only negative term in (9-1) comes from HX'(¢), and its coefficient at 2"~ is one.
The estimation is straightforward. |

Recall that with any action of a torus 7" on a space X one can associate a fibration
ri: Xxr ET X, BT, where ET is a contractible space, carrying the free action of T
and BT is the classifying space of a torus. It can be assumed that ET = (S °°)k and
BT = (CP*®)k where k = dim 7.

Definition 9.5 The space X is called equivariantly formal in the sense of Goresky,
Kottwitz and Macpherson [19] if the Serre spectral sequence
(9-12) Ey*~H*(BT)® H*(X) = H*(X xr ET) = H}(X),

ie the spectral sequence of the fibration r degenerates at its second page.
Proposition 9.6 The space X, » is not equivariantly formal for n = 4.

Proof Assume that X, , is equivariantly formal. The degeneration of the Serre
spectral sequence (9-12) at a second page then implies

Hilb(H 3 (X,,.2): 1) = Hilb(H*(X,, 2); 1) - Hilb(H*(BT"Y); 1)
= Hilb(H* (X, 2);1) - (1 —t3)~@=D,

Bo B1 B2 Bz Ba Bs Bs B7 Bs PBo Pro P11 Bi2

1 0 3 1 16 3 9 2 1
1 0 4 2 57 16 77 22 24 4 1
1 0 5 4 167 55 471 115 276 61 39 5 1

AN A~ S

Table 2: Most degenerate case: n4 and n_ are the maximal possible for the
given n;thatis, ny +n_=n—1.
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This identity and Corollary 9.4 imply that H7 (X, ;) has nontrivial components of
arbitrarily high odd degree. This contradicts Corollary 8.4. |

Remark 9.7 The fundamental group of X, ; can be explicitly described as well. As
in the computations above, we consider the decomposition X, 3 = X}fi u ani and
apply the van Kampen theorem. For the intersection there holds

m(X,:i) = (T"+ x T"= x TV 1+ 7n— S‘S1 x T 1

— Zn+ D Zn_ D Zn—l—n+—n_ D Zn.

The summands Z"+ and Z"~ vanish in ¢ (anj) since the corresponding components

of Liouville-Arnold tori are collapsed over the facets of biangle B. The summand

Z" = 1(S} x T"~1) vanishes in Hl(X’ii) according to [34]. The result of this paper

asserts that for a locally standard action of 7" with dim 7 =n on M with dim M =2n,

having a fixed point, there holds 71 (M) = 1 (M/T). In other words, any loop on the
<

acting torus can be contracted via a fixed point. This result is applied to Xn\i ~Y,
carrying the extended action of 7.

No other loops appear in ani and ij, therefore
71 (X 3) = 2"
Hence X,, ; is simply connected if and only if the spectrum A satisfies n_+n4 =n—1.

This corresponds to the most degenerate situation, considered in Remark 3.11.
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