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Splitting Madsen-Tillmann spectra
II: The Steinberg idempotents and Whitehead conjecture

TAKUJI KASHIWABARA
HADI ZARE

We show that there is a splitting of the spectrum X7 D(n) off the Madsen—Tillmann
spectrum MTO(n) = BO(n)™"" compatible with the classic splitting of M (n) off
BO(n) 4+, localized at the prime p = 2. For n = 2, together with our previous splitting
result on Madsen-Tillmann spectra, this shows that MTO(2) is homotopy equivalent
to BSO(3)+ vV Z72D(2). We also discuss its implication for characteristic classes.

55P42, 55P47, 55R40, 57R20; 55R35, 55512, 55515, 57N70
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1 Introduction

The Madsen—Tillmann spectrum MTO(n) is defined to be the Thom spectrum of
the virtual bundle —y;, over BO(n), where y, is the universal n—plane bundle; see
Galatius, Tillmann, Madsen and Weiss [4] — see also Galatius and Randal-Williams [3,
Section 1.1.2] for the general construction of Madsen—Tillman spectra. It is known that
these spectra filter the spectrum MO; i.e. there is a sequence

(1) $°=MTO(0) > IMTO(1) = - -- — =" !MTO(n — 1) > E"MTO(n) —> - - - ,
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License 4.0 (CC BY). Open Access made possible by subscribing institutions via Subscribe to Open.
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1936 Takuji Kashiwabara and Hadi Zare

where ¢, is induced by the inclusion O(n — 1) C O(n), with the property that
hocolim ¥*MTO(n) =~ MO

[4, remark after (3.4)].! Furthermore, the cofiber of the successive stages is homotopy
equivalent to BO(n) +; i.e. we have a cofibration sequence

(2) = Z7'MTO(n — 1) - MTO(n) 2295 BO(n) 4 —=> MTO(n — 1) — - --

[4, (3.3)], where wg(y) is the map induced by the “embedding” of —y; into the 0—
dimensional trivial bundle, X4 is the union of X with a disjoint base point, 7 is the
Becker—Schultz—Mann—Miller—Miller transfer [1, Section 2; 10, 3.7] —see also [6,
Section 2.3]— associated to the inclusion O(n — 1) C O(n). In other words, the
spectrum MO can be built up from pieces BO(#) .

We have shown in our previous work that localized away from 2, MTO(2n) ~BO(2n) +
and MTO(2n + 1) ~ * for all n > 0 [6, Theorem 1.1.B], reducing essentially the
study of MTO(n)’s to 2-local problems. Thus we will work at the prime p = 2. So
throughout the paper homology and cohomology are taken with Z /2 coefficients unless
otherwise stated. We work most of the time in the 2—local stable homotopy category
whose objects are 2—local spectra and morphisms are homotopy classes of maps of
spectra; consequently, by commutative we mean homotopy commutative. We identify
a spectrum with its 2—localization. We note that when both sides of a morphism in this
category are of finite type then inducing an isomorphism in Z /2—cohomology implies an
isomorphism of 2—local spectra; we shall use this reasoning freely throughout the paper.
We identify a (pointed) space X with its suspension spectrum X°° X unless otherwise
stated. In the literature, sometimes a space X is identified with X°° X, which explains
notational discrepancies the reader may find between the current paper and results
we quote. We use the same letter to denote a map f: X — Y and its suspensions
f:3kX — $kY with k € Z. For a spectrum E, we shall write 2%° E = colim Q' E;
for the infinite loop space associated to £ and €23° E' denotes it base point component
corresponding to 0 € o £, noting that if E is O—connected then Q> E = Q° E. For a
pointed space X the standard notations QX = Q*°(X*°X) and Qo X = Qg (Z°X)
will be used.

1n [4] this is said to be the colimit. The use of the word colimit can be justified by the fact that this
is actually the colimit on the level of underlying point set at each » if one considers spectrum X as a
collection of spaces X and structure maps XX, — X, 1. However, this is clearly not the colimit in the
category of spectra, so we avoid the use of this term.

Algebraic € Geometric Topology, Volume 23 (2023)



Splitting Madsen—Tillmann spectra, 11 1937

At the prime 2, Randal-Williams computed Hx($2g°MTO(i)) for i = 1 and 2 [16,
Theorems A and B]. Combining the two theorems, we get an exact sequence of Hopf
algebras

(3 H«(QoBO(2)+) — Hx(QoBO(1)+) - Hx(QoBO(0)+) — Z/2,

where the (Hopf) kernel of the first two maps are isomorphic to Hy($25°MTO(i))
for i = 2 and 1, respectively. Thus a natural question to ask was whether this exact
sequence could be extended further to the left with Hx(Q25°MTO(7)) isomorphic to the
kernel of each stage. We showed that this was impossible in [6, Proposition 1.11]. So a
new question to ask, then, is to what extent we can generalize [16, Theorems A and B].
This question leads to a search for another sequence of spectra with the beginning as
in (1). It turns out that there indeed is such a sequence, well known to stable homotopy
theorists. For a space X, denote by Spk (X) the k™ symmetric product of X, that is
the quotient of X k by the obvious action of the symmetric group Xj. It is easy to
show that this induces a functor in the stable category which we still denote by Spk .
Define the spectrum D(n) as the cofiber of the diagonal map szn_1 SO — szn SO see
Mitchell and Priddy [14, Section 4.2]. We have D(0) = S° and D(1) = IMTO(1) [14,
Proposition 4.4]. Furthermore, Mitchell and Priddy defined a map ¢,: D(n—1) — D(n)
[14, Proposition 4.3]; thus we get a sequence

4) S*=D0O)>D(1)—>--—>Dn—-1)2 Dn)—--- .

Taking the cohomology, this sequence realizes the length filtration of the Steenrod
algebra A [14, Proposition 4.3]. That is, we have isomorphisms

(5) H*(D(n))=.A/G,, where Gy is the span of SqI, I is admissible and /(1) > n.

We note that G, happens to be a left .A—ideal, so that this isomorphism is as .4 modules.
It happens that this cohomological property characterizes the sequence of spectra D(n)
[5, Corollary 1.4.1]. Of course, as an immediate consequence of (5), we see that
hocolim D(n) = HZ/2.

On the other hand, the spectrum BO(1)}"* admits a natural (left) Gl (Z/2)-action. Thus
the Steinberg idempotent e, € Z/2[Gl,(Z/2)] [14, Definition 2.2] and its conjugate e,,
[14, the sentence above Proposition 2.6] give rise to a splitting of BO(1)%” and we have
M (n) ~ e,BO(1)}" ~ ¢;BO(1)%" [14, Theorem 5.1]. Moreover, through the Becker—
Gottlieb transfer map, this splitting gives rise to a splitting of M (n) off BO(n)4. We

Algebraic € Geometric Topology, Volume 23 (2023)



1938 Takuji Kashiwabara and Hadi Zare

will review this splitting in more details in Section 2. The spectra M (n)’s and D(n)’s
are related by the cofibration sequences [14]

(6) o> " IM@m) - D(n—1) — D(n) — Z"M(n) — ---.

Thus one can say that MO can be constructed with BO(n)+’s as building blocks,
whereas HZ /2 can be constructed with M (n)’s as building blocks. Furthermore,
H7Z/2 and M (n)’s split off MO and BO(n)+’s, respectively. It is then natural to ask
whether one can split intermediate stages as well. The purpose of this paper is to answer
affirmatively to this question, and discuss some consequences, including an answer to
the question on generalization of the exact sequence (3). We have the following, the
main results of this paper.

Theorem 1.1 For each n, the spectrum D(n) splits off Z"MTO(n).
An immediate consequence of Theorem 1.1 is the following.
Corollary 1.2 H.(Q®X7" D(n)) splits off Hy(Q2°°MTO(n)) as a Hopf algebra.

Thus the “correct way to extend” the exact sequence (3) is just the following standard
fact.

Proposition 1.3 (Kuhn and Priddy [8]) The sequence of Hopf algebras
o= Hy(QPPM(n)) > He(QPPM(n—1)) — -+

= Ho( QP M(2)) > Ho(QoBZ/2+4) > Hi(Q0S°) —> /2
is exact. Furthermore, the image of Hy(25° M (n)) — Hx(S23° M (n—1)) is isomorphic
to Hy(QPE"T1D(n—1)).

As D(0) = SO =71D(1) = MTO(1), and M (1) = BO(1)4, combined with the
n = 2 case of Theorem 1.1, we recover Theorems A and B of [16]. Of course, the
cohomology being dual of homology, the exact sequences above give some information
on certain characteristic classes. More precisely, recall from [6; 16] (with correction
from Randal-Williams, via personal communication):

Definition 1.4 A universally defined characteristic class in H*(Q°°MTO(n)) is an
element in the subalgebra generated by the image of

H*(BO(M)) =55 H*(0BO(n)4) L220m) 1 (Q®MTO ().

Algebraic € Geometric Topology, Volume 23 (2023)



Splitting Madsen—Tillmann spectra, 11 1939

We denote by (i, ,....i, = (Qooa)o(n))*(o*oo*(o*i‘, ... ,0,';”)), where
H*(BO(n)) = Z/2[o1, ..., 0]

and 0°°* denotes the cohomology suspension.

We note that in the definitions in [16] and [6], only basepoint components of the infinite
loop spaces was considered. However, this has the effect of missing out nontrivial
O0—dimensional classes as also confirmed by Randal-Williams (personal communication).
Therefore, we have removed the restriction to the basepoint component in our definition.
We note that [6, Theorem 1.9] remains valid as is stated.?

In [6], we used the summand BSO(2n + 1)+ that split off MTO(2#) to show that some
of these classes remain algebraically independent. Here we use the splitting of D(n)
off MTO(n) to show that there are “linear” relations corresponding to elements of
H*(M (n)), and that in the case of dimension 2, these relations together with the ones
derived from the action of top Steenrod squares are the only relations. More precisely,
we will show:

Theorem 1.5 (i) In H*(Q2°°MTO(n)), we have relations
(Q%wom))* (0% (x)) =0 for x € H*(M(n)) C H*(BO(n)).

(i1) Forn = 2, the only relations among the ji;,;j are those above, and [L2; 2j = ,ul?j.

(iii) Again for n = 2, the subalgebra of universally defined characteristic classes
in H*(Q2°°MTO(2)) is the polynomial algebra generated by v; ;’s withi and j odd,
where v; ; is defined in [6], tensored with the boolean algebra 7./ 2j1¢,0)/ (,ug 0~ 10,0)-

We will give a more precise description of the inclusion H*(M (n)) C H*(BO(n)) in
Proposition 5.7.

The paper is organized as follows. In Section 2 we recall the splitting related to the
Steinberg idempotents and construct a map from D(n) to X"MTO(n) for each n. In
Section 3, we recall relevant results from [8] and construct a map going the other way
around. In Section 4 we study the composition and show that we indeed have a splitting.
In Section 5 we discuss the consequences in homology of infinite loop spaces.

2 As a matter of fact, it was assumed implicitly that the sequence I was nonzero, due to the obvious relation

to,0 = 0 with the “old” definition. This relation holds no longer. One can easily adapt the proof of [6,
Theorem 1.9] to the “new” definition.

Algebraic € Geometric Topology, Volume 23 (2023)



1940 Takuji Kashiwabara and Hadi Zare

Most of the current paper is independent of the results from the previous one, except
for Theorem 1.5(ii), (iii) and the contents of Section 4.2. Thus, the current paper can be
read separately from [6]. A word is due on the way some of proofs are written. In some
places, the reader familiar with works we quote may find that our proofs are somewhat
going backward. For example, we deduce Proposition 5.1 from Theorem 3.7, but as a
matter of fact in [8, Section 5], a large part of the latter was proved as a main ingredient
of the proof of the former. This is our deliberate choice; we preferred referring the
readers to statements that are ready available to be quoted, rather than letting them look
for details of proofs, or reproducing them ourselves.

Acknowledgements Kashiwabara thanks Andrew Baker, Masaki Kameko, Nick Kuhn,
Bob Oliver, Stewart Priddy, Lionel Schwartz and Steve Wilson for helpful conversations.
A special thanks is due to Oscar Randal-Williams for helpful discussions. Zare is
grateful to Institut Fourier for its hospitality and support for a visit during October
2014. The authors thank Haynes Miller and Geoffrey Powell for helpful conversations.
The authors also thank the referees for their constructive critics of earlier versions.
Kashiwabara was supported in part by grant ANR-08-BLAN-0248 and ANR-16-CE40-
0003 ChroK. Zare has been supported in part by IPM grant 93550117.

2 Some splitting derived from Steinberg idempotents

In this section we recall from [14] and [17] the splitting related to Steinberg idempotents.

Let X be a spectrum, e € [X, X] an idempotent, i.e. a map such that ece = e € [ X, X].
Note that [X, X] has a natural ring structure where the multiplication is given by
the composition, and e is an idempotent in terms of ring theory. Denote by eX the
homotopy colimit X 4> X -4 -... Then we have a splitting

X >~eXVv(1—-e)X.
Furthermore, if we still denote by e the induced map in (co)homology, we get
Hy(eX)=eHi(X), H*(eX)x= H*(X)e.

We are particularly interested in the case of idempotents arising from a group action
on spectra. That is, let G be a group acting on the spectrum X from the left. There
are several different notions of group action on spectra, here we can take any of them:
all we need is a group homomorphism G — Aut(X) where Aut(X) is the group

Algebraic € Geometric Topology, Volume 23 (2023)



Splitting Madsen—Tillmann spectra, 11 1941

consisting of invertible elements in [ X, X]. This group homomorphism extends to a
ring homomorphism Z»)[G] — [X, X], thus sending an idempotent to an idempotent.
We see that an idempotent in the group ring Z,)[G] gives rise to a splitting of spectra
on which G acts. Actually the theory of lifting idempotents allows us to settle for
something less, which is one of the reasons why completion is crucial in the theory of
splitting, but we will not need this for our purpose.

Now, let G = Gl,(Z/2). Its group-ring Z3)[Gl,(Z/2)] contains well-known Steinberg
idempotents e, and e}, defined by

(1) en =an Yo Y (19 =an Y1 @s Y g,

geB, o€x, oeY, geBy,

where B, denotes the subgroup consisting of upper triangular matrices, ¥, denotes
the subgroup of permutation matrices, and ¢y, is the index of B, in G.

Remark 2.1 (i) Traditionally we consider the above elements as idempotents mod-
ulo 2, and use the lifting theory. However, as was noticed in [14, proof of Proposi-
tion 2.6] (see also [8, page 462]), e, and e;, actually are conjugate idempotents, and they
can even be defined in Z ,)[Gl,(Z/2)]. Let’s note that working with spectra completed
at 2 has some advantages, e.g. we get a better control over maps among spectra [13,
Corollary 1.4(b)]. However, as far as our current work is concerned, localization is
sufficient.

(i) We use the additive structure in [X, X] to extend the G—action on X . Thus even
in the case when G acts on the space X (via maps of spaces, not just maps of spectra),
the idempotents are not necessarily maps of spaces. However, in this case they can
be realized as self maps of the space X X. In other words, the spectrum XeX is a
suspension spectrum.

Write A, for O(1)". The identification of O(1) with Z/2 gives a natural action of
Gl,(Z/2) on BA,, thus on BA, 4, and we have:

Definition 2.2 We define the spectra M (n) by
M(n) =e, BAy+.

Remark 2.3 Originally M (n) was defined as X7 D(n)/ D(n — 1), but in terms of
[14, Theorem A] this is equivalent, and in recent literature we encounter this definition
more often.

Algebraic € Geometric Topology, Volume 23 (2023)



1942 Takuji Kashiwabara and Hadi Zare

Now, results in representation theory imply that for any Z/2[Gl,(Z/2)]—module W,
we have an isomorphism We,, =~ We, induced by Zaezn o [14, Proposition 2.6(b)].
On the other hand, the composition

BAny B5 BO() 4+ B BA,,
induces ) ,cx o0 in H*(BA,); that is, the composition
(8) BA,+ 2% BA,+ — BO(n)1 — BA,+
induces in the cohomology e;,. Therefore
enBAyy — BApt — BO(n)1 — BA,y — e, BAyy

induces an isomorphism in mod 2 cohomology. In other words:
Theorem 2.4 [14, Theorem C] M (n) splits oft BO(n) +.

Of course, cohomology of a space is related to that of Thom spectra of bundles over it
via Thom isomorphisms, so we can “Thomify” all of the above. More precisely, let o,
be the reduced regular representation of A, and y = pf its canonical representation.
The canonical representation is the direct sum of » distinct projections, while the regular
representation is the direct sum of all possible 1-forms. As these 1-forms are tensor
products of projections, we get an isomorphism of representations

P A ) = pu.

>0
where A’(—) is the i exterior power functor. Therefore, if we define a representation
pn of O(n) by

Pn = @ A" (vn),

i>0

it restricts to p, over A, C O(n). Now, if k denotes an integer, k p, is invariant under
the action of Gl,(Z/2); thus if g € Gl,(Z/2), we have g*(kpn) = kpn, giving rise to
a Thomified map BAKP" = pAg" (ken) THEL pAKon Here and throughout the paper,
given a (virtual) vector bundle & — X, we shall write X¢ for its Thom spectrum. This
furnishes the Thom spectrum BAﬁp " with a Gl,(Z/2)—action. When k is negative,
slightly more careful arguments are needed, but this is taken care of by [17]. Thus we
can split it using the Steinberg idempotents e, and ¢),. Then we get a sequence of maps

BAnk'D" 2N BAﬁp” N BO(n)kﬁ” N BAS‘)”,

Algebraic € Geometric Topology, Volume 23 (2023)



Splitting Madsen—Tillmann spectra, 11 1943

where the last map is the twisted Becker—Gottlieb transfer [6, Theorem 1.1(1)]. As
everything in sight is compatible with the Thom isomorphism, the effect of these maps
in the cohomology can be deduced from those in the sequence (8). Noting that ¢}, is
also a sum of Thomified maps, we see that this composition induces e}, in cohomology.
Thus, as in Theorem 2.4:

Theorem 2.5 ¢, BAXP" splits off BO(n)kPn.

The spectra e,,BAf,p "*s are studied notably in [17] where it is called M (n);; when
k = 0, we recover Theorem 2.4. The case k = —1 also interests us for the following
result, which is implicit in [17]:

Theorem 2.6 enBA,P" = X" D(n).

Proof This seems to be well known, but as we haven’t found it spelled out in literature,
for the sake of reference we give a proof here. It suffices to note that R(n)e, in
[17, Theorem 4.1.1(1)] is same as M(n)_; in [17, Proposition 4.1.6], which is the
cohomology of M (n)_; (cf. [17, page 386], whereas by Theorem 5.8 and Lemma 5.6
of [14] it is isomorphic to the cohomology of 7" D(n). O

Combining the theorems above shows that ™" D(n) splits off BO(n) ™. As the
inclusion of the representation y;,, C 0, induces a map of Thom spectra

BO(n) ™" — BO(n)™"" = MTO(n),

we get amap fB,: X" D(n) - MTO(n). Or, equivalently, we can construct the map
as the composition

X7"D(n) - BA,”* - BA,)Y — BO(n)""" = MTO(n).

We will denote the resulting map by f,. Here, the map BA,”" — BA,” is induced
by the inclusion of bundles ¥ C p, and the map BA,” — BO(n)~" is the twisted
Becker—Gottlieb transfer [6, Theorem 1.1(1)], noting that y,|a, = V.

3 Maps from MTO(n) to X" D(n)
3.1 Exact sequences of spectra and the Whitehead conjecture

In this section we use results from [8] to construct maps from X"MTO(n)’s to D (n)’s.
We start by fixing terminology.

Algebraic € Geometric Topology, Volume 23 (2023)



1944 Takuji Kashiwabara and Hadi Zare

Definition 3.1 (i) A filtered spectrum (X, Fx X, t4) is a sequence of spectra Fy X
9) FoX 2% Fix 2L 2L B X 2 Fypq X 2L

with a homotopy equivalence hocolim F, X >~ X. Usually ¢4 is clear from the context,
and X is determined by Fyx X’s, so we simply refer to it as Fy X . To distinguish with
individual spectra, we also write (Fyx X, % > 0)

(i1) A map of filtered spectra fix from Fyx X to FyY is a collection of maps f,: F X —
F,Y that makes the squares
FpX — Fpo X

| |

F,Y — F,1Y
commutative.

Note that we don’t require any condition that would be a counterpart of the injectivity
on i;’s here.

Definition 3.2 (i) By a chain complex of spectra (C,, d,) we understand a sequence of
spectra C, with maps dy,—; : C;; — C,—1 such that the composition Cy,+ 1 — C, — Cy,—1
is null for all n. By a map f of chain complexes of spectra (C,, dnc) — (C), dnc/) we
mean a collection of maps fy,: C, — C’,, such that fy o dnc = dnC "o Jn+1. Furthermore,
if we have a map €: Cy — E_; with € ody = 0, we say that the complex is augmented
over £_;.

(ii) Let Fyx X be a filtered spectrum. Define its associated graded complex Gr,(Fyx X)
by Gro(Fs«X) = FoX and Gr;(FxX) = X7 cofib(Fi_1 X — F;X). Then we can
compose the canonical maps Gr; (Fx (X)) = 7/ F;_1 X — Grj_1(Fx(X)) to define a

map d;” Gr‘(F* %) As a matter of the fact, the composition d” Gr°(F* X od; Gre(F+X) factors

through the composition F; X — Gri Fx X —> X F;_1 X, Wthh is trivial.

Remark 3.3 Our notion of complex is more general than that in [7]. The complexes
dealt with in [7] are the ones that arise as associated graded complexes of filtered spectra.

Example 3.4 (i) Let F, X = D(n). Then the associated graded complex Gr,(FxX)
is

—>M(n+1) “>M@m)—---— M(0)
considered in [8, Corollary 1.2].

(i) Let F,Y = E¥"MTO(n). Then the associated graded complex Gr,(FyX) is given
by (BO(n)+, tr), where tr is the Becker—Gottlieb transfer associated to the inclusion
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O(n—1) C O(n), as the Becker—Gottlieb transfer BO(n)+ — BO(n — 1) 1 factors as
BO(n)+ - MTO(n—1) Lot-b, BO(n — 1)+ [6, Proposition 2.3]. We can also see
that (BO(n) 4, tr) is a complex directly as follows: O(n) C O(n) x O(2) C O(n + 2);
thus O(2) C No(n+2)(0O(n)). So the composition of the transfer associated to O(n) C
O(n + 1) and that associated to O(n + 1) C O(n + 2), which is the transfer associated
to O(n) C O(n + 2), is trivial by [9, Chapter 4, Lemma 2.12]. Moreover, the complex
of free spectra (BO(n), tr) is augmented over HZ /2 since the composition

BO(1)4+ — BO(0)y — HZ/2

is trivial. This is just another way of saying that the transfer in Z /2—cohomology
H*(BO(0)4+;Z/2) - H*(BO(1)4; Z/2) is trivial.

Definition 3.5 [8] (i) A fibration sequence of spectra F' — X L> Y is called

exact if there exists a map of spaces (i.e. not a map between their suspension spectra)
g: Q%Y — Q%X such that Q% fog ~id.

(i) A chain complex of spectra --- — X, — --- X1 — Xy — E_; augmented over
E_y is called exact if for each n > 0, E, — X,, — E,_; is exact, where E, is
inductively defined as the fiber of the map X,, — E,_;. Note that by the exactness
of Ey_y = Xy—» — En_3, [Xn, En—3] injects to [ Xy, X;—>], so the triviality of the
composition X, — X,,—; — X, —, implies that of the composition X, - X;,_1 — E,_».

(iii)) A spectrum is said to be projective if it is a summand of a suspension spectrum.

The category of spectra being a triangulated category instead of an abelian category, we
have some complication here. The notion of exactness with three terms is more or less a
counterpart of a split short exactness in abelian categories. The use of this seemingly too
strong condition is motivated by the following fact. By definition, an exact sequence of
spectra yields an exact sequence of abelian groups upon applying [Y, —] for a suspension
spectrum Y, or a spectrum which is a summand of a suspension spectrum. Thus one can
regard suspension spectra as free objects, summands of suspension spectra as projective
objects, and carry out homological algebra in the category of spectra. This idea was
developed further in [7]. For example, we get the following:

Proposition 3.6 Let (P,,d,) be a chain complex of projective R—modules with an
augmentation Py — A, and (A,, d,) be a projective resolution of A. Then we get a
chain map trom (P,, d,) to (A., d,).

Proof This is just [7, Proposition 2.11] applied to id: 4 — A. O

Algebraic € Geometric Topology, Volume 23 (2023)



1946 Takuji Kashiwabara and Hadi Zare

Note that the proof of [7, Proposition 2.11] is still valid with our broader notion of
complexes. However, for readers who would rather not go through the proof, we also
remark that we will be using this later only when (P,, d,) is of the form (Gr,(X), dy)
for a filtered spectrum F,(X'), which is also a complex in the sense of [7].

Now, we are ready to quote from [8]:

Theorem 3.7 (mod 2 Whitehead conjecture [8, Corollary 1.2]) (i) The sequence of
Example 3.4(1),

10) - L e+ 1) 2 M) > - M) 2% M(0) <> HZ)2,

is exact.

(ii) Denote by E}, the fiber of the map > *kD(k) - ="K HZ/2. Then the above
sequence can be obtained splicing together short exact sequences Ej — M (k) — Ej_;.
Remark 3.8 It is easy to see that our definition of Ej agrees with that in [8].

3.2 Maps into (D(n),n > 0)

With the above preparation, we are ready to prove the following.

Theorem 3.9 Let (X, Fx X, () be a filtered spectrum such that

(1) Hx«(tp) is injective for all n, and

(ii) Gr,(F«X) is a suspension spectrum.

Then any map of spectra Fo(X) — S° extends to a map of filtered spectra Fy(X)
to D(x).

Proof First note that condition (i) implies that in the associated graded complex,
the differential induces trivial map in cohomology. In particular, one can augment
it by any map from Fy(X) — HZ/2. Let’s do so by using the composition of the
given map Fo(X) — S° and the augmentation in the (M (n).8,), S° — HZ/2.
Since Grg(F«X) = Fy X, this yields a map Gro(F«X) — HZ /2. By Theorem 3.7,
the augmented complex (M (n), §,) is a projective resolution of HZ/2, so we can
apply Proposition 3.6 to obtain a map of complex of spectra f from (Gr,(X), dy) to
(M (n), §,). From the proof of [7, Proposition 2.11], we see that we can choose f; to
be the prescribed map in the statement of the theorem.
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Thus we have found maps f; making the square

dp_
Grp,(X) =% Gr,—1(X)

(11 lfn lfn_l

M) =1 M(n—1)
commutative. Next we will show that there exists a map a,: X" F,(X) — X" D(n)
which makes the diagram

Y Fo(X) — Grp(X)

(12) lan lfn

S D(n) — M(n)

commutative for each n. We proceed by induction on n. The case n = 0 is trivial.
Suppose that we have constructed such «;_;. Consider the diagram

Grp(X) — 21_nFn—l(X)

(13) lfn lan_l

M) — S "D(n—1)

By the definition of associated graded complex, the fiber of the top row is X" Fj,(X)
whereas by the cofibration (6), that of the bottom row is X" D(n). Thus if we
can show the commutativity of the diagram (13), then we can define the map oy,
making the diagram (12) commute. Note that the two horizontal maps induce trivial
maps in cohomology, which implies that the two compositions from the top left
corner to the bottom right corner factor through E,_; where E; is the same as in
Theorem 3.7. Thus it suffices to show that the lifts in [Gr,(X), E,—1] of the two maps
agree. However, by Theorem 3.7(ii), [Gr,(X), E,—1] injects to [Gr,(X), M (n —1)].
Thus it suffices to show that the two maps agree after composition with the map
S1="D(n —1) — M(n—1). Now, consider the diagram

Grn(X) —— Z'7"Fyey(X) — Grp—1(X)

2 = =

M@n) —— Z7"D(n—1) —— Mmn—1)

The right square is commutative by the inductive hypothesis. But we chose our maps f;,
so that the big square commutes.
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The proof is complete now, noting that, by considering the cofibers of the rows in the
diagram (12), we see that the family {«,} forms a map of filtered spectra. |

Corollary 3.10 There exists a map of filtered spectra
ax: (MO, X"MTO(n)) — (HZ/2, D(n))
which extends the identity MTO(0) = S° — S°.

Proof It follows from Thom isomorphism that the map
lh1: 2" IMTO®(n — 1) — Z"MTO(n)

induces a monomorphism in Z /2-homology. Moreover, for the associated graded spec-
trum of (Y, FxY) = (MO, "MTO(n)) we have Gr,(MO) =BO(n) + (Example 3.4(ii)).
We also have FoY = MTO(0) = S° and we take the identity S — S° as our map
F(0) — D(0) = S°. The result now follows from Theorem 3.9. i

4 The splitting

4.1 Proof of Theorem 1.1

We have constructed the maps f, in Section 2, and the maps «, in Section 3. All
that remains is to show that the composition «, o 8, induces an isomorphism in 2—
local cohomology. As D(n) is of finite type, it is enough to show that it induces an
isomorphism in mod 2 cohomology. Since a map of spectra induces a map of modules
over Steenrod algebra in cohomology, and H*(D(n)) is generated by the bottom class
as a module over Steenrod algebra (5), it suffices to show that

H " (ap0Bn)=H "(Bn)o H "(an)

is an isomorphism. Since o is just the equivalence MTS(0) =~ S° =~ D(0), H°(«?)
is an isomorphism. As the family {«;} forms a map of filtered spectra, we see that
H™(ay,) is an isomorphism for all n > 0.

Unfortunately we have been unable to prove the fact that the family of maps going the
other way, {B,}, forms a map of filtered spectra.> So we honestly compute H~"(S,)
for all n. We have

H*(BO(n)) = Z/2[o1,...,00] C H*(BAy) = Z/2[x1,...,Xn],

3The claim we made in earlier versions available online on arXiv is erroneous: one of the errors is the fact
that the fiber of j_, has positive-dimensional cells if n > 1.
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where o; denotes the i elementary symmetric polynomial in x ;’s. Of course, the
identification is made through Bi* where i: A, =~ O(1)" C O(n) is the standard
inclusion. Thus, the map BA,”" — MTO(n) induces an inclusion

H*(MTO(n)) = Z/2[01....,04]-(0n) " C H* B(A,P") = Z/2[x1, ..., Xxn]-e(pn) "

where
e(p) = l_[ Teix;.
€;€0,1,[]; € #0

Here and later, for a ring R and a € R nondivisor of 0, we denote R - a~! the free
R-module generated by a~! in an appropriate localization of R. Now, we see that the
only nontrivial element of H~"(MTO(n)), 0,, !, maps to xl_l cex be H™(BAL™).
But, this class is invariant under the e,—action, so it survives in H~ " (X" D(n)) by
[14, the first sentence of Remark 5.12]. Thus H~"(f;) is also an isomorphism for
all n. This concludes the proof of Theorem 1.1.

4.2 Further refinements

We have shown in [6, Theorem 1.1.A] that BSO(2n + 1)+ splits off MTO(2#n). More
precisely, we show that the composition Bf>, o wo(2n) © Trgy,, is a homotopy equiv-
alence, where f>,: O(2n) — SO(2n + 1) is given by X > (det X )(X © 1), wo(2n)
is the map of Thom spectra induced by the embedding of —y,, in 0, and Trpgy,, is the
associated Becker—Schultz—Mann-Miller—Miller transfer BSO(2#n + 1)1 — MTO(2n)
[10, Section 2]; see also [1, Section 4]. One may ask how this splitting interacts with
the splitting of the current paper. We show that they are complementary.

Corollary 4.1 X72"D(2n) v BSO(2n + 1) splits off MTO(2n). Whenn = 1, we
have a homotopy equivalence MTO(2) = ~~2D(2) v BSO(3) .
Proof Consider the composition

H*(BSOQ2n + 1)) ® H*(Z~2"D(2n))

(@20 V Bfa2nowo@n)*o(B2nVTrEy,, )"

H*(BSOQ2n + 1)) ® H*(Z 72" D(2n)).

The components H*(BSO(2n + 1)) — H*(BSO(2n + 1)) and H*(X£72"D(2n)) —
H*(Z72"D(2n)) are automorphisms by [6, Theorem 1.1.A] and Theorem 1.1, re-
spectively. Consider now the component H*(Z~2"D(2n)) — H*(BSO(2n + 1)).
This is trivial since the source is generated over the Steenrod algebra by a negative-
degree element, and the target is concentrated in nonnegative degrees by (5). Thus
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the map (a2, V B2, 0 w0o2n))* © (Ban V Trpy,,)* is an automorphism. This proves
the splitting for general n. When n = 1, it suffices to compare the cohomology of
both sides, or, alternatively, to compare the fibrations MTO(2) — BO(2)4+ — MTO(1)
and 72 D(2) — M(2) — D(1). Noting that BO(2)+ = M(2) v BSO(3)+ (cf. [15,
Theorem C]), we see that (atz V Bf; ow(2))* induces mod 2 cohomology equivalence,
which implies 2—local homotopy equivalence as everything is of finite type. |

S Homology of the associated infinite loop spaces

In this section, we discuss the consequences of our splitting theorem to the homology
of associated infinite loop spaces.

5.1 Exact sequences

We start with the following refinement of Proposition 1.3.

Proposition 5.1 The sequence of Hopf algebras
o= Hy (PP M (n)) - He (PP M(n—1)) — -+

c = Hy(QQ°M(2)) — Hi(QoBZ/2+) — Hi(Q0S°) = Z/2
is exact. It gives rise to an exact sequence of graded vector spaces after taking the mod-

ule of indecomposables. Moreover, the image of Hx(Q25° M (n)) — Hx«(Q23°M (n—1))
is isomorphic to Hy (QSOEI_”D(n —1)).

Proof Suppose we have a short exact sequence of spectra ' — X — Y. By the defi-
nition of the exactness, Definition 3.5, we see that the map Hx (2 X) - Hx (YY)
is surjective. Thus by standard arguments (see e.g. [16, Section 2.6])

Hy(Q®F) > H(Q¥X) > Hi (QY)
is short exact. Furthermore, it is clear that this short exact sequence splits as
Hy(QY°F) @ k[ (F)] = Hx(Q3°X) @ k[mo(X)] = Hx(Q5°Y) ® k[mo(Y)],

where k = 7. /2. Noting that both in abelian categories and in the category of spectra,
an exact sequence can be decomposed into a series of short exact sequences, we see that
an exact sequence of spectra leads to an exact sequence of Hopf algebras by applying
the functor Hy(2°°) or Hx(£25°).
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Now, note that the Gl,(Z /2)—action on BA,+ extends that on BA,. Thus it is easy to
see from (7) that we have e, BA, = e, BA,+ for n > 1. As a matter of fact, Gl,(Z/2)
acts trivially on S® C BA,4, so gue), restricted to SO is the signed sum of 1’s and
(—1)’s which is zero. Thus for n > 2, M (n) is a summand of BA, (and not just
a summand of BA,4), so Q% M (n) splits off QBA, as infinite loop spaces. Of
course, this also implies that M (n) is connected for n > 2, so Q5° M (n) = Q°° M (n).
Therefore Hy(€25° M (n)) splits off H«(QBAy) as Hopf algebras; in particular, the
former is isomorphic to a Hopf subalgebra of the latter, which is a polynomial algebra.
It is known that any Hopf subalgebra of a polynomial algebra is polynomial by the
structure theorem of Hopf algebras over Z /2 ([2, Theorem 6.1] or [11, Theorem 7.11]).
So Hx($25° M (n)) is also a polynomial algebra. Thus everything in the exact sequence
is polynomial. As any surjective map of algebras to a polynomial algebra splits, we
see that a short exact sequence of Hopf algebras involving only polynomial algebras
remain exact after passing to the modules of indecomposables. Noting that an exact
sequence of polynomial Hopf algebras can be obtained by splicing together short exact
sequences of polynomial Hopf algebras, we can say the same about an exact sequence
of Hopf algebras, not necessarily short exact.

It remains to identify the image of each map. But this follows from Theorem 3.7(ii)
and the fact that the map E, — X7" D(n) induces homotopy equivalence Q23°Ey —
QP X" D(n). O

Remark 5.2 By the comments in the first paragraph of the above proof we also have an
exact sequence of Hopf algebras even if we don’t restrict to the base point components;
that is we also have an exact sequence of Hopf algebras

coo > H (QM((n)) - H (QM(n—1)) — ---
o> Ho(Q®°M(2)) - Hy(QBZ/24) — Hi(QS®) — Z/2.

An immediate consequence of Proposition 5.1 is:
Corollary 5.3 H*(Q25°MTO(2)) is a polynomial algebra.

Proof By Corollary 4.1 we have Q3°MTO(2) = Q¢BSO(3)+ x Q% E>, noting that
mo(E,) = 0 since it is a direct summand of (M (2)). The short exact sequence
above, dualized, implies that H*(2°° E;) injects to H*(2°° M (3)). Since M (3) is a
stable summand of BO(3), we see that H*(Q2%° E,) injects to H*(Q¢BO(3)) which
is polynomial [19, Theorem 3.11]. Since H*(Q2°° E5) is a connected Hopf algebra, as
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in the above, by the structure theorem of Hopf algebras over Z/2, this implies that
H*(Q*°E,) itself is a polynomial algebra. Now the corollary follows as the other
tensor factor H*(Q¢BO(3)) is polynomial again by [19, Theorem 3.11]. a

5.2 Relations among p—classes

We now prove Theorem 1.5 as an application. We start with the following defini-
tions. For a Z/2-algebra R, denote by Q(R) its module of indecomposables, i.e.
I(R)/(I(R)?) where I(R) denotes the augmentation ideal. We will write often QR
instead of Q(R) to avoid heavy notations.

Lemma 5.4 Let X be a pointed space, uy : X — QX be the unit map, and
0571 QH(QX) — Hy(X)

the homology suspension. Write W(Q H,(QX)) for the image of H,i (X)in QH.(QX)
by the composition of Hy(ux) and the projection FI*(QX) — QH«(QX), and write
F(QH.(0X)) = Ker(0c2°).* Then we have

QH.(QX) = W(QH.(QX)) ® F(QH«(QX)).

This direct sum decomposition is natural with respect to maps of spaces (and not map
of suspension spectra). We will refer to it as the W F' decomposition.

Proof The direct sum decomposition is an immediate consequence of the standard
fact that the homology suspension surjects to H, (X) (e.g. [6, Lemmas 4.4 and 4.5]).
Since 0'2° is natural with respect to maps of spectra, and uy is natural with respect to
maps of spaces, the decomposition is natural with respect to maps of spaces. a

We will extend this to slightly wider category of infinite loop spaces including the
QP M(n)’s.

Lemma 5.5 Let X be a space on which a group G acts, e € Z)[G] an idempotent.
Denote by m: X — eX the projection and by i : eX — X the section associated to the
splitting of X by e such that e =i o w. Then one can decompose QH,(2%®eX) as

OH,(Q2%eX) =~ W(QH(QL®eX)) ® F(OH,(Q®eX))

so that the direct sum decomposition is compatible with that of H,(QX) via Hx(2%°m)
as well as H,(2°°7).

4The notation is voluntarily reminiscent of what we used in earlier versions. W here corresponds to Wy,
F to F. 2.
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Proof This is equivalent to saying that Q Hy(2°°e) respects the W F—decomposition.
Let g € G. Then g acts on X via a map of spaces, so QH«(2°°g) respects the
W F—decomposition. On the other hand, for x € Hy(QX),

Hy (2%°(g1 + 82)) (x) = TH(Q%°(g1)) (x") He (2%°(22)) (x"),
Hy(Agx)(x) = Zx’ x x”,

but we have Hyx(Apx)(x) =1®x +x ® 1 modulo / ® I where [ is the augmentation
ideal of Hx(QX). Thus,

OH(2%(g1 + 82)) = OH«(Q™(g1)) + OH«(R2%°(g2)).

so QH,(2%°e) also respects the W F decomposition. O

As noted above, maps of spectra don’t necessarily respect the W F decomposition.
However, as the summand F is defined in terms of stable information only, some maps
of spectra have nice behavior with respect to this decomposition. For example, we can
prove:

Lemma 5.6 The map
OH(Q%8,-1): QHx(Q®°M (n)) — QH«(QC M (n—1))
induces an inclusion

W(QH.(Q¥M(n))) - F(QH.(Q¥ M (n—1))).

Proof The long exact sequence for the homology of the cofibration (6) implies that
H (8 ) is trivial for all k. Thus by naturality of the homology suspension, we see that
the image of QH«(2°°8,—1) is included in F(QH.(Q°° M (n —1))). By Remark 5.2
we have Ker(QH«(22%°6,—1)) = Im(QH«(2%°6§,)), but as before this is included in
F(QH.(2°M (n))). So the restriction of QHx(22%°6,—1) to W(QH«(RQ° M (n))) is
injective. O

Now we are ready to prove Theorem 1.5. The inclusion H*(M (n)) C H*(BO(n)) is
given by H*( f), and this is determined uniquely by its compatibility with H™*(c,),
which in turn is determined uniquely by the fact that H~"(MTO(n)) contains only
one nontrivial element, and the fact that H*(D(n)) is generated by the bottom class
as a module over the Steenrod algebra (5). The cofibration sequence (2) implies that
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(2%wom))* (0%°*(x)) = 0 if 0°%°*(x) € H*(Q(BO(n)4)) belongs to the image of
H*(Q°°MTO(n—1)). Now, Theorem 3.9 implies that we have a commutative diagram

BO(n)s — "5 M(n)

| N

Qpn—1

MTO(n—1) =% ""D(n—1) —— M((n—1)
Thus we get

H*(QBO(n) 1)) < E5M fre Qoo M (n))

T T W(ﬁnl)
H*(Q®MTO(n — 1)) +——— H*(Q®E!™"D(n—1)) +— H*(Q®M#n—1))

On the other hand, dualizing Lemma 5.6, we see that the dual of F’ ( OH(Q®M((n— 1)))
surjects to the dual of W(QH.(2°° M (n))), which is precisely the image of
Thus we have inclusions

01?/10(*;1)'

Im(o3g(,y) C Im(PH*(Q2°6"1)) C Im(H*(Q%6"™1)).

Therefore by the commutativity of the diagram above, we see that the image of the
composition

H*(M(n)) & H*(Q° M (n)) - H*(Q(BO(1)+))
is contained in the image of H*(Q°°MTO(n — 1)). This concludes the proof of (i).

Now, notice that the splitting BO(2)+ ~ BSO(3)+ v M (2) combined with part (i)
shows that the only nontrivially characteristic classes may arise from the restriction of
(Q2%wo(2))* 00%* to the H*BSO(3) summand of H*BO(2), which was studied in
[6, Theorem 1.9]. Noting that [6, Remark 4.7] allows us to talk about p—classes and
v—classes interchangeably, we get (ii) and (iii).

To conclude, we give some explicit examples of those relations. First of all, we have
[12, Corollary 3.11].

Proposition 5.7 The image of H*(M (n)) in H*(BO(n)) is the free-module over
H*(BAR)S" 212 generated by a basis of A(n—2) Sq?"
A(k) is the subalgebra of the Steenrod algebra generated by Sq', Sq°, . . ., quk. Here
we identify H*(BO(n)) with its image in

..... 2,1(x1—1 ...x;l), where

H*(BA,) C H*(BA,) V" = H*(BA,) - (x1 -+ x) " !
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via Bi* wherei: A, C O(n). In terms of cohomology classes, we identify H* (BO(n))
with the subalgebra of H*(BA,) generated by the elementary symmetric polynomials
01=01(X1,...,Xn),...,0np =05n(X1,...,X5).

The action of the Steenrod algebra on H*(BA,) - (xy---x,)"! is determined by the
action of the total Steenrod square (see e.g. [18]) SqT (x;) =x; + xi2 for 1 <i <n,
and the Cartan formula Sq” (yz) = Sq” () Sq7 (z) for any y, z. Thus

ST () =7 (1 +x) T = a7 A x A x4 x ).

When 7 = 2, A(0) is just the exterior algebra generated by Sq', that is, a graded vector
space spanned by 1 and Sq!. Furthermore, by the above, we see that

Sa*! (v 'x; ) = x1 +x2 =01,8¢" Sa* ! (x7 x5 ) = Sql (0!) = x7 + x5 =0f.

Since the Dickson invariant algebra H*(BA,)S" (Z/2) ig generated by
_ .2 2_ 2 _ -
Wy = X| +X1X2 + X5 = 0] + 03, w3 = x1x2(x1 + X3) = 0107

[12, Theorem A1l], we derive:

Corollary 5.8 The set
{07 +02)'(@102) 05 |1 20, j 20, e € {1,2}}

forms a basis of the image of H*(M (2)) in H*(BO(2)).

Combined with Theorem 1.5, we get a table of these relations in low dimensions,
H10=0 (=0,j=0e=1),
w30+ np,1=0 @(@=1,j=0e=1),
n2,1 =0 ((=0,j=1e=1),
Mso+ 31+ pi2=0 (@=2,j=0e€e=1),
p31=0 (=0j=1¢€e=2),
Mag+i22=0 (=1j=1e=1).
Here we have omitted the relations that follow from lower degree relations and the
general relation pj;; = ,ul.z, ;- For example, setting € = 2,i = 1 and j = 0 gives

a0+ 12,1 = 0; however, we have already listed 15,1 =0, and we can deduce 14,0 =0
from pu4,0 = u‘l‘ oand w1 0=0.
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Free and based path groupoids

ANDRES ANGEL
HELLEN COLMAN

We give an explicit description of the free path and loop groupoids in the Morita
bicategory of translation topological groupoids. We prove that the free path groupoid
of a discrete group acting properly on a topological space X is a translation groupoid
given by the same group acting on the topological path space X /. We give a detailed
description of based path and loop groupoids and show that both are equivalent to
topological spaces. We also establish the notion of homotopy and fibration in this
context.

18B40, 55P35, 58E40; 55R91, 58D19

1 Introduction

Our aim is to give an explicit description of the path object in the bicategory of
translation topological groupoids. Our main application will be in the setting of
orbifolds as groupoids.

We adopt the model developed by Moerdijk and Pronk [9] to describe orbifolds in
terms of groupoids. Essentially an orbifold is a Morita equivalence class of groupoids
of a certain type, which we will call orbifold groupoids.

In this spirit, the right notion of morphism between orbifold groupoids is that of a
generalized map. These generalized maps arise as morphisms in the bicategory of
topological groupoids, functors and natural transformations when inverting the essential
equivalences; see Pronk [13].

All orbifolds can be represented by a groupoid given by a certain type of action of
a group G on a topological space X. This representation G x X is called translation
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1960 Andrés Angel and Hellen Colman

groupoid. In particular we will be interested in developable orbifolds defined by a
translation groupoid given by a discrete group acting properly on a space.

For these orbifolds, we use their groupoid characterization to obtain a description of
the generalized maps from the interval to the orbifold as a translation groupoid. We
prove that the free path groupoid of the translation groupoid G x X is the translation
groupoid G x X . In fact we describe three different approaches resulting in three
characterizations of the path groupoid: as a colimit of G—paths, as a groupoid of
multiple G—paths and as a translation groupoid G x X!. We prove that the three
groupoids are equivalent.

We show that this construction of the path groupoid is functorial and invariant under
Morita equivalence.

The pullback along the diagonal of this model gives us as a particular case, the free
loop groupoid which coincides with the descriptions given by Lupercio and Uribe [7],
Adem, Leida and Ruan [1] and Noohi [10] in various contexts.

Moreover, we use this model to calculate the based groupoid of paths between two
points. We prove that this groupoid is actually equivalent to a topological space.

Using our description of the path groupoid, we provide an explicit characterization
for a homotopy between two generalized maps, as well as a definition of orbifold
fibrations. We prove that the evaluation map is both a groupoid homotopy equivalence
and a groupoid fibration.

Organization

In Section 2 we present some basic definitions and constructions for topological
groupoids. We define translation groupoids and introduce the bicategory of translation
groupoids resulting from inverting the essential equivalences. Section 3 introduces
the model for orbifolds as groupoids that gives the setting for the construction of the
path groupoid in the next section. Section 4 is devoted to the construction of the free
path groupoid. We give here an explicit equivalence between all models for the path
groupoid. We prove that this construction is functorial and invariant under Morita
equivalence. Section 5 provides a detailed description of the based path and loop
groupoids and describes some examples. Section 6 concerns the characterization of the
homotopy between generalized maps. In Section 7 we provide a definition of groupoid
fibration and prove that the evaluation morphism is a groupoid fibration.
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2 Context
2.1 Topological groupoids

A topological groupoid G is a groupoid object in the category Top of topological spaces
and continuous maps. Our notation for groupoids is that Gy is the space of objects and
G is the space of arrows, with source and target maps s, ¢: G; — Go, multiplication
m: Gy X, G1 — G1, inversion i : G1 — G1, and object inclusion u: Go — G1.

The set of arrows from x to y is denoted by G(x, y) ={g € G1|s(g) =x and ¢(g) = y}.
The set of arrows from x to itself, G(x, x), is a group called the isotropy group of G at
x and denoted by Gy.

A strict morphism ¢ : K — G of groupoids is a functor given by two continuous maps
¢: K1 — G and ¢: Ko — Gy that together commute with all the structure maps of
the groupoids K and G.

A natural transformation T : ¢ =  between two morphisms ¢, V: K — G is a
continuous map 7' : Ko — G with T'(x): ¢ (x) — ¥ (x) such that for any arrow i : x — y
in K1, the identity ¥ (h) T (x) = T (y)¢ (h) holds. Since we are in a topological groupoid
and inversion is continuous, we also have a natural transformation 7~1: y» = ¢ and

write ¢ ~7 V.

Topological groupoids, strict morphisms and natural transformations form a 2—category,
which we denote by TopG.

A strict morphism €: X — G of topological groupoids is an essential equivalence if:
(i) e is essentially surjective in the sense that
sy Gy XtGO Koy — Gy

is an open surjection where G 1 xtGO K is the pullback along the target  : G1 — Go.

(i1) e is fully faithful in the sense that K; is the pullback of topological spaces

Ki ——— G

(s,t)l l(s,t)

Ko x Ko -5 Go x G

Note that if there exists a functor §: G — K with natural transformations 7:idg = €048
and v: § o € = id in TopG, the functor € is essentially surjective —indeed, s7; has
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a section defined by (1y,8(x)): Go — G xtGO Ky, which implies that it is open and
surjective —and € is fully faithful because the map K1 — Ko x Ko Xgyxg, G1 has an
inverse defined by (x, y, h) — vy 08(h) o vy L.

An essential equivalence €: K — G does not generally have an inverse functor §: G — K
such that € 0§ ~7 idg and § o € ~7/ idx in TopG. The functor § exists by the axiom of
choice but in general it is not continuous.

Definition 2.1 Let ¢: £ — G and ¢: £L — G be strict morphisms. The groupoid
pullback P = K xg L is the topological groupoid whose space of objects is
PO = Ko XtGo G1 X“E;O Lo

and space of arrows is P; = K XtGo G, XSGO L. Source and target maps are given

by s(k,g.l) = (s(k), v (k)" lgp(l),s(l)) and t(k,g.l) = (t(k), g.t(l)). There is a

square of morphisms and a natural transformation 7" that makes the diagram

Kxgl — K

ﬂzl ~T llﬂ
L — g

commutative and is universal with this property.

Definition 2.2 The groupoids K and G are Morita equivalent if there exists a groupoid £
and a span
K<«ZL£-5g,

where € and o are essential equivalences. We write G ~»s K.

The proof that a Morita equivalence is an equivalence relation is based on the groupoid
pullback defined above.

A generalized map (e, ¢) from K to G is a span K <~ J LN G such that € is an
essential equivalence. Two generalized maps K <& 7 i> G and K <& J’ ¢—> g are
equivalent if there exists a diagram

J

N

K ~7 L ~77 g

RN %4

j/
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which is commutative up to natural transformations and where £ is a topological
groupoid, and u and v are essential equivalences.

2.2 The Morita bicategory of topological groupoids MTopG

Consider the class of arrows E given by the essential equivalences in the 2—category
TopG. It was proven by Pronk in [13; 14] that E satisfies the conditions to admit a
bicalculus of fractions. The bicategory of fractions TopG(E~!) obtained by formally
inverting the essential equivalences is what we call the Morita bicategory of topological
groupoids and we denote by MTopG.

The explicit description of the bicategory MTopG is as follows:
¢ Objects are topological groupoids G.
¢ A I-morphism from K to G is a generalized map
K<< 72%5¢
such that € is an essential equivalence.

e A 2-morphism from K <& 7 PGk 7 gis given by a class of
diagrams

J
N
u
K ~rL~m G
6/ ¢/
j/
where L is a topological groupoid, and u and v are essential equivalences.

The horizontal composition of generalized maps K &7 i) Gand G <L J’ L L
is given by the diagram

J xgJ

N
/\/\

where J' x¢g J is the groupoid pullback. Note that this composition is associative only
up to a 2-morphism.
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2.3 Translation groupoids

Let G be a topological group with a continuous left action on a topological space X .
Then the translation groupoid G x X is defined by:

e The space of objects is X itself, and the space of arrows is the Cartesian product
GxX.

¢ The source s: G x X — X is the second projection, and the target7: G x X — X
is given by the action. Then (g, x) is an arrow x — gx.

¢ The other structure maps are defined by the unit u(x) = (e, x), where e is the
identity element in G, and (&, gx) o (g, x) = (h * g, x) where * is the group
multiplication.

Example 2.3 These examples will appear later on in our applications.

(1) Unit groupoid Consider the groupoid e X X given by the action of the trivial
group e on the topological space X. This is a topological groupoid whose arrows
are all units. In this way, any topological space can be considered as a groupoid.

(2) Multiplication groupoid Let H be a subgroup of a topological group G.
Consider the translation groupoid H x G where H acts by multiplication on G.

(3) Conjugation groupoid Let H be a subgroup of a topological group G. Con-
sider the translation groupoid H x G where H acts by conjugation on G.

(4) Point groupoid Let G be a topological group. Let e be a point. Consider
the groupoid G x e where G acts trivially on the point. This is a topological
groupoid with exactly one object, e, and G is the space of arrows in which the
maps s and ¢ coincide. We call G x e the point groupoid associated to G. In this
way any group can be considered as a groupoid.

We will denote by 1 the trivial groupoid with one object and one arrow; thatis, 1 =eixe,
the unit groupoid over a point or a point groupoid associated to the trivial group.

An equivariant map G x X — K x Y between translation groupoids consists of a
pair ¢ X f, where ¢: G — K is a group homomorphism and f: X — Y satisfies

flgx)=¢(g)f(x)forge G and x € X.

Translation groupoids, equivariant maps and natural transformations form a 2—category
that we denote by TrG.
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2.4 The Morita bicategory of translation groupoids MTrG

We construct now a subbicategory MTrG of the Morita bicategory of topological
groupoids MTopG where the objects are strictly the translation groupoids and the maps
are equivariant ones.

Proposition 2.4 [14] Lety:GxX — LxZ and ¢: HxY — L x Z be equivariant
maps. The fiber product K

7Tll>(f

K———Gx X
T
HD(YL)LIXZ

is again a translation groupoid. Moreover, its structure groupis GX H, K=(Gx H)x P
and the first components of the equivariant maps 7wy X f and m X g are the group
projections w1: G X H — G and np: G x H — H.

An equivariant essential equivalence is an equivariant map £ x € which is an essential
equivalence.
Consider the bicategory whose

e objects are translation groupoids G x X;
¢ 1l-morphisms from G x X to K x Y are equivariant generalized maps
GxX < 1 xz ) gy
such that £ x € is an equivariant essential equivalence;

e a2-morphism = from the equivariant generalized map G x X %€ Iz 9

KxYtoGxX S ez O Ry s given by a class of diagrams
LxZ
gxe T ox f
u

GxX ~r RxU ~r7 KxY
s
EIKG/ (p/D(f/
L'xZ
where R x U is a translation groupoid, and ¥ and v are equivariant essential
equivalences.

Translation groupoids, equivariant generalized maps and diagrams as above form the
Morita bicategory of translation groupoids, which we denote by MTrG.
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3 Orbifolds as groupoids

We recall now the description of orbifolds as groupoids due to Moerdijk and Pronk
[9; 13]. Orbifolds were first introduced by Satake [16] as a generalization of a manifold
defined in terms of local quotients. The groupoid approach provides a global language
to reformulate the notion of orbifold.

A groupoid G is proper if (s,t): G1 — Go X Gy is a proper map and it is a foliation
groupoid if each isotropy group is discrete.

Definition 3.1 An orbifold groupoid is a proper foliation groupoid.

Given an orbifold groupoid G, its orbit space |G| is a locally compact Hausdorff space.
Given an arbitrary locally compact Hausdorff space X we can equip it with an orbifold
structure as follows:

Definition 3.2 An orbifold structure on a locally compact Hausdorff space X is given
by an orbifold groupoid G and a homeomorphism 4: |G| — X.

If € :H — G is an essential equivalence and |e|: |H| — |G| is the induced homeomorphism
between orbit spaces, we say that the composition ko |e|: |H| — X defines an equivalent
orbifold structure.

Definition 3.3 An orbifold X is a space X equipped with an equivalence class of orb-
ifold structures. A specific such structure, given by G and 4: |G| — X, is a presentation
of the orbifold X'.

If two groupoids are Morita equivalent, then they define the same orbifold. Therefore
any structure or invariant for orbifolds, if defined through groupoids, should be invariant
under Morita equivalence.

Definition 3.4 An orbifold map f:) — X is given by an equivalence class of
generalized maps (¢, ¢) from K to G between presentations of the orbifolds such that
the following diagram commutes:

-1
k| A9 gl

| |

Yy — X

A specific such generalized map (e, ¢) is called a presentation of the orbifold map f.
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We can obtain an orbifold by considering the action of a compact group G acting on a
space X with finite stabilizers. All orbifolds can be described in this way [12].

The orbifold X is developable if it is presented by a groupoid Morita equivalent to a
translation groupoid G x X with G a discrete group acting properly on X.

4 Path groupoid

From now on, we will focus on developable orbifolds and G will be a discrete group
acting properly on X. In this context, we will show that in the bicategory of topological
groupoids any path in G x X

I «<~7T—-GxX

is equivalent to a strict map
I >GxX

where [ is the unit groupoid e x I, I = [0, 1] and Z is any topological groupoid.

4.1 Generalized paths

A path in the groupoid G x X in the Morita bicategory of topological groupoids is a
generalized map (6, 8) from the unit groupoid / to G x X. That is, a span

1S 18 6xx.

Since 7 <2~ 7 is an essential equivalence, we can use groupoid atlases [15; 17] to see

that the equivalence class [/ Sl oxx | has a representative of the form

I <15, % GxX,
where /g, is the groupoid associated to a subdivision
Sn={0=ro<ri<--<m_1<rm=1}
of the interval I = [0, 1] as explained below.

The space of objects of the groupoid /g, is the disjoint union

where /; is a small open neighborhood of [r;—1, r;] and (r,7) denotes an element r in
the connected component /;.
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The space of arrows of I, is given by the disjoint union

n n—1
|_| I; |_| (L U},
i=1 i=1
where |_|;-1:1 I; is the set of unit arrows, f, = I; N I; 41 and another copy f, was added
for inverse arrows. For each point r; in the subdivision Sy, f, is an open neighborhood
of r;. Two arrows were added for each point (r, ) in the interval /;: 7; and its inverse
arrow such that the source of 7; is (r, ) and its target is (r,i + 1).

Definition 4.1 A generalized path in the groupoid G x X is a generalized map
I <~ Ig, %> G x X such that:

(1) e:1Is, — I on objects is the inclusion in each connected component, €(r,i) =r
and on arrows it sends all arrows to identity arrows, €(7;) = id,.

(2) a:ls, — G x X on objects is given by a map «; : I; — X in each connected
component and on arrows is given by «(#;) = (k;, o (1)) satisfying the condition
kioj(r) = ajy1(r) forall r € I;.

We denote by Map(/s,,, G x X) this space of maps from /g, to G x X with the compact
open topology.

4.1.1 Equivalence of generalized paths We will establish now an equivalence

relation between the generalized maps defining our generalized paths which will allow
us to give a groupoid structure to the space of generalized paths.

Definition 4.2 Two generalized paths [ <= I5,, %> Gx X and ] < S,y VTS ¢

are equivalent if there exist a subdivision S, and essential equivalences u and v such
that the following diagram commutes up to natural transformations:

Is,,
I~ 1

~ GxX

Sy
re\ l" /
ISm

’
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Since G is discrete, the condition cu ~ Bv guarantees the existence of a natural trans-
formation T: |_|7_; I; — G x X such that T'(r,i) = (g, ;i (r)) with B; (r) = gic; (t).
By naturality of the transformation, the diagram

i (r,i) —2— Bi(r,i)

Lk

. gi+ .
i1 (ri) == Bis1(ri)
commutes for all r € I;. Therefore ki = giv1kigi— M foralli=1,....,n—1.
Remark 4.3 Two generalized paths are equivalent if there exists a common subdivision

Sn and g; € G such that §;(r) = gja;(r) foralli =1,...,n and k| = givikigi™!
foralli =1,...,n—1.

Then, we have a translation groupoid G x Map(/s,, G x X) given by this action of
G" on the space Map(/s,, G x X). Source and target are given by

S((g17--~7gl’l)7 (Oflw-wan,kl,---,kn—l)) = (a17"'7anakla-"ak}’l—1)

and

t((gl"“’gn)? (al""’an?kl"“’kn_l))
= (g101, -, gn0tn, g2k187 "1 - .., gnkn—18721)-

4.1.2 Colimit construction In order to account for all possible subdivisions, we will
consider the colimit of the groupoids G" x Map(/s,,, G x X) over a partially ordered
set that we describe next.

We define the category Cy as the category with objects the ordered tuples
Spn={0=ro<r=---=m=1j}

with an open cover of I = [0, 1] given by connected intervals {/; | 1 <i <n}. We
require that:

(1) [ri=1,ri] € I; and I; N {ro,71,...,Fn} = {ri—1, i}, which is one point if
ri—1 = r; and two points if r;_1 < r;.

2) (@ Ifrg_p <rg—y =rg =---=r; <rj4+1 then we require that

Iy =Ilk1="=11 S L1 N 141
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(b) If0=r9=r1 =---=rg <rg4+1 then we require that
Li==--=1I CIiy.
(¢) frg—1 <rg =rg41 =---=ry =1 then we require that
Igy1=Ig42="=1n S Ig.

We have a morphism from ({ro <r; <---<rp},{Ii}) to ({to <t1 <--- <tm}, {I}}) if:
(I) {rO’rl,---,rn}Q{to,tl,---,tm}-
(II) The multiplicity of repeated elements decreases; ie for every i,
[l =ri}| = |G 1t =ri}.

(IIT) The open cover {/;} is a refinement of the open cover {ij} in the following way:
(a) For each closed interval [r;_1, r;] with nonempty interior there is a unique
[tj—1.t;] with [ri—1,7;] € [tj—1,;] and we have

L —=—
o
C
[ric1,ri] —— [tj—1.1)]

(b) If there is a repeated element in the {tg <?1 <:-- <ty}, tj—1 =1;, itis also
a repeated element of {ro <ry <---<ry}, ri—1 = ri. We require I; C INJ

The morphisms are generated (as a category) by the set of morphisms:
(1) Eliminating a point from the subdivision {0 =rg <r; <.--<r; <---<rp, =1}
dii({fro < <ri < <rp ALi}) > ({ro < <f < <mh AL},

where d; drops the i™ element and concatenates the consecutive intervals /;
and I; 41, ie I[; = I; for j =0,...,i —1, I; = I; U I+ and I; = I; for
j=i+1,...,n.

(2) Enlarging the intervals without changing the points of the subdivision given by
{0=rog<ri<---<rp,=1}

u: ({ro <+ <} AL} = ({ro < - < ra}. {1i})

when I; C i,
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We call C; the category of subdivisions of / which is a cofiltered category, which boils
down to the fact that for two subdivisions there is a common refinement.

For every morphism, there is a continuous map given by concatenation and inclusion
L1~ L1
i J

To the morphism d;: S, — S,—1, we assign the functor d;«: Is, — Is,_, that on
objects concatenates /; U I; 1 and on morphisms sends 7; and its inverse arrow
Fl-’ to the identity arrow on (r,i). Similarly, for u: S, — S,, there is a functor
ux: Is, — Is, given by inclusion at the level of objects and morphisms. This gives
a functor from C; — Gpd. We can obtain a contravariant functor ¥ from C;’p to
topological spaces that on objects sends Sy, to Map(/s,,, Gx X') and on morphisms sends
d;i: Sy — Sp—1 to the morphism d*: Map(Is,_, .G x X) — Map(Is,, G x X) given
by taking o € Map(/s,_,.G x X) represented by (a1, ...,0p—1,k1,....kp—2) and
sending it to (a1, ..., 0|1, Qilr 4 qse s Qn—1,Kk1, ... ki, id, ki Kig1, oo kn—2),
ie taking «; : I; U I; 41 — X to the restrictions to /; and ;4 1. Similarly,
u*:Map(Is,,G x X) — Map(Is,, G x X)

is just restriction of all the paths: taking o € Map(/s,, G x X) represented by
(@1,...,0n,k1,...,kp—1) and sending it to (ct1 |y, ..., 0nl1,. k1, ... kn—1).

We have an action of G” on the space Map(Is,, G x X) given by

(g17'-'7gl’l).(a1’""anskls-"ikn—l)

The map d;* : Map(/s,_,, Gx X)— Map(/g,, G x X) is equivariant with respect to the

map Oi: Gn_l — Gn giVen by Oi(gl,---,gn—l) = (gly---1gisgi’gi+1’---’gn—l)'
This means that

0i (g1,  8n—1)-d (@1, ....0n—1.k1,... . kn—2)
=d((g1.---.gn-1) - (@1.....an—1.k1,.... kp—2))
This is because (g1,...,8i,&i>&i+1,--->&n—1) acting on
(al,...,ai|1i,oz,-|1,.+l,...,ocn_l,kl,...,ki_l,id,ki,kiﬂ,...,kn_z)
is equal in the first part to

(g1a1,- .-, 8% |1, iy ys- - » &n—10n—1)
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and in the second part to
(g2k187 " giki—1gi 1. giidg; . gitikigi s gn—1kn—28n1s),
which is
(g2k1g7", ... gikicigr . id, givikigr ... gn—1kn—28p2s).
This is precisely
dF (g1, gn—1) (a1, ...,0n—1.k1,... . kn—2)).

Similarly the map u*:Map(/s, , Gx X) — Map(/s, , G x X) is equivariant with respect
to the identity map G" — G".

Therefore we have a contravariant functor from Cy to the category of translation
groupoids that on objects sends S, to G” x Map(/s,, G x X) and on morphisms sends
d;: Sy — Sp—1 to the functor (d;*, 0;) and u: S, — S, to the functor (u*, id); formally
we have a (covariant) functor @: C;* — TrG.

We consider now the (filtered) colimit of @,

given by an object P € TrG together with morphisms from Map(/s,, G x X) for
each S, such that for each morphism the following diagrams commute:

For d;:
G" xMap([ls, .G x X)
Ut"(dz*> P
G" ! xMap(Is, ,,Gx X)
For u:

G" xMap(/s,,G x X)

\P
/

G" xMap([ls, .G x X)

idxu™*
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Moreover, P = colim @ has the following universal property. Given another translation
groupoid W with functors from G” x Map(/s,, G x X) that are compatible, such
functors factor uniquely through the colimit P as shown in the diagrams

G" xMap(ls, .G x X)

Utxdz*> P - W
G" !'xMap(Is, ,,G x X)

G" xMap(ls, .G x X)

\ bW
/

G" xMap(Is,,G x X)

idxu

Definition 4.4 The path groupoid P(G x X) of the translation groupoid G x X is
P(G x X) = colim @,

op
c[

where @ : C;p — TrG is as above.

We are ready now to give an explicit construction of the groupoid P = P(G x X) by
using the constructions of colimits in the category of topological spaces Top and in the
category of groups Grp.

The colimit of the contravariant functor v : C?p — Top is a topological space M =

colim v such that
M= (]_[ Map(Is, . G x X))/~,
Cr

where ~ is the equivalence relation generated by o ~ d* (r) for all S, and d; : Sy — Sp—1
and o ~ u*(«) for all S, and u: S, — Sj.

This topological space M = colim ¥ will be the space of objects of the path groupoid P.
To construct the space of arrows of the path groupoid, we consider now a colimit in
the category of groups.
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Consider the functor ¢: C;p — Grp which sends S, to G" and on morphisms sends
u: S, — Sy to the identity G® — G™ and d; : Sy, — S,—1 to the morphism 0; : G" ™1 —
Gn given by Gi(glv .. -7gl’l—1) = (gls .. -sgi’gl.ygl.-i‘l’ .. -’g}’l—l)'

The colimit of ¢ is a group H = colim ¢ such that

H= (]_[ G”)/~
Cr
where ~ is generated by (g1,...,gn—1) ~ (g1,...,8i-&i+&i+1>-+->8&n—1). This

group H is discrete and acts on the topological space M constructed above.

We can describe now explicitly the object and arrow spaces of the path groupoid
P =P(GxX)in TrG:

Po=M =colimy = | [Map(Is,.G x X)/~
Cr
and

Py =HXxM =colim g xcolimy = ((]_[ G”)/w) X ((]_[ Map(Is,, G x X))/w),
Cr Cr
which we endow with the inductive topology.

Remark 4.5 Let G be a discrete group acting on X. The path groupoid of G x X is
the translation groupoid
P=P(GxX)=HxM.

We will show that this path groupoid P = colim @ described above is actually equivalent
to the translation groupoid G x X . In order to give an explicit characterization of the
equivalence of categories, we will introduce some auxiliary groupoids which in turn
will relate to the idea introduced in [4] of multiple G—paths.

4.2 Multiple G —paths

We will provide now another description of the path groupoid in terms of equivariant
generalized maps. We will see that for each generalized path (e, ), its equivalence
class [I <= Is5, > G x X] contains a representative in MTrG of the form

1< 6y 256X,

where G x Y is a translation groupoid.
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Given a generalized path [ <= Iy, %> G x X, we will construct a space ¥ = Y, such
that G x Y is Morita equivalent to /s, ,and maps §: GxY — [ and p:GxY - Gx X
such that (8, ¢) is 2—isomorphic to the given G—path (¢, ).

4.2.1 Constructionof G x Y, Leto = (ay,...,05,k1,...,ky—1). Consider the
product space

G x(Is,)o =1{(g.(r.i)) | g € G.(r.i) € I;}
and the identifications, for all r € ii,
(g i+ 1) ~ (k; 'g. (),
where a(7;) = (ki, a;(r)).
Now Yy, is defined as the quotient space
(g, (N (g, (1)) € G x (Is,)o and (g, (r,i + 1)) ~ (ki ' g, (,1)) for all r € [;}.

Observe that the space Y, depends on « in the sense that it is given by the subdivision Sy,
and the group elements k1, ..., k,—_1, but it is independent of the actual pieces of the
path oy, ..., .

The action of G on Y, is given by the multiplication in the group h([g, (r, i)]) =
[gh™". (r. )]
We can consider then the translation groupoid G X Y, where the source and target are

given by the maps s(h, lg, (7, i)]) = [g, (r,i)] and t(h, lg, (7, i)]) =[gh™L, (r,i)].

4.2.2 Morita equivalence Ig, ~3p G x Y, We will show now that the translation
groupoid constructed above is Morita equivalent to the groupoid /s,. Let

vils, > GxYy

be the morphism defined by v((r,i)) = [e, (r,7)] on objects and v(7;) = (k,-, e, (r,1)])
on arrows for all r € I;. The open map v is essentially surjective since

sw1: G x(Is,)0 = Yo = (G x (Is,)0)/~

is the quotient projection. It is also fully faithful since (/)1 is given by the pullback
of the maps

o
l(s,t)

(Is,)o x (Is,)o —=25 Yo x Yy
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Therefore given a groupoid /g, , we can construct another groupoid Y, for each set of
elements k1, ..., k,—1 such that /g, is Morita equivalent to G x Y.

4.2.3 The 2—-isomorphism (¢, ) = (6,¢) We will define now the maps § and ¢ to
obtain the generalized map [ S G Yo 2, 6xX being 2—-isomorphic to the given
generalized path (¢, ).

We define ¢>([g, (r, i)]) = g~ lo; (r) on objects and ¢ (1, [g, (r,i)]) = (h, g~ i (r)) on
arrows. Moreover, the morphism ¢ is G—equivariant in the ordinary sense (the group
homomorphism is the identity).

The essential equivalence §: G x Y, — [ is given by projection on both objects and
arrows, S(h, [g,(r,i )]) = r. Both morphisms ¢ and § are well defined and & is open,
surjective on objects and fully faithful.

The diagram
Is,

GxY,

is commutative since pv((r,i)) =¢([e, (r.)]) =i (r;) and pv(7;) = P (ki [e. (r,1)]) =
(ki o (r)) forall r € I;.

Thus there is a 2—isomorphism between the generalized map [/ S Gx Yo 2. G6xX
and the generalized path [ <= I, %> G x X.

Observe that the identifications we have made in the quotient to obtain the space Yy
determine a gluing of the segments /; at the different levels of G x (Ig,,)o to obtain
copies of the entire interval / = [0, 1]. This gluing is determined by the group elements
kl, . e ,kn—].

To define the map ¢ from the groupoid G x Y, associated to the generalized path «,
we are concatenating the different pieces «; in these different levels by multiplying by
the correct group element to obtain an honest path in X.

4.2.4 The homeomorphism y: Yy — G x I Foreachmap «: Ig, — G x X, let us
show now that the space Y, we just constructed is G—equivariantly homeomorphic to
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the space G x I, where the action on the latter is determined by the action of G on Yy
given by h[g, (r.i)] = [gh™!, (r.i)]. We have that the action on G x I is given by

Gx(GxI)—GxI, (h(g,r)=(gh ' r).
We define the homeomorphism y: Yy — G X I as
y(lg, (r.)]) = ((ki—1+-k1) "' g.7)

fori = 1,...,n. The morphism y depends only on S, and ki,...,k,—1 and is
independent on the actual paths a1, ..., a,. The inverse morphism y~': G x I — Y,
is given by

y N hor) = [kizy kb, (r,0)]

if r € I;. Moreover, the homeomorphism y is G—equivariant by construction.

Definition 4.6 A multiple G—path in the groupoid G x X is a generalized map
I <~ Gx(GxI)ZL>Gx X,
where o is a G—equivariant map in the ordinary sense.

4.2.5 Equivalence of multiple G-paths Given two multiple G—paths
I < Gx(GxI)ZL-GxX and I« Gx(GxI)*>GxX,

they are equivalent if there exists a subdivision S, and k1, ..., k,—1 € G such that the
diagram
Gx(GxIT)
/ T \A
v
1 Is, GxX
S
P T
Gx(GxI)

commutes up to natural transformations, where v =vg . and n=1ng, . k. -

Since p is an essential equivalence, we have that v ~ n and then ov ~ tv. That means
that there exists a natural transformation 7: (Is,)o — G x X such that T'(r,7) is an
arrow between ov(r,i) = o((ki—1---k1)~',r) and t((k;j_1 ---k1)~',r). Therefore
we have that the multiple G—paths are equivalent if there exists a subdivision S,
ki,...,kn—1€G and g1, ..., gn € G such that

gio((ki—1---k)) ™) =t(ki—1 k)Y r) if rel.
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Since o is equivariant,
gi(ki—1---ki)o(e,r) = (ki—1---ki)t(e,r) if r €l;.

For i = 1 this means that there exists g; € G such that (e, r) = g1o(e, r). Since the
interval e x I is connected, we have that g; = (kj_1---k1)g1(ki—1--- k1)~ ! for all
i =1,...,n. In other words, all other g; fori =2, ...,n are determined by g;. Once
that we have a group element g; € G that makes t(e,r) = g10(e, r) in the first piece
of the interval, r € [0, r1], then all the other pieces of the interval coming from the
subdivision S; will also coincide since, for all r € I;,

gilki—1---k1)o(e,r) = (ki—1---k1)t(e,r)

and

gi = (ki—1--k1)gi(ki—1 k1)~
Then

(ki—1+-kD)gi(kizy k)" (ki—1 -+ k)o(e,r) = (ki—y -+-k1)T(e.r),
which implies that gio(e,r) = t(e,r) forall r € I.

Proposition 4.7 ‘Two multiple G—paths o and t are equivalent if there exists g € G
such that

ga(e,r)=r1t(e,r).

We have the group G acting now on the space of equivariant maps GMap(G x I, X).
Let P’ = G x GMap(G x I, X) be the multiple G—path groupoid.

Since o(g,r) = go(e,r), we observe that a multiple G—path is determined by the
honest path 8: I — X given by B(r) = o (e, r). Conversely, any path : I — X can
be made into a multiple G—path by putting (g, r) = gB(r). Consider the translation
groupoid of honest paths, given by the obvious action of G on X. Let P” = G x X/,
where X! = Map(/, X).

We will prove next that all three characterizations of the path groupoid, as generalized
paths, as multiple G—paths and as honest paths are equivalent.

4.3 Equivalence of the different models for path groupoids

Recall the definition of the path groupoid and the other two characterizations introduced
in the previous section:
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(1) The groupoid P = colim ¢ X colim v, where M = colim y is the space of classes
of generalized paths.

(2) The groupoid P’ = G x GMap(G x I, X), where GMap(G x I, X) is the space
of G—equivariant maps.

(3) The groupoid P” = G x X', where X is the free path space.

4.3.1 The equivalence of categories y : colim ¢ x colim ¥y — G x GMap(G x I, X)
Recall that M = colim ¥ is the space of classes of generalized paths, ie

M= (]_[ Map(Is, . G x X)) / ~,
Cr

where ~ is the equivalence relation generated by a ~ d* () forall S, and d; : Sy, — Sy—1
and o ~ u™* () for all S, and u: S, — S,. We will use the same notation,

(o1, ... 0n, k1, ... kn—1),
to denote the elements in M.
The idea is to complete each piece «; of the generalized path
oa=(ar,....0n,k1,....kn_1)
to have the entire branch o; of a multiple G—path o.
The functor y: colim ¢ x colim ¥y — G x GMap(G x I, X) Given a generalized

path ¢ = (a1,...,%,,k1,...,ky—1) for the subdivision S, of the interval /, we can
define (as in the previous section)

(1) aspace Yo ={[(g,(r.i))] | (g, (r.i)) € G x (Is,)o} with the relation

(g (ri + 1)~ (ki 'g, (r,0))
forall r € fi,
(2) ahomeomorphism yo: G x Yy, — G x (G x1I),
(3) an essential equivalence vy : I5, — G X Yy, and
(4) a generalized map [ S G Yy P, G x X such that (e,a) = (8, ¢a).

We define y: colimgx M — G x GMap(G x I, X) as y(a) = ¢o Yo' on objects and
x(g1,-...&n. @) = (g1.9aYa ') on arrows.
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—~

g . /\_/"— 0o

-1

1 %2
Figure 1
Then y(@)(g.7) = paVe ' (g.7) = Pulki—1---k1g. (r.i)] = (ki1 -+ k1g) " e (r) if
r € I;. We are sending each generalized path & = (@1,--- , 05, k1, , kn—1) into the

multiple G—path o given by
o(g.r) =g Yki—y k)i (r) if rel;.

In particular, we have that the branch o, corresponding to the interval e x [ is given by
the concatenation (see also Figure 1)

ole,r) =ar(r) x ki aa(r) * (kok1) Lz (r) # -+ % (knoy - k1) an(r).
On arrows, we send ((g1,-+- ,gn) . 01, ,0p, k1, ,kn—1) € colim ¢ x colim ¥ into
the arrow (g1, 0y ), where oy is defined as before.

We will show next that y is an equivariant map between translation groupoids where
the group homomorphism is given by the projection on the first coordinate.

Leto’ = (g101, ..., 8n0n, g2k181° ", ... gnkn—18n—1""). We have that

x@)=gix((er,...,oan k1, kn—1))
since

ou(e,r)
= g1a1(r)*(g2k1g1™ ) T @202 (r) * - % (gnkn—18n—1"" - g2k1g1 ") " gnatn (1)
= g1(a1(r) k1 aa(r)* (kok1) Loz (r) %k (kn—1 -+ k1) " lon(r) = g10ale, r).

The functor x~1: G x GMap(G x I, X) — colim ¢ x colim ¢ Consider the contin-
uous functor given by y~!(0) = 0|ex7 oi. on objects and y "1 ((g,0)) = (g, 0 |ex1 Oie)
on arrows, where io: I —ex [ sendsr € I to (e, r) € e x I. Recall that by our notation
convention the right side means in both cases the class in the colimit. Note that the
generalized path o |,x7 o, corresponds to a subdivision S with only one subinterval;
that is, 0|exy © I is an honest path.

Algebraic € Geometric Topology, Volume 23 (2023)



Free and based path groupoids 1981

The functors y and y ! are inverse up to natural transformation The composition

yox ':GxGMap(G x I, X) — G x GMap(G x I, X) is the identity map since the
generalized map o associated to o has only one piece. On objects,

xox~'(0) = r(es) = 0a,
such that o, (g,7) = g 1o (e,r) = 0(g,7), 50 0, = 0. On arrows,
xox '(g.0) = x(g.00,) = 1(g,0) = (g,0).

We will prove next that the composition in the other direction is equivalent by a natural
transformation to the identity. We have that

¥ Lo x:colim ¢ x colim ¥ — colim ¢ x colim ¥

sends each generalized path class @ = («1,...,0,k1,...,kn—1) to the generalized
path o, , where

0oy (r) = 0ale.r) = oy (r) sk aa(r) « (kok1) " s (r) s s (knoy - k1) " an (r),

and each arrow ((g1,...,8n),®1,...,0n,k1,...,kn—1) € colimg X colim to the
arrow (g1, 0oy, )-

There is a natural transformation 7" : colim ¥ — colim ¢ X colim ¥ given by
T(a) = ((id, k17", (kak) ™o Gepmr - kD)™, (@10 K k1)
which is an arrow between o and o, since

(id7k1717(kzkl)_lv"'v(kn—l'”kl)_l)(a15"')ansklv"'vkn—l)
= ((dar, ki oo .. (knor kD) o), (b kan ey (kney - k) " ket (knez - k1))
(1. k17 o, (kp—1---k1) an), (Gd, . . ., id)).

This generalized path is equal to the concatenation of the n pieces
a1 (r) x k1 Lo (r) * (kok1) a3 (r) - (kney k1) " lotn (r)

since the connecting arrows are all identities. Moreover, T satisfies the naturality
condition and is continuous by the universal property of the colimit.

Therefore y is an equivalence of categories between the groupoid of generalized paths
and the groupoid of multiple G—paths. We will see next that the groupoid of multiple
G-paths is just the free path space X! together with G acting on it.
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4.3.2 The isomorphism of categories £: G x GMap(G x I, X) - G x X! To
construct this isomorphism we will use the fact that a multiple G—path o is determined
by its value at the branch o, corresponding to the interval e x I, since ¢ is equivariant.

We define £(0) = oi. € X! on objects and £(g, 0) = (g, 0i.) on arrows. Conversely,
£71(B) = op where o4(g,r) = g~ 'B(r). The functor

£:GxGMap(G x1,X)—> Gx X!

is an isomorphism of categories since it has a strict inverse functor, £ 0 £7! = idg, y7
and £ 1o = idGxGMap(Gx1,X)» satisfying that the restriction & and the action & -1
are both continuous.

Theorem 4.8 All models for the path groupoid of G x X are equivalent;
P(G x X) =colimp xcolimyy ~Gx GMap(Gx1,X)=G x X7,
Remark 4.9 We can also prove that any generalized map is equivalent to a strict map

in the context of translation groupoids, without using groupoids atlases. It was proven
by Pronk and Scull in [14] that any generalized map

<41t 6xx
between translation groupoids is equivalent to a generalized map
I<<6xy£56xx,

where the middle groupoid is a translation groupoid. In the same paper, they proved that
any essential equivalence between translation groupoids has to be of some prescribed
form. In our case, this implies that the essential equivalence / << G x Y satisfies
e=G/K and I =Y /K where K acts freely on Y. Hence K = G and G acts freely
on Y. Since G acts also properly on ¥ we have that Y = G x I. Then any generalized
map (8, B) is equivalent to a generalized map

I<G6x(GxDEs6xx.

Now, applying our isomorphism &: P’ — P’ to the right leg of the span, we obtain
a =£(B") € X! which gives the equivalent strict map [ %> G x X.

4.4 Functoriality and Morita invariance of the path groupoid

In this section we will see that the path groupoid is functorial and that the path groupoid
is well defined up to Morita equivalence.
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4.4.1 Functoriality We will show that an equivariant map between translation
groupoids induces an equivariant map between the path groupoids.

For a strict equivariant map ¢ X f: G x X — H x Y, we have an induced map
0 X fx: Gx X — Hx YT defined by fi(a) = foa foralla € X! and ¢4 = ¢.
We construct now an equivariant map P(¢ x f): P(G x X) — P(H x Y') between the
colimit constructions.

For every n we have induced maps
(¢ x f)«:Map(Is,, Gx X) — Map(Is,, HxY)

in terms of the description Map(/s,, G x X) = G" x (XT)" xyn—1 G™™1; this map
corresponds just to " x ( f~! x ¢™). By taking the colimit we obtain an equivariant
map P(px f): P(Gx X)—> P(HXY).

Similarly, we have an induced map
@« X fx:GXxGMap(G x I, X)— Hx HMap(H x 1,Y)

between the multiple G—path groupoids. We consider an equivariant map (G x 1) 2> X
and define fx(0): H xI — Y by fu(@)(h,r)=h"! f(o(e,r)).

In any of the three models the functoriality is easy to check and we have the following
theorem.

Theorem 4.10 The path groupoid of G x X is functorial for equivariant maps.
Moreover, the equivalence of the three models for the path groupoid is natural.

Theorem 4.11 For a strict equivariant map ¢ X f: Gx X — H x Y the following
diagram is commutative:

P(G x X) Poxl)  , p(HxY)

lx L

G x GMap(G x I, X) 2Ly 1 w HMap(H x I,Y)

ls le

G X! xS s HwY!

4.4.2 Morita invariance We will start by proving that an essential equivalence
G x X — H x Y induces an essential equivalence between the path groupoids,

P(GxX)— P(HxY).
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This will give that for a given Morita equivalence
GxX <TG xX' 5 HxY,
where € and o are essential equivalences, we have induced essential equivalences
PGxX) LD p6'x x") 29 p(H xY).

Proposition 4.12 If px f:Gx X — HxY is an essential equivalence, then P(pX f)
is an essential equivalence.

Proof (1) P(¢x f) is fully faithful. We will show that P(G x X); is the pullback
of topological spaces

P(Gx X); ¢ s P(HxY);

(s,t)l l(s,t)

P(GxX)ox P(GxX)g =5 P(HxY)ox P(HxY)p

Specifically we have to prove that the natural map & from P (G x X); to the fibered prod-
uct P(G x X)o x P(G X X)oXp(HxY)oxP(HxY)o) P (H xY)1 is a homeomorphism.

Let us define the inverse map £ 1. For a, B € P(Gx X )¢ and an element § € P(H xY ),
with s(0) =¢(6) =&, we can assume that there is a subdivision of the interval such that o
and f are represented both by elements of Map(/s,, . Gx X) and 6 by an element of H".
Therefore we have o = (1, ..., &tp, k1, ..., kp—1)and B=(B1.....Bn. kY. ... k)
such that f(B;(r)) = h; f(a;(r)) foralli =1,...,n and k] = hit1kihi ™! for all

i=1,...,n—1.

But then by fixing r and using that ¢ x f is an essential equivalence, we have a fibered
product of topological spaces

(G x X) £ s (HxY)

(s,t)l l(s,t)

(GxX)ox(GxX)g =5 (HxY)ox(HxY)g

and therefore for every r € I; there is g/ € G such that ¢ (g} ) = h;. Since G is discrete
and the dependence on r is continuous, the n—tuple (g7, ..., g}) actually does not
depend on r and represents an element of P(G x X);.
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(2) P(px f) is essentially surjective. We will show that
smy: P(HxY) X;)(HD(Y)O P(GxX)y—> P(HxY)g
is an open surjection.
For étale groupoids, the condition that the morphism
sy (HxY); XEHxY)o (GxX)og— (HxY)o

is an open surjection implies that it has local sections. We will use these local sections
to construct local sections of swy: P(H X Y); xﬁ,(ny)o P(GxX)g—> P(HXY)y.

Let {Uy}aen be acover of Y and s4: Uy — (H X Y) x’(ny)O (G x X)g the local
sections. Take y € P(H x Y)o and suppose that y is represented by an element of

Map(Is,, H x Y); therefore y = (y1,....Vn. k1.....kn—1) with y;: [; = Y.

Given the subdivision {0 =rg <ry <--- <r, = 1} associated to y and with an open
cover of [0, 1] given by connected intervals {/; | | <i < n}, we want to construct a
refinement of the subdivision

1 1 i i
0=ro<sg < <sp, =rn=<-=<ric1=50< <8, =r < <rm=1j

along with connected intervals [/ j’ with the property that y; (1 }) C Uaj. for some a]"..
To construct the subdivision, first for [r;—1, r;] with nonempty interior, we consider
the covering {I; N Uy}qea. By compactness of the interval [r;_q, ;] we can find
a partition rj_; = sf) << Sin,; = r; such that each yi([s}_l,s;]) is contained in
some Uy . Let ]’ be an open connected neighborhood of [s]’._1 , s]’] small enough such
that I]? N{sg, 7, .- .,s,’n,_} = {sj’-_l,s]l.}.

For the repeated elements r;_; = r;, it is a matter of just shrinking the interval I; to
get y; (I;) € Uy, for some «; and to obtain an object of the category of subdivisions.

With the local sections Sai We obtain maps TS (yi(r)): 1 j’ — X and functions
7717T1Saj. (yi(r)): I} — H, since the intervals are connected and H is a discrete
group, actually these functions are constant and we have elements hj. € H with

s (f (284 (i (1)), hi) = yi(r), ie

J(masgi (i (1)) = hyi(r)

forrel}.
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Note that ()~ f (28,1 (i (D) =i )7 f (284, (i (s1))) (both are y;(s}))
and therefore
Bt ()™ f(rasgs (7)) = f(asgs | ().
Since f is full and faithful, there is a g} € G with ¢(g}) = A’ (h%)~" such that
g}nzsa;_ (yi(s})) = w28, (Vi (s7))-

Similarly at the intersection points of two consecutive paths we have k; y; (r) = y;+1(r)
forall r € fj’ and therefore

ki G )~ (28, (i () = kii () = viea (i) = (™) ™1 f (a8 i1 (Vi ().
Then . .
hot ki (hini)_lf(ﬂzsa;ni (i(ri)) = f(masyi1 (i1(ri)),

and since f is full and faithful, we have elements g’ € G with ¢(g') = hyy" ' k; (b, )™
such that
g'mas,i (vi(ri)) = 7028 i1 (Vi 1(17))-

Therefore we have a generalized path

((nzsa;(yi(r)))i,j’g%’g;7'"7g}n]’g17g%3"'3g;1nn)
and elements (hl,hl, ... ,h,lnl_l, cooy g, 1) of H. By construction,
(hl,hé,...,h,lnl_l,...,hfnn_l)((nzsa;()/l-(r))),-’j,g%,gé,...,g;“,gl,g%,...,g;‘nn)
is

(y1|111,y1|121 ...,ylllrlll,...,‘J/nl[;}ln,id,id,...,k],id,...,kn).

In the colimit this represents the same element as (y1, ..., ¥n, k1, ..., kn—1). Therefore
we have constructed local sections on the set

{1y, kny) €eMap(Is,. Hx Y) | yi([si_y.si]) € Ua;;},

which is an open set in the compact open topology of Map(/s, ., H x Y). a

Thus, we have proved that the path groupoid functor sends essential equivalences
to essential equivalences and therefore the path groupoid is invariant under Morita
equivalence.

Theorem4.13 If Gx X ~py Hx Y, then P(GXx X) ~py P(HXY).
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4.5 The free loop groupoid L(G x X)

We use the model of the path groupoid P” = G x X! to define the loop groupoid as
the following pullback along the diagonal:
G X!

(1) l

A:GXxX — (GXG)x (X xX)

Definition 4.14 The free loop groupoid L(G x X) of a translation groupoid G x X is
L(Gx X)=(GxG)x Ly,

where

Lo={(B.h,1) e X xG xG|B(0) = hI "' (1)}
and the group G x G acts on Lo by (a,b)(B,h,l) = (aB,bha™',bla™!).

Figure 2 depicts an arrow (a,b) € G x G from (B, h,[) to (af,bha=' bla™').

We will show that this groupoid (G x G) x L is Morita equivalent to the translation
groupoid G x L where

L={(a.g) € X! xGla(0) = ga(l)}

and the action is given by («, g) ~ (ka, kgk™"). Figure 3 depicts an arrow (k, (, g))
between (o, g) and (ka, kgk™1).

Proposition 4.15 If Gx X is a topological groupoid, then the loop groupoid L(G x X)
is Morita equivalent to G x L, where L and the action are defined above.

Figure 2
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ko

Figure 3

Proof We define an equivariant map ¢ x €: (G X G)x Lo — G x L by ¢((a, b)) =a
and €((B,h,1)) = (B,17'h). This map is an essential equivalence since the map

sm1:GXxLog— L

given by sy (k, (B, h,1)) = (k' B8, k=1~ Yhk) is an open surjection and G x G x Ly
is given by the pullback of the maps

GxL
l(s,t)
Lox Ly <255 LxL |

Remark 4.16 We can use our description for the free loop groupoid in the special case
of the point groupoid. We obtain that L(G x ) = (G x G) x (G x G) with the action
(a,b)-(h,1) = (bha=',bla="). This groupoid is equivalent to G acting on itself by
conjugation by using the second characterization of the loop groupoid as G x L with
L={(B.g)e X! xG | B(0) = gB(1)}. In this way, we recover a result of Lupercio
and Uribe in [7]. Observe that L(G x @) = G X G, whereas P(G x e) = G X o.

S Based path and loop groupoids

Now that we have defined the free path groupoid of a translation groupoid and have
given several equivalent models, we can give an explicit characterization of the various
groupoids resulting from fixing certain points. These based groupoids of paths will be
of great significance to the groupoid Lusternik—Schnirelmann theory defined in [3] and
further studied in [2].
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5.1 The groupoid €2, , of paths from x to y

The groupoid of paths from x to y, 2y y, is defined as a pullback of the evaluation map
ev: P(Gx X)— (GxG)x (X xX) and the constant map x x y: 1 — (G xG)x (X x X),
where 1 is the trivial groupoid with one object and one arrow, ie 1 = e ix o, and
(x x y)(e) = (x,y). That is,

Q) —— P(GxX)

1224 (GxG)x (X xX)

Note that by the definition of groupoid pullback, we have that if we take the model of
the path groupoid of generalized paths, P = colim ¢ x colim v, then the object space
of the pullback is

{((@1,...,0n,k1,...,kn—1),h,1)ecolimiyy x (G xG)|a1(0) =hx and o, (1) =1y},

ie the objects of Q2 , are sequences of paths and arrows (h, o1, k1,...,kn,an,l)
where s(k;) =ajy1(ri) fori =1,...,n—1,t(k;j) =a;j(r;) fori =0,...,n,s(h) =x
and s(/) = y; which are precisely the Haefliger G—paths [6] when restricted to the
closed intervals in the subdivision. Note that the sequences in Haefliger paths start and
end with arrows and not with paths like our generalized paths in the free path groupoid
defined in Section 4. We recover the original sequence in the Haefliger G—paths when
we fix the endpoints x and y in our free generalized paths.

For an equivalent characterization of the groupoid of paths from x to y, we can consider
our simplest model for the path groupoid P” = G x X!. In this case, we describe the
space of objects as (Q2x,y)o ={(B.h,1) € X! x (G xG)|B(0)=hx and B(1) = Iy}.

These are paths that start at any point in the orbit of x and end at any point in the orbit
of y. The space of arrows is the Cartesian product G x (2x,y)o where the action is

given by g(B,h,1) = (gB, gh, gl); see Figure 4.

Since (B, h,1) ~ (gB. gh, gl) for all g € G, we can consider g = h~! and we have
that all classes [(B, &, [)] have a representative of the form (a, k) with @ = h~!8 and
k = h~'l. Then we can consider the space of objects

Py y={(a,k)e X! x G |a(0) =x and (1) = ky}.
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N

S

8B
Figure 4

Observe that

(. k)~ (W' B,e, k=) ~ (gh™' B, ge, gh™"1) = (g, g, gk) ~ (ea, e, k) ~ (@, k),
so the action is trivial on the space of objects Py y.

Therefore the groupoid of paths between x and y is the translation groupoid Qx , =

G x (2x,y)o which is equivalent to the topological space Py y.

5.2 The groupoid 2, of based loops

Similarly, we define the based loop groupoid as the groupoid pullback,

Qx —— P(GxX)

1 225 GxGx (X xX)
where x X x is the constant map with (x x x)(e) = (x, x).

That is, the based loop groupoid is the translation groupoid Qx = G x (2x)¢ where
the object space is

(Qx)o ={(B.h.1) € X' x (G xG) | B(0) = hx and B(1) = Ix},

ie the space of paths that begin and end at (possibly different) points in the orbit of x.
The action is given by g(B,h,l) = (gB. gh, gl); see Figure 5.

Again, the groupoid €2, is equivalent to the topological space

Py x ={(a,k) | 2(0) =x and a(1) = kx}.
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B
h l
g g
X
8B
Figure 5

Alternatively, the based loop groupoid €2, can be obtained as the groupoid pullback

Qx —— L(GxX)

l levo

1 ——— GxX

where L(G x X) is the free loop groupoid.

5.3 The groupoid P, of paths from x

We define the x—based path groupoid as the groupoid pullback

Py ——— P(GxX)

1x(Gx X) % (G xG)x (X x X)

where (x,id): 1 x (G x X) — (G x G) x (X x X) is given by (x,id)(e, z) = (x, z).
Then the object space of the pullback Py is

(P)o={(B,(h,1),(9,2)) e X xGxG x1xX|B(0)=hx and (1) =z}
={(B.(h.1),z) | B(0) = hx and B(1) = Iz}.

The group G x G acts on (Px)o by (g.k)(B, (h,1),z) = (gB, (gh, glk™1), kz); see
Figure 6.

The x—based path groupoid is the translation groupoid Py = (G X G) X (Py)o.
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w
h
X 4
gh /—\/ glk™!
gp
Figure 6

Observing that the equivalence class of each (8, (k,[), z) € (Py)o contains an element
of the form (&, g, w) € X! x G x X we have that the based path groupoid Py is

equivalent to G x P where P = {(«, g, w) | ®(0) = x and «(1) = gw} and the action is
given by k(a, g, w) = (a, gk~ 1, kw). Figure 7 depicts an arrow (k, (&, g, w)) € G x P
between (c, g, w) and (o, gk~ 1, kw).

The x—based path groupoid Py is not in general equivalent to a topological space.

Given points x, y € X, our various path groupoids are related by

Qx,y >1y
Q, s P s Gx X! My Gx X

l levo

1, — Gx X
where 1y = ex x and 1, = e X y and all diagrams are commutative up to a natural

transformation.

kw

Figure 7
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5.4 Examples

We will illustrate in this section the concepts described in the previous sections by
calculating various path groupoids in some particular cases.

5.4.1 Topological spaces The free path groupoid of the topological space X is
P(ex X) =ex X! = X! and the free loop groupoid is L(e x X) = e x L where
L ={a e X! |a() = a(l)}. In this way we recover the classical free path and
loop spaces of a topological space. Likewise, the based path and loop groupoids also
coincide with the classical ones for topological spaces.

5.4.2 Groups Fora point groupoid G x ¢ we have shown before that the path groupoid
is itself and the loop groupoid is (G x G) x (G x G) with the action (a,b) - (h,]) =
(bha=',bla"), which is equivalent to G acting on itself by conjugation; that is,
L(Gxe) =GxXxG and P(G x ) = G x e. The based loop groupoid is the unit
groupoid G, as a discrete topological space. The based path groupoid of paths emanating
fromeis G X G.

5.4.3 Free actions If G acts freely on a topological space X, we observe that the
groupoid G x X and the topological space X/G are Morita equivalent. Then, we have
that P(Gx X) = P(ex X/G) =ex (X/G)! = (X/G)! and the free loop groupoid is
L(Gx X)=L(X/G) where L(X/G) is the free loop space of the topological space
X/G. In the same way, we have that the based groupoids coincide with the ones of the
topological space X/G.

5.4.4 Orbifolds We proved that for developable orbifolds G x X, the free path
groupoid is P(Gx X) = Gx X! and the free loop groupoid is L(G x X) = G x L where
L={(x.g) e XI xG |a(0)=ga(1)}. Also, the groupoid of paths between x and y is
the topological space Py , = {(«, k) € X!'xG |a(0)=x and a(1) =ky}, the groupoid
of based loops is the topological space Px x = {(«, k) | ®(0) = x and «(1) = kx} and
the groupoid of based paths from x is the translation groupoid Py = (G X G) X (Px)o.

6 Homotopy
We will define in this section a notion of homotopy based on the explicit description of

the path groupoid P (G x X) given in the previous section. This will provide a concrete
alternative to the more abstract presentation given by Noohi in [10; 11] for stacks.
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6.1 Natural transformations for translation groupoids

The equivariant maps ¢ X f: Kx Z - Gx X and y x g: K Xx Z — G x X are
equivalent by a natural transformation if there exists a K—map y: Z — G such that
y(z) f(z) = g(z) for all z € Z where both Z and G are K—spaces considering the
action of K on G,

KxG—G, (kg vk)gek)™.
Therefore ¢ X f ~ i x g if there exists y: Z — G such that

(1) y(2)f(z)=g(z)forall z € Z, and

) ykz) =y (k)y(z)p(k) ! forall k € K.
If Z is connected, then y is a constant map since G is discrete. Then ¢ x f ~ v x g if
there exists # € G such that 1 f(z) = g(z) forall z € Z and h = ¥ (k)he(k)™! for all

k € K. Then g = hf and ¢ = hph™'. In other words, (k) is conjugated to ¢(k) for
allk € K.

In addition, if G is abelian, then ¢ x f ~ ¢ x g if g = hf for some h € G and ¢ = V.
If X = Z = e, then ¢ x ® ~ Y x @ if and only if ¢ and ¥ are conjugate, ¢ = h~yrh.

In particular, when the group acting is abelian we have that two maps between point
groupoids are equivalent by a natural transformation only if they are equal.

We give now a characterization of 2—isomorphism for strict maps. Namely, if two strict
maps are 2—isomorphic then when composed with an essential equivalence they are
equivalent by a natural transformation, and if two strict maps are equivalent by a natural
transformation then they are 2—isomorphic as generalized maps.

Proposition 6.1 If f and g are equivalent by a natural transformation, then [ = g as
generalized equivariant maps.

Proof Just consider the essential equivalences 1 and v as identity maps and the
following diagram is commutative up to natural transformations since f ~ g:

Gx X

2N

GxX ~ GxX ~ HxY

Gx X O

Algebraic € Geometric Topology, Volume 23 (2023)



Free and based path groupoids 1995

Proposition 6.2 If two strict maps f: Gx X - HxY andg: Gx X - HxY
are 2—isomorphic, then there exists an essential equivalence n: L — G x X such that

fn~gn.

Proof We have that there exist essential equivalences 7, v such that the diagram

Gx X

/T\A
n
GxX ~ L ~ HxY
\lv/
id g
Gx X

commutes up to natural transformation. That is, n ~ v and fn ~ gv. Therefore,
fn~egn. D

Proposition 6.3 If (¢, f) = (o, g), then there exist essential equivalences v and 1
such that fv = gn.

Proof By definition of 2—isomorphism, there are essential equivalences v and 7 such
that fv ~ gn. The result follows from Proposition 6.1. O

Proposition 6.4 If f = g, then (¢, ) = (o, g) for all essential equivalences € and o
withe ~ 0.

6.2 Diagonal map

We will consider the pullback of the unique morphism G x X < 1 with itself, where
1 is the terminal object in MTopG. This pullback defines the product and then by
the universal property we obtain the definition of the diagonal map. Then, the path
groupoid will be a factorization of that diagonal.

Definition 6.5 [5] An object T in a bicategory B is terminal if the category B[C, T
is equivalent to the terminal category for every object C in B. A terminal object is
unique up to equivalence when it exists.

The trivial groupoid 1 = e x e is the terminal object in the bicategory of translation
groupoids MTrG since the category MTrG[G x X, 1] is equivalent to the category 1.
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Indeed, the objects in the category MTrG[G x X, 1] are generalized maps and the
arrows are classes of diagrams. We can see that all objects are related by an arrow, ie
MTrG[G x X, 1] is the pair groupoid. Given two generalized maps,
G X< G'xX <51 and GxX <2 G"x X" <51,
we can see that they are equivalent, ie
G'x X'

G// X X//
by considering P as the pullback of €’ and €”. In particular, the strict constant map

G x X -5 1 is the (unique up to 2—isomorphism) map to the terminal object.

Let us now consider the pullback of this constant map with itself which defines the

product
GXGX(XxX)—Gx X

l I

GuX ———1

The product (G x G) x (X x X) of the object G x X with itself is unique up to
equivalence.

By the universal property of the pullback, there exists a map A that makes the two
triangles commutative up to natural transformation

(GxG)x (X xX) e GxX
P
GxX ———1

The map A: G X X — (G x G) x (X x X) is the diagonal map. Its explicit definition
on objects is A(x) = (x, x) and on arrows, A(g, x) = (g, g, X, x). The diagonal map
is defined up to 2—isomorphism.
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Remark 6.6 The diagonal defined in [1] is 2—isomorphic to this one.

Definition 6.7 The evaluation map ev: G x X1 — (G x G) x (X x X) is given by
ev(g, o) = (g, g «(0), a(1)).

We have that the diagonal map factors through the path groupoid as expected.

Proposition 6.8 There is a factorization of the diagonal map A

Gx X A s (G xG)x (X x X)

S~

Gx X!

where k and e are generalized maps.

Proof Let k be the functor G x X — G x X! given by x ~> ay on objects, and
(g,x) » (g,0x), where ay: I — X is a constant path at x € X, and let e be the
evaluation map, e = ev. Then, we have that the composition e o ¢ is equivalent by a
natural transformation to the diagonal A. O

6.3 Homotopic maps

We will now give an explicit characterization of the homotopy between generalized
maps.

Definition 6.9 Two generalized maps,

KxY << K'xY 456X and KxY <= K'xY"25GxX

are homotopic if there is a generalized map K x ¥ <= K=Y 2.5 G x X such that the
following diagram commutes up to 2—isomorphism:

evo ev]

Gx X Gx X! Gx X
f g
K'xY’ KxY K'xY"

\ JE/

o T
KxY

This means that the generalized map (o, f) is isomorphic to the generalized map
(e,evoo H) and (z, g) is isomorphic to (€,evy o H).
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That is, (o, ) is homotopic to (z, g) if there exists (¢, H) and two commutative
diagrams up to natural transformations,

KxY Y

X

N N

Uuo ui
KxY ~ Lo ~ GxX KxY ~ L1 ~ GxX
\ lvo/ \ Jvl /
o f T 4
K'xY’ K'xY”

where £; is a translation groupoid, and u; and v; are equivariant essential equivalences
fori =0, 1. We will denote this homotopy between equivariant generalized maps by ~~.

Remark 6.10 (o, f) ~ (z, g) if there exists (¢, H) and essential equivalences ug, 1,
vo and v; such that
fvg~evg Hug and gvy ~evy Hu

with eug ~ ovg and €Uy ~ tvy.
Proposition 6.11 If (o, f) = (7, g), then (o, f) ~ (7, g).

Proof Consider H =iy o f where ix is the inclusion of X in X I given by ix (x) = oty
with o, being the constant map «x(¢) = x for all # € I. Then the following diagram is
commutative up to 2—isomorphism:

evo vy

Gx X Gx X! Gx X
N E e
f g
K'xY'’ K'xY' K'xY"
\\\\\\\\ﬂ <lg k////////
g T
KxY

The first triangle is an equality and the second is commutative since (o, f) = (7, g). O

Remark 6.12 Let f and g be strict maps. Following the characterization for isomor-
phism of strict maps given in Proposition 6.2 and the definition of groupoid homotopy,
we have that f ~ g if there exists a generalized map (e, H) and essential equivalences
n and v such that fen ~evg Hn and gev ~evy Hy.
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Proposition 6.13 Let f and g be strict maps.

(1) If f and g are Y —equivariantly homotopic maps, then f ~ g as generalized
equivariant maps.

(2) If f and g are equivalent by a natural transformation, then f ~ g as generalized
equivariant maps.

Proof (1) Let H:Y — X! be the y—equivariant homotopy, ie Hy (ky) = (k) H;(y).
Then the following diagram is commutative:

GIXX&GIXXIGV—I)GIXX
\ TH/'
f g
KxY

(2) This follows from Propositions 6.1 and 6.11. O

Therefore our definition of homotopy generalizes both the notion of natural transforma-
tion and the notion of equivariant homotopy.

Proposition 6.14 If (¢, f) ~ (0, g) then there exist essential equivalences a and b
such that fa >~ gb as strict maps.

Proof Since we have a homotopy between generalized maps, we know that there
exists (8, H) and essential equivalences ug, vg, 41 and v such that

fvo~evg Hug, gvy ~evy Huy, OJ8ug~€vy, ©8uy~ovy.

Take a = vo(up) 167! and b = vy (u1)~16~!. Then fa and gb are homotopic. O

Proposition 6.15 The path groupoid G x X! is homotopy equivalent to the groupoid
G x X. The evaluation e, : G x X — G x X is a homotopy equivalence.

Proof Consider the map H: G x X! — G x (XT)! such that H(a) = A with
Al X A@)=a(r +1—r1).
We have the commutative diagram

GD(XIﬂGlx(XI)Iev—1>G|xXI

id ioeq
Gx X!

showing that i o e; is homotopic to the identity map. O
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7 Fibrations

We recall the definition of fibration for topological spaces given as a dualization of the
notion of cofibration.

Definition 7.1 [8; 18] A map p: E — B is a fibration if for all spaces U with
evg o K = p ok in the diagram

K
E 1 p * B 1
levo levo
E—2.48B

there exists K that makes the diagram commute.

We want to introduce a notion of fibration for generalized maps. First, let us note that a
strict equivariant map ¢ x f: Gx X — Hx Y induces a map g« X fx:Gx X! — HxY!
by f«(a) = foaforalla € X I and ¢y = . We proved in Proposition 4.12 that if
€: G x X - H xY is an essential equivalence, then €4: G x X! - HxY!isan
essential equivalence as well.

Then every generalized map G x X << G'x X’ S HxY induces a generalized map

G X! < G'x X" L5 H x Y7 between the path groupoids.

Definition 7.2 A generalized map G x X < G’ x X’ Sy HxYisa groupoid
fibration if for all translation groupoids L x U with evgo (2, K) = (w,k) o (e, f) in
the diagram

LxU

GIXXI(—*G'IXX'I — HxY!
\) l/evo levo

GxX +— G'xX —L 5 Hxy

there exists (Q, K) that makes the diagram commute up to 2—isomorphism.
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Since a 2—-isomorphism between strict maps induces a 2—isomorphism between the
induced maps between their path groupoids, being a fibration is a property invariant
under 2—isomorphism.

Proposition 7.3 Consider 2—isomorphic maps
f:GxX —>HxxY and g:GxX — HxY,
f = g. Then f is a fibration if and only if g is a fibration.
We will see that for (e, f) to be a groupoid fibration it is necessary and sufficient that

the right leg of the span is a groupoid fibration (considered as a generalized map with
identity as a left leg).

Proposition 7.4 A generalized map G x X <= G’ x X’ S HxY isa groupoid

fibration if and only if f: G’ x X' — H x Y is a groupoid fibration.

Proof If the generalized map (e, f) is a groupoid fibration, then there exists (¢/, H)
that makes the diagram

|

G X! ¢ G'xx"" L Hxyl

levo l/evo levo

EG—HO>G1><X<TG’1><X/L>HD<Y

Hy

commute up to 2—isomorphism.

Let P be the pullback
P H_”> Gl X X/I

|« 2

R NYeINS ¢}

Take 7 = t'¢}, and H = H”. Then f: G’ x X' — H x Y is a groupoid fibration.
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Conversely, if f is a groupoid fibration then we have this commutative diagram

LxU < 5 L
\
P
[o14) ) I':'I,
:ﬁ\
, g
% ¢ GuX! ¢ G'xx"" L Huy!
ﬁ l/evo l/evo levo
v GuX «+—— G'xX —L 5 Hxy
H;

where (o), Hy) = € o (09, Hp). Now take H = e, H and T = 7. Therefore, (e, f) is
a fibration. O

Then, the test to decide if a generalized map is a groupoid fibration amounts to check
the definition of groupoid fibration with a strict map. Moreover, we know that any
generalized map L x U < £ — G x X is equivalent to a generalized map of the
form Lx U < L'x U’ — G x X, where L’ may be chosen as L x G and the group
homomorphisms are the appropriate projections onto L and G [14].

The groupoid fibration definition specializes to the following:

Definition 7.5 A strict map f: G x X — H x Y is a groupoid fibration if for all
translation groupoids L x U with evgo (2, K) = f o(w, k) in the diagram

L// X Ull \K/
“A

L'xU’ GlxXI HxY!

levo
\) GxX —1 5 Hxy

there exists (Q, K) that makes the diagram commute up to 2—isomorphism.
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In other words, f is a groupoid fibration if for all commutative diagrams

(L//)D(U//
U ~ ~ H
X b %

(LxG)x U’

XY

there exists (Q, K ) such that the following diagrams commute:

c _ L
ﬁ evoo K *OK
" ~ ~ GxX

L x ~ HKYI

Xl"’/k \l/

(LxG)x U’ LxH)xU"
Proposition 7.6 The evaluation map evy: G x X! — G x X is a groupoid fibration.

Proof For all translation groupoids L x U making the following diagram commutative
up to 2-isomorphism, we will construct the required generalized map (Q, K ):

/IXU// \K/

Gux(xH) — = Gxx!
\L levo

(AY

Gxx! — s GxX

Since there is a 2—-isomorphism between the generalized maps (€2, evgp K) and (w, evg k),
we know that there exists a groupoid L and essential equivalences v and 7 such that
the following diagram commutes up to natural transformations:

L'wxU"
/ Tn wl(
L x ~ ~ Gx X
ek ok
L' 'x U’
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We take Q = n and will construct a map K:Z—>Gx (x! )I such that the following
diagram commutes up to natural transformations:

LxU

L \—)n~ L'xU" K
oK \
v AN
I

L'xU’ Gux(xH — 5 Gxx!

. | levo

ev

G X! —— s GxX

Consider the groupoid pullback
P " Gxx!

B [

evo

G X! = G6xX

where P is the translation groupoid
P=(GxG)x (X! xx X! xx G)

with XT xx X xx G = {(a1, 02, k) | ka1 (0) = a2 (0)}. We observe that in fact P is
equivalent to Map(/s,, G x X). To show this equivalence, we construct first a functor
K:P—Gwx (X! xx XT), where X! xx XI = XTV! is the pullback of the diagram

XI

levo
ev

xI =5 x
given by K (a1, a2, k)) = (kay, az) on objects and K(g1, g2) = g» on morphisms.
Since (g1, 82) - (@1, 02, k) = (g101, 82002, g2k g ') and
K(g1o1, 8202, 82k g7 ") = (g2k g7 ' g101. g2002) = (g2kt1, g202) = ga(kary, 2),

we can see that this is just a special case of the equivalences of the path groupoid
models from Section 4,

Map(Is,.Gx X) = P ~Gx XV =G x X1,
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We observe that the diagram of functors

GuXx! U GuxIVl 2, Gguxl

\TK/

P

commutes up to natural transformations since the right-hand side commutes on the nose
and the left-hand side commutes up to a natural transformation. Here ji: I — I Vv [
and jp: I — I Vv I are the natural maps for the coproduct of pointed spaces

i1 in
I —— I x]+——1

N

where i1(¢) = (¢,0), i2(s) = (0,s) and w: [ x I — I v I is a deformation retract.
Therefore, we have the commutative diagram

(2)

Gux*I 1y g x!

levo
evo

— Gx X

Gx X!

Now, by the universal property of the groupoid pullback, there exists a functor £: L — P
such that the diagram

Kn
L
X/‘
(3) kv P — s GxXx!

| [

(A%

Gxx!I —=° 4 x

commutes up to natural transformation.
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Now, we put together diagrams (2) and (3) to obtain

" 1xU”

l/v \\\\E
\\
N

L'xU’ P

and define K = 7* o K o &, O
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Discrete real specializations of sesquilinear representations
of the braid groups

NANCY SCHERICH

Using Salem numbers, this paper gives real specializations of sesquilinear representa-
tions of the braid groups that make the images discrete groups. This method is applied
to the Burau, Jones and Lawrence—Krammer representations, and some details on the
commensurability of the target groups are given.

20C08, 57M99

1 Introduction

Representations of the braid groups have attracted attention because of their wide variety
of applications from discrete geometry to quantum computing. This paper takes the
point of view that one should ask structural questions about the image of a braid group
representation, in particular whether the image is discrete for specializations of the
parameter. Venkataramana in [15] also followed this pursuit for discrete specializations
of the Burau representation but with a different approach toward arithmeticity.

Since the Jones representations are used in modeling quantum computations, much
work has been done to understand specializations at roots of unity, as explored by Funar
and Kohno in [7], Freedman, Larsen and Wang in [6], and many others. However, there
seems to be a lack of exploration of the real specializations of these representations.
This paper takes a more general approach to find discrete real specializations of any
sesquilinear group representation, and show how this can be applied to representations
of the braid groups. The main theorem follows.

Theorem 1.1 Let p;: G — GL,,,(Z[t,t~']) be a group representation with parametert.
Suppose there exists a matrix J; such that:

(1) Forall M in the image of py, M*J; M = J;, where M*(t) = MT(1/t).

© 2023 MSP (Mathematical Sciences Publishers). Distributed under the Creative Commons Attribution
License 4.0 (CC BY). Open Access made possible by subscribing institutions via Subscribe to Open.
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2 Je=y)T
(3) J: € GL;(Q(2)), where no entry of J; has denominator with 1 as a root.

(4) J; is positive definite for t in a neighborhood n of 1 in C.

Then there exist infinitely many Salem numbers s such that the specialization represen-
tation pg at t = s is discrete.

Further applying a classification theorem of hermitian forms from Scharlau [13] proves
the following commensurability result of the target groups.

Corollary 1.2 For p;: G — SLy,, 11 (Z[t, t 7)) as in Theorem 1.1, there exist infinitely
many Salem numbers s such that for infinitely many integers n and k the specializations
Ogk at t = sk and psn at t = s map into commensurable lattices.

Squier showed in [14] that the reduced Burau representation is sesquilinear and satisfies
the criteria for Theorem 1.1. Example 3.2 gives explicit Salem numbers such that
specializing the reduced Burau representation to these numbers is discrete. Using the
Burau representation as motivation, Section 2 introduces the main tools of discrete
generalized unitary groups and Salem numbers. In Section 3 we apply Theorem 1.1 to
the Jones and Lawrence—Krammer representations of the braid group, and we suspect
it also applies to all of the BMW representations. Lastly, Section 4 discusses the
lattice structure and commensurability of the target groups for the Salem number
specializations.
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2 Discrete representations using Salem numbers

2.1 Motivation from Squier and the Burau representation

The (reduced) Burau representation py: B,+1 — GL,(Z[t,t™!]) is an irreducible
representation of the braid group. These representations depend on n, where n + 1
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is the number of braid strands, and are parametrized by a variable 7. Squier showed
in [14] that there is a nondegenerate n—dimensional matrix J, ; satisfying the equation

(2'1) M*Jn,tM = Jn,h

for all M in the image of p, ;. Here M * is the transpose of M after replacing ¢ with
1/t in the entries of M, M*(¢t) := M(1/t)T. Jy; is sesquilinear with respect to *,

Jnt = Jns, and letting £ = x2, Jus is given by the tridiagonal matrix

x+x71 -1
Jn,t = 1

—1 x+x7!

If ¢ is a unit complex number, (2-1) agrees with the usual unitary relation (M)TM =Id.
Representations that satisfy (2-1) are called sesquilinear, and are said to map into a
generalized unitary group. This terminology will be made precise in the next section.

These generalized unitary groups are the key to finding discrete specializations. The
method described here is to show that carefully chosen specializations of the parameter
¢t make the entire generalized unitary group discrete, thus making the image of the
representation discrete.

2.2 Unitary groups

In general, unitary groups are matrix groups which respect a form, or inner product.
These notions heavily rely on the ring of coefficients and an involution of that ring.
Let R be aring and ¢ an order 2 automorphism of R. For a matrix M defined over R,
let M* = (M?)T, where M? is the matrix obtained by applying ¢ to the entries
of M. For the Burau representation in Section 2.1, ¢ is the map given by ¢ — 1/, and
R=17Z[tt71].

Definition 2.1 For a matrix J such that J* = J, the generalized unitary group is

Un(J, ¢, R) :={M € GLny(R) | M*JM = J}.

Here, J is called a sesquilinear form with respect to ¢. For example, in this notation

the familiar unitary group U,, can be written as Uy, (Id, —, C), where “—" is complex
conjugation. A representation is called sesquilinear if its image is contained in a

generalized unitary group.
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2.2.1 Creating discrete unitary groups The Burau representation can be written
as pn.r: But1 = Un(Jns, &, Z[t, t~1]). With the goal of parameter specialization in
mind, the relevant choice for the coefficient ring is a number ring. Discreteness of the
unitary group is a delicate relationship between the form J and the algebraic structure
of the number ring. More precisely, let L be a totally real algebraic field extension
of Q and let K be a degree 2 field extension of L, with L, K € C. Let ¢ be the order 2
generator of Gal(K /L), and let Og and Oy denote the rings of integers of K and L,
respectively:

Let o be a complex place of K, which in this setting is a field homomorphism o : K — C
different from ¢ and the identity map. We write X° = ¢(X) for any X in K. The
algebraic structure is passed along by o, meaning Ogo = (Ok)? is the ring of integers
for K% and ¢° = o¢po ! is an involution on K.

Let J be a matrix over Ok that is sesquilinear with respect to ¢». Then J is sesquilinear
with respect to ¢°. So, in particular,

Un(J%,¢°,Ogo) = {M € GL,(Oko) | (M )TJ M = JO}.

Since o is a homomorphism, we can see that (Uy,(J, ¢, Og))° = Upn(J%, 9%, Ogo)
by applying o to the equation J = M *JM .

The following results outline compatibility requirements between J and Ok, which
show that Uy, (J, ¢, Ok ) is a discrete subgroup of GL,, (R) under the standard euclidean
topology.

Proposition 2.2 U,,(J°,¢?,Oko) is a bounded group when J¢ is positive definite
and ¢ is complex conjugation.

Proof Because J is positive definite, by Sylvester’s law of inertia and the Gram—
Schmidt process, there exists a matrix Q € GL,(C) such that J° = Q*Id Q. This
implies that QU,,(J%,¢°,0go)0~ ! C Uy, (1d, ¢°, C), which is a subgroup of the
compact group Uy,. |
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Theorem 2.3 U, (J, ¢, Ok) is discrete if, for every complex place o of K, J? is
positive definite and ¢° is complex conjugacy.

Proof Assume that { M} converges to the identity in U,,(J, ¢, Ok). To show {M,}
is eventually constant, we will show that for n large there are only finitely many
possibilities for the entries (My);;.

By assumption, for each o the group U, (J?, ¢°, Oko) is bounded by Proposition 2.2.
Also, for every My, M? € Uy, (J?, 9%, Ogo). Thus, there exists a B such that for
large n, for all i, j, and for all o, we have that |(M,7);;| < B.

For every M € Uy(J,¢,Ok), the equation M*JM = J can be rearranged to
JMJ~ = ((M®)T)~!, showing that M and (M ?)T)~! are simultaneously conjugate.
Thus {M,‘f } also converges to the identity. Convergent sequences are bounded, so for
large enough n, |(My);j| < B and |(Mn);.pj| < B for every i j—entry.

L is a totally real degree 2 subfield of K, and ¢ generates Gal(K/L). So K has one
nonidentity real embedding ¢, and all other embeddings are complex. Thus we have
shown above that for large 7 there is a uniform bound B for each entry (M,);; and each
Galois conjugate of (My);;. There are only finitely many algebraic integers « such that
deg(a) < deg(K/Q), and with the property that & and all of the Galois conjugates of «
have absolute values bounded above by B. So there are only finitely many possible
entries for (M,);;, which implies the sequence {M,} is eventually constant. O

Corollary 2.4 If p: G — U, (J, ¢, Ok) is a representation of a group G such that for
every nonidentity place o of K, J° is positive definite and ¢° is complex conjugacy,
then p is a discrete representation.

At first glance, the requirements for Corollary 2.4 seem very specific and perhaps
it is doubtful that any such a representation could exist. However, as described in
Section 2.1, Squier showed that the Burau representation maps into a generalized
unitary group over Z[t, 1~ 1], so the next task is to find values of ¢ such that the form
and coefficient ring satisfy the specific hypothesis of Corollary 2.4.

2.3 Salem numbers

Salem numbers are the key ingredient to the application of Corollary 2.4, which requires
a real algebraic number field with tight control and understanding of each of its complex
embeddings.
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Figure 1: A schematic picture of an order 6 Salem number.

Definition 2.5 A Salem number s is a real algebraic unit greater than 1, with one
real Galois conjugate 1/s, and all of the complex Galois conjugates of s have absolute
value equal to 1.

For example, the largest real root of Lehmer’s polynomial, called Lehmer’s number,

2104 x? —x7T xS - —x*f =P x4+ 1,

is a Salem number. Trivial Salem numbers of degree 2 are solutions to s> —ns + 1 for
n € N and n > 2. It is well known that there are infinitely many Salem numbers of
arbitrarily large absolute value and degree. In particular, if s is a Salem number, then
s™ is also a Salem number for every positive integer m. One geometric consequence
of the property that powers of Salem numbers are Salem numbers is that by taking
powers, one can control the spatial configuration of the complex Galois conjugates of a
Salem number, as described in Lemma 2.6.

Lemma 2.6 For any Salem number s, and for any interval containing 1 on the complex
unit circle, there exist infinitely many integers m such that every complex Galois
conjugate of s™ lies in the interval.

Proof Let /%1, ... ei% be all the Galois conjugates of the Salem number s with

positive imaginary part. Suppose that H;‘:l (€% )™Mi = 1. Let ¢ be the automorphism
of the Galois closure of s with the property that ¢ (e 01y = 5. Since ¢ must permute the

Figure 2: A schematic picture of Lemma 2.6.
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Galois conjugates of s, for j # 1, ¢ (e %) is again on the complex unit circle. Thus,

k k k
I =¢( [ [ )’"") =" [T o)™, whichimplies [ ()™ =1/s".
j=1 j=2 j=2
Since each ¢ (e!%) is a unit complex number, it must be the case that each m i =0.
This shows that the point p = (i1, ..., e?%) satisfies the criteria for Kronecker’s
theorem. In particular, the set {p" |€ Z} is dense in the torus 7. O

Fixing an arbitrary Salem number s, let K = Q(s), L = Q(s + 1/s) and Ok be the
ring of integers of K:
Q@) =K
|2
Qs+1/5)=1L

|
Q

Since s and 1/s are real and all other Galois conjugates of s are complex, K has exactly
two real embeddings. For a complex embedding o of K, (s +1/5)? = 2Re(s?), which
is real. This shows that all embeddings of L are real, and that L is a totally real subfield
of K. Since s is a root of X2 — (s 4+ 1/s)X + 1, K is degree 2 over L.

The Galois group of K/ L is generated by ¢, which maps s to 1/s. (This exactly matches
the involution 7 — 1/¢ needed in the sesquilinear condition for the Burau representation.)
On the complex unit circle, inversion is the same as complex conjugation. So for the
complex embeddings o of K, ¢ is complex conjugacy. Notice for a sesquilinear
matrix J; over Ok with a parameter ¢, specializing t = s leaves J hermitian.

Theorem 1.1 Let p;: G — GL,,,(Z[t,t~']) be a representation of a group G. Suppose
there exists a matrix J; such that:

(1) M*J;M = J; forall M in the image of p;.
(2) Jt:(Jl/t)T'
(3) J: € GL,,,(Q(¢)), where no entry of J; has denominator with 1 as a root.

(4) J; is positive definite for t in a neighborhood n of 1 in C.

Then there exist infinitely many Salem numbers s such that the specialization p; at
t = s is discrete.
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Proof The neighborhood 1 can be chosen so that no entry of J; has a denominator
with a root in . By Lemma 2.6, there are infinitely many Salem numbers with the
property that all the complex Galois conjugates lie in 7. Let s be one such Salem
number. Specializing 7 to s gives ps: G — Up(Js, ¢, Og(s)), Where ¢ is the usual
map given by s > 1/s.

Let o be a complex place of Q(s) which is given by s + z for z a complex Galois
conjugate of s. Then JZ = J;, and since z € ), J; is positive definite. By Corollary 2.4,
the specialization pg at t = s is discrete. |

Remark 2.7 If the representations in Theorem 1.1 all have determinant 1, then the
image is more than just discrete, and in fact is a subgroup of a lattice. See Section 4
for more details.

3 Applications to braid group representations

3.1 The Burau representation

Proposition 3.1 There are infinitely many Salem numbers s such that the Burau
representation specialized to t = s is discrete.

Proof The specialization of p, ; at f = 1 collapses to an irreducible representation
of the symmetric group. As a representation of a finite group, p, 1 fixes a positive
definite form which is unique up to scaling, by Lemma 3.7, which is proved later. At
t =1, Jy,1 is positive definite, and the signature of J; ; can only change at zeroes of
its determinant.

An inductive computation shows that det(J,, ;) = (£2"t2 —1)/(¢"(t* — 1)) for t # 1,
and the zeroes of det(J,, ;) occur at (n+1)" roots of unity. Thus, J, ; remains positive
definite for unit complex values of ¢ with argument less than 277 /(n 4 1). This shows
the Burau representation satisfies the criteria of Theorem 1.1. a

Example 3.2 The Burau representation p4 ; of By is discrete when specializing ¢ to
the following Salem numbers:

e Lehmer’s number raised to the powers 16, 32 and 47,

o the largest real root of 1 —x*— x> —x® 4+ x1° raised to the powers 17, 23, and 43.
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3.2 The Jones representations

The Hecke algebra (of type A;), denoted by Hy(q), is the complex algebra generated
by invertible elements g1, ..., g,—1 with relations

8i&i+18i = gi+18i&i+1  forall i <n,
8igj = &j8&i for |i —j| > 1,
(3-1) gi2 =(1—¢q)gi+q forall i <n.

Here, ¢ is viewed as a complex parameter. H,(q) is a quotient of C[B,] by the
relation (3-1). The Jones representations of B, are defined by precomposing a repre-
sentation of Hy(gq) by the quotient map from C[Bj]. The Jones representations have
matrix entries in Z[¢, 17 1].

3.2.1 The Jones representations are sesquilinear The Hecke algebras have a natural
automorphism, denoted here by ¢, which sends ¢ to 1/¢. Taking ¢ to be a unit complex
number, this automorphism becomes complex conjugacy. The Jones representations
are known to be sesquilinear with respect to ¢ for various complex specializations of ¢
and with many different types of proofs, as in [2; 3; 9; 17]. To be overtly clear that all
of the criteria of Theorem 1.1 are satisfied by the Jones representations, we provide
a simple proof of sesquilinearity here that is very similar to [3, Proposition 3.7] by
Brunat and Marin.

The irreducible representations of Hy(g) are parametrized by the Young diagrams.
(For a more detailed discussion of Young diagrams see [18], and for a construction
of the Jones representations see [16].) Every Young diagram contains sub-Young
diagrams, obtained by removing boxes in a way that retains the weakly decreasing
row length condition. If A is a Young diagram with n boxes, then we will call the
sub-Young diagrams found by removing one box from A the (n—1)—subdiagrams of A.
A Young diagram is completely determined by any two of its (n—1)—subdiagrams.
These (n—1)-subdiagrams also determine representations of the Hecke algebras in a
powerful way. The following theorem, originally due to Curtis, Iwahori and Kilmoyer
in [5] and popularized by Jones in [8], states concretely the relationship between Young
diagrams and the representations of the Hecke algebras.

Theorem 3.3 Up to equivalence, the finite-dimensional irreducible representations of
H,,(q), for generic q, are in one to one correspondence with the Young diagrams of n
boxes. Moreover, if p is a representation corresponding to Young diagram A, then p
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restricted to H,—1(q) is equivalent to the representation @f;l P> Where Ay, ..., Ag
are all of the (n—1)—subdiagrams of A and each p; is an irreducible representation of
H,_1(q) corresponding to A;.

Here equivalence means the existence of an intertwining isomorphism, made precise
by the following definition.

Definition 3.4 The representations ¢ : G — GL(V') and ¥ : G — GL(W) are equivalent
if there exists a linear isomorphism 7" : V' — W such that T¢(g)(v) = ¥ (g)T (v) for
all g € G and v € V, or that the following diagram commutes:

V—V

W —Ww

Choosing bases for V' and W, the equivalence 7" gives the matrix equation

[Tlle@ITT™" =¥ (2)).

At the level of matrices, representations are equivalent exactly when they are simulta-
neously conjugate. In the context of Theorem 3.3, the restriction of p to H,_1(q) is
equivalent to the representation EBf‘: 1 Px;» which means there is a change of basis such
that the restriction of p is block diagonal. These restriction rules are combinatorially
depicted in the Young lattice of Young diagrams; see [18].

A representation is sesquilinear if there exists an invertible matrix J such that for every
M in the image of the representation the following equation is satisfied:

(3-2) M*IM = J.

Rearranging this equation, we see that M = J~1((M?%)T)~1J, showing that M
and ((M?)T)~! are simultaneously conjugate and the conjugating matrix J is the
sesquilinear form. Changing views slightly, consider the following definition.

Definition 3.5 For ¢: G — GL(V') a complex linear representation, ¢: G — GL(V'™)
is called the ¢p—twisted contragredient representation of ¢ and is given by

@) f(v) = f(p(g™")%v)
forevery g€ G,veVand f € V*

Algebraic € Geometric Topology, Volume 23 (2023)



Discrete real specializations of sesquilinear representations of the braid groups 2019

If a basis for V is chosen, then as matrices, [¢(g)] = ([¢(g)?]T)~!. So another
way to view a sesquilinear representation is one that is equivalent to its ¢p—twisted
contragredient.

Lemma 3.6 Every finite-dimensional irreducible representation of the Hecke algebra is
equivalent to its ¢—twisted contragredient representation, when q is a generic complex
number.

Proof We can establish this result for # = 3. There are three nonequivalent irreducible
representations of H3(g) corresponding to the following Young diagrams:

(T @ mm

Up to equivalence, the first two representations are 1-dimensional, given by g; > ¢
and g; — —1, and are in fact equal to their ¢—twisted contragredient representations.
The third representation is known to be the Burau representation for B3. As described
earlier, Squier showed that the Burau representations are sesquilinear and are therefore
equivalent to their ¢—twisted contragredient.

Inductively moving forward, let p: H,(g) — GL(V') be a finite-dimensional irreducible
representation and p be the ¢—twisted contragredient representation of p. Up to
equivalence, p corresponds to a Young diagram A. To show that p and p are equivalent,
it suffices to show that both representations correspond to the same A. A Young diagram
is completely characterized by its list of (n—1)—subdiagrams, which correspond to the
restriction of the representation to Hy,—_1(g). So it is enough to show that the restrictions
of p and p correspond to the same list of (n—1)—subdiagrams.

Writing p| = p|H,_, (q)» by Theorem 3.3 there is an equivalence 7" such that

k
Tpl(T~" =D pa, (h) forevery h € Hy_1(q).
i=1
where each A; is an (n—1)—subdiagram of A, k is the number of (n—1)-subdiagrams
of A, and p,; is an irreducible representation of H,_;(g) corresponding to A;. Choosing
a basis for V, the matrix for [T | (h)T ] is block diagonal. Taking the ¢—twisted
contragredient of a block diagonal matrix preserves the block decomposition, which

ives
& k

(T2~ WIT?)T = @l ()] for every h € Hyy(q).

i=1
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This equation shows that p| is equivalent to € p;,. Since each py, is an irreducible
representation of H,_1(q), we can inductively assume that py, is equivalent to g, , for
all i <k. Therefore, p), and p,, correspond to the same Young diagram A;. Thus the
restrictions of p and p correspond to the same list of (7—1)—subdiagrams. |

Lemma 3.7 If an absolutely irreducible matrix representation has an invertible matrix
J satistying M*JM = J for all M in the representation, then J is unique up to
scaling.

Proof Suppose there were two such matrices J; and J,. Then (3-2) gives, for all
matrices M in the representation,

IMIT = (MO = LMIT = (U7 L) T MU ) = M.

This shows that J,~ 17, is in the centralizer of the entire irreducible representation.
Schur’s lemma gives that Jl_1 Jy = o - 1d for some scalar ¢, and finally J, = oJy. O

Proposition 3.8 If p is an irreducible Jones representation of By and ¢ is a generic
unit complex number close to 1, then there exists a nondegenerate, positive definite,
sesquilinear matrix J with entries in Q(g) such that for all M in the image of p,
(M®YTIM =J.

Proof Let p be a finite-dimensional irreducible representation of Hy(g) over V. By
Lemma 3.6, p is equivalent to its ¢—twisted contragredient representation p by an
equivalence 7. Choose a basis for V' and its dual basis for V*, and let 7 be the matrix
for T with respect to these bases. We will use this matrix 7 to find the desired matrix J.
Let the superscript * denote the ¢p—twisted transpose of a matrix to ease computation.
For all g € H,(q), we get the matrix equations

(3-3) Tle@IT =[] = (™) = (T H* @] T* =[p()]"
= T p(@I(T") " = (@] H*

This shows that 7 and 7™* are two possible forms for p. By Lemma 3.7, T = a7 for
some « € C. Applying * again gives 7 = aa*7T and aa™ = 1.

Define J = BT + B*T* = (af + B*)T™* where B is as follows. (Here § is needed to
ensure that J is invertible.) If &« # —1, let 8 = 1, which gives that det J =det((a+1)7),
which is nonzero. If « = —1, let 8 € C be such that 8* # B. Then

det J = det[(aB + B*)T*] = det[(—B + B*)T]

is nonzero. So, in both cases, J is invertible.

Algebraic € Geometric Topology, Volume 23 (2023)



Discrete real specializations of sesquilinear representations of the braid groups 2021

Next note that J is sesquilinear, that is, J* = (BT + B*T*)* =B*T*+ BT =J. If
M is a matrix in the image of p, rearranging the right-hand equation of (3-3) gives
M*T*M = T. So inserting J gives

M*JIM = M*(f + B*)T*M = (@ + B YM*T*M = (af + )T = J.

To show that the entries of J are in Q(¢) we will proceed by induction on #, as in
the proof of Lemma 3.6. As a base case with n = 3, Squier’s form for the Burau
representation has entries in Q(g). Let p be an irreducible Jones representation of By,

with p|p,_, = @f-;l pi, where each p; is an irreducible Jones representation of B,_.

n—1
We can inductively assume each p; is sesquilinear with form J; whose coefficients are
in Q(g). Thus, there exist some scalars «; such that J = [¢; J;], the block diagonal

matrix, and J is the sesquilinear form for p.

It remains to show that J is positive definite. Taking ¢ = 1, p is an irreducible
representation of the symmetric group %,. As a linear representation of a finite group,
V' admits an inner product that is invariant under the action of 3,, given by a positive
definite nondegenerate matrix J. Lemma 3.7 guarantees that J is unique up to scaling.
Since J|4=1 is also a form for this representation, it must be that Jisa multiple
of J|4=1, which gives that J is positive definite for ¢ = 1. Since J is Hermitian for
unit complex ¢ it has real eigenvalues, and continuity of the determinant map finally
gives that either J or —J is positive definite for ¢ close to 1. O

Corollary 3.9 For each irreducible Jones representation, there are infinitely many
Salem numbers s such that specializing g = s™, for some m, is a discrete representation.

3.3 The Lawrence-Krammer and BMW representations

The BMW algebras are a 2—parameter family of algebras, denoted by C,(/, m), with
n — 1 generators and parameters / and m. The BMW representations of the braid
group come from representations of the BMW algebras [1; 12]. Similar to how the
Burau representation is one irreducible summand of the Jones representations, Zinno
proved in [19] that the Lawrence—Krammer representation is one summand of the
BMW representations. To make sense of the * operation, the relevant involution for
the BMW algebra is given by / — 1/, m+—>m and « — 1/a, where m = o + 1 /.
Budney proved that the Lawrence—Krammer representation is sesquilinear [4], and
Brunat and Marin give a more general proof that all the BMW representations are
sesquilinear [3]; see also [10]. It is also known that the sesquilinear forms J; ,, are

Algebraic € Geometric Topology, Volume 23 (2023)



2022 Nancy Scherich

positive definite for a neighborhood of (1, 1) in the unit complex sphere in C? [17];
see [2, Theorem 1.2] for a concise restatement. It is suspected that the forms J; ,,
have coefficients in Q(m, /), and this is known to be true for the Lawrence—Krammer
representation.

Corollary 3.10 For the Lawrence—Krammer representation there are infinitely many
Salem numbers s such that specializing | = sk and o = s*2, for some ky and k, is a
discrete representation.

Example 3.11 Let p be the Lawrence—Krammer representation of B4 given on
page 272 of [1]. Taking the Salem number S = 1/2 + 1/v/2 + 1/(2vV—1+2+2),
specializing o = S and / = S makes p a discrete representation.

4 Commensurability

Ideally, we would like to find real specializations so that the Jones representations have
images that are not just discrete, but are arithmetic groups or lattices in GL,(R). A first
step in this direction is to further study the unitary groups coming from Salem number
specializations, and consider when the images are subsets of lattices. Specializing
to two different powers of the same Salem number can give commensurable unitary
groups, but the defining sesquilinear forms might be very different.

Recall the notation of K, L, Ok and ¢ from Section 2.3. In general, fixing a number
ring Ok and dimension m, the group U,,(J, ¢, Ok) is determined by the form J.
Notice that Uy, (J, ¢, Og) = U (AJ, ¢, Ok ) for every A € L, and that the form J is
not completely unique. This motivates that following definition.

Definition 4.1 Matrices J and H are equivalent over K if Q*JQ = AH for some
0 € GL;,(K) and A € Fix(¢).

It would be nice if equivalent forms gave rise to equal unitary groups, but this is not true
in general. However, in the careful scenario that the unitary group is a lattice in SL,, (R),
changing the form by equivalence yields “the same” lattice, up to commensurability in
the following sense.

Definition 4.2 Two groups G; and G, are commensurable if there are finite-index
subgroups H1 € G and H, € G5 such that H; is isomorphic to H,.
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Definition 4.3 A lattice in a semisimple Lie group is a discrete subgroup with finite
covolume.

For our purposes, we will take SL, (R) or PSL,,(R) as the semisimple Lie group.

Proposition 4.4 Assume that SU,,(J1, ¢, Og) and SUy,(J,, ¢, O) are lattices in
SLyu (R). If Jy and J, are equivalent over K, then SU,,(J1, ¢, Ok ) is commensurable
to SU,(J3, ¢, Ok)

Proof Let AJ; = Q*J,Q for some Q € GL,,(K) and A € Fix(¢). For notational
clarity, write SU(J;, Og) = SUp(Ji, ¢, Ok).

Since scalar multiplication commutes with matrix multiplication, M *JM = J if and
only if M*AJM = AJ. So scaling the form preserves the unitary group, and without
loss of generality we may assume A = 1.

It is clear that M * JM = J if and only if (Q* M *Q* 1) (Q*JQO)(Q"'M Q)= 0*JQ,
which seems like it implies that SU(Q*J; 0, Ox) = O~ SU(J;, Ok ) Q. However,
since Q has coefficients in K, Q~! M Q may not have coefficients in O, so we can
only conclude that Q~! SU(J, Og)Q € SU(Q*JQ, K). To avoid this, we need to
pass to a finite-index subgroup.

Since K is the ring of fractions of O, there exists y € Ok such that yQ € M,,(Ok).
As aring of integers of an algebraic extension, Ok is a Dedekind domain and every
quotient is finite. So O /(y?) is finite and SU(J;, Ok /(y?)) is finite. The kernel N
of the quotient map SU(J;, Og) — SU(J;, Ok /(y?)) has finite index in SU(J;, Ok).

Any element B in the kernel has the form B =Id+ 32 A for some matrix 4 € M,,,(Og).
Substituting Q* J, Q for J; in the equation B*J; B = J; gives that QBQ ™! fixes the
form J,. Because Q has coefficients over K, QBQ~! has coefficients in K and not
necessarily in Og. However, since QBQ~! =1d + (yQ)A(yQ~!), and both 4 and
y Q are integral, QBQ ™! is also integral. Thus QBQ~! € SU(J,, Ok).

Since SU(J1, O) is a lattice and N is a finite-index subgroup, N is also a lattice
in SL(R) with finite covolume. Thus QNQ~! has finite covolume in SL(R) and is
therefore a lattice. So QNQ~! is a sublattice of SU(J,, Og) and must have finite
index by Margulis’s theorem for lattices.

This shows that N is a finite-index subgroup of SU(J;, Ok) and QN Q™! has finite
index in SU(J;, Ok). 0O
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So how does this lattice information apply to the Jones representations? Firstly, after
rescaling and reparametrization the Jones representations can be made to have determi-
nant +1, allowing the image to land in PSU(J, ¢, O) instead of just U(J, ¢, Og).
Secondly, an arithmetic group theory result of Harish and Chandra that is formalized
in our setting in Chapter 6 of Morris [11], states that SU,,(J, ¢, Og) is a lattice in
SLy; (R) under the exact Salem number circumstances as required by Theorem 1.1. So
Corollary 3.9 can be restated using this new vocabulary.

Corollary 4.5 For each irreducible Jones representation, after a change of parameter,
there are infinitely many Salem numbers s such that specializing g to a power of s
maps into a lattice in PSL,,(R).

Proof Let p; be an irreducible Jones representation of dimension 7. The images of
the braid generators under p; have determinant :I:qk for some k € N. After a change
of variable ¢ = y" and scaling the generators by 1/ ym_k, this adjusted representation
Py maps into PSU,,, (J7, Zy*1).

The subgroup B;*" of even braids (the preimage of the alternating group under the
standard projection to S,) is a noncentral normal subgroup of B, of finite index. The
restriction py| maps B;'*" into SU,(Jy, Z[y*']), and by Theorem 1.1 there exist
infinitely many Salem numbers s such that the specialization pgz| at y = s is discrete.
Further, by the results in Chapter 6 of [11] described above, these specializations make
SUp (Js, Ok ) lattices in SL,, (R). Finite-index arguments imply PSU,,(Js, Og) is a
lattice in PSL,, (R). a

Since the goal is to obtain commensurable lattices as images of our Jones representations,
and it is more natural to think of lattices in SL,, (R) instead of in PSL,,(R), one may
simply pass to the finite-index subgroup B;,"*" and continue to think only about lattices
in SL,,(R). To apply Proposition 4.4 requires equivalent defining forms. In general, it
is difficult to determine when two forms are equivalent. The following theorem gives
a complete classification of the sesquilinear forms in a very specific algebraic setting
that applies to the Salem number field scenario.

Theorem 4.6 (Scharlau [13, Chapter 10]) If L is a global field and K = L(V$),

sesquilinear forms over K /L are classified by dimension, determinant class and the
signatures for those orderings of L for which § is negative.
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This classification relies on the determinant class, which is defined here. Recall for a
Salem number s the following tower of fields:

Q) =K K~
‘ 2 lNorm
Q(s+1/s)=L L* (L*)? € Norm(K™)
|
Q

The Galois group of K/L is generated by ¢, which maps s to 1/s. There is a
multiplicative group homomorphism Norm: K* — L* given by Norm(a) = aa?,
where K* = K — {0}. Notice for f € L we have Norm(8) = B¢ = B2, and so
(L*)? € Norm(K).

Definition 4.7 The determinant class of a sesquilinear form H over K/ L is the coset
of det(H) in K*/Norm(K>):

[det(H)] = det(H) Norm(K).

Taking § = (s — 1/s)%, K can be rewritten as K = L(~/8). Thus we can restate
Scharlau’s classification in the specific context of Salem numbers.

Theorem 4.8 (Scharlau restated) Sesquilinear forms over K /L are classified by
dimension, determinant class and the signatures for those orderings of L for which
(s — 1/5)? is negative.

In odd dimensions it is very simple to show that all sesquilinear forms have the same
determinant class, up to scaling. However, for even dimensions, the situation is very
unclear.

Proposition 4.9 For every odd-dimensional invertible sesquilinear matrices H and J
over K, [det(H)] = [det(AJ)] for A € L.

Proof Let H and J be sesquilinear matrices over K of dimension 2k + 1. Since H
and J are Hermitian, they are both diagonalizable with diagonal entries fixed by ¢.
So, the determinants of both H and J are elements in L. Let dg and d; denote the
nonzero determinants of H and J. Thus,

d m 2 [ 2k+1 d
dg = 24, od(L*) (_H) dy :det(d—HJ).
J
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Since (L*)? € Norm(K), we have that / and AJ have the same determinant class for
A=dg/dyelL. O

As a result, to determine whether two forms of the same odd dimension are equivalent,
it suffices to only check that they have the same signatures.

Theorem 4.10 For J; a sesquilinear form that is positive definite for ¢ in a neigh-
borhood 1 of 1, there are infinitely many Salem numbers s and integers n and m
such that, in all odd dimensions, SUj 4 1(Jsn, ¢, O) and SUsx 41 (Jsm, ¢, Ok) are
commensurable, discrete groups.

Proof By Lemma 2.6 there are infinitely many Salem numbers s and integers # and m
such that every complex Galois conjugate of s and s” lies in 7. Fix one such Salem
number s, and K, L and § as above.

By Theorem 4.6, sesquilinear forms are completely classified by dimension, determinant
class, and the signatures for the places of L for which (s — 1/s)? is negative. By
Proposition 4.9, Jg» and AJgm have the same determinant class for A in L, namely
A = det Jgn /det Jgm.

Let o be a complex placement of L. Then o (s™) is a complex Galois conjugates of s,
and similarly for o (s”) and s”. Since n and m were chosen so that all of the complex
Galois conjugates of s and s” have arguments in 7, J;(ym) and Jq(sn) are positive
definite. Moreover, det Jg» /det Jgm and o (det Jgn /det Jgm) are both positive, making
A > 0. So regardless of whether o'((s — 1/5)?) is positive or negative, the forms Jo(sh
have the same signature.

Therefore Jgn is equivalent to AJgm, and so SU(Jn, ¢, Ok ) is commensurable to
SU(Jgm, ¢, Og). The groups are discrete by Theorem 2.3. m|

Corollary 4.11 Let p;: G — SLyg41(Z[t,t7"]) be a group representation with a
parameter t. Suppose there exists a matrix J; such that:

(1) Forall M in the image of p;, M*J; M = J;, where M*(t) = MT(1/t).
2 Je=y)T
(3) J: € GL;,(Q(2)), where no entry of J; has denominator with 1 as a root.

(4) J; is positive definite for t in an neighborhood 1 of 1.
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Then there exist infinitely many Salem numbers s such that for infinitely many integers

n and m the specializations pgm at t = s™ and pgn at t = s™ map into commensurable
lattices of SLyg4+1(R).

Example 4.12 The reduced Burau representation of B4 is 3—dimensional and, after the

appropriate rescaling to have determinant 1, satisfies Corollary 4.11. So certain powers

of the specializations in Example 3.2 map into commensurable lattices in SL3 (R).
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We construct a real combinatorial model for the configuration spaces of points of
compact smooth oriented manifolds without boundary. We use these models to show
that the real homotopy type of configuration spaces of a simply connected such
manifold only depends on the real homotopy type of the manifold.

Moreover, we show that for framed D—dimensional manifolds these models capture
a natural right homotopy action of the little D—disks operad.
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2030 Ricardo Campos and Thomas Willwacher
1 Introduction

Given a smooth manifold M, we study the configuration space of n nonoverlapping
points on M,

Conf, (M) ={(my,...,my) € M" |m; #m; fori # j}.

These spaces are classical objects in topology, whose homological and homotopical
properties have been subject to intensive study over the decades. One of the first
important results dates back to 1978 when Cohen and Taylor [15] constructed a spectral
sequence converging to the cohomology H *(Conf, (M)). A different spectral sequence
was constructed by Bendersky and Gitler [4] and both spectral sequences have been
shown to coincide from the £2 term on by Felix and Thomas [19]. In the particular
case of smooth compact projective complex manifolds, it was shown by Totaro [44]
that the Cohen—Taylor spectral sequence collapses after the second page, and Kriz [30]
showed that for those manifolds the E£2 page is actually a model of Conf,, (M) in the
sense of rational homotopy theory.

In this paper, we aim to understand the rational homotopy type of configuration spaces.
Classical rational homotopy theory a la Sullivan [42] states that we can understand
topological spaces via algebraic models which are differential graded commutative
K-—algebras (dgca), where K is a field of characteristic zero. This roughly amounts to
capturing the nontorsion part of the homotopy groups of such spaces. Usually, the field
K is taken to be the rational numbers, but due to the transcendental methods we use,
we take the base field K = R to be the real numbers and we will therefore refer to the
real homotopy type of configuration spaces.

Our first main result is the construction of a differential graded commutative R—algebra
model *Graphsy, for Conf,(M), in the case when M is a D—dimensional compact
smooth oriented manifold without boundary, with D > 2. Our model depends on M
only through the following data:

e The cohomology V' = H*(M) as a vector space with a nondegenerate pairing
of degree D = dim(M).

¢ The partition function Z,s of the “universal” perturbative AKSZ topological
field theory on M. This is a Maurer—Cartan element in a certain graph complex
only depending on V.
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In particular, this shows that the latter perturbative invariants Z s — special cases of
which have been studied in the literature, eg by Bonechi, Cattaneo and Mnev [6] —
contain at least as much information as the real homotopy type of Conf,(M ). Further-
more, the real homotopy type of M is encoded in the tree-level components of Z ;.
The higher loop order pieces of Zjs “indicate” (in a vague sense) the failure of the
homotopy type of Conf, (M) to depend only on M. Finally, the real cohomology of
Conf, (M) can be computed just from the tree level knowledge; see Section 7.

Now suppose that M is furthermore framed, ie the frame bundle of M is trivialized.
Then the totality of spaces Conf, (M) carries additional algebraic structure, in that it
can be endowed with a homotopy right action of the little D—disks operad as follows.
First we consider the natural compactification FMyz (1) of Conf, (M) introduced by
Axelrod and Singer [2]; see also Sinha [41]. It is naturally acted upon from the right
by the Fulton—MacPherson—Axelrod—Singer variant of the little disks operad FMp
introduced by Getzler and Jones in [21] by “insertion” of configurations of points.

The right Ep-module structure on configuration spaces has been receiving much
interest in the last decade, since it has been realized that the homotopy theory of these
right modules captures much of the homotopy theory of the underlying manifolds. For
example, by the Goodwillie-Weiss embedding calculus the derived mapping spaces
(“Ext’s”) of those right £ p—modules capture (under good technical conditions) the
homotopy type of the embedding spaces of the underlying manifolds; see Boavida
de Brito, Goodwillie and Weiss [9; 10; 22]. Dually, the factorization homology (“Tor’s”)
of Ep—algebras has been widely studied and captures interesting properties of both
the manifold and the E p—algebra; see Ayala and Francis [3]. However, in order to use
these tools in concrete situations it is important to have models for Conf, (M) (as a
right Hopf E p—module) that are computationally accessible, ie combinatorial. In this
paper we provide such models.

Concretely, our second main result is that our model *Graphsj, above combinatorially
captures this action of the little D—disks operad as well, in the sense that it is a right
Hopf operadic comodule over the Kontsevich Hopf cooperad *Graphsp, modeling the
topological little D—disks operad, and the combinatorially defined action models the
topological action of Ep on Conf,(M).

In fact, one can consider the following “hierarchy” of invariants of a manifold M :

(1) The real (or rational) homotopy type of M.
(2) The real (or rational) homotopy types of FMps(m) form =1,2,....
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(3) The real (or rational) homotopy type of FM s considered as a right FM p—module,
for parallelized M. (For nonparallelizable M one may consider similarly the
homotopy type of the FM—module of framed configuration spaces of points
FFMas.)

The relative strength of this invariants has been unknown. In particular, it is a long
standing open problem if for simply connected M the rational homotopy type of
Conf, (M) depends only on the rational homotopy type of M ; see Félix, Halperin and
Thomas [18, Problem 8, page 518] — see also Levitt [34] for a stronger conjecture
disproved by Longoni and Salvatore in [37].

In our model the above hierarchy is nicely encoded in the loop order filtration on a
certain graph complex GCjy, in which item (1) is encoded by the tree level piece of
Z pr along with the cohomology of item (2), while the full Zjs encodes item (3).

Our third main result states that for a simply connected smooth closed framed mani-
fold M, these invariants are of equal strength. We show furthermore that without the
framed assumption, item (1) is still equally strong as item (2); thus establishing [18,
Problem 8, page 518] under the assumption of smoothness.

Finally, if we consider a nonparallelized manifold there is still a way to make sense
of the insertion of points at the boundary, but the price to pay is that one has to
consider configurations of framed points in M. The resulting framed configuration
spaces Conf!"(M) then come equipped with a natural right action of the framed little
disks operad EfDr. In Section 9 we present BVGraphs,,, a natural modification of
Graphs,, that encompasses the data of the frames and we show that if we consider a
two-dimensional orientable manifold X, BVGraphsy models this additional right action.
In the framed case we restrict ourselves to the 2—dimensional setting.

Outline and statement of the main result

Let us summarize the construction and state the main result here. First recall from
[27] the Kontsevich dg cooperad *Graphsp. Elements of *Graphsp () consist of linear
combinations of graphs with r numbered and an arbitrary number of unidentifiable

]
oto ¢3\e

The precise definition of *Graphsp will be recalled in Section 3. The graphs con-

vertices, like the following:

tributing to *Graphsp may be interpreted as the nonvaccuum Feynman diagrams of
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the perturbative AKSZ o—models on RP ; see Alexandrov, Schwarz, Zaboronsky and
Kontsevich [1].

Kontsevich constructs an explicit map *Graphsp — Qpa(FMp) to the dgca of PA
forms on the compactified configuration spaces FM p. This map is compatible with the
(co)operadic compositions, in the sense described in Section 3 below.

Now fix a smooth compact manifold M of dimension D, of which we pick an algebraic
realization, so that we can talk about PA forms 2pa (M). Then we consider a collection
of dg commutative algebras *Graphs,, (r). Elements of *Graphs,, (r) are linear com-
binations of graphs, but with additional decorations of each vertex in the symmetric
algebra S(H (M)) generated by the reduced cohomology H (M. The following graph
is an example, where we fixed some basis {w; } of H(M):

@), @)

@) 1
0‘9 ® @

These graphs may be interpreted as the nonvaccuum Feynman diagrams of the per-
turbative AKSZ o—model on M. We equip the spaces *Graphs,, () with a nontrivial
differential built using the partition function Z s of those field theories. This partition
function can be considered as a special Maurer—Cartan element of a certain graph
complex GCpy. Algebraically, the spaces *Graphs,y (1) assemble into a right dg Hopf
cooperadic comodule over the Hopf cooperad *Graphsp,.

By mimicking the Kontsevich construction, we construct, for a parallelized manifold M,
a map of dg Hopf collections!

*Graphsyy — Qpa(FM ),

compatible with the (co)operadic (co)module structure, where we consider FMjs as
equipped with the right FMp—action. If M is not parallelized, we do not have an
FMp—action on FMps. Nevertheless we may consider a (quasi-isomorphic) dg Hopf
collection

*Graphs;; C *Graphs,

that still comes with a map of dg Hopf collections
*Graphsfl — Qpa(FMpy).

1A (dg) Hopf collection C for us is a sequence C(r) of dg commutative algebras, with actions of the
symmetric groups Sy. A (dg) Hopf cooperad is a cooperad in dg commutative algebras.
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Our first main result is the following.

Theorem 1 The map *Graphsla — Qpa(FMyy) is a quasi-isomorphism of dg Hopf
collections. In the parallelized case the map *Graphsy, — Qpa(FMyy) is a quasi-
isomorphism of dg Hopf collections, compatible with the (co)operadic (co)module
structures.

This result provides us with explicit combinatorial dgca models for configuration spaces
of points, compatible with the right E p—action on these configuration spaces in the
parallelizable setting. An extension to the nonparallelized case is provided in Section 9,
albeit only in dimension D = 2.

We note that our model *Graphs,, depends on M only through the partition function
Zyr € GCyy. The tree part of this partition function encodes the real homotopy type
of M. The loop parts encode invariants of M. Now, simple degree counting arguments
may be used to severely restrict the possible graphs occurring in M. In particular, one
finds that if H! (M, R) vanishes, then for D > 4 there are no contributions to Z s of
positive loop order, and one hence arrives at the following result.

Corollary 2 (Theorem 63) Let M be an orientable compact manifold without bound-
ary of dimension D > 4, such that H'(M,R) = 0. Then the (naive)? real homotopy
type of Conf,(M ) depends only on the (naive) real homotopy type of M .

For D = 2 the analogous statement is empty, as there is only one connected manifold
satisfying the assumption. If we replace the condition H!(M,R) = 0 by the stronger
condition of simple connectivity, the statement is also true in dimension 3, but for
the trivial reason that by the Poincaré conjecture there is only one simply connected
manifold M in dimension 3. Hence the above result also solves the real version of the
long standing question in algebraic topology of whether for simply connected M the
rational homotopy type of the configuration space of points on M is determined by the
rational homotopy type of M ; see [18, Problem 8§, page 518]

Remark 3 Our result also shows that the “perturbative AKSZ” -invariant Z s is at
least as strong as the invariant of M given by the totality of the real homotopy types of
the configuration spaces of M, considered as right E p—modules. The latter “invariant”
2We call the naive real homotopy type the quasi-isomorphism type of the dg commutative algebra of (PL
or smooth) forms. Note that in the nonsimply connected case this definition is not the correct one; one
should rather consider the real homotopy type of the universal cover with the action of the fundamental

group. We do not consider this better notion here, and in this paper “real homotopy type” shall always
refer to the naive real homotopy type.
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is the data entering the factorization or “manifoldic” homology — see [3] and Markarian
and Tanaka [38] — and the Goodwillie—Weiss calculus [22] (over the reals). Conversely,
from the fact that the models *Graphs,, encode the real homotopy type of configuration
spaces, one may see that the expectation values of the perturbative AKSZ theories on M
may be expressed through the factorization homology of M. However, we will leave the
physical interpretation to forthcoming work and focus here on the algebraic-topological
goal of providing models for configuration spaces.

Remark 4 After the first version of this article appeared on the arXiv, Idrissi [25]
obtained results very similar to ours by showing that for simply connected closed
oriented manifolds the Lambrechts—Stanley dg model [32] is actually a real model of
Conf, (M). We sketch in Appendix A how this latter statement can also be obtained as
a consequence of our main results.

Plan of the paper

In Section 2 we introduce the spaces FMjs, the compactifications of configuration
spaces of points on a smooth manifold M (with D = dim M) and its semialgebraic
realizations and adapt results in the literature to construct the propagator.

Starting with the framed case, in Section 3 we construct the first graph complex *Grapys
(a Hopf *Grap—comodule) and construct the map into 2pa (FMjs) which is not yet a
quasi-isomorphism. In Section 4 we use operadic twisting to obtain the graph complex
*Graphsy, and in Section 5 we show that *Graphsy, is indeed a model for the real
homotopy type of FMys as a right FM p—module.

In Section 6 we construct a no-tadpole variant of the graph complex to deal with the
case where M is not parallelized and show that it models the real homotopy type of
the collection of topological spaces FMy, concluding the proof of Theorem 1.

The next goal is to study the dependence of the homotopy type of the configuration
spaces on the base manifold. In Sections 7 and 8 we study the partition function Z s
that gives rise to the differential in *Graphs,, and we show that it is gauge equivalent
to one vanishing on graphs containing < 2—valent vertices. We conclude that in good
conditions the real homotopy type of M can be recovered from the tree piece of the
graph complex, thus proving Corollary 2.

Finally, in the last section we construct a graphical model of configuration spaces
of framed points in 2—dimensions, together with the action of the framed little disks
operad.
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1.1 Notation and conventions

Throughout the text all algebraic objects (vector spaces, algebras, operads, etc) are
differential graded (or just dg) and are defined over the field R.

We use cohomological conventions, ie all differentials have degree +1. We use the
language of operads and follow mostly the conventions of Loday and Vallette’s text-
book [36]. One notable exception is that we denote the k—fold operadic (de)suspension
of an operad P by AKP.

Acknowledgements

We would like to thank Pascal Lambrechts for useful remarks and references, and
Najib Idrissi, Nils Prigge and Victor Turchin for valuable discussions and for pointing
out some mistakes in the original version. Both authors have been supported by the
Swiss National Science Foundation, grant 200021_150012, by the NCCR SwissMAP
funded by the Swiss National Science Foundation, and the ERC starting grant 678156
(GRAPHCPX).

2 Compactified configuration spaces

2.1 Semialgebraic manifolds

Given a compact semialgebraic set X one can consider its dgca of piecewise semialge-
braic (PA) forms, Q2pa (X ), which is quasi-isomorphic to Sullivan’s dgca of piecewise
polynomial forms [24; 29].

Dually, one can also consider its complex of semialgebraic chains, which we denote by
Chains(X), which is also quasi-isomorphic to the usual complex of singular chains.

By the Nash—Tognoli theorem [43] — see also [5, Section 14] — any smooth compact
manifold is diffeomorphic to a component of a nonsingular algebraic subset of RV for
some N. In particular, any such manifold can be realized as a smooth semialgebraic (ie
Nash) submanifold of Euclidean space. Throughout this paper, whenever we consider a
closed smooth manifold M we will consider implicitly a chosen such realization of M
as a Nash submanifold of R

We refer to [5] for an introduction to real algebraic geometry. An overview is also
contained in the introductory sections of [24].
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Even though all manifolds considered in this paper will be smooth, it is not sufficient
for our purposes to consider the de Rham complex. The main reason for this is that
we would like to consider fiber integration over nonsmooth fiber bundles £ — B.
Nonetheless, the relevant bundles will be SA (semialgebraic) bundles [24] and, for such
bundles, there is a pushforward map Qpnin(E£) — Qpa(B), where Qpnin(M) C Qpa (M)
is the (nonquasi-isomorphic) subalgebra of minimal forms.

While this pushforward cannot be naturally extended to the whole space of PA forms
Qpa(E), as described in Appendix C, we can consider a subalgebra of trivial forms
Quiv(E), sitting between Qmin(E) and Qpa (F) and quasi-isomorphic to Qpa (E), such
that the pushforward extends naturally to a map Qiv(£) — Qpa(B).

2.2 Configuration spaces of points in R?

Let D be a positive integer. We will use the Fulton—MacPherson topological operad
FMp that was introduced by Getzler and Jones [21]. Its n—ary space FMp(n) is a
suitable compactification of the quotient of the configuration space

Conf, (R?)/(R=o x RP),

with the Lie group Rsq x R? acting by scaling and translations. For n > 1 the spaces
FMp (n) are (Dn—D—1)—dimensional manifolds with corners whose boundary strata
represent sets of points getting infinitely close.

The first few terms are>

FMp(0) = {x}, FMp(l)={x}, FMp(2)=SPI.

The operadic composition o; is given by inserting a configuration at the boundary
stratum at the point labeled by i. A thorough study of these operads can be found
in [33].

The operad FM p can be related to a shifted version of the homotopy Lie operad via
the operad morphism

(1) AP~1L o — Chains(FMp),

given by sending the generator p, € AP~ Lo (n) to the fundamental chain of FM p (n),
ie the semialgebraic chain corresponding to FMp (1) as a submanifold of itself.*

3We work with the unital version of the Fulton—MacPherson operad.
“#Recall that due to our cohomological conventions these spaces live in nonpositive degree. In particular,
the generator i, € Loo has degree 2 —n.
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2.3 Configuration spaces of points on a manifold

Let M be a closed smooth oriented manifold of dimension D. We denote by Conf, (M),
the configuration space of n points in M. Concretely, Conf, (M) = M" — A, where A
is the fat (or long) diagonal A = {(m1,...,my) e M" |3i # j :m; =m}.

The Fulton—MacPherson—Axelrod—Singer compactification of Conf, (M) is a smooth
manifold with corners FM s (n) whose boundary strata correspond to nested groups of
points becoming “infinitely close”; see [41] for more details and a precise definition.
Since the inclusion Conf, (M) < FMps(n) is a homotopy equivalence, we work
preferably with FM s (n) as these spaces have a richer structure.

Convention 5 (semialgebraicity of FMpz(n)) The choice of semialgebraic structure
on FMjps(n) is done in a way compatible with the one from M as follows: Let us
consider the chosen semialgebraic realization of the manifold M in R¥ for some N.

For1<i# j <n,let6; ;:Conf,(M)— SN—1 pe defined by
Xi—X;
01, ((x1,...,%p)) = ——F—.
llxi —x I~
For 1 <i # j # k <n, we define d; ; x: Conf, (M) — (0, +-00) by
l[xi — x|
di jr((x1,... X)) = - —L.

[lxi — x|

Considering all possibilities of i, j and k, we have defined a natural embedding
t: Confy (M) > M" x (SN=1)" =1 x [0, 400]" ("~ D=2,
We define FM s (n) as the closure ¢ (Confy, (M)), thus inheriting a semialgebraic struc-
ture.
Remark 6 (SA bundles) For every m > n there are various projection maps
FMpz (m) — FMpz(n)

corresponding to forgetting m — n of the points. These maps are not smooth fiber
bundles, but they are SA (semialgebraic) bundles [24], which allows us to consider
pushforwards (fiber integration) of forms along these maps.

The proof of this fact is a straightforward adaptation of the proof of the same fact
for FMp done in [33, Section 5.9]. In this case one starts instead by associating to a
configuration in FM s (n) a configuration of nested disks in M.
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Convention 7 From here onward, we fix representatives of the cohomology of M, ie
we fix an embedding

2) v HY (M) = Q2. (M)

triv

that yields a right inverse of the projection from closed forms to cohomology.

2.3.1 The diagonal class Since M is compact and oriented, the pairing
/2 H*M)® H*(M) — R, (a),v)»—>/ ® AV
M

given by Poincaré duality is nondegenerate. We shall also consider a version of this
pairing which is antisymmetric for odd D,

(@, v) = (=1)P dee) / W A V.
M

The diagonal map A: M — M x M defines an element in H,(M x M) and its
dual under Poincaré duality is called the diagonal class, which is also denoted by
Ae H*(MxM)=H*(M)® H*(M).

If we pick a homogeneous basis ey, ..., e, of H*(M), we have A = Zi’j ge; ® ej,
where (g%/) is the matrix inverse to the Poincaré duality pairing (—, —). Alternatively,
this can also be written as A = ), (=1)dege)e; @ e’, where {e} is the dual basis of

{e; } with respect to (—, —).

In FMjyz (2), if we consider the case in which the two points come infinitely close to
one another, we obtain a map dFMps(2) > M =~ A C M x M which is a sphere bundle
(with SP~1 fibers). Notice that FM 7 (2) can be identified with ST (M), the sphere
tangent bundle of M.

The following proposition can essentially be found in the literature — see for instance
[7, Section 3; 14; 13, Lemma 2] — we only have to apply minor modifications in order
to work in the semialgebraic setting.

Proposition 8 Let pi: FMp(2) — M (resp. p>: FMy(2) — M) be the map that
forgets the point labeled by 2 (resp. 1) from a configuration. Then there is a form
P12 € QP1(FMps(2)) satisfying the following properties:

triv
() dgia=piAp3(D) =3 ;g7 pile) Apsle)) € QR (FMu(2)).
(ii) The fiber integral of the restriction of 15 to FM s (2) is equal to (—1)P. (We
then say that this restriction is a global angular form.) Additionally, if D = 2,
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the restriction of ¢, to every fiber of the circle bundle yields a round volume
form of that circle, with respect to some metric.

(iii)) The form ¢1, is symmetric with respect to the Z,—action induced by swapping
points 1 and 2 for D even and antisymmetric for D odd.

(iv) Foranya € H*(M),
f¢12p§kt(a) =0,
2

where ( is as in (2) and the integral is along the fiber of p1, ie one integrates out

the second coordinate.
Notice that the form ¢15 € ng_ L(FMjz(2)) is also called the propagator in the literature.
More generally, we consider the forms ¢;; € ng_ L(FMps(n)) to be plf"j (¢12), where
pij: FMag(n) — FMyz(2) is the projection map that remembers only the points labeled
iand j.
Proof Lety € Qtlr)iv_ 1(3FM3z(2)) be a global angular form of the sphere bundle. Such
a form always exists — see for example [8] where such construction is made in the
smooth case — but the argument can be adapted to the semialgebraic case. It is also
shown in [8] that for a circle bundle the global angular form can be chosen to restrict
to the standard volume form on each fiber. Moreover, the differential of such a form
is basic (it is the pullback of the Euler class of the sphere bundle). Let E be a collar
neighborhood of dFM s (2) inside FMz(2). (See [40, Lemma VI1.1.6] for the existence
of a semialgebraic (even Nash) collar.) Let us extend the form ¥ to E by pulling it
back along the projection £ — dFMps(2). We can consider a semialgebraic cutoff
function p: FMs(2) — R such that p is constant equal to zero outside of E and is
constant equal to 1 in some open set U such that dFM s (2) C U C E. We can therefore
consider the well-defined form pyr € Q2-1(FMs(2)).

triv
Since d(pY¥)|arm,, 2) = dV is basic, the form d(py) € QP (FMps(2)) induces a

triv
form in Qtlr)iv(M x M), still denoted by d(pv). This form is clearly closed, but not

necessarily exact, as py itself might not extend to the boundary.

Letwe H*(M x M) C Quiv(M x M). Then

3 d = d = (=P = .
3) foMw V) /FMM@)‘” (V) = (-1) /aFMM@“”’“’ /A "

It follows that the cohomology class of d(py/) is the Poincaré dual of the diagonal
A=M CMxM. Thus p} Ap3(A) and d(pyr) are cohomologous in Q2 (M xM). 1t
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follows that there exists a form 8 € Q21 (M x M) such that dB = pF Ap3(A)—d(py).

triv
We define the form ¢15 € Qé’iv_l (FMaz(2)) to be n* B + pyr, where

T:FMpy (2) > M xM

is the projection. It is clear that ¢, satisfies property (i) and since the restriction of
7* B to the boundary is a basic form and properties (ii) is preserved.

To ensure (iv) one can replace the ¢12 constructed so far by

¢12—/3¢13p§3A—/;¢23PT3A+/34¢34(PT3A)(P§4A),

where p;; is the forgetful map, forgetting all but points i and j from a configuration of
points. We refer the reader to [13] where more details can be found. (The reference
contains a construction of the propagator in the smooth setting, but the trick to ensure
(iv) is verbatim identical in our semialgebraic setup.)

Finally, we can (anti)symmetrize ¢, to ensure it satisfies property (iii), while preserving
the other properties. O

Remark 9 For M parallelizable, we can (and will) require a stronger version of
property (ii). A parallelization is a choice of a trivialization dFMys(2) ~ M x SP~1
and given such a parallelization, in the proof of the previous proposition we can take
Y =n*(wgp-1) € ng_l (M x SP~1), the pullback of the standard volume form of
SP=1 yia the projection 7: M x SP~1 — §P~1 By construction of ¢, the restriction
of ¢12 to IFMpy(2) has the form

(4) ¢12|3FMM(2) =W+P*7I’

where p: dFM s (2) — M is the projection to the base and n € Qv (M) is some form
on the base. Note in particular that from the closedness of i and condition (i) above, it
follows that

S dn=Apy,
D

triv

where Ay € Q
product of its components).

(M) denotes the pullback of A along the diagonal map (ie the wedge

3 The Cattaneo—Felder—-Mnev graph complex and operad

Let n, N and D be positive integers and let V' be an N—dimensional graded vector
space with a nondegenerate pairing of degree —D; (-,-): V ® V — R[—D]. We
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— 4 ¢41,1,23.33,3,3
= Es* e 57757 esey

Figure 1: An example of a graph describing an element in *Gray (4).

require that for all homogeneous x, y € V of degrees k and / the pairing satisfies the
(anti)symmetry condition (x, y) = (—1)¥*2(y, x). Moreover, we assume V to be
“augmented” in the sense that we are also given a canonical decomposition V =R & V.
One should keep in mind the example of the Poincaré pairing on the cohomology of a
connected N —manifold.

Let e, e3,...,enN be a graded basis of V and for convenience of notation we define
e1 = 1 € R. We consider the free graded commutative algebra generated by symbols
st of degree D — 1, where 1 <i, j <n, sl = (—I)Dsji, and symbols e{, el ejj\, for
j =1,...,n of the same degrees as the elements of the basis ej,...,ex. We define a
differential on it by the rules

del, =0, ds" = Zg“ﬂe&eé,

a,p

where gkl is the inverse of the matrix describing the pairing on V. (So Za’ B g“ﬂ e(’;eé
is the “diagonal class™.)

We define the dgca *Gray (n) as the quotient of this algebra by the sub-dgca generated
by elements of the form e{ — 1. Notice that there is a natural right action of the
symmetric group S, on *Gray (n) by permuting the superscript indices (the i and j
above) running from 1 to n.

Remark 10 All definitions are independent of the choice of graded basis of V' and
can be given in a basis-free way.

Remark 11 The notation *Gray (n) stands for “predual graphs” as one may represent
elements of *Gray (n) as linear combinations of decorated directed graphs with n
vertices and an ordering of the edges. The decorations are elements of V' that may
be attached to vertices; see Figure 1. Each such graph corresponds to monomial in
*Gray (n), an edge between vertices i and j corresponds to one occurrence of s/ and
a decoration by an element e, € V at vertex j corresponds to one occurrence of e({;.
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Directions of the edges and their ordering might be ignored, keeping in mind that then
a graph is only well defined up to a =1 prefactor. Notice that while both tadpoles and
double edges are allowed, for (anti)symmetry reasons one has that s’/ = 0 if D is odd
and sV s/ = 0 if D is even.

3.1 Cooperadic comodule structure

Definition 12 Let D be a positive integer. For n > 2, the space *Grap (n) is defined to
be the free graded commutative algebra generated by symbols s*/ in degree D — 1, for
i # j, quotiented by the relations s/ = (—1)Ps/!. We set *Grap (0) = *Grap (1) = R.

As before, the spaces *Grap (1) can be seen as the span of undecorated graphs such
that every edge has degree D — 1.

Proposition 13 The spaces *Grap(n) form a cooperad in dg commutative alge-
bras. The cooperadic structure is given by removal (contraction) of subgraphs; ie for
I' € *Gra(n), the component of A(T") in *Grap (k) ® *Grap(i1) ® -+ ® *Grap (i) is

(6) ZiI‘/®F1®---®Fk,

where the sum runs over all (k+1)—tuples (I'', Ty, ..., Tx) such that when each graph
I'; is inserted at the vertex i of T, there is a way of reconnecting the loose edges such
that one obtains T".

To obtain the appropriate signs one has to consider the full data of graphs with an
ordering of oriented edges. In this situation the orientation of the edges of I" is preserved
and one uses the symmetry relations on I' in such a way that foralli = 1,...,k, the
labels of the edges of the subgraph I'; come before the labels of the edges of the
subgraph T'; 41 and all of those come before the labels of the edges of the subgraphs T".
Notice that if one of the i; = 0, the cooperadic cocomposition is given by adding a
disconnected vertex to I'” [20, Section 2.2.1]. The cooperad axioms are a straightforward
verification.

Proposition 14 The dg commutative algebras *Gray (n) forn = 1,2, ... assemble to
form a cooperadic right * Gra p—comodule *Gray in dg commutative algebras.

Proof The cooperadic coactions are defined through formulas similar to (6), and proof
of the associativity axiom is formally the same as the proof of the previous proposition.

To show that the differential respects the comodule structure it suffices to check this
on generators of the commutative algebra. This is clear for decorations eé and for
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tadpoles s/. For edges connecting different vertices let us do the verification for
512 € *Gray (2) for simplicity of notation. The only nontrivial commutative diagram

to check is

O—@ 2= O@0® + ODeO—2 -+ g@@ @

—————
*Gray 2)®*Grap (1)®*Grap (1)  *Grapy (1)®*Grap(2)  *Grapy (1)®*Grap (2)

; Je

Zg“’ﬁ(D @ +* Zg“’ﬂ®‘l@®®®®+0+ Y De® @
o,B a,B a,B

where the vertical arrows correspond to the differential and the horizontal ones to the

coaction. O

3.2 Forms on (closed) manifolds

Let M be a closed smooth framed connected manifold of dimension D and let FM s be
the Fulton—-MacPherson compactification of the spaces of configurations of points of M
as described in Section 2. It is naturally an operadic right module over the operad FMp,
where the i composition of ¢ € FMp (k) in a configuration ¢ € FMy (1) corresponds
to the insertion of the configuration ¢ at the i point of ¢. The parallelization of the
manifold ensures that this insertion can be made in a consistent way.

It follows that Qpa (FMjs) is naturally equipped with a right cooperadic coaction of
the cooperad (in dg commutative algebras) Qpa(FMp) (mind Remark 15 below). The
coaction is obtained from the restriction of forms to boundary strata where multiple
points collide.

There is a map of (“almost”) cooperads in dg commutative algebras
(7) *GraD —>QPA(F|\/|D)

given by associating to every edge the angle form relative to the two incident vertices
[28; 33]. More explicitly, one considers the standard volume form

p12 € QRSP = QDTN (FMp (2)),

which plays the role of the propagator. The forms ¢;; € Qll,?(l (FMp(2)) are defined
by pulling back ¢, by the appropriate projection map. Finally, the map (7) above is
obtained by extending the assignment s/ — ¢; j to a map of dgcas.

Algebraic € Geometric Topology, Volume 23 (2023)



A model for configuration spaces of points 2045

Remark 15 The functor Q2p, is not comonoidal since the canonical map
QPA(A) ® QPA(B) — QPA(A X B)

goes “in the wrong direction”; therefore Qpa (FMp) is not a cooperad. Nevertheless,
by abuse of language throughout this paper we will refer to maps such as (7) as maps
of cooperads (or cooperadic modules) if they satisfy a compatibility relation such as
commutativity of the diagram

*Grap (n) > Qpa(FMp (n))

!

Qpa(FMp(n—k + 1) x FMp (k))

+

*GraD(n —k+1)® *GraD(k) — QPA(FMD(H —k+1)® QPA(FMD(IC))

Since M is connected, its cohomology H *(M) has a canonical augmentation given
by the constant functions on M, and since M is closed, Poincaré duality gives us a
pairing on H*(M) of degree —D. We define, for any manifold M,

*Grapy = *GraH-(M).

Let us denote by t: H*(M) — Quiv(M) the embedding from Convention 7; that is,
for every w € H*(M), t(w) is a representative of the class w. Following Cattaneo and
Mnev [13], we can define a map of dg commutative algebras (which a priori depends
on various pieces of data)

®) *Gray — Quiv(FMr) C Qpa(FMar)

as follows: The map sends the generator s/ fori # j to ¢; 7, where ¢;; is the form
constructed in the discussion preceding the proof of Proposition 8 with the additional
assumption from Remark 9. The map sends the decoration w € H*(M) on the j"
vertex to w’/ € *Grap to p;‘ (t(w)), where p;: FMpy - M is the map that remembers
only the point labeled by j. Finally the map sends s// to p’]'.‘n, where 7 is as in (4).

Lemma 16 The map *Graps — Qpa(FMyy) is a map of dg Hopf collections, compat-
ible with the cooperadic comodule structures along the map *Grap — Qpa(FMp), in
the sense of Remark 15. In other words there is a map of 2—colored dg Hopf collections,

*GraM O *GraD — QPA(FMM) O QPA(FMD),

compatible with the (2—colored) cooperadic cocompositions.
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Proof The compatibility with the differentials is clear for every generator of *Grays
except possibly s//, for which one uses (5). By definition the map consists of morphisms
of commutative algebras; therefore it is enough to check the compatibility of the
cocompositions on generators. For elements eé. this is clear. For the other generators

12 ¢

we will sketch the verification for the case of s *Grapy (2) for simplicity of notation.

The composition map in (FMz, FMp) is done by insertion at the boundary stratum.
Since the cocomposition map Qpa (FMps) — Qpa(FMps) 0 Qpa(FMp) is given by the
pullback of the composition map we get, using (4),>

$12 € Qpa(FMps(2))
> $12R1x1 + 1®@p12+n®1
———— —
Qpa(FMas (2))®Qpa(FMp (1))@Qpa(FMp (1)) Qpa(FMas (1)) ®Qpa (FMp (2))

On the other hand, the corresponding cocomposition *Graas — *Graps o *Grap given
by de-insertion sends s'2 to

O-@ee®  , OO-2 8®® @ .

*Graps (Q)®*Grap (1)®*Grap (1)  *Grapr (1)®*Grap(2)  *Grap (1)®*Grap (2)

therefore the cocomposition is respected by the map. |

4 Twisting Gra,; and the comodule *Graphs,,

Let Grap and Gray be the duals of *Grap and *Gray, respectively. Gray is an operadic
right Grap—module in dg cocommutative coalgebras.

Recall that there is a map of operads AP ~!Lie — Grap given by mapping the generator
w € AP~1Lie(2) to the single edge graph in Grap (2) [45]. This extends to a map from
the canonical operadic right module

AP~ 1Lie © AP~ lie — Gray O Grap

sending the generator p to s'? € Graps(2). One can then apply the right module
twisting procedure described in [45, Appendix I] to Graps O Grap, thus obtaining the
bimodule Tw Graps O Tw Grap.

5Notice that on the second summand ¢ refers to the volume form of SP~1 = FMp (2). We are using
Remark 9 to ensure that this term is indeed of that form.
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Y S Y

Figure 2: Internal vertices are depicted in black. Gray vertices are either
internal or external vertices.

Tw Graps can be described via a different kind of graphs. The space Tw Graps(n) is
spanned by graphs with n vertices labeled from 1 to n, called “external” vertices and
k indistinguishable “internal” vertices. Both types of vertices can be decorated by
elements of (H*(M))* (with e > 1, see Remark 17 below), that can be identified with
H'PI=*(M) via the canonical pairing. The degree of the internal vertices is D, the
degree of edges is 1 — D and the degree of the decorations is the correspondent degree
in (H*(M))*, even if there is an identification with the cohomology. The differential
in Tw Graps can be split into 3 pieces: d = A 4 dex + din = A + dy, where A is the
differential coming from Grajpy, that connects decorations by making an edge, dex splits
an internal vertex out of every external vertex and reconnecting incident edges in all
possible ways and dj, splits similarly an internal vertex out of every internal vertex;
see Figure 2.

Remark 17 Notice that due to *Grays being given by a quotient by e{ —1, if a certain
vertex v of I € *Grayy is decorated with the volume form on M, then we find as
summands of A(I") all possibilities of connecting v to every other vertex in .

The operad Tw Grap is spanned by similar kinds of graphs, except that there are no
decorations. We will therefore also refer to the vertices of Tw Grap as internal and
external.

The degrees of graphs in Tw Grap are computed similarly, but the differential of
Tw Grap is different (since Graps is twisted as a Lie—=module whereas Grap is twisted
as an operad under Lie). Not only there is no A term, but also the splitting piece has an
extra term subtracting all possible ways of adding a univalent internal vertex.

We are interested in a suboperad of Tw Grap, since Tw Grap is in homologically “too
big”. The following result originates in [27; 33].

Proposition 18 [45] The operad Tw Grap has a suboperad that we call Graphsp
spanned by graphs I' such that:
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o All internal vertices of I" are at least trivalent,

e I' has no connected components consisting only of internal vertices.
Moreover there is a cooperadic quasi-isomorphism

*Graphsp — Qpa(FMp),
extending the map (7).

This quasi-isomorphism is defined by integrating over all possible configurations
of points corresponding to the internal vertices, a formula similar to the one from
Lemma 19.

We will from now on interpret Tw Grapys as a right Graphs p—module.
Let *Tw Grays be the cooperadic right *Graphs p—comodule that is (pre)dual to Tw Grayy.

The differential in *Tw Graps decomposes as d = 8¢yt + Scontrs Where Scy is the piece
originating from *Grajs that splits edges into “diagonal classes” and ¢on contracts
any edge adjacent to one or two internal vertices.

Lemma 19 For M a closed compact framed connected manifold as above there is a
natural map of right cooperadic comodules

we: *Tw Graps — Qpa(FMyy),

extending the map f: *Grapr — Qpa(FMyy) from (8).

Proof Let I' be a graph in *Graps (n +k)Sk C *Tw Graps(n), ie T' has n external and
k internal vertices. Let us consider f(I") € Qpa(FMps(n 4 k)), the image of I" under
the map (8). We define wr to be the integral of f(I') over all configurations of the
internal vertices. Concretely, if FM s (n + k) — FMjz (1) denotes the map that forgets
the last k points, then wr is given by the fiber® integral

S(@).
FMas (n+k)—FM s (n)

The commutativity with the right cooperadic cocompositions is formally the same
as why *Tw Grap — Qpa(FMp) is a map of cooperads —see [33, Section 9.5] —
together with the fact that the propagator on FMjs on clusters of points is given by

5Notice that here we make use of the fact that £(I') is actually in Qv (FM s (1 + k)).
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the corresponding propagator of FMp. It remains to check the compatibility of the
differentials.

Notice that *Tw Grapy is a quasifree dgca generated by internally connected graphs, ie
graphs that remain connected if we delete all external vertices. Since the map w, is
compatible with the products, it suffices to check the compatibility of the differentials
on internally connected graphs. Let I' € *Tw Grapy (n) be such a graph with k internal
vertices.

If we denote by F' the fiber of the map FM s (n 4+ k) — FMj (), we have, by Stokes’
theorem,

dor = /F df (T) + /a S,

If we compute d " = §cuc " + Sconee [, We retrieve

osr = [ Sl = [ drm,
F F
The boundary of the fiber decomposes into various pieces, namely

oF = U ai’jFU U 8a,iFU823F,

n<i,j<n+k asn
n<i<n+k

where 0;,; F is the boundary piece where points i and j (corresponding to internal
vertices) collided, d,,; F is the boundary piece where point i (corresponding to an
internal vertex) collided with point a (corresponding to an external vertex) and 0>3 F
is the boundary piece in which at least three points corresponding to internal vertices
collided.

If points / and j are not connected by an edge in T, then |; 9 F f(I") = 0. To see this,
note that this integral has the form fa,-,/-F f@) = [ f(D)li=j [¢p—1 1 =0. Here the
integral vanishes by degree reasons since there is no top degree component of the form
on the factor SP~1. Here we used that the tangent bundle is trivialized. However, the
same argument goes through without using this feature by using trivializations of the
tangent bundle.

If points i and j are connected by an edge, then by property (ii) of Proposition 8
we have fai F f(T') = wr/., where I'/e is the graph I' with edge e contracted.
An analogous argument for the boundary pieces d,,; F allows us to conclude that

wgr = dor ifaz3p S(I).
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The vanishing of f 9 F f(T) results from Kontsevich’s vanishing lemmas. Concretely,
suppose there are 3 </ < k points colliding together. By integrating over the / points
first we obtain an integral of the form fFMD(l) v, where v is a product of ¢; ;. If the
dimension D is at least 3, this integral vanishes as in [26, Lemma 2.2], using property
(iii) of Proposition 8.

To factor the integral we used the trivialization of the tangent bundle in this step. For
later use we shall however remark that this is not necessary. More precisely, let the
full subgraph on the “colliding” vertices be y. Then by the same argument as in the
proof of [26, Lemma 2.2], using property (iii) of Proposition 8, we may assume that
all vertices of y have valence > 3. But then the inner integral describes a form of
degree > 2/(D —1)~ID+ D +1=%I(D-3)+D+1> D on M, and M is of
dimension D. Hence this integral must vanish.

If D =2, because of property (ii) of Proposition 8 we can use the Kontsevich vanishing
lemma from [28, Section 6.6] to ensure the vanishing of the integral. a

4.1 The full graph complex and Graphs,,

The map constructed in Lemma 19 is not (in general) a quasi-isomorphism and the
fundamental obstruction is the existence of graphs containing connected components of
only internal vertices in *Tw Graps. The desired complex *Graphsj, will be a quotient
of *Tw Graps through which the map w, factors. A formal construction can be done
making use of the full graph complex that we define as follows.

Definition 20 The full graph complex of M, *fGC g+ (pr) is defined to be the complex
*Tw Grayz (0) consisting of graphs with no external vertices. This vector space forms a
differential graded commutative R—algebra with product defined to be the disjoint union
of graphs. We reserve the symbol f{GC ge(pr) = (*fGCpe(pr))* for the dual complex
and the symbol GCge(pr) C fGCRe(pr) for the subcomplex of connected graphs.

The vector space *Tw Graps can be naturally regarded as a left module over the al-
gebra *fGCge(ar), where the action is given by taking the disjoint union of graphs.
Furthermore, we define the partition function

to be the map of dg commutative algebras obtained by restriction of the map w, from
Lemma 19.
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There is a commutative diagram of dg commutative algebras and modules

*fGCHo(M) O/ *Tw GraM

|z lw.

R O Q2pa(FMy)

Definition 21 The right *Graphsp cooperadic comodule *Graphs,, is defined by

*Graphsyy = R ®z,, * Tw Grap.

Remark 22 We pick as representatives for a basis of *Graphs,, the set of graphs that
contain no connected components without external vertices. With this convention it
still makes sense to talk about the total number of vertices of a graph in *Graphs,,.

Notice that as a consequence, part of the differential of *Graphs,, might reduce the
number of vertices by more than 1 by “cutting away” a part of the graph that contains
only internal vertices, which did not happen with *Tw Grayy.

Corollary 23 The map *Tw Graps — Qpa(FMyy) defined in Lemma 19 induces a
map of cooperadic comodules *Graphsy; — Qpa(FMyy), still denoted by w,.

Remark 24 One may also endow fGCge(pr) with the (free) product given by union
of graphs. The differential is not a derivation with respect to this product, but it is
a coderivation and it splits into a first-order and a second-order part, say §; + &5.
Concretely, the second-order part §, replaces a pair of H *(M )—decorations in different
connected components by an edge, while the first-order piece splits vertices and joins
decorations in the same connected component. By Koszul duality, the commutator of
the product and the operator > defines a Lie bracket of degree 1 on fGC g« (ar), which
reduces to a Lie bracket on the connected piece GCre(py).

Now the partition function Z s € f{GCpe(py) is a map from the free graded commuta-
tive algebra *fGC g+ (5r) and hence completely characterized by the restriction to the
generators, ie to the connected graphs, say zy € GCpe(pr). The closedness of Z
then translates to the statement that the connected part zs satisfies the Maurer—Cartan
equation. See Section 7.1 for details.

To summarize, we constructed a cooperadic right Hopf comodule *Graphsy,. As a
vector space, *Graphsy, (1) is spanned by graphs with n labeled external vertices and
an unspecified number of indistinguishable internal vertices that can be decorated by
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(possibly multiple) cohomology classes of degree at least 1, under the condition that
there are no connected components without external vertices:

©n) @
(@2) “\ @G*GraphsM(4)

-0

There is a graded commutative algebra structure given by superposition of external

"3 - oS - oy

The differential § splits as § = S¢oner + Scur, Where Seone contracts edges adjacent to

vertices:

at least one internal vertex and &, splits any edge into two decorations given by the
diagonal class of M. Due to the constraint of not allowing connected components
without external vertices, §cut = A* + 8z, splits again into two pieces, A* which does
not create forbidden graphs and §z,, that when creating such forbidden connected
components transforms them into a scalar as prescribed by the partition function Zy:

@
SComr:é = >@< A :ei basis?H'(M)%” %

_ei basjs;H'(M) ZM(Q/Q;) %} 4o

The cooperadic right comodule structure is obtained by collapsing subgraphs containing

at least one external vertex into a single external vertex.

4.2 Historic remark

The above graph complexes can be seen as a version of the nonvacuum Feynman
diagrams appearing in the perturbative expansion of topological field theories of AKSZ
type, in the presence of zero modes. In this setting the field theories have been studied
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by Cattaneo and Felder [12] and Cattaneo and Mnev [13], whose names we hence
attach to the above complexes of diagrams, though the above construction of *Graphsy,
does not appear in these works directly. Furthermore, it has been pointed out to us by
A Goncharov that similar complexes have been known by experts before the works
of the aforementioned authors. Finally, in the local case the construction is due to
M Kontsevich [27].

5 Cohomology of the CFM (co)operad

The following theorem relates the right Graphsp—module Graphs,, with the right
FM p-module FM ;.

Theorem 25 The map w, : *Graphsy; — Qpa (FMjy) established in Corollary 23 is a
quasi-isomorphism. Similarly, the composition map

Chains(FMaz) — Qpa(FMag)* 25> Graphsy,
is a quasi-isomorphism of right modules.

Note that there is in general no known explicit formula for the cohomology of the
configuration spaces FMjs (1) on a manifold. However, two spectral sequences con-
verging to the (co)homology are known, one by Cohen and Taylor [15] and one by
Bendersky and Gitler [4]. Both spectral sequences have been shown to be isomorphic
(via Poincaré duality) from the E? term on by Felix and Thomas [19]. The E? term
is the cohomology of a relatively simple complex described below. It was shown
by B Totaro [44] and I Kriz [30] that the spectral sequence abuts at the E 2 term for
smooth projective varieties. However, it does not in general abut at the £2 term; a
counterexample was given in [19].

The strategy to prove Theorem 25 will be as follows. We will compare the double
complex BG giving rise to the Bendersky—Gitler spectral sequence (its definition will
be recalled below) to *Graphsy,. There is a complex BG quasi-isomorphic to BG
that comes with a natural map f: BG — Graphsys. Our goal is to show that f is a
quasi-isomorphism, and for that we set up another spectral sequence. The detailed
proof is contained in Section 5.6.

5.1 The Bendersky-Gitler spectral sequence
Let us recall the definition of the Bendersky—Gitler spectral sequence. See also the

exposition in [19].
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Recall that the configuration space of »n points in M is Conf, (M) := M"™ \ A, where
A ={(p1,...,pn)|3i # j : pi = p;}. By Poincaré-Lefschetz duality,

H_y(Conf, (M)) = H"mM)=d (pqn Ay,
The relative cohomology H*(M", A) on the right is the cohomology of the complex
H*(M") — H*(A).

The left-hand side is the cohomology of Qpa(M)®". The right-hand side may be
computed as the cohomology of the Cech—de Rham complex corresponding to any
covering of A. To obtain the Bendersky—Gitler double complex one takes the cover of
the diagonal by the sets

Ui,j ={pi=pj} CA.

The Bendersky—Gitler complex is the total complex of the double complex obtained
using the natural quasi-isomorphism Qpa(M)®" — Qpa(M™), ie

BG(n) := Total(2pa(M)®" — Cech—de Rham(A)).

By the statements above and a simple spectral sequence argument, it follows that
H*(BG(n)) = HM", A).

For what we will say below it is important to describe BG(n) in a more concise way.
Elements of BG(n) can be seen as linear combinations of decorated graphs on n vertices,
the decoration being one element of Qpa (M) for each connected component of the
graph. The degree of such a graph is computed as

(degree) = #(edges) + #(total degree of decorations) —n - dim(M).

The differential is composed of two parts, one of which comes from the de Rham
differential and one of which comes from the Cech differential:

diotal = dar + 6.

Concretely, § adds an edge in all possible ways, and multiplies the decorations of the
connected components the edge joins.

Remark 26 The original construction of the Bendersky—Gitler spectral sequence uses
the de Rham complex of M, but since there is only semialgebraic data involved, namely
intersections of sets U; j =~ M n=1 we are allowed to replace differential forms by
piecewise algebraic (PA) forms.
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5.2 A general construction

Recall that the monoidal product of symmetric sequences o is given by
Soshm= P Sk k) ®- ®S (kn) ®R[Sh(k1.....kn)].
k=ky+-+ky

where Sh(ky, ..., ky) are the kq, ..., k, shuffles. Let C be a cooperad, M be a co-
operadic right C—comodule with coaction Apq: M — M oC, and let A be some dg
commutative algebra, which can be seen as a symmetric sequence concentrated in
arity 1. Then the spaces

M(n) @ A®" = (Mo A)(n)
assemble into another cooperadic right C—comodule.

More formally, since A is a dg commutative algebra, for every symmetric sequence S
there is a morphism
§:S50A—> AoS

given by the multiplication in A4.
The coaction of C on M o A is given by the composition of the maps
MOAM)(MOC)OAEMO(COA)idM—Os)Mo(AoC) >~ (MoA)oC.

It is a straightforward verification to check that the axioms for cooperadic comodules
hold.

5.3 The definition of BG

Let C be a coaugmented cooperad and M be a right C—comodule. Applying the
cobar construction to the cooperad C we obtain an operad €2(C). Applying the cobar
construction to the comodule M we obtain a right €2(C)-module Qg (M), also
denoted just by Q(M). As a symmetric sequence, Q2(M) = M o 2(C) and the
differential splits as d = d| + d» + d3, where di comes from the differential in M,
d, comes from the differential in €2(C) and d3 is induced by the comodule structure.
Of course, if A is a dg commutative algebra, then replacing M by M o A we obtain a
right Q(C)-module Q2(M o A). We can now define

BG = Qn-17__ (s P AP coComm o Q2ps(M)),
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where on the right-hand side we consider s~ AP coComm as a right comodule over
AP coComm and then we use the construction from the previous section that gives us
a AP coComm-—right comodule structure on s~ AP coComm o (M). Notice that the

operadic cobar construction is given by
Q(AP coComm) = Q((AP~Lie)V) = AP L.

Up to degrees, one can picture BG as multiple (“commuting”) L, words, each labeled
by a PA form on M. Besides the de Rham and the L, differential, the cobar differential
acts by merging two L, words while multiplying the associated forms.

5.4 Some other general remarks and the definition of sSBG

Let P be a Koszul operad, PV the Koszul dual cooperad and Poo = 2(P") the minimal
cofibrant model for P. There are bar and cobar construction functors between the
categories of right P-modules and right PY—comodules,

Bpv:Mod—P < coMod—P" : Qp.
Given a right PY—comodule M there are two ways to construct a right Poo—module:
(1) Take the right Poo—module Qp_ (M).
(2) Take Qp(M) and consider it as a right Poo—module via the morphism of operads
P Poo = P.

Lemma 27 Let P be a Koszul operad with zero differential such that P(0) = 0 and
P(1) = R and let M be a right P¥—comodule. Then there is a canonical (surjective)

quasi-isomorphism
T ono (M) — Q'p(/\/l)

Proof As symmetric sequences, Qp_ (M) = Mo Py and Qp(M) = Mo P. We
define w = id (o p. It is clear that each piece of the differential commutes with .
The remaining claim that 7 is a quasi-isomorphism follows from a spectral sequence
argument.

Concretely, we consider a filtration 77 Qp__ (M) spanned by elements for which the
sum of the degree in M with the weight in P, (the amount of elements from PV used)
does not exceed p. On the first page of the spectral sequence given by this filtration
we recover 2p(M) and thus the result follows. a

Now let us give the definition of sBG,
SBG = Q pp—1,;.(s "2 AP coComm o Qpp (M),
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where on the right we consider AP coComm = (AP~ !Lie)V as a right comodule over
itself and the algebra of differential forms Qpa (M ). Then, by the lemma above, we
see that there is a canonical quasi-isomorphism

BG — sBG.

Similar to BG, one can picture sBG as connected components of Lie words, each
labeled by a PA form on M. One can consider a basis of Lie(n) consisting of graphs
on n vertices, with n — 1 edges, such that there are no two edges (i, r) and (J, r) with
r bigger than both i and j. Taking the degrees and differentials into account, we see
that sSBG(n) is precisely what in [19] is denoted by E (1, A), for A = Qpa(M).

Furthermore it was shown in [19, Proposition 2.4] that there is a canonical quasi-
isomorphism
BG — sBG.

In particular one obtains:

Corollary 28 The following symmetric sequences are isomorphic:

H.(Conf,(M)) =~ H(BG) =~ H(sBG) =~ H(BG).

5.5 The map BG — Graphs,,

The goal of this subsection is to construct the map of right AP ~1 L o,—modules
®:BG — Graphsyy .

Since BG := Qap-1p, (s7P AP coComm o Qpa(M)) is quasifree as right AP~ L~
module, it suffices to define our map ® on the module generators and verify that this
map is compatible with the differential. Note that s =2 AP coComm(n) = R[nD]un
is one-dimensional, generated by the n—fold coproduct w,. We define the map ® on

generators by setting, for «, ..., o, € Qpa(M) and I' € *Graphs,,,
10 (@@ ®--®a))i= [ () (aor.
FMas (n)

Here 7 : FMps(n) — FMps (1) = M is the map that forgets the position of all points in
the configuration except for the j ™ point. Notice that the element 11, @ ] ® -+ ® o,
has degree —nD + |a| + -+ + |an| = —(dim(FMpy (n)) — [mfar] — -+ — |7 anl);
therefore F' preserves degrees.
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A general element of BG is a linear combination of elements obtained by acting with
elements of the operad £ ; € AP~1L o on generators,

Xxi=(Un ®a1 Q- ®@ay)o(ly,...,L4y).

For such elements x we have that ®(x) = O(Up, ® @1 ®---®&y) o (L1, ..., Ly), using
the right action of AP~1 L., on Graphs,,. This latter action factors through the right
action of Graphsp on Graphs,, via the maps

AP oo L Chains(FMp) 2% Graphs .

Denoting the cooperadic coaction on I' € *Graphsys by > IV ® y1 ® -+ ® Y, with
Y, € *Graphsp, this implies that

(11 Q) = (P(Ur @1 @ ®an) o (€1, ..., L)) ()

=) O @ @ @) () 1‘[[

i )
= :i:/ (iar) - (7, an)or / .
2 FMar(n) " 1_[ f; ) v

:/ (”iﬁal)"'(”;an)wr-
Fund(FMas (n))o(f (£1),, f (€))

In the last line we are integrating over the fundamental chain of a boundary stratum
of FMjps in which groups of points are infinitesimally close together. The indices
i1,...,ix shall be those of one (arbitrary) point in each such group. Furthermore, we
used the compatibility of the map w with the operadic FM p—action on FMps. Using
the formula above we can show the following result.

Lemma 29 The map ®: BG — Graphs, defined above is compatible with the dif-
ferentials and is hence a map of right AP~! Lo,—modules. It furthermore factorizes
through the adjoint w™* of the map w: *Graphsy; — Qpa(FMyys) of Corollary 23 as

BG L5 Qpa(FMp)* <5 Graphsjy
with

F((pn ®a1 ® - ®ap)o (Ly,....{n))(w)

= / (/1) - (] on) .
Fund(FMaz (n))o(f (£1),, f (€n))

Proof The factorization through w™ is clear by (11).
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It remains to check that the differentials are preserved by ®. Note that the differential
on BG decomposes into three terms, d = dgq,, (M) + dpap-13_ + deobar, Stemming
from the internal differentials on Qpa (M) and AP~1}., and the cobar construction
respectively. Note that the second summand is zero on generators.

On the other hand we compute, applying Stokes’ theorem,
(P(pun @1 ®--®ay))(dT)

=/ (iar) - (T on)wgr
FMas (n)

[ e (rfandor
FM s (n)

n

=y

j=1 ’F

The two terms exactly reproduce the differential on BG. The first term corresponds to the

part from the internal differential on Qpa (M ). The second term (the boundary integral)
produces the part of the differential from the cobar construction. More precisely, it is

(ror) - (wdoty) -+ (b am)oor [ (wfon)-- (nlan)or.

Mas (n) IFM a7 (1)

the sum over codimension 1 boundary strata corresponding to some subset of the n
points colliding. But each such term is, using the computation (11) again, identified
with an action of a generator of AP=1L ., so that all these terms together assemble to
F+deobar P(Un Q1 Q- R ap). O

5.6 The map BG — Graphs,, is a quasi-isomorphism
In this section we will show the following proposition:
Proposition 30 The map ®: BG— Gra phsy,y constructed above is a quasi-isomorphism.

There is a filtration on Graphs,, by the number of connected components in graphs.
Concretely, let 7”Graphsy, be the set of elements of Graphs,, which contain only
graphs with p or fewer connected components. There is a similar filtration on BG com-
ing from the arity of elements of the generating symmetric sequence s~ 2 AP coComm.
Concretely, elements of F7 BG are those elements of BG that can be built without using
any generators (lp41, dp+2,... in AP coComm. The filtration is aritywise bounded,
since the number of connected components in arity r is necessarily between 1 and r.

Lemma 31 The map ® from above is compatible with the filtration, ie

®(FPBG) C FPGraphsy,.
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Proof The result is clear for generators of BG, since graphs with n vertices cannot
have more than n connected components. In general ® is compatible with the filtration
since is a morphism of AP~1L ., right modules and the right action of AP~ L
on Graphs), is given by the insertion of connected graphs which cannot increase the
number of connected components. O

It follows that ® induces a morphism of the respective spectral sequences. We will
show the following lemma:

Lemma 32 The map ® induces an isomorphism at the first pages of the associated
spectral sequences.
The statement of the lemma is equivalent to saying that the graded version of @,
grd: gr]_sf(/} — gr Graphsyy,
is a quasi-isomorphism.
One can compute the cohomology of grﬁf} explicitly.
Lemma 33 H(gr]?(/}) = (s P APcoCommo H*(M)) o AP~ 1Lie =: sBGr(m)-
Proof The differential on gr BGis precisely the one induced by the de Rham differential
and the differential on AP~! L. Therefore, by the Kiinneth formula,
H(grBG) = H(s~ P AP coComm) o H(Qpa(M)) o H(AP ™' Loo)

= (s P AP coCommo H*(M)) o AP~ Lje. |

Having fixed the embedding H *(M) < Qpa (M) and fixing any aritywise right inverse

(as cochain complexes) of the projection AP~1Lo, — AP~ ILie, from now on we
interpret the space sSBG () (with zero differential) as a subcomplex of gr BG.

Proposition 34 The map gr ® restricts to an injective map sBG g (pr) — gr Graphsy,
and the inclusion morphism ®(sBG g(pr)) < gr Graphsy, is a quasi-isomorphism.

The proof is by an argument similar to the one used by P Lambrechts and I Volic in [33,
Lemma 8.3]. If we believe Proposition 34 for now, Lemma 32 follows as a corollary.

Proof of Proposition 30 As a consequence of Lemma 32, the map @ induces a
quasi-isomorphism at the level of the associated graded with respect to an (aritywise)
bounded filtration, and therefore is a quasi-isomorphism itself. |
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5.7 Proof of Proposition 34

Proposition 35 The vector spaces sSBG g (pr)(n) satisfy the recursion

(12) sBGyr)(n) = sBGyun(n—1)® H*(M) @ sBGyry(n —1)[D — 119",

Proof We have

SBGH(M) (n)
= P HOOKDI®AP Lie(i1)®---® AP Lie(ix) ®R[Sh(iy. . .. . if)].
i1+-+ig=n

Let us take an element of sSBG g (ar)(n) and consider two different cases. If the input
labeled by 1 corresponds to the unit 1 € AP~1Lie(1), it is associated to an element of
H*(M) and by ignoring these we are left with a generic element of SBGg(ar)(n — 1),
thus giving us the first summand of (12).

Alternatively, if the vertex labeled by 1 corresponds to some Lie word in AP~ 1Lie(i i)
with j > 1, the only possibility is that it came from the insertion of the generator
pa € AP~ILie(2) in some other Lie word. Since there are n — 1 such choices and ji,
has degree has degree 1 — D, we obtain the summand sBGg a7y (n—1)[D—1]%9""1. 0O

Lemma 36 The map gr ® restricts to an isomorphism from sBG g ar)(n) onto its
image ®(sBG g (ar)(n)) C gr Graphsyy (n).

Proof It suffices to show the injectivity of the map gr ® when restricted to SBG g (ar) (7).

Recall that

SBGH(M) (n)

= P HOWkDI®AP  Lie(i1)®: - @ AP Lie(ix) ®R[Sh(i1. .. .. ig)]-
i1+-+ig=n

Let us start by considering the case in which the numbers iy, ..., i, are all equal to 1.

Letw; ® - Quy € H*(M)®"[nD]® AP~ Lie(1) ® - - - ® AP~ Lie(1). The element
(w1 ®---Qwy) € Graphs,y(n) is in principle a sum of many terms, but its projection
into the subspace of Graphs,, (n) made only of graphs with no internal vertices, no
more than one decoration per vertex, and precisely n connected components is simply

L@ @
D Q@ @

the graph
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where o] is dual to w; under the pairing on H*(M). This implies in particular that ®
is injective when restricted to H*(M)®"[nD] @ AP~ Lie(1) ® --- ® AP~ Lie(1).

The same idea can be adapted for the case of arbitrary i ;. The image of the elements
of sBG g(pr) might be very complicated, but to conclude injectivity it is enough to
see that the components on a “disconnected enough” subspace are different and by
compatibility with the Lo—action these components are just given by insertion of
graphs representing L, words.

Let p C 2L} denote a partition of the numbers 1, ..., n. To every such p we can
associate a subspace V, C Graphsy,(n) spanned by graphs with no internal vertices
and such that the vertices labeled by a and b are on the same connected component if
and only if @ and b are in the same element of the partition p.

Every partition p is determined the number of elements of the partition, which is a
number k < n, the sizes of the partitions, iy, ..., such thati; +---+ iy =n and an
element of Sh(iy, ..., i) specifying which numbers are included in each element of
the partition. This data defines a subspace W), of sSBG g (ar)(n) and the map @ induces
maps P : Wp — I7p, where I7p =&P ' coarser than p Vp/ and similarly for Wp,. It can
shown by induction on the size of the partition p that the maps @, are injective for
every partition p, so in particular for p the discrete partition we obtain the injectivity

of the full map.

This follows from the fact that a linear map f: A@® B — V is injective if its restriction
to both A and B is injective and f(A)N f(B) = 0 and in our case these two conditions
can be verified just by looking at the component of V,, C 171,. |

Corollary 37 The family of graded vector spaces ®(sBG g(pr)) C gr Graphsy satisfies
the recursion

(sBGya)(0)) =R,

O(sBGrm)(n)) = ©(sBGr)(n—1))QH*(M)DP(sBGHar)(n—1)) [D—1]®"~ 1,
Proposition 34 will follow from showing that the inclusion ®(sBG g7 (ar)) < gr Graphsys
is a quasi-isomorphism and for this we will use some additional filtrations.

The differential on gr Graphsy, splits into the terms

8=53+A+A17

where 5 is obtained by splitting vertices, A (the BV part of the differential) removes
two decorations and creates an edge instead and A connects a connected component
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of (possibly decorated) internal vertices to the given graph. Let us call the emv-degree
(edges minus vertices) of a graph the number

#(edges) — #(vertices).

The differential can only increase or leave constant the emv degree. Hence we can put
a filtration on gr Graphs,, by emv degree. We will denote the associated graded by

gr’ gr Graphs,,.

The induced differential on the associated graded ignores the A part of the differential.
Lemma 38 H (gr’ gr Graphsys) = ®(sBGyar))-

Since in gr’ gr Graphsy, the A part of the differential is zero, all pieces of the differential
increase the number of internal vertices by at least one. To show this lemma, we will
put yet another filtration on gr’ gr Graphs,, by #(internal vertices) —degree. Let us call

the associated graded
gr” gr’ gr Graphsy.

Notice that in gr” gr’ gr Graphs; we have A = 0 and the only “surviving” pieces of A
replace any decoration by an internal vertex with the same decoration or connect a
single internal vertex to another vertex of the graph. These pieces also appear in 85 and
it can be checked that they appear with opposite signs, thus canceling out.

Lemma 39 H(gr” g’ gr Graphsys) = ®(sBGr(ar))-

Proof Let us write V(n) = gr” gr’ gr Graphsy, (n) for brevity. We will show that
H(V(n)) = ®(sBGg(ary(n)) by induction on n. We can split

LR, 0
Viy= Vo & Vi @& Vea

according to the valence of the external vertex 1 (where decorations are considered to
increase the valence of the vertices). The arrows indicate how the differential maps the
individual parts to each other. The complex Vjp is isomorphic to V(n — 1) and we can
invoke the induction hypothesis. For the remainder we consider a spectral sequence
whose first differential is V>, — V7. Concretely, we consider (Fi)rez. a descending
filtration V(n) D -+ D Fgx D Fr+1 D -+ D 0, such that Fj, is spanned by graphs of
degree at least k in which the vertex 1 is not 1-valent and by graphs of degree at least
k + 1 in which the vertex 1 has valence 1. The map V>, — V is injective and its
cokernel is generated by graphs of one of the following types:
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(1) Vertex 1 has a decoration and no incoming edges.

(2) Vertex 1 has no decoration and is connected to some other external vertex.

In the first case we obtain a complex isomorphic to V(n — 1) for every choice of
decoration, with a degree shift given by the decoration. In the second case, each choice
of connecting external vertex yields a complex isomorphic to V(n — 1) with a degree
shift given by the additional edge. This gives us the following expression of the first
page of the spectral sequence:

Ex(V(m) = H(g V() =Vo®V(n—1) @ H' (M) ®V(n—1D[D—1]®"""
=Vin-1DQH*M)®V(n—1)[D—1]%""1
Under this identification, on the this page of the spectral sequence we obtain precisely
the differential of V'(n —1). Notice that 11 @ V>, is a double complex concentrated on

a double column and therefore the spectral sequence collapses at the second page E».
From this observation we obtain the recursion

HWV(n)=HVn-1)®H"(M)® H(V(n—1)[D-1]®""",

which is the same as the recursion for ®(sBGg(ar)(n)), as shown in Corollary 37. To
see that the inclusion ®(sBGg(ar)(n)) — V(n) induces a quasi-isomorphism on the
second page of the spectral sequence, we start by noticing that the result holds triv-
ially on the 1-dimensional initial terms ®(sBGg(ar)(0)) and H (V' (0)), and therefore
®(sBGy(am)(n)) and H(V (n)) have the same dimension.

The second page of the inclusion map

O(sBGgr(ar)(n—1))® H* (M) ® P(sBG (g (n—1))[D—1]®"~1
- HVn-1)QH* (M)®H(V(n—1))[D—1]%"1

(fn flz)
S f22)°
where f12: ®(sBGyar)(n—1))[D— 11®9"~1 5> H(V(n—1))® H*(M) is actually the
0 map, since P(sBG g (pr)(n—1))[D — 1]®7=1 corresponds to the image of elements

in H*(M)®*[kD] @ AP~ 1Lie(i1) ® - -- ® AP~ 1Lie(iy) with i; > 2 and the vertex 1
cannot be the only labeled vertex in its connected component. The maps f11 and fao

can be written as

are isomorphisms by induction, and therefore the second page of the inclusion map is
an isomorphism, whence the result follows. |
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Proof of Lemma 38 The E! term of the spectral sequence is a quotient complex,
hence it abuts at that point. O

Proof of Theorem 25 We have shown that the composition
lé\(/} L) QPA(FMM)* ﬁ) GraphsM

is a quasi-isomorphism, but since the homology of Q2pa(FMps)* is also isomorphic
to the other two homologies which are finite-dimensional in each arity and degree, it
follows that F and w™ are quasi-isomorphisms themselves.

Consequentially, the map Chains(FMz) — Qpa(FMaz)* — Graphs,, is a composition
of quasi-isomorphisms, therefore is a quasi-isomorphism as well. O

Remark 40 For the proof of Theorem 25 we consider the functor 2ps of semialgebraic
forms, but one could equally use any contravariant functor €2 landing in dgca’s satisfying
the following properties:

e Q is quasi-isomorphic to the Sullivan functor A py, of piecewise-linear de Rham
forms.

e Q admits pushforwards of the forgetful maps FM s (n) — FM s (n—k) satisfying
the usual properties of fiber integrals, in particular Stokes’ theorem.

e  is “almost” comonoidal, as in Remark 15.

6 The nonparallelizable case

Let M be a closed oriented connected manifold. In this section we show that even
in absence of the parallelizability hypothesis, a slight variant of the collection of
commutative algebra *Graphs,, is still a model of FM ;.

In this respect it is not natural to consider graphs with tadpoles as the compatibility
of the differential of the map from Lemma 16 depended on the vanishing of the Euler
characteristic for those graphs. More precisely, the problem is that in the map of
Lemma 16 a tadpole edge is sent to a form whose coboundary is the Euler class.

We define *Gra Agj[ C *Grayy to be the dg Hopf subcollection spanned by graphs without
tadpoles.

Note that this subcollection is indeed closed under the product and differential. It
furthermore retains a AP~ !Lie*—comodule structure from *Grays, but not the full
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*Grap—comodule structure, as the proof of Proposition 14 fails in the absence of
tadpoles. Furthermore, the map (8) naturally restricts to a map of dg Hopf collections

*Gragy — Quiv(FMpg) C 2pa(FMag).

which is well defined even if M has a nontrivial Euler class. The twisting construction
of Section 4 and in particular the construction of the map w of Corollary 23 also
naturally yields a map

w: *Graphs]f; — Qpa(FMyy), T+ or,

where we denote by *Graphs ]a C *Graphsy, the subcollection spanned by graphs
without tadpoles.

To be clear, if M has nonvanishing Euler class then the map @ of Corollary 23 is not a
priori not well-defined on Graphs,, because we would need to send a tadpole edge to
a form whose coboundary is the Euler class. Furthermore, the partition function (9) is
only well defined on the tadpole-free part *fGC Z}.( m C *fGChe(ar)- Hence one does
not even get a well-defined (square-zero) differential on the graded collection *Graphs
from the partition function, one only has this on the tadpole-free part *Graphs Ajfl

In particular, we note that the differential on *Graphs 151 can indeed not produce tadpoles.
The only term in the differential that is able to produce a tadpole is the edge contraction
in the presence of a multiple edge. However, multiple edges are zero by symmetry
reasons for even D while tadpoles are not present by symmetry reasons for odd D,
hence no problem arises.

Also, if M is not parallelized, there is no consistent way of defining a right FM p—action
on FMjs. Nonetheless, disregarding the cooperadic coactions, the map

*Graphsz] — Qpa(FMyy)

is well defined as a map of dgcas since the proof of Lemma 19 uses parallelizability
condition only for the tadpoles and the coaction; see the remarks within that proof on
using the trivialization of the tangent bundle.

Before proceeding, let us furthermore show that the exclusion of tadpoles has no effect
on the homotopy type, provided *Graphs,, is well defined. (See [45, Proposition 3.4]
for similar results and arguments.)

Proposition 41 Suppose that M is parallelizable (or at least has vanishing Euler
class), so that the dg Hopf collection *Graphs,, is well defined. Then the inclusion
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*Graphs 51 — *Graphsy, is a quasi-isomorphism of collections of dg commutative
algebras.

Proof sketch We consider a spectral sequence on *Graphs,, whose associated graded
has a differential contracting internal vertices with only an adjacent edge and a tadpole

A

Such a spectral sequence can be obtained by filtering first by the number of tadpoles

along the nontadpole edge:

and then by / 4+ degree, where [ is the sum of lengths of maximal connected subgraphs
consisting of 2—valent internal vertices and one internal vertex with just a tadpole at
the end.

We can then set up a homotopy / that splits out an internal vertex with a tadpole:

A

We have doh + hdo = Tid, where T is the number of tadpoles, whence it follows that

H (*Graphsyy, do) :*Graphslgl. O

Finally, one has the following version of Theorem 25 for nonparallelizable M .

Theorem 42 Let M be a closed oriented manifold. The map
We': *Graphs]fj, — Qpa(FMyy)

is a quasi-isomorphism of symmetric sequences of dg commutative algebras. Similarly,
the composition map

Chains(FMpz) — Qpa(FMp)* @, Graphsla = (*Graphs;;)*

is a quasi-isomorphism.

Proof We follow the proof of Theorem 25. First we note that while in general one does
not have a right FM p—module structure on FM s if M is not framed, the insertion of
fundamental chains of FM p at points in FM s is independent of the framing so in fact
it gives us a well-defined operadic action Chains(FMps) o AP1 L, — Chains(FMpy).

Similarly, as mentioned above, Graphs 151 inherits a right AP ~1 L .—module structure
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from the one on Gra 5[ = (*Gra 5,)*. These structures suffice to define the map of
right AP~1 L oo—modules
®: BG — Graphs

as in Section 5.5 by formula (10) (respectively (11)). Furthermore, Lemma 29 does not
make use of tadpoles and holds in this case as well.

Furthermore, the remaining arguments of Sections 5.6 and 5.7 leading to Theorem 25
are agnostic to the presence or absence of parallelizability of M or tadpoles in graphs,
and hence also show Theorem 42. d

7 A simplification of *Graphs,,; and relations to the literature

7.1 An alternative construction of Graphs,,.

Recall that in Section 4 the space *Graphs,, was constructed by identifying connected
components without external vertices with real numbers via a “partition function”,
which is a map of commutative algebras Z s : *fGCge(pr) — R.

In this subsection and the next we present an alternative construction of Graphsy, that
will allow us to understand better the relevance of the partition function Z s in the
homotopy type of Graphs,,.

Notice that *fGC ge(ay) is a quasifree commutative algebra generated by its subspace
of connected graphs *GCpgpr). The differential d on *fGCpge(ps) defines then a
A Lo coalgebra structure on *GCge(ar). In fact, since the differential can increase the
number of connected components by at most one, this is in fact a strict Lie coalgebra
structure.

The dual Lie algebra structure is denoted by GCge(pr) = (*GCpe(ar))™ and is repre-
sented by infinite sums of graphs decorated by H,(M) (or dually by H*(M), via the
Poincaré pairing). The Lie bracket [I", I'’] is given by summing over all possible ways
of selecting a decoration in I' and another decoration in I'” and connecting them into
an edge, with a factor given by their pairing. The differential acts by vertex splitting
and joining decorations.

It follows that maps of dg commutative algebras *fGCge(pr) — R are identified with
maps in the Lie algebra satisfying the Maurer—Cartan equation,

MC(GCHo(M)) = Homdgca(*fGCH-(M), R).
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We denote by z s € GCgye(pr) the Maurer—Cartan element corresponding to the partition
function Zps. If we consider the subrepresentation S C Tw Grays given by graphs
with no connected components consisting only of internal vertices, then Graphs,, is
obtained by twisting S by the Maurer—Cartan element z s, as recalled in the following
section.

Analogously, we denote by GCyy := GC;{A{( M) the Lie algebra obtained by twisting
with the Maurer—Cartan element z 4.

For later use let us also split the Maurer—Cartan element

D
=Y gV @) + 2y

ij=1

=:zo

into a part zg given by graphs with exactly one vertex and 2 or 1 decorations and
a remainder z}, := z) — zo. Note in particular that zg is determined solely by the
nondegenerate pairing on H(M). The element z is itself a Maurer—Cartan element,
and below we will consider the twisted dg Lie algebra

/ L z
GCH(M) = GCP(I)(M)’
and consider ZEM as a Maurer—Cartan element in GC’H( M)

7.2 Twisting of modules

While the differential of Graphs,, can be very nonexplicit, expressing it as twist by a
Maurer—Cartan element opens the door to simplifications of the model, as long as we
have some control over the gauge equivalence class of the Maurer—Cartan element.

Indeed, let us pause for a moment to consider the following general situation. Suppose
g is a dg Lie algebra, acting on M, where M can be just a dg vector space, or a
(co)operad or a (co)operadic (co)module, or a pair of a (co)operad and a (co)operadic
(co)module. In any case we require the g—action to respect the given algebraic structure,
in the sense that the action is by (co)derivations.

Suppose now that m € g is a Maurer—Cartan element, ie dm + %[m, m] = 0. Then
we can form the twisted Lie algebra g™ with the same Lie bracket, but differential
dm = d + [m,—]. We can furthermore form the twisted (g”—)module M™, which
is the same space as M, carrying the same action and underlying algebraic structure
(operad, operadic module, etc), but whose differential becomes

dm :d+m',
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where m- shall denote the action of m and we denote the original differential on M
by d. Next suppose that m’ € g is another Maurer—Cartan element. We say that m
and m’ are gauge equivalent if there is a Maurer—Cartan element 7 € gz, dt] whose
restriction to ¢ = 0 agrees with m, and whose restriction to ¢ = 1 agrees with m’. More

concretely,
m= m; + dtht,

where m; can be understood as a family of Maurer—Cartan elements in g, connected by
a family of infinitesimal homotopies (gauge transformations) /;. The Maurer—Cartan
equation for /7 translates into the two equations

dmt—l—%[mt,mt]zo, %+dht+[ht,mt]=0.

Now suppose that g is pro-nilpotent. Then we may form the exponential group Exp(g),
which is identified with the degree O subspace go C g, with group product given by the
Baker—Campbell-Hausdorff formula. We can integrate the flow of /; into the element
H; € Exp(g), which acts on x € g by

Hy(x) =exp(h;) - x=a+ Y

n>0

ad” (hy)
(n+1)!

([ht. x]—dhy).

The action of H; is compatible with the Lie bracket and has the property that, for every

X €g,
Hy(dx +[m,x]) = (d + [m¢, —]) He (x).

In particular, the action of H; induces an isomorphism of dg Lie algebras,

Hi:g" —g".
Next suppose that also the action of g on M is pro-nilpotent. Then, by a similar
argument, the action of H; yields an isomorphism
(13) Hy M™ — M™ .
Now let us relate these general statements to the objects of relevance in this paper. First
consider g = GCp to be the graph complex, but as a graded Lie algebra, ie considered

with zero differential. The correct differential on the graph complex is then obtained
by twisting with the Maurer—Cartan element [45]

mO: *—e

Furthermore, consider M = *Graphsp, again with zero differential. There is a natural
action of g on M [17; 45]. The differential on *Graphsp = M™0 is then reproduced
by twisting with my.
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Secondly, the above picture can be extended to include the (co)operadic right modules.
First, GCp acts on GCp(pr). We take

9 =GCp xGChum),

where we consider again the first factor with trivial differential, and the second factor
only with the part of the differential joining two decorations to an edge. The element
mg from above is then a Maurer—Cartan element, and twisting by this Maurer—Cartan
element reproduces the differential on the factors of g considered above. Similarly, we
may consider the Maurer—Cartan elements

m i=myg+zo or mpy i=mo+zym,

where zg and zps are as above. Twisting then reproduces on the second factor either
the differential on GC’H( M) OF that on GCyy.

Next consider for M the pair consisting of a cooperad and a comodule
(*Graphsp, *Graphsyy),

where the first factor we consider with the zero differential, and in the second we
consider only the part that connects two decorations to an edge. Then twisting with the
Maurer—Cartan element m 34 reproduces the full differential on the factors.

Remark 43 An immediate consequence of the above way of constructing *Graphs,
is that one has a large class of (co)derivations at hand. Namely, we have an action of
g™ on M?M _ In particular, it was shown in [45] that the 0" cohomology of GC; is the
Grothendieck—Teichmiiller algebra grt;. Hence, overstretching the analogy a bit, we
may consider the dg Lie algebra g, consisting of factors GCp and GC)y, as a version
of the Grothendieck—Teichmiiller dg Lie algebra associated to the manifold M. Note
however that this “definition” is a little provisional; a more invariant definition would
be to define the M—Grothendieck—Teichmiiller Lie algebra as the homotopy derivations
of a real model of the pair (FMp, FMps). It is yet an open question in how far the
homotopy derivations in g’ exhaust all homotopy derivations. For example, g**
itself does not readily capture the (nonnilpotent) action of the Lie algebra o(H (M))
(of linear maps that preserve the pairing) on all objects involved.

Next, let us note that the right comodule *Graphs,, is unaltered (up to isomorphism) if
one replaces the Maurer—Cartan element z s used in its definition by a gauge equivalent
Maurer—Cartan element. Indeed, the action of GCg(ar) is nilpotent since the action
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of any element in GCg () always kills at least on vertex. Hence given two gauge-
equivalent Maurer—Cartan elements, an explicit isomorphism between the two versions
of *Graphsy, produced is given by (13).

Finally, let us note that the above construction works equally well for the tadpole-free
version *Graphs ]f, of *Graphs,,. In this case, one needs to work with the tadpole-free
version of the graph complex GCjys. Also, in this case one does not have a right
*Graphsp coaction.

7.3 Valence conditions

In this section we show that the Hopf comodule *Graphs,, is quasi-isomorphic to
(essentially) a quotient that can be identified with graphs containing only > 3—valent
internal vertices. For this, we would like that the Maurer—Cartan element (partition
function) z}, above vanished on the subspace spanned by graphs containing a < 2—
valent internal vertex. While this might not be the case in general, we show that zpy is
gauge equivalent to a partition function satisfying this property.

Lemma 44 The subspace GC%;. on C GC’H. (M) spanned by graphs having no 1 or
2—valent vertex is a dg Lie subalgebra.

>3
Proof GCH.(M)

of vertices. It remains to check the stability under the differential.

is closed under the Lie bracket since it does not decrease the valence

Recall that the differential has three pieces, a first one that splits an internal vertex, a
second one that joins decorations into an edge, and a third one arising from the twist
by zp. Joining decorations into an edge cannot decrease the valency on vertices and
therefore preserves GC?. (M) Univalent or bivalent vertices can a priori be created
both by the second and third term in the differential. However, one easily checks that
these < 2—valent contributions cancel due to signs. For example, when computing the
differential of the graph >>%Q bivalent vertices are created by vertex splitting >>.4{¢
However, since there are two contributions corresponding to each of the two vertices,
and they appear with opposite signs, they cancel out. For bivalent vertices carrying a

decoration, or for a univalent vertex, the argument is similar. O

Let GC/;I. (M) be the subspace of GC/H.( M) spanned by graphs that (i) do not contain
any univalent vertices, and (ii) contain at least one > 3—valent vertex. Notice that
GC’I;.( M) is a sub-Lie algebra of GCge(pr) since the Lie bracket cannot decrease any
valences. Furthermore, we have the following easy result.
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Lemma 45 The Maurer—Cartan element Z;M € GC/H.( M) constructed above lives in
the subspace GClyya (-

Proof First note that by definition z), contains no graphs with a single < 2—valent
vertex, as those graphs have been absorbed into zg above. Hence the only instance
of a (connected) graph with a univalent vertex is a graph with an “antenna”, ie an
edge connected to a univalent vertex. However, to such graphs the configuration space
integral formula associates weight 0, by property (iv) of Proposition 8 (or alternatively
by a degree argument, since there are not enough form degrees depending on the
position of the antenna vertex). Next, if the graph has no trivalent vertices, it is either a
string, with some decorations at the ends, or a loop. In case of a string, the weight is
zero again by (iv) of Proposition 8. Finally, the loops all have zero weight by degree
reasons. O

The following proposition is essentially proven in [45, Proposition 3.4]. One uses
essentially the dual argument of Theorem 49.

Proposition 46 The inclusion map GCZ{( My = GC'I'{.( M) is a quasi-isomorphism
of Lie algebras. Furthermore, endowing both sides with the descending complete
filtrations by the number of nonbivalent vertices,’ the map between the associated
graded spaces is already a quasi-isomorphism.

Due to this proposition we can apply the Goldman—Millson theorem [16] to conclude
that any Maurer—Cartan element in GC/; He (M) is gauge equivalent to a Maurer—Cartan
element in the subspace GC= H'( M) In particular:

Corollary 47 The Maurer—Cartan element z'y, is gauge equivalent to a Maurer—Cartan
element in the subspace GC;-;.( My

Next, we apply the remark of the previous subsection to conclude that we may use
a > 3—valent Maurer—Cartan element (say 213\4) gauge equivalent to z), to construct

*Graphs,y. For the sake of concreteness, let us temporanly (for this subsection) denote
the version of *Graphs,, constructed as before by Gra phs M W - and the one constructed
with z3 instead by *Graphs?3 17> though this is an abuse of notation.

Let us consider a subspace S of *Graphsﬁ spanned by graphs having at least one
internal 1- or 2—valent vertex. Recall that decorations count as valence and there are
no O—valent internal vertices in *Graphs,,.

70n GCZ% this filtration is quite trivial.

H'(M)
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Lemma 48 The space S described above is a subcomplex of *Gra phsf‘f[.

Proof Recall that the differential has two pieces, a first one that contracts an edge
connected to an internal vertex and a second one that either cuts an edge into the
diagonal class or deletes a subgraph of internal vertices producing a factor given by the
image of such subgraph under Z . Due to the Maurer—Cartan element z3 containing
only > 3—valent diagrams, the differential cannot cut out a subgraph containing a
bivalent internal vertex. Let us consider a graph with a 2—valent internal vertex that is
adjacent to two other vertices. There, the differential acts as follows:

cpednpd T e LT

The contributions of contracting both edges appear with opposite signs and therefore
cancel. Notice that 1-valent internal vertices are produced on the other summands
when the decoration of the internal vertex takes the value 1.

If there is a 2—valent internal vertex that is adjacent to only one other vertex and has
one decoration, the action of the differential there is:

5SSy

It is easy to see that if there is one 1-valent internal vertex the two pieces of the
differential cancel each other, thus concluding the proof. |

The following proof is an adaptation of [45, Proposition 3.4].

Theorem 49 The projection map *Graphsy; — *graphsys := *Graphs}} /S is a quasi-
isomorphism of dg Hopf right * Graphs p —comodules.

Proof It suffices to show that H(S) = 0. If we set up a filtration on S by the total
number of decorations, on the zeroth page of the spectral sequence we recover dy as the
contracting piece and a piece that cuts out a connected component of internal vertices
with a factor given by an integral. We claim that the spectral sequence collapses already
on the first page.
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Figure 3: Replacing bivalent internal vertices by a single labeled edge.

Notice that dy cannot produce 1-valent internal vertices from 2—valent internal vertices
and it follows from the proof of Lemma 48 that a 1-valent internal vertex cannot be
destroyed.

It follows that on the zeroth page S decomposes as a sum of complexes S = S1 @ Sz,
where S is spanned by graphs with at least one 1—valent internal vertex and S7 is
spanned by graphs whose internal vertices are at least 2—valent.

To see that S is acyclic one can look at “antennas” of the graphs, ie maximal connected
subgraphs consisting of one 1-valent and some 2—valent internal vertices. By setting a
spectral sequence whose differential decreases only the length of antennas, one can
construct a contracting homotopy that increases this length; thus showing H(S1) = 0.

As for S», the same idea can used by replacing every path on the graph consisting of
2-valent internal vertices by single edges labeled by their length; see Figure 3.

By considering a spectral sequence whose differential on the zeroth page only reduces
the numbers on the labels, being careful with the signs one can construct a contracting
homotopy which gives H(S3) = 0. O

Overall, we conclude that *graphs,, is a dgca model for FMy, by the explicit zigzag

/7
>~

*graphsy; <= *Graphsyy <= *Graphsiy 5 Qpa(FMpy).
Moreover, the above maps are morphisms of dg Hopf right comodules.

If M is not parallelizable, one can construct the space *graphs Agj, as the analogous
quotient of *Graphsﬁ. The same proof allows us to conclude that *graphs ]a is a dgca
model for the collection of topological spaces FMjs by a similar zigzag.

Remark 50 The smaller model *graphs,, (as well as *graphs 1(’/;1) has the advantage
that for D > 3 it is connected in the sense that each dgca *graphsyy (r) is concentrated
in nonnegative cohomological degrees, and one-dimensional in degree 0. This can be
shown by a degree counting argument similar to Lemma 54, using the trivalence condi-
tion and the existence of at least one external vertex per connected component. Similarly,
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one sees that if in addition H!(M) = 0, then *graphs,, (r) is finite-dimensional in
each cohomological degree.

Remark 51 The propagator ¢, established in Proposition 8 can be chosen so that
f2 ¢12a0 = 0, where the integration is conducted along the fiber of the forgetful map
p2: FMp(2) — M, and where « is any of the chosen representative forms for the
cohomology; see Convention 7 (also [13]). It would be desirable to show that ¢12
may be chosen so that in addition f3 P13¢32 = 0, where the integration is performed
along the fiber of the forgetful map p3: FMps(3) — FMps(2). In that case the above
discussion could be considerably simplified, since the extra condition immediately
renders the integral weights of all graphs with bivalent vertices zero. A propagator
with this desired property has been constructed in the smooth setting in [13, Lemma 4].
We expect that the proof carries over to the semialgebraic setting. However, there is a
technical difficulty due to our use of PA instead of smooth forms, whose resolution we
leave to future work. Roughly speaking, the technical problem is that for a PA form
B € Q(M x N) one has to define a good notion of “de Rham differential in the first
slot” dy .

7.4 Computing the cohomology and loop orders

Above we construct real dgca models *Graphsj, and *graphs,, for configuration spaces
of points on a manifold M, which depend on M only through the Maurer—Cartan
element zps € GCpe(pr). Note that GCge(py) is naturally filtered by the loop order of
graphs. We can decompose the Maurer—Cartan element

M =ZR,I+Z}W+~-
accordingly into pieces of various loop orders.
The differential on *graphs,,(n) can only maintain or decrease the number of loops

(genus) of the graphs. It follows that the subspace *gra phs?ﬁ,r (n) C *graphs,y (n) spanned

by graphs of genus zero, ie forests, is a subcomplex and a dg subalgebra for n = 1.
Notice that however it is not a subalgebra if n > 1. In any case the object *gra phsg“}r

depends on M only through the tree-level piece 224 of our Maurer—Cartan element zpy.

Lemma 52 The inclusion of *gra phsljﬁ[r in *graphs,, is a quasi-isomorphism (of sym-
metric sequences of complexes).

Proof The proof follows essentially from the spectral sequence argument given in
Lemma 39.
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The differential in *graphs,, cannot decrease the number of connected components
of a graph, so by considering a filtration by the number of connected components
of the graphs we obtain the respective associated graded complexes gr *gra phslcor and
gr *graphs,,. Then we notice that the number # edges —#vertices cannot increase so we
take the respective filtration obtaining the associated graded complexes gr’ gr *gra phs™"
and gr’ gr *graphs,, (notice that this filtration is bounded below since there are no
connected components of only internal vertices). After this, the only piece of the
differential remaining is the one cutting out a (decorated) tree of internal vertices and

evaluating the partition function on it.

At last, filtering by #internal vertices — degree, we obtain in the associated graded
complexes gr’ gr’ gr *graphs™ and gr” gr’ gr *graphs,, a the piece of the differential
that reduces the number of internal vertices exactly by 1, ie the differential contracts
one edge connected to one or two internal vertices or cuts out a tree consisting only of
a single decorated internal vertex.

We claim that the induced inclusion map is a quasi-isomorphism at this level. As in
Lemma 39, by induction on n one can show that the homology of

V(n) = gr” g’ gr *graphs s (n)
satisfies

H(V(n)=HWVn-1)®H (M)® H(V(n—1))[1-D]®" 1,
but the same proof gives the same result for the homology of gr” gr’ gr *gra phs;‘}r, N¢)
the result follows. O
In particular we see the following:

(1) The dgca *gra phs&oj(l) is a real model for M, so that the tree-level piece of z s
encodes the real homotopy type of M.

(2) Knowledge of the tree-level piece of z s suffices to compute the real cohomology
of FMps(n), as a graded vector space, for all n.

8 The real homotopy type of M and FM,,
The goal of this section is to compare the information contained in the partition function

z )¢ from above to the real homotopy type of M. By the latter, we mean the isomorphism
type of a homotopy commutative (Cno) algebra structure on the cohomology H(M).
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The end result will be that the knowledge of the real homotopy type of M suffices to
recover zps (up to gauge equivalence) in the case that D > 4 and H!'(M) = 0.

Let us first see how the Coo—algebra structure on H(M) can be obtained from our
graphical models. For every closed oriented connected manifold M we fix the following
homotopy data of chain complexes,

p
H*(M) &= *graphs'y (1) Dh
1
pi =id, id—ip=dh+hd,

where the map i is defined so that

i(w) = ®@

and the map / is defined so that

T
i \ 7/
T

hlD) =
and it vanishes on graphs with a < 1—valent external vertex.

Finally, p is defined so that for every I € *graphsiy, p(I') = Yoiei [yper A f(D),
where the {e; } form a basis of H*(M) and {e"} the respective dual basis and

[+ *graphsyy (1) — Qpa(M)
is the map induced by the one constructed in Section 3.

By the homotopy transfer theorem [33, Section 10.3] such homotopy data defines a
Coo—structure on H*(M) and such structure retains the real homotopy type of M.

Notice that Coo—structures on H*(M) are identified with Maurer—Cartan elements in
the Harrison complex

Harr(H*(M), H*(M)) = Homg (Lie“{1}[~1] 0 H*(M), H*(M))

= 1_[ Lie(n) ®s,, H,(M)®" ® H*(M)[n].
neN

Proposition 53 [35, Proposition 1.6.5] The projection map
Harr(H*(M), H*(M)) — Harr(H*(M), H*(M))

is a quasi-isomorphism of Lie algebras.
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Lemma 54 If M is a connected manifold of dimension at least D > 4 such that
HY(M) := H'(M,R) = 0, then all the degree 0 graphs in *GC%,I3 are trees.

Proof The proof is a simple combinatorial argument. Let I' € *GC%,[3 be a nontree
graph with E edges and V' vertices. We denote the sum of degrees of the decorations
of a vertex v; by degdec(v;) and the number of incident vertices at v; by edges(v;).

From the relation ZlV —; edges(v;) = 2E, it follows that

y
deg(l) = (D —1)E— DV + ) _ degdec(v;)

i=1

|4
=D -3)(E-V)+ Z(deg dec(v;) + edges(v;) — 3).
i=1
Because of the > 3—valence condition, each term deg dec(v;) + edges(v;) — 3 must be
greater than or equal te zero. In fact, since decorations have degree at least 2 if there
is at least one decoration in I", the sum ZlV —;(degdec(v;) + edges(v; ) — 3) is strictly
positive.

Now notice that since I is a not a tree, we have £ > V' and in case of equality there
must be at least one decoration. In any of those cases it follows that deg I > 0. O

Remark 55 From the proof we also observe the following:

e If D=3and H'!(M) =0, the only nontree graphs of degree 0 have no decorations
and every vertex is exactly trivalent. These graphs are also called simple cubic
graphs.

o For D > 4 but H'(M) # 0, there are nontree graphs of degree zero but they
take on a very simple form: Besides trees, there are only graphs of genus 1
that are trivalent and decorated only by 1-forms. Such graphs are given by a
“fundamental loop” such that every vertex has a decorated trivalent tree attached.

598
®

From now on, let us suppose M to be simply connected and of dimension D > 4.

Here is an example:
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Proposition 56 The dgla GC12W3’tree is the quotient of GC]ZM3 by the dg Lie ideal
spanned by graphs with at least one loop.

Proof First notice that the Lie bracket of two graphs I', T € GC%,I3 will be a sum of
graphs with loop order given by the sum of the loop orders of I and I'’. It follows that
the subspace spanned by graphs with at least one loop is a Lie ideal.

The splitting part of the differential preserves the loop order and the part of the differ-
ential that connects decorations increases the loop order by one and the twisted piece
of the differential does not reduce loops. It follows that the differential preserves the
ideal. |

>3,tree

Proposition 57 The dgla GC'I“,Iie is defined as the quotient of GCy; by the ideal
generated by trees with vertices > 4—valent and the IHX (or Jacobi) relations that
originate from the splitting differential of a 4—valent vertex.

The quotient map GC?’tree — GCY¥ is a quasi-isomorphism.

Proof It is clear that the differential preserves the ideal.

To see that the quotient map is a quasi-isomorphism, consider first a filtration by
deg — #edges such that on the associated graded the differential cannot increase the
number of vertices by more than one. Then, take a second filtration by the number of
decorations and notice that on the associated graded we obtain (the cyclic version of)
the quasi-isomorphism A~ 1Ly, — AP~ 1Lje. a

The dgla GCIL‘;e is a cyclic variant of the Harrison complex of H*(M ). Indeed, let us
consider more generally a graded vector space A = A @ R, with a degree —D pairing.
A Coo—structure on A is given by a Maurer—Cartan element in Hom(Lie{1}[—1]oc 4, A)
which, via the pairing, can be identified with the space

Hom(A*™P ® (Lie°{1}[-1] 0 4°), R).

There is a map A ® (Lie°{1}[—1]0 A)[-D] — "‘GCILLTie determined in the following way:
A basis of the cooperad Lie‘ can be identified with rooted planar trivalent trees modulo
the Jacobi (co)relations. Forgetting about the position of the root and considering it as
any other leaf, and replacing every leaf with a decoration by A, we obtain an element
in *GCL*.

Definition 58 Let A = A@R be a graded vector space with a nondegenerate pairing of
degree —D. A cyclic Co—algebra structure on 4 is a Maurer—Cartan element in GC';Tie.
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If such a cyclic Coo—algebra structure z maps into a Coo—structure p via the dual of the
map described before Definition 58, we say that z extends L.

Remark 59 Due to the implicit usage of the degree — D pairing, such structure would
be more appropriately called a “D—cyclic Coo—algebra”.

Proposition 60 An orientable closed manifold M determines a cyclic Coo—algebra
structure on its cohomology H*®(M) extending the one arising from the homotopy
transfer theorem.
Proof The Coo—structure on H*(M) is given by a map in
Hom(Lie{1}[—1] o H*(M), H*(M))
which, by the Poincaré duality pairing, is equivalent to an element
f €Hom(H*(M) ® (Lie°{1}[—1]o H*(M)),R).

We claim that there is a factorization of f by

H*(M) ® (Lie{1}[~1] 0 H*(M)) % R

-

* Lie =~
GCyy
and the dashed arrow corresponds to a Maurer—Cartan Z € GCZLlile which is gauge
equivalent to the image of Z3, € GC%;’"GC.

To show that f factors through g it is sufficient to show that for every u € Lie{1}[—1](n)
and wy, ..., w, € H*(M),

fwo@u@w1 ®:+-Qwp) = f(on QU W R+ R wp—1),

but this follows from the explicit formula the Cyo—action given by the homotopy
transfer theorem. This corresponds to computing the partition function on the trivalent
graph given by the C, operation u where the root is replaced by a decoration by the
element wq, which is clearly cyclically invariant.

As an example, suppose that y corresponds to (s o1 w2 € Lie€(3). Then

w(wr, w2, w3) = p(h(i(w1)i(w2))i(ws))

1

_p@g@ = Zei[ 7wy (e )y (w3) 1,275 (w1) 705 (w2).
7@ N 1,2
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Therefore,

f(@o, @1, w2, w3)) = / 71 (o)} (@3) 1,275 (01) 75 (2) = Z { O
" @)

Remark 61 For simply connected > 4—dimensional M, the cyclic Coo—structure on

H* (M) determines the spaces *graphs 5[ (n), which encode the real homotopy type of

FMps (n). Moreover, if M is parallelized, the cyclic Coo—structure determines the Hopf

comodule structure of *graphs,,, which encodes the real homotopy type of FMjs seen
as a right FM p—module.

Finally, one can check that the isomorphism type of the (noncyclic) Coo—algebra
structure on H (M) already determines the cyclic Coo—algebra structure. In other words,
the cyclicity is not to be seen as extra data on, but rather a property of the real homotopy
type, reflecting Poincaré duality. More concretely, the following result has been shown
in [23, Theorems 5.5 and 5.8]. We also sketch a short proof here for completeness.

Proposition 62 The real homotopy type of a closed orientable manifold determines
its cyclic homotopy type. More precisely, given two cyclic Co—algebra structures on
H (M) that are C, isomorphic as noncyclic Coo—structures, they are also isomorphic
as cyclic Coo—structures.

Proof sketch We are given two cyclic Coo—structures on H (M) and a Co isomorphism
between them. We may assume that the linear part of the Co, isomorphism is the identity,
otherwise we just pull back one cyclic Coo—structure along this linear part. Note also
that the implicit underlying nondegenerate pairing on H (M) is determined by the
product up to an unimportant scale factor, so we may assume it is the same for both
our cyclic Coo—structures.

We denote by w; and uy the two Maurer—Cartan elements in GC'I‘L}e( M) encoding our
cyclic Coo—structures. The underlying (noncyclic) Coo—structure is encoded by the
images of @1 and o under the natural inclusion of dg Lie algebras into the reduced
Harrison complex

root: GC'yf;y) — Harr(H*(M), H*(M)).

Graphically, elements on the left-hand side can be interpreted as linear combinations
of nonrooted Lie trees, and elements of the right-hand sides can be seen as rooted
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Lie trees as above, and the map root is defined by summing over all possible ways of
making one leaf into the root.

The Coc morphism between our two Co—structures (with linear term being the identity)
then yields a gauge equivalence between the MC elements root(u) and root(uz)
in Harr(H*(M), H*(M)). We desire to check that this implies that ; and u, are
already gauge equivalent in GC%}E( M) To this end we can employ the Goldman—Millson
theorem [16]. To check the conditions of this theorem we consider a filtration such
that F? Harr(H*(M), H*(M)) is spanned by rooted Lie trees with > p leaves that
are decorated by classes of nonzero degree.

On the associated graded the only piece of the differential that survives replaces the
root (say decorated by some o € Hy(M)) by two leaves, with one decorated « and the
new root decorated with 1 € Ho(M):

@
> - @ root ld—0> >'—.i:
\® root

It is an easy exercise to check that the cohomology of the p™ graded piece of the
Harrison complex is identified for p > 3 precisely with nonrooted trees all of whose
leaves are decorated by elements of H,(M). But this is precisely the image of GC%}e( M)
under the map root.

Hence the Goldman—Millson theorem is applicable to the inclusion of dg Lie algebras
root: GCﬂe( My~ F2Harr(H*(M), H*(M)). To conclude the desired result we then
just need to remark that our gauge equivalence between root(p1) and root(uz) in
Harr(H*(M), H*(M)) may actually be taken in F2 Harr(H*(M), H*(M)). To see
this in turn one also computes the p™ graded piece of the Harrison complex for p = 2,
and sees that there is no cohomology in the at least quadratic part. But since the
underlying Co, morphism has trivial linear part, we may always remove the parts in
the 2—graded piece by adding an exact terms, to yield the required gauge equivalence
in F2. O

The real homotopy type of a manifold determines its cyclic homotopy type by the
previous proposition. This in turn determines the (gauge equivalence class of) the
Maurer—Cartan element zs by Propositions 46 and 57, and Lemma 54 which itself
determines the quasi-isomorphism type of the graph complex by the discussion in
Section 7.2. We obtain thus the following theorem as a corollary:
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Theorem 63 Let M be an orientable compact manifold without boundary of dimension
D > 4, such that H'(M,R) = 0. Then the real homotopy type of FMys depends only
on the real homotopy type of M. By this statement we mean that there is a zigzag of
quasi-isomorphisms of symmetric sequences of dgcas over R

Qpa(FMps) > -« X

with X being a sequence of dgcas defined using only knowledge of the quasi-isomor-
phism class of Qpa (M) as a real dgca.

Remark 64 We generally work with unbounded cochain complexes, and a priori in
the zigzag as constructed above there will occur dgcas which have unbounded degrees.
However, the concrete X we use is (see above) X = *Gra phs%;, which is concentrated
in nonnegative degrees. Furthermore, X is cofibrant in the category of sequences of
(unbounded) dgcas, and by homotopy lifting of the zigzag we may in fact construct
a quasi-isomorphism of dgcas X — Q(FMys). For the statement above it is hence
inessential whether we work over nonnegatively graded cochain complexes or cochain
complexes of unbounded degrees.

Moreover, if we suppose M to be parallelized, the action of the Lie algebra GCyy
on Graphsy, is compatible with the right Graphs p—module structure. In this case, the
(real homotopy type) of Graphsy, as a right Graphs p—module is determined by (the
gauge equivalence class of) the Maurer—Cartan element zs. In that case, by the same
argument we obtain a stronger version of the previous theorem.

Theorem 65 Let M be a parallelizable compact manifold without boundary of dimen-
sion D > 4, such that H'(M,R) = 0. Then the real homotopy type of the operadic
right module FM s XOFM p depends only on the real homotopy type of M , in the sense
that there is a zigzag of quasi-isomorphisms of right dg Hopf comodules connecting
Qpa(FMyy) and some X, with X depending only on the quasi-isomorphism type of the
dgca Qpa(M).

We note again that we abuse slightly the notation since Qpa(FMp) is not (strictly
speaking) a dg Hopf cooperad and Qpa (FMjy) is not a right comodule; see Remark 15.
The cleaner variant of stating the above theorem is to work in a category of homotopy
cooperads and homotopy comodules, whose construction we however leave to future
work; see [33, Section 3].
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9 The framed case in dimension D =2

In Section 3 we considered parallelized manifolds since a trivialization of the tangent
bundle is needed to define the right operadic FM p—module structure. Informally, to
define the action one needs to know in which direction to insert, and the parallelization
provides us the direction of the insertion.

In this section we wish to focus on the 2—dimensional case where unfortunately the
only parallelizable (connected closed) manifold is the torus.

To go around the problem of not having a consistent choice of direction of insertion,
instead of working with configuration spaces of points, we consider the framed configu-
ration spaces. In other words, at every point of the configuration there is the additional
datum of a direction, ie an element of the Lie group SO(2) = S!.

In this section X shall denote a connected oriented closed surface with a smooth and
semialgebraic manifold structure. Most results will be an adaptation of the arguments
in the previous sections to the framed case.

9.1 Definitions

In this section we introduce the compactification of the configuration space of framed
points on X. A more detailed introduction to the subject can be found in [39].

9.1.1 The operad of configurations of framed points The construction of the operad
of the framed version of FM> is a special case of the notion of the semidirect product
of an operad and a group, as described below.

Definition 66 Let P be a topological operad such that there is an action of a topological
group G on every space P(n) and the operadic compositions are G—equivariant. The
semidirect product P x G is a topological operad with n—spaces

(PxG)(n) =G" xP(n),
and composition given by
(& p)oi(@.p)=1(g1,....8i-1,8i81+- -+ &i&m> &i+1---- & P oi (& - D)),

where g = (g1,...,8n) and &' = (g}, ..., &m)-

The group SO(2) has a well-defined action on FM5 given by rotation.
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1) e o = 1&
e 2

Figure 4: Operadic composition in FFM>.

Definition 67 The framed Fulton—-MacPherson topological operad FFM, is the semidi-
rect product FM, x SO(2).

When the operadic composition is performed, the configuration inserted rotates accord-
ing to the frame on the point of insertion, as depicted in Figure 4, where at every point
we draw a small line indicating the associated element of SO(2).

9.1.2 Configurations of framed points on a surface

Definition 68 The Fulton—-MacPherson compactification of the configuration spaces
of points on the surface ¥, FFMy, is a symmetric sequence in semialgebraic smooth
manifolds which is given as the pullback of the diagram

SO(Z)*n
lnl‘l
FME (I’l) e Exn

where 7: SO(X) — X is the frame bundle over X (assuming some Riemannian metric).

As in the nonframed case, the space FFMy (1) is a manifold with corners. The interior of
this manifold is the framed configuration space of points and is denoted by F Conf, (X).

Proposition 69 The insertion of points at the boundary of FFMy according to the
direction of the frame defines a right FFM, operadic module structure on FFMy.

The associativity of the operadic module structure is clear.

9.2 Graphs
In this subsection we work with the operadic module BVGraphsy, *O BVGraphs, which
is the version of Graphss, O Graphs, adapted to the framed case.

Informally, the difference between Graphsy, (resp. Graphs,) and BVGraphssy, (resp.
BVGraphs,) is that we now allow tadpoles (edges connecting a vertex to itself) at
external vertices but graphs with tadpoles at internal vertices are considered to be 0.
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This can be done by considering the subalgebra *BVGraphsy, C* Graphssy, of graphs
with no tadpoles on internal vertices or dually defining BVGraphsy, as a quotient of
Graphsy. A precise definition of BVGraphs, can be found in [11].

The nontwisted analog of *BVGraphs(n) is *BVGra(n), the symmetric algebra on
symbols s/ = s// for 1 <i,j <n. One can also consider the nontwisted analog
*BVGray, but notice that this is just the same space as *Gray as tadpoles are not
forbidden in *Gray and there are no internal vertices upon which we can impose any
condition.

Let ¢ € Qtlriv(FFMg(l)) be a global angular form of the S'-bundle

m:FFMg(1) =SO(X) — X.

Such a form satisfies d¢p = 7w*(e), where e € eriv(E) is the Euler class of the circle
bundle.

Let 1 <i <n. We denote by ¢;; € QtlriV(FFM)g(n)) the form 7" (¢), where
;. FFMg(n) — FFM (1)
is the map that remembers only the point labeled by 1.

We define a map *BVGrayx, (1) — Quiv (FFMx (1)) as a morphism of algebras sending s/
to ¢;j, Where if i # j, ¢;; is the form constructed in Section 2 and sends [w]’/ €* BVGrayx,
to p;'f (t([@])), where pj : FFM(n) — M is the map that remembers only the point labeled

by j.
Similarly one defines a map *BVGraz (1) — Qv (FFM2 (1)) = Qyiy (FM2 (1) xSO(2)*")

as a morphism of algebras sending a tadpole at the vertex i to the volume form of the
i™" SO(2).

Lemma 70 This defines a morphism of cooperadic comodules
*BVGray O *BVGraz — Quiv(FFMy) O Quiv (FFM»).

Proof Regarding the compatibility with the differentials, the only case not covered in
Lemma 16 is ¢;;, but this follows from the fact that the Euler form can be expressed as

Zi’j g’ei Nej.
For the compatibility with the cooperadic comodule structure it remains to check it
for the elements s’/ € BVGraphsy (1). For simplicity of notation, we consider the
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element s'! € BVGraphsy (1) which is sent to ¢11 € 2}, (FFMx (1)) whose coaction
gives ¢11 ® 1 + 1 @ volg1 € Qpa(FFMx (1)) ® Qpa(FFM2(1)).

On the other hand, the coaction on s!'! € BVGraphsy (1) gives us
s ®1+1®s!! € BVGraphsy (1) ® BVGraphs,(1),

from which the compatibility follows. a
Similarly to what was done in Section 4, one can prove the following proposition:

Proposition 71 There is a morphism of cooperadic modules
*BVGraphsy, XD *BVGraphs, — Qpa(FFMy) D Qpa (FFM5)

extending the morphism from Lemma 70.

The only difference relatively to the nonframed case is that the map
*BVGraphsy, (n) — Qpa(FFMx(n))

evaluated at a graph I € BVGraphsy; with k internal vertices is given by an integral
over the fiber of FFMyx (n, k) — FFMx (), where the space FFMx(n, k) is the (com-
pactification of the) configuration space of n framed points and k unframed points
corresponding respectively to the external vertices and the internal vertices of I'.

A similar procedure is done for the map *BVGraphs, (1) — Qpa(FFM3(n)).
The goal of this section is to prove the following theorem.

Theorem 72 The map *BVGraphsy, O *BVGraphs, — Qpa (FFMy) O Qpa (FFM3) is
a quasi-isomorphism of Hopf cooperadic comodules.

Proposition 73 The map *BVGraphs, — Qpa (FFM>) is a quasi-isomorphism.

Proof On the one hand,
H*(FFMy(n)) = H*(FM3(n) x SO(2)*") = H*(FM»(n)) ® H’(SO(2))®”
= H*(FM2(n)) ® (R ® R[-1])®"

by the Kiinneth formula. On the other hand, notice that as dg symmetric sequences
BVGraphs, = Graphs, o (R[—1] & R); therefore,

H (*BVGraphs,(n)) = H(*Graphs,(n) ® (R @ R[—-1])®")
= H(*Graphs,(n)) ® (R ® R[—1])®".
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Since a tadpole at the vertex labeled by i is sent to the volume form of the i" SO(2),
which is the generator of H1(SO(2)), we have that at the cohomology level the map

H(*BVGraphs,) = H(*Graphs,(n)) ® (R ® R[—1])®"
— H*(FFMy(n)) = H*(FM2(n)) ® (R ® R[—1])®"

is just the map fx ® id, where f: *Graphs, — Qpa(FM3) is the quasi-isomorphism
from Proposition 18, whence the result follows. O

9.3 Proof of Theorem 72

Letn, k >0 and let us consider an auxiliary differential graded vector space G (n, k) that
is the subcomplex of *BVGraphsy: (n + k) in which the points labeled n +1,...,n +k
cannot have tadpoles. This should be seen as the algebraic analog of the space
FFMyx(n, k), the compactification of the configuration space of n framed points and k
unframed points in X.

The map *BVGraphss:(n + k) — Qpa(FFMyg(n + k)) restricts naturally to a map
G(n,k) — Qpa(FFMx(n, k)). We will show that this map is a quasi-isomorphism;
thus proving Theorem 72 which corresponds to the cases with k = 0. The proof will
be done by induction on n. The case n = 0 was already proven in Theorem 42.

9.3.1 A long exact sequence of graphs Let us prove the following auxiliary result.

Proposition 74 There is a long exact sequence of graded vector spaces
o= HUG+1,k—1) L5 7 (G (. k))
2% HU(Gn, k) 25 HOTH G+ 1,k=1) —> -+

where the map i, is induced by the inclusion of G(n, k) inG(n + 1,k —1).

Proof Let us clarify the undescribed maps. The map f removes a tadpole on the
vertex labeled by n + 1 if there exists one, otherwise it sends a graph to zero. The map
Ae decorates the vertex n 4+ 1 with the “Euler form”™:

i

It is not clear that these maps are well defined at the cohomology level, but this will
become clear by the construction of the sequence.
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Let us consider the decomposition of G(n + 1,k — 1)
d d
oA, 0
Gn+1,k—1)=Gn,k)[-1]1eG(n, k)

where the first summand corresponds to graphs in which the vertex labeled by n 41 has
a tadpole and the second summand corresponds to graphs in which the vertex labeled
by n 4 1 does not have a tadpole. The differential splits into two terms, do and d1, as
in the picture. Let us consider a two-level filtration on the number of tadpoles at the
vertex n 4+ 1. On the zeroth page of the spectral sequence the differential is dgy, which
acts as the ordinary differential of G(n, k).

The differential on the second page is induced by d; and is the map that was denoted
by Ae,
ne: H*(G(n,k)[-1]) = H* Y (G(n, k) - H* Y (G(n, k)).

The spectral sequence converges at the second page since we considered a two-level
filtration; therefore

H*(G(n+ 1,k —1)) =ker(Ae) D coker(re).
The map f is defined to be the composition
H*(G(n + 1,k —1)) > ker(re) — H* Y (G(n,k)).
It is then clear that Im( /') = ker(Ae), which gives us exactness at H¢~1(G(n, k)).
The map i is given by the composition
H*(G(n,k)) — coker(re) — H* Y (G + 1,k —1)).
Therefore its image coincides with the kernel of f, which shows exactness at
H¥*YGm +1,k=1)).

Since iy is the projection to the cokernel of Ae, its kernel is precisely the image of Ae,
which shows the remaining exactness. O

9.3.2 The Gysin sequence The map 7:FFMyg(n+ 1,k —1) = FFMx(n, k) that for-
gets the frame at the point n + 1 is a circle bundle. We denote by e € Qpa (FFMyx (1, k))
the Euler form of the circle bundle. The Gysin sequence of this circle bundle is the
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long exact sequence
(14)  HY(FFMg(n+1.k—1)) 2= HI 1 (FFMg (. k))

28 HIT (FFMs (n, k) 2> HOTH FFM g (n+1,k—1)) — -+
Using the maps G(a, b) — Qpa(FFMx(a, b)), we obtain the morphism of exact se-
quences

HY(FFMs(n+1,k—1))

[
HY(G(m+1,k—=1)) HY Y (FFMg(n, k))
\f T x
HY(G(n,k)) HIT(FFMg(n, k)
e 1
HY(G(n,k)) HETY(FFMg(n+1,k—1))
HATY(G(n+1,k—-1))

Since by induction G(n,k) — Qpa(FFMx(n, k)) is a quasi-isomorphism, the five
lemma implies that G(n+1,k—1) — Qpa(FFMg(n+1, k—1)) is a quasi-isomorphism
as well; thus concluding the proof of Theorem 72.

Appendix A Comparison to the Lambrechts—Stanley model
through cyclic C,,—algebras

In this appendix we show how to obtain from the *Graphs,, model a proof that the
Lambrechts—Stanley algebra is a dgca model for the FM s (Conjecture 76).

Definition 75 [31] A Poincaré duality algebra of dimension D is a nonnegatively
graded connected dgca A together with a linear map
e: AP SR
such that € o d = 0 and such that the bilinear maps
AR A—R[-D], a®br>e€(a,b)

are nondegenerate.

Note that by the connectivity assumption necessarily A2 = R and hence € is unique
up to scale, if it exists. Note that a Poincaré duality algebra is a particular case of a
cyclic Coo—algebra.
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A Poincaré duality model for a manifold M is a Poincaré duality algebra weakly
equivalent (as a dgca) to Q(M). It is shown in [31] that such a Poincaré duality model
always exists for simply connected compact orientable manifolds.

Lambrechts and Stanley furthermore define the following family of dgcas from a
Poincaré duality algebra A, generalizing earlier work by Kriz [30] and Totaro [44].

Consider the algebra
A®n[a)l’j; 1<i#j<n].

Fora € A let p;‘(a) be the element 1 @ ---®a ® --- ® 1, with a in the j slot. Then
one imposes on the above algebra the relations

M) wij = (=HPwji,

2) o} =0,

(3) wijwik +wjrwji + wgjwg; = 0 for distinct i, j and &,

) (pf(a)—pi(a)wij =0.
Let us define for A a Poincaré duality algebra as above the diagonal A € A ® A to
be the inverse of the nondegenerate bilinear pairing. Let us further denote by A;; the
corresponding element in A®”, the two “nontrivial” factors of A situated in positions i
and j. Then one defines

(A®" w1 <i # j <n]/ ~.da+ V),
where the differential d 4 is that induced by the differential on A and V is defined as
Vowij = Ajj.

One readily checks that the ideal generated by the relation is closed under this differ-
ential. Furthermore, if the Euler class of A4, ie the image A under the multiplication,
vanishes, then the F(A, —) naturally assemble into a right Pois}, cooperadic comodule.

Lambrechts and Stanley [32] show that for A a Poincaré duality model for M, we have
that H(F(A,n)) = H(FMyz(n)), and furthermore raise the following conjecture.

Conjecture 76 [32] If A is a Poincaré duality model for the simply connected
compact orientable manifold M then F (A, n) is a dgca model for Conf(M, n).

A proof of (a slightly weaker form of) this statement is given in [25], using methods
similar to ours. While in this paper we work with cyclic Coo—structures on H(M),
rather than Poincaré duality models to capture the real homotopy type “with Poincaré
duality” for M, one can still deduce the conjecture of Lambrechts and Stanley from our
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methods, at least in the case that the dimension of M is at least 4. (The case M = S?
also follows from the computation in Appendix B, leaving only the case M = S3.) Let
us sketch this reduction.

First let V' be a finite-dimensional differential nonnegatively graded vector space with
the subspace of degree O elements Vo = R and a nondegenerate symmetric bilinear
pairing of degree D

VeV —R[-D].

We denote by A € V ® V the corresponding dual degree D element (the “diagonal”) as
above. Then we may define a graph complex (and dg Lie algebra) GCy akin to GCyy
above, just replacing each occurrence of H*(M) by V and with an additional piece of
the differential coming from dy . Concretely, this means that vertices in graphs of GCy
may be decorated by copies of VV*. Furthermore, suppose a cyclic Coo—structure is
given on V, for the above bilinear form. We may see this structure as a Maurer—Cartan
element Z € GCy, all of whose coefficients in front of nontree graphs vanish. We
may furthermore use it to define a Graph complex *Graphsy, analogously to *Graphs,,
above, replacing each occurrence of H(M) by V', and using the given Z in place of
the partition function.

Next, fix representatives of the cohomology of V' by providing a map
(15) HV)—=V.

The pairing on V induces a pairing on H(V'), independent of the representatives
chosen. We denote the corresponding diagonal by Ag € H(V) ® H(V). Via the
chosen embedding we may as well consider Ag as an element in V ® V', in which
case it becomes cohomologous to A. We may hence choose 1 € A ® A (of the same
symmetry under exchange of the two A’s as A) such that

(16) Ag =A—-dyn.
We may then define a natural map of dg cooperadic comodules
(17) *Grag(yy — *Gray

by sending the decorations in H(V) to V using our map (15), and by sending an
edge between vertices i and j to the same edge, minus the element 7, considered as
decoration at vertices i and j. In pictures:

n

c o

o—oO0 }—> o—o —
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Equation (16) implies that the map (17) is indeed compatible with the differentials.
Following the construction of GCy, (17) induces an L so,—morphism of dg Lie algebras
GCV — GC HWV)>

and we can hence transfer the Maurer—Cartan element Z € GCy inducing the cyclic
Coo—structure on V to a Maurer—Cartan element Zz € GCpg. (The MC element Z g
is still supported on trees, and encodes the cyclic Coo—structure on H (V') induced by
homotopy transfer.) Furthermore, we obtain from (17) a map

*Graphs gy — *Graphsy,
that one can check to be a quasi-isomorphism by an easy spectral sequence argument.

In particular, let us take for V' a Poincaré duality model for the simply connected
manifold M. Then if the dimension D of M is at least 4, the Maurer—Cartan element
Z g 1s gauge equivalent to the partition function Z s constructed above. This is because
by degree reasons there cannot be loop order > 1 contributions to this partition function,
and the tree part of Z s encodes the real homotopy type of M (in the form of a cyclic
Coo—structure on H(V) = H(M)), and hence must be gauge equivalent to Z g7, which
also encodes the real homotopy type by construction. Hence we can conclude that
*Graphsy, is quasi-isomorphic to *Graphs,, and is hence a dgca model for FMz, with
the partition function concentrated on trees with one vertex. Furthermore, in this case
we have a direct map

(18) *Graphsy — F(V,—)

to the Lambrechts—Stanley algebra, by sending all graphs with internal vertices to
zero, and imposing the defining relations. Again, by a spectral sequence argument,
the map (18) can be seen to be a quasi-isomorphism. Furthermore, it is evidently
compatible with the right Pois7, cooperadic comodule structures, in the case the Euler
class vanishes. This shows that F(V, —) is quasi-isomorphic to *Graphs,,, ie to a dgca
model for FM;,. Hence Conjecture 76 follows, in dimension D > 4.

Appendix B Example computation: the partition function of
the 2—sphere

As an illustration, let us show that the partition function of the two-sphere is essentially
trivial. We cover S2 by two coordinate charts C via stereographic projection as usual.
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The coordinate transformation relating the two charts is then

d:C\{0}—>C, ZI—)%.

We take a basis 1 € H°(S?), w € H?(S?) of the cohomology, with [ = 1. Take
as a representative for @ any compactly supported top form of volume 1, which we
also denote by . In fact, to abuse the notation further, denote by w € Q2(C) also the
coordinate expression in one of our charts. To achieve somewhat nicer formulas later,
let us also assume that this w is supported away from the origin and that

(19) P*w = w.
Let ¢o be the propagator on C, ie

do(z,w) = \sd log(z — w).
Note that

@) go(1. 1) = 523 log( B2 ) = go(z. w) — do(z.0) — do(w.0)

Then we will take as propagator of the sphere®
$zw) = otz 0) -~ [ oo~ [ gotwot.
u u

Let us first verify that this 2-form extends from our coordinate chart to FM(S?). To
this end, apply the coordinate transformation ® and compute

3(2) =to(L) [ b0 u)oun— [ go(q ).

zZ w

Changing the integration variable from u to 1/u, using (19) and applying (20) three
times, we obtain

B2 ) = ol )= (2, 0)=ho(w. 0 | (ol 1) (z. )= (1. 0)o)

z

- [ (0w, 1) —po(w. 0) o (w. 0)) (1)

— (2. W) —po (2. 0)—po(w. 0) +o(z. 0) f () +do(w. 0) f o)
=¢(z,w).

81n Proposition 8 the propagator has been denoted ¢12. Here we choose to drop the subscript 12 for
brevity.
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Hence the propagator has the same form in the other coordinate chart, and in particular
it has no singularity at the coordinate origin, and hence readily extends to FM5(S2).

Furthermore one checks the following properties:
e Clearly ¢(z,w) = ¢ (w, 2).

¢ By Stokes’ theorem,
do(z,w) = w(z) + w(w)

/ ¢(z,v) =0.
v
Furthermore,

L¢@mmmo=[@azvmmoillﬁazmwwmijlLﬁdwwwwmmo

as required.

e By degree reasons,

= [ #0600~ [ goG.w)000-0
=0.

Here the third term on the right-hand side vanishes by degree reasons. (One integrates
a 5—form over a 4—dimensional space.)

e We have
[ 0w

- / b0z, )0 (v, w)— / / B0, 11)0(u1)o (v, w)— / / B0 (v. w)po(w. u2)w(1u2)
f f B0 (v 11 (1) o (v, w) — / / B0 (v, w)do (v, 12)0(12)
// do(z,ur)wm)po(w, uz)a)(uz)—i—// do(v, ur)wr)po(w, uz)w(uz)
vJuy Juy upJu

+/v/ul u2¢o(z up)o(uy)do(v, uz)w(uz)+//ul u2¢0(”v”1)w(ul)¢o(v,Mz)w(uz).

The first term on the right-hand side vanishes by a standard vanishing lemma of
Kontsevich. The fourth, fifth and last terms vanish by the same reason. The remaining
terms vanish by degree reasons: their forms with v—dependence are of degree < 1.
Hence we conclude that the whole expression is zero, and graph weights computed
using our propagator will be zero for graphs with bivalent vertices.
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o Identify the pullback of dFM5(S?) to our coordinate chart with C x S, and fix the
standard coordinate ¢ on the S! factor. Then restricting ¢ to the boundary dFM,(S?),
(ie we take the limit w — z in our coordinate chart) we obtain the form

1
E‘W +n(2),
where

=2 / do(z. 1))

depends only on z, and not on ¢, as desired.

B.1 Vanishing of integrals

Proposition 77 Using the propagator ¢ and the top form w as above, the partition
function becomes

@ =0,

In other words, the weights of all graphs with more than one vertex vanish.

Proof By the properties above, all graphs vanish if either some vertex has valence
2 or some vertex has more than one decoration by w or some vertex has valence one,
and there is one incident edge. The only connected graph with a vertex of valence one
is the one appearing in (21). All other graphs with potentially nonvanishing weight
must hence be of the following kind:

(1) There are > 2 edges incident to any vertex, and at most one decoration .
(2) If there are exactly 2 edges incident on some vertex, it must come with a

decoration w.

From an admissible graph I', we can build another linear combination of admissible
graphs I'g by formally replacing each edge by the linear combination

o0—o > o0—o0 — W — W
o—e 0o o e—o

Clearly,

| or = [ ol
FMq (IVT]) FMy (IVTol)

where now the weight form w? is defined just like w, above, but using the Euclidean
propagator ¢o instead of ¢.
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It hence suffices to show that for each admissible graph I" with more than one vertex,

/ a)g =0.
FMq (IVT))

We may assume that the vertices are numbered such that the vertices decorated by w

have indices 1,..., k for some k > 0. Then the above integral factorizes as
0 _ 0
[ = RO S pey of.
FMq(IVT) FMg (k) FMq (VT |—k)
= f (X150 Xk)
Note that here f(x1,...,X) is a function associated to a graph with decorations w.

(There can be no form piece in f(...), because the remainder of the integrand is
already a top form.) Hence by the Kontsevich vanishing lemma [28, Lemma 6.4]
f(x1,...,x) =0. Hence the desired vanishing result follows. |

Appendix C Pushforward of PA forms

Given an SA bundle p: M — N of rank /, the pushforward map of “integration along
the fiber” defined in [24] is a map p«: Q5. (M) — Qf,;l (N). This map is only defined
on minimal forms as the natural extension to the full algebra of PA forms is not well
defined due to the failure of the relevant semialgebraic chain to be continuous; see the
discussion on [24, Section 9].°

For our purposes we need to consider pushforwards of the propagator

$12 € Qpa(FMps(2))

constructed in Proposition 8. Since we cannot construct the propagator in such a way
that ¢12 € Qmin(FMas(2)), in this section we consider a different space of forms, Qi
such that Qpa D Qiv O 2min, to which the pushforward map can be extended and still
satisfies Stokes’ theorem.

Recall that for F' a compact oriented semialgebraic manifold and M a semialgebraic
manifold, the constant continuous chain F € C SU(M x F — M) is defined by

F(x)=[{x}x F].
9We note that in the original sketch of the construction of PA forms by Kontsevich and Soibelman [29],

the pushforward was (claimed to be) defined for all PA forms, for a slightly laxer definition of PA forms
compared to [24].
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Definition 78 Let M be a semialgebraic manifold. The space Qiv(M) of trivial
forms is the subvector space of Qpa (M) spanned by forms of the type fﬁ W, where
U E Quin(M x F) and F is a constant continuous chain.

Lemma 79 The subspace Qiy(M) C Qpa(M) is a dg commutative subalgebra.

Proof Qv (M) C Qpa(M) is closed under the differential by the fiberwise Stokes’
theorem [24, Proposition 8.12] and since the fiberwise boundary of a trivial bundle is
again a trivial bundle. Furthermore, the subspace Qv (M) is closed under addition and
the commutative product on Q2pa (M) because the union and product of trivial bundles
is again trivial; see the construction of these operations in [24, Section 5]. O

Let us consider a strongly continuous chain ® € CIS"(E iR B) along a semialgebraic

map f: E — B. Let E x F be the trivial bundle over £ with fiber F, a compact
oriented semialgebraic k manifold.

Proposition 80 Under the previous conditions, there is a strongly continuous chain

fo

dx F e (ExF "2 B)

defined by (® x F)(b) := ®(b) x F.

Proof If we consider the family {(Sy, Fu, €a)acr} that trivializes the continuous
chain @, it is easy to see that {(Sy, Fy X F, go X idF )gey} trivializes ® x F since, by
hypothesis, the two squares

SaxFanga—ldF>ExF

T

SyxFy —2%* + E

l |
S¢ ———— B
commute. O

Corollary 81 Let p: Y — X be an oriented SA bundle and ® € C IS“(Y — X)) be the
associated strongly continuous chain. Then there is a well-defined map

px: QL (V) — QPAI(X)

extending the one on minimal forms, given by p.«(w) = fqu PO
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Remark 82 Recall that the proof of the fiberwise Stokes’ theorem relies essentially
on the fact that for y € Cx(X) and ¥ € C;"(Y — X)),

Ay x W) =dy x W4 (—=1)%Yy x JW.

With the same proof as [24, Proposition 5.17] we see that this formula is still valid if
we take W and y to be ® and F as above, and therefore Stokes’ theorem is also valid
for pushforwards of trivial forms.

We prove now the Poincaré lemma for the sheaf of complexes Qyiy.

Proposition 83 If U is a contractible semialgebraic set, then H(Qiy(U)) is one-
dimensional and concentrated in degree zero.

Proof Let /:[0,1] x U — U be a contraction of U such that A(1,x) = x and
h(0, x) = x¢ for some fixed xo € U. Suppose @ € Qyiy(U) is a closed form of degree
at least 1. By Stokes’ formula,

d/ h*w=/h*da):|:(a)—a)x0)=:|:a),
1 1

whence it follows that w is exact. O

We can now conclude more generally that the cohomology of a semialgebraic manifold
M agrees with the homology of Qv (M).

Corollary 84 Let M be a compact semialgebraic manifold, possibly with corners.
The inclusion Qgiy(M) — Qpa (M) is a quasi-isomorphism of commutative algebras.

Proof Every compact semialgebraic manifold admits a good cover: Indeed, every
compact semialgebraic set has a finite semialgebraic triangulation [5, Theorem 9.2.1],
and can hence be identified with a finite simplicial complex; see also the discussion
in [24, Section 2]. Given a semialgebraic triangulation, one can construct a semialge-
braic good cover {Uy } by taking the open stars of the vertices of a refinement of the

triangulation.!©

We also choose a subordinate semialgebraic partition of unity {p,}. For convenience
we shall also pick cutoff functions o, with support in Uy such that 4 (x) = 1 on the

10The star of a vertex v is the union of the interiors of faces that contain v.
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support of py. (We may slightly enlarge the U, to this purpose or alter the partition of
unity; see also the proof of [24, Proposition 6.7].)

This allows us to run the standard Cech—de Rham argument with respect to such a good
cover to conclude by the Poincaré lemma that the homology of Q;,(M) coincides
with the (Cech) cohomology of M ; see for instance [8, Example 14.16].

To be concrete, we consider the Cech—de Rham complex

C:= (1_[ Qtriv(Uaou-“p)[_p]’ d+ 8)’

where
Uao...ap = Uozo N---N Uap,

d is induced by the differential on the factors Qiy(Ugy...«,, ), and § is the Cech part of
the differential, defined on a cochain @ = (wgy...,) With ©g...a, € Ugy...c,, DY

p
(8(’0)0(()...0[1, = Z(_l)l wao...&i...dp .
i=0

The Cech—de Rham complex C is a first quadrant double complex, and one compares
the two convergent spectral sequences associated to this complex.

The first (“columnwise”) spectral sequence has the complex (C, d) as its E°—page. By
the Poincaré lemma (Proposition 83), the E!—page is then identified with the Cech
complex associated to the constant sheaf R. The E2—page is hence the cohomology
H (M), and the spectral sequence abuts at this point by degree reasons.

The other (“rowwise”) spectral sequence has first page (C,§). We claim that the
cohomology of this page is identified with Qi (M). This can in fact be shown
identically to [8, Proposition 8.5]. Concretely, one may naturally extend (C, §) to a
complex
C = (Qu(M) 25 0),
with the map
8: Quiv(M) — [ [ Quv(Ua) € €
o

given by the natural restriction. One then checks that (5 ,8) is acyclic by providing an
explicit homotopy. Concretely, for a p—cocycle ® = (wgy...c,) € C, one defines the
(p—1)—cochain t such that

Tag...0p—1 = § Pa®aay...ap—1 -
o
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Note that here we extend pg®Wgaq...ap_; € Quriv (Ugag...a p—l) by zero to an element
(abusively also denoted by) poy®aay...ap_; Of Quriv(Ugg...a »—1)- To be precise, this
extension by zero may be defined as follows. Suppose

WOowg...op—1 :/ ,8
Y

is given by a fiber integral associated to the trivial bundle Y x Uyqy...a 1 = Unag...ap—1 5
with B € Quin(Y X Ugay...c,—; ). Then we extend pg B (by zero) to a minimal form on
Usy...c,— » Which we (abusively) also denote by pq 8. For example, if 8 = (fo. ..., fk)
in the notation of [24, Section 5.2], we may take py B := (0g f0,Oa f1, - - - Oa fr), With
all appearing semialgebraic functions extended by zero, using our cutoff functions oy,.
Then one sets
PaWaay...0p—1 = /Y ,Oa,B’

with the fiber integral now being the one associated to the trivial semialgebraic bundle

Y x Uao...ap_l - Uao...ap_l .

Having defined the cochain 7 above one then checks as in the proof [8, Proposition 8.5]
that §7 = w, using that §w = 0. Overall, we have then shown that the second (E !-)page
of the “rowwise” spectral sequence is identified with (Qguiy (M), d).

We also note that this step of the proof is closely analogous to that of [24, Lemma 6.7],
but slightly simpler since trivial bundles can be extended trivially.

The next page of the “rowwise” spectral sequence is then H(Quiv(M), d), and the
spectral sequence converges at this point by degree reasons. Hence

H(Quiv(M),d) = H*(M).
It is shown in [24] that H(Qpa(M), d) = H(M). To see that the inclusion
QtriV(M) - QPA(]W)

induces the isomorphism on cohomology one may consider the PA Cech—de Rham
complex Cpy, defined by replacing Qiy by €2pa in the definition of C above. Using the
PA Poincaré lemma [24, Lemma 6.3] it is then clear that the natural inclusion C — Cpp
induces an isomorphism on the E2—page of the “columnwise” spectral sequences on
both sides, and hence is a quasi-isomorphism. |

We note that in fact in the definition of 24, we do not need globally trivial bundles,
local triviality suffices.
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Proposition 85 Let M be a compact semialgebraic manifold and let p: E — M be an
oriented SA bundle; see [24, Definition 8.1]. Let w € Qiy(E). Then the corresponding
fiber integral fE—>M w € Qpa(M) is an element of Qv (M) C Qpa(M).

Proof We may assume that @ € Qi (M) by replacing E with a product of E with
some trivial bundle if needed. We pick a finite trivializing cover {U; }, a semialgebraic
partition of unity p;, and cutoff functions o; as in the proof of Corollary 84.

w = p-/ w= / Piw.
/;?—>M Xl: l E—>M Xl: E—>M l

For the last equality we abused notation and defined p; := p*p;, and we implicitly

We then rewrite

used [24, Proposition 8.9]. Let the local trivialization of the bundle on U; be denoted
by h;: U x F =» p~1(U;). As in the previous proof we extend the minimal form
pih}® € Quin(U; X F) to a minimal form p; 77w € Quin(M x F), which we abusively
denote by the same symbols. We then claim that

(22) / piw = / pihfow.
E—-M MxF—>M

Since the right-hand side is a fiber integral over a trivial bundle the proposition then
follows.

To check (22) we need to consider a trivializing stratification {Sy} for the strongly
continuous chain ® corresponding to the bundle £ — M. The stratification can be
taken such that the closure of each stratum is contained in one of the U; as in the
proof of [24, Proposition 8.2]. We can furthermore refine it so that each Sy, is either
contained in U; or disjoint from the support of p;. (For example, refine the stratification
by intersecting the strata with {x | g;(x) > 0.9} and the closure of its complement.)

Now consider some stratum Sy, and the restriction of (22) to its closure. If Sq is
disjoint from the support of p; then trivially both sides of (22) vanish on it. Otherwise
we may assume that S, C U;. But the bundle isomorphism /; transforms one side of
(22) into the other; see [24, Proposition 8.10]. O
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The Hurewicz theorem in homotopy type theory

J DANIEL CHRISTENSEN
Luis ScoccoLA

We prove the Hurewicz theorem in homotopy type theory, ie that for X a pointed,
(n—1)—connected type, with n > 1, and A an abelian group, there is a natural
isomorphism 77, (X)® ® A =~ i, (X; A) relating the abelianization of the homotopy
groups with the homology. We also compute the connectivity of a smash product of
types and express the lowest nontrivial homotopy group as a tensor product. Along
the way, we study magmas, loop spaces, connected covers and prespectra, and we
use 1—coherent categories to express naturality and for the Yoneda lemma.

As homotopy type theory has models in all co—toposes, our results can be viewed as
extending known results about spaces to all other co—toposes.

55Q99; 03B38, 18N60, S5N99

1 Introduction

Homotopy type theory is a formal system which has models in all co—toposes [2; 3; 11;
15; 19].1 As such, it provides a convenient way to prove theorems for all co—toposes.
In addition, homotopy type theory is well suited to being formalized in a proof assistant
[1; 8].

Working in homotopy type theory as described in the book [16], we prove the Hurewicz
theorem:

Theorem H (Theorem 3.12) Forn > 1, X a pointed, (n—1)—connected type, and A
an abelian group, there is a natural isomorphism

Tn(X)® ® A = Hy(X: A),

© 2023 The Authors, under license to MSP (Mathematical Sciences Publishers). Distributed under
the Creative Commons Attribution License 4.0 (CC BY). Open Access made possible by subscribing
institutions via Subscribe to Open.

I The initiality and semantics of higher inductive types still need to be fully worked out.
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where on the left-hand side we take the abelianization (which only matters when
n = 1). In particular, when A is the integers, this specializes to an isomorphism
70 (X)® 2 Hy (X).

As mentioned above, this holds in any co—topos, and so is more general than the
well-known Hurewicz theorem in topology. Interpreting the statement in an co—topos
is somewhat subtle. The groups that appear in the statement are internal group objects
whose underlying object is O-truncated (a “set”, internally). The quantification over n
means that there is a map 4: H — N in the co—topos representing a family of objects
over the natural numbers object, and that this map has a section. In particular, since
each ordinary natural number gives a global element of N, it follows that the fibre of &
over that element must itself have a global element. Continuing in this way, we deduce
that for given objects X and A as in the statement, the two internal group objects shown
are equivalent as group objects. For more on the interpretation of type theory, see
Shulman [18, Section 4.2; 19] for the interpretation in arbitrary oo—topoi, and Kapulkin
and Lumsdaine [12] for a more explicit interpretation in simplicial sets.

Since we prove this theorem for an arbitrary co—topos, we must be careful to use
arguments that apply in this generality. For example, it is not true in every co—topos
that a surjective map of sets has a section, so we cannot use the axiom of choice.
Similarly, the law of excluded middle and Whitehead’s theorem can both fail, so we
must not use these results either. Because of this, our proof is different from other
known proofs.

Before giving more details, we give some motivation for the interest in this result, for
those less familiar with traditional homotopy theory.

Motivation

In topology, homotopy groups are in a certain sense the strongest invariants of a
topological space, and so their computation is an important tool when trying to classify
spaces up to homotopy. In homotopy type theory, homotopy groups play a fundamental
role in that they capture information about iterated identity types. Unfortunately, even
in classical topology, the computation of homotopy groups is a notoriously difficult
problem. Nevertheless, topologists have come up with a variety of powerful tools for
attacking this problem, and one of the most basic tools is the Hurewicz theorem. In
most cases, it is much easier to compute homology groups than homotopy groups, and
so one can use the isomorphism from right to left (with A taken to be the integers) to
compute certain homotopy groups. Moreover, one can apply the theorem even when X
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is not (n—1)—connected using the following technique. Let X (n — 1) denote the fibre
of the truncation map X — || X||,—1 over the image of the basepoint. Then X (n — 1)
is (n—1)—connected and 7, (X (n — 1)) = 7, (X), s0 7w, (X)® =~ ﬁn(X(n —1)). The
Serre spectral sequence can often be used to compute the required homology group.

Techniques and main results

We first recall that for n > 1, the n'™ homology group H, (X; A) of a type X with
coefficients in an abelian group A is defined to be the colimit of a certain sequential
diagram,

(1-1) ps1(X AK(A, 1)) —> Tpaa (X AK(A,2)) — mna3(X AK(A,3)) —> - .

Here A denotes the smash product and K(A, m) is the Eilenberg—Mac Lane space
constructed by Licata and Finster in [13], which is an m—truncated, (m—1)—connected,
pointed type with a canonical isomorphism 7, (K(A,m)) = A.

We now state one of our main results, which is used to prove the Hurewicz theorem,
and also has other consequences:

Theorem S (Corollary 2.32 and Theorem 2.38) If X is a pointed, (n—1)—connected
type withn > 1 and Y is a pointed, (m—1)—connected type withm > 1, then X AY is
(n+m—1)—connected and 1, 1, (X AY) is the tensor product of 7, (X )™ and 1, (Y )2
in a natural way.

Taking Y to be K(A, m) in this result shows that the groups appearing in the sequential
diagram (1-1) are tensor products of 7, (X)® and A. The proof of the Hurewicz
theorem follows from showing that the induced maps are isomorphisms, which we do
in Lemma 3.11. With this ingredient, we prove the Hurewicz theorem as Theorem 3.12.

In order to define the isomorphism appearing in Theorem S, we must give a bilinear
map 77, (X) =6 Tm(Y) = 6rp Tntm(X AY). To do so, we define and study a more
general natural map

smashing: (X =+ Y =4 Z) —> (70 (X) > tm(Y) =6 Tnim(Z))

for any pointed types X, ¥ and Z and any n,m > 1. The map we require is obtained
by applying smashing to the natural map X —,Y —, X A Y.

Constructing the map smashing requires some work. While it lands in group homo-
morphisms between (0O—truncated) groups, in order to construct it, we pass through
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magmas. A magma is a (not necessarily truncated) type M with a binary operation
-« M x M — M, with no conditions or coherence laws. As a technical trick which
simplifies the formalization, we work with weak magma morphisms. A weak magma
morphism from a magma M to a magma N is amap f: M — N which merely has
the property that it respects the operations. This is sufficient for our purposes, because
when M and N are groups, it reproduces the notion of group homomorphism. All
loop spaces are magmas under path concatenation, and many natural maps involving
loop spaces are weak magma morphisms. By working with magmas, we can factor the
map smashing into simpler pieces, and still land in group homomorphisms at the end,
without keeping track of higher coherences.

Proving the rest of Theorem S requires a number of results that build on work of
Buchholtz, van Doorn and Rijke [4]. For example, Lemma 2.15 and Theorem 2.19
are results of [4], which we use to prove Proposition 2.23: for n > 1, X a pointed,
(n—1)—connected type, and Y a pointed, n—truncated type, the map

Q" (X =».Y) > ("X —pgm Q")

is an equivalence. In order to prove this, we prove results about connected covers in
Section 2.3.

We go on to define a natural Hurewicz homomorphism 7, : 7, (X)* ® A — H,(X; A),
without assuming any connectivity hypothesis on X, and show that it is unique up to
a sign among such natural transformations that give isomorphisms for X = S” and
A = Z (Theorem 3.16).

Homology

The theory of homology in homotopy type theory is currently limited by the absence
of some important tools and facts that would make it easier to compute. For example,
we don’t have complete proofs that homology satisfies the Eilenberg—Steenrod axioms,
although partial work was done by Graham [9]. The Serre spectral sequence for
homology has not been formalized, but high level arguments can be found in [8] and
it is expected that techniques similar to those used for cohomology will go through.
We are also missing the fact that the homology of a cellular space can be computed
cellularly (which is done for cohomology in [5]), the universal coefficient theorem,
and the relationship between homology and localization (developed in homotopy type
theory in [7; 17]).
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Structure of the paper

Section 2 contains our work on smash products and tensor products. After listing
our conventions in Section 2.1, we give the basic theory of 1-coherent categories in
Section 2.2. We use this theory to express and reason about natural transformations, and
we make use of the Yoneda lemma in this setting. In Section 2.3 we study connected
covers. Section 2.4 introduces magmas and weak magma morphisms, and proves a
variety of results about loop spaces, including Proposition 2.23, mentioned above.
We also define the map smashing in this section. We introduce smash products in
Section 2.5 and prove the connectivity part of Theorem S here. Section 2.6 is a short
section that defines abelianization and gives a particularly efficient construction of the
abelianization of a group as a higher inductive type. In Section 2.7, we define tensor
products of abelian groups and prove the second part of Theorem S. Section 2.8 proves
results about smash products, truncation and suspension that are needed in Section 3.

Section 3 applies the results of Section 2 to homology, leading up to the Hurewicz
theorem and its consequences. In Section 3.1, we define prespectra and their stable
homotopy groups, and use this to define homology. The Hurewicz theorem is proved
in Section 3.2, and we describe the Hurewicz homomorphism and its uniqueness up to
sign in Section 3.3. In Section 3.4, we give some applications of our main results.

Formalization

Formalization of these results is in progress, with help from Ali Caglayan, using the
Coq HoTT library [10]. The current status can be seen at [6], where the README . md
file explains where results from the paper can be found. Currently, we have formalized
much of Section 2 but none of Section 3. In Section 2, the only substantial result that
is missing is Theorem 2.38. Also missing are Theorem 2.28 and the naturality of many
of the maps defined in this section. In our formalization, we take as axioms several
results that have been formalized in other proof assistants.

2 Smash products and tensor products

In this section, we give a variety of results about loop spaces, magmas, smash products
and tensor products, including the proof of Theorem S. None of the results in this
section depend on the definition of homology, but these results are used in the next
section to prove the Hurewicz theorem.
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2.1 Background and conventions

We follow the conventions and notation used in [16]. We assume we have a univalent
universe U closed under higher inductive types (HITs) and contained in another uni-
verse U’. In fact, the higher inductive types we use can all be described using pushouts
and truncations. By convention, all types live in the lower universe ¢/, unless explicitly
stated. We implicitly use function extensionality for ¢/ throughout.

A pointed type is a type X and a choice of x¢ : X, and the type of pointed types is
denoted by U, := Z( x:20X - We often keep the choice of basepoint implicit. A pointed
map between pointed types X and Y isamap f: X — Y and a path p : f(xo) = yo.
The type of pointed maps is denoted by X —, Y = Z(f: X_,Y)f(xo) = Yo.

We frequently make use of functions of type X — ¥ — Z, and remind the reader that
this associates as X — (Y — Z), which is the curried form of a function X x Y — Z.

In the paper, we define the sum m + n of natural numbers by induction on n, so that
m + 1 is the successor of m. In the HoTT library, the other convention is used, so to
translate between the paper and the formalization, one must change m +n ton +m
everywhere.

2.2 1-coherent categories

In this section, we briefly discuss the notion of a 1-coherent category, which we use
to express that various constructions are natural. The definitions generalize those of
[8, Section 4.3.1], which deals with the 1—coherent category of pointed types, except
that our hom types are unpointed. A more general notion of wild category has been
formalized in the HoTT library [10] by Ali Caglayan, tslil clingman, Floris van Doorn,
Morgan Opie, Mike Shulman and Emily Riehl.

Recall that &/’ is a universe such that /: U/’.

Definition 2.1 A 1-coherent category C consists of a type Co: U’, a map

hom¢ : Co — Co — U,
maps

id: 1_[ homc¢ (a, a),

a:Co

—o—: 1_[ hom¢ (b, ¢) — homc¢ (a, b) — hom¢ (a, ¢),
a,b,c:Cy
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and equalities

unitl: l—[ l_[ idpo f = f,

a,b:Co f:homc (a,b)

unitr: l_[ 1_[ foidg = f,

a,b:Co f:homc (a,b)
assoc: [ ] [ I1 [[ (hog)of=ho(gof)
a,b,c,d:Cqy f:homc (a,b) g:homc (b,c) h:homc (c,d)
witnessing left and right unitality and associativity, respectively. We do not assume
coherence laws or that any of the types are truncated.

If C is a 1-coherent category, the elements of Cy are called objects and, for objects
a,b : Cy, the elements of homc (a, b) are called morphisms from a to b.

The wild 1—categories considered in [10] allow 2—cells to be specified, which are then
used in place of the identity types in the above equalities. For simplicity, we use the
identity types.

Example 2.2 There is a 1-coherent category U of types, with Ug := U/ and
homy(X,Y):=X —>Y

for every pair of types X, Y : . Identity morphisms, composition, unitalities, and
associativity all work in the expected way.

Example 2.3 There is a 1-coherent category Grp of groups whose objects are the set-
level groups, that is, O—truncated types equipped with an associative binary operation,
a unit and inverses. The morphisms are standard group homomorphisms.

Similarly, there is 1-coherent category Ab of abelian groups.

Example 2.4 Any precategory in the sense of [16, Definition 9.1.1] gives rise to a
I—coherent category, simply by forgetting that its hom types are sets. Moreover, the
notions of isomorphism, functor, and natural transformation given in [16, Section 9]
are equivalent to the notions we give in this section, in the case of precategories.

Many constructions one can carry out with categories are easy to extend to 1-coherent
categories. We mention two that are particularly important for us. Given a 1—coherent
category C, we can form the opposite 1—coherent category C°P by letting the type of
objects of C°P be Cy, and homcer(a, b) := hom¢ (b, a) for all a,b : Cy. The rest of
the structure is straightforward to define.
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Given 1-coherent categories C and D, one can form a product 1—coherent cate-
gory, denoted by C x D. The underlying type of C x D is simply Co x Dy, and
homexp((c.d), (¢’,d")) :=hom¢ (¢, ¢’) x homp (d, d’). The rest of the structure is
again straightforward to define.

Definition 2.5 Let C be a 1-coherent category, a,b : Cy, and f : homc (a,b). An
isomorphism structure for f is given by morphisms g, & : homc (b, a) together with
paths [ :go f =id; and r : f oh =idp.

In many cases, such as in the 1-coherent category U, being an isomorphism is a mere
property of a morphism. The wild 1—categories considered in [10] allow biinvertibility
to be replaced by more general notions of isomorphism.

Definition 2.6 A 1-coherent functor F between l—coherent categories C and D,
usually denoted by F: C — D, consists of a map Fyp: Co — Do, a map

Fi: J] home(a.b) — homp(Fo(a). Fo(b)).
a,b:Cy
and equalities

Fa: [] Flida) = idp ),
a:Co

Fo [T 11 [ F®oR()=For.
a,b,c:Co f:homc (a,b) g:homc (b,c)

witnessing the functoriality of F.

Example 2.7 For a 1-coherent category C and an object a : Cp, we can define a
lI—coherent corepresentable functor J*: C — U. On objects, ) (b) := homc (a, b).
The action on morphisms is defined as Y§ () := Ag. f og:homc (a, b) —homc (a, c)
for f : homc (b, c). The witnesses of functoriality, that is Y§ and V¢, are defined
using the equalities unitl and assoc of C, respectively.

Definition 2.8 Let C and D be 1-coherent categories and let F,G: C — D be
I—coherent functors. A 1—coherent natural transformation o from F to G, usually
denoted by o: FF — G, consists of a map

op 1_[ homp (F(a), G(a)),

a. C()
and equalities

o : l_[ 1_[ aop(b) o F1(f) = G1(f)oap(a).

a,b:Cy f:homc (a,b)
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Definition 2.9 Let @ : FF — G be a 1-coherent natural transformation between 1—
coherent functors F,G: C — D, for C and D 1-coherent categories. An isomorphism
structure for « is given by an isomorphism structure for each of its components. A
natural isomorphism is given by a natural transformation together with an isomorphism
structure.

The following lemma is straightforward.

Lemma 2.10 Let C and D be 1—coherent categories, F, G, H: C — D 1—coherent
functors, and o: F — G and 8: G — H 1—coherent natural transformations. Then,
by defining (B o a)(c) := B(c) o a(c) and the naturality squares by composing the
naturality squares of o and 3, one obtains a natural transformation Boa: F — H.
Moreover, if both « and f§ are natural isomorphisms, so is 8 o «. O

The following is a 1—coherent version of the fact that the Yoneda functor is an embed-
ding.

Proposition 2.11 [10] Let C be a 1—coherent category and let a,b : Cy. Assume
given a 1—coherent natural isomorphism o : Y — Y@ Then i := g (b)(idp):home (a, b)
is part of an isomorphism between a and b, and it satisfies, for every c : Cop,

ao(c) =Ag.goi
as maps homc (b, ¢) — homc¢ (a, ¢).

The proof is the same as the usual proof, and has been formalized in the HoTT
library [10]. Note that we are not claiming that the naturality proofs for o can be
recovered using the associativity of composition.

2.3 Connected covers

In order to generalize a result of Buchholtz, van Doorn and Rijke (see Theorem 2.19)
to the case where Y has no connectivity assumption, we prove some results about
connected covers. In this section, we fix n > —1.

Definition 2.12 A type X is n—connected if || X ||, is contractible.

For X pointed, it is equivalent to require that 7; (X) be trivial for all i < n. Every
pointed type is (—1)—connected.

Definition 2.13 Let X be a pointed type. The n—connected cover X (n) of X is defined
to be the fibre of the pointed map X —, || X ||».
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Note that X (n) is indeed n—connected and that we have a canonical pointed map
i: X(n) —. X which induces an equivalence on the homotopy groups nj for k > n.
In fact, this map has a stronger universal property:

Definition 2.14 A pointed map f: X —, Y is an (n)—equivalence if for any pointed,
n—connected type Z, postcomposition by f gives an equivalence

(Z > X) = (Z—>.,7Y).

Lemma 2.15 [4, Lemma 6.2] Let X be a pointed type. Then the mapi: X (n) —¢ X
is an (n)—equivalence.

It follows that the operation sending X to X (n) is functorial in a unique way making
i:X(n) —, X natural, and that a map f is an (n)—equivalence if and only if f (n) is
an equivalence.

Note that there is a 1—-coherent category with objects all pointed types and morphisms
given by pointed functions. We denote this 1—coherent category by U,. There are
I—coherent functors X, Q2: U, — U, forming a 1-coherent adjunction, in the following
sense.

Lemma 2.16 [16, Lemma 6.5.4] Let X and Y be pointed types. There is an equiva-

lence
ZX =, Y) > (X -, Q2Y),

natural in X and Y. Here, we are interpreting (X(—) —, —) and (— —, Q2(—)) as
1—coherent functors UP x Uy — U.

The naturality is not proven in [16], but is proven in the HoTT library [10].

The following two facts will be used in Proposition 2.23.

Proposition 2.17 Let f: X —, Y be a pointed map. If f is an (n+1)—equivalence,
then Q f is an (n)—equivalence.

Proof Let A be an n—connected, pointed type. By naturality of the adjunction between
suspension and loops (Lemma 2.16), we have a commutative square

(SA—.X) L7 (54—, Y)
Nl lw

(A= QX) 27 (4=, Q)
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in which the vertical maps are equivalences. Since the suspension of an n—connected
type is (n+1)—connected, the top map is also an equivalence. Therefore, the bottom
map is an equivalence, as required. O

Proposition 2.18 Let f: X —, Y be a pointed map. If f is a (—1)—equivalence, then
f is an equivalence.

Proof Since S is (—1)—connected, we know that f induces an equivalence
(SO =, X)—>. (8% >, 7).

Moreover, (S® —, Z) is equivalent to Z for any pointed type Z, and this equivalence
is natural. It follows that f is an equivalence. O

This also follows from the facts that Z (—1) —, Z is an equivalence for any pointed Z,
and that f(—1) is an equivalence.

2.4 Loop spaces and magmas

In this section, we study loop spaces and the natural magma structures that they carry
and define the map smashing that plays an important role in this paper. We begin by
generalizing the following result of Buchholtz, van Doorn and Rijke.

Theorem 2.19 [4, Theorem 5.1] Letn > 1. For X and Y pointed, (n—1)—connected,
n—truncated types, the map

Q" (X =.Y) — ("X —¢p Q"Y).
is an equivalence.

In order to state our generalization, we introduce the notion of magma.

Definition 2.20 A magma is given by a type X together with an operation
x: X xX —> X.

A map of magmas is given by a map f: X — Y between the underlying types that
merely respects the operations. More formally, we define

Xowgm Y= > | [I fexx)=r )y f(x)

(f: X->Y)"(x,x":X)

-1

An equivalence of magmas is a map of magmas whose underlying map is an equivalence.
We write X ~pgm Y for the type of magma equivalences from X to Y. Magmas form
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a l—coherent category that we denote by Mgm. We will omit the subscript on the
operation - when it is clear from context.

The propositional truncation in the definition of magma map is a technical trick to
simplify the formalization. With our definition, the type of equalities between magma
maps is equivalent to the type of equalities between the underlying maps. All of our
results should go through without the truncation, but omitting it leads to path algebra
that is not needed in order to get our later results. The maps we are considering should
be called “weak magma maps”, but since they are the only maps we use, we simply
call them “magma maps” in this paper.

Definition 2.21 A pointed magma is a magma X with a chosen point xo : X and an
equality xg - xo = xo. A map of pointed magmas is a pointed map f: X —, Y whose
underlying map f: X — Y is a map of magmas. We write X —pgm, Y for the type of
pointed magma maps. An equivalence of pointed magmas is a map of pointed magmas
whose underlying map is an equivalence. We write X ~\gm, Y for the type of pointed
magma equivalences. Pointed magmas form a 1-coherent category, which we denote
by Mgm,.

There are no propositional truncations in the above definition, except for the one in the
definition of magma map.

Remark 2.22 The loop space X is a pointed magma for any pointed type X,
with path concatenation as the operation, reflexivity as the basepoint, and a higher
reflexivity as the proof that the basepoint is idempotent. There is a natural map
Q: (X =0 Y) =e (X —Mgm, 2Y), which can be iterated. Any magma map
QX —pgm QY induces a group homomorphism 71 (X) —grp 71(Y). Also note that
for groups G and H, (G —¢rp H) =~ (G —mgm H), where we write G —gr, H for
the type of group homomorphisms. (We assume that all groups have an underlying
type that is a set, which means that the propositional truncation can be removed.)

When X is a pointed magma and G is a group, every magma map X —ugm G can be
made pointed in a unique way, so the forgetful map (X —mgm, G) = (X —mgm G) is
an equivalence.

When A is a pointed type and X is a pointed magma, the type A —, X of pointed
maps is a pointed magma under the pointwise operation. The requirement that the
basepoint xg : X be idempotent ensures that for f,g: A —, X, f - g is again pointed:
(f -&)(ao0) = f(ao) - g(ao) = xo - X0 = Xo.
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Similarly, when Y is a pointed magma and Z is a pointed type, the type ¥ —mgm, Q2z
of pointed magma maps and the type ¥ —ygm Q2Z of all magma maps are pointed
magmas under the pointwise operation. This uses that path composition in the double
loop space is commutative (by Eckmann—Hilton) and associative. (More precisely, we
only use that the operation is merely commutative and merely associative, which will
be convenient in Definition 2.26.)

With this background, we can now state our first generalization of Theorem 2.19.

Proposition 2.23 Letn > 1, let X be a pointed, (n—1)—connected type, and let Y be
a pointed, n—truncated type. Then the map

Q" (X =5.Y) = ("X —pgm Q'Y)
is an equivalence, natural in X and Y . Similarly,

Q" (X =, Y) = (Q"X —>pgm, 2'Y)
is a natural equivalence.

Proof Since Q"Y is a group, the second equivalence follows from the first, using
Remark 2.22, so we focus on the first one. By the functoriality of ", the diagram

(X >.Y) Q"X —pgm Q"Y)

1 I

I X[ln =¢Y) —————— Q| X[ln) >mgm L"Y)

1 I

(1XMln =¢ ¥ (n=1)) —— (X [ln) >mgm 2" (Y {n —1)))

commutes, where the vertical maps are induced by the maps |—|,: X —, || X||» and
i:Y(n—1) —, Y. The vertical maps on the left are equivalences by the universal
properties of truncations and of connected covers.

To see that the upper vertical map on the right is an equivalence, let f denote the map
QM(|—|n): "X —, Q"(|| X ||). This map is O—connected, since |—|, is n—connected
and Q decreases connectivity. Since Q"Y is a set, it follows that f induces an
equivalence (Q" (| X ||ln) = Q"Y) = (Q"(X) = Q"Y). Given g: Q" (|| X ||») = Q"Y,
we need to show that g merely preserves the magma structures if and only if go f
merely preserves the magma structures. The map f induces an equivalence

( I g(a-b)=g(a)-g(b)):( I g(f(a)-f(b))=g(f(a))-g(f(b)))

a,b:Q" (1 X 1n) a,b:Q"(X)
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since f is O—connected and the identity types are sets (in fact, propositions). Note
that f, being defined using the functoriality of €2, preserves the concatenation oper-
ation (without any propositional truncation). It follows that the type on the right is
equivalent to the type of proofs that g o f preserves the magma structure. Therefore,
the propositional truncations are also equivalent, so f induces an equivalence on the
types of magma maps.

The lower vertical map on the right is an equivalence since 2" (i) is an equivalence of
magmas: it is certainly a map of magmas, and the fact that it is an equivalence follows
from Propositions 2.17 and 2.18.

The bottom horizontal map is an equivalence by Theorem 2.19, and so the top horizontal
map is an equivalence, as required.

The fact that Q" is natural in X and Y follows from the functoriality of Q" as an
operation from pointed maps to magma maps, which is straightforward to check. O

Our next goal is to define the map smashing, using the following lemmas.

Lemma 2.24 Letn>1andlet Y and Z be pointed types. Then there is an equivalence
of pointed magmas
Q'Y —¢ Z) ~pgm, (Y —. Q"Z),

natural in Y and Z. Here we are regarding Q"(— —, —) and — —, Q"(—) as
1—coherent functors U, x U, — Mgm,.

On the right-hand side, we are using the pointwise magma structure described in
Remark 2.22.

Proof We prove this for n = 1, and then iterate, using that the functor €2 sends pointed
equivalences to equivalences of pointed magmas.

In order to prove that our equivalence respects the magma structures, it is best to
generalize: for f, g: Y —, Z we define an equivalence

o:(f=0)=> > K(o)=fo-g
K:f~g
Here K is a homotopy, yo is the basepoint of Y, and fy and g¢ are the paths witnessing
that f and g are pointed. This equivalence is a variant of the standard result that
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equalities of pointed maps are equivalent to pointed homotopies; the particular choice
of the right-hand side means that when f and g are the constant map ¥ —, Z pointed
by refl, we obtain a pointed equivalence

QY =0 Z) = (Y ». QZ).

Our pointed homotopies can be composed, and we show that ¢ sends composition of
paths to composition of homotopies by first doing induction on the paths to reduce the
goal to

@(refl) = @(refl) - p(refl)

and then using path induction to assume that fy is refl. We conclude that
QY =4 Z) 2mgm, (Y = Q2Z).

To prove naturality in Y, consider a pointed map /: Y —, Y. We must show that the
following square commutes:

QY —. 7) 2N 9y . 7)

o| |G

(V' >.Q2) —— (Y >.Q2)

By path induction, we can assume that % is strictly pointed, ie that the given path
ho : h(yo) = yy is reflexivity. In this case, writing c: Y —, Z and ¢’: Y' —, Z for
the constant maps, we have that ¢’ o & and ¢ are definitionally equal as pointed maps.
Therefore, the corners and vertical maps in the required square are definitionally equal
to those in the square

ap_op
c'=c —% ¢'oh=c'oh

o| Je

why,
'~y — = c'oh~yc'oh

where ~, denotes the type of pointed homotopies defined above, and wh;, denotes
prewhiskering with /. One can check that the horizontal arrows are homotopic to those
in the required square, so it remains to show that the new square commutes. To show
this, one generalizes from ¢’ = ¢’ to f = g, in which case the commutativity follows
by path induction.

The proof of naturality in Z is very similar. Since both naturalities have been formalized,
we give no further details. O
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Lemma 2.25 Letn,m > 1 andlet Y and Z be pointed types. The action of Q™ on
maps gives a pointed magma map

Y —e Q"Z) —mgm, (MY —pgm, Q"Q"Z).
Moreover, the forgetful maps

Q™Y —>mgm, R"Q"Z) —>mgm, (QTY —mgm QTQ"Z)
and
QMY —>mgm, RTQ"Z) —mgm, (QTY -, Q"Q"Z)
are also pointed magma maps. In all cases, we are using the pointwise magma structure
described in Remark 2.22. These maps are all natural.

Proof That the forgetful maps are natural pointed magma maps is straightforward, so
we focus on the first map. By replacing Z with Q”~1Z, we can assume that n = 1.
To prove that Q™ is a natural pointed magma map, we induct on m. For the inductive
step, we define ™! to be the composite

(Y >4 QZ) &5 (Q"Y —ygm, Q"QZ)
— (Q"Y -, Q"QZ) L5 QY Sygm, Q7T1IQ2Z)

so that the claim follows from the inductive hypothesis, the fact that the middle forgetful
map is a natural pointed magma map, and the m = 1 case.

It remains to prove the m = 1 case. It is easy to see that for f:Y —, QZ, Qf is
a pointed magma map. Next we must show that given f,g: Y —, QZ, Q(f - g)
and (2f) - (2g) are equal as pointed magma maps, where - denotes the pointwise
operations. Because we are using weak magma maps, it is equivalent to show that
these two maps are equal as pointed maps, or in other words that there is a pointed
homotopy Q(f -g) ~. (2f) - (2g). The underlying homotopy involves some path
algebra, and ultimately follows from the fact that horizontal and vertical composition
agree in the codomain, which is a double-loop space. The pointedness of the homotopy
follows by a simple path induction on the paths f(yo) = refl and g(yo) = refl, after
generalizing f(yo) and g(yo) to arbitrary loops. The argument in this paragraph has
been formalized.

The naturality of Q2 follows from the fact that for pointed maps 4 and £,
Q(hok)=Q(h)oQ(k)

as pointed maps, where again we are taking advantage of the fact that we are using
weak magma maps. |
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Definition 2.26 For pointed types X, Y, and Z and natural numbers n,m > 1, we
have maps

-1 (X =Y 5. Z) — (Q"X - pgm Q'Y —. Z))
= (Q"X > pgm (Y —. Q"Z))
— ("X = pgm (Y > pgm, R7Q"Z))
=5 ("X —Mgm (™Y —mgm, Q"7 Z))
— (T (X) =6 Tm(Y) = Grp Tnt+m(Z)).

These maps are natural in X, Y, and Z. The first and third arrows apply 2" and Q™ to
morphisms, using Lemma 2.25. The second arrow is an equivalence by Lemma 2.24. To
understand the fourth arrow, write 7 = k + 1 for some k : N. Then QkQ" 7z = Qntkz
as pointed types. Applying € on the outside, we see that Q"Q"Z = Q"™ Z as
magmas. Since the magma structure on the set of magma maps only uses that the
iterated loop space is merely commutative and merely associative, we can conclude
that (™Y —mgm, R"Q"Z) = (™Y —mgm, "™ Z) as magmas. From this we
deduce the required equivalence. The fifth arrow applies O—truncation on the inside
and then on the outside. Let

smashing: (X =Y —¢ Z) — (10 (X) = 6rp Tm(Y) = Grp Tn4m(Z))

denote the composite.

The map smashing corresponds to the following construction in topology, which uses the
smash product from the next section. Given a map f: X —, Y —, Z and homotopy
classes « : 1, (X) and B : 7, (Y), one can smash representatives of the homotopy
classes together to get an element @ A B : wp+m(X AY). The adjoint X AY —, Z
of f then induces a map taking this to an element of 7,4, (Z) which (up to sign) is
smashing( f, o, B). This correspondence motivates the name.

Since we’ll use it several times, we quote the following result from [4].

Lemma 2.27 [4, Corollary 4.3] Letm >0 andn > —1. If Y is a pointed, (m—1)—
connected type and Z is a pointed, (n+m)—truncated type, then the type Y —, Z is
n—truncated.

The last result in this section plays an important role in our proof, and can be thought
of as a generalization of Theorem 2.19 to functions with two arguments.

Algebraic € Geometric Topology, Volume 23 (2023)



2124 J Daniel Christensen and Luis Scoccola

Theorem 2.28 Letn,m > 1. If X is a pointed (n—1)—connected type, Y is a pointed
(m—1)—connected type, and Z is a pointed (n+m)—truncated type, then the map
smashing is an equivalence.

Proof The first arrow in (2-1) is an equivalence by Lemma 2.27 and Proposition 2.23.
The third arrow is an equivalence by Proposition 2.23. To show that the fifth arrow is
an equivalence, one uses the same methods as in the proof of Proposition 2.23, using
that Q"1™ Z is a set. |

2.5 The connectivity of smash products

We recall some basic facts about smash products, and then prove a result about their
connectivity.

Definition 2.29 For pointed types X and Y, the smash product X AY is defined to
be the higher inductive type with constructors:

e sm:XxY > XAY,

e auxl: X AY,

e auxr: X AY,

* gluel: [](;.y)sm(xo, y) = aux,

o gluer: []i.x)sm(x, yo) = auxr.
The smash product is pointed by sm(xg, yo). It has the expected induction principle.
It is straightforward to see that the smash product is a functor. That is, given pointed
maps f: X —, X' and g: Y —, Y’ between pointed types, there is a pointed map

fAg:XAY —, X' AY’ defined by induction on the smash product in the evident
way, and this operation respects identity maps and composition.

Given pointed types X and Y, the constructors of the smash product X A Y combine
to give a map X —, (Y —, X AY), which we now describe.
Definition 2.30 Let X, Y : U,. Currying the constructor sm, we get a map

X—> ¥ —>XAY).

Using the constructor gluer twice, this map lifts to amap X — (¥ —+ X AY'). Similarly,
using gluel, this last map lifts to a map sme: X —, (Y —¢ X AY).
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The following adjunction between pointed maps and smash products is fundamental to
our work.

Lemma 2.31 [8, Theorem 4.3.28] Let X, Y, and Z be pointed types. The map
XAY 50 Z) = (X =, (Y =, 2))

induced by precomposition with sm, is a pointed equivalence, natural in X, Y, and Z.
Here, we are interpreting (— A — —, —) and (— —, (— —, —)) as l—coherent functors
USP x UP x U, — U,.

Note that, by construction, sme: X — Y —+ X A Y is the adjunct of the identity map
XAY - X AY.

In the form stated here, Lemma 2.31 has been formalized [8]. A stronger statement,
which roughly involves regarding the category U, as being enriched over U,, has not
yet been proven, but we do not use this stronger form.

We now give a bound on the connectivity of smash products, proving the first part of
Theorem S from the introduction.

Corollary 2.32 Letn,m > 0, let X be a pointed, (n—1)—connected type, and let Y
be a pointed, (m—1)—connected type. Then X AY is (n+m—1)—connected.

Proof It is enough to show that the truncation map X A Y — | X A Y |ln+m—1 18
nullhomotopic. Since the truncation map is pointed, this follows from the following
more general fact: for any pointed, (n+m—1)—truncated type Z, the type X AY —, Z
is contractible. Indeed, by Lemma 2.31, we have (X AY —, Z) >~ (X —, Y —, Z).
By Lemma 2.27, the type Y —. Z is (n—1)—truncated. Therefore, using Lemma 2.27
again, we see that the type X —, Y —, Z is (—1)-truncated, and thus contractible,
since any pointed mapping space is inhabited. O

2.6 Abelianization

In this section, we introduce the notion of abelianization, and give an efficient construc-
tion of the abelianization of a group.

Definition 2.33 Given a group G, an abelianization of G consists of an abelian
group A together with a homomorphism 7: G — g A4, initial among homomorphisms
to abelian groups. In other words, for each abelian group B and homomorphism
h:G —qrp B, the type D s. 4, gyh = f on is contractible.
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Since the type of abelianizations of a given group is a mere proposition, we abuse
notation and denote any such abelianization by G — G®.

Remark 2.34 The existence of abelianizations can be proved in several different ways.
One could mimic the classical definition, describing G as the quotient of G by the
subgroup generated by commutators, but this is awkward to work with constructively.

A second method that clearly works is to define G as a higher inductive type with a
point constructor 7: G — G2, a point constructor giving G* an identity element, recur-
sive point constructors giving addition and inverses in G2, recursive path constructors
showing that the group laws hold and that the operation is abelian, a path constructor
showing that 7 is a homomorphism, and a recursive path constructor forcing G* to
be a set. While there is no doubt that this will work, it is difficult to use in practice
because of the number of constructors and the fact that many of them are recursive.

A much simpler construction is as the higher inductive type with the constructors

e 1:G— G,

e comm:[[,pegna-(b-c)=nla-(c-b)),

o isset: [ [, g [ gix=y P =4
Equivalently, this is the O—truncation of the coequalizer of the two obvious maps
G x G x G — G. Using either description, it is straightforward to show that G has a
unique group structure making n a group homomorphism, that this group structure is

abelian, and that 7 satisfies the universal property. We don’t give further details here,
since this has been formalized by Ali Caglayan in the HoTT library [10].

Given a group homomorphism f: G —g, H, there is a unique group homomorphism
[ Gub —Grp H® making the square

¢ -1 s H

a2 I

Gab fab . Hab

commute. This makes abelianization into a functor and 7 into a natural transformation.

2.7 Tensor products

In this section, we define tensor products and use them to complete the proof of
Theorem S.
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Recall that for a group G and an abelian group H, the set G —¢,, H is an abelian
group. The group operation is given by (¢ + ¥)(g) := ¢(g) + ¥ (g), and the inverse
by (—¥)(g) := —¥(g), along with the natural proofs that these are homomorphisms.

Definition 2.35 Given abelian groups A and B, a tensor product of A and B consists
of an abelian group 7' together with a map 7: A —¢,, B —grp T such that for any
abelian group C the map

t*: (T —>Grp C)— (A —>Grp B —>Grp C)

given by composition with ¢ is an equivalence.

One can show in a straightforward way that tensor products exist, although we don’t
need this, and in fact the existence follows from Theorem 2.38. Moreover, the type of
tensor products of a given pair of abelian groups is a mere proposition. We denote any
such tensor product by A ® B. Given a : A, and b : B, we form the elementary tensor
a®b:A® Basa®b:=t(a,b).

Example 2.36 Let A : Ab. Then A ~ A ® Z, and the isomorphism is given by
mapping a : A to a ® 1. This follows from the fact that Z represents the identity; that
is, (Z —crp C) ~arp C for any C : Ab, where the isomorphism is given by mapping
fiZ —6p C to f(1).

Lemma 2.37 LetA,B,C :Ab,and ¢, ¥y: AQ B =, C. If foreverya: Aandb : B
we have p(a ® b) = Y (a ®b), then p = .

Proof By construction, we have ¢p(a ® b) =t*(¢)(a,b) and Y (a @ b) =t*(¥)(a, b).
By assumption and function extensionality, we have t*(¢) = t*(¥), and since ¢t* is an
equivalence, we deduce that ¢ = . O

A key step towards proving the Hurewicz theorem is constructing a map

Tn(X)® & 10m (Y)™® = Grp Tngm (X AY)

natural in the pointed types X and Y, and proving that this map is an equivalence
under connectivity assumptions on X and Y. Equivalently, we are looking for a map
(X)) —Grp T (Y)2 —Grp Tnt+m(X A Y) that is a tensor product under these
assumptions.
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In order to do this, observe that, for G and H groups and A an abelian group, we have
an equivalence

(Gab —Grp Hab —>Grp A) - (G —Grp H —>Grp A),

given by precomposition with the corresponding abelianization maps. Applying the
smashing map from Definition 2.26 to the map sm,: X —¢ ¥ —¢ X A Y from
Definition 2.30 and using the above observation, we get a natural map

1%,y Tn(X)® =G T (Y)™® = rp Tngm(X AY).
Theorem 2.38 Letn,m > 1, let X be a pointed, (n—1)—connected type, and let Y be

a pointed, (m—1)—connected type. Then the map txy exhibits w4, (X AY) as the
tensor product of 1, (X)® and 7, (Y ).

This implies in particular that tensor products of abelian groups exist.

Proof Given an abelian group C, we must show that the map
%,y (nam(X AY) =6p C) —> (0n(X)™ —=6rp 1m (Y)™® —6rp €).

is an equivalence. The following diagram will let us show that #§ ,, is homotopic to
a map that is easily proven to be an equivalence. Let h: (X AY) =g, C and
consider the diagram

(Tnsm(X AY) =6 C)
~| Tntm
(XAY >, XAY) ul > (XAY -, K(C,n+m))
(X —. Y:>. XAY) il > (X =Y —>,VK(C, n+m))
smashing ~ | smashing
(T (X) = Grp T (V) —>p T gm (X AY)) —5 (7 (X) 09 7 (¥) —>1p C)

B+
(70 (X)™® = Grp Tm (Y )™ = Grp Tntm (X AY)) = (70n(X)™® = Grp Tm (Y )™ =G C)

We explain the diagram. The right-hand vertical arrow at the top is an equivalence by
Corollary 2.32 and Proposition 2.23, and also implicitly uses a chosen equivalence
e mu+m(K(C,n+ m)) >~ C. The unlabeled vertical arrows bordering the first square
are the adjunction from Lemma 2.31. The vertical arrows labelled smashing are from
Definition 2.26; the right-hand one uses e and is an equivalence by Theorem 2.28. The
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unlabeled vertical arrows at the bottom are from the universal property of abelianization.
The horizontal maps labelled /., are postcomposition by /. The horizontal maps labelled
h’, are postcomposition with the map 4’: X AY —, K(C, n + m) which corresponds
to & under the displayed equivalence 7y +5,. It is straightforward to check that the three
squares commute.

The right-hand column is an equivalence which we will show is homotopic to t;,Y'
Consider the identity map idy Ay at the top of the left-hand side. Its image in the
bottom left corner is tx,y, and the image of 7y y under /4 is equal to the image of &
under t;,Y. By definition of 4/, the image of idx Ay in the top-right corner is /. So the
right-hand column sends / to t)";’Y(h). That is, the composite vertical equivalence is
homotopic to t;’Y. O

2.8 Smash products, truncation, and suspension

The goal of this section is to prove a result about the interaction of smash products and
truncation, and a result about the interaction of smash products and suspension. Both
results make use of the symmetry of the smash product, so we begin with that.

Definition 2.39 Given pointed types X and Y, there is a pointed map
T: XANY -, Y A X
defined by induction on the smash product in the following way:
e t(sm(x,y)) :=sm(y, x),
e 7(auxl) := auxr,
e 7(auxr) := auxl,
e ap.(gluel y) := gluer y,
e ap.(gluer x) := gluel x.

It is pointed by refl

sm(y0,x0)"
Lemma 2.40 For pointed types X and Y, the compositetot: X AY —, X AY is

pointed homotopic to the identity. In particular, the map t is an equivalence.

Proof We first show that for every z : X AY, ©(7(z)) = z. We prove this using the
induction principle for smash products. For the three point-constructors, this holds
definitionally. The two 1-dimensional constructors are similar, so we only consider the
first one. We must show that for each y : V',

transport” > TFEN=Z (glyel y, reflsm(xo.y)) = reflau-
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By a calculation similar to those in [16, Section 2.11], the left-hand side is equal to

apc (ap; (gluel 1)) ™" - reflyn(xo, ) - gluel y.
By the definition of t in Definition 2.39, this is equal to

(gluel y)~! “reflgm(xo,y) - gluel y,
which is equal to refl,,, as required.

We must also show that this homotopy is pointed. Up to definitional equality, this
amounts to showing that reflsm(xo. yo) = reflsm(xo,y0)» Which is true by reflexivity. O

Next we show that the map t is natural.

Lemma 2.41 Given pointed maps f: X —, X" and g: Y —, Y’ between pointed
types, the following square of pointed maps commutes:

XAy 228 xi Ay

Y AX 2y ax
Proof By path induction we can reduce to the case that f(xo) = x; and g(yo) = .
Next we use the induction principle for X A Y. The square commutes definitionally on
the three point constructors of X AY, but requires some straightforward path algebra in

the remaining two cases. Since the proof has been formalized, we omit the details. O

Lemma 2.42 Letm > —1, letn >0, let Y be a pointed type, and let X be a pointed,
(n—1)—connected type. Then the map

“l_lm A id)(||n+m1 ||Y /\X||n+m - “ ”Y”m /\XHnﬁ-m

is an equivalence.

Proof Since the map in the statement is pointed, it is enough to show that for ev-
ery pointed, (n+m)—truncated type T, precomposition with |—|,, A idy induces an

equivalence
(Y ImAX =>eT) — (Y AX =, T).

By the naturality in the first variable of the adjunction from Lemma 2.31, it is enough
to show that precomposition with |—|,, induces an equivalence

(”Y”m —>e X —, T) I (Y —e X —>e T)a

and this follows from the fact that the type X —, T is m—truncated (Lemma 2.27). O
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Corollary 2.43 Letm > —1, letn > 0, let X be a pointed, (n—1)—connected type,
and let Y be a pointed type. Then the map

lidx A l=lmlln+m: IX AY [lntm = | X ANY lmlln+m

is an equivalence.

Proof The square
idx Al=lm

XAY 2220 X AY |m

|_|m/\idX

YAX —== Y lmA X

commutes by Lemma 2.41. The vertical maps are equivalences by Lemma 2.40. By
Lemma 2.42, the bottom map is an equivalence after (n+m)—truncation, so the top
map must also be an equivalence after truncating. O

We conclude this section with a result letting us commute suspension and smash
products.

Lemma 2.44 Given pointed types X and Y, there is a pointed equivalence

(X AY) >, X AYY,
natural in both X and Y .

Proof By Definition 2.39 and Lemmas 2.40 and 2.41, it is enough construct a natural
equivalence X (X AY) >~ XX A Y. In order to do this, it suffices to show that, for
every pointed type Z, there is an equivalence (X(X AY) >, Z) 2 (X AY —, Z)
natural in X, Y, and Z, by the Yoneda lemma (Proposition 2.11). Given a pointed
type Z, we define the equivalence as the composite of natural equivalences,

EXAY)=>eZ) (X AY -, Q27)
>~ (X —>.Y —>.Q7)
>~ (X = QY —. 2))
~(EX >, Y —>.2)
~(ZXAY =, 2).

The first and fourth equivalences follow from the adjunction between suspension and
loops (Lemma 2.16). The second and fifth equivalences use Lemma 2.31. The third
equivalence follows from Lemma 2.24. This concludes the proof. O
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This result was formalized in the spectral repository [8], but the proof of naturality is
not complete.

3 Homology and the Hurewicz theorem

In this section, we begin by defining homology and proving the Hurewicz theorem.
Then we define the Hurewicz homomorphism and prove that it is unique up to sign.
We conclude by giving some applications about the interaction between homology,
connectedness, and truncation.

3.1 Prespectra and homology

In this section, we introduce prespectra as a tool for defining the homology groups of a
type.

Definition 3.1 A prespectrum (Y, s) is a family of pointed types ¥ : N — U4, and a
family of pointed structure maps s: [ (,:n)Yn —o 2Yn+1. When the structure maps
of Y are clear from the context, we will denote the prespectrum simply by Y.

Definition 3.2 A map of prespectra [ :(T,s) — (T’,s’) consists of a family of pointed
maps f: [[,:n)¥n —e ¥y, and a family of pointed homotopies

1_[ QSL Ofn ~e an+1 oSy.

(n:N)

Note that a prespectrum can be equivalently defined by giving a family of pointed types
Y : N — U, and a family of pointed maps XY, —, ¥, +1. This is the way that we will
specify prespectra.

Example 3.3 Eilenberg—Mac Lane spaces are defined in homotopy type theory in [13].
Given an abelian group A, the Eilenberg—Mac Lane prespectrum H A of type A is given
by the family An.K (A, n) of pointed types, where we let K(A4,0) := A, pointed at 0.
For n > 1, the structure map is

|—|n+1: ZK(A,n) = | ZK(A,n)||n+1 = K(4,n+1).

When n = 0, we define X K(A,0) — K(A, 1) by induction on suspension, by mapping
the north and south poles of XK (A4, 0) to the base point of K(A4, 1), and merid(a) to
the loop of K(A, 1) represented by a.
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Definition 3.4 Given a pointed type X and a prespectrum (Y, s), we form a prespectrum
X AY, called the smash product of X and Y, as follows. The type family is given by
(X AY)n = X A Y. The structure maps are given by the composite

3-1) S(X AYp) B0 X ASY, XN XA Vi,

where 5, : XY, —¢ Y541 corresponds to s,: ¥y —¢ QY541.

Note that, by the naturality of Lemma 2.44 and the functoriality of the smash product
on pointed types, the smash product of a pointed type and a prespectrum is functorial.

Definition 3.5 The type of sequential diagrams of groups is the type

N._
Grp = Z 1_[ An —>Grp Apt1.
A:N—>Grp n:N

Analogously, we define the type of sequential diagrams of abelian groups, which we
denote by AbN

The most important example in this paper is given by sequential diagrams of groups
that come from prespectra.

Example 3.6 Let (Y, s) be a prespectrum and let n, k : N. The map sg : Yy —¢ Q2Yg 41
induces a morphism 7, (sx): 7 (Yx) = Grp Tn (2Yk+1) = 7p1(Yk41). Iterating this
process, we get a sequential diagram of groups Ai.7,4;(Yr4;): N — Grp. We denote
this diagram by S (Y'). This construction is natural in Y.

Note that, if n > 2, the diagram S}/ (Y) is a sequential diagram of abelian groups.

Definition 3.7 Let (A, ) : UN be a sequential diagram of types. We define the
sequential colimit of (A, ¢), denoted by colim A : U, as the higher inductive type
generated by the constructors ¢: [[,.5y An — colim 4 and

glue: l_[ 1_[ tn(@) = tn+1(@n(a)).

n:Na:A,

Lemma 3.8 Let (A, ) : AbY be a sequential diagram of abelian groups. Then the
sequential colimit colim A of the underlying sets is a set, and it has a canonical abelian
group structure such that all of the induced maps i, : A, — colim A are homomorphisms.
Moreover, the abelian group colim A has the universal property of the colimit in the
category of abelian groups.
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Proof The main difficulty is to show that colim A is O—truncated. For this, we use
[20, Corollary 7.7(1)], which says that a sequential colimit of n—truncated types is
n—truncated.

To show that colim A has an abelian group structure we start by using induction
to define the operation + on colim A. In the case of point constructors, we define
(@) + tn(b) := un (9" (@) + ¢p' (b)), where m = max(l,n) and ¢;": A; — A, and
oM. Ay, — Ap are defined by iterating ¢. The case of a path constructor glue and a
point constructor is straightforward, and the case of two path constructors is immediate,
since colim A is a set. The fact that, with these operation, colim A is an abelian group
is clear.

The map t,: A, — colim A is a group morphism for every n by construction, and
the fact that colim A satisfies the universal property of the colimit follows from the
induction principle of colim A. m|

Definition 3.9 Let Y be a prespectrum, let z : Z, and let j = max(0,2—n). We define
the n'* stable homotopy group of Y as

7, (Y) := colim SJ’.’JFj(Y).

Note that the stable homotopy groups of a prespectrum are defined for any integer 7, and
not only for natural numbers. Moreover, by construction, the sequential diagram in the
definition of 7, (Y') is a sequential diagram of abelian groups, so stable homotopy groups
are always abelian. As an aside, one can show that any S]'.“Lj (Y) with j > max(0,2—n)
will have an isomorphic colimit. Finally, since the construction S/ (Y) is functorial
in Y, stable homotopy groups are functorial in the prespectrum.

Definition 3.10 We define the n'™ reduced homology of X with coefficients in Y as
Hy(X:Y):=a5(X AY).

We define the n™ (ordinary) reduced homology of X with coefficients in an abelian
group A by
Huy(X; A):= Hy(X; HA).

Notice that these types carry an abelian group structure, given by the group structure
of stable homotopy groups (Definition 3.9).
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3.2 The Hurewicz theorem

In this section, we prove our main result, Theorem H. To do so, we first show that
when X is sufficiently connected, we can compute H,(X; A) without taking a colimit.

Lemma 3.11 Letn > 1, let A : Ab, and let X be a pointed, (n—1)—connected type.
Then the natural homomorphism 7, +1(X A K(A, 1)) — H, (X; A) is an equivalence.
Proof Recall that

Hy(X: A) = 75(X A HA) = colim ST (X A HA),

for j = max(0,2 —n). Since n > 1, we must consider two cases, n = 1 and n > 2.
When n = 1, we have j = 1, and the sequential diagram that defines H, (X A) starts
as

Tn+1(X AK(A, 1)) 5> mpia2 (X AK(A4,2) > -

When n > 2, we have j = 0, and the sequential diagram that defines H, (X; A) starts
as

Tn(X A K(A,0)) = mn+1(X AK(A, 1)) — mn2(X AK(A,2)) = -+
It suffices to show that in either case the morphism
Tnti (X A K(A, i) = nti+1(X A K(A, 1 + 1))
is an equivalence for i > 1. To prove this, we use (3-1) to factor the map as
Tn+i (X ANK(A, D)) = Tnti+1(X AZK(A,1) = Tngit1 (X AK(A, D +1)).
Now, the first of these two maps is induced by the Freundenthal map
XANK(A, i) > QE(X ANK(A, D))

composed with the equivalence X (X A K(A,i)) >~ (X A XK(A,i)). Notice that, by
Corollary 2.32, X A K(A,i) is (n+i—1)—connected. If i > 1, we have thatn +i > 2,
and thus (m+i—1)+1<2(m +1i—1), so the Freudenthal suspension theorem [16,
Theorem 8.6.4] implies that the map 7,4 (X A K(A4,i)) = mp+i+1(X A XK(A,1))
is an equivalence.

The second map is an equivalence by Corollary 2.43, since K(A,i+1)= || 2K (A,7)li+1
by definition. 0
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Theorem 3.12 (Hurewicz theorem) Given an abelian group A, a natural number
n > 1, and a pointed, (n—1)—connected type X, we have an isomorphism

JTn(X)ab®A Grp ﬁn(X’A)’

natural in X and A.

By naturality in X, we mean naturality with respect to pointed maps between (n—1)—
connected types.

Proof By Lemma 3.11, it is enough to show that we have a natural isomorphism
Tn+1 (X AK(A, 1)) ~Grp 7n (X)®® A, and this follows directly from Theorem 2.38. O

3.3 The Hurewicz homomorphism

In this section we give a construction of the Hurewicz homomorphism and prove that
it is unique up to sign.

Let X be a pointed type, A an abelian group, and n > 1. Applying H,(—; A) to the
(n—1)—connected cover map X (n — 1) —, X we obtain a morphism

ﬁn(X<n - 1>’ A) —Grp ﬁn(X, A),
natural in X and A. By Theorem 3.12, there is a natural isomorphism
70 (X {n = 1)) ® A ~grp Ha(X (n—1); A).
Since 7, (X (n — 1)) —Grp mx(X) is also a natural isomorphism, we can compose with
the abelianization of its inverse to obtain a morphism 7, (X)*® ® 4 —Grp H, (X A).
Definition 3.13 For every X :U,, A : Ab, and n > 1, the morphism
hp: tn (X)) ® A — Hy(X; A)
described above is the n Hurewicz homomorphism.
By construction, when X is (n—1)—connected, %, is an isomorphism.
Definition 3.14 Let n > 1. A morphism of n—Hurewicz type is given by a group
homomorphism 7, (X)* ® A —Grp H, (X; A) for each X: U, and A : Ab, that is

natural in both A and X, and that is an isomorphism when X = S” and A = Z. Here
we are regarding 7, (—)*® ® — and Hy, (- —) as l—coherent functors U, x Ab — Ab.
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Example 3.15 For any n > 1, the n'" Hurewicz homomorphism (Definition 3.13) is a
morphism of n—Hurewicz type.

Theorem 3.16 Letn : N and let F and G be morphisms of n—Hurewicz type. Then
either F(X, A) = G(X, A) or F(X,A) = —G(X, A) for every pointed type X and
abelian group A. The choice of sign is independent of X and A.

Proof The morphisms F(S™,7Z) and G(S", Z) give us two isomorphisms between
7, (S™) ® Z and H,(S™;Z). We now show that there are exactly two possible isomor-
phisms between 7, (S”) ® Z and H,(S";7Z), and that these differ by a sign. On the
one hand, by [14] (see also [16, Section 8.1]), we know 7, (S") >~ Z. On the other
hand, we have Z ® Z ~ Z (Example 2.36). So it is enough to show that there are
exactly two isomorphisms between Z and Z, and that they differ by a sign. This is
straightforward, using the fact that if two integers n and m satisfy n x m = 1, then
n=m =1 orn =m = —1, which follows from the fact that Z has decidable equality.

There are then two cases, F(S",Z) = G(S",Z) and F(S",Z) = —G(S",Z). We
consider only the first case, the second one being analogous. We thus assume that

F(S",7) = G(S", Z) and we want to show that for every pointed type X and every
abelian group A we have F(X, A) = G(X, A).

By Lemma 2.37, it is enough to check that F (X, A) = G(X, A) when evaluated on
elementary tensors. Since the abelianization map is surjective and we are proving a
proposition, it is enough to check this on elementary tensors (no) ® B for « : 7, (X ) and
B : A. Since we are proving a mere proposition, we can assume that we have a pointed
map &: S” —, X representing . Define ,g : Z — A by sending 1 to 8. Consider the
following diagram, which commutes by the naturality assumption:

(s 7 EEUE (s 7)

n (&)ﬂb®,§l lﬁn @.B)
F(X,A) ~
(X @A FED G (x4
The commutativity of the diagram implies that

F(X, A)((n@) ® B) = Hy(&, B)(F(S", Z)(0 @ 1)),

where 6 : 7, (S") is represented by the identity map S” —, S™. Similarly, we get that
GX, A)((nr)®pP) = H,(a, B)(G(S",Z)(6 ® 1)), and since F(S",Z) = G(S",Z),
we conclude that F(X, A)(¢ ® B) = G(X, A)(x ® B). O
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3.4 Applications

In this section, we give some consequences of the main results in the paper. We start
with two immediate applications of the Hurewicz theorem.

Proposition 3.17 Letn > 1, let X be a pointed, n—connected type, and let A : Ab. Then
H; (X;A)=0foralli <n. Conversely, if X is a pointed, connected type with abelian
fundamental group such that H; (X ;Z) = 0 for all i <n, then X is n—connected. m|

Proposition 3.18 Letn > 1 and let A, B : Ab. Then ﬁn(K(A,n); B) >~ A® B, and,
in particular, H, (K(A,n); Z) ~ A. a

The following result says that truncation does not affect low-dimensional homology.

Proposition 3.19 Let X be a pointed type and let m > n be natural numbers. For
every abelian group A : Ab, the truncation map X — || X ||, induces an isomorphism
Hy(X; A) = Hp(|| X lm; A).

Proof The objects in the sequential diagram that defines H, (X; A) have the form
Tn+i (X AK(A, 1)) fori >min(0, 2—n), and the morphism Hy(X; A)— Hy (| X || A)
is induced by levelwise morphisms 7,+4; (X A K(A,7)) = 7n+i (| X ||m A K(A,1))
given by the functoriality of 7, 4; and the smash product. We will show that these
levelwise morphisms are isomorphisms, which implies that the induced map is an
isomorphism.

Consider the commutative square

Tnti (X AK(A, 1)) ————— T 1i ([ X[|m A K(A, 1))

| !

i (1X A KA D li4m) — i (IX lm A KA D] 1,)

given by functoriality of (i +m)—truncation and m,4;. It suffices to show that the
bottom map and the vertical maps in the square are isomorphisms. The vertical maps
are isomorphisms since n +i < i + m, and the bottom map is an isomorphism by
Lemma 2.42. |

We conclude by showing that co—connected maps induce an isomorphism in all homol-
ogy groups.
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Corollary 3.20 Let f: X —, Y be a pointed map between pointed types that induces
an isomorphism in g and an isomorphism in i, forn > 1 and all choices of basepoint
Xo : X. Then f induces an isomorphism in all homology groups for all choices of
coefficients.

Proof Let A:Ab and let n > 0. We have a commutative square

HQ(X;A)'__————% EE(Y§A)

! !

Hy(|X |0 A) —— Ho(|[Y ||n; A)

where the vertical maps are isomorphisms, by Proposition 3.19. The bottom map is
induced by || flln: | X ln = |IY ||», which is an equivalence, by the truncated Whitehead
theorem [16, Theorem 8.8.3]. It follows that the top map is an isomorphism, concluding
the proof. O
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A concave holomorphic filling of an
overtwisted contact 3—sphere

NAOHIKO KASUYA
DANIELE ZUDDAS

We prove that the closed 4-ball admits non-Kihler complex structures with strongly
pseudoconcave boundary. Moreover, the induced contact structure on the boundary
3—sphere is overtwisted.

32V40; 32Q55, 57R17

1 Introduction

In [4], Antonio J Di Scala and the authors constructed a family of pairwise inequivalent
complex surfaces E = E(p1, p2) together with a holomorphic map f: E — CP!
admitting compact fibers (the parameters p; and p; are such that 1 < py < pl_l). A
relevant property of E is that it is diffeomorphic to R*, giving an extension to real
dimension four of a result of Calabi and Eckmann [2].

The compact fibers of f were shown to be smooth elliptic curves and a singular rational
curve with one node, and these are the only compact complex curves of E. The
existence of embedded compact holomorphic curves implies the nonexistence of a
compatible symplectic structure on E. Thus, the complex surface E is non-Kihler.

Further, in [5] we proved that E cannot be realized as a complex domain in any smooth
compact complex surface.

In the present paper, we study the structure of £ away from a compact subset by
providing an exhausting family of embedded strongly pseudoconcave 3—spheres; see
Proposition 4.1. From this we derive our main theorem. In order to state our results, we
recall the notion of Calabi—Eckmann type complex manifold introduced in [4], which
was inspired by the results of [2].

© 2023 MSP (Mathematical Sciences Publishers). Distributed under the Creative Commons Attribution
License 4.0 (CC BY). Open Access made possible by subscribing institutions via Subscribe to Open.
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Definition 1.1 A complex manifold W is said to be of Calabi—-Eckmann type if
there exists a compact complex manifold X of positive dimension, and a holomorphic
immersion k: X — W which is nullhomotopic as a continuous map.

We also recall the definition of strong pseudoconvexity and pseudoconcavity. Let
(W, J) be a complex manifold with complex structure J and complex dimension > 2,
and let M C W be a smooth real oriented hypersurface. Then, near every point p € M
we can consider a local defining function for M, namely a smooth function u: U — R
defined in a certain open neighborhood U of p in W, such that u has no critical points
and M NU = u~'(0) is the oriented boundary of the sublevel u~!(—o0, 0]. Moreover,
M carries the complex tangencies distribution £ = TM N J(T M), which we assume
to be endowed with the canonical complex orientation induced by J.

Definition 1.2 We say that a real oriented hypersurface M C W is strongly pseudo-
convex in W if there exists a strictly plurisubharmonic local defining function for M
near every point p € M, namely a defining function u whose complex Hessian Hu is
positive definite. The oriented hypersurface M is said to be strongly pseudoconcave if
it becomes strongly pseudoconvex by reversing its orientation.

In particular, we can consider complex manifolds with strongly pseudoconvex or
pseudoconcave boundary. It is a standard fact that when dim¢ W is even, an oriented
real hypersurface M C W is strongly pseudoconvex (resp. pseudoconcave) if and only if
the complex tangencies distribution on M 1is a positive (resp. negative) contact structure.
Since we consider real 3—-manifolds embedded in complex surfaces, we mainly refer to
strong pseudoconvexity or pseudoconcavity by means of this characterizing property.

Main Theorem The closed ball B* admits a Calabi-Eckmann type complex structure
J with strongly pseudoconcave boundary. Moreover, the (negative) contact structure &
determined on dB* = S3 by the complex tangencies is overtwisted and homotopic as a
plane field to the standard positive tight contact structure on S3,

In other words, (B*, J) is a concave holomorphic filling of the overtwisted contact
sphere (S3, £). As far as the authors know, this is the first example of this sort in the
literature.

This 4-ball arises as a smooth submanifold of E containing certain compact fibers of
the map f: E — CP!, and so it is evidently of Calabi—Eckmann type.
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Our strategy for proving the theorem relies on finding a closed piecewise smooth 3—
manifold M C E supporting an open book decomposition whose pages are holomorphic
annuli and whose monodromy is a left-handed (negative) Dehn twist about the core of
the annulus; hence the underlying manifold M is homeomorphic to S3.

Moreover, we prove that M can be approximated by a 1—-parameter family of strongly
pseudoconcave smoothly embedded 3—spheres M, C E, for a suitable parameter
7 € (0,1). Namely, the complex domain outside the embedded 4-ball with corners
D C E bounded by M is foliated by strongly pseudoconcave 3—spheres. This implies
the existence of a strictly plurisubharmonic function on £ — D.

As a consequence, the open book decomposition of M is compatible with the contact
structure of M, given by complex tangencies, which is then overtwisted. For the basics
of the three-dimensional contact topology we use throughout the paper, the reader is
referred, for example, to the book of Ozbagci and Stipsicz [15, Chapters 4 and 9].

Remark By Eliashberg’s classification of overtwisted contact structures on closed
oriented 3—manifolds [7], the negative contact structure in the main theorem is uniquely
determined up to isotopy.

We point out that in all (odd) dimensions greater than three, a closed co-oriented
overtwisted contact manifold (see Borman, Eliashberg and Murphy [1] for the definition)
cannot be the strongly pseudoconcave boundary of a complex manifold. Indeed, such a
holomorphic filling would give a strongly pseudoconvex CR structure on the contact
manifold with reversed orientation. Thus, it can be filled by a Stein space — Rossi’s
theorem [17]—and therefore it can be filled by a Kéhler manifold — Hironaka’s
theorem [9; 10] — which is impossible for an overtwisted contact manifold. In this
sense, our result is particular to dimension three.

Lisca and Mati¢ [13, Theorem 3.2] proved that any Stein filling W of a contact 3—
manifold can be realized as a domain in a smooth complex projective surface S. Hence
S —Int W is a concave holomorphic filling of a Stein fillable contact 3—manifold.

On the other hand, Eliashberg in [6] proved that for any closed contact 3—manifold
(N, &), the 4—manifold N x [0, 1] admits a complex structure such that the height
function is strictly plurisubharmonic, providing a holomorphic cobordism of (¥, &)
with itself. However, its proof is not constructive.

Our result gives a rather explicit complex cobordism of an overtwisted contact 3—sphere
with itself, by taking (;e[1/3,1/2) Mz = 2 x [0, 1] as a complex domain in E.
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Remark In[11] the authors prove that every closed contact 3—manifold can be filled as
the strongly pseudoconcave boundary of a compact complex surface of Calabi—Eckmann
type. We point out that this generalization depends on our main theorem.

The paper is organized as follows. In Section 2, we recall the construction of the
complex surface E given in [4] and present a holomorphic model of the complement
C = E — Int D, which will be helpful for the proof of the main theorem, with D
the 4-ball mentioned above. In Section 3, we construct a holomorphic open book
decomposition embedded in E. Finally, in Section 4, we prove the main theorem by
showing the existence of a strictly plurisubharmonic function near the embedded open
book decomposition based on contact topology.

2 The complex surface E

In this section, we recall the construction of E, by sketching the original one in [4].
This will be helpful for the proof of our main theorem.

Throughout this paper we make use of the following notation:
A(a,b)=1{zeC|a<|z| <b},
Ala,b]={z€C |a <|z| < b},
Ala) ={z€C ||z| <a},

and similarly with mixed brackets. We also denote the closed disk and the circle of
radius @ in C by B?(a) and S!(a), respectively. When a = 1, we drop it from the
notation.

According to [4], the construction of £ = E(py, p2) proceeds as follows. Let p; and p»
be positive numbers such that 1 < py < ,01_1, and choose pg such that p1 o5 1 < po < p1.

We want to realize E as the union of two pieces. One of them is the product
V= A, p2) x Alpg ),

and the other one is the total space W of a genus-1 holomorphic Lefschetz fibration
h: W — A(p1) with only one singular fiber X.

In order to define the analytical gluing between V' and W, we make use of the following
Kodaira model [12]. Consider the elliptic fibration

(C*x A0, p1))/Z — A0, p1).
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defined by the canonical projection on the quotient space of C* x A(0, p;) with
respect to the Z-action given by n - (w1, w2) = (wiw},wz). Then, it canonically
extends to a singular elliptic fibration 4: W — A(p1), and so we have an identification
W —X = (C*x A(0, p1))/Z. The critical point of & is nondegenerate, namely the
complex Hessian is of maximal rank, and so 4 is a genus-1 holomorphic Lefschetz
fibration. In what follows, we shall keep the convention of denoting by (w1, w») the
usual complex coordinates of C* x A(p;) C C? when referring to W (up to the above
identification), and by (z1, z») the usual coordinates of C2 when referring to V' C C2.

Now, let us consider the multivalued holomorphic function ¢: A(0, p1) — C* defined
by
p(w) = exp(#(log w)? — 1 log w)
4mi 2
We denote by ®: U — W the holomorphic map defined by

®(z1,22) = [(z19(z5 1), 25 V)],

where U C C* x A(,ol_l,pg 1) is a certain open subset that will be specified later.
Notice that ® is single-valued. This depends on the fact that any two branches ¢
and @, of ¢ are related by the formula ¢ (w) = w¥¢;(w) for some k € Z, which
is compatible with the above Z-action. For the purpose of this section, we take
U =A(,p2)xAlp7!.pg") C V.

It follows that @ is a biholomorphism between U C V and ®(U) C W.

We are now ready to holomorphically glue V' and W by identifying the open subsets
U CV and ®(U) C W by means of ®. That is, we define the complex surface

E =E(p1.p2) =V Ug W.
We consider V' and W as open subsets of E via the quotient map.

By construction, there is a holomorphic map f: E — CP! defined by the canonical
projection onto the second factor on V' and by the elliptic fibration 2 on W, where
CP! is regarded as the result of gluing the disks A(py 1) and A(p;) by identify-
ing Aoy, pg 1) C A(pyt) with A(po, p1) C A(p1) by means of the inversion map

z>z7 L,

Notice that the resulting complex surface E does not depend on pg, since this parameter
determines only the size of the gluing region.

Remark By taking p and p), such that p> < p5 < (p})~! < py!, our construction
yields an obvious holomorphic embedding of E in E' = E(p), p5) as a relatively
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compact complex domain. The closure E =CIE in E’ has Levi flat piecewise smooth
boundary, and E is homeomorphic to 3. This agrees with the interpretation of the
map f: E — CP! given in [4] as the restriction of the Matsumoto—Fukaya fibration
S§4 — S2 [14] to the complement of a neighborhood of the negative critical point
in S*. This also relates to the embedded open book decomposition that we construct
in Proposition 3.1.

Let V' = A(1,5) x A(,ol_1 . Py 1), where the additional parameter s is chosen so that
po L <s<pylp2. Let U’ be the subset of V' defined by U’ ={(z1,z2) € V' ||z2| <|z1]}.
We put V" = V UV’ C C? and identify a point (z1, z) € U’ with ¥(z1, z2), where
Y : U' — V' is the holomorphic embedding defined by ¥ (z1,z2) = (z1z5 1 2,). Let
Y = V" /~ be the quotient.

Proposition 2.1 The manifold Y = V" /~ is biholomorphic to the preimage of the
disk A(py') C CP! by the holomorphic fibration f: E — CP.

Proof The preimage f _I(A(pa 1)) is described as follows. Let W(pg, p1) be the
subset of W given, in the Kodaira model above, by

W(po, p1) = (C* x Alpo, p1))/Z = [~ (A(po. p1)),
being f = h in W(pg, p1). Then, we have U’ C W(py, p1), and so
I (A" =V Uy~u W(po. p1).

Now, we define amap W:Y — f_l(A(pal)) by putting Y ([(z1, z2)]) = (21, 22) on
V/~ and ¥([(z1,22)]) = (21, z2) on V' /~. It is easy to check that W is well defined
and is a biholomorphism. |

In order to obtain the complement C C E of a 4-ball D containing the singular fiber
of f, we remove from Y the subset

Z ={(z1,22) |c1 <|z1| <2} CV,

where sp; < c¢1 < ¢z < p2. Then, by Proposition 2.1, it is enough toset C =Y — Z.

3 The holomorphic open book decomposition
We briefly recall the notion of open book decomposition of a 3—manifold. For a more

thorough treatment, the reader is referred to Ozbagci and Stipsicz [15, Chapter 9] and
to Rolfsen [16, Chapter 10K].
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By an open book decomposition of a closed, connected, oriented, manifold M of real
dimension three, we mean a smooth map f: M — B? such that

(1) therestriction f'|cy( =1 p2y): C1(f ~1(Int B*)) — B? is a (trivial) fiber bundle
with fiber a link L = £~1(0), called the binding of the open book;

(2) the map ¢: M — L — S! = 9B? defined by ¢(x) = f(x)/|f(x)| is a fiber
bundle.

The closure of every fiber Fy = Cl(¢~1(9)), for § € S!, is a compact surface in M,
called a page of the open book, and dFy = L. By a little abuse of terminology, we also
call the surfaces f~1(0), for all § € S = B2, pages of f. The two kinds of pages
are ambient isotopic in M to each other.

Given an open book decomposition f: M — B2, the orientations of M and of B?
induce an orientation on the pages, and hence on the binding L = dFy.

For an open book decomposition f: M — B2, there is an associated monodromy
wy of the bundle ¢, which is a diffeomorphism of a page F that fixes the boundary
pointwise, and it is well defined up to isotopy fixing the boundary.

On the other hand, given an element w of the mapping class group Mod, 5 of a compact,
connected, oriented surface Fy 5 of genus g > 0 and with b > 1 boundary components,
there is an open book decomposition f,: M, — B? with monodromy w and page
F = Fg p, and this is uniquely determined up to orientation-preserving diffeomorphisms.
The construction goes as follows. Take a representative ¥ : F — F of the isotopy
class w and consider the mapping torus T, = (F x R)/Z, where the Z-action is
generated by the diffeomorphism 7: F xR — F xR defined by 7(x, ) = (¢ (x),t—1).

Let M,, be the result of gluing 3F x B? to T, along the boundary, by means of the
obvious identifications d(0F x B?) 2= dF x S! =~ 9F x (R/Z) = 3T, where the last
identification comes from the fact that 1 is the identity on dF . Then, let f: M, — B?
be the canonical projection dF x B? — B2 on 0F x B% C M, while it is the projection
Ty - R/Z ~=03B*>on T, C M,,.

Consider an oriented surface F' and let y C Int F' be a connected simple closed curve.
A Dehn twist §,,: F — F about the curve y is a diffeomorphism of F such that away
from a tubular neighborhood T of y in F, §, is the identity, while in 7 = S x [0, 1]
the diffeomorphism §,, either corresponds to the map §_: S! x [0,1] — S x [0, 1]
defined by

§_(z,1) = (ze 2™ ¢),
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or to the map 81 = §_!, where S x [0, 1] is endowed with the product orientation and
its identification with 7" C F is orientation-preserving. In the former case, d,, is called
a left-handed (or negative) Dehn twist, while in the latter it is called a right-handed (or
positive) Dehn twist. By changing the orientation of F, the two types of Dehn twists
are swapped.

The 3-sphere admits an open book decomposition #_: §3 — B? with binding the
negative Hopf link H_, and with page the annulus S! x [0, 1]. The monodromy is the
left-handed Dehn twist about the core circle y = S x {%} of the annulus (there is also
the positive version /4 : S3 — B? of this). This is the well-known realization of the
(negative) Hopf link in S as a fibered link, with page the Hopf band [8].

The following proposition will be helpful in the proof of the main theorem. We keep
the notation of Section 2.

Proposition 3.1 There is a piecewise smooth embedded 3—sphere M C E such that
the restriction f|pr: M — B? of the holomorphic map f : E — CP!, is diffeomorphic
to the open book decomposition h— of S3 described above, with B? a suitable closed
disk in A(p, 1y c CP!. Every page of f | is a holomorphic annulus in an elliptic fiber
of f. Moreover, M is not globally smooth, since it has corners along the two linked
tori given by df |;[1 (0B?), on the complement of which M is foliated by holomorphic
curves. Thus, M is Levi flatin E.

We endow M with the orientation determined by the open book decomposition, where
the pages are oriented by the induced complex structure, and the base disk B? takes the
orientation from CIPL. By construction, this disk is in the part of CPP! that corresponds,
via the map f, to the Stein open subset V' C E, with the boundary in the gluing region.

Fix two numbers ¢ and ¢ such that py < ¢ < p; and

0 < e < 2 min(py — po. po — P15 ).
Weputa = p; —e and b = ¢! + ¢, and let A = Ala, b]. It is then straightforward
to check that (AK4A) N 4 = @ for all A € Alc, p1] and for all k € Z — {0}, with
Ak A = A[|A[ka, |A|*¥b]. Moreover, by taking into account the inequalities among the
pi’s at the beginning of Section 2, we can easily obtain
clpr—po) _
PopP1

(1 bec <1+

Proof Consider the set

G=f"YSY ) —P(A(bc,a) xSt (c™H) CE,
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with S1(c) € A(p1) € CPL. The map fg = flg: G — S'(c) = S' is a compact
annulus bundle over the circle S!(c) C A(py) € CP! of radius ¢. Here S'(c) has the
clockwise orientation in the disk A(pj), namely it is oriented as the boundary of the
disk it bounds in A(p,, 1) € CP!. This choice depends on the inversion in the map &’
below.

This bundle is trivial, and a trivialization is provided by the map ®': A x S — G
defined by

' (wy. w) = S(wr. ¢~ wz) = [(wiglews ). cwy ).
Notice that @’ is holomorphic on every fiber.

Now, we construct an open book decomposition of S3 embedded in E. We begin with
an abstract description of this open book, and then we see how it is embedded in E.

Let v/1 be the identity map of S!(a) x S!, and let
Vs STy x ST — S1(b) x §1
be defined by ¥, (wy, w2) = (Wiwz, wy).

We use the diffeomorphism v = 1 U ¢p: d(04 x B?) — 9(A x S1) to construct the
oriented 3—manifold
M = (0Ax B®) Uy (Ax ST

obtained by gluing A x B2 to Ax S along the boundary (these two pieces are oriented
in the canonical way).

Let p: M — B? be defined by p(wq, ws) = wo, for (wy, w,) in 4 x B2 or Ax S'.
It is clear that (M, p) is an open book decomposition of M with binding
L=0Ax{0}COAxB>C M
and the annulus A as the page.
Now, we show that the monodromy of p is the diffeomorphism §: A — A defined by
§(z) = ze2mit(lzD,

where t: [a, b] — [0, 1] is an increasing diffeomorphism (for example, the affine one).
Thus, § is the identity on dA4. Let
Ax[0,1]

TO= D)~ 66).0

be the mapping torus of §.
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The open book decomposition with page A and monodromy § represents a 3—manifold
B(8) obtained by capping off T(§) with 94 x B? glued along the boundary by the
identity, up to the obvious identification dB? = S = [0, 1]/(0 ~ 1).

Define the map k: T(§) — A x S by setting
k([(Z, t)]) — (ZeZJTi‘L'(|Z|)(t—1)’ eZﬂ'it).
Then, k is an orientation-preserving fibered diffeomorphism.

The gluing maps 1 and ¥, used for building M correspond, by means of k, to the
identity of (7'(§)) = dA x S'. This implies that there is a diffeomorphism M == B(§),
with respect to which the open book p corresponds to that of B(§), and so § is the
monodromy of p.

In order to understand §, we consider the diffeomorphism ¢: A — S! x [0, 1] defined
by
z
a(:) = (. 7(1zD).

2|’

This is orientation-preserving, as it can be easily shown by writing ¢ in polar coordinates.
Moreover, ¢~V (w, 1) = t~ 1 (¢)W.

It is now straightforward to prove the identity _ = g o § o ¢!, where §_ is the
left-handed Dehn twist defined above. Therefore, § is a left-handed Dehn twist of A
about the curve y C A of equation t(|z]) = % (that is, the core of A). It follows that

p: M — B? is equivalent to the open book /_ of S3, and in particular M = S3.

Next, we define an embedding g: M — E by

®'(z1, z2) for (z1,22) € Ax ST,
g(z1,22) = { j(z1,¢7'z2)  for (z1,22) € S'(a) x B2,
jezi,¢7Yzp) for (z1,22) € S1(b) x B2,

where j: V < E is the inclusion map.

We show that g is well defined. For (z1,z3) € S'(a) x S,

g(z1.22) = j(z1.¢ ' 22) = ®(z1.¢ ' 22) = [(z19(cz5 V). cz3 D = (¥ 0 Y1) (21, 22).
Finally, we check consistency at (21, z2) € S'(b) x S!. First, (z1,22) € S1(b) x B?

implies (cz1,c™'z5) € V by inequality (1) above, so we can compute j(czy, ¢ 1zp).
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We have _ 1
g(z1,22) = j(cz1,¢™ " z2)

= ®(cz1,c ' 2p)

= [(cz1p(cz3 ). cz3 )]

=[(z1220(c23 7). c23 )]

= (®' 0 y2)(z1, 22),
where we are using the Z—action considered in Section 2.

By abusing notation, we still denote by M C E the image of g. Therefore, M is a
piecewise smooth embedded submanifold of E, although it is not globally smooth.
Indeed, the two codimension-0 submanifolds of £ = R* bounded by M have corners
along 94 x S C M. Away from the corners, M is foliated by holomorphic curves, and
hence it is Levi flat. These holomorphic curves are the images of the disks {z;} x B2
and the images of the annuli A x {z,} by the embedding g, with (z1,z2) € 94 x S!. O

Let D C E be the compact submanifold bounded by M, and let C be the noncompact
one. Hence, E = D Uy, C.

The argument based on Kirby calculus in [4] proves the following proposition.

Proposition 3.2 Up to smoothing the corners, D is diffeomorphic to B* and C is
diffeomorphic to S3 x (0, 1].

The same conclusion follows from the existence of a proper continuous function
u: C — (0, 1], which is smooth, regular (namely, with no critical points) and strictly
plurisubharmonic in Int C. In the next section, we show the existence of such a function
to prove our main theorem.

4 The proof of the main theorem

In this section we prove the following proposition and then prove our main theorem.

Proposition 4.1 There exists a smooth 3—sphere M| C E such that

(1) the noncompact submanifold C; C E = R* bounded by M admits a proper
smooth regular strictly plurisubharmonic function u: C; — (0, 1];

(2) the complement D1 = E —Int Cy is of Calabi—Eckmann type;
(3) M, is piecewise smoothly isotopic to M in E.
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Remark Property (3) of the above proposition and Proposition 3.2 imply that M; is
smoothly standard in E, meaning that there exists a diffeomorphism E — R* mapping
M) to the standard unit sphere S3. Thus, C; = S3 x (0, 1] and D1 = E —IntC; = B*.

Proposition 4.1 follows from the construction of C in Section 2 and the following
well-known facts.

Lemma 4.2 Let U C C be a nonempty open subset, and let Y : U — R be a smooth
function. Let Q = {(z1,22) € U xC | |z2| < exp(—¥(z1))} C C2. Then the following
two conditions are equivalent:

(1) 0% is strongly pseudoconvex (resp. pseudoconcave);

(2) Y (resp. —) is a strictly subharmonic function.

Lemma 4.3 Let c be a smooth regular curve in R%. Then the hypersurface
M. ={(z1,22) | (log |z1],log |z2]) € ¢} C (C*)?

is strongly pseudoconvex if and only if the plane curve c is strictly convex.

Now we construct a strongly pseudoconcave hypersurface M; which is a perturbation
of the holomorphic open book M. We make use of Proposition 2.1 and of the notation
established in Section 2.

Proof of Proposition 4.1 We construct a family {M;};¢(o,1] of smooth closed hy-
persurfaces in C as follows. First, for any ¢ € (0, 1] and a sufficiently small positive
number §, we take the two functions fz, g;: [0, p7 '] — (1, p2) given by

fi(x) =loga +18(1 +x2), g:(x) =log(bc) —t8(1 + x?).

Recall that (z1, z2) are the coordinates on V = A(1, p2) x A(py 1) € C2. We then define
the hypersurfaces Q; and R; in V by |z1| = exp(f:(|z2|)) and |z1| = exp(g:(|22])),
respectively. By orienting O and R; as the boundary components of the manifold

{(z1,22) € V | exp(g:(|22]) = |21 = exp(fi(|22]))].

it turns out that they are both strongly pseudoconcave by Lemma 4.2. Now we retake
the coordinates (w1, w,) on V' so that (wy, w;) = (21,22_1). Then, near Q;, the
coordinate transformation between V and V' is (w1, w2) = (21,25 1), and near R,,
it is (w1, wp) = (2122,22_1), by taking the embedding ¥ : U’ — V’ into account;
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see Section 2. Putting u; = log|z;| and v; = log|w;| for j = 1,2, the coordinate
transformation is given by

()= () () oo ()= (00) () mer e

Vo 0 -1/ \uy Vo 0 —1/\u>

Then the defining equations of Q; and R; are

ur = fy(e"?) for up <—log p; <= vy =loga+t§(1+e ") for vy >log p1,
uy =g (e¥?) for up <—log p1 <= vy =log(bc)—vo—18(1+e~22) for v, >log p1,

respectively. Hence, they give plane curves in the (viv2)—plane, say cg, and cg,. Then
there exists a smooth family of strictly convex curves c¢; satisfying:

(a) each curve c; is contained in the trapezoid
{(v1,v2) | v1 > loga, logc < vy <logpy, v1 + v <log(bc)};

(b) c¢¢, cg, and cg, are smoothly connected to be a regular curve;
(c) the family of curves foliates a subdomain of the trapezoid;

(d) ast goes to 0, the curve ¢; piecewise smoothly converges to the polygonal line

{(oga,vy) |logc < vy <logp1}U{(vy,loge) |loga < vy <logh}
U{(v1,v2) | v1 +v2 =log(bc), loge < v <logpi}.

Now we define the hypersurface S; C V' by S; = {(w1,w3) | (v1,v2) € ¢;}. Then
it is strongly pseudoconvex with one orientation by Lemma 4.3, but with the natural
orientation respecting those of Q; and R;, it is strongly pseudoconcave. Hence, the
three pieces Q¢, R; and S; form a smooth closed strongly pseudoconcave hypersurface
in Y, which we denote by M;. Strictly speaking, R; and the union H; = Q; U S;
are hypersurfaces in V”/ = V U V’. In the quotient Y = V" /~, they are glued
together to form a smooth closed hypersurface M; in Y. Since each piece is strongly
pseudoconcave, so is M;. Thus, M; is a smooth closed strongly pseudoconcave
hypersurface in Y. The equations defining Q; and R; above and condition (d) of ¢,
imply that M; piecewise smoothly converges to M when ¢ goes to 0. In particular,
M is a smooth strongly pseudoconcave 3—sphere and satisfies condition (3) of the
statement.

Moreover, the smooth 3—sphere M; divides the complex manifold E into the two
submanifolds, the compact one D1, which is a closed 4-ball, and the noncompact
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one C;. Then condition (2) is automatically fulfilled because D; is contractible and
contains the singular rational curve of E.

By a similar construction as that of the family {M;};¢ (0,1}, we can easily prove that
Int Cy is foliated by a family of strongly pseudoconcave 3—spheres {M;};¢(1,2). There-
fore, the following lemma, which proves the existence of a strictly plurisubharmonic
function, concludes the proof. |

Lemma 4.4 Let y: X — R be a proper smooth regular function on a complex
manifold X such that the complex tangencies define a contact structure on the level sets
y~Y(c) for all ¢ € y(X). Then there exists a smooth convex and increasing function
g:y(X) — R such that g oy is strictly plurisubharmonic on X .

Proof See for example [3, Lemma 2.7]. O

Proof of Main Theorem Endow B* with the complex structure J induced by an
orientation-preserving diffeomorphism B* =~ D1, the 4-ball in E bounded by M;.
Then (B*, J) is of Calabi—Eckmann type and with strongly pseudoconcave boundary
(S3, &), where £ is the induced contact structure.

Since J is homotopic, through almost complex structures, to the standard complex
structure of B* C C2, the boundary contact structure £ is homotopic as a plane field to
the standard positive tight contact structure of S3.

We are left to show the compatibility of the contact structure on M; = S with the
open book decomposition inherited from M by a suitable diffeomorphism ¢ : M — M,
compatible with the splitting M = (04 x B?) Uy, (4 x S!) of the definition of M in
Section 3, and the splitting My = Q1 U Ry U S above; that is, ¢(dA4 x B?) = QO1UR,
and ¢(A4 x S') = S1. We want to prove that the contact form « is positive on the
binding (oriented as the boundary of a page) and that d« is a volume form on the
pages (oriented as holomorphic curves of E) of the open book decomposition; see [15,
Section 9.2].

Cu is a contact form

Since u is strictly plurisubharmonic on Cjy, the 1-form o = —d
on each level set of u, and the 2—form da defines a symplectic structure compatible
with the complex structure J. The contactness of M; is equivalent to the fact that
the restriction (a A da)|rp, is a volume form. On the other hand, the open book
decomposition of M is given by the function

)

o.M —L— Sl, 0(z1,22) = —,
|z2]
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where L. C M is the link of equation z, = 0. The vector d/d0; is tangent to the
binding and the tangent space of the page is spanned by d/d6; and V', where V is the
tangent vector of the curve {(e"!, e¥2) | (v1, v2) € ¢1}. Notice that the binding consists
of two components L1 = {(z1,22) € Q1|22 =0} and L, ={(z1,22) € R1 | z2 =0},
which are naturally oriented by —d/d6; and d/d6, respectively.

Now, we check the compatibility. Since the partial derivative du/dr; is negative
near L; and positive near L,

a(_%)rlzdl,zzzo - dcu(%)rlzdl ,Z22=0 =N (((?_:ll)rlzdl ,22=0> 0

) “u(7;) (ar,)

— =—d — = — 0,
a(ael ri=d>,z>=0 " 891 ri=d>,z>=0 n 31’1 ri=d>,z>=0 >
which imply the positivity of o along the binding.

In order to see that do is a volume form on the pages, it is enough to show that the
vectors d/d61, V and R span the tangent space of M7, where

R— J( Vu )
[Vull

is the Reeb vector field of the contact form «|rps,. Since the ro component of the

gradient vector is positive except on the binding, so is the 6> component of R. Therefore,
the three vectors indeed span the tangent space except on the binding. O
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Modifications preserving hyperbolicity of link complements

COLIN ADAMS
WILLIAM H MEEKS IIT
ALVARO K RAMOS

Given a link in a 3—manifold such that the complement is hyperbolic, we provide
two modifications to the link, called the chain move and the switch move, that
preserve hyperbolicity of the complement, with only a relatively small number of
manifold-link pair exceptions, which are also classified. These modifications provide
a substantial increase in the number of known hyperbolic links in the 3—sphere and
other 3—manifolds.

57K10, 57K32

1 Introduction

Thurston proved that every knot in the 3—sphere S is either a torus knot, a satellite knot
or a hyperbolic knot; by which we mean that its complement in S* admits a complete
hyperbolic metric. By the Mostow—Prasad rigidity theorem, the complement of a hyper-
bolic knot in §3 has a unique hyperbolic metric, which must have finite volume; hence,
a hyperbolic knot in S* has associated to it a well-defined set of hyperbolic invariants
such as volume, cusp volume, cusp shape, etc. More generally, Thurston proved that
a link in a closed, orientable 3—manifold has hyperbolic complement (necessarily of
finite volume) if and only if the exterior of the link contains no properly embedded
essential disks, spheres, tori or annuli — terms that are described in Definition 2.1.

One would like to be able to identify link complements that satisfy Thurston’s criteria,
and that therefore possess a hyperbolic metric. In [12], Menasco proved that every non-
2-braid prime alternating link in S is hyperbolic. In [2], Adams extended this result to
augmented alternating links, where additional nonparallel trivial components wrapping
around two adjacent strands in the alternating projection were added to the link. These
additional components bound twice-punctured disks, which are totally geodesic in the
hyperbolic structure of the complement. By Adams [1], the link complement can be
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Figure 1: Replacing the left with the right preserves hyperbolicity of the complement.

cut open along such a twice-punctured disk, twisted a half-twist and reglued to obtain
another hyperbolic link complement, with identical volume. This operation adds one
crossing to the link projection. In many hyperbolic link complements, twice-punctured
disks are particularly useful, because they are totally geodesic; see for instance the
survey article by Purcell [15] and the references therein.

We consider two moves that one can perform on a link in a 3—manifold with hyperbolic
complement. The first move we consider is called the chain move. Here, we start with
a trivial component bounding a twice-punctured disk in a ball B as in Figure 1, and we
replace the tangle on the left with the tangle on the right in Figure 1, where k is any
integer. Assuming that the rest of the manifold outside /5 is not the complement of a
rational tangle in a 3-ball (see Adams [4, Chapter 2] for this definition), the result is
hyperbolic.

There are counterexamples to extending the result to the case where the manifold outside
B is a rational tangle complement in a 3—ball, as demonstrated by the hyperbolic link
in the 3—sphere appearing in Figure 2. When the chain move is applied with & = 3, the
resultant 3—component link is 6; in Alexander—Rolfsen notation, which is not hyperbolic.
However, in Lemma 3.4, we delineate explicitly the only possible exceptions.

The second move is called the switch move. Suppose we have a 3—manifold M and a
link L in M with hyperbolic complement. Let & be an embedded arc that runs from L
to L with interior that is isotopic to an embedded geodesic in the complement, as in
Figure 3.

@ — Q(_zc\:\:ﬁ A= D
Sy, \ o/ —

Figure 2: Applying the chain move to this hyperbolic link with k& = 3 yields
the nonhyperbolic link complement 63.

I
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Figure 3: The trace of a geodesic @ of (M \ L,h) connects one or two
components of L to one another, and a neighborhood 5 of « intersects L in
two arcs.

Such a geodesic always exists since we could take one with minimal length outside
fixed cusp boundaries. We consider the possibility that the arc runs from one component
of L back to the same component or from one component to a second component. Let
B be a neighborhood of «. Then B intersects L in two arcs, as in Figure 4, left. The
switch move allows us to surger the link and add in a trivial component as in Figure 4,
right, while preserving hyperbolicity.

Remark 1.1 The projection depicted in Figure 3 is not well defined, since if the two
arcs are skew inside the ball, there are two different projections, depending on point
of view. So in fact, for each such geodesic «, there are two switch moves possible.
This is equivalent to cutting along the twice-punctured disk D bounded by C and
twisting a half-twist in either direction before regluing. Once we prove that the switch
move depicted in Figure 4 preserves hyperbolicity, the hyperbolicity of the half-twisted

’ '/Vl V2 /

N B R >

Figure 4: The switch move replaces the arcs g and g’ by the tangle y; U y, U C.
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version follows immediately from the previously mentioned results of [1], and the
volumes of the resulting manifolds are identical. Further twists give link complements
homeomorphic to the original or the half-twisted version.

These moves show that many additional link complements in 3—manifolds are hyper-
bolic. The authors [6] used the chain move and the switch move, together with the
related switch move gluing operation described in Section 5, in the proof that for any
given surface S of finite topology and negative Euler characteristic and any H € [0, 1),
there exists a proper, totally umbilic embedding of .S’ into some hyperbolic 3—manifold
of finite volume with image surface having constant mean curvature H.

Moreover, Adams, Eisenberg, Greenberg, Kapoor, Liang, O’Connor, Pacheco-Tallaj
and Wang [5] used the chain move in the proof that a virtual link obtained by taking
a reduced classical prime alternating link projection and changing one crossing to be
virtual yields a nonclassical virtual link.

We can also use the chain move and the switch move to obtain straightforward proofs
of hyperbolicity of well-known classes of links.

Example 1.2 We can show that every chain link of five or more components, no matter
how twisted, is hyperbolic. This was first proved by Oertel [14] (or see Neumann and
Reid [13] for a proof using explicit hyperbolic structures for manifolds covered by
these link complements).

Start with the alternating 4—chain, known to be hyperbolic by Menasco’s work in [12].
Then apply the chain move repeatedly. This proves hyperbolicity of any chain link of
five or more components with an arbitrary amount of twisting in the chain.

We note that the chain and switch moves apply more broadly than is apparent from
Figures 1 and 4. In the case of the chain move, instead of specifying a hyperbolic link
complement M \ L, we can start with a cusped hyperbolic 3—manifold M’ containing a
two-sided essential embedded thrice-punctured sphere S. Treating two of the boundary
curves on the cusps as the meridional punctures of the disk in Figure 4 and the third
as the longitudinal boundary of the disk, we can apply the chain move, removing the
cusp that contains the longitude by doing a Dehn filling along a curve that crosses the
longitude once and adding in the additional two components within a neighborhood
of S. In the case that two of the boundaries of S are on the same cusp, they must play
the role of the meridional punctures. (Note that if a two-sided thrice-punctured sphere
has all three boundaries on the same cusp, no move is possible.)
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Figure 5: The augmented chain move.

In the case of the switch move, we can again begin with a cusped hyperbolic 3—
manifold M’. For two cusps connected by an embedded geodesic, we can choose a
nontrivial simple closed curve on each torus corresponding to each cusp. Then by
Dehn filling along those curves we obtain a 3—manifold M for which M’ is a link
complement and the switch move applies.

The same procedure holds for a geodesic from a cusp back to the same cusp, and a
specification of a nontrivial simple closed curve on the torus corresponding to the cusp,
two copies of which play the role of the meridians around y; and y,. Note that when
applied to a link complement M \ L, but with a choice of curve other than meridians,
the end result is not a new link complement in the same manifold.

Finally, we point out that there is a variant of the chain move called the augmented
chain move as in Figure 5 wherein the two new components of the chain move are
added in but the previous trivial component is not removed. We prove here that this
move also preserves hyperbolicity.

To see this, we consider the link appearing in Figure 6, which is a twisted five-chain.

All five-chains are hyperbolic, as we just proved, so it has a hyperbolic complement.
Now we apply the idea of a walnut as in [3]. We can cut the manifold M open along
the twice-punctured disk £ bounded by C, cut the 5—chain link complement open
along the twice punctured disk bounding the bottom component in Figure 6 and then

I

Figure 6: All 5—chains are hyperbolic.
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glue copies of the twice-punctured disks to one another to insert the cut-open link
complement into M. As in [1], since a twice-punctured disk is totally geodesic with a
rigid unique hyperbolic structure, the gluings are isometries and the resulting manifold
is hyperbolic with volume the sum of the volumes of the two manifolds.

Next, we explain the organization of the paper. First, we remark that it suffices to
demonstrate our results when the ambient manifold is orientable. This property is
proved by showing that the oriented cover of a related nonorientable link complement
admits a hyperbolic metric and then one applies the Mostow—Prasad rigidity theorem to
conclude that the associated order-two covering transformation is an isometry, which in
turn implies that the hyperbolic metric on the oriented covering descends. In Section 2,
we present some of the background material necessary to the proofs of our main results
in the orientable setting. In Section 3, we prove the chain move theorem, stated there
as Theorem 3.1. In Section 4, we prove the switch move theorem, Theorem 4.1. In
Section 5 we prove the switch move gluing operation, Theorem 5.1, which allows us
to glue together two diffeomorphic genus one boundary components from one or two
hyperbolic 3—manifolds of finite volume and then operate to generate new hyperbolic
3—manifolds of finite volume.

Acknowledgements Thanks to the referee for very thorough and helpful comments,
including a much shorter proof of Lemma 3.4 and a strengthened version of Theorem 5.1.
Meeks and Ramos were partially supported by the CNPq Brazil, grant 400966/2014-0.

2 Preliminaries

In this section, we recall some definitions and results that are needed to understand
hyperbolic 3-manifolds of finite volume and certain embedded surfaces in such ambient
spaces. Our first goal is to understand the statement of Thurston’s hyperbolization
theorem in our setting. Before stating this result, we first explain some of the definitions
and notations we use. Throughout this discussion, P will denote a connected, orientable,
compact 3—manifold with nonempty boundary dP consisting of tori and int(P) will
denote the interior of P. Moreover, a surface 3 in P means a properly embedded
surface ¥ C P, ie ¥ is embedded in P with 0¥ = X NJP.

Definition 2.1 (1) Given a surface X in P, a compression disk for ¥ is adisk £ C P
with 0E = E N X such that dE is homotopically nontrivial in X. If ¥ does not admit
any compression disk, we say X is incompressible.
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(2) Given a surface X in P, a boundary-compression disk for ¥ is a disk E C P
with 0E = E N (X UJP) such that dE = o U B, where o and § are arcs intersecting
only in their endpoints such that « = EN X and B = E N dP and o does not cut
a disk from X. If ¥ does not admit any boundary-compression disk, we say X is
boundary-incompressible.

(3) Atorus T in P is boundary parallel if T is isotopic to a boundary component
of P.

(4) An annulus A in P is boundary parallel if A is isotopic, relative to dA4, to an
annulus A" C 9P.

(5) A sphere S in P is essential if S does not bound a ball in P.
(6) Adisk E in P is essential if 0E is homotopically nontrivial in dP.
(7) A torus T is essential in P if T is incompressible and not boundary parallel.

(8) An annulus 4 is essential in P if A is incompressible, boundary-incompressible
and not boundary parallel.

Using the above definitions, Thurston’s hyperbolization theorem implies that a con-
nected, orientable, noncompact 3—manifold N admits a hyperbolic metric of finite
volume if and only if N is diffeomorphic to int(P) as above and there are no essential
spheres, disks, tori or annuli properly embedded in P. In this case, we shall say that
N is hyperbolic. When a link L in a 3—-manifold M has hyperbolic complement, we
will say either M \ L is hyperbolic, or L is hyperbolic.

A useful fact is that if « is an arc with endpoints in a link L in a 3—-manifold M such that
o corresponds to a geodesic in the hyperbolic link complement M \ L, then o cannot
be homotoped through M \ L into L while fixing its endpoints on L. This follows
from the fact any such geodesic will lift to geodesics connecting distinct horospheres
in the universal cover H?3, whereas an arc that is homotopic into L will lift to arcs,
each of which connects one and the same horosphere.

In the case that a manifold M has no essential disks, we say it is boundary-irreducible.
In the case that a manifold M has no essential spheres, we say it is irreducible. Note
that if M has only toroidal boundaries and it is not a solid torus, which is the situation
we will consider, irreducibility implies boundary-irreducibility. This is because if there
exists an essential disk D with boundary in a torus 7 C dM, then IN(D UT) is a
sphere which must bound a ball to the non-D side, implying M is a solid torus. Here
and elsewhere, N (G) denotes a regular neighborhood of a set G C M.
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Given an annulus A properly embedded in an irreducible manifold M with toroidal
boundary, we note that if A is boundary-compressible, it is boundary-parallel. This
follows because we can surger the annulus along the boundary-compressing disk to
obtain a properly embedded disk D, with trivial boundary on dM . Then 0D bounds a
disk D’ in dM, and D U D’ is a sphere bounding a ball. This allows us to isotope A
relative 04 into dM .

Finally, we remark that if S is a two-sided, incompressible surface properly embedded
in an irreducible manifold M with toroidal boundary, then either S is boundary-
incompressible or S is a boundary parallel annulus; see for instance [11, Lemma 1.10].

3 The chain move theorem

Let L be a hyperbolic link in a 3—manifold M and let B C M be a ball in M that
intersects L as in Figure 1, left. In this section we prove the chain move theorem, as
stated by Theorem 3.1 below. The proof breaks up into two cases depending on whether
or not the pair (M \ B, L \ B) is a rational tangle in a 3-ball; see [4, Chapter 2] for
this definition and for the representation of a rational tangle by a sequence of integers.

Theorem 3.1 (chain move theorem) Let L be a link in a 3—manifold M such that the
link complement M \ L admits a complete hyperbolic metric of finite volume. Suppose
that there is a sphere S in M bounding a ball BB that intersects L as in Figure 1, left.
Let L’ be the resulting link obtained by replacing L N B by the components as appear
in Figure 1, right. Then if (M \ B, L \ (BN L)) is not any of the rational tangles —k,
—(k + 1), or =2 —k in a 3-ball, then M \ L’ admits a complete hyperbolic metric of
finite volume.

In Figure 7, top, we see the new link components that are inserted into the ball 5. In
Figures 7, bottom, we see, for any fixed integer k, the three cases of rational tangles in
the exterior 3—ball that do not yield a hyperbolic link complement.

Remark 3.2 The crossings around the single trivial component need not be nonalter-
nating for Theorem 3.1 to apply. If the crossings alternate (as shown in Figure 8, left),
we could add a crossing to y; and work in a subball as in Figure 8, right, so that the
crossings are those shown in Figure 1, left.

Remark 3.3 Repeated application of the chain move theorem allows us to create a
hyperbolic link complement with an arbitrarily long chain of trivial components and
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/\/XQQQ/
—k —(k+1)

Figure 7: The link components we are inserting in B and the three rational
tangles in an exterior ball that do not generate a hyperbolic link complement.

with any amount of twist. Moreover, if the original exterior tangle is assumed not to be
rational, the subsequent exterior tangles to which we apply the move cannot be rational
either, so all resulting link complements are hyperbolic. In fact, even if the initial
exterior tangle is rational, if our first application of the move results in a hyperbolic
link complement, all repeated applications will also be hyperbolic.

We set the stage for the proof of Theorem 3.1 with the following lemma.

Lemma 3.4 Let L be a link in the 3—sphere such that the tangle R = L\ B is a rational
tangle and the tangle L N B is the tangle T}, appearing in Figure 1, right, for some

Figure 8: Using an isotopy within B to obtain a subball where the chain move
theorem applies.
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integer k. If R is none of the rational tangles co, —k, —(k + 1) or —2 — k, the link
complement is hyperbolic.

Proof We represent rational tangles by a fraction 5 € Q U {oo}. We also use the
notation K(p1/41,-.., pn/qn) to denote the Montesinos link created by the tangles
P1/41s-- - Pn/qn. For more details, see [14] or [16].

Note that if L is as stated in Lemma 3.4, then it is a Montesinos link of either three or
four components. Furthermore, after untwisting the k half-twists into R, the rational
tangles in B are —2, % and 1 and R is also a rational tangle. Thus, there exists
p € Q U {oo} such that L is equlvalent to K(—% 7 é, 5). If g = 00, then L is not
prlme (and not hyperbolic).

Next, we use the classification of all the nonhyperbolic Montesinos links given by
work of Bonahon and Siebenmann [8] (or see [9] for a different proof) and Oertel [14,
Corollary 5] to analyze the possibilities for 5 € Q for which L is not hyperbolic.
In [8], the Montesinos “torus links” are determined, all of which are nonhyperbolic.
These include torus links in the usual sense but additionally allowing for the inclusion
of the core curves of the solid tori to either side of the defining torus. In [14], the
nonhyperbolic Montesinos links that are not “torus links” are determined. See [16]
(Theorem 4.1 and the following paragraph) for a complete list of the nonhyperbolic

Montesinos links.

If L has three components, then y; and y; are in the same component Cj C L. But

the only nonhyperbolic Montesinos links of three components are L = K ( 3 é ril)

for m € 2N, L = K( ; ‘11 i), or their mirror images. Since lk(Cl,Cz) = %1,

Ik(Cz, C3) = £1 and Ik(C3, C;) = %1, the only possibility is L = K(—1, 3. £3). In

this situation, note that K (—5, % % g) is equivalent to K (—5, % 2) if and only if
L L _ _

i 0 or i 1.

In the case when L is a nonhyperbolic 4-component Montesinos link, the only possi-
bility is L = K ( 3 2 é, —%) But suppose it has another description as a 4-tangle
Montesinos link. Let L' = K(—%, %, %, L), and suppose L = L’. Then s = 2 by

consideration of the Seifert invariants of the double branched cover. Then r is odd,
and L’ is a chain link. But L is nonhyperbolic, while L’ is hyperbolic by [13] unless
r = —1 (corresponding to chain link C(4, —2) in their notation).

Hence, there are only four possibilities for g which make L nonhyperbolic, namely
oo, 0, —1 and —%. After compensating for the k twists being moved into R, these
correspond exactly to the four tangles in the statement of the lemma. |

Algebraic € Geometric Topology, Volume 23 (2023)



Modifications preserving hyperbolicity of link complements 2167

Proof of Theorem 3.1 Let X = M \ L and, for i = 1,2, let I; be the connected
component of L containing the arc y; (note that possibly I'7 = I5). First, we assume that
M is orientable. We let L’ be the link formed by the replacement stated in Theorem 3.1.
As stated in the introduction of this section, we will assume that (M \ B, L\ (BN L)) is
not a rational tangle in a 3-ball as this special case has been dealt with by Lemma 3.4.

Note that we do not include the rational tangle oo as a tangle to exclude in the statement
of Theorem 3.1 since, in the case of this tangle, the original link L is not prime and
hence X is not hyperbolic. We prove Theorem 3.1 when M is orientable by showing
that the resulting link complement ¥ = M \ L’ does not admit essential disks, spheres,
tori or annuli. In order to do so, we first prove the following.

Claim 3.5 The four-punctured sphere Q@ = S \ L is incompressible and boundary-
incompressible in X and alsoinY .

Proof We prove that if Q is compressible in X orin Y, then (M \B, L\ (BN L))isa
rational tangle in a 3—ball. We first prove this property in X. Let ¢ be a nontrivial simple
closed curve in Q and assume that there is a compact disk £ C X with 0E =y = ENQ.
Then each of the two disks E; and E, bounded by y in S must contain exactly two of
the punctures of Q, otherwise we could attach a one-punctured disk in Q to E to find
an essential disk in X, contradicting its hyperbolicity.

If E were contained in B, then £ U E| and E U E, are two spheres in 15, each punctured
twice by L. Since both punctures in each sphere cannot come from distinct arcs in
L N B, E separates B into two balls By and B,, where y; C By and y, C B, and it
then follows that C cannot link y; and y, simultaneously, a contradiction.

Next assume that £ Nint(B) = &. Let A; = EU E; \ L fori = 1,2. Then each 4; is
an annulus in X. Since each A; is incompressible and X is hyperbolic, 4; is boundary
parallel. Therefore, the closure of A; in M bounds a closed ball B; C M \ int(B) with
dB; = E; U E and such that B; N L is an unknotted arc in B;. Hence, we can isotope
L N B; through B; to the surface S. Then, after the isotopy, 0N (B) is a sphere in X.
Since X is hyperbolic, dN (1) bounds a ball which is disjoint from 5, and this is a
contradiction unless M = S3.

If M = S3, then the fact L N B; can be isotoped through B; to the surface S implies
L\ (BN L) can be isotoped to be two disjoint embedded arcs on S. Hence,

(M\B,L\(BNL))
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is a rational tangle determined by y, and up to isotopy, E is the only compression disk
for Qin X.

Note that the above argument implies that Q is also incompressible in Y, as we next
explain. If E C Y was a compressing disk with dE = E N Q, then E necessarily is
contained in B, otherwise £ C Y \Band Y \ B= X \ B would give a compression disk
for Q in X. Once again, £ C B gives that E separates B into two balls, B; and Bj,
such that y; C By and y, C B,. Then, since Cy links y;, C; C B;. And since C;
links y,, C, C B;. But then E separates C; from C, in 5, a contradiction to the fact
they are linked in B.

To prove boundary-incompressibility of Q in either X or Y, suppose E is a boundary-
compression disk such that 0E = o U B with = EN Q. If & connects two distinct punc-
tures of Q and N(FE) is a small neighborhood of £ in M, then ON(E)\ (IN(E) N B)
is a compression disk for Q, a contradiction.

If both endpoints of « are at the same puncture, then, since the interior of 8 is disjoint
from Q, B together with an arc in Q bound a disk £ in dN(L). Thus, E U E is a
compression disk for Q, a contradiction. O

Claim 3.6 Y does not admit any essential spheres or essential disks.

Proof We argue by contradiction and first suppose that there is an essential sphere S
in Y. If S intersects Q, then, by incompressibility of Q, we can exchange disks on §
for disks on Q in order to obtain an essential sphere S’ in Y that does not intersect Q.
If S"C Y\ B, then S’ C X, which implies S’ is the boundary of a ball B C X. In this
case, B must be disjoint from B, since C C B; hence, B C Y which contradicts that S’
is essential in Y. Thus, we may assume that S’ is contained in B, and so it bounds a
subball B of B. If B intersects C; U C3, then, by the linking properties of these circles,
C1 U C, must be contained in B. As y; links C; in B, we arrive at a contradiction
because the endpoints of y; lie outside of B. This contradiction implies that L’ N B is
disjoint from B, which in turn implies that B C Y, contradicting that S’ is essential
inY.

Suppose now that there is an essential disk D with boundary in AN (L’). Then there is
a component J of L’ such that 9D C AN (J), and we let S = IN(D U N(J)). It then
follows that S is an essential sphere, as it splits J from the other components of L’,
contradicting the nonexistence of such spheres. |
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For the next arguments in the proof, let Dy, D, C Y N B denote two twice-punctured
disks bounded respectively by C;, C, C L’ and let D; denote the closure of D; in M ;
thus each D; is a disk in B. We prove the following.

Claim 3.7 The twice punctured disks D and D, are incompressible and boundary-
incompressible in Y .

Proof Suppose there were a disk £ C Y, int(E) N D; = @ with nontrivial boundary
in D;. Since Q is incompressible and we may assume general position, any component
in £NQ is a simple closed curve that is trivial both in £ and in Q. Choose an innermost
curve @ C E N Q in the sense that the interior of the disk £’ C E bounded by « does
not intersect Q and let E” be the disk bounded by « in Q. Then E’ U E” is a sphere
that is either in the hyperbolic manifold X or in ¥ N B. In either case, £’ U E” bounds
a ball in Y that can be used to isotope E’ to E” and further to remove « from the
intersection £ N Q. After repeating this disk replacement argument a finite number of
times, we may assume that £ C .

Let E’ be the disk in D; bounded by 0E. Then E U E’ is a sphere in B which is
punctured only once by at least one of the components in L’ N B, a contradiction that
shows that D; and D, are incompressible in Y.

To finish the proof of Claim 3.7, we note that D; is 2-sided and incompressible, and
Y is irreducible by Claim 3.6. Thus, as explained in the end of Section 2, D; is
boundary-incompressible. O

Claim 3.8 Y does not admit essential annuli.

Proof Arguing by contradiction, assume there exists an essential annulus A4 in
M\ N(L'). Let oy and a» denote the two boundary components for A. Then there are
components J; and J, of L’ such that «; C N (J1) and o C N (J5). After an isotopy
of A we will assume without loss of generality that both «; and «; are taut in the
respective tori dV(J1) and dN (J5), in the sense that, in the product structure generated
by respective meridional curves in dN (J;), each ¢; is transverse to all meridians and
also to all longitudes, unless «; is one of them.

We next rule out the various possibilities for A, starting with the assumption that A
does not intersect Dy U D,.

In this case, we may use the fact that dN(D; U D,) \ N(y1 U y,) is isotopic to Q to
isotope A in M \ N(L’) to lie outside of B. Thus, A is an annulus in X, and the fact
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that X is hyperbolic implies that A is either compressible or boundary parallel in X. If
A is compressible in X, then we may use the fact that Q is incompressible in Y and a
disk replacement argument to show that 4 is compressible in Y, a contradiction.

Next, we treat the case when A is boundary parallel in M \ N(L). In this case, A
defines a product region W C M \ N (L) through which A is parallel to a subannulus
in AN (L). Since C lies outside of W, separation properties imply that B is disjoint
from W; hence, W C M \ N(L') from where it follows that A is boundary parallel
in Y, a contradiction.

Now suppose that A4 intersects D1 U D, and assume that 4 has the fewest number of
intersection components in A N (D; U D,) for an essential annulus in Y. Note that for
i =1, 2, the intersection curves which may appear in 4 N D; are either simple closed
curves or arcs with endpoints in 0A4.

We next eliminate the possibility that 4 N D; contains a simple closed curve. Since
D; is incompressible, by minimality of intersection curves, any simple closed curve
in the intersection 4 N D; is nontrivial in 4. Note that if A N D; contains a simple
closed curve that circles one puncture, we may take an innermost such curve and use
the once-punctured disk on D; that it bounds to surger A to obtain two annuli, each
with fewer intersection curves and at least one of them must be essential. So we may
assume that all simple closed curves in 4 N D; circle both punctures of D;. But then,
the outermost of such intersection curves bounds an annulus that again allows us to
surger A to obtain an essential annulus with fewer intersection curves. Hence, all
curves in A N D; are arcs with endpoints in dA.

Next, we show that there are no arcs in AN D; that have endpoints on the same boundary
component of A. Assume that « is such an arc and let £ be the disk defined by « in A4.
We assume that « is innermost in the sense that the interior of E; is disjoint from D;.
Since Claim 3.7 implies that D; is boundary-incompressible, it follows that o must cut
a disk £, from D;. Then E = E; U E; is a disk with boundary dE C dN(J). Since
Y does not admit essential disks, it follows that dF is trivial in dN (J), and we may
use the fact that all spheres in ¥ bound balls to isotope A so that £y moves past E5,
thus eliminating the intersection curve « and contradicting minimality of the number
of intersection components.

In particular, if A intersects D;, both oy and o, must intersect D;, and none of the
intersection arcs on 4 N D; can cut a disk off D;, as if they did, A would be boundary-
compressible and hence boundary-parallel since Y is irreducible. Note that because
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there is at least one arc of intersection of 4 with a D;, and such arc goes from o
to ap, we have 4 C (AN (Cy) UIN(Cy) UIN(Ty) U IN(T3)). Moreover, since both
o1 and o5 intersect Dy U D, and we assume minimality of intersection components
in 04 N (D1 U D3), no component of d4 can be a meridian in dN (I'}) or in IN(I3);
hence any closed curve in 4 N Q must be trivial in 4, and, consequently, trivial in Q.

We next consider the case that 04 C AN (C;)UIN (C3). Then by incompressibility of Q,
we can isotope A to lie inside B. Moreover, C; U C; is a Hopf link with complement
in the 3—sphere that is a thickened torus 7" x [0, 1]. Thus, B\ (N(C;1) U N(C3)) is the
complement of a ball B in T x [0, 1], where we identify dN (C;) with T x {0} and
IN(Cy) with T x {1}.

Assume that both boundary components of A are on dN(C;). Then A is an annulus
in (T x[0,1]) \ B with both boundaries on 7" x {0}. In particular, in 7 x [0, 1], A
is boundary-parallel through a solid torus V that 4 cuts from 7" x [0, 1]. Since 9V
is a closed surface in the interior of the three-ball B, it defines a unique compact
region disjoint from 058 = dB, from where it follows that B must be disjoint from V.
But then both the arcs y; and y,, which have endpoints on 03, must also be disjoint
from V', meaning that V' C Y, and then A is boundary-parallel in Y, a contradiction. By
symmetry, the same argument also proves that 4 cannot have both boundary components
on N (C»).

Next, suppose that one boundary of A is on N (C;) and the other is on N (C,). Then
again, A can be seen as an annulus in (7" x [0, 1]) \ B, but now its boundary is a pair
of nontrivial parallel curves on 7" x {0} and T x {1}. These curves are respectively
realized as a (p, g¢)—curve! on AN (C;) and a (¢, p)—curve on N (C,). But there exist
arcs 71 and > on Q such that the closed curve y; U ¥ wraps meridionally around
C1 and the closed curve y, U ¥, wraps meridionally around C,, where in 7" x [0, 1],
a meridian of d/N (C5) corresponds to a longitude of N(C;). Hence, when we add y;
and y, to T x [0, 1]\ B, one wrapping meridionally around T x [0, 1] and the other
wrapping longitudinally, at least one will puncture A, a contradiction.

Thus, at least one boundary component of A, say «;, must be on dN (I;), for some
i €{1,2}. As already explained, «; is not a meridian on dN (I3).

Next, assume that o, is on AN (Cy) or IN(C,). Since Q is incompressible and Y is
irreducible, after performing a disk replacement argument, we may assume that AN Q is

IFor given relatively prime integers p and ¢, a (p, ¢)—curve is a torus knot that winds p times around the
meridian of the torus and ¢ times around its longitude.
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a family of pairwise disjoint arcs, each with both endpoints in «;. Let a be one of such
arcs and assume that a cuts an innermost disk D from A4, in the sense that DN QO =a. If
D C B, then, if we let b = dD \ a, it follows that b C (N (y;)) N B and our assumptions
on o7 being taut imply that b joins two distinct punctures of Q. But then it follows that
dD links C; on B, and D must be punctured by Cj, a contradiction. Hence, it follows
that D is to the outside of B. Once again, our assumptions on ¢ imply that a joins
two distinct punctures of Q, from where it follows that D is a boundary-compression
disk for Q, which contradicts Claim 3.5.

It remains to rule out the case where oy Uy C dN (1) U dN(I3). Let a be an arc of
intersection 4 N (D1 U D;). Then our previous arguments give that ¢ joins «; and «»
and that a cannot cut a disk off D;. In particular, @ must necessarily intersect the disk
Dj for j # i and that creates another arc b C A N D; which meets a transversely at a
point p and joins oy and 5. In particular, Iy = I;. The point p separates both arcs a
and b, and that defines a unique disk D C A with boundary given by one arc in a, one
arc in b and one arc ¢ in ;. Note that D N D; C a U b, since any arc in 4 N D; must
join oy and «rp. Let E be a connected component of D \ B that contains a subarc of
¢ in its boundary. Such component exists because the endpoints of @ and b on D are
on distinct disks, D; and D5, and hence ¢ cannot be contained in B. Once again, the
fact that o is taut gives that dE N Q is an arc joining two distinct punctures of Q. But
then, E is a boundary-compression disk for O, a contradiction.

The cases treated above rule out the possibility that ¥ admits an essential annulus,
thereby proving Claim 3.8. m|

Claim 3.9 Y does not admit essential tori.

Proof We argue by contradiction and suppose that 7" C Y is a torus which is in-
compressible and not boundary-parallel in Y. First, suppose that 7" does not intersect
D1 U D,. Then we can isotope 7" in Y to assume that 7 N5 =, and then T C X.
Since X is hyperbolic, either 7" admits a compression disk in X or 7" is boundary
parallel in X.

First assume that £ C X is a compression disk for 7 C X'\ B. Since Q is incompressible
in X, after disk replacements, we may assume that E is disjoint from Q. In particular,
E C X\ BCY, which is a contradiction.

Next, suppose that 7" is parallel to the boundary of a neighborhood of one of the com-
ponents J of L, and let W C X be the related proper product region with boundary 7.
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We claim that Q must be disjoint from W. Otherwise, @ C W which would imply
that B\ (y1 Uy, U C) C W; this is a contradiction because W has only one end
corresponding to a single component of L. Since Q separates X and is disjoint from
W, we have W C Y, which means T is boundary parallel in Y. This proves that any
essential torus in Y must intersect Dy U D>.

Let T C Y be an essential torus that intersects D;, for some i € {1, 2}. Next, we prove
that ¥ must contain an essential annulus, which contradicts Claim 3.8. After possibly
replacing disks in 7" by disks in the incompressible surface D;, we may assume that
any component in 7" N D; is homotopically nontrivial in D;; let y C T N D; be one
such component. First assume that y encircles a single puncture in D; and choose it
to be an innermost such curve in 7' N D;. Using the once-punctured disk bounded by
y in D; to surger 7', we obtain an essential annulus in Y, as claimed. Next, assume
that y encircles both punctures of D; and that it is an outermost such curve on 7' N D;.
In this case, we may use the outer annulus on D; to surger 7T in order to obtain an
essential annulus in Y, thereby proving Claim 3.9. O

Having proved that there are no essential disks, spheres, tori or annuli in Y, it follows
that Y satisfies Thurston’s conditions for hyperbolicity, proving Theorem 3.1 when M
is orientable.

The case when M is nonorientable can be proved using the orientable case as we next
explaln Suppose that M is nonorientable and that L, L’ and B are as stated. Let
I1: M — M be the oriented two-sheeted covering of M and let L=T1" (L) and B,
and B, be the two connected components of T1~!(). Then, Lisa hyperbolic link
in M and L \ B; is not a rational tangle in a 3-ball, since LN B, is diffeomorphic
to L N B. Then, we may use the chain move to modify L in B1, replacing Ln By
by a tangle diffeomorphic to L’ N B, which creates a hyperbolic link L' in M. Then,
since L' N B, = LN B, and M \ L'is hyperbolic, we can use the chain move in 5, to
replace L'n B, by a tangle diffeomorphic to L’ N B and create another hyperbolic link
L" in M. Since we may do this second replacement in an equivariant manner with
respect to the nontrivial covering transformation o defined by II, the restriction of I
to the hyperbolic manifold A7 \ L” is the two-sheeted covering space of M \ L’. Since
o is an order-two diffeomorphism of M \ L", the Mostow—Prasad rigidity theorem
implies that we may consider ¢ to be an isometry of the hyperbolic metric of M \ L.
Hence, the hyperbolic metric of M \ L” descends to M \ L’ via I1, which finishes the
proof of Theorem 3.1. O
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4 The switch move theorem

Theorem 4.1 (switch move theorem) Let L be a link in a 3—manifold M such that
M \ L admits a complete hyperbolic metric of finite volume. Let @ C M be a compact
arc which intersects L transversely in its two distinct endpoints, and such that int(c)
is a complete, properly embedded geodesic of M \ L. Let B be a closed ball in M
containing « in its interior and such that B N L is composed of two arcs in L, as
in Figure 3. Let L' be the resulting link in M obtained by replacing L N B by the
components as appearing in Figure 4, right. Then M \ L’ admits a complete hyperbolic
metric of finite volume.

Proof We begin the proof by setting the notation. Let G and G’ be the connected
components of L containing the arcs g and g’ respectively, as in Figure 4, left. Note
that it can be the case G = G'. Let L’ be the link formed by replacing g U g’ in B
by y1 Uy, UC. Fori = 1,2, let I} be the component of L’ containing y;. Note that
possibly I =TI and let ' =T U I,.

We split the proof into two cases, depending on whether or not (M \ B, L\ (BN L))
is a rational tangle in a 3-ball.

Claim 4.2 If (M \ B, L\ (BN L)) is a rational tangle in a 3-ball, then M \ L’ is
hyperbolic.

Proof A rational tangle in a 3-ball always has a projection that is alternating; see for
instance [10]. Then L is a rational, alternating link in S* that is prime, since M \ L
is hyperbolic. By [12, Corollary 2], a rational, alternating link in S3 that is prime
is hyperbolic if and only if it is nontrivial and not a 2-braid. After forming L', we
consider the link L” obtained from L’ by doing a half-twist on the twice-punctured
disk bounded by C to add a crossing so that L” \ C has an alternating projection, as
in Figure 9. Then L” is in an augmented alternating link projection obtained from a
prime, nonsplit reduced alternating projection. If L”\ C is neither trivial nor a 2-braid,
L" is hyperbolic by [2]. However, if L” \ C is trivial, then L is a 2-braid and hence it
does not satisfy the hypothesis that M \ L is hyperbolic. And if L” \ C is a 2-braid,
then L is a trivial knot, again not satisfying the same hypothesis. So L” is a hyperbolic
link in S3. But by [1, Theorem 4.1], L" is hyperbolic if and only if L’ is hyperbolic. 0

Remark 4.3 If M \ L is hyperbolic and (M \ B, L \ (BN L)) is a rational tangle in
a 3-ball, then L is either a rational link or a rational knot in S3 which is hyperbolic.
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Figure 9: Creating L, L’ and L".

In this case, there is always an arc o as depicted in Figure 3 which is isotopic to a
geodesic and hence the switch move can be applied. This follows because o can be
chosen to be part of the fixed point set of an involution of the complement, which is
realized by an isometry, and fixed-point sets of isometries must be geodesics (see [7]
for the details).

From now on, we assume that (M \ B, L \ (BN L)) is not a rational tangle in a 3—
ball. As in the proof of the chain move theorem (Theorem 3.1), we first assume that
M is orientable. We alsolet X = M \ L and Y = M \ L’ and we will prove that
Y is hyperbolic by showing that there are no essential disks, spheres, tori or annuli
in Y. Once again, we let S = 0B, @ = S\ L = S\ L’ and notice that the same
arguments used to prove Claim 3.5 can be used to prove that Q is incompressible and
boundary-incompressible in Y'; the details are left to the reader.

Claim 4.4 Y does not admit essential spheres or essential disks.

Proof We first show that there are no essential spheres in Y. Suppose that S C Y is a
sphere and first assume that S N B = &. Then S C X, and, since there are no essential
spheres in X, it follows that .S bounds a ball B C X . Since L intersects B, this gives
that BN B = &, hence B C Y, proving that S is not essential in Y.

Next, we treat the case where S intersects 3. We can take .S to have the least number
of intersection curves in S N Q over all essential spheres. If S were contained in B, it
bounds a ball in B which is also aballin Y = M \ L', since S N L' = &. Next, we
assume that S N Q # &. Then there exists a disk £ C S with dE = E N Q. After
a standard disk replacement argument using that Q is incompressible and that there
are no essential spheres that do not intersect Q, we isotope S to lower the number of
components in S N Q, which proves that there are no essential spheres in Y.

Algebraic € Geometric Topology, Volume 23 (2023)



2176 Colin Adams, William H Meeks Il and Alvaro K Ramos

To prove that there are no essential disks in Y, we argue by contradiction and assume
that E is such a disk with boundary on a regular neighborhood of a component J of L’.
Then S = dN(E U N(J)) is an essential sphere in Y, as it splits J from the other
components of L, a contradiction. O

Let D be the interior of a twice-punctured disk in B\ L’ bounded by C and let D be
its closure in M.

Claim 4.5 D is incompressible and boundary-incompressible in Y .

Proof Using the facts that Q is incompressible in Y, X is hyperbolic and Y\ B= X'\ 5,
we may use a disk replacement argument to assume that any compression disk for D is
contained in B\ L’. Arguing by contradiction, assume that £ C B\ L’ is a disk with
0E = E N D, and that 9F is nontrivial in D. Let E; C D be the subdisk bounded by
dE in D. Let S = E; U E. Then, S is a two-sphere in the ball B which is punctured
only once by at least one of the arcs y; or y,, which is impossible.

In order to prove that D is boundary-incompressible, we proceed as in the proof of
Claim 3.7 and just observe that D is two-sided, incompressible, properly embedded in
the irreducible manifold Y. |

Using that both D and Q are incompressible and boundary incompressible, we next
proceed with the proof of Theorem 4.1.

Claim 4.6 There are no essential annuli in M \ N(L').

Proof Suppose that A4 is an essential annulus in M \ N(L’). Our next arguments rule
out the several distinct possibilities for 4, which are separated into cases.

Casel Assumethat ANB = .

In this case, A C M \ N(L) and it must either compress or be boundary-parallel in
M \ N(L). First, let us assume that £ C M \ N(L) is a compression disk to 4 with
boundary 8. Then B separates A into two subannuli 4; and A4,, and E U A, and
E U A, give rise to two essential disks in X', which contradicts its hyperbolicity.

Hence, we may assume that A is boundary-parallel in M \ N(L). Then, there is a
component J of L and an annulus A" C AN (J) such that 94" = 04 and A U A’ bounds
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a solid torus W in M \ N (L), through which A is parallel to A’. If BN W = &, then
A is boundary parallel in Y, a contradiction. Hence, we may assume that BN W # @.
Since ANB =@ and L N W = &, then A’ must intersect 3 and J must be either G
or G’, which could be the same component. Suppose first that G and G’ are distinct.
Then if X is an arc in B\ N (L) with an endpoint in dN(G) and the other in IN(G’),
at least one endpoint of A is not in W. Since int(A) cannot intersect A, it follows that
G’ C W, a contradiction.

Suppose now G and G’ are the same component J. Since A N B = @, 04 is a pair
of meridians on dN(J). Then, there is a ball B’ in N(J) bounded by A’ and two
meridional disks in N(J) \ B bounded by d4. Then W/ = W U B’ is a ball in M, and
J N W' is an unknotted properly embedded arc within it. Since BN W # &, we have
BN W' +# &. But then, the fact that 9W’ N B = & implies that B C W'. Hence o can
be homotoped into dN (J), contradicting the fact it is a geodesic with endpoints on L.

Case 2 Assume that A C B.

Let «; and a5 denote the two components of dA. First, we assume that ocy C N (T")
and oy C IN(C). Since A C B\ N(L’), a; is either a meridian of AN (y1) or a meridian
of dN(y,), and the symmetry between y; and y, allows us to assume oy C N (y1).
Take a meridional disk E£; in N(y;) N B with 0E; = oy. Then E = AU E; is a
disk in B\ N(C) with 0E = a; C dN(C). Hence, «; is a longitude of dN(C). In
particular, a; links y, in B, and hence y, must puncture E, which is a contradiction.
This contradiction shows that if 4 C B\ N(L’) is an essential annulus, then &y and a;
are either both parallel curves on dN(C) or both meridians on dN(T).

Assume that A4 is an essential annulus in M \ N(L') such that A C B and «; and a are
meridians on dN(I"). Let £y and E, be two meridional disks in N (I") with respective
boundaries «; and «;. Then AU E{ U E; is a sphere in B that bounds a ball B C B,
which is either punctured once by each y; and y;,, which is not possible, or twice by
one of them, say y;. Since A4 is not boundary parallel, C C B. However, since C links
both y; and y,, y, must be contained in B, which is a contradiction.

Still assuming that A C B, it remains to obtain a contradiction when both oy and a»
are (p,q)—curves on dN(C). In this case, B\ (N(y;) U N(C)) is diffeomorphic to
T x[0,1], where T = S! x S! is a torus, and we identify N (C) with T x {0}. Since
any annulus in T x [0, 1] with boundary in 7" x {0} is parallel to an annulus in 7" x {0},
it follows that A is parallel to an annulus 4’ C AN (C) with 04" = a; U a3, in the
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sense that there is a solid torus region W C T x [0, 1] with dW = A U A’. Since
N(y,) C T x][0, 1] and does not intersect dW, the fact that the endpoints of y; lie in
T x {1} implies that N (y,) is disjoint from W. Therefore, 4 is boundary parallel in
B\ N(L'), contradicting the assumption that A was essential.

Having proved Claim 4.6 in Cases 1 and 2, from now on, we assume that A intersects Q.
We also assume that 4 minimizes the number of intersection curves of an essential
annulus of M \ N(L') with Q. In particular, since Q is incompressible, the connected
components of 4\ Q are either annuli or disks whose boundary intersect dA.

Case 3 Assume that there is an intersection arc in A N Q that cuts a disk from A.

Let a be an intersection arc in A N Q that cuts a disk E from A. Then both endpoints
of a are on the same boundary component of 4 and £ N Q C dE. Because Q is
boundary-incompressible, it must be the case that a cuts a disk £ from Q. Then
E, = E U E/ is a disk properly embedded in M \ N(L’). Since there are no essential
disks in M \ N(L’), then 0E; bounds a disk E3 in dN(L’). Then E; U E3 is a sphere
that bounds a ball in M \ N(L’), through which E can be isotoped to E{, and just
beyond to eliminate a from 4 N Q, contradicting that we assumed a minimal number
of intersection components.

Thus, we now know that there are only two possibilities for the intersection curves in
A N Q. Either they are all parallel nontrivial closed curves on A4 or they are all arcs
with endpoints on distinct boundary components of 4.

Case 4 Assume that 0ANQ =@, with AN Q # @.

In this case, there are no arcs in A N Q. Since A and Q are incompressible in M \ L’,
the minimality condition on the number of curves in A N Q implies that any curve in
A N Q is nontrivial on both A and on Q.

Next, we prove that any curve in 4 N Q must encircle two of the punctures of Q.
Arguing by contradiction, assume that « is a simple closed curve in 4 N Q and assume
that @ bounds a once-punctured disk £ in Q. Without loss of generality, we may assume
that £ is innermost in the sense that £ N A = a. Using E to surger A, we obtain two
annuli in M \ L', where at least one is still essential, and, after a small isotopy, with a
lesser number of intersection components with Q, which is a contradiction. Thus, any
curve in A N Q encircles two of the punctures of Q and all intersection curves must be
parallel on Q, separating one pair of punctures from the other pair.
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Still under the assumption that 04 N Q = @ and A N Q # &, we next rule out the case
where at least one boundary component of A, say ay, lies in IN(C). In this case, let
A1 be the connected component of 4N B containing ¢y and let @ = 04 \ &y denote the
other boundary component of the annulus A4;. Let E be one of the two disks defined by
ain S. Then Ay U E is a disk in B\ N(C) which has nontrivial boundary in dN (C);
hence, o is a longitude. After an isotopy on A, we may assume that ¢ N D = &,
and thus 04; N D = @. Since D is incompressible, we may isotope 4 in B\ L' to
assume that A1 N D does not contain any trivial curves. Moreover, if 8 C A; N D
is a nontrivial simple closed curve both in D and in 41, then 8 cannot encircle one
puncture in D, since this would generate a sphere in B punctured three times by L’, a
contradiction. Hence, any curve in A; N D encircles both punctures of D; this gives
rise to solid tori regions in B\ N (L’) that can be used to further isotope A in B\ L’
to assume that A; N D = &. In particular, after capping «¢; with a longitudinal disk in
B\ (N(C)U Ay), it follows that a is the boundary of a disk in B\ L.

Since any other curve in 4 N Q must be parallel to a, AN Q is a family {a1,a,,...,an}
of pairwise disjoint simple closed curves, all parallel to each other both in Q and in 4. In
particular, for each i € {1,2,...,n}, a; generates 71 (A) and bounds a disk £; C B\ L,
punctured once by the arc «. Note that n > 2, since otherwise o, C IN(J), where J
is a component of L and then capping 4 with a disk in B\ L bounded by «; would
yield an essential disk in X'. This implies that there exists a subannulus 4, C 4\ B
with boundary 04, C Q. Let us assume that dA, = a; U a,. Then (after possibly
isotoping the disks £ and E; in B\ L so they become disjoint) S = A, U E1 U E; is
a sphere in X, which bounds a ball B C X. Let V = B\ B, then V is a solid torus in
X\ B=Y\Band we may use V to isotope A4 in Y to reduce the number of intersection
components in A N Q, a contradiction.

At this point in the proof of Case 4 of Claim 4.6, it remains to rule out the case where
no boundary component of 4 is on dN(C). Then d4A N B = &, since otherwise a
boundary component of A would be a meridian in dN (I') and we could isotope A to
reduce the number of intersection components in 4 N Q. Next, we show that, after
an isotopy, A N D = &. Indeed, since D and A are both incompressible, after a disk
replacement argument we may assume that any curve in A N D is a simple closed curve
that generates 711 (A4) and either encircles one or two of the punctures of D. If there is
acurve a C AN D, we may assume that either a encircles one puncture of D and is
innermost or that a encircles the two punctures of D and is outermost. In either case,
we can surger A to obtain two annuli in ¥, where at least one is still essential in ¥ and
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type I type 11

Figure 10: Possibilities for E, a connected component of A N 3 when all
intersections of 4 N Q are arcs.

with less intersection components with Q, a contradiction that proves that AN D = &.
Next, using Q x [0, 1] as a coordinate system for B\ N(D U L’), we can isotope 4
in Y to make A disjoint from B. Since we already showed that there are no essential
annuli in Y disjoint from B, this is a contradiction.

Case 5 Assume that each intersection curve in A N Q is an arc with endpoints on
distinct boundary components of A.

The arcs in A N Q cut A into a collection of disks. Because S separates M, there must
be an even number of such arcs and hence such disks, and the disks must alternate
between lying inside and outside B.

There are no such arcs that cut a disk from Q. Indeed, if there were such a disk, by
choosing an innermost one, we could surger A along this disk to obtain a disk A with
boundary in dN (L’). Since there are no essential disks in M \ N(L’), dA must bound
adisk A" on dN(L’). Then AU A’ is a sphere bounding a ball in M \ N(L’). Thus
we can isotope A to A’ through the ball, and hence isotope A4 to an annulus in N (L’),
contradicting the fact that A is not boundary parallel in M \ N(L').

Let E be a connected component of 4 N B, which necessarily is a disk. Next, we show
that there are two possibilities for E up to isotopy and switching the roles of y; and y;.
These two possibilities are depicted in Figure 10.

Let 0E = 1 Uy U By U uy where B and B; lie in Q and g and i, lie in N (L').
Note that each of 11 and t, must begin and end at distinct components of N (I") N Q,
since otherwise we could lower the number of intersection curves of 4 with Q.
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For the arguments that follow, we set coordinates and consider
B={(x,y.z) eR3 | x?+ 2+ 22 <1},

D a horizontal disk in {z = 0} and the two arcs y; and y, parallel to the z—axis. Let
A’ be the annular connected component of (B\ N(C)) N{z = 0}. Then A’ is annulus
with one boundary component in Q and the other boundary component a longitude on
aN(C).

We assume that we have isotoped E in B\ N (L') to minimize the number of intersection
curves in £ N A’, and next we prove that £ N A" = &. First, we claim that £ N A" does
not contain any arc. Indeed, if there were an arc ¢ C E N A’, since dE N IN(C) = &,
¢ would cut a disk H; from A" and a disk H, from E. Let Hy; = Hy U H,. If ¢
has both endpoints in the same f;, then dH3 C Q, which, by incompressibility of O,
implies that d H3 is a trivial curve bounding a disk H4 C Q. Then H3 U Hy is a sphere
bounding a ball, through which we can isotope H; through H,, and lower the number
of intersection curves in £ N A’, a contradiction.

If ¢ has one endpoint in B; and the other in §,, then dH3 consists of one arc in Q and
one taut arc on dN (y;). Then we can use Hj to isotope y; to Q, a contradiction to the
fact that C links y; in B. So E N A’ can only contain simple closed curves.

If  C EN A’ is a simple closed curve, then there is a disk £/ C E with dE' = ¢.
In particular, ¢ is nontrivial in A’, since otherwise we could use a disk replacement
argument to isotope E removing ¢ from E N A’. Since ¢ is isotopic to C through A4’,

we could obtain a disk in Y with nontrivial boundary in dN (C), a contradiction. Thus,
ANE=g2.

If ;1 and w, lie on AN (1) and 0N (y,) respectively, then by an isotopy on
QUIN(y1 Uya).

we can assume that (q and u, are vertical arcs that do not wind around 0N (y;) or
dN(y2). Then because B and B, cannot cross the equator 4’ N Q, after possibly
reindexing, B; connects the top two punctures of Q and 8, connects the bottom two
punctures. Since JE must be trivial as an element of the fundamental group of the
handlebody B\ N(y; Uy3,), there can be no twisting around the punctures, and £ must
appear as in Figure 10, left.

If 1 and p, both lie on dN (yy), then B and B, are loops on Q based at a puncture
and restricted to the upper and lower hemisphere. Since no arcs in A N Q can cut disks
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off @, each B; and B, circle a puncture in Q. Hence, £ must appear as in Figure 10,
right. A similar case occurs when 17 and p, both lie on dN (y5).

This argument allows us to introduce the following language. If § C A N Q is any arc,
then there is a unique disk £ C A N B with 8 C dE. If E is a type I disk (where type I
and type II are defined as in Figure 10), we shall say that § is a type I arc. Otherwise,
we will say that 8 is a type II arc.

Next, we show that all intersection arcs in 4 N Q are of the same type. If [ # I3,
then, if there exists a type I disk, the two boundaries of A are on different components
and only type I disks can occur. If there is not a type I disk, then all disks are type II.
On the other hand, if I} = I, both components of d4 intersect N (y;) and dN (y»)
the same equal number of times. In this case, the existence of a type II disk £, with
boundary intersecting dN (1) in two arcs, implies that there exists a type II disk £,
intersecting dN (). But £y and E, would then intersect, a contradiction.

Assume that all arcs in A N Q are of type I and let £ be a connected component of
A\ B. Then, when we switch from L’ to L, E can be extended to a disk properly
embedded in M \ N(L). Thus, there is a trivial component in L, a contradiction to its
hyperbolicity.

Our next argument eliminates the last case when all intersections of A N Q are of
type 11, and I'y # I3, since we cannot mix the two types of type II intersections. Until
the end of the proof we will assume that d4 C dN(I7). Let E C A be a connected
component of A4 \ B, and we label dE = 1 U puq U B U up, where B and B, lie in
Q and p; and w, lie in AN (I'7). Then w; and p, define two disks, A and A, in the
annulus dN (I7) \ B. We assume that the disk A is the one that makes A=EUAan
annulus in Y \ B with both boundary components in Q parallel to the punctures that
come from I5.

After capping A with the two once-punctured disks bounded by 34 in Q, we create an
incompressible annulus Ainy \ B which also lives and is incompressible in X \ B.
Since X is hyperbolic, it follows that A must be boundary-parallel to I5. But this
implies that w; is parallel in X \ B to the arc j, = I, \ B, and there exists a disk
E’'C X \Bwith 0E' = 11 Uvy U j, Uy, where vy Uv, = E'N Q are two arcs joining
the respective two upper punctures and the two lower punctures of Q which avoid the
equator of Q. It then follows that v U g and v, U g’ bound two respective disks in
B\ L, and the union of those disks with E’ is an essential disk in M \ L, contradicting
hyperbolicity of X and finishing the proof of Claim 4.6. O
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Claim 4.7 Y does not admit essential tori.

Proof We argue by contradiction and suppose that 7" is a torus which is incompressible
and not boundary-parallel in Y. First, suppose that TN D = &. Then, after an isotopy
in Y, we may assume that 7N B = @. Hence, ' C X and, since X is hyperbolic, T’
is either compressible or boundary parallel in X'. If 7" is boundary parallel, since both
G and G’ intersect B, T must be parallel to a component J of L which lives in L’,
contradicting that 7" is essential in Y.

Next, we treat the case where T is compressible in X; let £ C X be a compression
disk for T and assume that £ has the least number of intersection curves with Q among
compression disks for 7. Since T is incompressible in Y, E intersects BN L’ and the
arc o, which is a complete geodesic in the hyperbolic metric of X. Let N (E) C X be
a closed neighborhood of E with coordinates £ x [0, 1] and such that (0F x[0,1]) C T'.
Since « is transverse to E, we may choose such a coordinate system on N (E) in
such a way that, for each 7 € [0, 1], each component of « N N (E) intersects E x {t}
transversely in a single point.

Let S = (T \ (0E x[0,1])) U (E x{0}) U (E x {1}). Then S is a sphere in X and
T\S =0E x(0,1). Since X is hyperbolic, S separates and must bound a closed
ball B C X. Let oy, a3, ...,ay, be the arcs in @ N N (E). We claim that each o; is
contained in B. This follows because the endpoints of « are in L, L N B = & and
T NB = @. In particular, N (E) C B.

Let W = B\ N(E). Then dW = T and W is a knot exterior in B bounded by T (in
fact, we think of W as obtained from B by removing a potentially knotted hole; see
Figure 11). Since TN L' = @ and L’ intersects N (E), we have W C Y. Our next
argument is to show that N (E) is unknotted in B; thus W is a solid torus bounded
by T', which contradicts the essentiality of 7" in Y.

Let IT: H® — X be the Riemannian universal covering map of X. By appropri-
ately choosing a neighborhood N (L), it follows that IT~1(dN (L)) is a collection of
horospheres in H3. Moreover, IT~! () is a collection of geodesics connecting these
horospheres. On the other hand, B lifts to a collection of balls, one of which is a ball B ,
containing a lift of W, denoted by w.

In order for T to be incompressible in Y, a lift of «, which we denote by &, must
pass through the hole B \ W in B. Since @ is a geodesic in H?, it follows that & is
unknotted, which implies that W is a solid torus. Since W is homeomorphic to W,
this gives a contradiction, as previously explained.
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Figure 11: Left: the compressing disk E for the torus 7" and the neighborhood
N (E). Right: the sphere S bounding the ball B and the (possibly knotted)
region N (E) C B, which defines the highlighted knot exterior W = B\ N (E).

It remains to prove that there are no essential tori in ¥ which intersect D. Arguing by
contradiction, assume that 7" is such a torus. Since D is incompressible in Y, a disk
replacement argument allows us to further assume that any curve in 7'M D is nontrivial
both in 7" and in D. Let 8 be a curve in 7' N D. If B encircles one puncture of D, take
an innermost curve in such intersection and use the one-punctured disk it bounds in
D to surger T and obtain an essential annulus in Y with boundary in dN ([3). If 8
encircles both punctures of D, take an outermost curve on 7' N D and use the outer
annulus on D to surger 7" and obtain an essential annulus with boundary in N (C).
Since Claim 4.6 gives that Y does not admit essential annuli, this proves Claim 4.7. O

Thus, having proved that Y satisfies Thurston’s hyperbolicity conditions, Theorem 4.1
follows when M is orientable.

Next, we assume that M is nonorientable and that L, L’, o and B are as before. Let
I1: M — M be the two-sheeted oriented covering map of M. Then L=T1""! (L)
is a hyperbolic link in M. We also let L” = T1"!(L’), B; and B, be the connected
components of IT7!(B) and «; and «, be the connected components of TT~! (). We
claim that ¥ = M \ L" is also hyperbolic. Note that, as explained in the proof of the
nonorientable setting for the chain move, the fact that Y is hyperbolic implies that
Y = M \ L' is hyperbolic.

Since « is a complete geodesic in the hyperbolic metric of M \ L, both oy and o,
are complete geodesics in M \ L. In particular, since M is orientable, the switch
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move allows us to replace LNB 1 by a tangle diffeomorphic to L’ N B to create a new
hyperbolic link L’ in M. Note that L” may be obtained from L’ by replacing the
tangle L'n By = LN B, by a tangle diffeomorphic to L N 5.

Since it might be the case that «, is not isotopic to a geodesic in the hyperbolic metric
of X =M \ L', one cannot directly apply the switch move a second time. However,
most of the arguments in its proof can be repeated without change for this setting. We
next guide the reader over the steps in the proof that need some adaptation.

First, the arguments in the proof of the orientable case for the switch move can be used
to prove that the four-punctured sphere Q1 = dB; \lA/ " is incompressible and boundary-
incompressible in X and in ¥ = M \ L”, that Q; = 9B, \ L” is incompressible
and boundary-incompressible in Y and that ¥ does not admit any essential disks and
essential spheres.

To prove that Y does not admit any essential annuli, the arguments in Claim 4.6 apply
to show that if A is an essential annulus in ¥, then both boundary components of A
are meridians in a component G’ of L’ that intersects B, and that we may isotope 4 in
Y to assume that A N By = . Since X \ B, = Y \ B3, A is an incompressible annulus
in X, and A must be boundary-parallel in M \N (Z/ ). In particular, after an isotopy in
Y that does not change the property 4 N B, = &, we may assume that 04 N By = &
and that if A4 intersects By, then each connected component of A N By is an annulus
parallel to one of the two arcs in the tangle L'n Bi.

If ANB; =@, A is an incompressible annulus in the hyperbolic manifold M \ Z, and
the same arguments in the proof of Claim 4.6 apply to show that the neighborhood
through which A is parallel to an annulus A" in N (2) can be capped off by meridional
disks to define a ball W' in M that contains both B and B, and may be used to
homotope the arcs @y and a, to N (Z), a contradiction with the fact that both «; and
oy are geodesics in the hyperbolic metric of M \ L.

Hence, there must exist 4¢ a connected component of 4 N B;. We assume that A is
innermost in the sense that no other component of 4 N B; lies in the ball region defined
by A in B;. Then each boundary component of A is a curve in Q; that encircles
one puncture, defining a once-punctured disk in Q7. Using these two once-punctured
disks to surger A4 gives three incompressible annuli in M \N (Z’ ), all disjoint from B;.
One of them lies in B; and at least one of the other two must be essential in Y. By
induction on the number of components in 4 N By, this argument yields an essential
annulus A in ¥, with both boundary components being meridians, and that is disjoint
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both from B; and from B,. As already shown, this is a contradiction that proves that
Y does not admit any essential annuli.

The proof that Y does not admit any essential tori uses the arguments in Claim 4.7.
Among all possible essential tori, the only case that still needs an adaptation is when V'
is an essential torus in ¥ that can be isotoped to be disjoint from B,. Let D be a twice
punctured disk in B; \ L’ bounded by the trivial component 6’1 of L' N B1. Then D,
is incompressible and we may isotope V' in Y to assume that there are no trivial curves
in V N Dq. Hence, V N Dy = &, since the existence of a nontrivial curve in V N Dy
allows us to surger V' to produce an essential annulus in Y, which we already proved
that cannot exist. In particular, V' can also be isotoped in Y to be disjoint from By,
and then V is a torus in the hyperbolic manifold M \ L. Since V cannot be boundary
parallel in M \ L, there exists a compressing disk E for V' in M \Z, and the fact that
V' is incompressible in Y implies that £ must necessarily intersect the arcs oy and o5,
which are geodesics in the hyperbolic metric of M \ L. Now, the same arguments in
the proof of Claim 4.7 apply to show that V' bounds a unknotted solid region W in Y,
contradicting the fact that V' is essential in Y. This argument finishes the proof that
Y satisfies Thurston’s hyperbolicity conditions and, as already explained, proves the
switch move theorem for the nonorientable case. O

5 The switch move gluing operation

We describe in Theorem 5.1 below a method to obtain new hyperbolic 3—manifolds
of finite volume from previously given ones; this method uses a variant of the switch
move (Theorem 4.1). Before stating this result, we set the notation.

Let P be a compact 3—-manifold with nonempty genus one boundaries and let L be
a link in P. We allow for P to consist of one connected manifold or two connected
manifolds. Let M = P\ L and assume that int(}/ ) admits a complete hyperbolic
metric of finite volume. Let 77 and 73 be two distinct, diffeomorphic components
of dP and, for i € {1,2}, let a; be a complete geodesic in the hyperbolic metric of
int(M'), with one endpoint in 7; and the other in a component J; of L. Note that J;
can equal J,. Let ®: 77 — T be a gluing diffeomorphism that maps the endpoint of
a1 in T to the endpoint of &y in T,. Let P’ = P/® be the manifold obtained from P
by identifying T} and T’ to a genus one surface 7 using ®. Note that P’ is compact
(possibly with empty boundary, if 0P = Ty U T3), connected and that L C P’. Let
X=P\L.
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Theorem 5.1 (switch move gluing operation) With the above notation, let o be the
concatenation of «y and o Uin P’. Let B be a ball neighborhood of « in P’ that
intersects L in two arcs g C J1 and g’ C J, and intersects T in a disk A. Let L’ be
the resulting link obtained in P’ by replacing g U g’ by the tangle y; U y, U C as in
Figure 4, right. Then the manifold Y = P’\ L’ is hyperbolic.

After choosing ¢ as above, as in the case of the switch move, the operation described
above may yield two distinct hyperbolic 3—-manifolds depending on the projection of
the strands g and g’; see Remark 1.1.

Proof of Theorem 5.1 We first prove the theorem in the case when P is orientable.
In this circumstance, the setting in Theorem 5.1 is the same as in the switch move
theorem (Theorem 4.1), with the exception that X is no longer hyperbolic. However,
X 1is close to being hyperbolic in the following sense:

Claim 5.2 X does not admit any essential spheres, essential disks and essential annuli.
Moreover, any essential torus in X is isotopic to T .

Proof Suppose there were an essential disk £ in X . Since int(M') is hyperbolic, it
follows that £ must intersect 7. But because 7 is incompressible and JF is disjoint
from 7', we may replace subdisks in E by disks in 7" to obtain an essential disk in M, a
contradiction. The same argument shows that an essential sphere in X would generate
an essential sphere in M, also a contradiction.

Because int(M) is hyperbolic, an essential torus in X that does not intersect 7" must
be parallel to 7', and hence isotopic to 7'. To prove that T is the only possible essential
torus up to isotopy, we argue by contradiction. Suppose 7" is an essential torus in X that
is not isotopic to 7" and has the fewest number of intersection curves with 7. Then any
curve in 77N T is nontrivial both in 7" and in 7". It follows that there is a component
of 7"\ T that is an essential annulus in int(A/), a contradiction. Analogously, we may
show that X does not admit any essential annuli, and this proves Claim 5.2. O

Having proved Claim 5.2, we observe that L \ B is not a rational tangle in a 3-ball
as X contains an essential torus that intersects the 3—ball in an essential punctured
torus, which cannot exist in a rational tangle complement. Then we note that the
arguments in the proof of the switch move theorem apply directly to show that Y
does not admit any essential spheres or essential disks and that the four-punctured
sphere Q = 0B\ L = 9B\ L’ and the twice-punctured disk D bounded by C on T are
incompressible and boundary-incompressible in Y.
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To prove that Y does not admit any essential annuli, the proof of Claim 4.6 applies
directly. Hence, to prove Theorem 5.1 when M is orientable, it remains to show that
Y does not admit any essential tori.

We argue by contradiction and assume that V' is an essential torus in M \ L’ that has
the least number of intersection components with 7" among all essential tori in Y. Then,
after assuming general position, 7" N V is a finite collection of pairwise disjoint simple
closed curves. Let y be one of such intersection components. If y C D, then it does
not bound a disk in 7"\ L’ and either encircles one or two of the punctures of D. Then
we can choose a component 3’ in V N D (if y encircles one puncture, we choose )’
as an innermost curve, otherwise we choose y’ as an outermost curve) and surger V'
(along a punctured disk in the first case and an annulus in the second case) to obtain
an essential annulus in Y, a contradiction. It then follows that V' N D = &, and then
V' can be isotoped through Y to be disjoint from 5, without increasing the number of
intersection components in V' N 7. Hence, V is a torus that is contained in X.

In X, V is not isotopic to T, since V C M \ L’ and any torus isotopic to 7" is punctured
by L’. We claim that V N T = &. Argue by contradiction and assume that there exists
acurve y in VN T. Then y does not intersect D and there are two possibilities: either
y is a nontrivial curve in T or y, together with C, bounds an annulus in 7\ D. In
the latter case, we may use this annulus to surger V' and obtain an essential annulus
in Y. Since Y does not admit essential annuli, y is nontrivial in 7". Then there is a
component of V' \ T that is an essential annulus in X, which cannot occur, proving
that VNT = @.

Thus, V is a torus in the hyperbolic manifold int(A/). Note that V' cannot be boundary
parallel in M, since this either contradicts its essentiality in Y or the fact that it is not
isotopic to T'. Hence, it must be the case that V' is compressible in M. Let £ C M
be a compression disk for V. Then, since V is incompressible in Y, the geodesic o
must intersect £. Now, the same arguments used in the proof of Claim 4.7 for the case
when 7" was an essential torus in Y, disjoint from B and compressible in X apply to
obtain that V' is compressible in Y, a contradiction that proves Theorem 5.1 when M
is orientable.

Next, we sketch the arguments that prove Theorem 5.1 when M is nonorientable, using
the notation already introduced. Let X be the oriented double cover of X and let
II: X — X be the covering map. Let T=1"! (T) in X. Then T consists of one or
two tori.
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In the case of two tori V; and V5, IT17!(a) consists of two arcs t; and 1, each of
which intersects one of the two tori. Since X is orientable, we may apply Theorem 5.1
twice first for V; and w1 and then, in an equivariant manner to the first switch move
with respect to the covering translation, for ¥, and p,, to obtain a hyperbolic link
complement. Then, by Mostow—Prasad rigidity, the covering translation can be re-
alized as an isometry, proving that the switch move gluing operation on the original
nonorientable manifold M yields a hyperbolic manifold.

In the case that 7' consists of one torus, both copies w1 and w, intersect T. In this
situation, we may apply Theorem 5.1 on p 1, obtaining a hyperbolic link complement
where Theorem 4.1 can be performed, in an equivariant manner with respect to the
covering translation, on a neighborhood of p, and again the result is hyperbolic.
Realizing the covering translation as an isometry allows us to prove that the switch move
gluing operation on the nonorientable manifold M yields a hyperbolic manifold Y. O
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Golod and tight 3—-manifolds

KOUYEMON IRIYE
DAISUKE KISHIMOTO

The notions Golodness and tightness for simplicial complexes come from algebra and
geometry, respectively. We prove these two notions are equivalent for 3—manifold
triangulations, through a topological characterization of a polyhedral product for a
tight-neighborly manifold triangulation of dimension > 3.

57Q15; 13F55, 55U10

1 Introduction

Let F be a field, and let S = F[xq, ..., x»], where we assume each x; is of degree 2.
Serre [26] proved that for R = S /I where I is a homogeneous ideal of S, there is a
coefficientwise inequality
(1 +12)m

1—t(P(TorS(R,F);t)—1)

where P(V;t) denotes the Poincaré series of a graded vector space V. In the extreme
case that the equality holds, R is called Golod. It was Golod who proved that R is
Golod if and only if all products and (higher) Massey products in the Koszul homology
of R vanish, where the Koszul homology of R is isomorphic to Tor® (R, F) as a vector

P(TorR(F ,F);1) <

space.

Let K be a simplicial complex with vertex set [m] = {1,2,...,m}. Let F[K] denote
the Stanley—Reisner ring of K over I, where we assume generators of FF[K] are of
degree 2. Then F[K] expresses combinatorial properties of K, and conversely, it is of
particular interest to translate a given algebraic property of the Stanley—Reisner ring
F[K] into a combinatorial property of K. We say that K is F'—Golod if F[K] is Golod.
We aim to characterize Golod complexes combinatorially.

Recently, a new approach to a combinatorial characterization of Golod complexes
has been taken. We can construct a space Zg, called the moment—angle complex
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http://msp.org
http://dx.doi.org/10.2140/agt.2023.23.2191
http://www.ams.org/mathscinet/search/mscdoc.html?code=57Q15, 13F55, 55U10
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://msp.org/s2o/

2192 Kouyemon Iriye and Daisuke Kishimoto

for K, in accordance with the combinatorial information of K. Then combinatorial
properties are encoded in the topology of Zg, and in particular, Golodness can be read
from a homotopical property of Zg as follows. Baskakov, Buchstaber and Panov [6]
proved that the cohomology of Zg with coefficients in F is isomorphic to the Koszul
homology of F[K], where the isomorphism respects products and (higher) Massey
products. Then it follows that K is Golod over any field whenever Zg is a suspension,
and so Golod complexes have been studied also in connection with desuspension of Z g
and a more general polyhedral product; see Grbi¢, Panov, Theriault and Wu [10; 11],
Gruji¢ and Welker [12], and the authors [14; 15; 16; 17; 18; 19]. See the survey by
Bahri, Bendersky and Cohen [4] for more information about moment—angle complexes
and polyhedral products. Here we remark that there is a Golod complex K such that
Zk is not a suspension as shown by Yano and the first author [20].

In [15; 17; 19], the authors characterized Golod complexes of dimension one and two in
terms of both combinatorial properties of K and desuspension of Zg . Here we recall the
characterization of Golodness of a closed connected surface triangulation, proved in [15].
The original statement in [15] is given in terms of polyhedral products, but here we state
in terms of moment—angle complexes, which is easier, as in [17, Theorem 1.3]. Recall
that a simplicial complex is called neighborly if every pair of vertices forms an edge.

Theorem 1.1 [15, Theorem 1.1] Let S be a triangulation of a closed connected
F —orientable surface. Then the following statements are equivalent:

(1) S is F-Golod.
(2) S is neighborly.

(3) Zg is a suspension.

We introduce another notion of simplicial complexes coming from geometry. S-S Chern
and R K Lashof proved that the total absolute curvature of an immersion f: M — R”
of a compact manifold M is bounded below by the Morse number of some Morse
function on M. On the other hand, the Morse number is bounded below by the Betti
number. Tightness of an immersion f is defined by the equality between the total
absolute curvature of an immersion f and the Betti number of M, which is the case that
the total absolute curvature is minimal. See Kiihnel and Lutz [22] and Kuiper [23]. It is
known that an immersion f is tight if and only if for almost every closed half-space H,
the inclusion f(M)N H — f(M) is injective in homology.

Tightness of a simplicial complex is defined as a combinatorial analog of tightness of
an immersion. See [22] for details. Let K be a simplicial complex with vertex set [m].
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For @ # I C [m], the full subcomplex of K over [ is defined by
Ki={oeK|oClI}.

Definition 1.2 Let K be a connected simplicial complex with vertex set [m]. We
say that K is F—tight if the natural map H.(Kj;F) — H.(K;IF) is injective for each
g #£ 1 C [m].

Golodness and tightness have origins in different fields of mathematics, algebra and
geometry, respectively. The aim of this paper is to prove the seemingly irrelevant these
two notions are equivalent for 3—manifold triangulations through the topology of Zg
or more general polyhedral products (see Section 5). Now we state the main theorem.

Theorem 1.3 Let M be a triangulation of a closed connected [ —orientable 3—manifold.
Then the following statements are equivalent:

(1) M is F—Golod.
(2) M is F—tight.

(3) Zyy is a suspension.

Recall that a d—manifold triangulation is called stacked if it is the boundary of a (d +1)—
manifold triangulation whose interior simplices are of dimension > d. Stacked manifold
triangulations have been studied in several directions, and we will use its connection to
tightness (Section 2). See Bagchi, Datta, Murai and Spreer [3; 9] and [22] for more on
stacked manifold triangulations. Bagchi, Datta and Spreer [3] (cf Theorem 2.3) proved
that a closed connected F—orientable 3—manifold triangulation is F—tight if and only
if it is neighborly and stacked. Then we get the following corollary of Theorem 1.3,
which enables us to compare with Theorem 1.1, the 2—dimensional case.

Corollary 1.4 Let M be a triangulation of a closed connected F —orientable 3—mani-
fold. Then the following statements are equivalent:

(1) M is F-Golod.
(2) M is neighborly and stacked.
(3) Zjy is a suspension.
We will investigate a relation between Golodness and tightness of d-manifold triangu-

lations for d > 3, not only for d = 3, through tight-neighborliness. We will prove the
following theorem, where Theorem 1.3 is its special case d = 3.
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Theorem 1.5 Let M be a triangulation of a closed connected F —orientable d —manifold
for d > 3, and consider the following conditions:

(1) M is F-Golod.

2) M is F—tight.

(3) M is tight-neighborly.

(4) the fat-wedge filtration of RZ s is trivial.

Then there are implications
=02 =06 =® = .

Moreover, for d = 3, the implication (2) = (3) also holds, so all conditions are
equivalent.

Remarks on Theorem 1.5 are in order. Tight-neighborly triangulations of d—manifolds
for d > 3 will be defined in Section 2. To clarify a connection to Theorem 1.3 and
Corollary 1.4, we need to mention that a triangulated manifold of dimension > 3
is tight-neighborly if and only if it is neighborly and stacked as noted soon before
Theorem 2.3 below. The space R Zg is the real moment—angle complex, and properties
of its fat-wedge filtration will be given in Section 5. In particular, we will see that if
the fat-wedge filtration of R Z g is trivial, then Zg is a suspension. So Theorem 1.3 is
the special case of Theorem 1.5 for d = 3 as mentioned above. Datta and Murai [9]
proved that if M is tight-neighborly and d > 4, then it is F—tight and 8; (M ;F) =0
for 2 <i <d —2, where 8;(M;F) =dim H;(M;F) denotes the i™ Betti number. So
if Bi(M;F)=0for2<i <d—2andd > 4, then all conditions in Theorem 1.5
are equivalent, where the triviality of the Betti numbers is necessary because as in
[2, Example 3.15], there is an F—tight 9—vertex triangulation of CP? for any field I,
which is not tight-neighborly.

The paper is organized as follows. Section 2 collects properties of tight and tight-
neighborly manifold triangulations that will be needed in later sections. Section 3
introduces a weak version of Golodness and proves that weak Golodness implies
tightness of orientable manifold triangulations. Section 4 investigates a simplicial
complex F (M) constructed from a tight-neighborly d-—manifold triangulation M for
d > 3, and Section 5 recalls the fat-wedge filtration technique for polyhedral products,
which is the main ingredient in desuspending Zg. Section 6 applies the results in
Sections 4 and 5 to prove Theorem 1.5. Finally, Section 7 poses a problem on Golodness
and tightness of d—manifold triangulations for d > 4, and shows related results.
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2 Tightness

This section collects facts about tight and tight-neighborly manifold triangulations that
we will use. As mentioned in Section 1, tightness of a simplicial complex is a discrete
analog of a tight space studied in differential geometry with connection to minimality of
the total absolute curvature, and tight complexes have been studied mainly for manifold
triangulations. First, we show:

Lemma 2.1 Every F—tight complex is neighborly.

Proof Let K be an [F—tight complex. Then for two vertices v and w of K, the natural
map Ho(K{y ):F) — Ho(K:TF) is injective. Since K is connected, Ho(K;F) = T,
and so Ho(K{y,y:F) = F. Then v and w must be joined by an edge. m]

Next, we explain a conjecture on tight manifold triangulations. Let K be a simplicial
complex. Let | K| denote its geometric realization of K, and let

S(K) = (fo(K), f1(K),..., faimk (K))

denote the f—vector of K. We say that K is strongly minimal if for any simplicial
complex L with |K| = |L]|, it holds that

fi(K) < fi(L)
for each i > 0. Kiihnel and Lutz [22] conjectured that every F—tight triangulation of
a closed connected manifold is strongly minimal. Clearly, the only F—tight closed
connected 1-manifold triangulation is the boundary of a 2—simplex, so the conjecture
is true in dimension 1. Moreover, the 2—-dimensional case was verified, as mentioned
in [22], and the 3—dimensional case was verified by Bagchi, Datta and Spreer [3]. But
the case of dimensions > 4 is still open.

As for minimality of manifold triangulations, we have another notion introduced by
Lutz, Sulanke and Swartz [24].

Definition 2.2 A closed connected d—manifold triangulation M with vertex set [m]
for d > 3 is tight-neighborly if

(=P
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Tight-neighborly manifold triangulations are known to be vertex minimal. By definition,
tight-neighborliness seems to depend on the ground field IF, but it is actually independent
of the ground field F as tight-neighborly manifold triangulations are neighborly and
stacked. Tightness and tight-neighborliness have the following relation. Let S X S d-1
denote the nontrivial $¢~1—bundle over S!.

Theorem 2.3 Let M be a closed connected [ —orientable d —manifold triangulation
for d > 3, and consider the following conditions:

(1) M is F—tight.
(2) M is tight-neighborly.
(3) M is neighborly and stacked.
(4) M has the topological type of either
Sd (Sl %Sd—l)#k (Sl XSd_l)#k.
Then there are implications
(1) = 2) < 3) = “).

Moreover, the implication (1) = (2) also holds for d = 3.
Proof The implications are shown in [9] for d > 4 and [3] for d = 3. O

Remark The integer k in Theorem 2.3 for d = 3 is known to satisfy 80k + 1 is
a perfect square. For k = 1, 30, 99, 208, 357, 546, tight-neighborly triangulations of
(ST % §2)* are constructed in [8], but no tight-neighborly triangulation of (S x §2)**
is known.

3 Weak Golodness

This section introduces weak Golodness and studies it for manifold triangulations. Let
K be a simplicial complex with vertex set [m], and let H.(F[K]) denote the Koszul
homology of the Stanley—Reisner ring F[K]. As mentioned in Section 1, K is F-Golod
if and only if all products and (higher) Massey products in H (IF[K]) vanish. Now we
define weak Golodness.

Definition 3.1 A simplicial complex K is weakly F-Golod if all products in H(F[K])
vanish.
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Clearly, K is weakly F—Golod whenever it is F—Golod. Berglund and Jollenbeck [7]
stated that Golodness and weak Golodness of every simplicial complex are equivalent,
but this was disproved by Katthédn [21]. Thus defining weak Golodness makes sense.

We recall a combinatorial description of the multiplication in H.(IF[K]). For disjoint
nonempty subsets /, J C [m], there is an inclusion

u,g: Kjng > KrxKy, o= (@nl,onlJ).

Baskakov, Buchstaber and Panov proved:

Lemma 3.2 [6, Theorem 1] There is an isomorphism of vector spaces

Hi(FIKD= @ A ''KLF)
@#1C[m]

for i > 0 such that for nonempty subsets I, J C [m] the multiplication
H~i_‘1|_1(K1;F) ® I:'Ij—|J\—1(KJ;]F) N Hi+j—|IUJ\—1(KIUJ;IF)

is trivial for I N J # @ and the induced map of 1y jy forI N J = .

Let M be a triangulation of a closed connected F—oriented d—manifold with vertex
set [m]. We consider a relation between the inclusion ¢7 ; and Poincaré duality. For
any subset / C [m], Poincaré duality [13, Proposition 3.46] holds such that the map

H (\M[|;F) - Hy—;(IM|, M| - |M;|;F), ara~[M]

is an isomorphism, where [M ] denotes the fundamental class of M. By Lemma 70.1
of [25], IM|—|Mj| >~ |My| for J = [m] — I. Then there is an isomorphism

Dy y: H (My;F) = Hy_;(M, My;TF).

Let d: Hi(M,Mj;F) - Hy«_1(My;F) denote the boundary map of the long exact
sequence

o> Ho(M;F) = Ho(M:F) — Ho(M, My:F) 2> Hy (Mj;F) — -+ .
Lemma 3.3 Let M be a triangulation of a closed connected F —oriented d —manifold
with vertex set [m]. For any partition [m] =1 U J and « € H' (My;F),

(@0 Dr.y)(@) = (=)' @@ D((tr,)«(M]) € Ha—i—1 (M F),
where we regard (11, j)+([M]) as an element of
P Hi(M;:F)® Hj(M;:F) = Hy(My  Mj;F).

i+j=d—1
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Proof Let ¢ € C'(My;TF) be a representative of . We define ¢ € C' (M ;F) by

p(o) ifoeMj,
0 otherwise.

#(0) = {

Then o —~ [M] is represented by ¢ —~ u where u represents [M]. Let [vo,..., ;]
denote an oriented i —simplex with vertices vy, ..., v;. We may set

;L:Zak[vlg,vlf,...,v];] eCy(M;TF)
k

k

for a € F, where vo,...,v,lik € I and vﬁkﬂ,...,vs € J for some ny. Then

(00 Dy, y)(@) is represented by

0@ ~p)=(@od) ~p=[@od) ~ul =Y axg@vg,. ... v Dlvfyy. -, vhl.
k

Since (¢ 0 d)|c; ., (m;;F) = ¢ ©d = 0, we have @(a[v’g, e, vzk+1]) = 0 only when

ng =1i. Then (0o Dy, y)(«) is represented by

Z k@O, - v DIV vg]

nk=i

= (=1)'*! Z ak(p([vg,...,vlk,vlkﬂ])[vfﬁrl,...,v’;].
ni=i
On the other hand, since the C;(M7;F) ® Cy_;_1(Mj;F) part of p is given by
an=i ay [vg, cee, vs], (t7,7)%([M]) is represented by
Zak[vlg,...,vlk]®[v{‘+1,...,v§]. |

ng =i
Now we are ready to prove:

Theorem 3.4 If a triangulation of a closed connected F —orientable d —manifold is
weakly F—Golod, then it is F—tight.

Proof Let M be a triangulation of a closed connected F—oriented d—manifold with
vertex set [m]. Let [m] = I U J be a partition. Suppose that the map ¢ s is trivial in
cohomology with coefficients in IF. Then by the universal coefficient theorem, ¢y s is
trivial in homology with coefficients in [ too. Thus, by Lemma 3.3, the boundary map

0: H«(M,My;F) —> Hy1(My;TF)

is trivial, and so the natural map H«(Mj;F) — H«(M;T) is injective, completing the
proof. |
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4 The complex F(M)

Throughout this section, let M be a closed connected tight-neighborly d-manifold
triangulation for d > 3 with vertex set [m]. Let K be a simplicial complex with vertex
set [m]. A subset I C [m] is a minimal nonface of K if every proper subset of [ is a
simplex of K and [/ itself is not a simplex of K. Define a simplicial complex F (M)
by filling all minimal nonfaces of cardinality d + 1 into M. This section investigates
the complex F(M).

We set notation. The link of a vertex v in a simplicial complex K is defined by
lkg(v)={ceK|v¢oandoUv € K}.

For a finite set S, let A(S) denote the simplex with vertex set S. Then I C [m] is
a minimal nonface of K if and only if K; = dA(/). Let K1 and K5 be simplicial
complexes of dimension d such that K; N K5 is a single d—simplex o. Then we write

Ki#K,=K{UKy;—0 and K;oK;=K;UK>;.

The following lemma may be known, but we produce a proof for completeness of the
paper; cf [1; 3; 9].

Lemma 4.1 For each v € [m], there exist V(v,1),...,V(v,ny) C [m] such that
[V(v,k)|=d + 1 for 1 <k <n, and

Ikar (v) = AV (v, 1)) #-- - #IA(V (v, ny)).

Proof The case d = 3 is proved in [3, Proof of Theorem 1.2]. For d > 4, tight-
neighborliness implies local stackedness, that is, every vertex link is a stacked sphere,
as in [9]. Moreover, stacked spheres are characterized by Bagchi and Datta [1] such

that every stacked (d —1)—sphere is of the form dA? #---#3A?. Then we obtain the
result for d > 4. O

Generalizing neighborliness, we say that a simplicial complex is k—neighborly if every
k + 1 vertices form a simplex. So 1-neighborliness is precisely neighborliness.

Lemma 4.2 Foreachv € [m] and 1 <k < ny, My, kyuy is (d —1)-neighborly.

Proof By Lemma 4.1, Ikas (v)y(y k) is dA? with some (d—1)—-simplices removed,
implying it is (d —2)-neighborly. So if / is a subset of V' (v, k) with || =d — 1, then
I'Uv is a simplex of M. It remains to show My, k) is (d —1)-neighborly. Let J be any
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subset of V (v, k) with |J| = d. Then dA(J) is a subcomplex of M. If My = dA(J),
then My, = dA(J) * v, which is contractible. So the inclusion My — My, is not
injective in homology with coefficients in F. By Theorem 2.3, M is F—tight, so we get
a contradiction. Thus J must be a simplex of M, completing the proof. O

We prove local properties of the complex F(M).

Proposition 4.3 (1) Foreachv € [m],
Ikpoary(v) =AWV (v, 1)) o0 dA(V(v,ny)).

(2) Foreachv € [m]and 1 <k <ny, V(v,k)Uv is a minimal nonface of F(M).

Proof (1) Let o be the (d—1)-simplex

OAWV (v, 1) #---#dA(V(v,k))) NIAV (v, k + 1)).
Then by Lemma 4.2, dA(o U v) is a subcomplex of M, implying o Ll v is a simplex
of F(M). Then by induction, we get IA(V(v,1))o---0dA(V(v,ny)) CIkpar)(v).
The reverse inclusion is obvious by the construction of F (M), completing the proof.

(2) By Lemma 4.2, V(v,k) is a simplex of F(M), so every proper subset / of
V(v,k)Uv is a simplex of F(M). By (1), V(v,k) U v is not a simplex of F(M). O

We compute the homology of F(M). Let
SM)={V(w,k)Uv|ve[m]and 1 <k <ny}.

Then S(M) is the set of all subsets / C [m] such that [/| = d + 2 and Ikpy, (v) is
(d —2)-neighborly for some v € I.

Lemma 4.4 FiMy= | aA).
IeS(M)

Proof Let K = UIeS(M) dA(I). By Proposition 4.3, K C F(M). For any k—simplex
oof F(M) with0 <k <d—1and v € 0, 0 — v is a simplex of 1kps (v) because
o is a simplex of M too. Then 0 —v C V(v,!) for some 1 <[ < n,, implying o
is a simplex of K. Thus the (d—1)-skeleton of F(M) is included in K. Take any
d—simplex o of F(M). Then o is either a simplex or a minimal nonface of M. In
both cases, dA(o — v) is a subcomplex of 1kps (v) for v € 0. Then 0 —v C V(v,!) for
some 1 </ <ny, implying o is a simplex of K. Thus F(M) C K. a

By Lemma 4.4, there is an inclusion g7: 0A(/) — F(M) foreach I € S(M). Let
uy € Hy(F(M); Z) be the Hurewicz image of g;.
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Proposition 4.5 The integral homology of F (M), except for dimension 1, is given by

Z{uy |1 e S(M)) ifx=d,

Ho(F(M);Z) = 0 if % #1,d.

Proof Since F(M) is obtained from M by attaching d—simplices, we only need to
calculate H;_; and H; by Theorem 2.3. By Proposition 4.3, each component of
Ikps, (v) is (d —2)—connected, where lkps, (v) = lIkps(v)7—y. Then there is an exact
sequence
(1) 0= Hy(F(M)1-y3Z) = Ha(F(M)1; Z) > Ha—1 (K, (v): Z)

— Hg (F(M)1—v:Z) > Hqg—1(F(M)1;Z) — 0.
By Proposition 4.3, there is an inclusion dA(V (v, k)) — Ik p(ar), (v) for V(v,k)uv C 1,
and we write the Hurewicz image of this inclusion by 4y y k). Then we have

Hy_1(kpry, (V) Z) = Z{uy i) | V(v,k)Uv C T)

such that d(uy(y k)uv) = Uy (v.k)- Hence the map 0 in (1) is surjective, so we get an
isomorphism
Hy (F(M)[—v:Z) = Hg—(F(M)r; Z).

Thus we obtain Hy_1(F(M)r;Z) = 0 for any I C [m] by induction on |/ |, where
Hy 1(F(M)r;Z) =0 for |I]| = 1. We also get a split exact sequence

0— Ha(F(M)7—y:Z) > Ha(F(M)1:Z) 2> Ha—y (kg oy, (v): Z) = 0.
Then by induction on ||, we also obtain

Hy(F(M)1:Z) = Z{uywx | V(v.k)uv C1). O

By Theorem 2.3, w1 (|M|) is a free group. Since |F(M)| is obtained by attaching
d—cells to |M |, the inclusion |M | — | F (M)] is an isomorphism in 71, so 71 (| F(M)|)
is a free group too. Then there is a map f: B — |F(M)| which is an isomorphism
in 1, where B is a wedge of circles. Let F (M) be the cofiber of f. Since there is an
exact sequence

v Hu(B; 2) L5 Ho(F(M); 2) > Ho(F(M);Z) — -+

the natural map H«(F(M);7Z) — H (ﬁ(M); 7)) is an isomorphism for x # 1. Let
&1 be the composite [dA(1)| 25 |F(M)| — F(M) for I € S(M), and let i be the
Hurewicz image of g7. By Proposition 4.5, we get:
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Corollary 4.6 The reduced homology of F (M) is given by
Zuy |1 € S(M)) if x=d,

ﬁ*(ﬁ(M);Z)={O if x#£d.

Since F (M) is path-connected, there is a map
g \/ 10A()|— F(M)
IeS(M)
such that g||5a(r)| = &1 for each I € S(M). Then by Corollary 4.6 and the Whitehead
theorem, we obtain the following.

Corollary 4.7 The map g: \/esary [0A()| — F(M ) is a homotopy equivalence.

5 Polyhedral product

Throughout this section, let K be a simplicial complex with vertex set [m]. Let
(X, A4) ={(Xi, A;)}7L, be a collection of pairs of pointed spaces indexed by vertices
of K. For I C [m], let

X A =Y1% X Y
where Y; = X; fori € I and Y; = A; fori ¢ I. The polyhedral product of (X, A) over
K is defined by

Zg(X, A) = | (x.4)°.
ogekK

For @ # I C [m], let (X1, Ar) = {(X;, Aj)}ie1. Then we can define Zg, (X7, Ay).
The following lemma is immediate from the definition of a polyhedral product.

Lemma 5.1 Foreach @ # I C[m], Zk,(X1,Ar) is aretract of Zg (X, A).

For a collection of pointed spaces X = {X;}" ., let (CX,X) ={(CX;, X;)}_.. For

i=1 i=1"

0 <i <m, we define a subspace of Zg(C X, X) by
Zg(CX.X)
={(x1,...,Xm) € Zg(CX, X) | at least m —i of x1, ..., X, are basepoints}.

Using the basepoint of each X;, weregard Zg,(C X, X 1) asasubspace of Zg (CX, X)
so that we can alternatively write

) zycx.x)= |J Zx (CX1.XD.
I1C[m],|I|=i
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There is a filtration
*=Zp(CX.X)CZg(CX, X)C---CZR(CX.X)=Zg(CX.X),
which we call the fat-wedge filtration of Zg(C X, X). By [17, Theorem 4.1],

Zp(CX. X))/ 2 (CXx. X)= \/ |ZKi|AXT,
IC[m], |1 |=i
where X! = /\;er Xi. Moreover, it is shown in [17, Corollary 4.2] that the fat-wedge
filtration of Zg(C X, X) splits after a suspension, and the decomposition of Bahri,
Bendersky, Cohen and Gitler [5, Theorem 2.2.1] is reproduced as:

Theorem 5.2 (BBCG decomposition) There is a homotopy equivalence

SZg(CX.X)~3% \/ [ZKAX".
@#1C[m]

In particular, if the BBCG decomposition desuspends, then Zg (C X, X) itself desus-
pends. Moreover, if each X; is a connected CW complex, then the BBCG decomposition
desuspends whenever Zg (C X, X) desuspends [17]. Then we aim to desuspend the
BBCG decomposition. Desuspension of the BBCG decomposition was studied for
specific Golod complexes such as shifted complexes [11; 12; 14] by ad hoc methods,
and desuspension for much broader classes of simplicial complexes, including the
previous specific simplicial complexes, was proved by using the fat-wedge filtration
technique [17].

The moment—angle complex Zg introduced in Section 1 is the polyhedral product

Zg(D?,S1). The real moment—angle complex RZ is defined to be the polyhedral
product Zg (D!, S?), and we denote its fat-wedge filtration by

*x=RZYy CRZyx C---CRZE =RZg

where we choose the basepoint of S® = {—1, +1} to be —1. The fat-wedge filtration
of RZk is proved to be a cone decomposition [17, Theorem 3.1]. For @ # I C [m],
let jg,: RZIIQ_I — RZ‘K“_I denote the inclusion.

Theorem 5.3 [17, Theorem 3.1] For each @ # I C [m], there is a map

YK |K]| — RZ'IQ_l
such that
RZg =RZg' |J CIKil,
I1cC[m], |I|=i
where the attaching maps are jk, o ¢k, .
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We say that the fat-wedge filtration of RZ is trivial if g, is nullhomotopic for each

@ # I C [m]. We remark that ¢k, is nullhomotopic if and only if jg, ok, is, because

RZ'IQ_I is a retract of RZ'IQ_I. The fat-wedge filtration is useful for desuspending

the BBCG decomposition because we have the following criterion.

Theorem 5.4 [17, Theorem 1.2] If the fat-wedge filtration of R Z g is trivial, then
for any X, there is a homotopy equivalence

Zg(CX.X)= \/ [SK/|nXT.
@#1C[m)

For @ # I C [m], define a map oy :RZ'IQ_1 —>RZ?‘1 byar(xiliel)=1,-..,Ym)
such that
X ifiel,
Vi _§+1 ifi ¢l
for (x;liel)e RZ%}I_I. Note that ¢y is not the natural inclusion because the basepoint
of $% = {—1, 41} is taken to be —1 as mentioned above. For @ # J C I C [m] and
|J| <i <|I],let & denote the composite of projections

RZ, —RZk, - RZk,/RZ{ ™ = |SK,|.
By the construction of pg, we have:
Lemma 5.5 For @ # J I C [m], there is a commutative diagram

% —
K| —L RZRT — 7 |SKy|

l lal llEjl
K| —25 RZEY 2 |SK ju(ml-)|
where j: Kj — K jym]-r1) 18 the inclusion.

The following two lemmas, proved in [17, Proof of Theorem 7.2] and [17, Lemma 10.1]
respectively, are quite useful in detecting the triviality of ¢g.

Lemma 5.6 Let K be a simplicial complex obtained by filling all minimal nonfaces
into K. Then @k factors through the inclusion |K| — | K|.

Lemma 5.7 If gx, ~ * for each @ # I < [m], then the composite
|K| 25 RZE S RZg, Z5 | 2K/

is nullhomotopic for each @ # J < [m].
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Finally, we estimate the connectivity of RZg.
Lemma 5.8 If K is k—neighborly, then RZ g is k—connected.

Proof The proof can be done by the same calculation as [17, Proposition 5.3]. Here,
we give an alternative proof. By definition, 7« (RZg) is isomorphic to 7« (RZ, ) for
* < k, where K} denotes the k—skeleton of K. Since K is k—neighborly, K = A;c"_l.
Since A;{"_l is shifted, it follows from [14] that there is a homotopy equivalence
RZ pp-1 = \/ =@l
@#1C[m]

Since each |E(A$_1) 1| is k—connected, the proof is done. O

6 Proof of Theorem 1.5

Throughout this section, let M be a tight-neighborly triangulation of a closed connected
[F—orientable d-manifold with vertex set [m], unless otherwise is specified. We aim to
prove that the fat-wedge filtration of R Z,y is trivial. First, we compute the fundamental
group of |F(M)y| for @ # I C [m].

Lemma 6.1 Foreach @ # I C [m], m1(|F(M)y]) is a free group.

Proof Since the fundamental group of a suspension is a free group, we prove |F (M) |
is a suspension by induction on /. For |/| =1, |F(M)y| is obviously a suspension.
Suppose that | F(M)j;—y| is a suspension for v € I. Note that

(3) F(M); = F(M)1—y U (kp@r), (v) *v)
where F(M )7 —yN(Ik g ar), (v)*v) =1k g (ar), (v). Since Ik g ar), (v) =1k par) (V)1 —vs
it follows from Proposition 4.3 that there are inclusions

kr oy, () = (AV(v. D) o0 AV (v, 7)1 —v = F(M)[—.

Since M is neighborly by Theorem 2.3, so is Mj_,, implying F (M )j_, is connected.
On the other hand, each component of (A(V(v,1))o---0 A(V(v,ny)))r—y is con-
tractible. Then the inclusion [(A(V(v,1))o---0 A(V(v,ny)))i—v| — |F(M)[—y] is
nullhomotopic, and so the inclusion | Ik (ary, (v)| — | F(M )1 —y| is nullhomotopic too.
Thus by (3), we get a homotopy equivalence

|F(M)p| > [F(M)1—|V |Z1kp ), (v)].

Since | F(M)j—,| is a suspension by the induction hypothesis, | F(M )| turns out to
be a suspension, completing the proof. O
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Let @ # I C [m]. By Lemma 5.6, the map ¢js, decomposes as

@) My — [F(M);| - RZy,! ™"

By Lemma 6.1, there is a map f7: By — |F(M)|, where By is a wedge of circles,
such that f7 is an isomorphism in ;. Let F (M) denote the cofiber of f7, where
F (M )] coincides with F (M) in Section 4. On the other hand, since M is neighborly
by Lemma 2.1, so is My for any @ # J C [m]. Then by (2) and Lemma 5.8, we can
see that RZJ\{I‘]_I is simply connected. In particular, there is a commutative diagram

|F(M)[| —— F(M);

® |

|7]-1 [7]-1
RZ M, — RZ M,
Then by combining (4) and (5), we get:

Lemma 6.2 For each @ # I C [m], the map ¢p, factors through the inclusion
M| — F(M);.

Proposition 6.3 For each @ # I < [m], the map ¢y, is nullhomotopic.

Proof As is computed in the proof of Proposition 4.5, ﬁ*(F (M)r:7Z) = 0 unless
x = 1,d. Thus as well as ﬁ(M), we can see that ﬁ(M)I is (d—1)—connected. Since
1 # [m], |Mf| is homotopy equivalent to a CW complex of dimension < d — 1. Then
we obtain that the inclusion |Mj| — F (M) is nullhomotopic. Thus by Lemma 6.2,
the proof is complete. |

It remains to show that @p is nullhomotopic. By Lemma 5.5, there is a commutative
diagram
Viesan IMr| ————— M|

\/leS(M)‘PMIJ/ oM

\/leS(M)al
d+1 _
Viesany RZy ! ———RZy™!

Then since F(M); = dA(I) for I € S(M) by Proposition 4.3, we get a commutative
diagram

Viesan 81
Viesan 10A)| ———— [F(M)

| |

Viesan e
d+1 —
Viesany RZy ! ———— RZy™!
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Juxtaposing the commutative diagrams (5) and (6), we get a commutative diagram

V resan 10AI)| ———— F(M)

l Viesmn) ®r l
d+1 _
ViesanRZy, RZy

and by Corollary 4.7 and Lemma 6.2, we obtain:

Lemma 6.4 The map ¢pr: |M|— RZ 5‘"4_1 is homotopic to the composite

A~ —1
M| FM) £S5 \/ A — \/ RzgH esend, gzmo,
IeS(M) IeS(M)

We will investigate the composition of maps in Lemma 6.4 by identifying a homotopy

set with a homology.

Lemma 6.5 Let W be a finite wedge of S¢. Then there is an isomorphism of sets
(M|, W)= H)(M;Z) ® Ha(W: Z)

which is natural with respect to maps among finite wedges of S d,
Proof Since dim M = d, the statement follows from the Hopf degree theorem. O

Lemma 6.6 Foreachv € I € S(M), the natural map
HY(M:2) ® Hy—y(Mr—: 2) — HY (M:2) ® Hg—1 (M} Z)
is injective.
Proof By Lemma 4.2, |M_,| is contractible or S¢~1. In particular, Hy_, (M[—y; Z)
is a free abelian group, and so there is a natural isomorphism
(7 Hy \(Mp—y;F) = Hyg 1(Mj—y;Z) ®F.

By definition, | M[;;]_y| is |M | removed the open star of v, which is homotopy equiva-
lent to |[M | —v by [25, Lemma 70.1]. Then by Theorem 2.3, | M[;,;j—,| is homotopy
equivalent to a wedge of finitely many, possibly zero, copies of S! and S 4=1 Then
Hy(My)—y: Z) is a free abelian group, and so there is a natural isomorphism

(8) Hd—l(M[m]—v;F) = Hd—l(M[m]—v;Z)®F~
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Since M is F—tight by Theorem 2.3, the natural map
Hy 1(Mp—y;F) = Hg—1 (M) -3 F)
is injective. Then by (7) and (8), the natural map
Hy 1(Mi—;Z) ® F — Hg—1(Mp)—: Z) @ F

is injective too. Since both Hy_1(Mj_y;Z) and Hg_1(M[y)—y; Z) are free abelian
groups, the case that M is orientable is proved because H4(M:;Z) =~ Z. If M is
nonorientable, then H% (M ; Z) = IF, and the base field I is of characteristic 2, where
5 is the field of two elements. Thus the case that M is not orientable is proved too. O

Proposition 6.7 The map gpr: |M| — RZ%! is nullhomotopic.

Proof Note thatm >d +2. Let @ # J C I € S(M). By Lemma 4.2, [My| is
contractible for |J| < d, and [M| is contractible or S¢~! for |J| = d + 1. Then by
Proposition 6.3, there is a homotopy equivalence

) RZE > \/ |ZM; |,
vel
where | S Mj_,| is contractible or S as mentioned above. Let
A=\ VIEMi| and B= \/ \/IEMpl.
IeS(M) vel I1eS(M) vel

where A ~ \/leS(M) RZ]‘{,IJ;I by (9). Let f:|M| — A denote the composition of
the first three maps in Lemma 6.4. Then it suffices to show f is nullhomotopic. By
Lemma 6.5, f is identified with some element ¢ of H; (M :;7)® H;(A;7Z), so f is
nullhomotopic if and only if ¢ = 0.

As in the proof of Lemma 6.6, | X M{,,,1_, | is a wedge of finitely many copies of § 2 and
S for each vertex v of M. Let C, denote the S?—wedge part of | X M)y |. Then
there is a projection g, : B — C,. By Lemmas 5.5, 5.7 and 6.4, the composite

(10) M| L5 A [ZMp—y| > [S M|

is nullhomotopic for each v € I € S(M). Then by Lemma 6.5, ¢ is mapped to O by
1® (quoj)e: HY(M:Z) ® Hy(A:Z) — HY (M:Z) ® Hg(Cy: Z)

foreachv e I € S(M), where j: A — B denotes the inclusion. Since the map

P @« HiB:Z)~ P Hi(Cy:Z)

veleS(M) veleS(M)
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is an isomorphism, we get (1 ® j«)(¢) = 0. Thus we obtain ¢ = 0 by Lemma 6.6,
completing the proof. O

Now we are ready to prove Theorem 1.5.

Proof of Theorem 1.5 The implications (1) => (2) <= (3) are proved by Theorems 2.3
and 3.4. The implication (3) = (4) is proved by Propositions 6.3 and 6.7. If (4) holds,
then by Theorem 5.4, Zjy is a suspension. So by the fact that K is F—Golod whenever
Zk is a suspension, as mentioned in Section 1, we obtain the implication (4) => (1),
completing the proof. O

7 A further problem

So far, we have been studying a relationship between Golodness and tightness through
tight-neighborliness which perfectly works in dimension 3. However, in dimensions > 4,
tight-neighborliness does not work well because it is not equivalent to tightness as
mentioned in Section 1. So we pose:

Problem 7.1 What condition on closed connected d—manifold triangulations with
d > 4 guarantees F—Golodness and [F—tightness being equivalent?

One approach is to put a topological condition on manifolds. For example, the condition
on the Betti number is stated in Section 1. We also have the following theorem, in
which manifold triangulations are not tight-neighborly.

Theorem 7.2 Let M be a triangulation of a closed (d —1)—connected 2d —manifold
for d > 2. Then the following are equivalent:

(1) M is F-Golod for any field .

(2) M is F—tight for any field .

(3) M is d—neighborly.

(4) the fat-wedge filtration of RZ s is trivial.

Proof The implication (1) = (2) holds by Theorem 3.4 because M is orientable.
Suppose M has a minimal nonface I with |/| <d 4+ 1. Then M; = dA(]), implying
H\j|—2(Mp;F) # 0. Since M is F—tight, the natural map

Hijj2(My;F) - Hjj|—»(M;F)
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is injective, and since M is (d—1)—connected, H4(M:;F) = 0 for < d. Then we get
a contradiction, so we obtain the implication (2) = (3). The implication (3) = (4)
follows from [17, Theorem 1.6]. The implication (4) => (1) holds by the fact that K
is F—Golod over any field F whenever Zk is a suspension, as mentioned in Section 1.
Therefore, the proof is complete. |

In closing the paper, we consider a relation between weak IF—Golodness and [F—tightness.
As proved in Theorem 3.4, weak F—Golodness implies F—tightness for a closed con-
nected [F—orientable manifold triangulations. So one might ask whether or not this
implication holds for simplicial complexes which are not manifolds. The answer is
no. For example, if K is the join of a vertex and the boundary of a simplex, then it
is F—Golod for any field [F as the fat-wedge filtration of RZg is trivial but it is not
F—tight as in the proof of Lemma 4.2. However, the opposite implication always holds
as follows, which shows that Theorem 3.4 is thought of as a “wrong way” implication.

Proposition 7.3 Let K be a simplicial complex with vertex set [m]. If K is F—tight,
then it is weakly F —Golod.
Proof Take any disjoint subsets & # I, J C [m]. Then there is a map

tr,7: Kjug - Krx Ky

as in Section 3. By Lemma 3.2, K is weakly F-Golod if and only if the map ¢y is
trivial in homology with coefficients in IF. Now we suppose K is F—tight. Then Ky,
is F—tight too, and so we only need to consider the case I LI J = [m]. By the Kiinneth
theorem, the map

(1 % j1)w: Hu(Kp %Ki F) > Ho(K % K:F)

is injective, where j;: Ky — K denotes the inclusion. Then it suffices to show the
composite (j * jy) oty s is nullhomotopic.

Now we may assume |K| C R™ by identifying a simplex {iy,...,i¢} € K with
{thej, +-+txej, |1 +--F+tx=1,11,...,1 =0},

where ey, ..., e, is the standard basis of R”. We may assume |K * K| C R?” in the
same way. Consider a homotopy /% : R?™ x [0, 1] — R?™ defined by

RL(X1, oo Xy Y1y V)
=1, (=X +tyis e X Y1, -0 (=D yis ooy Ym)
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for (X1,...,Xm, Y1...., Ym) € R?™ Then h’; restricts to a homotopy

Ri:|K % K| x[0,1] = |K * K|

such that fori € I,

(r*jr)ou,ys =hho(r*jr)ou,s~hio(jr*jr) oty = (jr—i*jrui)ot—ijui-

Thus for v € [m], (j; * js)otr,g = (o * Jim]—v) © Ly, [m]—v- Since [V * K[p)—y| is

contractible, we get (j * jy) oty g =~ *, completing the proof. O
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A remark on the finiteness of purely cosmetic surgeries

TETSUYA ITO

By estimating the knot Floer thickness in terms of the genus and the braid index,
we show that a knot K in S does not admit purely cosmetic surgery whenever
g(K) > 2b(K), where g(K) and b(K) denote the genus and the braid index,
respectively. In particular, this establishes the finiteness of purely cosmetic surgeries;
for a fixed b, all but finitely many knots with braid index b satisfies the cosmetic
surgery conjecture.

57K10; 57K30

For a knot K in the 3—sphere S> and r € Q, let S 13( (r) be the r—surgery on K. Two
Dehn surgeries SI3( (r) and S 13( (") on the same knot K are purely cosmetic if r # r’
but 513( rH=Ss 13( (r"). Here we write M = N if M and N are orientation-preservingly
homeomorphic.

Conjecture 1 (cosmetic surgery conjecture) A nontrivial knot does not admit purely
cosmetic surgeries.

One must be careful to take account of orientations; there are several examples of
chirally cosmetic surgery, a pair of Dehn surgeries on the same knot, that yields
orientation-reversingly homeomorphic 3—manifolds. For example, for the trefoil knot K,
S 13( 9) =-S 13( (%); see Mathieu [7]. Here —M is the 3—-manifold M with opposite
orientation.

For a knot K in S3, let g(K) be the genus and b(K) be the braid index of K. The aim
of this note is to point out the following finiteness result on purely cosmetic surgeries,
which gives strong supporting evidence for Conjecture 1:

Theorem 1 If g(K) > %b(K), then K does not admit a purely cosmetic surgery. In
particular, for given b > 0, there are only finitely many knots with braid index b that
admit purely cosmetic surgeries.

© 2023 MSP (Mathematical Sciences Publishers). Distributed under the Creative Commons Attribution
License 4.0 (CC BY). Open Access made possible by subscribing institutions via Subscribe to Open.
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Here, the latter finiteness assertion follows from Birman and Menasco’s finiteness
theorem [2]: for given g, b > 0 there are only finitely many knots with genus g and
braid index b.

Our proof of Theorem 1 is based on a quantitative refinement of Birman and Menasco’s
finiteness theorem [5] and the following quite strong constraint for purely cosmetic
surgeries:

Theorem 2 (Hanselman [4]) Let K be a nontrivial knot and th(K) be the Heegaard
Floer thickness of K. If S3(r) = S (r') for r # r’, then either

e {r,r'y=1{2,-2}and g(K) =2, or

o {rr'y={1/q,—1/q} forsome 0 < ¢ < (th(K) + 2¢(K))/2g(K)(g(K) - 1).
Here, th(K) is the thickness of the knot Floer homology.

Thus, if g(K) # 2 and th(K) is small compared with g(K), then K does not admit
purely cosmetic surgery. This motivates us to study a relation between g(K) and th(K),
in particular the (upper) bound of th(K)/g(K). Here, we give an upper bound of the
thickness th(K) in terms of g(K) and b(K).

Although our argument applies in the cases b(K) = 2, 3, we restrict our attention to
the case b(K) > 4.

Lemma 3 If b(K) > 4,
th(K) < 1(2b(K) — 5)(2g(K) — 1 + b(K)).
Proof For a knot diagram D, the Turaev genus g7 (D) is defined by

gr(D) = 1(c(D) +2—|s4| — |sBl).

where ¢(D) is the crossing number of D and |s4| and |sg| are the number of circles
obtained by A— and B—smoothing, respectively, of crossings of D given by

D(AX X

The Turaev genus g7 (K) of a knot K is the minimum of g7 (D) among diagrams D
of K. In [6], Lowrance showed the inequality

th(K) < g7(K).

For any diagram D, |s4], |sg| = 1, so g7 (D) < %C(D). Hence, we have a canonical
upper bound of the Turaev genus,

(1) gr(K) < Je(K).

Algebraic € Geometric Topology, Volume 23 (2023)
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Finally, by the quantitative Birman—Menasco finiteness theorem! [5], if b(K) > 4, we
get
c¢(K) < (2b(K)—5)(2g(K)— 1+ b(K)).

These three inequalities prove the desired inequality. O

Proof of Theorem 1 In the following we assume that (K) > 4 since Varvarezos [8]
proved the cosmetic surgery conjecture for the case b(K) = 3. Also, we assume that

g(K) #2.
Assume to the contrary that K admits a purely cosmetic surgery. By Theorem 2, such
a knot must satisfy
th(K) 4+ 2g(K)
T 28(K)(g(K)=1)

so, by Lemma 3, we conclude that, when a knot K admits a purely cosmetic surgery, it

> 2g(K)(g(K)—2) < th(K),

satisfies
2¢(K)(g(K)—2) < 2(2b(K) —5)(2g(K) — 1 + b(K)).

That is, we get a constraint for a knot K to admit a purely cosmetic surgery:
(2) 4g(K)* + (2—4b(K))g(K) + (2b(K) — 5)(1 —b(K)) < 0.
Now the assertion of the theorem follows from an easy computation that, if g(K) >

%b(K), then (2) is never satisfied. O

As the proof indicates, our sufficient condition g(K) > %b(K ) can be improved if one
can improve on the estimate of th(K) in Lemma 3.

Remark 4 Instead of using an obvious bound (1) of the Turaev genus, by using a
different upper bound [3, Corollary 7.3]

gr(K) = ¢(K) —span Vi (1),

where Vi (¢) denotes the Jones polynomial, we get a different constraint: if K admits
a purely cosmetic surgery, then

(3) 2g(K)?+(6—4b(K))g(K)+ 2b(K) —5)(1 —b(K)) + span Vg (t) < 0.

"When b(K) = 2, 3, a similar inequality holds but the coefficient 2b(K) — 5 is 1 or %, respectively.
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Here, we give a mild improvement of Lemma 3. For a diagram D of a knot K, the
dealternation number dalt(D) of D is the minimum number of crossing change needed
to make D into an alternating diagram. The dealternation number of a knot K is the
minimum of dalt(D) among diagrams D of K. It is known that g7 (K) < dalt(K) [1],
so evaluating the dealternation number also gives an upper bound on the thickness.

We prove the following estimate of the dealternation number (and hence the Turaev
genus and the thickness) in terms of the genus and braid index, which is interesting in
its own right:

Theorem 5 If b(K) > 4, then

th(K) < g7 (K) < dalt(K) < (b(K) —34 ﬁ) 2g(K) — 1 + b(K)).

Proof Let n = h(K) and let B, be the braid group of n strands. We denote the
standard generators of B, by o1,...,0,—1. We say that a braid is alternating if it

1

is a product of {0'1,0'2_1 03,0, 5...,02i—1, 02_1.1, ...}. Obviously, the closure of an

alternating braid is an alternating diagram.
For 1 <i < j <n, let a; ; be the band generator given by
-1
ai,j = (0i0j41--0j-2)0j-1(0i0i41---0j-2) .

A band generator a; ; can be seen as the boundary of a twisted band connecting the
i™ and j" strands of the braid. Thus, when K is represented as the closure of a braid
B € By, by giving B as a product of band generators, we get a Seifert surface Fg of K,
called the Bennequin surface associated to the braid (word) f.

First we treat the case that K bounds a minimum genus Bennequin surface of minimum
braid index. That is, K is represented by a closed n—braid 8 such that its Bennequin
surface Fg is a minimum genus Seifert surface of K.

Thanks to the relation

+1 -1 _ _—1_=+1 _.
O'j_lo'j Uj—l —Uj Uj—lo—]’
;I:l

by taking suitable word representatives of the a;-;, each band generator a; j except ay

L,j’
can be made so that it is alternating by changing at most n —3 crossings. The exceptional
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case af}l can be made so that it is alternating by changing n — 2 crossings. Thus,

dalt(K) < Z (n=3)rij+m—=2)r1, = Z (n—=73)rij + 711,
1<i<j=<n 1<i<j=<n

@)#(,n)
where r; ; is the number of al?”:jl in the braid 8.

On the other hand, since we assume that the Bennequin surface Fjg associated with the
n-braid B has genus g(K),
Z ri,j =2g(K)—1+n.
1<i<j=<n
Let§ =010203 ---0,—1. Since da;, j 5= ajy1,j+1 (here we regard indices modulo 7;
for example, 8a1,n8_1 = ay p+1 is understood as a; 7), by taking conjugates of § if
necessary, we may assume that

1 1
Fign < Z(h,z +ro3+r3at a1+ rie) < E(zg(K)— 1 +n).

Thus, we conclude
dalt(K)< > (n=3rij+ria< (n 34 %)(Zg(K) —1+n),
1<i<j<n
as desired.

Next, we assume that K does not bound a minimum genus Bennequin surface of the
minimum braid index. To treat this case we quickly review a main strategy of the proof
of the quantitative Birman—Menasco theorem [5], namely how to relate the genus, braid
index and crossing number (although we do not need to use or know the details).

We put a minimum genus Seifert surface F' of K so that it admits a braid foliation. Let
Rgq and R, be the number of aa tiles and ab tiles of the braid foliation. What we
showed in [5] is two inequalities:

4 c(K) < (2n—=5Raa+ (1n—3)Ry
and
(5) 2Raa + Rap =2(2g(K) — 1 + b(K)).

More precisely, the inequality (4) is obtained by observing that the braid foliation gives
rise to an explicit closed n—braid representative § such that one aa tile provides a braid
which is a band generator,

air}, (i, ))#(1n),
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and that one ab tile provides a braid of the form
yl-fcjl, li—j|<n-3.
Here, y;,; denotes the braid

0iCi41-++0j—1 ifi <],
Vij = e
/ 0i0j—1-++0j—1 ifi>j.

(when i = j, we regard y;,; as the trivial braid).

If n is odd, then each braid y; ; can be made into an alternating braid by at most
%(n —3) crossing changes. Each band generator a; j coming from an aa tile can be
made into an alternating braid by at most n — 3 changes since a; , does not appear.
Therefore,
dalt(K) < (n —3)Raa + %(l’l —3)Rap = %(n —3)(2Raa + Rap)
<(n—-3)2g(K)—1+n).
If n is even, let M be the number of the y; ; produced by ab tiles such that y; ; is
made into an alternating braid by %(n — 2) crossing changes. By taking the mirror
image of B if necessary, we may assume that M < %Rab' Since other braids y;,; from
ab tiles can be made into an alternating braid by at most %(n —4) crossing changes,
dalt(K) < (1 —3)Raq + 3(n—4)(Rgp — M) + L(n —2)M
=(m—3)Raa + %(n —3)Rgp = %(n —3)(2Raa + Rap)
<(n-3)2g(K)—1+n). ad

Using this refinement we can improve a sufficient condition in Theorem 1. For example,
for the case h(K) = 4, a direct computation shows that:

Corollary 6 A knot K with braid index 4 does not admit purely cosmetic surgery if
g(K) #2,3.
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Geodesic complexity of homogeneous Riemannian manifolds

STEPHAN MESCHER
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We study the geodesic motion planning problem for complete Riemannian manifolds
and investigate their geodesic complexity, an integer-valued isometry invariant intro-
duced by D Recio-Mitter. Using methods from Riemannian geometry, we establish
new lower and upper bounds on geodesic complexity and compute its value for certain
classes of examples with a focus on homogeneous Riemannian manifolds. To achieve
this, we study properties of stratifications of cut loci and use results on their structures
for certain homogeneous manifolds obtained by T Sakai and others.
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1 Introduction

A topological abstraction of the motion planning problem in robotics was introduced
by M Farber [12]. The fopological complexity of a path-connected space X is denoted
by TC(X) and intuitively given by the minimal number of open sets needed to cover
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2222 Stephan Mescher and Maximilian Stegemeyer

X x X such that, on each of the open sets, there exists a continuous motion planner.
Here, a continuous motion planner is a map associating with each pair of points a
continuous path from the first point to the second point which varies continuously with
the endpoints. Such maps are interpreted as algorithms telling an autonomous robot in
the workspace X how it is supposed to move from its position to a desired endpoint.
Unfortunately, the topological complexity of a space does not tell us anything about the
feasibility or efficiency of the paths taken by motion planners having TC(X) domains
of continuity; see the discussion of Z Btaszczyk and J Carrasquel-Vera [3, Introduction].
For example, the explicitly constructed motion planners for configuration spaces of
Euclidean spaces by H Mas-Ku and E Torres-Giese [29] and Farber [16, Section 8]
require few domains of continuity, but have paths among their values which are far
from being length-minimizing. Considering a general metric space, paths taken by
the motion planners might become arbitrarily long and thus be unsuited for practical
motion planning problems.

Recently, D Recio-Mitter [34] has introduced the notion of geodesic complexity of metric
spaces. There, the paths taken by motion planners are additionally required to be length-
minimizing between their endpoints. Intuitively, this is seen as the complexity of efficient
motion planning in metric spaces. Recio-Mitter’s seminal article has already triggered
research in geodesic complexity, especially computations of geodesic complexity for
interesting classes of examples; see Davis, Harrison and Recio-Mitter [8; 9; 10].

In this article we study the geodesic complexity of complete Riemannian manifolds
and derive new lower and upper bounds for their geodesic complexities by methods
from Riemannian geometry.

Before continuing, we recall the definition of geodesic complexity of geodesic spaces
from [34, Definition 1.7] for the special case of a complete Riemannian manifold. Let
(M, g) be a complete connected Riemannian manifold and let PM := C°([0, 1], M)
be equipped with the compact—open topology. We recall that a geodesic segment
y:[0,1] = M is called minimal if it minimizes the length compared to all rectifiable
paths from y(0) to y(1). For simplicity, we shall call a minimal geodesic segment
simply a minimal geodesic. Consider

GM :={y € PM | y is a minimal geodesic in (M, g)}
as a subspace of PM and let

7:GM - M xM, n(y)=(y0),y()).
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By standard results from Riemannian geometry, 7 is surjective since (M, g) is complete;
see Petersen [33, Corollary 5.8.5]. The geodesic complexity of (M, g) is given by
GC(M, g) = r, where r € N is the smallest integer with the following property:
there are r pairwise disjoint locally compact subsets Eq,..., E, C M x M with
U;=1 E; = M x M such that, for eachi € {1,2,...,r}, there exists a continuous geo-
desic motion planner s; : E; — GM, ie a continuous local section of the map . If there
is no such r, we let GC(M, g) = +o0. Since it is not at all evident how to compute this
number explicitly, one is interested in establishing lower and upper bounds for GC(M, g).
This approach is also common in studies of Lusternik—Schnirelmann category or, more
generally, sectional categories of fibrations. Given a fibration p: E — B, the sectional
category of p is given by secat(p) =k, where k € N is the minimal number with the fol-
lowing property: there exists an open cover of B consisting of k open subsets such that
p admits a continuous local section over each of these sets. This notion was introduced
under the name genus of a fibration by A Schwarz [39]. The topological complexity
of a topological space X is for example given as the sectional category of the fibration

PX - XxX, y+ (y(0),y()).

Schwarz worked out several ways of obtaining lower and upper bounds for sectional
categories which have direct consequences for topological complexity; see eg Farber
[14; 15, Chapter 4] for an overview.

However, the restriction w: GM — M x M of this fibration to minimal geodesics
is in general not a fibration. For example, if M = S” is an n—sphere with n € N,
equipped with a round metric, then 71 ({(p. g)}) consists of one element if ¢ # —p,
while it is homeomorphic to $”~1 if ¢ = —p. In particular, not all preimages are
homotopy-equivalent, so 7 is not a fibration in this case. Therefore, Schwarz’s results
are not applicable to the setting of geodesic complexity. Instead we will derive several
lower and upper bounds for the geodesic complexity of Riemannian manifolds using
methods from Riemannian geometry. By [34, Remark 1.9], every complete Riemannian
manifold satisfies TC(M) < GC(M, g). This formalizes the observation that requiring
the paths a robot takes to be as short as possible can increase the complexity of the
problem. For example, as shown in [34, Theorem 1.11], for each n > 3 there exists a
Riemannian metric g, on the sphere S” for which GC(S”, g,) —TC(S") >n—3.In
practical applications, a person designing robotic systems that are supposed to move
autonomously might not mind a higher complexity. In fact, such a person might accept
more instabilities in the motions of robots as a downside if the upside is that the robots
move fast and efficiently.
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An important observation is that the difficulties of geodesic motion planning lie in
the cut loci of (M, g), as was pointed out by Recio-Mitter [34, page 144] in the more
general framework of metric spaces. Let Cut, (M) denote the cut locus of p € M in
(M, g). We refer to Lee [27, page 308], Petersen [33, page 219] or Definition 2.5 below
for its definition. If A C M x M satisfies g ¢ Cut, (M) for each (p, q) € A, then there is
a unique minimal geodesic from p to ¢ for each (p, g¢) € A. The corresponding geodesic
motion planner A — GM is continuous; see also the observations of Blaszczyk and
Carrasquel-Vera [3]. Thus, to compute the geodesic complexity of a manifold, we need
to understand its cut loci. While the cut locus of a point in a Riemannian manifold is
always closed and of measure zero — see [27, Theorem 10.34(a)] — little else is known
about cut loci in general.

In [34, Corollary 3.14], Recio-Mitter establishes a lower bound on the geodesic com-
plexity of metric spaces given in terms of the structure of their cut loci. He considers
cut loci which possess stratifications admitting finite coverings. For this purpose, Recio-
Mitter introduces the notion of a levelwise stratified covering in [34, Definition 3.8].
He then defines a notion of inconsistency, which is roughly a condition on the relations
between the coverings of the different strata of cut loci by minimal geodesics. It
formalizes certain incompatibility properties of families of geodesics connecting a
point with points in its cut locus.

Focusing on complete Riemannian manifolds, we will use Riemannian exponential
maps to establish a similar inconsistency condition on cut loci, which is more concise
than the one from [34]. Given a complete Riemannian manifold M and a point p € M
for which Cut, (M) admits a stratification, we study the preimages of the different
strata of Cut, (M) under the Riemannian exponential map exp,: 7, M — M. Assume
that some x € M lies in the closure of multiple connected components of the same
stratum of Cut,(M). We then study the closures of the preimages of all of these
components under exp,, as subsets of 7, M. The inconsistency condition demands that
these closures have no point in common that is mapped to x by exp,. We will see that
this condition excludes the existence of an open neighborhood U of x with a single
continuous geodesic motion planner which connects p to all points of Cut, (M) that
lie in U.

Note that our definition is only applicable to Riemannian manifolds and not to arbitrary
geodesic spaces. One of its benefits in the Riemannian setting is the fact that we can
deduce an easier condition than the one introduced by Recio-Mitter. More precisely,
we do not require anymore that any point in a cut locus of another point is connected
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to that point by only finitely many minimal geodesics. Moreover, our inconsistency
condition is explicitly stated as an intersection condition on certain subsets of a tangent
cut locus, instead of using the notion of levelwise stratified coverings as in [34].

Our main result on inconsistent stratifications is the following theorem. This result is
similar to [34, Corollary 3.14] and our proof is inspired by Recio-Mitter’s proof as
well.

Theorem 4.8 Let (M, g) be a closed Riemannian manifold. Assume that there exists
a point p € M for which Cut, (M) admits an inconsistent stratification of depth N € N.
Then

GC(M)=>=N +1.

There is more to say about cut loci of homogeneous Riemannian manifolds, ie Rie-
mannian manifolds (M, g) whose isometry groups act transitively on M. An isometry
¢: M — M maps the cut locus of p € M onto that of ¢(p). Hence, the cut locus of a
point is identified with that of another point by an isometry. This translation property
of the cut loci allows us to estimate the geodesic complexity of M from above, once
we understand how we can decompose one single cut locus into domains of continuous
geodesic motion planners. The following result provides an upper bound for geodesic
complexity in terms of a sectional category and the subspace geodesic complexities
of considerably smaller subsets of M x M. Here, the subspace geodesic complexity
of A C M x M is defined in terms of covers of 4 by domains of continuous geodesic
motion planners.

Corollary 5.8 Let (M,g) be a homogeneous Riemannian manifold with isome-
try group Isom(M, g). Let p € M and assume that Cut,(M) has a stratification

(S1,...,Sk) ofdepth k. Then
k
GC(M) < t(evy: Isom(M, g) — M) - max GC,(Z;)+1,
(M) = secat(evy: Isom(M, g) - M) ;zienom,-) »(Zi)
where ev,(¢) = ¢(p) for all ¢ € Isom(M, g) and where GC,(Z;) is the subspace
geodesic complexity of {p} x Z; C M x M.

In the case of compact, simply connected, irreducible symmetric spaces, we are able to
further estimate this upper bound from above in terms of certain sectional categories.
This means that for such symmetric spaces we obtain an upper bound on GC(M ) which
does not involve any geodesic complexities.
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Note that this result produces the first upper bound for geodesic complexity in terms of
categorical invariants. Indeed, the only previously known upper bounds were derived by
Recio-Mitter [34] either from explicit constructions of geodesic motion planners or from
the existence of particularly simple coverings of cut loci. We pick up Recio-Mitter’s
so-called trivially covered stratifications in this article in the setting of Riemannian
manifolds as well.

In addition to establishing new lower and upper bounds for geodesic complexity,
we compute the geodesic complexities of some Riemannian manifolds whose cut
loci are well understood. We will show that every three-dimensional Berger sphere
(S3, go) satisfies GC(S3, gy) = 2 and that GC(Tz,gf) = 3 for every flat metric
gr on the two-dimensional torus. This extends the two-dimensional case of Recio-
Mitter’s computation of the geodesic complexity of the standard flat n—torus from [34,
Theorem 4.4].

The article is structured as follows: In Section 2 we introduce some additional termi-
nology and recall elementary facts about geodesic complexity and cut loci. Section 3
contains some basic nonexistence results on continuous geodesic motion planners.
These results illustrate the difficulties for motion planning that cut loci can create.
In Section 4 we establish lower bounds on geodesic complexity by two different
approaches. On the one hand, this is done in terms of principal bundles over the
manifold and the topological complexities of their total spaces. On the other hand, we
study manifolds with stratified cut loci whose stratifications satisfy the above-mentioned
inconsistency property. We focus on homogeneous Riemannian manifolds in Section 5.
More precisely, we show that their geodesic complexities can be estimated from above
in terms of the subspace complexities of a single cut locus. In Section 6 we consider
Riemannian manifolds whose cut loci admit trivially covered stratifications. For such
stratifications the relations between a cut locus and its corresponding tangent cut
locus are particularly simple. Section 7 deals with examples of geodesic complexities.
Combining results from the previous sections with new observations, we reobtain
Recio-Mitter’s computation of geodesic complexity of the standard flat n—torus and
determine the geodesic complexity of arbitrary flat 2—tori. As another class of examples,
we explicitly compute the geodesic complexity of three-dimensional Berger spheres.
In the final Section 8 we consider consequences of the previous results for compact
simply connected symmetric spaces. In both situations, the considered cut loci have
been studied by T Sakai. Using the estimates from Section 5, we derive an upper
bound for geodesic complexity that is given in terms of the Lie groups from which the
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symmetric space is built. We further make explicit computations for two examples of
symmetric spaces.

Acknowledgements
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Throughout this article we assume all manifolds to be smooth and connected and all
Riemannian metrics to be smooth.

2 Basic notions and definitions

We begin by introducing subspace versions of geodesic complexity for Riemannian
manifolds. Afterwards, we recall some basic computations from [34] and several facts
about cut loci in Riemannian manifolds.

Definition 2.1 Let (M, g) be a complete Riemannian manifold and 7: GM — M x M,
7(y)=(y(0), y(1)). Let GM be equipped with the subspace topology of C°([0, 1], M)
with the compact—open topology.

(a) Let X C M x M. A geodesic motion planner on X is a section s: X - GM
of .

(b) Given A C M x M we let GC(p7,¢)(A) be the minimum r € N for which there
are r pairwise disjoint locally compact subsets Eq,..., E, C M x M such
that 4 C Uf=1 E; and, for each i € {1,2,...,r}, there exists a continuous
geodesic motion planner s;: E; — GM. If no such r exists, then we put
GC(m,g)(A) := +o00. We call GC(py,4)(A) the subspace geodesic complexity
of A.

We recall that the map 7 is surjective for complete Riemannian manifolds. This is a
consequence of the Hopf—Rinow theorem; see [33, Corollary 5.8.5].

Remarks 2.2 (1) If it is obvious which Riemannian metric we are referring to, we
occasionally suppress it from the notation and write
GC(M):=GC(M,g) and GCp(A):=GCpr,g)(A).
Note that, in particular, GC(M) = GCpr (M x M).
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(2) Given p € M and B C M, we further put

GCp(B) 1= GC(ar.)({p} X B).

(3) Our definition differs from Recio-Mitter’s original definition by 1 in the sense
that for us GC({pt}) = 1, while it would be 0 in the sense of [34, Definition 1.7].

Examples 2.3 (1) As proven in [34, Proposition 4.1], if g, is a round metric on the
sphere S” with n € N, then
2 if nis odd,

GC(S™,g,) =TC(S™) = o
3 if n is even.

(2) Let gf be the standard flat metric on T2 and let Zemb denote the metric induced
by the standard embedding 72 < R and the Euclidean metric on R3. By [34,
Theorems 4.4 and 5.1],

GC(T?.gf) =3, GC(T?, gemb) = 4.

(3) It was further shown in [34, Theorem 1.11] that, for each k € N with k > 3,
there exists a Riemannian metric gz on S¥ with GC(S¥, gz) > k.

Remarks 2.4 Let (M, g) be a complete Riemannian manifold.

(1) Forall A C M x M, it holds that TCps(A) < GCpr(A), where TCps(A) is the
relative topological complexity of A in M x M ; see [15, Section 4.3]. Here, we
made use of the characterization of topological complexity by locally compact
subsets shown in [15, Proposition 4.9].

(2) Itis easy to see that
2-1) GCp(AUB) <GCpr(A)+GCpr(B) forall A, BC M x M.

This is shown in analogy with [15, Proposition 4.24].

As pointed out by Recio-Mitter, the crucial ingredients for the discussion of geodesic
complexity are the cut loci of points in the space under consideration. The notions of
cut loci in metric and in Riemannian geometry are slightly different from each other.
While Recio-Mitter used the former notion in his work — see [34, Definition 3.1] — we
will use the latter throughout this manuscript. We next recall the notion of cut loci from
Riemannian geometry. The relation between the two will be discussed in Remark 2.7(3)
below. See also [27, page 308] or [33, page 219] for the following definition:
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Definition 2.5 Let (M, g) be a complete Riemannian manifold and let p € M.
(a) Lety:[0,400) — M be a unit-speed geodesic with y(0) = p and y(0) € T, M.
The cut time of y is given by
teu(y) = sup{t > 0: y|[o,] is minimal}.
If tcu(y) is finite, then 7y (y)y(0) € T, M is a tangent cut point of p and
y(teut(v)) € M is a cut point of p along y. Note that
Y (teur(¥)) = expp (tewt(¥) 7 (0)).

(b) The set of all cut points of p is called the cut locus of p and denoted by Cut, (M).
The set of all tangent cut points of p is called the tangent cut locus of p and
denoted by Cut,(M).

(¢c) The total cut locus of M is given by

Cut(M) := |_J ({p} x Cut,(M)) C M x M.
PEM

Example 2.6 Letn € N and let g be a round metric on the sphere S”. Then, by [27,
Example 10.30(a)], Cut,(S") = {—p} for every p € S".

Further examples of cut loci will appear in the upcoming sections.

Remarks 2.7 Let (M, g) be a complete Riemannian manifold.

(1) In general, Cut, (M) does not need to be a submanifold of M. H Gluck and D
Singer [20, Theorem A] have shown that, if dim M > 2, then there exists a Rie-
mannian metric on M and a point p € M for which Cut, (M )is not triangulable.

(2) By [34, Theorem 3.3], there exists a continuous geodesic motion planner
(M xM)~Cut(M) - GM,

from which Recio-Mitter derived that GC(M) = 1 if Cut(M) = @. By [3,
Lemma 4.2], (M x M)~ Cut(M) is open and therefore locally compact. Using
(2-1), this shows that

GC(M, g) < GCpr(Cut(M)) + 1.

(3) Let p € M. By [2, page 133], the set of points ¢ € M such that there is more
than one minimal geodesic from p to g is a dense subset of Cut, (M ). This set
is also called the ordinary cut locus of p. In metric geometry — in particular in
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[34, Definition 3.1] — the ordinary cut locus of a point is called its cut locus.
The reader should thus keep in mind that the cut locus of a point, as considered
in [34], is not the cut locus of a point in the sense of this article, but a dense
subset of the cut locus.

3 Nonexistence results for geodesic motion planners

We begin our study by discussing two nonexistence results showing that certain subsets
of a Riemannian manifold never admit continuous geodesic motion planners. First, we
will study complete oriented Riemannian manifolds and see that the Euler class obstructs
the existence of some geodesic motion planners. Then we will show that a complete
Riemannian manifold (M, g) has the following property: if a subset A C M x M
contains an element of the total cut locus in its interior, then there will be no continuous
geodesic motion planner on A. Before doing so, we first want to establish a technical
proposition that we will make frequent use of throughout the article.

Definition 3.1 Let (M, g) be a complete Riemannian manifold. We call the map
v:GM —TM, v(y)=y(0),
the velocity map of GM .

Proposition 3.2 Let (M, g) be a complete Riemannian manifold. The velocity map
v:GM — TM is continuous.

Proof Let (y,)nen be a convergent sequence in GM and let y := lim, o0 ¥ € GM.
By our choice of topology on GM, this means that
(3-1) lim y,(t) =y() forall ¢ €]0,1].

n—>oo

We need to show that limy, 00 v(yn) = v(y). Let Lz : GM — R denote the length of
a minimal geodesic with respect to g. From the minimality property of the curves, we
derive that

Jim Lg(yn) = Hm dar (72(0). ya (1)) = dar (y(0). (1)) = Lg (v).

where dys: M x M — R is the distance function induced by g. Let |-|: TM — R
denote the fiberwise norm induced by g. Since Lg(a) = |&(0)| = |v(r)| for each
o € GM, it follows that

(3-2) JimJu(yn) = o).
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To show the continuity of v, we need to derive that lim, o v(y,) = v(y). Let
Exp: TM — M x M, Exp(p,v) = (p,exp,(v)),

be the extended exponential map. Let K C M be a compact neighborhood of y(0) and
let
po :=sup{r > 0 :exp,|p, (o) is injective for all x € K},

where B, (0) denotes the open n—ball around the origin in the respective tangent space.
Since K is compact, pg > 0 by [27, Lemma 6.16]. For r € (0, pg) we put

Dy K :={(p.v)eTM | p K, |v]| =r}

ie D, K is the closed disk bundle over K of radius r. Then Exp maps D, K diffeo-
morphically onto its image

Vy K :=Exp(D;K) ={(p.q) € KxM |dym(p,q) <r}.

Let Expg : D K — V; K be the corresponding restriction of Exp. Since Expg: D, K —
V; K is a diffeomorphism, its inverse Expl_(1 : VK — D, K is a diffeomorphism as well.
Thus, if we choose and fix a distance function d7ps: TM x TM — R which induces
the topology of TM, then Exp}1 : VK — D; K is locally Lipschitz-continuous with
respect to dps x dps and d7ps. We further observe that, for all « € GM with «¢(0) € K
and dps («(0), «(1)) <,

Exp}1 (x(0), x(1)) = v().
We consider two different cases:

Case 1 Assume that |v(y)| < r. This implies that (y(0), y(1)) € Vi K. Then, by (3-2),
there exists ng € N with

yn(0) € K and |v(yn)| <r forall n>ny.

Thus, (y,(0), y»(1)) € VK for all n > ng. Let C be a local Lipschitz constant for
Exp}1 in a neighborhood of (y(0), y(1)). Then, for sufficiently bign € N,

dra (V(yn), v(¥)) = drar (Expg (74 (0), ya(1)). Expg' (7(0), (1))
< C(dm (¥ (0), y(0)) +dp (ya (1), y(1))).
By (3-1), this yields limy,— o0 d7as (v(yn), v(y)) = 0, which we wanted to show.

Case 2 Consider the case that |v(y)| > r. By (3-2), there exists n1 € N such that

vn(0)e K and |v(yn)| <|v(y)|+1 forall n>nj.
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Letc:=r/(lv(y)|+1) € (0,1) and put &, :=c-v(y,) foreachn € N and § :=c-v(y).
Then £ € D, K and &, € D, K for all n > ny. If we define

Vo V0011 > M, yn(t) :=yn(ct), Y(@):=y(ct) forall 1 €[0.1],

then ¥,7, € GM with v(y) = £ and v(y,) = &, for each n > ny. Since (Vn)neN
converges to y in the C%—topology, it easily follows that lim,, o 7 = ¥ in the C%—
topology as well. Thus, it follows from Case 1 that lim,—« &, = &, which obviously
yields lim, o0 v(y5) = v(y). |

In the following proposition, we observe that the Euler class of an oriented manifold
can obstruct the existence of geodesic motion planners:

Proposition 3.3 Let (M, g) be a complete, oriented Riemannian manifold whose
Euler class is nonvanishing. Let f: M — M be a continuous map with f(p) # p
forall pe M. If A C M x M satisfies graph f C A, then there will be no continuous
geodesic motion planner on A.

Proof Assume by contradiction that there exists a continuous geodesic motion planner
s: A — GM. Then, by Proposition 3.2, the map

g:M—TM, g(p)=(vos)(p, f(p)),

is a continuous vector field, where v is the velocity map. Since f(p) # p for each p,
the geodesic s(p, f(p)) is nonconstant for all p € M. Hence, g(p) # 0 for all p € M.
But such a vector field cannot exist since the Euler class of M is nonvanishing. |

Corollary 3.4 Let (M, g) be a complete, oriented manifold whose Euler class is
nonvanishing. Let f: M — M be continuous and fixed-point-free. Then, for every
Riemannian metric g on M, there exists p € M with f(p) € Cut,(M, g).

Proof Assume by contradiction that there is such a metric g for which f(p) ¢
Cut, (M, g) for all p € M. Then graph f lies in (M x M)~ Cut(M, g). But, since
there exists a continuous geodesic motion planner on (M x M) ~ Cut(M, g) —see
Remark 2.7(3) — this contradicts Proposition 3.3. Hence, such a metric does not exist. [

Corollary 3.5 Let n € N. For every Riemannian metric g on S>" there exists p € S?",
such that —p € Cut,(S2", g).

Proof Apply Corollary 3.4 to the case of M = S2" and f(x) = —x. m|

Remark 3.6 Our Corollary 3.4 is complementary to results of M Frumosu and S
Rosenberg from [17, page 338], who studied far-point sets, ie sets of points mapped
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to their cut loci under self-maps of a Riemannian manifold, in a very general way.
Frumosu and Rosenberg focused on self-maps whose far-point sets are infinite and
established connections to the Lefschetz numbers of such maps.

In [34, Remark 3.17], Recio-Mitter mentioned that, whenever a subset of M x M
contains a point of the total cut locus in its interior, there is no continuous geodesic
motion planner defined on that subset. For the sake of completeness, we report here a
proof in the case of Riemannian manifolds.

Proposition 3.7 Let (M, g) be a complete Riemannian manifold, p € M, g € Cut, (M)
and let U C M be an open neighborhood of q. Then there is no continuous geodesic
motion planner on {p} x U.

Proof As discussed in Remark 2.7(3), the set of points r € M for which there is
more than one minimal geodesic from p to r is dense in Cut, (M ). Hence, U contains
a point go such that there are at least two minimal geodesics from p to gg. In the
following, we thus assume without loss of generality that g itself has this property.
Assume that a continuous geodesic motion planner s: {p} x U — GM existed. By our
choice of g, there are y1, Y2 € GM with

v1#v2., y1(0)=y2000=p and yi(1) =y2(l) =g.

Let (t4)neN be a sequence in (0, 1) with lim, o0 #, = 1 and y1(2,), y2(tn) € U for
all n € N. One checks without difficulties that y;(¢) # y2(¢) for all ¢ € (0, 1), so that,
in particular, y1(t,) # y2(t,) for all n € N.

By definition of a cut locus, it follows for all » € (0, 1) and i € {1, 2} that
Yir € GM,  yi (1) :=yi(rt),
is the unique minimal geodesic from p to y; (r). In particular, this shows that necessarily
(3-3) s(p,vi(tn)) = viy, forall neN,ie{l, 2}.
Let v: GM — TM be the velocity map. It follows from Proposition 3.2 that
vos:{p}xU—>TM

is continuous. Since y1 # 2, there are &1, &> € T, M with &1 # &> such that y;(¢) =
exp, (1€1) and y2(7) = exp,(t§2) for all 7 € [0,1]. By (3-3) and the fact that the
differential of exp, in 0 is id7, a7, we thus obtain that

lim (vos)(p.yi(ty)) = lim y;.,(0) = lim 1,§ =§;.
n—>oo n—>o0 n—oo
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In particular, limy o0 (v 0 $)(p, ¥1(fn)) # limp—oco(v 0 5)(p, y2(fn)). This contradicts
the continuity of s, since by assumption (v o s)(p, y1(1)) = (v os)(p, y2(1)). Thus,
such a continuous s does not exist. O

This proposition has an immediate consequence in terms of geodesic complexity.

Corollary 3.8 Let (M, g) be a complete Riemannian manifold and let A C M x M
be a locally compact subset with

int(A4) N Cut(M) # @,

where int(A) is the interior of A as a subset of M x M. Then GCpy(A) > 2.

Proof Assume that there was a continuous geodesic motion planner s: A — GM.
Let (p,q) € int(A) N Cut(M). By definition of the product topology, there are open
neighborhoods U of p and V of ¢ with U x V' C int(A), so, in particular, s|{,1xy
would be a continuous geodesic motion planner. Since g € Cut, (M), this contradicts
Proposition 3.7, so there is no such motion planner. This shows that GCps(A) > 2. O

Remark 3.9 There is another connection between cut loci and another numerical
invariant, namely the Lusternik—Schnirelmann category of a Riemannian manifold M,
which we denote by cat(M). Here, we use the convention that cat(X) = 1 if X is
contractible. One observes that M ~ Cut, (M) is contractible for all p € M, which
follows from [27, Theorem 10.34(c)]. If py.. ... px € M satisty (*_, Cut,, (M) = @,
then

{M ~Cuty,(M),...,.M ~Cuty, (M)}

will be an open cover of M by contractible subsets, and hence cat(M) < k. By
contraposition this shows that, if cat(M) > k + 1 for some k € N, then, for every
choice of py1,..., pr € M,

k
() Cuty, (M) # 2.

i=1
4 Lower bounds for geodesic complexity

Lower bounds on topological complexity are mostly derived from the cohomology
rings of a space. In this section, we derive lower bounds on geodesic complexity
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from the Riemannian structures of manifolds. We first establish a result involving a
principal bundle over the manifold under consideration. By explicitly constructing
motion planners, we will establish a lower bound on geodesic complexity in terms
of categorical invariants of total space and fiber of the bundle. Afterwards, we will
establish the notion of inconsistent stratification that we lined out in the introduction.
Then we will go on to prove the second theorem stated in that introduction.

We first establish a technical lemma, whose proof follows that of [14, Theorem 13.1].

Lemma 4.1 Let E and X be topological spaces, let p: E — X be a fibration with
r 1= secat(p) < +oo and assume that X is normal. Then there are pairwise disjoint
locally compact subsets Ay,...,Ar C X with X = U;=1 A; such that, for each
i €{1,2,...,r}, there exists a continuous local section A; — E of p.

Proof Let {Uy,...,U,} be an open cover of X such that, for eachi € {1,2,...,r},
there exists a continuous local section s; : U; — E of p. Since X is normal, there exists
a partition of unity { f1, ..., fr} subordinate to this finite open cover by Theorem 36.1
of [30]. Let cy,...,cr € (0,+00) withc; +---+ ¢ = 1. Foreachi € {1,2,...,r},
we put

Ai={xeX| filx)>c¢, fi(x) <cj forall j <i}.

Each A; is the intersection of a closed and an open subset of X, and hence is locally
compact. One checks without difficulties that the A; are pairwise disjoint and that
X = Ule A;. Moreover, A; C U; for each i, 50 s;|4; : A; — E is a continuous local
section of p foreachi € {1,2,...,r}. O

The following proposition establishes a lower bound on GC(M, g) in terms of a principal
G-bundle over M that is a Riemannian submersion. This submersion property will
be used in its proof to ensure the existence of horizontal lifts of curves. For each
orientable M, its orthonormal frame bundle is an example of such a bundle with
G = SO(dim M); see eg [25, Example 1.5.7].

Proposition 4.2 Let (M, g) be a complete Riemannian manifold and let 7: E — M
be a smooth principal G-bundle, where G is a connected Lie group. Assume that E is
equipped with a Riemannian metric for which & is a Riemannian submersion. Then

- TC(E)'
~ cat(G)

GC(M. g)
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Proof Let GC(M) = k and choose pairwise disjoint and locally compact subsets
Aq,..., A C M x M with Uf-;l A;j = M x M such that, for eachi € {1,2,...,k},
there exists a continuous geodesic motion planner s;: 4; — GM. Letv: GM — TM
be the velocity map and put

vi:Aj > TM, wv;:=vos; forall ie€{l,2,...,k}.
The v; are continuous by Proposition 3.2. For each i we put
B; := (7w xid)"Y(4;) ={(u,q) € E x M | (n(u), q) € A;}.

Clearly the B; are again pairwise disjoint with U?:l Bi = ExM. LetHor(E) CTE
denote the horizontal subbundle with respect to 7. Since d 7 |yor(g): Hor(E) — TM
maps Hory, (E) isomorphically onto Ty ,,) M for each u € E, we obtain continuous lifts
of the v; by

w;i: Bi >Hor(E), w;u,q)= (dn|H0ru(E))_1vl~ (m(u),q) forallie{l,2,...,k}.

For each u € E we letexp,,: Ty, E — E be the exponential map of the given Riemannian
metric on E. With PE = C°([0, 1], E), we define continuous maps

ni: Bi > PE
by
(i (u, q))(t) = exp, (tw;(u,q)) forall (u,q) € B;,1€[0,1],i €{1,2,... k}.

Each n; induces a continuous map

@:Bi > ExE, ai(u,q)= (i@ q)0). 0w q)1) = (u,exp,(wi(u.q))).

Since horizontal geodesics in E project to geodesics in M, we compute that

(id x 7) (i (u, @) = (id x 70) (u, i (u, q) (1) = (u, (s: (w (), 9)) (D)) = (. q)

for all (u, q) € B;. Here we used that 7 (n; (u, q)) = s; (u, q) for all (u, g) € B;. Hence,
foreachi € {1,2,...,k}, the map ¢; is a continuous local section of idx 7: E x E —
E x M, which is again a principal G-bundle. The right G—action on E x E is given
by ExXEXG — E X E, (u,v, h) — (u,vh), where we consider the right G—action
on E given by the bundle structure. Thus, we get a local trivialization of id x m over
each B;, given explicitly by the homeomorphism

®;:BixG —> ExEl|g, ®i(u,q.h)=cau qh=u,exp,(w(uq)h).
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Put / = cat(G). Let e € G be the unit, P,G ={y € PG | y(0) = e} and

q: P.G— G, q(y)=y(Q).

Since PG is contractible, by [39, Theorem 18], cat(G) = secat(q: P.G — G). By
Lemma 4.1, there are pairwise disjoint and locally compact subsets C1,...,C; C G
with U§=1 C; = G such that, for each j € {1,2,...,/}, there is a continuous local
section r;: C; — P.G of q.

Ifweput D; j:==®;(B;xC;)C ExE forallie{l,2,... ,k}and j €{1,2,...,/}, then
the D; ; are pairwise disjoint, locally compact and satisfy Uf;l szl D;;=EXE.
For all i and j we further consider the map

0i,j: BixC;j — PE
given by

(01, (u, ¢, M) () = (i (u, ¢)) (@) - (rj (W)(¢)  forall (u,q) € Bi, h €Cj.

Then
(01,j (U, q,1)(0) = (i (4, 9))(0) = u,
(01, (u, g, W)(1) = (i (u, q)) (1) (r;j (h))(1) = exp, (wi (u, g))h

and thus
(0i,j(u,q,h)(0),0i,;(u,q,h)(1)) = ®;j(u,q,h) forall (u,q) € B;, h€Cj.

This shows that o; ; o <I>l._1| p; ;: Di,j — PE is a continuous motion planner for
alli € {1,2,...,k}and j € {1,2,...,]}. As a smooth manifold, E is a Euclidean
neighborhood retract (ENR). Since the D; ; are locally compact subsets of an ENR,
they are ENRs themselves. Hence, it follows from [13, Theorem 6.1] that

TC(E) <k -1 = GC(M)-cat(G),

which proves the claimed inequality. O

Remark 4.3 Since GC(M) > TC(M) for all complete Riemannian manifolds M, the

lower bound from Proposition 4.2 improves this basic inequality if and only if
TC(E)
cat(G)

where we used [13, Lemma 8.2]. Note that the assumption on the bundle to be principal

>TC(M) < TC(E) > cat(G) TC(M) = TC(G) TC(M),

in the previous result is necessary, as the following example shows. Consider the Klein
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bottle K, which is given as a fiber bundle over S! with fiber S! and satisfies TC(K) =5
by [5], while TC(S!) = 2. Since the round metric g, on S! satisfies
_ TAK)
cat(S1)
by [34, Proposition 4.1], the inequality from Proposition 4.2 would indeed be false in this

GC(S', gr)=TC(S)=2<3

situation. However, K is not given as a principal S'-bundle over S, so Proposition 4.2
is not applicable to this setting. By the classification theorem for principal bundles —
see [11, Theorem 14.4.1]— the set of isomorphism classes of principal S!-bundles
over S! is in bijection with the set of homotopy classes [S!, BS!] = [S!, CP*°]. But
CP® is simply connected, so it follows that [S!, CP°°] has only one element. Thus,
every principal S'-bundle over S! is trivial. Since 71 (K) % Z? = m1(S! x S1), the
bundle K is a nontrivial S'-bundle. Hence, it cannot be principal.

Our next aim is to derive a lower bound on geodesic complexity from the structure of
the cut locus of a point in the manifold. We first introduce the notion of stratification
that we are using.

Definition 4.4 Let M be a manifold and let B C M be a subset. A stratification of B
of depth N € N is a family (S, ..., Sy) of locally closed and pairwise disjoint subsets
of M such that the following conditions hold:

@) B=UYL,SiandS; =J_; S foralli €{1,2,....N}.

(i) Leti,j €{1,2,...,N}. If Z; is a connected component of S; and Z; is a
connected component of S; with Z; N Zi # @, then Z; C Zi.

Example 4.5 Let M = R? and let B = [—1, 1]?. Consider
Si=(-L1x(=11,
S2 = (=1L, D) x{-L1HU(E-11} x(=1,1)),
S3={(-1,-1).(-1.1). (1, -1). (1, D}.

One checks without difficulties that (S, S»2,S3) has properties (i) and (ii) from
Definition 4.4. Hence, (S, S2, S3) is a stratification of B.

Given a stratification of the cut locus of a point, we want to introduce an additional

condition on those parts of the corresponding tangent cut locus that are mapped to
the same stratum. This will be the crucial step for finding a lower bound for geodesic
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complexity. The following notion is an analogue of [34, Definition 3.10]; see our
introduction and Remark 4.7(2) below for a comparison of the two notions. The terms
from Riemannian geometry that are used are to be found, for example, in [27, page 310].

Definition 4.6 Let (M, g) be a complete Riemannian manifold, p € M and let S =
(S1,...,Sn) be a stratification of Cut,(M). Let K C T, M denote the union of the
tangent cut locus Cut, (M) with the domain of injectivity of exp,, and let

(4-1) expg ‘= exp,|x: K - M

denote the restriction. We call S inconsistent if, foralli € {2,3,..., N}and x € S;, there
exists an open neighborhood U C M of x with the following property: Let Z, ..., Zg
be the connected components of U N S;—1. Then x € Zj forall j €{1,2,...,s} and

Cut, (M) Nexp, ' ({x}) N [ expgl(Z)) = 2.
j=1

In Section 7.1, we will encounter explicit examples of inconsistent stratifications when
we consider flat tori. Examples for cut loci with nontrivial stratifications which are not
inconsistent are Berger spheres, as we shall see in Section 7.2.

Remarks 4.7 Let (M, g) be a complete Riemannian manifold.

(1) If M is aclosed manifold, then the set K from Definition 4.6 will be homeomorphic
to a closed ball—see [27, Corollary 10.35]—and the map expg from (4-1) is a
surjection. As an example, consider the round n—dimensional sphere S” of radius 1. If
p € 8" is a point, then the domain of injectivity of exp,, is an open ball of radius 7
in the tangent space 7, S". The tangent cut locus Cut,(S") is the (n—1)—sphere of
radius 7 in T, M. Consequently, the set K in this example is the closed ball of radius 7
in T, M.

(2) Recio-Mitter [34, Definition 3.8] introduced the concept of a levelwise stratified
covering for arbitrary surjective maps. He then applied this concept to the restriction
of the path fibration

7:GX - X xX,

where X is a geodesic space and GX is the space of geodesic paths in X.

To work with this notion, one must study a stratification of the total cut locus of X
and explore covering properties of the restrictions of & to its preimage. In contrast,
the above Definition 4.6 for Riemannian manifolds only requires a stratification of the
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cut locus of a single point p in a Riemannian manifold M as well as properties of
the Riemannian exponential map exp,. Thus, for complete Riemannian manifolds the
above definition seems easier to verify than the corresponding notion from [34].

The following result is an analogue of the corresponding result of Recio-Mitter; see [34,
Corollary 3.14]. The proof requires M to be compact, since we will use the property
mentioned in Remark 4.7(1). We recall the notation GC(A4) = GCpr ({p} x A) for all
ACM.

Theorem 4.8 Let (M, g) be a closed Riemannian manifold. Assume that there exists
p € M for which Cut, (M) admits an inconsistent stratification of depth N € N. Then

GC(M) > GCp(M) > N +1.

Proof Let (S1,...,Sn) be an inconsistent stratification of Cut,(M). Assume that
there are pairwise disjoint locally compact sets E1, Ea, ..., E, CM with | J/_,; E; =M
such that, for each i € {1,2,...,r}, there exists a continuous geodesic motion planner
si:{p}x Ei > GM.

We want to show by induction that, for all k € {1,2,..., N} and all x € S,
(4-2) #lie{l,2,....r}|x€E;}>k+1

Consider the base case of kK = 1 and assume by contradiction that there is an i €
{1,2,...,r} withx € E;,but x ¢ E; forall j # i. Then x has an open neighborhood
U C M such that U C E; and the restriction s; | 53y is a continuous geodesic motion
planner on {p} x U. But, since x € Cut, (M), this contradicts Proposition 3.7. Hence,
#{i e{l,2,...,r}|x¢€ Ei} > 2, which we wanted to show.

Assume as induction hypothesis that, for some k € {2, 3, ..., N}, we have shown that
#{ie{l,2,....r}|y€E;} >k forall yeS;_;.

Let x € Si. Assume that (4-2) is false and assume up to reordering that x ¢ E; for
all i > k. Then there exists an open neighborhood U of x with U C Uf;l E;. By the
induction hypothesis, this yields

(4-3) UNSk_y CE; forallie{l,2, ... k}.

We assume without loss of generality that U is chosen as in Definition 4.6, since this
can be achieved by shrinking U. We further assume that x € Ey. Let Zy,..., Zs be
the connected components of U N Si_1, where s € N is suitably chosen.
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Let j €{1,2,...,s} and let (a,),eN be a sequence in Z; with limy, o @, = x, which
exists by our choice of U. For all n € N it further holds by (4-3) that a, € E{. Thus,
for each n, there exists a sequence (b)},)men in U N Eq with limy,— o b)), = ap. Put

v1: E1—>TyM, vi(y):=os)(p,y),

where v is the velocity map. By Proposition 3.2, v; is continuous. Let expg: K — M
be given as in (4-1). The set K is homeomorphic to a closed ball in T, M; see
Remark 4.7(1). By construction, vi(y) € K for each y € Ey; hence, (v1(b}},))meN is
a sequence in K for each n € N. Since K is compact, it has a convergent subsequence
(v1 (b, ))ken foreach n € N. Put &, :=limg_, o0 v1(bp, ) for all n € N. By continuity
of the exponential map,

expg (§n) = exp, (§n) = kli)n;o exp, (v1(by,, ) = len;o by, =an forall n € N.

Thus,
&y € Kﬂexplzl({an}) CcK ﬂexp}l(Zj) for all n € N.

Now (£,)reN is a sequence in K, so it has a convergent subsequence (§,);en. With
o :=lim;_, o, &, , We obtain

epr(SO) = 11_1)120 expp(énl) = ll—lfgo an; =X.

In particular, it follows from x € Cut, (M) that &y € (:Tft,, (M). Since &, € f:xpl_<1 (an})
for each n € N, we conclude that

&0 € Cut, (M) Nexp,, " ({x}) Nexpg! (Z)).

Note that £y depends on the choice of j. To conclude, we still need to show that the
same &g can be chosen for each j € {1,2,...,s}. We will do so by showing next that
&0 = v1(x), which does not depend on j.

Let dps: M x M — R be the distance function induced by the Riemannian metric. By
definition of the §,,, for each / € N there exists k; € N such that

1 1
dp (an,, byl ) < 7 and  [|€n, —v1(byl ) < 7 for all k > k;.

We can further choose the k; in such a way that lim;_, o, k; = 0o. By a diagonal
argument, lim;_, o, bfn’kl = x. This in particular shows, by continuity of v, that

o = lim &, = lim vi(by! )= v1(x).
l—>o00 [—>00 l
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Thus, vi(x) € exp;l (xhHn expl_(-1 (Z;). Since j was chosen arbitrarily, it follows that

s
vi(x) € Cut,(M) N exp;I({x}) N ﬂ exp1_<1 (Z)).
j=1
This contradicts the inconsistency of the stratification (S, ..., Sy). Hence, there is
no such U, which concludes the proof of the induction step. For k = N, it in particular
follows from (4-2) that r > N + 1. Thus, GC,(M) > N + 1. O

We will see in Section 7.1 that flat tori are indeed examples for Riemannian manifolds
whose cut loci admit inconsistent stratifications. Next we will discuss a more tangible
criterion on a cut locus that implies the existence of an inconsistent stratification. For
this purpose, we will use results and constructions of J-I Itoh and Sakai [24]. Large
parts of these methods are extensions of those applied by V Ozols [32].

Definition 4.9 [24, page 68 and Definition 2.1] Let (M, g) be a complete Riemannian
manifold and let p € M.

(a) We say that ¢ € Cut, (M) is of order k 4 1, where k € N, if there are precisely
k + 1 minimal geodesics Yo, Y1, ..., Yk € GM with y; # y; if i # j and with
yi(0) = p and y;(1) =¢g foralli € {0,1,2,...,k}.

(b) We call g nondegenerate if the vectors yo(1), y1(1),..., k(1) € Ty;M are in
general position, ie if {)'/i(l) —yo(D)]i e{l,2,... ,k}} is linearly independent.

As carried out by Itoh and Sakai [24, Remark 2.2], a large class of two-dimensional
flat tori provides an example for manifolds with nondegenerate cut points. However,
our study of flat tori in Section 7.1 will not rely on this notion of nondegeneracy, but
will employ the above inconsistency condition directly.

We recall that a conjugate point of a point p in a Riemannian manifold (M, g) is a
point ¢ € M such that there is a geodesic segment from p to g along which there exists
a nontrivial Jacobi field which vanishes in p and g; see [27, page 298].

Remarks 4.10 (1) As shown by A Weinstein [40, page 29], every closed manifold
M with dim M > 2 and not homeomorphic to S? admits a Riemannian metric
for which there exists p € M such that Cut, (M) does not contain any conjugate
points. Itoh and Sakai conjectured in [24, Remark 2.9] that the set of all such
metrics on M contains as a dense subset the set of those metrics for which all
points in Cut, (M) are nondegenerate.
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(2) It is evident from the definition of nondegeneracy that the order of a non-
degenerate cut point is at most dim M + 1.

Theorem 4.11 Let (M, g) be a closed Riemannian manifold and assume that there
exists p € M for which Cut, (M) does not contain any conjugate points of p and for
which all points in Cut, (M) are nondegenerate. Let

N :=max{k € N | there is g € Cut,(M) of order k + 1}.

Then Cut, (M) admits an inconsistent stratification of depth N.

Proof LetC:=(Cy,...,Cy) be given by
Cr:={qeCuty,(M)|qgisoforderk +1} forall k €{l,2,...,N}.

It is shown in [24, Proposition 2.4] that, under the nondegeneracy assumption on
the points in Cut, (M), C is a Whitney stratification of Cut, (M), as defined in [21,
page 37]. Hence, C is in particular an .”—decomposition in the sense of Goresky
and MacPherson; see [21, page 36]. One checks immediately that the two conditions
defining such an .”—decomposition imply that C is a stratification of Cut, (M) in the
sense of Definition 4.4. It remains to show that C is inconsistent. Fix k € {1,2,..., N},
let ¢ € Ci and let yo, y1,...,Yk:[0,1] = M be geodesics from p to ¢ with y; # y;
whenever i # j. Foreachi €{0,1,...,k}, put v; := y;(0) € T, M, so that

Cuty (M) Nexp,, ' ({g}) = {vo. v, vg}.

Choose an open neighborhood U of ¢ such that U N Cy is connected and such that

k
(4-4) Cut,(M)NU = | JCinU.
i=1
Such a neighborhood exists by the stratification properties. As discussed in [24, page 68],
since ¢ is nondegenerate, we can choose an open neighborhood V; C T, M of v; for
each i € {0,1,...,k} such that exp, maps V; diffeomorphically onto U. Put F; :=
(exp |Vi)_1 :U — V;. As explained in [32, pages 220-221], up to shrinking U we can
assume that every minimal geodesic y from p to an element of U has y(0) € Uf:o Vi.
We further assume that V; N V; = & whenever i # j. Fori € {1,2,...,k}, we define

Ji:U—=R, fi(x)=[F )= Fo)].
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where || - || denotes the norm on 7, M defined by the Riemannian metric. With
f:U > RK f=(fi. f.....fr), it follows that f~1({0}) = Cx NU. Fori €
{1,2,...,k} we further let

gi:U—>RL i =(fio fimts fiensooos fo)

and put
go:U — ]Rk_l,

go(x) = (IF2() | = I F1 ) L 1 F3 ) = I F1 (), - N Fe Ol = [ Fr (o))

Then, by assumption on U,

k k
CeNU = J g qop~Ce = J g doh ~ £ ({o}).
i=0 i=0

The connected components of C,_; N U are the sets Zg, Z1, ..., Zj, where
Zi =gt oy N f710,+00) forall i €{1,2,...,k},
Zo:=gg ({0 N fi ' (=00.0).

By construction of the sets,

Cuty(M) Nexp, (Zi) c | JV; forall i €{0.1.....k}.
J#i
A closer investigation, using that al/tp (M)n exp;l ({g}) = {vo, v1,..., v} and that
the closures of the V; are pairwise disjoint, shows that

Cuty (M) Nexp, " ({g}) Nexpy ' (Zi) = (V0. V1o Vi1 Vi 1o, VR

foralli €{0,1,...,k}. This implies

k
Cuty (M) Nexp, ' ({gh) N () exp; (Zi) = 2.
i=0
Since k and g were chosen arbitrarily, this shows the inconsistency of C. |

Combining the previous theorem with our lower bound from Theorem 4.8 yields:

Corollary 4.12 Let (M, g) be a closed Riemannian manifold and assume that there
exists p € M such that Cut, (M) does not contain any conjugate points of p and such
that all points in Cut, (M) are nondegenerate. If Cut, (M) contains a point of order
k + 1, where k € N, then

GC(M,g) =k + 1.
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S An upper bound for homogeneous Riemannian manifolds

From this section on, we will mostly consider homogeneous Riemannian manifolds
and exploit their symmetry properties. Given a Riemannian manifold (M, g), we let
Isom(M) := Isom(M, g) denote its group of isometries and consider it as a subspace
of C%(M, M) with the compact—open topology. We recall that (M, g) is called homo-
geneous if Isom(M) acts transitively on M. Note that every homogeneous Riemannian
manifold is necessarily complete; see [25, Theorem 1V.4.5].

Having derived lower bounds for geodesic complexity in the previous section, we
next want to find upper bounds. After some preparatory lemmas, we will establish
an upper bound on GC(M) for a homogeneous Riemannian manifold M in terms of
the subspace complexity GCps ({p} x Cut,(M)) and a categorical invariant determined
by its isometry action. Intuitively, the transitivity of the isometry action implies that
continuous geodesic motion planners on subsets of cut loci of single points can be
continuously extended to larger subsets of the total cut locus. We will then go on to
study further upper bounds on GC(M ) in the case that Cut, (M) admits a stratification.
The following is a folklore result from Riemannian geometry:

Lemma 5.1 Let (M, g) be a homogeneous Riemannian manifold and let p € M. Then
evp:Isom(M) — M, ev,(¢) =¢(p),

is a principal Isomy, (M )-bundle, where Isom, (M) denotes the isotropy group of the
isometry action on M in p.

Proof By [26, Theorem 21.17], ev, induces an Isom(M )—equivariant diffeomor-
phism f: Isom(M)/Isom,(M) — M. Moreover, the projection ¢: Isom(M) —
Isom(M)/Isom, (M) is a principal Isom, (M )-bundle by [25, Example 1.5.1]. One
easily shows that ev, = f oq, which implies that ev,, is a principal Isom, (M )-bundle
as well. O

Example 5.2 Given a Lie group G with a left-invariant Riemannian metric, the left
multiplication /g : G — G, lg(h) = gh, is an isometry for each g € G. Withe € G
denoting the unit, one further derives from /4 (e) = g for each g € G that the map
5: G — Isom(G), s(g) = lg, is a continuous section of the bundle ev, : Isom(G) — G.

Lemma 5.3 Let A, B C M and p € M. Assume that there are a continuous geodesic
motion planner og: {p} x B — GM and a continuous local section s: A — Isom(M)
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of evy. Then there exists a continuous geodesic motion planner o : F — GM, where

F:={(x,y)eMxM|xeA,yes(x) B}.
Proof We define o: F — GM by

o(x,y)=s(x)oop(p,s(x)"t-y) forall (x,y)eF.

By construction, og(p, s(x)~! - y) is a minimal geodesic from p to s(x)~!-y. Since
s(x) is an isometry for each x, o (x, y) is indeed a minimal geodesic from

s()-p=evp(sx)=x to s(x)-(s(x)7"-y)=y.
So o is a geodesic motion planner and it only remains to show its continuity.

Let p: Isom(M) x M — M denote the action of the isometry group by evaluation and
again let PM = C°([0, 1], M). By [4, Theorem VII.2.10], the composition map

@: CO(M,M)x PM — PM, o(f.y)= foy,
is continuous with respect to the compact—open topologies. Thus, the restriction of ¢ to
Isom(M)x GM c C°(M, M) x PM
defines a continuous action
p:Isom(M) x GM — GM,  p = ¢lisom(M)xGM -

The inversion i : Isom(M) — Isom(M), i(g) = g~ !, is continuous since Isom(M) is
a topological group. We can express o as

o(x,y) = ﬁ(s(x), O’B(p, p(i(s(x)), y))) for all (x,y) € F.
All maps on the right-hand side are continuous, so ¢ is continuous as well. |
The previous lemma allows us to make a useful estimate between the subspace geodesic

complexity of the total cut locus and that of one single cut locus in the homogeneous
case.

Theorem 5.4 Let (M, g) be a homogeneous Riemannian manifold and let p € M.
Then
GC(M) < secat(evp: Isom(M) — M) - GCp(Cut,(M)) + 1.

Proof As seen in Remark 2.7(2), it holds that GC(M) < GCys (Cut(M)) + 1, so it
suffices to show that

GCp (Cut(M)) < secat(evp) - GCp(Cuty (M)).
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Let k :=secat(ev,) and 7 := GC, (Cut, (M )). By Lemma 4.1, there are pairwise disjoint
locally compact Ay,...,Ax C M with M = Uf-;l A; for which there is a continuous
local section s; : A; — Isom(M) of ev,, foreachi € {1,2,...,k}. Let By,..., B, CM
be pairwise disjoint and locally compact with Cut, (M) C U]r-=1 Bj such that, for each j,
there exists a continuous geodesic motion planner o;: {p} x B; — GM. Put

Fij:={(x,y)eMxM|xeA;,yesi(x) Bj}
foralli € {1,2,...,k}and j € {1,2,...,r}. By construction, the elements of
{Fijlie{l,2,....k}, je{l.2,....r}}
are pairwise disjoint. Furthermore, foralli € {1,2,...,k} and j € {1,2,...,r1},

VijtAixBj = Fij, i j(x,y) = (x,si(x)-y),

is a homeomorphism. Consequently, the F; ; are locally compact. If (x, y) € Cut(M),
then x € A; for some i € {1,2,...,k}. Since s;(x)~! is an isometry, it holds that
si(x)7!-y € Cuty(M). Hence, there is a j € {1,2,...,r} with s;(x)"!-y € B; and
therefore (x, y) € F; ; by definition. This shows that

k r
cutM) c | J | F;.

i=1j=1
Moreover, by Lemma 5.3 we can find a continuous geodesic motion planner F; ; — GM
of p forall i and j. Thus, GCps (Cut(M)) < kr, which shows the claim. O

The previous upper bound has a particularly strong consequence for connected Lie
groups.

Corollary 5.5 Let G be a connected Lie group equipped with a left-invariant Rie-
mannian metric and let e € G denote the unit element. Then
GC(G) < GCe(Cute (G)) + 1.

Proof This is an immediate consequence of Theorem 5.4. Since eve: Isom(G) — G
admits a continuous section — see Example 5.2 — it follows that secat(eve) = 1. 0O

Sectional categories of fibrations are in general hard to compute. A common way of
estimating their values from above is by the Lusternik—Schnirelmann categories of
their base spaces using [39, Theorem 18]. In our situation, this leads to the following
estimate:
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Corollary 5.6 Let (M, g) be a homogeneous Riemannian manifold and let p € M.
Then

GC(M) < cat(M) - GCp(Cuty(M)) + 1.

Proof This is an immediate consequence of Theorem 5.4 and the fact that every
fibration p: E — B satisfies secat(p) < cat(B) by [39, Theorem 18]. a

We want to further estimate geodesic complexity from above by finding upper bounds
for subspace geodesic complexities of cut loci. When Cut, (M) admits a stratification,
we can compare GC,(Cut,(M)) to the subspace geodesic complexities of its strata.

Proposition 5.7 Let (M, g) be a complete Riemannian manifold, let p € M and
assume that Cut, (M) has a stratification (Sy, ..., Sx) of depth k. Then

k
GCp(Cuty(M)) < max  GC,(Z;),
i

—1 Zi€mo(Si

where (X)) denotes the set of connected components of a space X.

Proof Since Cut,(M) = S§1U---U Sy, it follows from Remark 2.2(3) that

k
GCp(Cuty(M)) <Y GCp(S)).

i=1
Now fixi € {1,2,...,k} and let Zq,..., Z, be the connected components of S;. Put

s;i = max GC,(Z;).
! je{1,2,...,r} p( J)

For each j € {1,2,...,r}, let AL Agi C Z; be pairwise disjoint and locally
compact, such that, for each j € {1,2,...,r}and/ € {1,2,...,s;}, either A{ =0
or there exists a continuous geodesic motion planner o;;: {p} x A{ — GM. Put
Aj = Ujr~=1 AIJ for each [ € {1,2,...,s;}. Then the A; are pairwise disjoint and
locally compact with S; = U;’z 1 A1 Moreover, since, by definition of a stratification,
Z;NZj = forall i # j, the maps

o;:{p}xA; - GM, o;(p.x)=0;;(p,x) forall x e A, jel{l,2,...,r},

are well-defined continuous geodesic motion planners. This shows GC,(S;) < s; for
eachi € {1,2,...,k}, which implies the claim. O
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Corollary 5.8 Let (M, g) be a homogeneous Riemannian manitold, let p € M and
assume that Cut, (M) has a stratification (S, ..., Sx) of depth k. Then

k
GC(M) < secat(evp:Isom(M) — M)-> " max  GCp(Z;) + 1.
Z
i=1

i €m0(S;)

Proof This follows from Theorem 5.4 and Proposition 5.7. O

6 Trivially covered stratifications

Recio-Mitter [34] considered total cut loci with stratifications whose strata are finitely
covered by the path fibration. As a part of [34, Corollary 3.14], he showed that, if such
a stratification is inconsistent and trivially covered, this knowledge about the total cut
locus suffices to compute the geodesic complexity of the space.

In this section, we will revisit the notion of trivially covered stratifications in the setting
of Riemannian manifolds, but, in contrast to [34], we will put a covering condition on
the cut locus of a single point instead of the total cut locus. We will then derive an upper
bound for the numbers GC, (M) that we have studied in the previous section. From this
estimate we will derive an upper bound for the geodesic complexity of homogeneous
Riemannian manifolds for which the cut locus of a point admits a trivially covered
stratification.

Definition 6.1 Let M be a complete Riemannian manifold, let p € M and let S =
(S1,...,Sn) be a stratification of Cut,(M). We call S trivially covered if, for all
ke{l,2,..., N} and for all connected components Z of S, the restriction

- Cut -1
expp|€1;tp(M)neXp;1(Z). Cuty(M) Nexp, (Z2) > Z
is a trivial covering. Here, a trivial covering is understood to be a covering g: X — Y

for which there is a discrete set D and a homeomorphism f: X — Y x D such that
g =pro f, where pr: Y x D — Y is the projection onto the first factor.

Theorem 6.2 Let M be a complete Riemannian manifold, let p € M and assume that
Cut, (M) admits a trivially covered stratification of depth N € N. Then

GCp(Cuty(M)) < N.

Proof Let S = (S1,...,Sy) be a trivially covered stratification of Cut,(M). We
want to show that {p} x Sy admits a continuous geodesic motion planner for each
ke{l,2,...,N}. For afixed k € {1,2,...,N}, let Zy,...,Z, be the connected
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components of Sy for suitable » € N. Fori € {1,2,...,r}, let B; be an arbitrary sheet
of the trivial covering

epr|€Jtp(M)mexp;‘(Z,~)3 Cut,(M) N exp;l(Z,-) —Z;.

Then exp,|p; : Bi — Z; is a homeomorphism. With ¢; := (expp|3i)_1 :Z; — Bj, one
checks without difficulties that

si{ptx Zi > GM,  (si(p.q))(1) = exp,(19; ' (q)).

is a continuous geodesic motion planner and thus GC,(Z;) = 1. Since k €{1,2,..., N}
was chosen arbitrarily, the claim follows from Proposition 5.7. |

With the additional hypotheses that M is compact and that the stratification in Theorem
6.2 is inconsistent, one can derive an equality from Theorem 6.2. The following result
is analogous to the corresponding part of [34, Corollary 3.14]:

Corollary 6.3 Let M be a closed Riemannian manifold, let p € M and assume that
Cut, (M) admits a trivially covered inconsistent stratification of depth N € N. Then
GCp(M) =N +1.

Proof By restricting the motion planner from Remark 2.7(2), one obtains a continuous
geodesic motion planner on {p} x (M ~ Cut,(M)). It follows from Theorem 6.2 that
GCp(M) < GCp(Cuty,(M))+1=<N + 1.

But, by Theorem 4.8, it also holds that GC, (M) > N + 1, which proves the equality. O

Corollary 6.4 Let G be a compact connected Lie group equipped with a left-invariant
Riemannian metric and let e € G denote the unit element. If Cut,(G) admits a trivially
covered inconsistent stratification of depth N, then

GC(G)=N + 1.
Proof Combining Theorem 6.2 with Corollary 5.5 yields
GC(G) < GCe(Cute(G))+1 <N +1.
But, by Theorem 4.8, GC(G) > N + 1 as well, so the claim follows. O

7 Examples: flat tori and Berger spheres

We want to use the results of Sections 5 and 6 to compute the geodesic complexities of
two classes of examples: two-dimensional flat tori and three-dimensional Berger spheres.
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The cut loci of points in such spaces are well understood and admit stratifications of a
well-behaved kind.

7.1 Geodesic complexity of flat tori

Recio-Mitter has computed the geodesic complexity of a standard flat n—dimensional
torus in [34, Theorem 4.4]. More precisely, he has shown that the standard flat metric g
on the n—torus T" satisfies GC(T", gr) =n + 1 for each n € N.

In the course of this subsection, we will extend the two-dimensional case of Recio-
Mitter’s result to arbitrary flat metrics on two-dimensional tori. The cut loci of such
metrics are well understood.

Before we do so, we will reobtain Recio-Mitter’s computation for standard flat tori
using the methods of this article. This example is particularly instructive and illustrates
the use of inconsistent stratifications. Moreover, in contrast to [34, Theorem 4.4],
we only need to consider the cut locus of a single point, while in the proof of [34,
Theorem 4.4] a stratification of 7" x T" is required and the structure of the space of
geodesic paths in 7" needs to be examined.

Example 7.1 Letn € N and consider the n—torus 7" with the standard flat metric g,
ie the quotient metric induced by the standard metric on R” and by identifying 7" =
R™/(27Z)". Equivalently, T" is obtained from R” by collapsing the lattice defined by
an arbitrary family of n pairwise orthogonal vectors of length two. Let 7: R” — T
be the projection and put 0 := 7(0) and M := (T", gr). We identify R” with 7, M in
the obvious way.

Note that 7" is isometric to the Riemannian product (R/(2Z))". For N :=R/(2Z)
let pr: R — N be the obvious Riemannian covering and put po := pr(0) € N. Then
Cutp,(N) = {pr(1)} and the tangent cut locus is given by

Cutpy (N) = {~1,1}
under the identification T, N = R.

Given the Riemannian product of two Riemannian manifolds (M1, g1) and (M>, g2),
the cut locus of a point (p1, p2) € M1 x M5 is easily seen to be

CUt(pl,pz)(Ml X Mz) = (Cutp1 (Ml) X Mz) @] (Ml X Cutp2 (Mz));

see [7, page 328]. Fori € {1, 2}, let K; be the union of the injectivity domain in Ty, M;
with the tangent cut locus Cut,, (M;). Similar to the cut locus, the tangent cut locus of
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(p1, p2) is given by
Cut(p, . pp) (M1 x Mz) = (Cuty, (My) x K2) U (K x Cuty, (M2))

under the identification T(,, p,) (M1 x M2) == Ty, M1 x Tp, M>. For products of finitely
many manifolds, one iteratively derives analogous results for cut loci and tangent cut
loci.

We conclude that, if /™ := [—1, 1], then the tangent cut locus of 0 in M = (T", is
g 8f
Cut,(M) = 0oI".

See also [19, page 107] for the case n = 2. The boundary /" admits a stratification
" = UZ=1 Ay of depth n, given as follows: For each k € {1,2,...,n}, we put
Je :={(i1,....ix) eN¥ |1 <ij <---<ip <n).

Then each Ay is given as the disjoint union Ax = U, i )es, Air,...ix» Where
Aiy i =1, xp) €I x| = 1if L €{ivuin,. ik x| < Vif L ¢{in.. . ik}
For (i1,...,ix) € Jr and j1,..., jr € {—1, 1}, we put
Ai],...,ik,jl,...,jk

= {(xl,...,xn) e R" D Xiy =j1,...,x,~k = Jk, |xl| < 1ifl ¢{i1,...,ik}}.

Then the sets A;,.....ix,j1,....jx» Where ji, ..., jx € {—1, 1}, are precisely the connected
components of A;, ..

Put By := exp, (Ag). We claim that (By, ..., By) is a trivially covered stratification of
Cut,(M). One checks that the connected components of each of the By, are precisely
the sets

Bil,---,ik = CXPO(Ail,...,ik) for (il, ceey ik) € Jk.

Moreover, for all (iy,...,i;) € J and all jy,..., jr € {—1, 1}, the restriction

€XPo |Ai] ..... P TR Aiy it jtseiic = Bitsix

is a homeomorphism. From the explicit description of the A;, ... ;. , one derives that

(B1, ..., By) is a stratification. It further follows from the above observations that
CXPold;,. i, Aitsnin = Bit,.ix

is a trivial covering map for all (i1, ...,ig) € Ji. Since k € {1,2,...,n} was chosen

arbitrarily, this shows that (B, ..., By) is trivially covered.
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We now want to prove that (B1,..., ;) is indeed an inconsistent stratification of
Cuty(M). For this purpose, let k € {2,3,...,n}, (i1,...,ix) € Jy and x € Bj, i, -
We assume without loss of generality that (i1,i2,...,ix) = (1,2,...,k). Then there
are yi,..., Yp—k € (—1, 1) such that

x=exp,(1,1,....Ly1,....Vn—k)-
It further holds that

(7-1)  expg' (X)) = {(1s -+ ko V1o Vak) € ToM | jio- ok € =1 1},
where K := I" and expg := exp,|x: K — M, which is a special case of the map
defined in (4-1). Leti € {1,2,...,k} and let B; := By__;_1,i41...x C Bx_1. Given

&g >0, put
n—k

Ug := eXpo((1—8,1+8)kX H(yj—s,yj —I—s)) C M.

Jj=1
Then Uy is an open neighborhood of x and, for sufficiently small ¢ > 0, it holds that
B; NU, has two components Ci"' and C;~. With I :=(1—¢, 1) and /- := (-1, -1+¢),
we put, for all ji,..., ji—1, Ji+1,..., Jjk € {—1,1},

+
Ajla---ajiflajiJrl’---ajk
n—k

= (J'ls---,ji—l,l,ji+1,---,jk,q))IEIi,qe H(YI—8»YI+8)}-
I=1

The two components C l.+ and C; then satisfy
-1 +y _ +
expg (Ci7) = U Ajly---aji—l:ji—i—l ,,,,, Jk*
jla-"ajl‘flﬂijrl5--'=jke{_1=1}
Combining this observation with (7-1) yields
Cuto(M) Nexp,, ' (tx}) Nexpg! (C5)

In particular, exp, ! ({x})N exp}1 (Cl.+) N exp}1 (C;7) = 2, implying that (B1, ..., By)
satisfies the inconsistency condition at x. Since x € Cut, (M) was chosen arbitrarily,
this shows that (51, ..., B,) is inconsistent. Note that in general B;_; N U, has more
connected components than Cl.Jr and C;~, but considering these two components is
sufficient for proving the inconsistency condition.

Since T" is a Lie group and g is left-invariant, it follows from Corollary 6.4 that

GC(T",gf)=n—+1.
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Next we will compute the geodesic complexity of arbitrary two-dimensional flat tori.
The reader should note that, in general, the geodesic complexity of (72, g) will vary
with the metric g; see Example 2.3(2). For arbitrary flat tori of higher dimensions, the
cut loci of points are not as well understood as in the two-dimensional case. While it
might be possible to extend our result to flat tori of higher dimensions, we are not aware
of any systematic study of cut loci of flat higher-dimensional tori in the literature.

For p,q € R%, welet [p,q] = {(1—1)p +1tq € R? |t €[0, 1]} denote the line segment
from p to q.

Theorem 7.2 Let g be an arbitrary flat metric on T?. Then GC(T?, g) = 3.

Proof By elementary Riemannian geometry, (72, g) is isometric to 72 with a quotient
metric induced by the standard metric on R? and a projection 7: R? — R?/T" = T2,
where I' C R? is a lattice. We thus assume that g itself is such a quotient metric. Put
0 :=m(0,0). We are going to describe é‘u“t,,(ﬂ), following [19, page 108]. The case
that I" is generated by two orthogonal vectors is covered in Example 7.1, so we assume
in the following that I is generated by two vectors a1,as € R? such that the angle
between ap and a5 is acute.

If we identify T, M with R, then é\uato (M) is given by a hexagon whose construction
we will describe next. Consider the perpendicular bisectors of the line segments

[0,a1], [0,a2], [0,—a1]., [0,—a2], [0,a1—az], [0,a2—ai].

These perpendicular bisectors enclose a hexagon in R?; see Figure 1. The tangent
cut locus (Tuato (M) consists of the boundary curve of the hexagon, while the domain
of injectivity of exp,, is given by the interior of the hexagon. Let the segments and
the corner points of the hexagon be labeled as in Figure 1. Then there are p,qg € M

with p # ¢ such that p = exp,(p1) = exp,(p2) = exp,(p3) and g = exp,(q1) =
€XPo (q2) = €XP, (Q3)

For x,y € R? we put [x, y]] := [x,y] ~ {x,y}. With p and ¢ as above, the set
Cuto (M) ~{p, g} has three connected components

Ay = exp, ([p1. q1]) = exp, ([g2. p3l).

Az = exp, ([91. p2ID) = exp,([p3. 431D,

A3z = exp, ([ p2. g2])) = exp,(llg3. p1])-
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Figure 1: Tangent cut loci of flat two-dimensional tori.
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More precisely, exp, maps both [p1,¢1] and [[g2. p3]] homeomorphically onto A1,

both [[¢1, p2]] and [[ p3, ¢3]] homeomorphically onto A,, and both [[ p2, g2]] and [¢3, p1]]

homeomorphically onto As.

Let Sy :={p,q} and S; := A1 U A» U A3. By construction, (S, S») is a trivially
covered stratification of Cut, (7>, g). We want to show that (S1, S») is inconsistent as
well. Let K C T,T? denote the union of (,ZTJJto(TZ, g) with the domain of injectivity
of exp, and let expg : K — T2 be the restriction of exp,, to K. This is again a special
case of the map defined in (4-1). Let U C T2 be an open neighborhood of p and put
Zi:=A;NU foralli € {1,2,3}. If U is chosen sufficiently small, then, by the above

description of (’I\u/to(Tz, g), there are x1 € [p1,¢1] and x| € [[q2, p3] such that
expx (Z1) =[x}, p3l U [p1, x1].
Analogously, one shows that there are
x2 € lqr, p2l, x5 €p3.qal,  x3€[pa.q2] and xj€ (g3, pil
such that
expg’ (Z2) = [x2, p2l U [p3. x5].  expg' (Z3) = [x5, p1] U [p2. x3].
Since exp}1 {p}) = {p1, p2, p3}. this shows that
expg’ ({p}) Nexpg' (Z1) = {p2, p3},
expx' ({p}) Nexpy (Z2) = {p1. p3},
expx ({p}) Nexpe! (Z3) = {p1, pa}.
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Consequently,

3
Cuto(T%) Nexp, ' ({p}) N [ expx! (Zi) = @,
i=1
which shows that (S1, S») satisfies the inconsistency condition at p. In complete
analogy, one shows that the condition is satisfied at ¢ as well, implying that (S, S2) is
inconsistent. Since g is, by construction, left-invariant, it follows from Corollary 6.4
that GC(T?, g) = 3. m]

7.2 Geodesic complexity of Berger spheres

In this subsection we consider a class of homogeneous Riemannian manifolds whose
geodesic complexity can be computed explicitly without making use of the upper and
lower bounds we previously studied. In [1], M Berger has constructed a one-parameter
family of homogeneous metrics g4 for 0 < a < 7 on the three-dimensional sphere S 3,

whose cut loci have been described by Sakai [38].

In the following, we will first recall a particularly interesting class of homogeneous
Riemannian manifolds, namely naturally reductive spaces. Berger spheres are special
cases of them and we will outline the construction of Berger’s metrics following [38].

Given a Lie group G, we always let e € G denote its unit element. Let g denote
the Lie algebra of G and assume that H is a closed subgroup of G. Then the Lie
algebra h of the Lie group H is a Lie subalgebra of g. If there is an Ady—invariant
subspace m of the Lie algebra g which is complementary to ) then there is a bijective
correspondence between Adgy—invariant inner products on m and G—invariant metrics
on the homogeneous space G/H. See [31, Proposition 11.22(2)] for details.

Definition 7.3 [31, page 317] Let G be a Lie group with a closed subgroup H. Let g
be the Lie algebra of G and § be the Lie algebra of H. Assume that there is a subspace
m C g which is complementary to h and such that Adg (m) C m, where Adg denotes
the adjoint representation of H. Suppose there is an Adg—invariant inner product (-, -)
on m such that

([X.Y]m. Z) = (X.[Y, Z]w)

for all X, Y, Z € m, where the subscript m of an element of g denotes its projection
onto m. Then G/H together with the G—invariant Riemannian metric corresponding
to this inner product is called a naturally reductive space.
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Example 7.4 All symmetric spaces are examples of naturally reductive spaces as
discussed in [31, page 317]. The real Stiefel manifolds Vj (R"”) forn >4 and 2 < k <
n — 2 are examples of naturally reductive spaces which are not symmetric spaces; see
[18, page 748].

For our purposes, the crucial property of naturally reductive spaces is the observation
made in the following proposition. We refer to [31, Proposition 11.25] for its proof.

Proposition 7.5 Let G be a Lie group and H C G be a closed subgroup. It M = G/H
is a naturally reductive space and w: G — M is the projection, then the geodesics
starting at o = 7 (e) are precisely the curves of the form y(t) = mw(exp(t£)) for & e m,
where exp: g — G is the Lie group exponential of G.

We proceed by constructing Berger spheres as naturally reductive spaces following the
exposition of [38]. Let G = SU(2) x R and let g = su(2) & R be its Lie algebra. We
consider the Adg—invariant inner product on g given by

((A,x),(B,y)) =—2Tr(AB) +xy forall (4,x),(B.y)€g.

For x € (O z ], we define a linear subspace of g as

» 2
il cosa 0 )
ha=%(( 0 —ilcosa)’lsma)eg‘IER}'

Consider the closed subgroup Hy C G, H, = exp(hy), where exp again denotes the
Lie group exponential of G. Explicitly, Hy is given as

il cosa
0 .
Ha:%((e 0 e_ilcosa),lsmoz)‘leﬂ%}.

One checks that G/ H,, is diffeomorphic to S3. The orthogonal complement to by in g
with respect to (-, -) is the space

irsina a-+ib
My = } .. ,—F Ccos eg‘a,b,reR .
—a+ib —irsina

A direct computation shows that mg is Adgy,—invariant. The restriction of the inner
product (-, -) to my X my defines an Adg,—invariant inner product on my. We equip
the homogeneous space G/H, with the G-invariant metric that is defined by this inner
product and the abovementioned correspondence between G—invariant Riemannian
metrics on G/Hy and Adg,—invariant inner products on mg.
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Since my L hy by construction, the space M, = G/H, equipped with the described
homogeneous metric is a naturally reductive space; see [18, Proposition 23.29]. Thus,
by Proposition 7.5, the geodesics in My emanating from o are precisely the images of
the one-parameter groups in G under 7 of elements of my. For o = 7, one further
observes that G/H,, is isometric to the round sphere S3 of sectional curvature one; see
[28, page 77].

The following observation gives us a strong upper bound on GC(My ). We refer to [28,

Section 3] for its proof.

Proposition 7.6 For each o € (O, %) the Berger sphere M, is isometric to SU(2)
equipped with a left-invariant metric.

Combining Proposition 7.6 with Corollary 5.5 yields
(7-2) GC(My) < GCo(Cuty(My)) + 1,

where 0 = 7 (1). To compute GC,(Cut,(My)), we will outline the results from [38]
Z
Examples 2.3(1). Thus, in the following we fix « € (0, %).

about the cut loci of M. For o = we already know that GC(My/,) = 2; see

Let S C m, denote the unit sphere in m, with respect to the norm induced by (-, -)
and let D, : g — T, M, denote the differential of 7 in the unit e € G. Consider the
isometric isomorphism of vector spaces

(p = Dnelma:ma i ToMa.

Then ¢ maps S to the unit sphere in T,My. Let : T,My — T, M, be the radial
homeomorphism which maps the unit sphere homeomorphically onto the tangent cut
locus afto(Ma) of 0 in M. Then the map F: S — afto(Ma), F:=vyogp|sisa
homeomorphism. We consider e, e; € my given by

= (5)0) =(00))

Let U := spang ({e1.e2}) and let ryy : my — my denote the reflection through U. Let
m; and m, denote the two components of my ~ U and put D; := S Nm; fori € {1, 2}.
By the results of [38, page 151]:

e Cuty(My) = (exp, o F)(S).
* exp,o© F|51 and exp,, oF|52 are injective.

e (exp,o F)(v) = (exp, oF)(ry(v)) forall v e Dy U Ds.
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Hence, the map exp,, o F| D, 1s a bijective continuous map from a closed disk onto the
cut locus Cut, (My,). Since the disk is compact and Cut, (M) is a Hausdorff space, this
shows that Cut, (M) is homeomorphic to a closed disk. Moreover, exp, o F| D, D; —
M, is an embedding of D; onto Cut,(My) fori € {1,2}.

Theorem 7.7 Forall o € (0, Z], it holds that GC(My) = 2.

Proof Fora = % ie the case of a round metric, this is observed in [34, Proposition 4.1],
so we will only consider the case of @ € (O, %) In the notation from above, we put
E := F(D;) and let f: Cuty(My) — E, f := (exp, o F|g)~!. Define

s:{o} xCuty(My) - GMy, (s(0,9))(t) =exp,(t- f(g)) forall ¢ el0,1].
By Proposition 7.5, the map s is a continuous geodesic motion planner, which shows
GCo(Cuto(My)) =1

and thus GC(My) < 2 by (7-2). Since GC(My) > TC(S3) = 2, this shows the claim. O

Remarks 7.8 (1) As Recio-Mitter has shown [34, Example 2.4], there exists a
Riemannian metric g, on S3 for which GC(S3, g,,) = 3. This shows that also in the
case of S3, the value of GC depends on the chosen metric.

(2) The cut locus of a point in the Berger sphere My for 0 < a < 7 is a closed
disk. It therefore seems tempting to determine the geodesic complexity of M, via
a stratification of this cut locus similarly to what we have done in previous sections.
More precisely, an obvious stratification of a closed disk is given by taking one stratum
as its interior and another stratum as its boundary. However, this is not an inconsistent
stratification as in Definition 4.6 since we would then obtain GC(M,) > 3, whereas we

have shown that GC(M,) = 2.

(3) As this example is particularly instructive, we want to sketch briefly how to show
directly that the stratification from the previous paragraph is not inconsistent. Let
K C T, M, be the union of the injectivity domain with the tangent cut locus a/to (My).
Using the same notation as in the exposition above, put

Sy := (exp, o F)(D1) C Cuto(My) and Sy := (exp, o F)(3D1) C Cut,(My).

Under the identification of Cut, (M) and a closed disk, this is the decomposition from
part (2) of this remark. Evidently, this is a stratification in the sense of Definition 4.4.
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Let x € S3 and let U C M, be a neighborhood of x. For sufficiently small U, the
intersection U N S has only one connected component, which we call Z. We claim
that

Cuto (My) Nexp, ' ({x}) Nexpx! (2) # 2.

By the above discussion of Cut, (My,), the intersection Cut, (My)Nexp, ! ({x}) consists
of a single point v € T, M. By choosing a sequence in Z converging to x and recalling
that exp, o F| p, 1s a homeomorphism for i € {1, 2}, we see that

RS expl_(1 (Z2).
This shows that

Cuto(Mo) Nexp, ' (x}) Nexpr! (Z) = {v} # @.

Hence, the stratification (S1, S2) of Cut, (M) is not inconsistent.

8 Explicit upper bounds for symmetric spaces

In [36, Theorem 5.3], Sakai has determined the cut loci of compact simply connected
irreducible symmetric spaces. He showed that their cut loci always allow for strati-
fications for which each stratum is a submanifold. Since every symmetric space is a
Riemannian product of irreducible symmetric spaces, Sakai’s results are enough to
determine the cut loci of compact simply connected symmetric spaces in general; see
our explanations on cut loci of product manifolds in Example 7.1.

In this section, we will first apply the results from Section 5 to find an upper bound
for the geodesic complexity of a compact, simply connected, irreducible symmetric
space. From Sakai’s results, in particular [36, Proposition 4.10], we will further derive
estimates on the subspace geodesic complexities of the strata of a cut locus. These
numbers appeared on the right-hand side of the inequality in Corollary 5.8 and we
will show that they can be estimated from above by certain sectional categories. As a
result, we will obtain an upper bound for the geodesic complexity of compact, simply
connected, irreducible symmetric spaces given purely in terms of categorical invariants.

We begin by summarizing the main results of [36], stated here in the form of [37,
Section 4]. We assume basic knowledge on symmetric spaces that is provided by
textbooks in Riemannian geometry like [23] or [33]. In the following, we always let
Df denote the differential of a differentiable map f in the point x.
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Let M = G/K be a compact, simply connected and irreducible symmetric space,
where (G, K) is a Riemannian symmetric pair. Explicitly, G is a compact, connected
Lie group, K is a closed, connected Lie subgroup of G and G admits an involutive
automorphism o: G — G whose fixed-point set satisfies (Fix(0))o C K C Fix(0),
where (Fix(0))g is the identity component of Fix (o).

Let m: G — M denote the orbit space projection, let ¢ € G denote the unit element
and put 0 := 7(e) € M. Let g and ¢ denote the Lie algebras of G and K, respectively,
and let m C g be the —1 eigenspace of Do.. Then, since € is the +1 eigenspace
of Do, there is a vector space decomposition g = £ @ m. Furthermore, the restriction
Dre|m: m — Ty M is a linear isomorphism; see [23, Theorem TV.3.3].

In the following we give a concise overview of the most important notions related to
root systems of symmetric spaces:

e Let gc denote the complexification of g. By [23, page 284], there exists a Cartan
subalgebra ) C gc. We recall that a roor o of the Lie algebra g¢ is an element of the
dual space h* such that there is a nonzero vector X € g¢ satisfying

[H,X]=a(H)X forall Heb.
The set of nonzero roots of the Lie algebra gc will be called R.

¢ Let a be a maximal abelian subalgebra of m, which again exists by [23, page 284].
We will call a a Cartan subalgebra of (G, K).

A root @ € R with a|, # 0 will be called a root of the symmetric pair (G, K). The set
of roots of the symmetric pair (G, K) will be denoted by R(G, K).

e By choosing a certain real subspace hg of the Cartan subalgebra h) and defining a
lexicographic ordering on hg, one defines an ordering on the set of roots R; see [23,
page 173]. This defines a set of positive roots Rt C R of gc. The set of positive roots
of (G, K) is then defined as

R(G,K)t := R" N R(G, K).

There is a maximal element of R(G, K)* with respect to this ordering, which we
denote by ¢ and call the highest root of (G, K).

e Let k be the rank of the symmetric space M = G/ K. A simple root of (G, K) is a
positive root o which cannot be written as a sum @ = 8 + y with 8,y € R(G, K)™.
There are precisely k simple roots and one finds that every positive root can be written
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as a linear combination of the simple roots with nonnegative integer coefficients; see
[23, Theorem VII.2.19]. Denote the system of simple roots of (G, K) by 7(G, K).

¢ By virtue of the chosen Adg—invariant inner product on g, we will from now on
consider the roots to be vectors in a in order to follow [36, Section 2].

Based on this terminology, we next recall Sakai’s results on the structure of cut loci of
symmetric spaces. In the case that there are two or more positive roots of (G, K), we
define a subset D of the power set of 7(G, K) by

D:={ACr(G.K)|A#3D,8¢A)}

If there is only one positive root y, which is therefore also the only simple root and
also the highest root, define

D= {{y}.

Let (-,-) denote the chosen Adg—invariant inner product on g and consider the Weyl
chamber of 7(G, K) that is given by

W:={Xeal|(y,X)>0forall y e n(G, K)}.

See [23, Section VIL.2] for further details on Weyl chambers and their connection to
root systems. If there is more than one positive root, let

SA =
(XeW|(y,X)>0forallye A, (y,X)=0forall y e (G, K)~A,2(8, X)=1}
for each A € D. If there is just one positive root y, then set
Sy =1X €al2(y. X)=1}.
Since a is one-dimensional in that case, Sy, consists of a single point.
Let exp: g — G be the exponential map of G and put

Exp:m —> M, Exp:=moexp|m.
For A € D, we let

Da:KxSp—> M, ®ak,X)=Exp(Ad(k)(X)),

and put Za :={k € K | Exp(Ad(k)(X)) = Exp(X) for all X € Sp}. One checks with-
out difficulties that Z A is a closed subgroup of K. As shown in [36, Proposition 4.10],
each @ induces a differentiable embedding

CI)A:K/ZAXSA—>M.
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Put Ca :=im @A for each A € D. By [36, Theorem 5.3], the cut locus of M at o is

then given by
Cuto(M) = | J Ca

A€D
and the Cx satisfy
CANCpar =9 forall A,A'eD, A# N,
(8-1) Cp = U Car forall AeD.

A'CA
Let k be the rank of M. Fori € {1,2,...,k}, we put
Di:={AeD|#A=i} and C;:= (] Ca.
A€D;

It follows from (8-1) that (Cy, Cx_1, ..., C1) is a stratification of Cut, (M) and that
the Ca for A € D; are precisely the connected components of C;. Since M is a
homogeneous Riemannian manifold, we thus obtain from Corollary 5.8 that

k
(8-2) GC(M) < secat(ev,: Isom(M) — M) - Y~ max GC,(Ca) + 1.
Pt A€D;

It remains to find upper bounds on the numbers GC,(CA).
Proposition 8.1 For each A € D, it holds that
GCy(Cp) <secat(ga: K — K/Zp),
where g a denotes the orbit space projection.
Proof Letr:=secat(ga). Then, by Lemma 4.1, there are pairwise disjoint and locally

compact subsets Bjy,..., B C K/Z A such that, for eachi € {1,2,...,r}, there is a
continuous local section s; : B; — K of ga. Using these s;, we define

0i: {0} X @A (B; x SA) = GM,  (0i(0, Pa(x, X)))(r) = Exp(r - Ad(s; (x))(X)).

forevery i € {1,2,...,r}. By construction, each o; is continuous and o; (0, Pa (x, X))
is a geodesic segment for all (x, X) € B; x Sa and eachi € {1,2,...,r}. Moreover,
(0i (0, @a(x, X)))(0) = Exp(0) = o,
(0i (0, @A (x, X)))(1) = Exp(Ad(s(x)) (X)) = Pa(x, X),
by definition of ®A. Thus, the o; are continuous geodesic motion planners. Since the

sets DA (B1 X SA), ..., Pa(Br x Sp) are pairwise disjoint, locally compact and cover
®(K/Z A x SA) = Ca, this shows that GC,(Cp) <. O
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Combining Proposition 8.1 with (8-2) yields the following upper bound:

Theorem 8.2 Let (G, K) be a Riemannian symmetric pair and let M = G/ K be the
corresponding symmetric space. Assume that M is compact, simply connected and
irreducible. Then, with D; and Z A given as above,
k(M)
GC(M) < secat(evy: Isom(M) — M) - Z inezgg secat(ga: K — K/ZA) + 1,
i=1 !

where rk(M') denotes the rank of M.

Corollary 8.3 Let (G, K) be a Riemannian symmetric pair and let M = G/K be the
corresponding symmetric space. Assume that M is compact, simply connected and
irreducible. Then, with D; and Z a given as above,
k(M)
GC(M) <cat(M)- Y max cat(K/Zp) + 1.
= A€D;

Proof This is an immediate consequence of Theorem 8.2 and [39, Theorem 18]. O

We want to conclude by applying the upper bounds to two examples of compact
symmetric spaces whose cut loci have already been discussed in the works of Sakai,
more precisely in [36, Example 5.4; 35, Section 4.2].

Example 8.4 Consider the complex projective space CP" =Un+1)/(U(1) xU(n))
with the Fubini—Study metric. This is a compact and simply connected symmetric space
of rank one. Its cut locus is studied in detail in [36, Example 5.4]. Let G = U(n + 1),
let g =u(n + 1) be its Lie algebra and let K = U(1) x U(n). Let g = £ & m denote the
decomposition of g with respect to the symmetric pair (G, K). By the same methods
as in [23, page 452], which treats the Lie algebra of SU(n), one computes that

E:{(ig §)|aeR,$€u(n)} and m:{(_g ﬁoT)‘uEC”%.

Then a = spang ({Ho}) is a Cartan subalgebra of (G, K), where Hy = (h;;) € g is

iven b
given by i3, )= (1,n+1),

if(i,j)=m+1,1),
0 otherwise.

E
2
— /1

In particular, every system of simple roots of (G, K) consists of a unique element. Let
o0 be the equivalence class of the neutral element of G in G/ K = CP". Then Cut,(M)
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consists of a unique submanifold, given by

Cuto (M) = {Exp(Ad(k)(Ho)) | k € U(1) x U(n)}.
Sakai further showed that

Zo:={k € U(1) xU(n) | Exp(Ad(k)(Ho)) = Exp(Ho))}

can be identified with Zo = U(1) x U(n — 1) x U(1). Hence, by Proposition 8.1,
(8-3) GCp(Cuty(M))

< secat(U(1) x U(n) — (U(1) x U(n))/(U(1) x U(n — 1) x U(1))).
One easily checks that the map
@ (U) xUm)/(U) x U —1)x U(1)) = Um)/(U(n —1) x U(1)) = CP"~1,

¢([z. A]) = [A].

where (z, A) € U(1)xU(n), is a well-defined homeomorphism. Let p: U(n) — CP" !
denote the principal U(1)-bundle over the homogeneous space CP"~!. Assume that
s:V — U(n) is a continuous local section of p over a subset V C CP"~!. Then we
obtain a continuous local section 5: V' — U(1) x U(n) of the principal fiber bundle

U xUm)— U)xUm)/(UQ)xUm—1)xU(1))

by setting §(¢ 1 (p)) = (20, s(p)) for p € V, where zg € U(1) is a fixed element. This
shows that

secat(U(1)xU(n) = (U(1)xU(n))/(U(1)xU(n—1)xU(1))) <secat(U(n) —>CP" ).
Hence, we derive from (8-3) that
GCo(Cuty(M)) < secat(U(n) — CP* 1) < cat(CP" 1) = n,

where we used [39, Theorem 18] for the second inequality. The fact that cat(CP" 1) =
n is shown in [6, Example 1.51]. Eventually, by Theorem 5.4 and the same references,

GC(CP") <secat(U(n + 1) = CP"™) GCy(Cuty(M)) + 1
< cat(CP™)cat(CP" 1 + 1
=m+1n+1.

Since TC(CP™) = 2n + 1, as computed in [14, Lemma 28.1], we derive using
Remark 2.4(1) that

2n+1<GC(CP")<(m+1n+1 forall neN.
For n = 2, this shows that GC(CP?) € {5,6,7}.
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Example 8.5 Consider the complex Grassmann manifold
G2(CH =U(#)/(UQR) x U(2)).

As a quotient of a compact Lie group by a closed subgroup, G»(C*) is compact. Let
V2 (C*#) be the corresponding complex Stiefel manifold. As shown in Example 4.54
of [22], Vo(C*#) is simply connected. Since the fiber U(2) of the fibration V,(C*) —
G2(C*) is connected, it follows from the long exact homotopy sequence of this fibration
that G (C*#) is simply connected as well. The cut loci of G»(C*#) are discussed in [35,
Section 4.2; 36, Example 5.5]. The corresponding decomposition of the Lie algebra
g=u(4) of G = U(4) is given by g = £ & m, where

e={(‘(’)‘ g)(a,ﬂeu(z)} and m={(_gT g)‘geMz((C)}.

Here, ¢ is the Lie algebra of K = U(2) x U(2). A Cartan subalgebra a C m is spanned
by

0010 0 000

e L] 0000 1|0 001
27 [-1000 27 [0 000
0000 0-100

By [36, page 143], one can define positive roots and simple roots of (U(4), U(2)xU(2))
in such a way that 2e; = § is the highest root and that a system of simple roots is given

by
(G, K) ={y1,y2}, where y;:=2e3, y2 :=e€1—e2.

Thus, in the notation from above, D = {Ag, A1, A3}, where Ag = {y1, y2}, A1 = {y1}
and Ay = {y>}. With S; := Sx, fori € {0, 1,2}, one computes that

So={n%e1+ ez ealre (0,72}, S;={re1}, Sy={n%(e1+e2)}

We further put Z; := Z,; for each i. By computing the corresponding matrix expo-
nentials, we obtain

7, ={diag(a,b,c,d) e URQ)xUQ2) |a,b,c,d € U(1)} = U(1)*.

Since U(2)/(U(1) x U(1)) is diffeomorphic to CP! = S2, it follows that K/Z =
S2 x S2. Hence, cat(K/Z1) = cat(S? x $2) < 3 by the product inequality for cat;
see [6, Theorem 1.37]. One further computes by matrix exponentials that Z, = K, so
K /Z, consists of a single point, which yields cat(K/Z,) = 1. By [36, Lemma 4.9],
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for every fixed X € Sp we obtain Zy = {k € K | Exp(Ad(k)(X)) = Exp(X)}. We
choose X = n2%e; + %nzez and claim that

Zo = {diag(a,b,c,b) e UQR)xUQ2) |a,b,c € U(1)}.

To see this, we compute that

0 01 0

o L oL

_ N RN
exp(X)=|_; 5 ¢ %
1 1

The condition Exp(Adg (X)) = Exp(X) is equivalent to exp(—X )k exp(X) € K. One
then checks by an explicit computation that k € K satisfies this condition if and only if

k = diag(a,b,c,b) with a,b,c € U(1).

Hence, K — K/Zj is a bundle with typical fiber U(1)3, where an inclusion of the
fiber is given by

U1} > UQR)xUQ), f(a,b,c)=diag(a,b,c,b).

We want to show that K/Zg is simply connected. By the long exact sequence of
homotopy groups of that bundle, it suffices to show that fi: 71 (U(1)3) — 71 (U(2)?)
is surjective. Let y: [0, 1] — U(1), y(t) = e?™!. We observe that 71 (U(1)3) = Z3.
A set of generators of 71(U(1)3) is given by the homotopy classes of the loops
Y1.v2,v3: [0, 1] = U(1)3 defined as

Vl([):()/(l),l,l), )/2([)=(1,)/(l),1), )/3(Z)=(1,1,)/(f))

We further observe that 71 (U(2)?) = Z?, where a set of generators is given by the
homotopy classes of

B1.B2:[0. 1] =>U@2)xU(2), p1(t) =diag(y(1).1,1.1), pa(r) =diag(l,1,y(z),1).

Here we used [4, Example VIL.8.1]. One immediately sees that f o y; = f; and
f oy3 = B». This shows that the image fx contains a set of generators, and hence fx
is surjective. Thus, 771 (K /Zp) is the trivial group, which implies by [6, Theorem 1.50]
that

cat(K/Zo) < 2dim(K/Zp)+1=3+1=1.

Since cat is integer-valued, we obtain cat(K/Zg) < 3. To employ Corollary 8.3, we
still need to estimate cat(G,(C#)) from above. Another use of [6, Theorem 1.50]

shows that
cat(G2(C*) < L dim(G2(CH) + 1 =5.
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Inserting the results of our computations into Corollary 8.3, we derive

GC(G2(C*)) < cat(G2(C*))(cat(K/Zo) + max{cat(K/Z1), cat(K/Z)}) + 1

<5(3+3)+1=3l

By [14, Lemma 28.1], it further holds that TC(G2(C#)) = dim(G>(C#*)) +1 = 9.
Thus, by the previous inequality and Remarks 2.4, we obtain

9 < GC(G2(CH) < 31.
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