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DONALD STANLEY

Let A be the quotient of a graded polynomial ring Z[x1, ..., Xm] ® A[y1,..., yn] by
an ideal generated by monomials with leading coefficients 1. We construct a space
X4 such that A is isomorphic to H*(X4) modulo torsion elements.

55N10; 13F55, 55P99, 55T20

1 Introduction

A classical problem in algebraic topology asks: which commutative graded R—algebras
A are isomorphic to H*(X4; R) for some space X4? The space Xg4, if it exists, is
called a realization of A. According to Aguadé [1] the problem goes back to at least
Hopf, and was later explicitly stated by Steenrod [14]. To solve the problem in general
is probably too ambitious, but many special cases have been proven.

One of Quillen’s motivations for his seminal work on rational homotopy theory [13] was
to solve this problem over Q. He showed that all simply connected graded Q-algebras
have a realization. The problem of which polynomial algebras over Z have realizations
has a long history, and a complete solution was given by Anderson and Grodal [2]; see
also Notbohm [12]. More recently Trevisan [15] and later Bahri, Bendersky, Cohen
and Gitler [4] constructed realizations of Z[x1, ..., xm|/I, where |x;| =2 and [ is an
ideal generated by monomials with leading coefficient 1.

We want to consider a related problem that lies between the solved realization problem
over Q and the very difficult realization problem over Z. We do this by modding out
torsion.

Problem 1.1 Which commutative graded R—algebras A are isomorphic to
H*(X4; R)/torsion
for some space X 4?
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734 Tseleung So and Donald Stanley

Such an X4 is called a realization modulo torsion of A. For example, a polynomial
ring Z[x] has a realization modulo torsion given by the Eilenberg—Mac Lane space
K(Z, |x|) if |x| is even, while Z[x] has a realization (before modding out torsion) if
and only if |x| =2 or 4 [14]. Here we ask: do all finite type connected commutative
graded Z-—algebras have a realization modulo torsion?

Notice that modding out by torsion is different from taking rational coefficients. For
example, both H*(QS52"+1: Q) and H*(K(Z,2n); Q) are Q[x] generated by x of
degree 2n. But H*(K(Z,2n))/torsion is Z[x], while H* (852" 1) = I'[x] is free as
a Z—module and is the divided polynomial algebra generated by x.

In this paper, we construct realizations modulo torsion of graded monomial ideal rings A
which are tensors of polynomial algebras and exterior algebras modulo monomial ideals.
More precisely, let P = Z[x1,...,Xm] ® A[y1,-.., Y] be a graded polynomial ring
where the x;’s have arbitrary positive even degrees and the y;’s have arbitrary positive

odd degrees, and let I = (M1, ..., M;) be an ideal generated by r minimal monomials
M; =x;“jx32j e ®yf1j ---ny’“', 1<j<r,

where the indices a;; are nonnegative integers and b;; are either O or 1. Then the
quotient algebra A = P /I is called a graded monomial ideal ring.

Theorem 1.2 (main theorem) Let A be a graded monomial ideal ring. Then there
exists a space X 4 such that H*(X4)/ T is isomorphic to A, where T is the ideal consist-
ing of torsion elements in H*(X4). Moreover, there is a ring morphism A — H™*(Xy4)
that is right inverse to the quotient map H*(X4) — H*(X4)/T = A.

If all of the even degree generators are in degree 2, then we do not need to mod out by
torsion and so we get a generalization (Theorem 4.6) of the results of Bahri, Bendersky,
Cohen and Gitler [4, Theorem 2.2] and Trevisan [15, Theorem 3.6].

The structure of the paper is as follows. Section 2 contains preliminaries, algebraic
tools and lemmas that are used in later sections. In Section 3 we recall the definition
of polyhedral products and modify a result of Bahri, Bendersky, Cohen and Gitler [3]
to compute H*((X, *)X)/T. In Sections 4 and 5 we prove Theorem 1.2 in several
steps. First, we prove it in the special case where the ideal I is square-free. Then for
the general case, we construct a fibration sequence inspired by algebraic polarization
method and show that the fiber X4 is a realization modulo torsion of A. In Section 6
we illustrate how to construct X4 for an easy example of A.
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Realization of graded monomial ideal rings modulo torsion 735

2 Preliminaries

2.1 Quotients of algebras by torsion elements

It is natural to study an algebra A by factoring out the torsion elements since the
quotient algebra is torsion-free and has a simpler structure. Driven by this, we start
investigating the quotients of cohomology rings of spaces by their torsion elements.
Since we cannot find related references in the literature, here we fix the notation and
develop lemmas for our purpose.

A graded module A = {A;};es is a family of indexed modules A;. Since we are
interested in cochain complexes and cohomology rings of connected, finite type CW—
complexes, we assume A to be a connected, finite type graded module with nonpositive
degrees. That is, S = N<g, Ao = Z and each component A; is finitely generated. We
follow the convention and denote A; by A7

Remark 2.1 Equivalently we can define a graded module to be a module with a grading
structure, that is the direct sum A = @ie g A; of a family of indexed modules. This
definition is slightly different from the definition above. We will use both definitions
interchangeably.

An element x € A is torsion if cx = 0 for some nonzero integer c, and is torsion-free
otherwise. The torsion submodule A; of A is the graded submodule consisting of
torsion elements and the torsion-free quotient module Ay = A/A; is their quotient. If
B is another graded module and g: A — B is a morphism, then it induces a morphism
gr: A — By sending a + A; € Ay to g(a) + B; € By. This kind of structure is
important in abelian categories and was formalized with Dixon’s notion of a torsion
theory [6], but in this paper we only use the structure in a naive way.

Lemma2.2 If0— A-%> B-2>C — 0 is a short exact sequence of graded modules,
then Cy = (By /Ay)y. Furthermore, if the sequence is split exact, then so is

0 Ay 25 B, 2 ¢ 0.
Proof Consider a commutative diagram as in Figure 1, where g; is the restriction of g
to A¢, p and g are the quotient maps, and u and v are the induced maps. By construction

all rows and columns are exact sequences except for the right column. A diagram chase
implies that u is injective and v is surjective. We claim that the column is exact at C.

Algebraic & Geometric Topology, Volume 23 (2023)
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Obviously vou is trivial. Take an element ¢ € ker(v) and its preimage b € B. A diagram
chase implies b = g(a) + b’ for some a € A and b’ € B;. Soc = h(b') =uo p(b') is
in Im(u) and the right column 0 — B;/A; = C = By /As — 0 is exact.

For the first part of the lemma, we show that vy : Cy — (Bf/Af)s is an isomorphism.
Since v is surjective, so is vy. Take ¢’ € ker(vy) and its preimage ¢’ € C. Then
v(¢’) is a torsion element in By /Ar and mv(¢’) = 0 for some nonzero integer m. So
mé’ € ker(v). As ker(v) = Im(u) consists of torsion elements, m¢’ is torsion and so
is ¢’. Therefore ¢’ = 0 in Cy and vy is injective.

Notice that an exact sequence being split is equivalentto B = A®C. So By = Ar & Cy
and 0 — Ay LAIN By LN Cr — 0 s a split exact sequence. O

A graded algebra (A, m) consists of a graded module A and an associative bilinear
multiplication m = {m’/: A’ ® A/ — A'*7/} such that 1 € A? is the multiplicative
identity. A pair (M, p) is a left (resp. right) A—module if M is a graded module and
( is an associative bilinear multiplication p = {u~/: A @ M/ — M/} such that
w(l® x) =x (resp. = {u'/: M' ® A7 — M/} such that u(1,x) = x) for all
x € M. We check that modding out torsion and multiplications are compatible.

Lemma 2.3 If A and M are graded modules (not necessarily of finite type), then there
is a unique isomorphism 6: (A ® M)s — Ay ® My of graded modules making the
diagram

AQM —— Ay @My

!

(A®M)f

commute, where the vertical and the horizontal maps are quotient maps.
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Proof It suffices to show that (4’ ® M) = A} M ; for any positive integers i
and j. Consider the commutative diagram

0——Al@M/ @A @M —— A @M/ —" A\, @ M} —— 0

| | |
00— A eoM)y, —2 s AdeoM ZsU M)y —0

where a, 11 and 1, are inclusions, 1 and 75 are quotient maps, and b is the induced
map. We want to show that b is an isomorphism, which is equivalent to showing that a
is an isomorphism. If 4 and M are of finite type, then a is an isomorphism since A’
and M/ are finitely generated abelian groups. In the general case, @ is an isomorphism
by [9, Theorem 61.5]. O

Corollary 2.4 Let (A, m) be a graded algebra and let m} be the composition
LiAr®@Ar = (A® A)p 75 A
mg: 7 ® f=( ® )f—) 7
Then (Ay, m}) is a graded algebra and there is a commutative diagram

AA—=" 4

|, |

Ar@Ar —— Ay
where the vertical maps are quotient maps.
Let (M, 1) be a left or right A—module and let ;L} be the composition
Wi Ar @ My = (AQ M)y 25 My or jp: My ® Ay = (M & A)y *5 M),

respectively. Then (My, u}) is respectively a left or right Ay—module and there is a
commutative diagram

AeM —X M M@A—" M

l l . l l
Wy Wy

Af®Mf—>Mf Mf®Af—>Mf

respectively, where the vertical maps are quotient maps.
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738 Tseleung So and Donald Stanley

A cochain complex (A, d) consists of a graded module A and a differential
d=1{d":A - At
such that d od = 0. Letdy = {d } A} — A}Jrl} be the induced differential on Ay.

Then (Ay, dr) forms a cochain complex and its cohomology

H*(Af,df) = {Hi(Afydf)}iZO
is a graded module.

A differential graded algebra (A, m,d) is a cochain complex (A4, d) such that (A4, m)
is a graded algebra and d and m satisfy the Leibniz rule. Let d; be the restriction of d
to A;. Then (A;, d;) is a differential ideal and (A, dy) is a differential graded algebra,
so H*(Ar,dy) is a graded algebra.

A left (resp. right) dg-algebra module (M, ., 8) over (A,m,d) if (M, ) is a left
(resp. right) (A, m)-module, (M, §) is a cochain complex and § and p satisfy the
Leibniz rule. Then H*(My,dr) is a left (resp. right) H™*(Ay)—module.

Even if (Ay,dy) is torsion-free, H*(Ay,dy) is not necessarily torsion-free. De-
note (H*(A,d))y by Hj’f (A,d). The following lemma compares H]i“ (A,d) and
H; (Ar.dy).

Lemma 2.5 Let (A,d) be a cochain complex. Then there is a monomorphism of
modules

L/ H;‘(A, d) — H;(Af, dr).
IFH T (As,d;) =0, then  : H}(A, d)— H}(Af, dy) is an isomorphism. Moreover,
suppose (A, m, d) is a differential graded algebra. Then v is a morphism of algebras.

Proof Assume (A4, d) is a cochain complex. Let: (4;, d;) — (A, d) be the inclusion
and let w: (A,d) — (Ay,dy) be the quotient map. Then the short exact sequence of
cochain complexes 0 — (A4;,d;) - (A,d) Z> (Ay,dys) — 0 induces a long exact
sequence

o> HWAp dy) > H (A, dy) > H (A d) Z> H (Ap.df) — H P (A, dy) — - |
Take : HJi‘ (A,d) — H;‘ (Ar,dy) to be the morphism induced by
T H*(A,d) — H*(Af,df).

We show that it has the asserted properties.

Algebraic & Geometric Topology, Volume 23 (2023)
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To show the injectivity of v, take an equivalence class [a] € HJ}‘ (A,d) such that
¥[a] = 0. Represent it by a cocycle class a € H' (A, d). Then 7*(a) is torsion and
7*(ca) = 0 for some nonzero number ¢. By exactness, ca € Im(1*). Since H' (4;,d;)
is torsion, so is Im(1*) and ca is a torsion. Therefore a € H (A, d) is a torsion. By
definition, [a] € H} (A, d) is zero. So ¥ is injective.

Suppose A’ T1 has no torsion elements. Then A’;“Ll =0and H'T1(4,,d;) =0. So
7* is surjective. By definition we have commutative diagram

Hi(A.d) " Hi(A;.dy)
l l
Hi (A d) ' Hi(Ay.dp)
where vertical arrows are quotient maps and are surjective. So
v:Hp (A d) — Hf(Ag. df)
is surjective and hence isomorphic.
If A is a differential graded algebra, then 7*: H*(A,d) — H*(Ay,dy) is a morphism

of graded algebras. By Corollary 2.4, the induced morphism v is multiplicative. O

Example The surjectivity of v : H} (A,d) — H} (Ay,dys) may fail if A+ contains
torsion elements. Let (A4, d) be a cochain complex where

Z ifi =0,
A =17)27 ifi=1,
0 otherwise,

and d' are trivial for all i except for d°: Z — 7 /27 being the quotient map. Then
HO(A) and H(Ay) are Z while y: H%(A4) — HJ? (A) is multiplication 2: Z — Z.

2.2 Eilenberg—Moore spectral sequence

Given a differential graded algebra (A, d) and a right A—module (M, dypr), we first
define the bar bicomplex B**(M, A) as follows. For any positive integer i, let
B~ (M,A) =M Q@ (A)® where A = {A"},~¢. Denote an element in B~ (M, A) by
x[ai|---|a;] for x € M and a; € A. Let B~/ (M, A) be the submodule of B~ (M, A)

Algebraic & Geometric Topology, Volume 23 (2023)
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consisting elements x[a;|---|a;] such that |x| + Z;c=1 |ag| = j. The internal and
external differentials

dr: B/ (M, A) > B/ TY M, A) and dg:B7"/(M,A)— BT/ (M, A)
are given by

i
d (x[ar] -+ |a;])) = (dmx)lar| -+ lai] + Y (=D x[a1| -+ |aj—1|daajlaj 1] -+ |ai].
j=1

i—1
de (xlar| - |ai]) = (1) (xap)laz| - [ai] + Y (=D x[ar| -+ lajslaj a1 Jai].
j=1
where €, =k + |x| + Zle la;|. Then we define the bar construction (B(M, A), dp)

to be a graded module where

BM. A= @ B(MA) and ds= P (d+dg)
—i+j=n —i+j=n
forn > 0.

Take the filtration F~7 = 69051' <p B~/(M, A). The associated spectral sequence
{ES* o0 o is the Eilenberg—-Moore spectral sequence converging to H*(B(M, A));
see [7, Remark 2.3] and [11, Corollary 7.9].

Lemma 2.6 Let A be a simply connected differential graded algebra and M be a
right A—module such that A and M are free as Z—modules. Then there is a monomor-
phism of modules

v (Ey P — (Tor;If’(qA)(Hf(M), Z)) P
which is an isomorphism for p = 0. Moreover, if H(A) and H(M) are free modules,
then E, 71 ~ Tor;,’(’;f)(H(M), 7).
Proof The Eg—page is given by
EO_P,* — @—p/g;—p-i-l =M ® (;1®p)
and dop = dj. By the Kiinneth theorem, the E{—page is given by
E{?* 2 HM)® (H(A)®P)@ T =B P(HM), H(A) & T,

where T is a torsion term and d; is induced by dg. Denote H(M) by M’ and H(A)
by A’ for short. By Lemma 2.3, there is an isomorphism of graded modules

0:(E;"")f = (B P(M', A")f — B P(My, Ay)

Algebraic & Geometric Topology, Volume 23 (2023)
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such that
B~?(M', A"

B~P(M'. Ay~ BP(M}. A))

where the downward maps are quotient maps. Let d’ be the external differential of
B* (M, A}). Then 6: (B™P(M', A))r. (d1)r) — (B*(M¢, A}),d’) is an isomor-
phism of cochain complexes. By Lemma 2.5, there is a monomorphism of graded
modules

V(P = HyP(EP9.dy) — Hy P (B™ (M. Ay (di)p) = Hy P (B™ (M) A)).d').
Notice that B*(Mf’, A/f) o~ Mf’ R4, B*(A}, A}) andd’ =1 R4/, d”, where d” is the
external differential of B*(A/,, A}). Since, by [11, Proposition 7.8],
_ d’

...—>B 1(A}, Ay) BO(A}, Ap) 20
is a projective resolution of Z over A}—modules where €: BO(A}, A}) o~ A} — 7 is
the augmentation, the monomorphism becomes

Y (Ey P p — (Tor,” (M}, Z))y .
,
Since BL(M’, A’) = 0, ¥ is isomorphic for p = 0 by Lemma 2.5.
Suppose H(A) and H(M) are free Z-modules. By the Kiinneth theorem,
E7" = BY*(H(M), H(A))

and d is the external differential. So E, ? 4 Tor;i’f) (HM), 7). ad
Let F — E %> X be a fibration sequence where all spaces are connected, finite
type CW—complexes, and X is simply connected. In [7, Theorem III] there is a

quasi-isomorphism
0: Q(CS(E), C«(X)) — CNy(F)

of dg-algebra modules, which is natural in 7. Here Q2(—, —) is the cobar construction,
CJ(E) is a nonnegative chain complex, Cx«(X) is a simply connected chain complex,
C Ny« (F) is a chain complex, and CF (E), C«(X) and C N« (F) are quasi-isomorphic
to the singular chain complexes of E, X and F, respectively.

Denote the dual of a (co)chain complex C by CY = Hom(C, Z). Since X is simply
connected, H1(X) =0 and H?(X) is free. By [7, Propositions 4.2 and 4.6] there are

Algebraic & Geometric Topology, Volume 23 (2023)
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finite type graded free modules V = {V'};5, and W = {W/} >0, @ quasi-isomorphism
of dg-algebras
¢: T(V) — (Ci(X))”

and a quasi-isomorphism of dg-algebra modules
e:T(V)@W — (CF(E))Y,

where T(V') is the tensor algebra on V. Write X=TW)and E = T(V)® W for
short. Then the compositions

Co(X) 2L (C* (X)) £5 XY and  CT(E) 2L (C*(E)Y L5 EY

are quasi-isomorphisms of dg-coalgebras and of dg-coalgebra modules. Since Cx(X)
and XV are simply connected free chain complexes, and CJ (E) and EY are nonnega-
tive chain complexes, we have a zig-zag of quasi-isomorphisms

Q(EY,XY) <= Q(CZF(E),Cx(X)) &> CN.(F).

Since E and X are of finite type, dualize the zig-zag and take cohomology to get an
isomorphism
H*(B(E, X)) => H*(F).

The Eilenberg—Moore spectral sequence { £, ’*}3":0 on F — E > X is the Eilenberg—
Moore spectral sequence given by A = X and M = E. Note that this definition depends
on the choice of the pair (f E, ¢, ¢). Any two choices may give spectral sequences
with different Eo—pages, but their E,—pages are isomorphic for r > 1.

Lemma 2.7 Let F— E-Z> X be a fibration sequence such that all spaces are finite type
spaces and X is simply connected, and let { E, P43 pe the E»—page of Eilenberg—Moore
spectral sequence on this fibration. Then there is a monomorphism

Vi (Ey P — (Torl;;’(qx)(H;(E), 7)),

as modules such that v is an isomorphism for p = 0.

Proof Since H(E) =~ H*(E) and H(X) =~ H*(X), Lemma 2.6 implies that there is

a monomorphism ¥ : (E, Py > (Torl;;’(qX)(HJf(E ), Z)) I such that v is an isomor-

phism at p = 0. |
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Recall that the Eo—page is given by EJ** = F P /F P+ = £ ® (X)®”. In particular,
if p =0, then Eg * = E. On the other hand, {E}* 22 o is a second quadrant spectral
sequence. So E 9 "* is the kernel of the differential map and E 3_’:1 is a quotient group
of E ? *_ For r € N U {oo}, define the edge homomorphism e, to be the composition

e, H(E) = H(E) = EY* — E>*

where the unnamed arrow is the quotient map. The following lemma tells how the edge
homomorphisms relate the E,—page to H*(E) and H*(F).

Lemma 2.8 Under the hypotheses of Lemma 2.7, the edge homomorphisms make the

diagram
lel lez leoo lz*
E?’* J1 E;),* J2 Egé* J H*(F)

commute, where 1* is induced by 1: F — E, j is the inclusion and the J,’s are the
quotient maps.

Proof We use the notation above. Consider the commutative diagram

F—yE- "%

o,

E——FE —S5pt

where c is the constant map. We have

Q(CF(E), Cx(X)) —>— CN(F)

! [

Q(CE(E), Ca(pt)) —2— CN(E)

since the quasi-isomorphism © is natural. The supplement Z — (Cx(pt))" is a quasi-
isomorphism of dg-algebras and ¢: E — (CIF(E))Y is a quasi-isomorphism of dg-
algebra modules. Using this replacement and taking dual and cohomology of the
diagram, we obtain

H*(E) —=— H*(E)

(]) le* ll*

H*(B(E,X)) —=— H*(F)

Algebraic & Geometric Topology, Volume 23 (2023)
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where e* is the composition
e*: H*(E)~ H*(B(E, 7)) £ H*(B(E, X))

and ¢’ is induced by the inclusion e¢: B**(E, Z) — B**(E, X). Let {E\;k*}fio be the
Eilenberg—Moore spectral sequence on E —> E - pt. Then E; * ~B**(E,Z) and
the El—page collapses to H*(E). The inclusion e: B**(E,Z) — B**(E, X) gives
the commutative diagram

H*(E) == H*(E) ==+ —— H*(E) =——= H*(E)
EO* L, g 2 EY — L H*B(E. %))

where ¢,: H*(E) = H*(E) £ E>* and j: EX* 4> H*(F) ~ H*(B(E, X)).
Combine this with (1) and obtain the asserted commutative diagram. O

2.3 Regular sequences and freeness

Here we use the alternative description of graded objects. A commutative graded
algebra A = P, . A; is an algebra with a grading such that ab = (=) ba fora e A’
and b € A/, and a graded A-module M = P, M; is the direct sum of a family of
A-modules. A set {rq,...,r,} of elements in M is called an M —regular sequence if
the ideal (rq,...,ry)M is not equal to M and the multiplication

rieM/(ri,....ric))M —> M/(ry,...,ri—1)M

is injective for 1 < i < n. In the special case where M is a K[xq,..., x,]-module
for some field K and the grading of M has a lower bound, M is a free K[x1, ..., x,]-
module if {x;}7_, is a regular sequence in M. We want to extend this fact to the
case where M is a Z[x1, ..., xn]-module. Recall a corollary of the graded Nakayama
lemma.

Lemma 2.9 Let A be a graded ring and let M be an A—module. Suppose A and M are
nonnegatively graded, and I = (ry,...,r) C A is an ideal generated by homogeneous
elements r; of positive degrees. If {my}qes is a set of homogeneous elements in M
whose images generate M /I M, then {mqy}qes generates M .

Algebraic & Geometric Topology, Volume 23 (2023)
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Lemma 2.10 Let M be a Z[x1, ..., xn]-module with nonnegative degrees. If

M/(x1,...,x0)M

is a free Z—module and {x1,...,x,} is an M —regular sequence, then M is a free
Z[x1, ..., xn]—-module.
Proof Let ! = (x1,...,x,). By assumption there is a set {mqy }qes of homogeneous

elements in M such that their quotient images form a basis in M/I M. By Lemma 2.9,
{mq}acs generates M. We need to show that {my}qes is linear independent over
Z[x1,. .., Xn].

ForO0<i <n,let M; = M/(x1,...,Xp—i)M, Aj = Z[Xp4+1-i,...,Xn] and my ; be
the quotient image of my in M;. We prove that M; is a free A;—module with a basis
{mq,i}aes by induction on i. Fori =0, My = M/IM and Ao = Z. The statement is
true since {Mq,0}aes is a basis by construction. Assume the statement holds for i <k.
Fori = k + 1, if there is a collection { fo }qes of polynomials satisfying

2) Z Jo Mg py1 =0,

aeS

we show that all f’s are zero.

If not, then there are finitely many nonzero polynomials fj,, ..., fj.. Quotient My
and Ag 1 by the ideal (x,_g) and let f}i be the image of fj; in Ax. Then (2) becomes
r -
Z ](}l' .mji,k = 0

i=1

By our inductive assumption, {1, x } is a basis in Mj. So f}l. =0and fj, =x,_xgj, for
some polynomial g;; € Axy1. Since x,_ is not a zero-divisor, putting fj; = x,_x&j;
in (2) gives

.
Zgj,- “mj; k+1 = 0.
i=1

So gj,,...,&j, are nonzero polynomials satisfying (2) and |g;,| < |fj;| for 1 <i <r.
Iterating this argument implies that the | £}, |’s are arbitrarily large, but this is impossible.
So the f;,’s must be zero and {mg x4} is linearly independent. It follows that My 4,
is a free Ax4—module. d
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3 Cohomology rings of polyhedral products

Let [m] = {1,...,m}, K be a simplicial complex on [m] and (X, A) = {(X;, 4;)}/",

be a sequence of pairs of relative CW—complexes. For any simplex o € K, define

(X, 4)° = {(xl,...,xn»e [Tx

i=1

x; € Ajfori ¢o

as a subspace of ]_[;';1 X;, and define the polyhedral product
& HF =&, 47
oekK
to be the union of (X, A)? over o € K.

If X; = CP* and 4; = * for all i, then (CP*, x)X is homotopy equivalent to
Davis—Januszkiewicz space [5, Theorem 4.3.2]. For any principal ideal domain R,
H*((CP*, %)X R) is isomorphic to the Stanley—Reisner ring R[x1,..., Xm]/Ix.
Here Ik is the ideal generated by x;, --- x;, for x;, € I-7*(in; Ryand{ji,..., jr} €K,
and is called the Stanley—Reisner ideal of K. In general, a similar formula holds for
H*((X,*)X) whenever the X;’s are any spaces with free cohomology.

Theorem 3.1 [3] Let R be a principal ideal domain, K be a simplicial complex
on [m] and X = {X;}" . be a sequence of CW-complexes. If H*(X;; R) is a free

i=1
R—-module for all i, then

m
H*((X. % R = Q) H*(Xi: R)/Ix.
i=1
where I is generated by xj, ® ---® xj, forx;, € H*(X;: R) and {j1,..., jx} ¢ K
and is called the generalized Stanley—Reisner ideal of K .

The proof of Theorem 3.1 uses the strong form of the Kiinneth theorem, which says
that

m m
e ®H*(X,~;R) — H*(l_[ Xl-;R), X1®: QX > 7y (x1) U+ Uy (Xm),
i=1 i=1
where 71]’-" is induced by the projection 7; : [[/=; X; — Xj, is an isomorphism if all
H*(X;; R)’s are free. In the reduced version of the Kiinneth theorem,
m

ﬁ:@ﬁ*(Xi)ﬁﬁ*(/\ Xi)

i=1 i=1
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is also an isomorphism if all H* (Xi; R)’s are free. The goal of this section is to modify
Theorem 3.1 by removing the freeness assumption on H *(X;). As a trade-off, we need
to mod out the torsion elements of H *(X;). First let us refine the Kiinneth theorem.

Lemma 3.2 Let X = {X;}/_, be a sequence of spaces X;. Then the induced mor-
phisms
m m m m
,u,f:®H;(X,-)—>H;(l_[ X,-) and ﬂfﬁ®H;(Xi)—>H;(/\ Xi).
i=1 i=1 i=1 i=1

are isomorphisms as algebras, and there is a commutative diagram

- iy~
®ity Hy(Xi) — HF(NIZ, Xi)

s

®ity Hy(Xi) — HF([T'Z, Xi)

where q}‘ is induced by the quotient map q: [/, X; — N/ Xi.

Proof It suffices to show the m =2 case. Let (X, A) and (Y, B) be pairs of relative CW-
complexes and let my : (X XY, AxY)— (X,A)and ny: (X xY,X x B) — (Y, B)
be projections. By the generalized version of Kiinneth theorem [10, Chapter XIII,
Theorem 11.2], the sequence

0> @ HX.H®H/(V.B)“5 H'(X xY. X x BUAXY) > T 0,
i+j=n

where 7 is a torsion term and .’ sends u®v € H' (X, A)® H’ (Y, B) to w3 (u) U5 (v),
is split exact. By Lemma 2.3 (H*(X, A) @ H*(Y, B)) s = H;(X, A)® Hf*(Y, B) and
by Lemma 2.2

Wyt HN (X, A)@ H} (Y. B) > H} (X x Y, X x BUAXY)

is an isomorphism. Since ' is multiplicative, so is u}. Letting A and B be the
basepoints of X and Y, or be the empty set, gives the isomorphisms

upHY(X)® Hf(Y) = Hf (X xY) and jip: HA(X)® Hf (V) = HF (X AY).

Algebraic & Geometric Topology, Volume 23 (2023)



748 Tseleung So and Donald Stanley

The commutative diagram

~ i o~
Q=i H*(Xi) —— H*(NiZ1 Xi)

| l-

®;n=1 H*(X;) L H*(H:‘n:l Xi)

leads to the asserted commutative diagram. a

Proposition 3.3 Let X ={X;}", be asequence of spaces X;, and let K be a simplicial
complex on [m]. Then the inclusion1: (X, %)X — [T/, X; induces a ring isomorphism

HP (X, %)) = (@ H}“(Xl-))/IK

i=1

where Ik is generated by xj, ® --- ® xj, for xj; € ﬁ;(in) and {j1,....jk} ¢ K.

Proof This proof modifies the proofs in [3; 5]. Consider the homotopy cofibration
sequence
m
X. 5 [[x L
i=1
where C is the mapping cone of 1 and ; is the inclusion. Suspend it and obtain a
diagram of homotopy cofibration sequences

)
(X, 0K —Z 5 S([T, Xi) ——2— =C

e
7 J
Viek XN 5V jepm XN —— Vg TXN

where XN = Xj, A---A X, for J = {j1,..., jx}, T is the inclusion, j is the pinch
map, a is a homotopy equivalence by [3, Theorem 2.21], b is a homotopy equivalence,
and c is an induced homotopy equivalence. Take cohomology and get the diagram

0— D,ex axxny Lo D sepm a*xXMN) AN Dyex H*XN)—0

00— H*(C) - ﬁ*(n;"zlxi)Lﬁ*((g,*)K)%o
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where the rows are split exact sequences, all vertical maps are isomorphisms, and all
maps are additive while 1* is multiplicative. Apply Lemma 2.2 to the diagram and get:

_ 7 _ ™ -
0— Drex H;;Q(AJ) — Dyepm H;”(XAJ) — DJex H}(XAJ) —0

) lc; lb; la;
j;. *

0—— H3(0) A3 (T Xe) — s A3 0)K) —0

By Lemma 3.2, H}‘ (I, Xi) = -, H}" (X;) so there is a ring isomorphism

m
HE (X, %)) = (® H;(X,.))/ker(,;).
i=1
Since the rows are split exact and the vertical maps are isomorphic in (4), ker(z f)
is generated by x;, ® --- ® x;, for x;, € H* (X] ) and {j1,..., jx} ¢ K. Therefore

ker(1}) = Ix and H/((X, ) K) ~ (R, H (X1))/Ik. o

Proposition 3.3 can be refined as follows. If the quotient map H *(X;) — H (X;) has
right inverse for all i, then so does H *((X, *)K ) — H (X, %K), To formulate this,
we introduce new definition.

Definition 3.3.1 A graded algebra A is free split if the quotient map 7 : A — Af has
a section as algebras. In other words, there is a ring morphism s: Ar — A making the

diagrams
N my
A — A Ar@Ar —— Ay
\ ln’ and ls@s ls
Ay AQA—"5 A

commute, where m and my are multiplications in A and Ay. We call s a free splitting
of A.

In general, a free splitting of A is not unique. Any two free splittings s; and s, differ
by a torsion element.

Remark 3.4 Not all cohomology rings of spaces are free split. Let C be the mapping
cone of the composite

P3(2)L>S3 [11,i2] §2v §2.
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where P3(2) is the mapping cone of degree map 2: S2—S2, p is the quotient map
and [11, 12] is the Whitehead product. Then H*(C) = Z[a, b]/(a? = b? = 2ab = 0)
where |a| = |b| = 2, and it is not free split.

Lemma 3.5 Under the conditions of Proposition 3.3, if H*(X;) is free split for all i,
then H*((X, %)K) is free split.

Proof Use the notations in the proof of Proposition 3.3. Let s; : HJ}k (X;) — H* (X)),
for 1 <i <m, be a free splitting and let s be the composite

m m

5 (X)H;(X)@’ il ®H*(Xi)i> H*(l_[ X,-).
i=1 i=1 i=1

Then s is a free splitting of H* (]_[l_l Xl) As lf f (]_[l_l Xl) — H (X, %K) is

surjective, define s’ H (X, %K) > H*((X, *)%) by the diagram

®§n=1 H;(Xi) — H*(H:'n:l Xi)

|’ I
HE(X. 05) = H*(X. %K)
We need to show that s’ is well defined. For x € H (X, %K, lety,y' e (e =1 H (Xi)
be two preimages of x. Then y — y’ € ker(z*) = IK For J ¢ K, s sends H (X)®J
to /L(H (X)®7) which is contained in ker(z*) So1*os(y—y’) =0and s is well
defined. Since s, 1* and 1} are multiplicative, so is s’. Furthermore, s’ is right inverse

to the quotient map H*((X, %)X) — H; (X, %)K). So s’ is a free splitting. ad

4 Realization of graded monomial ideal rings

We follow the idea of [3] and prove Theorem 1.2 in several steps. In Section 4.1 we
use Proposition 3.3 to prove the special case where the ideal I of A is square-free. In
Sections 4.2 and 4.3 we construct a fibration sequence inspired by algebraic polarization
method and show that the fiber X4 is a realization modulo torsion of A. More precisely,
we apply the Eilenberg—Moore spectral sequence defined in Section 2.2 to calculate
H ; (X4) and give the Eo—page by the end of this section. The extension problem is
long and complicated and will be discussed in Section 5.
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4.1 Quotient rings of square-free ideals

Let P =7Z[x1,...,xXm] ® A[y1,...,yn] be a graded polynomial ring where the x;’s
have arbitrary positive even degrees and the y;’s have arbitrary positive odd degrees,
and let I = (My, ..., M,) be an ideal generated by monomials

M] = xllll‘/ .o .x;ilmj ®y11] . ..yn”-/ ,
where the a;;’s are nonnegative integers and the b;;’s are either O or 1. Then A = P /I
is a graded monomial ideal ring. We say that I is square-free if the M;’s are square-free
monomials, that is all a;;’s are either 0 or 1.

In the following let

o iy, ...+, Jiy =41, ig, j1+m, ..., ji+m}for{iy, ... i} C[m]
and {j1,..., j;} C[n], and
* X+Y =1{X1,....Xm, Y1...., Yy} for sequences of spaces X = {X;}7_, and

Given a square-free ideal I of A, take K to be a simplicial complex on [m + n] by
removing faces {i1,...,ix}+{j1,..., ji} whenever x;, ---x;, ® yj, ---y;, € I. Then
I is the generalized Stanley—Reisner ideal of K.

Lemmad4.l Let X ={K(Z, |x;)}JL, and Y = {SP/1}"_, and let K be the simplicial
complex defined as above. Then there is a ring isomorphism H;(Q( +Y,%)K)~ 4.
Furthermore, H*((X + Y, x)K) is free split.

Proof Since H;(X,') =~ Z[x;] and H*(Y;) = Aly;], the first part follows from
Proposition 3.3.

For the second part, it suffices to show that H*(X;) and H*(Y;) are free split by
Lemma 3.5. For 1 < j <n, H*(Yj) is free and hence free split. For 1 <i <m, let
x be a generator of H'%il(X;) = Z. Then inclusion 1 : Z(x;) — H™*(X;) extends to a
ring morphism

51 Z[x]] = H;(X,-) — H*(X;).

Letm: H*(X;) — Hf* (Xi) be the quotient map. Since 7 o1 sends x] to itself, by the
universal property 7 o s is the identity map. So s is a free splitting of H*(X;). |
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4.2 Polarization of graded monomial ideal rings

. i i by by .
Now drop the square-free assumption on I = (x7" -+~ xp™ @ y|" -y [ 1<j <r)

and suppose some a;;’s are greater than 1. Following ideas from [3] and [15], we
use polarization to reduce the realization problem of A to the special case when [ is
square-free.

For 1 <i <m, let a; = max{a;, ..., a;r} be the largest index of x; among the M;’s,
and let

Q={(,j)eNxN|1<i<m,1=j<a;}
where (i, j) € Q are ordered in left lexicographical order, that is (i, j) < (i, j') if
i <i’,orifi =i"and j < j’. Let

P '=Z[xij | (i,j) € Q& Ay1,--., ynl

:Z[Xllw~-,x1a17x21’--~7x2a2,~~~,xml’--wxmam]@/\[yl,---,yn],
be a graded polynomial ring where |x;;| = |x;|, let
by by
Mj/ — (xllxlz ...xlalj)(lesz "'x2a2j) (xmlme ...xmamj) ® (yllj ynnl)

and let I’ = (M{,...,M]). Then I’ is square-free and A" = P’/I’ is called the
polarization of A.

Conversely, we can reverse the polarization process and obtain 4 back from A’. Let
Q={(i,j)eNxN|l<i<m?2<j<a;}

where (i, j) € Q are ordered in left lexicographical order, and let W be a graded
polynomial ring

W:Z[wij|(i,j) Ef_Z] :Z[wlz,...,wlal,w22,...,w2a2,...,wm2,...,wmam],

where |w;;| = |x;|. Define a ring morphism §: W — P’ by §(w;;) = x;; — x;1 and
make P’ a W-module via §. Then A’ is a W—-module and A = A’/W A’, where
W= {Wi}i>0-

Lemma 4.2 Let A’ be a square-free graded monomial ideal ring and let W and § be
defined as above. Then A’ is a free W —module.

Proof Since A’/W A’ is a free Z-module, by Lemma 2.10 it suffices to show that
{w,-j}(i eg is a A’—regular sequence. Set N = |Q| = Yt ai—m.Forl1 <k <N,
let (ix, jx) € Q be the k™ pair under lexicographical order and let

I = (W12, W13, . ., Wi i)
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We need to show that multiplication w;,  , j,,,: A’/Ix A" — A’/ I} A’ is injective.

Observe that A’/I; A’ = P /I, where

ﬁ = Z[X]],Xz], <o Xmls Xig g ji410 Xik 2420 -+ -xiNjN] ® A[YI, cees J’n]
and I = (]lz Lseees Mr) is generated by monomials M ; obtained by identifying x;;
with x;1 in M J’ for (i, j) < (ix, jx)- Suppose there is a polynomial p € P such that
(xik+1jk+1 _xik+11) WS I.

We can use the combinatorial argument of [8, page 31] to show p € I. Here is an outline
of the argument. Write p = ), po as a sum of monomials p,. For each monomial pq,
it can be shown that x;, ., j, | pa and X, 1 pe are in I. Counting the indices of vari-
ables implies py € I. So p is in I and multiplication Wiy iy A /I A — A" I A
is injective. Therefore {w;; } .))es is a regular sequence and A’ is a free W-module. O

4.3 Constructing a realization modulo torsion X 4

Let A = P’/I’ be the polarization of A and let K be a simplicial complex on
(Z;"zl a; + n) vertices such that I’ is the generalized Stanley—Reisner ideal of K.
Construct a polyhedral product to realize A’. Take

X ={Xij = K(Z.|xi]) | (i, ) € @}
:{K(Z,|X1|),...,K(Z,|X1|),K(Z,|X2|),...,K(Z,|X2|),

ai az

o K(Z, | xm)), . ... K(Z, | xm])}

am
and
Y ={Y; = Skl 1<k <n}= {Slyll,Slyzl,.”,Slyn\}.
By Lemma 4.1, H}‘ (X + Y, %)K) is isomorphic to A’.
For 1 <i < m, define §; : ]_[;":1 Xij — ;'”=2 Xij by
Si(ul,...,uai)z(uzoul_l,...,uai'ul_l),

and define §: (X + Y, %) K — H(i,j)eﬁ Xij to be the composite
n mo.
s: X+, 0K [ Xyx[[ %2 ] x5 2=% T xy.
@,/)eQ k=1 @, /)e (,))eR
As § is a fibration, take X4 to be its fiber. We claim that H f* (Xy) = A.
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Notation 4.3 Let {E; ’*}‘r’ozo be the Eilenberg—Moore spectral sequence defined in
Section 2.2 on the fibration sequence

5) Xa—> X +Y. 085 ] xy.
(ij)e
where H*((X + Y, %)X) is an H*(H(ij)eﬁ X,j)-module via §*.

Lemma 4.4 For the E.—page, (Eé’g")f =~ A9 as modules and (Eo_op’q)f = 0 for
p#0.

Proof The E—page is given by Ez_ = Tor, )(H*((L( +Y,%)K), 7).

. H*(l—l(zj)es'z le
By Lemma 2.6, there is a monomorphism

Ds* * K
7T (E )f - (TorH (H(lj)EQ U)(Hf ((X +X’*) )7Z))f’

which is an isomorphism for p = 0. By Lemmas 3.2 and 3.3, H;(Q( +Y, 5K >
and

1_[ le) w12» . -awlalaw227 s 7w2a2, e Wm2, .. -awmam]-
(ij)eQ
Denote H;‘ (H(ij)eﬁ Xij) by W. So A" is a W-module via §*. By Lemma 4.2, A" is
a free W—module, so
— A1 if p=0
Tor? (A", Z) =~ ’
w ( ) 0 otherwise.

It follows that (Ez_p’q)f is A? for p = 0 and is zero otherwise.

Suppose (Er_p’q)f is A? for p = 0 and is zero otherwise. Since (Er_p’*)f is concen-
trated in the column p = 0, any differentials d, in and out of torsion-free elements
are trivial. So we have ker(d,)s = (Er_p’q)f and Im(d;)r = 0. By Lemma 2.2,
(Er__fiq)f ~ (Er_p’q)f. Therefore (Eo_op’q)f is isomorphic to A? for p = 0 and is zero
otherwise. O

Lemma 4.5 There is an additive isomorphism H ; (Xy) = A9.

Proof Since the Eilenberg—Moore spectral sequence strongly converges to H*(X4),
for any fixed ¢ there is a decreasing filtration {F~?} of H4(X4) such that

= HY(Xy), F'=0, EPPTIxgGP/F Pt

By Lemma 2.2, (Eod”" ™) = ((F77 )/ 7+ )s),. By Lemma 4.4, (Eog”” oY
is zero unless p = 0, so Hq(XA) ~(F ’q)f =~ A9 as modules. |
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Before going to the extension problem of the E,—page, we consider the special case
where all of the even degree generators of A are in degree 2. The following theorem
refines Lemma 4.5 and shows that H*(X4) = A as algebras without modding out the
cohomology by torsion. This generalizes the results of Bahri, Bendersky, Cohen and
Gitler [4, Theorem 2.2] and Trevisan [15, Theorem 3.6].

Theorem 4.6 Let A be a graded monomial ideal ring where its generators have either
degree 2 or arbitrary positive odd degrees. Then H*(X4) = A as algebras.

Proof The E,—page is given by

—D>* _ —D,* * K
E2 _TOI'}I*(I_[(I,J,)€§ Xij)(H ((X +Z9 *) )vZ)

By hypothesis, X;; = CP> for (i, j) € 2, and H*([];jyeq Xij) and H* (X +Y, ) K

are free. Following the argument in the proof of Lemma 4.4, E,, P4 45 A9 for p =0

and is zero otherwise. Since the E,—page is concentrated in the column p = 0, the

spectral sequence collapses and H™*(X4) = A as modules.

Let¢p: Xy > (X+Y, )X be the fiber inclusion. Lemma 2.8 implies the commutative
diagram
A —=— H* (X +Y.95)
| -
E}* — = H*(Xy)

where e is surjective. Since ¢* is surjective and multiplicative and its kernel is W,
H*(X4) =~ A’/W = A as algebras. O

5 The extension problem

In this section we continue using Notation 4.3. Lemma 4.5 shows that H;‘ (X4) and A
are free Z—modules of same rank at each degree. We claim that they are isomorphic as
algebras. The idea is to construct a space Z4 related to X4 such that H*(Z4) is free
and computable. Then we define a map g4: Z4 — X4 and compare H*(X4) with
H*(Z4) via g5.

Algebraic & Geometric Topology, Volume 23 (2023)



756 Tseleung So and Donald Stanley

Construction of Z4 For 1 <i <m let |x;| = 2¢;, and let
Z={Zij = (CP™)9|(i,j) e}
={(CP*®)°, ..., (CP®), (CP®)?, ..., (CP*®)*,

L (CP®)m . (CP®)em)

am

and construct the polyhedral product (Z + Y, %)X Fix a generator z of H?(CP).
For (i,j) € Qand 1 <k <c¢;, let m;jx: Z;; — CIP* be the projection onto the k't
copy of CPP* and let z; = 71 1 (2). By Theorem 3.1,

H*(Z+Y., % =0'/L,

where Q' =Z[z;k|(i, j) € R, 1<k <c;]®A[y1...., yn] and L' is the ideal generated
by monomials

Zivjiky " Zigjoke @ V1 VL
for {j1+2?=_1161s,---,jt+2? ~lagy il ... Iy ¢ K. For 1 <i <m, define
gl 1_[ le — 1_[ Zl]’ gi(ul"'-’uai) = (u2'u1_11---,uai 'ul_l)v
j=1 j=2
and define §: (Z+Y,%K > ]_[(l. j)eq Zij tobe the composite

§: Zz+Y, *)K‘—> 1—[ ZUXHY prol 1_[ Zij—>n?l=lgi l_[ Zij.

(i,/)ef k=1 (i,/)eq (i,/)€

Lemma 5.1 Let Z4 be the fiber of §'. Then H*(Z4) =~ Q/L, where

O=Zzix |1 <i<m, 1<k <ci]®A[y1,...,Vn]

. . . by bnj .
with |z;| = 2 and L is generated by monomials z; x, -+ Ziyky @ V1 -+ yn'" satis-
fying
1<j<r, 1<k;j<c¢, and (i1,....in)=(1,...,1,2,...,2,....m,...,m).

ayj az;j amj

Proof Apply the Eilenberg—Moore spectral sequence to the fibration sequence

Zi— (Z+Y, 0K, [1 2
(i,))eQ
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The E,—page is given by l:fz_p’* = Torl_il:‘ﬁ—l _Zi)Z,H*(Z +Y,%X)). By
(1,7)eR
the Kiinneth theorem, ’

H*( 1_[ Zl]) ~ Z[vijk | (l,_]) € STZ, 1 Sk SCZ‘],
(i,))€Q
where |v;jx | =2. Denote H*([]; j)eq Zij) by V. By definition 3*(v,-jk) =Zijk—Zilk-
This gives an action of V on Q’. By Lemma 4.2, Q’/L’ is a free V-module, so

0 otherwise.
Modding out (z;jx — z;;x) identifies z;;x with z;; in Q'/L’, so
(Q'/LN/Gzijk — zik) = Q/L.

Since the E,—page is concentrated in the column p =0, H*(Z4) =~ Q/L.

Lemma 2.8 implies a commutative diagram
Q' —=— H*((Z+Y)5)
I |
Ey" —=— H*(Zy)
where e is surjective and ¢* is induced by the fiber inclusion ¢: Z4 — (Z +Y)X. This

implies ¢* is surjective. Since ¢* is multiplicative, H*(Z4) =~ Q/L as algebras. O

Construction of g4 Fix a generator z € H2(CP®). Let 7;: (CP*®)¢% — CP,
for 1 < j < ¢;, be the projection onto the j™ copy of CP® and let z; = JTJ’."(Z).
For 1 <i < m, take a map g;: (CP*®)% — K(Z,2c;) that represents the cocycle
class zq -+ z¢, € H2¢ ((CP®)¢). For (i, j) € Q, let gij: Zi; — Xi; be gi, and for
1 <k <n,let hy: Yy — Y} be the identity map. Then {g;;, hx | (i, j) € 2,1 <k <n}
induces a map gx: (Z +Y,%)K — (X +Y, %)X by the functoriality of polyhedral
products.
Lemma 5.2 Let{x;;,yx | (i,j) € 2,1 <k <n} be generators of

HA (X +Y, 9% =PI
and{z,-jl,y,’c |(i,]j) e R,1 <l <c¢;,1 <k <n} be generators of

H*((Zz+Y. 5 =0/

Then (gx) s (xij) = 172, zijs and (gx) r (Vi) = ¥}
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Proof There is a commutative diagram

J
(Z+Y, 9% — Tl jyea Zij x [Tr=1 Ya
2 b
X +Y. 0% —— T jyea Xij x [Te=1 Y&
where 1 and j are inclusions, and g = H(i, e 8ij X [Ti=1 7% Taking cohomology

and modding out torsion elements, we obtain the commutative diagram

P prr
g"?l | @,
0 o1
where l]’f and j* are the quotient maps. Let X;;, x € P" and Z;;;, J; € Q' be generators
such that 1}“ (Xij) =xij, 1}" k) = Yk» ]f* (7;) = y; and ]j}" (Zij1) = zjj1. By construction
gr(%ij) = [1jL, Ziji and g5 (Fx) = Jy. so we have (gx)r(xij) = [1;_, zij and
(gx)r i) = yy.- O

Lemma 5.3 Thereisamap g4: Z4 — X4 making the diagram

g — (Z + X’ *)K

lgA lg K

Xa— X +Y.9f
commute, where the horizontal maps are the inclusion maps.
Proof One may want to construct g4 by showing the diagram

§
(Z+Y. 0K —— [T, yea Zis

lg’( ln(i,j)eﬁ 8&ij

)
X+Y. 0k —— [T, )ea Xij

commutes. However, as (]_[ G.j)eq 8i j) 08 and § o gk induce different morphisms on
cohomology, the diagram cannot commute. Instead, we show that the composite
Zoa—>(Z+Y. 055 X +y. 0F S T xy
(i./)eQ
is trivial. If so, there will exist a map g4: Z4 — X4 as asserted since X4 is the fiber
of §.
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By definition of § there is a commutative diagram

8
(Z+Y, 98 ——— Tl jyea Zij

l] TH?;] 8

proj
[T e Zij x [Te=1 Yk — [ jyea Zij

where ; is the inclusion. Denote (]_[l —1 ) o proj by 8 and extend the diagram to

5
Z4 Z+Y. K ——— [T j)ea Zij

A'xh 8
[T (CP) x [Ti—y Y — [l jyeq Zij < [k=1 Yk —— 1. jyeq Zij

where A": TT{L (CP*>) —[]}L, Zi; is the diagonal map, h: [Tz —y Y — [Ti—y Y&
is the identity map, and e is an induced map. The top and the bottom row are fibration

sequences. The left square fits into the commutative diagram

Z4 Z+Y. 0K — 5 s (x4+Y. 0K S]] Xy
e l./ 1 ‘
A xh [lgijxh

[T72 (CP)c XH, Yi——Ila Zij XH, Y ——Tla Xij <[ Ti=y Yk—>HQ ij
l_[gl-xh AXxXh
l—l;ﬂ:l K(Zs |xi|)xl—1?=l Y

where 1 is the inclusion, A: []7L; K(Z, |xi|) > ]_[;.”:1 X;; is the diagonal map, and
8’ is the composite

L8
1—[ Xij x 1—[ Y, _proj 1_[ X;; JIETTIN 1_[ X
@,/)eg (,/)eg (i,/)ef

The middle square is due to the functoriality of polyhedral products, the right square is
due to the definition of § and the bottom triangle is due to the naturality of diagonal
maps.

The composite of maps from Z4 to ]_[(i /)eq Xij round the bottom triangle is trivial
since

l_[K(Z |x,|)xl_[Y b T Xl,x]_[Yk [T X

i=1 (i,/)eq (i,))eQ
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is a fibration sequence. So the composite in the top row is trivial and this induces a
map g4: Z4 — X4 as asserted. O

Since g H*((X + Y)X) > H*((Z + Y)X) is multiplicative and H*(Z,) is a
quotient algebra of H*((Z + Y )X), we use g4 to compare H*(X4) and H*(Z4) and
show that H;‘ (X4) is a quotient algebra of H;((l( + 1)Ky,

Lemma5.4 Let¢: X4 — (X+Y, %)X) be the inclusion. Then the induced morphism
¢7 HI (X +Y.0%) > Hf (X4)

is surjective and ker(¢*) is generated by x;; — x;1 for (i, j) € Q.
02 j

Proof Fix a positive integer ¢ and let ¥ : Z4 — (Z+Y , )X be the inclusion. Consider
the commutative diagram

HU(X +Y.05) 5 H9(Z + Y. %))

e

EQ T h pax,y —5 L Ha(zy)

where e is surjective and / is injective. The left triangle commutes due to Lemma 2.8
and the right square commutes due to Lemma 5.3. Mod out torsion elements and take
a generator

Xiyjy o Xigj @ Vi - v, € HH(X +Y,0)5).

By Lemma 5.2 and the above diagram,

(ghrohoe)r(Xijy - Xigjs @y, -+ y1,) = (¥ ogr) r(Xiyjy -+ Xigjs @ Y1, =+ 1),

s Ciy

(gaoh)r(Xiy -+ Xig ® y1, -+ y1,) = (l_[ I1 Ziujuk)®yll V-

u=1k=1

Since Xxj; ---x;; ® y,---y;, and (HZ=1 H;’il Ziujuk) ® y1, -++ Y1, are generators,
(g40 h)]"i is the inclusion of a direct summand into HJ? (Z4). By Lemma 4.4, (Egg,q)f
and H]‘,I (X4) are free modules of same rank, so &7 is an isomorphism. Since ey is a
surjection, so is ¢}".

For the second part of the lemma, suppose there is a polynomial p € ker(¢f*) not con-
tained in (x;; —x,-l)(l- eq- Since ¢f* is a degree 0 morphism, we assume p = ), Pq
is a sum of monomials p, of some fixed degree g. Then the p,,’s are linearly dependent.
So the rank of H }1 (X 4) is less than the rank of A4, contradicting to Lemma 4.4. Thus
ker(¢7) = (xij —Xi1), j)eq- m
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Next we restate our main theorem (Theorem 1.2) and prove it.

Theorem 5.5 Let A be a graded monomial ideal ring. Then there exists a space X 4
such that HJ’," (X4) is ring isomorphic to A. Moreover, H*(X4) is free split.

Proof For the first part of the statement, the ring isomorphism H; (X4) = A follows
from Lemma 5.4.

In Lemma 4.1 we construct a free splitting s : H}k(l( +Y, 5K 5 H* (X +Y, %K
out of free splittings s;; : H}‘(Xij) — H*(X;;) and the identity maps on H*(Yy).
Define a map s: H;(XA) — H*(X4) by

HE(X +Y.05) =55 H* (X +Y.95)

ls |-
H}(X4) —————— H*(Xy)
We need to show that s is well defined. By Lemma 5.4, ¢}‘ is a surjection and
ker(¢;) is generated by polynomials x;; — x;1 for (i, j) € Q. It suffices to show that
¢* osk(xij —xi1) = 0. Let X;; € H>“(X;;) and ¥]; € H;Ci (Xij) be generators such
that s;; ()?lfj) = X;;. There is a string of equations
@™ o sk (xij — xi1) = ™ o (s (57;) — s (X))

= ¢™ o u(Xij — Fi1)

:¢*05*0M(1®"'®jlj®"'®1)

=0,
where the first line is due to the definition of sk, the third line is due to the naturality

of 1, and the last line is due to the fact that § and ¢ are two consecutive maps in the
fibration sequence X4 2, (X +Y,%K 3, ]_[(l. j)ea Xij. So s is well defined.

Obviously s is right inverse to the quotient map H*(X4) — HJ’," (X4). Since ¢f*, o*
and sg are multiplicative, so is s. Therefore s is a free splitting. a

6 An example

Now we illustrate how to construct X4 for A = Z[x] ® A[y]/(x2y), where |x| = 4
and |y| = 1. First, polarize A by introducing two new variables x; and x, of degree 4
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and let
A" = Z[x1, x2] ® A[y]/(x1x2)).

Let K be the boundary of a 2—simplex. Then (x;x2y) is the Stanley—Reisner ideal
of K. Take

X ={K(Z.9.KZ.9}. Y={S"}
and construct polyhedral product (X + Y, %)X. By Proposition 3.3,
HF((X +Y,9%) = Z[x1, x2] © Aly]/ (x1x2).

Define §: (X +Y, %)X — K(Z,4) by 81 (u1,uz2,t) = uz-ul_l, and define X4 to be
the fiber of §. By Theorem 5.5, HJZ"(XA) >~ A.

Next, we construct Z4 and g4 to illustrate the proof of the extension problem. In
this case, take Z = {(CP*)?2, (CP*>)?}. Denote the first (CP*°)? by Z; and the
second (CP>)? by Z,. Then H*(Zy) = Z|z11,z12) and H*(Z3) = Z[z21. 222],
where |z;;| =2 for i, j € {1,2}, and

H*(Z+Y, %)) = Z[z11, 212, 221, 222] @ A[y)/ L',
where L' = (211221, 211222, Z12221). 212222 ). Define
§:(Z+Y. 0K - (CP®)?2 S va.0) =va 07",

and define Z4 to be the fiber of 5. Then H;(ZA) >~ Z[z1,22] ® A[y]/L, where
z1] =|z2| =2 and L = (z2y, 23y, z122Y).

Fori = {1,2},let g;: Z; — K(Z,4) be a map representing z;1z;j» € H4(Zl-), and let
h:S! — S be the identity map. Then g1, g» and % induce

g (Z+Y, 0K 5 X +1, 9k

such that gx (x;) = zj1zi2 and gx(y) = y. Lemma 5.3 gives a map g4: Z4 — X4
making the diagram
Zy——(Z+Y. 0K
JgA lgx
Xqg— (X +Y. 0K

commute.
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