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A quantum invariant of links in 72 x I with
volume conjecture behavior

JOE BONINGER

We define a polynomial invariant JI of links in the thickened torus. We call J I
the n™ toroidal colored Jones polynomial, and show it satisfies many properties
of the original colored Jones polynomial. Most significantly, JI exhibits volume
conjecture behavior. We prove the volume conjecture for the two-by-two square weave,
and provide computational evidence for other links. We also give two equivalent
constructions of JnT , one as a generalized operator invariant we call a pseudo-operator
invariant, and another using the Kauffman bracket skein module of the torus. Finally,
we show JnT produces invariants of biperiodic and virtual links. To our knowledge, JnT
gives the first example of volume conjecture behavior in a virtual (nonclassical) link.

57K14, 81R50

1 Introduction

A growing body of evidence supports the idea that the asymptotic growth rate of
quantum invariants of links and 3—manifolds encodes geometric information. This
hypothesis was initiated by the well-known volume conjecture of Kashaev, Murakami
and Murakami.

Conjecture 1.1 [12;24] Foraknot K C S3, let J,(K; ez”i/”) be the n'h colored
Jones polynomial of K evaluated at e*™ i/n_ Then

lim 2% log | Jn(K: e¥™/™) = Vol(S3\ K).
n—-oo n

Here Vol indicates simplicial volume, which we define to be the sum of the hyperbolic
volumes of the hyperbolic pieces in the Jaco—Shalen—Johannson decomposition of
S3\ K; see Soma [29]. We say a quantum invariant exhibits volume conjecture
behavior if theoretical or computational evidence supports a conjectured limit as above.
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1892 Joe Boninger

Figure 1: The two-by-two square weave (opposite sides of the diagram are identified).

Conjecture 1.1 has been generalized to other 3—manifolds in several ways. In [6],
Costantino extended the colored Jones polynomial to links in #;(S2 x S!) using
Turaev’s theory of shadows and proved the volume conjecture for an infinite family
of hyperbolic links. More recently, Chen and Yang [5] discovered volume conjecture
behavior exhibited by the Witten—Reshetikhin—Turaev and Turaev—Viro invariants of
3—manifolds, two quantum invariants closely related to the colored Jones polynomial.
These conjectures have been verified in many cases; see Detcherry, Kalfagianni and
Yang [7] and Ohtsuki [26].

We define a polynomial invariant J, nT, for n € N, of oriented links in the thickened torus,
T?x1I. Wecall J, ,,T the n'" toroidal colored Jones polynomial, and show it satisfies many
properties of the colored Jones polynomial for links in S3. For example, we give one
construction of J, nT using the theory of operator invariants, and another using the Kauff-
man bracket skein module of 72 x I. Significantly, JnT is the first example of volume
conjecture behavior in the Kauffman bracket skein module of a manifold other than S3.

We state the volume conjecture for JnT precisely as follows.
Conjecture 1.2 For any link L C T? x I such that (T? x I)\ L is hyperbolic,
lim 2% log |77 (L: e2™/™)| = Vol(T? x I) \ L).
n—oo n

Here the simplicial volume Vol is simply the hyperbolic volume of (72 x I)\ L. We
prove Conjecture 1.2 for the two-by-two square weave W C T'? x I shown in Figure 1.

Theorem 6.2 We have
lim 2% log|JT (W;e2™/)| = 4o = Vol(T2 x 1)\ W),
n—-oo n

where voct & 3.6638 is the volume of the regular ideal hyperbolic octahedron.
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(2r/n)-log |J T (L;e*™ /") atn =

link 10 20 30 50 75 100 Vol

2.1 | 54685 5.5004 54843 54548 54309 54215 5.3335
32| 7.5047 7.6976  7.7393  7.7566  71.7564  7.7528 7.7069
35| 59817 62649 6.3345 6.3733 6.3836  6.3852 6.3545
3.7 | 9.0885 9.3732 9.4523 9.5017 9.5182  9.5231 9.5034

B | 7.1834 73637 7.3903 7.3953 73891  7.3825 | 2voc & 7.3278
14 9.5569 9.9321 10.0405 10.1130 10.1411 10.1519 | 10w, ~ 10.149

Table 1: Computational evidence for Conjecture 1.2.

In addition to Theorem 6.2, the computations in Table 1 support our volume conjecture.
Each row gives the normalized logarithm of the modulus of the toroidal colored Jones
polynomial of a certain link, at the relevant root of unity, for different values of 7.
The first four rows are genus one virtual knots in Green’s table [10] — each of these
corresponds to a knot in 7% x I (see Kuperberg [20]) with volume computed by Adams,
Eisenberg, Greenberg, Kapoor, Liang, O’Connor, Pacheco-Tallaj and Wang in [1]. In
the fifth and sixth rows, B and £ refer respectively to the virtual 2-braid and triaxial
weave shown in Figure 2. (The geometry of ¢ is discussed by Champanerkar, Kofman
and Purcell in [4].) Finally, v & 1.0149 is the volume of the regular ideal hyperbolic
tetrahedron.

Pseudo-operator invariant

Volume conjecture behavior is not the only interesting feature of JnT . Like the original
colored Jones polynomial, JnT is defined using the theory of operator invariants and

> /

-

~ /

The virtual 2-braid B. The triaxial weave £.

Figure 2
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the quantum group o4 = U,(sl(2, C)), the quantized universal enveloping algebra of
s1(2, C) specialized to a root of unity ¢. Briefly, given a link L C T'? x I with diagram
D C T2, we use the flat geometry of T2 to label certain points of D as critical points.
We then assign s{—linear operators to each critical point of D and use these local
assignments to compute JnT as a state sum. This is similar to the construction of the
colored Jones polynomial of links in S3, with a key conceptual difference: in S3,
the local assignments of s{—linear operators to critical points (crossings and local
extrema) extend to a global assignment of a single d—linear operator to the entire link.
With JnT no global assignment is possible, and for this reason we refer to JnT as a
pseudo-operator invariant. The theory of pseudo-operator invariants, which generalizes
the theory of operator invariants, may have applications beyond the invariant JnT . In
Section 3, we develop this theory in detail and in the process construct another invariant
f,{ 4 of framed, unoriented links in T? x I. The invariant f,,T 4 18 analogous to the
invariant J _, of Kirby and Melvin [17], where n = (ny, ..., nx) is a multi-integer
indicating an integer n; assigned to each component of L.

Skein module invariant

We also consider an SU(2) toroidal colored Jones polynomial obtained by specializing
to the quantum group SU(2),. We show that if C C T2 is a contractible, simple closed

curve, the level two SU(2) invariant jo J (g 2

J3g(C)=—q'2—q7'2.

satisfies

If C C T? is a simple closed curve which is not contractible,
J3(C)=2.

Additionally, we prove J, T satisfies the Kauffman bracket skein relation. These
observations motivate the followmg definition and theorem, which characterize J T
skein-theoretically.

Definition 5.2 Define a Kauffman-type bracket (%), € Z[AT!, z] on link diagrams in
T? (and framed links in 72 x 1) by the relations:

@ (D)c=1

(b) Let C C T? be a simple closed curve disjoint from a diagram D C T2.
(i) If C is contractible, (C U D)y = (—A? — A72)(D),.
(ii) If C is not contractible, (C LU D)y = z(D)+.

(© (X)r = A<> <)r +47! (X)r

Algebraic & Geometric Topology, Volume 23 (2023)
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Here A and z are indeterminates.
Theorem 5.3 For any framed link L C T? x I,
J1q(L) = (L)elgsg =2
As a corollary, for any oriented, unframed link L C T? x I with diagram D C T?,
I (Liq) = [ATPUD) ]| gomy .

This gives a skein-theoretic construction of the toroidal Jones polynomial generalizing
that of the usual Jones polynomial. In fact, our Theorem 5.4 and Corollary 5.6 prove
much stronger statements defining j,,T q and JnT skein-theoretically for all # and #; to
accomplish this we use the Kauffman bracket skein module of the thickened torus.

Why z = 2?

Relations (a), (b) and (c) in Definition 5.2 are identical to the relations defining the
standard Kauffman bracket [14], with the additional stipulation in (b)(ii) that essential,
simple closed curves can be removed from a diagram by multiplying by z. (A somewhat
similar bracket is defined by Krushkal in [19].) To obtain Theorem 5.3, and for a
geometrically motivated theory, it is necessary to fix z = 2. Indeed, only when z =2
do we obtain an R—matrix, allowing us to do calculations as in Table 1. Proposition 3.8
below shows any pseudo-operator invariant takes the value 2 on essential, simple closed
curves in T2, if those curves have been colored by a 2—dimensional representation of a
quantum group. In the appendix we examine this property further using rotation number
and Lin and Wang’s definition of the usual Jones polynomial [21] — see Proposition A.1
and the following discussion.

Comparison with J,

For any link L in 72 x I, there exists a link L c S? such that (T2 x I)\ L and S*? \f,
are homeomorphic: Lhasa Hopf sublink H whose components are the cores of the
tori which make up S3 \ (72 x I); see Figure 3. We show JnT(L) and Jn(f,) are
fundamentally distinct invariants.

A key difference between the two is that JnT is unchanged by orientation-preserving
homeomorphisms of the torus:

Proposition 4.5 If the link diagram D’ C T? is obtained from a diagram D C T?
by an orientation-preserving homeomorphism of T2, then for the corresponding links
L',L CT?*x1I, wehave JT (L';q) = JI(L;q) foralln.

Algebraic & Geometric Topology, Volume 23 (2023)
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Figure 3: Nonisotopic links with homeomorphic complements in 7% x I and S3.

Using this proposition, we can construct infinite families of nonisotopic links in 7% x I
with identical toroidal colored Jones polynomials, whose corresponding links in S all
have distinct colored Jones polynomials. See Figure 3 for a simple example, where the
links on the left in 72 x I have the same toroidal colored Jones polynomials, but the
corresponding links on the right in S have different colored Jones polynomials.

While this makes JnT a less sensitive invariant than Jy, it also makes JnT applicable in
a wider range of contexts. In Section 8, for example, we show JnT gives invariants of
virtual links and biperiodic links. To our knowledge, JnT is the first invariant of virtual
links to exhibit volume conjecture behavior in a nonclassical setting.

Finally, while JnT (L;q) and J, (i,; q) are different invariants, there is an important
special case when the toroidal colored Jones polynomial and usual colored Jones
polynomial completely determine each other (see Figure 12):

Theorem 7.3 Let L’ be a link in S3, and consider an inclusion of L’ in an embedded
2—spherein T?> x I. Let K C T'? x I be a knot projecting to an essential, simple closed
curve in T? x {0}, and let L be a connect sum L = L' # K. Then

Ja (L:q) =n-Ju(L';q)
for all n.
An immediate corollary of Theorem 7.3 is that, for L and L’ as in the theorem,
: 2_7T T r. 2mi/ny _ 1; 2_7T 1. 2mifn
nll>moo p log|J, (L;e )|—nli>n;o p log|Ju(L';e )|

In Section 7, we use this fact to prove that a suitable generalization of our volume
conjecture, Conjecture 1.2, implies the original volume conjecture, Conjecture 1.1 —see

Algebraic & Geometric Topology, Volume 23 (2023)
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Conjecture 7.1 and Corollary 7.5 below. It is not clear whether the reverse implication
is true.

Outline

In Section 2, we review Kauffman bracket skein modules and operator invariants. In
Section 3 we define a general pseudo-operator invariant ® of framed links in 72 x 1,
and in Section 4 we specialize ® to Uy (sl(2, C)) to obtain JnT and jnT ¢+ In Section 5
we define these invariants skein-theoretically. In Section 6 we prove Theorem 6.2, and
in Section 7 we discuss generalizations of Conjecture 1.2. In particular, we consider the
case of nonhyperbolic links in 72 x I and show that a generalization of Conjecture 1.2
implies the original volume conjecture. In Section 8 we discuss JnT as an invariant
of biperiodic and virtual links. Finally, in the appendix, we study the behavior of J2T
through the lens of Lin and Wang’s formulation of the Jones polynomial [21].
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2 Background

2.1 Kauffman bracket skein modules

For a 3—manifold M and indeterminate A, let £(M) be the free Z[A*!]-module
generated by regular isotopy classes of framed links in M . The Kauffiman bracket skein
module of M [27; 30], ¥(M), is the quotient of (M) by the submodule generated
by the relations

() QOUL=(-4*>-A47?)L,

(i) X=4)(+4 <X
The links in each expression above are identical except in a ball where they look as
shown, and all diagrams are assumed to have blackboard framing. Each link L C M is
represented in $(M) by (L), called the Kauffiman bracket of L. If M = ¥ x I, ¥ an
orientable surface, we also denote the skein module of M by ¥(X). In this case, gluing

two copies of X x [ together along a boundary component gives ¥(X) the structure of
a Z[A*!]-algebra.

Algebraic & Geometric Topology, Volume 23 (2023)
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As an algebra, the skein module ¥(A) of the thickened annulus A x [ is generated by
a copy of its core with framing parallel to .4 x {0}. Sending this core to z gives an
algebra isomorphism ¥(A) = Z[A*!][z], so that the set {1, z,z2,z3,...} is a basis of
P(A) as a Z[A*!]-module. An alternate basis for $(A) is given by the Chebyshev
polynomials S (z), j > 0, defined recursively by

(1) S()(Z)Il, S](Z)IZ, Sj_H(Z):ZSj—Sj_l.
If L is alink in M with k components, we can construct a multilinear map
) ()L FASE =9 (M),

called the Kauffman multibracket, as follows. For zii € Z[AT][z] = $(A), i >0, let
Ltk be the framed link in M obtained by cabling the ;™ component of L by i J
parallel copies of itself. Define

(Zil, o, Zik)L — <Li1,...,ik>
and extend Z[A*!]-multilinearly to all of $(A).

Sending the empty link to 1 gives an isomorphism from $(S3) to Z[A*!]. Thus, for a
link L € S3 with k components, the Kauffman multibracket is a map

(-0 FA®F - Z[4%1)].

Let L be an oriented, unframed link in S3 with & components and D a diagram for L

with writhe w(D). The n"* colored Jones polynomial of L, J,,(L:q), is defined by

((_l)n—lAnZ—l)—u)(D)
—A2 - 42

<Sn_1(z),...,sn_1(z)>p]

(3 JulLig) = [

A4=q
In Section 5 we study the Kauffman bracket skein module ¥(7°2) of the thickened
torus 72 x I and its associated Kauffman multibracket. ¥(7'?) is generated as an
algebra by isotopy classes of simple closed curves in 7%, which are in bijection with
the set of tuples (a,b) € Z? such that either a = b = 0, or ¢ and b are coprime,
modulo the relation (a, b) ~ (—a, —b). We think of (a, b) as the curve homotopic to
a times a meridian plus b times a longitude, and write (a, »)™ to indicate m parallel
copies of such a curve. Additionally, to avoid ambiguity, we denote the image of a
link L C T? x I in $(T?) by (L)r and use (--- )7, to mean the multibracket map
determined by L,

(4) (-7 PAPF - 9 (T2).

Algebraic & Geometric Topology, Volume 23 (2023)
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Figure 4: Elementary diagrams.

2.2 Tangle operators

An alternate definition of the colored Jones polynomial comes from the theory of tangle
operators. The exposition here follows [17, Section 3].

Recall that a tangle T is a 1-manifold properly embedded (up to isotopy) in the
unit cube 73 C R with 7 C {1} x I x 31, and define 3_T = T N (12 x {0}) and
04+T = T N (I? x {1}). Choosing a regular projection onto {0} x I? gives a tangle
diagram of T.

For two tangles S and 7', denote by S ® T the tangle formed by placing S and T’
side by side so the boundary I x {1} x I of S equals the boundary I x {0} x I of T.
Similarly, by S o 7 we mean the tangle formed by stacking S and 7" vertically so
d4+T = 0_S; this operation can be performed only if |0+ T| = |0—S|. With these
operations, the set of all tangle diagrams is generated by the five elementary diagrams
I, R, L, N (called a cap), and U (called a cup) shown in Figure 4. Below, we assume
tangles are equipped with orientations and framings.

Fix a quasitriangular Hopf algebra (s, R) with R—matrix R = YaiRpiedAdRdA
and define a V—coloring of a tangle T (or one of its diagrams) to be an assignment of
an sd-module to each component of 7". This induces a coloring of a7 as follows: If C
is a component of color V, we assign V to each endpoint of C where C is oriented
downward and the dual module V* to each endpoint where C is oriented upward.
Tensoring from left to right gives boundary d—modules Ty assigned to 01T with the
empty tensor product defined to be C.

Suppose o contains a unit p with the properties
() pap™! = S?(a) for all « € o, where S is the antipode of s,
Gi) Yoip 1B =Y Binai.

We call such a unit a good unit of . In this case, by the following fundamental result,
any tangle 7" gives an s{—linear map 7 — 7.

Algebraic & Geometric Topology, Volume 23 (2023)



1900 Joe Boninger

Theorem 2.1 [17; 28] There exist unique si—linear operators
Fr = f;’f’k’“: T — Ty
assigned to each colored framed tangle T" which satisfy
Frorr =FroFr, Frer =Fr ®Fr,
and for the tangles given by the elementary diagrams with blackboard framing,
Fr=1d,
FR=R and Fp=R7!,

Fn=F and F,=E,,

Fy=N and Fy,= N’u—l,
where R=1oR, T the transposition map a®  — BR«. Additionally E( f ®x) = f(x),

Eu(x® f) = f(ux), N(1) =Y ¢; ® e’ and N,—1(1) = Y’ ® (u'e;) for any
basis e;.

The map R is also called an R—matrix, and the map Fr is called the operator invariant
of T.

Remark 2.2 The quasitriangular Hopf algebra in this construction can be replaced
more generally with a ribbon category [32].

We set sl = g =Uy(s1(2, C)), the quantized universal enveloping algebra of s1(2, C)

27i/7 (see [13]), and fix a certain good unit . We also limit

specialized to ¢ = ¢
tangle colorings to a distinguished set of sd-modules {V!,..., V"}, V" coming from
the unique n—dimensional irreducible representation of sl(2,C) [28]. If L C I% is a
k—component link and n = (n1,...,n;) a multi-integer, let L(n) be the s§—colored
link L with j™ component colored V" . With this setup, the colored Jones polynomial

is defined to be

(5) Ja(L:q)=(g" """ “’(D)Fif“f(n, =@, 1 Pt

)’

where ¢ = €27/ |y € N, and w(D) is the writhe of the tangle diagram of L. The
terms {m} and [m] are the quantum integers defined by

" )=y =

The boundary sé—modules of any colored link L(n) are both C, so 7, 2’ ) is a linear

{mj={mjqg=g¢

map from C to C —a scalar. This scalar is a Laurent polynomial in q.

Algebraic & Geometric Topology, Volume 23 (2023)



A quantum invariant of links in T? x I with volume conjecture behavior 1901

In fact, the invariant J,, as defined in (5) is not strictly equal to J, as defined in (3) — for
example, the two definitions differ by a sign on the two-component unlink. Achieving
precise equality requires a normalization of (5) equivalent to specializing F to the
quantum group SU(2), rather than Uy, (sl(2, C)) [17; 22]. For this reason, we refer to
the invariant (3) as the SU(2) colored Jones polynomial.

In the following section we generalize the theory of tangle operators to links in 72 x I,
leading in Section 4 to the definition of the toroidal colored Jones polynomial.

3 Pseudo-operator invariants

For a link L in the thickened torus 72 x I, we take a regular projection to 7% x {0} to
obtain a link diagram D C T?. Let 7: R? — T2 be a smooth, orientation-preserving
covering map with fundamental domain the unit square 7> C R? and deck transforma-
tions generated by horizontal and vertical unit shifts of R?. Let D=n"" (D). Define
p € D to be a local extremum of D, so that a small neighborhood of p is a cap or cup,
if p has a lift p which is a local extremum of D with respect to the height function
(x,y)— y on R2.

Definition 3.1 A point p € D is a critical point of D if it is a local extremum or
crossing point. A torus diagram D C T? is a regular projection of a smooth link
L C T? x I onto T? x {0} such that critical points are isolated.

Below, all diagrams in 72 are assumed to be torus diagrams.

Fix a quasitriangular Hopf algebra (4, R) and good unit ;4 € 4. As in Section 2.2, a
V —coloring (or simply coloring) of D is an assignment of an s{i—-module to each link
component.

We now define an invariant ®, = CD?’R’“ of oriented V—colored link diagrams in 72
with framing parallel to 72 x {0}. Let D C T2 be such a diagram and P the set of
critical points of D. For each p € P, there exists a small rectangular neighborhood
T(p) of p and a local section v of 7, ¥: T(p) — R2, giving T'(p) the structure of
an oriented, blackboard-framed, elementary tangle diagram. In this way Theorem 2.1
assigns an s{-linear operator F7(,) to each T'(p), for p € P, with boundary s{-modules
T (p)+. We cannot generally extend these local assignments to a global assignment of
an sd-linear operator to D, as Theorem 2.1 does for tangle diagrams in /2. However,
the local assignments of operators to each critical point still allow us to give D a value
in C using the state sum formulation of the theory, as explained below.

Algebraic & Geometric Topology, Volume 23 (2023)
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Figure 5: A V—colored tangle T'(p) near a crossing point p, labeled by a state o.

For each s§—module V, fix a basis By of V as a C—vector space. Removing the set of
critical points P from D breaks it into components, each colored by some V' and each
oriented upward or downward when lifted to R2. A state o is an assignment of a label
o (S) to each component S of D\ P as follows: If S is colored by the module V' and
oriented downward, o (S) is an element of By . If S is oriented upward, o (S) is an
element of the dual basis By .

A state o determines a weight wp (o) of each critical point. For each p € P, taking
tensor products of the labels o (.S) of the strands above and below p gives basis elements
o(p)+ of the modules 7'(p)+. Define the weight w, (o) € C to be the coefficient of
o(p)+ in Fr(p)(o(p)-), and define the weight of the state o by

(6) w(0) =[] @p(0).
pEP

where the empty product (if D contains no critical points) is defined to be 1. Finally,
set

(7) @ (D) =) w(0),
o
where the sum is over all states of D.

For an example computation of the weight of a critical point, let p be the crossing
point with neighborhood 7T'(p) shown in Figure 5. Viewing 7'(p) as a tangle diagram,
both tangle components of 7'(p) are colored by the same s{—module V', so

T(p)-=T(p)+=VRV.

Additionally, since T'(p) is a positive crossing, Fr(p) = R, viewed as a map from
V ® V to itself. In the given state o, the diagram components of 7'(p) \ p are assigned
basis elements e;, ej, ex,e; € V as shown, where {eg, ey, ...,e,—1} is a basis for V.
We have 0(p)— =ex ®ej, 0(p)+ = e¢; ®ej, and if R satisfies

n—1,n—1

Rlex ®ep) = RYY (e ®eq) +-++ R (e ®ej) + -+ Ry " (ent @ en—1),

t _ plJ
where the Rfd € C are scalars, 0 < 5,7 <n—1, then wy(0) = Ry,

Algebraic & Geometric Topology, Volume 23 (2023)
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\ \
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Figure 6: Constructing a virtual tangle diagram from a torus diagram.

Lemma 3.2 The value @, (D) does not depend on the choice of bases of the colors V.

Proof To prove the lemma we give an alternate construction of ®,. Recall 12 is a
fundamental domain for the covering map 7 : R? — T'2; adjusting D if necessary, we
assume no critical points of D=n"! (D) occur in 912. Shift DN ({1} x I), the points
of D intersecting the right side of 72, slightly upward by an isotopy of /2 which is
the identity on {0} x I and does not change the set of critical points of D. Because
the left and right sides of 12 are identified in the torus, each point g € DN ({0} x 1)
has a corresponding point ¢’ € DN ({1} x I), slightly higher than ¢ as a result of the
isotopy. As a final step of the construction, connect each ¢ and ¢’ by acurve c4: I — I 2
which satisfies ¢4 (0) = ¢, ¢4(1) = ¢’, and is monotonically increasing in height. This
produces a virtual tangle diagram D' = (I* N 5) UgeDn({oyx1) ¢q(1) whose classical
(ie nonvirtual) critical points are the same as the critical points of D and whose virtual
crossings are any point where some ¢4 (/), for g € Dn ({0} x I), intersects another
point of D’. See Figure 6 for an example, where the virtual crossing on the right is
circled. We assume virtual crossings are isolated from other critical points.

The coloring of D induces a coloring of D’ in an obvious way. As before, let P be
the set of (classical and virtual) critical points of D" with T'(p) a small rectangular
neighborhood of p € P. If p € P is a classical critical point, the functor F of
Theorem 2.1 associates an s{-linear operator Fr () to T(p) which agrees with the
operator assigned to 7'(p) in the construction of ®,. If p € P is a virtual crossing,
define Fr(p) to be the transposition map 7 : @ ® B — B ® a as in [15]. (This is
a C—linear map but not generally an s{-linear one.) Because d—D’ and d4 D’ are
identified in the torus, D’ = D/, = V for some s¢-module V. Thus, extending the
local operator assignments Fr(p), for p € P, as in Theorem 2.1 associates D" with a
C-linear map ¢: V — V. Define @/ (D’) = Tr(¢); we claim @/ (D) = &, (D).

Algebraic & Geometric Topology, Volume 23 (2023)
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Figure 7: A state assignment near a virtual crossing.

Computing @/ (D’) as a state sum, as in [15; 17; 25], shows the two invariants agree.
Fix a basis for each s{—module. As in the construction of @, a state is an assignment
of basis elements to components of D'\ P and the weight of a state is the product of
the weights of the critical points. Taking the trace of ¢ ensures identified strands of
D’ and D!_ are assigned the same basis element in any state with nonzero weight. If
the strands near a virtual crossing p are assigned basis elements ¢;, ¢j, ¢ and ¢, as
in Figure 7, the weight of p is 55 5]1.‘, where § is the Kronecker delta. This ensures the
identified strands on either side of p have the same state, in which case p has weight 1.

If we compute @, (D) using the same bases, we have

D (D) =) w(0) =Tr(¢) = Py (D").

This shows the definition of @/, (D’) does not depend on the choice of curves ¢4, for
g € DN ({0} x I). Since ®’, does not depend on a choice of basis, neither does ®,. O

We write ® rather than @, in the next definition because we will ultimately show ¢
does not depend on the choice of covering map . Before proving this, however, we
give the main result of the section.

Definition 3.3 Let L C T2 x I be a framed, oriented, V—colored link and D a
diagram for L with framing parallel to 7°2. Define the pseudo-operator invariant of L,
depending on (4, R) and u, by

d(L) = oK1 (L) = d-RE(D).

Theorem 3.4 & is an invariant of framed, oriented, V —colored links in T* x I. That
is, if Dy and D, are two diagrams of a framed, oriented, V —colored link L C T 2x 1
with each having framing parallel to T? x {0}, then ®(D;) = ®(D,).

Proof Consider the lift D; of D; to R? fori =1, 2. By construction, D is the diagram
of a biperiodic link L € R? x I such that the critical points of D are lifts of critical
points of D;. Let f;(x): I x (T'?> x I) — T? x I be an ambient isotopy carrying D;
to Dy, such that fo =1Id and f1(D1) = D,. Then f; lifts to a biperiodic isotopy f, of
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Figure 8: Local tangle moves.

R%2x 1 taking 51 to 52. Because 131 and 52 are locally blackboard-framed tangle
diagrams, a well-known theorem [8; 28] asserts that ﬁ decomposes into a sequence g
of diagram-preserving isotopies and the moves shown in Figure 8 (with all possible
orientations). We assume the isotopies and moves are biperiodic, ie applied to each
lifted copy of a region of D; simultaneously.

Because g, is biperiodic, it descends to a sequence g; of the same moves on T2
carrying Dy to D;. Hence it suffices to check invariance of ® under each local
move, which follows from properties of &4, R and p. For example, the equation
R 'oR=1Id=RoR! implies invariance under move (a). Move (b) follows from
the fact that R satisfies the Yang—Baxter equation [31], and moves (c)—(e) also follow
from properties of R and —see [17, Theorem 3.6] for details. O

Remark 3.5 The construction of @, given in the proof of Lemma 3.2 is similar
to Kauffman’s quantum invariant for virtual links [15], in that virtual crossings are
associated with the transposition map 7. However, the two invariants have significant
differences. We can think of the virtual diagram D’ in the proof of Lemma 3.2 as the
diagram of a tangle on a cylinder S! x I: the original diagram D sits on the “front” of
the cylinder, while the added curves ¢, circle around the “back”. This is one difference
between our invariant and Kauffman’s —the use of a cylinder to create the virtual
diagram rather than a torus. Another difference is that Kauffman’s invariant is defined
in the context of rotational virtual knot theory (see [16]) —it is not invariant under
virtual Reidemeister I-moves. We achieve invariance under virtual /—-moves by placing
all classical critical points on the front of the cylinder, where the orientation of the
cylinder matches the orientation of the virtual diagram. If a critical point were moved
to the back of the cylinder, that point’s orientation on the cylinder would not match its
orientation in the virtual diagram, and the two local operator assignments in the two
constructions of @, would disagree.
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We use the phrase “pseudo-operator invariant” because, as remarked above, a torus
diagram D C T'? cannot generally be associated with an s{—linear operator using our
construction. It is interesting that the local assignments of s{-linear operators to critical
points of D still allow us to define ®(D), which seems to encode geometric information
about the link L. For an example of computing ® with a specific o, see Section 6.

The fact that (D) = @, (D) does not depend on 7 follows from the proposition below,
which shows ®,; is invariant under orientation-preserving homeomorphisms of 7°2.

Proposition 3.6 Let D, D’ C T? be oriented, V —colored link diagrams with black-

board framing. If f is an orientation-preserving homeomorphism of T? satisfying
f(D) = D', then ®,(D) = ®,(D’).

Proof Since @, is an isotopy invariant, it suffices to prove the theorem for a set
of homeomorphisms generating the mapping class group Mod(72). To this end, we
consider two Dehn twists, about two curves in 7% which lift via 7 to horizontal and
vertical lines in R2. Let / C T2 be a simple closed curve lifting to a vertical line in R?
such that / contains no critical points of D, and choose a bicollar neighborhood N (/)
of / satisfying that

(i) no critical points of D occur within N(/),

(i) each connected component of D N N (/) intersects / only once, transversely.

Now suppose f: T? — T? is an upward twist (from left to right) about / which is
the identity outside of N (/). See Figure 9 for an example. Let ¢ be a component of
D N N(I)—then c is a curve which increases or decreases monotonically as it travels
across N (/) from left to right. If ¢ is increasing, f(c) is also monotonically increasing
and contains no critical points. If ¢ is decreasing, f(c) contains a minimum to the left
of [ and a maximum to the right of / and no critical points other than these; see Figure 9.
The cases of twisting downward and twisting about horizontal lines are similar. Finally,
because f is injective, the crossing points of D’ are the same as those of D.

It follows that the only critical points of /(D) = D’ which do not occur in D are
max—min pairs formed as above. When ®,(D’) is computed as a state sum, the
weights of these max—min pairs cancel as in identity (c) of Figure 8. We conclude
&, (D) =0, (D). m|

Corollary 3.7 The value ®, (D) does not depend on the choice of covering map
7:R? = T2
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dNRS

Figure 9: Twisting a diagram.

Proof Let 7, 75: R? — T2 be two smooth, orientation-preserving covering maps
with fundamental domain /2. The umqueness property of covering spaces glves an
orientation-preserving homeomorphism f R? — R? which satisfies 7, o f =y,
and since 11 and 7, have the same fundamental domain and deck transformations, f
descends to an orientation-preserving homeomorphism f of 7' satisfying f o = 5.
By Proposition 3.6, and noting the value ®, (D) is completely determined by the lift
7~ Y(D),

Gy (D) = P, (f(D)) = Pfog, (D) = Py (D). O

We conclude the section with a general property of pseudo-operator invariants. Though
the proposition is a simple observation, it motivates the skein theory to come in Section 5.

Proposition 3.8 Let K C T% x I be a knot projecting to an essential, simple closed
curve in T? x I with framing parallel to T? x {0}. If K is colored by an n—dimensional
A-module V,

d(K) =n.

Proof Applying Proposition 3.6, we may assume without loss of generality that K
lifts to a vertical line in R?. Then the proof of Lemma 3.2 shows ®(K) is the trace of
the identity map of V, so ®(K) = dim(V') = n. O

4 Quantum invariants for sl(2, C) and the toroidal colored
Jones polynomial

4.1 An invariant of framed, unoriented links in 72 x /

As with the colored Jones polynomial, we now specialize to s = g = Uy (s1(2, C)),
for ¢ = e27/7 and limit st—-modules to the set {V'!,..., V"} as in Section 2.2.

Algebraic & Geometric Topology, Volume 23 (2023)



1908 Joe Boninger

For a link L C T? x I with k components and multi-integer n = (n1, ..., nx), let
L(n) = L(ny,...,n) be the V—colored link L with j component colored by V7.
By 1 <n <r in the definition below we mean that 1 <n; <r for all n;.

Definition 4.1 Given a framed, unoriented link L C 72 x I with k components, fix
an orientation of each component. For ¢ = ¢27/" 1 < n < r, define f,T q¢(L) by

JI (L) = @R (L(n)).

Theorem 4.2 fnT q (L) is an invariant of framed, unoriented links in T? x I. That is,
fnT 4 (L) does not depend on the orientation chosen for each component of L.

Proof Let D, D’ C T? be oriented diagrams of L (n) with framing parallel to 72 x {0}
and D’ obtained from D by changing the orientation of a link component C'. It suffices

to show
@'ﬁqaRaM’(D) — @\ﬂqaRal‘L(D/)‘

Suppose C is colored by V" and let C’ be the corresponding component of D’, also
colored by V. Let p € C be a critical point, p’ the same point of C’, and T'(p), T'(p’)
small rectangular neighborhoods of each. Then each copy of V" coming from C in
T (p)+ corresponds to a copy of (V™)* in T'(p’)+ and vice versa. V" is self-dual as
an sl-module via a canonical isomorphism ¢: (V")* — V" and we use ¢ to identify
the modules 7'(p)y and T'(p')+.

We apply Lemma 3.18 and Remark 3.26 of [17], which state that if n is odd, Fr(py) =
Fr(py as maps from T'(p)_ to T(p), for all p. Thus ®(D) = ®(D’) if n is odd.
Suppose n is even. If p is a crossing then Fr(,) = Fr(p), and if p is an extreme point
then Fr(p) = —Fr(p). Self-duality of V" induces a bijection between the states of D
and the states of D', and it follows that if o is a state of D and o’ the corresponding state
of D', w(c0) = (—1)/ w(c”), where j is the total number of extreme points of C. Since
C C T?is aclosed curve, j is even and w(0) = w(c’). We conclude ®(D) = ®(D’)
if n is even. d

The invariant f,,T 4 should be thought of as a toroidal analogue of the invariant J, x
of [17]. One might also be reminded of the Kauffman bracket skein module, another
invariant of framed, unoriented links — this comparison will be made precise in the
next section. Like the invariant J, g of [17] or the Kauffman bracket skein module
of S3, JA,T g can be normalized to obtain an invariant of oriented, unframed links in
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T2 x I analogous to the colored Jones polynomial.

4.2 The toroidal colored Jones polynomial

To create an invariant of unframed links, we use the fact that as an endomorphism of
VrR V" 0<n<r,the R—matrix R satisfies [17; 30]

(d® E,) (R @ Id)(Id® N) = ="~ D/4 g,

where N: C — V" ® (V")* and E,: V" ® (V*)* — C are the maps given in
Theorem 2.1. Pictorially, this is equivalent to the two equations

® I () =a" I AL (O =g ()).

where the diagrams represent oriented, unframed links and the component shown is
colored by V",

If L C T? x I is oriented and unframed, any two diagrams of L are related by a
sequence of the moves in Figure 8 and additions or removals of curls,

©) \p<—>l<—>/\’)

This fact, combined with (8), motivates Definition 4.3. Similar to above, given a
diagram D C T'? of a k—component link and multi-integer n = (n1, ..., ny), let D(n)
indicate D with j™ component colored by V" . Define j,lT ¢(D) = dla-Rot (D (n)).

Definition 4.3 Let L C 72 x I be an oriented, unframed link with k components,
D C T? adiagram of L, and Cj, ..., Cy the link components of D. Define J,,T’q (L)
by

Tao(L)=q*"*J] (D),

n,

where o = —Z;‘Zl w(Cj)-(n;*—1) and w(Cj) is the writhe of C;, ie the sum of the
signs of its self-crossings.

It follows from (8) and the proof of Theorem 3.4 that J, nT q (L) is an invariant of oriented,
unframed links in 72 x I.

If all components of L are given the same color, ie if n = (n,...,n) for some n € N,
we can define a similar invariant which agrees with J,Z: g if L is a knot. This next
definition is our analogue of the colored Jones polynomial.
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Definition 4.4 For an oriented, unframed link L C T'? x I with diagram D and n € N,
define the n™ toroidal colored Jones polynomial JnT (L:;q) of L by

- 3 "
J,,T(L;q) _ (6](" 1)/4) w(D)J(Tr;,...,n),q(D)’

where w(D) is the writhe of D.

Compare Definition 4.4 with (5) — the definitions are analogous except for a factor
of 1/[n]. This factor may be included in the definition of J, because J, is always
divisible by [n] as a Laurent polynomial in ¢; this follows from the «{-linearity of the
operator in Theorem 2.1. Because there is no guarantee of global s{-linearity in the
construction of JI', we cannot divide by [1]. In particular, if ¢ = ¢?” i/n,

T i

el —e™

{13

Additionally, the root of unity ¢ may be replaced by an indeterminate in the definition

(10) [n] = =0.

of JnT (L; q) without affecting calculations — see, for example, [25]. This justifies
thinking of JnT (L;q) as a Laurent polynomial in ¢ and accounts for our slight change
in notation. We prefer J,,T to J,Z 4 for simplicity in calculations, and don’t make use of
J,Z: 4 outside of this section. We also remark that, because Dehn twists do not affect the
signs of crossings in a diagram, Proposition 3.6 extends to JnT and J,Z pE

Proposition 4.5 Let L, L' C T? x I be oriented links with respective diagrams
D,D’' C T?. If f is an orientation-preserving homeomorphism of T? satisfying
f(D)= D', then JT(L:q) = JI(L":q) and J;| ,(L) = J,[ (L) for all n and n.

As a final result of the subsection, we give a cabling formula for JA,T 4 analogous to the
cabling formula for the invariant Jy, i ; see [17, Theorem 4.15]. For a framed, unoriented
link L C T?x 1, this expresses the value JA,,T,q(L) in terms of jo’q = j(g,,,.,z),q evaluated
on certain cablings of L. This will allow us to develop j,,T 4 from a skein-theoretic

viewpoint in the next section.

Let L be a k—component link and n = (ny, ..., ng) a multi-integer. As in Section 2.1,
denote by L" the cabling of L which replaces the j™ component of L by n; parallel
pushoffs of itself, oriented compatibly if the link is oriented, with associated diagram D" .

Below, the sum is over all i = (iy,...,i;) with 1 <i; < %(nj —1), and
n—1—i k nj—1—i
i (MY T (T
() =TT ()
J:
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Theorem 4.6 (cabling formula) Let L C (T? x I) be a framed, unoriented link, n a
coloring of L, and D a torus diagram for L with framing parallel to T? x {0}. Then
(n—1)/2 _i
PTawy= % i (")
i=0
(n—1)/2 . .
Z (_1)1' (Il—}—l )q3w(Dn—l—21 )/4J2T(Ln_1_2i;q).
i=0

i
We sketch the proof, following closely the proof of Theorem 4.15 in [17]. We first

require a lemma—cf [17, Lemma 3.10] — which gives useful properties of pseudo-
operator invariants.

Lemma 4.7 Let (4, R) be a quasitriangular Hopf algebra with good unit j1. Let
D C T? x I be a colored torus diagram and C a link component of D colored by V .

(@) If V=X@&Y, or more generally V is an extension of Y by X (ie there is a
short exact sequence 0 - X — V — Y — 0 of si—-modules), then

®(D) = ®(Dx) + ®(Dy),

where D z denotes the torus diagram obtained by changing the color of C to Z.

(b) If V=XQY, then
®(D) =d(Dyxy),

where Dy vy is the diagram obtained by replacing C by two parallel pushofts of
itself (using the framing) colored by X and Y, respectively.

Proof To prove (a), fix bases By, By and By so that By C By (viewing X as a
subspace of V') and By is the projection of By = BV By . We call state labels from
By or By« X-labels, whereas those from BY or By* are Y —labels.

If o is a state of D with nonzero weight, then the corresponding labels on the arcs of C
must be either all X -labels (written o|C C X) or all Y -labels (written o|C C Y'). This
follows from the sd—invariance of X C V' (and dually of Y* C V*)—if the component
of C on one side of a critical point has an X —label and the component on the other
side has a Y —label, the weight of the critical point in that state will be zero. From this,
we see

*(D)=) wlo)= Y o)+ Y olo)=>2(Dx)+P(Dy)
o|CCX o|CCY
as desired.
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Statement (b) is a fundamental property of operator invariants — see [32, Chapter 1] or
[17, Lemma 3.10]. As with statement (a), we extend to the case of pseudo-operator
invariants by considering each critical point individually. a

Proof of Theorem 4.6 It is a classical result—see [17, Corollary 2.15] — that, for
0 <n <r, the equality
n/2

n _ j n_j n—2j
(11) V“—jg(—l)f( ; )2y

holds in the representation ring of 44, where g = e27i/7 and the sum is over all j

with 0 <2 <n. Here V" refers to the sd;—module V", while (V")/ indicates the j®
tensor product of V" with itself. The proof of (11) uses the fact that the modules V"
satisfy the recurrence relation V1 = V2V — V"~ the same recurrence relation
defining the Chebyshev polynomials in (1).

The first equality of Theorem 4.6 now follows from combining Lemma 4.7 and (11),
and the second equality comes from Definition 4.4. |

Remark 4.8 Toroidal analogues of other link invariants can be constructed by consid-
ering quantum groups other than U, (s1(2, C)). For example, letting s = Uy (sl(m, C))
for general m gives a toroidal analogue of the specialization Py (¢™,q —g~ '), where
Py, is the two-variable HOMFLY polynomial of a link L. Letting 4 = U,;G, where
G = so(m) or sp(2m), leads to a toroidal analogue of a certain specialization of the
two-variable Kauffman polynomial, depending on the choice of G; see [28, Section 6.1].
In Section 5, we’ll construct a toroidal analogue of the SU(2) colored Jones polynomial
by setting o = SU(2),.

5 The toroidal colored Jones polynomial and skein theory

In this section only, we consider the invariant defined by specializing ® to the quantum
group SU(2)4 rather than Uy, (sl(2, C)). This constitutes a certain normalization of the
sl(2, C) invariant and we denote the SU(2) version by the same notation, f,,T q- This is
consistent with literature on the colored Jones polynomial and the operators involved
are discussed, for example, in [18; 22].

The goal of the section is to develop the SU(2) toroidal colored Jones polynomial skein-
theoretically. This begins with an observation about the level two framed invariant J 2.9
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Lemma 5.1 The level two SU(2) invariant sz 7 has the following properties:
(a) fz’{q(@) =1.
(b) Let C C T? be a simple closed curve disjoint from a diagram D C T?.
(i) IfC is contractible, J ,(CUD)=(—¢"2—¢~V/ 2JrI (D)= —[21Jf (D).
(ii) If C is not contractible, szq(C UuD)= 2j2Tq(D).

© J7,00=4"*1,00+q7"*i],CX.

Proof Properties (a), (b)(i) and (c) are identical to the relations defining the usual
Kauffman bracket. Because they are local properties — (b)(i) is local in the sense that
we can assume C exists in a coordinate neighborhood of 7'? — the proofs are the same
as for the usual SU(2) Jones polynomial; see [22, Theorem 4.1]. Each property reduces
to an algebraic statement about the quantum group SU(2),.

To prove property (b)(ii) holds for JTI o> Suppose C C T? is a simple, closed essential

T

curve. Then fz (C) = 2 by Proposition 3.8. The general statement follows from the

7q
multiplicativity of J, 4 on disjoint diagrams; that is,

J3,UuD)=J] (U)-J] (D)=2J] (D). O
Lemma 5.1 leads to the following definition and theorem:

Definition 5.2 Define a Kauffman-type bracket (%), € Z[AT!, z] on link diagrams in
72 (and framed links in 72 x I) by the relations:

(@) (@)r=1

(b) Let C C T? be a simple closed curve disjoint from a diagram D C T2.
(i) If C is contractible, (C U D); = (—A% — A72)(D),.
(i) If C is not contractible, (C U D)y = z- (D).

(©) (X)t = A<> <)r + 471 (X)r
Theorem 5.3 For any framed link L C T? x I,

J3 (L) = (L)<l gs—g .-

To extend Theorem 5.3 to all values of n for JA,,,q, we consider the skein module
of the thickened torus, $(7°%). As Section 2.1 discusses, a basis for $(7°?) as a
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Z[A*']-module is given by positive powers of the tuples (a, b) such that either a =
b =0 ora and b are coprime. Let p,: $(T?) — Z[AT!] be the Z[A*!]-linear map

defined by 1 if b=0
ifa=b=

by = |
p2((a,b)™) {2’” otherwise.

Then it’s clear that, for any framed link L C T?x 1,

(L)elz=2 = p2({(L)71).
where (L)7 is the class of L in $(T?).

We can now state the full result using $(7°2).

Theorem 5.4 For any oriented, unframed link L C T? x I with diagram D C T2,
frZ:q(L) = p2((Sn1—1 (Z)v ceey Snk—l(z)>T,D)|A4=q7

where JA,,T,q is the SU(2) invariant and (x)1 p: F(A)®k — P(T?) is the multibracket
of (4).

Proof A closed formula for the n'" Chebyshev polynomial, as defined in (1), is given

by
n/2

(12) Su@) = Yo 0" )
j=0

where the sum is over all integers j with 0 < 2j <n. Let L C T? x I be a k—
component link and n = (11, ..., ny) a multi-integer. Applying the above formula and
the multilinearity of p, and the Kauffman multibracket, we have

n/2

P2({(Sn,(2), ..., Sn (2))1,D) = Z(_l)j (”;J )Pz((L”_Zj)T)
Jj=0

n/2

= e ("))

j=0
=, D).

The second equality is Theorem 5.3. The third comes from Theorem 4.6, which applies
in the SU(2) theory since the same relation V/ 7! = V2VJ — VJ/=1 holds in the
representation ring. |
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Having constructed the SU(2) fn,q skein-theoretically, we can define a skein-theoretic
toroidal colored Jones polynomial. The SU(2) version of JA,,T q satisfies [23]

j{q(\p) = (_1)n_1(1(n2_1)/4 ’ er:q(l)’
jr{q(,k)) _ (_1)n—lq—(n2_l)/4 . jnT’q(D’

where the strand shown in the diagram is colored by V. Subsequently:

Definition 5.5 The SU(2) foroidal colored Jones polynomial JnT of an oriented,
unframed link L C T'? x I with diagram D is defined by

— 2_ — 2
Iy (Lig) = ()" q® =T DVUE (D).

..... n),q

We immediately have:

Corollary 5.6 The SU(2) toroidal colored Jones polynomial is skein-theoretically
defined by

JT(L:q) = [(=)" A7) (S (). Suc1 (D)D)] | gay-

Compare the right side of Theorem 5.4 with (3) — the missing factor of 1/(—A4%—A72)
is analogous to the missing 1/[n] factor in the Uy (sl(2, C)) case.

The skein theoretic definitions of Theorem 5.4 and Corollary 5.6 let us extend the
SU(2) invariants fnT 4 and JnT to links in orientable manifolds other than 7% x I, using
the bracket (), of Definition 5.2 (with z = 2) as a generalized Kauffman bracket. In
S3 the bracket (), coincides with the usual Kauffman bracket, and thus the invariant
f,,T 4 defined in S3 is exactly the invariant J; of [22]. The SU(2) toroidal colored
Jones polynomial, defined skein-theoretically in S3, satisfies

TT(Liq) = (A% = A7)  gay - Ju(L: q).

where J;, is the SU(2) colored Jones polynomial of (3).

6 The volume conjecture for the two-by-two square weave

We now prove the volume conjecture for the two-by-two square weave W C T? x I,
the link shown in Figure 1. More generally, a diagram for the 2k-by-2! square weave
Wak 21, for k, I € N, is made by tiling W to form a rectangular grid with 2k rows and
2] columns of crossings. We consider only even dimensions to ensure the diagram is
alternating on the torus.
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The complement of W 5 in T2 x I is geometrically simple — Champanerkar, Kofman
and Purcell [3] describe a complete hyperbolic structure for (72 x 1)\ W, k,21 consisting
of 4k regular ideal hyperbolic octahedra, one for each crossing. Thus,

(13) VOl(Wzk’zl) = 4k1 * Voct-
Separately, we have the following proposition.
Proposition 6.1 Letg = 2™ i/n_If I ¢ T?x I is an oriented link which has a diagram
D C T? with ¢ crossings,
.2 T,r.
nli)IIolo W log |Jn (L;q)| = ¢+ voc.

Proof The result follows from work of Garoufalidis and L& [9, Corollary 8.10 and The-
orem 1.13]. Recall the definition of J,,T as a state sum (Definition 4.4 and equations (6)

d 7 b
and (7)) T 1.\ (n2=1)/4\—w(D)
JT(L;q) = (q ) 2 1.
o peP

where P is the set of critical points of D and o is a state of D. Since ¢ is a root of
unity, |JnT| = ‘Zo HpeP a)p(o)}.

Let m be the number of connected components of D \ P; then D has n™ states. If o’
is a state with maximum modulus weight, then

(14) log |, | =log > [] @p(0)
o peP
<log |n™ 1_[ wp(a’)| =mlogn+ Z log |wp(a)].
DEP pEP

Fix the standard basis for V" >~ C”. In this basis, if p € P is an extremum then
lwp(c”)| = 1. If p is a crossing then wp(0”) is an element of the R—matrix of s, in
the given basis, and Garoufalidis and L& proved

2n

(15) .

nlggo log |wp(0”)] < Voct-

Considering limy,—, o0 27” log |JnT |, the summands log |w, (0”)| with p a crossing are
the only summands of (14) which don’t vanish asymptotically. Thus, applying (15),

.27 T
,,119;07102%"]'1 | < ¢+ Voct- |
Equation (13) and Proposition 6.1 together give

(16)  lim 27” 10g | /T (Wag a1 €2™1/M)| < 4kl - voer = VOI(T? X I) \ Wag 21).
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In other words, for the rectangular weave Wy 5, the asymptotic growth of the toroidal
colored Jones polynomial is bounded above by the volume of the complement. This
makes the 2k-by-2/ rectangular weave a natural object of study for our volume conjec-
ture, Conjecture 1.2 —to prove the conjecture for a link in this family, we need only
show the upper bound in (16) is achieved.

Before proving Theorem 6.2, we give a formula for J,,T(W; q) = JnT(Wz,z; q). As an
isomorphism of V" ® V" the R—matrix R of s, is defined by weights R;{Jl eC,

n—1
R(ex®e))= Y  Rlei®ej.
la]=0
where {eg,...,e,_1} is a preferred basis of V”. We have
(17) RY — min(ni_i’])(gl sk qe. {WMn—1—k}!
kl = i+m®j—m {i}!{m}!{n—l—j}!’

where
o= (i - %(n— 1))( j —%(n— 1)) - %m(i —j)— %m(m + 1),
§ is the Kronecker delta, and {m}! = {m}{m —1}---{2}{1}. Similarly,
vVt vie V!
is defined by the scalars

min(n—1—1,j)
i ; S L U B
e = ,,,Zzo Sion o D) Jmpin—1-i

where
B=—(i—1m—1)(j -1 —1))=3Im@ - j)+ tmm+1).

Let D be the diagram for W in Figure 10, left, with components labeled by basis
elements as shown —implicitly we’ve chosen a covering map where crossings are
oriented downward and there are no maxima or minima. We have
n—1
ITwigy= Y (RTH/IRN R (RS
a,b,....g,.h=0

The index m in (17) and (18) is sometimes thought of as the “label” of the associated
crossing [9], with the corresponding summand its “weight”. In this way a state of D
becomes a labeling of both strands and crossings with integers between 0 and n — 1,
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Each crossing is labeled m.

Figure 10: States of D.

and the Kronecker deltas in (17) and (18) imply we need only consider states whose
crossing labels are as shown in Figure 11.

Assigning labels to strands and crossings of D according to these rules gives the
diagram in Figure 10, right — the structure of W forces each crossing to have the same
label in any nonzero state. We obtain the formula

JnT(W-q)
= ~ b b d d
+m,a ,c+m ,a+m 1\d+m,c
= Z Z a—l—m bRc,b+m ad+m(R )c+m,d
_n—l nil q(a ) (d—b) {a+mil{n—1—a}! {b+mil{n—1->b}!
- U\ —1—a—mY W in—1—b—m
w0 a.bed=0 {ap{im{n—1—a—m}! {b}{m}!{n—1—5b—m}!
{c+mil{n—1—c}! {d+mil{n—1-d}!

el mpn—1—c—m} {dilmn—1—d—m}’

Figure 11: States of crossings with nonzero weights.
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For the remainder of the section, fix ¢ = e27//"_ This allows us to apply the identity
[9, equation 38]

n—1 n
= (V=" e

where k € N and 0 < k <n — 1, and the formula above becomes

19 JT(W:q)
1

n

Il
I M

i @b | '({a+m}!{b+m}!{c+m}!{d+m}!)2
= ({m})* {aj!{b{ci!{d}! '

Theorem 6.2 lim 27 log [JT (W:e2™/™)| = dvoe = VOl(T2 x 1)\ W).
n—->oo n
Proof By (16), we need only show
20) lim 2% log |JT (W;e2™/)| > dvoe = Vol((T? x 1)\ W).
n—-oo n

Let n(a, b, c,d) = g(@d=b) apqd

pla,b,c,d,m)= 1 ({“+m}!{b +mM{c+mi{d _,_m}!)z

({mih)* {a{o}{c}{d}!
Then (19) becomes

n—m—1

n—
Q1) JTWigy=>"" > nab.c.d)-pla.b.c.d.m).
m=0a,b,c,d=0

Fork € Z with 0 <k <n—1, {k} = 2i sin(ks/n) = i x where x is a nonnegative real
number. Thus ({m}!)* is a nonnegative real number for all values of m. Furthermore,
since
{a +m{!{b +mP{c +m}{d + m}!

{a}l{b}!{c}!{d}!

{fa+k{b+ki{c+ki{d+k}

I
s

m
=16 1_[ sin r(a+k) sin m(b+k) sin m(c+k) sin n(d+k),
k=1 n n n n

pla, b, c,d, m) is a nonnegative real number for all relevant values of a, b, ¢, d, and m.
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If a = ¢ then n(a,b,c,d) = 1 and n(a,b,c,d) - p(a,b,c,d,m) is a real number. If

a # ¢, since p(a,b,c,d,m) = p(a,c,b,d,m) and n(a,b,c,d) =n(a,c,b,d)™!,

n(a,b,c,d)p(a,b,c,d,m)+n(a,c,b,d)p(a,c,b,d,m)
=(a,b,e,d)+n(ab,c.,d)™")-pla,b,c,d, m)

= 2COS(M) -pla,b,c,d,m) e R.

Pairing up the summands of (21) this way we see J,,T (W q) is a real number; in fact

(22)  J (Wiq) =Re(J; (W:q))
n—1 n—k—1
= Z Z COS(M)W(Q’ b,c,d,m)|.
n
k=0a,b,c,d=0
Using the identity cos(o — ) = cos(«) cos(B) + sin(«) sin(f), we rewrite (22) as

2 4

23) J, (Wiq)
=rg:bg;ocos(zﬂ(a—i)(d—b)) mm}!z;{ﬁz;g};z{dm}! .
=,§, :2;:(: {rrlz}! 4 {b%ii;m“ b dom)
where
v(b,d,m):naéjcos(zna(nd—b)_2nc(:’—b)) {aJr{r;z}}!!{{;J}r!m}! 2
:na—glcos ( 2na(nd —b)) cos <2nc(j—b)) {a—:y;q}}!!{{; ;m}! '2
+t§lsm (27161(;1 —b)) Sin<2nc(:—b)) {aJr{,:}}!;{{; J}r!m}! 2
e (S e )

= ( Z cos( »
a=0
In particular, v(b, d, m) is a nonnegative real number for all values of b,d, and m.

Because each summand of (23) is nonnegative and real, JnT (W q) is bounded below
for all n by the summand of (23) with m = |n/2| and b = d = |n/4]. Additionally,
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v(|n/4], |n/4], |n/2]) is bounded below by the summand of the equation above with
a=|n/4]. We have
2

U |*[ln/4)+ /2030 /4 + L/ 2! nin||n
eH I (W;q)z’{Ln/ﬂ}! (/AT H /AT (LD
>’ U Y tlm/al+ 23 P
~ Hln/2 {Ln/4}!
>mm( L [Y{Bn/4 1 [Y{3n/4-1)) 8)
N {ln/2030] [ ALn/al3t | [l 23 | Aln/4lt | )

Garoufalidis and Lé [9] proved that, for o € (0, n),
I=_" ( o
log [{|o]}!| ﬂA Jrn)-l—O(logn).

Here A is the Lobachevsky function A(z) = — foz log |2sin¢|d¢ and O(logn) is an
expression bounded by C log n for a constant C independent of n. Applying this to (24)
gives

.2 T (v1r.
Jim == log|J, (W:q)|

> lim $A(Z)+16A(%) - 16-min(A(3Tn), A((3”_4)”)) 4 Olog(n)

n—o00 4n n

- 4(2/\(%) + 4A(%) —4A(3T”)) = 4voet,

proving the theorem. a

7 Generalizing the volume conjecture for links in 72 x 1

7.1 Simplicial volume

With the original volume conjecture, Conjecture 1.1, in mind, we generalize our
Conjecture 1.2 to links which may not be hyperbolic.

Conjecture 7.1 For any link L C T? x I such that (T?* x I)\ L is irreducible,

2

(25) lim =~ log |JT(L; 2™ /M) = Vol((T? x I) \ L),
n—>o0

where n > 0 runs over all odd integers.

As in Conjecture 1.1, Vol refers to simplicial volume — the sum of the volumes of
the hyperbolic pieces in the JSJ decomposition of (T2 x I)\ L. By irreducible, we
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mean that every smooth embedded 2—sphere in (72 x I) \ L bounds a 3-ball. The
irreducibility condition and the restriction to odd » are, in fact, necessary if one wishes
to generalize the original volume conjecture, Conjecture 1.1, from knots to links. For a
link L € S3, 3\ L being irreducible is equivalent to L not being a split link, a class
of links for which the colored Jones polynomial is known to vanish [24]. Separately,
van der Veen has constructed a class of nonsplit links called Whitehead chains for which
the colored Jones polynomial vanishes at even values of n [33]. Before discussing the
necessity of these two conditions in Conjecture 7.1, we give some positive results.

Call L’ C S? a VC—verified link if Conjecture 1.1 is known to hold for L’. That is, L’
is VC—verified if
lim 27” log | Ju(L: ¢27/7)| = Vol(S3\ L),

n—>o0
where the limit runs over odd n > 0. VC-verified links include the figure eight
knot, the Borromean rings, and others — see [25, Chapter 3] for a somewhat recent,
comprehensive list.

Theorem 7.2 Let L’ C S3 be a VC-verified link, and consider an inclusion of L'
in an embedded 2—sphere in T? x I. Let K C T? x I be a knot projecting to an
essential, simple closed curve in T? x {0}, and let L be a connect sum L = L' # K.
Then Conjecture 7.1 holds for L.

See Figure 12 for an example where L’ is the figure eight knot and K is a meridian.
The main ingredient in the proof of Theorem 7.2 is the following relationship between
JnT and J,,.

Theorem 7.3 Let L’ be a link in S3, and consider an inclusion of L’ in an embedded
2—spherein T? x I. Let K C T? x I be a knot projecting to an essential,, simple closed
curve in T? x {0}, and let L be a connect sum L = L' # K. Then

JI(L;q)=n-Ju(L';q).

Proof Using Proposition 4.5, we assume K is a meridian. Then we can choose a
diagram D C T2 for L and a lift, 5 of DtoR2 suchthat D' = DN1I%isa diagram of
L’ as a (1, 1)—tangle. (See Figure 12, where L' is the figure eight knot.) Coloring D’
by V", Theorem 2.1 associates an s{—linear map ¢: V" — V" to D’. The irreducibility
of V™ implies ¢ is a scalar multiple of the identity, and, after accounting for writhe,
this scalar is J,(L'; g) —see [17, Lemma 3.9] and [9; 25].
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>

Figure 12: Composing the figure eight knot with a meridian in 72 x 1.

On the other hand, by the proof of Lemma 3.2, JnT (L, q) is the trace of ¢ (corrected
for writhe). We conclude

JI(Liq) =n-Ju(L';q). O
Theorem 7.2 follows.

Proof of Theorem 7.2 By Theorem 7.3, J,,T (L;:q) =n-Jy(L"; q). Therefore
: 2_7T T r., 2mi/ny _ 1; 2_7T 1. 2mifn
(26) nll>no10 p log|J, (L;e )| —nlglol<> p log|J,(L"; e ).

The complement (72 x ) \ K is homeomorphic to S3 \ H’, where H’ is the link
shown in Figure 13, left. This implies (72 x I)\ L is homeomorphic to S3\ (L'# H’),
where the composition is formed as in Figure 13, right. By [29],

Vol((T?x I)\ L) =Vol(S*\ (L'#H')) = Vol(S3\ L")+ Vol(S3\ H') = Vol(S*\ L),
and combining this with (26) gives
.27 T p. 2mi/ny _ 1iay 27 1. 2mi/n
Jm ==log|Jy (Lie™ )| = lim == log|Ju(L%e™ )]

= Vol(S3\ L") = Vol((T? x I)\ L). o

) @)

Figure 13: The links H’ and L' # H' in S3, from the proof of Theorem 7.2,
with L' the figure eight knot.
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We’ve shown any positive result for the original Conjecture 1.1 gives a positive result
for Conjecture 7.1. The proof also shows why restricting to odd » is necessary — if
we let L' C S3 be a Whitehead chain, as in [33], the link L' # K C T2 x I (defined
as above) will satisfy Conjecture 7.1 but the toroidal colored Jones polynomial will
vanish for even n.

Using the nice behavior of simplicial volume and the toroidal colored Jones polynomial
under split unions of links, we can push the result of Theorem 7.2 further. We define a
split union L = Ly U L, of links L, L, C T? x I to be a union such that L admits a
torus diagram which is a disjoint union of diagrams of L and L,. Additionally, define
a torus link to be a link in 7% x I with a diagram consisting of a set of disjoint, simple
closed curves in 72,

Corollary 7.4 Let L', L),..., L, C S* be VC-verified links, and define K as in
Theorem 7.2. Let L; = L} # K fori = 1,...,m. Then Conjecture 7.1 holds for the
splitunion L = Ly U Ly U---U Ly,. In particular, Conjecture 7.1 holds for all torus
links with no nullhomotopic components.

Proof The result follows just as in Theorem 7.2 after checking that

TEL) = J](Ly)- T (L) J,N (Lm)
and
Vol(L) = Vol(Ly) + Vol(L3) + - -+ + Vol(L ).

To prove the second statement, let L be the unknot for all i —every torus link with
no nullhomotopic components can be obtained this way. Alternatively, one could use
Proposition 3.8 and a direct computation. The result also holds for torus links with
nullhomotopic components (see Proposition 7.6 below), but the complement of such a
link in 7% x I is not irreducible. O

If we view links in the thickened torus as generalizations of (1, 1)—tangles, as the proof
of Theorem 7.3 suggests, and think of the colored Jones polynomial as an invariant of
(1, 1)—tangles, the toroidal colored Jones polynomial becomes a generalization of the
colored Jones polynomial rather than a toroidal analogue. This view is supported by
Corollary 7.5 below, which shows Conjecture 7.1 implies Conjecture 1.1.

Corollary 7.5 For knots, Conjecture 7.1 implies Conjecture 1.1.
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S

Figure 14: A nullhomotopic inclusion of the figure eight knot in 72 x I.

Proof Givenaknot K’ C S3,let L = K'#K with K defined as above. Then, assuming
Conjecture 7.1,

im 2% 12Ty = i 2% T 7. 2miln
nll)rréo . log |Jn(K'; e )|—nll>nc}o p log|J, (L;e )|

=Vol((T?x I)\ L) = Vol(§*\ K'). o

In this sense, Conjecture 7.1 generalizes Conjecture 1.1. It is interesting to note that
Conjecture 1.1 does not seem to imply Conjecture 7.1.

As we noted earlier, just as Conjecture 1.1 fails for split links [24], Conjecture 7.1 fails
for links in 7% x I which have one or more nullhomotopic split components. By a
nullhomotopic split component of a link L C T? x I, we mean a sublink L’ C L such
that L’ is contained in an embedded 2—sphere in (72 x I) \ L, and no proper sublink
of L’ is contained in such a sphere. This is implied by the following:

Proposition 7.6 If L C T? x I is a link with a nullhomotopic split component,
JnT (L; e2™i/"y = 0 for all n. In particular, if L is nullhomotopic, JnT (L;e2™i/my =0
for all n.

Proof Let L C T? x I be a link with nullhomotopic split component L, and
let L, = L\ L;. Then JnT(L;q) = JnT(Ll;q) . JnT(Lz;q), so it suffices to show
JI(Ly,e?mim) =0.

Since L is nullhomotopic, it has a torus diagram D which lifts to a diagram D Cc R?
such that DN 1% is a diagram for L; as a link in S3. See Figure 14, where L is the
figure eight knot. A direct computation shows JnT (L1:q)=[n]Jn(L1;q),and [n] =0
when g = 27i/7, |
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Remark 7.7 1In [34], van der Veen noted that Conjecture 1.1 can be changed to account
for split links by choosing a different normalization of the colored Jones polynomial.
Essentially, each split component adds a factor of [r] to J, —if a link L has s split

components, we can divide by [1]® to obtain a nonzero value at the root ¢ = ¢27/".

Analogously, if L C T'? x I has s nullhomotopic split components, we can ask whether

1 :
lim 2% log |— JT (L; e /)| = Vol(T? x 1)\ L).

n—oo 1 [n]S

Replacing (25) in Conjecture 7.1 with the above equation, we can remove the hypothesis
that (T2 x I)\ L be irreducible.

7.2 Higher-genus surfaces

Taking a different direction, one could attempt to generalize Conjecture 1.2 to links in
thickened surfaces of genus greater than one. As we noted earlier, while there is no ob-
vious way to define pseudo-operator invariants for links in these surfaces, Corollary 5.6
lets us define the SU(2) toroidal colored Jones polynomial skein-theoretically in any
orientable manifold.

As defined, volume conjecture behavior is unlikely to occur in thickened surfaces of
genus greater than one. To see why, let ¥ x I be such a thickened surface containing a
link L. Since ¥ x I has boundary components which are not spheres or tori, there is
not a unique way to assign a complete hyperbolic structure to the complement of L.
One way to resolve this ambiguity, as in [1], is to choose the hyperbolic structure on
(X x I)\ L which has totally geodesic boundary. If such a structure exists, (X x 7))\ L
is called tg—hyperbolic and it has a finite tg—hyperbolic volume.

Proposition 6.1 says that, in the case of a link L in the thickened torus with crossing
number c,

2 ;
27) nli)trolo%bg|Jf(L;ezm/”)| <€ Voet.

A similar bound exists for links in S? — see [9, Theorem 1.13] — and we conjecture
that (27) holds for JnT for links in any genus thickened surface. In surfaces with
genus greater than one, however, there are many links whose tg—hyperbolic volume
exceeds this bound. Consider, for example, the virtual link 3.1 of [10] viewed as a
link in the thickened orientable surface of genus two: its crossing number is three
and its tg—hyperbolic volume is ~ 18.75 > 3vy [1]. Thus, volume convergence as
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defined above is not possible if (27) holds for genus two surfaces and we choose the
tg—hyperbolic structure on the complement of L.

This does not mean no volume conjecture can exist for links in higher genus surfaces —
just that any such conjecture would need to look different from Conjecture 1.1 and
Conjecture 1.2. It may be interesting to examine what kind of relationship can exist
between the SU(2) toroidal colored Jones polynomial of a link in a higher-genus surface
and its tg—hyperbolic volume.

8 The toroidal colored Jones polynomial as an invariant of
biperiodic and virtual links

Beyond its volume conjecture behavior, the toroidal colored Jones polynomial may be
useful as an invariant of biperiodic and virtual links. A biperiodic link is a properly
embedded 1-manifold L € R? x I, such that L is invariant under translations by a
2—dimensional lattice A and L = L /Aisalinkin T 2% I; see [4]. We call A maximal if
it is not properly contained in another invariant lattice for L, in which case the resulting
link L C T'? is a minimal representative of L. Fora given biperiodic link L, there are
many possible choices of minimal representative. However, if L, L, C T'? x I are two
minimal representatives of L C R2 x I with respective diagrams Dy, D, C T2, then
there exists an orientation-preserving homeomorphism f of 72 such that /(D) = Dy;
see [11, Proposition 2.1]. Hence, Proposition 4.5 gives the following:

Theorem 8.1 If L C R2 x I is a biperiodic link and L C T? x I is a minimal
representative of L, define JnT (f,) = JnT (L). Then JnT is an invariant of biperiodic
links inR? x I.

Another nonclassical type of link, virtual links, are an area of extensive study —see [15]
for an introduction. By [2; 20], any virtual link L’ is represented uniquely by a link L
in a minimal-genus thickened surface, up to an orientation-preserving homeomorphism
of the surface. The U,(s1(2, C)) toroidal colored Jones polynomial is defined only
for links in 7% x I, but the SU(2) toroidal colored Jones polynomial can be defined
skein-theoretically for links in any thickened surface. Similar to above, we have:

Theorem 8.2 If L’ is a virtual link and L C X x I is a minimal representative of L',
define JnT (L") = JnT (L). Then JnT is an invariant of virtual links.
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Here X is a closed, orientable surface and J,IT is the SU(2) toroidal colored Jones
polynomial, defined skein-theoretically as in Corollary 5.6. To prove Theorem 8.2,
we need only show the skein-theoretic JnT is preserved by orientation-preserving
homeomorphisms of surfaces. This is done in the lemma below.

Lemma 8.3 Let L and L’ be links in ¥ x I with respective diagrams D, D' C X,
Y a closed, orientable surface. If f is an orientation-preserving homeomorphism of
Y. satisfying (D) = D', then JI (L;q) = JT (L';q) for alln € N. Here JI is the
SU(2) toroidal Jones polynomial, defined skein-theoretically.

Proof Because [ preserves orientation, D and D’ have the same writhe. Thus it

suffices to prove the result for f,,T pr

we show the bracket (), defined in Section 5 is invariant under orientation-preserving

which follows from the case of sz 7 Equivalently,

homeomorphisms of .

The claim follows by induction on crossing number, noting f induces a bijection on
the crossings of D and D’. If D has no crossings, (D). is determined by whether or
not D is contractible, which is preserved by f. For an arbitrary diagram D, we can
“resolve” a crossing using the relation (c¢) of Definition 5.2. Since f commutes with
both types of crossing resolution in relation (c), the claim follows inductively. a

As Remark 3.5 discusses, J, ,,T is distinct from existing quantum invariants of virtual links.
To our knowledge, it is the first invariant of virtual links to exhibit volume conjecture
behavior for genus one virtual links, ie links in the thickened torus. Continuing our
discussion from Section 7.2, it is interesting to ask what kind of volume conjecture
behavior emerges in higher-genus virtual links.

Appendix The toroidal colored Jones polynomial and rotation
number

The following generalization of property (b) of Lemma 5.1 is not hard to prove, using
Proposition 3.8 and a direct computation.

Proposition A.1 Let K C T? x I be a knot projecting to a simple closed curve in T?2.
(a) If K is nullhomotopic, the SU(2) toroidal colored Jones polynomial JnT satisfies

JI(K:q) = —n],
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and the Uy (s1(2, C)) toroidal colored Jones polynomial J,,T satisfies
Iy (K:q) = [n].

(b) If K is not nullhomotopic, the SU(2) and Uy (sl(2, C)) toroidal colored Jones
polynomials both satisfy

JI(K:q)=n.

Proposition A.1 says, in a sense, that contractible, simple closed curves in 72 are
“quantized” by the toroidal colored Jones polynomial while essential, simple closed
curves are not. We would like to motivate geometrically why this striking phenomenon
occurs.

To accomplish this, we recall Lin and Wang’s definition of the Jones polynomial [21],
adapted from work in [31]. As we will see, their construction extends in a natural way
to define J2T and, by cabling, JnT for all n > 2. Its use of rotation number provides
insight into Proposition A.1, at least for n = 2.

We briefly recall Lin and Wang’s definition. First, fix the preferred basis {eg, e} of V2
we used in Section 7. In this basis the R—matrix coefficients are

0,0 __ pl,1 _ 1/4 1,0 _ po0,1 _ —1/4
Roo=Ri1=9q"", Ry =Riy=q """,

0,1 - —1,0,0 —1,1,1 -
Ro,l =q1/4_q 3/4’ (R 1)0’0=(R 1)1’1 =q 1/4’

—1,1,0 —1,0,1 —1,1,0 -
(R 1)0,1 =(R 1)1’0=q1/4’ (R 1)1’():61 1/4_613/4,
and all other entries of R and R™! are zero.

Given a diagram D of an oriented link L C S3, let P, be the set a crossing points of D.
In this context, a state s of D is an assignment of 0 or 1 to each component of D\ P,.
(States are defined differently here than in Section 3 — we ignore local extrema and
do not make use of (V'2)*.) If a state s labels a neighborhood of a positive crossing
p with i, j, k,l € {0,1} as in Figure 5, the weight of the crossing is wp(s) = R;(jl.
If s labels a neighborhood of a negative crossing the same way, the weight of p is
wp(s) = (R_l);cjr

Similar to (6), we define the total weight of a state s to be

wC(s) = 1_[ wp(s).
PEP.

A state s is called admissible if ©°(s) # 0. Examining the coefficients of R and R,
we see s is admissible if and only if each crossing of D has one of the patterns of
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Figure 15: Admissible states near crossings.

labels shown in Figure 15, where dashed and solid lines indicate 0— and 1-labels,
respectively. If either of the two rightmost cases in Figure 15 occurs in D, we resolve
the given crossing into two vertical lines. This decomposes D into a set of closed
curves, each labeled entirely by 0 or entirely by 1 in s. Define rot; (D, s) to be the sum
of the rotation numbers (the degree of the Gauss map) of all i—labeled curves of D
after these resolutions take place. Then:

Proposition A.2 [21] We have
1 _ _
Jz(L; q) — m(q3/4) w(D) Z q(rotl (D,s)—rotg(D,s))/2 . CL)C(S),
s€Adm. (D)

where Adm, (D) is the set of admissible states of D.

Removing the factor of 1/[n], this definition extends to a torus with no trouble. It
agrees with our definition of J2T .

Theorem A.3 Let L C T'? x I be an oriented link with diagram D C T?. Then
(28) JZT(L7 q) — (q3/4)—w(D) Z q(rotl (D,s)—roto(D,s))/2 . CUC(S),
s€Adm. (D)

where all terms are defined as in Proposition A.2.

Proof We sketch the proof. Let P denote the set of crossing points and local extrema
of D, as in Section 3, and use o to denote a state of D in the pseudo-operator invariant
context (see (6) and the preceding discussion). Call a state 0 admissible if w(c) # 0,
and let Adm(D) be the set of admissible states of D in this context.

In the given basis for V2, the operator j1: V2 — V2 is defined by
(29) nd=q7V2 pl=4"2

and all other coefficients are zero [17]. Thus, a state ¢ is admissible only if both sides of
every extreme point of D are assigned the same number, either 0 or 1. (Here i € {0, 1}
might refer to the basis element ¢; or the dual element ¢’.) It follows that Adm(D) is
in bijection with Adm. (D). Furthermore, if ¢ € Adm(D), we can perform crossing
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X \g)

Figure 16: An isotopy which reorients a crossing downward.

resolutions like those preceding Proposition A.2 to decompose D into a set of closed
curves, each of which is labeled entirely by 0 or entirely by 1. Therefore it makes sense
to write rot; (D, o) for an admissible state o.

Finally, we may assume all crossings of D have both strands oriented downward —
otherwise, we can apply an isotopy as in Figure 16. This isotopy does not change the
value of (28), since it does not change the diagram or any rotation numbers. With this
assumption, if p € D is a crossing point, w,(0) = w,(s) for any state 0 € Adm(D)
with corresponding state s € Adm. (D).

We now compute

I (Lig) = (@¥H™P 3" [T wplo)

o€Adm(D) peP

=@H P N J] @) [] @p0)
o€Adm(D) pe(P\ P¢) pEPC

— (q3/4)—w(D) Z (Mg)rOtO(D’U)(Mi)mtl(D’U)a)c(U)
o€Adm(D)

— (q3/4)—w(D) Z q(rotl (D,s)—roto(D,s))/2 'a)C(S).
s€Adm. (D)

The key observation of the third equality is that @ counts rotation numbers. Examining
Theorem 2.1, we see that a weight of /L;: is assigned to each left-oriented, i —colored
cap and a weight of (,u_l)f = (,uiz)_l is assigned to each left-oriented, i —colored cup.
Thus, if C is a curve of D (after crossing resolution) labeled entirely by i, the exponent
of the product of the pviz’s gives the rotation number of C. (See Figure 17.) a

Having defined J2T as in Theorem A.3, the higher invariants JnT , for n > 2, can be
recovered using the cabling formula, Theorem 4.6.

As promised, we only needed to normalize the formula in Proposition A.2 to define
J2T as in Theorem A.3. From this perspective, J;, and JnT become two instances of the
same formula, and the definition of the latter is forced by the definition of the former. In
other words, from this point of view, there is no other way we could have defined JnT .
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!

Figure 17: The exponent of the product of the p’s is the rotation number of
the curve (in this case 1).

Additionally, (28) provides insight into Proposition A.1. Let K C T2 x I be a knot
which projects to a simple, closed curve C C T'2. Then C has no crossings, and only
two state assignments as defined in (28). If C is contractible, it has rotation number
41 and

JL(K:q)=q"?+4¢72 =[2].

If C is not contractible, it has rotation number 0 and
JI(K:iq)=q"+4°=2.

While we cannot fully explain why the toroidal colored Jones polynomial “quantizes”
contractible curves and not essential ones, this discussion suggests a relationship with
the curvature of a link.

Remark A.4 The exact R—matrix used here is slightly different than the one used
in [21, Section 2.3]. To recover that matrix from ours, first multiply R by ql/ 4 (and
multiply R~! by ¢~1/4), then make the variable substitution ¢’ = —g'/2. We also use
downward-oriented crossings rather than upward-oriented ones — these two convention
changes result in a slightly different formula for J5.
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