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Classification of torus bundles that
bound rational homology circles

JONATHAN SIMONE

We completely classify orientable torus bundles over the circle that bound smooth
4-manifolds with the rational homology of the circle. Along the way, we classify
certain integral surgeries along chain links that bound rational homology 4-balls
and explore a connection to 3—braid closures whose double branched covers bound
rational homology 4—balls.
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1 Introduction

In [13], we showed that two infinite families of 7?>~bundles over S! bound (smooth)
rational homology circles (QS! x B3’s). As an application, the QS! x B3’s were
used to construct infinite families of rational homology 3-spheres (QS>’s) that bound
rational homology 4-balls (Q B*’s). The main purpose of this article is to show that
the two families of torus bundles used in [13] are the only torus bundles that bound
smooth QS x B3s.
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2450 Jonathan Simone

After endowing T2 x [0, 1] = R2/Z? x [0, 1] with the coordinates (x,?) = (x, y,1),
any orientable torus bundle over S! is of the form 72 x [0, 1]/(x,1) ~ (£Ax,0),
where A € SL(2, Z). The matrix A is called the monodromy of the torus bundle and is
defined up to conjugation. Throughout, we will express the monodromy in terms of the
generators T = [(1) % ] and S = [_(1) (1)] A torus bundle is called elliptic if |tr A| < 2,
parabolic if |tr A| = 2, and hyperbolic if |tr A| > 2. Moreover, a torus bundle is called
positive if trA > 0 and negative if trA < 0. Torus bundles naturally arise as the boundaries
of plumbings of D?-bundles over S? (see Neumann [11, Section 6] for details). Using
these plumbing descriptions, it is easy to draw surgery diagrams for torus bundles.
Table 1 gives a complete list of torus bundles over S!, along with their monodromies
(up to conjugation) and surgery diagrams. To simplify notation, T4 4(4) Will always
denote the hyperbolic torus bundle with monodromy +A(a) = +7741 S ... T4 §,
where a = (ay,...,an), a1 > 3,and a; > 2 for all i.

Theorem 1.1 A torus bundle over S' bounds a QS x B3 if and only if
e it is negative parabolic, or

e it is positive hyperbolic of the form T4q), where
a=@+x1,27 34 xompr, 2P 34 xp, 2080 3 sy, 22wy

m>0,and x; >0 forall i.

Elliptic torus bundles and parabolic torus bundles that bound QS! x B3’s are rather
simple to classify. Classifying hyperbolic torus bundles, which make up the “generic”
class of torus bundles, is much more involved and includes the bulk of the techni-
cal work. In [13], it is shown that T4(,) indeed bounds a QS' x B3 when a =
B4x1,2%2) 34 xpmpr, 21 34 xp, 20681 34 x,,,, 20%2m41]) | To obstruct
all other hyperbolic torus bundles from bounding QS! x B3’s, we first consider a

related class of QS3’s.

Let L, denote the n—component link shown in Figure 1, where 7 denotes the number
of half-twists. We call L!, the n—component, t—half-twisted chain link. If t = 0, we
call the chain link untwisted. Consider the surgery diagram for the hyperbolic torus
bundle T4 4(4) given in Table 1. Now perform m—surgery along a meridian of the
O—framed unknot as in the left side of each of the four diagrams in Figure 2. Next,
slide the unknot with framing —a; (or —a; % 2) twice over the blue m—framed unknot
so that it no longer passes through the O—framed unknot. Then cancel the O—framed
and m—framed unknots. When n > 2, the resulting 3—manifolds are obtained by
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elliptic torus bundles

monodromy  surgery diagram monodromy

surgery diagram

S 0o<=!> -S

(T718)? o= —(T718)?

parabolic torus bundles

monodromy  surgery diagram monodromy surgery diagram
o RN o N\
weny ol (nez) o<l
N? G
hyperbolic torus bundles T+ g(q,.....a,)
monodromy surgery diagram
n>1 n=1
<
e ~ai+2
T-a1§...T—an§ —m@l/ ~
(a1 >3,a; >2foralli) OQ\D) OQZ{J\
o
<
_am T —ay—2
T §...Tans a0
(a1 >3,a; >2foralli) 0

Table 1: Monodromy and surgery diagrams of parabolic,
T2-bundles over S!.
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Figure 1: The n—component, 7-half-twisted chain link, L?,. The box labeled ¢
denotes ¢ half-twists.

Figure 2: Surgering the hyperbolic torus bundle T 4(4), where a =
(a1, ....ay), to obtain the rational homology sphere Y. The blue boxes
labeled 2m and 2m — 1 indicate the number of half-twists.
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(=ai, ..., —ap)-surgery along the chain link L!, where = 2m or 2m — 1. We denote
these 3—manifolds by Y} = S(3—a1,...,—an)(L£z)’ where a = (ay,...,an), a1 > 3, and
a; > 2 for all i. Note that, by cyclically reordering or reversing the surgery coefficients,
we obtain the same 3—manifold. When n = 1, the resulting 3—manifolds are obtained by
—(ay£2)-surgery along LY, where 1 = 2m + (1 £ 1); we denote them by Y} = Y(tal).
Note that Y(tal) = Sia1+2(l‘tl) when 7 is even, and Y(tal) = Sial_z(Ltl) when 7 is
odd. Finally note that Y/ is a QS?3 for all a and ¢; this follows from the fact that

|H1(Y})| = |Tor(H1(T+ A(a)))| is finite (see Lemma A.1).

Lemma 1.2 [13] Let Y be a QS' x S? that bounds a QS! x B3 and let K be a
knot in Y such that [K] has infinite order in Hy(Y ; Z)). Then any integer surgery on Y
along K yields a QS3 that bounds a Q B*.

By Lemma 1.2, if Tjy(4) bounds a QS! x B3, then Y/ bounds a Q B* for all even ¢,
and if T_ 4(4) bounds a QS! x B3, then Y! bounds a QB* for all odd ¢. Thus, if
Yat does not bound a Q B* for some even (or odd) 7, then T, A(a) (or T_ 4(4)) does not
bound a QS x B3. Using this fact, we will obstruct most hyperbolic torus bundles
from bounding QS! x B3’s by identifying the strings a for which Y2 and Ya_1 do
not bound Q B*’s. Before writing down the result, we first recall and introduce some
useful terminology.

Let (b1, ..., by) be a string of integers such that b; > 2 for all i. If b; > 3 for some
j, then we can write this string in the form 2" 3 4y, ... 2" 2 4 nj), where
m;,n; >0 forall i and 2] denotes a string 2,...,2 of ¢t 2’s. The string (c1,...,c]) =
Q4my, 2" 34ms, . 34m;, 2]y is called the linear-dual string of (b1, ..., by).
If b; =2 forall 1 <i <k, then we define its linear-dual string to be (k 4 1). Linear-dual
strings have a topological interpretation. If Y is obtained by (—by, ..., —by )—surgery
along a linear chain of unknots, then the reversed-orientation manifold ¥ can be
obtained by (—cy, ..., —c;)-surgery along a linear chain of unknots (see Neumann [11,
Theorem 7.3]). Finally, we define the linear-dual string of (1) to be the empty string.

Suppose a = (ai,...,ay) is of the form (2[’"1],3 +nq,.. .,Z[mf],3 +n;), where
mi,n; > 0 for all i; we define its cyclic-dual to be the string d = (dy,...,dm) =
B+my, 20l 34 mj,2["-/]). In particular, a string of the form (x) with x > 3
has cyclic-dual (2¥=3], 3). Notice that this definition only slightly differs from the
definition of the linear-dual string. As a topological interpretation of cyclic-dual strings,
the reversed-orientation of T 4(4) is given by T. A(a) = T+ 4(a) (see Neumann [11,
Theorem 7.3]). Finally, (ay,...,a1) is called the reverse of (ay,...,an).

Algebraic & Geometric Topology, Volume 23 (2023)
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Example 1.3 Consider the strings in Theorem 1.7,
a=0G+x1.2% 3 xama1, 28 34 0, 203 34k, 22y

It is easy to see that the cyclic-dual of a is simply a. Moreover, a is of the above form if
and only if it can be expressed in the forma = (b1+1,bs,...,bg_1,bx+1,c1,...,cp) if
k>2, where (b1,...,bg)and (c1,...,c;) are linear-dual strings, or a = (b; 42, 2121711)
ifk=1.

To remove the necessity of multiple cases, from now on, if @ contains a substring of the
form (b1 4+ 1,b2,...,bx_1,br + 1) and k = 1, then we will understand this substring
to simply be (b + 2), as in Example 1.3.

Definition 1.4 Two strings are considered to be equivalent if one is a cyclic reordering
and/or reverse of the other. Each string in the following sets is defined up to this
equivalence. Moreover, strings of the form (by, ..., bg) and (cq, ..., c;) are assumed
to be linear-dual. We define
Sta={(b1,....br,2,¢;,...,c1,2) | k+1>3},
Sip={(b1,....bx,2,¢c1,...,c1,5) | k+1>2},
S1e={(b1,...,br,3,¢1,...,¢1,3) | k+1>2},
S1a={Q2,b1+1,b2,....,bp_1,bx+1,2,2,¢c;+1,¢j—1,...,c2,c1+1,2) | k+1 =2},
Ste=1{(2,3+x,2,3,3,2713,3) | x>0 and (3,271, 3):= (4)},
Soa={(b1+3,b2,....br,2,¢1,...,c1)},
Sop={B+x.b1, ... bp_1.be+1.25 ¢/ +1,¢;_1. ... c1)|x=0and k+1>2},
Soc={(b1+1,bs,...,bp_1,b+1,c1,...,¢c1) | k+1>2},
Szq ={(2,24x,2,3,2F71 3 4)| x>0 and (3,207, 3):= (4)},
S2e={Q2,b1+1,by,....bg,2,¢;,....,c2,c1+1,2),(2,2,2,3) | k+1>2},
0={(6,2,2,2,6,2,2,2),(4,2,4,2,4,2,4,2),(3,3,3,3,3,3)},
S1=581aUS1pUS1cUS14 USTe,
E2=824U82pUS2cUS24 USze,
S=51USs.

Definition 1.5 Leta = (ay,...,a,), where a; > 2 for all i. Define I(a) to be the
integer I(a) = Y 7, (a; —3).

Algebraic & Geometric Topology, Volume 23 (2023)



Classification of torus bundles that bound rational homology circles 2455

Remark 1.6 If b and ¢ are linear-dual strings, it is easy to see that /(b) + I(c) = —2.
Using this observation, it easy to check that, if @ € Sy, then —4 < [(a) < —1, and if
a € S, then —3 < I(a) < 0. In the same vein, if @ and d are cyclic-dual strings, then
I(a) + I(d) = 0. Consequently, if a,d € S, then I(a) = I(d) = 0. Moreover,a € S
and /(a) =0 if and only if @ € Sy U S5 U Sae.

Theorem 1.7 Let a = (ay,...,a,), wheren > 1, a; > 2 for all i, and a; > 3 for
some j, and let d be the cyclic-dual of a.

(1) Suppose d ¢ S1, U O. Then Y, ! bounds a QB* if and only if a € Sy or
de S1p US1c US14 USte.

(2) Suppose a ¢ Siz U O. Then Y,! bounds a QB* if and only if d € Sy or
ac Slb USie USld USte.

3) Ya0 bounds a Q B* if and onlyifae Sy ord € S,.

Remark 1.8 The hypothesis “a; > 3 for some j” in Theorem 1.7 ensures that T4 4(4)
is a hyperbolic torus bundle. If we remove this condition from the theorem, then we
would have an additional case: a; = 2 for all ;. In this case, Y, a_l bounds a QB 4 and
Y2 does not bound a Q B*. This follows from Lemma 1.2 and Theorem 1.1 and the
fact that the corresponding torus bundles are the parabolic torus bundles with respective
monodromies —7" and T" (see [13]).

Remark 1.9 We will see in Lemma 4.2 that, for certain strings d that are the cyclic-
dualsof (by,...,bi,2,¢1,...,c1,2), Yd_l does not bound a Q B* (see Theorem 1.7(1)).
However, we are unable to prove this fact for all such strings. Moreover, for each a € O,
we are unable to obstruct ¥,;£! from bounding a Q B* or show that it indeed bounds
a QB*. These strings are outliers that are unobstructed by the analysis we present here.

Combined with Lemma 1.2, Theorem 1.7 obstructs most hyperbolic torus bundles
from bounding QS! x B3’s. In Section 3, we will obstruct the rest by considering
certain cyclic covers of QS x B3’s. The proof of Theorem 1.7 relies on Donaldson’s
diagonalization theorem [6] and lattice analysis. From this analysis, it follows that,
ifa ¢ S; UO, then Y/ does not bound a Q B* for all odd ¢, and if a ¢ Sy, then Y
does not bound a QB 4 for all even ¢. Moreover, by Lemma 1.2 and Theorem 1.1, if
a € Sz, then Y} bounds a QB 4 for all even ¢. This leads to the following question:

Question 1.10 For what values of ¢ and for which strings a € S\ Sz, does Y} bound
aQB*?

Algebraic & Geometric Topology, Volume 23 (2023)
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1.1 Connection to 3—braids

There is an intimate connection between the rational homology 3—spheres Y/ and
3-braid closures; we will show that Y; is the double cover of S3 branched over the link

)3t —(a1—-2) —(an—2)

given by the closure of the 3-braid word (0102)> 010, <1+ 010, , where

o1 and o3 are the standard generators of the braid group on three strands.

Leta = (ai,...,an) and consider Y, a_l and Yao, as shown in the top of Figure 3. Using
the techniques of Akbulut and Kirby [2], it is clear that Y, a_l and YaO are the double
covers of S3 branched over the links shown in the middle of Figure 3. The Z,—action
inducing these covers are the 180° rotations shown in Figure 3. By isotoping these

Figure 3: Y, ! and Y2 are the double covers of S branched over the closure

of the 3-braid word (0102)¥ 010, @-=2 010, , where t = —1 and

t =0, respectively. The blue box labeled ¢ indicates the number of full-twists,
while all other boxes in all other diagrams indicated the number of half-twists.

(an—2)

Algebraic & Geometric Topology, Volume 23 (2023)
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links, we obtain the closures of the 3—braid words (o102) 301 o, @-2 . 010, (@n=2)

and 010, @=2) 4 o, @n=2), respectively, as shown in Figure 3. Note that, in the
figure, the blue box labeled ¢ indicates the number of full-twists, while all other boxes
indicate the number of half-twists.

Using Kirby calculus, we can argue that, for any ¢, Y} is the double cover of S3
branched over the closure of the 3—braid word (0702)3 010, @-2) 010, (@n=2),
Notice that, if # = 2m — 1 > —1 is odd, then ¥/ can be realized as (—11)_gurgery
along a link in Ya_l, as shown in the top left of Figure 4, top, and if # = 2m > 0 is even,
then Y/ can be realized as (—l[m])—surgery along a link in Y2, as shown in the top left
of Figure 4, bottom. Under the Z,—action, each of these surgery curves double covers
a curve isotopic to the braid axis of the 3—braid. Thus each —1—-surgery curve maps to
a —%—surgery curve isotopic to the braid axis, as shown in the intermediate stages in
Figure 4. By blowing down these curves, we obtain the desired 3-braid closures at the
bottom of the figures. Note that the same argument can be used when ¢t < —1; the only

difference is that the surgery curves would all have positive coefficients.

Coupling this characterization with Theorems 1.7 and 1.1 and Lemma 1.2, we can

classify certain families of 3—braid closures admitting double branched covers bounding
QB*s.

Corollary 1.11 Leta = (ay,...,an), wheren > 1,a; > 2 forall i, and a; > 3 for
some j, and let d be the cyclic-dual of a.

e Suppose d ¢ S14 U O. Then the double cover of S3 branched over the closure
of the 3—braid word (o 02)_30102—@11 ... o1 oz_(a”_z) bounds a Q B* if and
onlyifae Sy ord € S1p US1c US14 USte.

o Suppose a ¢ S, U O. Then the double cover of S3 branched over the closure of
the 3—braid word (0102)30 o, @-2 . 010, @1=2) pounds a QB* if and only
ifd € Sy ora € S1p US1c US4 U Ste.

e The double cover of S3 branched over the closure of the 3—braid word

—(a1—-2 —(an—2
0102(a1 )"'Ulaz(an )

bounds a Q B* if and onlyifaes;.

e If a € Sy, then the double cover of S3 branched over the closure of the 3—braid
word (o1 02)3’0102_(‘1‘_2) e 0102_(‘1"_2) bounds a Q B* for all even t.

The 3-braid knots corresponding to strings in S15 US4 US,p US2. (and their mirrors)
were shown by Lisca [10] to be 3—braid knots of finite concordance order. Moreover,

Algebraic & Geometric Topology, Volume 23 (2023)
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1
T2 2
&2 / blow down
m

Figure 4: When t > —1, Ya’ is the double cover of S3 branched over the
closure of the 3-braid word (0102)* 010, @=2) 010, (@n—

is true when ¢t < —1.

2) . The same
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some of them were shown be slice knots and so for these the corresponding double
branched covers are already known to bound Q B*’s. Furthermore, by the classification
in [10], many of the remaining strings in S correspond to infinite concordance order
3-braid knots. Thus, these give examples of infinite concordance order knots whose
double branched covers bound Q B*’s. Rewording Question 1.10 in terms of 3—braids,
a natural question is the following:

Question 1.12 Which other 3-braid closures admit double branched covers bounding
QB*s?

Organization

In Section 2, we will highlight some simple obstructions to QS ! x $2’s bounding
QS! x B3’s, recall Heegaard Floer homology calculations of 3—braid closures due
to Baldwin, and use these calculations to explore the orientation reversal of the 3—
manifold Y/. These obstructions and calculations will be used in Sections 3 and 4.
In particular, in Section 3, we will use the obstructions and other techniques to prove
Theorem 1.1, and in Section 4, we will show that the QS>’s of Theorem 1.7 do
indeed bound Q B*’s by explicitly constructing them. In Sections 5-7, we will use
lattice analysis to prove that the QS3’s of Theorem 1.7 are the only such QS3’s that
bound Q B*’s. Finally, the appendix provides some continued fraction calculations that
are used in Sections 2 and 4.

Acknowledgements

Thanks to Vitalijs Brejevs for pointing out a missing case in Lemma 6.1 and thanks
to the referee for carefully reading through the technical aspects of the paper and
suggesting ways to greatly improve the flow of the paper.

2 Obstructions

In this section, we highlight some simple ways to obstruct a QS ! x §2 from bounding
a QS x B3, recall Baldwin’s calculations of the Heegaard Floer homology of double
covers of S3 branched over certain 3-braid closures [3] (ie the rational homology 3—
spheres Y/!), and show that reversing the orientation of the rational homology sphere Y/}
yields Y;?, where d is the cyclic-dual of a. The first obstruction is a consequence of
[5, Proposition 1.5 and Corollary 1.6].

Algebraic & Geometric Topology, Volume 23 (2023)
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Lemma 2.1 [5] IfK C S3isan alternating knot and Sg (K) bounds a QS'x B3,
theno (K) = 0.

The next obstruction is akin to a well-known homology obstruction of QS>’s bounding
QB*’s [4, Lemma 3].

Lemma 2.2 If Y bounds a QS' x B3, then the torsion part of Hy(Y) has square
order.

Proof It is well known that, if a QS3 bounds a Q B, then its first homology group
has square order [4, Lemma 3]. A similar but more complicated argument will prove
the lemma.

Let A = Tor(H;(Y)). We aim to show that |A]| is a perfect square. Let W be a
QS x B3 bounded by Y. Then

T ifi =2,
HW)=izZeoT, ifi=1,
Z ifi =0,
where T7 and 75 are torsion groups. By duality and the universal coefficient theorem,
Z ifi =3,
HWY)= T, ifi=2,
T, ifi=1.

Consider the long exact sequence

Hy(W.Y) L5 Hy(Y) — Hy(W) — Hy(W.Y) — Hy(Y) 55 Hy (W) -5 Hy (W, Y)
2l Al 2l Al 2l Al 2l
7 7 T, T: 7®A 7Z&® T T

Since H3(W) and H{(W,Y) are torsion groups, and H3(W,Y) = Ho(Y) =~ Z, the
maps H3(W) — H3(W,Y) and Hi(W,Y) — Ho(Y) in the long exact sequence of
the pair (W, Y) are trivial; hence, f is injective and g is surjective. Express the
map g as g = g1 + g2, where g1: Z — Z & T and g»: A — {0} & T;. Notice that
Img =Img; ®Im g, and g is injective. Thus Im g5 can be identified with a subgroup
of coker g1 and 7> = coker g = coker g1 /Im g,. Moreover, it follows from duality that,
if f is given by multiplication by n, then g is of the form g;(x) = £nz + >_ A;b;,
where x is a generator of the domain of g and {z, b; } is a basis for Z & T} such that z
is an infinite order element and the b; are torsion elements. Thus |coker g1| = n|T1| =
|coker f||T1].

Algebraic & Geometric Topology, Volume 23 (2023)
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By exactness, we can reduce the above sequence to the short exact sequence
0— Tl/(Tz/COkerf)L>269Aleg—>0,

where we identify coker f* with its image in 7, and 7, /coker f with its image in 77.
Since g1: Z — Im g; is an isomorphism, we have the short exact sequence of finite
groups .

0— Ty /(T»/coker f) ——> A £2Im g, — 0.

Consequently, |A| = |T1/(T2/coker f)]-|Im g»|.

Moreover,

Ty |T1]||coker f| |coker g1
T>/coker f |72 |coker g1]/[Im g5

Thus, |A| = |Im g»|? is a square. m|
2.1 Heegaard Floer homology calculations

Leta=(ay,...,an), wherea; >2forall 1 <i <nanda; > 3 for some j. As mentioned
in Section 1.1, the rational sphere Y/ is the double cover of S3 branched over the
closure of the 3-braid represented by the word (0707)3 010, @=2) 010, (@an=2),
In [3], Baldwin calculated the Heegaard Floer homology of these 3—-manifolds equipped

with a canonical spin® structure s¢. In particular, he showed that

by gy (T O (Bn - Tar)) tm =0,
HF (Ya 750)_{(76+@Z:r1n){%(3n_zal)} if m <0,
(T @22 (Gn+4=La)}  ifm=0,

HF+ Y2m+1’5 —
e & THeZZ ™) {IGn+4-Y )} ifm<o.
and
{d(Y},5) |5 #s0) ={d(YS,5)|s#s0} forall s,t€Z.

2.2 Reversing orientation

Leta=(ay,...,an), wherea; >2forall 1 <i <nanda; >3 for some j. As discussed
in the introduction, reversing the orientation of the hyperbolic torus bundle T4 4(4)
yields the hyperbolic torus bundle T A(a) = T+ a(a), where d = (dy, ..., dy) is the
cyclic-dual of @ [11]. Therefore, by construction, reversing the orientation on Y‘f yields
Y} =Y} for some integer 5. The following lemma shows that s = —¢:

Lemma 2.3 Let a = (a1,...,a,) and d = (dy,...,dy) be cyclic-dual. Then
Y. =Y;".

Algebraic & Geometric Topology, Volume 23 (2023)
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—(ax—1)
+1

—a —(a1—1)

—_——
perform

+1-blowup

%

e

(=

—a

A
o

blowdowns until all
surgery coefficients

are positive

l perform blowups and

reflect diagram

o)

)

through
—d \/ the page 91/
-—

Lo

Figure 5: Proving that Y = Y, where (di,...,dp) is the cyclic-dual of
a=(ay,...,ay)andn > 1.

Proof This is an exercise in Kirby calculus. We will focus on the case n > 1. The case
n =1 is similar, but much simpler. Start with the surgery diagram of ¥/ that is made up
of a t—half-twisted chain link with surgery coefficients (—ay, ..., —ay), as in the top
left of Figure 5. We will produce a different surgery diagram for Y/ using blowups and
blowdowns. Without loss of generality, assume that a; > 3. Let i > 1 be the smallest
integer such that a¢; > 3 and let K; denote the unknot with surgery coefficient —a;. If
a; =2forall 2 <i <n, then seti = n + 1, with the understanding that a,+1 = a;
and K, +1 = K;. We will prove the lemma in the case i <n. The case of i =n + 1
is similar and requires fewer steps. Blow up the linking of the —a;— and —a,—framed
unknots with a +1-framed unknot to obtain the second diagram in Figure 5. We can
now perform i — 2 successive blowdowns of —I—framed unknots (withi —2 =0a
possibility). Next, perform a; — 2 successive +1-blowups of the linking between
K; and the adjacent positively framed unknot; the resulting framing on K; is —1.
Continue to perform blowdowns and blowups in this way until every surgery coefficient
is a positive number; we obtain the surgery diagram for ¥/ made up of a chain link
with positive surgery coefficients (dy,...,dy), as in the third diagram of Figure 5,
where d = (dy, ..., dn) is the cyclic-dual of a. Now we can change the orientation
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of Y/ by reflecting this new surgery diagram through the page. This yields a surgery
diagram of Y/ that is made up of a —¢-half-twisted chain link with surgery coefficients
(—dy, ..., —dy), as shown in the final diagram of Figure 5. Thus Y} = Y ;. O

3 Torus bundles over S! that bound rational homology circles

In this section, we will prove Theorem 1.1. By considering the obvious handlebody
diagrams of the plumbings shown in Table 1, it is rather straightforward to classify
elliptic and parabolic torus bundles over S that bound QS! x B3’s. In fact, through
Kirby calculus, we will explicitly construct QS x B3’s bounded by negative parabolic
torus bundles and use the obstructions in Section 2 to obstruct positive parabolic torus
bundles and elliptic torus bundles from bounding QS! x B3’s.

Proposition 3.1 No elliptic torus bundle bounds a QS! x B3.

Proof According to Table 1, there are only six elliptic torus bundles; they have
monodromies +S, £771S, and i(T_lS)z. By Lemma 2.2, if one of these torus
bundles bounds a QB*, then the torsion part of its first homology group must be
a square. By considering the surgery diagrams in Table 1, it is easy to see that
the only elliptic torus bundles that have the correct first homology are those with
monodromy 7~1S or —(7~15)2. Moreover, note that, by reversing the orientation on
the torus bundle with monodromy 7' ~1S, we obtain the torus bundle with monodromy
—(T~1S)2. Thus we need only show that one of these torus bundles does not bound
a QS! x B3. Consider the leftmost surgery diagram of the elliptic torus bundle with
monodromy 7~1S in Figure 6. By blowing down the 1-framed unknot, we obtain
O—surgery on the right-handed trefoil. Since the signature of the right-handed trefoil
is 2, by Lemma 2.1, the elliptic torus bundle does not bound a QS! x B3, O

—_
o

blow 0

Figure 6: The elliptic torus bundle with monodromy 7~!S does not bound a
rational homology circle.
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il
N

Figure 7: A QS! x B3 bounded by the negative parabolic torus bundle with
monodromy —7".

Proposition 3.2 Every negative parabolic torus bundle bounds a QS' x B3. No
positive parabolic torus bundle bounds a QS x B3.

Proof By considering the surgery diagrams of the parabolic torus bundles in Table 1,
it is easy to see that positive parabolic torus bundles, which have monodromy T,
satisfy b; = 2. Thus, by the homology long exact sequence of the pair, it is easy to
see that no such torus bundle can bound a QS x B3. On the other hand, the negative
parabolic torus bundles with monodromy —7” bound obvious QS! x B3’s, as shown
in Figure 7. a

Classifying hyperbolic torus bundles that bound QS x B3’s is not as simple as the
elliptic and parabolic cases. The hyperbolic torus bundles listed in Theorem 1.1 were
shown to bound QS! x B3’s in [13].

Proposition 3.3 [13] Let
a=0G+x,2% 34 xg,p1. 28 3 xp 28] 3, 2y e,

where m > 0 and x; > 0 for all i. Then T4(g) bounds a QS! x B3,

It remains to obstruct all other hyperbolic torus bundles from bounding QS! x B3’s.
A major ingredient towards proving this fact is Theorem 1.7, which we assume to
be true throughout the remainder of this section. The proof of Theorem 1.7 will be
covered in Sections 4—7. Note that “most” hyperbolic torus bundles are obstructed by
Theorem 1.7. In particular, by Theorem 1.7, if a,d ¢ S; U O, then T_ 4(4) does not
bound a QS x B3, and if a,d ¢ Sy, then Ty(4) does not bound a QS' x B3 (where d
is the cyclic-dual of @). Thus, it remains to prove that, if @ or d € S; U O, then T_ 4(4)
does not bound a QS! x B3, andifaord € S, \ Sa¢, then Ty(4) does not bound a
QS x B3 (recall that @ € S, if and only if d € S». by Example 1.3). We will prove
this by considering cyclic covers of these torus bundles. But first we need to better
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understand the set S. In the upcoming subsection, we will round up some necessary
technical results regarding S, and in the subsequent subsection, we will explore cyclic
covers and finish the proof of Theorem 1.1.

3.1 Analyzing S

The first technical lemma shows that the sets S; and S» are disjoint.

Lemma 3.4 For a fixed string a, Y, (? and Ya_1 do not both bound Q B*’s (and conse-
quently T4(q) and T_ 4(4) do not both bound QS x B3’s). It follows that S| NS, = @.

Proof By construction,
|H\(Y))| = [Tor(H1(Ta@)| and  |Hi(Y; )| = |Tor(Hi(T-g@))I-

By Lemma A.1, |Tor(H1(T4(q)))| = |Tor(H1(T—-4(a)))| — 4. Thus |Hq(Y2)| and
|H 1(Ya_1)| cannot simultaneously be squares and so, by [4, Lemma 3], Ya0 and Ya_1
do not both bound Q B*’s. Now suppose a € S; N'S,. Then, by Theorem 1.7, Y, a_l
and Y2 both bound Q B*’s, which is not possible. Therefore, S; NS, = @. O

Recall from Example 1.3 that a string a € S, can be expressed in two different, but
equivalent, ways, namely

(1) a=@+x;,2% 3w, 260 34 xp, 2068 3, 2lRem]),
2) a= (b1 -+ l,bz,...,bk_l,bk + 1,01,...,01),

where m > 0, x; > 0 for all i, and (by,...,b) and (cy,...,c;) are linear-dual strings
with k 4+ [ > 2. This relationship is easy to see:

b1+ 1,by,....b_1,bp +1)=(3 +x1,2[x2], ce 34+ X2mt1)s
(Cl’ et cl) = (2[XI]7 3 + x25 2[X3]’ cee 3 + x2mv 2[x2)1’l+1])'
Also recall that S is defined up to cyclic reordering and reversing strings. Thus a string
a=(ai,...,an) € Sy may not be of the form (1) written above. However, by a cyclic
reordering of a, we can put a in the form (1), which is equivalent to (2). Moreover, it is

clear that, if @; > 3, then a is already in the form (1) and thus already in the form (2).
This simple observation will be used throughout the rest of this subsection.

Definition 3.5 Let a and b be strings. Then ab denotes the string obtained by con-
catenating @ and b, and a? denotes the string obtained by concatenating @ with itself
p times.
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The next lemma follows directly from the definitions of linear-dual and cyclic-dual
strings. We leave the proof to the reader.

Lemma 3.6  (a) Supposea has linear-dual x = (x1,...,xp) and b has linear-dual
y=1,....Yq). Then
(i) ab has linear-dual (x1,...,xp—1,Xp —1 4+ y1,y2,...,¥q), and

(ii) ab has cyclic-dual (x2,...,xXp—1,Xp =1+ y1,¥2,....Vg—1. Vg — 1 +x1)
(up to cyclic reordering).

(b) If a has cyclic-dual d, then a? has cyclic-dual d?.

Definition 3.7 We call a string (a1, ...,a,) a palindrome if a; = a,_;_y) for all
1<i<n.

Lemma 3.8 Consider the strings a = (b1 + 3,b2,...,b;,2,¢1,...,¢1) € S24 and
b=0B+x,b1,....bx_1.bp + 1,2[x],cl +1,¢_1,...,C1) € Sap.

(a) a € Sy ifand only if (by + 1, b3, ..., by) is a palindrome.
(b) b € Sy ifand only if (b1, ..., by) is a palindrome.

Proof (a) Since (cy,...,c;) is the linear-dual of (by,...,bx), (2,c1,...,cy) is the
linear-dual of (b; + 1, ba, ..., by). Consequently, (b1 + 1, b2, ..., by) is a palindrome
if and only if (2, ¢y, ..., ¢;) is a palindrome if and only if ¢; =2 and ¢; = ¢;_; for all

1<i<l-1.

Assume that (b1 + 1, b2, ..., by) is a palindrome. Then b, = b1 + 1 > 3 and, conse-
quently, c; =2. Letd; =b1+2,d =br—1,and d; =b; forall2<i <k—1,sothata =
(di+1,da,...,dp_1,dr +1,2,¢4,...,c1). By Lemma 3.6, (2,2,c1,¢2,...,¢1—1)
has linear-dual (b +2, bs, ..., bg_1,br—1) = (d1,...,d;). On the other hand, since
(2,¢1,...,¢p) is a palindrome, (2,2,c1,¢2,...,¢j—1) = (2,¢1,¢1—1,C]—2,...,C1).
Sete; =e; =2ande; =cj—p forall 3 <i </+1. Then (dy,...,d;) has linear-dual
(e1,...,e741) and thus

(b1+3,b2,...,bk,2,cl,...,Cl)=(d1+1,d2,...,dk_l,dk—i-l,el,...,el_H)ESzc.
Now assume a € S».. Since b1 + 3 > 3, a is of the form
a=(dl+l,dz,...,dp_l,dp—l-1,61,...,€q),

where (di,...,dp) and (e, ..., eq) are linear-dual. Thus dy = by +2 and e; = cy.
Note that the length of @ is k +/ 4+ 1 = p + ¢g. We claim that p = k. Indeed, if p > k,
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then (d1,...,dy) = (b1 + 2, b2, ..., by) has linear-dual (2,2, c¢1,...,c;), implying
that the length of a is greater than k + / + 1, a contradiction; if p < k, we arrive at
a similar contradiction. Therefore p = k and ¢ =/ + 1; consequently, ¢; = 2 and
ei =cj—j4p forall 2 <i <[+ 1. On the other hand, by Lemma 3.6, the linear-dual
of (dv,....dp)=(b1+2,ba,....,b—1)is (e1,...,e4) =(2,2,c1,...,¢;—1). Thus
cg=ey=2and ¢; =cj_; forall 1 <i <[ —1. As mentioned above, this implies that
(b1 +1,b,, ..., by) is a palindrome.

(b) Note that (by, ..., by) is a palindrome if and only if (cq,...,c;) is a palindrome.

Assume (bq,...,by) is a palindrome. Let d; =2+ x and d; = b;j—; forall 2 <i <
k +1. By Lemma 3.6, the linear-dual of (d1, ..., dg+1) =2+x,b1,...,bg—1,.bx) is
(2[x], c1+1,¢c2,...,¢1)= (2[x], c;+1,¢;-1,...,c1)since (¢, ..., cy) is a palindrome.
Relabel this string as (eq, ..., eq4). Then

b=(dl+1,d2,...,dk,dk+1+1,€1,...,€q)6826.
Now assume b € S,.. Since 3 + x > 3, b is of the form
b:(dl+l,dz,...,dp_l,dp+1,€1,...,€q),

where (dy,...,dp) and (e1, ..., eq) are linear-dual. Thus d1 +1 =34 x and ¢; = c;.
Following as in the proof of the first part, p = k + 1 and ¢ = [ 4+ x. Consequently,
ex+1=c;+1landex4; =c;_j4q forall/ < j <I. On the other hand, the linear-dual
of (di,....dy) = Q2+x,b1,....b)is (e1.....eq) = ¥ c; +1,¢a,...,¢;). Thus
cr=ext1—l=cjandc; =exy; =c¢j_j4q forall 2 < j <. Thatis, (c1,...,c;)
is a palindrome and thus so is (by, ..., bg). |

Lemma 3.9 Let b € Sy, U S,y and p > 4. Then there does not exist some proper
substring a of b such that a? = b.

Proof Leth=(3+x,b1,....b_1.bp+1.28 ¢c;+1,¢;_1, ..., c1) €Syp. Suppose
that a is a proper substring of b satisfying a? = b for some p > 4. Then a =
(B+x,by,...,by) for some m. If m =0, then @ = (3+ x) and every entry of b equals
3 4+ x. The only such string satisfies x = 0 and (b1, ...,br) = (2) = (¢1, ..., c;); that
is, b = (3, 3, 3). But then p = 3, a contradiction.

Assume m > 1. Since a? = b, we have that b,,+1 = 3 + x > 3; consequently, either
m<korm=>k+x.If m>k+ x, then m </[. Thus, up to switching the roles of

(b1,...,bg) and (cy, ..., c;), we may assume without loss of generality that m < k.
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By Lemma 3.6, the linear-dual of (b1, ..., by,) is of the form (cy, ..., cy—1, c),), Where
n <1 and ¢, < cp. We claim that m = n. First suppose m < n. Then, since a? = b,
we have by, = ¢1,bm—1 = ¢2,...,b2 = cm—1,b1 = cm; thatis, (by,...,by) is a
proper substring of (c1,...,cn—1,c),). But then the linear-dual of (by,...,by) (i
(¢1,...,¢Cn—1,Cy,)) is a proper substring of the linear-dual of (ci,...,cs—1,c¢}) (ie
(b1, ...,bm)), which is a contradiction. A similar argument shows that n < m is also
not possible. Thus m = n.

Since m = n and a? = b, we have that b,, =c1, byu—1=c¢2,...,bs =cm—1,b1 =cm,
and ¢;4+1 = 3+ x > 3. If m = k, then, since ¢;;+1 > 3, we necessarily have that
x = 0 and p = 2, a contradiction. If m =k — 1, then by +1 =by41 =3 + x
and, by Lemma 3.6, (c1,...,¢;) = (c1,...,Cpp + 1, 2["]); since ¢p,+1 > 3, we once
again have x = 0 and p = 2, a contradiction. Thus either x = 0orm <k —2. In
the latter case, since (b1, ..., b) has linear-dual (c1, ..., cm—1,c,,), by Lemma 3.6,
(b1.....bm.3 4 x,by) has linear-dual (ci,...,cm—1,ch, 4 1,251, 3,2[0172): qince
cm+1 =3+ x >3, we necessarily have that x = 0. Thus ¢;;+1 = bm+1 = 3. Moreover,
since (b1, ..., bm) has linear-dual (cy, ..., cm-1,c,,), by Lemma 3.6, (b1, ..., bm,3)
has linear-dual (c1, ..., ¢m—1,c,, + 1, 2). Therefore, ¢,y = ¢, + 1.

Since p > 4, it follows that either 2m 42 < k or 2m + 2 <[. Without loss of generality,
assume 2m +2 <k. Then (b1,...,bm,3,b1,...,bm,3) is a substring of (by,...,bx)
and its linear-dual is a substring of (cy,...,¢;). By Lemma 3.6, (by,..., bny, 3) has

linear-dual (cy, ..., cm,2) and consequently (b1, ...,bm,3,b1,...,bm,3) has linear-
dual (¢1,...,¢m,c1+ 1,¢2,...,¢m,2). But, since a? = b, the latter string is also
of the form (by,...,b1,3,bm,...,b2,b1). Thus ¢; = 2 and b; = 2. But, since
(b1,...,bm) and (c1,...,c,,) are linear-dual and c; = by = 2, we necessarily have

(by,....bx) =(2)=(c1,...,c;); therefore, b = (3, 3,3) and p = 3, a contradiction.
We have thus shown that there does not exist a proper substring a of b such that b = a?
for some p > 4.

Next suppose b = (b1 +3,b2,...,br,2,¢1,...,¢1) €ESaq. Leta= (b1+3,b2,...,bm)
be a substring of b such that a? = b, where p > 4. We first claim that m < k.
Assume otherwise. Then m <[ and since a? = b, (b1 + 3, b2, ..., b) is a substring of
(c1,...,c7). Consequently, the linear-dual of (b1 +3,b»,...,b;) (ie (2,2,2,c1,...,¢]))
is a substring of the linear-dual of (c1,...,c;) (ie (by,...,br)), implying that [ <k <m,
a contradiction. Thus m < k. If m = k, then b,,+1 = by + 3 > 3; on the other hand,
bm+1 = bg+1 =2, a contradiction. Thus k < m. Now, following the same argument as
in the first part of the proof, we see that the linear-dual of (by 4 3, b2, ..., by,) is of the
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form (cy,...,c;,), where ¢, < c¢pm and m <. Thus b1 = ¢pm41 = b1 +3 > 5. But,
by Lemma 3.6, (b1 +3,b2,...,bm,bm+1) = (b1+3,b2,...,by,b1+3) has linear-dual
(c1....,cm, 2[P1H1]) implying that ¢,,41 > 5, which is another contradiction. |

Lemma 3.10 Suppose a € S5 U S5, U Sy and a? € Sy for some p. Thena € S.

Proof It suffices to show that, if @ € Sy, or a € Syp, then a € Sp. Let a € Sp4, SO
that a? is of the form

a? = (b1 +3,b2,...,bk,z,cl,...,cl,
1
b1 +3,b2,...,bk,2,cl,...,C1,
b1 +3,b2,...,bk,2,Cl,...,Cl,
b1 +3,by,...,b;,2,¢q,...,c1,
fp—-l-1
b1 +3,b2,...,bk,Z,Cl,...,Cl).
Since a? € S and by +3 > 3, a? = (d1 + 1.d2,....dyg—1.dg + l,e1,...,¢),
where (d1,...,dy) and (eq,...,e,) are linear-dual strings. Following as in the proof
of Lemma 3.8 and appealing to Lemma 3.6, p is odd, [ = %(p — 1) and ¢ =
%(p — 1)(k +1 + 1) 4+ k, which is the length of the blue substring above. Thus,
(e1,...,er) is the black substring of a? above. Comparing the end of both strings, it is
clear that c; =2 and ¢; = ¢;_; forall 1 <i <[ —1. As mentioned in the first paragraph

of the proof of Lemma 3.8, this implies that (b; + 1, b2, ..., by) is a palindrome. By
Lemma 3.8, a € Sp,.

Now assume a € S,p. Then a? is of the form
a? = (3+x.b1,....bg_1.bp + 1,25 e 41, ¢i20s .0ty
1
34+x.b1.....bg_1, b + 1,2[x],cl +1,¢/—q,...,c1,
34+x,b1,....bg_1.bi + 1,2["],01 +1,¢/—4,...,c1,
34 x.b1, b b+ 1,29 e+ 1 g,
i p-l-1
3+x,b1.....bg_1,bg + 1,2[x],cl + l,cl_l,...,cl).

Since a? € Sy, a? = (d1+1,da, ..., dg—1.dg+1,e1,...,e;), where (d1,...,dyg)
and (eq,...,e;) are linear-dual strings. Following as above, we have that p is odd,
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I=%(p—-1)and g =3(p—1)(k +1+x+1)+k + 1, which is the length of the
blue substring above. Thus, on the one hand, (eq, ..., e;) is the black substring of a”
above. On the other hand, by computing the linear-dual of (dy, ..., d,) from the blue

string above, (eq, ..., e,) ends in the substring (c¢; 4+ 1,..., ¢;). Comparing the end of
both strings, it is clear that (cy,...,c;) = (¢j,...,c1) and thus (by,...,by) is also a
palindrome. By Lemma 3.8, a € Sy.. O

Corollary 3.11 If a,a? € S; U S, U Sy, where p > 4, thena € Sy.

Proof It follows from Lemma 3.9 that a? € S,.; thus, a? € S.. By Lemma 3.10,
ac SZC' O

The final technical lemma shows that the cyclic-duals of strings in S, U Sop U Sy are
also in S24, U Sy U Sa. Although this result is implicit in the proof of Theorem 1.7, it
is also relatively simple to prove directly, with the help of Lemma 3.6.

Lemma 3.12 Let d be the cyclic-dual of a. If a € S5 U S35 U Sy, then d €
S2q U8y USse.

Proof Leta € S;.. Using the description of a as in (1) on page 2465, it is easy to
see that d € Spe. Nextleta = 3+ x,b1,....bp+ 1,25 ¢, +1,¢;-1.....¢c1) €Syp.
Notice that (3 + x,b1,...,bg + 1) has linear-dual X+ ¢; +1,...,¢;,2) and
1 ¢; +1,¢;_1, ..., c1) has linear-dual (2 + x, b, . .., b1). Thus, by Lemma 3.6,
d=0" ci+1,....¢/,34+x,b,....b1 +1) € Syp.

Finally, leta = (b1 +3,b2,...,b,2,¢1,...,¢c1) €S2q. If k+1 =1, thena = (4,2)
andd = (2,4) € Spq. Ifk+1=2,thena = (5,2,2) and d = (2,2,5) € Sz4. Now
let k + [ > 3. Then either by > 3 and ¢; = 2 or vice versa. Assume the former.
Since (b1 + 3, b3, ..., by) has linear-dual (2,2,2,c¢1,...,¢;) and (2,¢;,...,c1) has
linear-dual (bg + 1,bx_1,...,b1), by Lemma 3.6,

d=(2,2,61,...,01_1,C1+bk,bk_1,...,b2,b1—i—l).
Letdy =c;+br—3,dy =b1+1,and d; = bp_; 1 forall 2 <i <k —1. Also let
e1=cj_1,e;=2,ande; =c¢;_; forall2 <i <[ —1. Then
d=Q2,¢,...,e1,d1+3,dy,...,dy)

and (d1,....dx) = (br—1,bx—1,...,b2,b1+1) and (ey,...,e;) = (c;j—1,...,C1,2)
are linear-dual; thus d € S»,. Now assume by =2 and ¢; > 3. Set dy = ¢; + by — 3,
div1=2,di =cj_jyq forall2 <i <l,e; =bg_1,ex—1 =b1+ 1, and ¢; = by_; for
all 2 <i <k —2. Proceeding as above, we see that d € S,,. O
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3.2 Cyclic covers and proving Theorem 1.1

We are now ready to finish the proof of Theorem 1.1. The next two results explore cyclic
covers of QS x B3’s and cyclic covers of hyperbolic torus bundles over S!. Coupling
these results with the results in Section 3.1, we complete the proof of Theorem 1.1 in
the subsequent corollaries.

Lemma 3.13 Let W be a QS x B3 and let W be a p—fold cyclic cover of W, where
p is prime and not a divisor of |Tor(Hy(W; Z))|. If AW is a QS! x S?, then W isa
QS'x B3.

Proof LetY = 0W and ¥ = dW. Since W is a QS! x B3 and H3(W;Z) has no
torsion, it follows that H3(W;Z) = 0. Thus, by Poincaré duality and the universal
coefficient theorem, we have the isomorphisms

Hi(W,Y;Z,) = H*(W;Z,) = Ext(Hy(W;Z),Zp).
Since p is relatively prime to |Tor(H2(W; Z))|, we have
H\(W,Y;Zy) 2 Ext(Hy(W;Z),Zp) = 0.

By the proof of [7, Theorem 1.2], since p is prime, it follows that Hl(W, Y; Zp)=0.
Once again applying Poincaré duality and the universal coefficient theorem, we have
the isomorphisms

0=H(W,Y:Z,) = H3(W:Z,) =~ Hom(H3(W:Z),Z,) ® Ext(Hy(W:Z), Zp).

Thus H 3(I/T/; 7) is a torsion group. Thus, if we apply Poincaré duality and the universal
coefficient theorem as above, but with Q—coefficients, we obtain

Hi(W.,Y;Q)~ H3*(W:Q) =~ Hom(H3(W; Z), Q) ® Ext(H»(W; Z), Q) = 0.

Thus the map Hl(f; Q) —» Hy (W; Q) induced by inclusion is surjective. Since Y is
a QS x S2, it follows that rank(Hl(W; @)) < 1. Finally, since X(W) =py(W)=0
and H3(f/17; Q) = 0, we necessarily have that H1(V[~/; Q) =Q and HZ(W; Q) =0,
proving that W is indeed a QS! x B3. m|

Proposition 3.14 Let T 4(q) be a hyperbolic torus bundle that bounds a Q S 1% B3,
say W. If p is an odd prime that does not divide |Tor(Hx(W;Z))|, then Ty g(qr)
bounds a QS x B3.
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Figure 8: Surgery diagrams for T4(g) (top left), T_ 4(q) (top right), T(,3,
(bottom left) and T_ 4,3y (bottom right). T 4,3) is a 3—fold cyclic cover
of T+ 4(a)- There is an obvious Zj—action on T 4,3y given by a rotation
of 120° through the O—framed unknot. The quotient of T, 4,3, by this action

is T:I:A(a)~

Proof Let W be a QS' x B3 bounded by some negative hyperbolic torus bundle
T+ 4(a), Where a = (a1, ..., ap). Let p be an odd prime number that is not a factor of
|Tor(H2(W'; Z))|. Consider the obvious surgery diagrams of T4(g) and T_ 4(4) as in
Figure 8, top. In both diagrams, let u; denote the homology class of the meridian of
the —a;—framed surgery curve and let yp denote the homology class of the meridian
of the O—framed surgery curve. Then H1(T+ 4(q): Z) is generated by fig, ..., fin.

Consider the torus bundle T_ 4(4»), which has monodromy —(774'S ... T~ §)P.
The standard surgery diagram of this torus bundle includes a —1-half-twisted chain
link (as in Table 1). Note that, by sliding the chain link over the O—framed unknot
%( p — 1) times, we may arrange that the chain link has — p half-twists, as in Figure 8,
bottom right (for the case p = 3). For the torus bundle T4(4»), which has monodromy
(T8 ... T7% 8)P consider the standard surgery diagram shown in Figure 8, bottom
left (for the case p = 3). There is an obvious Zp—action on T4 4(4r) Obtained by
rotating the chain link through the O—framed unknot by an angle of 27/ p, as indicated
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in Figure 8, bottom. The quotient of T4 4(4») by this action is clearly T4 4(4) and
the induced map f: H1(T+ 4(q): Z) — Zp satisfies f(uo) =1 and f(u;) = 0 for all
1 <i <n. Consider the long exact sequence of the pair (W, T+ 4(q)).

H\(T1 @) Z) = Hi(W;Z) — Hi(W, T g(a); Z) — 0.

Choose a basis {mg,m1,...,my} for Hy(W;Z) such that m has infinite order and
m; is a torsion element for all 1 <i < k. Since H1(W, T+ 4(q): Z) is a torsion group,
ix(o)=amo+ Zf-czl Bim; for some «, B; € Z, where o # 0. Since p is not relatively
prime to |Tor(H2(W:Z))| = |H1 (W, T+ g(a): Z)| and « divides [Hy (W, T+ g(q): Z)|,
it follows that & and p are relatively prime; thus there exists an integer ¢ such that
to =1 mod p. Define amap g: H1(W;Z)— Z, by g(mo) =t and g(m;) = 0 for all
1 <i <k. Then g is a surjective homomorphism satisfying f = g oix. Let W be the
p—fold cyclic cover of W induced by g. Then W =T +4(ar) and, by Lemma 3.13,
WisaQS!x B3. O

The two following corollaries conclude the proof of Theorem 1.1.
Corollary 3.15 No negative hyperbolic torus bundle bounds a QS x B3.

Proof Let T_ 4(4) be a negative hyperbolic torus bundle that bounds a QS I'x B3,
say W. Let p > 3 be an odd prime number that is not a factor of |Tor(H,(W;Z))|. By
Proposition 3.14, T_ 4(4») also bounds a QS 1'x B3. Let d be the cyclic-dual of a; by
Lemma 3.6, d? is the linear-dual of a?. By Lemma 1.2, Ya_1 and Ya_,g1 bound QB*’s
and so, by Theorem 1.7, a or d belongs to S; U O and a” or d? belongs to S; U O.

First assume a,a? € S; U O. By Remark 1.6, —4 < I(a), I(a?) < 0. Moreover,
I(a?) = pl(a). If I(a) < 0, then, since p > 3, we have I(a?) < —4, which is a
contradiction. Thus /(a?) = I(a) = 0. By Remark 1.6, a,a? € S, US,p US> UO.
Since S1 NS, = @, by Lemma 3.4, we necessarily have that a, a? € O, which is not
possible since p # 1.

Next assume a,d? € S; U O. By Remark 1.6, —4 < [(a), I(d?) < 0. Since I(d?) =
pl(d) = —pl(a), we necessarily have that I(a) = I(d?) = 0. As above, this implies
thata,d? € O. But, since a € O, it is clear that a = d and thus d € O. As above, it is
clear that d and d? cannot both be contained in O.

Finally, if d,d? € S; UO or d,a? € §; U O, similar arguments provide similar
contradictions. Therefore, dW cannot be a negative hyperbolic torus bundle. |
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Corollary 3.16 If a positive hyperbolic torus bundle T4y bounds a QS x B3, then
ac 820 .

Proof Let T4(,) be a positive hyperbolic torus bundle that bounds a QS! x B3,
say W, and let p > 3 be an odd prime number that is not a factor of |Tor(Hy(W; Z))|.
Following as in the proof of Corollary 3.15, @ or d belongs to S, and a” or d”
belongs to Sp, where d is the cyclic-dual of a. Suppose a,a” € S,. As in the proof of
Corollary 3.15, I(a) = I(a?) = 0 and so, by Remark 1.6, a,a? € S5, US,, US,.. By
Corollary 3.11, @ € S.. Next suppose a,d? € S,. Once again, following the argument
in Corollary 3.15, I(a) = I(d?) = 0 and so, by Remark 1.6, a,d? € S, U Sy, U Sse.
By Lemma 3.12, we necessarily have that a? € Sy, U Syp U Sac; proceeding as in the
previous case, we find a € Sy.. Finally, if d,a? € S, ord,d? € S, we can similarly
deduce that a € S;.. O

4 Surgeries on chain links bounding rational homology
4-balls

In this section, we will prove the necessary conditions of Theorem 1.7. Namely, we
will show that the QS 3’s of Theorem 1.7 bound Q B*’s by explicitly constructing such
QB*s via Kirby calculus. Notice that the necessary condition of Theorem 1.7(2) fol-
lows from the necessary condition of Theorem 1.7(1) in light of Lemma 2.3. Therefore,
we need only show the following three cases (where @ and d are cyclic-duals):

e Ifa e Sy, then Ya_1 bounds a Q B*.
e IfaeS,US1cUS g USie, then Y, ! and Y; ! bound Q B*’s.
e Ifa €Sy, then Y and Y bound QB*s.

Figures 9-15 exhibit the Kirby calculus needed to produce these Q B*’s. We will
describe in detail the Q B* constructed in Figure 9, top. The constructions in the other
cases are similar. Notice that the top figure of Figure 9, top (without the —I1—framed blue
unknot) is a surgery diagram for Ya_l, where a = (b1,...,br,2,c1,...,¢1,2) € S1q4.
Thicken Y, ! to the 4-manifold ¥, ! x [0, 1]. By attaching a —I—framed 2-handle to
Y, ! x {1} along the blue unknot in Figure 9, top, we obtain a 2-handle cobordism from
Y, ! to a new 3-manifold, which we will show is S! x S2. By performing a blowdown,
we obtain the middle surgery diagram. Blowing down a second time, the surgery
curves with framings —b; and —c; link each other once and have framings —(b; — 1)
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/}_ blow down 0
_01\< _____ ./ _Cl k + 1+ 1 times

Figure 9: With Figures 10-12, we show the 3—manifolds in Theorem 1.7(1)—(2)
bound rational balls. Top: if @ € Si,, then ¥, ! bounds a Q B*. Bottom: if
a € S1p, then Y ! and Y,! bound Q B*’s.
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Figure 10: If @ € Sy, then Y‘:1 and Ya1 bound QB4’S.

and —(c1 — 1), respectively. Since (b1, ..., br) and (cy, ..., c;) are linear-dual, either
—(by —1) or —(c; — 1) is equal to —1. We can thus blow down again. Continuing in
this way, we can continue to blow down —1—framed unknots until we obtain O—surgery
on the unknot, which is shown on the right side of the figure. Thus we have a 2-handle
cobordism from Y, ! to S' x S2. By gluing this cobordism to S! x B3, we obtain the
desired Q B* bounded by Y, L.

Suppose a € S1p U S1c U S14 US1e and let d be its cyclic-dual. Then, by Lemma 2.3,
Yd_ ! =Y, . To show that Y; ! bounds a QB*, we will show that ¥,/ bounds a Q B*.
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Figure 11: If a € 14, then Ya_1 and Ya1 bound QB*s.

Figures 9-12 show that, if a € S1p U S1¢c U S14 U Sze, then Ya_1 and Ya,1 bound
QB*’s. Note that Figure 9, bottom, depicts a cobordism similar to the one constructed
in Figure 9, top, which was described in the previous paragraph. However, the co-
bordisms constructed in Figures 10-12 are slightly different. In Figure 11, we have
a 2-handle cobordism from YajEl to S' x S2#L(—4,1), which bounds a QS! x B3,
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Figure 12: If @ € Sy, then ¥, ! and Y,! bound Q B*’s.

since L(—4,1) bounds a Q B* [8]. Gluing this QS! x B3 to the cobordism yields
the desired Q B*. The cobordisms depicted in Figures 10 and 12 are built out of two
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Figure 13: With Figures 14—15, we show the 3—manifolds in Theorem 1.7(3)
bound rational balls Top: if @ € Sa4, then Y2 bounds a Q B*. Bottom: if
a € Syp, then Y bounds a Q B*.

2-handles. These cobordisms are from Y;F! to S1 x S2# S' x §2. Gluing these
cobordisms to S! x B3 S x B3 yields the desired Q B*’s.

Lastly, suppose a € S». By Lemma 2.3, }_’ao = Y‘?. Thus, once we show that Yé)
bounds a Q B4, it will follow that Y‘? also bounds a Q B*. Figures 13-15 show that, if
a € S;, then Ya,0 bounds a QB“. The QB“’S in almost all of the cases are constructed
in very similar ways as in the negative cases. The last case, Y(g,2,2,3)’ is much simpler;

Figure 15, bottom, shows that = L(—4, 1), which bounds a Q B*.

0
Y(2,2,2,3)
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Figure 14: Top: ifa € Sy, then Yao bounds a QB4. Bottom: if a € S, 4, then
Y2 bounds a Q B*.
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As shown above, if a € S1p U S1c US14 USte, then Yd_l bounds a Q B*. However, as
the next results will show, if @ € S14, then Y d 1 does not necessarily bound a QB4. The
key is that | Hq (Y, !)| can be either even or odd when a € Sy, but, in all other cases,
Hy(Y; 1) has even order. Recall that [by, ..., bi] represents the Hirzebruch-Jung

continued fraction (see the appendix for details).

Proposition 4.1 Leta = (by,...,b;,2,¢j,...,c1,2) € S14, Where [b1, ..

p/q. Then |H{ (Y 1)| = |Tor(H1(T-g(a)))| = P>

Proof See Proposition A.3.
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Lemmad2 Leta= (2,b1,...,b;,2,¢;,...,¢1) € S1q, Where [by,...,br] = p/q,
andletd = (dy,...,dm) be the cyclic-dual of a. If p is odd, then Yd_1 and Y, do not
bound QB*’s.

Proof By Lemma 2.3, }_’d_ 1— Ya1 , so it suffices to show that Ya1 does not bound a QB4.
Since (by,...,by) and (c1, ..., c;) are linear-dual strings, it is clear that %I(a) =—1
(see Remark 1.6). By the calculations in Section 2.1, d(Y,!,50) = 1 — %I(a) =2. Since
p is odd, by Proposition 4.1, | Hy(Y,})| = |H1(Y,!)| has odd order and so s extends
over any Q B4 bounded by Y,!. Thus, if ¥} bounds a Q B4, then d(Y,}, s9) = 0, which
is not possible. a

Remark 4.3 By Lemma 1.2 and Theorem 1.1, we already know that, if a € Sy,
then Y, ao bounds a Q B*. However, by [13], the QB*’s constructed via Theorem 1.1
necessarily admit handlebody decompositions with 3—-handles. On the other hand, the
QB*’s constructed in this section do not contain 3—handles. Thus Ya0 bounds a Q B*
without 3-handles, even though T4(4) only bounds QS 1 x B¥’s containing 3—-handles.

5 Cyclic subsets

The remainder of the sections are dedicated to proving the sufficient conditions of
Theorem 1.7. In fact, we will prove something more general. We will show that if ¢ is
odd and Y/} bounds a QB*, thena € S; U0 ord € S; UO, and if 7 is even and Y/}
bounds a QB*, then a € S, or d € S,. For convenience, we recall the definition of
these sets.

Definition 1.4 Two strings are considered to be equivalent if one is a cyclic reordering
and/or reverse of the other. Each string in the following sets is defined up to this
equivalence. Moreover, strings of the form (b1, ..., b;) and (c1, ..., c;) are assumed
to be linear-dual. We define

Sta={(b1.....bg.2.c1,....c1.2) | k+1>3},
Sip={(b1.....bg.2.c1.....c1.5) |k+1>2},
Ste={(b1.....bg.3.¢c;.....c1.3) | k+1>2},

S1a=4{Q2,b1+1,ba, ..., bj_1, b +1,2,2,¢c;+1,¢c/—1,...,c2,c1+1,2) | k+1>2},
Ste={(2.3+x.2,3.3,2F71,3.3)|x > 0 and (3,271.3):= (4},
Soa={(b1+3,b2,....br,2,¢1,...,c1)},

Sop ={(B+x.b1, ... bg_1. b +1,20 ;41 ¢1-1, . ..c1) | x=0and k+1>2},

Algebraic & Geometric Topology, Volume 23 (2023)



Classification of torus bundles that bound rational homology circles 2483

Spe={(b1+1.by, ... bp_1.bx+1,c1.....¢)) | k+1>2},
Spq ={(2,24x,2,3,2671 3 4)|x >0 and (3,271, 3):=(4)},
Soe={(Q2.b1+1,bs,....bg.2,cl,....c2.c1+1,2),(2,2,2,3) | k+1>2},
0={(6,2,2,2,6,2,2,2),(4,2,4,2,4,2,4,2),(3,3,3,3,3,3)},
S1=81aUS15US1cUS 14 USte,
E2=824USpUS2.US24 USze,
S=8,US,,

Also recall, to remove the necessity of different cases, if @ € S5 USs. and k = 1, then
the substring (b1 + 1, b2, ..., br_1, bx + 1) is understood to be the substring (b + 2).

First suppose n = 1 and let @ = (a;), where a; > 3. Then L‘l) and Ll_1 are both
the unknot and so Y((Z”) = L(a;—2,1) and Y(;ll) = L(ay + 2, 1) (see Figure 2). By
Lisca’s classification of lens spaces that bound Q B*’s [8], the only such lens spaces
that bound QB*’s are L(1,1) = S3 and L(4, 1). Thus Y(;ll) does not bound a Q B*
for all a; > 3 and Y((;]) bounds a QB“’S if and only if a; = 3 or a; = 6. In the former

case, a = (3) € Sa¢, and in the latter case, d = (2,2,2,3) € Sae.

We now assume the length of a is at least 2. Throughout, we will consider the standard
negative definite intersection lattice (Z", —1,). Let {e1,..., e, } be the standard basis
of Z". Then, with respect to the product - given by —1,, we have ¢; -e; = —§;; for all
i and j. We begin by recalling definitions and results from [8] and introducing new
terminology for our purposes.

We consider two subsets S, S» C Z" to be the same if S, can be obtained by applying
an element of Aut(Z") to Sy1. Let S = {v1,...,v,} C Z" be a subset. We call each
element v; € S a vector and we call the string of integers (ay,...,a,) defined by
a; = —v; - v; the string associated to S. Two vectors z, w € § are called linked if
there exists e € Z" such thate-e = —1 and z-e,w - e # 0. A subset S is called
irreducible if, for every pair of vectors v, w € S, there exists a finite sequence of vectors
vy =,V2,...,V = w € S such that v; and v; 4+ are linked forall 1 <j <k —1.

Definition 5.1 A subset S = {vy,...,v,} €Z" is
e good if it is irreducible and
—a; <=2 ifi =],
Vi *Vj = Oorl if|i—j|=1,
0 otherwise;
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o standard if —aj<—2 ifi=]

vi-v; =41 ifli—j|=1,
0 otherwise.

Note that, by definition, standard subsets are good. If S is a good subset, then a vertex
v € S is called isolated if v-w = 0 for all w € S \ {v}, final if there exists exactly one
vertex w € S\ {v} such that v-w = 1, and internal otherwise. A component of a good
subset G 1is a subset of G corresponding to a connected component of the intersection
graph of G (which is the graph consisting of vertices vy, ..., v, and an edge between
two vertices v; and v; if and only if v; -v; = 1).

Definition 5.2 A subset S = {vy,...,v,} €Z" is

e negative cyclic if either

(1) n=2and . )
—a; <=2 ifi =],

v cV; =
0 if i # J,

or

(2) n > 3 and there is a cyclic reordering of S such that

—a; <2 ifi=j,

1 ifli —j|=1,

Vi *V; = AP .
—1 ifi #je{l,n},
0 otherwise;

e positive cyclic if —a; < —3 for some i and either

(1) n=2and o )
—a; <=2 ifi =],

v cV; =
T2 if i # J,

or

(2) n > 3 and there is a cyclic reordering of S such that

—a; <=2 ifi=j,

1 ifli —j|=1,

Vi -V = AP .
1 ifi #je{l,n},
0 otherwise;

e cyclic if S is negative or positive cyclic.

If S is cyclic, then the indices of each vertex are understood to be defined modulo »
(eg vy+1 = v1). If v; - v 41 = £1, then we say that v; and v; have a positive/negative

Algebraic & Geometric Topology, Volume 23 (2023)



Classification of torus bundles that bound rational homology circles 2485

intersection. Moreover, if S is cyclic and S’ is obtained from S by reversal and/or cyclic
reordering, then we consider S and S’ to be the same subset. In this way, associated
strings of cyclic subsets are well defined up to reversal and cyclic-reordering.

Remark 5.3 By standard linear algebra, it is easy to see that, if S is good, cyclic, or
the union of a good subset and a cyclic subset, then S forms a linearly independent set
in Z" (see [8, Remark 2.1]).

Remark 5.4 Suppose S = {vy,...,v,} is a cyclic subset. Then, by replacing vg
with v, = —vj, we obtain a new subset S=1{v1,...,v%_1, Ui Vk4-15 -+ +» Un} such
that vg_y - v} = —vg_1 - vk and v} - Vg4 = —Vg - Vg41. Notice that S and S have
the same associated strings. Thus we can change the number of positive and negative
intersections of S without changing the associated string. Conversely, any subset of
the form § = {vy,...,v,}, where n > 3 and

—a; <—2 ifi=]j,

+1 ifli —j|=1,

Vi *V; = AP .
+1 ifi # je{l,n},
0 otherwise,

can modified into a positive or negative cyclic subset by changing the signs of select
vertices. In particular, for any negative cyclic subset, the negative intersection can be
moved at will by negating select vertices.

Similarly, any irreducible subset of the form G = {vy,...,v,}, where
—a; <=2 ifi =],
vi-v; =4 *£l1 ifli—jl=1,
0 otherwise,
can be modified into a good subset by changing the signs of select vertices. In Section 7,
we will often create such subsets and assume that they are good, without specifying
the need to possibly negate select vertices first.

Definition 5.5 Let S = {v1,...,v,} C Z" be a subset with v; - v; = —a;. We define

n

I(S) =) (a; —3), ES :={j:vj-¢; #0},

i=1
pi(S)={j |EF| =i}, V¥ :={j:vi-e; #0}.
In some cases we will drop the superscript S from the above notation if the subset
being considered is understood.
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/

A

—a

—a,
Figure 16: A 4-manifold P? with boundary Y/}.

Remark 5.6 Lisca [8] classified all standard subsets of Z" with 1(S) < 0. The results
in the next three sections rely in part on his classification of standard subsets. We will
review his classification in Section 5.1.

Example 5.7 The subset S = {e; —e2,e2 —e3,...,en—1 —en,en +e1} C Z" for
n > 2 is a negative cyclic subset with associated string (2["1). Moreover, I(S) = —n,
p2(S) =n, and p;(S) =0 for all j # 2. When n = 4, there is an alternative subset
with associated string (2,2,2,2), namely S’ = {e; — ez, e2 —e3,—e2 —e1, €1 + e4},
which satisfies p1(S’) = p3(S’) = 2. This latter subset will be used to construct the
family strings in Si4.

Leta = (ai,...,an). The rational sphere Y/ is the boundary of the negative definite
2-handlebody P’ whose handlebody diagram is given in Figure 16. Let Q pr denote the
intersection form of P’. Note that Q p: depends only on the parity of ¢. Further suppose
Y! bounds a rational homology ball B. Then the closed 4-manifold X’ = P* U B is
negative definite. By Donaldson’s diagonalization theorem [6], the intersection lattice
(H»(X"), Qx:) is isomorphic to the standard negative definite lattice (Z", —1I). Thus
the intersection lattice (H,(P"), Q pr) must embed in (Z",—1,). The existence of
such an embedding implies the existence of a cyclic subset S C Z" with associated
string (a1, ...,day,). Thus our goal is to classify all cyclic subsets of Z", where n > 2.

Recall that, by reversing the orientation of Y; , we obtain the Y, ; = Yd_ ! where d =
(di,...,dn)is the cyclic-dual of (ay, ..., ay) (Section 2.2). In particular, (ay,...,ds)
is of the form (2011 3 4 ny, ..., 20"k 3 4 ny) if and only if (d1, ..., dy) is of the
form (3 +mq, 20t 34 my, 207]) 1 S and S denote the cyclic subsets associated
to (ai,...,an) and (d1,...,dm), respectively, then 1(S) + 1(S) = 0. Now, since Y/}
bounds a Q B* if and only if Y; ! bounds a Q B#, we will focus our attention on subsets
satisfying 7(S) < 0. The following theorem is the main result of our lattice analysis:
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Theorem 5.8 Let S be a cyclic subset such that I(S) <0. Then S is either negative
with associated string in S; U © U {(2""1) | n > 2} or positive with associated string
in 82.

Proof The theorem follows from Example 5.7 and Propositions 6.5, 7.5 and 7.14,
which will be proven in Sections 6 and 7. |

We can now prove Theorem 1.7, which we recall here for convenience.

Theorem 1.7 Let a = (ai,...,a,), wheren > 1,a; > 2 forall i, and a; > 3 for
some j, and let d be the cyclic-dual of a.

(1) Suppose d ¢ S1, U O. Then Y, ! bounds a QB* if and only if a € Sy or
d e S1p US1c US14 US1e-

(2) Suppose a ¢ Sia U O. Then Y,! bounds a QB* if and only if d € Sy or
acSipUS1c US1g USte.

(3) Y2 bounds aQB* ifand only ifa € Sy ord € S,.

Proof The sufficient conditions of Theorem 1.7 follow from the calculations in
Section 4. The necessary conditions of Theorem 1.7 follow from Theorem 5.8 and the
fact that Y, bounds a Q B* if and only if Y; bounds a Q B*. O

The proof of Theorem 5.8 will span the next three sections. The proof will begin in
earnest in Section 6. The proof applies two strategies. The first will be to reduce certain
cyclic subsets to good subsets and standard subsets and appeal to Lisca’s work [8; 9].
The second will be to reduce certain cyclic subsets (via contractions) to a small list of
base cases. In the upcoming subsection, we will recall Lisca’s classification of standard
subsets. In the subsequent subsection, we will describe how to perform contractions
and list the relevant base cases. In the final subsection, we will prove a few preliminary
lemmas that will be useful going forward.

5.1 Lisca’s standard and good subsets

In Section 7, we will construct good subsets and standard subsets satisfying / < 0 from
cyclic subsets, thus reducing the problem of classifying certain cyclic subsets to Lisca’s
work [8; 9]. In this section, we collect relevant results proved by Lisca. The first two
propositions can be found in [8, Sections 3—7]. In particular, the “moreover” statements
in Proposition 5.10 are obtained by examining the proofs of [§8, Lemmas 7.1-7.3].
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Proposition 5.9 Let T = {vy,...,v,} be a standard subset with I(T) < 0. Then:
(1) I(T)e{-1,-2,-3}.
(2) |vi-ej| <1foralliand j.
(3) p1(T)=1ifandonlyif I(T) = -3 and, if p1(T) = 0, then p>(T) > 0.
4) If I[(T)= -3, then p1(T) = p2(T) =1and p3(T) =n—2.
(5) If I(T)=—-2,then pa(T) =3, pa(T) =1, and p3(T) =n—4.
(6) If I(T)=—1,then p2(T) =2, pa(T) =1 and p3(T) =n —3.

Proposition 5.10 Let T be standard with I(T) < 0. Let x,y > 0.

(1) If I(T)= -3, then, if E; = {s}, then vy is internal (ie 1 <s <n) and vs-vs = —2;

if |E;j| = 2, then E; = {1,n}; either vi -vi = =2 or v, - v, = —2; and vy -e; =
—vy - ej. Moreover, T has associated string of the form (by,...,bg,2,c;,...,c1),
where (b1, ...,b;) and (cy, ..., c;) are linear-dual strings.

(2) If I(T) = =2, then (up to reversal) T has associated string of the form
@ F.3.2+4y,2+x,3,20),
) 2,34 y,2,24x,3,200), or

© (br,....bgp_1,bp+1,2,2,¢c;+1,¢;_1,...,c1), where the strings (b1, ..., by)
and (cy,...,cy) are linear-dual.

Moreover, up to the action of Aut(Z"), the corresponding embeddings are of the form

(a) {€x+4—€x+3,€x+3—€x+2,---,65—64,64—62—63,
x+y+4 x+4
e +e1+ Z ei,—€2—€4—zei,€2—€1—83,61—€x+5,
a=x+5 a=5
ex+5_ex+6a---aex+y+3_ex+y+4}7
x+y+4
(b) {€x+4—€x+3,€x+3—€x+2,---,65—64,64—62—63— Z ei,ex+eq,
a=x+5
x+4
—ez—e4—zef,ez—el—ez,ea—ex+s,ex+s—ex+6,...,ex+y+3—ex+y+4},
a=5
(©) {ur,....ugp—1,ux+es—ex—esz,ex+ey,—ex—ey4,ex—ej—e3+wi, wa, ..., Wi},
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wherek+1>3,ur =0 orw; =0, |E1| = |E4| = 2. Furthermore (up to reversal), in (c)
we may assume that u% = —2; consequently, there exist integers j; and j, such that
|Ej|=2,|Ej,| =3,u1-ej, =—us-ej, =—wy-e;, =1,and |uy-e;,| =|w;-e;,| =1.

(3) If I(T) = —1, then (up to reversal) T has associated string of the form

(@) (2+x,2+4y,3,2x1 4 2D,
(b) 2+x,2,3+y, 201, 4’2[3/])7 or
© (+x,2,3+y,3,2~ 3207

Moreover, up to the action of Aut(Z"), the corresponding embeddings are of the form

x+4 x+y+4
(a) {€2+€4+ Y eaer—ert+ Y ea.ex—e3—eq.eq—es,
a=5 a=x+5
€5 —€6,...,6x+3 —€x+4,€x4+4 —€1 —€2 —€3,€61 —€x+5,
€x+5—€x+65---,€x+y+3 —€x+y+4},
x+4 x+y+4
(b) {€2+€4+Zea,€1—€2,€2—€3—€4— Z €y €4—C5,...,Cx13—€Cxia,
a=5 a=x+5
€x+4 —€1 —€2—€3,63 —€x45,€x+5 " €x+6,---,€x+y+3 —ex+y+4} )
x+5 x+y+5
© {el—ez—es— Y ea.ertes—e—e1—es— Y eq.—es+ey—es,
a=6 a=x+6
€5 —€6,66—€7,...,6x4+4 —€x45,Ex+5 T €1 —€4,€4 —Cx+6,
€x+6 —€x+7,---,€x+y+4— ex—i—y—i-s} .

The next proposition follows from the first case (S irreducible) of the proof of the main
theorem in [9, page 2160ff] and [8, Lemma 6.2] (see also [1, Lemma 6.6]). See [8,
Definition 4.1] for the definition of bad component.

Proposition 5.11 [9] Let G C Z" be a good subset with two components and
1(G) < =2. If G has no bad components, then I1(G) = —2 and G has associated
string of the form (by,...,b;) U (c1,...,c), where (by,...,bg) and (c1,...,c;) are
linear-dual strings. Moreover, if G = {v1,..., Vg, Vg1, - - ., Vk4+1}, Where —vl.2 = b;
forl <i <k and —v]%Jrj =c; forall 1 < j <1, then there exist integers o and B such
that Eq = {1,k + 1} and Eg = {k,k +[}.
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5.2 Contractions, expansions and base cases

In this section, we discuss how to reduce the length of certain cyclic subsets via
contractions.

Definition 5.12 Suppose S = {v1,...,v,} with n > 3 is a cyclic subset and suppose
there exist integers 7, s and ¢ such that E; = {s, 5,7}, where § € {s £ 1}, Vs N Vs = {i},
|vy -ei| =1 forallu € E;, and a; > 3. After possibly cyclically reordering and reindex-
ing S, we may assume that s ¢ {1,n}. Let S’ C Z" ! = (e1,....ei—1,€i+1.....en)
be the subset defined by

§"= (S \ {vs. v5, ve}) U {vs + v5. e, ()},

where 7, (/) = v; + (vf - ¢;)e;. We say that S’ is obtained from S by a contraction
and S is obtained from S’ by an expansion.

Since s ¢ {1,n} and |vz-e;| = |vs-e;| = 1, we have vg_; -e; = —vg - e;. Thus
1 ifs=s+landuec{s—1,s5+2},
(vs+vy)-vy=131 ifs=s—landue{s—2,s+ 1},
0 otherwise.
Moreover, (7e; (vy)? = vt2 +1<-2and
1 ifu=t+1,

e (Vg) - Uy =
ei (V) vu 0 otherwise.

Therefore, S’ is a positive/negative cyclic subset if and only if S is positive/negative
cyclic. Moreover, I(S') =I(S), p;(S")=p;(S) forall j # 3, and p3(S’) = p3(S)—1.

Definition 5.13 Using the notation above, if v;-vg =1 (sothatt =s+ 1if§=sF 1)
and ay = 2, then we say

e v is the center of S relative to e;,

e S’ is obtained by a contraction of S centered at v, and

¢ S is obtained by a —2—expansion of S.

Note that a subset obtained by a contraction of S centered at vy is unique. Indeed,
if £, ={s—1,5,5s+ 1}, a5—1 =2 and ag4+1 > 3, then Vs_1 N Vg = {i} and the only
contraction centered at vg is S\ {vg, Vs—1, V541§ U {vs—1 + Vs, Te; (Vs41)}. Similarly,
if £; ={s—1,s,54+ 1}, as—1 =2 and a5+, > 3, then Vs_; N V5 = {i} and the only
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contraction centered at vy is S \ {vg, Vs—1, U541} U {vs + V541, 7e; (Vs—1)}. Now let
S have associated string (a1, ..., a,). Then, under the contraction centered at v, the
associated string changes via

(ar,...,as—2,2,a5,a541,0542,...,an) —>(A1,...,05—2,85,a54+1—1,d542,...,an)
or

(ai,...,a5—p,a5—1,a5,2,0542,...,ay)—> (a1,...,a5—3,d5—1—1,as,as+1,...,da,).
Notice that two strings (b1, ..., bg) and (c;, ..., c1) are reverse linear-dual if and only
if (b1,...,bg_1)and (c;—1,...,cy)or (by,...,br—1)and (¢;_1,...,c1) are reverse

linear-dual. Thus the substrings on either side of a; in the associated string of S are
reverse linear-dual if and only if the substrings on either side of a; in the associated
string of the contraction of S centered at vy are reverse linear-dual.

More generally, let S = {vy, ..., v,} and consider a sequence of contractions S 0=g
S1, 82 ...,8™ such that S is obtained from S¥~! by performing a contraction

(=1 ¢ k-1 (0)

centered at v , where vy~ = vg. We call such a sequence of contractions

the sequence of contractions centered at vs and call the reverse sequence of expansions

a sequence of —2—expansions centered at v sm). Notice that, forall 1 <k <m, v§k) =

v§k_1) + vgk_l), is the unique vertex of S¥~1 adjacent to v§k_1) with

square —2. We have proven the following:

Lemma 5.14 Let S’ be obtained from S by a sequence of contractions centered at v
and let v2 = —a. Then S has associated string of the form (by, ..., by, a,cj,...,c1),
where (by,...,by) and (cy,...,c1) are reverse linear-dual, if and only if S’ has
associated string of the form (b’,...,b’,,a,c;,, ...,C}), where (b’,...,b]’c,) and
(cjss ..., cq) are reverse linear-dual.

When 1(S) < 0 and either p1(S) > 0 or p1(S) = p2(S) = 0, we will be able to
sequentially perform contractions until we arrive at certain base cases. In light of
Example 5.7, we will restrict our attention to cyclic subsets containing at least one
vector with square at most —3. We will now list all such cyclic subsets of length 2
and 3 with /(S) < 0. It can be concretely checked case by case that the only such
cyclic subsets are positive and (up to the action of Aut(Z?)) are of the form

e {2¢1,—e1 + ez}, which has associated string (4, 2) € Sa4;

e {2¢1 —e3,e3+ ez, —e1 —e3}, which has associated string (5, 2, 2) € Sa4; and

o {e1—ex—e3,e3—e]—ep, ex—e3—eq ), which has associated string (3, 3, 3) € Sz
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Notice that the second and third vertices of the subset with associated string (5, 2, 2)
are both centers relative to e3. If we perform a contraction centered at either vertex
relative to e3, we obtain the subset with associated string (4, 2). Note that, when n = 3,
centers are not unique, but when n > 4, centers are necessarily unique.

Remark 5.15 We will usually denote cyclic subsets by S, standard subsets by 7, and
good subsets by G. Moreover, S’ will be reserved for contractions of S.

5.3 Preliminary lemmas

The following lemmas will be important in future sections. The first follows from the
proof of [8, Lemma 2.5].

Lemma 5.16 [8, Lemma2.5] If S ={vy,...,v,} CZ" =(ey,...,ep) is any subset,
then

2p1(8) + p2(S) + 1(S) = Y (j —3)p; (),
j=4

with equality if and only if |vg -eg| <1 forall 1 <a,B <n.

Lemma 5.17 Let S be cyclic and such that p>(S) > 0 and |vy - eg| < 1 for all
l<a,f<n.Then); p2i(S)=—1(S) mod 4.

Proof First notice that, since 1(S) =Y/, (a; —3), we have > /_, a; = 3n + I(S).
Now
n 2 n n—1 . . ..
n+1(S) if S is positive,

_ I - N T 20 Vi — 201 Uy =

(;v,) ;al ; Vi i TS0 U n+4+41(S) if S is negative.
On the other hand, set Y ', vi = > 7_; Aje; and let ko = !{i DA =20 + 1}} and
xXg = |{i HAi] = 2,3}‘ Finally, let m € Z be the largest integer such that k,, # 0 and
k; =0 forall t > m, and let y € Z be the largest integer such that x, 7# 0 and x; =0

forall t > y. Since |vy -eg| < 1 for all @ and B, we have ) ; p2;(S) = xo + -+ x).
Hence,

)
S (5

i=1

y m Yy
3 Xﬂ)) + ) Qo+ 1)%ka + Y (28)xg
B=0

B=0 a=1
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m Yy
=n+ Y (4a® +4a)ke + Y (4% —1)xp

a=1 B=0
m y
=n+ 2(4052 +4a)ky + Z(4ﬂ2)x5 — (Z DPai (S)).
a=1 B=0 i

Thus,

Y p2i(S)+I(S) if S is positive,
40 + da)kq 4 i
Z( i) +Z( PO {Zl p2i(S)+4+I(S) if S is negative.

a=1

It follows that )", p2;(S) = —1(S) mod 4. a

Lemma 5.18 If G = {vy,...,v,} CZ" is a good subset with [(G) =0, p3(G) = n,
and n components, then, up to the action of Aut Z", negating vertices, and permuting
vertices,

o G={e1—ext+ez—eq,e1+ex,—e1 +ex+e3—eq,e3+ eq} with associated
string (4,2, 4,2), or

o G =1{e1—ey—e3,e1+ex—eq,ey—e3+ eq,e1 + e3+ eq} with associated
string (3, 3, 3, 3).

Proof First notice that, by Lemma 5.16, [vy -eg| < 1 for all « and . Let i, s, 7 and u
be integers such that £; = {s, ¢, u}. Since every vertex of G is isolated, up to negating
vertices we may assume that vg-e; = vs-e; = vy -€; = —1.

First suppose ag = 2 and let vy = ¢; + ¢;. Then, since vy - vy = vg5- v, = 0, we
have v, = ¢; —e; +a and v, = ¢; —e; + b. Since v; - v, = 0, there are integers
k,1€V;NVy,suchthatv; =e; —ej +ex —e;+a’ and vy, =e; —ej —ex +e; + b’ If
(a')> #0,thenlet R = {v}, ... vs_. 0 y..... 05} CZ" 2 = (e1,....en)/{ei. €)),
where v} = 7, (1e; (1)), vy, = Te; (e, (Vy)), and v}, := vy for all x ¢ {¢,u}. Then
(v})? <=3, v,-v, =2,and v} - vy = v, - v} =0 forall x ¢ {r,u}. Consequently, R is
the union of a positive cyclic subset {v}, v],} and a good subset R \ {v},v;,}. Thus,
by Remark 5.3, R is a linearly independent set of n — 1 vectors in Z"~2, which is
impossible. Thus (a’)? = 0 and, similarly, (b’)? = 0; hence, v; = ¢; —e; + e, —e; and
vy = e; —ej —eg +e;. Now, since |Ex| = | E;| = 3, there exists an integer z such that
k,l € V; and, since v; - v; = 0, we may assume that v, = e¢j + ¢; + ¢. By a similar
argument as above, c2=0andsov, = er + e;. Since G is irreducible, it follows that
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n = 4 and so G has associated string of the form (4,2, 4,2). Settingi =3, j = 4,
k =1 and [ = 2, we have the subset listed in the statement of the lemma.

Next suppose as, ar, ay > 3. Assume ag > 3. Let R = {v],...,v5_{. V5 4..... 0} C
Z" 1 = (e1,...,en)/(ei), where v = 1, (vs), v} = ¢, (v¢), V), = T¢, (Vy), and
vl := vy forall x ¢ {s,¢,u}. Then (v})? < —2 and v} -v} = v}-v/, = v}-v), = 1; hence,
{vi, v}, v],} is a positive cyclic subset. Moreover, v} - vl = v} - v}, = v}, - vl = 0 for all
x ¢{s,t,u}. Thus R is the union of a positive cyclic subset and a good subset and so, by
Remark 5.3, R is a linearly independent set of n—1 vectors in Z"~2, which is impossible.
Thus ag = 3; similarly, a; = a,, = 3. Without loss of generality, vy = ¢; —e; — ¢,
v, = e +e; —e; and v, = e; + e + ¢; for some integers j, k and /. Since |E;| =3,
there exists an integer z such that j € V. Since v, - vy = v;-vy = v; - vy =0, we have
v;=¢;—ep+e +a. lf a? # 0, then we can define a subset R as above and arrive
at a similar contradiction. Thus v, = e; — ey —e;. Since G is irreducible, it follows
that n = 4 and so G has associated string of the form (3, 3, 3, 3). Settingi =1, j =2,

k =3 and [ = 4, we have the subset listed in the statement of the lemma. O

6 Lattice analysis, case I: p;(S) >0

Throughout this section, we will assume that S = {vy,...,v,} is a cyclic subset with
1(S) <0and p1(S) > 0. Thus there exist integers i and s such that E£; = {s}. Lemmas
6.1-6.3 will ensure that we can contract such subsets.

Lemma 6.1 Let S be a cyclic subset of length 4 such that I(S) <0 and E; = {s} for
some integers i and s. If ag+1 > 3 oras—; > 3, then S is positive and has associated
string of the form (6,2,2,2) or (5,2,2,3). If ag+1 = 2, then S is either negative and
has associated string of the form (2, 2,2,2) or (2,2, 2, 5), or positive and has associated
string of the form (2,2,2,3) or (2,2,2,6).

Proof If |V|=1,then, since E; ={s}, we obtain vs-vs4+1 =0, which is a contradiction.
Thus |Vs| > 2.

Suppose as_1 > 3. If | V| > 3, then let R C Z3 be the subset obtained by replacing
vs by vg + (vs - €j)ej. Then R is a cyclic subset and, by Remark 5.3, R is made
of four linearly independent vectors in Z3, which is not possible. Thus |V;| = 2.
Let Vs = {i, j}. Then E; = {s —1,s,s + 1}, since otherwise we would necessarily
have that |E;| > 1. Moreover, since Vy_1 N Vs = Vi1 N Vs = {j}, we necessarily
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have that |vg_1 - ej| = |vs-ej| = |vs+1-ej| = 1. If S is positive cyclic, then it
is clear that vg—1 -€; = vsq1-€j = —vs-e;. If S is negative cyclic, then, by
possibly moving the negative intersection (see Remark 5.4), we may assume that
Vs—1-€j = Vgy1-€; = —Vg-ej. Thus we may perform a contraction of S centered
at vy relative to e; to obtain a length 3 cyclic subset S” with 7(S’) = I(S) <0
and p1(S’) > 0. By considering the base cases in Section 5.2, it is clear that S’ =
{2e1—e3,e3+ep, —e1 —e3} (up to the action of Aut(Z3)), which has associated string
(5,2,2). Thusi =2, j =4, and either S = {2¢; —e3—eq, €2 +e4, —€4+e3, —€1—e3}
or § ={2e¢1 —e3,e3 —eyq,e4 + €2, —e4 — e1 —e3}. Therefore, S is positive and has
associated string (6, 2,2,2) or (5,2,2, 3).

Now suppose as;—1 = dg+1 = 2. Without loss of generality, assume s = j = 4.
Let T = {v1,v2,v3} C Z3 = (e, e5, e3) be the length 3 standard subset obtained by
removing vs from S. Then 7 has associated string of the form (2, a3, 2). Since I1(S) <0,
we must have ap < 6. It is easy to see that a, # 6, since otherwise vy, = 2e; —ep —e3
(up to the action of Aut(Z3)), implying that vy - vo # %1, which is a contradiction. If
ap = 5, then T is of the form {e; —e3, e + 2e3, —e; — ey } and therefore S must be of
the form {eq — e, ex +2e3, —es —eq, e1 + 4} (up to the action of Aut(Z3)). Thus S
is negative with associated string (2, 5, 2, 2) (equivalently (2,2, 2, 5)). If a < 4, then
1(T) < 0. By Proposition 5.10, the only such length 3 standard subset has associated
string (2, 2,2). Moreover, T is of the form T = {e] —e3,ex —e3,—e2 + €1} (see [8,
Lemma 2.4]). Since v3-v4 = *£1, either 1 € V4S, 2€ V4S, orboth. If 1,2 € V4S, then
since vy - vg4 = 0, we must have 3 € V4S; thus |V4S| = 4. Moreover, since vy -v4 = +1,
we must have that v4 -e; = v4 - ep £ 1, implying that a4 > 7, which is not possible.
Thus either 1 € V4S or2e V4S , but not both. If 1 € V4S , then S is negative and of the
form {e] —ea,e2 —e3,—epx —e1,e1 +eq} or {eg —en, e —e3,—ep —eq,e1 + 2e4},
which have associated strings (2,2,2,2) and (2,2,2,5) (note that we found the
latter subset above). If 2 € V5, then 3 € V4S and S is positive and of the form
{e1—ez,e0—e3,—ex—er,ex+e3+eafor{e; —enx,ep—e3, —ex—eq, ex+e3+2e4),
which have associated strings (2, 2,2, 3) and (2,2, 2, 6). |

Lemma 6.2 Let S be a cyclic subset of length at least 5 such that E; = {s} for some
i ands. Then |Vs| = 2. Moreover, if Vs = {i, j}, then E; = {s —1,s,5 + 1} and
Vs—1-€j = Vsg1-€; = —Vg-e; = E1.

Proof First note that, if | V| =1, then, since E; = {s}, we obtain vg-vg41 =0, which is
a contradiction. Now suppose |Vs| > 3. Then, by replacing vs with v = vs + (vs-€;)e;
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and relabeling v; = vy, for all u # s, we obtain a subset

R:{vi,...,v;_l,v;,v;H,...,v,',}CZ"_l =(e1,...,€i—1.€i+1,....€n).

Let (a}. ..., ay) be the string associated to R, where —a := vi-vy <—2and a} =a;
for all j #i.If S is negative cyclic, then so is R and thus, by Remark 5.3, R is made
of n linearly independent vectors in Z”~!, which is not possible. If S is positive cyclic
and either a} > 3 or a; > 3 for some i # s, then R is also positive cyclic, and we obtain
a similar contradiction. Now suppose S is positive cyclic, a, =2 and a} = a; = 2 for
all t # 5. Let T be the subset obtained by removing vs from S. Then T has associated
string 2"y and so I(T) = —(n—1) < —4. If |E;§| >2forallk VSS, where k # i,
then T is a standard subset of Z"~! with I(T') < —4, which contradicts Proposition 5.9.
If |E;§| =1 for some k € VSS such that k # i, then, by Remark 5.3, T consists of n — 1
linearly independent vectors in Z™, where m < n — 1, which is not possible. Thus
|Vs| = 2. Let VSS = {7, j}. Then, as in the proof of Lemma 6.1, E; = {s —1,s,5 + 1}
and vg_1-€j =vgy1-€j = —Vs-ej = 1. O

Lemma 6.3 Let S be a cyclic subset of length at least 5 such that 1(S) < 0 and
E; = {s} for somei and s. Then either as—y > 3 or agy1 > 3. Moreover, if ag1q > 3,
then S is positive with associated string (2,3,2,3,2) or (2,3,5,3,2).

Proof By Lemma 6.2, Vs ={i,j}and E; = {s—1,s,5 + 1}. Assume that a;_1 =
as41=2. Then Vy_1 ={j, k} forsome k, Vy1 ={j.k’} for some k', and |vs+;-€;| =
|vs—1 - ex| = |vs+1-ex| = 1. Since vg—q - vg+1 = 0, we must have k = k’. Since
|[vs—2 - vs—1| = 1 and j ¢ Vs_», we must have k € Vys_,. But then vg_p - v5+1 # 0,
which is a contradiction.

Now suppose as—1,as+1 > 3 and let R be the subset obtained by removing vs and
replacing vy+1 with v, = vsx1 + (vsx1 - €;) - e;. Note that vi_, -v] ; = *1.
As in the proof of Lemma 6.2, either R is cyclic or S is positive cyclic and R has
associated string of the form (2[*~1). In the former case, by Remark 5.3, R C
Z"=2 contains n — 1 linearly independent vectors, which is not possible. In the latter
case, let T C Z"~! be the standard subset obtained from S by only removing vy.
Then T has associated string (3,2,...,2,3). By Proposition 5.10, the only such
standard subset is {e4 + e3 —e2,e2 + €1, —ex —eq, €2 + €3 —e1} (up to the action of
Aut(Z*)), which has associated string (3,2,2,3). Thus j = 3, |vs - e3| = 1. Since
I(S) <0, S is of the form {—82 —e4,63+e3—¢e1,65—e3,64+€3—e€2,€ +61} or
{—ez—e4,er+e3—e1,2e5 —e3,e4 + €3 —e2,e2 + €1}, which are positive and have
associated strings (2, 3,2, 3,2) and (2, 3, 5, 3, 2), respectively. O
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Let S = {v1,...,v,} be a cyclic subset such that n > 6, I(S) < 0 and ElS = {s}
for some integers i and s. By Lemma 6.2, we may assume that VSS ={i,j} and
E JS ={s—1,s5,5 + 1} for some integer j. Thus vy is the center vertex of S relative
to ej. By Lemma 6.3, we may further assume that a;4+1 > 3 and a5;—1 = 2 and so
VS | =1{j, j1} for some integer ji. Let S’ = {v},...,v._,, v, Viyq----» Uy} be the
contraction of S centered at v, where v, = vy forall x ¢ {s—1,s,5s+1}, v, = vs—_1 +s,
and vy | = 7,; (v;). Since VS ={i, j}and Eﬁ/ ={s—2,s,5 + 1}, v is the center
vertex of S relative to e;, and, by Lemma 6.3, either (v}_,)*> <—3 or (v;_i_l)2 <-3.1If
(v;_z)2 <-—3and (v;+1)2 < —3, then, by Lemma 6.3, S’ is positive and has associated
string of the form (2,3,2,3,2) or (2,3,5,3,2). If (v,_,)*> = =2 or (v} ,)* = -2,
then we can perform the contraction centered at v}, relative to ¢;,, as above. Continuing
in this way, we have a sequence of contractions centered at vg, which ends in a subset S
either of length 4 or of length 5 with associated string (2,3,2,3,2) or (2,3,5,3,2).
Let 05 denote the resulting center vertex of S. Then VSS = {i, k} for some integer k
and |[ES| =3.

Suppose that S has length 4. By considering the length 4 cyclic subsets in the proof of
Lemma 6.1, it is clear that S is either negative and of the form

o {e1 —en, e —e3,—ey —eyq,eq + eq) with associated string (2,2, 2,2), or

o {e1—en,en—e3,—ex —eq,e1 + 2e4} with associated string (2, 2, 2, 5);
or positive and of the form

o S={2e¢1—e3—ey,er+eq,—eq4+e3,—e; —es} with associated string (6, 2, 2, 2),

or

o S ={2e1—e3,e3—eq,e4+e2,—eq—e1—e3} with associated string (5,2, 2, 3).
Each bold number in the above strings corresponds to a vertex 0y, satisfying E. &g ={m}
for some integers o and m. In particular, one of the bold numbers in each of the above
strings corresponds to ¥s. In the first two cases, notice that the substrings between the

bold numbers (ie (2) and (2)) are reverse linear-dual. Thus, by Lemma 5.14, S has asso-
ciated string of the form (by,...,b;,2,¢7,...,c1,2) or (by,...,bx,2,¢f,...,cC1,5),

where (by,...,br) and (cy,...,c1) are reverse linear-dual. Similarly, the third and
fourth strings are of the form (b + 3, b2,...,b%,2,¢,...,c1), where (by,...,by)
and (cy,...,c1) are reverse linear-dual, and so S has associated string of the same

form. Note that the strings (5,2, 2) and (4, 2) also fall under this family (recall that
the linear-dual of (1) is the empty string).
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Now suppose S has length 5. Then, by the proof of Lemma 6.3, S is positive and of
the form

o {—ep—eq,e0+e3—e1,65—e3,e4 + €3 — e, en + e1} with associated string
(2,3,2,3,2), or

o {—ex—eq,e0+e3—e1,2e5—e3,e4 + €3 —e3, en + €1} with associated string
(2,3,5,3,2).

As above, the bold numbers in these two strings correspond to the vertex vs. Notice
that, after performing a —2—expansion centered at ¥, the first and last entries in each
string remain unchanged. Moreover, the substrings adjacent to the bold numbers are (3)
and (3); notice (3—1) = (2) and (3 —1) = (2) are reverse linear-dual strings. Thus, as
above, S has associated string of the form (2,51 +1, b2, ...,bx,2,¢;,...,¢c2,¢c1+1,2)
or (2,by+1,by,...,b;,5,¢1,...,ca,c1 4+ 1,2), where (by,...,b;) and (¢j,...,c1)
are reverse linear-dual strings.

Remark 6.4 Consider the length 5 subsets above. We can perform contractions to
obtain the cyclic subsets of Lemma 6.1 with associated strings (2, 2, 2, 3) and (2,2, 2, 6).
However, these do not fall under the general formulas listed above. Moreover, the string
(2,2,2,6) is also the associated string of a different subset, as seen in Lemma 6.1.
This string already appeared in first set of cases we considered and so we will not count
this string again.

Combining all of these cases, we have proven the following:

Proposition 6.5 Let S be a cyclic subset with [(S) <0 and p;(S) > 0. Then S is
either negative with associated string in S14 U S1p, or positive with associated string in
E2a US2p U Sze.

7 Lattice analysis, case II: p{(S) =0

In this section, we will assume that S = {vy,...,v,} is cyclic with 7(S) < 0 and
p1(S) = 0. By Lemma 5.16, p2(S) > 374 (j —3)p;(S). If p2(S) = 0, then the
inequality is necessarily an equality and so p;(S) = 0 for all 4 < j < n. Thus, in this
case, 1(S) =0 and p3(S) = n. Therefore, we have two cases to consider: p>(S) =0
and p>(S) > 0.
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7.1 Casella

Let S be cyclic and p;1(S) = p2(S) = 0. Then, as shown above, /(S) = 0 and
p3(S) = n. The next two lemmas provide some general properties of S.

Lemma7.1 If S iscyclic and p1(S) = p2(S) =0, then |vy-eg| <1 forall 1 <a, B <n.

Proof Letv; = 7_, mjje; for each i, where m;; = v; - e;. Then, since I(S) =0,

we have 3n = =Y "_ v2 =Y. . m?% >, . |m;;| > 3n. Thus m? = |m;;| for all i
=17 i,j "N = Li,j = ij L

and j and so |v; -ej| = |m;;| <1 foralli and j. |

Lemma 7.2 If S is cyclic and p1(S) = p2(S) =0, then S is positive cyclic.

Proof Again, let v; = 27:1 mjje;. By Lemma 7.1, |m;;| <1 for all i and j. Let
M vi =Y 7 qAiei. Then, since p3(S) =n, A; € {£1,+3} forall i. Now, if S is
negative, then —3n =3 "7_, v? = (}7_, vi)2—2 D e VitV = (=71 A3)—2(n—-2)
or Y7y A? = n + 4. Thus there must exist j such that A; = +3. But thenn —1 <
Zi?éj )Liz = n — 5, which is impossible. Thus S must be positive. a

If p3(S) = n, then it is clear that n > 3. If n = 3, then S is the subset with associated
string (3, 3, 3) € S»p N Sz found in Section 5.2. From now on, we will assume that
n=>4.

Lemma 7.3 Let S be cyclic with p1(S) = p2(S) = I(S) = 0. Suppose there exist
integers i and s such that E; = {s —1,s,s + 1}. Then S is positive and has associated
string in Syp,.

Proof By Lemma 7.2, we know that S is necessarily positive. Now, since E; =
{s —1,s,5 + 1}, we necessarily have that ay > 3; otherwise, if ag =2 and Vi = {i,i’},
then | E;/| = 1, which is a contradiction. We further claim that ag—; > 3 or ag+1 > 3.
Suppose otherwise: as—1 = ag41 = 2. Then Vs_; = V41 = {i, j} for some integer j
and, since |E;| = 3, we necessarily have that j € Vs_» N Vs4o. Since |E;| = 3, we
necessarily have that n = 4. But then there exists an integer k € V such that either
|Ex| =1 or |Ey| =2, which is a contradiction. Without loss of generality, assume that
as—1 > 3.

First assume that vg_j - ¢; = vg - e; (or similarly vs41 -€; = vs-e;). Let x > 0 be the
smallest integer such that ag4,+1 > 3. Since dg+1 =-+- =dg+x =2, we have Vi 4 =
{ig—1,iq} forall 1 <o <x,whereip:=1i and {io, ..., I} contains x4+ 1 distinct integers.
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Moreover, E;, ={s—1,s+o,s+a+ 1} forall 1 <o <x. Since vs_1-e; = vs-¢;, by
Lemmas 7.1 and 7.2, there exist integers m, k € Vy_1 NV such that vg_q-e, = —vs-em
and vs—1-ex = —vs-ex. Thusas—1 > x+3. Let R={v],... . v5_1. Vs o q.. .. Un} C
72"V =(ey,...,en)/(€iy, .- -, ei), Where Vi, =Te;, (”eil (+- (e, (vs—1)) - ))
Vit vtr1 = Te;, (Vs+x+1), and v; =vy forall y ¢ {s—1,...,5s +x+ 1}. Then R
is negative cyclic with I(R) = 1 —ay < —2. By Proposition 7.14 in Section 7.2,
R must have associated string in Sye U S;g U S1e UO U {(2) | n > 2} and hence
either I(R) = —(n —x — 1) or I(R) = —2. In the former case, we necessarily have
that ag_; = 34 x, as = n + x, and as4x+1 = 3; hence S has associated string of
the form (3 + x,n + x, 21 3, 2[”_x_3]) € S,p. In the latter case, ag = 3 and so
VS N VS1 = {i,m, k}. Since v = -3, it follows that VS VS {s—1,s,z} for
some integer z ¢ {s — 1,s}. It is easy to see that vs | = (4 + x) and 92 < -3.
Let T = (S \ {vz, vs, v5—1}) U {me, (vs), Te,, (e, (Vs—1))}. Then T is standard with
I(T) < -3 and EL = {s}. By Proposition 5.9, I(T) = —3 and so v = —3; by
Proposition 5.10(1), T has associated string of the form (by,...,bg,2,¢j,...,c1),
where (by,...,br) and (c1,...,cy) are linear-dual strings and the middle vertex with
square —2 is 7e, (vs). Thus S has associated string (3,b1,...,bx +2,3,¢7,...,¢1).
Since (B1,...,B«) = (b1,...,br + 1) has linear-dual (yq,...,yx) = 2,¢1,...,¢])
(see Lemma 3.6), we have

(3,191,---,bk+2,3,01,---,61)=(3,ﬁ1,---,ﬁx—1,ﬂx+1,m+1,)/1_1,-.-,V1)€Szb-

Now assume that vg_1-e¢; = —Vg-€; = Vg+1-€;. Suppose ag+1 =2 and set Vi1 ={i, j}.
Note that E; = {s — 1,5+ 1,5 +2} and Vi N Vs = {i}. Thus vy is the center of S
relative to e;. Perform the contraction of S centered at v to obtain the positive cyclic
subset " = {v],..., v}, vs+2, ... upt, where v, = vy forall x ¢ {s—1,5,5+1}, vy =
Vs +Vsy1,and v)_; =7, (vs—1). Then I(S’) =0and p3(S’) =n—1. Now the vertices
Vs_1, Vg, and vj_ , are adjacent in S, ES {s—1,s,5 +2}, and (v})? = v2 < -3.
Thus v} is the center of S’ relative to e;. Moreover, Vi_,rej =—Vg-ej = v;_,_z-ej. If
(v_,)*=-2o0r (U;+1)2 = —2, then we can contract S’ centered at v§. Continuing in
this way, we have a sequence of contractions centered at vy which terminates in a positive
subset S such that the resulting center vertex U has adjacent vertices whose squares are
both at most —3. Reindex S chronologically and let u = s under the new indexing. Then
175 = v? <-3, 5511 < —3, and there is an integer / such that ElS ={u—1,u,u+1}and
Uy—1-€] = —Uy-€] = Uy41-€;. Note that, if ag41 >3, then § = §. Let C be the subset
obtained from S by removing v,, replacing v,,41 with 17; 11 = Te; (Uy+1), and setting
v, = Ux forall x ¢ {u—1,u,u + 1}. Then I(C) < -2, p1(C) =0, p2(C) > 0, and
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Uy—1-Uy+1 = 1. If there exists a vertex of C with square at most —3, then C is a positive
cyclic subset. However, by Proposition 7.14 in Section 7.2, positive cyclic subsets with
p1="0and ps > 0 have associated strings in S US54 and thus have I € {—1, 0}. Since
I1(C) < =2, every vertex of C must have square equal to —2 and so S has associated
string of the form (3 + x, 3, 2[*], 3), where —(#,)% = 3 + x. Notice that (3—1) = (2)
and (3—1) = (2) are reverse linear-dual strings. Thus, by Lemma 5.14, S has associated
string of the form (34x, b1, ..., bg_1. b + 1,25 c;+1,¢;_1,...,¢1) € Sap, where
(b1,...,br) and (cy, ..., c;) are linear-dual strings. |

Lemma 7.4 Let S be a cyclic subset with p1(S) = p2(S) = I(S) = 0. Suppose that,
forall 1 <i <n, E; # {s—1,s,s + 1} for some integer s. Then S is positive with
associated string in S

Proof Let s be an integer such that ag > 3. Let i be an integer such that vg -e; =
—Vs+1 - €j, which exists by Lemmas 7.1 and 7.2. Finally, let E; = {s —1,s,¢}. By
assumption, ¢ ¢ {s —2,s5 + 1}. Let x > 0 be the smallest integer such that ag4x+1 > 3.

Since ag+1 = -+ = dg+x = 2, we have V4o = {iq—1,i¢} forall 1 <o < x, where
io:=i and {ip,...,ix} contains x + 1 distinct integers. Since i € V; and v;-vs4+4 = 0 for
alll <o <x—1,wehaveig,...,ix—1 €V;. If t =5+ x+1, thenitis clear that iy, ¢ V;

and so |E; | =1, which is a contradiction. Thus vs-vs4x =0andso iy € Vi N Viyxi1,
and a; > x+1. Moreover, since E; . ={s+x,s+x+ 1,7}, by assumption, ¢ # s +x +2.
Now, since vs-vs—1 = Vs Vs4x+1 = 0, there exist integers m1 € (V¢ \{io,...,ix})NVs—1
and my € (Ve \ {io,...,ix}) N Vsyx+1, implying that a; > 2 + x. If a; = 2 + x, then
my=my;setm:=my=my. Butthenm € V; 1, implying that | E,,| > 5, which is a con-

tradiction. Thus a; >3+x. Let G ={v],...,v§_| . Viy oo qs s Uy (2 VhqseeonUn) C
72"l ={eq,...,en)/{eiy, .. ei,), Where Vi =Te; (Vs—1), Vs g =Te; (Vstx),
and v, = v foralla ¢ {s —1,...,5+ x + 1,7}. Then G has two components and

p1(G) = pa(G) =0and I(G) < -2.

We first claim that G is irreducible and thus a good subset. Suppose otherwise. Then G is
the union of two standard subsets G; and G,. By Proposition 5.9, I(G1), I(G2) > —3.
Since p1(G) = pa(G) = 0, Proposition 5.9 tells us that /(Gq), I(G3) > 0. Con-
sequently, —2 = I(G) = I(G1) + I(G3) > 0, a contradiction. Thus G is a good
subset. Moreover, by the hypothesis, there do not integers / and z such that £ IG =
{z —1,z,z + 1}, implying that neither component of G is bad (see [8, Definition 4.1]).
By Proposition 5.11, I(G) = =2 (so a; = 3 + x) and G; and G, have associated
strings of the form (by,...,bt) and (c1,...,c;), where (b1, ...,bg) and (c1,...,c])
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are linear-dual strings. Thus G has associated string of the form (by,...,bg,c1,...,¢])
or (by,...,bg,cp,...,c1).

To determine which string is correct, we first claim that m % m,. Assume otherwise,
and set m := my1 = my. Since a; = 3 + x, we have VtS = {ig,...,ix,m,z} for
some integer z. Since E;El ={s— 1,5 +x + 1,t}, we necessarily have that Ef =
{t —1,¢,t + 1}, contradicting the hypothesis of the lemma. Thus m # m, and VtS =

{io,...,ix,m1,mz}. Once again by the hypothesis, we may assume that m; € VtS_1 and
my € Vt‘il. Thus Egl ={s—1,t—1} and E,,GQ ={s+x+1,r+1}. By Proposition 5.11,
G must have associated string (by, ..., bg,c1,...,cy). Consequently, S has associated

string of the form (3 + x,b1,...,br_1,b; + 1,26 ep 4+ 1,0, .. .,¢7). Note that,
by Lemma 3.6, (B1,...,8«) = 2+ x,b1,...,b;) has linear-dual (y1,...,y3) =
(2[x], c¢1+1,¢2,...,c1); hence S has associated string

(ﬁl+1’132a°"a18K—1a18K+1,y17-~'7yk)ESZC' O
Combining the above two lemmas, we have proven the following:

Proposition 7.5 Let S be a cyclic subset with 1(S) < 0 and p1(S) = p2(S) = 0.
Then S is positive with associated string in Sp U Sa..

7.2 CaselIlb: p>(S) >0

Throughout this section, we will consider cyclic subsets satisfying p1(S) = 0 and
p2(S) > 0. In light of Example 5.7, we will further restrict ourselves to cyclic subsets
containing at least one vertex with square at most —3. By the discussion in Section 5.2,
there are no such cyclic subsets of length 2 or 3. Thus we assume that n > 4. We start
with some useful notation and some preliminary lemmas.

Definition 7.6 Let S = {vy,...,v,} C Z" be any subset. We define the sets

75 ={i | E; ={s,t}andag =2 or a; =2}, T3 ={i | E; ={s,t} and ag,a; > 3}.

In some cases, we will drop the superscript S from the notation if the subset being
considered is understood. Notice that p,(S) = |Z5| U |75|. For each i € Z5 U 75, let
E; = {s(i),1(i)}. For each i € 7, assume agiy =2.

Lemma 7.7 Let S be cyclic, I1(S) <0, p1(S) =0, p2(S)>0,and n > 4. Ifi € Z,
then a;(;y > 3.
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Proof Sets := s(i) and ¢ := t(i). Assume a; = 2. Suppose vg - vy = 0. Then
Vs =V ={i,j}forsome j,and E; D{s—1,s,s+ 1,1 —1,¢,t +1}. If n > 5, then
either vg_1-vy =00r vs41-vy =0,andsoi € Vs_q ori € Vs41, which is a contradiction.
Ifn=4,thent +1=sTF1. Since v;—1 - vs4+1 = 0, there exists an integer k£ such that
k € Vy11. Moreover, there exists a fourth integer m such that m € V;41 or V;_q, but
not both, since v;—y - vs41 = 0. Thus p;(S) > 0, contradicting the hypothesis.

Now suppose |vs - v¢| = | and, without loss of generality, let 1 = s + 1. Since
as =agy1 =2, wehave Vg ={i, j} and V41 = {i, i1}, where iy # j. Let [ > 2 be
the smallest integer such that az; > 3. Then it is easy to see that V44 = {ig—1, i}
forall 1 <o <[—1,whereig:=1i,iy ¢{i,j}foralll <a <[—1 and the iy are
all distinct. Similarly, let m > 1 be the smallest integer such that ag—,, > 3. Then, as
above, Vs_g ={jg—1.jg} forall 1 < B <m—1, where jo := j and the set {g,i,in}
has m + [ distinct elements. Now, since |vg47—1 - V47| = 1, we must have that
Vs1—1 0 Vs = {i1—1} and |vgy - €, | = 1. Similarly, Vs—mi1 0 Vsem = {jm-1}
and [vs—m-€j,,_,| = 1. Moreover, E;, ={s+a,s+a+1}and E;, ={s—B,s— -1}
for all @ and 8.

If vg—m = Vg7 = vy, then {ij_y, jm—1} C Vy,. Since |vy-e;,_,| = |vy-ej,,_,| =1 and
ay > 3, we have |Vy,| > 3. Thus there is an integer p such that £, = {u}, which contra-

dicts p1(S) = 0. Now suppose vs—pm, # vgyj. Let T = {v’l,...,v;_l,v;+l,...,v,’1} C

zr=m+h) = {e1.....en)/(€ig,- - €1y €jgs- - .. €), ), Where Ué—m =Tej,, 4 (Vs—m)
and v;+l =Te;,_, (vs+1). Since |vgy7-€i,_ | = |Vs—m-€j,,_,| =1 and as_m,a54; >3,
we have (vi_,,)?, (U;Jrl)2 < —2. Thus T is a standard subset made of n — (I +m — 1)
vectors. However, by Remark 5.3, these vectors are linearly independent in gzn—+m),

which is not possible. a

Lemma 7.8 Let S be cyclic, I1(S) <0, p1(S) =0, p2(S)>0,and n > 4. Ifi € Z,
then Us(i) * Vi) = 0.

Proof Sets:=s(i)andt:=1¢(i). Let Vs ={i, j}. Then, by Lemma 7.7, a; > 3. As-
sume |vs-v;| = 1 and, without loss of generality, assume ¢ = s+ 1. Then {s—1,s} C E;.
If there exists an integer u ¢ {s — 1,5, s + 1} such that u € E;, then we necessarily have
that i € V,,, implying that | E;| > 3, which is not possible. Thus either E; = {s — 1, s}
or E; ={s—1,5,5s +1}.

If E; ={s—1,s}, then, by Lemma 7.7, a5_1 > 3. Moreover, since |vs-¢;| = |vs-e;| =1,
ViNVs—1={j}and VN Vsy1 ={i}, we have |vg41-¢;| =|vs—1-ej| =1 Let T =
{v’l,...,v;_l,v;H,...,v;,}CZ”_z =(e1.....en)/(ei.ej), where v}  ; =1, (Vs+1),
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vi_y znel(vs 1), and v, = vy forall x ¢ {s—1,s,s + 1}. Then (v}, ,)*> <—2and

vi_, +1- By Remark 5.3,

T C Z"~2 contains n — 1 linearly independent vectors, which is impossible.

v = = 0. Thus 7 is standard with final vertices v,_, and v

If E; = {s—1,s,s + 1}, then, since vg_1 - vg41 = 0, there exists an integer k ¢
{i, j} such that k € Vs_1 N Vsy1. Moreover, |vs—1 -€j| = 1 and, since Vi1 N Vg =

{i,j} and |vg41-vg| = 1, we have |vgy1-e;| = x and |vgy1-e;| = x £ 1, where
X, x+t1#0. Thus agy; > x> +(x £ 12 +1>6. If [y €| =x>2,let T =
{0,V Vg Uy CZ T = (e, en)/ (i), where V), | = Tre; (Vs41) and

vl = vy forall x ¢ {s,s+1}. Then T is standard and 0 > I(S) = I(T) + x>+ (as—3) =
I(T)4+x%—1. Thus I(T) < 1 —x? < 0 and so, by Proposition 5.9, we necessarily have
that /(T) = —3 and p;(T) = 1. But then p;(S) = p1(T) = 1, which contradicts our
assumption that p1(S) = 0. Now suppose |vs+1-e;| =1, so that |vg4q-e;| =2. Since
|vs—1-ej| =1and |vs—1-vs41]| =0, eitherag_1 >3 oras—1 =2 and |vg41-ex| =2.
In the latter case, note that Ex ={s—2,s—1,s+1} and E; = {s —1,5,5 + 1}. In this
case, let 7/ = {v],..., v} _,, v} {,..., 0} =CZ"~ 2= = (e1,....en)/{ei,ej), where
Vi1 = Te; (e; (Vs+1)) and v}, = vy for all x ¢ {s —1,s,s + 1}. Then T" is standard
with p1(T') =0and 0 > I(S) = I(T') + 5 + (as—1 — 3) + (a5 — 3) = [(T') + 3,
implying that I(7”) < —3. But, by Proposition 5.9, no such subset exists. In the former
case (ag—1 >3),let T" = {vl,...,v;_l,v;+2,... VY CZ"2 = (eq,...,en)/{ei,e)),
where v;_; = 7,; (vs—1) and v} = vy forall x ¢ {s—1,5,5+1}. Then T" is a standard
subset such that 0 > I(S) = I(T") + 1 + (a5 — 3) + (as+1 —3) > I[(T") + 3. By
Proposition 5.9, we necessarily have that /(7") = —3 and p;(T”) = 1. Thus ag4+1 =6
and V+1 ={i, j,k}. This implies that |ET | =1. Butk e VT1 and vs—1 is a final
vertex of T”. By Proposition 5.10(a), no such standard subset exists. O

Lemma 7.9 Let S be cyclic, I(S) <0, p1(S) =0, |Z| >0, and n > 4.

(a) If there exist integers i, i’ € T such that |vg(;) - V5| = 1, then S is negative and
has associated string in S14, |J| =0, and |vy -vg| <1 forall 1 <a,p <n.

(b) If vg() - vsry =0 forall i,i’ € I, then p4(S) > |Z|.

Proof Suppose |vg(;)-vs(i7y| = 1 and, without loss of generality, assume s(i') =s(i)+1.
Then t(i) = s(i) + 2, t(i’) = s(i) — 1, and there exists an integer j such that
E;j ={s(i)—1,s(i),s(i)+1,s(i)+2}. Sets :=s(i). By Lemma 7.7, as—1,a542 > 3;
consequently, n > 5. Without loss of generality, assume vg_j - Vg = Vg - V541 = 1, 80
that vg—1-e; = —vs-ej = vsy1-€; € {1} Let 8" ={v], ..., v5_1.vj ;..... v} C
2" = (e1.....en)/ (i), where v, 5 = 7, (Vs42), Vh_q = e, (Vs—1), and v}, := v
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for all x ¢ {s —1,s,s +2}. Then S’ is cyclic with I(S’) = I(S) — 1 < 0 and
p1(S") = 1 (since Elfg,/ = {s + 1}). Moreover, v;_; -e; = vy, -¢; and so S’
is positive if and only if S is negative. By the proof of Proposition 6.5, the only
cyclic subset with p; = 1 and I < 0 is positive and has associated string of the form
2,b14+1,by,...,b;,2,¢cy,...,ca,c1+1,2) € Sze. Moreover, the vertex with square 2
in the middle of the string is v;_ ;. Thus S is negative and has associated string of
the form (2,61 + 1,ba,...,bp +1,2,2,¢;+1,...,¢3,c1 +1,2) € S14. Furthermore,
by the proof of Proposition 6.5, it is easy to see that |v,, - v, | <1 for all & and 8 and
|75"| = 0; hence |vg -vg| <1forall 1 <a,B <n and |L7‘Sﬂ| =0.

By Lemma 7.8, for all i € 7", there exists an integer j(i) such that
Ejy=14s()—1,s@),s()+ 1,1()}.

If vg(i)-vs(i7) =0 for some 7, i’ €75, it follows that j(i) # j(i’); hence, if Vs (i) Vs(ir)y =0

for all i,i’ € Z5, then p4(S) > |Z5]. O

Lemma 7.10 Let S be cyclic, I(S) <0, p1(S) =0, p2(S) > 0, and n > 4. Then
|ve -eg| <1 for all integers o and .

Proof By Lemma 7.9, we may assume that vy - vy = 0 for all i,i’ € Z, so that
p4(S) > |Z|. First suppose that | 7| # 0. Leti € J and set s := s(i) and ¢ := (i).

Notice that we cannot have | V| = |V;| = 2. Without loss of generality, assume that
Vsl > 3. Let T = {v},....0;_1, V... V) C Z" 1 = (eq,...,en)/(ei), where
vh = 1, (vs) and v}, = vy forall x ¢ {s,7}. Then (v;)> <—2and v}_, v, =0,and
so T is standard. Let |vg-e;| = x > 1. Then

0>1(S)=I(T)+x>+(a; —3) = I(T)+x>> I(T) + 1.

Thus /(T) < —1 and so, by Proposition 5.9, I(T) € {—1,-2,—3}. Thus a; <5
and |vg - ;| = x = 1. Moreover, by Proposition 5.9, |v;, - eg| < 1 for all « and B.
Thus |vg - eg| < 1 for all & # ¢ and all B. If |v; - ej| > 2 for some j, then, since
a; <5, we necessarily have V; = {i, j} and a; = 5; consequently, /(T) = —3 and, by
Proposition 5.9, p1(T) = 1. In particular, |EjT| =1and EJ.S ={s,t}. fvg-v, =0,
then vy - v;41 = 0, which is a contradiction. If |vs - v;| = 1 and, say, t = s + 1, then
Us+1 * Us+2 = 0, which is a contradiction. Thus |vy -eg| < 1 for all « and .

Now suppose |J| = 0. Then p4(S) > p>(S) and so, by Lemma 5.16, I(S) = 0,
p2(S) = pa(S) and p;(S) =0forall j =5,...,n. Thus p3(S) =n—2p>(S). Let
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mjj :=vj -e;. Then

3n=Y ai=) my = |mi| =) ipi(S)=2pa(S)+4pa(S)+3(n—2p2(S))
i,j i,j
=3n.

Thus |v; -ej| = |m;;| <1 foralli and j. |

In light of Lemma 7.10, it will now be a standing assumption that vy - eg| < 1 for all
integers « and S.

Lemma 7.11 Suppose S is cyclic withn > 4 and |J| # 0. If there exists i € J with
ag(i).a(;) > 4, then S is positive with associated string (4,4,2,2,2) € S4.

Proof By cyclically reordering and negating vertices, we may assume s(i) = 1 and
1(i) = k for some integer k. Let R = {v/,...,v,} CZ" 1 =(ey,...,es)/(ei), where
v} = Te; (V1), v}, = Te; (vg), and v} :=v; for all i # 1, k.

Casel (vi-vp=0,s0k ¢{2,n}) ByLemma7.10, —(v})?>=a;—1, —(v,/()2 =ai—1,
and vy -v; = £1. Let A be the intersection matrix A = (v} - v}). Assume ay,ay > 4.
By Lemma A .4, if S is negative cyclic or S is positive cyclic with vy -e; = —v - e;,
then A is negative definite; in these cases R is a linearly independent set of n vectors
in Z"~!, which is not possible. Thus we may assume that S is positive and vy -e; =
Vg - e;. Again by Lemma A.4, we arrive at another linear independence contradiction
unless a1 = aj = 4 and ax = 2 for all x ¢ {1,k}. Thus I(S) = —(n — 4). Let
T ={v)y,....,v5} CZ" ' = (e1,...,en)/(ei), where v, = Te; () and vy, = vy
for all x ¢ {1,k}. Then T is a standard subset and I(T) = I(S) —2 = —(n — 2).
Since I(T) > —3 by Proposition 5.9, it follows that n < 5. If n = 5, then I(S) = —1,
I1(T)=-3,and T has length 4. By Proposition 5.10(1), up to reversal, T has associated
string of the form (3, 2, 2, 2). Since a; = 4, this implies that k = 2, a contradiction. If
n=4,then I(S) =0, I(T) =-2,and T has length 3. But, by Proposition 5.10(2), no
such standard subset exists.

Case2 (Jvy-vi|=1) Without loss of generality, assume k = 2. If v; -¢; = —v3 - ¢j,
then v/ -v5 = 0; hence R is standard and so, by Remark 5.3, R is a linearly independent
set of n vectors in Z" ™!, a contradiction. If vy -e; = v, -e;, then v/ -v5 =2; by applying
Lemma A.5 as in Case 1, we obtain a contradiction unless S is positive, a; = a, = 4,
and a3 =--- = a, = 2. In this case, I(S) = —(n —4). As in Case 1, we necessarily
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have that n < 5. If n = 4, then I(T) = —2 and T has length 3; by Proposition 5.10(2),
no such subset exists. Suppose n = 5, so that /(T) = —3 and T has length 4. By
Proposition 5.10(1), up to reversal, T has associated string of the form (3,2,2,2).
Hence S is positive and has associated string of the form (4,4,2,2,2) € S5,4. |

We are now ready to finish the classification of cyclic subsets with 7(S) <0, p1(S) =0,
and p,(S) > 0. We will consider two cases: | 7| # 0 and |7| = 0. These cases are
handled respectively in the next two propositions.

Proposition 7.12 Let S be cyclic, I(S) <0, p1(S) =0, p2(S) >0, and n > 4.
If |J| # 0, then S is positive with associated string in Sy, U S,4 or negative with
associated string in S1c U S1. U O.

Proof Leti € Jandsets:=s(i)and?:=1(i). If a5, a; >4, then, by Lemma 7.11, S
is positive with associated string in S, 4. Without loss of generality, we may now assume
that a; = 3. Moreover, by Lemma 7.9, vg(;,) - vg(;,) = 0 for all iy, i2 € Z, implying
that p4(S) > |Z|. Let T = {v}, ..., vs_; . Vhyq... . Upy CZ" 7 = (en, ... en)/(ei),
where v, = 1, (v¢) and v}, = vy for all x ¢ {s,t}. By Lemma 7.10, (v})? = v? + 1
and so T is a standard subset and /(7)) = I(S)— 1 < —1. By Proposition 5.9, I(T) €
{—3,-2,—1}. We will work case by case, considering each of the standard subsets
listed in Proposition 5.10.

Casel (/(T)= —1) By Proposition 5.9, p1(T) =0, p2(T) =2, p4(T) =1, and
pj(T)=0forall j >5. Thus p2(S) <3, p4(S) <3, p5(S) <1, and p;(S) =0 forall
Jj = 6. Note that, since as = 3, if p5(S) =1, then p4(S) = p2(S)—2, and if p5(S) =0,
then p»(S) = pa(S). By Lemma 5.17, p2(S) + p4(S) = 0 mod 4, implying that either
ps(S) =1, p2(S) =3 and p4(S) = 1, or ps(S) = 0 and p2(S) = pa(S) = 2. By
Proposition 5.10(3), T is of one of the forms (a)—(c) given there.

Case 1(a) Without loss of generality, we may assume that the listed vertices are
Viy1s--2Ups V..., Vg First assume ps(S) = 1, p2(S) = 3, and pg(S) = 1.
Then2e VS and3,x +y +4¢ VS (where x +y +4 = 1if y =0). If y = 0, then,
since vg4o-vs =0and 1 ¢ VSS, we have i € Vs‘iz. Since vg43-vs =0and 2 € VSS, we
have 4 € VS and vg-ep = vg-eq. Since VS ={i, 2,4}, if x > 1, then vs44-vs 7 0, which
is a contradiction, and if x = 0, then vs_; -vg =0, which is a contradiction. Thus we may
assume y > 1. Since vy - vg42 = Vs Vs+3 = 0 and ag = 3, either i € Vsﬁ-Z and 4 € VSS,
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ori V5 oz and [{1,x+5,. x+y+3}ﬂVsS| = 1. In the former case, VSS ={i,2,4}
and so |vs - vg41| # 1, Wthh is a contradiction. In the latter case, if 1 € VSS, then
VsS ={i, 1,2} and vs - €1 = vg- ey (since v - Vg+2 = 0); but then |Vs4x+44 - Vs| = 2,
which is a contradiction. On the other hand, if [{x +5,...,.x +y +3} N VSS| =1,
then, since vg-vg_y =0forall2 <o <y, {x+5,...,x+y+3} C VSS, implying that
y =1and 1 € V5, which is again a contradiction.

Now assume p5(S)=0and p2(S)= p4(S)=2. Then2 ¢ VSS and either x+y+4 € VSS
or3e VSS, but not both (where x + y +4 =1if y =0). First assume x +y 44 € VSS.
Sincex+y+4¢€ V+2 and vs42-vs =0, either [{1,x+5,...,x+y+3}NVS|=1or
I e VS+2 In the former case, y > 1 and, since vs_y-vg =0 forall 2 <o <y, it follows
that {1, x+5,...,x+y+3}C VSS, implying that |vg-vs—1| # 1, which is a contradiction.
In the latter case, since |vg - vg+1| = 1, we have |{4,5,...,x +4} N VSS| = 1. Since
Us4q Vs =0forall4 <o <x+4,wehave {4,5,...,x+4} C VSS, which implies that
x =0and VSS ={i,4,x + y + 4}; but then |vs4+3 - vg| = 1, which is a contradiction.

Now suppose 3 € VSS. Since vg-vg+3 =0and 3 € Vs‘i_3, eitheri € VS i3 Orde VS.
In the former case, since |vs - vg41| = 1, we have [{4,5,...,x +4}N VSS| = 1. Asin
the previous case, we see that x = 0 and VSS ={i, 3,4} and so vg43 - vs # 0, which
is a contradiction. In the latter case, since 4 € Vs‘i 4» W€ have i € VS 4 and, since
|vs - vg—1| = 1, we necessarily have that y = 0. Consequently, S is of the form
x+4
e —est+e3,exteyq+ Z €y,€1 —€2,63 —€3—e4,€ +e4—es,

a=5
€5 —€6,...,6x+3 —€x+4,6x4+4 —€1 —€2—€3,

which is positive and has associated string (3,2 + x, 2, 3, 3, 2["_1], 4) € Sye.

Case 1(b) Asin the previous case, we may label the vertices v ....,v,,V]....,V_;.

Note that, if y = 0, then S is also of the form in Case 1(a), which we already covered.
Thus we may assume y > 1. Consequently, |Z7 | = 2. If ps(S) = 1, then p,(S) =3
and so |Z% | = 2; but we also have that p4(S) = 1 >|Z|, which is a contradiction. Thus
p5(S)=0and p2(S) = pa(S)=2; hence 2 ¢ VSS and either 1 € VS orx+y+4e VS
but not both. Assume x + y +4 € VSS. Since x +y +4 € Vs‘i3 either i € V >3 Or
{3,4,x+5,....x+y+3}N VSS| = 1. In the former case, since |vs - vs41| = 1,
following as in Case 1(a) we see that x = 0 and VSS ={i,x + y + 4,4}, which implies
that |vg - vg+3| = 1, which is a contradiction. In the latter case, since vg—gy - Vs = 0
forall2 <a <y,itisclearthat 3,x +5,...,x+y+3 ¢ VSS and so 4 € VSS. Since
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4, x+y+4¢ VS3and4eV+4,wehavez EVS+4 Hence, if x > 1, S is of the form

x+4 x+y+4
ei—estextyra2test Y eq.e1—ere2—e3—e4— Y e,
a=5 a=x+5
e +eq4—es5,...,8x4+3—€x44,Cx+4— €] —€3 —€3,83 —€Cx45,
€x+5—€x+6,---,€x+y+3—€x+y+4},

which is positive and has associated string (3,2 + x,2,3 + y, 3, 2["_1], 4, 2[)’]) € Sy,
and if x = 0, then S is of the form

y+4
e —e4+eytq,6xt+e4,61 —€2,60—€3—€4— E €y, € +e4—e1 —ep—es,

a=5

63_65,36_6’7»---»€y+3_ey+4},

which is positive and has associated string (3,2,2,3 4+ y, 5, 2[y]) € Soe.

Next assume 3 € VS Since vy Vg43 = Vg Vs4x+4 =0and 3 € Vs a3 VS either

s+x+4°
i€ V 3 0ri € Vs+x+4 Since y > 1 and |vg—; -vg| =1, it follows that x + y +3 € VSS

(where x + y +3 =3 if y = 1). But then vy - vg41 = 0, which is a contradiction.

! _,. Notice that [ZT|=2if y > 1.
By the same argument as in Case 1(b), if y > 1, then p5(S) # 0. Suppose y = 0,
ps5(S) =1, and po(S) = 3. Then 2 € VSS and 3,4 ¢ VSS Since 2,3 € VJr2 and
Vs - Vs+2 = 0, we necessarily have that i € Vsiz- Now, since Ver3 N Vs‘i4 = {2}, it

Case 1(¢) Label the vertices v;_H, B VA A O

follows that either v - vg+3 7 0 or vs - Vg44 7% 0, which is a contradiction. Thus we
may assume that p5(S) =0 and p>(S) = p4(S) =2. Thus 2 ¢ VSS and either 3 € VSS
orx+y-+5¢€ VS but not both (where x + y +5=4ify =0). If x+y+5¢ Vss+3,
then either i € V zor [{1,4,x+6,...,x+y+3}N VS| = 1. In the former case, we
obtain a contradiction as in Cases l(a) and 1(b). In the latter case, we obtain similar
contradictions unless 1 € VSS. In this case, since I, x+y+5¢€ VS 3 and 1 e VS

s+x+5°
we have i € V5 Thus S is of the form

s+x+4-
x+5 x+y+5
€ —e1 texty+s5,€1 —€2—€5— Z €q,€2 t€3,—€2—e1—e4— Z €a,
=6 a=x+6
—es+ex—e3,65—€6,...,6x44 —€x45,—€ +€x45+ €1 —éq,

€4 —€x46,€x+6 —€x+7.--,€x+y+4 —ex+y+5} )

which is positive and has associated string (3,3 4+ x,2,3+ y, 3, 20x] 4, 2[y]) € Sse.
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Next suppose 3 € VSS. Since 2 ¢ Vs‘iz and vg - vg42 = 0, we necessarily have that
i€ Vs‘iz. Since vg - vs+4 =0, we have 5 € VSS and so VSS ={i, 3,5}. Moreover, since
5¢€ Vs‘is, Vs - Vs45 =0, and |vg - vg—1| = 1, we must have that x = y = 0. Hence S is
of the form

{ei—ez+es,e1 —ex—es,ex+e3+e;,—ex—ep —e4,—e5+e3—e3,e5+ e — ey,
which is negative cyclic with associated string (3, 3, 3,3,3,3) € O.

Case 2 (I(T) = -2, so that I(S) = —1) By Proposition 5.10(2), p1(T) = 0,
p2(T) =3, pa(T) =1, pj(T) =0 for all j > 5, and |ZT| = 2. Then, since a5 = 3,
p2(S) <4, pa(S) <3, and p5(S) < 1. By Lemma 5.17, p2(S) + pa(S) = 1 mod 4.
By a similar argument as in Case 1(b), p5(S) =0 and so p2(S) = 3 and p4(S) = 2.
By Proposition 5.10(2), T is of one of the forms (a)—(c) given there.

Case 2(a) Label the vertices v ;,...,v,,v],...,v;_;. Notice that, if y = 0, then
T is also of the form given in Case 2(b). Moreover, if x = 0, then the reverse of T’
is of the form given in Case 2(b). We will assume that x, y > 1 and handle the cases
x =0and y =0 in Case 2(b). Since p5(S) =0 and p>(S) = 3, we have 2 ¢ VSS and
|{x+4,x+y+4,3}ﬂVsS| =1.1fx+4¢ VSS orx+y+4ce VSS, then, arguing
as in Case 1, we arrive at contradictions. Assume 3 € VSS. Since 3 € Vs4x44 and
Vs - Us+x+4 = 0, either i € Vs‘ix+4 orle VSS, but not both. In the former case, since
|vs - vs£1] =1, wehave x + 3, x + y + 3 € VSS, implying that ag; > 4, which is a
contradiction. In the latter case, VSS ={i, 1,3}, implying that vs - vg+1 = 0, which is a
contradiction.

Case 2(b) Label the vertices v§_ .. ..,v,,v]....,v;_;. Notice that, if x =0, then T is
of the form in Case 2(c). We will assume that x > 1 and handle x = 0 in Case 2(c). Since
p5(S)=0and po(S) =3, wehave 2 ¢ VS and [{x +4,x+y+4,1}NV,S| =1 (where
x+y+4=3ify=0).1f 1 VSS, then, since vs4x+2-vs = 0, we necessarily have that
i€ Vsix+2. Now, since |vg41-vs| =1, we have x +3 € VSS and so VSS ={i,1,x+3};

but then |vg-vs42| = 1, which is a contradiction. If x +4 € VSS, then, since vg-Vg4q =0

for all 2 <« < x, it follows that 4, ..., x +3 ¢ V5. Since x + 4 € Vs‘ix+3, we must
have that i € Vs‘ix 435 consequently, since [vs—1 - vs| = 1, we necessarily have that

y>landx+y+3¢€ VSS. But then vs_5 - vy 7% 0, which is a contradiction. Thus
x+y+4e VSS. As above, itis easy tosee that 3, x +5,...,.x+y+3 ¢ VSS. Since
x+y+4e Vs‘ix_H, it follows that either i € Vsix+1 orde VSS. In the former case,
since |vg - vs+1| =1, we have x + 3 € VSS, which leads to a contradiction. In the latter
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case, since 4 € Vs‘ix+3, we see that i € Vsﬁ_x+4. Since |vg - vg—1| = 1, it follows that
x = 1. Thus S is of the form

x+y+4
€ teq4textytq,€5—€4,64—€2—€3— Z ei,e2 +e1,6 —ex—eq4—es,
i=x+5
€2 —€1 763,63~ €x+45,6x+5 " €x+6,---,Cx+y+3 ~ Cx+y+4(,

which is positive cyclic with associated string (3,2,3 + y,2,4,3,201) e S, 4.

Case 2(c) Label the vertices v} ;....,v,, v}, ..., v;_;. As usual, since ps(S) =0,

S ; N S
2¢ V. Notice2e V2, NV, o

for all i,i’ € TS, we necessarily have that either 1 € V.5 or 4 € V5, but not both.

Consequently, since Vs - Vsyk+1 = Vs - Vs4k42 =0, eitheri € V2, jori eV, .

Moreover, since p2(S) = 3, ji ¢ VSS and so jp € VSS. Now, since j, € Vsiz and
Vs - Vs+2 = 0, we necessarily have that k = 2 and 4 € VSS. Hence VSS ={4,i, ja},

i € Vsﬁ-k+2’ and T has associated string of the form (2,3 + x,2,2,3,2[x_1],3).

Moreover, v -€j, = £v5—1-€j, = Fvg41-€j,. Thus § is negative and has associated
string of the form (3,2,3+ x,2,3, 3, 2lx—1] 3) € Ste.

By our standing assumption that vg;)- vy =0

Case3 (I(T)=—3,sothat I(S)=—2) By Proposition 5.9, p1(T)=1, p(T) =1,
and p;(T) =0 for all j > 4. Thus p;(S) = 0 for all j > 5. Let / be the unique
integer such that |EIT | = 1 and let u be the integer such that EZT = {u}, where
u # s = 1. Then, since p1(S) =0,/ € VSS. Since ag = 3, we have p,(S) € {2, 3}
and p4(S) = p2(S) —2. By Lemma 5.17, p2(S) 4+ pa(S) =2p2(S) —2 =2 mod 4,
implying that p>(S) =2 and p4(S) = 0. By Proposition 5.10(1), there is an integer k
such that EkT ={s—1,s+ 1} and vs_1 - e = —Vs+1 - €. Since p(S) =2,k € VSS,
and so VsS ={i,l,k}. Since k ¢ VuS, we must have that i € VuS. Thus a, = 3. Now,
by Proposition 5.10(1), T has associated string (by,...,br,2,¢;,...,c1), where the
middle entry “2” corresponds to the square of v;. Now, since vg_1 - e = —Vg4+1 - €k,
we have vg - e = Fvg_1 e = Fus+1-e; and so S is negative and has associated
string of the form (3, b1,...,bg,3,¢,...,¢1) € S1c- m]

Proposition 7.13 Let S be cyclic, I1(S) <0, p1(S) =0, p2(S) > 0,and n > 4. If
| 7| =0, then S is negative and has associated string in S;4 U O.

Proof Note that |Z| = p>(S). By Lemma 7.7, a;;) > 3 for all i € Z. If there
exist i1,z € Z such that vy ) - vg(,) # O, then, by Lemma 7.9, S is negative with
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associated string in Sy4. Now assume that v,y - Vs(,) = 0 for all iy, i2 € Z. Then, by
Lemmas 5.16 and 7.9, p4(S) = p2(S), I(S) =0, and p;(S) =0 forall j ¢ {2,3,4}.
Let G = (S \{vs(), ve(i) | T € Z}) U e, (v(;)) | © € T} and set v;(i) = Te; (v4(i)) for
alli € Z, v, := vy forall x ¢ {s(i),1(i) | i €T}, and a’, = —(v/,)? for all x. Then
p2(G) = pa(S) =0, I(G) =0, p3(G) = n — pa(G), and, by Lemma 7.9, G has
|Z| components. Finally, since, for each i € Z, there exists an integer j(i) such that
E]‘%) ={s()—1,5(@),s@{)+1,t(i)}, G is irreducible and hence a good subset.

Assume C is a component of G of length at least 2. After possibly relabeling, let
C ={v},...,v,}. Since v} -v) = I, by Lemma 7.10, there is an integer k € VIG N V2G
such that v} -ex = —v - ex. Since |EkG| = 3, there exists an integer z such that k € VZG.
Since v} is a final vertex, v/, - v} = 0 and so there exists an integer / € V. N V.C.
Moreover, since |E IG | = 3, we necessarily have that a’1 > 3. We claim that, if a/Z =2,
then v, = v}. If v}, # v}, then it is clear that v}, must be isolated. In this case, since
vl -vh =0, we have / € V.¢ and v} -e; = —v}-e;. Since v} v}, = 1, there exists another
integer m € V.8 NV.,Z and so a},a) > 3. Let L = (G \ {v}, v5}) U{me, (v)), e, (V)1
then L is good and p;(L) = 1. By [8, Corollary 3.5], /(L) = —3; but it is clear that
I(L) = I(G) —2 = —2, which is a contradiction.

Thus, if a}, =2, then v}, = v} and we can perform a contraction yielding the subset G’ =
G\{v], v, v5}U{me, (v)), vy +v5}. Notice that G’ is a good subset with 1(G’) =0 and
p;j (G")=0forall j # 3; moreover, the component C' = {m,, (v}), V5 +v3, V), ..., V},}
has length one less than the length of C. On the other hand, if @}, > 3, then we can
perform a contraction yielding the subset G” = G \ {v], v}, v} U {v] + v}, 7, (V})}.
As above, G” is a good subset with 7(G”) =0 and p;(G"”) =0 for all j # 3, and the
component C” resulting from C has length one less than the length of C. We may
continue performing contractions in this way until the component C is reduced to an
isolated vertex. We can similarly perform contractions on all remaining components
until they are all isolated vertices. We obtain a good subset K that contains only isolated
vertices. By Lemma 5.18, K is of the form

o {e1—ext+e3—ey,e1+ex,—e1+ex+e3—eq,e3+e4), or
e {e1—ex—e3,e1+ex—eq,e0—e3+eq,e1 +e3+e4).

It is easy to see that no expansion of either subset exists. Thus K = G. Moreover, by
construction, |Z| = 4 and we may assume that 1 = j(i1), 2 = j(i2), 3 = j(i3), and
4 = j(ig), where T = {i1,i,i3,i4}. Thus (up to the action of AutZ?®), S is of the
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form either

{er —ex+e3—es—ei, +eiy, e, —e1,e1 + ea,
€, —€x,—e1tex+e3—eq4—ej —e,,e;—e3,63+ 4,6, —84}
or
ler—ex—e3—ej,.ei, —e1,e1+ex—es—ej,. e, —e2,62+ €3+ 4+ €,
ei, —es,e1+e3+es+ej, e —esl,

So S is negative cyclic with associated string (6,2,2,2,6,2,2,2) or (4,2,4,2,4,2,4,2),
both of which are in O. O

To summarize, we have proven the following:

Proposition 7.14 Let S be a cyclic subset with p1(S) =0, p2(S) >0and I(S) <0.
Then S is positive with associated string in Sy U S, 4 or negative with associated string
inS1.US1g USI. U0 U{M | n>2)).

Appendix

Given a sequence of integers (a1, ..., a,) the (Hirzebruch—Jung) continued fraction
expansion is given by
1

1
.. _L
an

[ai,...,an] =a1 —
ay —

If a; > 2 for all 1 <i < n, then this fraction is well defined and the numerator is
greater than the denominator. In fact, for coprime p > g > 0 € Z, there exists a unique
continued fraction expansion [a1,...,dn] = p/q, where a; > 2 for all 1 <i < n.
Moreover, by reversing the order of the continued fraction, [a,, ...,a1] = p/q’, where
¢’ is the unique integer such that 1 < ¢’ < p and ¢¢’ = 1 mod p.

Lemma A.1 Let p/q = [a1,...,as], s/r =la1,...,an—1], anda = (ay,...,ay).
Then |Tor(H1(T+ @) = p— (r £2).

Proof Leta = (ai,...,an). By [11, Theorem 6.1], hyperbolic torus bundles are of
the form T 4(q) = T2 x [0, 1]/(x, 1) ~ (£ Ax,0), where

A=A(a)=(_f _z), gz[al,...,an] and %z[al,...,an_l].
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Note that, since A € SL»(Z), we have gs — pr = 1. Moreover, since T4 4(q) is
hyperbolic, tr A(a) = p —r > 2. Now, by [12, Lemma 10], [Tor(H1(T+4(a)))| =
[r(£A(a) 2| =|£(p—r) =2[=[E(p—(r£2)|=p—-(r£2). m

Lemma A.2 Let (by,...,bt) and (c1,...,c;) be linear-dual strings, where [ +k > 2
x > 1 be an integer, and [by,...,bx] = p/q. Then [by,...,br,x + 1,¢,...,c1]
xp?/(xpq+1)and [c1,...,c;, x4+ 1,bg,....b1] = xp?/(xp?> —xpg + 1).

2

Proof Given the first conclusion, the second follows since (xpg +1)(xp?—xpg+1) =
xp?(xpqg —q* + 1) + 1. We will now prove that [by,...,bg,x + 1,¢;,...,c1] =
xp?/(xpq +1).

Let n = k 4+ [ 4+ 1 be the length of (by,...,bx,x + 1,¢;,...,c1). We proceed by
inductiononn. Ifn =3,thenk =1,/ =1, (b1) = %, and 2, x+1,2]=4x/Q2x+1)=
x22/(x(2)(1) + 1). Suppose the lemma is true for all length n — 1 continued fractions
and consider [b1,...,br,x + 1,¢y,...,c1]. By definition of linear-dual strings, either
b1 =2 and ¢; > 3 or vice versa.

Assume that by = 2. Then the strings (b2, ...,bg) and (c1 —1,...,¢y) are linear-dual

and, by the inductive hypothesis,
2
xm
by, ....bg,.x+1,¢,....,c1 — 1] = ——,
[b2 X+ 1 1= 1] po——"

me

ci1—1,¢c0,...,c5, x+1,bg,...,br] = ,
L1 2 ! k 2] xm?2—xmn+1

where [ba,...,br] = m/n. Thus,

xm? 2xm2 —xmn +1

[c1,ca,eosep x4+ 1, by, ....00] =1+

xm2—xmn+1 xm2—xmn+1"
Since 2xmn—xn?+2)(xm?>—xmn+1) = Qxm? —xmn+1)(xmn—xn>+1)+1,

2xm2 —xmn + 1
by,....bp,x+1,¢c5,...,c1] = .
[b2 k ! 1l 2xmn —xn2 +2

Thus,
2xmn —xn?+2 _ x(2m —n)?

C2xm2—xmn+1 xQCm—-n)m+1

_,_n _2m—n
(b1 bl =2 1= O

[b1,....bg,x+1,¢c1,...,c1] =2

Setting p = 2m —n and ¢ = m yields the result.
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Now suppose ¢; = 2. Then (by —1,...,bg) and (c2,...,c;) are linear-dual and
2
xm
b1 —1,...,bg, lLcgy...,c2] = ——,
[b1 kX +1¢ c2] po——"
2
xm
g e e vy ) l,b ,...,b _1 - )
[e2 x4 1o 1= 1] xm?—xmn + 1

where [b; — 1,...,bx] = m/n. Thus,
2 2
[01,---,61,X+l,bk,...,bl—l]=2_xm xmn+1 _ xm”+xmn—1
xm? xm2

Since (xmn + xn? + Dxm? = (xm? + xmn — 1) (xmn + 1) + 1,

xm?+ xmn—1
xmn+xn24+1°

b1 —1,....bk, x+1,¢c1,...,c2,c1] =
Thus,
xm? +xmn—1 _ x(m+n)?
xmn+xn24+1  x(m+n)n+1

. m_m+n
(1. b =14 = =

Setting p = m +n and g = n yields the result. |

[bl,...,bk,x+lycl’--~’C2’Cl] = 1+

’

Proposition A.3 Let [b1,...,bx] = p/q and let a = (ay,...,an) € S14. Then
|Tor(H1(T- a)))| = p*.

Proof Leta=(2,b1,...,b,2,¢;,...,c1), Where (by,...,b;) and (cy,...,c;) are
linear-dual (up to cyclic reordering). By Lemma A.2, [by,...,br,2,¢1,...,c1] =
p?/(pg +1) and so

1 2p2—pg—1
R.b1o.. b2 ey =2-Pet L _2PTmpd=

p? p?

By Lemma A.1, |Tor(H1(T-4@)))| = [2p®> — pg — 1 — (¢ — 2)|, where « is the
denominator of [2, by,...,br,2,¢;,...,c2]. By Lemma A.2,

p2
[, .hc,2,b, ..., b1 = ————
p*—pq+1
and so 2
— 1
[Cz,...,Cl,Z,bk,...,bl]Z P 2[9(]+ .
(c1—1Dp*—c1pg+c
Thus, 2y 41
[bl,...,bk,Z,cl,...,cz]=% for some s.
s
Now it is clear that « = p% — pg + 1 and so
[ Tor(Hy (T—a@))| = 12p* — pg — 1= (p* — pg + 1-2)| = p°. O
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Lemma A4 Let

[—a1 1 =1y (=D
1 —dan
.. 1
A=(aj)=| (=1 I —ap 1
1
L(=D" 1 —an _

Supposea; =2 forall 1 <i <m,a; >3,a; >3,and r,t € {0, 1}.
(1) Ifr =1o0rt =1, then A is negative definite.

(2) If r =t =0 and either a; > 4, aj > 4, or there exists an integeri ¢ {1, k} such
that a; > 3, then A is negative definite.
Proof Lets; = Z;‘l=1 aij be the i™ row sum of A. Then s; < 0 for all . Moreover,
since either a1 > 4, a; > 4, or there exists an integer i ¢ {1, s} such that a; > 3, there
exists a row sum that is strictly less than 0. Let w € Z". Then

T 1 2 2 2
w Aw=Za,~jwiwj =§Za,~j(wi + wj —(w; —w;)?)

i,] L,J
= Zaijwiz — Zaij(wi — wj)2 = Zsl-wiz — Zaij(w,- — wj)z.
i,] i<j i i<j
First suppose r =¢ = 0. Then every term in the above expression is at most zero and so
wTAw < 0. Moreover, if either a1 > 4, aj > 4 or there exists an integer i ¢ {1,k} such
that @; > 3, then one of the row sums s; is strictly less than 0. In this case, w” Aw = 0
if and only if w = 0. Thus A is negative definite. Next suppose » = 1 and ¢ = 0. Then
S1,8, <—2 and so

wTAw:slwf+snw,f+(w1—wn)2+ Z siwl-z— Z (w,~—wj)2

i#1,n i<j
@,/)#(1,n)

< —2wi-2wl 4 (wi—w)’+ Y swi— > (wi—w;))?

i#1,n i<j
@i,))#(,n)
:—(w1+wn)2+ Z siwl-z— Z (w,-—wj)z.
i#1,n i<j
@,7)#(1,n)

Each term in this expression is clearly negative. If wAw = 0, then, from the first
term, w; = —wy,. From the terms in the last summand, w; = wy = --- = w;,. Hence
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wy = —Wy,, implying that wy = --- = wy, = 0. Therefore, A is negative definite. We
obtain a similar result if r = 0 and ¢t = 1. Finally assume r =¢ = 1. Then s; < —4
and sy, s, < —2. Arguing as above,

wlAw = sjw? + spwd + spw2 + (w1 — wa)? + (w1 — wg)?

+ Y siwi- T (wi—w))?

i#1,k.n i<j
(i, )#1,n),(1,k)
<—(witwn)? =i +w)?+ ) oswi— Y (wi—w)?
i#1,n i<j
(0, ))#(1,n),(1,k)
Once again, we can see that A is necessarily negative definite. a
Lemma A.5 Let
—ay 2 (="
2 —da) 1
A = 1 —das
L(=D)" I —ap |

Suppose a; > 2 forall 1 <i <mn,a; >3,a>3,and r € {0, 1}.
(a) Ifr =1, then A is negative definite.

(b) If r =0 and either a; > 4, ap > 4 or there exists an integeri ¢ {1, k} such that
a; > 3, then A is negative definite.

Proof The proof is similar to the proof of Lemma A .4. |
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