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Space of isospectral periodic tridiagonal matrices

ANTON AYZENBERG

A periodic tridiagonal matrix is a tridiagonal matrix with an additional two entries
at the corners. We study the space Xn;� of Hermitian periodic tridiagonal n � n
matrices with a fixed simple spectrum � . Using the discretized Schrödinger operator
we describe all spectra � for which Xn;� is a topological manifold. The space
Xn;� carries a natural effective action of a compact .n�1/–torus. We describe the
topology of its orbit space and, in particular, show that whenever the isospectral space
is a manifold, its orbit space is homeomorphic to S4 � T n�3 . There is a classical
dynamical system: the flow of the periodic Toda lattice, acting on Xn;� . Except
for the degenerate locus X0

n;�
, the Toda lattice exhibits Liouville–Arnold behavior,

so that the space Xn;� nX0n;� is fibered into tori. The degenerate locus of the Toda
system is described in terms of combinatorial geometry: its structure is encoded in
the special cell subdivision of a torus, which is obtained from the regular tiling of
the euclidean space by permutohedra. We apply methods of commutative algebra
and toric topology to describe the cohomology and equivariant cohomology modules
of Xn;� .

34L40, 52B70, 52C22, 55N91, 57R91; 05E45, 13F55, 14H70, 15A18, 37C80, 37K10,
51M20, 55R80, 55T10

1 Introduction

Let � D .V;E/ be a simple graph on a set V D Œn� D f1; : : : ; ng. Let M� be the
vector space of Hermitian n�n matrices AD .aij / such that aij D 0 for .i; j / …E.
We consider the space M�;� �M� of all such matrices, which have a given simple
spectrum �D .�1<�2< � � �<�n/. Note that each space M�;� carries the conjugation
action of a compact torus T n . The action is noneffective: scalar matrices commute
with every matrix, hence the diagonal subgroup of T n acts trivially.

Several examples are well studied. The complete graph � DKn corresponds to the
space of all isospectral matrices, which is diffeomorphic to the variety Fln of complete
flags in Cn . The path graph � D In with nC 1 vertices produces the space MIn;�

of isospectral tridiagonal matrices, which is known to be a smooth 2n–manifold; its
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smooth type is independent of �. The real version of MIn;� is called the Tomei
manifold; it was introduced and studied in [31]. The T n–action on MIn;� is locally
standard and its orbit space is diffeomorphic to a simple polytope, the permutohedron;
see Tomei [31] and Davis and Januszkiewicz [16]. Note that MIn;� is not a toric
variety, although it is closely related to the permutohedral variety; see Bloch, Flaschka
and Ratiu [8].

More generally, the spaces M�h;� corresponding to indifferent graphs �h are the spaces
of staircase matrices. It is more convenient to encode this type of space by Hessenberg
functions. The Hessenberg function is a function hW Œn�! Œn� such that h.i/> i and
h.iC1/>h.i/. The space M�h is the space of Hermitian matrices A such that aij D 0
for j > h.i/. Every space M�h;� is a smooth manifold independent of a simple spec-
trum �. Its odd-degree cohomology modules vanish; therefore, M�h;� is equivariantly
formal in the sense of Goresky, Kottwitz and MacPherson (see Definition 9.5). The
equivariant cohomology ring of M�h;� can be described using GKM theory [19]; see
also Kuroki [21]. See Ayzenberg and Buchstaber [6] for details on the spaces M�h;�

and their relation to regular semisimple Hessenberg varieties.

For the star graph � D Stn (see Figure 1), the space MStn;� is also a smooth man-
ifold, and its diffeomorphism type does not depend on �. The effective action of
T D T nC1=�.T 1/ on MStn;� is locally standard, therefore the orbit space QStn;� D

MStn;�=T is a manifold with corners. Unlike the case of tridiagonal matrices, the orbit
space QStn;� for n> 3 is not a simple polytope. The topology of QStn;� itself is quite
complicated, and it is difficult to state any general result about the manifold MStn;�

itself. However, the topology can be described in detail for nD 4, which was done in
Ayzenberg and Buchstaber [5].

In this paper we consider the case � D Cyn , the cyclic graph on n vertices. The
Hermitian matrices corresponding to Cyn have the form

(1-1) LD L.a; b/D

0BBBBB@
a1 b1 0 � � � xbn

xb1 a2 b2 0
:::

0 xb2 a3
: : : 0

::: 0
: : :

: : : bn�1
bn � � � 0 xbn�1 an

1CCCCCA ;

where ai 2R and bi 2C . Such matrices are called periodic tridiagonal matrices or
periodic Jacobi matrices. We will simply call them periodic. It is assumed throughout
the paper that n> 3.
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Figure 1: Particular graphs, encoding important isospectral matrix spaces:
the path graph In , indifferent graphs �h , the star graph Stn , and the cycle
graph Cyn

The space Xn;� D MCyn;� of all periodic matrices with a simple spectrum � has
dimension 2n, and carries an effective action of T D T n�1 . Hence the torus action
has complexity one. The difference between half the real dimension of a manifold
and the dimension of a torus is called the complexity of the action; this terminology
naturally comes from both algebraic geometry and symplectic geometry.

We prove that under certain conditions on a simple spectrum, the space Xn;� is not
a smooth manifold, nor even a homology manifold; see Theorem 3.9. This gives a
negative answer to our question, posed in [5]. This also settles a certain inaccuracy
appearing in the work of van Moerbeke [23], who studied the real analogue of Xn;� .

For any simple spectrum �, we describe the topology of the orbit space Xn;�=T ; see
Corollary 3.6. If Xn;� is a topological manifold, we prove that the orbit space Xn;�=T
is homeomorphic to the product S4�T n�3 . When nD 3, the space X3;� is the space
of all Hermitian matrices with the given spectrum �. This space is diffeomorphic to the
full complex flag variety Fl3 . Hence, for nD 3, we recover the result of Buchstaber
and Terzić [11; 12; 13], which states that Fl3=T 2 Š S4 . Note that the action is not
free, however the orbit space is still a topological manifold. This fact is consistent with
the general theory developed in Ayzenberg [4].

The main ingredient of our arguments is the product of off-diagonal elements

B D

nY
iD1

bi 2C

of the periodic matrix L.a; b/ and the corresponding map pW Xn;� ! C given by
p.L.a; b//D B . We show that with the matrix spectrum fixed, the number B takes
values inside a compact convex subset B �C , lying between two confocal parabolas;
see Theorem 3.4. This statement may be considered folklore: its real version was
proved in van Moerbeke [23] and Krichever and Vaninsky [20], and the complex version
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is not more complicated. In Section 4 we briefly review the facts about the discrete
Schrödinger operator needed for this result.

The value B is preserved by the torus action, hence there is a map zpW Xn;�=T !C

from the orbit space, evaluating the number B. The set zp�1.C n f0g/ consists of free
orbits. However, the torus action has nontrivial T –equivariant skeleton, which is a
proper subset of zp�1.0/. To describe the structure of the equivariant skeleton, we use
combinatorial geometry.

It is well known that euclidean space can be tiled by parallel copies of a regular
permutohedron. Taking quotients by lattices in a euclidean space, we may produce
many interesting permutohedral cell subdivisions of a torus. We show that a certain
lattice produces a regular cell subdivision PT n�1 of an .n�1/–dimensional torus,
which we called the wonderful subdivision. It has several interesting properties. First,
it models the equivariant skeleton of the torus action on Xn;� . Second, this wonderful
subdivision minimizes the number of facets among all possible regular cell subdivisions
of a torus. Such subdivisions and their dual simplicial cell subdivisions for general
PL manifolds are known in combinatorial topology under the name of crystallizations;
see Ferri, Gagliardi and Grasselli [18]. We briefly recall the required combinatorial
geometry in Section 5.

Next we describe the topology of the whole space Xn;� . Let X0
n;�
D p�1.0/ denote

the subset of matrices with B D 0. The space Xn;� is smooth in vicinity of X0
n;�

: this
actually follows from the properties of nonperiodic Toda lattice, see Proposition 3.1.
Using the result of [4] concerning the topological classification of complexity one torus
actions, we describe the topology of a small neighborhood X6"

n;�
of X0

n;�
. It happens

that, up to homeomorphism, the T n�1–action on X6"
n;�

can be extended to a locally
standard T n–action on this space. The necessary notions related to complexity one
torus actions are given in Section 6.

In a series of works — see our [2; 1; 3] and Ayzenberg, Masuda, Park and Zeng [7] — we
developed a toolbox to compute cohomology and equivariant cohomology of manifolds
with locally standard torus action whose orbit spaces have acyclic proper faces. This
toolbox is applied to the subspace X6"

n;�
. The T n–orbit space of X6"

n;�
is a manifold

with corners, whose face structure is the wonderful cell subdivision of a torus, hence
all its proper faces are acyclic, so we are in position to apply the general technique.
The algebrotopological invariants of X6"

n;�
are computed in terms of combinatorial

invariants of the wonderful cell subdivision PT n�1 . We recall the theory of h–,
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h0– and h00–numbers of simplicial posets and compute these invariants for the dual
simplicial poset of the wonderful subdivision in Section 7.

In Section 8 we describe the additive structure of T n�1–equivariant cohomology
modules of the neighborhood X6"

n;�
. The ordinary Betti numbers of Xn;� are calculated

in Section 9. There we also prove that Xn;� is not equivariantly formal for n> 4 by
comparing the equivariant and ordinary Betti numbers of Xn;� .

2 Torus action and Toda flow

The element t D .t1; : : : ; tn/ 2 T n acts on a cyclic matrix by the formula

(2-1) tL.aI b1; : : : ; bn�1; bn/D L.aI t1t
�1
2 � b1; : : : ; tn�1t

�1
n � bn�1; tnt

�1
1 � bn/:

It is easy to see that the torus action preserves the quantity B D
Qn
1 bi . The action is

noneffective: the scalar matrices act trivially. Hence we consider the effective action of
the quotient torus T n�1 D T n=�.S1/ on Xn;� .

Apart from the torus action, there is a classical dynamical system acting on the space
of periodic matrices: the periodic Toda lattice. We now briefly recall the definition and
properties of this dynamical system.

Construction 2.1 For a matrix LD L.a; b/, consider the skew-Hermitian matrix

P D P.L/D

0BBBBB@
0 b1 �xbn
�xb1 0 b2

�xb2 0
: : :

: : :
: : : bn�1

bn �xbn�1 0

1CCCCCA :
The Toda flow (the flow of the periodic Toda lattice) is the flow

(2-2) PLD ŒL; P �D LP �PL:

The solution L.t/ to (2-2) remains similar to the initial matrix L.0/ at all times t 2R,
so the Toda flow preserves the spectrum. Therefore the flow acts on the isospectral
space Xn;� .

Remark 2.2 The Toda flow commutes with the torus action. Indeed, the action
of T on L is given by DLD�1 for some diagonal Hermitian matrix D. We have
P.DLD�1/DDP.L/D�1 and therefore ŒDLD�1; P.DLD�1/�DDŒL;P.L/�D�1 .
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The periodic Toda system is well studied for real symmetric matrices. We need a more
general Hermitian version of periodic Toda system in order to incorporate torus actions.
However, the complex case is not more complicated than the real one. The equations
of the flow have the coordinate form

(2-3)
�
Pai D 2.jbi�1j

2� 2jbi j
2/ for i D 1; : : : ; n;

Pbi D bi .ai � aiC1/ for i D 1; : : : ; n;

where ai and bi are assumed to be cyclically ordered. Since bi 2C , each expression
in the second line represents two real equations. We see that the arguments of bi 2C

remain constant along the flow. The equations on ai and jbi j have the form

(2-4)
�
Pai D 2.jbi�1j

2� 2jbi j
2/ for i D 1; : : : ; n;

d
dt
jbi j D jbi j.ai � aiC1/ for i D 1; : : : ; n;

which coincides with the real form of the periodic Toda flow.

Construction 2.3 It is a simple exercise that the quantity B D
Qn
1 bi is preserved

along the flow. In what follows we consider the exceptional subspace

X0n;� D fL 2Xn;� j B D 0g:

This subspace can be represented as the union X0
n;�
D
Sn
1 Yi , where Yi � Xn;� is

the subset of matrices having bi D 0 for a particular index i 2 Œn�. The set Yn is just
the set of isospectral tridiagonal Hermitian matrices, which is known to be a smooth
manifold whose smooth type is independent of a simple spectrum � [31]. Moreover,
it is known that Yn is a quasitoric manifold over a permutohedron [8; 16] (the reader
is advised to consult [10] concerning the terminology of quasitoric manifolds). Each
Yi for i ¤ n is diffeomorphic to Yn . This follows from the fact that the matrix with
bi D 0 can be transformed to a tridiagonal Hermitian matrix by a cyclic permutation
of rows and columns.

Therefore X0
n;�

is the union of n submanifolds of dimension 2n� 2; however, these
submanifolds intersect nontrivially. In the intersection of Yi and Yj there lies the
submanifold of matrices with bi D bj D 0, which is a torus-invariant codimension 2
submanifold of both Yi and Yj . The combinatorial structure of these intersections will
be described in detail in Section 5.

The Toda flow degenerates to a Toda flow of nonperiodic Toda lattice on the exceptional
set X0

n;�
. Each submanifold Yi is preserved by the flow. The Toda flow on Yi is a
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gradient flow (see eg [32] or [14]), which means that asymptotically each trajectory
on Yi tends to an equilibrium point. The equilibrium points are the diagonal matrices

L� D diag.��.1/; : : : ; ��.n//; � 2 Sn:

A direct check shows that the subspace Xn;� is a smooth manifold in a neighborhood
of each equilibrium point L� [31]. The asymptotical properties of the flow on the
exceptional set imply that Xn;� is a smooth manifold in a neighborhood of X0

n;�
. It

will be shown in Section 3 that Xn;� is not always smooth in points with large values
of B.

Remark 2.4 For a generic spectrum � the whole space Xn;� is a smooth manifold.
This easily follows from Sard’s theorem applied to the map sending the periodic
tridiagonal matrix L to the tuple .trL; trL2; : : : ; trLn/.

3 The orbit space of the torus action

The action of T D T n�1 on Xn;� has nŠ fixed points, L� for � 2 Sn , which coincide
with the equilibria of the Toda flow.

Proposition 3.1 The orbit space Qn;� D Xn;�=T is a topological manifold in a
neighborhood of X0

n;�
=T . The space Qn;� is a topological manifold for generic �.

Proof Note that dimXn;� D 2n and dimT D n� 1. Consider any fixed point L� .
The tangent representation of the action at a point L� has the weight decomposition

TL�Xn;� D V.˛1;� /˚ � � �˚V.˛n;� /; ˛i;� 2 Hom.T n; S1/;

where V.˛/ is the 1–dimensional complex representation

tz D ˛.t/ � z:

In terms of the noneffective action of the n–dimensional torus T n , we have

˛i;� D �i � �iC1 for any � 2 Sn;

where f�1D �nC1; �2; : : : ; �ng is the standard basis of Hom.T n; S1/ŠZn , as follows
from the explicit expression (2-1) for the action.

The following fact was proved in [4]. Suppose a torus T of dimension n� 1 acts
effectively on a smooth manifold X of dimension 2n, and assume that each connected
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component of each equivariant skeleton Xj contains a fixed point. Assume, moreover,
that the action has finitely many fixed points, and, at each fixed point, any n� 1 of
n weights ˛1; : : : ; ˛n 2 Zn�1 of the tangent representation are linearly independent.
Then X=T is a closed topological .nC1/–manifold. Applying this result to Xn;� in a
neighborhood of X0

n;�
, we get the first part of the proposition.

The second part follows easily from Remark 2.4, since the action of T outside X0
n;�

is free. Therefore, whenever Xn;� is a smooth manifold, the orbit space Xn;�=T is
smooth outside X0

n;�
=T , thus it is a topological manifold.

To describe the topology of Qn;� and Xn;� , we formulate a result of independent
interest. Let pW Xn;� ! C be the map which associates the number B D

Qn
iD1 bi

to a periodic tridiagonal matrix L.a; b/. Since the T –action preserves B, there is an
induced continuous map zpW Qn;�!C .

The aim of the following constructions is to describe the image of zp and all its
preimages. The description is given in Theorem 3.4 below.

Construction 3.2 Let a simple spectrum .�1 < : : : < �n/ be given. Consider the
characteristic polynomial F.x/ D

Qn
iD1.x � �i /. Since the polynomial has n real

roots, we have the sequence of real numbers

x1 < x2 < � � �< xn�2 < xn�1;

where xn�1; xn�3; xn�5; : : : are the local minima and xn�2; xn�4; : : : are the local
maxima of F . Let

(3-1) M D min
i is even

F.xn�i /; mD min
i is odd

�F.xn�i /:

We obviously have m;M > 0.

Remark 3.3 The interval Œ�m;M� represents the set of all s 2R such that all roots
of the polynomial F.x/� s are real; see Figure 2.

Let nC be the number of local maxima at which M is achieved and, similarly, n�
be the number of local minima at which �m is achieved. For generic � there holds
nC D n� D 1. Figure 2 shows the case nC D 1 and n� D 2.

Theorem 3.4 The image of pW Xn;�!C is the set

(3-2) BD

�
z 2C

ˇ̌̌
jzj6 1

2
min

�
m

1C cos Arg z
;

M

1� cos Arg z

��
:
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F.x/

M

s

�m

x

Figure 2: The values M and �m on the plot of a characteristic polynomial.

The preimages of the map zpW Qn;� ! B are as follows. If z 2 Bı , then zp�1.z/ is
homeomorphic to a compact torus T n�1 . If z 2 @B and the minimum in (3-2) is
achieved at M=.1� cos Arg z/, then zp�1.z/ is a torus of dimension n� 1� nC . If
z 2 @B and the minimum in (3-2) is achieved at m=.1C cos Arg z/, then zp�1.z/ is a
torus of dimension n�1�n� . If z 2 @B and m=.1Ccos Arg z/DM=.1�cos Arg z/,
then zp�1.z/ is a torus of dimension n� 1�nC�n� .

The convex set B is shown in Figure 3; it is bounded by arcs of two confocal parabolas.
The set B is a 2–dimensional manifold with corners; we denote by FC and F� its
left and right sides, respectively, and FC\F� D fztop; zbotg. Note that the minimum
is achieved at M=.1� cos Arg z/ whenever z lies on the left side of the figure, which
explains the notation.

FC F�
B

ztop

zbot

Figure 3: The set B .
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Remark 3.5 It will be convenient to distinguish between the torus, which acts on
spaces, and the geometrical tori arising in Theorem 3.4. Hence, toric groups are denoted
by the symbol T , and tori appearing in geometrical considerations are denoted by the
symbol T .

Corollary 3.6 With parameters nC and n� as above, the orbit space Qn;� is homeo-
morphic to †.T n� � T nC/� T n�1�n��nC .

Proof The space Qn;� is foliated over the contractible space B by tori. Hence,

Qn;� Š B� T n�1=�;

where a certain nC–dimensional subtorus TC is collapsed over FC and another n�–
dimensional subtorus T� is collapsed over F� (the nature of these tori and their
independence is clarified in Section 4). We have T D TC � T� � T n�1�n��nC . The
subtorus T n�1�n��nC separates as a direct factor of Qn;� . The remaining factor is
the suspension space, with the suspension points being the preimages of the points ztop

and zbot . This suspension is taken over the space zp�1.B\R/, which is homeomorphic
to the join of TC and T� .

Corollary 3.7 For a generic spectrum � there is a homeomorphism Qn;�ŠS
4�T n�3 .

Proof In the generic case we have nCDn�D1. Therefore, †.T 1�T 1/Š†S3ŠS4 .

Corollary 3.8 (theorem of Buchstaber and Terzić [11; 13]) Consider the effective
action of T D T 3=�.T 1/ on the manifold Fl3 of complete complex flags in C3 . The
orbit space Fl3=T is homeomorphic to S4 .

Proof Note that X3;� is just the set of all Hermitian matrices with the given spectrum.
This manifold is diffeomorphic to the flag manifold Fl3 . Notice that, if n D 3, the
characteristic polynomial is cubic, so it has exactly one local maximum and one local
minimum: nC D n� D 1. Hence the statement is the particular case of Corollary 3.7
with nD 3.

Theorem 3.9 If � is a simple spectrum such that either nC > 1 or n� > 1, then Xn;�
is not a homology manifold. In particular, this space is not a smooth manifold.
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Proof The space Qn;�Š†.T n� �T nC/�T n�1�n��nC is not a homology manifold
unless nC D n� D 1. Indeed, assume n� > 1 (the case nC > 1 is completely similar).
Let q 2 Qn;� be a point such that zp.q/ lies in the interior of FC . There exists a
neighborhood Uq �Qn;� of q homeomorphic to ConeT n� �Rn�n� , according to
the structure of the join. We have

Hi .Uq; Uq n fqg/Š zHi�1.T
n� �Sn�n��1/Š zHi�1�nCn�.T

n�/¤ 0

for n � n� C 1 < i < nC 1 D dimQn;� , that is, at least for one value of i . This
argument shows that Qn;� fails to be a homology manifold at q .

The torus action on Xn;� is free over @B . Hence, for any point x 2Xn;� lying in the
orbit q , its neighborhood Ux 3 x is homeomorphic to Uq �Rn�1 . Therefore,

Hi .Ux; Ux n fxg/ŠHi�nC1.Uq; Uq n fqg/¤ 0

for some i < 2n, so that Xn;� fails to be a homology manifold at x .

Remark 3.10 Van Moerbeke [23] proves the real analogue of Theorem 3.4. In the
real case, there is a family of tori, parametrized by real numbers from the interval�
�
1
4
M; 0

�
� B\R. The dimension of all tori is n� 1, except for the torus over the

endpoint �1
4
M : its dimension decreases by nC . Van Moerbeke calls the union of such

a family “an open n–dimensional torus”. This naming seems misleading, since this
union is not even a manifold for nC > 1, which is proved similarly to Theorem 3.9.

Remark 3.11 The most degenerate case appears in the situation when the values at all
local minima of the characteristic polynomial F.x/D

Qn
iD1.x��i / coincide, and the

values at all local maxima coincide. For example, this holds for the Chebyshev polyno-
mials Tn.x/ (which are defined on the interval Œ�1; 1� by Tn.x/D cos.n arccos x/).
It can be seen that a polynomial gives the maximal possible degeneration if and only if
it coincides with Chebyshev polynomial up to affine transformation of the image and
the domain:

F.x/D 
Tn.˛xCˇ/C ı;

with the natural requirement that F.x/ is monic and has n distinct real roots.

4 Schrödinger equation and the spectral curve

In this section we prove the first part of Theorem 3.4. It will be assumed that B DQn
1 bi ¤ 0, ie L …X0

n;�
. The action of T is free on such matrices. We may identify
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Qn;� DXn;�=T with the set of isospectral Hermitian matrices of the form

(4-1) L.w/D

0BBBBB@
a1 b1 0 � � � w�1bn

b1 a2 b2
:::

0 b2 a3
: : :

:::
: : :

: : : bn�1
wbn � � � bn�1 an

1CCCCCA ;
where b1; : : : ; bn are positive real numbers and w 2 C with jwj D 1. Indeed, the
arguments of any n� 1 off-diagonal terms of a periodic tridiagonal matrix L.a; b/
can be rotated to zero by the torus action (2-1). We continue denoting

Qn
iD1 bi by the

letter B, although in the new notation B is a positive real number.

Proposition 4.1 For a matrix L.w/ with a simple spectrum �1 < � � �<�n there holds

B 6 1
2

min
�

M

1� cos Argw
;

m

1C cos Argw

�
;

where M and m are defined by (3-1).

Proof Matrices of the form L.w/ can be studied using algebrogeometric methods in
mathematical physics (we refer to [20] for a brief exposition of this subject in relation
to periodic Toda flow). Let ` be the space of two-sided infinite sequences f kg,

 k 2C; k 2 Z:

Consider the periodic discrete Schrödinger operator given by

H W `! `; H. /k D bk�1 k�1C ak kC bk kC1;

where we assume akCn D ak and bkCn D bk . The eigenfunction  2 ` of the
Schrödinger operator with eigenvalue x satisfies the equation

(4-2) H. /D x :

Since bi ¤ 0, every eigenfunction is determined by its initial values . 0;  1/ 2 C2 .
We can define the monodromy operator along the period,

(4-3) M.x/W C2
!C2; M.x/W . 0;  1/ 7! . n;  nC1/:

Note that the matrix L.w/ has eigenvalue x if and only if there exists a solution  
to (4-2) such that

 kCn D w k :
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Such functions are called Bloch solutions. We see that whenever there exists a nonzero
Bloch solution with parameter w , the number w is the eigenvalue of the monodromy
operator M.x/, so we get a relation

(4-4) det.wI �M.x//D 0:

This equation defines a so-called spectral curve of the periodic Schrödinger equation
in the space of parameters .w; x/ 2C2 . We have detM.x/D 1. Indeed, the operator
Mi W . i�1;  i / 7! . i ;  iC1/ has determinant bi�1=bi , therefore

M.x/DMnMn�1 � � �M1 D
bn�1

bn

bn�2

bn�1
� � �
b0

b1
D 1:

Hence, the equation (4-4) of the spectral curve can be rewritten in the form

(4-5) w2� trM.x/wC 1D 0:

We have trM.x/D 1
B
P.x/, where B D

Qn
1 bi as before and P.x/ is a monic polyno-

mial in x . Indeed, decomposing M.x/ as the product of operators Mi along the period
for i D 1; : : : ; n, and counting the terms of highest degree of x , we see that the leading
coefficient of trM.x/ is 1=B . Dividing (4-5) by w and letting tDRewD 1

2
.wCw�1/,

we get 2t D 1
B
P.x/.

The polynomial P.x/� 2Bt is monic and has the given sequence �1; : : : ; �n as its
roots, therefore

(4-6) P.x/� 2Bt D

nY
iD1

.x��i /D F.x/; P.x/D F.x/C 2Bt:

Consider the set

AD fs 2R j P.x/D 2Bs has n real rootsg:

Recalling the definition of m and M and Remark 3.3 as well as the relation (4-6), we
see that A is the closed interval

�
�
m
2B
C t; M

2B
C t

�
.

Note that the polynomial P.x/� 2Bs is the characteristic polynomial of the matrix
L.ws/, where jwsj D 1, Rews D s . The matrix L.ws/ is Hermitian, therefore all its
eigenvalues are real. Hence, for any s 2 Œ�1; 1�, all roots of the equation P.x/D 2Bs
are real. Therefore,

Œ�1I 1��
h
�
m

2B
C t;

M

2B
C t

i
;

from which we deduce B 6 1
2

min
�
M
1�t

; m
1Ct

�
. Remembering t D Rew D cos Argw ,

we get the required inequality.
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Proposition 4.2 For z 2 B , z ¤ 0, the preimage zp�1.z/ is homeomorphic to a torus.
The dimension of a torus is n� 1 if z lies in the interior of B , n� 1� nC if z lies
in the relative interior of FC , n� 1�n� if z lies in the relative interior of F� , and
n� 1�nC�n� if z is either ztop or zbot .

Proof In short, this follows from the fact that the periodic Toda lattice is an integrable
dynamical system and its energy levels are the compact submanifolds. The Liouville–
Arnold theorem then implies that these preimages zp�1.z/ are tori. To specify the
dimensions we give more details on the theory, related to periodic tridiagonal matrices.

As before, consider P.x/D B trM.x/, the monic polynomial in x with coefficients
depending on ai ; bi 2R. As follows from the considerations above, the eigenvalues of
matrices L.1/ and L.�1/ are the roots of the polynomials P.x/�2B and P.x/C2B,
respectively. Let

x1 < x2 6 x3 < � � �< x2n�2 6 x2n�1 < x2n

be the union of all these roots, so that x2n; x2n�3; x2n�4; x2n�7; x2n�8; : : : are the
roots of P.x/� 2B and x2n�1; x2n�2; x2n�5; x2n�6; : : : are the roots of P.x/C 2B.
The intervals

I1 D Œx2; x3�; I2 D Œx4; x5�; : : : ; In�1 D Œx2n�2; x2n�1�

are called the forbidden zones. We will call In�1; In�3; : : : lower forbidden zones, and
In�2; In�4; : : : upper forbidden zones, as motivated by Figure 4.

Consider the Riemannian surface ‚g of the multivalued function

g.x/D

s
2nQ
iD1

.x� xi /:

Over each forbidden interval Ik for k D 1; : : : ; n� 1, there lies a circle Sk on ‚g . If
an interval Ik degenerates to a point (ie x2k D x2kC1 ), the circle Sk also collapses to
a point. Van Moerbeke [23] proved:

Proposition 4.3 Real periodic tridiagonal symmetric matrices L.a; b/ with the given
spectrum �, given B D

Qn
1 bi and bi > 0 are in one-to-one correspondence with

.n�1/–tuples .�1; : : : ; �n�1/, where �k 2 Sk .

Therefore, for real z , the preimage zp�1.z/ is diffeomorphic to a torus T D
Qn�1
1 Si .

The dimension of this torus equals n� 1 in general; however, when some forbidden
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P.x/

2B

�2B

x1

x2 x3

x4

x2n�1

x2n

x

Figure 4: Upper and lower forbidden zones.

intervals are collapsed, the dimension reduces by the number of collapsed intervals.
The upper forbidden intervals collapse if and only if the value 2B reaches M. The
number of collapses among upper intervals equals nC . Similarly, the lower intervals
collapse if 2B reaches m, and the number of collapses among lower intervals is n� .

Now let L.w/ be an arbitrary matrix with w 2C , jwj D 1 and the given spectrum �.
Let z� be the set of roots of the polynomial

Q
.x��i /C 2B Rew . It was mentioned

in the proof of Proposition 4.1 that the matrix L.w/ has spectrum � if and only if
L.1/ has spectrum z�. Thus Proposition 4.3 implies the required statement for all
matrices.

5 Permutohedral tilings

In this section we study the degenerate locus of the periodic Toda lattice. Recall that
X0
n;�
D p�1.0/�Xn;� is the set of all isospectral matrices with B D

Qn
1 bi D 0, and

Q0
n;�
DX0

n;�
=T D zp�1.0/.

We recall some standard facts from combinatorial geometry. Let �1; : : : ; �n be the
standard basis of Zn Š Hom.T n; S1/. We assume that Zn �Rn and there is a fixed
inner product on Rn such that �1; : : : ; �n are orthonormal.
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Consider the sublattice N � Zn of rank n� 1 given by

N D

� nX
iD1

ai�i

ˇ̌̌
ai 2 Z;

P
ai D 0 and ai � aj � 0 mod n

�
;

and let NR DN ˝Z R be its real span. Consider the vectors ˛1; : : : ; ˛n ,

˛i D .n� 1/�i �
X
j¤i

�j ; i D 1; : : : ; n:

We see that

(5-1)
nX
iD1

˛i D 0;

and any n� 1 of ˛1; : : : ; ˛n generate the lattice N. One can think about the ˛i as the
inward normal vectors to the facets of a regular simplex in Rn�1 .

For any subset S � Œn�D f1; : : : ; ng such that S ¤¿; Œn�, consider the vector

(5-2) ˛S D
X
i2S

˛i :

Let Pn�1 be the Voronoi cell decomposition of NRŠRn�1 generated by the lattice N.
In other words, for any ˛ 2N we consider the Voronoi cell

P˛ D fx 2NR j dist.x; ˛/6 dist.x; ˇ/ for any ˇ 2N; ˇ ¤ ˛g;

where dist is the distance determined by the inner product on NR �Rn . Each P˛ is a
convex .n�1/–dimensional polytope and all these polytopes are the parallel copies of
each other, P˛ D P0C˛ .

Construction 5.1 It can be shown (see details in [15, Section 3.8, Theorem 7]) that
P0 is the .n�1/–dimensional permutohedron Pen�1 determined by the inequalities

Pen�1 D P0 D
˚
x 2NR j h˛S ; xi6 1

2
h˛S ; ˛S i; S 2 2

Œn�; S ¤¿; Œn�
	
;

where h � ; � i is the inner product on N . We recall the basic facts about the combina-
torics of a permutohedron. The polytope Pen�1 is simple, which means that every
codimension k face is contained in exactly k facets. For a proper subset S � Œn� let FS
denote the facet of Pen�1 determined by the support hyperplane h˛S ; xi D 1

2
h˛S ; ˛S i.

Note that Pen�1 is centrally symmetric: the facets FS and FS are opposite to each
other whenever S D Œn� nS.
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Facets FS1 ; : : : ; FSk have nonempty intersection in Pen�1 if and only if the subsets
fS1; : : : ; Skg form a chain in the Boolean lattice 2Œn� . If � D .S1 � � � � � Sk/ is such
a chain, we denote by F� the face FS1 \ � � � \FSk of the permutohedron. Each face
of Pen�1 is known to be a product of permutohedra of smaller dimensions.

We denote by FS .P˛/ (resp. F� .P˛/) the corresponding facets (resp. faces) of the
Voronoi cell P˛ to distinguish different copies of a permutohedron in the Voronoi
diagram. It can be seen that

(5-3) FS .P˛/D FS .P˛C˛S /:

A facet of each cell is adjacent to an opposite facet of a neighboring cell.

We formulate a general construction to precede a particular case needed in the proof of
Theorem 3.4.

Construction 5.2 Let yN � N be a sublattice of finite index, ie q D jN= yN j <1.
Consider the quotient NR= yN. Since yN is a cocompact lattice, this quotient is a
torus T n�1 . The action of yN by parallel shifts preserves the Voronoi diagram, therefore
we have a cell subdivision of the torus T n�1 ŠNR= yN. There are q maximal cells in
this subdivision; each is a parallel copy of a permutohedron.

Example 5.3 A natural example is yN DN. In this case the torus is given by identifying
the opposite facets of a single permutohedron. The cell structure on a torus given by
this identification is known: the corresponding partially ordered set was introduced
and studied by Panina [26] under the name of cyclopermutohedron. This poset has a
natural combinatorial description.

For the considerations of this paper we need another sublattice.

Construction 5.4 Let N 0 �N be the sublattice generated by the vectors

ˇk D ˛k �˛kC1; k D 1; : : : ; n� 1:

Note that ˇn�1 D ˛n�1�˛n D 2˛n�1C˛1C� � �C˛n�2 according to (5-1). It can be
shown that N=N 0 is the cyclic group of order n. Indeed, in the quotient group N=N 0

we have the identities

(5-4) Œ˛1�D � � � D Œ˛n�; nŒ˛1�D Œ˛1�C � � �C Œ˛n�2�C 2Œ˛n�1�D 0:
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Definition 5.5 Let PT n�1 be the cell decomposition of a torus T n�1 obtained as a
quotient of the Voronoi diagram of the space NR by the sublattice N 0. We call PT n�1

the wonderful cell decomposition of a torus.

The wonderful decomposition PT n�1 has n maximal cells. The cells P˛ and P˛Cˇ
are identified in PT n�1 whenever ˇ 2 N 0. We denote the resulting cell of PT n�1

by PŒ˛� . The relations (5-4) imply

Œ˛S �D jS jŒ˛1�; Œn˛1�D Œ0�:

Lemma 5.6 Let 16 k < m6 n. In the cell complex PT n�1 we have

FS .PkŒ˛1�/D FS .PmŒ˛1�/;

where S is any subset of Œn� of cardinality m� k .

Proof Choose any subset S 0 such that jS 0j D k and S 0 is disjoint from S. According
to (5-3) we have

FS .PkŒ˛1�/D FS .PŒ˛S0 �/D FS .PŒ˛S0C˛S �/D FS .PŒ˛S0tS �/D FS .PmŒ˛1�/;

which proves the statement.

In the following, we denote the maximal cells PkŒ˛1� by PT k . Now we return to
the space of tridiagonal matrices. Recall that Yk denotes the space of all isospectral
matrices L.a; b/ with bk D 0 for k D 1; : : : ; n. Let Qk denote the orbit space Yk=T .
We have Q0

n;�
D
Sn
1Qk .

Theorem 5.7 The space Q0
n;�

can be identified with PT n�1 so that the subspaces
Qk are identified with PT k .

Proof The orbit space Q0 DQn is identified with the space of all tridiagonal sym-
metric real matrices

LD

0BBBB@
a1 b1 0 � � � 0

b1 a2 b2 0

0 b2 a3
: : :

:::
:::

: : :
: : : bn�1

0 0 � � � bn�1 an

1CCCCA
with bi > 0 and the given simple spectrum �. It is known (see [31]) that Q0 is
diffeomorphic to a permutohedron Pen�1 as a manifold with corners. The facet
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FS .Pen�1/ corresponds to the subset of Q0 , which consists of matrices L such that
bjS j D 0 and the eigenvalues f�i j i 2 Sg are distributed in the first .jS j � jS j/ block.

Similar considerations are valid for other spaces Qk : this can be shown by cyclic
permutation of rows and columns of L. Indeed, the set Qk can be identified with Pen�1

in such a way that the facet FS .Pen�1/ consists of all matrices with the property

bk D 0; bkCjS j D 0;

and the block between the kth and .k C jS j/th rows and columns has eigenvalues
f�i j i 2 Sg.

It can be seen that the faces FS .Qk/ and FS .Qm/ represent the same set of matrices
for 16 k <m6 n and jS j Dm�k . Therefore, FS .Qk/D FS .Qm/ in Q0

n;�
. These

gluing rules for the cells in Q0
n;�

coincide with the gluing rules for PT k in PT n�1

according to Lemma 5.6.

For convenience introduce the cyclic notation Qk DQkCn for any k 2 Z.

Example 5.8 Figure 5, right, shows the space Q0
3;�
D PT 2 . This example was

described in details by van Moerbeke [23]. The 1–skeleton of PT 2 is shown on the
left. As an abstract graph, it is isomorphic to the complete bipartite graph K3;3 . This
graph is a GKM-graph of the complete flag variety Fl3 ; see details in [4].

Remark 5.9 Let us briefly sketch the phase portrait of the Toda flow on the degenerate
set of orbits Q0

n;�
. Let v 2N �R be a generic linear function on NR . Take any face of

any permutohedron of the Voronoi diagram in NR . On each such polytope consider a
flow, which moves all points in the interior of P to the vertex maximizing the linear
function v . The flow looks the same on all Voronoi cells, thus we have an induced
flow on the torus PT n�1 DNR=N

0.

Figure 5: The wonderful cell decomposition Q0
3;�
D PT 2 .
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Figure 6: The Toda flow on the level set B D const of the orbit space Q0
3;�

.
Left: the case B D 0 . Right: the case B D const¤ 0 .

This picture describes the Toda flow on Q0
n;�
ŠPT n�1 . Indeed, Toda flow degenerates

to the flow of a nonperiodic Toda lattice on each permutohedron Qi , and its Morse-like
behavior is well known (see [17]). For any block tridiagonal matrix, the Toda flow
“sorts” the diagonal elements within each block [31].

The phase portrait for nD 3 is shown in Figure 6, left. The oddity of the phase portrait
near equilibrium points is explained by the fact that the orbit space Qn;� is not smooth
at these points.

Note that for B¤ 0, the Toda flow exhibits Liouville–Arnold behavior. The equilibrium
points disappear, however the flow still follows some direction v on a torus; see Figure 6,
right.

Remark 5.10 Each k–dimensional cell of the cell subdivision PT n�1 lies in exactly
n�k different maximal cells. This means there exists a dual simplicial cell subdivision
Kn�1PT . In Section 7 we recall the definition of a simplicial poset, which is a useful
combinatorial notion to study simplicial cell subdivisions.

Note that the simplicial poset Kn�1PT minimizes the number of vertices among all
simplicial cell subdivisions of the torus T n�1 . Indeed, any .n�1/–dimensional simplex
of such a subdivision has n distinct vertices, therefore a simplicial cell subdivision
of T n�1 should have at least n vertices. This number is achieved at Kn�1PT .

Remark 5.11 Any closed connected .n�1/–manifold admits a simplicial cell subdivi-
sion with exactly n vertices. This result was proved in [18], where such subdivisions (or
their equivalent combinatorial representations) were called the crystallizations. The pre-
vious remark shows that Kn�1PT provides an explicit crystallization for the torus T n�1 .

Propositions 4.1 and 4.2 and Theorem 5.7 conclude the proof of Theorem 3.4.
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6 Topology near degeneration locus

In this section we study the topology of a small neighborhood of X0
n;�

. The space
Xn;� is a smooth manifold in the vicinity of X0

n;�
; see Construction 2.3.

Remark 6.1 The T –action is free outside X0
n;�

and admits a section given by the
formula (4-1). However, the free part of the action is larger than the outside of X0

n;�
:

the action is also free over the interiors of facets of Q0
n;�
Š PT n�1 . The whole free

action X free
n;�
!X free

n;�
=T does not admit a section, as explained below.

Recall that pW Xn;� ! C maps a matrix L.a; b/ to the product B D
Qn
1 bi . For a

small " consider the preimage of points close to zero,

X6"
n;�
D p�1

�
fz 2C j jzj6 "g

�
:

According to Proposition 4.2, X6"
n;�

is a manifold with boundary, the boundary @X6"
n;�

being the subset

(6-1) XD"n;� D p
�1
�
fjzj D "g

�
Š S1" � T n�1 �T n�1 Š T 2n�1;

where S1" D fz j jzj D "g, T n�1 is the Liouville–Arnold torus and T n�1 is the acting
torus.

It will be useful to incorporate the circle S1" into the action to obtain a T n–action
on X6"

n;�
.

Construction 6.2 Consider a topological manifold with boundary W D T n�1� Œ0; 1�.
Its boundary consists of two connected components

@W D @0W t @1W; @0W D T n�1 � f0g; @1W D T n�1 � f1g:

On the left component @0W , we introduce the wonderful cell structure PT n�1 ,
constructed in Section 5. This procedure subdivides @0W into n permutohedra
PT 1; : : : ;PT n of dimension n� 1 so that every cell of dimension k lies in n� k
top-dimensional cells. This makes W a manifold with corners (understood in a broad
topological sense). We leave the right boundary component @1W unchanged: no face
structure is imposed on @1W .

Let T n D ft D .t1; : : : ; tn/ j jti j D 1g be a compact n–torus and TI with I � Œn� be
its coordinate subtorus,

TI D ft 2 T
n
j tj D 1; j … I g:
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Consider the space
Y DW �T n=�;

where .r; t/ and .r 0; t 0/ are identified whenever r D r 0 lies in the intersection of facets
fPT i j i 2 I g and t�1t 0 2 TI for some subset I � Œn�. This construction can be
considered as a particular case of either the moment-angle manifold construction for
simplicial posets (see [22; 10]) or the construction of locally standard actions (see [33]).
The space Y is a particular case of the collar models introduced in [3].

The space Y is a manifold with boundary @Y D @1W �T n Š T n�1 �T n . It carries
the action of T n which is free on the boundary and its orbit space is W .

Consider the induced action of the subtorus

T n�1 D ft1t2 � � � tn D 1g � T
n

on the space Y . It can be checked (details can be found in [4, Construction 5.9]) that
the orbit space Y=T n�1 is homeomorphic to T n�1 �D2 .

Theorem 6.3 The space X6"
n;�

is T n�1–equivariantly homeomorphic to the collar
model Y .

Proof In [4] we developed a topological theory of complexity one torus actions. The
main concepts are recalled here. By definition, an effective action of T Š T n�1 on
X D X2n is called a strictly appropriate action in general position if the following
conditions hold:

(1) The action has finitely many fixed points.

(2) Stabilizers of all points are connected.

(3) Each connected component of each equivariant skeleton Xj contains a fixed
point.

(4) For every fixed point x , the weights ˛1; : : : ; ˛n 2 Hom.T n�1; S1/Š Zn�1 of
the tangent representation are in general position, which means that every n� 1
of them are linearly independent.

For such actions we proved that the orbit space QDX=T n�1 is a closed topological
manifold of dimension nC 1. The orbits of dimensions less than n� 1 form a subset
Z � Q which is called a sponge. A sponge is an .n�2/–dimensional subset of Q
locally modeled by an .n�2/–skeleton of Rn

>0 . The free part of the action gives the
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principal T n�1–bundle
X free

!Q nZ:

This bundle is classified by the cohomology class e 2H 2.Q nZIH1.T
n�1//, which

is called the Euler class of the action. Proposition 3.7 of [4] asserts that equivariant
topological type of X is uniquely determined by the triple .Q;Z; e/ (which essentially
means that the information on stabilizers of the action can be recovered from the
class e ).

Let x 2Z be an orbit with nontrivial stabilizer and Ux be a small open disc neighbor-
hood of x in Q . The inclusion ix W Ux!Q induces a homomorphism

i�x W H
2.Q;Q nZIH1.T

n�1//!H 2.Ux; Ux nZIH1.T
n�1//:

The class ex D i�x .e/2H
2.Ux; Ux nZIH1.T

n�1// is called the local Euler class at x .
It was noted in [4] that local Euler classes are always nonzero. In particular, the global
Euler class is always nonzero for suitable actions of complexity one.

These constructions work similarly if X is a manifold with boundary, and the torus
action is free on the boundary. In this case, QDX=T n�1 is a manifold with boundary
@X=T n�1 . The sponge of the action lies in the interior of Q . Under certain conditions
the local Euler classes at fixed points determine the space X uniquely.

Assume Q has the form QM DM �D
2 , where M is a closed .n�1/–manifold with

a fixed simple cell decomposition. Assume that the sponge ZM is the .n�2/–skeleton
of this cell structure, and we have

ZM DM
.n�2/

DM .n�2/
� f0g �M �D2 DQM :

Proposition 6.4 [4, Proposition 5.7] Let X be a manifold with boundary, which
carries a strictly appropriate torus action in general position such that the orbit space
and the sponge of the action are given by .QM ; ZM /. Assume that the free action
of T on the boundary is a trivial principal bundle. Then the local Euler classes at fixed
points uniquely determine the T n�1–equivariant homeomorphism type of X.

Apply this proposition to spaces X6"
n;�

and Y . The orbit space is T n�1 �D2 in both
cases. The sponge of the action is the .n�2/–skeleton of the wonderful cell subdivision
PT n�1 , defined earlier. The free action on the boundary is a trivial principal bundle.
This is true for X6"

n;�
since there is a section of the action; see Remark 6.1. This is

true for Y since Y DW �T n=�, and the T n–action over @1W is a trivial principal
bundle.
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Finally, consider any fixed point x D L� of X6"
n;�

. The tangent representation at x is
isomorphic to the standard action of

T n�1 D ft1 � � � tn D 1g � T
n
D f.t1; : : : ; tn/g

on Cn (the infinitesimal action just rotates off-diagonal entries, so that the angles of
rotation sum to zero). This action coincides with the action of T n�1 in the neighborhood
of the corresponding fixed point of Y , by the definition of Y . Therefore the local Euler
classes of X6"

n;�
and Y coincide at each fixed point.

Proposition 6.4 then implies the existence of T n�1–homeomorphism X6"
n;�
Š Y .

7 Enumerative combinatorics of the wonderful subdivision

In this section we study the enumerative invariants of the permutohedral cell complex
PT n�1 or, equivalently, its dual simplicial poset Kn�1PT . These invariants will be
used further to describe the homological structure of Xn;� . At first, we recall several
standard definitions from commutative algebra and combinatorics.

Definition 7.1 A finite partially ordered set S is called simplicial if it has the minimal
element y0 2 S and, for any I 2 S, the order interval fJ 2 S j J 6 I g is isomorphic to
the poset of faces of a k–dimensional simplex for some number k > 0.

The elements of S are called simplices. The number k from the definition is called the
dimension of a simplex I. A simplex of dimension 0 is called a vertex. The geometrical
realization of S is the simplicial cell complex obtained by gluing geometrical simplices
according to the order relation in S ; see [9] for details. In the following we only consider
pure simplicial posets, which means that all maximal elements of S have the same
dimension. A simplicial poset is called a homology sphere (resp. a homology manifold)
if its geometrical realization is a homology sphere (resp. a homology manifold).

Construction 7.2 Let fj denote the number of j –dimensional simplices of S for
j D�1; 0; : : : ; n�1; in particular, f�1D 1 (the empty simplex y0 has dimension �1).
The h–numbers of S are defined from the relation

(7-1)
nX

jD0

hj t
n�j
D

nX
jD0

fj�1.t � 1/
n�j ;
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where t is a formal variable. Let žj .S/D dim zHj .S/ be the reduced Betti number of
the geometric realization of S. The h0– and h00–numbers of S are defined as

h0j D hj C
�n
j

�� j�1X
sD1

.�1/j�s�1 žs�1.S/

�
for 06 j 6 n;(7-2)

h00j D h
0
j �

�n
j

�
ž
j�1.S/D hj C

�n
j

�� jX
sD1

.�1/j�s�1 žs�1.S/

�
(7-3)

for 06 j 6 n� 1, and h00n D h
0
n . Sums over empty sets are assumed to be zero.

Let Œm�Df1; : : : ; mg be the vertex set of S , with mDf0 . Let R be a field or the ring Z,
and let RŒm�DRŒv1; : : : ; vm�, with deg vi D 2, denote the graded polynomial algebra
with m generators, corresponding to the vertices of S. Slightly abusing the terminology,
we call the elements of degree 2 linear when working with such polynomial rings. For
a graded R–module V � D

L1
jD0 Vj we denote by Hilb.V �I t / its Hilbert–Poincaré

function
P1
jD0 t

j rkR Vj 2 ZŒŒt ��.

Definition 7.3 (see [30]) The face ring of a simplicial poset S is the commutative
associative graded algebra RŒS� over a ring R generated by formal variables vI , one
for each simplex I 2 S, with relations

vI1 � vI2 D vI1\I2 �
X

J2I1_I2

vJ ; vy0 D 1:

Here I1 _ I2 denotes the set of least upper bounds of I1; I2 2 S, and I1\ I2 2 S is
the intersection of simplices (it is well defined and unique when I1_ I2 ¤ y0). We take
the doubled grading on the ring, in which vI has degree 2.dim I C 1/. The natural
graded ring homomorphism RŒm�D RŒv1; : : : ; vm�! RŒS� defines the structure of
the RŒm�–module on RŒS�.

If R is an infinite field and dimS D n � 1, then a generic set of linear elements
�1; : : : ; �n 2 RŒS�2 is a linear system of parameters (we remark that linear systems
of parameters can be constructed using characteristic functions on S ; see eg [10,
Lemma 3.5.8]). Let ‚ denote the parametric ideal of RŒS� generated by �1; : : : ; �n .

Proposition 7.4 (Reisner [27] and Stanley [29]) For a pure simplicial poset S of
dimension n� 1, there holds

Hilb.RŒS�I t /D
h0C h1t

2C � � �Chnt
n

.1� t2/n
:

For a homology sphere S, there holds Hilb.RŒS�=‚I t /D
P
i hi t

2i .
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Proposition 7.5 (Schenzel [28] and Novik and Swartz [25; 24]) (1) For a homol-
ogy manifold S, there holds

Hilb.RŒS�=‚I t /D
P
i

h0i t
2i :

(2) Let S be a connected R–orientable homology manifold of dimension n� 1.
The 2j th graded component of the module RŒS�=‚ contains a vector sub-
space .INS/2j Š

�
n
j

�
zH j�1.S IR/, which is a trivial RŒm�–submodule (that is,

RŒm�C.INS/2j D 0). Let INS D
Ln�1
jD0.INS/2j be the sum of all these submod-

ules except the top-degree component. Then the quotient module RŒS�=‚=INS

is a Poincaré duality algebra , and there holds

Hilb.RŒS�=‚=INSI t /D
P
i

h00i t
2i :

We now compute the combinatorial characteristics of the simplicial poset Kn�1PT dual
to PT n�1 . Combinatorially, the simplicial cell complex Kn�1PT can be defined as a
poset, whose elements are the faces of the wonderful cell decomposition PT n�1 and
the order is given by the reversed inclusion. It can be seen that Kn�1PT is a simplicial
poset. Recall that

˚
n
k

	
denotes the Stirling number of the second kind, that is, the

number of unordered partitions of the set Œn� into k nonempty subsets.

Proposition 7.6 For the simplicial poset Kn�1PT , there holds

fk�1 D n.k� 1/Š
nn
k

o
for k D 1; 2; : : : ; n; f�1 D 1;

(7-4) hl D .�1/
l
� n

n�l

�
C

lX
kD1

.�1/l�k
�n�k
n�l

�
n.k�1/Š

nn
k

o
for l D 0; 1; : : : ; n;

(7-5) h0
l
D .�1/l

� n

n�l

�
C

lX
kD1

.�1/l�k
�n�k
n�l

�
n.k� 1/Š

nn
k

o
C

�n
l

� l�1X
kD2

.�1/l�k�1
�n�1
k�1

�
for l D 0; 1; : : : ; n;

(7-6) h00l D .�1/
l
� n

n�l

�
C

lX
kD1

.�1/l�k
�n�k
n�l

�
n.k� 1/Š

nn
k

o
C

�n
l

� lX
kD2

.�1/l�k�1
�n�1
k�1

�
for l D 0; 1; : : : ; n� 1;

h00n D 1:
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Proof From the combinatorial description of a permutohedron it follows that the
number fn�k.Pen�1/ is equal to kŠ

˚
n
k

	
. The wonderful subdivision PT n�1 consists

of n permutohedra and each .n�k/–dimensional face of PT n�1 lies in exactly k
permutohedral cells, since the subdivision is simple. Therefore,

fk�1.K
n�1
PT /D fn�k.PT n�1/D n

k
fn�k.Pen�1/D n.k� 1/Š

nn
k

o
for k > 1. The identity f�1 D 1 holds automatically.

Since Kn�1PT is a simplicial cell subdivision of the torus T n�1 , we have žj .Kn�1PT /D�
n�1
j

�
for j > 1. Expressions (7-4), (7-5) and (7-6) follow from the general definitions

of h–, h0– and h00–numbers.

8 Equivariant cohomology

Let X be a 2n–manifold with a locally standard action of T n . The orbit space
P D X=T n is a manifold with faces. It means that every codimension k face of P
lies in exactly k different facets of P. Let SP denote the simplicial poset dual to the
poset of faces of P. In [7] we proved:

Proposition 8.1 Assume that all proper faces of P are acyclic and the projection
map X ! P admits a section. Then H�T n.X IZ/ Š ZŒSP �˚H�.P IZ/ as rings,
and as modules over ZŒn�ŠH�.BT n/. The components of degree 0 are identified
in the direct sum ZŒSP �˚H�.P IZ/. The ring H�.P IZ/ is considered a trivial
ZŒn�–module.

Now we apply this statement to the space X6"
n;�

which is T n�1–equivariantly homeo-
morphic to Y (see Construction 6.2).

Theorem 8.2 The Hilbert–Poincaré series of the T n�1–equivariant cohomology ring
of X6"

n;�
is given by

Hilb.H�
T n�1

.X6"
n;�
/I t /D

1

.1� t2/n�1

nX
iD0

hi t
2i
C .1C t /n� 1� t:

Here the hi , the h–numbers of the simplicial poset Kn�1PT , are given by (7-4).

Proof Recall that Y is the collar model, that is, the locally standard T n–space
over T n�1 � Œ0; 1�. Proposition 8.1 implies the isomorphism, for the T n–equivariant
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cohomology,
H�T n.Y /Š ZŒKn�1PT �˚H�.T n�1/:

There is an induced action of the .n�1/–dimensional subtorus

(8-1) T n�1 D ft1 � � � tn D 1g

on Y , and Theorem 6.3 states that Y and X6"
n;�

are T n�1–equivariantly homeomorphic.
To compute the T n�1–equivariant cohomology of Y , we first note that there is a Serre
fibration

YT n�1
S1
�! YT n ; S1 D T n=T n�1;

where YT n�1 and YT n are the Borel constructions of T n�1– and T n–actions on Y ,
respectively. Consider the corresponding Serre spectral sequence

E
p;q
2 DH

p
T n.Y /˝H

q.S1/)H
pCq

T n�1
.Y /:

The sequence has only two nonzero rows, hence it collapses at the E3–term. Let !
denote a generator of H 1.S1/. The second differential d2W H 1.S1/!H 2

T n.Y / of
the spectral sequence coincides with the composition

H 1.T n=T n�1/ŠH 2.B.T n=T n�1//!H 2.BT n/!H 2
T n.Y /;

where the middle map is induced by the projection T n! T n=T n�1 and the right map
is the defining map for the H�.BT n/–module structure on H�T n.Y /. It follows that

d2.!/D � 2 ZŒKn�1PT �2 �H
2
T n.Y /; where �D

nP
iD1

vi ;

according to the definition (8-1) of the subtorus T n�1 .

Lemma 8.3 � is not a zero-divisor in the face ring ZŒKn�1PT �, or, equivalently, � is a
regular element.

Proof We use the standard argument in the theory of face rings. For any nonempty
simplex I Š�k in Kn�1PT , consider the epimorphism

'I W kŒK
n�1
PT �! kŒI �

defined by sending vJ to 0 for all J Š I. Notice that kŒI � is just the polynomial
algebra in dim I C 1 generators. The map 'I is a homomorphism of kŒn�–algebras,
with the kŒn�–structure on kŒI � defined by an epimorphism  I sending the excess
variables to zeroes.

Algebraic & Geometric Topology, Volume 20 (2020)



Space of isospectral periodic tridiagonal matrices 2985

Assume that there exists ˇ 2 kŒKn�1PT � such that � � ˇ D 0. Then  I .�/ � 'I .ˇ/D 0
in kŒI �. Since there are no zero-divisors in kŒI � and  I .�/D

P
i2I vi ¤ 0, we have

'I .ˇ/D 0 for any simplex I of Kn�1PT . The homomorphismM
I

'I W kŒK
n�1
PT �!

M
I

kŒI �

is known to be injective [10, Theorem 3.5.6]. Therefore ˇ D 0.

According to the lemma, for any nonzero element ˇ 2 ZŒKn�1PT � � H�T n.Y /, there
holds

d2.!ˇ/D .d2!/ˇ˙!d2.ˇ/D �ˇ ¤ 0:

In other words, d2 is injective on the submodule ZŒKn�1PT �˝H 1.S1/�E
�;1
2 .

On the other hand, for any element ˛ 2H i .T n�1/�H i
T n.Y / with i > 0, we have

d2.!˛/D .d2!/˛˙!d2.˛/D � �˛ D 0;

since the products of elements from the components HC.T n�1/ and ZŒKn�1PT �C of the
ring H�T n.Y / vanish. Therefore the differential d2 vanishes on HC.T n�1/˝H 1.S1/.
Finally, we have

E
p;q
3 Š

�
.ZŒKn�1PT �=.�/p/˚H

p.T n�1/ for q D 0;
Hp.T n�1/ for q D 1; p > 0:

Two things should be noted here. First, the components of degree zero are identified in
.ZŒKn�1PT �=.�/p/˚H

p.T n�1/. Second, the term E
0;1
3 vanishes, since the generator !

of E0;12 maps to �¤ 0 by d2 . The Hilbert–Poincaré series of ZŒKn�1PT � is given by�Pn
iD0 hi t

2i
�
=.1� t2/n according to Proposition 7.4, so we have

Hilb.ZŒKn�1PT �=.�/I t /D
1

.1� t2/n�1

nX
iD0

hi t
2i

by Lemma 8.3. The statement of the theorem now follows from the degeneration of
the spectral sequence at the E3–term.

Corollary 8.4 For the whole isospectral space Xn;� , there holds

Hilb.H�
T n�1

.Xn;�/I t /D
1

.1� t2/n�1

nX
iD0

hi t
2i
CR.t/;

where R.t/ is a polynomial and the hi are given by (7-4).
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Proof The space Xn;� is patched from X6"
n;�

and X>"
n;�
D fp�1.jzj > "/g. Both

subsets are preserved by the torus action, hence the equivariant cohomology groups
can be computed via the Mayer–Vietoris exact sequence. However, the torus action
on X>"

n;�
and X>"

n;�
\ X6"

n;�
is free, so the equivariant cohomology groups of these

subsets coincide with the ordinary cohomology groups of their orbit spaces. Hence
they are concentrated in a finite range of degrees. The statement now follows from
Theorem 8.2.

Example 8.5 We check the calculations for the case n D 3. The isospectral space
X3;� coincides with the manifold Fl3 of complete complex flags. Its equivariant
cohomology is known to satisfy

Hilb.H�
T 2
.Fl3/I t /D

Hilb.H�.Fl3/I t /
.1� t2/2

D
1C 2t2C 2t4C t6

.1� t2/2
:

Using formulas (7-4), compute the h–numbers of K2PT : .h0; h1; h2; h3/D .1; 0; 6;�1/.
There holds

1C 2t2C 2t4C t6

.1� t2/2
D
1C 6t4� t6

.1� t2/2
C 2t2;

which confirms Corollary 8.4.

9 Betti numbers

In this section we describe the additive structure of the cohomology ring of Xn;� .
As a first step, we compute the homological structure of the subset X6"

n;�
, containing

the essential information on the torus action. It is assumed in this section that all
coefficients are taken in a fixed field. The next proposition follows from the general
technique developed in [2].

Proposition 9.1 The homology modules of Y Š X6"
n;�

admit the double grading
Hj .Y /Š

L
pCqDj Hp;q.Y /. There holds:

(1) Hp;q.Y /ŠHp.T n�1/˝Hq.T n/ for q < p < n.

(2) Hp;q.Y /D 0 for q > p .

(3) The dimension of Hp;p.Y / equals

hpC
�n
p

� pC1X
kD2

.�1/pCk�1
�n�1
k�1

�
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for p D 0; 1; : : : ; n� 1. In particular, for p > 2 there holds dimHp;p.Y / D

h00pC
�
n
p

��
n�1
p

�
.

The inclusion map i W T n�1 �T n Š @Y ! Y induces a homomorphism in homology,
which respects the double grading ,

i�W Hp.T n�1/˝Hq.T n/!Hp;q.Y /:

This homomorphism is an isomorphism for q < p , injective for q D p , and zero for
q > p .

Note that the subspace X6"
n;�

does not depend on the parameters nC and n� discussed
in the previous sections. Now we are in position to compute the Betti numbers of Xn;� .
Homology of Xn;� will certainly depend on the parameters nC and n� , which encode
“the degree of degeneration” of this space.

Theorem 9.2 The Hilbert–Poincaré series for homology of Xn;� is given by the
formula

(9-1)
2nX
iD0

ˇi .Xn;�/t
i
DH>".t/CH6".t/�HD".t/C .1C t / �HKer.t/;

where

HD".t/D.1Ct /2n�1;(9-2)

H>".t/D.1Ct /2n�nC�n��2.1�tCt .1Ct /nCCt .1Ct /n�/;(9-3)

H6".t/D

n�1X
pD0

�
hpC

�n
p

� pC1X
kD2

.�1/pCk�1
�n�1
k�1

��
t2p(9-4)

C

X
q<p<n

�n�1
p

��n
q

�
tpCq;

HKer.t/D
X

.p;e;q;s;r/2‡

�n�1�nC�n�
p

��1
e

��nC
q

��n�
s

��n�1
r

�
tpCeCqCsCr(9-5)

and the indexing subset ‡ in the last expression is defined by the conditions

(9-6)

06 p 6 n� 1�nC�n�; 06 e 6 1;

06 q 6 nC; 06 s 6 n�; 06 r 6 n� 1;

r C e > pC qC s;

.e D 0 and qC s > 0/ or .e D 1 and q > 0 and s > 0/:

The h–numbers are given by (7-4).
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Proof Although the result looks awkward, the idea behind this calculation is straight-
forward: we analyze the Mayer–Vietoris sequence for the union Xn;� DX

6"
n;�
[X>"

n;�
.

Let XD"
n;�
.t/ denote the intersection X6"

n;�
\X>"

n;�
. Then there is a long exact sequence

(9-7) � � � !Hi .X
D"
n;�/

�i
�!Hi .X

6"
n;�
/˚Hi .X

>"
n;�
/!Hi .Xn;�/!Hi�1.X

D"
n;�/

�i�1
��!Hi�1.X

6"
n;�
/˚Hi�1.X

>"
n;�
/! � � � :

Note that given an exact sequence

Ai
˛i
�! Bi ! Ci ! Ai�1

˛i�1
��! Bi�1;

the dimension of the vector space in the middle is given by

(9-8) dimCi D dimBi � dimAi C dim Ker˛i C dim Ker˛i�1:

After introducing the natural notation

HD".t/D
X
i

dimHi .X
D"
n;�/t

i ;

H>".t/D
X
i

dimHi .X
>"
n;�
/t i ;

H6".t/D
X
i

dimHi .X
6"
n;�
/t i ;

HKer.t/D
X
i

dim.Ker �i W Hi .XD"n;�/!Hi .X
6"
n;�
/˚Hi .X

>"
n;�
//t i ;

formula (9-8) implies (9-1). We need to check formulas (9-2)–(9-5):

(1) According to (6-1), XD"
n;�
Š T 2n�1 , which implies (9-2).

(2) The space X>"
n;�

supports a free action of T n�1 , which admits a section. Therefore,

(9-9) X>"
n;�
DQ>"

n;�
�T n�1;

where Q>"
n;�
DX>"

n;�
=T n�1 . The structure of the orbit space was described in detail in

Section 3: Q>"
n;�
DX>"

n;�
=T n�1 is fibered by Liouville–Arnold tori over Bnfjzj<"g—

the biangle with a hole. The homotopy type of the latter space is

(9-10) Q>"
n;�
' T n�nC�n��1 � .S1 _†T nC _†T n�/:

Indeed, the space Q>"
n;�

can be collapsed to the subspace zp�1.@B/. The latter space is
foliated over the circle @BD FC[F� by tori: the preimages of points in the interior
of FC are T n�nC�n��1 � T n� , the preimages of points in the interior of F� are
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T n�nC�n��1�T nC , and the preimages of points in FC\F� are the tori T n�nC�n��1 .
It can be seen that T n�nC�n��1 splits as a direct factor. The remaining space is the
suspension over the disjoint union T nCtT n� . By a standard property of the suspension,
we have †.T nC t T n�/' S1 _†T nC _†T n� , which proves (9-10).

Formula (9-3) follows from (9-9) and (9-10).

(3) Homology of X6"
n;�

is described by Proposition 9.1. Formula (9-4) is its simple
consequence.

(4) To derive (9-5), we need to count the dimension of the vector space of all homology
cycles of XD"

n;�
, annihilated by both maps

�6� W H�.X
D"
n;�/!H�.X

6"
n;�
/; �>� W H�.X

D"
n;�/!H�.X

>"
n;�
/:

The torus XD"
n;�

decomposes into the product

XD"n;� Š S
1
" � T n�1 �T n�1 Š T n�1�nC�n� �S1" � T nC � T n� �T n�1;

where

(a) the component T n�1 corresponds to the acting torus;

(b) T nC and T n� are the components of Liouville–Arnold tori, collapsing over the
sides of the biangle B ;

(c) T n�1�nC�n� is the surviving component of the Liouville–Arnold torus;

(d) S1 is the circle fjzj D "g, lifted to the total space.

These five components of the torus explain the appearance of the five-element indexing
subset in the statement. Let � D !p˝˛e˝!Cq ˝!

�
s ˝ �r be a homology cycle from

H�.X
D"
n;�/ŠH�.T

n�1�nC�n�/˝H�.S
1/˝H�.T nC/˝H�.T n�/˝H�.T n�1/;

where the degrees of the factors are indicated in their subscripts.

Lines 1–2 of condition (9-6) simply indicate the range of the indices: from zero
to the dimension of the corresponding torus. We have �6� .�/ D 0 if and only if
r C e > pC qC s according to the last part of Proposition 9.1. This explains line 3
of condition (9-6). Finally, we investigate the map �>� W H�.X

D"
n;�
/!H�.X

>"
n;�
/ and

describe its kernel. Note that the tori T n�1 and T n�1�nC�n� split as direct factors in
the map �>W XD"

n;�
!X>"

n;�
. Hence we have

Ker �>� ŠH�.T
n�1
� T n�1�nC�n�/˝Ker Q�>� ;
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T nC�T n�

S1�T nC�T n�

Q�>
1
�! T nC�T n�T nC�T n�

†.T nC�T n� t T nC�T n�/

Q�>
2
�!

T nCT n�

S1 _†T nC _†T n�

Figure 7: The map Q�> pinches the product S1�.T nC�T n�/ at two points
of S1 , then collapses T nC on the left side and T n� on the right side.

where Q�> is the inclusion map from QD"
n;�
=T n�1�nC�n� Š S1 � T nC � T n� to

Q>"
n;�
=T n�1�nC�n� '†.T nC t T n�/' S1 _†T nC _†T n� . We have

(9-11) Q�>� .˛e˝!
C
q ˝!

�
s /D

8̂̂̂̂
ˆ̂̂<̂
ˆ̂̂̂̂̂:

1 if e D 0; qC s D 0;
0C 0C 0 if e D 0; qC s > 0;
˛eC 0C 0 if e D 1; qC s D 0;
0C†!Cq C 0 if e D 1; q > 0; s D 0;
0C 0C†s!

� if e D 1; q D 0; s > 0;
0C 0C 0 if e D 1; q > 0; s > 0:

A convenient way to see these formulas is to replace Q�> by a homotopy equivalent map
illustrated on Figure 7. For example, a homology element ˛e˝!Cq ˝!

�
s with e D 1,

q >0 and sD 0 is represented by a subtorus S1�T q�pt. The map Q�>1 sends this cycle
to †T q in the right half of †.T nC �T n� tT nC �T n�/. The left half vanishes since
T nC is collapsed, together with T q over the left part. The same reasoning explains all
other formulas (9-11).

This calculation shows that � 2Ker �>� if and only if the 4th line of condition (9-6) holds.
Therefore, both maps �6� and �>� annihilate � if and only if the 5–tuple .p; e; q; s; r/
satisfies the conditions (9-6). This proves (9-5).

Example 9.3 The Betti numbers computed for small values of n are shown in Tables 1
and 2.

Corollary 9.4 The space Xn;� has nonzero Betti numbers in odd degrees for n> 4.

Proof Theorem 9.2 implies that ˇ1.Xn;�/D n�1�nC�n� . This number is nonzero
unless nC and n� are the maximal possible, representing the most degenerate case.
For the most degenerate case, and n> 4, ˇ2n�1.Xn;�/ is nonzero. To prove this, it is
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n ˇ0 ˇ1 ˇ2 ˇ3 ˇ4 ˇ5 ˇ6 ˇ7 ˇ8 ˇ9 ˇ10 ˇ11 ˇ12

3 1 0 2 0 2 0 1
4 1 1 6 2 16 2 6 1 1
5 1 2 13 9 65 16 65 9 13 2 1
6 1 3 23 25 203 67 456 67 203 25 23 3 1

Table 1: Manifold case, nC D 1; n� D 1 .

sufficient to estimate the coefficient at t2n�1 in (9-5) by 2 from below. Indeed, the
only negative term in (9-1) comes from HKer.t/, and its coefficient at t2n�1 is one.
The estimation is straightforward.

Recall that with any action of a torus T on a space X one can associate a fibration
r W X �T ET

X
�!BT , where ET is a contractible space, carrying the free action of T

and BT is the classifying space of a torus. It can be assumed that ET D .S1/k and
BT D .CP1/k , where k D dimT .

Definition 9.5 The space X is called equivariantly formal in the sense of Goresky,
Kottwitz and Macpherson [19] if the Serre spectral sequence

(9-12) E
�;�
2 ŠH�.BT /˝H�.X/)H�.X �T ET /DH

�
T .X/;

ie the spectral sequence of the fibration r degenerates at its second page.

Proposition 9.6 The space Xn;� is not equivariantly formal for n> 4.

Proof Assume that Xn;� is equivariantly formal. The degeneration of the Serre
spectral sequence (9-12) at a second page then implies

Hilb.H�T .Xn;�/I t /D Hilb.H�.Xn;�/I t / �Hilb.H�.BT n�1/I t /

D Hilb.H�.Xn;�/I t / � .1� t
2/�.n�1/:

n ˇ0 ˇ1 ˇ2 ˇ3 ˇ4 ˇ5 ˇ6 ˇ7 ˇ8 ˇ9 ˇ10 ˇ11 ˇ12

4 1 0 3 1 16 3 9 2 1
5 1 0 4 2 57 16 77 22 24 4 1
6 1 0 5 4 167 55 471 115 276 61 39 5 1

Table 2: Most degenerate case: nC and n� are the maximal possible for the
given n; that is, nCCn� D n� 1 .
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This identity and Corollary 9.4 imply that H�T .Xn;�/ has nontrivial components of
arbitrarily high odd degree. This contradicts Corollary 8.4.

Remark 9.7 The fundamental group of Xn;� can be explicitly described as well. As
in the computations above, we consider the decomposition Xn;� DX

6"
n;�
[X>"

n;�
and

apply the van Kampen theorem. For the intersection there holds

�1.X
D"
n;�/D �1.T

nC �T n� �T n�1�nC�n� �S1" �T
n�1/

D ZnC ˚Zn� ˚Zn�1�nC�n� ˚Zn:

The summands ZnC and Zn� vanish in �1.X>"
n;�
/ since the corresponding components

of Liouville–Arnold tori are collapsed over the facets of biangle B . The summand
ZnD �1.S1" �T

n�1/ vanishes in �1.X6"
n;�
/ according to [34]. The result of this paper

asserts that for a locally standard action of T with dimT Dn on M with dimM D 2n,
having a fixed point, there holds �1.M/Š �1.M=T /. In other words, any loop on the
acting torus can be contracted via a fixed point. This result is applied to X6"

n;�
Š Y ,

carrying the extended action of T n .

No other loops appear in X>"
n;�

and X6"
n;�

, therefore

�1.Xn;�/Š Zn�1�nC�n� :

Hence Xn;� is simply connected if and only if the spectrum � satisfies n�CnCDn�1.
This corresponds to the most degenerate situation, considered in Remark 3.11.
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