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We compute the Picard group of the category of K(2)-local module spectra over the
ring spectrum E#C4 where E is a height 2 Morava E —theory and Cj is a subgroup
of the associated Morava stabilizer group. This group can be identified with the Picard
group of K(2)-local E-modules in genuine C4—spectra. We show that in addition
to a cyclic subgroup of order 32 generated by E A S, the Picard group contains a
subgroup of order 2 generated by E A S71°, where o is the sign representation of
the group Cjy. In the process, we completely compute the RO(C4)—graded Mackey
functor homotopy fixed point spectral sequence for the C4—spectrum E.
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1 Introduction
Starting with the computations by Hopkins and Mahowald of the homotopy groups of the

spectrum of topological modular forms, there has been a proliferation of computations
related to various invariants associated to the homotopy fixed points for the action
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of finite subgroups of the Morava stabilizer group G = G, on Morava E —theory
E = E,. In theory, one would like to understand E hG jtself as this is a model for the
K (n)-local sphere. At heights n > 2, there has been little progress in this direction,
and the case n = p = 2 remains the focus of current research.

E"G and its module

If one restricts to a finite subgroup G of G, questions about
category become more tractable using techniques introduced by Hopkins and Miller.
Among other things, the methods of Hopkins—Miller allow one to understand E4 as a
G -module. These ideas first appeared in print in Nave [17]. They were generalized by
Hill, Hopkins and Ravenel in unpublished work and also in [12]. The whole program

has recently been enhanced by Hahn and Shi [8].

Roughly, one fixes a real orientation
MUr — E

where MUR is the real bordism spectrum. This map is required to be C,—equivariant,
where C, has the usual action on MUR coming from complex conjugation, while
on F it acts through the central {£1} € G. Then, for any subgroup G of G containing
C, = {£1}, one can use the norm to construct a map

G
Ne,MUgr — E,
which provides information on the structure of E as a G—spectrum.

An important application of these ideas is the computation of the homotopy groups
7« E"C_ which, in turn, provides the information needed to study the Picard group
of the category of K(n)-local E"Y—module spectra, Pic(EC). Recall that, for a
symmetric monoidal category, the Picard group consists of isomorphism classes of
invertible objects with respect to the symmetric monoidal product, whenever this forms
a set. The problem of computing Pic(E hG) appears in various forms throughout the
literature. Classical examples are the folklore results of Hopkins which state that
Pic(KU) = 7Z/2 and Pic(KO) = Z/8 (see also Gepner and Lawson [5]), and the fact
that Pic(E,) = Z/2 for all n, a result of Baker and Richter [1]. The problem has been
extensively revisited by Heard, Mathew and Stojanoska [16; 10]. For example, they
compute Pic(E,}l’G) for the finite subgroups G € G at chromatic heights n = p — 1
for p odd. Most recently, Heard, Li and Shi [9] have also computed Pic(E,},l CZ) at all
heights » when p = 2.

The Picard group of a ring spectrum always contains a cyclic subgroup generated by
the suspension X E hG 1n all of the examples of Pic(E hGY studied so far, it was found
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that Pic(E"9) is exactly this cyclic group. For instance, if #n = p—1 and G is a
maximal finite subgroup of G containing the p—torsion, Pic(E ,’jG) is cyclic of order
2n? p?, which is the periodicity of E,},‘G [10]. When p = 2, then Pic(E,i,’ Cz) is cyclic
of order 2”2 [9], which is again the periodicity of E ,}1’ =3

In this paper, we compute an example of Pic(E hGY which is not a cyclic group. The
example is the following. We work at the prime p = 2 and chromatic height n = 2.
Any formal group law I' of height 2 has an automorphism y of order 4 over the
algebraic closure of [, and the subgroup C4 this automorphism generates is unique
up to conjugation in the associated Morava stabilizer group. The spectrum E hCa has
already received much attention in the literature. It is closely related to the spectrum
TMF((5) of topological modular forms with I(5) level structure. The latter was
studied extensively by Behrens and Ormsby [2]. Further, £ as a C4—module spectrum
is closely related to the spectrum K] studied in Hill, Hopkins and Ravenel [13]. It also
play a key role in Bobkova and Goerss [4] and in Henn [11]. In fact, the computation
of the homotopy fixed point spectral sequence for the spectrum E hCa can be mined
from these references and its homotopy groups are now well understood. The spectrum
EhCa g 32—periodic, so Pic(E hCa) necessarily contains a cyclic group of that order.
However, in this case, it turns out that the Picard group also contains elements which
are not suspensions of E hCa.

After replacing E by an equivalent cofree G —spectrum, the fact that EhG 5 E
is a faithful K(n)-local Galois extension of G —spectra implies that the homotopy

EhG

category of K(n)-local —module spectra is equivalent to the homotopy category

of K(n)-local E-modules in genuine G —spectra. The latter is the category of genuine
G —spectra with a compatible E-module structure, whose Picard group we denote by
Picg (FE). This allows us to identify the Picard groups

Pic(E"%) =~ Picg(E).

This translates our problem into that of computing the Picard group of the C4—
equivariant ring spectrum E.

In general, if R is a G —equivariant commutative ring spectrum, then the groups
PiCH(R) = PiCH(i;I R),

as H runs through the subgroups of G, assemble into a Mackey functor, which we will
denote by Pic(R). The restriction maps come from the ordinary restriction functors in
genuine G —spectra. Since these are strong symmetric monoidal functors, they induce
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homomorphisms on Pic. The transfer maps are given by the norm maps in the category
of R—modules. These are also strong symmetric monoidal functors, so they induce
homomorphisms on Pic. The Mackey compatibility is inherited from the corresponding
statements in the homotopy category of R—modules.

Our main result is then the following theorem:

Theorem 1.1 Let I be a formal group law of height 2 over F, and let k be the
algebraic closure of F,. Let E = E(k, ') be the associated Morava E —theory and
G =G(k, I') the associated Morava stabilizer group. Let C4 € G be a cyclic subgroup
of order 4, which necessarily contains C; = {=£1}. Then there are isomorphisms

Picc,(E) = Z/32{EAS"} ®Z/2{EAS'T?} and Picc,(E)=Z/16{EAS"}.
As a Mackey functor, this assembles into
Pic(E)(Cq/Cs) =Z/32® Z/2

o a0l

Pic(E)(Cy/Cr) = Z/16

[ ]o

Pic(E)(Cs/te}) = Z/2

The result (and its proof) for E hC2 g a special case of [9]. We include the computations
here since they are necessary for our analysis of the Mackey functor Pic(E). Together
with [10, Proposition 3.10], Theorem 1.1 has the following immediate consequence:

Corollary 1.2 Let Cg € G be the subgroup generated by —1 and a third root of unity.
There is an isomorphism Pic(E"Ce) =~ 7,/48.

Our approach is to study the map Jg: RO(G) — Picg(R) for R an Eso-ring G—
spectrum, given by
JS(V)y=RAS".

When R is a G —equivariant commutative ring spectrum, then these homomorphisms
assemble into a map of Mackey functors

J R RO — Pic(R),
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where here RO is the representation ring Mackey functor. We determine the image
of J g, which gives us lower bounds for the Picard groups.

To prove that these are also upper bounds, we use the Picard homotopy fixed point
spectral sequence. In fact, we need the structure of this spectral sequence as a spectral
sequence of Mackey functors for a crucial step in the argument. On the way, as an
input to the E,-term of this spectral sequence, we also compute the algebraic Picard
groups Picc,(Eo) and Picc, (Ep). These also naturally assemble into a coefficient
system, where the value at G/H is the Picard group of the category of iy, Eo-modules
in H-—modules. This coefficient system can be computed via the isomorphism

Pic(Eo)(G/H) = H'(H;i}; EY).

The restriction maps are determined by naturality for group cohomology, while the
transfer maps are given on representing modules by tensor induction in the category of
E¢—modules.

We find that Picg (E() are cyclic groups of order 4 when G = Cy4 and 2 when G = C;.
Note that in both cases, 2|Picg(E()| is the periodicity of the cohomology H*(G, E;)
in ¢, which in turn is the size of Picg(E«).

A key input to our computations is the knowledge of the homotopy fixed point spectral
sequence of Mackey functors computing 7« E. The ingredients for such a computation
appear in various places in the literature. In particular, many of the pieces necessary to
do this computation appear in [13]. In Section 5.2, we describe this computation. Many
results and much notation from Section 5.2 are used in proofs throughout the paper, but
we have attempted to keep the narrative as free of this dependence as possible. Note
in passing that these computations together with our result on the Picard group give a
complete description of the RO(C4)—graded Mackey functor 7, E (Remark 4.9).

Organization

This is a brief outline of the paper. In Section 3, we discuss the map Jg. In Section 4
compute its image in the cases of interest. This gives a lower bound on the order of
Pic(E"C4) and, in particular, proves that this group is not cyclic. In Section 5, we
review the computations of the homotopy fixed point spectral sequences needed for
the rest of the paper. In Section 6, we compute the Mackey functor H'(Cy, E o). In
Section 7, we discuss some equivariant properties of the Picard spectral sequence and
then use this spectral sequence to give the upper bounds on Pic(E”€4) and Pic(E#€2).
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2 Preliminaries

2.1 Equivariant homotopy theory

We review some notation and results from equivariant homotopy theory that will be
used throughout the paper. For a finite group G, we will be working in the category of
genuine G —spectra as in [12].

As usual, RO(G) denotes the ring of real orthogonal virtual representations of the
group G. For a genuine G —spectrum X, its equivariant homotopy groups assemble
into an RO(G)—-graded Mackey functor 7 , X given by

xy(X)(G/H) = (X)=[S". X]".

Here V € RO(G) and [S¥, X1 denotes the genuine H —equivariant homotopy classes
of maps. We simply write
X =[SV, X

in the case of the trivial group H = e. The conjugation action of G on homotopy
classes of maps [S?, X] induces an action of G on wy X. For d € Z, we may also
use the notation i X = [Sd ,iy X] when we want to stress the fact that we are
considering the homotopy groups of the underlying spectrum i X.

Spectra like the Morava E —theory spectra arise naturally not as genuine G —spectra but
rather as G —objects in the category of spectra. We have a homotopically meaningful
way to lift these G —objects in spectra to genuine G —spectra, however. The cofree
localization

R+ F(EG4+, R)
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takes equivariant maps which are underlying weak equivalences to genuine equivariant
equivalences. As such, we can view it as a functor

F(EG4,—): SpBG — SpG

from G —objects in spectra to genuine G —spectra [14, Section 2.2.1]. Moreover, this
functor is lax symmetric monoidal, and hence takes Eo,-ring spectra on which G
acts via Eo-ring maps to E—ring objects in genuine G —spectra. In fact, if R is
an Eso-ring spectrum in SpB G then the cofree spectrum F(EG4, R) inherits an
action of a G— Es,—operad, and hence we have all norms [14, Theorem 2.4]. Since
G - E—ring spectra are equivalent to commutative ring objects in genuine G —spectra,
we can therefore view any of these as equivariant commutative ring spectra.

Remark 2.1 If " is a formal group law of height n over a perfect field k& of charac-
teristic p such that G C Auty(I") and E(k,T") is the associated Morava E —theory
spectrum, then, by the Goerss—Hopkins—Miller theorem, E(k,I") is an Eo-r1ing
and the action of G is by Eso—ring maps. So this allows us to view E(k,I') as a
commutative ring object in genuine G —equivariant spectra.

Notation 2.2 If X is a spectrum with G —action, then let X h— F(EG4,X). For a
subgroup K of G, the homotopy fixed point spectrum X hK s just the K—fixed points
of X",

2.2 The Mackey functor homotopy fixed point spectral sequences

Next, we recall the setup for working with a full Mackey functor of homotopy fixed
point spectral sequences (Mackey HFPSSs). We work in the same context as in [14].

For any G-module M, we let H*(G, M) be the Mackey functor determined by
H*(G, M)(G/K) = H*(K,ig M)
with the standard group cohomology restrictions and transfers.

As in the construction of the classical homotopy fixed point spectral sequence, the
filtration on F(E G+, X) induced from the skeletal filtration of £G ~lim E G®) gives
rise to an RO(G)—graded spectral sequence of Mackey functors [14, Proposition 2.8]
with

EyY = H (G, 7y X) = my_ X",
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Here, s € Z>¢ and V € RO(G). The differentials
dr — ds,V. Es,V _ Es+r,V+r—1
r T =r =r

commute with the restrictions and transfers. In particular, if we restrict V' to the trivial
representations, evaluating the Mackey HFPSS at G/ H recovers the standard homotopy
fixed point spectral sequence computing 7. (X hHY If X isa ring spectrum, then the
spectral sequence is multiplicative.

Remark 2.3 The homotopy fixed point spectral sequence can also be constructed using
the filtration of F(EG4, X) induced by the slice filtration X ~ lim P*X. Ullman
shows that there is a natural map

P*X - F(EG4, P*X),
and this induces a map of spectral sequences from the slice spectral sequence of X
ES =ay PiX=my X
(where d = dim(V')) to the homotopy fixed point spectral sequence of X. If X isa

ring spectrum, this is a map of multiplicative spectral sequences [18, Theorem 1.9.1].

2.3 Real representations of C, and Cy

We recall the structure of the representation rings RO(G), when G is C4 or Cj,
establishing some notation for the rest of the paper. Let y = y4 be a generator of Cy
and y, a generator of C,. These are the real representations of interest:

e The trivial representation 1.

¢ The sign representation ¢ of C4 (on which y acts as —1).

e The sign representation o, of C, (on which y, acts as —1).

e The two-dimensional irreducible C4—representation A; this is R? on which y
acts by rotation by 7.

¢ The regular representation of Cy, pp =14 03.

e The regular representation of Cy, p=ps=1+0 +A.

Then we have
RO(C,) = Z[0,]/(05 —1) and RO(Cy) = Z[o, A/ (0 — 1, 0 — A, A2 =2 —20).

We also use the following standard notation throughout. See for example Definition 3.4
of [13].
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Notation 2.4 For V € RO(G), the inclusion S° = {0, 00} — SV is an equivariant
map denoted by ay € JerS O If R is a ring, the image of @y under the unit in n_GVR
is also denoted by ayp .

3 The homomorphism J ¢

Let O be an E,—operad, and suppose that R is an O-algebra in genuine equivariant
spectra. There is a good symmetric monoidal category of R—modules in genuine
G —spectra [3], and base change along the unit map

S° >R
gives us a group homomorphism
JS: RO(G) — Picg(R),

where Picg (R) is the Picard group of the category of R—modules in genuine G —spectra.
Explicitly, this homomorphism is given by

JS(V)=RASY,

and since the target depends only on the equivariant equivalence class of the V —sphere,
this factors through the JO—equivalence classes of representations (ie equivalences of
associated spherical bundles). This gives us the name.

To apply this for spectra like Morava E —theory, we must promote this naive equivari-
ant commutative ring spectrum to a genuine equivariant ring spectrum. The formal
procedure to do this was described in Section 2.1 and has nice properties for Pic.

For R a ring spectrum, let Mod(R) be the homotopy category of R-modules in
spectra and let Modg (R) be the homotopy category of R—modules in the category of
G —spectra. The proof of the following result is the discussion immediately following
the statement of Theorem 6.4 in [14].

Proposition 3.1 Let R" — R be a faithful G—Galois extension, where R is a
cofree G —ring spectrum. Then Mod(R"%) and Modg (R) are equivalent categories.
In particular, Pic(R"G) =~ Picg(R).

Corollary 3.2 If M and N are R—modules for R as in Proposition 3.1, then
M"CG ~ NhG f and only it M ~ N as R-modules in G —spectra. In particular,
MhG and NhG represent the same elements in Pic(R"C) if and only if there is a
G —equivariant equivalence of R—modules M >~ N.
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We will use the following notation. If X is a spectrum and u: X — M is a map where
M is an R—module spectrum, we let u® be the composite

RAX BN RA M M, 0

where pupr: RAM — M is the module structure map. In particular, we can apply
this construction for any map X — R using the R—module structure on R given by
multiplication u: RA R — R.

The group Picg (R) contains a cyclic subgroup generated by X R, or equivalently the
image Jg (Z{1}) of Z{1} € RO(G), where 1 denotes the trivial one-dimensional
representation. We let d € Picg(R) denote the element % R.

Definition 3.3 Let V' be a G representation of dimension d. An R—orientation uy
for V is a G —equivariant map
uy: S d 5 RASY
such that u{f: RAST > RASV isa G —equivalence.
A representation V' is R—orientable if there exists an R—orientation for V.
Remark 3.4 Given a G—equivalence u{ﬁ: RAS?— RASY which is also a map of

R-modules, we can precompose u§ with 1 A S SOAS? > R A S9, where 1 is
the unit of R, to obtain an orientation uy .

By construction, weak equivalences between cofree spectra are detected on the under-
lying, nonequivariant homotopy. This gives us a way to detect R—orientability.

Proposition 3.5 If R is cofree and there is an element uy € ng (RASY) such that
u{ﬁ induces an underlying equivalence, then V' is R—orientable.

Proposition 3.6 Let V be a G representation of dimension d , and assume that R is
cofree. Then the representation V' is R—orientable if and only if Jg(V) =d in Pic(R).

Therefore, to compute the image of the map J§, it is useful to have a criterion for
recognizing R—orientable representations.

Now, let V' be a d—dimensional real representation of G. Recall that V' is orientable
in the classical sense if G — O(d) =~ Aut(V') factors through SO(d). Since SO(d)
is path-connected, for any orientable representation V' of dimension d, the action
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of g € G is homotopic to the identity on SV It follows that there is an equivariant
isomorphism of i e* R-modules

(3-1) e RASY) = myi(RASY).

Since the source is a free 74, R-module on a fixed class in dimension d (correspond-
ing to the element 1 in 7oi.; R), the isomorphism is equivalent to an element

uy € (mgif (RAS)C.
However, this is not the same as having an equivariant map

ST s RASY,

since the homotopy groups we are computing are just the underlying homotopy classes
of maps. Even if R is cofree, this does not imply that V' is R—orientable.

Definition 3.7 Let V be a (classically) orientable representation of dimension d. A
pseudo-R—orientation is a map of underlying spectra

uy € (maif(RASY)?

R . . . . .
(i¥RASY = i¥(RASY) induces an isomorphism

iy
such that uy
k(X RASY) = miX(RASY)

of G-m4i} R—modules.

Remark 3.8 In fact, if R is cofree, a pseudo-R—orientation
uy: S d L RASY

is an R-orientation if and only if u#y underlies a G —equivariant map of G —spectra.
Remark 3.9 By construction the pseudo-R—orientations are units in the ring (7 ;"R)G.

Proposition 3.10 Let V be a classically orientable G representation of dimension d ,
and let R be cofree. Then V is R—orientable if and only if there exists a pseudo-R —
orientation

uy € (mgif(RASY)C =~ H (G, mg(RASY))

which is a permanent cycle in the homotopy fixed point spectral sequence

HY(G,m:(RASY)) = mi—g(RASVYIC.
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Proof If V' is R-orientable, then the map u{ﬁ: RAS? - RASY induces an iso-
morphism of spectral sequences which maps 1€ H°%(G,ngR) = H°(G, m4(RA S d))
to uy € H%(G,m4(R A SY)). Since 1 is a permanent cycle, so is uy .

Conversely, assume that there is a class uyp € (wziJ (RA S Y))C as in Definition 3.7
which is a permanent cycle. This means that it represents a class

iy €emg(RASY)YC ~ 5%, RASY],

since R is cofree and SV is a finite G—CW complex. In other words, &y is an
equivariant map
s4 > RASY,

and, by base change, we get an equivariant map
iR RAS?T > RASY.

. . . iXR . .
By assumption, this map induces the same map as u};~ on m4i;(—), and so is
an underlying equivalence. Since R is cofree, the map 55 is then an equivariant
equivalence, and thus #y is an orientation. O

We close this section by connecting the orientability for representations of subgroups
to the orientability of the induced representations. This uses in an essential way the
full equivariant commutative ring structure on spectra like E, rather than the results so
far which have just used an E,-ring structure.

Proposition 3.11 [3, Theorem 10] If R is an equivariant commutative ring spectrum,
then the symmetric monoidal category of R—modules sits in a symmetric monoidal
coefficient system: for any map of orbits G/H — G/ K, we have a natural map

resX: Modg (i} R) — Modg (i}; R).
There are homotopically meaningful norm maps
BN G Modg (i}, R) — Modg (R)

given by
RNG(M)=R ANGit R NG (M),

where N g (M) is the ordinary norm from H —spectra to G —spectra, and where R is
an N gil’;R—module via the counit of the norm—forget adjunction, and these satisty
the double coset formula, up to isomorphism.
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Here, “homotopically meaningful” means that there is a model structure for which
these maps are left Quillen functors. This is essentially the hard part of [3].

Corollary 3.12 The coefficient system
G/H + Picg (if; R)
extends to a Mackey functor, where the transfer maps in Pic are given by the norm

maps.

Proof The functor Pic is natural for symmetric monoidal functors, and therefore the
symmetric monoidal functors i, and Ry g induce maps on Pic. We need only check
that the Mackey double-coset formula is satisfied on Pic. However, this is exactly the
condition that the symmetric monoidal coefficient system

G/H + Modg (if; R)
with its norm maps forms a symmetric monoidal Mackey functor [3, Theorem 5.10]. O
Proposition 3.13 The homomorphisms J };I as H varies over the subgroups of G
give a map of Mackey functors
RO — Pic(R).
Proof The maps J II{ visibly commute with the restriction maps. We need only check
that they also commute with the transfer maps. The transfers in RO are given by

induction, while in Pic(R), we have the norms. The result then follows from the
computation

ENG 5 RAS™) = RAye: o (NG RASY)) = RAS™ET,

where the last isomorphism is the usual cancellation formula and the computation of
the norm of a representation sphere. a

Corollary 3.14 Let R be an equivariant commutative ring G —spectrum. Suppose
that H is a subgroup of G and W is a virtual H —representation of dimension 0. Let
V= Indg(W). If W is if; R—orientable, then V is R—orientable.
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4 The C4-spectrum E and the noncyclicity of its Picard
group

The goal of this section is to compute the image of the map Jg for the groups G = C,
and C4 acting on the Morava E—theory spectrum.

4.1 A convenient choice of E —theory

We begin by fixing a choice of E—theory that will be convenient for computations.
The methods of this section are due to Hill, Hopkins and Ravenel [12; 13] and were
the motivation for the work of Hahn and Shi [8]. In fact, an analogous construction of
genuine equivariant Morava E—theory at p = 2 can be done at all heights and will
soon appear in work of Shi. It is also used at higher heights in computations of Hill,
Shi, Wang and Xu [15].

We write MUR to denote the 2—localization of the real bordism spectrum. From [12,
Section 5.4.2] there are classes 7iC2 € ”z% MUR whose underlying homotopy classes,
which we denote by rl.CZ € myiy MUR, give a set of polynomial generators

Jt*i*MUR ~ Z(z)[rl,l’z, .

Let N, 4 C4 be the norm functor from the category of C,—spectra to the category
of Cyq— spectra The spectrum MU (C4)) s defined to be the Cy— —spectrum

MUCD .= N2 MUR = MUg A MUg

with action of y given by a cyclic permutation of the factors twisted by the conjugation
action on MUR analogous to the action of the form y (x, y) = (¥, x) in algebra. Again,
in [12, Corollary 5.49], it is shown that there are classes

(4-1) Fio =FC4,  Fiq=yrcs

in nlez * MU (C4) with the property that for Fie € maiig MU (Ca) corresponding

to i We have
ﬂ*i:MU«C“» = Z)lri,0.71,1:72,0, 72,15 - - - |-

Using the commutativity of Cy,

762 * MUCa) — [Slpz i* U((C4))]
ip2"C

inherits an action of C, from the action on if, M U in terms of morphisms,
this is the action by postcomposition rather than the conjugation action used to define
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equivariance. This action has the following effect on the classes 7; o:
y(Fio) =T, y(ia) = (=D'Fo.
Similarly, the action of y on myiy MU (Ca) i given by
y(rio) =rin,  y(rin) = (=Drig.

The spectrum MU (€4) has two real orientations, coming from the right and left unit
of MUr A MUR, both of which are equivariant maps. We fix the orientation coming
from the left unit. We also denote by 7, r 2 the image of rC2 €m;, C2 > MUg under the left
unit.

In [13], the authors define a C4—spectrum k[], obtained from MU (Ca) vy equivari-
antly killing the generators 7;  for i > 2 and € = 0, 1. That is,

kpy := MU(ED) 7 4 SO
where A is the associative ring spectrum
A=S8Cy-75,C4-73,Cs-T4,...];
see also [12, Section 2.4].

In particular,
Txig k) = Z(p)lri o, r1,1]-

See for example [13, Theorem 12.2]. It inherits a real orientation from MU (C4) ang,
in [13, Section 7], the authors compute the image of 71C2 fori =1,2,31in n,,C 2i ak[z]:

G - = Gy ae =2 Cy — en e
4-2) Ty 22}"]044"11, r 2:3r10r11+r121, r32:r11(5r120+5r1 0’1 1+}’121).

The spectrum K] is obtained from k[z] by inverting an element D € 7€ 49 * k2] whose
restriction in nscp zC k21 is 71,071 1r3 )/r €2 See [13, (7.4)]. Since inverting D inverts
its restrictions, it also inverts the classes 71 ¢ in ng i Czk[Z]' So, the homotopy classes

- - =C2 5 - - -C>

43 _Tro—T11 o — 21 ot Tn o
(4-3) Mo = ——= = = s M= ———==7(o) = =—
F1,0 r1,0 ri,1 Fi,1

are defined in JTO K[z] We let

4-4) 1=tr3(jo) = try(iy) € 7T0C4K[2],

noting that res; (n) = po + 1. We also denote by o and p their restrictions to
moiy Kz and, similarly, by s its restrictions to JT(? Ziéz K[y) and moi; K[»). Note that
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in m4i; K[p) we have

ri,1 =r1,0(1 — o)

and that there is an isomorphism

(JT*l'e*K[z])E\Z’rlcz)
= (Z2)lr1,0, r1,1][(res] D)il])?z,uo)
= (Z)lrig - moll(1 = o)™ (11 =To + 1) ™" (1 =510 + 519 N3 0)
=~ Zo[uollrisg):

where the second isomorphism is obtained by substituting the above expression for r; ;

in res‘lt D.

The spectrum K[,) also inherits a real orientation and it follows from (4-2) that the
formal group law F[y) of K[y reduces to a formal group law I7,; of height 2 defined
over

mxiy K21/ (2, rlcz) &~ Fz[rli’(} ,

whose [2]-series satisfies
20, (x) = r gx* + -+
In fact, the [2]—series of F,] satisfies
(4-5) 2y (x) = 127 = pory ox” mod (2, x%),
(4-6) 2] 7y (x) = },3sz4 = riox4 mod (2, jtg, x°).

Let F[z](x, y) = rl,oF[z](rl_’(l)x, rl_’(l)y) over Z[[o] and f[z] = rl,OF[z](rl_’(l)x, rl_’(l)y)
over 5. Let k be the algebraic closure of I, and

4-7) W = W(k)

be the ring of Witt vectors over k, so that k = W /2. We consider I_“[z] as a formal
group law defined over k and F [2] as a formal group law defined over W{to]. Then
(Wlol. F [2]) is a universal deformation of (k, f[z]). This follows from (4-5). Indeed,
any formal group law F over a power series ring W¢] such that F reduces to I’
modulo (2, ¢) and such that

[plr(x) = 1x? mod (2,x3)

is a universal deformation of I';.
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We let E|y] be the associated E -theory spectrum with distinguished unit rq o € 73 E]
and let ¢*: MU — E|,) be a complex orientation chosen so that «¢" classifies F[yj.
By Hahn and Shi [8], E[] is Real oriented, and ¢* has a unique equivariant refinement
¢: MUR — E[y). Thatis, ¢ is a C—equivariant map and mxi; ¢ = m«p".

Let C4 C Auty (f[z]) be the subgroup induced by the action of y on the formal group
law of MU(C4) | This is a cyclic group of order four since y2 is the nontrivial auto-
morphism [—l]fm (x). By [8, Theorem 1.3], norming up gives a C4—equivariant map

MU 5 Epy.
We will call this the Hahn—Shi orientation.

By construction, we have a diagram of C4—modules

maif MU G — i ¥ Epy

|

7xig K2

and hence a map from the E;-term of the homotopy fixed point spectral sequence
(HFPSS) of K|y to that of E[;. This gives a direct way to discuss classes in
HFPSS(E[y)) in terms of classes in HFPSS(K[,)).

From the maps MU (s Ep) and MU (Ca) K21, we get a zigzag of spectral
sequences, where the dotted arrow is only known to be a map of E,—pages, not of
spectral sequences:
SliceSS(MU (€4)) —; SliceSS(E[y)) — HFPSS(Ey))
-~

(4-8)  SliceSS(k[a)) — SliceSS(K[2])

HFPSS(k[z]) - HFPSS(K[z]

-"""'r.nap of E»—pages

The key differentials in SliceSS(KT,j) (and SliceSS(k[2])) we use below in our proofs
all lift to differentials in SliceSS(MU «C“))), which we can then push to differentials
in SliceSS(E[,)) and HFPSS(E[,)). This kind of lifting of differentials is also the
strategy employed in [15]. Further, it follows from [18, Theorem 9.4] that the slice
spectral sequence and homotopy fixed point spectral sequence for Ep,) are isomorphic
in, for example, the range s + 5 < —s, and similarly for the slice and homotopy fixed
point spectral sequences of Ki,j.
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With these observations in hand, we can use the computations of [13] for the slice
spectral sequences of k5] and K| to compute the homotopy fixed point spectral
sequence of Epy].

Remark 4.1 In Section 5, we will show that the C4—equivariant spectrum Epy is

32—periodic, with periodicity generator an element of JT3C } E[5] detected by a permanent

2
cycle we will denote by Ai’. The restriction of the periodicity generator in 351} Ey)
is detected by (”12,0712,1)4' See Table 1 on page 3446. One can obtain a better range
from Ullman’s results, but in practice, the periodicity of the homotopy fixed point
spectral sequence for E[y) implies that one only needs to look in a range where 7 —s

is large enough with respect to s to make the comparison.

Notation 4.2 We use the convention

E = E[z] = E(k,l:[z])
and write

We implicitly replace £ with E h— F(E Cy44, E) so that, everywhere, we are working
with a cofree spectrum.

€4 and ng

4.2 The homomorphisms J .

The structure of RO(C,) and RO(Cy) is reviewed in Section 2.3. The ring RO(Cy) is
of rank 3 as a Z-module, generated by the trivial representation 1, the sign represen-
tation o and the 2—dimensional irreducible representation A. The representation A is
(classically) orientable as it is modeled by a rotation by 5 on R2. The representation o
is not an orientable representation of Cy, but 20 is orientable. Similarly, RO(C5) is
of rank 2 over Z, generated by 1 and 0,. Again, the sign representation o, is not
orientable, but 20 is.

At this point, we relate our definition of pseudo-E —orientation to the elements up
that appear in the slice spectral sequence computations of [13]. These classes are, for
example, defined in [12, Definition 3.12]. If V' € RO(G) of dimension d is classically
orientable when restricted to a subgroup G’ C G, then one can fix a choice of generator

uy en§ ,HZ = HS (SV.2) = Hy(SV,7) = L.

These classes satisfy the relation upuy = upy+w.
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When G = C4, this gives classes
uy €y A HZ(Cs/Cq), uze €226 HZ(Cy/Cy), ug € T1—c HL(C4/Cr)
together with their restrictions and products. Similarly, when G = C,, we get classes
Udgy € T2, HL(C2/ Ca), g, € T1—g, HL(C2/0).

Let V be classically orientable for the subgroup G’ € Cy. Since the slice Pg MU (€a)
is HZ, the map (as in Remark 2.3) from the slice spectral sequence of MU (€4) to
the homotopy fixed point spectral sequence of E gives a commutative diagram

;% G’ s (el
moipg HZ ny HZ ——— H"(G', o E)
%lt* L*lg
na-yifHL == n=§ ,HZ — H°(G', 74—y E)

where the vertical isomorphisms are induced by precomposition with a chosen underly-
ing equivalence ¢: S d=V _, SO The top inclusion is the natural ring map. It follows
that the class uy € ngLVH Z maps to a pseudo-orientation in H°(G’, mz_y E), which
we denote by the same name.

Remark 4.3 By the discussion above, there are pseudo-orientations
), € EY*7M(Ca/Ca). uze € ES?7(Ca/Ca). up € ES' 77 (Ca/Ca).
As was noted in Remark 3.9, the classes - are all invertible in E%* = HY(G, 7, E).

Let7 o€ npczzi éz E be the image of the same-named class of ngzi éz MU (€4)) jnduced
by the Hahn—Shi Real orientation MUy — E. By our construction of E, this class is
a unit and hence induces an equivalence

ic, EANSP? ~ig E.
In particular, this means that ng (p2) = 0. By Corollary 3.14, we have Jg“ (p4) =0.

Proposition 4.4 In Picc,(E), Jg4(p4) = 0, where ps = 1 + 0 + A is the regular
representation of Cy.

Before turning to the more technical computations of the next sections, we state two
results which are proved in Section 5. We use them here to compute the image of Jg“
and ng. The first result we state follows from the computations of [13] and is proved
in Proposition 5.25 below.
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Proposition 4.5 The classes ui , u% , and uzgui are permanent cycles in the homo-
topy fixed point spectral sequence for E ;’ Ca, Therefore, the representations 8\, 40
and 20 + 4A are E —orientable for Cy4. In particular, the images under Jg“ of

e 16—284A,

e 4—40, and

e 10—20—4x
are zero in Picc, (E).

The class ug,, is a permanent cycle in the homotopy fixed point spectral sequence
for E;’Cz. So, the image under ng of

i 8—80’2

is zero in Picc, (E).
The second result we state is proved in Corollary 5.31 and Table 4 on page 3470:

Proposition 4.6 There is no integer d such that E A S~ ' ~ E A S9 as C4—
equivariant E—modules. In particular, Jg“(o — 1) is not in the cyclic subgroup
generated by L E hC.

Proposition 4.7 The image of the map Jg“: RO(C4) — Picc, (E) is isomorphic to
Z/32{1} ®Z/2{7T+c}.
The image of the map ng: RO(C;) — Picc, (E) is isomorphic to
Z]16{1}.

Proof As an abelian group, RO(Cy) is isomorphic to Z{1,0,A}. The map Jg“
factors through the quotient

4-9) Z{1,0,A} /(16 —8A,4—40,10—20 —41, 1 +0 + A).
Simplifying the relations, we have that (4-9) is isomorphic to
Z{1,0}/(24 +80,4—40,14+20) = Z/32{1} D Z/2{7+ 0}.

Since the periodicity of E hCs is 32, the image of Jg“ contains the cyclic subgroup
7./32{1}. Further, since Jg“ (c—1)= Jg“ (—8+4(7+0)) is not in this cyclic subgroup,
then neither is 7 + o . Therefore, Jg“ does not factor through a smaller quotient.

For C,, a similar computation shows that Jg“ factors through Z/16. Since the
periodicity of E”€2 is 16, there can be no further relations. O
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Remark 4.8 Proposition 4.7 provides a lower bound for the order of Picc,(E). That
is, this group has order at least 64.

Remark 4.9 Propositions 4.5 and 4.7 together immediately imply that for any virtual
representation V' € RO(Cy), the homotopy fixed point spectral sequence computing
ey E = 7+SY A E is a shift of either that computing 74 E or that computing
T x+1-0 E. We explain this in two examples. Since

20—-2=16 in Z/32{1}®Z/2{7+ 0},
there is an isomorphism of Mackey functor homotopy fixed point spectral sequences
E:,*+2—20’ ~ E:,*+16_
Similarly, since
I5+0=1—0 in Z/32{1}®Z/2{7+ o},

there is an isomorphism of spectral sequences

E:,*+15+0 ~ EI’*—H_U-

S The C4 homotopy fixed point spectral sequence for
E —theory

The goal of this section is to compute the homotopy fixed point spectral sequence

(5-1) ES* T = HS (Chmayi B) = 1,y B

with differentials d,: ES*T — EST/* =1 Aq is noted in Remark 4.9, the
computation for any » € RO(Cy) is determined by the computation for *x = 0 or

for *x = 1 —o. So, throughout this section, we detail the computation of £ and
of EX17ot*
Loy .

We first describe the structure of H*(Cy, E) as a Mackey functor:

H*(Cy, Ey)

4 4
res, (/ /) tr2

(5-2) H*(Cy, Ex)

2 2
I‘Cbl (/ /)trl

H*({e}, Ex)
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This then determines the E,—term of (5-1) when » = 0. The computation of the
E,—term of (5-1) when * = 1 — o will easily follow from this computation. This is
explained in Section 5.2.2.

Next, we discuss the differentials and extensions. They are imported from the slice
spectral sequence for K[pj to the homotopy fixed point spectral sequence for E hCa
using the diagram (4-8). Although all differentials are a direct consequence of those in
the slice spectral sequence, there is a significant difference between this computation
and that of [13] in the range near the zero line. The d3—differentials need particular
attention and we give more details in this part of the computation. From the E4-term
onwards, the computation in the range 0 < s < 2 is also different, but for s > 3, the
computation is almost identical to that of the slice spectral sequence.

Finally, we describe the E o —terms of w« E h and T(1—o)++E h

5.1 Some important C4—modules

Before giving a more detailed description of the structure of E, as a C4—module,
we need to set up some notation for a selection of C4—modules that will be making
multiple appearances in the computations below.

Denoting by y the generator of Cy4, and by e the trivial group element, we have the

modules
Z =7Z[C4/C4] = Z[C4]/(y —e) corresponding to 1 in RO(Cy),
Z— =7[C4]/(y +€) corresponding to o in RO(Cy),
Z[Cs/ Cy] = Z[C4l/(y* —e) corresponding to 1 4+ ¢ in RO(Cy),
Z[C4) Ca)— = Z[C4)/ (¥* + €) corresponding to A in RO(Cy),

where the correspondence with elements of RO(Cy4) occurs after base change to R.
Moreover, we will write

ZCs/Co ] = Z[Cy/ S L, Z[Cs/Co | =Z[Cs/ C] D Z-.

Note that
7_Q7_=17, 7_Q7 ~=17_,

L-QL[Cs/Col = Z[Cy/ Cr], Z-QZ[Cq/Cr]- = Z[Cs/ Co]-.

Since the coefficients of E are modules over the Witt vectors W = W(k), we will
have to base change all of the above modules to W; that amounts to just writing W
instead of Z.
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For pu asin (4-4), we will let

A =W[pllCs/ Co]l = W[p] @w W[Cs/ 5]

and
A— = W[ullCs/Co)- = Wp] @w W[Cys/Co]-.

Let

A=e+yeW[Cy, A=e—yecW[C]
We denote by the same name the images of A and A in W[Cy4/Cs], in W[C4/C,]—
and in W[C4/C;, 4] via the inclusion W[Cy/Cy] € W[Cy/Cy4].
Let u be as in (4-4). For

WInllCs/ Cor]l = Wln] @w W[Cs/Cr ]
and * corresponding to a generator of the C4—submodule W C W[Cs/C5,], we

define W[[,u]][C4/C2+].

Al+) = Lok =A

Similarly, for * a generator of W_ € W[C,4/C,_], we define
_ WG/ C ]

A(— = .
=) Uk =A4+2- %
There are exact sequences
(5-3) 04> A+)> W -0, 04— A(-)—> W_—0.
Further, note that

k[ullCs/Ca 4]

A(H)/2= A(-)/2 = —

and that there is an exact sequence
0—>A4/2—> A(+)/2—>k—0.
5.2 The Mackey functor cohomology of C4 with coefficients in E,

Recall that there is isomorphism F, =~ W[[Mo]][rlié] of W[C4]-modules, with |r; o| =2
and the action of y given by

2— o

y(rio) =rip=rio(l—po).  v(ro) =p1 = :

— Mo
In Table 1, we have named some of the elements in E,, E f 2and E f 4. We will use

the notation and the information contained in Table 1 throughout the rest of the paper.
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element degree action of y
r r
1,0 £ 1,1
ri,1 =r1,0(1 = o) —r1,0
po = (ri,0—=r1,1)/r1,0 e M1
p1=(ri,0+r,0)/r,1 = 2= po)/(1— o) 0 Ko
X2,0= VIZ,O £C =271
221 ——7’12,1 4 —220
31 =r1,0r1,1 E4C2 -8
C
= po+p1 = 2—pg)/(1— o) Eg* /L
Ty=rlo+r?, ES T
Ay =82 ES A
C
Ty=A1(n—2) Eg* Ty

Table 1: Some elements of E, as a C4—module and their images under the
action of . Names are chosen to reflect the notation of [13, Table 3].

Remark 5.1 There are isomorphisms
Wir0,r11t = W[Cs/ Gl W{no, p1} = W[Cq/ ],
W{Z2,0, 2,1} = W[C4/ (], W{s1} = W_.

Remark 5.2 The norm element

Ay =71,0Y(r1,0)72(r1,0)7> (r1,0)

is a periodicity generator of E4 as a C4—module. However, we will see that A‘l‘

is a permanent cycle and is a periodicity generator of F h as a Cy—spectrum. See
Remark 4.1.

Remark 5.3 The relations

py=nppo—p+2, riog=A101-pe) >

imply that W] is isomorphic to W[u]{1, po} as a W[u]-module and, in fact,
that

Eyw = WIRIIAT Yl o, ol g : 0 <k <3}
as Wﬂu]][Af“]—modules.
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Lemma 54 As a W[u][C4]-module, E« is 8—periodic, with periodicity generator
Ay € Eg. There are isomorphisms

Eo = W[pl{1, po. 1}/ (-1 = po + p1),

Ey = Wlnl{ri,0. 11,1},

E4 = Wul{d1, X2,0, X2,1}/ (161 = X2,0 + 2,1 +281),
E¢ = W[pl{8171,0. 811,13}

In particular,
Eo=A(+), E,=Egx=A_, E4=A(-).

Proof A straightforward computation gives the first set of isomorphisms. The second
set of isomorphisms is given by the C4—linear maps determined by

Ey— A(+), 1%, Lo > e, E, > A_, 0 e,

Ey— A, 81 > *, 22’()!—)6, E¢— A(—), 811"130'—)6. O

Remark 5.5 Lemma 5.4 implies that

ES? = Wpol[S5g).  EY* = Wnl[T2. AF)/(T7 — Ar((e—2)* +4)).

From the facts that A; = (rl,orl,l)z and that the ideal (2, i) is equal to (2, ,u(z)), it
follows that

Ex 2= (Wlro, rallAT' DG L

as W[C4]-modules. An argument similar to that of Theorem 6 in [6] gives an isomor-
phism

H*(Cy, Ex) = (W ® H*(Cy, Zlry,0, 71,1 DIAT ') 3 -

Hence, in order to compute the cohomology of C, with coefficients in E, we first
compute H*(Cy, Z[r1,0.1,1]), noting that Z[ry o, r1,1] is the symmetric algebra of
the induced sign representation

Z[r1,0,1r1,1] = Sym(Z[Cq/ C]-).

Then we base change to W, invert A; and complete the answer at the ideal (2, ).
The computation of the cohomology H*(Cy, Z[r1,0.1,1]) is essentially the same as
that performed in [13] to compute the E,—term of the slice spectral sequence of kp].
This approach to the computation also appears in work in progress of Henn. Finally,
the answer is described in [4, Section 2.2] and can be deduced from [13]. Following
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these references, we describe the answer in Proposition 5.10. We do not repeat the
computation of the group cohomology, but rather focus our attention on describing
the £ ;’VJF*—terms as Mackey functors for V =0 and V = 1—o0. Since we will be
deducing most of our results from [13], we have opted to choose notation that does
not clash with theirs. We need the description of the E,—page of the RO(C,)—graded
homotopy fixed point spectral sequence for Morava E —theory used in [8], which we
restate using the notation of this paper:

Proposition 5.6 There is an isomorphism
H*(Cy. Ey) = WollFTy . do. u3, )/ 20,

where the (x, x)—degree of the elements is given by |o| = (0,0), [r1,0
lae| = (1,—0) and |uys| = (0,2 —20).

= (07 /02),

Notation 5.7 For 71 o and 71,1 as in (4-1), it follows from (4-3) that

71,1 =T71,0(1 — po).

For a, as in Notation 2.4, let ; = as71,;, and note that n; € H'(C,, Zir1:}) is a
generator for i = 0, 1. Further,

1,011 = T1,1M0-
We also single out a particular RO(C4)-graded homotopy class.
Definition 5.8 Let
3 = Ny (Fi,0) € TSHE.
This is an actual homotopy class (and hence a permanent cycle in the homotopy fixed

point spectral sequence).

The class 0; is a unit. In the homotopy fixed point spectral sequence, the classes uy
for orientable V' (introduced in Remark 4.3) are also units. These give us several ways
to rewrite classes. For example,

32 2
A] = Dluzguk.

The unit 0 also greatly simplifies the homotopy fixed point E,—term analysis. The
following result is immediate since 0; and u; are units:

Algebraic € Geometric Topology, Volume 20 (2020)



Invertible K(2)-local E-modules in Cy—spectra 3449

Proposition 5.9 If p; = (0yuy )", then multiplication by p; induces an isomorphism
E=2k,* N E;’*_3_U,

and similarly for Mackey functors.

This means we need only determine the integrally graded stems to have completely
determined the RO(C,)—graded stems.
Proposition 5.10 There are classes

UEHI(C4,E2), I)EHI(C4,E4), G EHI(C4,E6) and ZD'GHZ(C4,E8)

such that
H*(Cy, Ey) = W[ul[T2, AT v, ¢, wlpf!, uif]/~,

where ~ is the ideal of relations given by

=20=2=4w =0, T;=A((n—-2)*+4),

An* =Tho =¢?, Ty = pulAqn,
T>n = ug, ¢n = uw,
v? = 2w, v =nv="Tv=cv=0.

Remark 5.11 Note that ® is p—divisible since 1° = 77§2A1_1 = Ug wAl_l.

Remark 5.12 The classes ay and up were introduced in Notation 2.4 and Remark 4.3.
There is also a class 1’ € JTZC:‘UE detected in H'(Cy4, m3_o E). See [13, Table 3]. It
satisfies res3 (1) = uq (0 + n1).

A dictionary with [13, Table 3], and some useful relations, are then given by
S =nud1, W=aupuzedy,  Ap =uUseuidy, V= agupdi.
Note further that wAl_l = a;hu)jl.

Under some choice of isomorphism, we can identify our classes with those in [2,
Perspective 2]. Again, the elements n and v have the same name there as here. Further,

Ay =08, Th=by, ¢c=y, Ta=by, w=E, WA1_1=/3-

In [4, Proposition 2.10], ¢ corresponds to y and our p is congruent to their z modulo 2.
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V(e)=V(y)=V?) =V =1,

A)=A, Al)=e+y? Aly)=y+y’
O 0 g o)
W W 0 W /4
(J2 [ Lo | L)l
W WI[Cq/ (] W_ k
()2 | i(T2 | L) ()
W W[Cy/Cs] W 0
o ° v A
k 0 k k
() () o i o
0 k k k
() () () ()
0 0 0 0
X N 0 &
k W 0 k
S LI Y T A I RS A
k W 0 k[Cq/C5]
Oﬁ/jv 1(/52 g,j 0(//)1
W[Cyq/Cr]- W W[C4/Cal- | W[Cy/C5]-
N N | ®
0 W W k
(7 | al)v | w02 | &)
W_ WI[Cy/C] W k[C4/C5]
(Jo ] 2T el) (]
W- W[C4/Ca] w 0

Table 2: Mackey functors similar to those of [13, Table 2].

Remark 5.13 Multiplication by the element A; induces an isomorphism X% E, —
E; g and multiplication by w induces an isomorphism

H*(Cy, E;) — H*T*(Cy, Er43)

for all s > 1, giving H*(Cy4, E) two periodicities.
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Propositions 5.6 and 5.10 identify the layers of (5-2). It still remains to identify the
transfers and restrictions and this is the goal of the remainder of this section. To do
this, we use Lemma 5.4. The first step is the computation of the Mackey functors

H*(C4, W), H*(C4, W[C4/C3]), H*(C4, W-), H*(Cy4, W[C4/C5]-),

which is straightforward from the definitions. The Mackey functors we need are listed
in Table 2.

Whenever possible, we use notation reminiscent of that used in [13].

Lemma 5.14 For the Mackey functors listed in Table 2, there are isomorphisms

O if =0,

H*(Co, Wy=Jo if % =2n,
0 if*x=2n-—1,

O if =0,

H*(C4, W[C4/Co)) =1 @ if % =2n,
0 if*x=2n-—1,

O ifx=0,

H*(Cy, W_) =@ if *=2n,
® if*x=2n—1,

O ifx=0,

H*(Ca, W[Ca/Co)) = L0 if = 2m,
® if«x=2n—1,

where n > 0 in the above formulas.

Notation 5.15 In general, if % is a Mackey functor in Table 2, then 3 is the Mackey
functor defined as

2(G/H) = Wn] @w x(G/H),
with restrictions and transfers extended to be W[ ]-linear.

Proposition 5.16 For the Mackey functors listed in Tables 2 and 3 (page 3453), there
are isomorphisms

B ifx=0, 0 ifx=0,
H*(Cy, A(+) = {0 if x =2n, H*(C4, A)~ 1@ if x=2n,
0 ifx=2n—1, 0 ifx=2n—1,
B if x=0, 0 ifx=0,
H*(Cy, A(-)) = { @ if % =2n, H*(C4, A_) =30 if x =2n,
® ifx=2n—1, ® ifx=2n—1.
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Proof Since u is fixed by the action of Cy, there are isomorphisms
H*(Cq, A) = W] @w H*(Csq, W[Cy/C3)),
H*(Cy, A-) = W[p] @w H*(Cy, W[Cq/C3]-).

The exact sequences (5-3) give rise to exact sequences of Mackey functors in cohomol-
0gy,
0— @ — @ —-O0—0, 0
0— § — CZ) —-0—=0, 0

The definitions of the middle terms in these short exact sequences are given in Table 3
and use the ring structure of A(—) and A(+). Note that all the boundary maps in
the long exact sequences in cohomology are trivial due to the structure of the Mackey
functors involved. O

Remark 5.17 Since E is a ring spectrum, we have the Frobenius identity
tr (resH (a)x) = atr (x)
foraen«E(G/H), x e nxE(G/K) and K € H C G.
Together, Lemma 5.4 and Proposition 5.16 give the following transfers and restrictions.

Note that all other transfers follow from these using the Frobenius identity and the
multiplicative structure of the restriction.

Proposition 5.18 In the Mackey functor (5-2), there are the restrictions

resy () = fo + (1. res5 (1) = o + N1,
res3(Aq) = 8%, resy(w) = Xy 007 = —22.1 15,

res3(T2) = £p0— Ta,1.  Tes3(g) = (o + 11)d1,
and resg(v) = 0. In particular, res‘z‘(Al_lw2) = (nom)?>.
There are transfers

3 (o) = i, tr3(X20) =To, t3(1320) =,
td(no) =n, trinen) =0, t3(man1) = cwAT !,

together with tr3 (1) = 2.
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A =W[ullCs/ ] A(+) = WklICa/ Co 1 )/ (- % = A)
A- = W[uJ[Cs/Co]- | A(=) = W[n][Cs/Co]/ (% = A+2-%)
V=2, V=V =pn Al)=x
Vi) =0, Ve)=V@p)=1, A(l)=A
| | o| B
| 0 Wil Wi
a( v () a9 il )e
A 0 A(+) A(-)
1( /52 1 /j 1(/ /)2 1({ /)2
A A A(+) A(-)
A ° O] ®
Win] k[ul W/ (4,2u) k[
i )9 a( v Al e i[9
A(-) A/2 A(+)/2 A(-)/2
2 ] l] (] (]
A(-) 0 0 0
N O el Q)
W] (4, WW[u] (2, WW[u] 2, W)W[n]/ 4. 21)
s | sl)s | ale sl
A (2%, e,7)A(+) A(+) A(+)/2
2(/ 5 i 1£ jz 1£ jz ({ 7
A A(4) A(4) 0
i = = El
k[u] 2, WWn] Wipl Wl
alJe | al]e NBE il )9
A(+)/2 A(+) A(+) (2%, e,y)A(-)
(] 2 ] () INE
0 A(4) A(4) A(-)

Table 3: The C; Mackey functors in the category of W[u]-modules appearing
in £ z* In general, if 3¢ is a Mackey functor in Table 2 on page 3450, then 3¢
is defined by x(G/H) = W[u] ®w £(G/H), with restriction and transfers
extended to be W[u]-linear. See Section 5.1 for more details on the notation.
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Remark 5.19 As already noted, Proposition 5.18 allows one to compute various other
transfers. For example, trg (n(z)) is obtained from the above formulas by

tr3(n3) = tr3 (g + nom1) = tri (res3 (Mno) = ntrs(no) = n°.

We represent the result of the computations of this section in the chart in Figure 2 on
page 3463. The relevant Mackey functors are depicted in Tables 2 (page 3450) and 3.

5.2.1 Generators for the £ ;’*—term We now list generators of £ ;’t =H5(Cy4, E))
as a W[uJ-module. The class

wAT! € H*(Cy, Eo)
and its restriction to
o230 € H*(Cy. Eo)

play a central role.
(1) Indegrees t = 8/ with kK > 1 we have

. @ - Eg’SI generated by
Al e E3¥(Ca/Cy),
83 o8} € ESY(Ca/ ),
(rior, ) o(rior,1)? € ES’”(Q/{e}):
« OCE ;k’SI generated by
(@ATH AL e E3¥ (Cu/Cy).

(135 0 63 o3 =5 0)%63 € E34¥(Cy/Ca).
(2) In degrees t =2+ 8/ with k > 0 we have
. i - Eg’2+81 generated by
rLo(riort, ) orso(ror, ) € E2’2+8’(C4/{e});
k248l

« @CE ) generated by

n(@ATH AL e B3P ¢y ),
_ — k, l
no(maS5.0)% 82, ono 325 0)Fs € E)722 8y Cy).
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(3) Indegrees t =4 + 8/ with k > 0 we have

e [C ]_;“g’4+81 generated by

, l
AL € EY*P(Cy/Cy),
51T 50,081 € 34 (€ ),

2 2 2 21 0,448/ .
rto(rior ) morf o(r0r1,1)? € E3*T¥(Ca/ted):

. .§E5+2k’4+81 generated by

v(@ATHEAL € EVPRATSL ()

e @C Eg(k+1)’4+81 generated by

(@A al e EXED4A ¢y ),
_ — k s /
S50 62 nomd 3 =5 ksl e 34TV ¢y ).
(4) Indegrees t = 6 + 8/ with k > 0 we have

e OC Eg’6+81 generated by

3 2 3 2 0,648/
rPo(riors, ) mors o (r10r,1)* € Ey T (Ca e},

- E;+2k’6+81 generated by

[ ]
@

s@ATH AL e B3Ry ),
_ _ k, [
n081 (M5 25.0) 8%, onod1 (M3 35 p)*82 € E3 208 (Cy/ Cy).

In Figure 2 on page 3463, dashed lines indicate that n times the generator is divisible
by s in E5(Cy/Cy). The dashed line from @ to § indicates that

N AL @ AT e By (g )
equals

wc A (@aThF) e B3Py ).

which follows from the relation 751 = pu¢g. The dashed line from é to @ indicates
that

n(cAl@aThk) e E3FCc,/cy)
equals

pATH @A) € B3R G Cy).
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5.2.2 Description of the E ;’1_a+*—term Finally, we pay an earlier computational

debt and turn to the description of

Ey'T0M = HY(Cy 1544 E).

Recall that Proposition 5.9 described how multiplication by the element p = (1;0;) "
is an isomorphism. In Mackey functor language, multiplication by it induces isomor-

phisms
ES'(Ca/Cy) 2> E5 T377(Ca/ C).
S (Ca/ Co) B2 B30 (/0.
E(Cafte) L B0,
So, using Lemma 5.4, it is straightforward to compute the £ ;’1_0+*—term. It is

depicted in Figure 2 on page 3463.

The class uq € Eg’l_g (C4/C,) of Remark 4.3 is a permanent cycle by Theorem 11.3
of [13] and multiplication by u, induces an isomorphism of spectral sequences, and
similarly for multiplication by 4 := res% (ug):

ES'(CafCo) 2> EYVTON(Ca/ o), EN'(Cafte}) > BRI (Co/le}).

Remark 5.20 In E;’l_a+*(C4/C4), the classes Thp, n’ = ¢p and a, = vp are
permanent cycles. Here, a, is as in Notation 2.4 and 7’ is as in Remark 5.12.

5.3 The differentials and the extensions

In this section, we describe the differentials in the spectral sequence

EY* T = HY(Co.mugs E) = 7oy E

i,*—i—t _)Ei+r,*+t+r—1'

for x =0 and * = 1—o0 . The differentials have the form d,: E
As was mentioned above, the results in this section follow from the computations of [13].

5.3.1 The dz—differentials and the E 4—page We first describe the d3—differentials.

Proposition 5.21 In the spectral sequence
HS(C4, E,) = ﬂ*—sEhC4a
the ds—differential are n—, v—, i—, A —and w?-linear. In the spectral sequence

H’(C4,E¢) = YTt—sEhC4,
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they are determined by
d3(Ty) =n’, diy(w) =n@?AT', d3(c) =ncwAy! = pw? A7
In the spectral sequence
HY(Cy, Ei—g 1) = T1—g41—s E"C4,
they are determined by
d3(Arp) = nwp, di(@cp) =ngw AT 'p.

In the spectral sequence
H(Cy. E¢) = m—g E"2,

the ds—differentials are pg—, 19— and E% o —linear and are determined by
d3(22,0) = pomg-

Proof We refer the reader to the differentials listed in [13, Table 3].

The differentials in the spectral sequence for C4 follow from Remark 5.12 and the
differential

d3(uy) = nay.
The d3—differential for C, is the [13] differential

d3(Z2,0) = g (Mo +n1) = ng(no + (1 + 120)10) = Kong- O

Both A; and w? are d;—cycles and (E3,d3) is a module over W[u][w2, A;*Ll].
Using this module structure, it suffices to describe the following five differentials to
determine the £ Z’*—page as a Mackey functor. The E 4—page is illustrated in Figure 3
on page 3472. The relevant exact sequences of Mackey functors are depicted in Figure 1.
See also [13, Sections 5 and 13].

(1) For ds: Eg’4 — E§’6, we have an exact sequence
0— §| -0 LEN e~V -0

determined by d3(T>) = n* and d3(Z;,) = MO’?S- This gives the remaining classes

0

4’4 generated by

. igE

2T € EY*(Ca/Cy), 281,285 € ESH(Cy/Cr), rLor1 T € EYH(Cy/ted);
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®—>O—>O

O—>|ﬁ|—>@d—7>.—>0
0—> e,
0— [ — N
0—>A— d7
0—>@— 7

~ d-
0—>!—> —

~ di

©® o 1@ [@
°
}
(=)

0—>.—>A—>.—>0

0—>§|—>
0—>§—>

0—e—

I I I

LEN
d3

—>

—-V¥V—=0

® 1@

e—~>0—~0

O—>(3)—>©d—5>0—>0

O—>V—>o

®—0

0—>.—>V—7>5—>0

0—>A—>.
0—>Q A
0»@»@
O—>V—>o
0—>A—>O A

A—>.—>0

v 4, ®e—0

v 4, ®e—0

v 4, ®e—0
V>e—0

O—>E—>gﬁ>.—>0

Figure 1: The different patterns of d3—, ds—, d7—, di1— and d;3;—differentials.

e YVCFE 2’6 generated by

c(wATH) e EY

%(Ca/Cy),

The following commutative diagram, with rows and columns exact, may help the reader
relate this family of d3;—differentials to those of [13, Section 13]:

n081(n3

0 0 0
Lol
0—N—0O—®e 0
Lol
0—N—LH—0—V-—0
Lol
0 N 0—e v 0
| N
0 0 0 0

(2) For ds: E;ﬁ — E;’S, we have an exact sequence

0—>§d—3>@—>o—>0
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determined by the differentials d5(¢) = ,uszl_l and d3(n9X2,0) = uong. This
gives the remaining classes

* OCE :’8 generated by
o AT € EYY(Ca/Ca). (nom)? =g € Ey°(Ca/ Ca).

There is a commutative diagram

0 0
L
0 o—@ 0
L]
0 ) ©) 0 0
[
0 O O 0
T
0 0

2,8 5,10
(3) Fords: E3" — E3 ", we have an exact sequence

0—>.—>@ﬁ>§—>i—>0

determined by the differentials d3 (@) = nszl_l and d (17322,0) = MOU(S)- This
gives the remaining classes

e O@CFE 2’8 generated by
2w € E5°(Ca/ Ca);

e 0C Ei’lo generated by

no(on)* =13 € E2'°(Cy/ Ca).

There is a commutative diagram

0 0
Lo
0 Ry g—
|,
0—@—0—0—@®—0
| 1,
0—@®—0—@®—@®—0
L
0 0 0 0
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(4) For ds: Eg’lo — Eg’lz, we have an exact sequence
~ dy ~ —
00— 0—0—0

determined by the differentials ds(nw) = nzszl_l and d3 (77322,0) = ng. This
gives the remaining classes

e @CE 2’12 generated by

(mom)® =nf € Ei’lz(c4/cz)-

There is a commutative diagram

Lol
0o 00
£d3£ i
0 ° ° ° 0
Lo
0 ([ ] o 0
ol
0 0

(5) For ds: E‘;’lz — E;’M, we have an exact sequence
~ d3 A~
00— @—Y—0

determined by d3(Trw?AT!) = w2 AT and d3(Z,0(non1)?) = wong (mom)?.
This gives the remaining classes

e VC EZ’M generated by

(@3 AT € EP'N(Cy/Co). my(om)* =n) € EF'H(Ca/C).

There is a commutative diagram

Lo
0o 00
L+l
0— @ ——@— Y —0
Lo
0—@—@®—Y—0
Lol
0o 0 0
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We give a similar description of the E Z’I_U+*. Again, using the W [[u][w2, A?El]—
module structure, it suffices to describe the following five differentials to determine
all the d;—differentials. The E4—page is illustrated in Figure 9 on page 3478. See
[13, Section 5] and Figure 1 on page 3458 for various relevant exact sequences of
Mackey functors.

(1) For djs: Eg,s—a — E;ﬂ_a, we have an exact sequence

0— g — @ LEN § > @—0
determined by d3(A;p) =nwp and d3(X; ous) = /Longua. This gives the remaining
classes, where ity = res%(ug),

. g CE 2’5_0 generated by
28115, 255 0t € Eq 77 (Ca/ Ca),

2A1P€E(2)’5_0(C4/C4), o, 05—
r1,0r,180, 11 glle € E7 7 (Ca/le});

. ®C 52’7_0 generated by

No81 (Mg =5 0)e = ngtie € Ey7 7(C4/Ca).

The following commutative diagram has exact rows and columns:

O 0 0
Lo
0—N-—0 "8 —0
Lo
0—mM—E0-—>0—8—0
Lol
0—m™m —0—"e—@—0
L
o 0 0 0

1,7— 4,9—
(2) For ds: E3’7 0—)53’9 9, we have an exact sequence
~ di ~ —
l-0-—>>0—>@—0

determined by the differentials d3(nA1p) = n?wp and d3(oX2 0Us) = uonéua-
This gives the remaining classes

- OCE :’9_” generated by

(nom)*ue = ngus € E3° 7 (Ca/Cy).
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(3) For ds: E§’9_U — Ei’l 179 we have an exact sequence

0— § LEN é -V -0
determined by the differentials d3(n?A1p) = n’wyp and d3 (n(z)Z‘z,oug) = ,LL())](S)MO-.
e VC Ei’“_a generated by

cw? AT p e E;'TO(Cy/Ca), mo(nom)?ue = njus € EJ'' TO(Cy/ ).

11— 13—
(4) For dj: Eg 7> Eg’ 379 we have an exact sequence

0—>§d—3>@—>o—>0

determined by the differentials d;(wcp) = ng szl_lp and d3 (ngEz,oug) = ngua.
This gives the remaining classes
* OCE 2’13_0 generated by

o AT p e ESTN(C/Ch). (om)Pue = nus € EYT(C4/Cr).

5) For dy: E¥1377 E7’15_0,W6 have an exact sequence
3- L3 Ls q
~ di ~ _
l-0->0->0—>0—0

determined by d3(w?p) = nw>A™'p and d3(S2,0(noni)*us) = pong (o) uo -
This gives the remaining classes

4,13—0

s OCE, generated by
2w%p e E3VT0(Ca/ Co):
e OCE 1’15_0 generated by

na(om)ue = njue € EF77(Cy/ Ca).

There are several exotic restrictions and transfers that follow from the 3 —differentials.
Following [13, Figure 10], we indicate exotic transfers by solid blue lines and exotic
restrictions by dashed green lines.
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Figure 2: The E ;* (top) and E ;’1_0+* (bottom) page of the homotopy
fixed point spectral sequence given by H*(Cy4, E,). Lines of slope (1, 1)
indicate 1 multiplication on the E ; **(C4/ C4)—term. They are dashed if the
generator of the target is not a multiple of 1. The d3—differential patters
are also drawn. Again, a dj is dashed if the target of the differential in
E3(C4/Cy) is not the generator.
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5.3.2 Higher differentials and the E.,—page The higher differentials for the ho-
motopy fixed point spectral sequences H*(Cy, Ex) and H*(C,, E) are listed below.
From the E,-term onwards, the homotopy fixed point spectral sequence and the
slice spectral sequence are isomorphic in the range s > 2 and # —s > s. Because
of the periodicity of the HFPSS, higher differentials are easily deduced from slice
differentials. We refer the reader to [13, Section 14] for more details. The computation
is also illustrated in Figures 3 (page 3472) and 9 (page 3478). The exact sequences of
Mackey functors involving the differentials are depicted in Figure 1 on page 3458.

Remark 5.22 The following classes are permanent cycles:
K= szl, €= w4A1_2, Kk =2wA;.
Therefore, all differentials are linear with respect to multiplication by these classes.

Remark 5.23 One key difference between our computation and that of [13] is the
behavior of u;,. In the E;(C4/Cs)—term of the slice spectral sequence for z, kp5],
there is a relation a2u) = 0. However, in the E,—term of the homotopy fixed point
spectral sequence for 7, E é’, the image of uy for every representation V' becomes
a unit. Therefore, ag =0in H3(C4, 7+ E). In fact, aéuiﬁ? = v3, which is zero on
the E,(C4/C4)—page. This implies that the target of the slice differential ds(uo,) =
ala, vy is trivial. So, in the spectral sequence

H*(C4,7T*E) = n*—*EhC4,
we have
ds(uze) = 0.

We will show in Proposition 5.25 that uzau;t is a permanent cycle. This, together with
dq (ujt) from [13, Theorem 11.13], implies that u,, instead supports a d;—differential.

Proposition 5.24 The ds—differentials are @—, n—, v—, k- and A% —linear. The
differentials ds: Ei’t(C4/C4) — E§+5’t+4 (C4/Cy) are determined by

ds(Aq) = vAl_lwz, ds(vaw) = 2A1_2w4.
The differentials ds: E§’1_0+1(C4/C4) — E§+5’1_U+t+4(C4/C4) are determined by
ds(Ayvp) =2AT'@p,  ds(Aywp) =vAT @ p.

Proof Again, these come from differentials listed in [13, Table 3]. They are deduced
using Remark 5.12 from

2 = 2% 2 = 2%
ds(uzaux) = Upsva; 01, ds(ux) =0a;0;.

Algebraic € Geometric Topology, Volume 20 (2020)



Invertible K(2)-local E-modules in Cy—spectra 3465

Here, v = aqu) € Eé’3_g_)‘ (C4/Cy) is a permanent cycle. In fact, v = v51_1 . Here,

we also use that v2 = 27, which is related to the “gold relation” 2us,a; = af,u a- O

We take a moment here to prove the following result, which settles Proposition 4.5:

2
20

cycles. In particular, the class ugy, is a permanent cycle in the spectral sequence
for ERC2 |

Proposition 5.25 The classes ui, u uz(,u;t and Uy = res‘2t (u4y) are permanent

Proof That ui, u% o, and ii4 are permanent cycles is part of [13, Theorem 11.13]. The
claim about ug,, follows from the fact that the restriction of A to the group C; is 20, .

We give a quick argument to justify that u ZUui is a permanent cycle. Multiplication
by uzf,u;t induces an isomorphism

(5-4) E3*(Cy/Cq) — ESIOT25(cy/Cy)

that sends 1 to u26ui. Using this isomorphism, it is visible that if uzgui is a d7—cycle,
then it is a permanent cycle by sparseness. Both u,, and u}t are ds—cycles. The
only possible nontrivial d;—differential is d (uzt,ui) =7 uz(,uiaiﬁl . Note that x is
detected by

K=w?A; = aiu%aﬁ?(uwui)

So, the differential would imply that
dy(@w?Ay) =n'a3uzu3, 0] = cw AT,
which is nontrivial on the E;—term, a contradiction. Therefore, uzgu;t isady;—cycle. O
Corollary 5.26 The class wA%p is a permanent cycle detecting a nonzero class
WA € 19_o E(Cy/Cy).
Proof This follows from Proposition 5.25 since
wA%p = axugaﬁf (uzgui)
is a product of permanent cycles. a

Proposition 5.27 The d;—differentials are u—, n—, v—, k—, € — and A‘l‘—linear. The
d —ditferentials dy: Ei’t(C4/C4) — E§+7’t+6(C4/C4) are determined by

d72A)) =cw?AT?, d7(AY) =caw AT dr(nAy) = 0.

Further, u/A; is a permanent cycle.
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The ditferentials d7: E s = J+t(C /Cy) —> E ESJr7 1= U+t+6(C4/C4) are determined by

d7QA wp) =cwp,  di(wp) =cwpAT ds(uwpA]) =0.
The differentials d7: E;’t(C4/C2) — E§+7’t+6(C4/C2) are no—, o— and 2‘2"0—
linear. They are determined by

d7(33 0) = ng-
The spectral sequence E :’*(C4 /C») collapses at E7.
Proof We use the proof of [13, Theorem14.3]. From that discussion, one deduces that
d7Q2A1) = aiuzen'd; and  d7(A}) = Ayd7(2A4).
The first two differentials for E5*(C4/Cy4) then follow using Remark 5.12.
The d for E3*(Cs/C,) is obtained by multiplying the differential from [13],
d7 ([L_li]) = a2'277:1;,0

with the permanent cycle 7{‘ o- There is a vanishing line at s = 8 on the Eg—page, and
so the spectral sequence collapses.

For d7(A1pt) = 0, note that uA; = trg(,uoéf). Since
d7(14087) = d7 (1o(1 — 110)> 3 o) = po(1 + ug)ng

and the latter is zero in £ ;’14(C4 /C,), the claim follows.

Now, note that ,uoéf is a permanent cycle, hence so is pA; = tr‘2t (/Lo(?f). Finally, the
differentials in £ "7(’1_0+*(C4 / C4) then follow using Corollary 5.26 and the fact that
the d;—differentials are A‘l‘—linear. O

Proposition 5.28 The dy;— and d,;—differentials are jt—, n—, v—, k—, €—and A‘l‘—
linear. The dy—differentials d;1: 11(C4/C4) — Eerll 110,/ Cy) are deter-
mined by

di1(cw) = 2A1_4w7 = v2w6A_4.

The d —differentials dy,: E*’ 1_"JFI(C4/C4) — ESJrll I=o 1410, 1Cy) are deter-
mined by
d11(§w’ A3 p)—v w Al p.

The d,; —differentials d13: E (C4/C4) — Eer13 t+12(C4/C4) are determined by

diz(Apvw) = A7 ‘w8, d13(A3v2)_ 1 v,
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The d 3 —differentials d3: Ei’3l_a+t(C4/C4) — Ei;rl3’1_a+t+12(C4/C4) are deter-
mined by
diz(Ava®p) = AT e, dis(A]V ap) =vo'p.

Proof The dq; in I_EI’*(C4/C4) follows from [13, Theorem 14.2(iv)]. The dq3’s
come from [13, Theorem 14.4]. Finally, the differentials in £ I’I_U+*(C4 /C4) then
follow from those in the integer-graded spectral sequence by multiplying by the perma-
nent cycle A%wp of Corollary 5.26. |

Remark 5.29 There is a typo in the statement of [2, Proposition 2.3.8]. It should read
di1(y§) =2674¢7.

The E s —term is illustrated in Figure 3 on page 3472. The exact sequences of Mackey
functors required to compute it are listed in Figure 1 on page 3458. Finally, Tables
2 (page 3450), 3 (page 3453) and 5 (page 3471) contain the definitions of the Mackey
functors required to read Figure 3.

5.3.3 Exotic restrictions and transfers Exotic restrictions and transfers can mostly
be deduced from [13]. In general, they are solved using [13, Lemma 4.2], which states
that, for a cyclic 2—group G with finite subgroup G’ of index 2, if o denotes the sign
representation for G, then

. im(trg,) =ker(ay), and
. ker(resg/) =im(as).
We have explicitly computed the £ ;5*+*—pages for x =0, 1 —o. Further, as we noted
in Remark 4.9, there are isomorphisms
E% ;E&*Hs_za, E;él—aJr* ;E:é*+15+a'
So, it is straightforward to study the image and the kernel of multiplication by a,

and a4, on E 2 and E 2;31 ~OT* This allows us to use the above observation to deduce
exotic transfers and restrictions that are not stated in [13].

We first list the extensions for 4« E, and then turn to the shift by 1 —o. The homotopy
groups w, E and 7, ., E are listed in Table 4 on page 3470. See also Figures
8 (page 3477) and 14 (page 3483).

(1) In m, for t =2 mod (32), the exotic transfers resolve in two steps as

an

—>|§|—> — 0.

©»

0—>.—>(§)—>§—>0, 0—
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Note that, in [13, Figure 17], 5 K[ is a direct sum of V and E, where
l-0—-V—-0—0, O—>6—>ﬁ—>ﬁ—>0,

and the gray Mackey functors are defined as in Table 2 on page 3450, but with k
replaced by Z/2 and W replaced by Z. However, 15 E5] cannot be expressed as a
direct sum because of the W [ ]-module structure. This obstruction can be understood
in terms of the diagram

V(Cs/Cr) ® (1(Ca) Cy) —— B1(Ca/ Ca)

= H

L/2(%} ® L/2[Ca/ Co) —=— KIWICa/ Co )/ (-5 = )
(2) In m, for t = 3,19 mod (32), the exotic restriction resolves as
0->VYV—>0—>0—0.
(3) In z, for t = 4 mod (32), the exotic transfer resolves as
0>V — g| — §| — 0.

(4) In m, for t = 6 mod (32), the exotic restriction and transfer resolves in two steps
as R
0>0—>A—>0—>0, 0>A—>X—>0O—0.

(5) In mr, for t =9 mod (32), the exotic transfer resolves as
0>@—>0—>A—0.

(6) In mr, for t = 10,26 mod (32), the exotic transfer resolves as
0— § — é — @ — 0.

(7) In mr; for t = 18 mod (32), the exotic transfer resolves as
0— § — é — @ — 0.

(8) In m, for t = 20 mod (32), the exotic transfer resolves as
0—->0— il — il — 0.

(9) In m, for t = 21 mod (32), the exotic transfer resolves as

l-e—>VYV—>0—0.
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(10) In m, for t = 22 mod (32), the exotic restriction and transfer resolve in three
steps as

l-e—>VYV>0—-0, 0-Y5>0—>0—0, O—>O—>|§|—>ﬁ—>0.
(11) In z, for t = 28 mod (32), the exotic transfer resolves as
O—>.—>S|—>§|—>O.

Next, we list the extensions for 7«4 1— E. Most of them can be read off the computation
of the homotopy groups and we add a word for those that are not so clear.

(1) In z, for t =1 —0 mod (32), the exotic transfer resolves as
0—e— é — @ — 0.

(2) In m, for t =3 —0 mod (32), the exotic transfer resolves as
0— @ — @ — i — 0.

(3) In m, for t = 5—0 mod (32), the exotic restriction resolves as
0—>@— fl — g — 0.

4) In m, for t = 6 — 0,22 —0 mod (32), the exotic restriction resolves as
0-V—>0—@e—0.

(5) In m, for t = 7—0 mod (32), the exotic transfer resolves as
0— A— i — @ — 0.

(6) In zr, for t =9 —0,25—0 mod (32), the exotic transfer resolves as
0—@— @ — @ — 0.

There must be an exotic transfer in this degree since wg_»45 E(Cs/Cq) =0, so the class
in (9 —0,4) must be in the image of the transfer. Similarly, w525 E(C4/C4) =0
implies the exotic transfer in stem 25 —o.

(7) In m, for t =11 —0,27—0 mod (32), the exotic transfer resolves as
0— § — é — @ — 0.
(8) In m, for t = 19 — o mod (32), the exotic transfer resolves as
0— @ — E — ﬁ — 0.
(9) In &, for t =21 — o mod (32), the exotic restriction and transfer resolve in two

steps as
l-e—-VY—>@e—0, 0—>V—>g—>§—>0.
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(10) In z, for t = 23 — o0 mod (32), the exotic transfer resolves as
l—-e—-QO—-0—0.
Remark 5.30 There is no exotic transfer to the class detected in degree (27 — o, 10)

since this class is not in the kernel of multiplication by a, . Similarly, there is no exotic
transfer in stem 20 —o.

Corollary 5.31 The homotopy groups of mw.41—qE are not an integer shift of m«E.
As was stated in Proposition 4.6, this implies that there is no d € 7, such that EAS? ™1 ~
EAS? as Cy —equivariant E —module spectra.

homotopy groups 7, E
t mod 32 0 1 2 3 4 5 6 7
7w, E £ eoe © O N ® X 0
¢t mod 32 8 9 10 11 12 13 14 15
wE MmMee & O 0 &N 0 Ose 0
¢t mod 32 16 17 18 19 20 21 22 23
n, E @ § é o il A @ 0
t mod 32 24 25 26 27 28 29 30 31
7, E m A O e N 0 O 0
homotopy groups m;_, 4, E
¢t mod 32 1 2 3 4 5 6 7 8
T, ok é § E‘ ® i o i ®
¢t mod 32 9 10 11 12 13 14 15 16
o E é‘ ® é 0 ﬂ L @ 0
t mod 32 17 18 19 20 21 22 23 24
o E o] ° 0 ede g (@) ﬁ 0
t mod 32 25 26 27 28 29 30 31 32
n,E B A Uee 0 @ 0 O e

Table 4: The homotopy groups z, E (top) and 7, ., E (bottom).
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V=0, VY@=V =1 Vw=u A=A, AQ=0,
o Vw=2 V=V =un V@) =0. Al)=*x
V(x) = 2, V(e) :i(y) =1, V) =2, A=A, AW =1,
] %qv:t ?(e) :6(y)v= 1, Z(l)va, AQ) =0,
V() = 2, Vie) = @9/) =i Vi) = L A(l) = o+ A() =0
Vex) =1, V(e)=V@y)=1, A()=A, AQ) =
] N O X
2, W)W[ul/4,21) | kic}® Wn] k[u] k
alJe il )¢ ()@ 1{ o
A(+)/2 k{to} @ A(-) A(-)/2 k
of 1 oa( 0] | el o v
A A(-) A A
B N B a
W /4 ki@ W] | kiy® Wlpl] | Wul/(4.2u)
XNE ()¢ i 7v al e
k A(-) A(-) A(+)/2
0£/5V 2£71 1(/72 0L71
A A(-) A(-) A
o N B &
0 W] k{c} & W[u] k[l
(] il )% 2[5 Al v
k k{ito} ® A(+) | (2x,e,y)A(-) A/2
0£,5V [0 2]({?[{] 1(/72 OL/)I
A- A(+) A=) A
S -
W/4{} & Wn] k{t} & W[u]
i (79
k{w} ® A(-) k{to} @ A(+)
2(//51 ) 2](//5[‘1’]
A(-) A(+)
Table 5: C4 Mackey functors in the category of W[u]-modules appearing

in E;™*. See Section 5.1 for notation.
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Figure 3: The E,™* page onwards of the HFPSS with d, for r > 5.
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Figure 4: The E™ page of the HFPSS with ds—differentials.
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Figure 5: The E;™ page of the HFPSS with d;—differentials.
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Figure 6: The E7;" page of the HFPSS with d/ —differentials.
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Figure 7: The E}3" page of the HFPSS with d3differentials.
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Figure 8: The EX" page of the HFPSS with exotic extensions.
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Figure 9: The E Z’(I_UH* page onwards of the HFPSS with d, for r > 5.
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Figure 10: The E ’g’(l_GH* page of the HFPSS with ds—differentials.
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Figure 12: The E¥:('""%* page of the HFPSS with d,;—differentials.
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Figure 14: The E5'""™™ page of the HFPSS with exotic extensions.
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6 The algebraic Picard group

In this section, we compute the algebraic part of Pic(E). First, we recall a few facts
from algebra.

Let R be a commutative ring with an action of a group G' by ring automorphisms. We
consider the category of G —twisted R—modules where the objects are R—modules M
with an action of G compatible with the action of G on R. Namely, forr €¢ R, me M
and g € G,

g(rm) = g(r)g(m).

This is a symmetric monoidal category and we let its Picard group be denoted by
Picg(R). If G is a finite group and R is a local ring, then a G —twisted R—module M
is invertible if and only if it is free of rank 1 as an R—module. From this, one deduces
that there is an isomorphism

(6-1) Picg(R) = H' (G, RX).

The isomorphism is defined by choosing an R—module generator m for M and defining
a function ¢ps: G — R by the formula

g(m) = pp(g)m.

Note further that if we let H vary over the subgroups of G, it is clear that the right-hand
side assembles as a Mackey functor. This corresponds on the left-hand side to the
Mackey functor

Pic(R)(G/H) = Picg (R)

with resg (M) the module M with H —action restricted along the inclusion of H in G
and
ufr (M) = Ng(M),

where N g (M) = ®§ /i M is the indexed tensor product of R—modules.

Now, let R be a ring spectrum with an action of G and Ry = wgR. In the Picard
spectral sequence, which we introduce in more detail in the next section, we will have

1,1 - -
E 5(G/H) = H'(H, R) = Picg (Ro).
Therefore, the computation of Pic(Ry) is an input for that of Pic(R).

In this section, we prove the following statement:
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Proposition 6.1 There are isomorphisms Picc, (Eo) = Z /4 and Picc,(Eo) = Z/2.

Let G = C, or Cy4. Since a G— Ey—module is in Picg(Ej) if and only if it is free of
rank 1 as an Eg-module, for each integer n, E;, is an element of Picg(Ey). Further,
the multiplication

(6‘2) E2n ®E0 E2m - E2(n+m)
induces an isomorphism. This gives a group homomorphism

¢%(=): Z > Picg(Ey)

where 9% (n) = E,,.
Lemma 6.2 Let k =0, 1,2. The kernel of (pczk is the ideal (2X)Z.

Proof First,let G = Cy4. If f: Ey — E,, is an isomorphism of Cy—twisted Eq—
modules, then /(1) is a unit of degree 2n which is invariant modulo the action of Cjy.
Conversely, any such isomorphism is given by multiplication by such an invariant unit.
The element A; defined in Table 1 on page 3446 has this property, so multiplication
by A induces an equivariant isomorphism

Ay: Eyp — Eppys,

so that E,y is at least 4—periodic and (4) C ker(¢“*). There is no such unit in E,,
E4 or Eg, so this identifies the kernel.

The argument for C, is similar, replacing A; by §;, and that for the trivial group is
obvious. |

As an immediate consequence, we have:

Corollary 6.3 Let k = 0,1,2. There are inclusions Z/2k C Picc,, (Eo), where
7.)2K is generated by the isomorphism class of E».

To finish the proof of Proposition 6.1, we show that H!(Cyx, E o) has order at most 2k,
Once we have shown this, we can assemble the Mackey functor Pic(Eq) = H'(Cy, E o)
The effect of

res3: Picc, (Eo) — Picc, (Eo)
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is obvious since it sends the generator E, to itself. Since trg o res‘z1 = |C4/Cy] (for
example by (6-1)), the transfer must be multiplication by 2. Therefore, Pic(Ey) is the
Mackey functor

Picc,(Eo) = Z/4

1 ﬁ /)z
Picc,(Eg) = 7Z/2
0 Q /)0
PiC{e}(E()) =0
We denote this Mackey functor by O.

The remainder of the section is dedicated to proving that H!(C,«, E o) has order at
most 2K for k = 1,2. This is rather technical and the next section will only appeal to
the statement of Proposition 6.1, so the reader may safely skip the remainder of this
section. We treat C, and C, separately since proving this for C, is much easier.

Lemma 6.4 There is an isomorphism
HY(Cy, EY)=1Z)2.
Proof The group C, is generated by y2, which acts trivially on EX; see Section 5.2.

Therefore, we have
)2
H'(Cy. E}) =ker(EX S5 EY),

but x2 =1 in Ej if and only if x = (&1). |
To deal with Picc, (Ey), we introduce some notation. Let Uy = E and, for n > 1,
U, ={x € Ej:x=1mod (2")}.

There are isomorphisms

EX/2 iftn=0
Un/Upy1 =4 0 ’
n/ Unt {Eo/z if n>1.
We will use the long exact sequence on cohomology associated to the short exact
sequence
(6-3) 0—>U — Ef - E;/2—0.

Lemma 6.5 The maps Eg“ — (Eo/2)% and (E(>)<)C4 — (E(>)</2)C4 are surjective.
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Proof Since an element of E is a unit if and only if it is a unit modulo 2, it suffices to
prove that the map Eg"‘ — (Eo/2)% is a surjection. Since H'(Cy4, E¢) = 0 (see, for
example, Figure 2 on page 3463) this follows from the long exact sequence associated
to the short exact sequence

0— Eg—=> Eg— Eo/2— 0. O

It follows from Lemma 6.5 that there is an exact sequence
0— H'(Cy4,Uy) - H' (Cy, EY) — H'(Cy, ES /2).

We will show that both H!(C4,U;) and H'(Cy, E o /2) have order 2, which will
imply that the order of H'(Cy, E o) is at most 4. Together with Corollary 6.3, these
results prove Proposition 6.1.

Remark 6.6 One can also prove the claim by filtering E§ by powers of its maximal
ideal. That argument is slightly shorter but more technical. We have opted to take the
slightly longer, but less steep trail.

Proposition 6.7 There is an isomorphism H'(C,,U;) = Z/2.

Proof To compute H'(Cy,U;), we use the Bockstein spectral sequence

(6-4) EP" = H*(Cy, Up/Upy1) = H*(C4,Uy)

with differentials d,: Ey" — Ef+1’"+r and n > 1. See Figure 15 on page 3491.

The differentials are described as follows. First, if y2 acts trivially on a C4—module M,
Y} Or*@OrE)E) =) )

on M. The standard resolution for the group C4 gives a cochain complex

(6-5) 0— PO(M) y(_):)_l (y(—zl(—))2 J/(—):l—)_1

PY (M) P2(M)

with PS(M) = M for all s > 0. The cohomology of this complex is H*(Cy, M).

For an element
a € EY" = H(Cy, Up/ Upty)

a differential d, () in the spectral sequence (6-4) is the Bockstein associated to the
exact sequence

0— Un+1/Un+r+1 — Un/Un+r+1 —> Un/Un+1 — 0.
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This is computed by choosing a cocycle representative a € P*(U,/U,+1) for @ and
lifting it to an element @ € P¥(U,/U,+,+1). Then d(a) will necessarily be a cocycle
in

Ps+l(Un+r/Un+r+1) - Ps+1(Un+1/Un+r+1)

since a was a d,_1—cycle. The cohomology class represented by
d(a) € HS+1(C4» Un+r/Un+r+1)
is dr (o).

Fix an isomorphism

Eo/2 = Kk[pol = Un/Ung1.  f(1o) = 142" f(1o) mod 2" 1.

From Section 5.2, we have that
Un/Unt1 = Eo/2= A(+)/2
as C4—modules. Recall that
w= o+ ¥(Ko)

is invariant for the action of Cy4 (since yz(/Lo) = l4o). Using the standard resolution,
we get the W [u]-modules

k] if s =2t,
ko ku] if s=2t+1,

with cocycle representatives in P*(U,/U,+1) given by
S < 1+2%(w)  if s=21,
a<1+2" if s =241,
fu) < 1+2"f(wype if s=2¢+1
for f(n) e k[u] and o € k.

(6‘6) Ei’n = HS(C47 Un/Un+1) = {

For f(u) € k[u] = (Eo/2)%*, we let f(,u) e Wlu] = EOC4 be any invariant lift,
which exists by Lemma 6.5. Further, given o € k, we let @ € W be zero if « =0 or a
Teichmiiller lift if o € k™.

First, let s = 2¢. For f(u) e k[u] = E 12”", the cocycle representative 1 + 2" f(u) €
P (U, Uyt1) lifts to

142" (1) € PP (Un/ Upeir41)-
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Since 1 42" f () is invariant for the action of C4, we that have

d= V(_)(_)_1: PZI(Un/Un+r+1) - P21+1(Un/Un+r+1)

is given by d(1 +2”f~(u)) =1, which reduces to zero in U4,/ Uy4r+1 forany r > 1.
So the differentials

. 2t,n 2t+1,n4r
dri E;V" — E;

are all trivial.
Now let s = 2¢ + 1 for odd t > 0. A choice of representative for a class
0, /() ek @k[u] = EF "
is given by 1+ 2"f () in P21 (U,/Up,t1), which lifts to
L+ 2"f (o € P2+ (Un/ Upsrs)-
We compute
d = (y(=)(=)* PPN Un/Ungry1) > P2 (Un/ Ungr11)-
Using that = y(uo) + Lo, we have

d(1+2"F(W1eo) = y (1 + 2" F (1) o) (1 + 2" f (1) o)

= (1 +2"7 (10 y (o)) (1 + 2" F (o))
= 1+2"" () + 22" 12 f(n)? mod 2" F2,

Therefore, on k[u] Ck @ k[u] = E 12t+1’”, we have differentials

given by
wf () +p2f(w? if n=1,

IR ey

which in both cases are isomorphisms onto pk[u].
A choice of representative for a class

o 2041,
(@,0) ek @k[u] = EXF1n
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is given by 1 + 2"« in P?'*1(U,/U,4 ), which lifts to
1+2"a € P! (Un/ Upgrs).
Since this class is invariant for the action of C4, we have that
d(142"a) = (1 4+ 2"@)* =1+ 2" 27 + 22"t 152 mod 2" 3.
Therefore, on k € k @ k[u] = E2*'", we have differentials

given by

di(@) = ifn>1

{a +a? ifn=1,
These are isomorphisms if # > 2, and, if n = 1, the kernel is [, = [k Gal(k/F2)

In particular, it follows that

gl _ F, ifn=1,
o 0  otherwise,
which implies the claim. O

Proposition 6.8 There is an isomorphism H'(Cy, E 0/2)=1Z)2.
Proof To compute this, we will use another Bockstein spectral sequence associated to
the following filtration. Let
Va={x€EJ/2:x=1mod ug}.
There is an exact sequence
1>V — Ej/2—>k*—1.

Since k* has order prime to 2 and H(Cy, (E¢/2)*) — H°(C4,k>) is surjective,
there is an isomorphism

H'(Cy4, E§/2) = H' (C4, V7).
To compute H'(Cy, V;), we use the Bockstein spectral sequence

(6-7) E}" = H¥(Cy, Va/ Vas1) = H*(Ca, V1)
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Figure 15: The spectral sequence (6-4), left, and the spectral sequence (6-7),
right, drawn in the (n, s)—plane. A @ denotes a copy of k. A @ denotes a
copy of k[[u], where the inner dot stands for k{1} and the outer rim stands
for wk[u] (this allows us to draw the differentials more precisely). The
dashed line indicates that o — o + a? for o € k.

with differentials d,: ES" — EST!"17 See Figure 15. The maps

Sk = Vu/ Va1, ¢n(a) =14 pga,

are isomorphisms for n > 1. We proceed as in the proof of Proposition 6.7, using the
resolution (6-5) to compute the differentials. We have isomorphisms

HS(C4, Vn/Vn+1) ~ k,

where a representative for « € k in P*(V,/V,+1) is given by the residue class of
1 + pger, which is also a choice of liftin P*(V,,/ Vyiyr41).

Let s =2t and n = 2Km for m odd and k > 0. For d: P2!(V,))— P*'*1(V,), we have
41+ i) = (1 + 7 (20)"@) (1 + o)™

) ()
=1+ o
( (no +1)" 1+ pge

- (et ) (e
*03 + ym) T uge

k
= (1+apug —i—omg“ Y1+ aug +a2u(2)”)
n+2k+1
5 )

=1+ aug+2k mod u

Therefore, for n = 2Xm, the first possible nonzero differential d,: E2"" — EZT11H1
is d,« . Further, the differentials

d13 Eft,n_>E12t+1,n+1

are isomorphisms for » odd.
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Now let s = 2¢ 4+ 1 and n = 2Xm, where m is odd and k > 0. For d: P2'+1(V,) —
P2'*2(V,), we have

d(1+ phe) = (14 y (o)) (1 + pgar)®

1
— 2,2n__ - 2,.2n
— (1 + o Mo (M(z)k_H n l)m)(l + o Mo )

k K+
= (1 +2ud"(1+ 13 ") +a?pud") mod p2n 2
_ {1 + (a —I—ozz);L%kJr2 if n =2k,
1 +a2u%”+2k+l if n=2%km, m#1.

2t+1,n E2t+1,2n+2

In particular, if n is odd, we get differentials dy1: E, " o

given by

a+a? ifn=1,
dp42(a) = {a2

if n>1.
These are isomorphisms if n #£ 1. If n =1, then F, = kGal E§t+1’l is the kernel.

Combining these results, we conclude that

F, ifn=1,
0 otherwise,

El,n —

o0

which implies the claim. O

7 The Picard spectral sequence

In this section, we first establish notation and a few results about the Picard spectral
sequence for R an even periodic ring spectrum in the category of genuine G spectra.
Then we turn to the analysis we need to

7.1 Generalities on the Picard spectral sequence

Let R be an even periodic cofree commutative ring spectrum in the category of genuine
G —spectra. Suppose that R"G 5 R is a faithful G—Galois extension. We recall the
tools provided by [10; 16] to compute Pic(RhG), the Picard group of R"G _module
spectra. Let pic(R) denote the Picard spectrum of the ring spectrum R. Note that
pic(R) is a spectrum with a G —action, and that pic(R") = pic(R)’;%. In particular,

7o pic(R)"C = Pic(R"Y).
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It follows that the group Pic(R"H) for any subgroup H of G can be computed by
studying the spectral sequence

(7-1) E3', = H*(G, 7, pic(R)) = 7, (pic(R))"

with differentials o’ EY’,
sequence, we have taken the genuine cofree G —spectrum corresponding to pic(R). We

— Ef:,r’t'”_l; to obtain a Mackey-valued spectral
will be comparing this to the analogous homotopy fixed point spectral sequences E x
(for the units of the ring R, see (7-3)) and E 4+ (for the ring R itself, see (7-2)).

Note that pic(R) is a connective spectrum with the property that (2 pic(R))>g >~
gl; (R). Further, as spaces, 2°° gl;(R) ~ GL;(R) and there is a map

GL;(R) — Q™R

which is an inclusion of those components lying over (o R)>. These equivalences
respect the G —action, so both of these spaces inherit a G —action from R and

Z)2 ift=0,
7y pic(R) = { R§ ift=1,
Rt—l if t>2,

as G -modules. It follows that
H(G,Z/2) if t =0,

Ey, = {H'(G,Ry) ift=1,
s, t—1 .
E+’2 if t>2,

as Mackey functors. Here, E i** denotes the Mackey functor homotopy fixed point
spectral sequence

(7-2) EY' = EY, = H'(G.mR) = n,_,R"
with
N s +rt+r—1
i, EyY — EyLDTT
We also let
(7-3) E!, = H(G.migh (R) = 7, (gl (R)

with differentials dy': EY, — E f:r,r’t 71 and note that
£ o {E(G, RY) if 1=0,

=2 T EY, if £>1.
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In [16, 5.2.4], Mathew and Stojanoska identify a range where the differentials d
and d4 are related. Given a class x € Es i 1(G/H) Where t>2,welet x* and x®
be the corresponding elements in £ ’t 1(G/ H) and E (G/ H), respectively.

Theorem 7.1 [16] Let x € E','(G/H) and let y € EY"*"72(G/H). Let
x® € ES'.(G/H) and y® € ES+”+’ Y(G/H) be the correspondmg classes.

(1) If both x® and y® lie in the region of the (t — s, s)—plane where 2 <t and
0<t—s,thendy ,(x) =y ifand only if dy,(x?) = y*

(2) If2<tand 2<r <t—1,then d+ ,(x) =y ifand only if dg,(x?) = y®
3) If s=t=r and dy ,(x) =y, then
ot (x2) = (dy 1 (x) + x2)°.
As in [16], we will call the first two families of differentials stable and the third family

unstable.

For our arguments below, we also need to know how the transfers and restrictions of
these spectral sequences are related. We will need the following result but postpone its
proof to the end of the section:

Lemma 7.2 Suppose X is a spectrum with a G —action, and consider its Postnikov
decomposition
XZt — X — X<l‘

for some t. Let & be the connecting map X<; — X X>;.

If o is a permanent cycle in the homotopy fixed point spectral sequence for X<;, then
S(e) = B € mx (X=)"C

if and only if there is a differential d, (o) = B of suitable length in the homotopy fixed

point spectral sequence for X.

In the following result and its proof, we adopt the convention that, for a < b,

E351.2(G/H) = H* (G, 7, gl Rpap) = Ti—s (gl Rpg,p))”
and
E3N 512G/ H) = H* (G, 7pic(R)a ) = Ti—s (pic(R)ja )"
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Proposition 7.3 Suppose 0 < a < b < ¢ are integers such that ¢ < 2b — 1, and
let H be a subgroup of G. Assume we are given classes x € E* erS(G/H) and
yE€E Es+p mtstp (G/G) such that the following conditions are satisfied:

(1) The integers m +s,m + s + p are in the interval [b, c], the classes x and y are
permanent cycles in the spectral sequence for Ryp (], and, in the Mackey functor
Tm(Rp,c])» we have trIG{(x) =

(2) The class x® corresponding to x is an r—cycle in E Z'ﬁis;rcl e (G/H), which

is hit by a differential, say d,(z®) = x®, with ¥’ >r and ' >m+s+1—b.

Then, in the spectral sequence E (G/G), there is a differential of suitable

=0, [a+1 c+1],%
length

dypry p (G (2%)) = y°

Proof Note that

(7-4) Qpic(R)g+1,e+1) = gli (R)[a,c]5

so the claims are going to follow from their (suitably shifted) counterparts for gl; (R)
and the spectral sequence Ex*.

The assumption (2) implies:

(2') The class x* corresponding to x is an r—cycle in £ % m+s ,(G/H), which is
hit by a differential, say d,/(z*) = x*, with r’ > r and r/ > m+s+1->.

From this, we will deduce that, in the spectral sequence E*’ (G/@G), there is a

x[ac]*

differential of suitable length

dyry (1 (2%)) = y*

The result for E *

L at1,041] then follows from (7-4).

The assumption ¢ < 2b — 1 gives an equivalence gl; Rpp ] ~ Rp,¢] Which respects
the G —action [16, Corollary 5.2.3]. This equivalence gives an isomorphism of the
respective spectral sequences and isomorphisms 7w«gly Rjp ] = 7« Rpp ] of Mackey
functors. In particular, (1) gives that the classes x* and y* corresponding to x and y
are permanent cycles in the spectral sequence for gly Ry (], and we have

G
UH Xb.e) = Vp.el
in m,ely R[b,c] .
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Now consider the fiber sequence

gl Rip,e1 = 8ly Ria,c] = gly Ria,b-1].
which is of the form needed in Lemma 7.2 with X’ = gl; R[, ¢ and 1 = D.
s—r'.m+s—r'+1

x,[a,cl.r’
corresponding class Zf; b—1] in E

. The condition on r’ ensures that there is a
s—r’ ,m+s—r'+1
x,[a,b—1],r’

The class z* is in E

, which must be a permanent cycle.

First we apply Lemma 7.2 to o = z[fz p—1] to conclude that 8(z[>; b—1]) = x[}; - But )
is a G —map of spectra, so it commutes with transfers, giving that

S (s p—1)) = UGXTs. = Vo

Using Lemma 7.2 again in the other direction, we conclude there is a differential of suit-
able length in the HFPSS for gl; R, ] taking the class corresponding to trIGi (Z[); b—1])
to the class corresponding to y*. This differential must be the one we claim. |

Proof of Lemma 7.2 The key point is that the homotopy fixed point spectral sequence,
usually obtained by filtering £ G by skeleta, is isomorphic (at the £,—page and beyond)
to the spectral sequence obtained from the Postnikov tower of X. For a reference,
see [7, Theorem 10.6]. So, in the argument that follows, we are using the model of
the HFPSS obtained from the Postnikov tower of X, ie the Bousfield—Kan spectral
sequence for holimy FG(EG4, X<4) =~ Xhe,

Suppose indeed that o is a permanent cycle in the HFPSS for X.;; by suitably
suspending if necessary, this means that & defines an equivariant map
o EG+ —> X<t.

The diagram
EGy

@
8
X—>X<t—>EXZt

makes it clear that §(c) is the obstruction to lifting « to X.

All that is needed is to be more specific about where the obstruction occurs when it
is nonzero. So, suppose « can be lifted to a map EGy — X<y, (which we also
denote by «), but not further, so that the differential d () =: B is the composite

EGy % Xepom—> S Hgi 0 X
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To show that §(«) is detected by B, it suffices to check that the diagram

EG4 £, M iy X

X< — X X[t t+m+1)

commutes, where the bottom horizontal map is the boundary associated to a Postnikov
stage of X<;4m+1, and the right-hand vertical map is the connective cover. Now we
will use the Postnikov towers for the sequence

X - X 552X,
to obtain the desired conclusion.

Since B factors as a: EG4+ — X<+, composed with the top horizontal arrow below,
it suffices to show that the diagram

Xetom — pitmtl HarymX

X< — X X[t t+m+1)

commutes. Note that the vertical maps are connective covers, and the horizontal maps
are boundary maps in some Postnikov decompositions. So this diagram commutes
because if we back up these Postnikov decomposition sequences, the diagrams involved
will commute:

T>¢t+m T<t+m
ST H om X — Xcpyma1 —— Xcpon —— X" Hy 0 X

cl T<IJ/ lc
T>¢ T<t

Xt ame) —— X<rmt1 X< ; Y X[t t+m+1)

For the converse, the same ingredients go in the argument, just in the opposite order. O

7.2 The Picard spectral sequence for E and Cy4
In this section, we study the Picard spectral sequence

ES', = H(Cy. 7y pic(E)) = 7, (pic(E))"
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.t

with differentials dy »: E

—E 2+rr’t+r_l . In this section, we let

EY, = H (Cq.miEo) = 1, E"

with d ,: I_Eit_i_ — Eii”t“_l . From Section 7.1, we have that

H(Cy.7/2) if t =0,

E, = gsgcf,Eg) if 1 =1,
S, t— .
ES if 1 >2.

We prove the following result, which is illustrated in Figure 16:

Proposition 7.4 The order of Pic(E"C4) is at most 64 and that of Pic(E"C2) is at
most 16.

Proof We prove this by giving an upper bound on classes which survive in stem
t —s = 0 in the spectral sequence E ;”tz. The range of interest is —2 <t —s < 1.
The Mackey functors we use here are defined in Tables 2 (page 3450), 3 (page 3453),
5 (page 3471) and 6.

From (1) and (2) of Theorem 7.1, it follows that many differentials are forced by those
in E Ij_ We do not discuss these and focus on those differentials that follow from (3)
and Proposition 7.3.

The first interesting differential is dg 3: E ;i - F Z’g, whose data is represented as
the short exact sequence

O—>A—>§d‘>—’3>§.

To justify this, note that the source of this differential is exactly that for which
Theorem 7.1(3) applies, so that

dp 3 (x®) = (dg3(x) +x%)°.

234 W[i]]x ij 2;2 z?z :
1(/’)2 lf//jy(—)(—) OL/jl 1L70 L/j ﬁ/j
72 Wpol™ 7]2 7/2 0 | Z/2
S SC N AR R AR

Table 6: Mackey functors in the Picard spectral sequence.
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Figure 16: The homotopy fixed point spectral sequence computing
74 pic(E)". See Tables 3 (page 3453) and 6 for the definitions of the
various Mackey functors. The dotted red d3—, ds— and d7—differentials
come from Theorem 7.1(3). The dotted red d;; is a consequence of the d
and Proposition 7.3. Dashed green lines are exotic restrictions and solid
blue line exotic transfers.
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We have
E3%(C/Cy) = KIplnm ATy 2535 B84 (Cy/Cy) = K[l o AT,
E3%(Cy/Co) = Klpolmy T5.h3 H3 BG4 (Ca/ C) = Kluolin§ =33

See Section 5.2.1. From Proposition 5.21, we have

dp 3 (fm@ AT = fn*@? AT dy 3(f(100)1555,0) = to S (140)115 55 -

So, for f(u) € k[u] and g (o) € k[0l

do3(fnmATH®) = ((/(0) + f(w )P w2 AT?)°,

do 3 ((g(Ro)M =5 5)%) = ((Rog (ko) + g(10) )G T3 2)°.

The first differential is zero if and only if f(u) € F,. The second is zero if and only if
g(o) € Fo{o}. In both cases, the kernel is isomorphic to Z /2. It assembles into the
Mackey functor A depicted in Table 6.

The ds—differential of interest is dy 50 E 255 — E ;?39,

do.5

0—-0o—0—==e0.

These Mackey functors are only nonzero when evaluated at C4/C4. From Proposition
5.21, we get

_9, d —
EY(Ca/Ca) = kv ® AT} 5 EIO0(Cy/ Co) = kv w ATY)

given by
dy s(@vw?AT?) = aviwtAT?
for a € k. So,
do,s((otvszl_z)Q) = ((a + az)vzw“Al_“)"),

This is zero if and only if @ € 5, and so the kernel is isomorphic to Z/2.
Next, we turn to the d7— and closely related d;;—differentials. We have

E1?7(C4/C2) k{ngT;0) > L EM 2 2(Ca/ Co) = k{ny* 236}

ET8 (G Co) — ke AT} 45 £y G — kot AT

given by

dyg@33) =anh* 3%, dyn(eco’ AT =av’wdA;T
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for a k. (The dy 1 follows from d ;1(cw) = vzwsAl_4 by linearity with respect
to A1_4 and ¥ = w?A;.) This gives

do,7((@nyT56)%) = (@ +a*)ng* £39)°.
whose kernel is isomorphic to Z/2.
Next, we apply Proposition 7.3 to the following setup. There are transfers
trg(anZ)Ez_’%) = agw3A1_3
and exotic transfers
tr;(an(l,“Z;,‘(‘,) = avzwsAl_7
for @ € k which raise filtration by s = 4. These “combine” E 14’12(C4 /C,) and

+,6
E}i_g’616(C4/C4) (for example, in the homotopy groups of 7« Ef[j¢,15]) as

l-e—>VY—>0—0.

In Proposition 7.3,let s =14, m = -2, p=4,a=4,b=12,c =16, H =C,
and G = C4. Let r = 6 and ' = 7. Let x = ané“ZZ& € E}é’;z(CdCz),
y = ocvzngl_7 € E18%16(C4/C4) and z = angE;% € ]_5167(C4/C2). The con-
ditions of Proposition 7.3 are then satisfied and it follows that in the spectral sequence

EZ’,E’”L*(CL;/C“ we have a differential
do,11 (@@ > ATH®) = dg, 11 (5 ((@ng £35)%))
= tr3 (do,7((@n)£79)*))
= (@ @)y 534)°)
= (@ +a*W’w? A1_7)Q.
From this, we deduce the same differentials in the spectral sequence £ Z: Again,
such a differential is zero if and only if « € F,. So the kernel is isomorphic to Z /2.

Combining the d, 7— and d, ;1 —differentials gives an exact sequence

do7/ds 11
RN

0—-V->YVY V.

Fort>8, E t_:;} = 0 and all differentials necessary to make this true are in the range
where (1) and (2) of Theorem 7.1 apply. Therefore, £ ;’foo =0if r > 8. So, the order of
Pic(E) at C4/C4 and C4/C, is bounded by the order of the direct sum of the Mackey
functors

0,0 L1 33 55 7.7
Eg,=A Eg,=0 Eg,=A Ej;=0 E =V
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For C,, this bounds the order of Pic(E hc2) by 16 and for Cy, it bounds the order of
Pic(E"C4) by 64. o

Combining Propositions 7.4 and 4.7 gives Theorem 1.1. The transfers and restrictions

in Pic(E) are computed using the formula

C,
ENSHHEASY )= En Stndg W

where H =e or H=C; and W € RO(H).
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