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Differential geometric invariants for
time-reversal symmetric Bloch bundles
II: The low-dimensional ‘“‘quaternionic’ case

GIUSEPPE DE NITTIS
K1YONORI GOMI

This paper is devoted to the construction of differential geometric invariants for the
classification of “quaternionic” vector bundles. Provided that the base space is a
smooth manifold of dimension two or three endowed with an involution that leaves
fixed only a finite number of points, it is possible to prove that the Wess—Zumino
term and the Chern—Simons invariant yield topological invariants able to distinguish
between inequivalent realizations of “quaternionic” structures. This is a nontrivial
generalization of results previously known only in the case of tori with time-reversal
involution.

57R22; 53A55, 53C80, 55N25

1 Introduction

The present paper continues the study of the classification of “quaternionic” vector
bundles started in [8; 10; 11]. The main novelty with respect to the previous papers
consists of the use of differential geometric invariants to classify inequivalent isomor-
phism classes of “quaternionic” structures. In this sense, as expressed by the title, this
paper represents a continuation of [9] where differential geometric techniques have
been used to classify “real” vector bundles.

At a topological level, “quaternionic” vector bundles, or Q—bundles for short, are
complex vector bundles defined over spaces with involution and endowed with a further
structure at the level of the total space. An involution T on a topological space X is a
homeomorphism of period 2, ie 72 = Idy. The pair (X, t) will be called an involutive
space. The fixed point set of the involutive space (X, 7) is by definition

X' :={xeX|t(x)=x}

© 2023 MSP (Mathematical Sciences Publishers). Distributed under the Creative Commons Attribution
License 4.0 (CC BY). Open Access made possible by subscribing institutions via Subscribe to Open.
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2926 Giuseppe De Nittis and Kiyonori Gomi

A Q-bundle over (X, 7) is a pair (€, ®), where ‘€ — X denotes the underlying complex
vector bundle and ®: € — € is an antilinear map which covers the action of t on the
base space and such that ®2 acts fiberwise as multiplication by —1. A more precise
description is given in Definition 2.2. Q-bundles were introduced for the first time
by JL Dupont in [12] (under the name of symplectic vector bundles). They form a
category of topological objects which is significantly different from the category of
complex vector bundles. For this reason the problem of the classification of Q—bundles
over a given involutive space requires the use of tools which are structurally different
from those typically used in the classification of complex vector bundles. The aim
of the present work is to define differential geometric invariants able to distinguish
the elements of Vec’é (X, t), where the latter symbol denotes the set of isomorphism
classes of rank m Q-bundles over (X, 7).

The interest for the classification of Q—bundles has increased in the last years because
of the connection with the study of topological insulators. Although this work does
not focus on the theory of topological insulators — the interested reader is referred
to the recent reviews by Ando and Fu [2] and Hasan and Kane [25] —it is worth
mentioning that the first example of topological effects in condensed matter related to a
“quaternionic” structure dates back to the seminal works by L Fu, CL Kane and E J Mele
[18; 31]. The existence of distinguished topological phases for the so-called Kane—Mele
model is the result of the simultaneous presence of two symmetries. The first symmetry
is given by the invariance of the system under spatial translations. This fact allows
the use of the Bloch—Floquet theory — see Kuchment [36] — for the analysis of the
spectral properties of the system. As a result, a well-established procedure provides
the construction of a vector bundle, usually known as Bloch bundle, from each gapped
energy band of the system. Even though the details of the construction of the Bloch
bundle will be omitted in this work — the interested reader is referred to Panati [42]
or the authors [7, Section 2] —it is important to remark that the Bloch bundle is a
complex vector bundle over the torus T¢ ~ R¢ /(27 Z)?. The integer d represents the
dimensionality of the system and the physically relevant dimensions are d = 2, 3. The
second crucial ingredient for the topology of the Kane—Mele model is the fermionic (or
odd) time-reversal symmetry (TRS). In terms of the Bloch bundle the TRS translates
into the involution vrg: T — T¢ of the base space given by

Rk, .. kg) == (ks —kg)

and into an antilinear map © of the total space such that ® = —1 fiberwise. Therefore,
one concludes that the different topological phases of the Kane—Mele model are labeled
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by the inequivalent realization of Q—bundles over the torus T¢ with involution rrg,
namely by the distinct elements of Vecg (']I‘d, TTR).

The classification of the topological phases of the Kane—Mele model given in [18; 31]
is summarized by

Z» ifd =2,

Zry® (Z2)* ifd =3,

where Z, := {£1} is the cyclic group of order 2 presented in multiplicative notation.

(1-1) Vec (T7, tre) =

The topological classification (1-1) has been rigorously derived with the use of different
techniques in various papers — see eg [8], Fiorenza, Monaco and Panati [14], and Graf
and Porta [24] — and generalized to any (low-dimensional) involutive space (X, ) by
Lawson, Lima-Filho, Michelsohn and dos Santos [37; 45] and in [10; 11], independently.
However, the topological classification based on the construction of homotopy invariants
(such as characteristic classes) has the disadvantage of being difficult to compute. For
this reason one is naturally inclined to look for different types of invariants.

A special role in the classification of complex vector bundles is played by the Chern
classes. The latter, in view of the Chern—Weil homomorphism, can be represented
via differential forms and integrated over suitable cocycles. The resulting Chern
numbers are enough to provide a complete classification of complex vector bundles
in several situations of interest in condensed matter. This is, for instance, the case
of the quantum Hall effect and the related TKNN numbers; see Thouless, Kohmoto,
Nightingale and den Nijs [46]. Using this observation as Ariadne’s thread, one expects
to find differential and integral invariants able to classify Q—bundles at least under
some reasonable hypotheses. Indeed, “gauge-theoretic invariants” have already been
used to reproduce the classification (1-1). The first pioneering works in this direction
are Essin, Moore and Vanderbilt [13], Fu and Kane [17], and Qi, Hughes, Wang and
Zhang [44; 47], where the Chern—Simons field theory has been used to relate the
topological phases of the Kane—Mele model in 2 4 1 and 3 4 1 space-time dimensions
with integral quantities like the (time-reversal) polarization. Afterwards, these results
have been revisited and put in a solid mathematical background in various works like
Carpentier, Delplace, Fruchart, Gawedzki, Monaco and Tauber [6; 5; 21; 22; 41], Freed
and Moore [16], and Kaufmann, Li and Wehefritz-Kaufmann [32], just to mention
some of them. If one ignores the differences due to the use of distinct mathematical
techniques, it is possible to recognize a common outcome from all the papers listed
above: the topological phases of the two-dimensional Kane—-Mele model are governed
by the Wess—Zumino term [15; 20; 21] while in the three-dimensional case the relevant
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object is the Chern—Simons invariant [15; 21; 28]. The present work is inspired by
the latter consideration and it aims to provide a general and rigorous description of
the relation between the classification of Q—bundle and the Wess—Zumino term, or the
Chern—Simons invariant. The main achievements are presented below.

The two-dimensional case will be described first. In this case the relevant family of
base spaces is restricted by the following:

Definition 1.1 (oriented two-dimensional FKMM-manifold) An oriented two-dimen-
sional FKMM-manifold is an involutive space (X, t) subject to the following condi-
tions:

(') X is an oriented two-dimensional compact Hausdorff manifold without boundary.
(b’) The involution t preserves the manifold structure and the orientation.

(¢’) The fixed point set 3% # & consists of a finite collection of points.

Let us point out that manifold structure in (b’) shall be eventually assumed to be a
smooth one as is stated at the beginning of Section 3. An example of oriented two-
dimensional FKMM-manifold is provided by the torus T2 with the involution 71g.
The set of oriented two-dimensional FKMM-manifolds forms a subclass of the FKMM-
spaces defined in Definition 2.8 below. Q-bundles over these spaces are completely
classified by a characteristic class called FKMM—invariant; see Theorem 2.9.

The crucial result for the classification of Q—bundles over two-dimensional FKMM-—
manifolds is expressed by the chain of isomorphisms

(1-2) Vg (2. 1) £ [£.SUQ@)]z,/[E. UD]z, 2 Zo.

The first isomorphism 77 is essentially proved in Theorem 2.13 for m = 1 and justified
in Remark 2.16 for every m € N. Elements of [X, SU (2)]z, are Z,—homotopy classes
of Z,—equivariant maps £: ¥ — SU(2) constrained by the equivariance condition
E(r(x)) =&(x)"! forall x € =. The set [Z, U(1)]z, consists of Z»-homotopy classes
of Z,—equivariant maps ¢: X — U (1) such that ¢ (z(x)) = ¢ (x) = ¢(x) L. The action
of [X,U(1)]z, over [X,SU(2)]z, is specified in the statement of Theorem 2.13. The
second isomorphism 1, is described in Section 2.7 and is given by the composition of
two identifications: The first isomorphism,

[2.SU@)]z,/[%. U]z, 2 Map(Z™, {1})/[S. U]z,

Algebraic & Geometric Topology, Volume 23 (2023)
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proved in Proposition 2.18, shows that the “new” description of Q—bundles in terms of
maps £: X — SU (2) agrees with the “old” description in terms of the FKMM-invariant
given in Proposition 2.10. The second identification,

Map(S7. {£1})/[S. U(1)]z, =~ Z,.

is described in Theorem 2.11 and it is induced by the product sign map (also known as
the Fu—Kane—Mele index).

The isomorphism 77 in (1-2) expresses the fact that an element of Veczgm (X, 1) can be
completely identified with an equivariant map &: X — SU(2) that, in many situations,
can be built explicitly; see Remark 2.19. Therefore, the relevant question is whether
there is a way to access directly the isomorphism 7, from the knowledge of the classi-
fying map & without passing through the FKMM-—invariant and the product sign map.
The answer is positive. First of all it is important to point out that, without loss of
generality, the map £ can be chosen smooth. This allows us to define the Wess—Zumino

term

(1-3) WZs(E) = —

—— | Tr(E'-dé)® mod Z,

i [, THE B mo

where Xy is any compact three-dimensional oriented manifold whose boundary coin-
cides with ¥ and £: Xy — SU(2) is any smooth extension of &; see Definition 3.16

for more details. The first main result of this paper is:

Theorem 1.2 Let (2, t) be an oriented two-dimensional FKMM-manifold in the
sense of Definition 1.1. Let (€,®) be a Q-bundle of rank 2m over (X, t) and
& € Map(2,SU(2))z, any map which represents (€, ®) in the sense of the isomor-
phism 1y in (1-2). Then the map

Vecsz(E, 1) 3 [(€, ©)] —» 2220 ¢ 7,

provides a realization of the isomorphism Veczgm (X,7) > Z5 in (1-2).

The proof of Theorem 1.2 is postponed to Section 3.6. Theorem 1.2 clearly applies
to the classification of Q—bundles over the involutive torus (T2, 1), reproducing in
this way results already existing in the literature. In this regard the result [21, (2.9)],
previously announced in [22, I1.25, page 19], deserves a special mention. The latter is in
agreement with Theorem 1.2 above in view of the equality e27VZz(W) — i27WZx(§)
(justified by the Polyakov—Wiegmann formula, see Lemma 3.17) where the map w
employed in [22] is related to the map & of Theorem 1.2 by the relation w = £Q, with

0 the constant matrix in (2-2). However, it is worth pointing out that the validity of
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2930 Giuseppe De Nittis and Kiyonori Gomi

Theorem 1.2 goes far beyond the standard case (TZ, 7rr). For instance, Theorem 1.2
extends the classification of Q—bundles over Riemann surfaces of genus g endowed
with an orientation-preserving involution with a finite set of fixed points [8, Appendix A]
and this application seems to be new in the literature.

In order to describe the three-dimensional case it is worth mentioning that any Q—bundle
(¢, ®) over the involutive space (X, t) can be equivalently described by a principal
Q-bundle (P, @) over the same base space (see Section 3.1) and that for principal
Q-bundles there exists a notion of equivariant Q—connection (see Section 3.2). Given a
Q-—connection w € 2 1Q (?,u(2m)) one can define the associated Chern—Simons 3—form

. 1 2
CS(w):= 8]T—2TI'((I) Adw + ga) AN /\C())
and the intrinsic Chern—Simons invariant

(1-4) s(P, 0) := / s*CS(w) mod Z
X

as specified in Definitions 3.9 and 3.14. Remarkably, under the hypotheses stipulated
in Proposition 3.12, the quantity in the right-hand side of (1-4) turns out to be inde-
pendent of the choice of the invariant connection w or of the global section s: X — %,
and therefore defines an invariant for the underlying principal Q-bundle (9, (:)), or
equivalently for the associated Q—bundle (€, ®).

Let us recall that when (X, 7) is a three-dimensional FKMM-manifold in the sense of
Definition 2.8, Proposition 2.10 applies and we have an isomorphism

Ve (X. 1) = Map(X 7, {£1})/[X, U(1)]z, forall meN.

In the formula above, Map(X T, {£1}) ~ Z>'X"| denotes the set of maps from X7 to
{£1} (recall that X* is a set of finitely many points). The group action of [X, U(1)]z,
on Map(X®, {+£1}) is given by multiplication and restriction. The map « which imple-
ments the isomorphism is the FKMM-invariant; see Section 2.3. Given a Q—bundle
(€, ®) over (X, 1), its FKMM-—invariant x (¢, ®) can be represented in terms of a map
¢ € Map(X°®, {£1}) and one can use the product sign map to define the so-called
strong Fu—Kane—Mele index

(1-5) k(€.0):=T[p]l = [] o)) eZa

x;€XT

It turns out that the definition above is well-posed in the sense that x5(€, ®) only
depends on the equivalence class of ¢ in Map(X*, {£1})/[X, U(1)]z,; hence it defines
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a topological invariant for (€, ®). This fact is a consequence of the second main result
of this paper:

Theorem 1.3 Let (X, t) be a three-dimensional FKMM--manifold in the sense of
Definition 2.8 such that X© # &. Assume in addition that:

(e) X is oriented and t reverses the orientation.
Let (€, ®) be a Q—-bundle over (X, t) with FKMM-invariant
k(€,0) € Map(X ™, {£1})/[X, U(D]z,

according to Proposition 2.10. For a given representative ¢ € Map(X®,{£1}) of
k(€,®), let T1[¢] be as in (1-5). Then, independent of the choice of ¢,

(1—6) eiZJTCS(@’,@) — H[¢],

where (P, (:)) is the principal Q-bundle associated to (€,®) and cs(%P, @) is the
intrinsic Chern—Simons invariant of Definition 3.14.

The proof of Theorem 1.3 is postponed to Section 3.7. Along with Corollary 3.32, it
expresses the fact that the strong index

1-7) Ks(%, @) — ei27rc5(?/‘>,@)

is a topological invariant which allows us to, at least partially, classify Q—bundles.
In the case of the involutive torus (T3, 1r) described by (1-1) the invariant (€, ®)
takes values in the first (strong) summand of Z, @ (Z5)3. For a more recent review of
the topological interpretation of the (strong) Fu—Kane—Mele index we refer to [4].

Theorems 1.2 and 1.3 show that the differential geometric gauge invariants (1-3) and
(1-4) can be used as tools for the classification of Q—bundles in dimension two and
three, provided that the base space meets some restrictive conditions. The results
contained in Theorems 1.2 and 1.3 are valid for base spaces which are much more
general than the involutive tori (T4, t1R) usually considered in literature. However,
these results are still not completely satisfactory in view of the restrictions on the nature
of the base space that we need to assume. There are two questions which are still open,
and that it would be interesting to answer: Is it possible to extend Theorems 1.2 and 1.3
to involutive base spaces (X, t) such that X" is a submanifold of dimension bigger
than zero? In the case of Theorem 1.2, is it possible to construct the classifying map &
directly from the projection which represents the Q—bundle in K—theory without relying

on the use of a predetermined global frame?
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2 “Quaternionic” vector bundles from a topological
perspective

In this section base spaces will be considered only from a topological point of view.
Henceforth, we will assume that:

Assumption 2.1 (Z,—CW-complex) X is a topological space which admits the
structure of a Z,—CW-complex. The dimension d of X is, by definition, the maximal
dimension of its cells, and X is called low-dimensional if 0 < d < 3.

For the sake of completeness, let us recall that an involutive space (X, 7) has the
structure of a Z,—CW-complex if it admits a skeleton decomposition given by gluing
cells of different dimension in ascending order, and the involution permutes the cells.
For a precise definition of the notion of Z,-CW-complex the reader can refer to [7,
Section 4.5] or [1; 38]. Assumption 2.1 allows the space X to have several disconnected
components. However, in the case of multiple components, we will tacitly assume that
vector bundles built over X possess fibers of constant rank on the whole base space.
Let us recall that a space with a CW—complex structure is automatically Hausdorff and
paracompact, and it is compact exactly when it is constructed out of a finite number of
cells [26]. Almost all the examples considered in this paper will concern spaces with a
finite CW—complex structure.

2.1 Basic facts about ‘“quaternionic” vector bundles

In this section we recall some basic facts about the topological category of “quaternionic”
vector bundles. Furthermore, the necessary notation for the description of the various
results will be fixed. We refer to [8; 10; 11; 12] for a more systematic presentation of
the subject.

Algebraic & Geometric Topology, Volume 23 (2023)
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Definition 2.2 (“quaternionic” vector bundles) A “quaternionic” vector bundle, or
Q-bundle, over (X, 7) is a complex vector bundle 7 : € — X endowed with a homeo-
morphism ®: € — € such that

(Q1) the projection 7 is equivariant in the sense that 1 o ® =t o 17;
(02) O is antilinear on each fiber, ic @(Ap) = AO(p) forall A € C and p € €, where
A is the complex conjugate of A;

(03) ©2 acts fiberwise as multiplication by —1, namely ®2|%x = —lg,.

Let us recall that it is always possible to endow € with an (essentially unique) equivariant
Hermitian metric m with respect to which ® is an antiunitary map between conjugate
fibers [8, Proposition 2.5]. The equivariance is expressed by

m(O(p1),. O(p2)) =m(p2, p1) forall (p1, p2) €€ x5 €,
where € x5 € := {(p1, p2) € € x€ | m(p1) = w(p2)}.

A vector bundle morphism between two vector bundles 7 : € — X and ’: ¢’ — X over
the same base space is a continuous map f : € — ¢’ which is fiber preserving in the sense
that 7 = 7’ o f and that restricts to a linear map on each fiber f|:€x — €/.. Complex
vector bundles over X together with vector bundle morphisms define a category. The
symbol Vecg:(X) is used to denote the set of equivalence classes of isomorphic vector
bundles of rank m. From these data, it is possible to define a category of Q—bundles
and Q-morphisms. A Q—morphism between two Q-bundles (¢, ®) and (€', ®') over
the same involutive space (X, 7) is a vector bundle morphism f commuting with the
involutions, ie f o® = ®’o f. The set of equivalence classes of isomorphic Q—bundles
of rank m over (X, t) will be denoted by Vec’g (X, 7).

Remark 2.3 (“real” vector bundles) By changing condition (Q3) in Definition 2.2 to

(R) ©2 acts fiberwise as the multiplication by 1, namely ©2|¢, = l¢_,

one ends in the category of “real” vector bundles, or R—bundles. The set of isomorphism
classes of rank m R-bundles over the involutive space (X, 7) is denoted by Vec’z (X, 7).
For more details we refer to [3; 7].

In the case of a trivial involutive space (X, Idy), one has bijections
2-1) VeCZQm (X,1dy) >~ Vecpp(X), Vecg(X,Idx) >~ Vecg(X), meN,

where Vecy (X) is the set of equivalence classes of vector bundles over X with typical
fiber F" and H denotes the skew field of quaternions. The first isomorphism in (2-1)
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is proved in [12] — see also [8, Proposition 2.2] — while the proof of the second is
provided in [3] — see also [7, Proposition 4.5]. These two results justify the names
“quaternionic” and “real” for the related categories.

Let x € X and €5 >~ C™ be the related fiber. In this case the restriction ®l¢, = J
defines an antilinear map J : €, — €y such that J 2 = —1¢,. Said differently, the
fibers € over fixed points x € X* are endowed with a quaternionic structure; see [8,
Remark 2.1]. This fact has an important consequence [8, Proposition 2.1]:

Proposition 2.4 If X* £ &, then every Q—bundle over (X, T) has even rank.

The set VecZQm (X, 7) is nonempty since it contains at least the trivial element in the
“quaternionic” category. The rank 2m product Q—bundle over the involutive space
(X, 7) is the complex vector bundle

X xC?™ X
endowed with the product Q—structure
Bo(x,v) = (t(x), Q¥), (x,v)e X xC",
where the matrix Q is given by

0 -1

1
0 —1

(2-2) Q:( )®M= 5

1 0 0 _1

1 0

A “quaternionic” vector bundle is called Q—trivial if it is isomorphic to the product
QO-bundle.

A section of a complex vector bundle 7 : '€ — X is a continuous map s: X — € such that
mos =Idy. The set I'(€) of sections of € has the structure of a left C (X )-module with
multiplication given by the pointwise product ( fs)(x) := f(x)s(x) forany f € C(X)
and s € I'(€) and for all x € X. If (€, ®) is a O-bundle over (X, 7) then I'(€) is
endowed with a natural antilinear antiinvolution 7g: I'(€) — I'(€) given by

19(s) :=®osorT.
The compatibility with the C(X)-module structure is given by

t0(fs) =w(ftels). feC(X). sel(@),
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where the antilinear involution 7«: C(X) — C(X) is defined by () (x) := f(z(x)).
The triviality of a “quaternionic” vector bundle can be characterized in terms of global
Q—frames of sections [8, Definition 2.1 and Theorem 2.1].

2.2 Stable range in low dimension

The stable rank condition for vector bundles expresses the pretty general fact that the
nontrivial topology can be concentrated in a subvector bundle of minimal rank. This
minimal value depends on the dimensionality of the base space and on the category
of vector bundles under consideration. For complex (as well as real or quaternionic)
vector bundles the stable rank condition is a well-known result; see eg [29, Chapter 9,
Theorem 1.2]. The proof of the latter is based on an “obstruction-type argument” which
provides the construction of a certain maximal number of global sections [29, Chapter 2,
Theorem 7.1].

The latter argument can be generalized to vector bundles over spaces with involution
by means of the notion of Z,—CW-complex [1; 38] —see also [7, Section 4.5]. A Z,—
CW-complex is a CW—complex with a Z,—action that permutes the cells. The action
of Z» on each cell is either trivial or free. Since this construction is modeled after the
usual definition of CW—complex, just by replacing “points” with “Z,—points”, (almost)
all topological and homological properties valid for CW—complexes have their natural
counterpart in the equivariant setting. The use of this technique is essential for the
determination of the stable rank condition in the case of R—bundles [7, Theorem 4.25]
and Q-bundles [10, Theorems 4.2 and 4.5].

In this section we recall the results about the stable range for R—bundles and (even
rank) Q-bundles over low-dimensional base spaces. Indeed, these are the only cases
of interest in the present work.

Theorem 2.5 (stable condition in low dimension) Let (X, t) be an involutive space
such that X has a finite 7Z,-CW-complex decomposition of dimension d . Assume that
X7 is discrete. Then:

e Stable condition for R—bundles For all m € N,

Vecz (X, 1) =0 ifd =0,1,
Ve (X, 1) =~ Veck(X,7) if2<d<3.
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¢ Stable condition for Q-bundles For all m € N,
Vecy™(X,7) =0 ifd=0,1,
VeCZQm(X,r):VeCZQ(X,I) if2<d <5.

In particular, under the hypotheses of validity of Theorem 2.5, the dimensions d =0, 1
are trivial since in these cases only the trivial R— and Q-bundles (up to isomorphism)
exist. In the cases d = 2, 3, which are the really interesting cases for this work, it is
enough to study the sets Vec}-‘,(X ,7) and VCCZQ (X, 7).

2.3 The FKMM-invariant

Q-bundles can be classified, at least partially, by means of a characteristic class called
FKMM-—invariant. This topological object was first introduced in [19] and then studied
and generalized in [8; 10; 11]. In this section we review the main properties of the
FKMM-invariant.

Let (X, t) be an involutive space and X¥ C X its fixed point subset. In order to
introduce the FKMM-invariant one needs the equivariant Borel cohomology group of
(X, 7) with coefficients in the local system Z(1); ie

(2-3) Hy (X.Z(1)) i= H*(X~z, Z(1)).
More precisely, each equivariant cohomology group H éz (X,Z(1)) is given by the
singular cohomology group H/ (X, Z(1)) of the homotopy quotient

Xor:= X xS/ (1 X 0s0),

where O is the antipodal map on the infinite sphere S°°. The local system Z(1)
over (X, 7) can be identified with the product space Z(1) >~ X x Z made equivariant
by the Z,—action (x,[) — (t(x),—I). The fixed point subset X* is closed in X and
t—invariant. The inclusion 7: X* < X extends to an inclusionz: X* < X of the
respective homotopy quotients. The relative equivariant cohomology can be defined as

usual by the identification
Hp (X|XT.Z(1)) := H*(Xc| X%, Z(1)).

~T?

For a more detailed description of equivariant Borel cohomology we refer to Section 3.1
of [8].

The FKMM-invariant is a map
(2-4) k: Vecg" (X, 1) —> Hy (X|X",Z(1))
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which associates the isomorphism class [(€, ®)] of the Q-bundle (¢, ®) to a coho-
mology class x (€, ®) in the relative equivariant cohomology group H %2 (X| X7, Z(1)).
The construction of the map « was first described in [8, Section 3.3] and then generalized
in [10, Section 2.5]. In this section we will skip the details of the construction of the
FKMM-invariant and we will focus only on the relevant properties of the map (2-4):

(a) Isomorphic Q-bundles define the same FKMM-—invariant.

(b) The FKMM-invariant is natural with respect to equivariant maps.

(c) If (¢,®)is Q-trivial, then x (€, ®) = 0.

(d) The FKMM-invariant is additive with respect to the Whitney sum and the abelian
structure of H %2 (X|X7,Z(1)). More precisely,

k(€1 €2, 01 @ 02) =k(€1,01)  k(€2,02)

for each pair of Q—bundles (€1, ®;) and (€é,, ®3) over the same involutive
space (X, 7).

For the justification of these properties we refer to [10, Section 2.6].

2.4 Topological classification over low-dimensional FKMM-spaces

The FKMM-invariant is an extremely efficient tool for the classification of Q—bundles
in low dimensions. The first observation is that, in great generality, the FKMM-invariant
is injective in low dimensions, ie when the base space has dimension 0 < d < 3. More
precisely, as a consequence of [10, Theorems 4.7 and 4.9] one has that:

Theorem 2.6 (injectivity in low dimensions) Let (X, t) be an involutive space of
dimensiond =0, 1, 2, 3 which satisfies Assumption 2.1. Then the map (2-4) is injective.

This result suggests that in low dimensions the invariant ¥ can be used to label in-
equivalent classes of Q-bundles by means of elements of the cohomology group
H %2 (X| X7, Z(1)). The next natural question is about the surjectivity of the map «.
In this case it is possible to provide a general positive answer only if 0 <d < 2. As
proved in [11, Corollary 4.2 and Proposition 4.9] one has that:

Theorem 2.7 (surjectivity in dimension two) Let (X, t) be an involutive space of
dimension d = 2 which satisfies Assumption 2.1. Then

Vecsz(X’ = H%Z(X|Xf, Z(1)) forall m € N,

namely the map (2-4) is bijective.
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Theorem 2.7 can be juxtaposed with the stable condition described in Theorem 2.5,
Vecy(X.7) =0 forall me Nifd =0.1,
to obtain a complete classification of Q—bundles in dimension d =0, 1, 2.

In the case d = 3, the surjectivity of the FKMM-—invariant can be recovered by requiring
some extra properties for the base space (X, 7). In the next part of this work we will
mainly focus on spaces of the following type:

Definition 2.8 (FKMM-manifold) An involutive space (X, t) is called an FKMM-
manifold if

(a) X is a compact Hausdorff manifold without boundary;
(b) the involution t preserves the manifold structure;
(c) the fixed point set X T consists at most of a finite collection of points;

(d) Hz (X,Z(1)) =0.

Let us observe that an involutive space (X, t) which fulfills conditions (a) and (b)
in Definition 2.8 is a closed manifold which automatically admits the structure of a
Z,—CW-complex; see eg [39, Theorem 3.6]. Then an FKMM-manifold meets all
the requirements stated in Assumption 2.1. The conditions (c) and (d) are the crucial
ingredients for the definition of a topological FKMM-space according to the original
definition [8, Definition 1.1]. The requirement of a manifold structure has a twofold
justification: first of all it allows the use of a technical tool (the slice theorem) in the
proof of the crucial result [11, Proposition 4.13]; second, the main aim of this work is
the study of the classification of Q-bundles over involutive manifolds (see Section 3).
The manifold structure and the map t are tacitly assumed to be of some given regularity
(eg C" or smooth). The next result provides the topological classification of Q—bundles
over low-dimensional FKMM-manifolds.

Theorem 2.9 (classification of FKMM-manifolds) Let (X, t) be an FKMM-mani-
fold of dimension 0 < d < 3. Then, forallm € N,

Veeg"(X.71) =0 ifd=0,1,
Vecy"(X.7) ~ Hz (X|XT.Z(1)) ifd =2.3,

and the isomorphism (in the nontrivial cases) is given by the FKMM-—invariant k .

Algebraic & Geometric Topology, Volume 23 (2023)



Differential geometric invariants for time-reversal symmetric Bloch bundles, I1 2939

The cases d = 0, 1 are a consequence of the stable condition described in Theorem 2.5.
The case d = 2 follows from Theorem 2.7. Finally the new case d = 3 is proved in
[11, Proposition 4.13].

Let us observe that Theorem 2.9 also holds trivially in the case of a free involution,
that is, when X* = &. In this case, as a consequence of condition (d) in Definition 2.8
one has that Héz (X|@,Z)) ~ H%z (X,Z(1)) = 0. Therefore, as a consequence
of Theorem 2.9, one concludes that an FKMM-manifold with free involution only
supports the trivial Q-bundle. In order to focus on the nontrivial situations we will
assume henceforth that d = 2,3 and X* # @.

When (X, 7) is an FKMM-manifold, the cohomology group H%Z(X |XT,Z(1)) has
an explicit representation in terms of equivalence classes of maps. As proved in [8,
Lemma 3.1] one has the isomorphism

(2-5) Hz, (X|XT,Z(1)) >~ Map(X ", {£1})/[X, U(1)]z,.

where Map(X®, {£1}) ~ 7> is the set of maps from X° to {1} (recall that X*
is a set of finitely many points) and [X, U(1)]z, denotes the set of classes of Z,—
homotopy equivalent equivariant maps between the involutive space (X, 7) and the
group U (1) endowed with the involution given by complex conjugation. The group
action of [X, U(1)]z, on Map(X?, {£1}) is given by restriction and multiplication.
More precisely, let [u] € [X, U(1)]z, and s € Map(X*, {£1}). Then the action of [u]
on s is given by [u](s) := u|x< - 5. By combining Theorem 2.9 with the isomorphism
(2-5) one gets the following result:

Proposition 2.10 Let (X, t) be an FKMM-manifold of dimension d = 2,3 and
assume that X' # &. Then, the FKMM-invariant « induces the isomorphism

VeczQ’"(X, 1) >~ Map(X*,{£1})/[X,U()]z, forall m e N.
In summary, the content of Theorem 2.9 and Proposition 2.10 is the following: Every

Q-bundle (¢, ®) over an FKMM-space (X, t) of dimension d =2, 3 such that X* # &
is classified by its FKMM-invariant « (€, ®). The latter can be represented as a map

5(¢,0)- X' — {:I:l}

modulo the (right) multiplication by the restriction over X of an equivariant function
u: X — U(1). The map s, @) is called the canonical section associated to (€, ®) and
its construction is described in [8, Section 3.2] or [10, Section 2.2].
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2.5 The Fu-Kane-Mele index

Let us focus on the nontrivial case of an FKMM-manifold (X, t) of dimension d =2, 3
such that X' # @. At the end of last section we observed that every Q—bundle (€, ®)
over (X, 7) is classified by the canonical section s¢¢ @) € Map(X®, {£1}) modulo the
action (multiplication and restriction) of an equivariant map u: X — U(1). Clearly
(€, ®) is equivalently classified by any other map ¢ € Map(X7*, {£1}) in the same
equivalence class of s(¢ @), namely by any representative of

[sce,0)] € Map(X ™, {£1})/[X, U(1)]z,.

Consider now the product sign map

(2-6) IT: Map(X©, {£1}) — {£1}

defined by

@2-7) @)= [] ¢(). ¢eMap(X®, {£1}).
ijXT

The value I1(¢) is called the Fu—Kane—Mele index of ¢. There is no reason to suspect
a priori that the Fu—Kane—Mele index is well defined on the equivalence classes
in Map(X°®,{£1})/[X,U(1)]z,. In fact, if ¢; and ¢, were two representatives of
the same class [¢] € Map(X*, {£1})/[X, U(1)]z, related by an equivariant function
u: X — U(1) which takes an odd number of times the value —1 on X7, then one
would have that [1[¢1] = —TI1[¢>]. For this reason the following result, proved in [8,
Proposition 4.5 and Theorem 4.2] is quite surprising, at first glance, from a topological
point of view.

Theorem 2.11 (Fu-Kane-Mele formula, d = 2) Let (X, t) be an oriented two-
dimensional FKMM-manitold in the sense of Definition 1.1. Then (X, t) is an FKMM-
manifold according to Definition 2.8. Moreover,

(2-8) HZ,(XIXT,Z(1)) = Zs,

where 7., is identified with the multiplicative group {£1}. Moreover, any Q—bundle
(€, ®) over (X, t) is classified by the FKMM-invariant x (€, ®) € {1} which can
be computed by « (€, ®) = I1(¢), where I1 is the product sign map (2-6) and ¢ is

any representative of the class [s(¢ @)] € Map(X*,{£1})/[X, U(1)]z, of the canonical
section.

Proof (sketch) Clearly conditions (a’), (b") and (¢’) of Definition 1.1 imply conditions
(a), (b) and (c) of Definition 2.8. Moreover, Proposition 4.4 of [8] assures that (a’), (b’)
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and (¢") imply condition (d) of Definition 2.8, ie H %2()( ,Z.(1)) = 0 along with isomor-
phism (2-8). The rest of the claim is proved in [8, Proposition 4.5 and Theorem 4.2]. O

As a byproduct of Theorem 2.11 one has that the Fu—Kane—Mele index is unambiguously
defined on the whole equivalence class [s( @)], and the Q-bundle (€, ®) is classified,
up to isomorphism, by the sign I1(¢) € {£1} where ¢ € Map(X*, {£1}) is any map
which differs from s @) by the multiplication with the restriction of an equivariant
map u: X — U(1).

Although with some differences, the next result pairs Theorem 2.11 in dimension d = 3.
It can be considered one of the main achievements of this work.

Theorem 2.12 (Fu-Kane-Mele formula, d = 3) Let (X, ) be an FKMM-manifold
of dimension d = 3 with X* # &. Assume in addition that:

(e) X is oriented and t reverses the orientation.

Let (¢, ®) be a Q-bundle over (X, t) with FKMM-invariant k (¢, ®) represented by
the class [s,0)] € Map(X®,{£1})/[X, U(1)]z, according to Proposition 2.10. Then
the sign

(2-9) ks(€, 0) := T[]

is independent of the choice of the representative ¢ € [s(, @)] and provides a topological
invariant for (€, ©).

Theorem 2.12 is a direct consequence of Theorem 1.3, which will be proved in
Section 3.7. It is worth noting that even though Theorems 2.11 and 2.12 seem to be of
topological nature, they need the manifold structure of X. In particular, Theorem 1.3
relies on differential geometric techniques.

In general the quantity x5(€, ®) in Theorem 2.12 does not completely specify the
FKMM-—invariant of (€, ®), but only a part of it. We refer to «5(€, ®) as the strong
component of the FKMM-—invariant.

2.6 Alternative presentation of “quaternionic’’ vector bundles in low
dimensions

This section is focused on an alternative description of rank 2 Q-bundles over low-
dimensional involutive spaces (X, t) such that H %2 (X,Z(1)) = 0. It is worth mention-
ing that under these conditions the complex vector bundle underlying each Q—-bundle
is necessarily trivial [8, Proposition 4.1].
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Let Map(X,SU(2)) be the space of (smooth) maps from X into SU(2). Given

& € Map(X,SU(2)), let T*& be the map defined by t*£(x) := &((x)) for all x € X.

The space of equivariant maps from X into SU (2) is defined by

(2-10) Map(X,SU(2))z, := {§ € Map(X,SU(2)) | t*6 = £},

The set of Z,—homotopy classes of Z,—equivariant maps will be denoted by
[X.SU®2)]z,.

Let us consider also the groups

Map(X, U(2))z, := {¥ € Map(X, U(2)) | det(z*y) = det(¥)},

Map(X, U(1))z, := {¢ € Map(X, U(1)) | t*¢ = ¢},

where ¥ and ¢ are the complex conjugates of ¥ and ¢, respectively, and the group

2-11)

structures are given by pointwise multiplication. The related sets of equivalence classes
under Z,-homotopy are denoted by [X, U (2)]’Zz and [X, U(1)]z,, respectively.

By construction one has an inclusion Map(X,SU(2))z, C Map(X, U(2))/Zz. More-
over, the group Map(X, U(Z))/Z2 acts on Map(X,SU(2))z, as follows: given ¥ €
Map(X, IU(2))/Z2 let Gy be the automorphism of Map(X, SU (2))z, given by

(2-12) Gy (§) ==~y HEQY Q. §eMap(X.SU2)z,

where Q is the (size 2 x 2) matrix (2-2). In fact, given that

det(t*y 1) = det(t*y) ™! = det(y) "L,

it follows that det(Gy, (€)) = det(§) = 1. Moreover, the equality TGy (£§) = Gy (§) !
follows from a direct calculation along with the equality Q& = gQ valid for maps with
values in SU (2).

The main aim of this section is to prove the following result:

Theorem 2.13 Let (X, t) be an involutive space of dimension 0 < d < 2 satisfying
Assumption 2.1. Assume in addition that Héz (X,Z(1)) =0 in the case d = 2. Then
there is a natural bijection

Vecp (X, 1) ~ [X.SUQ2)]z,/[X. U(D]z,.

where the action of [X, U(1)]z, on [X,SU(2)]z, is defined as follows: given [¢] in
[X,U(1)]z,, let L{g) be the automorphism of [X,SU(2)]z, defined by

Lig) (€] := [(T:)(Z) (1)) ; ((1) 2)]
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We start with a couple of preliminary results which are valid in dimension 0 < d < 3.

Lemma 2.14 Let (X, 7) be a low-dimensional involutive space satisfying Assumption
2.1. Assume in addition that H%z (X,Z(1)) = 0 in the case d = 2, 3. Then there is a
natural bijection

(2-13) Vecp (X, 7) >~ Map(X, SU(2))z,/Map(X, U(2))7,

where the action of Map(X, U (2))’Z2 on Map(X,SU(2))z, is given by the automor-
phisms (2-12).

Proof Let 7:€ — X be arank 2 Q-bundle. The low-dimensionality of the base
space implies that the underlying complex vector bundle € is isomorphic to the product
bundle X x C? [8, Proposition 4.1]. The induced Q—structure ® on X x C? is then
expressed through a function £: X — U(2) of the form ©: (x,v) — (t(x), £(x)Qv)
and the “quaternionic” condition is guaranteed by the constraint t*§ = —Q§ “10. Let
us introduce the subset

Map(X, U(2))z, := {£ e Map(X,U(2)) | t*& = —Q& "' Q} C Map(X, U (2)).

Two Q-structures © and ® on X x C2, induced respectively by the maps £ and &’ in
Map(X, U(2))z,, are isomorphic if there exists a map ¥ € Map(X, U(2)) such that
t*YE Q =EQ. Consider the action of Map(X, U (2)) on Map(X, U (2)) 7., defined as
follows: for any ¥ € Map(X, U(2)) let Gy, be the automorphism of Map(X, U(2))z,
given by the formula (2-12). From the argument above it follows that

Vecy (X, 1) >~ Map(X, U(2))z,/Map(X, U(2))

where the equivalence relation is induced by the action of the automorphisms Gy, .
Since H %2 (X, Z(1)) = 0 by hypothesis, any “real” line bundle over X is automatically
trivial [30]. This applies in particular to the determinant line bundle of the Q—bundle
(€, ®). The triviality of the “real” structure (x,u) — (t(x),det(§)(x)u) on X x C
implies the existence of a map ¢: X — U(1) such that det(§) = t*¢¢. Consider the
map ¥ € Map(X, U(2)) given by

_ (¢ 0
ww=("0"1).
A direct computation shows that
(2-14) det(Gy, (§)) = det(t* o) ! det(£) det(o) ' = 1.

As a result, it is possible to choose £ € Map(X, U(2))z, N Map(X,SU(2)) as the
representative for the element of VCCZQ (X, 7). Since it holds that —Q&Q = & for maps
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with values in SU (2), one has that the intersection Map(X, U (2))z, "Map(X, SU(2))
coincides with the set Map(X, SU(2))z, as described by (2-10). Finally, it is straight-
forward to see that Map(X, IU(Z))/Z2 described by (2-11) is the maximal subgroup of
Map(X, U(2))z, preserving such representatives. |

Lemma 2.15 Under the hypotheses of Lemma 2.14 there is a natural bijection

(2-15) Vech (X, 1) ~ [X,SUQ)]z,/[X. U7,

Proof Consider the natural surjection onto the equivalence classes
w:Map(X,SU(Q2))z, — [X.SUQ2)]z,.

The action of Map(X, U (2))’Zz on Map(X,SU(2))z, given by (2-12) induces an action
of the group [X, [U(Z)]/Zz on [X,SU(2)]z,. Under these actions, @ is equivariant, and
one gets

Vee (X. 7) = Map(X. SU(2)z, /Map(X. U(2), Z> [X.SUQ@)lz, /[X. U@)ly,.
The latter is a bijection. Indeed, given § € Map(X,SU(2))z,, let €¢¢ = X x C? be the
Q-bundle of rank 2 with Q—structure given by (x, v) — (t(x), £(x) Q). In view of

the homotopy property of Q—bundles [8, Theorem 2.3], if § and &’ are Z,—homotopy
equivalent, then €¢ and € are isomorphic. a

We are now in position to complete the proof of Theorem 2.13. For this purpose the
restriction to dimensions d < 2 will be crucial.

Proof of Theorem 2.13 We will begin with the case m = 1. Consider the exact
sequence

1> [X,SUQ)] - [X. U@z, <5 [X. U]z, > 1
where 1 is induced by the natural inclusion Map(X, SU (2)) — Map(X, [U(2))’Zz and

det stands for the determinant. The latter sequence is right-split in view of the map
s: (X, U()]z, = [X, IU(Z)]’Zz induced (with a slight abuse of notation) by

(2-16) Map(X,U(1))z, > ¢ +—> (g’ (1)) € Map(X, U(2))z,.

Indeed, it is straightforward to check det o s = Id. Consequently, one has a group
isomorphism
[X. U]z, = [X.SU@)]x[X. U(D)]z,.

where x denotes the semidirect product. Since 73 (SU(2)) =0if k£ =0, 1, 2, it follows
that [X, SU (2)] = 0 whenever X has dimension 0 < d < 2. In these three cases, the
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isomorphism above reduces to [X, IU(2)]’Zz ~ [X,U(1)]z, and the combination of the
action G described by (2-12) with the homomorphism s in (2-16) produces the action
L of [X,U(1)]z, on [X,SU(2)]z, as described in the claim. In view of the stable
rank condition described in Theorem 2.5, the bijection generalizes to

Vecg™(X.7) ~ [X.SU©2)z,/[X. U(1)]z,. meN

and this concludes the proof for the general case. |

Remark 2.16 (higher rank case) A representative map £: X — SU (2) for a given
Q-bundle (€, ®) of rank 2m can be constructed in this way: The Q-structure of
(¢, ®) is coded in an equivariant map &’: X — SU (2m) which, for instance, can be
constructed from a global frame according to the prescription described in Remark 2.19.
The stable rank condition implies that £’ can be always reduced to the form

(80
E - (O ]1@2(111—1))

up to conjugation with an equivariant map with values in U (2m). The reduced map
&: X — SU(2) obtained in this way provides a representative of the Q-bundle (¢, ®)
as an element of the group [X,SU(2)]z,/[X, U(1)]z,.

2.7 The FKMM-invariant for oriented two-dimensional
FKMM-manifolds

Throughout this section we will assume that the pair (X, t) is an oriented two-
dimensional FKMM-manifold in the sense of Definition 1.1. The use of the letter X
instead of X is motivated to easier connect the results discussed here with the theory
developed in Section 3.4 and 3.6

When (X, 7) is an oriented two-dimensional FKMM-manifold, two presentations for
VeCZQ (X, 7) are available. The first description,

Vech (2. 1) > Map(E°, {£1})/[Z, U(D)]z,.
was proved in Proposition 2.10 and uses the FKMM-invariant. The second presentation,
Vech (2, 7) = [£,SUQ)]z,/[Z, U(1)]z,,
comes from Theorem 2.13. Therefore, there must exist an isomorphism of groups

[E’ SU(Z)]Zz/[Ev U(l)]Zz = MaP(EI’ {il})/[z’ U(l)]Zz
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which associates the map § € Map(X, SU(2))z, with the FKMM-invariant of the O—
bundle € classified by £. Such a map can be constructed by means of the Pfaffian Pf;
see Proposition 2.18.

The evaluation of a map § € Map(X, SU(2))z, on a fixed point x € X7 is an element
of SU(2) which satisfies £(x) = £(x)™!. This implies that £(x) = +1¢2 if x € X7.
Moreover, every matrix &(x) € SU (2) satisfies the identity Q£ (x) = £(x) Q. Then, on
a fixed point x € X7, the matrix £(x)Q = £+ turns out to be skew-symmetric and
the Pfaffian Pf(&(x) Q) is well defined. In particular one has that

—Pf(S(X)Q)= +1 ifé(x):—Fﬂ(cz,

-1 ifé(x) =—1¢e2.
This suggests studying the mapping
D
2-17) Map(2,SUQ2))z, 3 § —> —Pf(§Q|xr) € Map(Z°, {£1}).

Lemma 2.17 Let (X, 1) be an oriented two-dimensional FKMM-manifold in the
sense of Definition 1.1. Then there is a bijection

P, : [E.SUQ2)]z, - Map(E°, {£1})
defined by [£] — —Pf(§Q)|x-.

Proof We will start by proving the injectivity of ®,.. Suppose &, &’ e Map(X, SU(2))z,
are such that @, (§) = ®,(£’). We want to show the existence of a Z,—equivariant
homotopy é: 3 x [0,1] - SU(2) such that §|EX{0} = £ and §|gx{1} = £’. This can
be done by a standard argument in homotopy theory. Let X; be the j—skeleton of X
with respect to a Z,—CW decomposition. The O—skeleton ¢ consists of the O—cells of

0 — % is a standard O—cell.

the form e? (a fixed cell) or Z, x e (a free cell), where e
Accordingly, we can express X as the disjoint union X¢ = Eg" L Egee. By assumption,

we have Eg" = XT. Notice that the map &, factors through
[£,SU(Q2))]z, = Map(Z%,SU(2)?) — Map(E7, {+1}),

where the involution ® on SU(2) is ©(§) = £~1, so that the fixed point set SU(2)? =
{£1c2} consists of two points. The first map is induced from the restriction § > &|xz.
The second map is the bijection induced from the obvious identification SU (2)? ~ {+1}.
It follows that & |sfix = § | fix. On the other hand, for each free O—cell Z, xe? we can find
a homotopy connecting &[(1x.0 and g’ l{13xe0 because SU(2) is path connected. This
homotopy extends to a Z,—equivariant homotopy connecting &|z, .0 and &’|7, 0
since the action of Z, on Z, x €9 is free. In this way, we get a Zp—equivariant
homotopy £o: Zo x [0, 1] — SU (2) such that £o| 5,0y = £|5, and &olsox(1} = &' 5,-
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By assumption again, the 1—skeleton X is given by attaching only free 1—cells of the
form Z, x e! to To. We already have a homotopy €0l¢13xae1x[0,1]- This homotopy,
together with £|¢;,1 and $/|{1}X81, gives a map from

A1} x el x[0,1]) = ({1} x del x[0,1]) U ({1} x el x 9]0, 1])

which can be extended to a map from {1} x e! x [0, 1] in view of 71(SU(2)) = 0.
Extending this map equivariantly, and gathering together the maps constructed in this
way for each free 1—cell, one gets a Z,—equivariant homotopy £1:21x[0,1]— SU(2)
which extends §0 and connects |y, with £'|x,. Finally, the 2—skeleton ¥, = X is
given by attaching only free 2—cells of the form Z, x e? to ¥;. We already have
a homotopy §1|{1}Xaezx[0,1]. This homotopy, together with |32 and &'|(112,
provides a map from ({1} x eZ x [0, 1]). This extends to a map from {1} x e? x [0, 1],
since 72 (SU(2)) = 0. Extending this equivariantly and gathering together the resulting
maps for each free 2—cell, one gets a Z,—equivariant homotopy § X x[0,1] = SU(2)
connecting § with &’.

Now the surjectivity. The idea is to construct an element & € Map(X,SU(2))z, for
each € € Map(X®, Z,) such that &, (&) = €. A preliminary fact is necessary. Let
D C C be the closed unit disk endowed with the involution z + —z. Then, the map
&p € Map(D,SU(2))z, given by
. 1 2lz| -1  =2z(jz|=1)
£0©) = s ot (el 211 )

satisfies £p(0) = —1¢2 and ép(z) = +1c2 if z € dD. Let £° = {x1,...,x,} be
a given labeling for the fixed points. The slice theorem [27, Chapter I, Section 3]
assures that for each x; there exists a closed disk D; C X such that 7(D;) = D;,
xi € Diand D; N D; = & wheni # j. Let x;,,...,x;, € X% be the set of points
such that €(x;;) = —1. Using an equivariant diffeomorphism D = D;, one can induce

the equivariant map ED;j on D;; from §p. Extending these maps by 12 outside
of Dj, U---U Dj, one gets an equivariant map £ € Map(X, SU(2))z, such that
£c(x) = €(x)1 2 for every x € X*. This ensures that @, (&) = . O

Proposition 2.18 Let (X, t) be an oriented two-dimensional FKMM-manifold in the
sense of Definition 1.1. Then the bijection of Lemma 2.17 induces the bijection

P, : [2.SUQ)]z,/[Z. U]z, - Map(E*, {£1})/[Z. U(D)]z,.
Proof Lemma 2.17 asserts the bijectivity of the homomorphism

O, : [Z,SU((2)]z, — Map(Z7, {£1}).
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The same group [X, U(1)]z, acts on both sides and ®, is equivariant. An inspection
of the group actions shows that ®, descends to a bijective homomorphism between
the quotients. d

In view of Theorem 2.13, one can think of a map § € Map(X,SU(2))z, as a rank
2 Q-bundle on X. Then it makes sense to talk about the “FKMM-—invariant of the
map £”. Proposition 2.18 shows that such an invariant is indeed built through the
isomorphism ®,.. More precisely, by combining Proposition 2.18 with Theorem 2.11
one obtains

(2-18) k() 1= Mo By () € s,
where « (§) represents the FKMM-—invariant of the Q—bundle defined by the map £.

Remark 2.19 (construction of the classifying map from a frame) Let (€, ®) be a
Q-bundle of rank 2 over an oriented two-dimensional FKMM-manifold. If the map
& e Map(X,SU(2))z, classifies (€, ©) according to Theorem 2.11 then formula (2-18)
provides the computation of the FKMM-—invariant of (€, ®). Therefore, the relevant
problem is how to extract £ from the knowledge of (¢, ®). This problem has a simple
solution when a global trivializing frame of sections ?1,#;: ¥ — € of the underlying
(trivial) complex vector bundle is known. This situation has been described in detail [8,
Section 4.2]. By a Gram—Schmidt orthonormalization if necessary, one can assume
without loss of generality that the frame 71, 5 is orthonormal, ie m(#;,¢;) = 6; ; where
m is the (unique) ®—equivariant Hermitian metric on €. Then the classifying map
& = {&;;} is given by the formula

£ij (x) == m(z*1;(x), Ot (x)),
where 7%¢; (x) :=t;(t(x)) and ©¢;(x) := O(t;(x)) are short notations.

3 Differential geometric classification of “quaternionic”
vector bundles

In this section we provide differential geometric realizations of the FKMM-—invariant.
However, this require more structure on the involutive space (X, ). More properly, we
need to pass from the fopological category to the smooth category. In this section the
quite general Assumption 2.1 will be replaced by the more restrictive:

Assumption 3.1 (smooth category) X is a compact, path-connected, Hausdorff
smooth d—dimensional manifold without boundary and with a smooth involution .
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In particular, a space X which fulfills Assumption 3.1 is a closed manifold and the
pair (X, r) automatically admits the structure of a Z,—CW-complex; see eg [39,
Theorem 3.6]. Observe that the notion of FKMM-manifold given in Definition 2.8 is
compatible with Assumption 3.1. It is worth pointing out that the smooth condition
can be relaxed to a less demanding regularity condition; for instance it is sufficient
to assume that the manifold structure is C"—regular for some r € N. Anyway, this is
only a technical detail and for a simpler presentation it is enough to focus only on the
smooth case.

Let us point out that in Section 2.1 we introduced the notion of Q-bundle in the
topological category meaning that all the maps involved in the various definitions are
continuous functions between topological spaces. However, when the involutive space
(X, 7) has an additional smooth manifold structure one can equivalently define Q—
bundles in the smooth category by requiring that all spaces involved in the definitions
carry a smooth manifold structure and maps are smooth functions. However, for
what concerns the problem of the classification, the two categories are equivalent [9,
Theorem 2.1], namely

P Ve (X, 7) =~ Smothec’é (X, 7).
Clearly, the same holds true also in the “real” category. For more details on this point

we refer to [9, Section 2].

3.1 Principal “quaternionic”’ bundles and related FKMM-invariant

The next definition was introduced in [9, Section 2.1].

Definition 3.2 (principal R— and Q-bundle) Let (X, 7) be an involutive space which
satisfies Assumption 3.1 and 7 : % — X a (smooth) principal U (m)-bundle. We say
that % has a “real” structure if there is a homeomorphism ©: % — P such that:

(Eq.) The bundle projection 7 is equivariant in the sense that 7 o O=tonm.
(Inv.) © is an involution, ie @z(p) = p forall p e ?.

(R) The right U (m)-action on the fibers and the homeomorphism © fulfill the
condition

@)(Ru(p)) = R,;((:)(p)), forall p e ® and u € U(m),

where R, (p) = p - u denotes the right U (m)-action and u is the complex
conjugate of u.
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We say that % has a “quaternionic” structure if the structure group U (2m) has even
rank and condition (R) is replaced by:

(Q ) The right U (2m)-action on the fibers and the homeomorphism © fulfill the
condition

O(Ru(p)) = Ro()(O(p)), forall p e P andu € U(2m),
where o: U(2m) — U(2m) is the involution given by
ou):=Q-u-Q7'=-Q-u-Q
and Q is the matrix (2-2).

We will often refer to principal “real” and “quaternionic” bundles with the abbreviations
principal R-bundles and principal Q—bundles, respectively.

Remark 3.3 Let us notice that both the “real” and the “quaternionic” case require
that © has to be an involution. This means that both principal R— and Q-bundles
are examples of Z,—equivariant principal bundles (indeed, properties (Eq.) and (Inv.)
define these objects). This is indeed a difference with respect to the vector bundle case;
cf Definition 2.2.

Morphisms (and isomorphisms) between principal R— and Q—bundles are defined in a
natural way: if (%, @) and (%, o’ ) are two such principal bundles over the same involu-
tive space (X, 7) then an R—or Q—-morphism is a principal bundle morphism f : % — %’
such that fo® =®o f. We will use the symbols Pring(m)(X ,7)and Pring(zm)(X ,T)
for the sets of equivalence classes of principal “real” and “quaternionic” bundles over
(X, 1), respectively. A principal R—bundle over (X, t) is called #rivial if it is isomorphic
to the product bundle X x U (m) with trivial R—structure Oo: (x,u) —~ (t(x),u). In
much the same way, a trivial principal Q—-bundle is isomorphic to the product bundle
X x U (2m) endowed with the trivial Q—structure Oo: (x,u) > (t(x),0(u)).

A standard result says that there is an equivalence of categories between principal U (1m)—
bundles and complex vector bundles. This equivalence is realized by the associated
bundle construction along its inverse, called orthonormal frame bundle construction;
see [9, Appendix B] for more details. A similar result extends to the “real” and the
“quaternionic” categories [9, Proposition 2.4] leading to

(3-1) Pring(m) (X, 1) > Vecg (X, 1), Pring(2m)(X, T) ~ VeCZQm (X, 7).

We can take advantage of the above isomorphisms to carry the notion of FKMM-—
invariant from vector bundles to principal bundles.
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Definition 3.4 (FKMM-invariant: principal bundle version) Let (%, @) be a rank 2m
principal Q-bundle over the involutive space (X, 7). Let [(€, ®)] € Vec (X, 1) be
the unique class associated with [(?P, @)] € Pran(zm (X, 7) by the 1somorphlsm (3-1).
One defines the FKMM—invariant of (%, @) as the FKMM-invariant of the associated
Q-bundle (¢, ®), namely

K(P,0) 1=k (€, O).

Remark 3.5 Let us briefly discuss the consistency of Definition 3.4 with the con-
struction of the FKMM-—invariant presented in [10]. In view of the isomorphisms
(3-1) to each U (2m) principal Q-bundle (%, @), one can associate a unique (up to
isomorphism) U (1) principal R—bundle (det(%), det(@)) which is defined as the unique
(up to isomorphism) U (1) principal R-bundle associated with the rank one R—bundle
(det(€), det(®)). Moreover, there is a one-to-one correspondence between sections of
a U (1) principal R-bundle and sections of a rank one R-bundle of unit norm. Then,
the quantity « (%, (:)) turns out to be determined by the equivalence class of the pair
(det(%), s3) where 5@.8) = 5(¢,0) is the canonical section associated to (€, ®). For
more details about the relation between the FKMM-—invariant and the canonical section
we refer to [8, Section 3.2] or [10, Section 2.2].

3.2 ‘“‘Quaternionic” connections and curvatures

Connections with “quaternionic” and “real” structures have been studied in Section 2.2
of [9]. We review here the basic definitions and the main properties of these objects.
For a reminder about the theory of connections we refer to the classic monographs
[33; 34]; see also [9, Appendix B].

We consider principal bundles in the smooth category 7 : % — X endowed with a
“real” or “quaternionic” structure ©: P — P over the involutive space (X, 1). The
structure group is U (m) (m even in the “quaternionic” case) and u(m) is the related
Lie algebra. The symbol w € Q!(P, u(m)) will be used for the connection 1-forms
associated to given horizontal distributions p — Hj, of %. We observe that the Lie
algebra u(m) has two natural involutions: a real involution u(m) > & — & € u(m)
and a quaternionic involution u(2m) > £ — o(£) := —Q - £ - Q € u(2m). Here
& € u(m) is any anti-Hermitian matrix of size m and the matrix Q was defined in (2-2).
Finally, given a k—form ¢ € QK (@, s0) with values in some structure s¢ (module, ring,
algebra, group, etc) and a smooth map f: %P — P, we denote by f*¢ := ¢ o fi the
pullback of ¢ with respect to the map f (and fi: TP — TP is the differential, or
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pushforward, of vector fields). Given a u(m)-valued k—form ¢ € QK(®, u(m)), we
define the complex conjugate form ¢ pointwise, ie ép wl, ..., w’lg) =¢p(wl, ..., w’lg)
for every k—tuple {wl, ..., w’;} of tangent vectors at p € ?. It follows that f*¢ = f*¢
for every smooth map f: % — %. Similarly, if ¢ € Q¥(P, u(2m)), we define o (¢)
pointwise by o (¢),(wl, ..., w’;) ==0-pp(wl, ... ,w’lg) - Q. Hence, one has that

a(f*p) = fFa(d).

Definition 3.6 (“real” and “quaternionic” equivariant connections) Let (X, t) be
an involutive space that satisfies Assumption 3.1 and 7: % — X a smooth principal
U (m)-bundle over X endowed with a “real” or a “quaternionic” structure 0:9 >
as in Definition 3.2. A connection 1-form w € Q1 (%, u(m)) is said to be equivariant if
@ = O*w in the “real” case or o(w)= ©*w in the “quaternionic” case. Equivariant con-
nections in the “real” case are called “real” connections (or R—connections). Similarly,
the “quaternionic” connections (or —connections) are the equivariant connections in
the “quaternionic” category.

Let AR (P) C Q1(P, u(m)) be the space of R—connections on the principal R—bundle
(2, @). Similarly, 2o () C Q1(®,u(2m)) will denote the space of Q—connections
on the principal Q—bundle (%, @). Let us introduce the sets of equivariant 1-forms

QL@ u(m)) ;= {w € Q1P ,u(m)) | @ = O*w},

(3-2) 1 1 5%
Qo (@ uZm)) :={w e Q2 (P, ulZm)) | o(w) = O w}.

A 1-form is called horizontal if it vanishes on vertical vectors. The set of u(m)—valued
1-forms on % which are horizontal and which transform according to the adjoint
representation of the structure group is denoted by Qﬁor (%, u(m), Ad). Let us introduce
the sets

VR (P) 1= QL (P, u(m), Ad) N Q&(P, u(m)),

Vo (@) := Qo (P, u(2m), Ad) N Qi (P, u2m)).

Proposition 3.7 [9, Propositions 2.11 and 2.12] The sets Ag(P) and Ao (P) are
nonempty and are closed under convex combinations with real coefficients. Moreover,
they are affine spaces modeled on the vector spaces V}e (%) and VIQ (%), respectively.

Let F, be the curvature associated to the equivariant connection w by the structural

equation
F, :=dw+ %[a) Aw].
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According to [9, Proposition 2.22] one has that F,, obeys the equivariant constraints

F,=0O%F, (“real” case),
(3-3) ~
o(F,) =0O*F, (“quaternionic” case).
Let {F, € Q2(Uy.g)} be the collection of local 2—forms which provides the local
description of the curvature F, —in the sense of [9, Theorem C.2]. When o is
equivariant, it holds true that

Fo=1"Fy (“real” case),

(3_4) * : LT}
0(Fy) =1 Fy (“quaternionic” case).

3.3 Chern-Simons form and “quaternionic” structure

In this section we discuss some aspects of Chern—Simons theory defined over (compact)
manifolds without boundary in the presence of a Q—structure. For a comprehensive
introduction to Chern—Simons theory we refer to [15; 28].

Let 7 : P — X be a (smooth) principal U (m)-bundle and w € (%, u(m)) a connection
I—form. The Chern—Simons 3—form CS(w) € Q3 (%) associated to w is defined by

N 2
(3-5) CS(@) =g Tr(a) Ao+ 50 A0 A w)

where Tr is the usual trace on m x m matrices. The 3—form CS(w) is sometimes
called Chern—Simons Lagrangian. A direct computation shows that the result of
applying the exterior differential to CS(w) can be expressed in terms of the curvature
F,, € Q%(%?,u(m)) according to

(3-6) dCS(w) = 47%2 Te(Fy A Fo) € Q4(@).

The following result will be used several times in the continuation of this work.

Lemma 3.8 Assume that w: P — X admits a (smooth) section s: X — P and
let g: X — U(m) be a (smooth) map. Define a new section sg: X — P using
the right action of U(m), that is, sg(x) := s(x) - g(x). Then the two pullbacks
55CS(w),5*CS(w) € Q3(X) are related by the equation

3-7) 55CS(w) = s*CS(w) + # dTr(s*w Adg™1g) + A(g),
where A(g) € Q3(X) is given by

(3-8) Ag):=— Tr((g'dg)™?).

1
2472
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Proof The proof is essentially a computation which is based on the two relations
54CS(w) = CS(szw) and sz = g '(s*w)g + g~ 'dg. Therefore, by exploiting the
cyclicity of the trace, one can check that
CS(g™ (s*w)g + ¢ ' dg)

=CS(s*w) — # dTr(s*w A g7 ldg) —

1 —14,\A3
The identity 0 = d(g~'g) = dg~'g + g~ 'dg concludes the computation. O

Definition 3.9 (Chern—Simons invariant) Let X be a compact oriented 3—dimensional
manifold without boundary and 7 : % — X a principal U (m)-bundle equipped with a
connection w. Assume that there is a global section s: X — %. Then the quantity

s(w) = / s*CS(w) mod Z
X
is called the Chern—Simons invariant cs(w) € R/Z associated to w.
The following result shows that the Chern—Simons invariant is well defined.

Proposition 3.10 The Chern—Simons invariant does not dependent on the choice of a
particular global section s: X — P, and depends only on the equivalence class of @ up
to gauge transformations.

Proof Two global sections of s1 and s, of P are related by a unique map g: X — U (m)
such that s5(x) = s1(x) - g(x). Lemma 3.8, Stokes’ theorem and the fact that X has
no boundary imply

/ (s7CS(w) — s5CS(w)) = / A(g) =: Ny € Z,
X X

where the integer Ny defines the “degree” of the map g. With a similar argument one
can show that c¢s(w) = cs(w’) if @ and w’ are related by the transformation induced by
an element of the gauge group. O

When a principal U(2m)-bundle 7: % — X is endowed with a Q-structure 0, it is
natural to use an equivariant Q—connection @ € Ao (%) to define the Chern—Simons
3—form CS(w). The Q—structure © induces a symmetry of CS(w).

Lemma 3.11 Let (%, (:)) be a U(2m) Q-bundle over the involutive manifold (X, t)
which satisfies Assumption 3.1. Let o € 2o (P) be an equivariant connection and
CS(w) € Q3(P) the associated Chern—Simons 3—form. Then

0*CS(w) = CS(w).
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Proof The equivariance of @ means that O*w = 060 ' =-0(w)Q™!, where we

t

used @ = —'w since the form w takes value in the Lie algebra u(2m). The cyclicity of

the trace provides

O*CS(w) = CS(O*w) = —Tr( a)/\dtaH—% onoA a))

The identity Loy Alwy = (—1)2192% (wy A wy) is valid for each pair wq € Q91 (P, u(2m))
and w;p € Q92(%P,u(2m)) and the invariance of the trace under the operation of taking
the transpose imply

o* CS(w) = Tr(dw/\w—l—iw/\co/wu)

—CS(w)+ I 5 Tr(do Ao —o Adw)

1

=CS(w) + dTr(a) Aw).

To conclude the proof it is enough to observe that Tr (w A @) = 0 due to the anticom-
mutation relation of 1-forms. |

The invariance of CS(w) expressed in Lemma 3.11 has an important implication on the
Chern—Simons invariant in low dimensions, provided that certain conditions are met.

Proposition 3.12 Let (%, @) be a U(2m) Q-bundle over the involutive manifold
(X, t) which satisfies Assumption 3.1. Assume in addition that

(a) X has dimension d = 3 and t reverses the orientation of X ;
(b) there is a global section s: X — P (not necessarily equivariant).

Then

(i) if w € A (P) is an equivariant connection then the associated Chern—-Simons
invariant ¢s(w) takes values in the set {0, %},

(i) cs(w) = cs(w’) for each pair of equivariant connections w,w’ € Ao (P);
(iii) if (P, @) admits a global equivariant section then ¢s(w) = 0 for any w € g (P).
Proof (i) Lets: X — % be a global section. Since 7g(s) := Oosot generally differs

from s, there is a (unique) map g: X — U(2m) such that tg(s) = s-g. Then

T (s*CS(@)) = (s 0 T)*CS(@) = (s 8)* (O*CS()) = (s £)*CS(w),
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where in the last equality we used the result of Lemma 3.11. By exploiting the fact
that t reverses the orientation of X, one has

/ s*CS(w) = —/ *(s*CS(w)) = —/ (s-g)*CS(w) = —/ s*CS(w) + Ng,
X X X X
where Ng := [y A(g) € Z. This implies that 2cs(w) = 0, ie cs(w) € {0, 1}.
(ii) Let w’ be a second equivariant connection and consider the map
[0,1]37+ w; = (1 -1+t €Ag(P).

Clearly cs(wy) is a polynomial (hence continuous) function in ¢. On the other hand
cs(wy) € {O, %} since w; is equivariant. This implies that ¢s(w;,) = ¢s(wy,) for all
t1.tp € [0, 1] and in particular c¢s(w) = cs(w’).

(iii)) If s is a global equivariant section, one has
T*(5*CS(0)) = T*(s*CS(0)) = T* (s*(O*CS(w))) = 16(5)*CS(w) = s*CS(w).
Hence,
/ s*CS(w) = / *(s*CS(w)) = —/ s*CS(w),
X X X

which implies [y s*CS(w) = 0. O
Remark 3.13 Due to the low-dimensional assumption (a) in Proposition 3.12, the
assumption (b) about the existence of a global section is completely equivalent to the

condition of vanishing of the first Chern class of the principal bundle. This condition is
guaranteed by the stronger requirements: (1) H 22:2 (X,Z(1)) =0,0r 2) H*(X,Z) =0.

The following definition is justified by item (ii) of Proposition 3.12.

Definition 3.14 (intrinsic Chern—-Simons invariant) Let (%, @) be a U(2m) Q-
bundle over the involutive manifold (X, t) such that X has dimension d = 3, t
reverses the orientation of X and % admits a global section. Then the quantity

(P, ©) := cs(w) for some w € Ao (P)
does not depend on the choice of w € Ao (P) and defines an intrinsic (Chern-Simons)

invariant for (%, @))
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Remark 3.15 (a formula for the Chern—Simons invariant) Let (X, 7) be a three-
dimensional involutive manifold satisfying the assumption H %2 (X,Z(1)) = 0. As
a consequence of Lemma 2.14 and the isomorphism (3-1), any U(2m) Q—bundle
(2, @) over (X, 7) can be represented by a smooth map £: X — U (2m) such that
T*E = —Qg_l Q. The average construction applied to the trivial connection on the
product bundle [9, Example 2.15] gives an equivariant connection @, whose pullback
under the trivial section s is s*w = %a(é_ldé). We then have s*CS(w) = %A(S), and
hence the formula

es(P, @):%/XA@) mod Z.

This formula can be compared with [16, Proposition 11.21].

3.4 Wess—Zumino term in absence of boundaries

In the last section we described the Chern—Simons invariant in the case of three-
dimensional base manifolds without boundary. In the case of manifolds with boundary
the Chern—Simons invariant itself depends on the choice of a section while the difference
of the values of the Chern—Simons invariants depends only on the topological infor-
mation on the boundary. This information is detected by the so-called Wess—Zumino
term. The latter is a topological quantity initially defined in the context of certain
two-dimensional conformal field theories known as Wess—Zumino—Witten models. An
excellent introduction to the theory of Wess—Zumino—Witten models is provided by
the lecture notes [20]. The presentation of the properties of the Wess—Zumino term
given here follows mainly [15].

Definition 3.16 (Wess—Zumino term) Let ¥ be a compact oriented manifold of
dimension d = 2 without boundary. For any map &: ¥ — SU (2), the Wess—Zumino
term WZyx(§) € R/Z is defined by

WZs(§) = / A¢) mod Z,

Xx
where
1

2472

according to the notation (3-8), Xy, is any compact three-dimensional oriented manifold

AE) =~ Tr(E~'dé)?

whose boundary coincides with X, ie Xy = X, and é : X5 — SU(2) is any extension
of &.
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Notice that the extended manifold Xy and the extended section § in Definition 3.16
always exist. The existence of Xy follows from the vanishing of the second bordism
group,! Q5 = 0 [40, Section 7]. The existence ofg is due to 7 (SU(2)) = 0 for
k = 0,1,2 plus a standard application of the Oka’s (type) principle to pass from
continuous sections to smooth sections. Finally, the condition £: ¥ — SU(2) can
be relaxed by asking that the section £: ¥ — U (2) possesses a determinant section
det(§): ¥ — U (1) which is nullhomotopic.

The well-posedness of Definition 3.16 is justified in the following result.
Lemma 3.17 (Polyakov—Wiegmann formula) The Wess—Zumino term is indepen-

dent of the choice of the extensions Xy and é . Moreover, for every pair of sections
§: X —SU(2), j = 1,2, the Polyakov—Wiegmann formula

WZs (i) = WZs6) + WZs(6) + gy [ TG 061 Adeats)

holds in R/Z.

Proof Given ¥ and £: ¥ — SU(2) as in Definition 3.16, consider two extended
manifolds X'y and X§, such that 01Xy = ¥ = 0X{,, and two extended sections £ and &'
such that § lg=&= é '|s. By reversing the orientation of X{. and then gluing it with Xx
along ¥ one obtains a compact oriented three-dimensional manlfold X:=(—Xg)UXs,
where the minus sign indicates the reversal of the orientation. Similarly, S and E " can
be glued together to define a section &y := (E UE ): X — SU(2). It is well known that

/;A(SM)=_2417.[2LTr(éildEX)A3€Z

On the other hand, one has that

[ reo=[ ab-[ a@rez

where the minus sign is justified by the inversion of the orientation. Thus, since

the Wess—Zumino term WZy(§) is defined modulo an integer, it can be computed
equivalently through the pair Xy, & or the pair X 5 g’. The Polyakov—Wiegmann
formula for WZx(§1€,) follows from an explicit computation. By taking extensions
of &1 and & one computes A(£1&2) — A(&1) — A(&2) directly. Then, integration over
I The existence of X5, can be also justified by observing that closed oriented two-dimensional manifolds
are classified by the genus, and a genus g surface is always the boundary of a three-dimensional manifold.

For instance the sphere S2 is the boundary of the three-dimensional disk D3. Similarly the torus T2 is the
boundary of the manifold S! x DZ. The same occurs for higher genus surfaces.
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X and an application of Stokes’ theorem to obtain the integral on the boundary X
provide the final result. |

From formula (3-7) and Stokes’ theorem one immediately deduces the following result:

Lemma 3.18 Let X be a compact oriented manifold of dimension d = 3 with
nonempty boundary ¥ := 0X. Let w:% — X be a principal U (2)-bundle equipped
with a connection @ and a global (smooth) sections: X — %. Let g: X — U(2) be
any (smooth) map such that det(g): X — U(1) is nullhomotopic. Then

/ 54CS (o) —/ s*CS(w) = _8% Tr(s*o Adg™1g) + WZx (g]x) mod Z.
X X = Jy

3.5 Wess—Zumino term in presence of boundaries

In the rest of this work we will be interested in calculating the Wess—Zumino term
through “cutting and pasting”. To set up the machinery, we need to extend the defi-
nition of the Wess—Zumino term for two-dimensional manifolds with boundary. To
do that, let us observe that associated to a compact oriented one-dimensional man-
ifold S without boundary (a union of circles), there exists a Hermitian line bundle
w:Es — Map(S, SU(2)). The specific structure of this line bundle will be not used in
this work and for this reason the details of the construction of £¢ will be only sketched.
The interested reader can refer to [15, Appendix A] or to [35, Section 1.3] for a more
rigorous presentation.

Given §, consider a two-dimensional manifold Dg (a disjoint union of disks) with
boundary dDg = S along with the space Map(Dg, SU(2)). Given an element  in
Map(Dgs, SU(2)), its restriction y := y|s defines an element in Map(S, SU(2)). Let
71, Y2 € Map(Dg,SU(2)) be two maps which agree on the boundary S, namely such
that 1 = y2. Such two maps can be glued together to produce a map £(; 2) := y1 U2
on the two-dimensional manifold without boundary g := (—Dg) Ll D obtained by
gluing two copies of Dg (with opposite orientation) along the common boundary. As
a consequence the quantity WZx  (§(1,2)) turns out to be well defined according to
Definition 3.16. Consider now the space

Ps = (Map(Ds, SU(2)) x C)/~,

where the equivalence relation ~ is defined as follows: let y1, y» € Map(Dgs, SU(2))
and z1, zo € C; then

(F1.21) ~ (J2. 22) <= y1 = 2. 21 = 226 7WZzsC02),
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The space £ defined in this way turns out to be the total space of a complex line
bundle over Map(S, SU(2)) with projection u: £s — Map(S, SU(2)) given by

pily.zl=y:=7ls.
where y := y|s is independent of the choice of the representative by construction.

Henceforth, only the following properties of the line bundle u: £s — Map(S, SU(2))
will be relevant [15, Proposition A.1]:

(1) For y1,y2 € Map(S,SU(2)) let y1v2 € Map(S, SU(2)) defined by pointwise
multiplication. Then, there is an isometry

(3-9) ) @ pT () = 1 (n1y2)
(i) The product of fibers (3-9) defined by the isometry is associative.

(iii) If yo € Map(S, SU(2)) is the constant map, there is a trivialization =1 (yg) ~ C
which respects (3-9).

All the ingredients are now available for extending Definition 3.16 to manifolds with
boundary.

Definition 3.19 (Wess—Zumino term with boundary) Let ¥ be a compact oriented
manifold of dimension d = 2 with one-dimensional (compact and oriented) bound-
ary S := 0X. Let u: £ — Map(S,SU(2)) be the associated line bundle. Every
£: X — SU(2) gives rise to a point £|s € Map(S,SU(2)) and an associated fiber
wl(€]s) € Ls. Let Dg be a disjoint union of disks (contractible two-dimensional
manifolds) with boundary 0Dg = S = 0X. Given any {pg: Ds — SU(2) such that
{pgls =E&|s, let §Up be the map defined on the closed manifold Xp := X LI(—Dg)
by the gluing of the functions {pg and § along the common boundary S. The Wess—
Zumino term WZy (§) is then defined by the equation

S2TWER(E) . [staeianZED(gugDS)] c M—I(E|S).

To introduce the next result it is worth mentioning that given a complex vector bundle
€ — X, its conjugate € — X is the complex vector bundle whose underlying total
space agrees with € as a set, but with inverted complex structure with respect to the
multiplication by scalars z € C. If € is endowed with a Hermitian metric, then so is €.
This allows the identification of € with the dual vector bundle €*.
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Proposition 3.20 (orientation) (i) Let S be a compact oriented one-dimensional
manifold without boundary, and —S the same manifold with reversed orientation.
Then there exists a natural isometric isomorphism

P_g~Pg.

(i) Let X be a compact oriented two-dimensional manifold with boundary, and —X
the same manifold with reversed orientation. Then for any £: ¥ — SU(2),

WZ_5(§) =-WZx(§).

Property (i) of Proposition 3.20 is a direct consequence of the construction of the
space Ls. Property (ii) follows from Definition 3.19 under the isometry described
in (i).

Remark 3.21 (central extension of the loop group) Definition 3.19 will be mainly
applied to two-dimensional manifolds ¥ such that 9% ~ S!. In this case we will
write Lg1 instead of £3x. The set Map(S!, SU(2)) endowed with the pointwise
multiplication is known as the loop group of SU(2) [43], and will be denoted here
by Loopgyy(z)- The total space S(¥£g1) of the principal U (1)-bundle (also known as
circle bundle) associated to £g1 inherits a group structure from the product of fibers
(3-9). This gives rise to a central extension of Loopgyy(2).

1— U(l) — S(ggl) d LOOPSU(Z) — 1.

Let &9: ¥ — SU(2) be the constant map with value the identity matrix 12 € SU(2).
By definition of the product of fibers (3-9) one has that [£g, e2""VZ=p (SO"'EO)] acts
as the unit of the group S(£g1). Therefore, by invoking Definition 3.19 one obtains
that e27V2=(0) € L provides the unit of the central extension S(%g1). For a more
complete description of this central extension the reader is referred to [15; 35; 43].

The link between Definitions 3.16 and 3.19 is provided by the following result.

Proposition 3.22 (gluing property) Let X be a compact oriented two-dimensional
manifold without boundary. Assume that ¥ can be cut along an embedded circle S to
get two compact oriented two-dimensional manifolds X1 and ¥, such that 0% ~ —st
and 0¥, ~ S! in such a way that ¥ = %1 U X,. Then for any £: ¥ — SU(2),

(3-10) el2TWZs(§) _ (ei27rW221 (Elzl); ei2nW222(§|21))’

where (-;-) denotes the contraction between

el27TWZx (Elx) ¢ g1 and el2mW2z; (Elxy) ¢ ggl-
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Equation (3-10) can be reformulated in the suggestive formula
WZs(§) = WZXM (§|E1) - WZZz(HEz) mod Z.
A proof of a generalized version of Proposition 3.22 can be found in [35, Section 1.3].

Although simplified, the version of the gluing property described in Proposition 3.22
is sufficient for the purposes of this work. Indeed, the gluing property will be mainly
applied to the situation described below.

Remark 3.23 Let 3; and X5 be compact oriented two-dimensional manifolds without
boundary. Assume that an embedded disk D can be cut out from both the manifolds in
such a way that X1 = Z’l UD and ¥y = 2/2 LI D where E’l and 2’2 are two-dimensional
manifolds with boundaries 0% ~ ¥, ~ —dD ~ —S!. Let £: ¥; — SU(2) and
&> : 35 — SU(2) be two maps such that &1 |p = &> |p and both &; and &, have constant
value 12 on a neighborhood of X} C X1 and X}, C X, respectively. Under this
setting it holds that

(3-11) WZz,(§1) =WZx,(§2) mod Z.

2T Wz 2T Wz : .
In fact both e Z=; 1l=1) L&, and o2 Goler) &g, describe the unit of

the central extension S(£g1) as discussed in Remark 3.21. Therefore,

S2TWEs Gl eiZnWZzg(Ezlzg)’ e2TWED(E1lp) _ (i2nWZp (E2lp),

where the second equality follows from the assumption &1|p = & |p. By applying the
gluing property (3-10) one gets /27221 1) = ¢i27W 25, (82) which justifies (3-11).

3.6 Classification via Wess—Zumino term in dimension two

In this section the description of rank 2 Q-bundles over an oriented two-dimensional
FKMM-manifold (X, t) obtained in Sections 2.6 and 2.7 will be combined with the
theory of the Wess—Zumino term described in Sections 3.4 and 3.5 in order to prove
that the Wess—Zumino term completely classifies Vec%2 (%, 7).

The following three preliminary results are needed.
Lemma 3.24 Let (X, t) be an oriented two-dimensional FKMM-manifold in the sense
of Definition 1.1. Let Map(X, SU(2))z, be the set of equivariant maps described by

(2-10) and [X,SU(2)]z, be the set of equivalence classes under the Z—homotopy
equivalence. Then:
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(i) The exponentiated Wess—Zumino term of § € Map(X,SU (2))z, takes values
in Z», so one gets a map

e2"WZ=: Map(Z,SU(2))z, — Zo2.
(ii) The map above is invariant under Z,—homotopy, and hence induces a map

e?™WZx (2, SU2)]z, — Za.

Proof (i) For every £ € Map(X,SU(2))z, the quantity WZx(§) € R/Z is de-
fined according to Definition 3.16. Since £ satisfies T*§ = £~!, the diffeo-invariance
(functoriality) of the Wess—Zumino term [15] implies

WZs5(E) =WZs(t*E) = W2z (E).

From the relation {~1d¢ = —¢d¢™!, valid for generic maps with values in SU(2),
it follows that Tr(¢~1d¢)" = (—1)" Tr(¢d¢~1)*. The application of this identity to
the Wess—Zumino term implies WZx(§7!) = =W 2Zx(£). In conclusion, one obtains
that WZx(§) = - WZx(£) modulo Z, ie 2WZx(§) € {0, 1}. This proves that the
exponential map in (i) takes values in Z5.

@Gi) If é: 3 x[0,1] = SU(2) is a Z,-homotopy, then the map
0,115 1> WZzElsxy) € R/Z

is continuous. Hence, the value of the exponential e?"™"VZ= (§| Sx{r}) Must be constant
for all ¢ in view of the discreteness of the target space. This concludes the proof. O

Lemma 3.25 Let (X, t) be an oriented two-dimensional FKMM-manifold in the sense
of Definition 1.1. For each € € Map(X°®, {£1}) there exists & € Map(X,SU(2))z,

such that @, (&) = € and
eiZJTWZz(Eg) — H(G),

where I1 is the product sign map defined by (2-7).

Proof The proof of Lemma 2.17 contains the recipe to construct a map
e € Map(Z,SU(2))z,

for each € e Map(X7, {£1}) such that O, (&) =e€. Let X% = {x1, ..., x5} be alabeling
for the fixed point set. Let €; € Map(X®, {£1}) be defined by €; (x;) = 1—2§;;. Let
& = & be the element in Map(X,SU(2))z, such that ®,(§;) = ¢;. Note that §;
takes the value 12 outside the disk D;. It follows that &1, ..., &, commute pointwise,
and the pointwise product of the &; is in Map(X, SU(2))z,. Then, by construction,
each & can be expressed as the pointwise product of a certain number of &;. Let us
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assume that §¢ = &, ---&;, . Since the supports of the differential forms & Ldg; are
pairwise disjoint, the Polyakov—Wiegmann formula (see Lemma 3.17) provides

WZs(e) =WZ2s(&i) +---+WZx(§;,) mod Z.

The next task is to evaluate the generic term WZx(&;). For that, the construction in
Remark 3.23 will be applied. Given x; € X7, consider a small disk D; C X such that
7(D;) = D; and x; € D; is the only fixed point. The restriction &; | p, has by construction
the following property: &;|p,; (x;) = —1¢2 and & |p,; (x) = +1¢2 if x € dD;. By an
equivariant diffeomorphism, D; can be identified with the closed unit disk D C C
endowed with the involution z — —z and the map &;|p, can be identified with the
map &p described in the proof of Lemma 2.17. By gluing two copies D and D’ of the
same disk along the common boundary S! one obtains that D LI D’ is identifiable with
the equivariant sphere S? with involution (kg, k1, k2) — (ko, —k1, —k2) which fixes
only the two poles (£1, 0,0). Consequently, given the constant map &p: D' — 12,
one has that the map ép U &p: D LU D’ — SU(2) can be identified with the equivariant
map y:S? — SU(2) such that y(%1,0,0) = +1¢2. Since the conditions described
in Remark 3.23 are met, one has that

WZs(&)=WZg(x) mod Z.

A possible realization for y is

k —k1+ik
(3-12) x(ko,kl,kz)=( 0 ! 12).

k1 + ik, ko
Recall that [S?, U(1)]z, ~ H,(S?, Z(1)) [23, Proposition A.2] and
Hy (S*.Z(1)) ~ Hy (*.Z(1)) ® Hy) (x. Z(1)) ~ Hy (%, Z(1)) ~ Z

by [7, Lemma 5.6]. Since Héz(*, Z(1)) =[x, U(1)]z,., it follows that [S2, U(1)]z, is
represented by constant maps. Then the bijection [S2, SU(2)]z,/[S%, U(1)]z, >~ Z»
obtained from Proposition 2.18 assures that, up to a Z,—homotopy if necessary, one can
always choose the equivariant map y as given in (3-12). The computation of WZg2(y)
with y given by (3-12) is as follows: Consider the map 7: S® — SU(2) defined by
ko +iks —kq +ik,

ki+iky ko—iksz )’

Let 83 :={k € S3 | k3 = 0} be the upper hemisphere. Then dS3 ~ S? and X|a§3 =J.
Since S3 is just a half-sphere, one gets by a direct computation that

—1 ] 4~
WZs2()) = 18.2 /83 Tr(f~'dy)® = 5-
+
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As a consequence, e27WZx(E) = (i27WZ2(0) — _ and

Gi2TWEs(E) _ 1_[ (=1) = I(e). U

Xi Xi

120 k

Lemma 3.26 Let (X, t) be an oriented two-dimensional FKMM-manifold in the
sense of Definition 1.1. The Wess—Zumino term induces a well-defined map

e2™VEE[2,SU@)z,/[2, U]z, — Z2.

Proof The claim is proved if one can show that for any § € Map(X, SU(2))z, and
¢ € Map(x,U(1))z,, it holds that ei2ZTWZs () — (i2nWZs(E) where

(00 0)

Lete:=®,(§) and €’ := &, (§'). Associated with the maps €, ¢’ € Map(X7, Z5) one can
construct the associated maps &, £ € Map(Z, SU(2))z, according to Lemma 3.25.
Lemma 2.17 assures that £ and & are Z,—homotopy equivalent to £ and &/, respectively.
Thus,

eiZJIWZz;({-') — eiZJTWZz;(Ee) — H(E) — H(CDK (%—))

and similarly e'?” WwzsE) = IT(®, (¢)). Since Proposition 2.18 assures that @, (§) =
D (€), it follows that e27WZs(E) — (i2TWZs(E) |

We are now in position to prove the first main result of this work.

Proof of Theorem 1.2 The case m = 1 will be treated first. In view of the bi-
jection proved in Theorem 2.13 and the resulting equality (2-18), it is enough to
show that e2""2= = 1 o ®, maps from [Z,SU(2)]z,/[Z,U(1)]z, into Z,. By
Proposition 2.18 and Theorem 2.11, IT o ®, is a bijection. Thus, it is enough to prove
the equality e2""V2= = T o &, on Map(Z, SU(2))z,. However, this is clear from
Lemma 3.25. The generalization to the case of Q—bundles of rank 2m follows by using
the arguments in Remark 2.16. O

3.7 C(lassification via Chern—-Simons invariant in dimension three

The main aim of this section is to provide the proof of Theorem 1.3. This proof is
facilitated by a particular presentation of principal Q-bundles over (X, 7). Suppose
that X© = {x1, ..., x,} consists of n points. Thanks to the slice theorem [27, Chapter I,
Section 3], for each i = 1,...,n one can find a closed T—invariant disk D; centered
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at x; such that D; N D; = @ for i # j and each D; is equivariantly homotopic to the

standard unit disk in R3 with antipodal involution 7(x) = —x. Define
Xp:= || Di. X':=X\Int(Xp),
i=1,...,n

so that X = XU Xp. Given any map ¢ : X’ N Xp — U(2) one can glue together the
product bundles over X’ and Xp to form a principal U(2)-bundle over X,

(3-14) Py = (X' xU(2) Uy (Xp x U(2)).

Assume that ¢ € Map(X' N Xp, U(2))z,; namely, ¢ is equivariant with respect to the
involution t*¢ = —Q¢@Q. Then the principal U (2)-bundle P, gives rise to a principal
O-bundle.

Lemma 3.27 Assume that the hypotheses of Theorem 1.3 are met. Any principal
U(2) Q-bundle (%, @) over (X, t) is isomorphic to a principal U(2) Q—-bundle P,
of the type (3-14) for a map ¢ € Map(X' N Xp, U(2))z, which satisfies the following
property: Let ¢; := ¢|p, be the restriction of ¢ on the boundary dD; ~ S? of the disk
D; foreveryi = 1,...,n. Then, either ¢; is equivariantly homotopic to the equivariant
map ¢« : S? — U(2) defined by

X1 —X2 + iX3)

X1,X2,Xx3) =1 .
@*(1 2 3) ()C2+IX3 x1

where S? is a Z,—space with the antipodal involution, or ¢; is the constant map at
]1@2 € U(2)

Proof Since each connected component D; of Xp is equivariantly contractible, the
principal Q-bundle ?|x, is trivial. By construction, the involution on X' is free; thus
P|x- is trivial as well. This fact follows from [10, Theorem 4.7(2)] along with the
assumption H éz (X, Z(1)) = 0 which implies the triviality of even rank Q—bundles
over spaces with free involutions. The passage from vector bundles to principal bundles
is then justified by the isomorphism (3-1). Let sx, and sx- be global sections (ie
trivializations) of P|x,, and P |y, respectively. From these sections one gets the map
¢: X'N Xp — U(2) defined by the restriction on X’ N Xp of the (pointwise) product
s)}Ll) sy’. The map ¢ is equivariant by construction and defines the principal Q—bundle
P, as given in (3-14). The isomorphism % >~ P, is a manifestation of the fact that
% and P, have the same system of transition functions. By the homotopy property
of Q-bundles, the Q—isomorphism class of %, only depends on the Z;-homotopy
class of . By [8, Corollary 4.1] one has [S2, U(2)]z, =~ Z», meaning that every
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equivariant map from the sphere S? with the antipodal involution into the space U (2)
with involution g = —Q g Q is Z,-homotopy equivalent to the constant map at 12
or to the map g«. Since X’ N Xp is a disjoint union of antipodal spheres, the map ¢
restricted to each disconnected component can be equivariantly deformed to one of
these two maps. O

Remark 3.28 Lemma 3.27 deserves two comments. First of all it is worth noticing
that the map ¢ constructed in the proof of the lemma can be always deformed to a
smooth map providing in this way a smooth principal Q—bundle %, which represents %
in the smooth category. This is a manifestation of the equivalence between continuous
and smooth category discussed in [9, Theorem 2.1]. The second observation refers
to the content of Remark 2.16. In fact in view of the stable rank condition described
in Theorem 2.5 one has that the representation (3-14) must be valid also for principal
U(2m) Q-bundle. In the higher rank case the isomorphism reads

(3-15) P~ P, = (X xUQm)) Uy (Xp x U(2m)).

where the equivariant map ¢’: X' N Xp — U(2m) factors as

(9 0
¢ = (0 ]l(cz(m—l))

and the map ¢: X’ N Xp — U(2) in the upper-left corner satisfies the properties of
Lemma 3.27.

In view of the Lemma 3.27 one can assume that % has been of the form (3-14) since
the beginning. With this presentation in hand, the next task is to compute the FKMM-
invariant of %. As a preliminary fact, let us recall that the FKMM-—invariant of a
principal Q-bundle (%, @) is defined as the FKMM-—invariant of the associated Q—
bundle (€, ®); see Definition 3.4. The FKMM-invariant measures the difference of
two trivializations of the sphere bundle of det(€)|x-. This is the same as measuring
the difference of two trivializations of det(%)|x~.

Lemma 3.29 Assume that the hypotheses of Theorem 1.3 are met. Let (%, @) be
a principal U(2) Q-bundle and ¢ € Map(X’' N Xp,U(2))z, the equivariant map
which represents the principal Q —bundle according to Lemma 3.27. Then the FKMM-—
invariant of (%, @) is represented by the function ¢ := det(¢)|x<. More precisely, one
has that

(@, 0) = [¢] € Map(X ", {£1})/[X, U(1)]z,.
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Proof Starting from the representation (3-14), one has that
det(?) = (X' xU(1)) Udet(p) (Xp x U(1)).

From this expression one infers that the canonical invariant section s @.0) of det(P)|x+
is given by

50.6) = (x,1) € X* xU(1) C det(P),

while a global invariant section s of det(?) is given by
(x,ux/(x)) ifx € X/,
s(x) = .
(x,up(x)) ifxe Xp,
where uy/: X’ — U(1) and up: Xp — U(1) are two equivariant maps satisfying
uy = up -det(p) on X’ N Xp. Accordingly, it follows from Lemma 3.27 that
det(¢;): X’ N D; — U(1) is a constant map at 1 or —1, where ¢; := ¢|p,. Therefore,
one can choose ux- to be the constant map at 1 and up to be the locally constant map
such that up|p, = £1 if det(¢;) = £1. Then, it follows that the FKMM-invariant is
represented by up |y« = det(¢)|x-. m|

The next goal is to compute the Chern—Simons invariant of (%, @). Let sx- and sy,
be the invariant sections of ?|y, = X’ x U(2) and ?|x,, = Xp x U(2) defined by

sy (x) = (x,1¢2) if x € X/,
(3-16) o
Sxp(x) =(x,1¢c2) if x € Xp,
respectively. Then, any section s of %P is described as
sy )Yy ()7 = (x, yx ()7 ifx e X,
SXp (X)WD(X)_l = (x, WD(X)_I) if x € Xp,
for a pair of maps ¥x/: X’ — U(2) and ¥p: Xp — U(2) such that yx = ¥pe on
X’ N Xp. The maps ¥y’ and ¥p can be chosen smooth in such a way that the section

(3-17) s(x) =

s is smooth as well. Moreover, the choice of ¥y, and Y¥'p can be further specified in
view of the following result:

Lemma 3.30 The smooth maps Y¥x and ¥p in (3-17) can be chosen such that
Yp = L2 is the constant map.

Proof By construction, ¥x- = ¥pe on X' N Xp. Thus, the proof of the claim
reduces to the problem of extending ¢: X’ — U(2) to a smooth map ¢: X' — U(2)
such that ¢|gx, = ¢. Indeed, given such a ¢, the proof can be completed by setting
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¥p = L2 and Yy = ¢. To prove the existence of ¢, notice that the three-manifold
X’ admits a CW decomposition in which the dimension of each cell is at most 3.
The homotopy groups 7; (U (2)) are trivial for i =0, 2. The map det: U(2) — U(1)
induces an isomorphism 771 (U (2)) >~ 71 (U (1)) >~ Z. Since det(¢) is nullhomotopic
by construction, one concludes that ¢ extends to a continuous map ¢’: X' — U(2).
However, the isomorphism between continuous category and smooth category ensures
the existence of a smooth map ¢: X’ — U (2), approximating the continuous map ¢/,
that satisfies ¢|yx’ = ¢. m|

Given an invariant connection w on (%, @), one sets

Wy = Syw,  Wxp =Sy, @
The two local expressions are related by
(3-18) wx =9 loxp,e+¢ g
The following result contains the key computation for the proof of Theorem 1.3.
Lemma 3.31 Assume that the hypotheses of Theorem 1.3 are met. Let (P, (:)) be a
principal U(2) Q-bundle and ¢ € Map(X’' N Xp, U(2))z, the equivariant map which

represents the principal Q —bundle according to Lemma 3.27. Then the Chern—Simons
invariant of (%P, @) is given by

cs(P, @) =W2Zsx, () + Lz/‘ Tr(wx, Adee™') mod Z,
8 AXp

where wy,, is defined by (3-18) from any invariant connection .

Proof Let us start with an observation. By construction, ¢ = |_|i=1,...,n ¢; and each
det(p;):dD; — U (1) is constant at £1. Hence, det(¢) is nullhomotopic and WZyp (¢)
makes sense. Now, the computation. Given the section described in (3-17), one has

that
Ls*CS(w) :/)('S*CS(CU)+/)(D s*CS(w)

= [ (SX/w)?/l)*CS(C()) + / (Sxp wl;l)*CS(a)).
X’ Xp
With the help of formula (3-7) one has that
(sx¥x))*CS(w)

= 55.05() + 51 ! L dTr(s 0 A vdyigh) — 52 Tr(Wodyp ).

242
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Since
/ sx/CS(w) :/ CS(wx) =0,
X’ X’
in view of Proposition 3.12(iii) one gets

_ 1 _ _
/X /(SX/WX,I)*CS((U) =<3 /X / dTr(wX//\de/wX,l)+W23X/(1pX,1|3X/) mod Z,

where Definition 3.16 has been used. With a similar computation one gets also

/ (52, V51" CS (@)
Xp

1 _ _
= ’772 /X dTr(wXD /\dl/waDl) +WZhx, (lelaXD) mod Z
D

and, after putting all the pieces together, one obtains

* 1 -1 1 -1
= — T / ’ ; — T
[ ses@ = g || amox ndpevh + g [ dex, ndyois)

+WZax (U lax) + W2sx, ¥p'lax,) mod Z.

Notice that the orientation on dX’ = X’ N Xp induced from X is opposite to that
on dXp. Therefore, modulo Z, one gets the equality

WZax (Y !lax:)
= —WZax, ((¥Dlax, ) ")
1

= -WZax, (@) —WZax, ¥pl3x,) — 32 / Tr(pdg ™' Adyp YD),
= Joxp
which is justified by the relation ¥x, = ¥pg on 0X’ = dXp and by the use of the

Polyakov—Wiegmann formula proved in Lemma 3.17. The local relation between x-
and yp also implies

Tr(wx’ Adyx ¥gh) = Tr(ox, AYp dyp +ox, Adee™! +dpe™ ! Ayp'dyp).
Summarizing, one finally gets

/ s*CS(w) = —WZyx,, (e H+ Lz/ dTr(wx, Adpe™!) mod Z.
X 8 Xp

The proof is completed by the general equality WZjx,, (e =-Wz, X, (¢) and the
use of Definition 3.14. |

We are now in position to provide the proof of the second main result of this work.
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Proof of Theorem 1.3 Let us choose the maps Yy’ and ¥p as in Lemma 3.30. Then
wxp = sy, ® = (sYp)*® = 0, since Yp is constant. Thus, from the formula in
Lemma 3.31 and the definition of the map ¢, one gets

n
¢s(P.0) =WZyx, () = Y WZyp,(p;) mod Z.
i=1
It holds that WZjp, (¢;) = 1 when ¢; = I¢2 (obvious!) and WZjp, (¢;) = % when
@; is homotopic to the map ¢s in Lemma 3.27. The proof of the latter equality is
contained in the proof of Lemma 3.25. In fact the map ¢x coincides with the map
(3-12) and a possible extension @, on the upper hemisphere of S can be realized by
the prescription (3-13). In conclusion, one obtains that

eizﬂtﬁ(@:@) = H(det((p) |XT)

The proof is finally completed by the result in Lemma 3.29. a
Theorem 1.3 has a surprising consequence.

Corollary 3.32 Under the assumptions in Theorem 1.3, the homomorphism
IT: Map(X*, {£1})/[X. U(D)]z, —> Z>

induced by the product sign map (2-7) is well defined.

Proof One needs to shows that the homomorphism IT: Map(X®, {+1}) — Z, given
by the product sign map satisfies I1(¢py|x+) = I1(¢p) for any map ¢p: X* — Z, and any
equivariant map ¥ : X — U(1). Consider the principal U(2) Q-bundle %, generated
according to (3-14) where the map ¢ is related to ¢ as follows: ¢ is the constant
map at 1¢2 on the disk D; if ¢(x;) = 1 or ¢ agrees with ¢4 on the boundary of D;
if ¢(x;) = —1. By construction the map ¢ provides a representative of the FKMM-
invariant of ?,; see Lemma 3.27. In a similar way the map ¢’ := ¢ represents the
FKMM-invariant of an associated principal U(2) Q-bundle ?,. Since ¢ and ¢’ belong
to the same class in Map(X®, {£1})/[X, U(1)]z, it follows that %, and P, have the
same FKMM-invariant. However, under the hypotheses of Theorem 1.3 the FKMM-
invariant is an isomorphism (Proposition 2.10); hence P, and % are isomorphic. By
the naturality of the Chern—Simons invariant, c¢s(%, @90) = 5(Py, @(pr). The proof
of the claim then follows in view of formula (1-6). O
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Detecting isomorphisms in the homotopy category

KEVIN ARLIN
J DANIEL CHRISTENSEN

We show that no generalization of Whitehead’s theorem holds for unpointed spaces.
More precisely, we show that the homotopy category of unpointed spaces admits no
set of objects jointly reflecting isomorphisms. We give an explicit counterexample
involving infinite symmetric groups. In contrast, we prove that the spheres do jointly
reflect equivalences in the homotopy 2—category of spaces. We also show that
homotopy colimits of transfinite sequential diagrams of spaces are not generally weak
colimits in the homotopy category, and furthermore exhibit such a diagram with the
property that none of its weak colimits is privileged, which means, roughly, that
it sees the spheres as compact objects. The nonexistence of a set jointly reflecting
isomorphisms in the homotopy category was originally claimed by Heller, but our
results on weak colimits show that his argument had an inescapable gap, leading to
the need for the new proof given here.

18A30, 55P65, 55U35

1 Introduction

Let Hot denote the homotopy category of spaces, and let Hot, . denote the homotopy
category of pointed, connected spaces. Whitehead’s theorem says that, in Hot. ., the
set of spheres jointly reflects isomorphisms. One is naturally led to wonder whether
there is a set of spaces in Hot which jointly reflects isomorphisms.

Brown [1] proved that a functor Hot?,f:c — Set is representable if and only if it is half-
exact, in the sense that it sends coproducts and weak pushouts in Hoty . to products
and weak pullbacks in Set. Heller [4] proved an abstract representability theorem: if
C is a category with coproducts and weak pushouts and C contains a “bounded” set G
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of objects that jointly reflects isomorphisms (see Definition 1.1 below), then a functor
C°P — Set is representable if and only if it is half-exact. Heller also gave an example of
a half-exact functor Hot°® — Set which is not representable. He then claimed without
proof [4, Proposition 1.2] that every set of spaces in Hot is bounded, and concluded [4,
Corollary 2.3] that no set of spaces jointly reflects isomorphisms in Hot.

We show that it is not true that every set of spaces is bounded, reopening the question
of whether there is a set of spaces that jointly reflects isomorphisms in Hot. We thus
also give an independent proof that no set of spaces jointly reflects isomorphisms.

We now give the definitions needed in order to precisely state our results.

Definition 1.1 Let C be any category and let G C C be a set of objects.

(1) We say that G jointly reflects isomorphisms if a morphism f: X — Y in C is an
isomorphism whenever C (S, f): C (S, X) — C(S,Y) is a bijection for every
Seg!

(2) A weak colimit of a diagram D : I — C is a cocone through which every cocone
factors, not necessarily uniquely.

(3) A cocone W of D: I — C is G—privileged if the canonical map
coli;nC(S, D(a)) > C(S, W)
oe

is a bijection for every S € G.

(4) For an ordinal 8, we say that G is f—bounded if every diagram D: f — C has a
G—privileged weak colimit.

(5) We say that G is left cardinally bounded, or just bounded, if it is f—bounded for
each sufficiently large regular cardinal §.

We use the word “set” to mean what is sometimes called a “small set”, i.e. an object of
the category Set. All of our ordinals and cardinals are “small”. We regard a cardinal as
an ordinal which is least in its cardinality class. The cofinality of an ordinal « is the
smallest ordinal that is the order type of a cofinal subset of «. A cardinal is regular if
it is equal to its cofinality.

As mentioned above, Hot denotes the homotopy category of spaces, by which we
mean the localization of the category of spaces at the weak homotopy equivalences, or,
equivalently, the category whose objects are CW—complexes and whose morphisms are

1Other terminology is in use, such as “G is a set of (weak) generators™ or “the functors C (S, —) are jointly
conservative”. Heller says that “G is left adequate”.
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homotopy classes of continuous maps. It is well known that every small diagram in
Hot has a weak colimit, and that weak colimits are not unique.

We can now state our main results more precisely. First we give the result that shows
that [4, Proposition 1.2] is false:

Theorem 3.1 The set G = {S" | n > 0} of spheres in Hot is not k—bounded for any
ordinal k of uncountable cofinality. That is, for each such «, there exists a diagram
D : k — Hot that admits no G—privileged weak colimit.

Note that Theorem 3.1 applies to all uncountable regular cardinals, showing that the
set of spheres is not left cardinally bounded. By adding one more space to the set, we
can remove the uncountability assumption:

Corollary 3.2 Let T denote a countably infinite, discrete space. Then the set
{S™ | n >0} U{T} is not k—bounded in Hot for any limit ordinal «.

The proof of Theorem 3.1 is somewhat involved and forms the bulk of the paper. We first
show that it is sufficient to find a counterexample in the homotopy category HoGpd of
groupoids. Then, given « as in the statement, we consider the diagram D : k — HoGpd
sending o to the free group on 2 + o generators. We make use of the theory of graphs
of groups (see Serre [7]) and the associated fundamental groupoid (see Higgins [5]) in
order to construct a sufficiently pathological cocone D — Z, which we use to show that
D admits no G’—privileged weak colimit, where G’ = { BZ}. This involves a detailed
understanding of the morphisms in Z and how they are expressed as words in the given
generators. It follows that the diagram « — Hot sending o to the wedge of « circles
has no G—privileged weak colimit, where G is as in the statement of Theorem 3.1.

Heller’s argument for his claim [4, Proposition 1.2] that any set G of objects in Hot
is bounded was to take the cocone W to be the homotopy colimit, i.e. a generalized
telescope. Since such homotopy colimits are G—privileged, our result above implies that
they are not, in general, even weak colimits in Hot. This is in contrast to the situation
for telescopes of sequences indexed by w, and for other homotopy colimits of diagrams
indexed by freely generated categories. In the introduction to [2], Franke suggests using
a Bousfield—Kan spectral sequence to show that Heller’s claim is false, by comparing
weak colimits to homotopy colimits, but we were unable to find an example in which
we could prove that a certain differential was nonzero.

In the homotopy category of pointed, connected spaces, the set of spheres jointly
reflects isomorphisms — this is the classical form of Whitehead’s theorem. However,
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we conjecture that the set of spheres is not bounded in Hoty .. If this is true, it
means that Heller’s abstract representability theorem, as stated, does not imply Brown’s
representability theorem. That said, Heller’s argument only requires a set of objects that
jointly reflects isomorphisms and is f—bounded for some regular cardinal 8. Thus, since
the set of spheres is 8o—bounded, the proof of Heller’s theorem goes through in Hoty ..

Next we state the result that shows that the statement of [4, Corollary 2.3] is nevertheless
correct:

Theorem 2.1 The category Hot contains no set G of spaces that jointly reflects
isomorphisms. That is, there exists no set G of spaces such that, if f: X — Y is a map
of spaces and fi: Hot(S, X) — Hot(S, Y) is a bijection for every S € G, then f is an
isomorphism in Hot.

This second result is easier to prove, and so we prove it first, in Section 2. Our method
is a generalization of Proposition 4.1 of Matumoto, Minami and Sugawara [6], which
gives a “phantom homotopy equivalence”, that is, a map in Hot which, while not
an isomorphism, is seen as one by all finite complexes. Our proof also shows that
there is no set of connected spaces that jointly reflects isomorphisms in the homotopy
category of connected spaces. Moreover, Theorem 2.1 implies similar results in other
settings. For example, since Hot is a reflective subcategory of the homotopy category
of (00, 1)—categories, it follows that there is no set of (oo, 1)—categories that jointly
reflects isomorphisms in that category.

Since the (oo, 1)—category S of spaces certainly contains a set of objects jointly re-
flecting equivalences — namely the set whose only element is the one-point space —
while its 1—categorical truncation Hot does not, one might ask which behaviours the
n—categorical truncations of S exhibit for larger values of n. In fact, we show in
Theorem 4.3 that, in the 2—category Hot of spaces, morphisms and homotopy classes
of homotopies between them, the set of spheres does jointly reflect equivalences,
which is the natural generalization of joint reflection of isomorphisms to 2—category
theory. Intuitively, the reason for the divergent behaviour of Hot and Hot is that the
2—morphisms of Hot retain the information about based homotopies that is lost in Hot.

Acknowledgments Arlin would like to thank George Raptis for suggesting an argu-
ment that the spheres should generate Hot, simpler than that originally given for the
tori. Both authors thank the referee for many valuable comments that helped to improve
the paper, including the citation to [6] that now does the bulk of the work in Section 4.
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2 Hot admits no set that jointly reflects isomorphisms

We make the following definitions. For an ordinal o, write X, for the group of all
bijections of the set «, ignoring order. When 8 < «, there is a natural inclusion
Y g <> Xg, and we define X, to be the union of the images of X g for all B < a. We
typically consider ¢, when « is a cardinal, considered as the smallest ordinal with that
cardinality, and we call the elements of X, essentially constant permutations.

Theorem 2.1 The category Hot contains no set G of spaces that jointly reflects
isomorphisms. (See Definition 1.1.)

Proof Let G be a set of spaces and let « be a regular cardinal larger than the cardinality
of m1(S, sg) for each S € G and each 5o € S. We must constructamap f: X — Y
which is not a homotopy equivalence but which induces bijections on homotopy classes
of maps from spaces in G.

Our example will be Bs: BX;, — BX;,, where s: X, — X, is the shift homomorphism

iven b
glven by o) +1 ity =y +1,

(s0)(y) = if y is a limit ordinal,
for o € X¢. (Here and in what follows, if y is a successor ordinal, we write y’ for its
predecessor.) We must check that so € X,. First, it is essentially constant: if 8 <«
and o fixes each y > B, then, for y > 8, we have (sa)(y) = y if y is a limit ordinal,
and (so)(y) =o(y))+1=y" 4+ 1=y if y is a successor. Next, we see that s is a
homomorphism: s(o7) and (so)(st) both fix all limit ordinals, while for successors

we have

o)D) =0a([t(y)+1]) +1=0t(y) +1=s(07)(p),
as desired. It follows that so is a bijection, with inverse s(o™!).

Let H be a group with classifying space BH and let X be a connected space. If Gp
denotes the category of groups, recall that Hot(X, BH ) is isomorphic to Gp(r1(X), H)
modulo conjugation by elements of H. (See for example [8, Corollary V.4.4].) In
particular, we have a natural isomorphism Hot(X, BH) = Hot(Bm(X), BH). It also
follows that, for groups G and H, Hot(BG, BH) is isomorphic to Gp(G, H) modulo
conjugation by elements of H, and that an element of Hot(BG, BH) is a homotopy
equivalence if and only if it is represented by an isomorphism.

Note that s is not surjective, since so always preserves limit ordinals. Therefore,
Bs: BYX; — BXy, is not a homotopy equivalence. However, we will show that it
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induces an isomorphism on G. First observe that it suffices to prove this for connected
components of spaces in G. It follows that it is enough to prove this for spaces of the
form BG, where G is a group of cardinality less than «.

Any map BG — BX, arises from a homomorphism ¢: G — X, well defined up to

conjugation. Since « is regular, there is a limit ordinal 8 < « such that ¢(g) € X g for

every g € G. We claim that s o ¢ is conjugate to ¢ by an element v € X, defined by
y/ if y < B is a successor ordinal,

B+y ify<pisa limit ordinal,

y+1 iff<y<p+5,

y otherwise.

(y) =

It is straightforward to check that 7 is a permutation, and it clearly fixes ordinals greater
than or equal to 8 + B8, which is less than «. For g € G, let ¢ = ¢(g). Then, noting
that 77! (y) = y + 1 for any y < B, we have

o)) if y < B is a successor ordinal,
_1 . . . . .
_ ' (0(B+y)) ify < B isalimitordinal,
o) =4 _, :
T (o(y+1) iff=y<p+p,
™ (o(y)) otherwise,
o (y')) if y < B is a successor ordinal,
)M B+y) if y < B is a limit ordinal,
ly+1) ifpsy<B+B,
(y) otherwise,
o(y)+1 if y < B is a successor ordinal,
)y if y < B is a limit ordinal,
Y ifg<y<B+84,
y otherwise,
=s(0)(¥).

We have used that, if y > 8, then o(y) = y, and the consequence that, if y < f, then
o(y) <B.

In summary, we have shown that Bs induces the identity on Hot(S, B X)) for every
S € G, proving the claim. |

Remark 2.2 Since the map Bs: BXg, — B X, used in the proof has connected domain
and codomain, it follows that there is no set of connected spaces that jointly reflects
isomorphisms in the homotopy category of connected spaces.
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We explain the origin of the maps s and 7. Morally, s is conjugation by the successor
operation on ordinals, with limit ordinals handled specially. The map t implements
this by “making room” for the relevant limit ordinals in a range outside of the support
of a particular permutation o. In fact, if we denote the map t above by 74, then s itself
is conjugation by 7, in X, for a regular cardinal y > o.

Remark 2.3 The referee pointed out an alternative proof of Theorem 2.1, which
makes use of the techniques employed in [4, Lemma 2.2], namely the use of HNN
extensions. It also involves a map between classifying spaces, but is less explicit. In
addition, the referee and N Kuhn pointed out that the case when o = @ was proved in
[6, Proposition 4.1], using an approach very similar to ours.

3 The lack of privileged weak colimits

In this section, we give an example showing that Heller’s privileged weak colimits do
not generally exist.

Theorem 3.1 The set G = {S™ | n > 0} of spheres in Hot is not k—bounded for any
ordinal k of uncountable cofinality, e.g. for any uncountable regular cardinal. That is,
for each such k, there exists a diagram D : k — Hot that admits no G—privileged weak
colimit.

In particular, D admits no G—privileged weak colimit for any set G containing the
spheres. Note that the set of spheres is Rg—bounded, so we learn that boundedness for
one ordinal does not imply it for ordinals with larger cofinality.

Corollary 3.2 Let T denote a countably infinite, discrete space. Then the set
{S§" | n > 0} U{T} is not k—bounded in Hot for any limit ordinal «.

Proof Since « is a limit ordinal, it has infinite cofinality. If « has uncountable cofinality,
then Theorem 3.1 applies. If x has countable cofinality, then {7} is not k—bounded. O

In Section 3.1, we reduce the problem to finding a counterexample in the homotopy
category of groupoids. In Section 3.2, we recall the theory of graphs of groups, and
prove some general results about the word problem in the fundamental groupoid of a
graph of groups. Finally, in Section 3.3, we give a counterexample in the homotopy
category of groupoids and complete the proof of Theorem 3.1.
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3.1 Reducing from spaces to groupoids

To prove Theorem 3.1 we will work primarily in the homotopy category HoGpd of
groupoids, that is, the category of groupoids and isomorphism classes of functors. It is
well known that the geometric realization of groupoids induces a reflective embedding
B: HoGpd — Hot whose left adjoint is the fundamental groupoid functor IT; and
whose image consists of the 1-types, i.e. those spaces X such that 7, (X, x) = 0 for
every n > 1 and every x € X. This follows from the adjunction between 7r; and the
classifying space functor B that was used in the proof of Theorem 2.1.

Lemma 3.3 Suppose given a diagram D : J — HoGpd, a set G’ of groupoids and a
set G of spaces containing BG' as well as S™ for all n. If D admits no G'—privileged
weak colimit in HoGpd, then B o D : J — Hot admits no G—privileged weak colimit
in Hot.

Proof We prove the contrapositive. Let A: Bo D — X be a G—privileged weak colimit,
with X € Hot. Then, since left adjoints preserve weak colimits, IT;(1): D — 11 X is
a weak colimit. We will show that it is G’—privileged.

First, since A is G—privileged, every map a: S” — X factors through a 1-type BD(j)
for some j. Thus, when n > 1, a is freely homotopic to a constant, which implies
that 7, (X, x) is trivial for all x € X. We conclude that X is a 1-type itself, so that
X >~ B(IT1 X).

Since B is fully faithful, we see that IT{(1): D — I1; X is G'—privileged. Indeed, if
G € G’ then
HoGpd(G, I11 X) = Hot(BG, B(I1; X)) =~ Hot(BG, X)
= colimHot(BG, BD(j)) = colimHoGpd(G, D(j)).
J J

One can show that the composite isomorphism is induced by IT;(A). |

Thus, it suffices to exhibit appropriately pathological diagrams in HoGpd, and then
to upgrade them to Hot. We aim to give a diagram in HoGpd admitting no weak
colimit privileged with respect to the set G’ = {BZ}. Here BZ denotes the groupoid
freely generated by an automorphism, i.e. the groupoid with one object % whose
endomorphism group is the integers. Of course, B(BZ) is homotopy equivalent to S1,
so G in Lemma 3.3 can be taken to be the set of spheres.
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Remark 3.4 For any groupoid G, a functor f: BZ — G corresponds to an object
f(x) of G and an automorphism fi: f(*) — f(*). Furthermore, two such functors
f.g: BZ — G are naturally isomorphic if and only if the automorphisms f. and g
are conjugate in G. In particular, a functor f: BZ — G factors through h: H — G in
HoGpd if and only if f, is conjugate to an automorphism in the image of 4.

3.2 Graphs of groups

To construct our example, we recall the notion of a graph of groups and prove Corollaries
3.7 and 3.8, and Lemma 3.9, which will be used in the next section.

Definition 3.5 A graph of groups I is given by

e agraph, i.e. aset X of vertices, a set ¥ of oriented edges, functions s,7: Y =2 X,
and an involution (—): Y — Y interchanging s and ;

e groups Gy and Gy for x € X and y € Y equipped with monomorphisms
iy : Gy — Gg(y) such that Gy = Gj.

For simplicity, we assume that the groups G, are disjoint. For more on graphs of
groups, see [7, Section 1.5; 3, Section 1.B].

Higgins [5] defined the fundamental groupoid IT;I" of a graph of groups. The groupoid
IT; T is the groupoid on objects X with generating morphisms the elements of the
groups G, endowed with x as domain and codomain, together with the elements of Y
viewed as morphisms y: s(y) — #(y). These generators are subject to the relations
holding in the groups G, as well as new relations

uy(a) = yuy(a)y

1 and we shall use both

for every y and every a € Gy. Note in particular that y = y™
notations. It may aid the intuition to consider IT; I" as the fundamental groupoid of
the space built from [ [y, BGx with cylinders BG, x I glued in for each set {y, y} of

elements of Y related by the involution.

By definition, the groupoid IT;IT" is a quotient of the groupoid K with object set X and
with morphisms freely generated by (]_[ Gx) LT Y, subject to the relations holding in
the groups Gx. A morphism xo — x, in K is given by a word (ay, yn,..., Y1,40),
with y; € Y, s(y1) = X0, t(Vn) = X, and s(y;i+1) = t(y;) =: x; for 1 <i < n, while
ai € Gy, for0<i <n.
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The natural realization functor K — IT1I" will be denoted by |(an, yn, ..., y1,a0)| =
anpoypo---0y1oag. Higgins proved that every morphism of I11T" is uniquely the
image under | - | of a so-called “normal” word. We will not recall this concept, as we
need only Higgins’ corollary regarding the less rigid irreducible words.

A morphism (ap, Yu,...,y1,a0) in K is called reducible if n > 1 and, for some i,
Yi—1 =Yy; and a; 1 € Wy, (Gy,). Otherwise, the morphism is said to be irreducible.
Note that a reducible word can be shortened by the move

(..vai yishy; @i—1). Yisai—2,...) = (...,ai 3, (@i—1)ai—2, ...)

to a word with the same realization. Therefore, every element of I1;I" is the realization
of an irreducible word. We will use a key result of [5]:

Proposition 3.6 [5, Corollary 5] Let w be an irreducible word in K. If |w| is an
identity morphism in 11T, then w = (e), where e is an identity element of some G.

Define the length £(w) of the word w = (an, yu....,y1,a0) to be n. We deduce the
following:

Corollary 3.7 Let I' be a graph of groups and consider a word w in the groupoid K. If
£(w) > 0 and |w| is equal to the realization of a zero-length word, then w is reducible.

Proof Suppose that w = (an, ¥n, ..., ¥1,dap) for n > 0 and that |w| = |(a)| for some
a in some Gy. Let w’ = (an, Yn, ..., y1.aoa" ). Then |w’| is an identity morphism
in I1; T, so, by Proposition 3.6, w’ is reducible. Since reduction occurs at interior
points, w must be reducible as well. |

Corollary 3.8 Given a graph of groups I' and a vertex x, the vertex group G embeds
in the automorphism group of x in the fundamental groupoid T1;T.

Because of this, we regard elements of the vertex groups as elements of the fundamental
groupoid without explicitly naming the inclusion map.

Proof The map sends a € Gy to the realization of the word (a). Since the word (a) is
irreducible, if the realization is an identity in IT;I", Proposition 3.6 tells us that a is
the identity element of G. Therefore, this map is injective. a

We next record some facts about free groups:
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Lemma 3.9 Let A C B be nonabelian free groups, with A free on generators {a; } and
B free on{a;} U {b;}.

(1) Ifb e B and, forall a € A, we have bab™! = a, then b is the identity.

(2) If b € B satisfies hab™! € A for some a € A, then either a is the identity orb € A.

Proof Fix b € B. For part (1), if we take a = a; then the assumption that ba; b~ = a;
shows that an irreducible word for » must have last letter a; or al._1 for every i, which
is absurd since there are at least two i’s.

For part (2), we assume «a is nontrivial and b ¢ A. Factor b as b’b”, where b” € A
while b’ is represented by an irreducible word with rightmost letter some b;. Then
bab™1 =b'a’b’~!, where @’ := b”ab” ! is a nontrivial element of A. The conclusion
now follows from the observation that no reductions are possible in the concatenation
of the irreducible words for #’, a’ and b'~!, since concatenating those words gives no
letter adjacent to its inverse. m|

3.3 A counterexample in the homotopy category of groupoids

We now apply the generalities above to the problem of weak colimits in HoGpd.

We fix for the rest of the paper an ordinal ¥ of uncountable cofinality, and introduce
the main characters in our counterexample. Note that Theorem 3.1 will follow if we
replace k¥ = [0, k) by the interval [2, k), since the two categories are isomorphic. We
use the latter because it allows us to use simple indexing while ensuring that all of the
vertex groups below are nonabelian.

Definition 3.10 Define a graph of groups I with object set [2, k), vertex group G4
free on « generators, edge set { yg :B—a|a#p e[2,k)} and involution yo'l? — yg.
The edge group Gyg is just Gpin(8,a)- The edge morphism 8 Gmin(8,a) = Gp is
the natural inclusion. Let Z = I1;T".

Next, define a diagram D: [2,«x) — HoGpd by letting D(x) = G, with action on
morphisms the natural inclusions, denoted by fo : D(B) — D(a). We have a cocone
A: D — Z with Ay: D(e) — Z the natural inclusion of the vertex group. To see
that these maps do constitute a cocone, we note that yo‘? is the unique component of a

natural isomorphism Ag = A4 o Dg .
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We do not need this fact, but it may provide motivation to the reader to know that Z is
the “standard” weak colimit of the diagram D, defined as the homotopy coequalizer of
the natural diagram

[[p®=][p®.
B

B<a

Critically, we do not have the relations y;f yg = y» in Z which would allow us to lift

A into a cocone in the 2—category of groupoids. We now intend to show that D admits
no privileged weak colimit by, roughly, showing that this failure is unavoidable: no
choice of isomorphisms Ag = Ay o Dg can give A such a lift.

Write Zy for the subgroupoid of Z generated by the edges of the graph. Any morphism
of Zy can be uniquely written as a reduced word in the generators yg. We say that
such a morphism passes through a vertex « if this unique word involves a generator
with source or target «. The identity idy is said to pass through o and no other vertex.

Lemma 3.11 Letu:f — «ainZ andlet 2 <y < min(e, 8). Thenu is in Zy and
does not pass through any vertex less than y if and only if u is the unique component of
a natural isomorphism Ag o D}; = Ay o D} between functors D(y) — Z. Explicitly,
for all a € D(y), we must have D} (a) = uDZ (a)u='inZ.

Proof Suppose that u is in Zy and does not pass through any vertex less than y. It
suffices to show that yg conjugates D}é into D} when y < 8 < «. In this case, I8 is
an identity map, and so the claim follows from the defining relations of Z:

vE DY@k = yEu,p (D}(@)5E = uyp(D}(@) = DE (D} (@) = DY (a).

For the converse, let u be the realization of an irreducible word w = (an, yn, ..., ¥1, o).
We proceed by induction onn. If n =0, thena = 8 and u = |(ao)| € Gg. The assumption
that Dg (a) = uD; (a)u~! shows that u centralizes a nonabelian subgroup of a free
group. By Lemma 3.9(1), we see that u is trivial, as desired. And clearly u does not
pass through a vertex less than y; indeed, it passes through only 8, and § > y.

For the inductive step, assume n > 0. Then s(y1) = B and t(y,) = «. Let t(y1) =6,
and note that § # B. In terms of w, the assumption on u is that the word

w = (an,yn,...,yl,ang(a)aal,yl_l,al_l,...,y,?l,a;l)

has realization D} (a) for every a € Gy. Thus, by Corollary 3.7, w’ is reducible.
Since, by assumption, w is irreducible, any reduction must occur at the central entry.
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So, letting & := min(f8, §), we must have aoDE (a)aa1 € Uy, (Gg) = DE (Gg). In
particular, ang (a)ay le Dz (G¢) for some nonidentity element d in Gppin(y,¢)- SO,
by Lemma 3.9(2), we see that ag € DZ (G¢) € Gg; thatis, ag = Dz (dg) for some
do € Gg. It then follows that D; (@) is in the image of Dg for every a € G,, which
means that y < g, since the inclusions of vertex groups are strict.

The reduction of w at its central entry is

(@n. Yns- - y2.a1D§(@0) Dy (@) Di(ao) 'ar ', vyt az . ay!

Thus, if we define u’: § — « to be |w”|, where w” = (an, yn, ..., y2,a1Dj(do)), then
£(w") < n and u’ conjugates D(’; to D}. By induction, u’ € Zy. Since

u'y1 =anyn -+ y2a1D5(@0)y1 = anyn -+ y2a1y1 D (a0) = u,

u isin Zy as well. Finally, recall that we observed that y <& =min(f, §). By induction,
u’ does not pass through any vertex less than y. So the same is true of u = u’y;. O

Let Zx denote the subgroupoid of Z containing those morphisms in the image of G
for some x. By Corollary 3.8, Zx is isomorphic to the disjoint union of the groups Gy.

Lemma 3.12 Consider a morphism z: o« — « in Z. If there are morphisms u: o« — f3

1

and v:a — y in Z such that uzu™' isin Zx and vzv~—' isin Zy, then z = idy.

Proof Let y = vzv~—!. Note that the inclusion Zy — Z has a retraction r: Z — Zy

defined by sending the generators of each vertex group to identity elements. Since

l'is in Zx, we have that r(uv=Yyvu™1) = r(uv™Y)yr(wv=1)"! is an

1

uv~! yvu~
identity, and so y is an identity. Since y = vzv™ " is an identity, we have that z is an

identity as well. |
The following is the key technical result:

Lemma 3.13 Suppose given a family ug : B — o of morphisms of Zy forall f <« €
[2, k) such that u}, = ugu/); for all triples y < B < «. Then there exists a pair f < «

such that ug passes through some y withy < .

Proof Assume that this is not the case. Let §o = 2 and §; = 3. Inductively, for each

n € w, let §, be an ordinal exceeding every vertex that ugn_f passes through. This is
e

possible because « is a limit ordinal.
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For each n, ugZ*' can be written uniquely as a reduced word in the free groupoid Zy.
Let y, be a letter in this word which is of the form yg with B < §, <. Such a letter
must exist since ug" ! starts at a vertex less than &, and ends at §,. Note that y, cannot
occur in the reduced form of any u 8" ' with k # n. For k < n, this holds by definition
of §,, and, for k > n, this holds by our assumption that each ug only passes through y

with y > B. In particular, the y, are distinct.

Using that ¥ has uncountable cofinality, choose &, < x to be an ordinal exceeding
every &,. Consider the decompositions

ugz = ugl ugo = ugiugéugo = ”gi”%”g;”g? =
In the expression uﬁ ug , a y1 occurs in the reduced form of the right -hand factor,
and does not occur in the left-hand factor, so the reduced form of ud 8 must contain
a y1. Similarly, the second decomposmon involves a y,, which can’t be cancelled from
either side, so the reduced form of u® 5 must contain a y,. Continuing, we see that the

reduced form of u® 8 must contain countably many distinct letters, a contradiction. O
Recall that « is an arbitrary ordinal of uncountable cofinality.

Proposition 3.14 There exists a diagram C : [2, k) — HoGpd valued in the homotopy
category of groupoids such that, for any weak colimit with cocone F : C — W, there
exists an automorphism in W which is not conjugate to any morphism in the image of
any leg Fy: C(a) — W of F.

Proof We claim that the diagram D (see Definition 3.10) is an example of such a C.

Towards a contradiction, suppose F': D — W is a weakly colimiting cocone such
that every automorphism in W is conjugate to one in the image of some component
of F. Write Fy for functors representing the maps D(«) — W. Since F is a cocone in
HoGpd, for each < « € [2, k) we may choose a natural isomorphism

hB: Fp = FyoDP
between functors D(8) — W in Gpd. Denote by 125 the unique component of hg. As
usual we shall denote (hg )~! by h%, and similarly for /4, as well as u below.

Recall the natural cocone A: D — Z from Definition 3.10 and suppose given a
representative f: W — Z of a factorization of the cocone A through F. For each «,
pick a natural isomorphism ko: Ay = f o F, with unique component lga. For 8 < a, let
ua = k Ly (h )lg B the unique component of the natural transformation Ag — Ay o Dg
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defined by (k! x Dg) o(f hg) okg, where * denotes whiskering.? By Lemma 3.11,
we see that each ug is in Zy, so the same holds for the morphism ug,, : y — y defined
as uguguz for y < B < a. Furthermore, the same lemma guarantees that no ug passes

through a vertex less than min(f, «).

For each y < B < «, denote by wgg, € W the unique component of the composite
natural transformation

h% o (h « DY) ohl: Fy — Fy.
We have wgg, = ﬁ‘)’,‘ﬁg%, o)

k! fwapy Yy = k5, f (RS kaky ! f(REYkghg" f(RYKy = uagy.
In particular, uqg, is conjugate to f(wqgy ).

On the other hand, by assumption on F, wyg, is conjugate to a morphism in the
image of some Fg: D(0) — W, say to Fy (w(’xﬂy). Composing with f, we see that
Ugpy 1s conjugate to f(Fp (wt/xﬂy)). Finally, using lgy, We See Ugg, is conjugate to
Ag(w(/x By)’ so, in particular, to an element of Zx. Since we saw above that uyg, is
in Zy, Lemma 3.12 shows that u,g, = id,.

Finally, Lemma 3.13 implies that at least one ug passes through a vertex less than 3,

contradicting what we saw above. O

Proof of Theorem 3.1 By Proposition 3.14 and Remark 3.4, the diagram D admits
no weak colimit privileged with respect to the set G’ = {BZ}. Thus, by Lemma 3.3,
B o D admits no weak colimit in Hot which is privileged with respect to the set of
spheres. |

4 The spheres reflect equivalences in the 2—category of spaces

We saw in Theorem 2.1 that in the homotopy category of spaces there is no set of
objects that jointly reflects isomorphisms. In this section, we show that in the homotopy
2—category of spaces, the spheres do jointly reflect equivalences. We first define the
terms we are using.

Definition 4.1 By Hot, we mean the 2—category whose objects are spaces of the
homotopy type of a CW-complex and whose hom categories are the fundamental
groupoids of mapping spaces; that is, Hot(X,Y) = IT; (Y X).

2For instance, f * hg cfoFgx=fokFyo Dg has unique component f(ﬁg).

Algebraic & Geometric Topology, Volume 23 (2023)



2990 Kevin Arlin and J Daniel Christensen

Definition 4.2 A set G of objects in a 2—category K jointly reflects equivalences if,
whenever f: X — Y is a morphism in /C such that, for every S € G, the induced functor
K(S, f): K(S,X) = K(S,Y) is an equivalence of categories, f itself must be an
equivalence in K.

We shall show in Theorem 4.3 that the 2—category Hot admits a set G of objects that
jointly reflects equivalences, namely G = {S” | n > 0}. Note that a map f in Hot is an
equivalence if and only if it is a homotopy equivalence. This theorem is a corollary of
[6, Theorem 1], which shows that, for amap f: X — Y of (arcwise connected) spaces
which is surjective on all fundamental groups, bijectivity of f on higher homotopy
groups is equivalent to that on free homotopy classes of maps from spheres.

With this, we are prepared to show that the spheres satisfy the analogue of Whitehead’s
theorem for Hot:

Theorem 4.3 The set G = {S"} of spheres jointly reflects equivalences in the 2—
category Hot of spaces.

Proof Let f: X — Y be such that Hot(S”, f): Hot(S", X) — Hot(S",Y) is an
equivalence of groupoids for every n. Consider an inclusion of * into S® 2 % LI *. Since
this has a retraction, the functor Hot(*, X') — Hot(*, Y) is a retract of the equivalence
Hot(S°, X) — Hot(S°,Y) and is therefore also an equivalence. That is, f induces
an equivalence IT{(X) — I1;(Y) of fundamental groupoids. Thus, f induces an
isomorphism on 7o and on every 7.

Therefore, we can apply [6, Theorem 1], so that f will be a homotopy equivalence as
soon as it induces a bijection on free homotopy classes of maps from S”. Now, the set
of free homotopy classes of maps S” — X is simply the set of connected components in
the groupoid Hot(S", X). Since f induces an equivalence Hot(S", X) — Hot(S",Y),
a fortiori it induces an isomorphism on connected components, and the theorem is
proven. |
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Mod 2 power operations revisited

DYLAN WILSON

In this mostly expository note we take advantage of homotopical and algebraic
advances to give a modern account of power operations on the mod 2 homology of
E oo—ring spectra. The main advance is a quick proof of the Adem relations utilizing
the Tate-valued Frobenius as a homotopical incarnation of the total power operation.
We also give a streamlined derivation of the action of power operations on the dual
Steenrod algebra.
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Introduction

As someone who entered college at about the time that Netflix started automatically
playing the next episode of a series, I cannot imagine discovering or verifying the
Adem relations using the tools available to Adem [1].} T even find it hard to remember
the Adem and Nishida relations.

11t was precisely while trying and failing multiple times to prove the Adem relations in equivariant
homotopy theory that, in an act of true laziness, I stumbled upon the technique explained in this note.
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2994 Dylan Wilson

Luckily, there is a useful mnemonic device which utilizes the fotal power operation
@)=Y o't
i€Z
Here ¢ is an indeterminate, and the operation Q' : A4 — A.y; acts on the homotopy
of any Eo—[F;—algebra A. The total power operation then produces a map

0(1): Ax = Ax((1)).

We extend Q(¢) to a ring map

Q(1): Ax((8) = Axfs, e][s™", 17"
by requiring that
Q(t)(s) =s+s2t7L.

With this convention, it is possible to restate the Adem relations, following Bullett and
Macdonald [5], Steiner [16], and Bisson and Joyal [3], as:

¢ Adem relations For any x € A,, Q(¢t)Q(s)x is symmetric in s and ¢.

The usual Adem relations are recovered using a trick with residues which we will
review in Section 4.3. Steiner’s proof that the above identity holds is to reduce it to one
of the expressions met in the proof of the Adem relations as in Steenrod [15, page 119]
and May [12, 4.7(e,g.i)].

In the case of Steenrod operations acting on the cohomology of a space X, there is
a more conceptual argument due to Segal [5, Section 4]. One can use the diagonal
map to produce a version of the total power operation taking values in H*(X x BX,).
Indeed, this is one of the earlier constructions of Steenrod operations [15, Chapter VII].
The iterated total square then takes values in H*(X x BX, x BX,) = H*(X)][s, t]
but factors through the total fourth power which takes values in H*(X x BX4). The
automorphism swapping s and ¢ arises as an inner automorphism of ¥4 so the formula
for the iterated square must be symmetric in s and 7.

Our primary goal is to explain how the Tate diagonal (Section 2.3) on spectra allows for
a similar argument for general power operations. The reader could probably reconstruct
the argument themselves just from the observation that the total power operation is the
effect on homotopy of the (non—IF,—linear) map of spectra

ALs (A®F, A)F2 — A%,
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In fact, we take this as a definition and develop all the basic properties of power
operations efficiently from there. We hope that this note will give a mnemonic for the
proofs of the standard identities for power operations in much the same way that the
work of Steiner [16], Bisson and Joyal [3], and Baker [2] has provided mnemonics for
their statements.

Outline

In Sections 1 and 2 we review the facts we need about the Tate construction and the Tate
diagonal, following Nikolaus and Scholze [14]. In Section 3 we give three definitions
of the operations Q': the classical one, one due to Lurie [10, Section 2.2], and one in
terms of the Tate-valued Frobenius. We then explain how to recover the first properties
of power operations.

In Section 4 we turn to the Adem relations. The key thing to prove is that having a
Y 4—equivariant map A®* — A produces a lift of the iterated total power operation
through the Frobenius A — A?¥4. This takes a little bit of work but the reader could
come up with the argument themselves if they remember to use the universal property
of the Tate diagonal amongst natural transformations of exact, lax symmetric monoidal
functors over and over again. Indeed, this proof is an excellent illustration of the
computational utility of establishing such universal properties in the first place.

Finally, in Section 5, we show how the Bisson—Joyal and Baker formulations of the
Nishida relations arise naturally from the perspective of the Tate-valued Frobenius. We
end by explaining how to recover Steinberger’s formulas [4, Section III.2] for the action
of power operations on the dual Steenrod algebra. This last step is mostly algebraic,
and essentially due to Bisson and Joyal, but we have included it for completeness.

Acknowledgements The author is grateful to Tom Bachmann for comments on an
earlier draft, and to the referee for careful reading and helpful suggestions.

1 The Tate construction

We review the Tate construction (Section 1.1) and its universal property (Section 1.3)
as well as the important Warwick duality (Section 1.2) of Greenlees [8] which allows
an alternative computation of the Tate construction. We end (Section 1.4) by spelling
out what happens in the case G = 3.
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1.1 Definitions

Let G be a finite group and k an E-ring, and denote by
Mod?C := Psh(BG; Mody)
the co—category of Borel G—-modules. There is a fully faithful embedding
ModZG — Modg

from Borel G-modules to modules over k in genuine G—spectra whose essential image
consists of the Borel complete G—modules, ie those X such that X — F(EG4, X) is
an equivalence. Let F be a collection of subgroups closed under subconjugacy, and
EF the G—space characterized up to homotopy by the requirement

* iftHeF,

EFH = _
o ifH¢F,

and define EF as the cofiber of EF; — S°. Then the F—Tate spectrum of a Borel
G-—spectrum can be computed as [7, page 443]

X7 = (EF AFEG4, X))%,
where the right-hand side is computed in genuine G—spectra.

It will be more convenient for us to think of the above as a computation and not a
definition. Instead, we opt to define the Tate construction by a universal property,
following [14].

To that end, let
(Mod}%) —ina € Mod:€

be the smallest full, stable subcategory containing all objects which are left Kan
extended from diagrams BH — Sp for some H € F.

Recall [14, Section 1.3] that, associated to any exact functor F': ModZG —Etoa
presentable stable co—category £, there is a natural transformation

F— LzF

which is initial amongst natural transformations to exact functors which annihilate the
subcategory (ModZG) F—ind- Concretely, L #F is specified by the formula [14, 1.3.3]

LzF(X) = (Mod?6) _ina/x Y colimF (cofib(Y — X)).
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Definition 1.1.1 With notation as above, we define
(=)' = Lr(5)"%): ModG — Mod.

More generally, if G € G, we define

(=) = Lr((—)"%): Mod?S" — Mod]"e"¢

where WG = Ng'G/ G is the Weyl group of G in G'.

Example 1.1.2  When F consists only of the trivial subgroup, we denote X’ by X‘G.
This can be computed as the cofiber of the trace map X — X hG .

Example 1.1.3 Suppose G C 3, is a subgroup and let 7 = 7 be the family of
subgroups of G which do not act transitively on {1,...,n}. When G = C, this
coincides with the more commonly seen family of proper subgroups, and when G = C),
this coincides with the family consisting of only the trivial subgroup.

1.2 Warwick duality

We can dualize the construction in the previous section and define the opposite F—Tate

spectrum? as

X = holim fib(X — Y)ig.
((Mod?9) 7 —ina)x /Y

Greenlees proved [8, Section B] that this construction is not really new:

Theorem 1.2.1 (Warwick duality) There is a canonical equivalence

XIOP}- ~ E_IXt]:.

In particular, we obtain extra functoriality: if 7 C F’, then the original construction
produces a canonical map (—)*” " (=)' while the opposite construction, composed
with suspension, produces a map (=)' — (—=)!7".

1.3 Monoidal structure

We will make much use of the following excellent description of the lax symmetric
monoidal structure on the Tate construction.

2We stole this name from [6].
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Proposition 1.3.1 There is a natural transformation of lax symmetric monoidal func-

tors

(_)hG N (_)t]:

which is initial amongst natural transformations of lax symmetric monoidal functors

with target an exact functor that annihilates (ModZG) F—ind-

This follows from the more general result [14, 1.3.6] about the relationship between
Verdier quotients and lax symmetric monoidal structures.

1.4 An example

Let k be a field of characteristic 2. Then
Tk "E2 ~ H* (B2, k) = k1],

where 1 € 7_1k"%2 is the Stiefel-Whitney class of the canonical line bundle. The Tate
construction has the effect of inverting ¢ and we can compute

k! 2 = (1),
the algebra of Laurent series over k.
On the other side, the homotopy orbits kjx, have a dual basis on homotopy
nxkps, = kieo,e1,.. .},
where ¢; is the linear dual of #/. The trace map
kps, — khE2
is zero on homotopy groups and so we have a short exact sequence
0—k[t] = k((t)) = n+Zkps, =0

which identifies the last term as the quotient k((¢))/k[¢]. This provides another basis
for the homotopy of kjx,, and the two are related by the correspondence

ej <t =1
Under this interpretation, the composite map
k'E2 s Ykpy, = Xk

is given by sending a Laurent series g(t) = Y _a;t' to the residue a_.
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Finally, Warwick duality in this context translates to the computation [9, 16.1]
Ik = holim(X™"%k)p 5, = holimk A (RP*°)™"" = holimk ARPZ;,
n n n

where 7 is the sign representation.

2 Tate powers

The source of power operations is the symmetry present on X ®”. In Section 2.1 we
review several constructions based on this symmetry. In Section 2.2 we explain how
the construction X + (X®")!7 arises as a Goodwillie derivative; in particular this
construction is exact. In Section 2.3, following [14], we describe the spectral analog of
the diagonal map we will use when defining power operations.

2.1 Variants of extended powers

Let C be a symmetric monoidal co—category. Then there is a natural functor

¢ — C"®n = Fun(BX,,C)
given as the composite
C i) (CXH)th N ChEn

where the latter map is a choice of tensor product. In other words, for every X € C, the
object X ®" has a ¥, —action.

If C admits homotopy limits and colimits, we can form both a “symmetric” power of
an object and a “divided” power of an object. We do this more generally for a fixed
subgroup G C 3.

Definition 2.1.1 We define symmetric and divided power functors as

Sym® (X) := (X®")pg.  TEX) = (X&)
Finally, if C = Mod, is the co—category of k—modules over an E -ring k, then:

Definition 2.1.2 Let G C X, be a subgroup. We define the Tate power of X as
Tg(X) = (X®")'7

where 7 is the family of nontransitive subgroups of G.

In each case we abbreviate G as n if G = X,,.
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2.2 Tate powers as a Goodwillie derivative
Let C and D be stable, presentable co—categories. Then the full subcategory
Fun®(C, D) C Fun(C, D)
admits a left adjoint [11, 6.1.1.10], the 1—excisive approximation
Py1: Fun(C, D) — Fun®™*(C, D).
In the case where F(0) = 0, we may compute Py F as [11, 6.1.1.23 and 6.1.1.27]
PiF(X)= hoc’(:lim QLF (X2 X).

I believe the following is well known but do not know a reference.
Proposition 2.2.1 With notation as in Section 2.1, there is an equivalence

Pir% ~ 7.

Proof Let V denote the standard representation of ¥, on R” and V the reduced
standard representation. By the formula above,

P1TY(X) = hocolim Q/T'% (2’ X)
J
~ hocolim Q/ (/Y X ®")hZn
~ hocolim(x/V X ®")hZn
~ hocolim(S/V A F(EG+, X®"))C
~ (§%V A F(EG4, X®))C.

The last identification used that genuine fixed points commute with all homotopy limits
and colimits. Finally, observe that SV is a model for ET. a

The same argument computes the Goodwillie coderivative of SymG:
Proposition 2.2.2 The Goodwillie coderivative of Sym? is ((—)®")!"7T = £~ 17g.

This last observation motivates the excellent account of stable power operations given
by Glasman and Lawson [6].

2.3 The Tate diagonal
Recall the following result of Nikolaus [13, Corollary 6.9]:

Proposition 2.3.1 The forgetful functor U : Mod; — Sp is initial amongst exact, lax
symmetric monoidal functors to spectra.
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In the previous section we identified 7z as a Goodwillie derivative. In particular, Tg
is exact. It also has a lax symmetric monoidal structure, being a composite of lax
symmetric monoidal functors. So we get the following:

Corollary 2.3.2 There is an essentially unique natural transformation of lax symmetric
monoidal functors U — UTg.

We refer to this map Ag: M — Tg (M) as the Tate diagonal.

Remark 2.3.3 This is not the same as the Tate diagonal in [14] unless k = S 0. since
we use the tensor product in Mod. Of course there is an evident relationship between
the two: the Tate diagonal above is just the composite

M—)(M/\n)lT—>(M®n)tT.

Warning 2.3.4 The Tate diagonal is not k—linear.

3 Power operations

We now fix a field k of characteristic 2 and let Mody, be the co—category of k—module
(spectra). In Section 3.1 we serve up power operations three ways, and then verify they
agree in Section 3.5. In between we verify the first properties of power operations up
to the Cartan formula. We emphasize that this section does not show off the utility of
the approach via the Tate-valued Frobenius, but we have included the proofs since they
are still pleasant.

3.1 Three definitions of operations
First we specify the objects on which power operations will act.

Definition 3.1.1 We say that A € Mody, is equipped with a symmetric multiplication

if we have specified a map Sym?(A4) — A of k—-modules. Equivalently, if we have
specified a map A®? — A in Modzzz.

Remark 3.1.2 A k-module with a symmetric multiplication is the same as an object
of €(2, co) in the notation of [12].

To give the classical construction of power operations we’ll need a computation.

Algebraic & Geometric Topology, Volume 23 (2023)



3002 Dylan Wilson

Lemma 3.1.3 For any integer n there is a canonical equivalence
Sym*(X"k) ~ k5, .

Proof The object (2"k)®2=3%"Vk in ModZ22 corresponds to a map BX, — Modz22

which is determined by a map
¥, — End (22"k) ~ Endg (k. k) ~ k

of Eq—monoids. The map factors through the units £, but k& has characteristic 2
and hence no nontrivial square roots of unity. So the action is trivial and the result
follows. i

The following construction is the current standard definition of power operations.

Construction 3.1.4 (hands-on power operations) Let A be a k—module equipped
with a symmetric multiplication. Given x € 7, 4 and i > n, define Q' (x) € 7,4; A as
the composite

. 2n,. 2
srtt Zllimn, w20) 5, ~ Sym?(£k) 20, sym?(4) - A
This has the benefit of generalizing well to power operations for other cohomology
theories, but in the case of mod 2 cohomology there is a more uniform option. The
author learned this next approach from [10, Section 2.2] and has not found an earlier
reference, but a more recent and detailed account can be found in [6].

First we need a preliminary observation. Let T} : Mody — Mody denote the left Kan
extension of the restriction of 7 to the full subcategory of compact objects. This
endomorphism commutes with all colimits and so—see [11, 7.1.2.4] —there is a
bimodule B and an equivalence 7,,(M) ~ B ® M. By evaluating on M = k we deduce
that B = k?*2 as a left k—module. Notice, by construction, we have a natural map
BM — Tr(M).

Construction 3.1.5 (stable power operations) Let A be a k—module equipped with a
symmetric multiplication. The element ¢~/ ~! € 7; 1 1 k**2 extends to a right module
map X'k — X1 B. We now define Q?: =/ A — A as the (non—k—linear!) composite

YA=Sk®A—> T 'BQA— T Th(A) - Sym?(4) — A.

This construction emphasizes the role of X~ 1k?>2 as acting on A, but we can also
record this information in a kind of coaction. For that we first need a computation.
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Lemma 3.1.6 For any k—module M equipped with the trivial X—action, there is a
canonical equivalence of k**2—modules

T MPE2 ~ M, ((1)).

Proof It suffices to prove mw« M h¥2 ~ M. «[t]- From the skeletal filtration on BX5,
M"%2 ~ holim F(sk;BE,, k) ® M

and « F(sk;BX2, k) @ M = M[t]/ t/ 1. The transition maps are surjective so there
is no lim! term in the Milnor exact sequence and the result follows. |

Construction 3.1.7 (Tate-valued Frobenius) Let A be a k—module equipped with a
symmetric multiplication. Define the fotal power operation as the composite

0(1): A 225 Ty(A) = (AB2)' %2 5 4152,
We then define Q' : A — X7/ A as the composite
—i—1 . ; ;
A— AT L w771y B iy, w74
In Section 3.5 we will verify that the two definitions of the endomorphism Q7 : X 4 — A

coincide and that each induce the operation Q' : 7, A — 7,4; A on homotopy. For now
we will assume this compatibility.

Remark 3.1.8 (naturality of Frobenius) The Tate-valued Frobenius can be defined
for any spectrum equipped with a symmetric multiplication, as the composite

A— (AANA)F2 > 4152,

Since the k—module Tate diagonal factors through the spectrum Tate diagonal, we learn
that the Tate-valued Frobenius only depends on the underlying E —ring. In particular,
the Tate-valued Frobenius is natural for maps A — B of Es,—rings, independent of
any compatibility with k—module structures.

3.2 First properties

The first properties follow easily from the Tate-valued Frobenius description, with the
exception of the squaring property, which is most readily seen through the classical
definition.

Proposition 3.2.1 The operations Q' satisfy the following properties:
() Additivity Q'(x+y) = Q' (x)+ Q' (y).
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(ii) Suspension QQ'(x) = Q'(Qx).
(iii) Squaring QX!(x) = x2.
(iv) Instability Q'(x)=0ifi <|x|.

(v) Action on cohomology If A = F(X,k), where X is a pointed space, then
Qi(x)=0fori>0and Q°x) = x.

Proof (i) Additivity Since Q' is induced by a map of spectra, it is automatically
additive.

(i1)) Suspension The Tate diagonal is a natural transformation of exact functors, so
Az 04~ QA,. Exactness of 75 then ensures that 275 (A4) — T2 (§2A) is an equivalence,
and composing with the multiplication on 24 identifies Q2 Q(¢) with the total power
operation for €24, which was to be shown.

(iii) Squaring Using Construction 3.1.4, observe that 0'*!(x) is the image of the
bottom class in Sym?(="k), which is the left vertical arrow in the diagram

Sk @3k 22 MM
Sym?(X"k) —— Sym?(M)
The result follows by chasing the diagram clockwise.

(iv) Instability By (ii) we may replace A by Q1= 4 and thereby reduce to the case
that A = QB and i = |x|. By (iii), Qx = x2, but the multiplication on QB is always
trivial, since ST — S1 A S is null.

(v) Action on cohomology By naturality we may replace X with K(k,n) and x with
the fundamental class. The vanishing now follows for degree reasons. To check that
0°(x) = x we may reduce, by naturality, to the case X = S” and then, by stability, to
X = S°. The result now follows from the equivalence F(S°, k) = k. |

3.3 Cartan formula

If A and A’ are equipped with symmetric multiplications then A® A’ inherits a canonical
symmetric multiplication as well. In this case we have an external Cartan formula:

Proposition 3.3.1 (Cartan formula)

0(N(x®y) = Q) (x)® (1) (y) € (A® A)(()).
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Proof The formula is equivalent to commutativity of the square
ARA — > Th(A) @ Th(A) —— ATT2 @ (A)1 22
ARQA — 5 TH(ARA) ——— (AQ A') *2

The left square commutes because the Tate diagonal is a transformation of lax symmetric
monoidal functors. The right-hand square commutes by naturality of the lax structure

map
@) = ()

applied to (A® A)®2 ~ A2 A'®2 5 A® A'. O

Corollary 3.3.2 0"(x®y) = Z 0'(x)® 07 ().

i+j=n

As a corollary of the proof, we see:

Corollary 3.3.3 If A® A — A is a map of objects equipped with symmetric multi-
plications, then Q(t): A — A'*2 s also a map of objects equipped with symmetric
multiplications.

3.4 An example

We revisit our example k’*2, but to avoid confusion we change the name of the
generator: kiEz = k((s)). From the equivalence k"¥2 = F(BX,, k) together with
properties (iii), (iv), and (v), we see that

Qt)(s) =s+ 5%t~
The Cartan formula now determines the behavior of Q(¢) in general:

Q) ais' =Y ai(s+s77").

3.5 Comparing the definitions

Let B denote the bimodule from Construction 3.1.5, which is equivalent to k?>2 as a
left k—module. Let k — B extend 1 € mok?>2 as a right module map.

Lemma 3.5.1 The composite
A— B®A—Th(A)

above is equivalent to the Tate diagonal A».
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Proof Indeed, first observe that by the universal property of spectra [11, 1.4.2.23],
Q% Fun®™(Modg, Sp) —> Fun'®(Mody, Spaces).

Now let U : Modj — Sp be the forgetful functor. Then Q°°U is corepresented by k,
so the Yoneda lemma applied to the previous observation implies that

Mapg e (Mody.sp) (Us U T2) =~ Q%K' >2,

Since the Tate diagonal is a transformation of lax symmetric monoidal functors, the
transformation U — U T, evaluates on k to the unit k — k’*2. Combining this with
the previous observation we learn that the Tate diagonal is the unique transformation
U — UT which corresponds to the element 1 € mok!>2. O

Thus the map
A—> B®A— Th(A) —> A'™

coincides with the Tate-valued Frobenius. Now observe that the last three terms are left
modules over k**2, so multiplication by =~ and naturality of (—)*2 — X()nz,
gives a commutative diagram

A— s BRA— s Tr(A) ———5 A2

| | l

Yi-IB® A E—i—sz(A) s S —i—l gt Es

l

Y iSym?(4) ——— =774

Chasing the diagram around clockwise gives the definition of Q' in terms of the total
power operation. Chasing the diagram around counterclockwise gives the definition of
Q' in terms of Construction 3.1.5. So these two constructions agree.

Now we compare with the classical construction. The equivalence (X"k)®? ~ %27k
in Modz22 gives a commutative diagram

Y717, (S"k) —— Sym?(X"k)

EZn—lkth Z2nkh22
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Since the bottom horizontal map is surjective on homotopy, so is the top, and we see that
Y2"e; _, on the lower right corresponds to t !y on the top left, where y € m, X"k
is the generator. Now let x: S — A be a class and form the diagram

) —i—1
sitn LY s (stk) —— Sym3(S7k)

i1y l«

Y175 (4) ——— Sym?(A)

Traversing clockwise gives O (x) as in Construction 3.1.4 and traversing counterclock-
wise gives the image of x under Q' as in Construction 3.1.5, and this completes the
argument.

4 Adem relations

The Adem relations arise from relating the iterated total power operation to a total fourth
power operation. In Section 4.1 we first explain how to lift the iterated total power
operation to an intermediate Tate spectrum. In Section 4.2 we show that the existence
of extra symmetry on iterated multiplication allows us to factor further through a total
fourth power operation. This implies a version of the Adem relations as an identity
between formal Laurent series in two variables, and in Section 4.3 we essentially
perform the maneuver from [5] to recover the usual Adem relations.

For notational ease we adopt the following convention in this section:

Convention 4.0.1 If G C X, is a subgroup, and 7 denotes the family of nontransitive
subgroups of G, then we denote (—)*7 by (—)%C.

4.1 Iterated power operations

Suppose A is a k—module equipped with a symmetric multiplication. Iterating the

multiplication gives a map
A®* 4

which need not admit an ¥4—equivariant structure. However, it can be made ¥, ¢ X»—
equivariant, so we may define a map

A— Ts,5,(A) » ATZ2152

Our first goal is to show that this lifts the iterated total power operation.
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Proposition 4.1.1 Let A be a k—module equipped with a symmetric multiplication.
Then there is a canonical commutative diagram

A122222

o

(AtZz)th
Q()oQ(s)

Proof First consider the diagram
T2 (A) — Ta(T2(A)) —— ((A®*)'2)>2
Atzz N Tz(Atzz) (AIZQ)I‘EZ

The first square commutes by naturality of the Tate diagonal applied to the map

T>(A) — A. The second square commutes by naturality of the lax structure map for
(—)>.

It follows that Q(¢) o Q(s) can be written as the composite
A — To(Ta(A) — (AP Z2) 52 — (a1 =2) %2,

Now consider both (—)*>2!¥2 and ((—)**2)!¥2 as exact functors ModZ24 — Modg.
We have a natural transformation

(_)hZzZEz _ (_)hEQXZZ — ((_)hEz)hEz N ((_)122)1‘22,
where the first map is induced by the inclusion
Yo XUy > (T X L)X By =322

given by the diagonal on the first factor. By the universal property of the Tate con-
struction (Section 1.1), we get a natural transformation (—)t>2¢%2 — ((—)!¥2)!%2_p
particular, applied to the multiplication map A®* — A, we get a commutative diagram

TZz?Zz (A) — AthZEz

|

((A®4)IE2)t22 SN (AtZz)th

Finally, the composite

1"22222 N FEZXZZ ~ FZ o FZ N T2 o T2
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yields a natural transformation T's,,5, — T2 o T> from the universal property of Ts,,x,
as the Goodwillie derivative of I'¥2*2_ The diagram

Tsy:,

| ™

Ty 0Ty — (((—)®4)!F2)1 %2

commutes by the same universal property, and the result follows. a

4.2 Adem objects

For the Adem relations to hold we need the symmetric multiplication to satisfy an extra
condition.

Definition 4.2.1 We say that a k—module A equipped with a symmetric multiplication
is an Adem object if there exists a map Sym*(4) — A such that the diagram
Sym?(Sym?(A4)) —— Sym*(4)

l |

Sym*(4) ———— 4
commutes up to homotopy.

Proposition 4.2.2 If A is an Adem object, then we have a commutative diagram

A'EE4

|

A‘L’Ezzzz

=y

(Ath)tEZ
Q(2)oQ(s)

Proof By Proposition 4.1.1, the bottom triangle commutes. Factor the top triangle as

Ty(A) ——— A™54

]

A ? TZz?Ez (A) Atzz?Ez
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The triangle commutes because each arrow is a transformation of exact, lax symmetric
monoidal functors, and U : Mod; — Sp is initial amongst such functors (Proposition
2.3.1). The square commutes by the definition of an Adem object, ie the structure of a
Y 4—equivariant map A®* — A refining the given (X2 X5)—equivariant structure. O

Theorem 4.2.3 (Adem relations) If A is an Adem object and x € w4 A is an element,
then Q(¢)(Q(s)x) is symmetric in the variables s and t. Explicitly,

Z(Q Q/x)(s+527) 1 =3 (0' 0 )t +1257) s

Proof By Proposition 4.2.2, the iterated total power operation factors through 474

and the operation which swaps s and ¢ arises from an inner automorphism of ¥4 which
thus acts trivially on the Tate construction, whence the claim. The explicit formula
follows from the basic properties of power operations, the Cartan formula, and the
computation in Section 3.4. |

4.3 Residues and relations

Now we recall how to recover the individual Adem relations using the power series
identity above.

Proposition 4.3.1 Let A be an Adem object and x € A« a homotopy class. Then

0’0’0 =Y (575" e otw.
L

Proof In the previous section we showed
Z Q@7 x)(s +s71) =) (0@ )t + 12571 sk,
k,j

Letu =5+ szt_1 and observe that this is composition invertible as a power series in
s with coefficients in k((¢)). Now,

Q)(Q/x)=) (Q'Q/x)!

is the coefficient of u/ on the left-hand side, so we would like to compute the coefficient
of u/ on the right-hand side. It will be convenient to reindex the right-hand side, for
fixed j, as

Z(Qi-i-j—e QZX)(Z‘ + t2s—1)fsl'+j—e‘

il
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Observe that du = ds since 2 = 0 in k, and hence
res(u_j_l(QHj_eQex)(t + tzs_l)esi+j_edu)
= res(u /7! (Qi+j_e ng)(t + tzs_l)es”j_éds).
Fixing i and £ and writing u = st~ 1(t + ) and (t +%s~1) = s71¢(t 4 s5), we have
u_j_l(t —|—t2s_1)£si+j_e — te+j+lsi—2€—1(t +S)Z_j_1.

The coefficient of s~! in the previous expression is then

—j—1 i

(20)

and the result follows. O

5 Relationship to the Steenrod algebra

In this section we restrict to the case k = [, for ease of exposition. In Section 5.1 we
recall the Steenrod coaction on the Tate spectrum, then in Section 5.2 we use this to
give a succinct proof of the Nishida relations. Finally, in Section 5.3 we show how
this determines the action of Q(¢) on the dual Steenrod algebra, following an idea of
Bisson and Joyal.

5.1 Coaction on the Tate spectrum

The map k = S® Ak — k Ak gives rise to a map k2 — (k A k)'*2 if we equip the
source and target with trivial ¥,—action.

This induces a completed coaction
VR k(1)) = A«((1)).
More generally, for any spectrum X, the composite
kAX =X Ak=S"AXANk—>kAX Ak

gives a completed coaction ¥g: Hx(X)((¢)) = (H«(X) ® As)((¢)). Now recall that
Milnor defined generators® of the dual Steenrod algebra by the identity

yr() =Y G2

3We are following Milnor’s convention and not the more recent trend of using ¢; to denote the conjugates
of Milnor’s generators.
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5.2 Nishida relations

The easier version of the Nishida relations in this context is in terms of the coaction.

Theorem 5.2.1 (Bisson—Joyal, Baker) Let X be a spectrum equipped with an equi-
variant symmetric multiplication X };\222 — X. Then

Y UR(Q'0) = QEO)YR(X) € (HiX ® A)((1)).

Proof The right coaction k A X — (k A X) ®p (k A k) is a map of spectra equipped
with symmetric multiplications (though it is not a map of k—modules equipped with
symmetric multiplications). By Remark 3.1.8 this yields a commutative diagram

kAX — P2k AX) @ (k AK)

| l

(k AX)E2 ——— (kA X) ®p (k ANK))IE2
(Yr)'*2

The bottom map is the completed coaction defined in the previous subsection. Thus,

Yr(Q(1)x) = Q) (YR(X)).

Since g is a ring map, and Y g(¢) = ¢(¢), this becomes
Y Yr(QIN)EW) = QO WR(X)).

Now substitute the conjugate series ¢ (¢) for # and use the relation ¢ (£ (7)) =1. m|

5.3 Action on the dual Steenrod algebra

The following description of the action of the Q! on Ay is essentially that of Bisson
and Joyal [3, Section 1, Proposition 6].

Theorem 5.3.1 (Bisson—Joyal) The total power operation on the Milnor generators
¢; is determined implicitly by the identity

OO =306+,

1

©) 12" Q1) =( 3 ;I-zzi) +;(r>—1(Z§?t2"+‘)-

izn+1 i=n
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Proof Write m.k">2 = k[s]. Then
YR(Q(1)s) = Q(OVR(s).

Now use the identities Q(t)s = s + s2¢t~! and V¥ g (s) = &(s). Comparing coefficients
for 2" gives a recursion for Q(t)&, starting with Q(1)¢o = Q(¢)1 = 1 and (2) solves
the recursion. O

It is not difficult to extract the earlier results of Steinberger [4, Section II1.2].
Corollary 5.3.2 (Steinberger) Fori > 2, in 20 =¢;.

Proof From Theorem 5.3.1(2) above in the case n = 1,

QW) =17+ &+
So, for i > 2, change of variables and a quick computation gives

0% 72y =res(t ™2 T (1) dr) = resCu) 2 M du) = & 0
Corollary 5.3.3 (Steinberger) We have Q2i Ci =Cit1+ Ziz ¢1 and in Ei = Ei+1~

Proof The case i =0 is evident, so assume i > 1. The coefficient of 952" on the
right-hand side of Theorem 5.3.1(1) is visibly 02 & + 0°(¢&;) = Q2'¢;. The constant
term of £(¢)~" is ¢1, so the coefficient of %52 ' on the left-hand side is &1 + ¢21.
The other identity follows from this one by induction and the defining relation for
conjugation. |
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The Devinatz—Hopkins theorem via algebraic geometry

ROK GREGORIC

We show how a continuous action of the Morava stabilizer group G, on the Lubin—
Tate spectrum E,, satisfying the conclusion E,},'G" >~ Lg@u)S of the Devinatz—
Hopkins theorem, may be obtained by monodromy on the stack of oriented de-
formations of formal groups in the context of formal spectral algebraic geometry.

14A30, 14D15, 55P43, 55T15

A classical and computationally invaluable result in chromatic homotopy theory, the
Morava change-of-rings theorem — see for instance Devinatz [5] —identifies the second
page of the K(n)-local Adams spectral sequence for the Lubin—Tate spectrum £, as
continuous group cohomology,

Ey" > HS (G 7 (En)) = mi—s(Lgn)S)-

A conceptual spectrum-level explanation for this isomorphism is given by the Devinatz—
Hopkins theorem [6]. It asserts the existence of a (suitably interpreted) continuous
action of the Morava stabilizer group G, on the Lubin—Tate spectrum £, such that its
continuous homotopy fixed points are

(1 E,’:G" ZLK(,,)S.

The proof of the equivalence (1) has by now become largely standard, using nilpotence
technology applied to the K (n)-local Amitsur complex of E,, and ultimately stemming
from the key observation of Hopkins and others that the Adams spectral sequence of
E}, possesses a horizontal vanishing line. The somewhat less straightforward part is
instead identifying said Amitsur complex with the simplicial bar resolution of a suitably
interpreted continuous action of G, on E,. That was accomplished in a somewhat
ad hoc manner in [6], and in various contexts of continuous group actions of spectra
such as Behrens and Davis [2] and Quick [21]; though these approaches ostensibly
amount to enriching the construction from [6]. A formalization using the condensed
set technology of [23] to tackle continuity has also been announced by Clausen and
Scholze.
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In contrast, we propose to side-step the issue of continuous actions altogether. Instead,
we exhibit the action in an appropriate context of formal spectral algebraic geometry.
Our results may be summarized as follows.

Theorem The Morava stabilizer group G, admits a canonical action on the formal
spectral stack Spf(E,). For continuous homotopy fixed points of this action defined as
E,},'G" := O(Spf(E,)/Gp), there is a canonical equivalence E,},'G" >~ Lk n)S. Further-
more, the three resulting spectral sequences coincide:

(1) The descent spectral sequence for the structure sheaf on Spf(E,)/Gy,
ES' =H¥(Spf(En)/Gn: 7:(0)) = mi—s (L (n)S).
(2) The homotopy fixed point spectral sequence for the G,—action on E,,
ES" =H (BGu: m1(En)) = r—s(Lk () S)-
(3) The K(n)-local Adams spectral sequence for Ey,

E;’t = EthT’i(LK(n)(En®En)) (7% (En), wx(En)) = 7w—s(Lk(n)S)-

Our approach is based on a theorem of Lurie [17, Theorem 5.1.5], identifying Spf(E})
with the moduli stack of oriented deformation of a height » formal group. We show
that the Morava stabilizer group action arises as an instance of monodromy actions on
de Rham spaces. To establish the above version of the Devinatz—Hopkins theorem in
our setting, we employ similar arguments to the analogous considerations in classical
formal algebraic geometry from Goerss [8, Chapter 7].

The computational underpinning of the proof (somewhat obscured in our account) is
the fundamental observation from [6] that the K(n)-local Adams spectral sequence
for E, possesses a horizontal vanishing line. Ours is in that sense analogous to all
of the currently known approaches to the Devinatz—Hopkins theorem, including, to
the best of the author’s understanding, the forthcoming work of Clausen and Scholze.
The latter construct the continuous (or in their setting, more precisely, condensed)
Morava stabilizer group action similarly to us, in that they employ results! from [17].

IThough unlike our account, where the algebrogeometric aspect of the results in [17] are center-stage, the
approach of Clausen and Scholze only relies on the more flexible functoriality of Lubin—Tate theory (in
particular, that its base can be taken to be an arbitrary perfect Fp—algebra as base, as opposed to only a
perfect field) afforded by Lurie’s construction, as compared to the traditional one by Goerss, Hopkins and
Miller.
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In particular, we wish to make it clear that the majority of our proof of the Devinatz—
Hopkins theorem follows the same reasoning and insights as the original account
in [6].

In general, many of the results in this paper follow without much difficulty from the
existing literature. We nonetheless believe that a streamlined conceptual proof of the
Devinatz—Hopkins theorem, which this paper provides, is worthwhile. Other than in the
presentation, our primary contribution is a novel way to obtain the Morava stabilizer
group action by way of formal spectral algebraic geometry, building on Lurie’s work in
[15; 17]. Related applications of those results to topics in chromatic homotopy theory,
primarily concerning Gross—Hopkins duality, are considered by Devalapurkar [4].
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1 Background on formal spectral algebraic geometry

We begin by summarizing some notions and results from [15; 17] which are key for
the purpose of this note.

1.1 Adic E.-rings and formal SAG

From the functor of points perspective, formal spectral algebraic geometry, in the form
relevant to us and in [17] (but slightly differently from [15, Definition 8.1.1.5], where a

ad
cpl = S.

connectivity assumption is imposed throughout), concerns functors CAlg
Here CAlgé‘g1 denotes the co—category of complete adic E.—rings in the sense of [17,
Definition 0.0.11]. That is, an object of CAlg*C‘g1 consists of an [Eo—ring A, together with
a topology on 7o(A) which admits a finitely generated ideal of definition / C my(A),
such that the topology on g(A) is equivalent to the /—adic topology, and finally such

that the E—ring A4 is /—complete, in the sense of [14, Definition 7.2.3.22].
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Since the notion of completeness for [E,—rings and modules over them features promi-
nently in this note, let us recall (an equivalent rephrasing of) the definition:

Definition 1.1 [15, Proposition 7.3.2.1, Corollary 7.3.3.3] Let A be an adic E o-ting
with an ideal of definition I C my(A4). Then an A—module M is I-complete if for
every element a € I, the canonical map
M — 1lim M /a"
-

is an equivalence of A-modules, where M /a" = cofib(M <M ). Let Modffh CMody
denote the full subcategory spanned by /—complete A-modules. The adic [E-ring 4
is complete if it is I—complete as a module over itself.

Given a complete adic Eo,—ring A4 in the sense discussed above, we define its formal

spectrum to be the corepresentable functor Spf(A4): CAlg;‘;lg1 — S given by
B > Mapg, (4, B) := Mapcaie(4, B) Xtom,, o (ro(A).mo(8)) HomEy o (4, B).

Of course, this (Yoneda) embedding (CAlg3))* — Fun(CAlgl), S) is fully faithful,

and its codomain is a convenient place to do formal spectral algebraic geometry.

1.2 Formal groups over E,-rings

As an instance of that motto, the theory of formal groups over E,—rings is developed
in [17, Chapter 1]. We give a slightly informal account, and refer to [loc. cit.] for a
precise and detailed account.

Definition 1.2 A formal group over an Eso—ring A is an abelian group object in the
oo—category of 1-dimensional fiber-smooth formal spectral 4—schemes.

Remark 1.3 There are a number of caveats concerning the above definition:

(1) The notion of an abelian group object must be understood in the sense of Section 1.2
of [16]. That is to say, we must equip its Yoneda presheaf with a factorization through
the functor 2°°: Mod — S, or equivalently, the forgetful functor Top.Ab — S. This
is a strictified version of the more familiar notion of a grouplike E,—algebra objects,
since the Yoneda presheaf is in the latter case asked to factor through Q°°: Sp™* — S,
or equivalently, the forgetful functor CMon®?(S) — S.

(2) The requirement of fiber-smoothness on a formal A-scheme X is taken in the
sense of [15, Definition 11.2.3.1], and roughly amounts to asking for X to be étale-
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locally isomorphic to the formal affine space AAI"’1 = Spf(A[ty,...,t]) (since we are
working in the 1-dimensional case in Definition 1.2, it suffices to take n = 1). In
particular, this implies that X is a flat over A. This differs from the notion of differential
smoothness in the sense of [15, Definition 11.2.2.2], which imposes conditions on the
cotangent complex L/ 4, but is incompatible with flatness unless 4 is a Q—algebra.
Since we want ordinary formal groups over commutative rings to be special cases
of Definition 1.2, and they are indeed flat, we therefore have no choice but to use
fiber-smoothness instead of differential smoothness.

(3) Definition 1.2 is really correct as stated when the E —ring A4 is connective. For a
nonconnective E,—ring 4, we should instead define formal groups over A4 to be formal
groups in the above sense over the connective cover t>¢(A4) —see [17, Variant 1.6.2].
However, certain constructions associated to a formal group G , for instance the Eoo—
algebra of functions O é of [17, Notation 1.5.12] and Remark 1.6, depend on whether
we are considering it as existing over A or over t>(A). See the thorough treatment in
[17, Section 1.2] for precise details.

Example 1.4 The following are the only classes of formal groups that we will be
concerned with in this note:

e Over a commutative ring 4, viewed as a discrete E,—ring, Definition 1.2
reproduces the usual meaning of (as always, 1-dimensional smooth) formal
groups over A.

e Let A be a complex periodic Eoo—ring, ie complex orientable and 7,(A4) is a
locally free 7g(A) module of rank 1. Then the Quillen formal group of A is

G S := Spf(C*(CP™; 4)),
which indeed gives rise to a formal group over A by [17, Section 4.1.3].

Formal groups over A form an co—category Mpg(A4), and this construction is functorial
in A by base change:

Definition 1.5 Let /: A — B be a map of Eso—rings, and G a formal group over A.
The pullback of formal spectral schemes along Spec( f): Spec(B) — Spec(A4) gives
rise to a formal group over B, which we denote by /*G .

There is also another slightly different form of functoriality afforded to formal groups.

Sending
G—G0:= Spf(mo(Og))
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gives rise to a functor Mpg(A) — Mpg(mo(A4)). Informally, this sends a spectral
formal group to its underlying ordinary formal group.

Remark 1.6 When the Eo,—-ring A is connective, the preceding construction is a
special case of Definition 1.5. Indeed, in that case there exists a map of E—rings
t: A — my(A4), and G° ~ t*G . For a nonconnective Eoo-1ing A on the other hand,
the connection between A and wy(A) is only through the span 4 < t>¢(A4) — mo(A),
and so G > G is not merely an instance of base change. This is closely related to
the subtleties alluded to in item (3) of Remark 1.3.

1.3 Orientations and deformations of formal groups

The class of formal groups singled out by the following definition is of special impor-
tance in relation to chromatic homotopy theory. Here an Eo—ring A is called complex
periodic [15, Definition 4.1.8] if it is both complex orientable and weakly 2—periodic.

Definition 1.7 [17, Proposition 4.3.23] A formal group G over an Eoo-ring A4 is
oriented if and only if A is complex periodic and G >~ G f is its Quillen formal group.
We denote by Mp;(A4) € Mrg(A) the subspace of oriented formal groups over A.

Remark 1.8 Though the above form is the most practical for our purposes, we would
be remiss not to summarize an equivalent but better-motivated approach to defining
oriented formal groups [17, Definition 4.3.9]. To any formal group G overan [E oo-ring
A we may by [17, Sections 5.2.1-5.2.3] associate an A-module wg, its dualizing line,
and the analogue of the module of invariant differentials on a classical formal group.
An orientation of G then amounts to an A-linear equivalence wg =~ ¥72(A). This is
in spirit a 2—shifted analogue of the various notions of orientation in classical geometric
contexts, where it usually means some kind of trivialization of a bundle of volume
forms.

The space of deformations of 60 over A is defined as

Def@0 (A):= liTn)qumCAlgo (k,mo(A)/ 1) X Mo (o (A)/T) Mrg(A),

with the colimit ranging over all the ideals of definition I € 7y(A4). Informally, this
consists of a ring homomorphism f: k — mo(A4)/1, a formal group G over the Eoo—
ring A, and an isomorphism f*Gy ~ ¢*G° of formal groups over m¢(4)/1, where
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q:mo(A) = mo(A)/I is the quotient projection. Oriented deformations are defined
analogously as

Defg (A) :=limHom 0 (k. 700 (A) /1) X My (e (4)/ T) Mig(4).
I

Both of these construction respect pullback along maps of adic [E-rings, and as such

ad

Cp1—>S.

: : R or .
give rise to functors DefGO, Defé0 : CAlg

The following theorem of Lurie, a cousin of the Goerss—Hopkins—Miller theorem, may
be taken as the definition of Lubin—Tate spectra, and is the bedrock of this note.

Theorem 1.9 [17, Theorem 5.1.5, Remark 6.0.7] Let 60 be a formal group of finite
height over a perfect field k of characteristic p > 0. Let E (k, G ) be the Lubin—Tate
spectrum of 6'0, viewed as an adic Eo,—ring with respect to the n Landweber ideal
Tn S mo(E(k, (A?O)). There is a natural equivalence

Spf(E (k, Gy)) ~ Def¥
Gy

in the co—category Fun(CAl gggl, S).

Remark 1.10 Lurie formulates his result (which also works over more general perfect
base rings than a field) in terms of deformations of p—divisible groups instead of formal
groups. This has the advantage of being more general, applying for instance also to
étale p—divisible groups, and is crucial in the follow-up paper [18] on Hopkins—Kuhn—
Ravenel character theory and transchromatic ambidexterity. Alas, for our purposes,
since all the p—divisible groups in sight would be connected, the analogue of Tate’s
theorem in [17, Section 2.3], allows us to restrict to formal groups instead. Ultimately
however, this is nothing more than an aesthetic preference, and this note could well
have been written with the functor Mgt everywhere in place of Mpgg.

2 Morava stabilizer group action and fixed points

2.1 Complete Noetherian local E ,-rings

For the remainder of this note, « will be a perfect field of characteristic p > 0. We

ad

find it convenient to restrict to a smaller subcategory of CAlg,

consisting roughly of
complete Noetherian local E,—rings with residue field «.

Definition 2.1 Let CAlg;II:I c CAlg‘g‘gl denote the subcategory spanned by complete

adic Eoo-rings A for which the commutative ring 7y(A4) is a local Noetherian ring
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with maximal ideal m, topologized with respect to the m—adic topology, and such that
there exists an abstract (ie nonspecified) isomorphism 7y(A4)/m >~ k.

Remark 2.2 The notation CAlIgSN T is potentially misleading. Indeed, unlike what
it may seem to indicate, said co—category is not equivalent to a subcategory of the
overcategory CAlg,,. That would hold if we restricted to connective object, but we
cannot do so, since our primary interest rests with the nonconnective complex periodic
E oo-rings.

Remark 2.3 Similarly to the preceding remark, the connective objects in CAlgSY /i are
not the Noetherian [E o—rings in the sense of [14, Definition 7.2.4.30]. We could not
have used that notion of Noetherianness in the above definition, since it again only
applies to connective [E o—rings. It would be possible to imitate such a definition, by also
imposing finiteness assumptions on the homotopy groups ;(A) in Definition 2.1 for
i # 0. But since we can make do without, we choose to only impose the (unavoidable)
mo—level assumption. That is to say, the notion of a complete Noetherian local Eso—ring
from Definition 2.1 is only guaranteed to be adequate for the purposes of this paper.
For most other purposes in spectral algebraic geometry where a Noetherian assumption
might be desirable, stronger finiteness assumptions would probably need to be imposed.

From here on, we will consider the co—category Fun(CAlg ,S) as the setting for
formal spectral algebraic geometry. In partlcular we will 11np1101t1y restrict the domain
of the functor Spf(A) to the subcategory CAlgeY e S CAlgggl for any adic Eo-ting A4.

Remark 2.4 The restriction functor Fun(CAlngl, S) — Fun(CAlg /K,S), induced
from the subcategory inclusion CAlg‘}N - CAlg“dl, preserves both limits and colimits.
The Yoneda embedding (CAlng])"p — Fun(CAlgcpl, S) also preserves limits, and the
coproduct in the co—category CAlgCpl is given by the completed smash product of [14,
Corollary 7.3.5.2]. It follows that we have for any pair of complete adic [Eo,-rings 4
and B a canonical equivalence

Spf(A) x Spf(B) = Spf(4 & B)

in Fun(CAIgN e S). That is to say, restriction to complete Noetherian local E o—rings
does not change the products of affine formal spectral schemes.

The functors of the ring of functions O: Fun(CAlg ,S)P — CAlgCpl and the oco—
category of quasicoherent sheaves QCoh: Fun(CAlg ,8)°P — Catyo are defined by
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right Kan extension from the subcategory of affines CAlgj — Fun(CAlg ,S)P (ie
representable functors) on which they are defined as

O(Spf(A)) := A, QCoh(Spf(4)) := Mod" .

For a detailed treatment of such an approach to quasicoherent sheaves (in a slightly
different but closely related setting), see [15, Section 6.2.2].

Remark 2.5 Because we are not equipping CAIgSY T with a Grothendieck topology,
questions of descent are beyond our reach. Fortunately, as explained for QCoh in [15,
Proposition 6.2.3.1] (in only a slightly different setting), both O and QCoh are agnostic
regarding sheafification, making their definition unambiguous.

Remark 2.6 In defining the functors O and QCoh by Kan extension, we are being
slightly imprecise regarding set-theoretical considerations. The issue is that the category
CAIgN P is not small. This may be circumvented by the usual trick of universe enlarge-
ment, at the cost of eg the co—category QCoh(X) being not necessarily small. For a
precise treatment along those lines in a closely related setting, see [15, Section 6.2]. On
the other hand, all functors which we will ultimately be interested in will all be given
in explicit ways as small colimits of representables. In principle, we could in each
individual such case redefine the functors © and QCoh by indexing them on appropriate
small indexing categories, and verify post factum that the choice didn’t matter. With this
understanding, we will ignore questions of smallness, and set-theoretical technicalities
alike, from now on.

Noting that we may have equivalently replaced the co—category Catoo with Prl in the
definition of quasicoherent sheaves (with the caveat of Remark 2.6 in mind), we see
that any map of functors f: X — Y induces adjoint functors

£*:QCoh(Y) 2 QCoh(X) : fa,

the familiar pullback and pushforward functoriality. In particular, we call pushforward
along the terminal map p: X — * global sections and denote I'(X; F) := p«(%F) for
any ¥ € QCoh(X). For the structure sheaf & = Oy, global sections I'(X; Ox) ~ O(X)
recover the ring of functions.

Remark 2.7 The pushforward functor fi: QCoh(X) — QCoh(Y) is not necessarily
very well behaved without some additional assumptions on the morphism f: X — Y
(such as being quasicompact and separated); eg the Beck—Chevalley push—pull formula
for base change, and the projection formula may both fail in general. In particular, this
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“functor-of-points” pushforward it might in that case not coincide with a “ringed space”
pushforward, if such exists. See also [15, Warning 6.3.4.2].

Remark 2.8 It follows from the definition of global sections that there is a chain of
homotopy equivalences

['(X; ) =~ Mapg, (S, p«(F)) = Mapgconx) (2™ (S), F) = Mapgcen(x) (Ox  F).

As consequence, we cannot expect the global sections functor & +— I' (X '; %) to preserve
filtered colimits unless the structure sheaf Oy is a compact object of the co—category
QCoh(X). Since I'(X;—) = p« is a pushforward along the terminal map, this ties
into the more general ill-behavedness of the pushforward discussed in Remark 2.7.
Fortunately, such issues will not arise in the (rather simplistic) applications we discuss
in this paper.

2.2 A short digression on monodromy

In the proof of Proposition 2.12 in the next subsection, we will need a certain result,
which becomes particularly simple and natural when viewed in a slightly more general
context than strictly necessary for our purposes.

Recall that monodromy is classically understood to be the action of the fundamental
group 71 (X, x) of a base space X on the fiber £, of a local systems £ on X, acting
through parallel transport around loops. The following is a simple incarnation of that
idea in the setting of an co—topos, but with the notion of a “point” being understood in
the generalized sense of algebraic geometry.

Lemma 2.9 Let x: P — X be a morphism in an co—topos X .

(i) The “based loop space” Qx(X) := P xx P admits a canonical group structure
in the overtopos X p, exhibiting it as an object Q2 (X) € Grp(X, p). There is a
canonical equivalence of simplicial objects

2.0 (P P) = C (P =5 X)

between its bar construction in X, p and the Cech nerve of x in X.

(if) For any objectY € X x, we define its “fiber over x ” through the pullback square

x*(Y)——Y

) l

P—> o x
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in X. This “fiber” x*(Y') € X', p admits a canonical Q x (X )—action, whose bar
constriction in X'/ p is equivalent to the Cech nerve in X,

By, (x)(P-x* (V) = C*(x*(Y) - Y).

Proof Recall from [12, Section 6.1.2; 14, Proposition 2.4.2.5] that group objects and
group actions (or their common generalization, groupoid objects) in an co—topos are
completely and equivalently encoded by their bar constructions. Thus it is necessary
and sufficient to verify that the Cech complexes in question are of the appropriate forms
for a group object and group action respectively.

For (i), we rewrite the Cech complex of the morphism x as

C'(X) ~ Pxy-xx P~ (Pxxy P)xp-xp(Pxx P) >~ Qu(X)Xp-xp 2x(X).
o+1 . °
It follows clearly that it satisfies the Segal condition and exhibits Q2 (X) € Grp(&) p).

For (ii), observe that we may compare the two Cech nerves in sight via (degreewise)
pullback of simplicial objects. Combining that with point (i), we get equivalences of
simplicial objects

C(x*(Y)>Y)~C(P—> X)xx Y
~Bg x)(P. P)xxY
~ B;zx(X)(P, PxyY)
~Bg_ (P x*(Y)),
exhibiting the desired Q. (X )-action on the fiber x*(Y). |

Remark 2.10 In the setting of Lemma 2.9, passage to geometric realizations from
(i) gives an equivalence BQx(X) >~ X between the classifying space for €2 (X)
(in the overtopos X, p) and the so-called nilpotent completion of X at x, defined
as X[ = |é'(x)|. This is a not necessarily affine variant of the notion of nilpotent
completion of ring spectra, first introduced by Bousfield [3, Theorem 6.5]. When
Xx: P — X is an effective epimorphism, we have X ~ X. Then Lemma 2.9(ii)
shows that ¥ >~ x*(Y)/ Q4 (X), generalizing the classical fact that a local system on a
connected base space is completely determined by its monodromy representation.

Remark 2.11 Let us take for X the presheaf co—topos Fun(CAlg, S), the usual setting
for “functor of points” nonconnective spectral algebraic geometry (once again ignoring
questions of descent). An Eo,—ring A gives rise to the terminal map of nonconnective
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affines x4: Spec(4) — Spec(S), which we may view as an A—point of Spec(S).
It follows from Lemma 2.9(i) that the loop space 2y ,(Spec(S)) admits a group
structure over Spec(4). That amounts to an appropriately interpreted (see [24] for a
thorough discussion of appropriate coalgebras in this setting) Hopf algebroid structure
on O(2x, (Spec(S)) ~ A® A over A. Upon passage to homotopy groups, this recovers
the usual “generalized dual Steenrod algebra” Hopf algebroid

(me(A4), m(A® A)) = (Ax, AxA).

Similarly, given any Eco-ring A, the Q2 , (Spec(S))—action on the fiber x% (Spec(X))
described in Lemma 2.9(ii), gives rise on homotopy groups to the usual “generalized
Steenrod comodule” structure on 7w« (A4 ® X) = A4(X). This hints at the relationship
between the monodromy construction of Lemma 2.9 and generalized Adams spectral
sequences, which we partly elucidate in Section 3.2, and in Remark 3.4 in a bit more
detail in the case of the Adams—Novikov spectral sequence.

2.3 Morava stabilizer group action on oriented deformations

Fix a formal group 60 of finite height over x = F, » and let G(k, éo) be its (big, ie
extended) Morava stabilizer group, viewed as an algebraic group, and hence a functor
CAlg7N — &, as explained in [8, Remark 5.29] and reviewed in Remark 2.17.

K

Proposition 2.12 There exists a canonical action of the Morava stabilizer group
Gk, 60) on the oriented deformations De g in Fun(CAlg?f ,S), whose two-sided
0
bar construction is equivalent as a simplicial object in Fun(CAlg%j, S),
e or ~ R® or
C (Defao — %) BG(K,GU)(*’ Defa,o),

to the Cech nerve of (the terminal map of) Def% .
0

Before embarking on the proof, let us outline its logical structure. We successively
reduce the statement to simpler ones, until we end up with an explicit verification.
The first reduction, from the oriented statement of Proposition 2.12 to a nonoriented
version, Lemma 2.13, is completely formal. The proof of Lemma 2.13 is where we
use the monodromy ideas from the previous subsection. Using them, or more precisely
Lemma 2.9, we are reduced to identifying the naturally occurring automorphism group
with the Morava stabilizer group. That is something of a classical observation, eg [13,
Lectrure 19] or [8, Theorem 7.18], and is the content of Lemma 2.16. Its proof, after
reducing from the co—categorical to a classical 1—categorical setting, is an explicit
point-set-level comparison.
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Proof of Proposition 2.12 By the definition of oriented deformations,
) Defg0 ~ Defg X rG-

The factor M, in this fibered product may be replaced with {63} when A4 is complex
oriented, and with @ when A is not. It follows from this observation that

C'(Defg0 — ) 22 C*(Defg — Mrc) X e Mig

as the base change of simplicial objects. Consequently, pulling back the equivalence of
simplicial objects from the next Lemma 2.13 along the inclusion Mp; — Mgg gives

rise to a G(k, 60)—acti0n on Def%r with the desired bar construction. |
0

Lemma 2.13 There exists a canonical action of the Morava stabilizer group G (k, 60)
on the unoriented deformations Deféo in Fun(CAlgjf, S), whose two-sided bar con-
struction is equivalent as a simplicial object in Fun(CAlg?llzI ,S),

C (Defao — Mpg) > BG(K,éo)(*’ Deféo)’

to the Cech nerve of the map Def%r — Mgg.
0

Proof Unlike oriented deformations, unoriented deformations of formal groups are as
a functor determined (as Kan extension) by its restriction to connective [Eo—rings by
[17, Proof of Theorem 3.4.1]. Therefore, let us implicitly restrict all functors to the
full subcategory (CAlg‘}E)Cn - CAlg;,I\CI spanned by connective E—rings for the rest
of this proof.

There, we have by [17, Proof of Proposition 3.4.3] a natural identification
Defg > (Spec(k)/ Mrc)ar

with the relative de Rham space of the morphism Spec(x) — Mg classifying 60.
Recall from [15, Definition 18.2.1.1] that the relative de Rham space of a map of
functors X — Y is defined as the pullback

“4) (X/Y)dr = Xar Xy, Y,
where the absolute de Rham space of a functor X is given by? Xqr(A4) = X (9(A)/m).

2Restricting to the subcategory CAlg<N C CAl ad helng substantiall here, as no colimiting over nilpotent
g gory &k &cpl Elp: y g

ideals of definition is necessary.
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Observe that we have at this point found ourselves in the setting of Lemma 2.9, with
the pullback square
Deféo — MFG

| |

Spec(k)ar —— (MFG)dr
playing the role of (2). More precisely, we have

e an ambient co—topos Fun((CAlg )Cn S),

e a “point” Spec(k)qr = (MEFG)dR>

¢ an object Mpg over the “base space” (MpgG)dr.,

e and its “fiber” Spec(k)dr X (M) MFG 2 Defa,o.

Lemma 2.9(i) thus exhibits the “based loop space”, which is the de Rham space
Aut(Go)ar of

Spec(k) X g Spec(k) =~ Qg (Meg) = Aut(G),

the automorphism group of the formal group @0, as a group object in the overcategory
Fun((CAlgiN)Cn S) /Spec(ic)ar Thus Lemma 2.9(ii) equips the “fiber” Deféo with the
“monodromy” Aut(Gp)—action over Spec(k)qr, whose bar construction is
BAut(é " (Spec(x)dr, Deféo) ~C (Defa0 — Mgg).

In light of Lemma 2.16, this Aut(Go)dR—actlon on the deformation (pre)stack Def ~ 1n
the overcategory Fun((CAlg )cn S) /spec(ic)ar 19 €quivalent to a G (k, Go)—actlon on it
in Fun((CAlg%j)C“, S), exhlblted on the level of bar constructions (see Remark 2.14)
by the equivalence

B% & (Spec(k)dr, Defg )NB’

) Aut(Go)ar 6.6y PG, =

Remark 2.14 We must clarify that the two bar constructions appearing on each side
of the equivalence (5) are formed in different co—categories. That is to say, the products
comprising the simplices on the left-hand side are all taken over Spec(k)qr, while on
the right-hand side, the products are absolute, ie taken over the terminal object .

Remark 2.15 The de Rham space Spec(k)qr that we encountered above in the proof
of Lemma 2.13 is equivalent to the affine formal scheme Spf(W T (k)), where W T (k)
the [Eoo—ring of spherical Witt vectors over k, as defined in [17, Example 5.2.7]. Indeed,
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in [17, Proof of Theorem 5.2.5] the spherical Witt vectors are defined to corepresent as
an affine formal scheme the relative de Rham space (Spec(x)/Spec(S))4r. But since
clearly Spec(S) =~ Spec(S)qgr, it follows that (Spec(k)/Spec(S))dr = Spec(k)dr, as
claimed. More concretely, the universal property of the spherical Witt vectors may be
written as
Map&olilfg(W+ (k), A) ~lim Homg 0 (k, w9 (A)/ 1)
I

for any adic E-ring A4, and with the colimit ranging over all of the finitely generated
ideals of definition in 7¢(A4). Another characterization of it is that W T (k) is a flat
p—complete E oo—ring and o(W T (k)) = W (k) recovers the usual ring of (p—typical)
Witt vectors.

Lemma 2.16 There is a canonical equivalence Aut(éo)dR ~ Gk, 60) x Spf(W T (k))
of group objects in Fun((CAlg )Crl S)/ spf (W + (1))~

Proof By unwinding the definitions, we find for any connective 4 € CAlgjN that

Aut(Go)ar (A4) ~ Spec() (710 (A)) /M) X ptye o (4)/m) SPEC() (0 (4) /m)

consists of a pair of maps fi, f2:« — m¢(A)/m and an isomorphism ¢: f}* 6’0 — fz*é
of formal groups over my(A)/m. In particular, it is a discrete space —indeed, this
follows from the fact that the ordinary moduli stack of formal groups,

MFG|CA1g® : CAlgo — S,

is actually a 1-stack, ie a groupoid-valued functor CAng — 7<1(S) — S. Since the
functor M(éo)dR amounts, as observed above, to passing to internal automorphisms
of this stack, and the essential image of the based loops functor Q: 7<;(Sx) — S
belongs to the full subcategory of discrete spaces Set >~ t<(¢(S) — S, it is a set-
valued functor itself. In conclusion, the functor Aut(GA'O)dR' (CAlgCN )" — S factors
through Set < S in the target, and through mq: (CAlg /N)Cn (CAlng)Q in the
source. The same holds for G (k, Go) x Spec(k)qr by definition of the de Rham
space. Hence to prove the lemma, it suffices to exhibit an isomorphism between the
two functors Aut(éo)dR and G (k, Go) X Spec(k)qr as group objects in the ordinary

category Fun((CAlgS P )O Set) /spec(ic)ar -

Let us therefore construct a natural transformation Aut(@o)dR — G(k, 60) x Spec(k)dr
as functors (CAlg /N)CQ — Set over Spf(W T (k)) ~ Spec(k)qr. Fix a complete Noe-
therian local commutative ring A with residue field k. Recall from the above discussion
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that elements of A_ut(éo)dR(A) consist of triples ( f1, f2,¢) as above, and the base
map M(éo)dR(A) — Spec(k)qr(A) is given by ( f1, f2,¢) — fi. Thus fixing the
element f; € Spec(k)ar(A) (since we wish to work over Spf(W ¥ (k)) =~ Spec(k)qr),
we obtain an element

(g, %) € Gal(ic/ Fp) X Autrgrp(e)(Go) = G(k, Go)

as follows. Thanks to the hypothesis that 4 /m =~ k, the field map f; may be abstractly
identified with a field endomorphism of k = F, - Any such endomorphism must fix the
prime subfield F, and since the inclusion F, C F, » 1s algebraic, this implies that it is
actually an automorphism. It follows that f;:x — A/m is a field isomorphism, so we
can set g 1= ]"1_1 o f>. We obtain the formal group isomorphism over « as

v:Go > (f7)* £ Go = g* Go.
Sending ( f1, f2,¢) — ((g,¢), f1) gives the desired map of sets
Aut(Go)ar (4) — G(k, Go) x Spec(k)ar (A).

It is clear from the description that this procedure is bijective, compatible with the
group structure, functorial in A, and compatible with the maps to Spec(k)qr; hence it
gives rise to an equivalence of functors as claimed. a

Remark 2.17 The matter of viewing G (k, @0) as a profinite group scheme here comes
from the classical observation that topology coincides with the usual Zariski topology
on automorphisms. Indeed, as we noted in the proof, all the functors involved in
Lemma 2.16 factor through the functor my: CAlg — CAlgO, and are as such a matter of
classical algebraic geometry. In that context, see [8, Theorem 7.18], or [13, Lecture 19].

On the other hand, let us explain where the profinite structure on G («, 6'0) is coming
from from the algebrogeometric perspective. Let us view the fixed formal group as a
functor 60: (CAlg‘/A"zt)QQ — Set from Artinian local rings with residue field «; ie infini-
tesimal extensions of the point Spec(k). Consider the subcategory Nil/ﬁk” - (CAlgA“)O

of local Artinian rings with m"+! =

= (. Restriction and Kan extension back along th1s
inclusion produces a functor G =M. (CAlg I A)Q _5 Set, which we may view as the n™
infinitesimal neighborhood; Goerss calls this the n—bud of the formal group Go, see in
particular [8, Remark 3.24]. Since every ideal in an Artinian local ring is nilpotent, the
tower

Nil52 SNil5! SN2 NIl c - ¢ (CAIgHH”
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is exhaustive and the canonical map lim GOS" — G is an equivalence. Furthermore,
any morphism of formal groups G — G’ induces a family of maps G =" — G'=" for
all n > 0, which induces an isomorphism

G (k. Go) = Aut(Go) = lim Aut(G 3").

Each factor in this filtered limit is finite, recovering the usual profinite structure on the
Morava stabilizer group. In particular, this implies that the product

Gk, Go) x Defg = Spf(CE (G (i, Go); E(k, Go)))

is the formal spectrum of an incarnation of continuous £ (k, 6'0)—Valued cochains on
the profinite group G (k, Gy).

Remark 2.18 Let us indicate an alternative approach to proving Proposition 2.12.
Instead of using the identification (3), we can rather observe that we have for any
Ae CAIg;I;I a natural equivalence

Defg (4) ~ Defg (70(A)) Xty (o (4)) MG (A)-

In light of that, it suffices to establish an appropriate G (k, @0)—action on unoriented
deformations, when all functors in sight are postcomposed with the functor A > 7y(A).
That involves only classical (ie nonspectral) algebraic geometry, and as such avoids
coherence issues. Therefore the desired bar construction claim follows inductively
from finding an appropriately equivariant equivalence

(6) Def o XMia Defé0 ~ Gk, 60) X DefAO,

G
with both sides restricted to the subcategory (CAlg‘;Ilj)@ - CAlngI:I of discrete objects.
Since any complete Noetherian local ring may be written as a filtered limit of Artinian
ones, and we are working in the “continuous” category, it further suffices to prove the
result upon the further restriction to local Artinian rings; see [8, Remark 7.3]. For that,

we can reference [8, Theorem 7.18].

There is one final small hitch: Goerss’s analogue of (6) takes the fiber product over a
moduli functor H(n) = (M) ME)ar instead of over Mpg. But since the forgetful
functor Def Go ™ MEg naturally factors through the substack inclusion ”;L(n) — Mg,
this turns out not to effect the result. See [10, Section 3.5] for further discussion.
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2.4 The Devinatz—Hopkins theorem

As before, fix k = F, » and let 60 be of height n, (which specifies it up to isomorphism).
We denote by E, and G, the associated Lubin-Tate spectrum and Morava stabilizer
group, respectively. Proposition 2.12 equips Def é; ~ Spf(E,) with an action® of G, on
Def%r ~ Spf(E}) in the oo—topos Fun(CAlng,j). Let Spf(E},)/Gy, denote the quotient
of this action in this co—topos. We view its ring of functions

Ep©n = O(Spf(Ey)/Gn)

as the continuous homotopy fixed points of the corresponding action of G, on the Lubin—
Tate spectrum E,. See Remark 3.5 for some further justification of this terminology.

Theorem 2.19 (Devinatz—Hopkins) With continuous homotopy fixed points de-

fined as above, the initial map Lk )S — Ej, in L) Sp induces an equivalence
hGy,

Epn™" >~ Lgw)S.

Proof By definition of the ring of functions, we have O(Spf(E,)) ~ E,. Similarly,
for products we have O(Spf(E,)**) ~ E ,;é', where ® denotes the completed smash
product of [14, Corollary 7.3.5.2], ie the coproduct in the co—category CAlg’gg1 of
complete adic E,—rings —see Remark 2.4. Therefore Proposition 2.12 implies that

E"Gn ~ O(Spf(Ey)* D) ~ Tot(ESCTD),

It follows from [17, Corollary 4.5.4] that completion in the co—category of E,—modules
coincides with K (n)-localization, and so E®* =~ Lk ;) (E®*). Thus it suffices to show
that L g(,)S — Ep induces an equivalence

(7 Tot(L g (ny(ESCTD)) ~ LgnS.

That is a standard result, stemming from the nilpotence of L ,)S in the co—category
L g (n) Modg,,, and ultimately, the horizontal vanishing line in the K(n)-local Adams
spectral sequence for E,; see for instance [6, Proposition Al.3]. But for completeness,
we sketch an argument anyway, following the account in [19].

The smashing product theorem of Hopkins and Ravenel [22, Theorem 7.5.6] asserts that
the Bousfield localization functor L, := L g, is smashing, which, by Proposition 8.2.4

30f course this is just the action of G, on Spf(E,) induced by the identification of the Morava stabilizer

group as G, ~ Aut(E;,) >~ Aut(Spf(Ey)), as observed in [17, Remark 5.0.8]. But from our way of
obtaining it, its bar construction is more transparent.
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of [22], is equivalent to L,S being E,-nilpotent. That is further equivalent, by
standard nilpotence technology, eg [13, Lectures 30 and 31], to the cosimplicial object
(E ,;@ ('+1)), whose totalization is L, S, being pro-constant. Applying the functor L g ()
to this cosimplicial object then gives the desired equivalence. a

Remark 2.20 An explicit analysis of how the horizontal vanishing line in the K (n)-
local Adams spectral sequence for E, gives rise to the equivalence (7) is given in [6,
Section 4 and Appendix I]. The argument that we gave, following [19], while phrased
slightly differently, is merely a repackaging of the same fundamental idea— indeed,
the proof of the Hopkins—Ravenel smashing product theorem is based on the existence
of a uniform vanishing line; see [20, Section 3.4] for a sketch and relationship to the
“standard nilpotence technology” referred to in the proof above.

Remark 2.21 The equivalence of Theorem 2.19 is a purely function-level state-
ment. Indeed, the quotient Spf(E,)/G,, is not equivalent to the affine formal scheme
Spf(L g (n)S). The value of Spf(Ey)/G, on any noncomplex-periodic K (7)—local Eqo—
ring is the empty set, while the value of Spf(L g (,).S) is contractible for all K(n)-local
E oo-rings.

Despite the preceding remark, we may view quasicoherent sheaves on the quotient
Spf(E,)/ Gy, which are by definition a derived version of Morava modules, as a natural
incarnation in spectral formal algebraic geometry of the K(n)-local stable category.

Corollary 2.22 There is a canonical equivalence of symmetric monoidal co—categories

QCoh(Spf(£n)/Gn) = Lk () Sp-

Proof It follows from the proof of Theorem 2.19 that

~ cpl ~
QCoh(Spf(E,)/Gy) ~ Tot(ModEgb(.H)) >~ Tot(L g (n) MOdLK(n)(E,?('“)))’

which is equivalent to the K(n)-local stable co—category in [19, Proposition 10.10]. O

2.5 Analogue over a general base

At the cost of replacing the Morava stabilizer group with the more involved algebroge-
ometric group % := Aut(Gy)4r, the contents of this section still hold after dropping
the assumption that k = F, D
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Proposition 2.23 Let 60 be a formal group of finite height over a perfect field
k of positive characteristic. Then there exists a canonical ‘§—action on Def%r in
Fun(CAlg‘/:f, 8) /spec(W+())» Whose two-sided bar construction in said oo—catego?y is
equivalent as a simplicial object in the co—category Fun(CAlg%j ,S),

o ~B* +
C (Defg0 — %) >~ BY(Spf(W ™ (k)), Defgo),
to the Cech nerve of (the terminal map of) Def%r .
0

Proof The only step of the proof of Proposition 2.12 that employs the assumption
k=F, p is in the proof of Lemma 2.16. The rest of the argument, including the proof
of Lemma 2.13, goes through for any perfect field « of positive characteristic, giving
the stated result. m

Proposition 2.23 equips Spf(E (k, G )) with a %-action, though this time we need to be
working in the relative setting over Spf(W T («)). This may be viewed as an incarnation
of a %G—action on the Lubin—Tate spectrum E(x, @0) in the co—category CAlg?dWJr(K).
Just as before, we obtain a workable definition of continuous homotopy fixed points by
setting

E(k, Go)"™ := O(Spf(E (k. Go)) /%),
and the analogue of the Devinatz—Hopkins theorem holds as follows.

Proposition 2.24 Let @0 be a formal group of height n < oo over a perfect field k of
positive characteristic. With notation as above, the initial map Lk ,)S — E(k, Go) in

L k() Sp induces an equivalence of spectra E (k, 60)}’<g ~ LgmwS.

Proof The proof of Theorem 2.19 works just as well in this setting, provided we use
[11, Proposition 5.2.6] for the nilpotence claim. O

Remark 2.25 As explained in [11, Notation 2.1.10], every Lubin—Tate spectrum
E(k, 60) gives rise to a Morava K-theory K(«, éo). It might seem like we should
have used the localization functor L g c,G,) in Proposition 2.24, but alas this does
not matter, since even though the spectra K(«, @0) do depend on the base field and
formal group used to define them, the induced localization functor does not. By [11,
Remark 2.1.14], the Bousfield localization functor L . «.Go) = Lgn) gnly depends on
the characteristic of the field « and the height » of the formal group G|.

In particular, we obtain by the same proof as Corollary 2.22 a “derived Morava module”
presentation of the K (n)-local stable category for every height n formal group Gy over
a perfect field « of positive characteristic.
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Corollary 2.26 Keeping all the notation from Proposition 2.24, there is a canonical
equivalence of symmetric monoidal co—categories,

QCoh(Spf(E (x, Go)/%9)) ~ L k() Sp-

3 Spectral sequences

The goal of this section is to prove a version of the Morava change-of-rings theorem,
identifying the K(n)-local Adams spectral sequence for E, with the continuous fixed-
point spectral sequence for the G,—action on E,. The Devinatz—Hopkins Theorem 2.19
already guarantees that they converge to (filtrations on) the homotopy groups on the
same spectrum, but the actual comparison of the spectral sequences (and interpretation
of the second one) will take a little more work.

3.1 The descent spectral sequence

Unlike the fundamentally nonconnective Spf(£,) and its intimidating-looking quotient
Spf(E,) /Gy, the classifying (pre)stack BG, = */G,, is quite well behaved. In par-
ticular, it (or better, its sheafification; but since the difference between them does not
matter for quasicoherent sheaves or functions, we will freely switch between them) is
representable by a formal spectral stack which, while not quite Deligne-Mumford, is
nonetheless quite manageable.

For instance, QCoh(BG,,) admits an accessible f—structure by the (formal geometry
analogue of) [15, Proposition 6.2.5.8]. Similarly, the descent spectral sequence, a piece
of technology familiar from the theory of topological modular forms, applies to BG,,.
The following proof is essentially a repetition of the one in [7, Chapter 5, Section 3],
but since the setting is slightly different, we have opted to spell it out.

Lemma 3.1 Let X: (CAlg?’j)cn — S be a formal spectral fpqc stack* that admits a
flat cover U — X, such that all the (nontrivial) fiber products U xx ---xx U are affine
formal spectral schemes. For any quasicoherent sheaf & on X , there exists a canonical
Adams-graded spectral sequence

EY' =H'(X:7,(F) = mi—s (D (X: F)),
called the descent spectral sequence.

4Here we are following [15], in that the absence of the adjective “nonconnective” automatically implies
connectivity.
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Proof Let U — X be a flat cover by an affine formal spectral scheme as postulated
in the statement of the lemma. It gives rise to a Cech nerve é'(U — X) and hence
U X)) with totalization I'(X; %). We
claim that the Bousfield—Kan spectral sequence of this cosimplicial spectrum, see for

a cosimplicial spectrum F(é'(U — X); F| e

instance [14, Remark 1.2.4.4], is the desired spectral sequence.

It converges (albeit only conditionally) to the homotopy groups of the totalization of the
cosimplicial spectrum by (an opposite variant of) [14, Proposition 1.2.2.14]. Hence it re-
mains to show that the E, page is of the desired form. If C*: Fun(A, .Ab) — Ch(.4b)=°
denotes the cochain complex associated to a cosimplicial abelian group, then the second
page of the Bousfield—Kan spectral sequence of a cosimplicial spectrum M ® may be
expressed as cochain complex cohomology,

Ey' =H(C*(m(M*))).

To apply this to the cosimplicial object in question, we must therefore determine the
homotopy groups

1 TD(CU = X): Fl ey yy) = 1T (U xx - xx Us f5(F)),

U—-X

where f:U xx---xy U — X is the canonical map. Since U — X is flat by assumption,
the same holds for f, and so f* om; >~ 7; o f* —see [14, Proposition 7.2.2.13] for
the affine case, from which it follows for an arbitrary flat morphism by the yoga of [15,
Section 6.2.5]. Secondly, the fiber product U Xy --- Xy U is affine by hypothesis, from
which it follows that its global sections functor is z—exact. Putting all that together, we
find that

DU xx - xx U f5(F) = T(U xx - xx U; f*(70:(F))),

and so the E, page of the spectral sequence in question is just the standard Cech coho-
mology procedure for computing the s™ sheaf cohomology group of the quasicoherent
sheaf 7;(%) on X. a

Remark 3.2 Though the approach using a cover that we sketched above will be the
most convenient for us in what follows, the descent spectral sequence does not depend
on that choice from the second page onwards. It may alternatively even be obtained
in an invariant way: the assumptions on the stack X ensure that QCoh(X) admits a
well-behaved ¢—structure. Then the spectral sequence associated to the filtered object

SThis is the functor that participates in one direction of the Dold—Kan correspondence; see [14, Defini-
tion 1.2.3.8] for the opposite version.
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N(Z)>n I'(t=—n(X); F) € Sp by [14, Definition 1.2.2.9] again gives rise to the
descent spectral sequence after an appropriate reindexing; see [9, Construction 1.5.7]
for details.

3.2 The Adams spectral sequence

We wish to apply the descent spectral sequence on the quotient stack BG;,;, for which we
need a quasicoherent sheaf on it. Consider the map ¢: Spf(E,)/G, — BG, induced
on quotients by the terminal projection p: Spf(E£,) — *. Using the pushforward
functionality of quasicoherent sheaves, we define the desired sheaf as

€n 1= qx(Ospi(E,)/G,) € QCoh(BGy).

As we will need it in the subsequent proposition, let us identify the fiber of this
quasicoherent sheaf at the point i : * — */G, >~ BGy,. By invoking base change along
the pullback square

Spf(En) —2— «

| |
Spf(En)/Gn —— BG,,
we find this fiber to be

i*(€n) = 1" qs(Ospi(E,)/Gn) = P+ (Ospi(E,)) = En.

Proposition 3.3 The descent spectral sequence for the quasicoherent sheaf ‘€, on
BGy, is isomorphic to

EY' =Ext) g ok T (En) T(En) = 7e(Lgm)S).

the K (n)-local Adams spectral sequence for E,.

Proof Observe that both spectral sequences in question may be obtained as Bousfield—
Kan spectral sequences of certain cosimplicial spectra. Thus it suffices to exhibit an
equivalence between those.

For the descent spectral sequence, we choose the flat cover i : *x — BGy,; indeed, this
is a cover by the usual yoga of classifying stacks, and it is flat thanks to the Morava
stabilizer group G, being pro-étale and as such flat. Then the Cech nerve of i is
given by é'(* — BG,) ~ G,’*, and coincides with the bar construction of G,. Let
Do G* — x denote the terminal map. Then it follows from the computation preceding
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the statement of the proposition that F| Co(+>BG,) pX(Ey), and so the cosimplicial
spectrum that gives rise to the relevant descent spectral sequence is T'(G**; p¥(Ey)),
with the cosimplicial structure inherited from the bar construction of G,,.

For the Adams spectral sequence, let us apply the functor O to the equivalence of
simplicial objects of Proposition 2.12. We obtain an equivalence of cosimplicial spectra

L (ESCTD) ~ O(Gy x Spt(Ey)).

The left-hand side (for recognizing which, we have made use of a calculation from the
proof of Theorem 2.19), gives rise to the K(n)-local Adams spectral sequence for Ej,.
To tackle the left-hand side, consider the Cartesian diagram

GX* x Spf(E,) ——— Spf(Ey)

m| lp

De
Xe
G ——
n k

Using base change along it, we have a series of equivalences
O(G,* x Spf(En)) =~ I'(G,* x Spf(En): Og e xspi(E,))
~ T(G,*: (pr)«pr3 (OspiE,)))
~ T(G*: pi p+(Ospi(E,)))
~T(G,* pl(En)).
and because the cosimplicial structure comes at each step from the bar construction
on Gy, this is an equivalence of cosimplicial spectra. Since we already saw that the

thus-obtained cosimplicial spectrum gives rise to the descent spectral sequence for
BG,,, we are done. O

Remark 3.4 By working in a nonformal setting, we may argue similarly to the above
in order to obtain the Adams—Novikov spectral sequence as a special case of a descent
spectral sequence — this is also explained in [15, Remark 9.3.1.9]. Indeed, consider
the E—ring MP, the periodic complex bordism spectrum. As we saw in Remark 2.11,
it gives rise to a “based loop space” Qy,,, (Spec(.S)) in nonconnective spectral stacks
over Spec(MP). Let X" denotes the classifying (pre)stack of this nonconnective spectral
group scheme. Its underlying ordinary stack is given by

X9~ Spec(o(MP))/Spec(og(MP @ MP)) ~ MI?G,
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which is identified with the ordinary stack of formal groups by a celebrated theorem of
Quillen. On the other hand, its (derived) Eo—ring of functions is given by

O(X) ~ Tot(MPPCHD) = 580 ~ 5.

which is by definition the MP-nilpotent completion of the sphere spectrum of [3], as
already discussed in Remark 2.10. This nilpotent completion is well-known to agree
with the sphere spectrum itself. Since the smash product MP ® MP is a flat MP-module
(see [17, Theorem 5.3.13]), a variant of Lemma 3.1 applies to the cover Spec(MP) — X.
The resulting descent spectral sequence converges to m«(S), while by an argument
analogous to our proof of Proposition 3.3, its second page is

st _ Q. ~ e
Ey" =H (Mg m:(Ox)) = EXC (\pomp

) (1« (MP), 74« (MP)),
viewable either as sheaf cohomology on the underlying ordinary stack, or as the Adams—
Novikov spectral sequence. See [9] (where the content of this remark is expanded upon

in [9, Section 2.6]) for a further development of these ideas.

3.3 Homotopy fixed-point spectral sequence

Let us say a few words about the interpretation of Proposition 3.3. We may view
QCoh(BGy,) as a version of continuous discrete representations of the Morava stabilizer
group over the sphere spectrum. From that perspective, the underlying spectrum of a
quasicoherent sheaf & on BGy, is given by the fiber i * (%) = M (keeping the notation
i: % — BG, from the previous subsection), and the sheaf structure on ¥ witnesses the
Gp—action on M . The (continuous) fixed points of this action are incarnated as global
sections M""Cn := T'(BG,,; %), and continuous group cohomology is given in terms of
sheaf cohomology as

Hl gy (G M) = H (BG: F) = s (M"Cm),

Under these identifications, the descent spectral sequence for BG,, corresponds to the
fixed-point spectral sequence for G,

ES' =5, (Gy; 1/ (En)) = mi—s (ENCn),

cont

Remark 3.5 In line with the preceding discussion, the sheaf €, on BG, encodes
a continuous Gy—action on the Lubin-Tate spectrum E,. Its continuous homotopy
fixed-points, in the above sense, are given by

E;}:Gn ~T'(BGy:ép) P*(]*(OSpf(En)/Gn) ~ I'(Spf(En)/Gn; OSpf(En)/Gn)-
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That agrees with (and perhaps justifies) our definition in Section 2.4, and its use in the
Devinatz—Hopkins Theorem 2.19 in particular.

Remark 3.6 There exist a number of precise incarnations of the co—category of
continuous G,—spectra in the literature, eg of [2] or [21]. In each, the construction from
[6] is enhanced (relying heavily on Devinatz and Hopkins’s detailed study of finite
subgroup actions) to produce a version of E, in the respective category. Instead, we
claim that QCoh(BG,) should be viewed as an incarnation of continuous G,—spectra,
sufficient for our purposes, but not intended to supplant the more sophisticated theories
mentioned above (a careful comparison with which we decline to carry out).

Remark 3.7 In spite of the preceding remark, let us observe that our model at least
gives rise to spectra with a G,—action in the sense of [1, Definition 2.2], referred to there
as “a simple sense of continuity”. Indeed, in light of Remark 2.17, a G,—action on M
in our sense gives rise to an augmented cosimplicial diagram M — CC”;m(G,),( ('+1); M).
In fact, our approach to continuous G,—actions is, via the bar resolution BG, ~ |G *|,
essentially equivalent to the one of [1]. Their restriction to the K(n)-local setting is
mirrored in our setup by working in the setting of formal algebraic geometry, ie inside
the co—category Fun(CAlg%j, S) instead of say Fun(CAlg, S).

Remark 3.8 With M as in the previous remark, we find by unwinding the proof
of Proposition 3.3 that the descent spectral sequence for the corresponding sheaf on
BGy, is obtained as the Bousfield—Kan spectral sequence of the cosimplicial object
Clnt(G,r*: M). That is also one traditional approach to defining the homotopy fixed-
point spectral sequence (for a compact Lie group, say), somewhat justifying our
identification of the two.

With all the notation in place, the following is a formal consequence of Proposition 3.3.

Corollary 3.9 (Morava’s change-of-rings isomorphism) The second page of the
K(n)-local Adams spectral sequence of the Lubin—Tate spectrum E, may be expressed
as continuous group cohomology E;’t = H 0 (Gni 7 (En)).

Remark 3.10 One difference between our approach and [6] is that they make use of
a form of Morava’s change-of-rings isomorphism from [5] to set up their theory. For

n

us, on the other hand, that result did not feed into the construction of £ ,}l’ nor its

identification with LS, and we could instead derive it from our considerations.
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Of course, that is largely a cosmetic difference; Morava’s theorem, even if classically

phrased differently, ultimately boils down to algebrogeometric considerations regarding

the moduli of formal groups of the sort that we based our approach on.
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Neighboring mapping points theorem

ANDREI V MALYUTIN
OLEG R MUSIN

We introduce and study a new family of theorems extending the class of Borsuk—Ulam
and topological Radon type theorems. The defining idea for this new family is to
replace requirements of the form “the image of a subset that is large in some sense is
a singleton” with requirements of the milder form “the image of a subset that is large
in some sense is a subset that is small in some sense”. This approach covers the case
of mappings S™ — R” with m < n and extends to wider classes of spaces.

An example of a statement from this new family is the following theorem. Let f
be a continuous map of the boundary dA” of the n—dimensional simplex A" to a
contractible metric space M. Then dA” contains a subset E such that £ (is “large”
in the sense that it) intersects all facets of A" and the image f(E) (is “small” in
the sense that it) is either a singleton or a subset of the boundary dB of a metric
ball B C M whose interior does not meet f(dA").

We generalize this theorem to noncontractible normal spaces via covers and deduce
a series of its corollaries. Several of these corollaries are similar to the topological
Radon theorem.

55M20, 55M25, 55P05

1 Introduction

We introduce and study a new family of theorems extending the class of Borsuk—Ulam-
and topological Radon-type theorems (though none of our theorems is a generalization
of the Borsuk—Ulam or topological Radon theorem itself). By the Borsuk—Ulam- and
topological Radon-type theorems we mean those stating that a continuous map takes a
“wide” set of some specific kind to a point. Let us list several of the most influential
examples:

o The Borsuk—Ulam theorem itself says that every continuous map of a Euclidean
n—sphere S” into Euclidean n—space R” identifies two antipodes.

© 2023 MSP (Mathematical Sciences Publishers). Distributed under the Creative Commons Attribution
License 4.0 (CC BY). Open Access made possible by subscribing institutions via Subscribe to Open.
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e The Hopf theorem states that, if X is a compact Riemannian n—manifold and
f: X — R" is a continuous map, then, for any § > 0, there exists a geodesic
y:[0,8] = X of length § such that f(y(0)) = f(y(5)).

o The topological Radon theorem says that if P is a convex n—polytope, then any
continuous map 9P — R”~! identifies two points from disjoint faces.

o The topological Tverberg theorem says that, if d > 1 is an integer, r is a prime
power and P is a convex (r—1)(d+1)—polytope, then any continuous map
3P — R identifies r points from r pairwise disjoint faces.

See eg Steinlein [35; 36], Matousek [22], Karasev [17], Akopyan, Karasev and
Volovikov [3], Frick [11], Barany, Blagojevi¢ and Ziegler [5], Skopenkov [33] and
Barany and Soberén [6] for more examples, including various extensions and gener-
alizations for Z ,—spaces, maps between manifolds, matroids and colored versions.
Another related family is Knaster’s conjecture-type theorems (see Matschke [23]).

All of these examples involve rigid dimensional restrictions. It is a natural question
whether the maps not satisfying these restrictions have any properties of the Borsuk—
Ulam kind. In particular, we are interested in whether the Borsuk—Ulam theorem has
any reasonable extensions to the case of mappings S — R” with m < n (a related
idea appears in Adams, Bush and Frick [2]).

Extensions of this kind are found in a new class we study. This class emerges by
replacing conditions of the form “the image of a subset that is large in some sense is
a singleton” with conditions of the milder form “the image of a subset that is wide in
some sense is a subset that is restricted in some sense”. This approach covers the case
of mappings S — R” with m < n and extends to wider classes of spaces.

Here is an example for the simplest nondegenerate case S! — R?:

Proposition 1 (Malyutin [20]) Let a, b and ¢ be three closed arcs covering the
circle S! such that no two of them cover S', and Iet f: S' — R? be a continuous map.
Then either f(a) N f(b) N f(c) # @ oreach of f(a), f(b) and f(c) touches a closed
Euclidean disk D?> C R? whose interior does not meet f(S').

Proposition 1 works for plane curves and knot diagrams and has a corollary with
applications in knot theory (see [20]). We formulate this corollary here. Let y: S! — R?
be a regular smooth plane curve in general position (that is, its only singularities are
transversal double points). By an edge of ¥ we mean the closure of a component of the
set y(S1)\ V, where V is the set of double points of . We say that two edges  and J
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S ()

Figure 1: For Proposition 1. The circle dD? touches f(a), f(b) and f(c)

of y are neighboring edges or neighbors if there exists a component Q of R?\ y(S')
such that the boundary dQ contains both / and J. We say that two edges / and J of y
are consecutive if the union 7 U J coincides with the image y («) of a (connected) arc o
in S'. We denote by p the maximal metric on the set E(y) of edges of y in the class
of metrics satisfying the condition “p(/, J) = 1 whenever I and J are consecutive
edges of y”.

Proposition 2 [20] If the curve y has k double points, then y has a pair of neighbor-
ing edges I and J with p(1,J) > %k.

Proposition 1 readily implies Proposition 2 if we choose the arcs @, b and ¢ appropriately.
Proposition 2 appears in [20] as an auxiliary lemma (Lemma 5.1) needed to obtain a
series of statements related to knot theory. In [20], this lemma is deduced from the
topological Helly theorem (see Bogatyi [7] and Montejano [24]). The statement of
Proposition 2 was one of the starting points for our study.

Here, we generalize Proposition 1 to noncontractible normal spaces via covers. The
generalizations and their corollaries will be formulated in the next sections, after
definitions. Our method is based on obstruction theory and uses a variation of the
concept of non-nullhomotopic covers introduced by Musin [27; 28].

Acknowledgments The authors are grateful to Florian Frick, Sergei Ivanov, Roman
Karasev, Gaiane Panina and Arkadiy Skopenkov for helpful discussions and comments.
Also, the authors are grateful to the referees for helpful remarks and suggestions.
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2 Definitions and results

Throughout this paper we mainly consider normal topological spaces,! all simplicial
complexes and covers will be finite, all manifolds will be both compact and PL, S” will
denote the n—dimensional sphere, A" will denote the n—dimensional simplex and
sk (A") will denote the k—skeleton of A”. We shall denote the set of homotopy classes
of continuous maps V' — W by [V, W]. The nerve of a (finite) collection S of sets will
be denoted by N (S). When this does not cause confusion we use the same notation
for an abstract simplicial complex and its underlying space (carrier).

The further exposition in this section is structured as follows: first we give a chain
of successively stronger generalizations of Proposition 1 (Theorem 4 is the weakest,
Theorem 36 is the strongest); then we present a family of corollaries (all but one of
which follow from Theorem 4).

2.1 Spherical f-neighbors

All of the following generalizations and corollaries replace the condition “the image is
a singleton” appearing in the Borsuk—Ulam-type theorems with the following milder
condition of “spherical neighboring”:

Definition 3 (spherical f—neighbors) Let X be a set, let ¥ be a metric space and let
f: X — Y be amap. We say that a subset N C X is a set of spherical f-neighbors
if N contains at least two points and the image f(N) is either a point or a subset of
the boundary 0B of a metric ball> B C Y whose interior does not meet f(X). If a
two-point set { p, ¢} is a set of spherical f-neighbors, we say that p and ¢ are spherical
f—neighbors. (See Figure 2.)

The first extension generalizes Proposition 1 to the case of spheres of arbitrary dimension
and replaces Euclidean spaces with arbitrary contractible metric spaces. (Recall that
facets of a polytope of dimension n are its faces of dimension n — 1.)

1A topological space X is normal if any two disjoint closed sets of X are contained in disjoint open sets
of X; see [32, page 446] for equivalent definitions via the Urysohn and shrinking lemmas.

2By a metric ball in a metric space (Y, d) with metric d we mean a subset of the form {y € Y | d(y, x) < R}
with x € Y and R > 0.

Algebraic & Geometric Topology, Volume 23 (2023)
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f(x =8sh

Figure 2: The image of a set {py, p», p3} of spherical f-neighbors

Theorem 4 Let f be a continuous map of the boundary d A" of the n—dimensional
simplex A" to a contractible metric space M. Then a set of spherical f-neighbors
intersects all facets of A".

Proof Let d denote the metric on M. If z is a point and N is a subset in M, we write

d(z, N):= inf d(z, p).
PEN

Let Aq,..., Ay+q be the facets of A", Foreachi € {1,...,n+ 1}, we set
Ei:={ze M |d(z, f(A) =d(z, f(0A"))}.

Observe that E; contains f(A;) and is closed, so {Eq, ..., E,41} is a closed cover
of M. Since M is contractible, f extends to a continuous map F: A" — M. Then
{FY(E}),..., F"Y(E,41)} is a closed cover of A" extending the closed cover
{Ay,...,Ays1} of A", By the Knaster—Kuratowski—-Mazurkiewicz (KKM) lemma,
the elements of { F~!(E}),..., F~'(E,41)} have a common point p. Then x = F(p)
liesin £1 N---N E,41. Then either x € f(dA"), so that x belongs to all of f(A;) by
the definition of E;; or r = d(x, f(0A")) > 0 and the ball B, (x) of radius r centered
at x touches all of f(A;) while its interior does not meet f(dA"). |

We generalize Theorem 4 by replacing the set of facets with a more general class of
covers as in the KKM lemma.

Algebraic & Geometric Topology, Volume 23 (2023)
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2.2 KKM covers and spherical f —neighbors

Definition 5 (KKM covers) Let A"*! be an (n+1)—dimensional simplex with ver-
tices labeled vy, ..., vy42. A closed cover {Cy, ..., Cy42} of the n—sphere S” is called
a KKM cover if there exists a homeomorphism /: S” — dA"T! such that, for each
J C{l,...,n+ 2}, the convex hull of the vertices v; with j € J is covered by the

union ;¢ h(Cj).
The argument in the proof of Theorem 4 also proves the following theorem:

Theorem 6 Let C be a KKM cover of the n—sphere S”, and let f: S" — M be a
continuous map to a contractible metric space M. Then a set of spherical f—neighbors
intersects all elements of C.

The key role in Theorem 6 is played by the properties of the cover, and not by the fact
that the underlying space is a sphere. To move on to the next generalization, we define
non-nullhomotopic covers (we generalize the concept of non-nullhomotopic covers
given in [27; 28]).

2.3 Non-nullhomotopic covers and spherical f -neighbors

Let X be a normal topological space and let &/ = {Uy, ..., U,} be an open cover of X.
Let N (i) be the nerve of U. Let ® = {¢1,..., @, } be a partition of unity subordinate
to Y. Let vy,...,v, be the vertices of the (n—1)—dimensional unit simplex AL
where

A= {xeR" |x; >0, x; -+ +x, = 1}.

For each i, we identify the vertex of N (i) corresponding to U; with v;, so that N'(U)
becomes a subcomplex of A"~!. We set

n
hy,e(x) =Y @i (x)vi.
i=1
Then /4 ¢ is a continuous map from X to NV (i) C A""!. Since the linear homotopy
() = (1 —1t)® + ¢tV of two partitions of unity ® and W subordinate to I/ induces a
homotopy between the corresponding maps, it follows that the homotopy class [/;,,¢]
in [X, N(U)], where by [V, W] we denote the set of homotopy classes of continuous
maps V — W, does not depend on ® (see [27, Lemma 1.6]). We denote this class
in [X, N (U)] by [U].
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The homotopy classes of covers are also well defined for closed sets. Indeed, in a normal
space, any finite closed cover has an open extension with the same nerve (see eg [25,
Theorem 1.3; 16, pages 31-33]). Furthermore, if C = {C}, ..., C,} is a closed cover of
anormal space X and S = {S1,..., Sy} and U = {Uy,..., Uy} are two open covers
such that S; N U; contains C; for all i that have the same nerve N'(S) = N (U) = N (C),
then each partition of unity subordinate to the open cover

T:={S10U1,...,SnﬂUn}

is also subordinate to both S and U. This implies that [S] = [T] = [U] in [X, N (C)] due
to the independence of the choice of partition of unity mentioned above. Then we set

[C]:=[8]=[T] = [U].

Definition 7 (non-nullhomotopic covers) We say that an open or closed cover C of
a normal topological space X is non-nullhomotopic if the corresponding homotopy
class [C] in [X, N(C)] contains no constant map.

Remark 8 Any non-nullhomotopic map X — K to a finite simplicial complex yields
non-nullhomotopic covers on X; to obtain an example, take the inverse images of all
elements in one of the collections

e open stars of vertices of K,

o stars of vertices of K in its first barycentric subdivision,

e maximal simplexes of K.

Definition 9 (homotopy ranks of maps) Let X be a topological space, let K be a finite
simplicial complex and let #: X — K be a continuous map. Let A g be the simplex
spanned by the vertices of K, so K is a subcomplex of A g. We define the homotopy
rank tk(h) of h to be the least nonnegative integer k such that / is nullhomotopic in
K Uskg (A k), where sky stands for the k—skeleton.? (Since A g is contractible, the
homotopy rank is well defined and does not exceed the dimension of Ag.)

Remark 10 In terms of Definition 9, / is nullhomotopic if and only if rk(/#) = 0.

Definition 11 (ranks of covers) We define the (homotopy) rank tk(C) of a (closed or
open) finite cover C of a normal space X to be the homotopy rank of maps X — A(C)
in the class [C] determined by C.

Remark 12 A cover is non-nullhomotopic if and only if it is of nonzero rank.

3We say that K U sky (A g) is the k—exoskeleton of K.
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Remark 13 Since sk, (A™) = A™ is contractible, it follows that the rank of an
n—element cover does not exceed n — 1.

Definition 14 (principal covers) An n—element cover (n > 2) of rank n — 1 is said to
be principal.

Remark 15 Since any proper nonempty subcomplex of dA™ is contractible in JA™,
it follows that a cover is principal if and only if it is non-nullhomotopic and its nerve is
the boundary of a simplex.

Remark 16 Remark 15 implies that no principal cover has a proper subcollection of
elements with empty intersection; in particular, no principal cover has disjoint elements.

Remark 17 Any non-nullhomotopic map X — Sk to the k—sphere yields a principal
cover of X of rank k 4+ 1 (see Remark 8 and [27, Theorem 1.5]). Thus, a space can
have principal covers of distinct ranks.

Remark 18 (conditions for cover non-nullhomotopicity) If the composition of con-
tinuous maps is non-nullhomotopic, then each of them is non-nullhomotopic.

¢ On the one hand, this implies that any refinement of a cover of rank k has
rank at least k. In particular, any refinement of a non-nullhomotopic cover is
non-nullhomotopic.

¢ On the other hand, this implies that, if f/: X — Y is a continuous map of
normal spaces and C = {Cy,...,Cy} is a closed cover of Y such that the
dimension of the nerve A'(C) is less than the rank rk(C) of the induced cover
C={f"YC)...., f7H(Cy)}, then 1k(C) > rk(C). In particular, if the induced
cover is principal and ()/_; C; = &, then C is principal. (See Lemma 52.)

We now have all the definitions needed to replace spheres in Theorem 6 with general
“noncontractible” spaces.

Theorem 19 Let X be a compact normal space, let M be a contractible metric
space and let f: X — M be a continuous map. Then, for any non-nullhomotopic
cover C of X, a set of spherical f-neighbors intersects at least tk(C) + 1 elements
of C. In particular, for any principal cover, a set of spherical f-neighbors intersects all
elements of the cover.

Algebraic & Geometric Topology, Volume 23 (2023)



Neighboring mapping points theorem 3051

AG))

O

Figure 3: An example with disconnected X = S U {#’, ¢'}.

Theorem 19 implies Theorem 6 because each KKM cover either is principal or all of
its elements have a common point; furthermore, the maps in the homotopy class [C]
corresponding to each principal KKM cover C are of degree one, so [C] contains a
homeomorphism (see [28, Corollaries 2.1-2.3]).

Remark 20 X in Theorem 19 is not assumed to be connected. Figure 3 shows an
example with X = S' U {#’, ¢’} (compare Figure 1).

Remark 21 Combining the idea that X" in Theorem 19 is not necessarily connected
with switching attention to the image of the cover leads to generalizations of Helly’s
theorem and the KKM lemma. See also Lemma 52 below. We do not develop this line
here.

2.4 EP triples and ranks, and spherical f —neighbors

We are going to upgrade Theorem 19 to the more general Theorem 36, which covers
the case of maps to not necessarily contractible spaces. In order to state and prove
Theorem 36, we introduce concepts of Eilenberg—Pontryagin and Knaster—Kuratowski—
Mazurkiewicz ranks.

Definition 22 (Eilenberg—Pontryagin triples and ranks) Let Z be a topological space
with a subspace A4, let K be a finite simplicial complex and let [/2] be a homotopy class
in [A, K]. We say that (Z, A, [h]) is an Eilenberg—Pontryagin triple if no map in [/]
extends to a continuous map Z — K.
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We define the Eilenberg—Pontryagin rank (EP rank) tk(Z, A, [h]) of the triple (Z, A, [h])
to be the least nonnegative integer k& such that there exists a continuous map H: Z —
K U ski (A g) whose restriction H| 4 is homotopic in K U sk;(Ag) to the maps
of [A], where A g is the simplex spanned by the vertices of K and containing K as
a subcomplex. (Since A is contractible, the EP rank is well defined and does not
exceed the dimension of Ag.)

Remark 23 In terms of Definition 22, a triple (Z, A4, [/]) is Eilenberg—Pontryagin if
and only if it is of nonzero EP rank (because K U skg(Ag) = K).

Remark 24 Since any constant map extends to any ambient space, it follows that in
terms of Definitions 9 and 22, for any Z, A, K and 4,

tk(Z, A, [h]) < 1k(h).
Furthermore, if 4 is contractible in Z, then
rk(Z, A, [h]) = rk(h).
In particular, if C is a finite closed cover of 4 and A is contractible in Z, then
k(Z, A,[C]) = 1k(C).
Example 25
o f Z=A', A=K =0A"and h =id, then tk(Z, A4, [h]) = 1k(h) = n.
e fZ=K=A" A=0A" and h =id, then rk(Z, A4,[h]) = rk(h) = 0.

Example 26 We have rk(Z, A4, [h]) = 0 whenever A is a retract of Z.

Example 27 Let W be an orientable, compact PL. m—manifold with connected
nonempty boundary oW, and let /i: 0W — d A" be a continuous map. Then rk(/) €
{0, n}, tk(W, oW, [h]) € {0, n} and rk(W, dW, [h]) < rk(h).

o If m = n, then rk(W, oW, [h]) = rk(h) (this follows from the Hopf degree
theorem; see the proof of Corollary 39 below).

o If W = A™, then rtk(W, dW, [h]) = rk(h) (because A™ is contractible; see
Remark 24).

e Results of [29] imply however that, for any 7 and n with nontrivial 7, (S"~!)
and for any non-nullhomotopic /: S~ — 9 A", there exists an m—manifold W

with W = S™~! such that s extends to a continuous map W — 9A", so
rk(W, oW, [h]) = 0 and 1k(/) = n.
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Definition 28 (Knaster—Kuratowski—-Mazurkiewicz rank) Let Z be a topological
space and let S = {Sy,..., Sy} be a collection of subsets in Z. We say that the
pair (Z,S) is a Knaster—Kuratowski—-Mazurkiewicz (KKM) system if no closed cover
{Eq,..., Ey}of Z with S§; C Ej for all i has the same nerve as S.

We define the KKM rank rk(Z, S) of the pair (Z,S) to be the least integer & such that
there exists a closed cover £ ={E1,..., Ey} of Z with S; C E; for all i such that the
dimension of N'(€) \N(S) is k.

Remark 29 In terms of Definition 28, a pair (Z, S) is a KKM system if and only if it
is of nonzero KKM rank.

Example 30 If Z = A" and S = {S1,...,Sm+1} i1s a KKM cover of dA™, then
rk(Z,S) = m by the KKM lemma.

Example 31 We have rk(Z, S) = 0 whenever S is a closed cover of a retract of Z.
Example 32 We have tk(Z, {Sy, ..., Sx}) = 0 whenever (/_, Si # @.

Lemma 33 Let a normal space Z contain a normal space A as a subspace, let C be a
closed cover of A, and let [C] be the corresponding homotopy class in [A, N'(C)], where
N (C) is the nerve. Then the EP rank of the triple (Z, A, [C]) does not exceed the KKM
rank of the system (Z,C):

k(Z, A,[C]) <1k(Z,C).
Furthermore, if A is closed in Z, then

k(Z, A,[C]) =1k(Z,C).
Lemma 33 is proved in the next section.

Example 34 (showing that the closedness requirement of A in the second part of
Lemma 33 is essential) If X is a compact normal space, ' = {C7,...,C,} is a closed
cover of X with (N7, C; = @ and each C/ nonempty, Z is the cone over X, zg is
the top of Z, A = Z \ {zo}, C/’ is the subcone in Z over C/, C; = C/"\ {zo}, and
C={C,...,Cy}, then the KKM rank rk(Z,C) is n — 1 and the EP rank rk(Z, 4, [C])
is one more than the dimension of the nerve A'(C’). (See Figure 4 with X = S'.) For
example, if n > 2 and the elements of C’ are pairwise disjoint, then

k(Z, A, [C)=1<n—1=1k(Z,().
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Figure 4: A disk with rk(Z, 4,[C]) =2 <4 =1k(Z, ().

Remark 35 Lemma 33 implies (see Remark 24) that, given a compact normal space 4
with a finite closed cover C, for any ambient normal space Z D A, tk(Z, A4,[C]) =
rk(Z,C) < rk(C), while tk(Z, A4,[C]) = tk(Z,C) = rk(C) if A4 is contractible in Z.
(This generalizes [27, Theorem 2.2].)

Theorem 36 Let A be a compact normal space, let C be a closed cover of A, and let
[C] be the corresponding homotopy class in [A, N'(C)], where N'(C) is the nerve. Let
Z be a normal space containing A as a subspace. If the triple (Z, A,[C]) is Eilenberg—
Pontryagin, with EP rank tk(Z, A,[C]) > 0, then, for any metric space M and any
continuous map f: A — M that extends to a continuous map Z — M, a set of spherical
f—neighbors intersects at least tk(Z, A, [C]) + 1 elements of C.

Theorem 36 is proved in the next section.

Proof of Theorem 19 We deduce Theorem 19 from Theorem 36. Let X, M, f
and C be as in Theorem 19. Set Cone(X) := (X %[0, 1])/(X x {0}) and identify X
with X x {1} C Cone(X). (The cone is normal because X is compact and normal; see
eg [30].) Definitions of ranks imply (see Remark 24) that

(%3%) rk(Cone(X), X, [C]) = rk(C).

In particular, the triple (Cone(X), X,[C]) is Eilenberg—Pontryagin since C is non-
nullhomotopic. Since M is contractible, it follows that f extends to a continuous
map F: Cone(X) — M. We apply Theorem 36 to the Eilenberg—Pontryagin triple
(Cone(X), X,[C]), with Z = Cone(X) and A = X in the notation of Theorem 36,
and see that a set of spherical f—neighbors intersects at least tk(Cone(X), X, [C]) + 1
elements of C. Then Theorem 19 follows by (s3:). O
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Remark 37 Theorem 36 has further refinements regarding the number of distinct sets
of spherical f—neighbors intersecting the prescribed number of cover elements, but we
do not develop this line here.

2.5 Corollaries

Next, we list several corollaries of Theorems 4, 6, 19 and 36. In fact, all of the following
corollaries, except for Corollary 39, follow from Theorem 4.

Definition 38 A continuous map f: 4 — Y of an orientable, connected, closed PL
manifold A to a space Y is said to be null-cobordant if there exists an orientable,
compact PL. manifold W with dW = A and a continuous map F: W — Y such that

Fla=f.

Corollary 39 (see [27, Theorem 2.6]) Let A be an orientable, connected, closed PL
n—manitold and let C be a non-nullhomotopic cover of A such that the nerve of C is
homeomorphic to the n—sphere. Then, for any metric space M and any null-cobordant
map f: A — M, a set of spherical f-neighbors intersects at least n + 2 elements
of C. In particular, if C is principal and contains precisely n + 2 elements, then a set of
spherical f—neighbors intersects all elements of C.

Proof If f: A — M is null-cobordant, then there is an orientable, compact PL
(n+1)-manifold Z with 0Z = A and a continuous map F: Z — M with F|4 = f.
A homological argument shows that, for each continuous map H: Z — N(C) =~ S",
the restriction H| 4 is of zero degree. Then the Hopf degree theorem implies that H | 4
is nullhomotopic. This means that the triple (Z, A, [C]) is Eilenberg—Pontryagin and
the statement follows by Theorem 36. O

Remark 40 (the dimensional restriction in Corollary 39 is essential) It is shown
in [29] that any continuous map S — S” is null-cobordant if m > n. Let m and n
be such that m > n and 7,,(S") is nontrivial, and let #: S™ — JA"T! be a non-
nullhomotopic continuous map. Then there exists an orientable, compact PL (m+1)-
manifold W with W = S™ and a continuous map H : W — d A"+ such that H |y =h.
Let C be the closed cover of W composed of the inverse images of the facets of A"T1,
Then [C] = [/] and C is principal. We embed W into a Euclidean ball BN of large
dimension and “tiny” diameter, then embed W into the product dA"+! x BN such that
the projection of this embedding to A" ! yields H, and take the induced metric on W.
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Now, let f: W — W be the identity map. Then f is null-cobordant but no set of
spherical f—neighbors intersects all elements of C if the diameter of BY is sufficiently
small.

Corollary 41 Let M be a contractible metric space, let S™ be the Euclidean unit
n-sphere in Euclidean (n+1)—space R"*! and let f: S® — M be a continuous map.
Then there exists a pair { p, q} of spherical f—neighbors such that the Euclidean distance

| p—ql is at least /(n +2)/n.

Corollary 41 is proved in the next section.

Remark 42 1In[21] we show that, if M = R"™ with m > n, then the constant \/m
in Corollary 41 (the Euclidean distance between the centers of adjacent (n—1)—simplices
of the regular triangulation of S™) can be replaced with \/2(n +2)/(n + 1) (the Eu-
clidean distance between vertices of the regular triangulation of S”), which is the
best possible. Our proof for the Euclidean case M = R™ is based on the Delaunay

triangulations and we do not know whether it extends to all contractible M.

Corollary 43 Let M be a contractible metric space, let P be a convex n—polytope and
let f: 0P — M be a continuous map. Then a set of spherical f—neighbors intersects
at least n 4 1 facets of P.

Proof via Theorem 4 Corollary 43 is an “equivalent generalization” of Theorem 4
because the (n—2)—skeleton of any convex n—polytope contains the (n—2)—skeleton of
the n—simplex as a topological subspace (see [14]). |

Proof via Theorem 19 Clearly, the cover C of dP composed of the facets of P is
non-nullhomotopic of rank n because C is a good cover (that is, any intersection of
elements in C is contractible), so the nerve of C has homotopy type of 3P == S"~! by
the nerve theorem, while the maps in the class [C] are homotopy equivalences. Then a
set of spherical f—neighbors intersects at least n 4 1 facets of P by Theorem 19. 0O

Since any collection of n + 1 facets of the n—cube contains a pair of antipodal facets,
Corollary 43 implies the following:

Corollary 44 Let M be a contractible metric space, let 9]0, 1]" be the boundary of
the m—dimensional cube [0, 11" and let f: d[0, 1" — M be a continuous map. Then
there is a pair of spherical f—neighbors intersecting antipodal facets of [0, 1]™.
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There exists an example of continuous map S> — R? showing that the statement of
Corollary 44 about spherical f—neighbors lying on antipodal facets holds for neither
regular octahedra nor regular dodecahedra nor regular icosahedra. A weaker version of
Corollary 44 where “antipodal” is replaced with “disjoint” holds for many polytopes.

2.6 Radon-type theorems

Definition 45 (weak Radon polytopes) We say that an n—polytope P is weakly Radon
if, for any continuous map f: dP — M into any contractible metric space M, there is
a pair of spherical f—neighbors intersecting two disjoint faces of P.

We recall some standard definitions. A flag polytope is a convex polytope such that every
collection of pairwise intersecting facets has a nonempty intersection. A (combinatorial)
fullerene is a simple 3—polytope with all facets pentagons and hexagons.

A “visual” simply checked sufficient condition for weakly Radon polytopes is provided
by the so-called belts. A k—belt (or a prismatic k—circuir) in a 3—polytope is a cyclic
sequence (F1, ..., Fy) of k = 3 facets in which pairs of consecutive facets (including
{Fy, F1}) are adjacent, other pairs of facets do not intersect, and no three facets have a
common vertex.

Corollary 46 (1) If the (n—2)—skeleton of a convex n—polytope P contains the
(n—2)—skeleton of the n—cube as a topological subspace, then P is weakly Radon.
(2) Each convex 3—polytope having a k—belt with k > 4 is weakly Radon.
(3) Each flag 3—polytope is weakly Radon.
(4) Each fullerene is weakly Radon.

(5) The regular dodecahedron and the regular icosahedron are weakly Radon.

Proof Assertion (1) follows from Corollary 44 in an obvious way. Assertions (2)
and (5) directly follow from assertion (1). Assertion (3) follows from Corollary 51(2)
below. Assertion (4) is a particular case of assertion (3). O

Definition 47 (weak Radon rank) If P is an n—polytope, Y is a metric space and
f 0P — M is amap, we say that two facets Fy and F, of P are spherical f-neighbors
(or that the pair { F, F,} is a pair of spherical f—neighbors) if there is a pair {p, ¢}
of spherical f-neighbors with p € F; and ¢ € F,. We say that f: dP — M has
weak Radon rank m if there are exactly m distinct pairs of facets of P such that each
of these pairs is a pair of disjoint spherical f-neighbors. By the weak Radon rank
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of a polytope P we mean the least of the weak Radon ranks of continuous maps
f:dP — M into contractible metric spaces.

Corollary 44 allows us to obtain rough lower bounds on the weak Radon rank.

Definition 48 (cubic hemisphere) Let H be a subset of the boundary dP of a convex
n—polytope P. We say that H is a cubic hemisphere if there exists a homeomorphism
h:[0,1]" — P such that the restriction of 4 to the (n—2)—skeleton of [0, 1]" is a
topological embedding to the (n—2)-skeleton of P and H is the image of the union of
n facets of [0, 1]” that have a common vertex.

Definition 49 (lighthouse independence number) We say that a set Z of vertices
of an n—polytope is lighthouse independent if no two vertices in Z share a facet
(equivalently, the corresponding facets of the dual polytope are pairwise disjoint). The
lighthouse independence number lin(P) of an n—polytope P is the cardinality of a
largest lighthouse independent set of P.

Remark 50 The lighthouse independence number of an n—polytope equals the cardi-
nality of a largest set of pairwise disjoint facets of the dual polytope.

Corollary 51 (1) Let P be a convex n—polytope. If 0P contains k cubic hemi-
spheres with pairwise disjoint interiors, then the weak Radon rank of P is at
least %k.

(2) Let P be a flag 3—polytope (eg a fullerene). Then the weak Radon rank of P is
at least half the lighthouse independence number of P.

(3) If P is a flag simple 3—polytope with v facets and g is the largest number of
edges in a facet of P, then the weak Radon rank of P is at least

255

where | - | stands for the floor function.

(4) If P is a fullerene with y facets, then the weak Radon rank of P is at least
25w =3
(5) The weak Radon rank of the regular dodecahedron is at least 2.

(6) The weak Radon rank of the regular icosahedron is at least 2.
(7) The weak Radon rank of the cube is 1.

Corollary 51 is proved in the next section.
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3 Proofs

Proof of Lemma 33 (1) We show that rk(Z, 4, [C]) <1k(Z,C).

Let C = {Cy,...,Cy}, let A""! denote the simplex spanned by the vertices of the
nerve A'(C) of C, so N'(C) is a subcomplex of A"~!, and let r := rk(Z,C). By the
definition of the KKM rank, there exists a closed cover £ ={E1,..., E,} of Z with
C; C E; for all i such that the dimension of A'(€) \ N(C) is r. Therefore, the union
N(C) U sk, (A1) contains N'(E). Set

E4={EINA,. .. E;nAb.
Since C; C E; for all i, it follows that the nerve N (€ 4) contains A/ (C). We have
N(C) CN(E4) CN(E) CN(EC)Usk, (A" 1),

Let [€] be the homotopy class in [Z, V()] determined by € and let F: Z — N(€) be
a map in [£]. Let [€ 4] be the homotopy class in [4, NV (€ 4)] determined by € 4 and let
f'iA—> N(E ) beamapin[E4]. Let f: A — N(C) be amap in [C] € [4, N(C)].

Since E; N A contains C; for each i, the argument preceding Definition 7 shows that f
and f’ are homotopic in N'(€ 4). By construction, F| 4 and f” are homotopic in N ().
Thus, F|4 and f are homotopic in NV(£) and hence in N'(C) U sk, (A"~ !) as well. By
the definition of the EP rank this means that tk(Z, 4,[C]) <r =rk(Z,C).

(2) We show that rk(Z,C) <r1k(Z, A,[C]) whenever A4 is closed in Z.

We start by constructing a specific map 4 — N(C) from the class [C]. Let C =
{Cy,...,Cy} and let N'(C) be a subcomplex in A"~ (as in the first part of the proof).
Since A is normal, there exists an open cover U = {Uq,..., Uy} of A such that
U; contains C; for each i and the nerve of U/ coincides with that of C (see eg [25,
Theorem 1.3; 16, pages 31-33]). The Urysohn lemma for normal spaces implies that,
for each i, there exists a continuous function f;: 4 — [0, 1] with f;(C;) = 1 and
fi(A\U;) =0. Then ® = {¢q,..., @y}, where ¢; := fi/ Zj fj»1s a partition of unity
subordinate to ¢/ such that ¢, [1/n,1] contains C; for all i. Let

e (x) ==Y ¢i(x)v;

i=1
be the corresponding map A — N(C) representing the class [C] = [U/] (see the construc-
tion preceding Definition 7).
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Now, let p :=rk(Z, A,[C]). Then, by the definition of the EP rank, there exists a
continuous map F: Z — N(C) Usk,(A""!) such that the restriction F| 4 is homotopic
to /gy in N(C) Usk, (A" ). The generalizations of Borsuk’s homotopy extension
theorem obtained in [26; 34] imply that, since A4 is closed in Z, there exists a continuous
map G: Z — N(C) Usk, (A" 1) with G| 4 = hy,¢. Then the collection of subsets

G:={G'[1/n1],...,G; " [1/n, 1]},
where G, ..., G, are the coordinate functions of G, is a closed cover of Z such that
G;'[1/n, 1] contains C; for all i and the nerve A(G) is contained in N (C) Usk , (A"~ 1),

so the dimension of A/ (G) \ V' (C) is at most p. By the definition of the KKM rank, this
means that rk(Z, [C]) < p =1k(Z, 4,][C)). |

Now we state and prove Lemmas 52 and 54, and then deduce Theorem 36 from
Lemmas 33, 52 and 54.

Lemma52 Let (Z,C={Cy,...,Cy}) be a KKM system of rankr >0, let [ : Z — Z’
be a continuous map to a topological space Z', and let C' ={C/, ..., C,} be a family of
subsets in Z' such that f(C;) C C/ for all i. Then either {1, ..., n} contains a subset J
of cardinality r + 1 such that () ;¢ ; Cj = @ and (\je; C; # @ or (Z',C’) is a KKM
system of rank at least r.

Remark 53 In Lemma 52, two key special cases are C/ = f(C;) and f = id.

Proof If neither rk(Z’,C’) > r nor {1, ...,n} contains J with |J| = r + 1 such that
Njes Cj =@ and (e, C; # 2, then
(i) there exists a closed cover &' ={E,..., E,} of Z' with C{ C E] for all i such
that the dimension of N'(£") \ W(C’) is less than r (by definition), and
(ii) the dimension of N'(C") \ W(C) is less than r.
Consequently, the dimension of AV () \ N'(C) is less than r. The collection £ =
{Eq,..., Ep} with E; .= f_l(E,{) is a closed cover of Z such that C; C E; for all i.

The nerve NV (£') contains N (£). Therefore, the dimension of AV(£) \ N (C) is less
than 7. This contradicts the assumption that » = rk(Z, C). |

Lemma 54 Let (Z,C={Cy,...,Cy}) be a KKM system of rank r > 0 with metriz-
able Z and all C; compact, and let d be a metric on Z. Then there exists a closed

metric ball
Br(x):=4{zeZ|d(z,x)<R}, x€Z,R>0,
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whose interior intersects no element of C and whose boundary sphere touches at least
r + 1 elements of C.

Proof If z is a point and NV is a subset in Z, we write

d(z, N):= inf d(z, p).
PEN

Let A denote the union U;’=1 C;. Foreachi €{l,...,n}, we set
E; .= {Z e”Z | d(Z,C,') = d(Z,A)}.

Observe that E; contains C; and is closed, so {Eq, ..., E,} is a closed cover of Z.
Since (Z,C) is a KKM system of rank r > 0, it follows by the definition of KKM rank
that the set {1, ..., n} contains a subset J of cardinality r + 1 such that [ jes Cji=9
and () ey Ej # @. Let x be apointin () ;¢ ; E; # @. Then the ball By(x, 4)(x) of
radius d(x, A) centered at x meets the requirements of the lemma (since each of C; is
compact). O

Proof of Theorem 36 Since (Z, 4,[C]) is an Eilenberg—Pontryagin triple, it follows
by Lemma 33 that (Z, C) is a KKM system of rank rk(Z,C) =1k(Z, 4,[C]).

LetC ={Cy,...,Cy}. Set F:={F(Cy),..., F(Cy)}. Then Lemma 52 implies that
we have two possibilities:

(1) The dimension of N'(F)\N(C) is atleastrk(Z, C), so {1, ...,n} contains a subset
J of cardinality rk(Z, C) + 1 such that ();c; C; =@ and (¢ ; F(Cj) # 2.
(2) The pair (M, F) is a KKM system of rank at least rk(Z, C).

In case (1), for any point x € mjeJ F(Cj), the set F~!(x) is a set of spherical
F| 4—neighbors that intersects all elements of {C;} jes, which proves the theorem.

In case (2), the required statement follows by Lemma 54 applied to (M, F). O

Proof of Corollary 41 We use a spherical version of Theorem 4. Let 7" be a regular

triangulation of the unit sphere S” and let 51, .« Ap4a, be the n—simplices of T'; all
of A; are regular spherical simplices with Euclidean distances between vertices

2(n+2)
n+1

ey dn,pu =
and angular edge length

n+2 —arccos(_—l)
2(n+1) n+1/

2) dpa =2 arcsin(%dn,Eu) = 2 arcsin
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We recall that the circumradius of a compact set Q in a metric space is defined as
the radius of a least metric ball containing Q. If Q is a compact subset of S” we
denote by circa Q and diamp Q, respectively, the circumradius and diameter of Q with
respect to the angular metric, and diamg, Q will stand for the Euclidean diameter of QO
in R?*1 5 S§”. Under this notation, Dekster’s extension [9] of the Jung theorem says
that, for any compact subset Q of S”,

2arcsin(,/ nz_;l sin(circp Q)) <diamp Q.

This immediately implies that, in the case where circy Q < Z,

3) @ sin(circs Q) < diamg, 0.

Another auxiliary fact we need is that
4) diama A; = 1(x — du.n).

Indeed, observe that A; is the intersection of a finite number of closed hemispheres and
hence its boundary is composed of fragments of great hyperspheres, which are geodesic
in S”. Therefore, if a and b are two points in A; such that neither a nor b is a vertex
of Z,’, then diamp {a, b} < diamp Z,’ because Z,’ contains two geodesic arcs* o and 8
such that & contains « in its relative interior and B contains b in its relative interior. Since
A, is contained in the interior of a hemisphere, so @ and b are not antipodal, it follows
that there exista’ € « C A; and b’ € B C A; with diama{a, b} < diama{a’, b’} (imagine
the interposition of «, # and the metric ball D C S” of diameter diama {«, b} containing
a and b). Thus, if @ and b are two points in A; such that diama{a, b} = diamp A,
then one of @ and b is a vertex of A; and we easily obtain (4) by considering the regular
triangulation of S” dual (antipodal) to 7.

Now, we pass to the proof of Corollary 41. If we have a continuous map f:S" — M,
then Theorem 4 implies that a finite set & of spherical f—neighbors intersects all of A
We need to prove that

) diamg, 2 > ,/”niz.

Let B C S" be a metric ball with angular radius circy & containing 22, let C € S” be the
center of B, let A € S” be the antipode of C, let A , be a simplex of 7" containing A and

4By geodesic arcs in S we mean arcs of great circles.
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let B, C S™ be the metric ball centered at A of angular radius diamp A K= %(n —duA)
(see (4)). Then B, contains Kk. Since & intersects Zk while & C B and Zk C B,,
it follows that B intersects B,. Therefore,

(6) circpy & =circa B > w —circy B, = %dn,A.
The situation splits into two cases:

(i) circp & > % (ie no hemisphere contains ).

(i) circy # < 7.

In case (i), we observe that, since no hemisphere contains &2, it follows that no
Euclidean ball in R” of radius less than 1 contains 2. Then the Jung theorem? says
that diamg, & > d gy, which implies the required (5).

In case (ii), (3) is applicable and yields

diamg, 2 > @ - sin(circa 2) (by (3))
> /2D Gin(Ld, ) (by (6) and (ii))
= 2D L, (by 2)

_ [2(n+1) n+2  [n+42
=,/ p ‘/2(n+1)_ by (). o

Remark 55 It would be interesting to find a way to upgrade the above proof of
Corollary 41 by considering the family of all regular triangulations of the unit sphere S”.

Proof of Corollary 51 (1) Corollary 44 implies that, if M is a contractible metric
space and f: dP — M is a continuous map, then each cubic hemisphere in dP contains
a facet that is a member of a pair of disjoint facets that are spherical f-neighbors. The
statement follows.

(2) Proposition 56 below implies that, if the lighthouse independence number of a
flag 3—polytope P is k, then dP contains k cubic hemispheres with pairwise disjoint
interiors. This implies the required assertion by assertion (1) of the corollary.

(3)-(4) These follow from assertion (2) and Proposition 57 below.

SFor a discussion and materials concerning the Jung theorem and containment in hemispheres, see [39;
15; 8, pages 112, 113, 132-136, 38; 19; 4; 1, Proposition 2.4].
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(5)—(6) These follow from (2) because a direct check shows that the lighthouse
independence number of the regular dodecahedron is 4 and the lighthouse independence
number of the regular icosahedron is 3.

(7) Corollary 44 shows that the weak Radon rank of the cube is at least 1 and an exam-
ple where 9[0, 1]* is mapped to an oblate spheroid in R3 shows that it is at most 1. O

We say that a vertex v of a polytope is cubical if the union of the facets containing v is
a cubic hemisphere.

Proposition 56 All vertices of a flag 3—polytope are cubical.

Proof Let v be a vertex of a flag 3—polytope P. Observe that no facet of P is a triangle
(because any triangular facet together with the three adjacent ones form a collection of
four pairwise intersecting facets with no common point). Therefore, each facet of P
containing v has a vertex that is not adjacent to v. Let vy, v, and v3 be three such
vertices lying on three distinct facets containing v. Let D denote the union of the facets
of P that do not contain v. Then D is a topological disk with the points vy, v, and v3
on its boundary. Since P is flag, we see that

e no facet contained in D intersects three of the facets not contained in D,

* no facet of P splits D (in the sense that D \ F is connected for each facet F).
This implies that

¢ cach of the vertices vy, v, and v3 is incident to an edge of P whose second
endpoint is contained in the interior of D (in particular, the interior of D contains
at least one vertex of P); and

e the subgraph Gp in the 1-skeleton P; of P induced by the vertices of P
contained in the interior of D is connected.

Thus, each of v{, v, and vj is adjacent to a vertex of the connected subgraph G p in Pj.
This easily implies that P; contains a ¥ ~homeomorphic subgraph Y that is contained
in D and intersects the boundary dD exactly in the set {v, vy, v3}.

Furthermore, since vy, v, and v3 belong to three distinct facets containing v, it follows
that there exists a triple of edges in Py incident to v whose endpoints split dD into
three arcs each of which contains exactly one of vy, v, and v3. Clearly, the union of
these edges with dD and Y’ is a graph homeomorphic to the cube 1-skeleton. This
shows that v is cubical. O
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Proposition 57 (1) Let P be a flag simple 3—polytope with v facets and let g be
the largest number of edges in a facet of P. Then the lighthouse independence

k=1
3g—8 1"
(2) If P is a fullerene with { facets, then the lighthouse independence number of P

number of P is at least

is at least

3@ -3)].

Proof In the proof, if v is a vertex of P, we denote by L(v) the union of facets of P
that contain v.

We construct a lighthouse independent set by the following algorithm. First we choose
a vertex v; of P such that the number of vertices in L(v) is the least possible and set
Wi = L(vy). The number of vertices in L(v;) is at most 3g — 5.

At each next step, being given W; C P such that a vertex of P is not in W;, we take
a vertex vj4+1 of P in P\ W; such that the number of vertices in L(v;41) \ W; is the
least possible and set W; 1 = W; U L(v;41). Observe that, if a vertex v of P is not
in W; and adjacent to a vertex in W;, then L(v) shares at least three vertices with W;.
This implies that the number of vertices in L(v;4+1) \ W; is at most 3g — 8.

Therefore, if P has N vertices, this algorithm produces a lighthouse independent set

N-Q@g-5)| | N-3
”L 3-8 J‘{sg—sj

elements. Since P is simple, Euler’s formula yields N = 2y — 4. This proves the

V1, Vs, ... with at least

required estimate.

The case of fullerenes follows if we observe that, when vy is a vertex of a pentagon,
the number of vertices in L(vy) is at most 12. |

4 Concluding remarks

Now we discuss several concepts and open questions.

(1) The Hopf theorem The trefoil curve in Figure 5 shows that there exists a
continuous map f:S! — R? with no pair of spherical f—neighbors having distance
less than +/3 between them. This means that the direct analog of the aforementioned
Hopf theorem for spherical f—neighbors does not hold for small distances. It would be
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Figure 5

interesting to find more properties of the set of distances between spherical f—neighbors
for a continuous map f of given metric spaces. For example:

Question Is it true that, for any continuous map f: S" — R"1k  the set
I'r:=1{5€R|6=d(p.q) forapair{p,q} of spherical f—neighbors}

contains a nondegenerate interval? Is there a nonzero lower bound for the diameter
of I'r?

(2) Topological Tverberg theorems Projecting a Euclidean n—sphere S” C R”+!
into a hyperplane in R”*! shows that there exists a continuous map f: S” — R”
with no set of spherical f—neighbors of cardinality exceeding 2. Consequently, each
convex n—polytope P has a map f: 9P — R"~! with no set of spherical f-neighbors
intersecting three disjoint faces of P. This means that no direct analog of the topological
Tverberg theorems with three or more disjoint faces holds for spherical f—neighbors.
This correlates with the property (see Remark 16) that no principal cover has disjoint
elements. Nevertheless, we have some analogs of the topological Radon theorem,
which is the topological Tverberg theorem for two disjoint faces; see Corollaries 44,
46 and 51.

Problem Find extensions of topological Tverberg theorems for spherical f—neighbors
with additional restrictions.

(See also Van Kampen-Flores- and Conway—Gordon—Sachs-type results [33].)
(3) Weak Radon rank It would be interesting to:

Problem Describe the set of polyhedra that are not weakly Radon. Find the weak
Radon rank for fullerenes.

(4) Minimaxes, I Let (XX, p) and (M, d) be metric spaces and let f: X — M be a
continuous map. Let Pz be the set of all pairs of spherical f—neighbors in X. We set

Dy:= sup p(x,y), pX,M):= inf Dy,
s {x,y}eP¢ feC(X,M) f
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where C (X, M) stands for continuous maps. Suppose X =S” and M =R™. If m <n,
then u(S”, R™) = 2 by the Borsuk—Ulam theorem. For n < m, it is shown in [21] that

n pmy _ [2(n+2)
Problem Find (X, M) and its lower bounds in general and some special cases. In
particular, find D y and p for the case where M = R" and X is an n—dimensional

Riemannian manifold.

(5) Minimaxes, II Let us fix [C] in [X, S”~2] (see Definition 7), for instance [C] # 0
in 73(S?).

Question What is the min—max distance between the points of a set intersecting each
element of a cover of this class?

(6) Widths, distortion, filling radius, etc Similarly to u(X, M), we consider in-
fima of D over families of homotopic maps, over all continuous maps of a given
space to certain classes of spaces (eg contractible spaces), etc. This generates a
series of new metric “u—invariants” of maps and metric spaces. These pu—invariants
are similar to such invariants as distortion, filling radius and various widths (see
[37; 12; 13; 10; 31; 18; 3)).

Problem Find and describe relations between p—invariants and classical ones.

(7) Topological and visual f'—neighbors Let f: X — Y be a map of topological
spaces. We say that two points ¢ and b in X are topological f-neighbors if f(a)
and f(b) belong to the boundary of the same connected component of the comple-
ment Y\ f(X). If Y is a geodesic metric space, we say that ¢ and b in X are visual
f-neighbors if f(a) and f(b) are connected by a geodesic, in Y, whose interior does
not meet f(X).

Problem Translate the above constructions and questions to these new types of f—
neighbors.

(8) Helly-type sufficient conditions for principal covers Remark 18 implies some
Helly-type sufficient conditions for principal covers. For example, if C = {C, ..., Cy}
is a closed cover of a normal space Y such that N'(C) = dA"~! and, for each J C
{1,...,n} with |J| < n — 2, any continuous map S" 2~ — ﬂjej C; is null-
homotopic, then there exists a map f: A"~ — Y such that the image of each
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facet is contained in an element of C, so C is principal. (See the proofs of Theorems 5
and 6 in [7].)

Question Which of the other versions of topological Helly theorem (see eg [7; 24])

give sufficient conditions for principal and non-nullhomotopic covers?
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Stable cohomology of the universal
degree d hypersurface in P”

ISHAN BANERIJEE

We consider the universal hypersurface of degree d in CP” and compute its stable
cohomology (with respect to d). We describe the stable classes geometrically.

14F25, 14J70, 55R80

1 Introduction

Let Uy , be the parameter space of smooth degree d hypersurfaces in P”. There

is a natural inclusion Uy , C p("a?) = P(V4.n), where V; , is the vector space of
homogenous degree d complex polynomials in n + 1 variables. Let

Ujn={(fp) €UsnxP"| f(p)=0}.
Let ¢: U;, — Ug,, be defined by ¢(f, p) = f. The map ¢: U;, — Ugp is the
universal family of smooth degree d hypersurfaces in P”; it satisfies the following
property: given a family 7 : E — B of smooth degree d hypersurfaces in P”, there is a
unique diagram
Ell
fj — U,
B = ” Ud,n

In other words, any family of smooth degree d hypersurfaces is pulled back from this
one. Our main result is as follows:

Theorem 1.1 Let d,n > 1. Then there is an embedding of graded algebras,
¢: H"(PGLy11(C): Q) ® Q[x]/(x") = H*(Uy ,: Q).

where |x| = 2. Here | - | denotes the cohomological degree. Let c1(E) denote the first
Chern class of the line bundle E.

© 2023 MSP (Mathematical Sciences Publishers). Distributed under the Creative Commons Attribution
License 4.0 (CC BY). Open Access made possible by subscribing institutions via Subscribe to Open.
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(1) The element ¢(x) = c1(¥), where & is the fiberwise canonical bundle (defined
in Section 2).

(2) Suppose d > 4n + 1. Then ¢ is surjective in degree less than (d —1)/2.

Let X4, € V4, be the open subspace of polynomials defining a nonsingular hyper-
surface. The complement of X4 , in Vj; ,, is known as the discriminant hypersurface;
it is the zero locus of the classical discriminant polynomial. It is known to be highly
singular.

A point of X4, determines a projective hypersurface up to a scalar. There is a natural
action of C* on Xy, such that the quotient X ,,/C* is Uy ,,. Let

X =P f€Xan peP" f(p)=0}

There is a forgetful map 7: X; , — Xy ,, defined by 7(f, p) = f. The fibres of 7 are
Z(f):=7"(f)={peP"| f(p)=0} S P".

It is well known that the map = is a fibre bundle.

X (’1" , also has several interesting quotients. The action of GL, 41 on Xy 5 lifts to one
on X7, .Weobtain Uy = X7 /C* Themapr:X) — Xg4,is C*—equivariant
and descends to the map ¢: U;n —>Ugn.

We define My, := Uy ,/PGL,11(C), the moduli space of degree d smooth hyper-
surfaces in P". We also define M7 = X7 /GLy4+1(C).

We can rewrite our result in terms of X (’1" , and M;‘ ,, as well. This is important to us
as our proof will mostly involve understanding the space X ; .- The space M; 18
important conceptually.
Theorem 1.2 Letd,n > 1.
(1) There is an embedding of graded algebras,
¥ (H*(GLn+1(C); Q) ® Q[x]/(x")) = H* (X7 ,: Q).
where |x| = 2.
(2) There is an embedding of graded algebras,
¢: Q[x]/(x") = H*(Mj,; Q),
where |x| = 2.

Suppose that d > 4n + 1. Then the maps ¥ and ¢ are surjective in degree < (d —1)/2.
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Theorem 1.2 is equivalent to Theorem 1.1 after applying Theorem 2 of Peters and
Steenbrink [6].

Nature of stable cohomology Throughout the course of the proof of Theorem 1.2 we
also obtain the following description of the stable cohomology classes of X ;’n. The
stable classes are tautological in the following sense: There is a line bundle & on M;’n
defined by taking the canonical bundle fibrewise (we rigorously define & in Section 2).
We will show that ¢ (%), ...,c1(£)"~! are nonzero in H *(M;,n; Q) and that stably
the entire cohomology ring of M;’n is just the algebra generated by c¢;(<£). By [6],

H*(X7,:Q) =2 H"(GL,+1(C); Q) @ H (M7 ; Q).
In this way we have some qualitative understanding of the stable cohomology of X ; n

Both the statement of Theorem 1.2 and our proof of it are heavily influenced by [8], in
which Tommasi proves analogous theorems for X; ,,. Our techniques and approach
are also similar to that of Das in [3], where he proves

H*(X33: Q) = H*(GL3(C); Q) ® Q[x]/x°

with |x| = 2. We would also like to mention the paper by Tommasi [7] where
H*(X2.4; Q) is computed.

In some sense, this paper shows that in a stable range, something similar to Das’s
theorem is true for marked hypersurfaces in general.

Some motivation and historical comments At this point we’d like to make some
remarks on historical motivations for computing and understanding stable cohomology
of moduli spaces of algebraic varieties.

The cohomology of moduli spaces are often interesting because they provide us with
invariants for families of varieties. However, in many interesting cases the entire
cohomology ring of the moduli space may be difficult to understand and compute. An
example of such a phenomenon is the moduli space of curves of genus g, Jlg. In this
setting, H*(Mg; Q) is a huge ring which is not fully understood. However, the spaces
Mg are known to satisfy homological stability and the stable cohomology ring can be
explicitly described. For a survey, see Cohen [2].

Another motivation for computing the stable cohomology of moduli spaces has to do
with arithmetic statistics. Let X be an algebraic variety over Z. Often one would like to
compute #X (F,) by studying the eigenvalues of Frob, on HJ(X;Q;). There are often
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comparison theorems which relate the étale cohomology with the singular cohomology
of X(C) and computations of H*(X(C); Q) can often imply bounds on #(X(F,)). For
an introduction to this topic, see for instance Sections 1 and 2 of Church, Ellenberg
and Farb [1].

Method of proof One could attempt to prove Theorem 1.2 by applying the Serre
spectral sequence to the fibration 7 : X ;’n — Xg.,. To successfully do this however,
one would need to understand the groups H? (X ,; H(Z(f): Q)). While we do a
priori understand what the groups H? (X4 ,; Q) are (this is the main theorem of [8]),
this is not sufficient for us to understand what the groups H? (X4 ,; H1(Z(f); Q)) are,
since HZ(Z(f); Q) is a nontrivial local coefficient system. Instead we use an idea of
Das and compute H* (Xg’;’n; Q), where X[’;’n :=1{f €Xagnl| f(p) =0} to avoid any
computations with nontrivial coefficient systems. After we have proved Theorem 1.2
we can use it to deduce what these twisted cohomology groups are.

Corollary 1.3 Let d,n > 0. Supposed > 4n + 1 and k < (d —1)/2. Then
H*(X4,;Q) if n is odd,

HY (X, H'H(Z(f): Q) = 0 o
if n is even.

Acknowledgements I'd like to thank my advisor, Benson Farb, for his endless patience
and encouragement; Eduard Looijenga for help with Proposition 5.1; Nir Gadish and
Ronno Das for some comments on the paper; Burt Totaro for catching an error in a
previous version of the paper; and, finally, Gal Porat for his help in editing this paper.

2 A lower bound on H* (X} )

We begin by noting that there is an embedding of algebras
H (GL+1(C)) ® Q[x]/(x") = H*(X)

in the stable range. More precisely, we have the following:

Proposition 2.1 Let n > 0 and d > n + 1. There is a natural embedding of algebras,

it H*(GLy11(C): Q) ® Q[x]/(x") — H*(X] ,,: Q).

where |x| = 2.
Proof We first define the fiberwise canonical bundle & over M; n 38

E={(fp.0) | (fip) € M7, ve N TH(Z(f)}.
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We can pull back £ to a bundle on X7, which we will also denote by &. By the same
argument as in Theorem 1 of [6],

H* (X} ,: Q) = H*(GLy+1(C): Q) @ H* (M}, (C): Q).
Let f € X4 ,. Leti:GL,4+1(C) — X  , be the orbit map defined by i(g) = g - f.
More precisely, Theorem 1 of [6] states that the natural map
a*: H*(M;’n; Q) — H*(X;’n; Q)

makes H* (X;’n; Q) a free H* (M;’n; Q)-module with a basis given by some set
{a; } such that the pullbacks {i*(c;)} give a basis of H*(GL, +1(C); Q). But since
H*(GL,+1(C); Q) is a free graded commutative algebra, this forces H* (X ;’n; Q) to
be isomorphic to H*(GL, +1(C); Q) ® H* (M;’n (C): Q) as an algebra.

If we restrict & to a particular hypersurface Z, the bundle £|z = Oz(d —n —1). The
Chern class of &£|z satisfies the equality

c1(0z(d—-n—-1)=(d—-n—1c1(0z(1)) =d(d —n—Nwz,

where wz is the Kéhler class of the variety Z. This implies that for d > n + 1, the

classes c1(¥)|z, ..., c{’_l (£)|z are nonzero since wz, ... ,w%‘l are nonzero. Now

taking x = c1(¥), this implies that H*(M; Q) contains a subalgebra isomorphic to

Q[x]/x". O

3 The space X (f and the Vassiliev method

Given a space X, the n'™ ordered configuration space of X, denoted by PConf, X, is
PConf, X :={(x1,...,xp) € X" | x; # xj foralli # j}.

There is a natural action of the symmetric group on n letters S, on X by permuting
the coordinates. The quotient PConf,, X /S, is called the n'" unordered configuration
space and denoted by UConf, X. In order to understand X, , we will first look at the
cohomology of a related space. For a fixed point p € P", we set

XI={feXanlf(p)=0}.
Then
XPcvl={feVsl| f(p)=0}.
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The space Vdp is a vector space. The complement of X 5 in Vf will be called 2 .
We will compute its Borel-Moore homology and use Alexander duality to compute
H*(XD).

Let p € P™ By definition, p is a one-dimensional subspace p € C**1 Choose a

complementary subspace W C C"*1 (it is not unique, but we will fix a particular one).
We define G, := GL(W).

Let x1, ..., x5 be local coordinates in a neighbourhood U containing p. Pick a local

trivialization s of the line bundle O(d) in U. There is an induced map
FHTEOd)y) — T (™).

Let us use our local coordinates to identify 7j (0(d)p) with C and 7, (P") with C".

Suppose f € X 5 . Then the map f* is nonzero because f has a regular zero locus.

This defines a map
m: X — Ty (P") —{0} = C" — {0}

given by 7w (f) = f*(1).
Proposition 3.1 The map r: Xf — C" — {0} is a fibration.

Proof The group G, acts on P” fixing p. Therefore it acts on both X 5 and C" —{0}.
The map m is equivariant with respect to these actions. The map  is therefore the
pullback of a map 7’ from Xg/Gp to C" —{0}/Gp. But C"* — {0}/ G, is a point, and
since 7’ is surjective it is a fibration. Since pullbacks of fibrations are fibrations, 7 is a
fibration. |

Let X, := 7~ 1(v) and let

Voi={feVql f* (1) =v}.

Clearly, Xy € Vy. Let Xy := Vy — Xy. We will try to understand the Borel-Moore
homology of ¥,.

To accomplish this, the Vassiliev method [10] will be applied. The Vassiliev method to
compute Borel-Moore homology involves stratifying a space and using the associated
spectral sequence to compute its Borel-Moore homology. The space X, will be
stratified based on the points at which a section f is singular. The techniques used are
very similar to that in [8] which contains many of the technical details.
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We denote the k—simplex with vertex set {ao, ...,ar} by Ay . 4,1 We denote a

k—simplex by Ay and an open k—simplex by A}
We will now construct a cubical space C which will be involved in understanding 3.
Let N=(d —1)/2. Let I be asubsetof {1,...,N —1}. Fork < N, let

Cr:={(f,p)| f ey, p: I —P" p(I)C singular zeroes of f}.
We define EUZN ={f € ¥, | f has at least N singular zeroes}. We define
Cruny :={(f.p)| f € Zy, p: 1 = P", p(I) C singular zeroes of f, f € DELES

If I € J then we have a natural map from Cy — Cy defined by restricting p. This gives
C the structure of a cubical space over the set {1, ..., N}. We can take the geometric
realization of C, denoted by |C|. Then there is a map p: |C| — X,, induced by the
forgetful maps C;y — %y.

IC| is topologized in a nonstandard way so as to make p proper. We topologize it as
follows: in [8], a space |¥| is constructed with a map p: |¥| — X. Here, ¥ = V; — X4.
The topology on |X| is chosen carefully so as to make p proper. The construction of
|%| as a set identical to that of |C| except we replace X, with . There is a natural
inclusion |C| — |%|. We give |C| the subspace topology along this map.

Proposition 3.2 The map p: |C| — X, is a proper homotopy equivalence.

Proof This proof is nearly identical to that of Lemma 15 in [8]. The properness of
p: |C| = X, follows from the properness of p: |¥| — X and the properties of the
subspace topology. In our setting, having contractible fibres implies that the map p is a
homotopy equivalence; this follows by combining Theorems 1.1 and 1.2 of [5]. We
will now prove that the fibres are contractible. If f ¢ EEN ,let {p1,..., px} be the
singular zeroes of f. In this case the fibre p~1( f) is a simplex with vertices given by
the images of the points ( f, x;) € C1y X Agqy. Now suppose f € EEN. In this case
the fibre p~1(f) is a cone over the point f € Cy X ANy |

Now as in any geometric realization, |C| is filtered by

F, =im( ]_[ Cr xAk).
[I|<n

The F, form an increasing filtration of |C|,ie F1 C F, C---C F, C F41 C--- and
U?,o=1 Fn = |C|
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Proposition 3.3 Letd,n>1and N = (d —1)/2. For k < N, the space Fj, — Fj._;
is a A} ~bundle, over a vector bundle By over UConfy (P" — p).

Proof The space Fy — Fj_; consists of the interiors of k simplices, labelled by
{/.po.....pi}. Let

Br ={(f.{po. ... pk}) € Ty x UConfy (P" — p) | p; are singular zeroes of f}.
We have a map ¢: Fy — Fj_; — By, defined by

¢((f:Apo.-- - Pr})-50. .. 5K) = (fo{po.. .. Pi})-

The map ¢ expresses Fy — Fi_1 as a fibre bundle over By with A7 fibres, ie we have
a diagram
AZ — Fk - Fk—l

|

By

We have a map By — UConfy (P" — p) defined by { f, po,..., pr} = {Ppo,..., Pk}
This is a vector bundle by Lemma 3.2 in [9]. a

We have a one-dimensional local coefficient system denoted by +Q on UConfy (P”—p)
defined in the following way: Let S be the symmetric group on k letters. We
have a homomorphism 71 UConfy, (P” — p) — S} associated to the covering space
PConfy (P"* — p) — UConfy (P"* — p). Compose this homomorphism with the sign
representation S — +1 = GL(Q) to obtain our local system.

Proposition 3.4 Let d,n > 1 and e; = dimc (Vy). Fork < (d —1)/2,

Hi(Fi — Fr—1) = Hyo_(k+2¢,—2(1+1)(k+1))(UConfy (P" — p), £Q).

Proof By Proposition 3.3 the space Fj, — Fj_; is a bundle over UConfy (P” — p).
This fact implies that

Hu(Fi — Fr—1) = Hy_ (k424 —2(+1)(k+1)) (UConfi (P" — p), Q(0)).

Here Q(o) is the local system obtained by the action of 71 (UConfy (P — p)) on the
fibres Hy (A7), where in this case A} is the open k—simplex corresponding to the fibres
of the map Fj — Fj._; — By. But one observes that the action of 771 (UConfy (P” — p))
on this open simplex is by permutation of the vertices, which implies Q(0) = £Q. O
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As with any filtered space, we have a spectral sequence with
EP? = Hpyq(Fp— Fp-1:Q)
converging to H. *(Y; Q). Now for p < N, by Proposition 3.4,
EP? = Hy—eg—2(n+1)(p+1)) (UConf, (P" — p); £Q).
We would like to claim that £ N4 doesn’t matter in the stable range. To be more precise,

we have the following:

Lemma3.5 Letd,n>1,let N=(d—1)/2,andlet k > 2e; — N. Then
Hi(IC| = Fy; Q) = Hi(IC; Q).
Proof We first will try to bound the H«(Fx; Q) and then use the long exact sequence
of the pair. Fy is the union of locally closed subspaces
or ={(fixt,....x),p| f € »=N x; are singular zeroes of f, p € Ay}.

We have a surjection 7 : ¢y, — UConfy (P" — p). This map 7 is in fact a fibre bundle with
fibres Ak x Cea=N@+1)_ The space UConfy (P" — p) is k n—dimensional. Therefore,

Hi(pp:Q) =0 if x>2(eg—m+1)N)+kn <2ez;—N.

This implies that for all k, Hy (¢ ; Q) =0if x >2e;—N. This implies Hy(Fy;Q) =0
if *x > 2e; — N. By the long exact sequence in Borel-Moore homology associated to
the pair Fy < Y, Hy(Y — Fy:Q) = Hi(Y; Q) for k > 2e4 — N. |

4 Interlude

n [8], Tommasi proves the following result:

Theorem 4.1 [8] Letd,n>1,let f € X4 ,,andlet : GL,1+1(C) — X4, be the
orbit map defined by Y (g) = g- f. Then y*: H* (X4 ,, Q) — H¥(GL,41(C), Q) is
an isomorphism for k < (d +1)/2.

In this section we shall look at the proof of Theorem 4.1 in [8] and use it to prove an
identity used later on in this paper. One of the ingredients in the proof of Theorem 4.1
is a Vassiliev spectral sequence. We introduce a new convention, by letting / denote
the dimension of H. We also define Gr(p, n) to be the Grassmannian of p—planes
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in C". In what follows we shall need a few basic facts about H«(Gr(p,n); Q) and
Schubert symbols. Let

0=E0GE1G G E1 G E,=C"

be a complete flag. Given U € Gr(p, n), we can associate to it a sequence of numbers,
a; =dim U N E;. These a; satisfy the conditions

0<daij+1—a;<1,a0=0 and a,=p.

Such sequences are called Schubert symbols. Let a = (ap,...,an). We call a a
Schubert symbol if 0 <a; 1 —a; <1, a9 =0 and a, = p. Associated to each Schubert
symbol @ we have a subvariety W, C Gr(p, C") defined as

2 :={U CC"|dim(U NC?) = a;}.

The main result we will be using is the following.

Theorem 4.2 Let a be a Schubert symbol. The classes [W,] € Hy«(Gr(p,n); Q) form
a basis.

For a proof of Theorem 4.2 see page 1071 of [4].

Proposition 4.3 Let n be a positive integer. Then

> hi(Gr(p,C"): Q) =2".

k.,p

Proof By Theorem 4.2,

> hi(Gr(p.C"):Q) = > #(ao.....an) |0 <ait1—a; < l.ap=0,a, = p}
k.p p

=#(ao,....,an) |0<ajy1—a; <1,a0 =0}
=#{(b1,...,bn) €{0,1}}.

The last equality follows because if we are given a sequence of a;, we can uniquely
obtain a sequence of b;, by letting b; = a; —a;_1. m]

Our main aim of this section is to prove the following technical result.
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Theorem 4.4 The Vassiliev spectral sequence in [8] degenerates in the stable range: if
p<(d+1)/2and q >0, then EP"? ~ EXy-

Equivalently, for k < (d +1)/2,

1) Y ha(p+ )t 1)—p—k—1(UConf, (P"); Q) = h (GLy+1; Q).
p

Remark 4.5 The statements are equivalent because the group HX (GL,41(C); Q) is a
subquotient of
@ Ha(p+1)(n+1)-p—k—1 (UConfp (P"); Q).

Proof We already know that

> hap+1)(r+1)=p—tk—1 (UConf, (P™): £Q) = /g (GLy 4 1: Q)
D

because the left hand side of (1) are the appropriate terms in a spectral sequence
converging to the right hand side of (1).

It suffices to prove that

Z Zhz(p+1)(n+1)_p_k_1(UConfp(IP’”); +Q) = th(GLnﬂ; Q) = 2"+,
k P X

Lemma 2 in [10] states that

ha(p+1)(n+1)—p—k—1(UConf, (P™), £Q)
= h2(p+1)(n+1)—p—k—1—p(p—1)(Gr(p’ Cn_H); Q).

Therefore
Y hapa 41— p—k—1(UConf, (P"); Q) = > > "y (Gr(p, C"F1); Q).
k D k D
By Proposition 4.3, this is equal to 2711, O

5 Computation

We would like to know what the groups H,(UConfy 4 (P" — p); Q) are. First note
that in [10] Vassiliev proves that:

Proposition 5.1 [10] Let k,n > 0. Then
H.(UConfy (P"); £Q) = Hu—4)k—1)(Gri (C"T1); Q).
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Also note that in light of Theorem 4.2 the homology of Grassmannians is well under-

stood in terms of Schubert cells.

Consider the long exact sequence in Borel-Moore homology associated to
UConfi 41 (P" — p) € UConfy 41 (P") <= UConfy (P" — p).

The last inclusion is defined by the map ¢ : UConfy (P" — p) — UConfy 4 (P"), where
d({x1,...,xn}) =1{x1,...,%n, P}

We consider the long exact sequence in Borel-Moore homology associated to the pair
(UConfy 41 (P™), UConfy 1 (P" — p)). Here UConfy 41 (P — p) is an open subset of
UConfy 41 (P"*) with complement homeomorphic to UConfy (P” — p). A segment of
this exact sequence is

(2)  Hx(UConfy (P" — p); Q) — Hy(UConfy 11 (P™); £Q)
— H.(UConfy 11 (P" — p); £Q)
Proposition 5.2 Let k,n > 0. Then there is a canonical decomposition

H.(UConfy ¢ (P"); £Q)
~ H,(UConfy (P" — p); +Q) & H+(UConfy (P" — p); £Q),

due to the fact that (2) splits.

Proof Lemma 2 of [10] implies that (2) decomposes into split short exact sequences,

H.(UConfy 41 (P"); Q)
~ H,(UConfy (P" — p); £Q) @& H«(UConfy (P" — p); £Q). O

Remark 5.3 In fact H4(UConfy (P" — p); £Q) has a basis given by Schubert symbols
with a; = 0.

Proposition 5.4 If the Vassiliev spectral sequence has no nonzero differentials and
k < (d —1)/2, then H*(X,) =~ Hk(Gp) as vector spaces.

Proof Now in our spectral sequence we had

EP" = Hy—ey—2(p+1)@m+1) (UCONp 41 (P — p): £Q).
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First collect all terms in the main diagonal, ie
Vi= @ Hy-p,-2p+0@+1) (UConfy 11 (" — p): Q)
ptq=l

It will suffice to prove that

(3) dimV =Y hyp+1)m+1)—p—k—1(UConf,(P" — pr): £Q)

p=<2D,—k
= h*(GL,: Q).
Theorem 4.4 implies
“4) Z ha(p+1)(n+1)—p—k—1(UConfp (P"); £Q) = hg(GLy41: Q).

p
Proposition 5.1 implies

ha(p+1)(n+1)—p—k—1(UConf, (P"); £Q) =0 if p >n.
Soaslongasn <2(D,+n+1)—k,
Z ha(p+1)(n+1)-p—k—1(UConf, (P"); £Q)

p=<2(Dp+n+1)—k
=Y ha(p+ )t 1)—p—k—1(UConf, (P"); £Q).
p

But the condition n < 2(Dy +n + 1) —k is equivalent to k <2(Dy, 4+ 1) + n, which is
true if k < N. We have another equality from Proposition 5.2,

hi (UConfy, (P"—pt); £Q)+hy (UConf,_1 (P"—pt); £Q) = hy (UConf, (P"); £Q).
Plugging this into (4),
h*(GLps1:Q) = Z ha(p+1)(n+1)—p—k (UConf, (P™): Q)
=" ha(pt 1)+ 1)-p—t—1 (UConf, (P" — p1); Q)
+ ha(p+ 1)+ 1)—p—k—1(UConf,_1 (P" — p1); £Q).
We have the identity
7 (GLy: Q)+ H*~ "D (GLy: Q) = h¥ (GLn+1: Q).
This implies
(5) H*(GLn: Q) + 1 "D (GL,: Q)
=Y ha(p+ D)(n+1)—p—k—1(UConf, (P" — p1); +Q)
g + ha(p+1)(n+1)—p—k—1(UConf,_1 (P — p1); £Q).
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Now we will try to prove (3) by induction on k. For k = 0, (3) is trivial. By induction,

W=D (GL,: Q) = Y ha(pa 1) (n+1)-p—ik—1 (UConf, 1 (P" — pi): £Q).
V4

Putting this into (5), we obtain

Y hapr 1)+ 1)—p—k—1(UCont, (P" — pi); +Q) = h* (GL,; Q). =
p

Now we can look at the Serre spectral sequence associated to the fibration
Xy = X, -> C"—0.
We observe that if there are no nonzero differentials, then
H*(Xp; Q) = H*(Xy; Q) ® Qlean—1]/€3,_1-
This is because the Serre spectral sequence degenerates and since Q[ez,—1]/ e%n_l is
a free graded commutative algebra the ring structure of the total space is forced to be
the tensor product.
Proposition 5.5 Let d > 0 and p € P". Then
H*(X4,p:Q) = H*(Gp: Q) ® 4,
where A is H*(Xg/Gp; Q).

Proof This follows immediately from Theorem 2 in [6]. O
We will also need the following fact, which is a special case of Lemma 2.6 in [3].

Proposition 5.6 Let d >0, let k <(d —1)/2,and let U; = X;/C*. Then

H*(X}:Q) = H*(U}: Q) ® Qle1]/(e}).
where |eq| = 1.

Proposition 5.6 implies if there are no nonzero differentials in both our Vassiliev spectral
sequence and in the Serre spectral sequence associated to the fibration X (‘Zn —-C"-0
then

H*(Ug,p: Q) = H*(Gp: Q) ® Qlean—1]/(e3,-1)
for x < (d —1)/2. In case there are nonzero differentials in either spectral sequence,
then H*(Uyg ,: Q) = H*(Gp: Q) for x < (d —1)/2.
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6 Comparing fibre bundles
In this section we finish the proof of Theorem 1.2.

Proof of Theorem 1.2 We compare three related fibre bundles and their associated
spectral sequences. This is similar to the proof of Theorem 1.1 in [3].

Let PGP = StaprL(n+1)(p):

PG, Ua,p Uy
(6) PGL11(C) — Uy —— Ug x P*
P” P” P
We denote the exterior algebra on generators ay, ..., a, by
Aai,....an).

By Proposition 5.4 and [6, Theorem 1], there are two possibilities for H*(Ug ,: Q):
either

H*(Ug,:Q) = H*(PGp: Q) ® Qlean—1]/(€3,_1) = Alur.us, ... . usn—1.€2n-1)

or
H*(Uq,p; Q) = H*(PGp; Q) = Alur,uz, ... . uzn—1).

Suppose for the sake of contradiction H*(Uy, ,) = A{us, ..., uzp—1) for x <(d—1)/2.
In this case, H*(Uy,,: Q) = H*(PGp: Q) for * < (d —1)/2. Then since the homology
of the base and the fibres are isomorphic, H*(U;; Q) = H*(PGL,+1(C); Q) for
x < (d —1)/2. However, by Proposition 2.1,

H*(PGL,+1(C); Q) ® Q[x]/x") € H*(U;: Q).

But H*(PGL,+1(C); Q) does not contain a subalgebra isomorphic to

H*(PGL+1(C): Q) ® Q[x]/x").

This is a contradiction. So we must be in the case where

H*(Uyg,p; Q) = H*(PGp; Q) ® Qlean—1]/(€3,_1).
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Consider the Serre spectral sequence associated to the fibration U; — P". Its E; page
has terms

EYY = HP(P", HI(UL: Q) = HP(P";Q) ® HI(U}; Q).
Now

HY(U?;Q) = H1(PGy:; Q) ® Qlean—1]/(e34_1)-

Consider the trivial fibre bundle U; x P" — P”. There is a natural inclusion of
fibre bundles as shown in (6). This induces a map of spectral sequences between the
associated Serre spectral sequences.

Note that any class @ € H4(U dp ; Q) that lies in the image of H?(Uy; Q) is mapped to
zero under any differential thanks to the fact that all differentials are zero in the spectral
sequence associated to a trivial fibration. The only possible nonzero differential in
the E, page of the Serre spectral sequence associated to the fibration U; — P”" is

d(ean—1).
Suppose for contradiction that d(e2,—1) = 0. This implies that
HY(U}:Q) = (H*(Ug,p: Q) ® H*(P": Q)i = (H*(PG,: Q) ® H*(P", Q)i
fork <(d—1)/2.
Let p(¢) be the Poincaré polynomial of U ;. We already know that
H*(UJ:Q) = H*(PGL;+1(C);: Q) ® H*(Uj /PGL,+1(C): Q).
So (1+13)---(14+12"+1)| p(t). On the other hand, if des,—1 = 0 then
p()=A+13) A+ HA+2+t*+--+12") mod t@D/2,
If d > 4n + 1, then this implies that (1 + 2" 1) 4 p(¢). This is a contradiction.

So we must have a differential killing the class in H?"(P", HO(Ud,p)); Q). The
differential must come from ez,_1; ie d(e2,—1) = ax™ for some a € Q*. This (along
with multiplicativity of differentials) determines all differentials and implies (1). By
Proposition 5.6, (1) implies (2). By Theorem 1 of [6],

H* (X}, Q) = H*(M},:Q) ® (H*(GLy+1)(C): Q).

In light of this, (2) implies (3). O

Having finished the proof of Theorem 1.2 we can prove Corollary 1.3.
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Proof of Corollary 1.3 Consider the fibration

Z(f) — X}

|

Xa
and its associated Serre spectral sequence whose E, page is of the form

H?(Xg; HU(Z(f): Q) = H*(X;: Q).

By Theorem 4.1 for x < (d +1)/2,

H*(X4:Q) = H*(GLp+1(C): Q).

By Theorem 1.2, we know that the classes in the E, page corresponding to the group
H?(GLp+1(C); c1(£)?) survive until the E°° page, and in the stable range all other
terms are killed by differentials.

Now suppose 7 is even. Then the only other terms in the spectral sequence are of the
form H? (Xz; H" Y (Z(f); Q)). However it is not possible for any such term to be in
the image or in the preimage of a nonzero differential. This is because all other terms
survive, so any possible nonzero differential must be from H?'(X4; H"~Y(Z(f); Q))
to HP2(X4; H* Y(Z(f); Q)) for some choice of p; and p,. However no differential
is of bidegree (p2 — p1,0). This implies that

HP(Xq; H"N(Z(f): Q) =0,

A similar argument shows that if n is odd, H?(Xgz; H" Y (Z(f);:Q)) = H? (X 4; Q).
Essentially the only difference between the even case and the odd case is that in the odd
case we have a class ¢1(£)#~D/2 e H*1(Z(f); Q). Let A = Q-span(c; (£)*~1/2)
By Theorem 1.2, we know that H? (X ,; A) survives until the £° page. An argument
similar to that in the even case shows that

HP(Xg: H"Y(Z(f);Q)) = HP (X : A). O
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On the wheeled PROP of stable cohomology of Aut(F,)
with bivariant coefficients

NARIYA KAWAZUMI
CHRISTINE VESPA

We show that the stable cohomology of automorphism groups of free groups with
coefficients obtained by applying Hom(—, —) to tensor powers of the abelianization,
is equipped with the structure of a wheeled PROP H. We define another wheeled
PROP & by Ext—groups in the category of functors from the category of finitely
generated free groups to k—modules. The main result of this paper is the construction
of a morphism of wheeled PROPs ¢: £ — H such that ¢(&) is the wheeled PROP
generated by the cohomology class /7 constructed by the first author.

20F28; 18M85, 20J06

1 Introduction

This paper concerns the cohomology of automorphism groups of free groups Aut(Z*")
for n € N, with coefficients given by the k—modules

By 4 (Z*", Z*") := Homy((k™)®', (k™)®9),

where [, g € N, k is a commutative ring and V is the category of k—modules, and where
the structure of Aut(Z*")-module on By ,(Z*", Z*") is given by the diagonal action.

In [8] —see also [9] —for n > 2, the first author introduced a nonzero cohomology
class
hy € H'(Aut(Z*"), Homy (k" (k")®?))

and constructed, from /1, cohomology classes
hp € HP (Aut(Z*"), Homy (k", (k")®7*1))

for p > 1and ﬁp € HP(Aut(Z*"), (k™)®P) for p > 1, even in the unstable range. The
construction of these classes is inspired by previous works of Morita [19] and Morita
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with the first author [10; 11] concerning cohomology classes of the mapping class
group with trivial coefficients QQ; see Remark 7.3.

By a classical construction (see Section 4), there are group morphisms
H*(Au(Z*" 1, By ,(2*" 1, 2" 1)) 2255 H*(Au(Z*"); By o (Z*", Z*")).

The stable cohomology of the automorphism groups of free groups with coefficients
given by By , is defined by

Hi(Byg4) = lirlr\ll H*(Aut(Z*"); By 4(Z*", Z*"))
ne
where the limit is taken over the group morphisms ¢,.

By a result of Randal-Williams and Wahl [21], this cohomology stabilizes so that the
stable cohomology Hsit(Bl,q) is isomorphic to H (Aut(Z*"); By o (Z*", 2*")) for n
big enough. It follows from the stability that stable cohomology is equipped with a
cup product map

U: HST(BII,QI) ® HsT(Blz,qz) - HST(BII,QI ® Blz,qz)
for l1,41,12,92 € N.

In Definition 6.1 we define the PROP 7{, where the morphisms are the graded (&4, &;)—
bimodules
H(q.1) = Hy(B14)

where the action of symmetric group S, (resp. &;) is given by place permutation on
the tensor product (—)®? (resp. (—)®') and where the horizontal composition is given
by the cup product map for stable cohomology and the vertical composition is induced
by the composition in V.

We show that this PROP is equipped with further structure:
Proposition 1 (Proposition 6.2) The PROP H is a wheeled PROP, ie it is equipped

with contraction maps
E:H(g.) > Hig—1,1-1)

for 1 <i <gq and 1 < j <1 compatible with the structure of PROP.

Wheeled PROPs were introduced by Markl, Merkulov and Shadrin in [15] to treat
PROPs equipped with trace maps. The typical example of a wheeled PROP is the
PROP of endomorphism of a free finitely generated module where the contractions
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are given by partial trace maps; see Example 2.2. The wheeled PROP structure on the
PROP H should be viewed as a cohomological version of the wheeled endomorphism
PROP.

In the stable range, for p > 1, the cohomology classes /, are obtained from £ using
the horizontal and vertical composition in the PROP #, and for p > 1, the classes h P
are obtained from £, using the contraction maps. We deduce that the classes 4, and
h p are in the subwheeled PROP IC of # generated by the class /.

Understanding the stable cohomology of Aut(Z*") with coefficients given by By ,
is equivalent to giving a description of the wheeled PROP # in terms of generators
and relations. This is open; in particular, it is unknown whether the inclusion functor
K — H is strict.

By the results of Djament and the second author [1; 3], we know that the stable
cohomology of Aut(Z*") with nonconstant coefficients is closely related to Ext—groups
in the category F(gr; k) of functors from the category gr of finitely generated free
groups to the category V of k—modules. More precisely, the main result of [3], obtained
using functor homology methods, implies that H (0, /) =0 for / > 0 and [1, Théoréme 4]
gives, for k = Q, a natural isomorphism

(1-1) H(q.0) ~ P Extjrzgjr;k)(l\j a,a®9),

JjeN
where a®7 is the ¢ tensor power of the abelianization functor and A’ a is the j™®
exterior power of the abelianization functor; see Section 3. The Ext—groups on the
right-hand side of the isomorphism (1-1) are computed in [22] (the result is recalled in
Proposition 10.1) giving the explicit computation of #H(g, 0).

Note that Randal-Williams obtained in [20] the computation of #(0,/) and H(q,0)
using geometric techniques independent of the approach in [1; 3].

Inspired by a conjecture given in [1] we define in Section 10, for k = Q, a PROP &
where the morphisms are the graded (&, &;)-bimodules

£q.)=EP Ext;;gfr;k) (@® ® A a, a®9).
jeN

We give an explicit description of the PROP &£ (see Theorem 5) and deduce from it that
the PROP £ inherits a structure of wheeled PROP.

The main result of this paper is the following:
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Theorem 2 (Theorem 11.1) There is a morphism of wheeled PROPs,

0:&E—>H,
such that (&) ~ K.

Djament’s conjecture can be rephrased in the following way:
Conjecture 3 The morphism ¢ is an isomorphism of wheeled PROPs.
This conjecture would imply that the inclusion functor X < H is an equivalence of
categories, ie the class #; would generate the wheeled PROP .
The sub-PROP & of £ given by
£0(g. 1) = ExUp g (@®!, a®9)

has been studied by the second author; in particular, by [22, Proposition 3.5] the PROP
&o is generated by its underlying operad Py. In Proposition 9.13 we give an explicit
description of this operad by generators and relations. A more conceptual description
of the operad Py is the following:

Proposition 4 (Proposition 9.14) The operad Py is the operadic suspension of the
operad Com of nonunital commutative algebras.

The previous results on & and Py are also true for k = Z.

The forgetful functor from wheeled PROP to operads has a left adjoint. We denote
by Cp® the wheeled PROP associated to the operad Py by this functor. We obtain the
following result.

Theorem 5 (Theorem 10.11) There is an isomorphism of PROPs
X: Cpg) —€£.

In particular, £ inherits a structure of wheeled PROP via this isomorphism. The
existence of a wheeled structure on the PROP £ is quite surprising and is very specific
to the situation studied in this paper; see Remark 10.12. We deduce from Theorem 5 a
description of the wheeled PROP £ by generators and relations.

Let & (resp. H') be the sub-PROP of £ (resp. H) keeping only the morphisms to 0
and the endomorphisms in degree 0 in & (resp. H). Djament’s result can be rephrased
in the following way:

Proposition 6 [1, Théoreme 4] By restriction, ¢ induces an isomorphism of PROPs,
@' Ew = H.
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Notation We denote by N = {0, 1,...} and by ¢ the set {1,...,q}.

Throughout the paper, k is a commutative ring which will be, most of the time, a field
of characteristic zero or Z. We denote by V the category of k—modules and v/ its full
subcategory of free finitely generated modules.

A homological 7Z—graded k—-module is denoted by V, = @,, V», and a morphism of
homological degree d, f:V, — W,, is a family of linear maps f,: V,, — W, 4 for all
n € Z. To V, a homological Z—graded k—module, we associate a cohomological 7.—
graded k—-module V* by V" :=V_,. A morphism of homological degree d corresponds
to a morphism of cohomological degree —d .

Graded k—-modules and morphisms of degree 0 form a category denoted by gr ). For ®,
the tensor product of Z-graded k—-modules, the category (grV, ®, k) is equipped
with the symmetry given by the maps t: V@ W — W ® V defined by t(v @ w) :=
(—1)?9w ® v where v € V), and w € Wj,.

For V' a k-module we denote again by V the graded k—-module concentrated in degree 0,
where it is equal to V.

Let ks be the graded k—module concentrated in degree one and such that (ks); is
spanned by s; the suspension of a graded k-module V is sV := ks ® V, so that
(sV)i =Vi-1.

The duality functor, denoted by —*: (V)°P — V is defined by Homy,(—, k).
Nonspecified tensor products are taken over k.

For objects C and C’ of a category C, the set of morphisms from C to C’ is denoted
by Hom¢(C, C’) or C(C, C').
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PartI Recollections

2 Recollections on PROPs and operads
PROPs and operads arose in the work of Mac Lane [13]. Since then, they have turned
out to be very important algebraic structures, especially in algebraic topology.

In this section we recall some basic facts that we will use in the paper on PROPs
and operads, as well as their wheeled versions introduced more recently by Markl,
Merkulov and Shadrin [15].

2.1 Classical PROPs and operads

For PROPs, we refer the reader to [14] for further details. The notion of PROP is
closely related to the notion of operad. For operads, we refer the reader to [12].

A PROP is a symmetric monoidal category (C, ®, 1) with objects the natural numbers
whose symmetric monoidal structure ® is given by the sum of integers on objects.

In this paper we will consider PROPs enriched over grV, called graded linear PROPs.
Such a PROP C is a collection {C(m,n)}m neN of graded (&, &,)-bimodules (ie
graded left G,, ® (S, )°P—modules) together with two types of compositions: the hori-
zontal composition

C(my,n1) ® C(ma,n2) — C(m1 +ma,n1 +nz)
induced by the monoidal product, and the vertical composition
Cn,l)®C(m,n) — C(m,l)

given by the categorical composition.
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An operation of biarity (m, n) in a PROP C is an element in C(m, n).

In the rest of this paper all the operads and PROPs will be graded linear. To simplify
the terminology we will call them simply operads and PROPs.

An important example of a PROP is the endomorphism PROP of a graded k—module:

Example 2.1 To an object V' of grV, we associate the PROP, denoted by Endy,
defined by
gndV(m7 n) = Homng(V®m7 V®n)’

with the action of the symmetric groups given by the action on the tensor product by
place permutations. The horizontal composition is given by the tensor product of linear
maps and the vertical composition by the composition in V.

Every PROP C has an underlying operad P¢ given by P¢(n) = Home(n, 1).

Conversely, every operad Py generates a PROP Cp, where

)
Croa. )= €D Q) Pol(f'()).

fig—l i=1

For two PROPs, C and C’, a morphism of PROPs is a strict monoidal functor F:C — C’
which is the identity on the objects and graded linear (ie the maps between the Hom—sets
are morphisms of degree 0).

For a PROP C, a morphism in C(m, n) can be represented by a directed (m, n)—graph,
ie a finite, not necessary connected, graph such that each edge is equipped with a
direction, there are no directed cycles and the set of legs is divided into the set of inputs
labeled by {1, ...,m} and outputs labeled by {1,...,n}.

In our pictures the graphs are oriented from top to bottom.

Using the horizontal composition in C, each morphism in C is the disjoint union of
(m, n)—corollas which are (connected) graphs of the form

1 2« m—1m
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For example, the following depicts a morphism in C(5, 4):
1 2 3 4 5
1 2 3 4
2.2 Wheeled PROPs and wheeled operads
In this section we recall the wheeled versions of PROPs and operads, introduced by
Markl, Merkulov and Shadrin in [15], in order to encode algebras equipped with traces;

see Example 2.2. Note that wheeled PROPs are particular cases of traced monoidal
categories introduced by Joyal, Street and Verity in [7].

A wheeled PROP is a PROP equipped with contractions
g:C(m.n) —>C(m—1,n—1)
for 1 <i <m and 1 < j <n. These contractions satisfy compatibility axioms.

For a wheeled PROP C, a morphism in C(m,n) can be represented by a directed
(m, n)—graph having possibly wheels and loops.

The contraction £} can be viewed as connecting the i™ input and the ;" output. For
example, for an (m, n)—corolla we have the following picture:

In a wheeled PROP, vertical composition is determined by the horizontal composition
and the contractions by the formula

1 n
@-1) Cln.1)®Cm.n) — C(n +m. 1 +n) S0 com, 1y
see [15, (17)].
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A fundamental example of a wheeled PROP is the wheeled endomorphism PROP
associated with a free finitely generated k—module where the contractions are given by
the trace map:

Example 2.2 By classical linear algebra, for objects £ and F in V, we have canonical
homomorphisms E* ® F — Homy(E, F) and E* ® F* — (E ® F)* which are
isomorphisms if E is a free finitely generated k—module.

For V' an object of v/ the previous observations give rive to the isomorphisms
Om.n: Homy, , (VE™ Y1) =, (y*)®m g @,
By Example 2.1, Endy (m,n) = Homy, (V®™_ 1V®") defines a PROP. For 1 <i <m

and 1 < j < n, the contractions SJ’ Endy (m,n) — Endy(m — 1,n — 1) correspond
through the previous isomorphisms to the maps

(pjl (V*)®m ® V®n s (V*)®m—1 ® V®n—1

given by
PHAI® ® frn @V ® @ p)

= i) 1® - ®fi-1® fi+1® Q@ fmn®V1Q Qi1 QVj+1 @+ Q)
where f; € V* and v; € V.
Note that ¢{ : V* ® V — k is the evaluation and ¢{ o 6 ;: Hom,,, (V, V) — k is the
trace map Tr which associates to an endomorphism of V' its trace.
A morphism of wheeled PROPs is a morphism of PROPs that is compatible with the
contractions.

The forgetful functor from the category of wheeled PROPs to the category of PROPs
has a left adjoint denoted by (—)©. For C a PROP, CO is called the wheeled completion
of C; see [15, Definition 2.1.9].

Recall from [15, Definition 5.1.1], that a wheeled operad P = {P(n, m)}m »n, where
n € N and m € {0, 1}, consists of

(1) an ordinary operad Po := {P(n, 1)}n>0;

(2) aright Pp—module Py, := {P(n,0)},>0;

(3) for 1 <i < n, contractions & : Py(n) — Py (n — 1), satisfying compatibility
conditions with the structures given in (1) and (2).

The operad Py is called the operadic part of P and Py, its wheeled part.
Recall that the operad Py is itself a right Pop—module.
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Every wheeled PROP C has an underlying wheeled operad P¢ where the operadic part
is Pg = {Hom¢(n, 1)}, the wheeled part is P§, = {Home(n, 0)} and the contractions
£l Pg (n) — PS (n — 1) are the contractions & i : Hom¢(n, 1) — Home (1, 0) of the
wheeled PROP.

Conversely, every wheeled operad P generates a wheeled PROP. Let Cp be the free
wheeled PROP generated by the wheeled operad P. The following explicit description
of the wheeled PROP Cp follows from the description of the free wheeled PROP
generated by a collection of (S,,, &, )-bimodules given in [17, Section 2.1.6] —see
also [16, Section 2.3].

Proposition 2.3 The wheeled PROP Cp associated to a wheeled operad P is given by
the (&4, &;)-bimodules

I k
cp<q,1>=€B( D ®Po(f—1<i)))®(@( D ®Pw(g—1(i))) )
JCq N f:J—>li=1 keN “g:q\J—>k i=1 Sk
where & acts on Dy . g\ j i ®f-€:1 Pw(g71(i)) by postcompositionon g:q\J — k.

The symmetric group &; acts by postcomposition on f: J — I and &, by precompo-
sitionon f:J — 1l andong:q\J —> k.

Horizontal composition is induced by disjoint union of maps and partitions.
The contractions Sj’: :Cp(q,l) > Cp(g—1,1—1) for1 <i <gand 1 <j <[ are
induced by

(i) the contractions £ : Py(n) — Py (n —1),

(i1) the composition in the operad Py,

(iii) the right Po—module structure on Py, .

To illustrate the contractions defined in the previous proposition consider in Cp(9, 2)
the summand corresponding to J = {1,2,3,4,5}, f:J —2givenby f(1) = f(2) =

f(3)=1and f(4) = f(5) =2,8:16,7,8,9} > 2 given by g(6) = g(7) = g(8) = 1
and g(9) = 2 and consider the element

X €Po({1.2.3}) @ Po({4.5}) ® (Puw ({6.7.8}) ® Pu({9})) s,

Y Y
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Case (i) is illustrated by

e (VY YA
Case (ii) is illustrated by
£(X) = Kﬂ( y é

s?<m=}/ @é

Cp(n,n) = @ (Po(1))®".

fed,
Considering the identity operation Id € Py(1), we obtain a monomorphism of &,—

Case (iii) is illustrated by

Remark 2.4 Note that

bimodules
k[&,] = Cp(n,n).

Remark 2.5 Recall that from (2-1) vertical composition in a wheeled PROP is induced
by horizontal composition and contractions.

The forgetful functor from the category of wheeled operads to the category of operads
has a left adjoint denoted by (—)©. For Py an operad, (Py)? is called the wheeled
completion of Py.

Remark 2.6 The wheeled PROP Cp generated by a wheeled operad P has two
distinguished sub-PROPs:

(1) the sub-PROP Cp, generated by the operad Py, corresponding to forgetting the
wheeled part of P;

(2) the sub-PROP denoted by Cy, such that, for all n € N,
Cw(n,0) =Cp(n,0),
Cw(n,n) =k[G,] for n > 1,
Cy(n,m)=0 for m ¢ {0, n},
corresponding to forgetting the operadic part in the PROP Cp.

Algebraic & Geometric Topology, Volume 23 (2023)



3100 Nariya Kawazumi and Christine Vespa

3 Recollections on the functor category F(gr; k)

The purpose of this section is to review results on covariant and contravariant functors
from the category gr of finitely generated free groups to k—modules. We refer the
reader to [2; 3; 5] for more details.

We denote by Z*" the free group on n generators. The category gr has a skeleton with
objects Z*" for n € N. Consequently, gr is essentially small and we denote by F(gr; k)
(resp. F(grP; k)) the category of covariant (resp. contravariant) functors from gr to V.

A fundamental example of functor in F(gr; k) is the abelianization functor a: gr — V
that sends a free group G to (G/[G, G]) ®z k.

Composing a with the duality functor —*: V — ())°P, we obtain a functor from gr
to V°P. The category of functors from gr to V°P is equivalent to (F(gr°?;k))°P. We
will denote by a"': gr® — V the functor corresponding to —* o a by this equivalence.

By the Yoneda lemma, the category F(gr; k) has enough projective objects and a set
of projective generators is given by the functors, for n € N,

P, = Kk[gr(Z*", -)]
where k[—] is the linearization functor from the category of sets to V.

Each functor F: gr — V can be decomposed naturally as a direct sum F = F(0) @ F
where F(0) is the constant functor equal to F(0) and F is a reduced functor, ie F(0) =0.
For simplicity we denote P := P ;.

The notion of cross-effects and polynomial functors introduced by Eilenberg and
Mac Lane for categories of modules can be extended to functors on gr and on greP.
The d™ cross-effect defines an exact functor cry: F(gr;k) — F(gr*";k), where
F(gr*"; k) is the category of functors from gr*” to V. A functor F: gr — V is
polynomial of degree d if cry1(F) = 0 and cry (F) # 0. Similarly, we can define
polynomial functors on greP.

The functors a and a“ are reduced polynomial functors of degree one.

The reduced functor P and the cross-effects are related by the following result:

Proposition 3.1 Ford € N and F € F(gr; k), there is a natural isomorphism

Hom r(gr.k) (P®?, F) ~ crg(F)(Z, ..., 7).
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We deduce the following corollary:

Corollary 3.2 Ford € N and F € F(gr; k) a polynomial functor of degree < d,
Hom;(gr;]k)(ﬁ@d, F) =0.

Since the abelianization functor a takes its values in V/, for F a functor from V/ to V,
we can postcompose a with F to obtain a functor of F(gr; k). An important example
of functor from V/ to V is the d™ tensor product functor 7¢:V/ — V, for d € N,
defined on objects by V +— V®d The symmetric group G, acts by place permutations
on T9. The functor a®¢ := T% o q is a polynomial covariant functor of degree d and
(a¥)®? := T4 6 qV is a polynomial contravariant functor of degree d. The notion of
exponential functors is a powerful tool for computation; see [4]. A graded exponential
functor is a monoidal functor from (V/, &, 0) to (grv, ®, k).

If k is a field of characteristic 0, the d" exterior power functor is defined, on a
vector space V, by A2(V) = (T4 (V) ® sgn, )s, where sgn,, is the signature module
and &, acts diagonally. The functor A? is a direct summand of T¢. The functor
A% q:= A% oais a polynomial covariant functor of degree d. The exterior powers define
a graded exponential functor A®. In particular, there are natural commutative products
A ®@ A — AT/ and cocommutative coproducts AT/ Al @ A, for i, j € N.
Composing with the abelianization functor, we obtain a natural transformation of
functors in F(gr, k),

(3-1) ANtag— ANa® A a,

which will be used later.

For G, F € F(gr; k), the exterior tensor product of G and F is the functor
G X F:grxgr— k-Mod

given on objects by

(GRF)Y(Z*™, 7% = G(Z*) @ F(Z*™).
Similarly, for G € F(gr°P; k) and F € F(gr; k) we define G K F : gr’P x gr — k-Mod.
We denote by L ;: ngd — gr the functor obtained by iteration of the free product
(which is the coproduct in gr) and 6 : gr — ngd the diagonal functor. The functor § is
right adjoint to the functor 11 4. It follows that the functor 6 : F (gr*?; k) — F(gr: k)

given by precomposition is left adjoint of the functor 7} : F(gr;k) — F (gr*?; k)
given by precomposition.
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Tensor powers 7'° do not define an exponential functor but we have a similar property
using induction of symmetric groups; see [22, (3)]. In particular,

(3_2) n;(a®q) ~ @ Cl®|J| X a®|4\J|‘
JCq

Part I Stable cohomology of Aut(Z*") with coefficients given by
a bifunctor

4 Definition of stable homology of Aut(Z*")

Let I,: Aut(Z**) — Aut(Z***1) be the group monomorphism induced by — * Z. By
restriction along I,, we obtain a functor U’ : Aut(Z***+1)-Mod — Aut(Z*")-Mod
where Aut(Z*")-Mod is the category of modules over Aut(Z*").

For B:gr°? xgr — V a functor and n € N, B(Z*"*, Z*") is an Aut(Z*")°Px Aut(Z*")-
module. Let p,: Z*"*t1 — Z*" be the group epimorphism given by the projection on
the first n variables and i, : Z*" — Z*" 11 be the group monomorphisms given by the
inclusion of the first n variables.

The previous data give rise to Aut(Z*")-homomorphisms
UI” (B(Z*I’H-l Z*n+1)) B(in,pn) B(Z*n Z*n)

where the structure of Aut(Z*")-module on B(Z*", Z*") and U1n (B(Z*"t1, z*"+1))
is given by the diagonal action.

This gives group morphisms
H*(Aut(Z*"Thy; B(z* 1, 2*" 1Y) 22 H* (Au(Z*"); B(Z*", Z*7)).

The stable cohomology of the automorphism groups of free groups with coefficients
given by B is then defined by

HY(B):= 11% H*(Aut(Z*"); B(Z*", ")),
ne
where the limit is taken over the group morphisms o, .
In this paper we consider the family of coefficients B; , = (a¥)® ) a®4, where

l,q € N and K is the exterior tensor product. By the usual canonical homomorphism
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E* ® F — Hom(E, F) for two k-modules E and F, which is an isomorphism if E
is free finitely generated, we obtain isomorphisms

By (2", 2*™) = (k")*)® & (k™)®7 ~ Homy((k")®', (k™)®9).

Based on this isomorphism, B; , will sometimes be denoted by Homy, (a®/, a®9).

5 Stability

Let G be the category having as objects the finitely generated free groups and where a
morphism from A to B is a pair (u, H) where u: A < B is an injective homomorphism
and H is a subgroup of B such that B = H x u(A). Recall from [3, Définition 4.2]
that there is a functor (: G — gr? x gr sending an object A to (A, A) and a map
(u,H): A— B to (B = H *u(A) — u(A) *— A,u: A— B).

The category G is homogeneous in the sense of [21, Definition 1.3] and the functor
By, = (av)®l R a®9 is the exterior product between a polynomial contravariant functor
of degree / and a polynomial covariant functor of degree ¢, so the composition B o is
a coefficient system of degree / + ¢g. Hence, by [21, Theorem 5.4], for i € N the group
morphism

(5-1) H'(Au(Z™"*1); By g (2", 2*"HY)) 25 HY (Au(Z*™); By g (2™, Z*"))

is an isomorphism for n > N; , ; where N 4 ; = 2i + 1 + ¢ + 3. We deduce that, for n
big enough, we have an isomorphism

(5-2) Hi((a¥)®' ® a®) ~ H (Aut(Z*"); By ,(Z*", Z*™)).
For I1,q1,12,q> in N, the cup product gives morphisms
H (Aw(Z*"); By, 4,(Z*", Z*")) ® H/ (Aw(Z*"); By, 4,(Z*", Z*™))
o
HIT (AU(Z*): By, 4, (2 Z) @ By, o, (L. 1))

For n > Max(Ny, 4,,i- Ni, 4,,;), the stability isomorphisms (5-2) give the following
cup product map on the stable cohomology:

(5-3) U: Hsit(BllaQI) ® Hs]t (Blz,qz) - Hslt+J (Bll,ql ® Blzﬂz)'
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6 The wheeled PROP H of stable cohomology

The aim of this section is to prove that the stable cohomology of Aut(Z*") with
coefficients twisted by B; , = (@¥)® K a®? = Homy(a®, a®7) defines a wheeled
PROP. This should be viewed as a cohomological version of the wheeled endomorphism
PROP considered in Examples 2.1 and 2.2 using the stability isomorphism (5-2).
Definition 6.1 The PROP # is defined by the graded (&4, &;)-bimodules

H(q.1) = HJ (Homy(a®' . a®%)

where the action of the symmetric group & (resp. &;) is given by place permutations
of the copies of a (resp. (a¥)).

The horizontal composition ®: H(q1, 1) ® H(g2,l2) = H(q1 + ¢2, 11 + [2) is given
by
H (Homy (a®t, a®1)) ® Hy(Homy(a®2,a®4))

Ju
H (Homy(a®"1, a®91) ® Homy(a®72, 0¥42))
|2
H* (Homy, (a®1-+2_ q®01+42))

where U is the cup product map given in (5-3) and A is the map induced by the tensor
product of linear maps.

The vertical composition o: H(I,m) @ H(q,!) — H(g,m) is given by

Hg (Homy(a®™, a®)) @ H3f (Homy(a®!, a®4))

Ju

H}(Homy(a®™, a®) ® Homy,(a®!, a®7))

|7

H} (Homy,(a®™, a®9))

where y is the map induced by the composition in V.

Proposition 6.2 The PROP H is a wheeled PROP for the contractions, for1 <i <gq
and1 < j </,
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induced, forn > Nj 4 «, by the maps
H*(Au(Z*"), ¢}): H*(Aut(Z*"), By o (Z*" . Z*"))
— H*(Aut(Z*n), Bl_l’q_l(Z*n, Z*n)),

where (pj’: are as defined in Example 2.2

Proof The maps goji. are Aut(Z*")—equivariant. For n > Nj 4 ., since
Nig.« > Ni—1,g-1,%:
H*(Aut(Z*"), (p}) induces a map E} T H(g, ) > H@g—1,1-1).
We verify that the contraction maps satisfy commutativity conditions and that they are
compatible with the horizontal composition.

The biequivariance condition for the contraction maps corresponds to the commutativity
of the diagram

£l
H(g.l) —— H(g—1.1-1)
(01 ,az)J l((,;“?l("”’a(n)
H(g. 1) —y Hg—1,1-1)
§osi)

where 01 € &4 and 07 € Gy, aéj ) ¢ G is the permutation induced by o, forgetting
j and 02(j) and reindexing, and 01(‘71_1 M) ¢ S4-1 is the permutation induced by o
forgetting o (i) and i and reindexing. m|

Remark 6.3 For >0, (a)®! is a reduced contravariant functor which is polynomial
of degree /. It follows from the main result of [3] that HST((aV)‘@l) =0,50H(0,/)=0
for [ > 0.

In order to relate our results to Djament’s result obtained in [1] we introduce the
following:

Definition 6.4 Let ' be the sub-PROP of H such that, for n € N
H(n,0)=H®,0), H(n,n)=k[6,], H@n m)=0ifmé¢{0,n}.

Remark 6.5 Note that
H(n,n)® = HQ(Homy (a®", a®")) = (Homy ((k™)®", (&™) ®")AE™)

Algebraic & Geometric Topology, Volume 23 (2023)



3106 Nariya Kawazumi and Christine Vespa

where the last isomorphism is given by (5-2), for m big enough. Hence
H(n,n)® ~k[S,]

and the endomorphisms in the sub-PROP #H' correspond to the endomorphisms in A in
degree 0.

Remark 6.6 The wheeled PROP structure on # comes from the wheeled endomor-
phism PROP and does not depend on the family of groups considered. Consequently,
there are other families of groups for which we have a wheeled PROP structure on
the stable cohomology with coefficients given by B; , = Homy,(a®?, a®7). For ex-
ample, for the braid groups we have a wheeled PROP #Z>> and the group morphism
B, — Aut(Z*") induces a morphism of wheeled PROP # — HB>_ Similarly, for
X g,1 a connected and oriented surface of genus g with 1 boundary component and
Mg,1 its mapping class group, we have a wheeled PROP #MCGe.1 and the group
morphism Mg 1 — Aut(Z*?€) gives a morphism of wheeled PROP H — HMCCoo.1,
The wheeled PROPs 78 and #MCCee.1 have further structure. This will be developed
elsewhere. Similarly, for a symmetric monoidal category C and a dualizable object in C,
the cohomology of the automorphism groups in C with appropriate coefficients has a
wheeled PROP structure.

Remark 6.7 We have also wheeled PROP structures in the unstable ranges. More
precisely, for n € N, we can define a wheeled PROP #" given by the graded (&4, &;)—
bimodules

H'(q.1) = H* (Aut(Z*"); Homy(a®', a®9)),

the wheeled PROP structure being defined in a similar way as in Definition 6.1 and
Proposition 6.2. The stabilization morphism (5-1) gives a morphism of wheeled PROPs:
H"+1 — ™. The PROP H considered in Definition 6.1 is the limit of these PROP
morphisms. The PROPs H" are, in general, more complicated than # since they can
contain nonstable cohomological classes.

7 Cohomological classes
In [8] — see also [9] — the first author introduced cohomology classes that give nonzero

morphisms in the PROP . In this section we show that these classes are obtained
from the class /1, recalled below, using the wheeled PROP structure on #.
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The ¢™ Johnson map induced by a Magnus expansion @ is a map
Ig : Aut(Z*") — Homy, (k" (k")®4t1).
By [8, Lemma 2.1], rf is a 1—cocycle and the cohomology class
hy = [¥] € H'(Aut(Z*"), Homy, (K", (k™)®?))

does not depend on the choice of Magnus expansion 6. For n big enough, & gives a
nonzero element in Homy (2, 1) in cohomological degree 1. Using [8, (4.4)] and the
anticommutativity of the cup product we obtain that G, acts on /; by the signature.

By [8, (4.11)], we have the relation in Homy (3, 1)
(7-1) hio(hi®1)+hio(1®h;) =0

where ® is the horizontal composition in the PROP # and o is the vertical composition
in the PROP H.

Let K be the subwheeled PROP of # generated by the class /1.

Proposition 7.1 For p € N, the classes hp+1 € K(p + 2, 1), defined inductively by
hpt1 =h1o(hp ®1),

and ﬁp € K(p, 0), defined by )
hl’ = gll (hp)»

are the cohomological classes introduced in [8], in the stable range.

Proof For p > 2, using the cup product we obtain classes
(h1)"? € H? (Aut(Z*"), Homy (k" , (k")®)®?)

~ HP(Aut(Z*"), Homy((k")®?, (k")®27))
where the isomorphism is induced by the canonical homomorphism of k—modules given

by tensor product of linear maps which is an isomorphism for free finitely generated
modules.

In the stable range, we obtain (41)Y? € H(2p, p) and the previous construction corre-
sponds to the horizontal composition in the PROP H introduced in Definition 6.1.

Consider the maps
sp: ((K")* ® (k")®%)®? ~ Homy (K", (k")®?)®?
N Homy(]k”, (]kn)®p+l) ~ (kn)* ® (kn)®p+1
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given by
SpU1®U2 -+ ®up) := (U1 ® 1 ny®p—1)0 (U2 ® | (ny®p—2) 0+ -0 (Up—1 & I 1) OUp
where u; € Homy(k”, (k")®2?) for 1 <i < p; see [8, (4.8)].
The cohomological classes hp, € H P (Aut(Z*"), Homy (k" (k")®?11)) are defined in
[8, Theorem 4.1] by
hy = HP (Aut(Z*"), <) (h]?).

Note that

SpUL®@uU2 @ Qup) = (Sp—1 (U1 QU2 Q- QuUp—1) ® Ikn) oup
It follows that, for n big enough, the classes /1, can be defined recursively by

hpr1=hio(hp,®1)eH(p+2,1).

Consider the map
§011: (]kn)* ® (kn)®17+1 N (kn)®p

introduced in Example 2.2. The reduced class ﬁp € H?(Aut(Z*"), (k")®P?) is defined,
in [8, (4.7)], from the class &), by
hp = H? (Au(Z*"), 1) ().
In the stable range, this corresponds to considering the contraction
1 H(p+1.1) = H(p.0)

introduced in Proposition 6.2, so we have & p = &1 (hp). m|

Remark 7.2 By the biequivariance condition for the contraction map,
Er(h) = —hy.

Remark 7.3 The wheeled PROP #MCGeo.1 evoked in Remark 6.6 is related to the
graph description of the (twisted) Mumford—Morita—Miller classes by Morita and the
first author [11; 19]. Morita [18] extended the first Johnson homomorphism of the
Torelli group Zg 1 to a twisted cohomology class keH! (./\/lg,l; %A3a(m(2g,1))).
The class h; restricts to k on the mapping class group My 1. Morita [19] constructed
cohomology classes of the mapping class group with trivial coefficients Q by con-
tracting a power of the class k in terms of trivalent graphs. More precisely, any
trivalent graph I' with 2n vertices defines an Sp(a(m;(Xg,1)))—invariant linear map
ar: A2 (Aa(m1(Zg,1)) ® Q) — Q by using the intersection pairing on a(1(Zg,1)).
Then we obtain a cohomology class ar*(lgzn) € H?"(Mg,1;Q). Morita and the
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first author proved all these classes are polynomials in the Mumford—Morita—Miller
classes [10], and generalized his construction to all finite graphs and twisted Mumford—
Morita—Miller classes [11]. Here any graph with n univalent vertices defines a coho-
mology class of Mg 1 with coefficients in A"a(m1(Xg,1)) ® Q, which is proved to be
a polynomial of twisted Mumford—Morita—Miller classes.

Part III Functor cohomology in F(gr; k)

The aim of this part is to introduce the wheeled PROP £ given by Ext—groups in the
functor category F(gr).

8 Projective resolution of the abelianization functor

The abelianization functor a has an explicit projective resolution in F(gr; k). This
resolution occurs in [6, Proposition 5.1] and plays a crucial réle in [3] and [22]. In this
section we recall the construction of this projective resolution.

Recall (see Section 3) that for n € N, the functors P, := k[gr(Z*", —)] form a set
of projective generators of the category F(gr; k). Consider the simplicial object in
F(gr: k)

(8_1) . P}’l+1 Pn ] P2 jr— Pl :; PO

where §;: P,4+1 — Py for 0 <i <n + 1 are defined by
Solg1:82, -+ 8ns&nt+1] =82, .- -, &n, gn+1l,
Silg1, 82+ 8n, &n+1]1 =1[81,-- .. &i&i+1,-- ., &n, gn41] for 1 <i <mn,
Snt+1l81. 825+ &ns n+1] = (81,82, -+ -, &nl,
and g;: P, — P,y for 1 <i <n+ 1 are defined by
eilgr,....gnl =181, . &i-1, 1. &\ ... gnl.

We denote by C, the unnormalized chain complex associated to this simplicial object
and D, the complex defined by D; = C; 41 fori > 0and D; =0 fori <0.

Since the homology of a free group is naturally isomorphic to its abelianization in
degree 1 and is zero in degree > 1, D, is a resolution of a and we obtain that the exact

sequence in F(gr)
o> Py > Pp— o= Pr— P

is a projective resolution of the abelianization functor a: gr — Ab.
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Considering the normalized version we obtain a variant of the previous resolution of
the form

(8-2) e PO+l dn pOn dno 2 pR2 4 B

where P is the reduced part of P; (see Section 3) and the map 7 : P — a corresponds
to 1 € Z via the isomorphism Hom(P, a) ~ Z obtained using Proposition 3.1.

9 The PROP £°

The aim of this section is to describe the structure of the following graded PROP which
can be viewed as an Ext—version of the endomorphism PROP:

Definition 9.1 The graded linear PROP £° is defined by the (&4, &;)-graded bimod-
ules

£%(q.1) = ExCr gy (a® . a®)

where the action of the symmetric group &, (resp. &;) is given by the permutations of
the copies of a in the first (resp. second) variable.

The horizontal composition £%(q1,11) ® £%(q2,12) — £°%(q1 + q2. 11 + [2) is given by
the exterior product and the vertical composition £%(g,1) ® £°(1,m) — £°(q, m) is
given by the Yoneda product.

Remark 9.2 We warn the reader that Hom;(gr)(a‘g’l ,a®?) should not be confused
with Homy,(a®!, a®7) introduced at the end of Section 4.

In [22], the second author obtained the following results:

Theorem 9.3 [22, Theorem 2.3] For [, q € N, we have an isomorphism

0®7) ~ k[Surj(q.l)] ifx=qg—1,

Ext®, . (a®, .
= (gr’k)( 0 otherwise,

where Surj(q, 1) is the set of surjections from q tol.
Theorem 9.4 [22, Proposition 2.5] The symmetric groups &4 and &; act on
Extl ! )(a®l, a®7) ~ Kk[Surj(q.1)]

F(gr;k
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in the following way: for o € &y, 1, € &y, the transposition of a and b where
a,be{l,... I}, and f € Surj(q,1)

[flo= [] €@l ron-16)Lf o0l.

1<i<l

where 0| fog)-1(1): (f 00) i) = o((f oo)~L(i)), and
Tap.[f]= (_1)(|f_1(a)l—l)(lf_l(b)l—l)[ra’b o f].

Proposition 9.5 [22, Proposition 3.1] The external product

®p7 a®n) N EXtm+n_l_p(a®l+p, a®m+n)

e 1®
e: Extf(gr K@%, a®") ® Ext’; Flerk)

f(gr k) (Cl

is induced by the disjoint union of sets via the isomorphism of Theorem 9.3.

. 1 l
For ¢,,—; (resp. cy—p) a cocycle representing a generator of Ext?(g rk) (a®!, q®m)

(resp. Extnfz{;;k)(aépp, a®m)), we will denote e([c;—1], [cn—p]) bY [cm—1] ® [cn—p].
Note that in the description of the Yoneda product in terms of surjection given in [22,
Proposition 3.1] the signs are not correct. One of the aim of Sections 9.1 and 9.2 is to
give a corrigendum of this statement.

9.1 Explicit classes in Ext;’t(glr Ky (@, a®")

The aim of this section is to construct explicit cocycles representing the generators in
Ext'}zglr.k) (a, a®") and to study their behavior via the Yoneda product

V: Extf(gr K (@ a®) ® Ext}(gr.k)(am ,a®ntlhy Ext’}(gr;k)(a, a®ntl)

We begin by introducing explicit classes in Ext’- f(gr K) (a,a®") ~ k.

Proposition 9.6 Forn € N \ {0} the morphism a®m: PO s ®" s a cocycle
representing a generator of Ext Fgr; k)(a a®m) ~ k.

Proof Using the normalized bar resolution (8-2), Ext"f(glr k)(a, a®") is the homology
of the complex

®n—1 ®n)

-+ — Hom r(gek) (P ,a®m) 4, Hom;(gr;k)(lj‘x’", a

4, Hom zgri) (PE" 1, a®") — ...

By Corollary 3.2, Hom f(gr;k)(ﬁ ®n+l q®m) = () since a®” is a polynomial functor of
degree n. It follows that d (7 ®") = 0.
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Moreover, the morphism 7 ®” represents [Id,] via the isomorphism
Hom;(gr;k)(l_’@’", a®") ~ cr,,a®(Z, ..., 7) ~ k[S,]

using the external product Hom(P,a) ® - -- ® Hom(P, a) — Hom(P®", a®"). We
deduce from the previous complex an exact sequence of G,—modules

Hom £ (g, k)(P®” L a®) 5 k[6,] — Ext]r(gr k) (@ a®") — 0.

It follows that [Id,] gives a generator of the &,—module Ext”( " k)(a a®H)~k. O

In the next proposition we introduce particular classes in Extf(gr k) (a®", a®n 1) Let

Q¢ — a®" be a projective resolution of a®” and consider the resolution
poetl ® a®n—1 _, (@n

obtained by tensoring the complex (8-2) with a®”~!. By standard homological alge-
bra— see [23, Comparison Theorem 2.2.6] — there is a chain map

w08 — PO+l g q®n—1
lifting Id,@n : a®” — a®” which is unique up to chain homotopy equivalence.
Lemma 9.7 The map

(n®? @Id,on-1)oa': Q) — a® !
represents the class of Extlf(gr;k) (a®", a®"*1) corresponding to the exterior product
[7®2] ® [1d,@n—1].

Proof This is a direct consequence of the definition of the exterior product of classes. O

Lemma 9.8 The functor Im(d,—1) has projective resolution

9-1) poetn. F®n+1 d_n> pon

given by truncating (8-2). Moreover, the map w®": P®" — a®" factorizes through
Im(dy,—1), giving rise to a morphism 7®" : Im(d,—1) — a®”.
Proof By the projective resolution (9-1) we obtain the complex

.. < Hom(P®"+1 ®n) i Hom(P®" a®"),

computing Ext’ ' (gry M (dn—1). a®"). The map 7®": P®" — a®" satisfies 7®"od, =0,
so it represents a cocycle in Hom z(gy) (Im(dp—1), a®"). We deduce that 7®" factorizes
through Im(d,—1), giving rise to a morphism 7®”: Im(d,—;) — a®” d
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Lemma 9.9 We have a morphism of exact chain complexes

_ e - o an
. pektigpen—1 Dkl pergpen-1 dn, popen—1 oy g

l lld Qu®n—1 l lld Qr®n—1 lld Q@r®n—1 lﬁ@n
di®Ild

_ B — _; di®d = _ 1d
—y P®k+1g ®n—1 - P®2gq®n—1 1 P®a®—! z® s q® s

Proof The square on the right commutes since
7®od, 1 =7®" = (7 1d) o (Id @ ®" V).

For k € N, a direct computation using the differential in the reduced bar resolution
gives the commutativity of the diagram

P®k+2®P®” 1 dn+ P®k+1®P®n 1

lld @m®n—1 J/Id Qm®n—1

13®k+2 ® Cl®n—1 13®k+1 ® a®n—1

di+1®1d o

Remark 9.10 The reader’s attention is drawn to the fact that the following diagram is
only commutative up to a sign:

pon-1 g pok+2 Itk itk 5@n— 1 g POk+1

Lr@"—‘@m ln®"_l®ld

a®l’l—1 ® ﬁ@k-‘rz ; a®l’l—1 ® ﬁ@k"r‘l
Id ®dx

Proposition 9.11 Forn > 2
V([ ®". [2®?] @ [ldyen1]) = [r®" 1],
Proof By [23, Comparison Theorem 2.2.6] there is a chain map 8° lifting
7% Im(dy_1) — a®".
We obtain the commutative diagram

dn dn 1

i ————— POl pon —— Im(dy—1) —— 0
e e e
o) Q!9 a®” 0
loel lao lld
L pe2g®n-l __, p®l g @n—l 4®n 0
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By the construction of the Yoneda product, (7®? ® Id,@n—i) o al o Bl is a cocycle
representing V([ ®"], [(7®2 ® Id,gn—i ) o a]).

Since the chain map lifting 7®”: Im(d,,—1) — a®” is unique up to chain homotopy
equivalence, using Lemma 9.9 we have

[(7®? ®1d,en-i) o' o B = [(#®? @ 1dy@n—i) o (d®7x®" )] = [z®"T1]. O

9.2 The operad Py

In [22, Proposition 3.5] the second author proved that the graded PROP £° is freely
generated by its underlying operad Py. Using Theorems 9.3 and 9.4, Py is the graded
operad such that Py(0) = 0 and for k > 0, Py(k) is the sign representation of Sy
placed in cohomological degree kK — 1 and O in other degrees. The aim of this section is
to give an explicit description of this operad, in particular to describe the composition
which is induced by the Yoneda product.

Definition 9.12 The operad Q is the quadratic graded operad generated by one anti-
symmetric binary operation u in degree 1 subject to the quadratic relation

JLO1 [ = —[LO2 [L.

Pictorially, we have

Proposition 9.13 The operad Py is isomorphic to Q.

Proof We show that there is a morphism of operads f : @ — Py given on the generator
wby fo(un) = [7®2] where [7®?] is a generator, in degree 1, of £9(2,1) = Py(2)
defined in Proposition 9.6 which is antisymmetric by Theorem 9.4.

Before proving that [ ®?] satisfies the quadratic relation satisfied by u, note that the
partial composition operations in Pp are given by the restriction of the categorical
composition induced by the Yoneda product

YV:Po(n) ®e, Eo(n +1,n) = Po(n +1).
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More explicitly the partial composition o; is obtained by restricting to the inclusion of
k—modules

E':Pp(2) =~ Po(D® 1 @ Po(2) ® Po(1)®" ™ < £%n + 1,n)
given by the external product.
For ¢ € G5 and c3 € G5 the cyclic permutations given by i — i + 1, by Theorem 9.4
we have in Extlf(gr;k)(a‘g’z, a®3),

c2.([1de] ® [7®2]).c3 = [*®?] ® [Ida],

SO
V([ ®?], [x®?] ® [Ida]) = Y([x®?], c2.(([1da] ® [7®?]).c3)

[
= V([7®%].c2. ([I1ds] ® [7®?])).c3
= V([ ®?](=1), ([ldg] ® [r®?]))
= —Y([7®?], ([lda] ® [7®2]))

using that Py (k) is the sign representation in degree k — 1. We deduce that [7®?]
satisfies the quadratic relation.

The fact that the operad Py is binary follows from Proposition 9.11 and the fact that
Po(n + 1) is k concentrated in degree n.

We deduce that the morphism of operads f: @ — Py is an isomorphism. a

In Proposition 9.14 we give a more conceptual description of the operad Py using
the notion of operadic suspension, recalled in the next paragraphs following [12,
Section 7.2.2].

Let S be the underlying operad of the endomorphism PROP (see Example 2.1) as-
sociated with the graded vector space sk (ie the graded vector space concentrated
in homological degree one and such that (sk); = k). Explicitly, as a representation
of &,, S(n) = Homgry((s]k)@”, sk) is the signature representation concentrated in
homological degree —n + 1.

For P and Q two operads, the Hadamard tensor product P @ g Q is an operad such that
(P®m Q)(n) =P(n) ®u Qn),

where the action of &,, is the diagonal action. The unit of the Hadamard product is the
operad uCom of unital commutative algebras. In particular we have uCom(0) = k.
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For P an operad, the operadic suspension of P is the operad S ® g P.

The operad Py being defined using Ext—groups, it is naturally graded with cohomo-
logical degree. So Py(n) is a graded k—module concentrated in cohomological degree
n — 1 and so in homological degree 1 —n.

Let Com be the operad of nonunital commutative algebras (thus Com(0) = 0). In the
next proposition we consider Py with its homological degree.

Proposition 9.14 The operad Py is the operadic suspension of the operad Com. In
other words, we have an isomorphism of operads

Po >~ S Qg Com.

Proof Recall that Py(0) = 0 and for n > 0, Po(n) is the sign representation of G,
placed in homological degree 1 —n and O in other degrees. The underlying &,—modules
are isomorphic since Com(0) = 0 and for n > 1, Py(n) >~ S(n).

By Proposition 9.13, Py is a quadratic operad generated by p such that puo; u =—poa .
Define Py(2) — S(2) sending u to the generator v of S(2). By a similar argument
as in the proof of Proposition 9.13 for the endomorphism PROP associated with the
graded vector space sk, one proves that v satisfies the relation v o; v = —v o5 v. This
implies the isomorphism in the statement. |

Remark 9.15 We denote by s7' € Surj(n,n — 1) the unique surjection preserving the
natural order and such that 57 (i) = s (i + 1) = i. The Yoneda product gives, via the
isomorphism given in Theorem 9.3, a map

Y : k[Surj(m, [)] ® k[Surj(n, m)] — k[Surj(n,)].

For m = 2,1 =1 and n = 3, the quadratic relation in the operad Py corresponds to
Y([s%] ® [sg’]) = —Y([s%] ® [sf]) showing that the signs given in [22, Proposition 3.1]
are not correct.

The following maps will be used in Proposition 10.7 in order to define the contraction
maps in the wheeled operad P.

Definition 9.16 For 1 <i <n, let £ : Py(n) — Po(n — 1) be the morphism of graded
vector spaces of degree —1 given by

() = (—1) [x®" 7).
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Proposition 9.17 For 1 < i < n, the contraction map £ : Po(n) — Po(n — 1) is
equivariant; ie for o € &, the diagram

Po(n) L Po(n—1)

o [0

Po(n) W Po(n—1)

is commutative, where 0¥) € &,,_y is the permutation o :n\{i } — n\ {o (i)} considered
as reindexed.
Proof Since &, acts on Py(n) by the signature, we need to prove that
e(@)(=1)70 = e(@)(=1)".
Let o € G, be the permutation given by
a=(1,2)0(2,3)0---0(0(i)—1,0(i))cco(i—1,i)o---0(1,2)
where (/,/ + 1) is the permutation exchanging / and / 4+ 1. We have
e(@) = (=D e(@) (=1,

and for 1) the permutation : n \ {1} — n \ {a(1) = 1} considered as reindexed. We
have oM = ¢ and a = Id;;, ®aV. Hence

e(0®) =e(@W) =e(@) = (=1)7De(o)(-1)' . O

10 The PROP &

In the rest of the paper k is a field of characteristic zero. The previous condition
on k allows us to use the computation of Extjr(g r)(Aj a, a®?) given in [22] (see
Proposition 10.1 below) obtained by taking the coinvariants by the action of the

symmetric groups, twisted by the signature, in the result of Theorem 9.3.

The aim of this section is to describe the structure of the graded PROP & introduced
in Definition 10.2. We will prove in Theorem 10.11 that the PROP £ is a wheeled
PROP. The PROP & extends the PROP £° in the sense that £9 is a sub-PROP of € (see
Remark 10.3).

Since the exterior powers intervene in the PROP £ we need the following result:
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Proposition 10.1 [22, Theorem 4.2] For k a field of characteristicO and n,m € N,
we have isomorphisms
Ext* N a,a®) ~ ’
Fen| ) {0 otherwise,

where S(q, j) denotes the number of ways to partition a set of g elements into j
nonempty subsets
kPmm) if x =m —n,

* n m_N\ ~_
Extz g (A", ATa) = {0 otherwise,

where p(m,n) denotes the number of partitions of m into n parts.

Since Hom £ (gy) (A a, A/ a) ~ k, the external product gives a morphism
(10-1) Ext;(gr)(a‘g’m ® Na,a®) L Ext;(gr)(a‘g’m QAN a® A a a® ® A a).
Recall that for V* a cohomologically graded module, for i € N the i desuspension of
V'* is the graded module s~ V* such that s~/ V" = V"7,
Definition 10.2 The PROP £ is defined by the graded (&, &;)-bimodules

£g.1) = @D s Exth gy (0® @ M0, a®9),

JEN
where the action of the symmetric group &; (resp. &) is given by place permutation
of the copies of a in the first (resp. second) variable.
The horizontal composition ® : Homg (g1, /1) @Homg (g2, [2) = Home (g1 +¢2, (1 +12)
is given by

@jeN g7 EXt;(gr) (a®ll ® AN a, a®(11) ® @ieN gl Eth;-‘(gr) (a®lz ® Alq, a®£]2)

1s

Bijen s/ T Exth 0¥ @ A a @ a®2 @ A, a®01142)

|7

EBi,jeN g/ Ext;(gr)(a‘g’l‘ Th @A a® A a. a®f]1+¢12)

|

—j—i Fyg ®1+1 iy O+
@j_'_leN Ky J EXt]—'(gr)(a 1 2 ® A] a,a q1 42)

where B is the exterior product, T is induced by the permutation of A’a and a®/ and
¢ by the natural transformation ANtia— Ala® Al a (see (3-1)).
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The vertical composition o: Homg(g, ) ® Homg (I, m) — Homg(g, m) is given by
Djens™ Ext;(gr)(a@ ® A a,0%) @ @ ey 57" Exth g (0¥ ® A, a®’)

IE

Dijens’ Ext;(gr)(a@’ ® A a,a®?) ® s~ Ext}

F(gr
l

DB jen s/ Ext* (a® @ A a, a®?) @ s Ext* (a®" @ Na® A a, a® @ Ala)

1K

D jen s Exthy @®" @ Na® A a,a®7)

L

@i—i—jeN g—i—J EXt;-'(gr) (a®m ® AT/ a, a®4)

where the second morphism is induced by the map (10-1), the third by the Yoneda
product and the last one by the canonical natural transformation A’/ a — Ala ® A/a
given in (3-1).

Remark 10.3 The PROP £° (see Definition 9.1) is the sub-PROP of & having the
same objects and such that £%(g, [) is the direct summand of (g, ) for j = 0.

10.1 Calculation of £(q, /)
The aim of this section is to prove the following result:
Proposition 10.4 Forq,! € N we have an isomorphism of graded (&4, &;)-bimodules

l
)= D D QB a0 )

JCqg Nf:J—>1 i=1
J
(B B @ Euea ) )
JeEN “gig\J—>j i=1 S
The proof of this proposition relies on the following lemma:

Lemma 10.5 Forgq,[, j € N, we have the following isomorphisms of graded (&4, &;)—
bimodules:
Ext}(gr;k) (@® @ A a,a®?) ~ @(Ext}(gr;k)(a@’l, a®’h g Ext*f(gr;k) (N a, a®|q\”)),

JCq
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l

—1
X 0000 = D) (@B (0,0,
fig—>1l “k=1

j
j —1
Ext;(gr;k)(/\fa,aw):( ey (®Ext}‘:(gr;k)(a’ 10 (k)|)))

figq—>j “k=1 &;

where &; acts on @y ., ; (®£=1 EXt} (g (0, a®|f—1(k)‘)) by postcomposition on
fiq—>J.

Proof For the first isomorphism,
Eth’:(gr;k) (a®l Q Aja, a®£1) ~ EXt}k—'(grxgr;k) (a®l X A/ a, JT; (a®q))
~ Ext}'}(grxgr.k)(a@l X A a, @ a®V I & o®le\I1)
JCq
= @ EXt;-'(grxgr'k) (a®l X Aj a, l1®|J| X a®|4\J|),
JCq

where the first isomorphism is given by the adjunction between 83 and 7} (see Section 3)
and the second by (3-2).

Using the resolution given in Section III, we obtain that a®’ and A’/a have reso-

®n

lutions by finitely generated projective functors. Moreover, the values of a®” and

Extj;( gr;k)(a@l, a®l/ |) (by Theorem 9.3) are torsion free. It follows, by the Kiinneth
formula, that the graded morphism

Ext®

F(gr;k) (Cl®l, a®|J|) ® EXt;:(gr;]k) (Al a, Cl®|q\']|)

= EXt;(nggr;k) (a®l X A] a, C|®|J| X Cl®|q\',|)

is an isomorphism.

For the second and third isomorphisms, we refer the reader to the proof of [22, Theorems
2.3 and 4.2]. |

Remark 10.6 By Proposition 10.4,

Emn.n)~ P (@Ext’}(gr;k)(a, a)) ~ k[S,]

oeG, i=l1

where the last isomorphism is given by Theorem 9.3. Hence the graded bimodule
E(n,n) is k[&,] concentrated in degree 0.
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10.2 The wheeled PROP Cp

The aim of this section is to give an isomorphism between the PROP £ and the wheeled
PROP associated to the following wheeled operad P.

Proposition 10.7 The following data define a wheeled operad denoted by P:
(1) the operadic part of P is the operad Py considered in Section 9.2;
(2) the wheeled part Py, is given by
Pu(n) =51 Ext;(gr)(a, a®");
(3) for1 <i < n, the contractions £ : Py(n) — Py, (n — 1) are the degree 0 maps

induced by Definition 9.16.

Proof We have Py, ~ s~ 1Py, so Py, is a right Pgp—module. The contraction maps
& : Po(n) — Py (n — 1) are equivariant by Proposition 9.17. |

Let QO be the wheeled completion of the operad Q given in Definition 9.12. In the
following, we give an explicit description of Q©.

Proposition 10.8 The wheeled operad QO is given by the following data:

(1) The operadic part (Q®)g (Q%)o(n) is the graded vector space concentrated
in degree n — 1 and generated by [, defined inductively by i1 =1d, o =
and forn > 2,
Hn+1 = Ho1 lhn.
(2) The wheeled part (Q®), (Q0)y (n) is the graded vector space concentrated
in degree n generated by
3 ! (1) o1 pn.

Proof We have (Q¥)¢ = Q, so the description of the operadic part follows from
Definition 9.12.

The proof of the description of (QP)y, (1) is similar to that of (Com®)y (1) given in
[15, Example 5.2.5], replacing the commutativity property by the commutativity up to
signs and taking into account the fact that we have graded modules. O

Proposition 10.9 The wheeled operad P is isomorphic to Q©. In particular, P is
isomorphic to the wheeled completion of the quadratic operad Py, ie P ~ Pg).

Proof Recall that the wheelification (—)® is the left adjoint of the forgetful functor
F from wheeled operads to operads. Since P is a wheeled operad whose operadic
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part is Pg, we have a morphism of operads Py — F(P). The composition of the
isomorphism of operads f: Q — Pg constructed in the proof of Proposition 9.13, with
the morphism of operads defined above, gives a morphism of operads Q — F(Py). By
adjunction, this morphism induces a morphism of wheeled operads

fo:0Q% > p.

By Proposition 9.13, the restriction of f© to the operadic parts is an isomorphism of
operads given explicitly on the generators of (Q9)¢(n) by

O (un) = [7®"].

For the wheeled part, by Theorem 9.3, Py, (n) = s_lExt;(gr)(a, a®”) is the graded
vector space concentrated in degree n generated by [7®"]. By Proposition 10.8 it
follows that Py, (1) and (QP),, (1) are isomorphic as graded vector spaces.

Since £ is a morphism of wheeled operads, the compatibility with the contractions
gives:
FPE W) =81(fPw) = (7®2) = ~[n]
where the last equality is given by Definition 9.16. We deduce that
FP@2)uw() = Pu(l)

is an isomorphism. By Proposition 10.8, the generator of (Q¥),, (1) is obtained by
composition of £ (u) with w,. It follows from the compatibility of f© with the
composition that, for all n > 1,

FP:(QP)w (1) = Pu(n)

is an isomorphism. O

Corollary 10.10 The PROP Cp is isomorphic to the wheeled PROP generated by one
antisymmetric operation (. of biarity (2, 1) in degree 1 subject to the quadratic relation

pp®l)=—pn(lQpun).

The following theorem relates the PROP Cp to the PROP £ of extension groups
introduced in Section 10.

Theorem 10.11 There is an isomorphism of PROPs
x:Cp=>E.

In particular, £ inherits a structure of wheeled PROP via this isomorphism.
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Proof Forgetting the wheeled structure on Cp, the PROP Cp is generated by one
antisymmetric operation u of biarity (2, 1) in degree 1 subject to the quadratic relation

pp®l)=—p(lQw)
and one operation i = £! () of biarity (1,0) in degree 1.
The functor y is defined on these generators by
x(w) =[x®] and (1) = [r] € s Ext*(Ala, a),

and [r®?] satisfies the quadratic relation by Proposition 9.13. This defines an isomor-

phism of PROPs since
Cp(n,m) ~E(n,m),

comparing the formulas given in Propositions 2.3 and 10.4. O

Remark 10.12 The existence of a wheeled structure on the PROP £ is quite surprising
since it is induced by a morphism (of degree 0)

EXtT (grutg) (0 a®?) - 571 EXt} (gt (0, @)
By Theorem 9.3, EXt}-‘(gr'k) (a, a®?) ~ k, thus the Yoneda product with a generator in

1
EXGrgrii)

(a, a®2) gives a morphism
Ext*f(gr;k)(a, a) — s Ext;(gr;k)(a, a®?).

By Theorem 9.3, this morphism is an isomorphism and the wheeled structure on the
PROP € is given by the inverse on this morphism.

It follows that the existence of a wheeled structure is very specific to the situation
studied in this paper (ie Ext—groups in the category F(gr; k) between the tensor powers
of the functor a) and, in general, there is no such natural map.

Remark 10.13 Theorem 10.11 should be viewed as an extension, in the wheeled
world, of the isomorphism of PROPs

Cpo ~ 50
given in [22, Proposition 3.5]. More precisely there is a commutative diagram

Cp;)f/‘

| ]

C'po i) 50

where the vertical maps are the inclusion functors.
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Part IV Comparaison of the PROPs # and £

11 The morphism of wheeled PROPs ¢: £ — H

In this section we define a morphism from the wheeled PROP £ to the wheeled PROP H
of stable cohomology considered in Section 6.

Theorem 11.1 Let v be the generator of the wheeled PROP £. There is a morphism
of wheeled PROPs ¢ : £ — H given on generators by

() = hy.

Proof By the isomorphism given in Theorem 10.11 the PROP £ is generated by the
antisymmetric element p of biarity (2, 1) in degree 1 subject to the quadratic relation

pp®1) =—p(lew)
and one operation ji = £ () of biarity (1,0) in degree 1. The functor ¢ is defined on
these generators by _
@2,1() =h1 and  @10(R) = hi.
By Section 7, h; is antisymmetric and satisfies the quadratic relation.
For i € {1, 2}, by Proposition 7.1 and Remark 7.2, we have Si (h1) = (=1)it1h It
follows that the diagram

e, ) 2L 1

| s
is commutative, giving the compatibility of the wheeled PROP structures. |

Corollary 11.2 The subwheeled PROP K of H is equivalent to the wheeled PROP
associated to the wheeled completion of the operadic suspension of the operad Com.

Proof By Theorem 10.11 and Proposition 10.9, £ is the wheeled PROP generated by
the wheeled completion of the operad Py, which is the suspension of the operad Com

by Proposition 9.14. By Section 7, ¢(&) >~ K. m|
The morphism of wheeled PROPs ¢ : £ — H induces an explicit graded morphism on
Hom-sets,

q—I1
(11-1) @4 @s—f Ext;(gr;k)(ag’l ® M a,a®?) - HX(Homy(a®, a®?)).

j=0
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We denote by &, the sub-PROP of £ corresponding to forgetting the operadic part
in the wheeled PROP £ (see Remark 2.6). By restriction, the morphism ¢: & — H
induces a morphism ¢’: &, — H’, where H' is defined in Definition 6.4.

One of the main and difficult results of Djament [1, Théoreme 4] gives a graded
isomorphism

P s/ ExCrgrpy (N 0, a®9) ~ H(a®9).

jeN
By [1, Corollaire 3.7] this isomorphism is induced by the morphism

®q.0° @ s/ Extj;(gr;k)(Aj a,a®?) - H*(a®9).
JeN

We deduce the following result:

Theorem 11.3 [, Théoreme 4] The functor ¢': &, — H' is an equivalence of
categories.

Note that [1, Proposition 3.5] corresponds to the compatibility of the isomorphisms ¢4,0
with the horizontal composition in the PROPs &,, and H'. Theorem 11.3 gives also the
compatibility of the isomorphisms ¢4 o with the action of the symmetric groups G.

For stable cohomology with coefficients given by a bivariant functor, Djament gives
a conjecture in [1, Théoreme 7.4]. In particular, Djament conjectures that there exist
graded isomorphisms

q—1

@s_j Ext;(gr;k)(a‘g’l ® N a,a®?) ~ H*(Homy(a®, a®7)).

j=0
Natural candidates for maps giving these isomorphisms are the maps ¢, ;. By func-
toriality, these maps are compatible with horizontal and vertical compositions in the
PROPs and with the contractions.

Djament’s conjecture can be rephrased in the following way
Conjecture 11.4 The morphism ¢ is an isomorphism of wheeled PROPs.

Remark 11.5 Let I, = I,(Z*") for r > 1 be the lower central series of the free
group Z*"; Ty := Z*" and I, 41 := [[}-, 1] for r > 1. The Andreadakis filtration,
A(r) for r > 0, of the automorphism group Aut(Z*") is defined to be the kernel of the
natural homomorphism Aut(Z*"*) — Aut(I1/ I +1). In particular, A(0) = Aut(Z*"),
and A(1), which is called the IA—automorphism group of the free group Z*", is the
kernel of the abelianization homomorphism o : A(0) — Aut(Z®") = GL,(Z) induced
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by the abelianization I7/15 =~ 79" For r > 1, we have a group homomorphism
70 A(r) — Hom(k”, (k")®+D) called the r™ Johnson homomorphism, which
induces a group embedding A(r)/A(r + 1) — Hom(k”, (k)®"+1). Any linear
map k" — P} +1(]k”)®s defines an algebra automorphism of the truncated tensor
algebra T<,4+1(k") := @r+l(k”)®s by extending the linear map multiplicatively.
This makes the direct sum @H'l Hom(k”, (k”)®%) a subgroup of the algebra auto-
morphism group of the algebra T<,1(k"). The group GL, (k) acts on the subgroup
@rH Hom(k”, (k”)®%) in an obvious way, so that we can take the semidirect product
( rl , Hom(k", (k”)‘g’s)) X GLy (k). As was shown in [8, Theorem 3.1, page 13],
there exists a group homomorphism

r+1

(0. 2% @) 400) > (@Hom(k", (]k”)@s)) x GLj (k)

s=2
such that rf |4(s) equals the s Johnson homomorphism

751 A(s) — Hom(k", (k)®6+1)

foreach1 <s <r.

The multiplicativity of the group homomorphism implies that ‘[10 is a cocycle, and rg
defines the same quadratic relation for 119 as in (7-1). The cohomology class &1 equals
that of the cocycle 119 . Hence the class /1 comes from A(0)/A(2), and the quadratic
relation holds on A(0)/A(3). This means the map ¢, ; lifts to the cohomology group
of A(0)/A(3),

H*(A(0)/A(3), (K")*)®7 ® (k")®)

where the vertical arrow means the homomorphism induced by the quotient map
Aut(Z*") = A(0) — A(0)/A(3) and n is big enough.

Pq.l
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Anchored foams and annular homology

ROSTISLAV AKHMECHET
MIKHAIL KHOVANOV

We describe equivariant SL(2) and SL(3) homology for links in the thickened an-
nulus via foam evaluation. The thickened annulus is replaced by 3—space with a
distinguished line in it. Generators of state spaces for annular webs are represented
by foams with boundary that may intersect the distinguished line; intersection points,
called anchor points, contribute additional terms, reminiscent of square roots of the
Hessian, to the foam evaluation. Both oriented and unoriented SL(3) foams are
treated.

57K18; 18N25, 57K 16

1 Introduction

Asaeda—Przytycki—Sikora [2] homology of links in the thickened annulus has led to
a number of interesting developments — see the first author [1], Baldwin, Beliakova,
Grigsby, Licata, Putyra and Wehrli [3; 5; 11; 12; 13] and Roberts [35] — and extensions
of their work to SL(N) and GL(N) link homology in the thickened annulus — see
Queffelec, Rose, Sartori and Wedrich [30; 31; 32].

GL(N) and SL(N) link homology theories are closely related to foam evaluation. This
connection was made the most transparent by the work of Robert and Wagner [34], who
wrote down a combinatorial formula for GL(/V) closed foam evaluation that allows to
build GL(N) link homology from the ground up, bypassing categorical approaches to
the latter. A variation of their formula was used by Robert and the second author [18]
to evaluate unoriented SL(3) foams, giving a combinatorial approach to some of the
structures discovered by Kronheimer and Mrowka [23].

In this paper we extend foam evaluation framework to build equivariant SL(2) and
SL(3) state spaces for annular webs and, consequently, equivariant SL.(2) and SL(3)
homology for links in the thickened annulus. Our construction complements earlier
work [30; 32] on the subject. The same approach allows us to define state spaces for

© 2023 MSP (Mathematical Sciences Publishers). Distributed under the Creative Commons Attribution
License 4.0 (CC BY). Open Access made possible by subscribing institutions via Subscribe to Open.
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unoriented SL(3) annular webs, extending the construction in [18]. As in [18], the
unoriented SL(3) theory yields state spaces and skein relations for planar webs but
does not extend to a link homology theory.

In the APS (Asaeda—Przytycki—Sikora) annular homology and its equivariant and
SL(N) generalizations, one first defines state spaces for annular SL.(2) and SL(N)
webs, where annular SL(2) webs are just collections of embedded circles in an annulus.
See also Boerner [7; 8], where the APS theory is reformulated using embedded surfaces.

Our idea is to think of an open thickened annulus as the complement to a line L in R3,
chosen for convenience to be the z—axis. An annular SL.(N) web I is then placed into
the x y—plane with (0, 0) removed. To define its state space (I"), we consider SL(N)
foams F in the half-space R* bounded by the x y—plane such that I" is the boundary
of F. These foams may intersect the z—axis, and we refer to the intersection points as
anchor points and to such foams as anchored foams. Anchor points additionally carry
a label from 1 to &V, and we modify foam evaluation by adding a new type of factors
associated to anchor points.

We treat N =2 and N = 3 cases, with modified evaluations given by formulas (2)
and (77), respectively; also see (35) for the unoriented SL(3) anchored foam evaluation.

Anchored foam evaluation take values in the ring of polynomials rather than the ring
of symmetric polynomials. One starts with an admissible coloring ¢ of facets of a
foam F, as usual. An anchor point labeled i lying on a facet of color j contributes
i \/m to the evaluation (F, ¢), where, in the SL(3) case as an example,

JS(x) = (x —x1)(x —x2)(x —x3)

is the polynomial of degree three with roots x;, x, and x3. The full evaluation (F) is
given by summing over (F, ¢) for all admissible colorings ¢. We check integrality of
these evaluations, with (F) a polynomial in x{, X, and x3, in the SL(3) case.

Given evaluations of anchored closed foams, one can form state spaces for annular webs.
We show that this modified evaluation, with anchor points contributing §;_; \/m,
perfectly matches the structure of state spaces of annular homology, in SL(2) and
SL(3) cases. The construction also allows us to define unoriented SL(3) homology for
annular trivalent graphs, extending [18] to the annular framework.

With state spaces at hand, it is straightforward to define annular SL(2) and SL(3) link
homology, by analogy with [1; 2; 4; 14] in the SL(2) setting, with [18] in the unoriented
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SL(3) setting, and with [15; 28; 34] in the oriented SL.(3) setting. State spaces and
link homology carry additional gradings coming from intersection points of foams
with the z—axis. We show that the result matches equivariant SL(2) homology [1]
of the first author. A simple modification of the construction (truncating the ground
ring by sending the x; to 0 upon evaluation) gives a foam approach to the original
APS homology. We expect that the nonequivariant variant of our SL(3) construction
recovers the N = 3 case of the homology in [30]. It seems that the equivariant annular
SL(3) homology, as described in the present paper, is new.

Section 2 describes SL(2) homology via anchored foams. The evaluation is defined in
Section 2.1, which also contains the skein relations for anchored SL(2) foams. The
state spaces are studied in Section 2.2. The state space of n circles in the annulus is a
free module of rank 2" over the ground ring R, of polynomials in two variables; see
Theorem 2.11. The numbers of contractible and essential circles control the bigraded
rank. This section also discusses categories of anchored and annular cobordisms.
Annular cobordisms between annular SL(2) webs are disjoint from the z—axis, while
anchored cobordism may intersect it.

Theorem 2.20 identifies the annular cobordism functor with that constructed in [1].
Consequently, equivariant annular SL(2) link homology [1] can be rederived via an-
chored foams. To obtain the original APS homology, one can use anchored foam
evaluation, combined with the homomorphism R, — Z taking oy and o, to 0 to get
state spaces and cobordism maps in the APS theory.

Section 3 constructs the state spaces for the annular unoriented SL(3) foam theory,
extending the construction of [18]. We start with the evaluation (Section 3.1), fol-
lowed by skein relations on annular foams (Section 3.2) and properties of state spaces
(Section 3.3). Section 3.4 describes similarities between anchor points contributions
and Lee’s theory, given by inverting the discriminant in the ground ring. Similar to the
planar case [18], we don’t know a way to describe the state space of an annular web
when regions of valency at most four, allowing an inductive simplification, are absent.

In Section 4 we describe annular equivariant SL(3) link homology, based on anchored
(annular) oriented SL(3) foams. This homology extends Mackaay—Vaz [28] equivariant
SL(3) homology of links in R3; also see Clark [10], the second author [15], Morrison
and Nieh [29], and Robert [33] for the nonequivariant homology in R3. We start with
a review of oriented SL(3) foams in Section 4.1 and then follow a similar route to that
of the earlier sections.
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Our constructions of annular equivariant link homology via foam evaluation requires
working with U(1)*N —equivariant homology rather than U(N) or GL(N )—equivariant
homology. In these G—equivariant theories homology of the empty link is Hg(p, Z),
the G—equivariant cohomology of a point. For U(1)*¥ that cohomology consists of
polynomials in N variables (denoted here by «¢; and o, for N = 2, and x; x; and x3
for N = 3), which is a larger ring than its subring of symmetric polynomials, which is
the corresponding equivariant cohomology of a point for U(/N) and GL(/V). Having
a larger background ring gives additional freedom and allows a “symmetry breaking”
between these polynomial variables, necessary in our case as clear from the evaluation

(also see Remark 2.1 below).

Working with that larger ring and U(1)*" —equivariant cohomology is a recent phe-
nomenon. It was used by T Sano [37] in resolving the minus sign ambiguity in the
functorial extension of Khovanov homology to link cobordisms, bypassing earlier
constructions that required additional decorations of links and cobordisms (see [19]
for more references and a short discussion). We expect this symmetry breaking of the
ground ring generators to find more applications to link homology in the future.

A recent paper of R Lipshitz and S Sarkar [25] contains an application of annular
equivariant link homology. The authors use maps associated to moving a strand across
the puncture. These maps come for free from the anchored foam perspective of the
present paper; see [25, Remark 3.2].

Unoriented SL(3) homology for planar graphs (webs) is closely related to the 4—color
theorem and Kronheimer—-Mrowka instanton homology for 3—orbifolds [18; 23]. This
homology of webs remains a mysterious structure which has only been computed
for reducible webs (see Boozer [9] for a computational approach to homology of the
dodecahedron and other nonreducible webs). In the annular case, nonreducible webs
have fewer vertices, with the smallest such web shown in Figure 10, and annular
homology may shed light on and aid in understanding unoriented SL.(3) homology of
nonreducible webs and related structures.

We expect that our construction admits a generalization to SL(/NV) homology for all N
via an extension of the Robert—Wagner formula [34] to the anchored case.

Acknowledgments Khovanov was partially supported by NSF grant DMS-1807425
while working on the paper. Akhmechet was supported by the Jefferson Scholars
Foundation. He would like to thank his advisor Slava Krushkal for encouraging him to
pursue this project.
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2 SL(2) anchored homology

2.1 Anchored surfaces and their evaluations

Consider the integral polynomial ring Ry = Z[oq, 3] in two variables o, op. Define
a grading on Ry by setting

(1) deg(ary) = deg(a) = 2.

Denote by 7 the nontrivial involution of {1, 2}. It is given by t(i) =3 —i fori € {1, 2}.
Also denote by t the induced involution of R, which permutes oy and o5, so that
T(j) = ag(j) = a3—;. Let R be the r—invariant subring of Ry, which consists of
symmetric polynomials in «; and o. The subring R is itself a polynomial ring,
R = 7Z|E,, E,], where E; and E, are elementary symmetric polynomials in o
and a5,

El =y + oy, E2=Ol1062.

Degrees of E1 and E; are 2 and 4, respectively.

Let L C R3 denote the z—axis, L = (0,0) x R. Let S C R be a closed, smoothly
embedded surface which intersects L transversely. The surface S may be decorated
by dots, disjoint from L, that can otherwise float freely on components of .S. The
intersection points S N L are called anchor points. Fix a labeling £, which is a map
from the set of anchor points to {1, 2},

¢:SNL—{1,2.

Order the anchor points by 1,..., 2k, read from bottom to top, so that the labeling £
consists of a choice £(j) € {1, 2} for each 1 < j < 2k. We will define an evaluation

(S) € Ry
for S with the fixed labeling £, which is omitted from the notation.

Let Comp(S) denote the set of connected components of S. A coloring of S is a
function ¢: Comp(S) — {1, 2}, and we denote by adm(.S) the set of colorings of S.
The surface S has 2/ €o"P()I colorings. Fix a coloring ¢. Fori = 1,2, let d;(c) denote
the number of dots on components colored i. Let S> denote the union of the 2—colored
components. For 1 < j <2k, let ¢(j) denote the color of the j™ anchor point, induced
by ¢, which may in general be different from the fixed label £( ;). Define

di(c) da(c) (T12k 1/2
) (S.c) = (—1)?“52)/20‘11 ey’ (=1 ee) — )

(01 — ) KS)2
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Note that x(S5) is even since S, is a closed surface in R3. Let us explain the square
root in the above equation.

Each component S’ of S' can be made disjoint from L via a homotopy. Since the mod 2
intersection number is preserved under homotopy, it follows that S’ intersects L at an
even number of points pi,..., pam, Which can be ordered as encountered along L,
from bottom to top. Suppose S’ is colored by ¢(S’) = j, and moreover S’ contains an
anchor point labeled j. Then the product ]_[]22 1(@e(j) —ag(j)) = 0, since it contains a
term oj —aj = 0, and the entire evaluation (S, ¢) = 0. Thus, the evaluation (2) is only
nonzero when the anchor points on a component S’ colored j are all labeled by the
complementary color 7(j). In this case, each component contributes an even number
of factors of either o1 — vy or oy — g to the product ]_[12;"1 (cre(j) — 4(j))> and we
define the square root to be (a; —a2)™ or (ap —aq)™, respectively. If S’ has no anchor
points, this term is 1 and can be removed from the product.

Note that the evaluation is the product of evaluations of individual components,

(3) (S.ey=" [] (8"e(s).

S’e€Comp (S)

Thus, if S is colored 1 by ¢’ = ¢(S’), has 2k anchor points all labeled 2 and carries d
dots, then

(4) (S',¢'y = a¥ (ay —ap)F2SN/2,

If S’ is colored 2 by ¢’ = ¢(S”’), has 2k anchor points all labeled 1 and carries d dots,
then

(5) (S',¢/) = (—1)X(S')/2+kozg(a1 _az)k—x(s/)/z _ Olg(az —al)k_X(S/)/z_

Otherwise, if one of the anchor points has the same label as the color of S’, the
evaluation (S’,¢’) =0 and (S, ¢) = 0.

Define the evaluation of S by

(6) ()= (Sc),

c

where the sum is over all colorings of S. Note that if S N L = @, then (S) agrees with
the evaluation in [19; 34]. Also note that (S) = 0 if a component of .S has two anchor
points with different labels 1, 2.
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We have
(7 (sy="J] ("
S’€Comp S
that is, evaluation of S is the product of evaluations over connected components of S.
We can rewrite (S') as follows. First, suppose S is connected, carrying d dots, with

2k > 0 anchor points. For i = 1,2, let ¢; denote the coloring of S by i. Define

ad (a1 —ag(r)) -+ (1 — g(ar)) />
( — )X (8)/2 ’

(8) <S7C1> =

) (S, cy) = (—1)XS)/2 of (02 = agny) -+ (@2 = agai)) /2

(g — )X (8)/2

Again, square roots in the above equations are taken in the natural way. If S has

oppositely labeled anchor points then both (8) and (9) are zero. If all anchor points are
labeled 1, then (8) is zero, whereas (9) is equal to

ad (ar — o)k
(@1 )X/

On the other hand, if all anchor points are labeled by 2 then (9) is zero and (8) equals

(8. c2) = (~)X/2

ad (o —ap)*
(o] —ap)x(S)/2°

Then for connected .S with anchor points,
(8)=(S,c1) + (S, c2),
where at most one of the summands (S, ¢;) is nonzero.

Clearly the evaluation is multiplicative under disjoint union. That s, if S = .S; - -US,,
then
(S)=(S1) - (Sh).

Remark 2.1 Unlike closed foam evaluations appearing elsewhere [16; 18; 19; 34;
36], our evaluation does not in general produce a symmetric function. The following
examples illustrate this.

Example 2.2 Let S be a sphere intersecting L in two points with labels i and j and
carrying d dots. If i # j, then each coloring ¢ yields (S, ¢) = 0. If both anchor points
are labeled 1, then only coloring S by 2 contributes to the sum, and we have

d

a5 (a2 —ay)

<S>:<S102):_ 2 _:ag
01—y
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On the other hand, if both anchor points are labeled 2, then
(S)=(S,c1) =of.

This is summarized pictorially by

(10)

Both signs are positive since k + x(S?)/2 =1+ 1 =2 is even.
Note that these evaluations are not symmetric in ¢ and o5.

Example 2.3 More generally, let S be a genus g surface with ¢ dots and 2k anchor
points. If £ = 0 (that is, if S is disjoint from L) then the evaluation is
(S)= of + (D af

T

On the other hand, if k > 0, then

af (e —ap)kte=t ife(l)y=---=£2k) =1,
(11) (S) = ad (o) —ax)TE=1 if £(1) =--- = £(2k) =2,
0 otherwise.

Proposition 2.4 For any anchored surface S C R* with d dots and 2k anchor points,
its evaluation (S') is a homogeneous polynomial in oy and a, of degree

—x(S) +2d + 2k.
Proof If S does not intersect L, then this follows from Example 2.3. Suppose that S
intersects L. It suffices to verify the statement for connected surfaces. If .S intersects L,

then the statement follows from (11), since k > 0. O

We recall the following notation from [19]. For i = 1, 2, we allow surfaces to carry
decorations (7) consisting of i inscribed in a small circle. They must be disjoint from
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L and are allowed to float freely along the connected component on which they appear.
We call these shifted dots. Diagrammatically, a shifted dot (i) is the difference between
a dot and «;:

Lemma 2.5 Let S be an anchored foam and let S U (i) denote the anchored foam
obtained by placing a shifted dot (i) on some component S’ of S. Then

(SUQ@) =

if S’ has an anchor point labeled t(i),
(— 1)!(a; —a2)(S) if all anchor points on S’ are labeled i.

Proof This is clear from the definitions. O

Lemma 2.5 is summarized diagrammatically by

o

Alternatively, the skein relations (13) may written compactly as

Lemma 2.6 The following local relations hold:

as) gz EEEE
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(16) + _E,
dp I
NG NG
(17) T
1 2

Proof The relation (15) is straightforward. Let us now verify (16), which is proved in
the same way as for nonanchored foams, see [19, Lemma 3.5]. Let S denote the surface
on the left, and let F' denote the surface obtained by surgering S as shown on the right.
Denote by F? (resp. F b) the surface obtained from F by placing an additional dot on
the top (resp. bottom) depicted disk. Note that anchor points, as well as their labels, are
the same for F?, F b, and F. Colorings of F, F, and F b are in a canonical bijection.
There are four local models for a coloring of F, illustrated in Figure 1.

Let ¢ be a coloring of F of the type shown in Figure 1(c), with the corresponding
coloring of F* and FP? still denoted by ¢. We have

(F'.c) =ay(F,c), (F% ¢)=ay(F,c),

hence (F?,c) 4+ (F?,¢) — E{(F,c) = 0. A similar calculation holds for a coloring ¢
of Figure 1(d) type.

There is a natural bijection between colorings of .S and colorings of F' of Figures 1(a)
and 1(b) types. Let ¢ be a coloring of F' of Figure 1(a) type, and continue to denote by

D d
DA
L@
@ A

(a) (b) (©) (d)

Figure 1: Local models for colorings of F'. Shaded indicates color 1 and
solid white indicates color 2.
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Figure 2: Local models for colorings of F’. Shaded indicates color 1 and
solid white indicates color 2.

¢ the corresponding coloring of S. Then
X(F)=x(S)+2, x(F2(c)) = x(S2(c)),
(F'.c)=a1(F,c), (F’.¢)=a(F,c),
so we have
(F'.c) +(F°.c) = E1(F.c) = (@1 — o) (F.c) = (S.c).
Finally, if ¢ is a coloring of F of the Figure 1(b) type, then
X(F) = x(S)+2, (F'.c) =ay(F,c),

X(F2(c)) = x(S2(0) +2, (F°.c) =as(F.c),
which yields
(S.c)
o] —Qp

(F',c)+ (F?,¢) = Ei(F,c) = (a —a))(F,c) = —(as — 1) =(S,¢).

We now address (17), where anchor points are present. Let S’ denote the surface on the
left-hand side of the equality. Let F! and F? denote the two anchored foams obtained
by surgery on S in which the new anchor points are both labeled 1 or 2, respectively,
so that (17) reads (S) = (F!) 4+ (F?). For each i = 1, 2 there are four local models
for a coloring of F ¢ shown in Figure 2. Colorings ¢ in Figures 2(c) and 2(d) evaluate
to zero for bothi =1, 2,

(F'.¢) = (F?,¢)=0,

and they don’t correspond to any colorings of .S. There is a natural bijection between
colorings of S and colorings of F’ of the types in Figures 2(a) and 2(b).

Let ¢ be a coloring of S in which the depicted region of .S in (17) is colored 1, with
the corresponding colorings of F! and F? still denoted by c. We have immediately
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that (F!,¢) = 0. On the other hand,

X(F?) = x(S)+2, x(F3(c)) = x(S2(c)),

and F? has two additional anchor points compared to S, both labeled 2 and their
regions colored 1. Therefore,

(Fe)+ (Fc) = (F2.0) = @ — ) -0 = (5.0,

Now let ¢ be a coloring of S in which the depicted region of (17) is colored 2, and
continue to denote by ¢ the corresponding colorings of F! and F2. Then (F2,¢) = 0.
Since

X(FY=x(S)+2, x(F;(c)) = x(S2(c)) + 2,

and F! contains two more anchor points labeled 1 and colored 2 than S does, we
obtain

0%)

(S,¢)

01—

(F'.¢) +(F?,¢)=(F',¢) = —(ap — 1) =(S.c).

Relation (S) = (F!) + (F?) in (17) follows. o

Equation (16) can also be written using shifted dots:

(13)

19)

Proof This can be seen by applying the neck-cutting relation (16) near the depicted
contractible circle and evaluating the resulting anchored sphere according to (10). O
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2.2 State spaces

Following [6; 19], we can apply the universal construction to the evaluation described
above. Let P = R?\ (0,0) denote the punctured plane. Given a collection C of
disjoint simple closed curves in P, let Fr(C) denote the free Ry—module with a basis
consisting of properly embedded compact surfaces S C R? x (—oo, 0] with S = C
and which are transverse to the ray L_ := (0, 0) x (—oo, 0]. The intersection S N L_
is a O—submanifold of L_ and consists of finitely many points. Moreover, each such
surface S must carry a labeling, a map

C=Llg:SNL_—{1,2)

from the set of its intersection points with the ray L_ (its anchor points) to {1, 2}.
For a basis element S € Fr(C), let S C R? x [0, 00) denote its reflection through
the plane R2. Labels of anchor points do not change upon reflection. For two basis
elements S, S’ € Fr(C), denote by SS’ the closed anchored surface obtained by gluing
S to S’ along their common boundary C.

Define a bilinear form
(20) (—,—):Fr(C) xFr(C) — R,

by setting (S, S”) = (SS’). A direct computation shows that the form is symmetric,
since for a closed surface T the evaluation satisfies (T') = (T').

Define the state space of C, denoted by (C), to be the quotient of Fr(C) by the kernel
{x €Fr(C)| (x,y)=0forall y eFr(C)}

of this bilinear form. For a basis element S € Fr(C), we will write [S] to denote its
equivalence class in (C).

Equip the ground ring R,, with a bigrading by placing ; and o, in bidegree (2, 0). We
extend this bigrading (qdeg, adeg) to Fr(C) as follows. For a basis element S € Fr(C)
with d dots and m anchor points, set the quantum grading qdeg(.S) € Z to be

(21) qdeg(S) = —x(S) + 2d +m.

Note that if S is a closed surface, then (S) € R, is a homogeneous polynomial of
degree qdeg(S), following the degree convention (1).
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label 1 label 2

i odd 1 -1
i even —1 1

Table 1: The contribution of the i anchor point on S to adeg(S).

Next, let £(1),...,£(m) denote the labels of the anchor points of S, ordered from
bottom to top, and define the annular grading adeg(S) € Z by setting

m
(22) adeg(S) =Y (—1)'®,

i=1
In other words, if the i™ anchor point p; is labeled 1, then it contributes 1 to adeg
if i is odd and —1 if i is even. Likewise, if p; has label 2 then it contributes —1 if i

is odd and 1 if i is even; see also Table 1. Multiplication by «; or «, increases the
(qdeg, adeg)-bidegree by (2, 0).

Example 2.8 Let C consist of two noncontractible circles. The bidegree (qdeg, adeg)
of the four anchored surfaces in Fr(C) whose underlying surface consists of two disks
each intersecting L_ once are recorded in Figure 3.

Lemma 2.9 Let S be an anchored surface. Then {S) = 0 or adeg(S) = 0.
Proof If some component of S has anchor points with different labels then {S) = 0.

Assume that all anchor points on any component of .S are labeled identically. We also
assume that S intersects L, otherwise adeg(S) = 0 is immediate. As usual, order the

anchor points py, ..., py from bottom to top.
1 2 1 2

Figure 3: The (qdeg, adeg)-bidegrees of some anchored surfaces whose
boundary consists of two noncontractible circles.
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Take a generic half-plane P in R? containing the anchor line L, so that P NS consists
of finitely many arcs (with boundary on L) and circles (disjoint from L). For any arc a
in P N S with boundary da = {p;, p;}, necessarily i and j have opposite parities. To
see this, any anchor point between p; and p; is one boundary point of an arcin PN S,
and the other boundary point of this arc must also be between p; and p;, which shows
that the number of anchor points between p; and p; is even. Moreover, £(p;) = £(p})
by assumption. Therefore the total contribution of the anchor points p; and p; to
adeg(S) is zero. Summing over all arcs in P N S yields the statement of the lemma. O

The subspace ker((—, —)) C Fr(C) respects this bigrading on Fr(C). Consequently,
the bigrading descends to the state space (C).

Note that the relations (16) and (17) are bihomogeneous. Let S € Fr(C) be a basis
element of the form S = S U S, where Sy, S, € Fr(C) are anchored surfaces with
S5 closed. Then in (C),

(23) [S]=(S2)[S1],  (S2) € Ra.

Moreover, the relation (23) is bihomogeneous. That it is homogeneous with respect
to qdeg follows from the fact that (S,) € Ry is a polynomial of degree qdeg(.S;).
Lemma 2.9 ensures that adeg(S,) = adeg({S,)) = 0, so adeg(S) = adeg(Sy).

Given a bigraded module M = P; ;)ez2 M;,j over a commutative domain such that
each M; ; has finite rank, define its graded rank to be

grank(M) = Z rank(Mi,j)qiaj.
L,j
Lemma 2.10 Let C C P be a single circle. Then the state space (C) is a free Ry—
module of rank 2. Moreover,

erank((C})) = {

1

q+q~ " if C is contractible,

a+a~! if C is noncontractible.

Proof We consider two cases. If C is contractible, then by applying the neck-cutting
relation (16) near C and evaluating closed anchored surfaces as in (23), we see that
(C) is spanned by the two elements S and S, shown in Figure 4. Bidegrees of S and
S, are (—1,0) and (1, 0), respectively. Computing the matrix of the bilinear form (20)

SS SS.\_ (0 1
S.S S.s.) \1 E{ )’

which is invertible; thus .S and S, constitute a basis for (C).

for these elements yields
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SEck A

S

Figure 4: Basis elements for the state space of a single circle C. The first two
surfaces form a basis if C is contractible, and the last two form a basis if C
is noncontractible.

Now suppose C is noncontractible. Applying the neck-cutting relation (17) near C and
evaluating closed anchored surfaces shows that the two elements S; and S, depicted
in Figure 4 span (C). Bidegrees of Sy and S, are (0, 1) and (0, —1), respectively. The
matrix of the bilinear form is

S18; S1S2\ _ (10
$281 528,) \o 1)’
hence S and S, are linearly independent and constitute a basis of (C). |

Theorem 2.11 Let C C P consist of n contractible circles and m noncontractible
circles. Then the state space (C) is a free Ry—module of rank 2"+™ . Moreover,

grank((C)) = (¢ +¢~ )@ +a"H)".

Proof Consider a 2”1 _element set B(C) of basis vectors of Fr(C) consisting of
surfaces S satisfying:

e Each component of § is a disk.

¢ Each disk in S with contractible boundary is disjoint from L_ and carries either
zero or one dot.

¢ Each disk in S with noncontractible boundary intersects L_ exactly once, and
its intersection point may be labeled by either 1 or 2.

That B(C) spans {S) follows from applying the two neck-cutting relations (16) and
(17) near the circles in C and evaluating closed anchored surfaces. Linear independence
of B(C) and the statement regarding graded rank follow from the computations in
Lemma 2.10. O
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Elements of the basis B(C) constructed above are standard generators. For such a
3 € B(C) with d dots and anchor points labeled ¢4, ..., £;,, we have

m
(24) qdeg(S) = —n+2d. adeg(X) =) (-1)/T®,

i=1
Let Cy, C1 C P be two collections of disjoint circles in the punctured plane. An
anchored cobordism from Cy to Cy is a smoothly and properly embedded compact
surface S C R? x [0, 1] with boundary 9S8 = Cy U Cy, such that C; C R? x {i} for
i =0, 1. Moreover, S is required to intersect the arc Lo j7:= (0, 0) x[0, 1] transversely
and come equipped with a labeling of these intersection points (called anchor points),
which is a map

L=1lg:S mL[O,l] —{1,2}

from the set of its anchor points to {1,2}. Anchored cobordisms are allowed to carry
dots which can float on components but cannot jump to a different component.

We compose anchored cobordisms in the usual manner. For anchored cobordisms
S1:Co— Cqi and S,: C; — Cy, let §,.51: Cy — C, denote the anchored cobordism
obtained by gluing along the common boundary C; and rescaling. Labels of anchor
points of S, S are inherited from labels of S and S5.

As above, if an anchored cobordism S from Cy to C; has m anchor points and carries
d dots, define
qdeg(S) = —x(S) +2d +m.

Let £(1),...,£(m) denote the labels of anchor points of S, ordered from bottom to
top, and let n be the number of noncontractible circles in Cy. Set

m
adeg(S) = (=1)" ) (=)0,

i=1
Remark 2.12 If Cy = &, then § is a basis element of Fr(Cy), and moreover the
two degrees qdeg(S), adeg(.S) defined above for anchored cobordisms agree with the
definitions in (21) and (22) for elements of Fr(C).
An anchored cobordism S from Cy to Cy induces an R,—linear map

S Fr(Cy) — Fr(Cy)

defined on the basis by gluing along the common boundary Cy. The definition of state

spaces via universal construction immediately implies that we have an induced map

(25) (S):{Co) = (C1).
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type A type B type C type D

Figure 5: Elementary saddles involving noncontractible circles.

Lemma 2.13 Let S1: Cy — Cy and S,: C; — C, be anchored cobordisms. Then
qdeg(S2S1) = qdeg(S>) + qdeg(S1), adeg(S2S1) = adeg(S2) + adeg(S1).

In particular, (S1): (Co) — (C;) is a map of bidegree (qdeg(S1), adeg(S1)).

Proof The first equality involving qdeg is straightforward. Let n and m denote the
number of noncontractible circles in Cy and C; respectively, and let & denote the
number of anchor points of S;. We have

adeg(S,S1) = adeg(Sy) + (—1)”+m+k adeg(S>).

Note n + m + k is even, since it is equal to the number of anchor points of the closed
surface obtained by gluing disks to all boundary circles of .S;.

The final statement concerning the bidegree of (S ) follows from interpreting generators
of (Cy) as anchored cobordisms @ — Cy, as in Remark 2.12. |

Definition 2.14 An annular cobordism is an anchored cobordism S C R? x [0, 1]
which is disjoint from the arc Lo ;7= (0, 0) X [0, 1]. An elementary annular cobordism
is one with a single nondegenerate critical point with respect to the height function
R2 x[0, 1] — [0, 1].

Elementary annular cobordisms consist of a union of a product cobordism with a
cup, cap, or saddle. Every annular cobordism may be obtained by composing finitely
many elementary ones. Cup and cap annular cobordisms always have contractible
boundary. There are four types of elementary annular saddles involving at least one
noncontractible circle, illustrated in Figure 5. In the next four examples we write down
the maps assigned to these four cobordisms in the standard bases of state spaces, as
defined in the proof of Theorem 2.11. We also use the notation of shifted dots from (12).
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Example 2.15 (Figure 5, type A map) The calculation for this map follows at once
from the skein relation (14):

SEE LR
G0-G GG

Example 2.16 (Figure 5, type B map) This calculation follows easily from the skein

relation (19):
&~ @M
2

1

2

Example 2.17 (Figure 5, type C map) A convenient way to perform this calculation
is to use neck-cutting with shifted dots (18) near the contractible circle and then simplify
using the relations (13):

CX CxX Yy 3 X CxX Yy 35
- .
1 1 2 2
Example 2.18 (Figure 5, type D map) The neck-cutting relation (17) is helpful here.
For the dotted cup we also use (14) to simplify further:

Y
@%M

Algebraic & Geometric Topology, Volume 23 (2023)




3148 Rostislav Akhmechet and Mikhail Khovanov

Recall the involution t of R, that transposes «; and o5, and extend it to an antilinear
involution, also denoted 7, of the free Ry—module Fr(C) as follows. Involution t
on Fr(C) sends a surface S to the same surface with the labeling £ of anchor points
reversed and acts on linear combinations by

I(Z A,-S,-) =Y T(M)T(S)).

1

For a closed surface S we have, by direct computation, (z(S)) = 7({S)), showing
compatibility of the two involutions. If .S, in addition, carries shifted dots, involution
reverses their labels, so that 7((1)) = ) and 7((2)) = (). Involution 7 descends to an
involution, also denoted t, on (C). Annular degree is negated under t: adeg(z(S)) =
—adeg(S) for an anchored cobordism S.

2.3 Annular link homology

Let ACob denote the category whose objects consist of collections of finitely many
disjoint simple closed curves in the punctured plane P. A morphism from Cyp to C
in ACob is an anchored cobordism from Cy to (1, up to ambient isotopy fixing the
boundary pointwise and mapping Lo, 1] to itself. Let ACob’ denote the subcategory
of ACob with the same objects as ACob but whose morphisms are isotopy classes
of annular cobordisms, disjoint from the anchor line L. The composition of annular
cobordisms is again annular.

Let Ry—ggmod denote the category of bigraded Ry—modules and homogeneous maps
(of any bidegree) between them. We have a functor

(—): ACob — Ry—ggmod,

which sends a collection of circles C C P to the state space (C) and sends an anchored
cobordism S from Cy to Cy to the map (S): (Cy) — (C;) as in (25). By Lemma 2.13,
(S} is a map of bidegree (qdeg(S), adeg(.S)). We can restrict to the category of annular
cobordisms to get a functor

(—=): ACob’ — Ry—ggmod,

which assigns to an annular cobordism S a map (S)’ = (S) of bidegree (qdeg(S), 0).
The restriction (—)" does not change the state space assigned to a collection of circles
CCP.
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On the other hand, a functor
Go: ACob’ — Ry—ggmod
was introduced in [1]. We briefly recall G, below.
Consider the algebra
Ay = Ro[X]/(X —a1)(X —2)).

It is a free Ry—module with basis {1, X'}. The trace €4: Ay — Ry given by 1 — 0 and
X +— 1 makes A, into a Frobenius algebra, which defines a (1+1)—dimensional TQFT,
a functor F, from the category of dotted cobordisms to the category of Ry—modules.
A dot on a cobordism is interpreted as multiplication by X € A,. Define a grading
on Aq by setting

(26) qdeg(l) = —1, qdeg(X)=1.

With this grading, a cobordism S with ¢ dots is assigned by F, a map of degree
—x(S) 4+ 2d. Alternatively, the TQFT Fy is the result of applying the universal
construction to the closed surface evaluation (6) when restricted to surfaces disjoint
from L and collections of contractible circles in P. See [19] for further details about
the Frobenius pair (Ry, Ag)-

Let C C P be a collection of #n contractible and m noncontractible circles. Define the
bigraded Ry—module G, (C) as follows. As an Ry—module, we set

Ga(C) = Fo(C) = AZ" .
Define the annular grading, denoted adeg, on F, (C) as follows.

Every tensor factor A4 corresponding to a contractible circle is concentrated in annular
degree zero. Order the noncontractible circles in C from outermost (furthest from the
puncture) to innermost. Introduce the notation

(27) v=1, vy=X-a, vy=1 vi=X-a.

Both {vg, v1} = {1, X —a} and {vg, v} } = {1, X —a} constitute an Ry—basis for 4.
Set

(28) adeg(vg) = adeg(vy) = —1, adeg(vy) = adeg(v}) = 1.

The annular grading on noncontractible circle is defined by assigning the homogeneous
basis {vg, v1} or {vy, v]} to the corresponding tensor factor of Ay in an alternating
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qdeg’ | -1 1 0 0 0 0
adeg o o0 -1 1 -1 1

Table 2: The (qdeg’, adeg)-bidegrees of relevant elements, where {1, X}
is a basis for a contractible circle and {vo, v} and {vg, v} are bases for
noncontractible circles.

manner with respect to nesting in P, with the convention that the outermost circle is
assigned {vg, v1}.

It is convenient to distinguish between the modules assigned to different types of circles
in P. Let V and V, denote the Ry—modules A, with bases {vo.v;} and {vg, v}},
respectively. The notation A, will be reserved for the module assigned to a contractible
circle, with basis {1, X}.

The Ry—module G, (C) also carries a quantum grading qdeg inherited from (26). Define
a modified quantum grading qdeg’ on G4 (C) by

(29) qdeg’ = qdeg — adeg.

We will consider G (C) as a bigraded R,—module with bigrading (qdeg’, adeg). Bide-
grees are recorded in Table 2.

Remark 2.19 The modified quantum grading qdeg’ appears elsewhere in the literature
and is more natural in the context of annular link homology. In [12] this grading was
denoted j’. Similarly, the annular link homology defined in [5] carries the modified
quantum grading.

We now define G, on annular cobordisms. For an annular cobordism S C R? x [0, 1],
if the boundary of .S is contractible in P then G, (S) = F(S), where Fy is the TQFT
corresponding to the Frobenius algebra A, as above. Formulas for the maps assigned by
G, to the four elementary cobordisms in Figure 5 are recorded below. If other essential
circles are present, then due to parity the formulas may be slightly different from those
below. To obtain the full set of formulas, one interchanges vy <> vé), V] < v’l, and
oy < oy

(A)
Vo ® Ag —> Vy,
(30) o o o
VW11, VI®lv, VRX H>aivy, V1 QX aruy,
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Vo @ V) 8L 4,

(3D
Vo®Vy>0, VU X —ap, VRV > X —aa, v V)0,
©
Vo —= Vo ® Ag,
Vo> Vo ® (X —az), v QX —ap),
(D) /
Ay —= VeV,
(33) o o o

l>v®v]+v1 Qv X > a1vp @] + a2v; ® vy,

Theorem 2.20 The functors (—)’: ACob’ — Ry—ggmod and G, : ACob’ — Ry—ggmod
are naturally isomorphic via bidegree-preserving maps.

Proof Let C C P be a collection of circles. We will define an R,—linear, bidegree
preserving isomorphism ®¢ : (C) — G4 (C) and show that it is natural with respect to
annular cobordisms.

Let n and m denote the number of contractible and noncontractible circles in C,
respectively. Fix an ordering 1, ..., n of the contractible circles in C. The R,—module
Gu (C) is free with basis given by elements of the form

y1®...®yn®zl®...®zm,

where each y; is in {1, X'}, specifying a basis element of the i contractible circle, and
each z; is in either {vo, vy} or {vg. v} }, depending on nesting, specifying basis elements
of the noncontractible circles. The ordering of factors z; ® - - - ® z;;, corresponding to
noncontractible circles is from outermost to innermost as usual, so that the first factor
z1 labels the outermost noncontractible circle.

We now define the isomorphism ®¢: (C) — G, (C). Recall the standard basis B =
B(C) for (C) defined in the proof of Theorem 2.11. For ¥ € B with anchor points
labeled ¢4, ..., £, read from bottom to top, set

Pe(X)=y1 Q@ QY®z1 Q- ® Zp,

where y; = 1 if the corresponding cup in X is undotted and y; = X if the corresponding
cup in X is dotted. The generators z; of noncontractible circles are determined using

the rule
v; if jisoddand {; =1,

vo if jisoddand ¢; =2,
v, if jisevenand {; =1,
v] if jisevenand {; = 2.
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NZAANTAANTEAN 7k

1 1 2 2
1®v; ®v X ®v ®v; 1 ® vy ® v, X ®vo® v

1 1 2 2
1®v @) X®v ®v) 1 ®vo ® V) X ®vo ® v}

Figure 6: An example of the isomorphism ®¢ when C consists of one
contractible circle and two noncontractible circles. Basis elements X of (C)
are drawn with the corresponding basis element ®¢(X) € G, (C) written
underneath.

See Figure 6 for an example of the assignment - when n = 1 and m = 2. By
comparing the bidegree formula (24) for ¥ with the bidegree of ®¢ (X) (see Table 2),
we see that @ is a bidegree-preserving isomorphism. Recall that we use the modified
quantum grading (29) for G4 (C).

Now let S': C; — C; be an annular cobordism. To complete the proof, we check that
the square

(Cy) &) Gu(Cy)

‘S)l lga(S)

(C2) & Ga(C>)

commutes. If all the boundary circles of S are contractible, then commutativity
of the square is straightforward. Otherwise, if S has at least one noncontractible
boundary circle, it suffices to consider the case where S is one of the elementary
annular cobordisms depicted in Figure 5. Formulas for these maps were recorded in
Examples 2.15-2.18. Comparing with the formulas (30)—(33) completes the proof. O

Let A := S! x[0, 1] denote the annulus. For an oriented link L C A x [0, 1] in the
thickened annulus, a generic projection of L onto A x {0} yields a link diagram D in
the interior of A. Identifying the interior of A with the punctured plane P, we may
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form the cube of resolutions of D in the usual way, for instance as described in [4,
Section 2], with all smoothings drawn in P. The result is a commutative cube in the
category ACob’. Introducing signs to make the cube anticommutative, taking direct
sums along diagonals, adding homological and quantum grading shifts, and applying
the functor (—)": ACob’ — Ry—ggmod, one obtains a chain complex C (D) of bigraded
Ry—modules. Diagrams representing isotopic annular links are related by Reidemeister
moves away from the puncture. By standard arguments [4; 14], the chain homotopy
class of C(D) is an invariant of the annular link L. We write H (L) to denote the
homology of C(D), for any diagram D of L. Theorem 2.20 implies that the resulting
annular homology is isomorphic to that of [1].

Example 2.21 As an explicit example, let o denote the positive crossing generator of
the 2—strand braid group, and let L, denote the annular link obtained as the annular
closure of ™", Consider the complex C(n):

_n 0_3 U 02 U 01

{ent {2} —— {ary —— {co}
7

The right-most term is in homological degree zero and the quantum grading shifts c¢;

are given by co =n and ¢; = n 4+ 2i — 1 for 1 <i < n. The right-most differential 0_,
is the saddle cobordism, and for —n <i < —2 the differentials are

W

M

W U U
+ - F if 7 is odd.

AN M

The above schematic depiction of d; is interpreted as follows: each 0; is an Ry—linear

if 7 is even,

combination of surfaces, each of which is given by the product cobordism on the
depicted planar tangle, with a dot on a component of the surface if the corresponding
tangle component is dotted. One can show that the chain complex C(L,) is chain
homotopy equivalent to the annular closure of C(n).

Note that the annular closure of chain groups of C(n) in negative homological degree
are each a contractible circle, contributing a free module with basis 1 and X (represented
by the surfaces S and S, in Figure 4). In homological degree zero the result is two
essential circles. We also see that, upon taking the annular closure, that d; = 0 for i
even, and that d; fori <—3 oddis givenby 9;(1) =2X —E; and 0;(X) = E1 X —2E>,
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Figure 7: Local model of a prefoam near singular points. Left, seam points
where three facets meet. Right, a seam vertex where six facets meet. The
singular graph s(F) is drawn bold.

which is injective. The differential d_; is the map in Example 2.18, which is also
injective. Therefore, in homological degree i < 0,
0 if i is odd,
. Ryin—2i —2,04 & Ryi{n—2i,0 . .
H'(L,) = atn =21 1 © Rain — 21,0} ifi <0andi is even,
((_El s 2)9 (_2E2’ El))
Ryi{n, =2} ® Ro{n,2} ® (Ryi{n,0}/{ar —ay)) ifi =0,

where the curly brackets {j, k} denote an upwards (qdeg, adeg) shift of (j, k), and the

angled brackets denote the Ry—submodule generated by the enclosed elements.

3 Unoriented SL(3) anchored homology of planar annular
webs

We recall definitions and notations from [18], including that of (unoriented) SL(3)
foams and refer the reader to [18, Section 2.1] for more details.

Definition 3.1 A (closed) SL(3) prefoam is a compact 2—dimensional CW complex
equipped with a PL—structure such that each point has an open neighborhood that is
either an open disk, the product of a tripod and an open interval (Figure 7, left), or the
cone over the 1-skeleton of a tetrahedron (Figure 7, right). Points of the first type are
called regular, those of the second are called seam points, and those of the third are
called seam vertices. A (closed) SL(3) foam is a closed SL(3) prefoam together with a
PL embedding into R3.

We will simply write prefoam and foam in place of closed SL(3) (pre)foam. For a
prefoam F, denote by v(F) the set of seam vertices and by s(F) the set of seam points
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N
S

Figure 8: The local model for a preadmissible coloring near a seam point.

and seam vertices. The subspace s(F) is a 4—valent graph which may contain closed
loops. Connected components of s(F) \ v(F) are called seams.

The subspace F \ s(F) is a (not necessarily compact) surface, and a connected compo-
nent of F \ s(F) will be called a facet of F. The (finite) set of facets of F is denoted
by f(F). Facets of prefoams may be decorated by a finite number of dots, which are
allowed to float freely on their facets but may not cross seams or enter seam vertices.

A coloring of a prefoam F is a map
c: f(F)—{1,2,3}.

That is, a coloring assigns 1, 2 or 3 to each facet of F'. A coloring is called preadmissible
if the three facets meeting at each seam of F have distinct colors; see Figure 8. For a
preadmissible coloring ¢ and 1 <i, j <3 with i # j, let Fjj(c) denote the union of
facets colored i or j. The preadmissibility condition guarantees that each Fjj(c) is a
closed surface; see [18, Proposition 2.2].

A coloring c is called admissible if each F;;(c) is orientable. For a foam F (that is, a
prefoam embedded in R3), every preadmissible coloring is admissible, since F; j(c)is
a closed surface in R3.

3.1 Unoriented anchored SL(3) foams and their evaluations
Fix a field k of characteristic 2. In this section the following commutative rings will be
used:

e R’ =Kk[xy,Xx,,x3] is the ring of polynomials in three variables.

* Ry =Kk[E;, E,, E3] the subring of R/, that consists of symmetric polynomials
in x1, x, and x3, with generators E; being elementary symmetric polynomials:

E1 =X1+ X2 +X3, E2=X1)C2+X1X3 +X2X3, E3 = X1X2X3.

o R =R [(x;+x2)7", (x2+x3)71, (x1 +x3)"!]is alocalization of R/, given
by inverting x; + xj, for 1 <i < j < 3.
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. E; =k[/X1, /X2, «/X3] is the extension of R, obtained by introducing square
roots of x1, X, and x3.

. E; = k‘[: /X1, X2, /X3, (X1 +x2) 7L (62 +x3)7 L, (x1 +x3) 7] is a localiza-
tion of R/, given by inverting x; + xj, for | <i < j <3.

All five of these rings are graded by setting deg(x;) = 2 for i = 1, 2, 3. Inclusions of
the above rings are summarized in the following diagram:
R, C R}
(34) U U
Ry C R, C R}

We follow the notation established in [18] for these rings with the additional subscript
x to distinguish from the notation in Section 2.

Definition 3.2 An anchored SL(3) foam F is an SL(3) foam F’ C R?® that may
intersect the line L at finitely many points away from the singular graph s(F’) of F’.
Thus each intersection point belongs to some facet /" of F’, and intersection of facets
with L are required to be transverse. Denote by p(F) = F N L the set of intersection
points (anchor points) of F. Intersection points carry labels in {1, 2, 3}; that is, F
comes equipped with a fixed map

¢ p(F)—1{1,2,3}.

It is convenient to order anchor points py, ..., py from bottom to top, with labels
Li=L(p),i=1,...,m.

‘We now refine the notion of admissible coloring of a foam to that of admissible coloring
of an anchored foam F. Consider an anchored foam F with the underlying foam F’. A
coloring ¢ € adm(F”) induces a coloring of anchor points in F’, by assigning to each
point the color of its facet. We say that ¢ is admissible if that’s exactly the labeling
of anchor points of F, that is, £(p) = ¢(f) for each anchor point p in a facet f, and
then set c(p) = £(p).

In this way, the set of admissible colorings of F’ is in a bijection with the set of
admissible colorings of anchored foams F that become F’ upon forgetting the labeling
of anchor points:
adm(F’) =~ ]_[ adm(F).
F

Algebraic & Geometric Topology, Volume 23 (2023)



Anchored foams and annular homology 3157

Various constructions with SL(3) foams in [18] extend directly to anchored foams.
In particular, bicolored surfaces F;;(c) are well defined, associated to an admissible
coloring ¢. We will also call an admissible coloring simply a coloring. We will use 7,
j and k to denote the three elements of {1, 2, 3}, not necessarily in that order.

We refine [18, Definition 2.9] for anchored foams.

Definition 3.3 Let F be an anchored foam, ¢ € adm(F) be an admissible coloring,
and ¥ a connected component of F;;(c) which is disjoint from L. Define a coloring ¢’
of F which swaps the colors i and j on facets of 3, and leaves all other facets colored
according to ¢. We say that ¢ and ¢’ are related by an i j—Kempe move along . Note
that since ¥ has no anchor points, ¢’ is still an admissible coloring of F.

Kempe moves can be done on components X of Fj;(c) that intersect L as well, but
the resulting anchored foam Fj is different from F due to carrying different labels on
anchor points on X.

For k € {1,2,3}, denote by k’ and k” its two complementary elements, so that
{k.k',k"} ={1,2,3}. Let F be an anchored foam with labeling £. Let ¢ € adm(F)
be an admissible coloring. For an anchor point p € p(F) lying on a facet f € f(F),
we set c(p) = c(f) = £(p); that is, c(p) is the color of the facet, according to ¢, on
which p lies, which equals £(p) since ¢ is admissible. For 1 <i < 3, let d;(c) denote
the number of dots on facets colored i. For 1 <i # j <3, let F;;(c) be the union of
facets of F colored i or j. The space Fjj(c) is a closed surface in R3 and hence has
even Euler characteristic. Set

P(F,
(35) (F,C) — ( C)’
O(F,c)
where
: d;(c) 1/2
(36) P(F.c)= l_[ X,-z <), ( 1_[ (xc(p) +x€(p)/)(xc(p) +x€(p)”)) ’
=1 pep(F)
(37) Q(F’ C) = l_[ (Xi +xj)X(Fij(C))/2.
1<i<j<3

The product of the two terms under the square root, for a given anchor point p, is equal

to
(Xl +X2)(X1 +X3) if C(p) =1,

(x2 +x1)(x2 +x3) if c(p) =2,
(x3 +x1)(x3 +x2) if ¢(p)=3.
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Remark 3.4 This product is the inverse of the square decoration [ in [18, Section 4.1].
The square decoration was used to study a separable version of the unoriented SL(3)
theory, with the discriminant D = (x; + x5)(x; 4+ x3)(Xx2 + x3) inverted, which is a
version of the Lee theory. Here, we use the defect line L rather than freely floating
square dots in [18, Section 4.1] in the opposite way, to add factors to the evaluation
rather than divide by terms in the discriminant.

Remark 3.5 If ¢ is an admissible coloring of the underlying foam F’ of F but not of
the anchored foam F, then the evaluation (35) is still defined and equal to zero;

(38) (F,¢)=0, c¢e€admF’'\admF.

This holds since, for some p € p(F), its color c¢(p) differs from its label £(p), so that
X¢(p) + Xe(p) = 0 appears under the square root in (36) and P(F,c) = 0. Thus,

(Xe(p) FXe(py) Xe(py +Xepyr) if c(p) = L(p),

(Xe(p) TXe(py) Xe(p) T Xe(py) = {O otherwise.

Define the evaluation of F to be
(39) (Fy="_ (F.).
c€adm(F)

Alternatively, we can sum over the larger set of ¢ € adm(F”), due to (38).

Let us explain the square root in (36). The equality /x + y = /x + ,/y holds in a
commutative ring of characteristic 2, so (F,¢) is in the ring E;, see (34). We will
show in Proposition 3.11 that, in fact, no square roots appear, so that (F,c) € R.
Likewise, in Proposition 3.12 we show that (F) € R/,.

The evaluation (39) is multiplicative with respect to disjoint union and does not depend
on a particular embedding of F into M = (R3, L) as long as anchor points on F and
their labels are specified.

If an anchored foam F' is a disjoint union of anchored foams F; Ul --- Ll F}, then
(F)=(F1)--(Fk).

If F is disjoint from L, then (F) is equal to the evaluation in [18, Section 2.3].

Example 3.6 Let F be a 2—sphere S? with two anchor points and d dots. Its evaluation

is zero unless both points have the same label i € {1, 2, 3}, in which case there is
only admissible coloring ¢ which colors F by i. Let j,k € {1,2,3} denote the
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complementary elements to i. The surfaces F;;(c) and Fjx(c) are 2—spheres, while
Fji(c) = @. Then the evaluation is

(i) 2+ x)) Y2

) (xXi +x;j)(xi + xg) A

Example 3.7 More generally, let F be a genus g surface carrying d dots and 2n > 0
anchor points. It evaluates to zero unless all points are labeled by the same i € {1, 2, 3}.
In this case, letting j, k € {1, 2, 3} be the complementary elements to 7, the evaluation
is

X A xj) (x4 X))

= x4 : . R n+g—1
= GG+ agyig - (x0T

(F)

Example 3.8 Consider the theta foam F whose facets each intersect L once, with
anchor points labeled i, j, k € {1, 2, 3} and facets carrying dy, d, and d3 dots,

In an admissible coloring of the underlying foam, the three facets must have distinct
colors, so (F) = 0if i, j and k are not distinct. If 7, j and k are distinct, then there is
one admissible coloring ¢ which colors the top, middle, and bottom facets, respectively,
by i, j and k. The surfaces Fj;(c), Fix(c), Fjk(c) are 2—spheres, and the evaluation is

_ d1,d> d3
(F)=x; XX

Remark 3.9 Note that the evaluation of an anchored foam is in general not a symmetric

function in x1, x, and x3, whereas in [18] the evaluation is always an element of R.

Let us call a sequence £ € {1, 2, 3}'" preadmissible if the following holds. Let u{, u»
and u3 be three nonzero elements of the abelian group Z/2 x Z /2. Sequence £ is
preadmissible if and only if

m
(40) D uypy =0€Z/2xZ/2.

i=1
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Proposition 3.10 If an anchored foam F has an admissible coloring, the sequence £
of its anchor points is preadmissible.

Proof Consider a generic intersection of F with a half-plane in R* bounding L. This
intersection is a trivalent graph I" in the half-plane. Coloring ¢ of F induces a coloring
¢’ of edges of T" such that around each trivalent vertex of I' the colors of the three
edges are distinct (Tait coloring). On the boundary points (one-valent vertices) of I"
the coloring is given by labeling £. The sum on the left hand side of (40) is zero since
it can alternatively be written as the sum of triples of vectors u; + 1, + u3 = 0 over
all trivalent vertices of I'. Each inner edge of I', that bounds two trivalent vertices,
contributes u; + u; = 0 to the sum, where i is the color of the edge. An edge with
one or both endpoints on the boundary contributes the sum of the u; over its boundary
points. |

For an anchored foam F and 1 <i < 3, let an(i) denote the number of anchor points
of F with label i (the dependence on F is omitted).

Proposition 3.11 For an anchored foam F and an admissible coloring ¢, we have
(F,c)eRY.

Proof Recall the rings R, and E; defined in (34). It’s clear that (F, ¢) belongs to
the larger ring R..

The expression in (35) under the square root is equal to
(xl + xz)an(l)-i-an(Z) (XZ + x3)an(2)+an(3) (xl + x3)an(1)+an(3).

For 1 <i < j < 3, the integer an(i) + an(j) is even since it is equal to the number
of intersection points of the closed surface Fjj(c) with L; see also Proposition 3.10.
Consequently, taking the square root produces integral exponent of x; + x;, implying
that (F, c) is in RY. O

Using the above notation, the square root term in (36) is equal to

(1) O(F.c)i= [] (xitxy@raz,
1<i<j<3

so formula (35) can be rewritten as

3
(42) (F,c) = 1_[ xlfli(c) 1_[ (xi _|_xj)(an(i)+an(j)—x(Fij (N)/2

i=1 1<i<j<3
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Proposition 3.12  For an anchored foam F, we have (F) € R/, = k[x1, X2, x3].

Proof The proof of Theorem 2.17 in [18] extends with minor changes to this case.
Note that the evaluation is no longer a symmetric function. We must show that positive
powers of x; + x; for 1 <i < j <3, do not appear in the denominator of (F). Let
us specialize to i = 1 and j = 2. Denominators x; + X, in the evaluations (F, c)
may appear only from the components of Fy;(c) that are 2—spheres. If a 2—sphere
does not intersect L, the proof in [18] works in this case as well. Suppose a 2—sphere
component X of Fy;,(c) intersects L in an(1) points colored 1 and an(2) points colored 2
(necessarily in the corresponding facets of F carrying those colors under c¢). These
points contribute

(xl _i_xz)am(l)-i-an(Z)(x1 +x3)an(l)(x2 +x3)an(2)

to the expression under the square root, and an(1) 4+ an(2) > 2, allowing to cancel the
denominator term x; + x5 that ¥ contributes. Summing over all admissible colorings
and otherwise following the arguments in [18, Theorem 2.17] implies the result. O

Remark 3.13 Contributions of anchor points to the evaluation ( F, ¢) can be interpreted
as follows. Consider polynomial f(x) = (x —x1)(x —x2)(x —x3) € R\ [x]. Then

S(x) = (x —x2)(x —x3) + (x —x1)(x —x3) + (X —x1) (X —x2)
and

f1(x1) = (x1 = x2) (1 — x3),

J7(x2) = (2 = x1)(x2 — X3),

f(x3) = (x5 —x1)(x3 — x2).
Contribution of an anchor point p with a label i = £(p) to the evaluations (F, c)
and (F) is then m, the square root of the derivative of f at the root x; of the

polynomial f. In characteristic two, signs do not matter, but this observation hints how
to extend the evaluation to characteristic 0.

Since the labels iy, ..., i;; of anchor points are fixed in a given F', these marked points
contribute the same term,

m 1/2
V' LaF = (l_[ f/(xir)) ,
and we have r=

(43) (F.c)=~[f'lLar-(F'.c), (F)=+[f'lLaF-(F'),
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where F’ is the foam F viewed as a regular foam with anchored points and their labels
ignored. When coloring ¢ of F is not compatible with labels of anchor points, though,
we should define / f/|.nF = 0 to match the formula (F, ¢) = 0.

Also notice that, switching to characteristic 0 and from the matrix factorization view-
point [20], f(x) = w’(x) is the derivative of the potential

w(x) = %x“ — %E1x3 + %szz — E3x,

so the contributions of anchor points are given by square roots of the second derivative
v w’(x;) at critical points of w, analogous to the square root of the Hessian factor that
appears, for example, in the steepest descent method formulas.

3.2 Skein relations

In this subsection we record several local relations satisfied by the evaluation of anchored
SL(3) foams. We start with the following proposition concerning the relations in [18,
Section 2.5], which should be understood as occurring away from the anchor line L.

Proposition 3.14 The twelve local relations in [18, Propositions 2.22-2.33] hold.
Proof The arguments in [18] apply without modification. |
‘We will use shifted dots in this section, as in (12). For 1 <i < 3, we allow anchored

foams to carry decorations of the form (7) = ¢ + x; on a facet. They are required to
be disjoint from L, float freely on their facets, but cannot move past seams or seam

For an anchored foam F carrying (7) on some facet f € f(F), any coloring ¢ € adm(F)

vertices:

which colors f by i evaluates to zero, (F, ¢) = 0. An anchor point labeled i has the

Yooty

on the facet on which it lies (recall our conventions that {1,2,3}={i, j, k}={i,i’,i"}).

same effect as placing

See also (47) and the discussion in Section 3.4.

We also have relations involving the anchor line.
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Lemma 3.15 The following local relations hold:

(44)

(45)

(46)

wa

(47)

J
Tk

In the last two equations, {i, j, k} = {1, 2, 3}.

Proof Let us verify (44); the other four relations are easier to check and the proof is
left to the reader. Denote by F the anchored foam on the left-hand side, and by G!, G2
and G the three foams on the right-hand side, with the superscript corresponding to the
labels of the depicted anchor points. For 1 <i < 3, let adm; (F) be the set of admissible
colorings of F in which the depicted tube is colored by i. Admissible colorings of G*
must color the two disks by i, so there is a natural bijection adm; (F) = adm(G?).

For ¢ € adm; (F), let ¢/ € adm(G?) denote the corresponding coloring. We will show
that
(F,c)=(G",c),

which completes the proof.
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The anchored foam G’ carries two more anchor points, both labeled i, than F does,
while the dot placement for G* and F is the same, so

P(G,c") = (xi + xj)(xi +xg) P(F, ),
where {i, j,k} = {1,2,3}. On the other hand,

XGLEN =X (Fij@)+2, x(Gh(e) = x(Fir(@)+2.  x(Gh(e)=x(Fji().

which yields
0(G, ") = (xi + X)) (xi +xx) O(F, ¢).

Thus (F,c) = (Q, ¢’) as desired. Summing over all admissible colorings of F we get

(F)=(G") +(G*) +(G?),
completing the proof. a

3.3 State spaces

We generalize the notion of webs and cobordisms between them from [18, Section 3.1]
in the presence of the anchor line L.

Definition 3.16 A web is a trivalent graph I which is PL-embedded into the punctured
plane P = R?\ {(0,0)}. We allow webs to have closed loops with no vertices. A
anchored foam with boundary V is obtained by intersecting a closed anchored foam
F C R? carrying no dots with a thickened plane R? x [0, 1] such that F N (P x {i}) for
i =0,1is aweb (in particular, F is disjoint from the two points (0, 0, 0) and (0, 0, 1)).
A connected component of the complement of singular points in F N (R? x [0, 1]) is
called a facet. Each facet may be decorated by finitely many dots which can float freely
along the facet but cannot intersect the anchor line or cross singular points.

Foams with boundary are considered equivalent if there is an orientation-preserving
homeomorphism of R? x [0, 1] taking one to the other which fixes the boundary of
R2 x [0, 1] pointwise and maps the line segment Lio,11:=1(0,0)} x [0, 1] to itself.

For a foam with boundary V, let
p(V)=VnNLp,

denote its intersection points with the anchor line, called anchor points. Each anchor
point is required to carry a label in {1, 2, 3}.
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We view V as a cobordism from the web 9oV := V N (R? x {0}) to the web 3,V :=
V N (R? x {1}). A closed foam is then a cobordism from the empty web to itself. We
will often refer to foams with boundary simply as foams when the meaning is clear
from context. Composition WV of foams V and W with 9,V = dgW is defined in
the natural way. We obtain a category AFoam of webs and anchored foams.

The category AFoam has a contravariant involution @ which is the identity on webs and
which sends a foam to its reflection about R? x {%}, preserving the labels of anchor
points. As for closed foams, denote by s(V') and v(V') the singular graph and singular
vertices, respectively, of a foam with boundary V. Define the degree of V to be

(49) deg(V) = 2(|d(V)| + [ p(V)| = x(V)) = x(s(V)),
where d (V') is the set of dots on V.

The definition of admissible colorings extends naturally to anchored foams with bound-
ary. An admissible coloring induces a Tait coloring on the boundary webs. If a foam
with boundary V' has an admissible coloring ¢, then by [18, Remark 2.8],

(50)  deg(V) =2[d(V)| +2|p(V)] = (x(Vi2(c)) + x(V13(c)) + x(V23(c))).

It follows that for a closed foam F, its evaluation (F) € R/, is a homogeneous polyno-
mial of degree deg(F).

Lemma 3.17 For composable foams V and W,

deg(WV) = deg(W) 4+ deg(V).
Proof This follows from [18, Proposition 3.1] and |p(W V)| = |p(W)| + |p(V)|. O

We now define state spaces for webs via universal construction and the evaluation
formula (39). For a web I, let
Fr(I")

denote the free R’.—module generated by all anchored foams V from the empty web
to I'. Define a bilinear form

(=, —):Fr(I') xFr(T") — R

by (V, W) = (w(V)W). This bilinear form is symmetric since (F) = (w(F)) for any
closed anchored foam F. Define the state space (I') := Fr(I") /ker((—, —)) to be the
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Q ~ oeoeoi-23 —( ) = —— (I} & —— (-1}
a contractible circle a bigon face
N .
~ ® =
RN
a square face a triangle face

Figure 9: Direct sum decompositions from [18, Section 3.3], where the
depicted regions do not contain the puncture.

quotient of Fr(I") by the kernel
ker((—,—)) ={x € Fr(I') | (x, y) =0 for all y € Fr(I")}

of the bilinear form. Note that (—, —) is degree-preserving, so its kernel and the state
space (I') are graded R’.—modules.

An anchored foam V': Iy — I} naturally induces a map
(V):(Io) = (I)

of degree deg(1), defined by sending the equivalence class of a basis element U € Fr(I)
to the class of the composition V' U. This is functorial with respect to composition of
anchored foams, (W V) = (W)(V') for composable anchored foams with boundary V
and W.

Remark 3.18 For a web I' and basis elements V7, V, € Fr(I"), an admissible coloring
of the closed foam w(V,)V; induces a Tait coloring of I'. Thus (I') = 0 if T has no
Tait colorings; see also [18, Proposition 3.16].

Proposition 3.19 The local' isomorphisms in [18, Propositions 3.12-3.15], also
shown in Figure 9, hold.

Proof Proposition 3.14 guarantees that the explicit isomorphisms defined in [18] hold
in the anchored setting as well. a

Here local means that the webs involved in the isomorphisms are identical outside of a disk which is
disjoint from the puncture, and in this disk they are related as in the figures accompanying the statements
of the propositions.
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Proposition 3.20 Let I' C P be a web with a noncontractible circle C which bounds
adisk in R\ T, and let T/ =T\ C be the web obtained by removing C. Then there
is an isomorphism

given by the maps

X @ X p X

R

Proof This follows from Example 3.6 and the relation (44). Note that there are no
grading shifts in the three copies of (I'). a

It is an interesting and nontrivial problem to identify the state spaces (I"). In the
construction in [18] without the anchor line, state spaces can be simplified using
the relations in [18, Section 3.3]; see Figure 9. In particular, bipartite webs always
contain a contractible circle, bigon, or square, so the state space in the bipartite case
is a free module of graded rank equal to the Kuperberg bracket [24], normalized as
in [15]; see also [18, Propositions 3.17 and 4.15]. The simplest web which cannot be
simplified using the relations in Figure 9 and for which the state space is unknown
is the dodecahedral graph, as explored in [9; 17], and, on the gauge theory side,
in [21; 22; 23].

One may also ask to identify state spaces in the presence of the anchor line and the
modified evaluation considered in this paper. Propositions 3.19 and 3.20 give some
ways to simplify state spaces. In general, we are not able to decompose the bigon,
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square, and triangle regions in Figure 9 if they contain the puncture. An extended
evaluation, obtained by introducing additional types of intersection points of L with
a foam, is discussed in Section 3.5. The following lemma addresses reducibility of
smallest webs.

Lemma 3.21 Let I' C R? be a connected, planar, trivalent graph with no edges
connecting a vertex to itself. 2

(1) If T is bipartite, then I' has at least two bounded faces with at most four edges
each.

(2) If at most one of the bounded faces of I' has fewer than five edges, then I" has at
least eight vertices.

Proof Letv, e, and f denote the number of vertices, edges, and faces (including the
unbounded face) of T, respectively. Label the faces 1,..., f,and for 1 <i < f, letr;
denote the number of edges that form the boundary of the i face. We have

S
(51) > 1 =2e =3,
i=1
where the second equality holds since I is trivalent.
We first prove statement (1). Since T is bipartite, each r; is even. Suppose for the sake
of contradiction that at most one bounded face of I" has four or fewer edges. Then (51)
implies
S
> > 6(f-2),

i=1

s0 12 > 6 f — 3v. On the other hand, an Euler characteristic computation gives

12=6(f—e+v)=6f—3v,

which is a contradiction.
Let us now address statement (2). From (51) we obtain
3v>5(f—-2)+4=5f—-6

since, by assumption, there are f —2 faces with at least five edges each, and the remain-
ing two faces each have at least two edges. This together with an Euler characteristic
computation gives f > 6, and it follows that v > 8. O

2A graph with such an edge has trivial state space; see Remark 3.18.
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Figure 10: The simplest nonreducible web in the punctured plane.

Corollary 3.22 Let I' C P be a bipartite web. Then (T') is a free R’,—module of rank
equal to the number of Tait colorings of T'.

Proof By statement (1) of Lemma 3.21, any such web has either an innermost
noncontractible circle or a region, not containing the puncture, which either bounds
a closed loop, or is a bigon or square face. Thus state space can be reduced using
Propositions 3.19 and 3.20. Since the resulting web remains bipartite we can continue
the procedure until the state space is reduced to a direct sum of empty webs, each
of which is free of rank 1. On the other hand, the number of Tait colorings can be
computed using the same relations. |

It is natural to ask what is the simplest web for which the state space cannot be reduced
using Propositions 3.19 and 3.20. By statement (2) of Lemma 3.21, such a web has
at least eight vertices. The web shown in Figure 10 has precisely eight vertices and
cannot be simplified using our local relations. We have not identified the state space
of this web, but it can be approached via the 4—periodic (and, in general, nonexact)
complex described in [18, Section 4.3]. It can be applied along any of the four edges of
Figure 10 web near either the marked or the infinite point. One of the other three webs
in the complex contains a loop and has trivial homology, but additional computations
are needed to identify the state space due to nonexactness of the complex.

An annular graph I' C P is called reducible if its state space can be reduced to a sum
of those for the empty annular graph by recursively applying the relations in Figure 9
and relation in Proposition 3.20. It may make sense to also allow reductions to annular
graphs without Tait colorings (including graphs with loops), since such graphs have
trivial state spaces.

A reducible annular graph allows an identification of its state space with a suitable free
graded R—module by recursively applying the above state sum decompositions. As a
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special case, we have the following decomposition formula for collections of simple
closed curves in an annulus.

Proposition 3.23 Let I' C P consist of n contractible circles and m noncontractible
circles. Then the state space (') is a free R'.—module of graded rank 3™ (q*+1+¢q~2)".

In particular, for a reducible I, the graded rank of the free R\.—module (I') can be
computed recursively.

Anchored foams and state spaces carry an additional (Z/2xZ /2)—grading as follows.
Recall that u1, u, and u3 denote the nonzero elements of Z /2 x Z /2. For a foam V
with (possibly empty) boundary, define

adeg(V) = Z Ug(p)-
pep(V)
We call adeg the annular degree. Clearly adeg is additive under disjoint union and
composition.

The annular degree extends to a (Z/2xZ/2)—grading on Fr(I"), for a web I' C P, by
setting the ground ring R’, to be concentrated in annular degree zero. Proposition 3.10
implies that (F) = 0 or adeg({F)) = 0 for any closed foam F. It follows that (—, —)
preserves annular degree, so adeg descends to a (Z/2xZ/2)—grading on the state
space (I"). The annular grading is the unoriented version of the grading on state spaces
of annular oriented webs by the integral weight lattice of s[3 —see Section 4.4 —even
though the action of the latter is lacking on the equivariant annular state spaces.

In [18, Section 4] the authors consider localization of the unoriented SL(3) theory given
by inverting the discriminant D = (x1 4+ x2)(x1 + x3)(x2 + x3). This localization
results in a significant simplification of the theory, making it separable, so to speak. In
particular, a suitable 4-term sequence of web state spaces in [18, Section 4.3] is exact.

This localization easily extends to the annular case. The corresponding 4—term se-
quence is exact in the annular case as well. The ground ring for that theory is
R/, := k[x1, x3,x3,D"!], with k a characteristic two field. The analogue of [18,
Proposition 4.13] holds: the localized state space of an annular web I" is a projective
R’,—module of rank equal to the number of Tait colorings of I'. The latter is the number
of edge colorings of I' into three colors such that at each vertex the colors are distinct.
Proof of this result in [18] easily adapts to the annular case, with the modification
that the region around the marked point can be inductively simplified, if necessary, by
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reducing to the other three terms in the exact sequence, until it has a single edge (a
loop around the marked point).

3.4 Remark on Lee’s theory

Recall the function
(52) F(X)=(x+x1)(x +x2)(x +x3) =x> + E;x* + Epx + Ej

(in characteristic 2 signs do not matter) with coefficients in the ring Ry and roots in
R’. D Ry. One can form the quotient ring A := R’ [x]/(f(x)), naturally isomorphic
to the homology of a contractible circle in our theory. Let

(53) D= (x1+x2)(x1 +x3)(x2+x3) = E 1 Ey + E3
be the discriminant. Consider the localization
(54) Rp:=R\[D7', Ap:=Rp®p, A.

Introduce idempotents ey, e;, e3 € Ap,

(x + x;)(x + xg) .
(55) e = , i 7, ky=1{1,2,3}.
T (x4 X)) (i + xp) k=1 }
‘We have
(56) l=e;+ex+e3, eiej =0 je;.

These idempotents decompose the ring Ap into the direct product
(57) Ap = Rhey x Rphea x Rpey = Ry x Ry X R,

An idempotent e; can be visualized as floating on a facet of a foam F, in the localized
theory. These idempotents allow us to decompose an evaluation of a foam F with n
facets into 3” terms by summing over all ways to place each of these three idempotents
onto facets of F. Each term is straightforward to compute and equals zero unless the
idempotents define a Tait coloring (an admissible coloring) of F.

Idempotent e; bears a close relation to an anchor point labeled i. The anchor point

p on a facet f contributes the term / /" (x¢(r)) = v/ (Xe(r) + Xj) (Xe( ) + Xk) to the
evaluation (F, ¢). The square of this term is either 0 (if i # ¢(f)) or the denominator

of e;, if i = ¢(f), for any coloring ¢ of F.
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Comparing e; and an anchor point p labeled i, when coloring ¢ associates color ¢( f) #i
to the facet f carrying e; or p, both evaluations are zero. When ¢( f) = i, the idempo-
tented dot e; contributes 1 to the evaluation, while the anchor point contributes+/ f”(x;).
The denominator of e; is f”(x;).

One can try to unify e¢; and anchor points p by considering anchor lines and circles L
in R3 possibly intersecting a foam F. Intersection points (anchor points) carry labels
i €{1,2,3} and a circle anchor points labeled i is the idempotent ¢;. Then a “small”
circle intersecting a facet f at two points, both labeled i, can also be converted into ¢;.
Notice that once e; are allowed, integrality is lost and an evaluation of such a foam
may contain denominators which are products of x; + x;.

For a different generalization, instead of a single line L C R* consider a 1-manifold
L properly embedded in R3, say a finite union of lines and circles, possibly knotted.
All anchor points (intersection points with L) on a foam F carry labels, with the usual
contribution to the evaluation, as in formula (36). The integrality Theorem 4.15 still
holds for such generalized evaluation. In particular, given k points on a plane, one
can define various state spaces for webs I embedded in the plane and disjoint from
these marked points. Also note that for k£ > 2 punctures, bipartite graphs are in general
not reducible, which makes it harder to understand corresponding state spaces in the
oriented SL(3) case.

Remark 3.24 A handle next to but disjoint from an anchor line can be written as a
sum of three lower genus terms intersecting the line — see (46) — which follows from
the formula

mo A(l) = (x1 + x2)(x1 +x3) + (X1 +x2)(x2 + x3) + (x1 + x3)(x2 + X3)
= f'(x1) + f'(x2) + f'(x3).

3.5 Unlabeled anchor points and bigon decomposition

Direct sum decompositions for webs I" containing a bigon, triangle, or square face
which do not contain the puncture are given in Proposition 3.19. On the other hand,
Proposition 3.20 describes how to simplify a web containing an innermost noncon-
tractible circle. In order to have direct sum decompositions for more general regions
containing the puncture, we introduce additional types of intersections of the anchor
line L with a foam and modify the evaluation (—).

In addition to anchor points, which carry labels in {1, 2, 3} as in Definition 3.2, we
allow finitely many transverse intersections of L with a foam F away from the singular
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Figure 11: Left, a type 1 anchor point marked o and carrying no label. Right,
a type 2 anchor point marked * with label i € {1, 2, 3}.

graph s(F), and we do not require labels. We will call the usual (labeled) anchor
points fype 2, and the new (unlabeled) anchor points type 1. In the figures, we denote
type 2 anchor points by an asterisk * as usual, along with a label in {1, 2, 3}, and type
1 anchor points will be indicated by a small unshaded circle o. Figure 11 illustrates the
convention. Let p{(F) and p,(F) denote the set of type 1 and type 2 anchor points,
respectively (using the notation in Section 3.1, p(F) = p,(F)). The definition of
admissible coloring remains the same.

We modify the evaluation in the presence of type 1 points as follows. Let ¢ € adm(F).
For p € p1(F) lying on some facet f € f(F), let c(p) := ¢(f) denote the coloring
of the facet on which p lies. Also recall that for i € {1, 2,3}, we write i’,i” and j, k
to denote the two complementary elements, so {1,2,3} ={i, j.k} = {i,i’,i"}.

Define
(58) Oo(F.)= [ ety + ey
pep1(F)
(59) Po(F,c) = P(F.c¢)- Oo(F,¢),
_ Po(F,c)
(60) (F,c)o = OF.0)
(61) (Flo= > (F.c)o.
c€adm(F)

where P(F,c) and Q(F, c) are as defined in (36) and (37). In other words, a type 1
point p on an i —colored facet contributes a factor of ,/x; + Xy to the evaluation (F, ¢)o.

Remark 3.25 Type 1 intersection points are related to the triangle decoration from
[18, Section 4.1]. Precisely, the contribution of a type 1 point p to the square root in
(58) equals the inverse of placing a triangle decoration on the facet where p lies. See
relation (62), as well as Remark 3.4 for a related discussion.
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Note that a type 1 intersection point contributes half the degree of a type 2 point to the
degree of the evaluation and, thus, to the degree of a cobordism represented by a foam
with boundary.

Example 3.26 Consider a 2-sphere F carrying d dots and intersecting L in two type 1
anchor points,

For 1 <i <3, let ¢; € adm(F) color F by i. Then

(F.ci)o = X{ 05 + ) :
(xi + ) (xi + xk)
(Flo=(F.c1)o+ (F.c2)o + (F.c3)0
x9(x2 +x3)2 + x9 (01 +x3)% + x§ (x1 + x2)?
(1 + x2) (g + x3) (2 + X3)
_ xf(x% + x%) + xg (xl2 + x%) + xgl (xl2 + x%)
(1 +x2)(x1 + x3)(x2 + x3) '
Thus, (F)o=0ifd =0,2,and (F), = 1if d = 1. For d > 3, the last expression above
equals the ratio of the antisymmetrizer with exponent (d, 2, 0) and antisymmetrizer

with exponent (2, 1, 0) (up to adding signs, which does not matter in characteristic 2).
Thus (F)o equals the Schur function sy (x1, X2, x3) for the partition A = (d —2,1,0)
when d > 3.

Example 3.27 Consider a 2—sphere F carrying d dots and intersecting L in one type 1
anchor point and one type 2 anchor point,
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Then F has one admissible coloring, and

B xlfi Vi +x7) (x5 + x) (X + xg) _ xlfia/xj- + Xk
B (i + X)) (xi + Xx) N RN R

(F)o

From Example 3.27 we see that the evaluation (F), in general has denominators and
square roots, so we can only conclude that

(Flo € Ro:=K[x1,x2, 53, (x1 +x2) 72, (xa + x3)7"/2, (x1 +x3) 7/,
Note that R, is a subring of ﬁ;; see Section 3.1 and diagram (34).

We use R, as the ground ring of the theory. Evaluations of closed anchored foams F
with two types of anchor points belong to this ring. We define the state space (I")o
of a trivalent graph I' C P using this evaluation and following the general recipe
of Section 3.3. The state space is a graded Ro—module, but, due to the presence of
invertible elements (x; + Xj)l/ 2 of degree 1, grading carries little information, and for
many purposes one can downsize and consider the degree zero part (I')? of the state
space, which is a module over the degree 0 subring Eg of Ro.

This theory is functorial and foams with top and bottom boundary and anchor points of
those two different types induce maps between the corresponding state spaces. Various
direct sum decompositions that hold for the unoriented SL(3) theory (—) hold for this
theory as well.

We also have local relations involving type 1 intersection points.

Lemma 3.28 The following local relations® hold for the theory (—)o:

(62)

(63) + |

NSV
[

3To clarify relation (63): the first term on the right-hand side of the equality has a type 1 anchor point on
each of two front-facing half-bubbles, while the second term has a type 1 anchor point on each of the two
back-facing half-bubbles.
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(64)

(65)

Proof Relation (62) is straightforward and left to the reader. Let us verify relation (63).
Denote by F the foam on the left-hand side of the equality, and denote by F! and F? the
two foams on the right-hand side. There is a natural identification adm(F') = adm(F?).

Let ¢ € adm(F!) be a coloring in which the front two half-bubble facets are differ-
ently colored, say the top front half-bubble is colored j, the bottom front half-bubble
is colored k, and the remaining “big” facet is colored i. Continue to denote by
¢ € adm(F?) the corresponding coloring of F2. The top type 1 intersection point of
F1 contributes /x; + xx to (F!,¢) and the bottom type 1 intersection point of F'!
contributes ,/X; + x;, while the contributions of these points to (F 2 ¢) are reversed.
Thus in characteristic two we have

(F'.c)+ (F?,¢)=0.

Next, the admissible colorings of F' are in natural bijection with the admissible colorings
of F! (and of F?) in which the front half-bubbles of F! are colored the same. Let
¢ € adm(F), and let ¢/ € adm(F!) 2 adm(F?) denote the corresponding colorings.
Suppose that ¢’ colors the front half-bubbles of F! by j, the “big” facet by i, and the
back half-bubbles by k. Then

Xi & Xk (F,c) and (F% )= Xit X

(Fl.c') =
Xj + Xk Xj + Xk

(F.c),

from which we obtain
(F,c)=(F',¢'Y+ (F%,¢),

which completes the proof of relation (63).
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‘We now address the relation (64). Let G denote the foam on the left-hand side of the
equation, and let G’ denote the foam on the right-hand side. Let ¢ € adm(G), and
assume c¢ colors the “big” facet of G by i, the front bubble by j, and the back bubble
by k. Let ¢’ € adm(G) denote the coloring which is identical to ¢ except the front
and back bubbles are colored by k and j, respectively. Let ¢ € adm(G”) denote the
coloring of G’ in which the depicted facet is colored i, and the remaining facets are
colored according to ¢ (equivalently, ¢’). We claim that

(G,c)+ (G, )y = (G, "),

which completes the proof. To verify the above equality, observe that

(G.o) =55 o o and (GLe'y = TN 6l ey,
Xj + Xk Xj + Xk
The proof of relation (65) is similar and left to the reader. |

The previous lemma allows us to simplify the state space (I"), assigned to a web I" C P
with a bigon region containing the puncture.

Proposition 3.29 The two maps shown in Figure 12 are mutually inverse isomorphisms
between state spaces of graphs in the theory {—)o.

Proof This follows from the relations in Lemma 3.28. O

4 Oriented SL(3) anchored homology

In this section we recall oriented SL(3) foams, which were introduced in [15] in the
context of s[(3) link homology. An equivariant analogue was defined in [28]; see
also [10; 26; 27; 29; 33] for various aspects of SL(3) foams and link homology. In
Section 4.1 we define an evaluation of oriented SL(3) foams via colorings in the style
of Robert and Wagner [34] and show in Theorem 4.26 that our evaluation agrees with
that of [28]. In Section 4.2 we deform the evaluation in the presence of the anchor
line L. In Theorem 4.15 we show that our evaluation is always a polynomial.

To avoid introducing new notation, in this section we will reuse the notation for various
rings from Section 3:

e R, =Z[xy,Xx,,x3]is the ring of polynomials in three variables.

e Ry =Z[E,, E,, E3]is the subring of R that consists of symmetric polynomials
in x1, X and x3, with generators E; being the elementary symmetric polynomials

E1 =X1+ X2 +X3, E2=X1X2+X1X3 +X2X3, E3 = X1X2X3.

Algebraic & Geometric Topology, Volume 23 (2023)



3178 Rostislav Akhmechet and Mikhail Khovanov

X

Figure 12: Isomorphisms which simplify a bigon region containing the punc-
ture, for the theory (—). In the top map, the top foam has a type 1 point on
the front half-bubble, and the bottom foam has a type 1 point on the back
half-bubble. In the bottom map, the first foam has a type 1 point on the front
half-bubble, and the second foam has a type 1 point on the back half-bubble.

o R! =R [(x;—x2)71, (x3—x3)71, (x; —x3)"!] is a localization of R’, given
by inverting x; — x;, for 1 <i < j <3.

. Iﬂégc = R/ [\/X1 — X3, /X2 — X3, /X1 — X3] is the extension of R/, obtained by
introducing square roots of ,/x; —xj, for 1 <i < j <3.

e Rl = ﬁgi[(xl —x2)7 1, (x3 —x3)7 !, (x; — x3)7 ] is a suitable localization of
the ring R/,..

All five of these rings are graded by setting deg(x{) = deg(x,) = deg(x3) = 2. Inclu-
sions of the above rings are summarized in the following diagram:

R, C R}
U U
Ry C R, C R}

(66)
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4.1 Oriented SL(3) foams and their evaluations

We begin by recalling the definition of oriented SL(3) foams from [15, Section 3.2].

Definition 4.1 A (closed) oriented SL(3) prefoam F consists of the following data:

* An orientable surface F’ with connected components Fi,. .., Fj and a partition
of the boundary components of F’ into triples. The underlying CW structure
of F' is obtained by identifying the three circles in each triple. The image of
the three circles in each triple becomes a single circle in F, called a singular
circle. The image of the surfaces F; are called facets. Three facets meet at each
singular circle.

¢ For each singular circle Z, we fix a cyclic ordering of the three facets meeting
at Z. There are two possible choices of cyclic ordering for each Z.

e FEach facet may carry some number of dots, which are allowed to float freely
along the facet but cannot cross singular circles.

A oriented SL(3) foam is a prefoam as above equipped with an embedding into R3,
along with an orientation on each facet such that any two of the three facets meeting
at each singular circle are incompatibly oriented, as shown in Figure 13, left. Each
singular circle Z acquires an induced orientation; see Figure 13, middle. This induced
orientation on Z specifies a cyclic ordering of the three facets meeting at Z by following
the left-hand rule — Figure 13, right— and we require this to match the cyclic ordering
specified by the prefoam F.

Note that unlike unoriented foams considered in Section 3, the oriented SL(3) prefoams
in the present section do not contain singular vertices. When there is no risk of confusion

O O N\

Figure 13: Left: orientations of three facets meeting at a singular circle.
Middle: the induced orientation of a singular circle. Right: the induced cyclic
ordering.
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between the foams introduced in the Definition 4.1 and those of Section 3, in this
section we will simply write (pre)foam rather than oriented SL(3) (pre)foam.

For a prefoam F, let ®(F) denote the set of its singular circles and 6(F) = |O(F)|
the number of singular circles. Each Z € ®(F) has a neighborhood homeomorphic to
the product of a circle S! and a tripod. Let f(F) denote the set of facets of F. We
use the definitions of preadmissible and admissible colorings of prefoams and foams
from Section 3 in the present situation. For a prefoam F, adm(F’) denotes the set of
admissible colorings of F. Note that if F is a foam, every preadmissible coloring is
also admissible.

Fix a prefoam F and an admissible coloring ¢ € adm(F). For 1 <i # j <3, bicolored
surfaces Fj;j(c) consist of all facets colored i or j; each Fjj(c) is a closed, orientable
surface. For 1 <i <3, let F;(c) be the surface consisting of all facets of F which are
colored i by c; the surface Fj(c) is orientable and has 6(F) boundary components.
Denote by F;(c) the closed surface obtained by gluing disks along boundary components
of Fi(c). We have

X(Fi(¢)) = x(Fi(c)) +0(F), 1<i<3,
x(Fij(©)) = x(Fi(c)) + x(Fj(c)), 1=i<j=3.

The three facets meeting at each singular circle are colored by i, j and k, whereas

(67)

before we used i, j and k to denote the three elements of {1, 2,3}. We now define
quantities #*(¢) and Hijj: (c) associated with the set of singular circles ®(F) and the
admissible coloring c.

Definition 4.2 Let F be a prefoam with admissible coloring ¢, and let 1 <i < j < 3.
A singular circle Z € O(F) is positive with respect to (i, j) if the cyclic ordering of
the colors of the three facets meeting at Z is (i k£ j). If F is a foam, then an equivalent
formulation is as follows: when looking along the orientation of Z with the facet
colored k, as in Figure 14, the i—colored facet is to the left of the j—colored facet.
Otherwise, we say Z is negative with respect to (7, j). See Figure 14, left, for a pictorial
definition. Let 9;7 (c) (resp. 91.; (c)) denote the number of positive (resp. negative) circles

j
with respect to (i, j). We have

0.5 (F,c)+ 05 (F,c) = 0(F).

We say that a singular circle Z is positive with respect to c if the colors of the three
facets meeting at Z are (1 2 3) in the cyclic ordering, and otherwise Z is negative;
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Figure 14: Left: a positive (i, j)—circle, where i < j. Middle: a positive
singular circle. Right: a negative singular circle.

see Figure 14, middle and right. Let 07 (F, ¢) (resp. 6~ (F, ¢)) denote the number of
positive (resp. negative) circles in F with respect to c. We have

(68) O (F,c)+ 60~ (F,c)=0(F).

We will often omit F from the notation and simply write 6, Qijjt (¢), and 0% (c).

We now define the evaluations (F, c¢) and (F). For a prefoam F, ¢ € adm(F), and
1 <i <3, let d;j(c) denote the number of dots on facets colored i. Define

3
(69) P(F,c) = l_[ xidi(c)’

i=1
(70) OF.c)= [] (ui—xpxFu/z

1<i<j<3

3 p—
(71) S(F,C)ZZix(F,-(c))/2+ Z 675 (¢).
Set i=1 1<i<j<3

P(F,c)
72 F.c) = (—1)S&F0 ’
(72) (F.c)=(=1) OF o)
(73) (Fy= Y (F.c).
c€adm(F)

A priori, the evaluations (F, ¢) and (F) lie in the ring R’; see diagram (66).

In what follows, we use the symbol = to mean equality modulo 2. Note that

x(F1(c)) + x(F3(c))
3 ,

3
(74) Y ix(Fi(e))/2=

i=1
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since x(F»(c)) is even. Moreover, from (67) we obtain

3 3
(75) D ix(Fi(e)/2=6+ ) ix(Fi(c)/2.

i=1 i=1
Lemma 4.3 For a prefoam F and ¢ € adm(F),

Yo 6@ =60T(0).

1<i<j=<3

It follows that

3
(76) s(F.c) =) ix(Fi(€)/2+ 67 (o).
i=1
Proof Let Z € ®(F). Observe that if Z is positive with respect to ¢, then it contributes
only to 01+3 (c). Likewise, if Z is negative then it contributes to both 91+2(c) and 92’; ()

but not to 91+3 (c), which verifies the first equality. The second equality follows from
(75) and (68). O

Example 4.4 Let F be a 2—sphere S? with d dots. For 1 <i <3, let ¢; € adm(F)
color F by i. We have
(F)=(F,c1) +(F.,c2) + (F.c3)
W o
(1 —x2)(x1—x3)  (x1—=x2)(x2—x3) (X1 —x3)(x2—x3)
. —x%(xy —x3) + x4 (x1 — x3) —x¥ (1 — x2)
(1 —x2)(x2 — x3) (X1 — X3)
— _ _ i J k
= —5(d—2,0,0)(X1, X2, X3) = —hg_(x1,X2,X3) = — Z X1X5 X7,
i+j+k=d-2

where $(7—2,0,0)(X1, X2, x3) is the Schur function of the partition (d — 2,0, 0), and
hqg_»(x1, X3, x3) is the complete symmetric function of degree d — 2. In particular
(F)=0ifd=00ord =1,and (F) =—1ifd =2.

Example 4.5 Let F be the theta foam
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Given any ¢ € adm(F), each capped-off surface F;(c) and each bicolored surface
Fjj(c) is a 2—sphere. In particular,

s(F,c)=0%(c).

For o € S3, let ¢(0) € adm(F) denote the coloring which colors the top facet by o (1),
the middle facet by ¢(2), and the bottom facet by o (3). We have

o+ d d d
ZUGS3 (_1) (C(U))xaél)xaé)xaé)

(x1 —x2)(x1 —x3)(x2 — X3)

(F)= Y (F.c(0)) =

o€S3

’

and moreover
0% (c(0)) = o],

where |o| is the length of o.

Therefore if dy > dy > d3,

(F) = $(d)—2.dy-1.d5) (X1, X2, X3),

the Schur function with partition (d; — 2, d> — 1, d3). In particular, (F) =0 if dy, d>
and d5 are not distinct. If dy, d» and d5 are distinct and d; + d» + d3 < 3, then up to
cyclic permutation there are two choices:

Il
—_
:

Il

|
—_

The symmetric group S3 naturally acts on adm(F) and on the five rings in the dia-
gram (66). The following lemma is analogous to [34, Lemma 2.16].
Lemma 4.6 Let F be a prefoam, ¢ € adm(F'), and o € S3. Then
o((F.c)) = (F.a(c)).
Proof We may assume that o is a transposition (i i + 1) for i = 1,2. We have
0(P(F.c) = P(F.0(c). 0(Q(F.0) = (-0 Q(F 6(c)).

Let k € {1,2,3}\{i,i + 1}. Note that a singular circle Z is positive with respect to ¢
if and only if Z is negative with respect to o (c), so

0T (c)+0T(o(c) =60 =0"(c)+ 6 (c5(c)).
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Moreover,
Fi(c) = Fit1(0(c)), Fit1(c) = Fi(o(c)), Fr(c) = F(o(0)).

Therefore
s(F,c)—s(F,o(c)) = X(Fit1 (C))z— x(Fi(c))
_ X(Fi41(0) = x(Fi(c))
2
_ X(Fi+1(0) + x(Fi(e)
a 2
_ XFia+n(©)
= . '

Corollary 4.7 The evaluation (F) is a symmetric rational function.

+607(c) =07 (0(c)

+06

Later we will prove that (F) is in fact a polynomial; see Corollary 4.16.

Lemma 4.8 Leti €{l1,2}, let F be a prefoam, and let ¢ € adm(F) be an admissible
coloring. Suppose ¢’ € adm(F) is obtained from ¢ by a (1, 2)—Kempe move along a
surface ¥ C Fi,(c). Then

s(F.c)=s(F, )+ 1x(®).

Proof Note that this is analogous to [34, Lemma 2.19]. Letting 6(X) denote the
number of seam circles on X, we have
0 () + 07 () =0(2)= x(Fi(c)NX).
Note also that
X(F1(0)) = x(F1(c")) = x(Fi1(c) N 2) — x(Fa(c) N D),
X(F2()) = x(F2(c")) = x(F2(c) N ) = x(F1(c) N Z).
We compute

s(F,c)—s(F,c') = x(F1(c)) —ZX(F1 (") n 2(X(F2(C)) 2_ X(Fz(c/)))

_HEOOD (OB |y,

1x(D). O

4.2 Oriented anchored SL(3) foams and their evaluations

+0(%)

Definition 4.9 An oriented anchored SL(3) foam F is an oriented foam F’ C R3
that may intersect the anchor line L at finitely many points away from the singular
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circles of F”’, so that each intersection point belongs to some facet of F’, and moreover
these intersections are required to be transverse. Denote by p(F) = F’ N L the set of
intersection points (anchor points) of F. The anchor points carry labels in {1, 2, 3};
that is, F' comes equipped with a fixed map

¢ p(F) — {1,2,3}.

Fix an anchored foam F and an admissible coloring ¢ of the underlying foam F’.
Each anchor point p € p(F) lying on a facet f inherits a color ¢(p) := c(f). As
in Section 3, we say that ¢ is an admissible coloring of the anchored foam F if for
each p € p(F), the color of p equals the label of p, that is, ¢(p) = £(p). Denote by
adm(F) the set of admissible colorings of F.

For i € {1,2,3},let i’ and i” denote the complementary elements, so that {i,i’,i"”} =
{1, 2, 3}. Define the evaluations

P F, . 1/2
(77) (F,C)=(—1)S(F’c’ﬁ( I1 (—l)c(”)_l(xc(p)—xe(p)’)(xc(p)—xe(p)”)) :
’ pep(F)

(78)  (F)= ) (F.c),

c€adm(F)

where P(F,c), Q(F,c) and s(F,c) are as defined in (69), (70) and (71), respectively.

Let us explain the square root in (77). We have c(p) = £(p) for every anchor point
p € p(F). If pis labeled i, then it contributes

(=D = x) (xi — xg)

to the product under the square root. More concretely, the product of the two terms
under the square root, for a fixed anchor point p, is equal to

(x1 —x2)(x1 —x3) if c(p)=1,
(x1 —x2)(x2 —x3) if c(p) =2,
(x1 —x3)(x2 —x3) if c(p)=3.

Let an(i) be the number of anchor points p with ¢(p) =i. Then for 1 <i < j <3 the
sum an(7) 4+ an(j) is even, which follows from Proposition 3.10.

We define the square root as the product

(79) O(F.c)i= [ (xi—xy)@@+=()/2

1<i<j<3
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and rewrite formula (77) as

J5(F0) P(F,c)O(F,c)

(F,c):=(—1
O(F,c)
— (—I)S(F’C)P(F, ¢) 1_[ (xi — xj)(an(i)+an(j)—X(Fij /2
1<i<j<3

Note that Q(F , ¢) depends only on the labels of anchor points and not on the color-
ing ¢, as long as ¢ respects labels of anchor points (otherwise, the evaluation is 0).
Consequently, it can also be denoted by Q(F ). Alternatively, it may be useful to allow
more general colorings ¢, with Q(F ,¢) = 0 for ¢ not compatible with the labels of
anchor points.

Recall diagram (66) and the surrounding discussion for notations of various rings. The
above formula implies the following proposition.

Proposition 4.10 The evaluation (F, c) is an element of R;.

Remark 4.11 As discussed in Remark 3.5, if ¢ is an admissible coloring of the
underlying foam F’ but not of the anchored foam F, then the evaluation (77) is still
well-defined and equal to zero. Even if we don’t restrict the notion of admissible
colorings of an anchored foam to those which color anchor points according to their
labels, additional terms in the evaluation will each be 0, not contributing anything.

Example 4.12 Let F be a 2—sphere S carrying d dots and intersecting L twice. Then
(F) = 0 unless both anchor points are labeled by i € {1, 2, 3}. In this case, there is one
admissible coloring ¢ which colors F by i. We see that s(F, ¢) =i, and the evaluation
is

(F) = (=1)xf.

Example 4.13 Consider the theta foam F whose facets each intersect L exactly once,
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There is one admissible coloring ¢, and we have
xlfi‘xdzx;? if (i, j,k) = (1,3,2) or a cyclic permutation,

F)=(F,c)= J

(F)=(F.c) {—x?i‘xdzx;f"‘ if (i, j,k) = (1,2, 3) or a cyclic permutation.
The symmetric group S3 acts on all five of the rings in diagram (66). Recall also that
S3 acts on the set of admissible colorings of an unanchored foam (ie those considered
in Section 4.1). However, for an anchored foam F, ¢ € adm(F), and o € S3, the
coloring o (c) is in general not admissible for F.

Consider instead the anchored foam o (F) defined as follows. The underlying foam
of o (F) agrees with the underlying foam of F. If anchor points of F are labeled by
£: p(F)—{1,2, 3}, then the anchor points of o (F) are labeled by a(/): p — a(£(p)).
Note that o provides a bijection adm(F) = adm(o (F)) via ¢ — o (c). The following
lemma says that the evaluations (F) and (o (F)) differ by a sign, and moreover the
sign depends only on o and on labels of anchor points of F'.

Lemma 4.14 For an anchored foam F, ¢ € adm(F), and o € S3, we have

o((F,c)) = (=)*FD(a(F),0(c)),

where
an(i) +an(j)
80 = eVl
(80) s(F.o)= Y. 5
I<i<j=<3
o()>o(j)

It follows that
o((F)) = (=1)*F (g (F)).

Proof By Lemma 4.6,

P(F,c) P(o(F),0(c))
5 ((_l)s(F,c) ) _ (1)@ o) .
Q(F.c) Q(0(F),o(c))
It is clear that

o(Q(F)) = (~1)*F2 0(a(F)),

and the first equality follows. For the second equality, we have

c((F))= Y o({F.c)

c€adm(F)

=(=D)FED 3" (o(F).0(c))

ce€adm(F)
= (=) FED (G (F)). O
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For 1 <i # j <3, consider the ring
R} := R [(xi —x) ™" (xj —xp) 7.

Each R}, is a subring of RY. A permutation o € S3 sends R}; isomorphically onto
R//
o(Ho(j)

We are now ready for the main result of this section.

Theorem 4.15 The evaluation (F) of an anchored foam is an element of R',, the
polynomial ring in variables xi, x, and x3.

Proof The proof is similar to that of [18, Theorem 2.17] and [34, Proposition 2.18].
By Lemma 4.14, it suffices to show that (F') € R, for any anchored foam F. This is
because we may take a permutation o € S5 sending 1 to 7 and 2 to j, and consider the
anchored foam o =1 (F). Then (0~ (F)) € R, implies that

+(F) = £(o(0™'(F))) = o ({0~ (F))) € R}},

where the first equality comes from Lemma 4.14. It follows that
(Fye R[,NR,;NRY; =R.

Let us show that (F) € R7,. Partition adm(F) into equivalence classes as follows.
For ¢ € adm(F), the class C, containing ¢ consists of colorings obtained from ¢ by
performing a sequence of (1,2) Kempe moves along surfaces in F;,(c) which are
disjoint from L. If Fi,(c) has n connected components, k£ > 0 of which are disjoint
from L, then C, consists of 2k elements. We will show that

> (F.)eRY,.

c’eCe
which will conclude the proof.
Write X := Fi,(c) as a disjoint union
T=YUXZ|U---UZy,
where each X,, fora = 1,...,k, is connected and disjoint from L, and where each

component of ¥/ intersects L. Fori = 1,2 and a = 1,...,k, let t;(a) denote the
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number of dots on i —colored facets (according to ¢) of 3, and let #3 denote the number
of dots on 3—colored facets (according to ¢) of F. We claim that
@l) Y (F.c)=

c’eCe

x5 Tk 1 (%) ne@ tz(a)‘l'( XEa)/2x] (1@ tZ(a)((Xl —x3)/ (x2—x3))t=a(O/2). Q(F)
xX1=2) X/ 2 (x 1 —x2)XF13())/2 (x5 —x4) X (F23(0))/2
(x1—x2) (x1 3) (x2—x3)

where

e [x,(c) € 2Z is an even integer such that
X(F13(c") = x(F13(c)) =Lz, (c),  x(F23(c")) = x(Fa3(c)) + £z, (c)

for the coloring ¢’ € C, which is obtained from ¢ by a (1,2) Kempe move
along ¥,. See [18, Lemma 2.12(3)] for details regarding this integer.

o Q(F ) is the contribution from the anchor points of F; see (79).

To verify the claimed equality, expand the product to obtain 2k terms, each of which
corresponds to one of the 2k colorings in C.. That the sign is correct follows from
Lemma 4.8.

Finally, we argue that (x; — xz)X(E)/ 2 divides the numerator of (81). Positive contri-
butions to y(X) come from 2—sphere components of X. Each X, which is a 2—sphere
contributes one to the exponent x(X)/2. On the other hand, the corresponding factor
in the product in the numerator of (81) is divisible by x; — x5. The remaining positive
contributions to x(X)/2 come from 2—sphere components of ¥’. Such a component
3 contains at least two anchor points, each labeled 1 or 2, so the contribution from
Yo can be canceled with terms in Q(F ). |

Corollary 4.16 If F is a prefoam or a foam which is disjoint from L, then (F) € Ry,
the ring of symmetric polynomials in x1, X, and x3.

Proof This follows from Lemma 4.14 and Theorem 4.15. |
4.3 Skein relations

In this section we record several local relations involving oriented anchored SL(3)
foams.

Lemma 4.17 The following local relations hold for anchored foams. Seam lines are
drawn in bold in relation (85) to clarify the picture:

) g= EEEE+E5
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(83)

(84)

D

/

-

N

Proof Proofs of these four relations are similar to Propositions 2.33, 2.22, 2.23 and
2.24 in [18], respectively, with the caveat that we must keep track of the sign (71).
Moreover, S3 symmetry is used in [18] to simplify the calculations. Anchor points
and their labels are the same for the foams depicted in each of these four relations, so
Lemma 4.14 implies that we may use S3 symmetry in a similar manner.

We verify relation (83) and leave the remaining three relations to the reader. Let F
denote the foam appearing on the left-hand side of the equality. The six foams on
the right-hand side are identical except for placement of dots. We denote them by
G',...,GY, so that the relation reads

(F) ==((G") +(G*) +(G*)) + E1((G*) + (G*)) — E2(G®).
Admissible colorings of G!, ..., G are in canonical bijection. For ¢ € adm(G!), let
(G,c):==((G',c) +(G?,¢) + (G, ) + E1((G*, ¢) +(G7, ¢)) — E2 (G, ¢).

There are two types of colorings of G!: those which color the two depicted disks the
same, and those which color them differently. Those of the first type are in canonical
bijection with colorings of F'.

Suppose ¢ € adm(G!) colors both disks the same color, say i, and denote by ¢ €
adm(G?) = --- =~ adm(G®) and ¢’ € adm(F) the corresponding colorings. We will
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show that (F,¢’) = (G, c). We may assume i = 1. Then
(G'e) = (G?,¢) = (G, c) =x}(GS,c), (G* c)=(G> c)=x(G%c),

which yields
(G,c) = =3x3(G® c) + 2E1x1(G®, ¢) — E2(G, ¢) = —(x1 — x2)(x1 —x3)(G®,¢).
To compare this with (F, ¢’), observe that

X(F1(E) +2=x(GT(0).  x(Fa(c) = (G3(0)).  x(F3(c) = x(G3(0)).
which implies s(F, ¢’) = s(G, ¢) + 1. Moreover,
X(Fia(eN+2=x(G}5 (), x(Fis(e)+2=x(G{3(c), x(Fa3(c") = x(G55(c)).

Therefore, (F.c')

(v —x2) (X —x3)

(GS,c) =
which verifies (F, ¢’) = (G, ¢).
To complete the proof, suppose that ¢ colors the top depicted disk by i and the bottom
disk by j, with i # j. We have
(G, ¢) = xiZ(G6,c), (G?,¢) = Xin(G6,C), (G3,¢) = x}(G3,c),
(G*,c) =xi(GS,¢), (G°,c)=x;(G®c).

Therefore (G, ¢) = 0, which concludes the proof. a

Lemma 4.18 Let I’ be an anchored foam. Denote by F}, ,, the anchored foam obtained
from F by adding a bubble (disjoint from L) to some facet in F, with the two new facets
carrying n and m dots respectively, such that the facet with n dots directly precedes the
facet with m dots in the cyclic ordering. Let F,, denote the foam obtained from F by
adding n dots to the same facet,

n

Fy
Then

(Fan) =0, (Fi10) =—(Fo,1) = (F), (F2,0)=—(Fo,2) = E(F)—(F1).
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Remark 4.19 The relations in Lemmas 4.17 and 4.18 also hold for prefoams.

Similar to the SL(2) and unoriented SL(3) setting, for oriented SL(3) foams we allow
shifted dots () = —x; (1 <i < 3) on a facet:

They must be disjoint from L and are allowed to float freely on their facets but cannot

cross seam lines.

Lemma 4.20 The following local relations hold:

(86)

(87)

i
i Lk J
T "k

In the last equation we assume j < k.

Proof We verify (86) and leave the remaining relations to the reader. The argument
is similar to that of relation (44) in Lemma 3.15, so we will be brief. Let F denote
the foam on the left-hand side, and let G!, G2 and G3 denote the three foams on the
right-hand side, with superscript corresponding to labels of the anchor points. For
1 <i <3, letadm; (F) consist of all admissible colorings of F* which color the depicted
tube by i. There is a natural bijection adm; (F) = adm(G?).

Given ¢ € adm;(F), let ¢/ € adm(G') denote the corresponding coloring. Arguing as
in the proof of Lemma 3.15, we obtain

(F,c) = +£{G',¢).
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Figure 15: The orientations at each trivalent vertex of an oriented SL(3) web
must be either all outgoing or all incoming.

It remains to show that the above sign is equal to (—1)’. We have
X(Fj(©) = x(GH()).  x(Fi(e) = x(GL(c).  x(Fi()) = (Gl (') -2,
0F(F,c) = 01 (G, ),
so s(F,c) = s(G,c") +i as needed. O
4.4 State spaces

In this section we define state spaces associated to oriented SL(3) webs. Much of this
is analogous to notions in Section 3.3.

Definition 4.21 An oriented SL(3) web is a planar trivalent graph I' C P in the
punctured plane, which may have closed loops with no vertices. Moreover, edges and
loops of I" carry orientations such that each vertex is either a source or a sink, as shown
in Figure 15. In this section we will simply write web rather than oriented SL(3) web.

The definition of an anchored foam with boundary in the oriented setting is analogous
to that of Definition 3.16. The singular graph of a foam with boundary V' is a union of
finitely many arcs (with boundary in R? x {0, 1}) and circles (disjoint from R? x {0, 1}).
Intersection points of V' with Lo 1) (anchor points) must be disjoint from the singular
graph and carry labels in {1, 2,3}. Facets of V are required to carry orientations
satisfying the convention in Figure 13, left, near singular points. As usual, we will use
the left-hand rule to specify these orientations and cyclic orderings by orienting each
singular circle and arc, as shown in Figure 13, middle and right.

As in Section 3.3, let 3;V := V N (R? x {0}) for i =0, 1. The orientation of facets of
V induces an orientation on dgV and d, V' via the convention in Figure 16. We view
V as a cobordism from the oriented web dg V' to the oriented web d; V. Composition
WV of foams V and W with 91V = doW is defined in the natural way.

Denote by p(V) =V N L[ 1] the set of anchor points of V' and by |d (V)| the number
of dots. The degree of V is defined to be

(89) deg(V) =2(ld(V)| + |p(V)| = x(V)) + x(3V).
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A

C
A
A

A

A

Figure 16: Our convention for the induced orientation on the webs dg V'
(bottom) and d; V' (top).

Degree is clearly additive under composition and is compatible with the grading on R/,

in the sense that if V' is a closed foam, then deg(V) = deg({V')).

As in Definition 2.14, by an annular foam we mean a foam (with boundary) which is
disjoint from L. The composition of two annular foams is again annular.

There is an involution w defined by reflecting a foam with boundary through R2 x{1/2}.
We have d; V' = dg(w(V)) and gV = 91 (w (V")) for any foam with boundary V. Given
aweb I' C P, let Fr(T") denote the free R’.—module generated by foams with boundary
V from the empty web to " (that is, dgV = @, d; V' = I'). Define a bilinear form

(=, —):Fr(I') xFr(T') — R

by (V, W) = w(V)W. This bilinear form is symmetric since (F) = (w(F)) for any
closed foam F. The state space (I") is the quotient of Fr(I") by the kernel

ker((—,—)) ={x € Fr(I") | (x, y) =0 for all y e Fr(I")}

of the bilinear form,
(') := Fr(I") /ker((—, —)).

The state space (I} inherits the grading from Fr(T") since (—, —) is degree-preserving.
A foam with boundary V' from I to Iy naturally induces a map

(V): (To) = (In)

of degree deg(V), defined by sending the equivalence class of a basis element U € Fr(I)
to the equivalence class of VU € Fr(I'y). This assignment is functorial with respect to
composition of foams, (W V) = (W) (V) for composable V and W.
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N,
Q ~ {2} 0T{-2} ® /\

(a) A contractible circle. (b) A square face.

+©_F ~ @

(c) A bigon face.

I

=13

Figure 17: Local relations for state spaces of oriented SL(3) webs, where the
depicted regions do not contain the puncture.

Lemma 4.22 The three local isomorphisms shown in Figure 17 hold.

Proof The arguments for relations (a), (b), and (c) of the figure are analogous to
Propositions 7, 9, and 8, respectively, of [15]. The relevant relations are Lemmas 4.17
and 4.18. O

Proposition 4.23 Let " C P be a web with a noncontractible circle C which bounds a
disk inR?\ T, and let T’ =T\ C be the web obtained by removing C. Then there is
an isomorphism

(T) = (") & () & (T)

given by the following maps (orientation of the circle is omitted):

X @ X ¢ X

R

Proof This follows from Example 4.12 and the neck-cutting relation (86). |
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Theorem 4.24 For any web I C P, the state space (I} is a free graded R’,.—module
of rank equal to the number of Tait colorings of I'. Moreover, if T" is contractible, then
the graded rank of (I'} equals the Kuperberg polynomial [24] of T, normalized as in
[15, Section 2].

Proof Lemma 3.21(1) guarantees that we can reduce (I') to a direct sum of empty webs
by recursively applying the local isomorphisms in Lemma 4.22 and Proposition 4.23.
It is then clear that the rank equals the number of Tait colorings.

If T is contractible, (I') can be simplified using only the isomorphisms in Lemma 4.22.
Upon taking graded ranks, these isomorphisms recover the recursive relations for
computing the Kuperberg polynomial. O

Theorem 4.24 does not address the graded rank of state spaces of noncontractible webs.
These may be computed recursively. As a special case, if I' consists of n contractible
and m noncontractible circles, then (I') is free of graded rank 3™ (g2 + 1 4+ ¢~ 2)".

Given a web I" C P, we can forget the puncture and the anchor line L and apply the
universal construction to the evaluation (73). Precisely, let Fr(I")foree; denote the free
R—module generated by all foams with boundary I'" (forgetting the anchor line). By
Corollary 4.16, we can define the bilinear form (—, —) : Fr(I")forget X Fr(I")orget — Rix
and the corresponding state space (I')foreet in the usual way. Thus we obtain state
spaces for webs in R?, functorial with respect to foams in R? x [0, 1]. These state
spaces and maps induced by foams are graded via (89), where | p(V)| = 0.

Proposition 4.25 For a contractible web I C ‘P, there is a degree-preserving isomor-
phism
(F) = (F)forget,

natural with respect to foams with contractible boundary and which are disjoint from L.
Proof This follows from Theorem 4.24. O

On the other hand, Mackaay and Vaz [28] define an evaluation (—)yyv for oriented
SL(3) prefoams and use it to define an equivariant (also called universal) version of
the s[(3) link homology introduced in [15]. They work over the ground ring Z[a, b, c]
and associate a state space (I")mv to each web I' C R? via the universal construction
applied to their prefoam evaluation {(—)yv. To compare with our situation, identify
Zla, b, c] with the ring Ry = Z[E, E», E3] of symmetric functions in x1, x, and x3
via a ring isomorphism ¢ defined by ¢(a) = Eq, ¢(b) = —FE, and ¢(c) = E3.
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s(p)=1 s(p)=-1

Figure 18: The oriented intersection number between a facet and L.

Theorem 4.26 For any closed prefoam F,
(F) =9o((F)mv).

It follows that there are isomorphisms (I')forget = (I')Mv ®z[a,b,c] Rx for any web
I' € R?, natural with respect to maps induced by foams with boundary.

Proof The evaluation (—)mv is defined by applying the local relations (3D), (CN),
(S), and (®) in [28, Section 2.1] to reduce any foam to an element of Z[a, b, c]. Under
the change of variables a — E1, b — —E, and ¢ — E3, these four relations hold for
our evaluation (—) by relation (82), relation (83), Example 4.4, and Example 4.5. The
statement follows. O

As in the SL(2) and unoriented SL(3) setting considered earlier in the paper, we can
define an additional grading on oriented SL(3) foams and state spaces. Define the
abelian group

(90) A = Zw, EBZwZEBZw3/(w1 + wy + w3),
on three generators and one relation. A is a free abelian group of rank two.

Orient the anchor line L from bottom to top. For an anchored foam V' with boundary
and p € p(V) an anchor point lying on some facet f, let s(p) € {1} denote the
oriented intersection number between f and L (s(p) does not depend on the label
of p); see Figure 18 for the convention. Define the annular degree of V' to be

1) adeg(V) = > s(p)we(p) € A
pep(V)

Proposition 4.27 If F is a closed anchored foam with an admissible coloring c, then
adeg(F) = 0.

Proof The proof is similar to that of Proposition 3.10. The intersection of F with
a generic half-plane that bounds L is an oriented web I" with boundary points on L.
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An admissible coloring ¢ of F induces a Tait coloring of I'. The boundary points
(one-valent vertices) of I" are colored according to their label. The sum in (91) may be
rewritten as the sum of terms +(w; + w, + w3) = 0 over all trivalent vertices of T,
where the sign is +1 if all edges are incoming and —1 if all edges are outgoing. Each i -
colored inner edge e of I" bounds two trivalent vertices and contributes 4 (w; —w;) =0
since e is oriented towards one of its boundary vertices and away from the other. The
remaining edges, with one or both endpoints on L, contribute precisely adeg(F). O

Let I' C P be an (annular oriented) SL(3) web. An anchored foam F C R? with
doF =T has a well-defined degree adeg(F) € A via (91). Furthermore, we equip the
coefficient ring R/, with a A—grading, with all elements of degree 0. This makes free
R’.—module Fr(T") into a A—graded module, and Proposition 4.27 implies that the
kernel of the bilinear form on Fr(I") is A—graded as well. Consequently, the grading
descends to a A—grading on the state space (I'). A foam V with boundary induces
amap (V): (—=doI') — (3; ") which changes adeg by adeg(V'). If V' has no anchor
points, it induces an annular degree 0 map between the state spaces of its boundaries.
The state space of a contractible web is concentrated in annular degree zero.

A—grading on (I') is the analogue of grading on finite-dimensional SL(3) representa-
tions by the weight lattice. In fact, in the nonequivariant version of our construction,
where all the x; are set to 0 upon closed foam evaluation (and state spaces are defined
accordingly, over a ground field rather than the ring R,), the state space (I") is naturally
an sl3-representation. We also refer the reader to Queffelec and Rose [30] for the
construction of sutured annular sl,—homology, with state spaces of annular webs
carrying an sl,—action. In the equivariant case, it is not clear how to define an sl;—
action or what’s the substitute for it.

Denote by AFoam,, the category whose objects consist of oriented SL(3) webs in P
and whose morphisms are R’ —linear combinations of anchored cobordisms between
webs. Morphism spaces in this category are triply graded via (qdeg, adeg). The state
space construction assembles into a functor

(—): AFoam,; — R’,~gzmod
landing in the category of triply graded R’.—modules.
This functor respects the trigradings on the hom spaces in the two categories. Restricting

to the subcategory of annular cobordisms and their linear combinations, the induced
maps have annular degree 0.
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o K
(L X

Figure 19: The 0— and 1-smoothings used to define the SL(3) chain complex.
4.5 Annular SL(3)-link homology

Let L C A x [0, 1] be a link in the thickened annulus. Projecting onto A x {0} = A
and identifying the interior of A with the punctured plane P, we obtain a link diagram
D C P. Following [15, Section 4; 28], form the cube of resolutions of D. Order
the crossings of D by 1,...,n and use the rule in Figure 19 to decorate each vertex
u € {0, 1}" by the corresponding web D, C P.

Introducing signs to make the cube anticommute, collapsing the cube to a chain
complex, adding internal and homological degree shifts, and applying the functor
(—): AFoamo — R’.—gzmod yields a chain complex C(D) of Z & A—graded R —
modules. In homological degree i, the complex is given by

C'D)= P (D){2(ny—n-)—i},
lu|=i+ny

where n4+ and n_ are the number of positive and negative crossings of D. The Z-
grading is given by deg—see (89) —and the A—grading given by adeg—see (91).
Degree shifts in the cube of resolutions are applied only to the Z—degree deg. Diagrams
in P representing isotopic annular links are related by Reidemeister moves away from
the puncture. Proofs of Reidemeister invariance in [28] are local, and all local relations
(away from the anchor line) on foams in [28] also hold for our evaluation (—) by (83),
Example 4.4, and Example 4.5. It follows that the chain homotopy class of C(D) is
an invariant of the annular link L. We define equivariant annular SL(3) homology as
cohomology groups H(C(D)).

Moreover, foams between webs appearing in the cube of resolutions are disjoint from L.
Thus the differential preserves annular degree throughout the complex. Consequently,
equivariant annular SL(3) link homology carries a homological grading as well as
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an internal Z @ A-grading (deg, adeg). Cohomology groups H(C(D)) are trigraded
R’.—modules.

Example 4.28 We conclude with an explicit calculation. Let o denote the positive
crossing generator of the 2—strand braid group, let L, denote the annular link obtained
as the annular closure of ¢”, and let C(L,) denote the corresponding chain complex.
Consider the complex C(n),

0_p 0_3
{cn) {6’2} *> {6‘1} *> {co}

The right-most term is in homological degree zero and the quantum grading shifts c¢;
are co = 2n and ¢; = 2n + 2i — 1 for 1 <i < n. The right-most differential d_; is the
unzip cobordism, and for —n <i < —2 the differentials are

X—X if i is even,
I—X if 7 1s odd.

One can show that the chain complex C(Lj) is chain homotopy equivalent to the

annular closure of C(n).

Upon taking annular closures, the differential d; for even i is zero. Consider the
annular closure I' of the web appearing in negative homological degree. The state space
(T') is a free R/,—module of rank six, and we choose a basis {u1, d;, u2,dp, u3, d3}
shown in (92). Bidegrees of u; and d; are (—1, —w;) and (1, —wj;), respectively (not
accounting for grading shifts):

TR GBS
YNy

92)

Ui d;
After taking the annular closure, the differential d;, for i < —3 odd, is given as the
difference of foams F — G, where F puts a dot on the right-most facet and G puts a
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dot on the middle facet of the depicted generators. We have

F(ui) = (xj + xp)ui —d;i,  F(d;i) = xjxpu;,
G(u;) = d;, G(di) = (xj + xp)d; — xjxpu;.

In particular, d; for i < —3 and i odd is injective.

Let us now compute the right-most differential, which is the annular closure of the
unzip cobordism. Let Iy denote the web consisting of two essential counterclockwise
oriented circles, which is the annular closure of the term in homological degree zero
in C(n). For 1 <i, j <3, let g;j: @ — Iy be the foam consisting of two cups, each
intersecting the anchor line once, with the anchor point of the inner cup labeled i and
the anchor point of the outer cup labeled j. By Proposition 4.23, {g;; }1<;,j<3 is a basis
for (I). After introducing the grading shift, the generator g;; is in quantum degree 2n
and in annular degree w; + w; = —wg. Let Z: I" — I}y denote the unzip cobordism.
By applying the neck-cutting relation (86) near the two circles that constitute Iy, we
write 0_1(u;) as a sum

0= Y (=) gy Uy,

1<s,t<3

where 74, is a theta foam as in Example 4.13, with no dots, and anchor points labeled 7,
s and ¢ read from bottom to top. These theta foams evaluate to zero unless {i, s, ¢} =
{1,2, 3}, and otherwise they evaluate to +1. Moreover, (ts;) = —(ts5). Therefore,

0—1(ui) = £(gjk — &kj)-
A similar procedure yields 0_(d;) = £(X; gjx — Xk &kj)-

Thus, in homological degree s < 0 and annular degree —w;, the homology of L, is

given by
0 if s 1s odd,
R.{2n—2s—-2 R.{2n—-2
H>™Yi(Ly) = xA2n 725 72 ® Ryi2n = 25) if s <0 and s is even,
((xj + xp. =2), (2xj x5, —(xj + X))
(R /(xj — x)){2n} if s = 0.
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On a problem of Hopf for circle bundles over
aspherical manifolds with hyperbolic fundamental groups

CHRISTOFOROS NEOFYTIDIS

We prove that a circle bundle over a closed oriented aspherical manifold with hy-
perbolic fundamental group admits a self-map of absolute degree greater than one
if and only if it is virtually trivial. This generalizes in every dimension the case
of circle bundles over hyperbolic surfaces, for which the result was known by the
work of Brooks and Goldman on the Seifert volume. As a consequence, we verify
the following strong version of a problem of Hopf for the above class of manifolds:
every self-map of nonzero degree of a circle bundle over a closed oriented aspherical
manifold with hyperbolic fundamental group is either homotopic to a homeomorphism
or homotopic to a nontrivial covering and the bundle is virtually trivial. As another
application, we derive the first examples of nonvanishing numerical invariants that
are monotone with respect to the mapping degree on nontrivial circle bundles over
aspherical manifolds with hyperbolic fundamental groups in any dimension.

55M25

1 Introduction

A long-standing question of Hopf (see Problem 5.26 in Kirby’s list [14]) asks:

Problem 1.1 (Hopf) For a closed oriented manifold M, is every self-map f: M — M
of degree £1 a homotopy equivalence?

A complete solution to Hopf’s problem seems to be currently out of reach. Nevertheless,
some affirmative answers are known for certain classes of manifolds and dimensions,
most notably for simply connected manifolds (by Whitehead’s theorem), for manifolds
of dimension at most four with Hopfian fundamental groups (see Hausmann [13],
and recall that a group is called Hopfian if every surjective endomorphism is an
isomorphism), and for aspherical manifolds with hyperbolic fundamental groups (eg
negatively curved manifolds). These last groups are Hopfian (see Maltsev [19] and
Sela [27]), thus the asphericity assumption, together with the simple fact that any map

© 2023 MSP (Mathematical Sciences Publishers). Distributed under the Creative Commons Attribution
License 4.0 (CC BY). Open Access made possible by subscribing institutions via Subscribe to Open.
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3206 Christoforos Neofytidis

of degree +1 is mj—surjective, affirmatively answer Problem 1.1 for closed aspherical
manifolds with hyperbolic fundamental groups.

In fact, the assumption about degree &1 is unnecessary in affirmatively answering
Problem 1.1 for aspherical manifolds with nonelementary hyperbolic fundamental
groups, because those manifolds cannot admit self-maps of degree other than 1 or
zero; see Bridson, Hinkkanen and Martin [5], Mineyev [20; 21] and Sela [26; 27], and
Section 3.1. Hence, every self-map of nonzero degree of a closed oriented aspherical
manifold with nonelementary hyperbolic fundamental group is a homotopy equivalence.
Of course, this statement does not hold for all (aspherical) manifolds because, for
example, the circle admits self-maps of any degree. Nevertheless, every self-map of
the circle of degree greater than one is homotopic to a (nontrivial) covering. The
same is true for every self-map of nilpotent manifolds (see Belegradek [3]) and for
certain solvable mapping tori of homeomorphisms of the n—dimensional torus; see
Neofytidis [23] and Wang [29]. In addition, every nonzero degree self-map of a 3—
manifold M is either a homotopy equivalence or homotopic to a covering map, unless
the fundamental group of each prime summand of M is finite or cyclic; see Wang [30].
The above results suggest the following question for aspherical manifolds:

Problem 1.2 (strong version of Hopf’s problem for aspherical manifolds) Is every
nonzero degree self-map of a closed oriented aspherical manifold either a homotopy
equivalence or homotopic to a nontrivial covering?

In dimension three, hyperbolic manifolds and manifolds containing a hyperbolic piece
in their JSJ decomposition do not admit any self-map of degree greater than one
(equivalently, of absolute degree greater than one, by taking f > whenever deg( f) <—1)
due to the positivity of the simplicial volume; see Gromov [11]. (Recall that the
simplicial volume || - || satisfies ||M|| > |deg(f)|- | M || for every map f: M’ — M.)
The other classes of aspherical 3—manifolds which do not admit self-maps of degree
greater than one are S~L2—manifolds (see Brooks and Goldman [6]) and graph manifolds
(see Derbez and Wang [10]), since those manifolds have another (virtually) positive
invariant that is monotone with respect to mapping degrees, namely the Seifert volume
(introduced in [6] by Brooks and Goldman). In particular, nontrivial circle bundles over
closed hyperbolic surfaces (which are modeled on the SL,» geometry) do not admit self-
maps of degree greater than one. On the other hand, it is clear that trivial circle bundles
over (hyperbolic) surfaces, ie products S ! x 3, admit self-maps of any degree (and those
maps are either homotopy equivalences or homotopic to nontrivial coverings [30]).

Algebraic & Geometric Topology, Volume 23 (2023)
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Recall that a circle bundle M Z> N is classified by its Euler class e € H?(N;Z). In
particular, M is virtually trivial if and only if e is torsion. For a circle bundle M over a
closed oriented surface X, its Euler class e € H%(X) = Z is either zero and the bundle
is trivial (ie M = S1 x X), or e is not zero and nontorsion and the bundle is not virtually
trivial. Our main result is that the nonexistence of self-maps of degree greater than one
on nontrivial circle bundles over closed oriented hyperbolic surfaces (ie over closed
oriented aspherical 2—manifolds with hyperbolic fundamental groups) can be extended
to any dimension. In fact, we prove a stronger statement:

Theorem 1.3 An oriented circle bundle over a closed oriented aspherical manifold
with hyperbolic fundamental group admits a self-map of absolute degree greater than
one if and only if it is virtually trivial.

The “if” direction holds more generally without any assumption on the hyperbolicity
of the fundamental group of the base:

Example 1.4 Let M be a virtually trivial oriented circle bundle over a closed oriented
manifold N. Then its Euler class e € H?(N) is k—torsion for some k. Since M is
fiberwise oriented, M is a principal U(1)-bundle and thus M can be viewed as the
(associated) complex line bundle whose first Chern class is the Euler class e. Consider
the tensor product M ® --- ® M of k + 1 copies of M. Then the first Chern class of
M®---®Mis

M@ - @M)=(k+Dcr(M) = ci1(M),

and so M ® ---® M is isomorphic to M. Taking the k 4 1 power of a section of M

gives us a fiberwise map
fiM->-MQ---QM,

which has degree k + 1 on the fibers and degree one on the base N. Thus deg( f)=k+1.

Outline of the proof of the main theorem

In view of Example 1.4, the proof of Theorem 1.3 amounts to showing that if an
oriented circle bundle M over a closed oriented aspherical manifold N with 7 (N)
hyperbolic admits a self-map f of degree greater than one, then M must be virtually
trivial. We will show that such an f is in fact homotopic to a fiberwise nontrivial
self-covering of M, and thus the powers of f induce a purely decreasing sequence

(D) mM)2 fu(ri (M) 22 fMN (M) 2 fM (M) 2.

Algebraic & Geometric Topology, Volume 23 (2023)
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Using this sequence, we will obtain an infinite-index subgroup of 71 (M) given by
G =" (1 (M)).
m

The last part of the proof uses the concept of groups infinite-index presentable by
products (IIPP) and characterizations of groups fulfilling this condition [22]. More
precisely, we will see that the multiplication map

¢: C(m1(M)) xG — m1(M)

defines a presentation by products for 71 (M), where both G and the center C(;r1(M))
have infinite index in 71 (M). This will lead us to the conclusion that 71 (M) has a
finite-index subgroup isomorphic to a product and M is virtually trivial.

Remark 1.5 In the proof of Theorem 1.3 we will use the fact that the base is an
aspherical manifold which does not admit self-maps of degree greater than one, and its
fundamental group is Hopfian with trivial center. Thus we can extend Theorem 1.3 (and
its consequences; see Section 2) to any circle bundle over a closed oriented manifold N
that fulfills the aforementioned properties. For instance, if N is an irreducible locally
symmetric space of noncompact type, then it is aspherical, it has positive simplicial
volume by Bucher-Karlsson [7] and Lafont and Schmidt [16] (and thus does not admit
self-maps of degree greater than one), and 1 (N) is Hopfian (see Maltsev [19]) without
center; see Raghunathan [25].

Remark 1.6 A decreasing sequence (1) exists whenever an aspherical manifold M
admits a self-map f of degree greater than one and 71 (M) is Hopfian for every finite
cover M of M (which is conjectured to be true; see Section 2). This gives further
evidence towards an affirmative answer to Problem 1.2, since the existence of such
a sequence is a necessary condition for f to be homotopic to a nontrivial covering.
Now, every finite-index subgroup of the fundamental group of a circle bundle over a
closed aspherical manifold with hyperbolic fundamental group is indeed Hopfian, and
therefore this gives us an alternative way of obtaining sequence (1). We will discuss the
Hopf property for those circle bundles and Problem 1.2 more generally in Section 5.
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2 Applications of the main result

Before proceeding to the proof of Theorem 1.3, let us mention a few consequences of
Theorem 1.3, or of parts of its proof.

It is a long-standing question (motivated by Problem 1.1) whether the fundamental
group of every closed aspherical manifold is Hopfian (see [24] for a discussion). If
this is true, then every self-map of an aspherical manifold of degree £1 is a homotopy
equivalence. In the course of the proof of Theorem 1.3, we will see that every self-
map of a circle bundle over a closed oriented aspherical manifold with hyperbolic
fundamental group is homotopic to a fiberwise covering map, and this alone shows
that Problem 1.1 and, in most cases, Problem 1.2 indeed have affirmative answers for
self-maps of those manifolds. More interestingly, Theorem 1.3 implies the following
complete characterization with respect to Problem 1.2:

Corollary 2.1 A self-map of nonzero degree of an oriented circle bundle over a closed
oriented aspherical manifold with hyperbolic fundamental group either is a homotopy
equivalence or is homotopic to a fiberwise nontrivial covering (and to a nontrivial
covering in dimensions other than four and five) and the bundle is virtually trivial.

Remark 2.2 (the Borel conjecture: from homotopy equivalences to homeomorphisms)
In most cases, an even stronger conclusion holds for the homotopy equivalences of
Corollary 2.1. Recall that the Borel conjecture asserts that any homotopy equivalence
between two closed aspherical manifolds is homotopic to a homeomorphism. (Note
that the Borel conjecture does not hold in the smooth category or for nonaspherical
manifolds; see for example the survey paper [18] and the discussion in [28].) A
complete affirmative answer to the Borel conjecture is known in dimensions less than
four (see again [18] for a survey). Moreover, by [1; 2], the fundamental group of
a circle bundle M over a closed aspherical manifold N with 71 (N) hyperbolic and
dim(N) # 3, 4 satisfies the Farrell-Jones conjecture, and therefore the Borel conjecture,
and so every homotopy equivalence of such a circle bundle is in fact homotopic to a
homeomorphism. (See also [5] for self-maps of the base N.)

Algebraic & Geometric Topology, Volume 23 (2023)
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Beyond the Seifert volume for nontrivial circle bundles over hyperbolic surfaces [6],
no other nonvanishing monotone invariant respecting the degree seems to have been
known on higher-dimensional circle bundles over aspherical manifolds with hyperbolic
fundamental groups (note that the simplicial volume vanishes as well [11]). A conse-
quence of Theorem 1.3 is that such a monotone invariant exists and is given by the
domination seminorm. Recall that the domination seminorm is defined by

vy (M) = supi|deg(/)| | f: M"— M},

and it was introduced in [9]. Theorem 1.3 implies:

Corollary 2.3 If M is a not virtually trivial circle bundle over a closed oriented
aspherical manifold with hyperbolic fundamental group, then vps (M) = 1.

However, the domination seminorm is not finite in general, because M might admit
maps of infinitely many different degrees from another manifold M’. Nevertheless,
Theorem 1.3 and the nonvanishing of the Seifert volume for nontrivial circle bundles
over hyperbolic surfaces suggest:

Conjecture 2.4 In every dimension n, there is a homotopy n—manifold numerical
invariant I, satistying I,,(M) > |deg(f)|I,(N) for each map f: M — N which is
positive and finite on every not virtually trivial circle bundle over a closed aspherical
manifold with hyperbolic fundamental group.

3 Infinite sequences of coverings

In this section we reduce our discussion to self-coverings of a circle bundle over a
closed oriented aspherical manifold with hyperbolic fundamental group, and thus obtain
a purely decreasing sequence of finite-index subgroups of the fundamental group of
this bundle.

3.1 Self-maps of aspherical manifolds with hyperbolic fundamental groups

First, we observe that the hyperbolicity of the fundamental group of the base implies
strong restrictions on the possible degrees of its self-maps:

Proposition 3.1 [5] Every self-map of nonzero degree of a closed aspherical manifold
with nonelementary hyperbolic fundamental group is a homotopy equivalence.

Algebraic & Geometric Topology, Volume 23 (2023)
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Proof There are two ways to see this. The first (given in [5]) is purely algebraic, using
the co-Hopf property of torsion-free nonelementary hyperbolic groups [26; 27]. The
other way uses bounded cohomology and the simplicial volume; see [11; 20; 21].

Suppose N is a closed oriented aspherical manifold whose fundamental group is
nonelementary hyperbolic and f: N — N is a map of nonzero degree. By [26; 27]
(see also [5, Lemma 4.2]), 1 (N) is co-Hopfian (ie every injective endomorphism is
an isomorphism), and so by the asphericity of N it suffices to show that f is injective.
Suppose the contrary, and let x be a nontrivial element in ker( f). Since f«(7w1(N))
has finite index in 771 (N), there is some n € N such that x” € fi(71(N)), ie there is
some y € 1(N) such that fi(y) = x". Clearly x # 1, because 71 (N) is torsion-free,
and so y ¢ ker(fx). Now, f2(y) = f«(x") = 1, which means that y € ker(f?). By
iterating this process, we obtain a purely increasing sequence

ker(fi) G ker(f2) G-+ S ker(f") S ker(f" ) S -

But this sequence contradicts Sela’s result [26; 27] that, for every endomorphism i of
a torsion-free hyperbolic group, there exists mo € N such that ker(y%) = ker(y°) for
all k > mg. We deduce that f is injective, and therefore an isomorphism as required.

Alternatively to the above argument, since 71 (M) is nonelementary hyperbolic, the
comparison map from bounded cohomology to ordinary cohomology

Vryomy: Hy (mi(M);R) — H" (m(M); R)

is surjective; see [20; 21; 12]. Thus, by the duality of the simplicial £ —seminorm and
the bounded cohomology £*°—seminorm (see [11]), we deduce that M has positive
simplicial volume. This implies that every nonzero degree map f: M — M has
degree £1. In particular, f is 71—surjective, and thus an isomorphism, because 771 (M)
is Hopfian [19; 27]. O

3.2 Fundamental group and finite covers

Let M = N be an oriented circle bundle, where N is a closed oriented aspherical
manifold with 71 (N') hyperbolic. We may assume that dim(/N) > 2, otherwise we deal
with the well-known case of T2. The fundamental group of M fits into the central
extension (see [4; 8])

1 - C(mri(M)) - m (M) 2 71 (N) — 1,

Algebraic & Geometric Topology, Volume 23 (2023)
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where C(71(M)) = Z. (Note that C(;r1(N)) = 1 because m1(N) is torsion-free
nonelementary hyperbolic.)

It is easy to observe that every finite covering of M is of the same type. More precisely:

Lemma 3.2 [22, Lemma 4.6] Every finite cover M 2, M is a circle bundle M = N,
where N £> N is a finite covering.

In particular, p is a generalized bundle map covering p and the (infinite cyclic) center
of 71 (M) is mapped under py into the center of 71 (M).

3.3 Reduction to fiberwise covering maps

Now, let f: M — M be a map of nonzero degree. We observe that f is homotopic to
a fiberwise covering map:

Proposition 3.3 The map f is homotopic to a fiberwise covering where the induced
map fg1:S! — S! has degree +deg( f).

Proof Consider the composite map 7 o f: M — N and the induced homomorphism
(wo flx:m(M) — w1 (N).

Since the center of 71 (N) is trivial, we derive, after lifting f to a 7j—surjective map
f:M — M (where M £> M corresponds to f(r1(M))), that the center of 71 (M)
is mapped under (7 o f). to the trivial element of 71 (N); see Lemma 3.2 and the
lines above that. Thus f factors, up to homotopy, through a self-map g: N — N, ie
mo f = gom (up to homotopy).

Clearly deg(g) # 0, otherwise f would factor through the degree-zero map from
the pullback bundle of g along 7 to M, which is impossible because deg( f) # O.
Now, Proposition 3.1 implies that g is a homotopy equivalence of N (in particular
deg(g) = £1). Hence, the induced map fg1 on the S! fiber is homotopic to a self-
covering of degree

deg(fs1) = +deg(f). 0

Since every map of degree +1 is wj—surjective, every self-map of M of degree £1
is a homotopy equivalence, thus answering Problem 1.1 in the affirmative. More
interestingly, the above proposition gives the following strong affirmative answer to
Problem 1.2 (see Remark 2.2):
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Corollary 3.4 Let M be an oriented circle bundle over a closed oriented aspherical
manifold N with hyperbolic fundamental group and dim(N) # 3, 4. Every self-map
of M of nonzero degree is either homotopic to a homeomorphism or homotopic to a
nontrivial covering.
Consider now the iterates

fmM—-M, m>1.
By Proposition 3.3, each f is homotopic to a fiberwise covering of degree

(deg(/)™ = [ (M): f;" (r1(M))].

That is, for each m, the homomorphism

S mi(M) — (M)
maps every element x € C(wr1(M)) =7 = (z) to x*+4ee(f™) e C(ry(M)) and induces

an isomorphism on 71 (N) = m«(7r1(M)). In particular, when deg( f) > 1, we obtain:

Corollary 3.5 If f: M — M has degree greater than one, then there is a purely
decreasing infinite sequence of subgroups of w1 (M) given by

2 M) 2 felr (M) 22 fINmM)) 2 [ (M) 2.

4 Distinguishing between trivial and nontrivial bundles

Now we show that the existence of sequence (2) implies that 771 (M) has a finite-index
subgroup which is isomorphic to a direct product, and thus M is virtually trivial. To this
end, we construct a presentation of 711 (M) by a product of two infinite-index subgroups.

4.1 Groups infinite-index presentable by products

An infinite group I is said to be infinite-index presentable by products or IIPP if
there exist two infinite subgroups I'1, I3 C I' that commute elementwise, such that
[T : T;] = oo for both I; and the multiplication homomorphism

Nx—->T
surjects onto a finite-index subgroup of I'.

The notion of IIPP groups was introduced in [22] in the study of maps of nonzero degree
from direct products to aspherical manifolds with nontrivial center. The concept of
groups presentable by products (ie without the constraint on the index) was introduced
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in [15]. It is clear that when I" is a reducible group, that is, virtually a product of
two infinite groups, then I' is IIPP. Thus, a natural problem is to determine when
these two properties are equivalent. In general they are not equivalent, as shown in
[22, Section 8], however, equivalence is achieved under certain assumptions:

Theorem 4.1 [22, Theorem D] Suppose I fits into a central extension
l1-CIT)—>T—->T/C()—1,

where I'/C(T") is not presentable by products. Then T" is IIPP if and only if it is
reducible.

The following theorem characterizes aspherical circle bundles when the fundamental
group of the base is not presentable by products:

Theorem 4.2 [22, Theorem C] Let M % N be a circle bundle over a closed aspheri-
cal manifold N whose fundamental group 71 (N) is not presentable by products. Then
the following are equivalent:
(i) M admits a map of nonzero degree from a direct product.
(i) M is finitely covered by a product S' x N for some finite cover N — N.
(iii) (M) is reducible.
(iv) m (M) is IIPP.

Since nonelementary hyperbolic groups are not presentable by products [15], each
circle bundle M over a closed aspherical manifold N with 771 (V) hyperbolic fulfills
the assumptions of Theorems 4.1 and 4.2. Using this, we will be able to deduce that
M is virtually trivial. Furthermore, our presentation by products for 71 (M) will have
trivial kernel; see Remark 4.3.

4.2 An infinite-index presentation by products

Under the assumption of the existence of /" : M — M with deg( f™) = (deg(f))" > 1
for all m > 1, and thus of sequence (2), we consider the subgroup of 71 (M) defined by

G =) " (M)).

First, we observe the general fact (ie without using the specific forms of the £, (1 (M)))
that G has infinite index in 771 (M ). Suppose, to the contrary, that [7; (M) : G] < oo.

Then since
[T (M) : f" (r1(M))] < [71(M) : G]

Algebraic & Geometric Topology, Volume 23 (2023)
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for all m, and 7r1 (M) contains only finitely many subgroups of a fixed index, we deduce
that there exists n such that f* (w1 (M)) = f*k (1(M)) for all k > n. This is, however,
impossible by Corollary 3.5. Now we will show that 7r1 (M) admits a presentation by
the product C(;r1(M)) x G. Let

3) ¢: C(m1 (M) x G — (M)

be the multiplication map. Since each element of C(;r1(M)) commutes with every
element of G, we deduce that ¢ is in fact a well-defined homomorphism.

We claim that ¢ surjects onto a finite-index subgroup of 71 (M), ie that C(71(M))G
has finite index in 711 (M'). To this end, we will use the specific description of /™ and
S (M)). In Section 3.3 we saw that, for every m, the composite f™ is a fiberwise
covering of degree deg( /™) on the fibers that induces an isomorphism on 7 (), and
even more it induces a homotopy equivalence of N. In particular, for every m > 1, we
obtain a short exact sequence

1 — (292" 5 £ (0 (M) — 711 (N) — 1,

where 771 (Npm) = 71 (N). Hence, 1 (M) / " (1 (M) = Z/deg(f)™Z for all m = 1,
and so 71(M)/G = Z. Thus, we obtain a short exact sequence (induced by ),

1 > (C(m1(M))G)/G = 11(M)/G &= 71 (N)/7+(G) — 1.

Since (C(w1(M))G)/G = Z, we conclude that 7(G) is a finite-index subgroup
of T 1 (N )

Now let x e m1(M). If x =25 € C(11(M)) = (z), then p(x, 1) = x. If x ¢ C(r1(M)),
then 77 (x) is not trivial in 771 (N) and so there exists # > 0 such that 7« (x") € 74(G),
that is 7« (x") = 74 (g) for some g € G. Thus x’ = z%g for some a € Z, and so
¢(z?, g) = x'. We conclude that ¢(C(71(M)) x G) = C(7r1(M))G has finite index
in 1 (M)

Since moreover C (1 (M)) and G have infinite index in 71 (M), we conclude that the
presentation given in (3) is an infinite-index presentation by products. Theorem 4.2
implies that 771 (M) is reducible and M is virtually a trivial circle bundle.

This finishes the proof of Theorem 1.3.
Remark 4.3 The kernel of ¢ must be trivial because it is isomorphic to C(;r1(M))NG,
which is trivial. Thus C(7r1(M))G is isomorphic to the fundamental group of a trivial

circle bundle that covers M. In particular, the property of 71 (/N) that is not presentable
by products was not necessary for our proof.
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An alternative way to see that C(;r1(M)) N G is trivial is to observe that
[C(m1(M)) : C(m1(M)) NG = [11(M) : G] = oo.

Together with the fact that C (1 (M)) = Z, we conclude that C(;r1(M)) N G is trivial.
The proof of Corollary 2.1 is now straightforward:

Proof of Corollary 2.1 Let M be a circle bundle over a closed oriented aspherical
manifold N with 71 (N) hyperbolic and f: M — M be a map of nonzero degree. As
we have seen in Section 3.3, if deg( f) = £1 then f is a homotopy equivalence, and if
deg(f) # 1 then f is homotopic to a nontrivial fiberwise covering (and to a nontrivial
covering when dim(N) # 3, 4; see Remark 2.2). In the latter case, Theorem 1.3 implies
moreover that M is virtually S x N for some finite covering N — N. a

Remark 4.4 When M has torsion Euler class e € H?(N ), we have seen in Example 1.4
that M admits a self-map f of degree greater than one. Recall that a product finite
covering S! x N — M is obtained by pulling back M Z> N along the finite covering
N — N that corresponds to the finite-index subgroup

H :=ker(r (N) 2 Hy(N) ZZs Tor H{(N)) € 71 (N),

where h denotes the Hurewicz map and 7 is the projection to the torsion of Hy (V).
(Note that e lies in Tor H1 (M) by the universal coefficient theorem.) The groups H
and . (G) are commensurable in 1 (N ) because

[74(G) e (G)NH] < [my(N): H] < 00
and
[H:7x(G)NH] < [m1(N):74(G)] < o0.

5 The Hopf property and strong version of Hopf’s problem

In this section we discuss the Hopf property for circle bundles over aspherical manifolds
with hyperbolic fundamental groups and Problem 1.2 more generally.

5.1 The Hopf property

First, we show that the fundamental groups of circle bundles over aspherical manifolds
with hyperbolic fundamental groups are Hopfian:
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| —— C(m(M)) —— 11 (M) = 71 (N) —— 1

lfﬁlcm (M)) ltﬁ lq&

| —— C(m(M)) —— 11 (M) = 71 (N) —— 1

Figure 1: The Hopf property for 71 (M).

Proposition 5.1 If M is a circle bundle over a closed oriented aspherical manifold with
hyperbolic fundamental group, then every finite-index subgroup of w1(M) is Hopfian.

Proof Let M Z N be a circle bundle where N is a closed oriented aspherical manifold
with 71 (N) hyperbolic. (As before, we can assume that 7r; (N) is not cyclic.) Since
every finite covering of M is of the same type (see Lemma 3.2), it suffices to show
that 71 (M) is Hopfian.

Let ¢: m1 (M) — m1(M) be a surjective homomorphism. Then ¢ (C(w;(M))) €
C(m1(M)), and so the composite homomorphism 74 o ¢: w1 (M) — 71 (N) maps
C(m1(M)) to the trivial element of 71 (N). In particular, there exists a surjective
homomorphism ¢: 1(N) — 1(N) such that ¢ o w4« = 74 0 ¢. Now, ¢ is injective
as well (and so an isomorphism), because 71 (N) is Hopfian, being hyperbolic and
torsion-free [19; 27]. Then, again using the surjectivity of ¢, we deduce that

Ple ) Cm1(M)) — C(m1(M))

is also surjective. Since C(mr1(M)) = Z is Hopfian, we conclude that ¢ |c(x, (ar)) is in
fact an isomorphism. Then the five lemma for the commutative diagram in Figure 1
implies that ¢ is an isomorphism as well. |

In this way, we obtain also an alternative proof of the fact that every self-map of M of
degree %1 is a homotopy equivalence. Of course, the above group-theoretic argument
uses the same line of argument as the proof of Proposition 3.3, with the difference that
it starts with a stronger assumption, namely that ¢ is surjective.

5.2 Infinite decreasing sequences and Problem 1.2

The fact that every finite-index subgroup of the fundamental group of a circle bundle
over an aspherical manifold N with hyperbolic 1 (N) has the Hopf property is actually
conjectured to be true for all aspherical manifolds. Not only would this immediately
verify Problem 1.1 for every aspherical manifold, it also gives evidence for an affirmative
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answer to Problem 1.2. Namely, let f: M — M be a map of degree deg(f) > 1 and
suppose that every finite-index subgroup of 71 (M) is Hopfian. Then, as in the case of
nontrivial coverings, there is a purely decreasing infinite sequence

w1 (M) 2 fu(mi(M)) 2+ 2 f (i (M) 2 £ (ri (M) 2.

The proof of this claim can be found along the lines of the proof of Theorem 14.40
of [17], but let us give the details for completeness: Suppose to the contrary that there
is some n such that £ (xy(M)) = f¥(x(M)) for all k > n. Let M,, 22> M be the
finite covering of M corresponding to f(ry(M)) and denote by f7: M — M, the
lift of £, which induces a surjection on 7y. Since f'(mw1(M)) = f2" (w1 (M)), we
deduce that the composite map f" o p,: M,, — M,, induces a surjection

(f7 0 pn)s: w1 (My) — 11 (My).

Since 71 (M,) is Hopfian, we deduce that (f” o p,)« is an isomorphism, and so a
homotopy equivalence, because M, is aspherical. In particular,

deg(f™),deg(pn) € {1},

which leads to the absurd conclusion that deg( f) = +1.
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The mod 2 cohomology of the infinite families of
Coxeter groups of type B and D as almost-Hopf rings

LORENZO GUERRA

We describe a Hopf ring structure on the direct sum of the cohomology groups
D=0 H* (W, ;F2) of the Coxeter groups of type Wp,,, and an almost-Hopf ring
structure on the direct sum of the cohomology groups @nzo H*(Wp,,; F») of the
Coxeter groups of type Wp,, with coefficients in the field with two elements .
We give presentations with generators and relations, determine additive bases and
compute the Steenrod algebra action. The generators are described both in terms of a
geometric construction by De Concini and Salvetti and their restriction to elementary
abelian 2—subgroups.

20F55, 20J06; 20J05

1 Introduction

The Coxeter groups of type Wp, and Wp, are two infinite families of finite reflection
groups. Coxeter groups are traditionally described via Coxeter diagrams, ie graphs
in which each edge e has a weight m, > 3. Given such an object, the associated
Coxeter group has a generator s, for every vertex v, with relations of the form s2 = 1,
(5ySw)™e = 1 for every edge e = (v, w), and (sySy)? = 1 if v and w are not connected
by an edge. For an exhaustive introduction to the geometry and topology of these
groups we refer to Davis’s book [3]. The reflection groups of type Wg, and Wp, are
the finite Coxeter groups associated with the Coxeter diagrams in Figure 1.

The goal of this paper is to provide an effective description of the mod 2 cohomology
of these groups. Other authors have previously computed these cohomology groups.
Most notably, Swenson, in his thesis [18], adapted techniques used by Hu’ng [12] and
Feshbach [5], stemming from the analysis of the restriction maps to elementary abelian
2—subgroups, to compute generators and relations for the mod 2 cohomology algebra
of a finite reflection group. However, his presentation is involved and intrinsically
recursive. Borrowing ideas from Giusti, Salvatore and Sinha [7; 9], we exploit additional

© 2023 MSP (Mathematical Sciences Publishers). Distributed under the Creative Commons Attribution
License 4.0 (CC BY). Open Access made possible by subscribing institutions via Subscribe to Open.
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Figure 1: Diagrams of type D, (left) and B, (right).

structures to provide a simpler description of the cup product. Our approach also has
the advantage of being more easily readable from the well-known chain-level geometric
and combinatorial description of a resolution for Coxeter groups by De Concini and
Salvetti [4].

The sequences of Coxeter groups of type B and D have standard embeddings

Wg, x Wg,, — Wp Wp, xWp,, = Wp

n+m

n+m?

that are, in a certain sense, compatible. The homomorphisms induced by these maps on
mod 2 cohomology define a coproduct A. The cohomology transfer maps associated
with them determine a product ©. There is also a canonical embedding of Wp,, into Wp,
as an index-2 subgroup, which induces an involution ¢: H*(Wp, ; F2) — H*(Wp,,; F2).

In the B case, the resulting structure is modeled on that of the symmetric groups, the
Coxeter groups of type A, as described by Giusti, Salvatore and Sinha [7] (mod 2)
and by the author [10] (modulo odd primes). Together with the usual cup product -,
these maps form a ring in the category of Fp—coalgebras, ie a Hopf ring over F». More
explicitly, given a ring R, a (graded) Hopf ring over R is a graded R—module with a
coproduct A and two products, ® and -, such that

e (A, A,©®) is a Hopf algebra, with an antipode S’;

e (A, A,-)is abialgebras over R;

o ifx,y,zeAdand A(x) =), x; ® x/, then the distributivity formula
X (y©2) =Y (~D)*EN I (] y) 0 (] 2)

1

holds.

In the D case, A, ® and - satisfy the last two axioms in the definition of a Hopf ring,
and A and - form a bialgebra. However, as we will explain later, A and ® do not form
a bialgebra. We call this weaker structure an almost-Hopf ring over . Due to this
fact, the study of the cohomology of Wp, , with the cup product, the transfer product,
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and the coproduct, is more complicated. The reader will find similarities between the
cohomology of Wp, and that of the alternating groups, as described by Giusti and
Sinha [9]. Such structures stem from the seminal work of Strickland and Turner [17],
in which the authors discovered a Hopf ring structure on the cohomology of symmetric
groups, even with generalized cohomology theories.

The main results of this paper are Theorems 5.9 and 5.15, stated in Section 5.2, con-
sisting of a presentation in terms of generators and relations of the mod 2 cohomology
of the Coxeter groups of type B, as a Hopf ring and of type D, as an almost-Hopf
ring respectively. We provide here self-contained statements for clarity and reference.

Theorem 5.9 (main theorem for type B) The Hopfring P,,»o H*(Ws,,;F2) over
IF> admits a presentation with two families of generators, yi , € H n(2*-1) (Wank ;)
for k> 0andn >0, and 8§, € H"(Wp, ;) for n > 0, and the following relations:

o AWkm) = it j=m Vki ®Vk,j

* Yen OV = (""" Vkntms

* AGn) =2 kt1=n Sk 615

¢ 6, 08m=("T")8ntm:

e the cup product, -, of classes in different components is 0;

* Yo,n is the -—unit of H*(Wp, ;F2).

The generators are explicitly characterized, both combinatorially at the cochain level
(see Definition 5.1) and geometrically, as suitable Thom classes (see Proposition 5.3).
The classes yi , and the relations among them arise from the presentation of the mod 2
cohomology of the symmetric groups as a Hopf ring. The only new generators are &,
and their behavior is governed by the third and fourth relations above.

The almost-Hopf ring constructed from the cohomology rings of the Coxeter groups
of type D is more complicated. The relations are intricate, and the behavior of gen-
erators is more easily understood with the aid of a “polarized” basis B+ LI B~ LI B°
(see Proposition 5.22). For instance, the bialgebra axiom for ® and A is replaced
with a different compatibility identity involving the projection p™ onto the addend
(Span(B*) ® 45°) @ (Span(B°) ® Span(B+) ® A5?):

AXOY)=0O0)(pT)(AKX)®A(y)) forall x,y,

where t is the transposition of the second and third factors. Nevertheless, this surrogate
axiom can be expressed directly in terms of the generators, without explicit reference
to the additive basis (see Proposition 5.14).
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The main presentation theorem in this regard is the following.

Theorem 5.15 (main theorem for type D) The almost-Hopf ring structure over [
of @nzo H*(Wp,;F2) extends uniquely to a graded almost-Hopf ring structure with
components on the Fo—vector space Fo1T @ Fy1~ @ Ean 1 H*(Wp,,; F2) such that
e ITo_=id170o_=¢1T-1T=1T17-1"=1",and 1T-17 =0;
« AH) =11 +1" 017,
e A =1TQ@x+1"®1(x) + A(x) +1(x) ® 1~ + x ® 1T for all x in
D1 H*(Wp,; F2), where A is the reduced coproduct in Do H*(Wp,; F2).

This almost-Hopf ring admits a presentation with two families of generators,

y,::n € H"(Zk_l)(WDnzk;IFz) for k,n >0,
Sp.m € H" (W, F2) for n # 1 and m > 0,
together with 1~. The compatibility identity above and the following list of equalities
provide a complete set of relations, where 17 is the ©—unit:
e 1701 =17, 1"-1"=17,17. 1" =0,and A7) =1 @ 1"+ 1" ®1T;
o AL =Y evt T oyt e oy, )):;
o AGY.m) =i Z}nzo 8?:‘/ ® 82—i:m—j;
P APOY AR (ajz_b)ylia+b and 8., ©17 = 8.,

e bOb =0if b and b’ are cup products of generators of the form §°

nm’
. y,j'n-(l_Qy,j'm)=0foralln,m,k2landh22;

. yl""m.(l_@yl""m) = (yl":m_l)2®8g:0 forallm > 1;

e the cup product, -, of generators belonging to different components is 0;
o 88:m is the -—product unit of the m'™™ component;

. 82:m-y]j,,+m 282.0-)/,:"L®y,jﬂ forallk >0andm,n >0 withn # 1.
ok : *ok *ok

In this case, too, the generators are explicitly described (see Definitions 5.4 and 5.5).

The relations are spread out in a few lemmas to prove the identities concerning coproduct,
transfer product, and cup product separately. Building on these core theorems, we also
describe convenient additive bases for the cohomology of these groups, with a graphical
description via skyline diagrams similar to that obtained for the symmetric group in [7],
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and compute the Steenrod algebra action. Our formulation of the cohomology of Wpg,
and Wp, yields without additional effort many features of these cohomology algebras.
For instance, Hepworth’s homological stability results [11] in these particular cases
follow directly.

We obtain our presentation via three technical tools. First, we exploit De Concini and
Salvetti’s geometric combinatorial model to realize such (almost) Hopf rings structures
at the cochain level. Specializing their construction to the families of groups of our
interest, we observe that a resolution for Wp, is obtained from the symmetrized version
of the planar level trees used by Giusti and Sinha [9] for the symmetric groups. The
cohomology of Wp, is governed by an oriented version of these objects. We describe
cochain representatives of the structural maps in detail. Our treatment follows the paper
cited above closely. However, we note that while the transfer product is realized very
similarly to the X, case, coproducts are more complicated and require the combinatorial
operation of “pruning” symmetric planar level trees. This cochain-level description
allows us to quickly retrieve some of our relations and give a more geometric flavor
to our generating classes. For instance, they can be interpreted as Thom classes in a
suitable sense.

Second, we use the existence of well-behaved maps between W, , Wp, and X,. These
homomorphisms preserve parts of our structures. Therefore, we exploit them to build
our presentations on the known result for the cohomology of the symmetric groups.
We provide a cochain-level description of these morphisms, and we determine both
their action on generators and their relations to the coproduct and transfer product.

Third, we reconcile with Swenson’s approach, and we investigate restrictions to ele-
mentary abelian 2—subgroups. The mod 2 cohomology of finite reflection groups is
known to be detected by this family of subgroups. We effectively compute the action
of these restriction maps on our additive bases. The multiplicative structure on the
cohomology of (the invariant subalgebras of) such subgroups is known. Thus, these
calculations allow us to deduce cup product relations that would be otherwise difficult
to obtain.

We organize the paper as follows. After describing the structures on the cohomology
of W, and Wp, in Section 2, we devote the following two sections to developing
our geometric tools. In Section 3, we review De Concini and Salvetti’s construction,
and we specialize it to Wp, and Wp,. In Section 4, we investigate the combinatorics
of pruning operations, and we retrieve cochain-level representatives of our structural
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and connecting homomorphisms. Section 5 is devoted to our main theorems. We
define generators and we discuss relations between them. In this context, we also
deduce from our presentation additive bases, and we discuss the relations between
the cohomology of Coxeter groups of type A, B and C. We postpone the proofs of
the presentation theorem and some cup product relations. In Section 6, we turn our
attention to the restriction to elementary abelian 2—subgroups. We review relevant
results from Swenson’s thesis, compute restriction maps, and use them to complete the
proof of our cup-product relations. Section 7 is devoted to completing the proof of our
main theorems. In Section 8, we calculate the Steenrod algebra action.
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2 (Almost) Hopf ring structures for the cohomology of Wg,
and Wp_

We begin this paper by describing in detail how the desired algebraic structures on the
cohomology of Coxeter groups of type B and D are obtained. Throughout this paper,
we use several combinatorial descriptions of the groups Wg, and Wp, . We refer to
[2, Chapter 8] for a thorough treatment, and we recall below what we need for our
purposes.

With reference to Figure 1, we recall that there is an inclusion j,: Wp, — Wp,
defined by o — sos150 and #; = s; if i > 0. Wp, can be seen as the group of signed
permutation on n numbers, that is, the group of bijective functions f from the set
{—n,...,—1,1,...,n} into itself that satisfy f(—i) = —f(i) for every 1 <i < n.
Hence Wpg, is naturally a subgroup of X»,, the symmetric group on 2n objects. The
image of j, is Wp, N Alt(2n), the intersection of Wp, with the alternating group
Alt(2n), the subgroup of even permutations in X,,. Note that X, can be identified
with the parabolic subgroup of Wp, generated by s1,...,s,—1, corresponding to the
signed permutations on {—n,...,n} that preserve signs. There is also a standard
projection Wg, — X,, of which the previous inclusion is a section, whose kernel is
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the normal subgroup generated by sg. We observe that this provides an isomorphism
between Wpg, and the wreath product 5 ¢ X5, a semidirect product of 7} and Xj,.
Therefore, the inclusions ¥, x ¥, — 3,4, extend naturally to monomorphisms
Wp,, x Wa,, — Wa,,,.. These inclusions are associative and commutative up to
conjugation.

Let Agp = @nzo H*(Wpg,,; F2). We define a coproduct A and two products, - and O,
on Ap in the following way:

e A is induced by the obvious monomorphisms Wg, x Wg, — Wp

n+m 5
¢ (© is induced by the cohomology transfer maps associated with these inclusions;
¢ . is the usual cup product.

Due to the associativity and the commutativity of the natural inclusions, these morphisms

define an almost-Hopf ring structure. This is a general fact, as noticed in [9]. In this
case, however, Ap is a full Hopf ring.

Proposition 2.1 Ap, with these structural morphisms, is a Hopf ring.

Proof The almost-Hopf ring axioms hold by [9, Theorem 2.3]. It remains only to
prove that (Ap, A, ©) forms a bialgebra. This claim follows from the fact— compare
with [7, Section 3] — that this diagram is a pullback of finite coverings for all n,m € N,

E(WBn+m) |_|7Tp+1,r+s E(WBn—i-m)
I_|P+q=n W W
r+s=m WB,xWp,xWp xWpg, Wg, xWp,,
U ”p+rAq+sl lﬂn.m
I_l E(WBn+m) E(WBn+m)
k+l=n+m WBk % WB; Ll 7k WBn+m
where 7 indicates the projections. |

We remark that, since Ap with A and © is a conilpotent bialgebra, the existence of the
antipode comes for free. This antipodal morphism does not play a role in our treatment;
thus, we will not discuss it further.

Similarly, we can construct an additional almost-Hopf ring structure on the cohomology
of the Coxeter groups of type Dj,. Indeed, on the direct sum Ap =P, H*(Wp,,;: F2),
we can define a coproduct A and two products ® and - as done for A 1; . However, these
do not make Ap a full Hopf ring because, as we will see later, (Ap, A, ®) fails to be
a bialgebra.
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With essentially the same proof used for Ap, we can prove the following easy proposi-
tion, which follows again from [9, Theorem 2.3].

Proposition 2.2 Ap, with the coproduct and the two products defined before, is an
almost-Hopf ring over F5.

As we remarked in the introduction, there is a similar result for the mod 2 cohomology
of the symmetric groups, obtained by Giusti, Salvatore and Sinha in [7]. We recall
their statement here because we will build our computations upon it.

Theorem 2.3 [7, Theorems 1.2 and 3.2] Ay = @,,~o H*(Xn;F2), together with a
coproduct A: Ay — Ax ® Ay induced by the obvious inclusions YuXZm—> Zpm, a
product ©: Ay ® Ay, — Ay, given by the transter maps associated with these inclusions,
and a second product -: Ay ® Ay, — Ay defined as the usual cup product, is a Hopf
ring over .

Ay, is generated, as a Hopf ring, by classes yy , € H"C*=D(% . F,) for k >0 and
n > 1. The coproduct of these classes is given by the formula

n
AWkn) =D Vid ® Vien—1-
1=0

the cup product of generators belonging to different components is 0, and

n+m

n )Vk,n-i—m-

Vien © Vieom = (

There are no more relations between these classes.

The unit of the algebra H*(X,; F2) under the cup product is yo , € H°(Z,:F,). For
this reason, we will often denote it with the symbol 1, throughout the paper.

3 Review of a geometric construction of De Concini and

Salvetti and Fox—Neuwirth type cell structures

3.1 De Concini and Salvetti resolution

In this section, we recall a geometric construction introduced by De Concini and
Salvetti in [4], which we will require to describe the generators of the Hopf ring under
consideration.
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Given a finite reflection group G < Gl, (R), there is a natural hyperplane arrangement
Ag in R”" associated with G, whose hyperplanes are the fixed points sets of reflections
in G. The choice of a fundamental chamber Cy of Ag gives rise to a Coxeter presenta-
tion (G, S) for G, whose set of generators S is composed by reflections with respect
to hyperplanes that are supports of a face of Cy. Every finite Coxeter group arises this
way.

For any F C R", we can define
Arp={H e Ag: F C H}.

AF gives rise to a stratification ®(Afr) of R”, in which the strata are the connected
components of sets of the form L\ Jge 4 r.HpL H, where L is the intersection of
some of the hyperplanes of Ar. Let R be the direct limit of R” under the inclusions
R™ < R™ x {0} € R™*!. For all m € N U {oo}, there is a stratification ®,, (different
from the product stratification) of the topological space,
yJP=R"®@R"\ | J (HeR™=@®"H"\ |J H™
HeAg HeAg

The strata in ®,, are defined as sets of the form Fy x---x Fy x---, with Fy € ®(Af,_,)
for k > 1. Here we put, by convention, Fy = {0}. In what follows, if there is no
ambiguity, we will use the simpler notations Y™ and Y to indicate Yém) and Y, G(OO)
respectively.

De Concini and Salvetti construct a regular G—equivariant CW—complex X C Y that
is “dual” to the stratification @, in the sense that for every stratum F € Py, of
codimension d, there exist a unique d—dimensional cell in X that intersects F, and
they intersect transversally in a single point. For m < oo, the intersection X m) of X
with Y is a subcomplex of X whose cells are dual to strata in ®,. This construction
is done equivariantly, in the sense that for every stratum F € ®, and every g € G,
if ¢: D? — X is the cell dual to F in X, then (g._)oep: D? — X is the cell dual
to g.F. The authors then show that X is a G—equivariant strong deformation retract
of Y. Since Y is contractible and G—free, the quotient X /G is a cellular model for the
classifying space B(G) and the cellular chain complex C¢ = CSWV(X) is a Z[G]—free
resolution of Z.

The strata of ®,, have a more compact combinatorial description in terms of the
Coxeter presentation. For every s € S generating reflection for G, we let Hg be the
hyperplane fixed by s. Hy divides the space R” into two semispaces, H;™ and H; .
We let H, be the semispace that contains the chosen fundamental chamber Cy. To a
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flagL=(S 21 D215 D--- DI} = @) of subsets of S we can associate a stratum F
of & such that x = (x1, ..., x,) € (R®)" belongs to F if and only if

((xl)r,---,(xn)r)EHs ifSEFr,
((X1)rseeos (Xn)p) € HY if s €T \ T

is satisfied for every s € S and every r > 1. Thus, to a couple (I, g), where I is a
flag as before and g € G, we can associate the stratum g.F obtained from the above F
by applying g. This construction yields an algebraic-combinatorial description of the
cellular chain complex of X. The main theorem of De Concini and Salvetti’s paper is
the following.

Theorem 3.1 [4, Section 3] Let (G, S) be a finite Coxeter group, and consider the
set

{C,y)|lyeG,I'=012L2:-2I2:-), N €8, I} =@ for some k}.

The function described above is a bijection between this set and the set of strata in
& (and thus, by duality, with the set of cells in X). The codimension of the stratum
(and the dimension of the corresponding dual cell) associated with (I, y) is equal to
Y 721 IT}|, and the action of an element g € G on strata and cells corresponds to the
function (I', y) — (T, gy).

Let ¢(L, y) be the cell dual to the stratum corresponding to (I, y). The boundary
homomorphism in CSW(X) is given by the formula

de(T.)=>Y" Yoo eI yp),

i>1tel; ﬂGWIEi\{r}
BT, 11 ST\ (1}
where « is an integer number easily computed in terms of T, i, t, f3, F]é = [} for
k<i,I/=T\{r}and T =B I} B if k >i,and W], for T' C T C S is the set of

minimal length coset representatives for the parabolic subgroup Wy, in Wr.

We remark that in the case of Coxeter groups of type B or D, minimal coset repre-

sentatives are explicitly known. For a complete description, we refer, for instance,
to [14].

3.2 Alexander duality and Fox-Neuwirth complexes

We recall an alternative description of C f . This description has been exposed in [8],
where it is investigated in much detail in the A, case. As observed in that paper, for

Algebraic & Geometric Topology, Volume 23 (2023)



The mod 2 cohomology of the infinite families of Coxeter groups of type B and D 3231

every 1 <m < oo, the strata of ®,, are the interiors of cells in a G—equivariant cell
structure on the Alexandroff compactification (¥ ™)+ =y ") U {0},

Denote its augmented (G—equivariant) cellular chain complex with the symbol IET\IS
Its cells are the closures e(F) of strata F' € ®,, (together with the basepoint {*}) and,
from the construction of X ™ as a CW-—complex dual to ®,, —details in [4] —e(F)
is contained in the boundary of e(F”’) if and only if the cell of X dual to F contains
the cell dual to F’ in its boundary. This fact implies that the complex ﬁN'g is, up to
a shift of degrees, the dual of CSW (X ™), at least modulo 2 (in general, there are
differences in some signs due to orientations). Explicitly, the closure in IET\/I'g of a
stratum of dimension d correspond to the dual of a chain in CSW (X @) of dimension
nm — d. In the remaining sections of this paper, we will always implicitly assume this
shift, and we will grade 15\1\/12 to match the corresponding dimension of the dual cell.

In particular, 1’31\\/1’6’ calculates the cohomology of ¥ ) and is therefore acyclic up to
dimension nm — 2. Alternatively, we can see this, as explained in [8], by observing
that the Atiyah duality theorem implies that the Spanier dual of ¥ ™) is (Y ™)+,

Passing to the limit for m — oo, we obtain an acyclic Fo—complex ﬁVG ® F5, dual to
CEV(X) ® I, for which a basis {e(S)}sea,, is parametrized by strata in ®oo. The
degree of e(S) as a cochain of X is equal to the codimension of F'. This is an equivariant
cochain model for £(G). In particular, the quotient FNg ®IF, = FNg / G ®IF, calculates
H*(G:F,). In the following, when we need to stress the Coxeter group G involved,
we will use the heavier notation ®, ¢ instead of Poo.

This description of the cochain complex FNg calculating the cohomology of G fits
particularly well with a chain-level interpretation of duality via intersection theory that
we will occasionally use in proofs and that we briefly recall here. Given a manifold X
and an immersion i : W — X of a codimension d manifold in X, we say that a smooth
singular chain in X is transverse to i if, for every simplex o: A¥ — X of the chain, o
is transverse on every face of A¥ and subface, in the sense of manifolds with corners.
It can be proved that the subcomplex consisting of chains that are transverse to i is
chain equivalent to the full one. To every d—dimensional singular simplex o : A — X
transverse to i we can associate the element tyy (o) € 5 given by the mod 2 cardinality
of 0~ (W). This procedure defines a cochain dual in the complex dual to the chain
complex of singular chains transverse to i. If i is a proper embedding, ty is a cocycle
and defines a cohomology class. The most important constructions in cohomology
can be understood geometrically using this model. In particular, if f:Y — X is
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transverse to i, then f#(ty) = Tr—1(w)- The reader will find a complete reference of
this approach to cohomology in [6].

In our particular context, each stratum S € ®, defines such a cochain tg. We
understand the coboundary of tg as 7y(s), so we can identify FN*,, at least modulo 2,
with the cochain complex spanned by tg for strata S € ®,. Suppose W C Y, éoo) isa
proper submanifold of codimension d obtained as a union of strata. In that case, its
associated cochain Ty is the sum of tg for strata S € W of minimal codimension, and
8(tw) = 0. If, in addition, the action of G preserves W, then, passing to the quotient,
its image W C Yéoo) /G defines a Thom class represented in FNg; by the sum of strata
contained in W. This construction is made precise in [7, Definition 4.6].

3.3 The special case of Coxeter groups of type B

We conclude this section by further investigating the cases of our interest G = Wp,
and, in the following subsection, G = Wp, . The strata of ®,, for the symmetric group
>, can be described in terms of leveled trees, as shown in [8] using ideas dating back
to Vassiliev [19]. A straightforward adaptation of these ideas shows that, in the case of
the Coxeter groups of type Bj,, we can describe them in terms of symmetric leveled
trees. This interpretation encodes geometrically and combinatorially the structure of
Wg,, as a wreath product of %, with a cyclic group of order 2. Below we provide the
precise definitions.

First, we observe that, since Wp, is generated by a set S = {so,...,sp—1} of n
fundamental reflections as described in Figure 1, the Fox—Neuwirth complex IE\IJ\I*WB
has a Z[Wp,]-basis {e(a)} indexed by n—tuples of nonnegative integer numbers
((10, ey an_l).

The reflection hyperplane arrangement associated with W, can be described as Ap, =
{Hij—“j}lf,-qf,, U {H)}, where

Hif/:{EERn|Xi=ixj}, HY ={xeR"|x; =0}.

Moreover, s can be identified with the reflection with respect to H {) and, for every i >0,
s; with the reflection with respect to H l.J; 41~ Thus the basis element corresponding to
a = (ap,...,an—1) is described as the stratum

e(@={(x1.....xx) €ER®)"|VI<i<n—-1,V1=<j <a;:(x); = (xi+1);,

(Dai+1 < (Xit1)a;+1. V1 <k <ag: (x1)k =0, (x1)ag+1 > 0}.
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Passing to the quotient by the action of Wg,, we see that FN*WB has a Z-basis
constituted by [ag :---:an—1] = [e(ao, ..., an—1)].

The differential on FN"I}VB is complicated, but it is combinatorially accessible via a
n
description of its basis in terms of trees.

Definition 3.2 A signed depth-ordering is a sequence of labeled inequalities of the
form I' = (0 <4y i1 <a, *** <a,_, in), Where iy € {—n,...,—1,1,...,n} for all
1 <k <n, and these indices have pairwise different absolute values. By convention,
we let ig = 0.

A planar level tree is a planarly embedded tree T satisfying the following conditions:
¢ it has a root vertex embedded in (0, 0) and all the other vertices having their
second coordinate (the “height”) equal to a positive integer;
¢ two edges connected by an edge have heights whose difference is 1;
¢ the height along the unique minimal path from the root to every leaf is always

increasing.

A planar level tree with labels in I is a couple (T, 1) defined as follows: T is a planar
level tree, and A is a bijective labeling of the leaves of 7" with elements of /.

A symmetric planar level tree is a planar level tree invariant under the reflection r along
the y—axis and having an odd number of leaves.

An antisymmetric planar level tree with labels in {—n, ..., n} is a labeled planar level
tree (7, A) with labels in {—n, ..., n} such that T is symmetric, and two leaves that
correspond to each other under the application of r have labels opposite to each other.

The antisymmetric planar level tree associated with a depth ordering I' is the antisym-
metric planar level tree T, unique up to isotopy, defined by the following properties:

¢ the labels of the leaves, from left to right, are —ij, ..., —i1,0,i1,...,ixn;
o the leaves labeled iy _1, ig, for 1 <k <n, are separated by a vertex of height ay,

but not by vertices of height less than ay.

Let k > 0. The k—symmetrization Sy (T) (resp. §k(T)) of a planar level tree T (with
labels in {1,...,n}) is a symmetric planar level tree S (resp. antisymmetric planar
level tree with labels in {—n,...,n}) obtained by the following procedure. Glue T
from the right to a vertical linear planar level tree lying into the y—axis up to height k.
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~L

Figure 2: An example of antisymmetric planar level tree with labels in [—3, 3].

Then, add the mirror image of such tree under r to obtain a symmetric planar level
tree (choosing the unique antisymmetric labeling that extends the labeling of 7" in the
labeled case).

There is a free action of Wp, on the set antisymmetric planar level trees with labels
in {—n,...,n} given by interpreting elements of Wp, as signed permutations and
permuting labels accordingly. We always assume that the edges of a level tree are
oriented so that there is a unique oriented path from the root vertex to each leaf.

Similarly to the symmetric group case, we have the following immediate proposition.

Proposition 3.3 The function I' — Tt is a bijection between the set of signed depth-
orderings with n labels and the set of isotopy classes of antisymmetric planar level
trees with labels in {—n, ..., n}. Furthermore, toI' = (0 <4, i1 <g, *** <a,_, In) IS
associated a stratum oe(a) € ®oo, Wy, » Where 0(k) = ix, a = (ao, . ..,an—1), and this
provides a Wg, —equivariant additive basis of I:“T\I*I,‘VBn labeled by signed depth-orderings
or, equivalently, by isotopy classes of antisymmetric planar level trees with labels in
{—n,....n}. Wp, acts on this basis by permuting labels. Consequently, an additive
basis for FN;VB” is given by symmetric planar level trees with 2n + 1 leaves.

An example of an antisymmetric planar level tree (7, 1), with labels in [3, 3], is given
in Figure 2. The associated signed depth-ordering is I' = (0 <; —2 <9 —3 <3 1) and
the corresponding stratum is oe([1, 0, 1]), where 6(1) = -2, 0(2) = -3 and 6 (3) = 1.

We observe that we can use Proposition 3.3 to reinterpret operations on (symmetric)
level trees in terms of n—tuples or (signed) depth-orderings. For instance, the k—
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symmetrization of trees provides a linear map Si: FNEn — FN’ISVB that we can
n
interpret as [ay :+--:ap—1|—>[k:ar1: - 1an—1].

We can now describe the differential in terms of this basis.

Definition 3.4 [8] Let (7, A) be a planar level tree. Let v be an internal vertex. Let
E(v) be the set of edges whose source vertex is v. The planar embedding of 7" induces
an order on E(v), defined from left to right. A vertex permutation of (7, 1) at v is
another planar level tree that is isomorphic to (7, A) as a labeled tree but with a different
planar embedding that differs from the original one only by the ordering on E (v).

Given a planar level tree (7, A) and an internal vertex v, let (e, ), withe < f, be a
couple of adjacent edges in E(v). Let u, and us be the targets of e and f', respectively.
Let o be a shuffle of the two sets E(u,) and E(uy). Let d,, £+ (T, 1) be the planar level
tree obtained by gluing together e and f, with common target #, and then applying the
vertex permutation that permutes the edges in £ (i) by o.

Recall that, in the A, case, the differential in FN* of the basis element corresponding
to a planar level tree with labels (7, A) is given by the sum over (v, 0) as above of
dy,o (T, A). Similarly, we have the following proposition, which essentially states that
a symmetrization of the previous construction gives the differential in the B, case.

Proposition 3.5 With the correspondence provided by Proposition 3.3, the differential
of the cochain complex IET\I*WB” ® 5 is given in terms of antisymmetric level trees
with labels d(T, 1) = Y (.. £.5) 2_(e'.f'.1) Qe. fiode’, g/« (T, A), where the sum is over
sextuples (e, f,0,€’, f', ) such that d, s,de f/(T, ) is again an antisymmetric
planar level tree. Equivalently, d(T, 1) is obtained by performing an operation d r.,
starting from a couple of adjacent vertices (e, f) lying into the positive half-plane
{(x,y) | x = 0}, and then perform the mirror operation on the mirror pair of adjacent
edges (¢’, f') in the negative half-plane. If we call such symmetric operation d 2 fo

d(T.0)= > ngﬁU(T,k),
(e.f) ©

where the sum is over couples (e, f) of adjacent edges in the positive half-plane and

we have that

shuffles o of the two sets of vertices incident to the target of e and f', respectively.

We can equivalently express this construction using planar level trees T with n + 1
leaves labeled by (—n,...,—1,0,1,...,n), with labels having pairwise different ab-
solute values, such that the leftmost leaf has label 0. We recover the corresponding
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antisymmetric level tree as follows. We choose a representative of the isotopy class of
(T, X) in which the entire oriented path from the root vertex to the label O lies on the
y—axis. Then we merge T with its mirror image along y with opposite labels. In this
case, the differential is given by contracting a couple of adjacent edges and shuffling.
When the result is a tree whose leftmost leaf is not labeled by 0, we replace the part of
the tree belonging to the negative half-plane {(x, y) | x < 0} with its mirror image in
the positive half-plane, with opposite labels, and shuffle the corresponding edges in all
possible ways.

3.4 The special case of Coxeter groups of type D

We now turn to the description of the complex FNW . Once again, since this Cox-
eter group has n fundamental reflections fg, ..., -1, a Z[Wp, ]-basis for FN* is
indexed by n—tuples of nonnegative integers a = (ag, ...,dn—1).

The inclusion j, : Wp, — Wp,, identifies the reflection arrangement associated to Wp,
with the subarrangement of Ay, composed by the hyperplanes H l.jfj, forl <i<j<n,
and t; = s; for 1 <i <n, while 7¢ is the reflection along H, ,. Thus the basis element
of FN*WD corresponding to a is described as the stratum

n

e(@)={(x1,....xp) e R®)" |V1<i<n—-1,1<j <a;:(xi); = (Xi+1)).
(Xi)a;+1 < (Xit1)a;+1. V1 <k Sao: (x2)k = —=(XxDk. (X2)ag+1 > —(X1)ag+1}-

Passing to the quotient by the action of Wp,, we see that FNy,  has a Z-basis
constituted by [ag :---:an—1] = [e(aop, ..., an—1)].

The complex FNW / Jjn(Wp,) also calculates the cohomology of Wp, . Therefore,
there is a cochain equlvalence Q: FNW — FN / Jn(Wp,) between the two reso-
lutions. In the subsequent section, we compute an explicit formula for ¢ that we will
use to perform cochain-level computation in the following sections. For instance, we
will prove the relations for coproduct of transfer products of Hopf ring generators by
mapping them to IE\I\JI* / Jn(Wp, ), where their expressions are Closer to the B, case.
As a notational conventlon we denote this cochain complex by FN'} W, -

First, we observe that [Wpg, : j,(Wp,)] = 2; thus j,(Wp,) is a normal subgroup
of Wp,,. The two cosets of j,(Wp, ) in Wp, are represented by the identity and sq, the
only fundamental reflection of Wp, that is not contained in j,(Wp, ). Thus, given a
Z[Wpg,,]-basis B for IEN*WBn , the classes of x and s¢.x, where x € B, provide a Z-basis
for FN’ *WDn' Let B be the basis defined above in terms of n—tuples or equivalently
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of symmetric planar level trees, parametrized by n—tuples of nonnegative integers
a=(ag,...,an—1). We denote by [ag:---:a,—1]" and [ag:---:an—1]” the cochains
in FN' >VkVD,, arising from the basis element corresponding to a and soa.

The complex FN’ };,Dn also has a description in terms of trees.

Definition 3.6 Let 7 be a symmetric planar level tree with 2n + 1 leaves. An orien-
tation of T is the choice of an element of L/~, where L is the set of antisymmetric
labelings of T with labels in {—n, ...,n}, and ~ is the equivalence relation defined by

A~LA & M=o forsome o< Alt(2n+1).

An oriented symmetric planar level tree is a couple (T, O), where T is a symmetric
planar level tree and O is an orientation of 7.

Note that if two antisymmetric labelings of a symmetric planar level tree T differ by
a permutation o € X¢_, 1, then o must fix 0 and act as a signed permutation on
{—n,...,—1,1,...,n}. Hence, an orientation of T is the choice of an antisymmetric
labeling up to the action of j,(Wp, ). Since the index [Wp, : j»(Wp, )] is 2, there are
two possible orientations for a symmetric planar level tree 7', determined by the parity
of the number of negative labels of leaves in the positive half-plane. In particular, we
can identify an orientation O with a sign 4 or —, corresponding to labelings with an
even or odd number of positively labeled leaves in the positive half-plane, respectively.

Moreover, from the fact that Alt(2n + 1) is normal in X551, it follows that if 7" is a
symmetric planar level tree, A is a labeling of 7" and o (7') is a vertex permutation of
T at a vertex v, then the orientation of the permuted labeled tree o (T, A) only depends
on the orientation determined by A. Therefore, the rule for the differential in FN*WB,,

induces a formula for the differential in FN’ ;VD” in terms of trees. Hence, we have the
following description.

Proposition 3.7 FN’ ;VD" can be described as the cochain complex having additive
basis indexed by oriented symmetric planar level trees with 2n 4+ 1 leaves, with
ditferential induced by the symmetric tree ditferential in ﬁN;VB” by keeping track of
orientations.

The reader is encouraged to compare this description with the notion of “charged”
configuration used in [9].
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4 Geometry and combinatorics: chain-level formulas

We devote this section to developing some formulas that will allow us to perform
calculations at the (co)chain level. These computations will be needed at points,
especially when retrieving relations. We first compute some connecting maps between
the Fox—Neuwirth complexes of Coxeter groups of type A, B and D. Then, we provide
cochain representatives of the structural maps of our almost-Hopf ring structures.

4.1 The connecting homomorphisms

As I::N*WD and IET\I’V’I‘}D are both free resolutions of Z as a Z[Wp, ]-module, they need

to be Wp,—equivariantly cochain equivalent. We begin by providing a formula for an
explicit equivalence ¢ relating the two models FN*WD and FN’ ;VD" .

Lemma 4.1 There is a cochain homotopy equivalence ¢™* FN"IjVDn — FN’ ;,};Dn defined

by the formula
[ao:alzazz---:an_1]+ ifa0<a1,
o*lag:-+:an—1] =3 lag:ar:az:--:an—1)t +ar:ao:az:---:an—1]" if ag = ay,
[ar:ao:az:---1an—1]" if ag > ay,

induced by the inclusion Y’ V(VOE) CY V(VO;) and yielding the identity in cohomology.

Proof We observe that the inclusion

(00) (00)
YWB,, < YWDn
is a Wp, —equivariant homotopy equivalence. Moreover, the inverse image in Y, V(Vo:) of
n
each stratum of @ 7, is a union of strata in @, ,, - Thus, passing to quotients,
this yields a map

(c0) (c0)
Ywu,  Ywn,

g —2 > —=1
Wp, Wb,

that induces a well-defined map between the cochain complexes ¢*: FN’;VD” — FN’ ;Von'

We now check that ¢* satisfies the given formulas. It is sufficient to consider the finite

approximations
(d) (d)
). YWBn YWDn
o —" - —,
Wb, Wp,
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For any given stratum S = e(ayo, ..., an—1) for Wp,, since @@ being a O—codimen-
sional immersion, is transverse to S, we have that (¢(@))*(zg) = T(p@)—1(s)- We now
distinguish three cases:

e ifag <ay, then (p)71(S) = e(ag.a1.az.....an1);
e ifag > ay, then (p{)~1(S) = s0.¢(ar.a0.az. ... an—1);
. ifa0=a1,then((p(d))_l(S)istheunionofe(ag,...,an_l),so.e(ao,...,an_l)

and strata of bigger codimension.

This implies that ¢* has the desired form. O

We also consider the following group homomorphisms:

e the standard inclusion j : X, — Wp, already considered in the previous section;

e the involution ¢y, : Wp, — Wp, given by conjugation by s¢, the unique gener-
ating reflection of Wp,, that does not belong to Wp,,, that fixes ; for 2 <i <n
and switches #p and #;;

e the two inclusions iy, i_: X, — Wp, given, in terms of the Coxeter generators
to,...,tp of Figure 1,by iy (i,i+1)=¢ifi >2,i4(1,2) =11 andi_(1,2) =1p.

We denote by t: H*(Wp, ;F2) — H*(Wp,;F2) the morphism induced by cg, on
cohomology.

We note that the two following properties hold by construction:
e wj =idy,,;
e moiy =moi_ =idy,, where w: Wp, — X, is the composition of the inclusion
Jj: Wp, — Wg, with the projection W, — Z;

® C5p0i4 =i
We compute cochain representatives of ¢ in the following lemmas.
Lemma 4.2 1 is induced by the cochain-level map (*: FN;VD” — FN;VD” defined by

L#[aoza1:az:--~:an_1]=[a1:ao:a2:-~-:an_1].

Proof Since the image under ¢y, of a fundamental reflection for W = Wp is again a

fundamental reflection, for every I C T" C {t9,...,,—1}, the set of minimal-length
: : I’y _ cso(T)

coset representatives satisfies c5, (W ) = Wcsoo(I‘) . Thus,

e 22T 2+ ) elesg(I1) 2+ 2eso(Ti) 2-+)
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defines a cy,—equivariant chain map CIV b C:V Pn This yields, dually, the desired
cochain map FN*WD” — FN"IjVDn . O

We can also describe ¢ in terms of FN’ ;VDn' The proof of the following lemma is
straightforward.

Lemma 4.3 ¢ is induced by the cochain-level map '*: FN/ ;VD,; — FN/ >VkVD,, defined by

/#[

# — _
Mlag:+ian—1]" =lao:--:an—1]". Mlaog:--ian—1]" =lag: - :an—1]"

In terms of oriented symmetric planar level trees, the map ! * acts on (T, O) by replacing
O with the opposite orientation.

The following identity is also proved by direct inspection.
Lemma 4.4 The following diagram commutes:

* 9" 1%
FNWD” — FN W,

/| |-

* 1%
Ny, — PN,

The formulas for the other connecting maps follow from a general remark.

Lemma 4.5 Let G be a Coxeter group, with Coxeter generators S = {sg, ..., Sy} and
H < G be a parabolic subgroup, generated by a subset T = {sj,,...,Si, } € S. The
inclusion H < G is represented at the chain level by the chain map CH — CS given
byc(L,y)—c(L,y), forflagsT =[5 21 2--- 21, 2@) with[i, CT C S and
elements y € H.

Dually, it is represented at the cochain level by the cochain map FNg, — FN7; given by

le(ao. ....an)] € C,fl . le(aiy, ..., ai,)] ifa; ='0 forall j & {ig,...,im},

0 otherwise.

Proof Since the inclusion of parabolic subgroups preserves minimal coset representa-
tives, the De Concini—Salvetti boundary formula of Theorem 3.1 implies that the given
linear morphism CH — Cf is an H —equivariant chain map. Dualizing this yields the
cochain formula between Fox—Neuwirth complexes. |
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As particular cases of this lemma, we retrieve cochain formulas for our connecting
homomorphisms:

Corollary 4.6 The following statements are true.
(1) The linear morphism j*: FN"{VB” — FNg, given by

[a a ]|_> [al,...,an_l] ifa():O,
0o Bnl 0 if ag > 0,

represents j at the cochain level.
(2) The linear morphism i¥ : FNy, — FN5, given by

[a a ]|_> [alﬂ“'aan—l] 1fa0 =09
Oreeo il 0 if ag > 0,

represents i4 at the cochain level.

(3) The linear morphism i* : FN’V"VD — FNEH given by

[a a ] s [a05a29- . 9an—1] ifal = 0,
05---5Un—1 0 I'fal >O’

represents i4 at the cochain level.

4.2 Structural morphisms: A p

We want to describe the almost-Hopf ring structures presented in Section 2 in our
geometric context. We begin with the coproduct map in Ap. In contrast with the
symmetric group case, the cochain-level map inducing the coproduct is relatively
complicated. Its underlying combinatorics is built upon elementary steps that we,
mindful of the botanic analogy, suggestively call “prunings”.

Definition 4.7 Let T be a planar level tree. An elementary k—pruning of T is a planar
level tree T’ obtained by the following procedure. Choose an internal vertex v of T
of height k, and consider on E(v) the order induced by the planar embedding. Let
1 <[ < |E(v)|, consider the [/ biggest elements e, ...,e; of E(v) with respect to
this order, and let v} be the target of ¢;. T" is the subtree of 7" spanned by v and all
vertices that can be reached from one of the v; through an oriented path. 7" is the
complementary subtree of 7" in T. We call the planarly embedded subtree 7" the
scrap of the elementary k—pruning. An elementary k—pruning is said to be minimal if
[ = 1. A k—pruning is a couple (T’, T") constructed as follows:
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e T’ is obtained from a sequence of elementary k—prunings
T«»T{«»Tz’«»---«»Tj’:T’
performed on pairwise different vertices vy, ..., v; of T', with scraps 7}/, . . ., Tj’ ",

e T" is a planar level tree obtained by joining these scrap subtrees along a vertex
w of height k and performing a vertex permutation at w that shuffles the edges
of the scraps.

Let T be a symmetric planar level tree. An elementary symmetric k—pruning of T is
a tree T’ obtained as follows. Apply to T an elementary (nonsymmetric) k—pruning
whose scrap T does not contain the central leaf belonging to the y—axis. Then, remove
the image of the subtree of 7" under the reflection r along the vertical axis. 7" is called
the scrap of the elementary symmetric pruning. An elementary symmetric k—pruning is
said to be minimal if it is obtained from a minimal elementary k—pruning. A symmetric
k—pruning is a couple (T’, T"), where

e T’ is obtained from a sequence of elementary k—prunings
TA»TI’«»TZ’A»---«»Tj’zT/
performed on pairwise different vertices of T, with scraps 77/, ..., Tj” ;

e T is a nonsymmetric planar level tree obtained by joining the scrap subtrees to
a vertex w of height k and performing a vertex permutation at w that shuffles
the edges of the scraps.

We note that elementary k—prunings at different vertices commute, both in the symmetric
and nonsymmetric cases. Hence, a k—pruning or symmetric k—pruning is uniquely
determined by the set of elementary k—prunings that compose it, independently of the
order in which they are performed.

There is also an alternative way to define (symmetric) k—prunings in terms of minimal
k—prunings instead of elementary ones. A (symmetric) k—pruning is obtained by
performing a sequence of minimal elementary (symmetric) k—prunings, not necessarily
at pairwise different vertices, and then joining the scraps at a vertex of height k& without
shuffling the edges.

We now consider three linear morphisms that we will need to define the cochain-level
coproduct map:
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e the k—pruning map

Pi:FNyy, ®F:— (P FNj, ®FNj, ®F
a+b=n
that maps a symmetric planar level tree 7' to the sum > T’ ® S (T") over all
the possible symmetric k—prunings (7, T") of T,
¢ the minimal k—pruning map
PM Ny, ®F — (D FNy, ®FNj, ®F,
a+b=n

that maps a symmetric planar level tree T to the sum Y T’ ® Si(T") over all
the possible minimal elementary symmetric k—prunings (77, T") of T’;

 the concatenation map C': FN’;VB ® FN;VB QF, — FN;VB such that

C(ag: - :an—1]Q®[bo: - :bm—1]) =lao: - :an-1 :boz---:b;tn;].
The map Py is exemplified in Figure 3. We understand C at the level of symmetric
planar level trees as the function given by the following procedure. Take a couple of
such objects (7, ). Cut S along its central vertical axis. Finally, glue the right piece of
S onto the right side of 7" and the left part onto its left side to obtain a new symmetric
planar level tree. We remark that these linear morphisms are degree-preserving, but
they are not chain maps.

In the A, case, we can define a similar k—pruning map P]é by summing all nonsymmetric
k—prunings. For k = 0, P{ is a chain map, and it is shown in [8] to induce the
coproduct in cohomology. This statement is not true in the B, case because the
differential of an antisymmetric planar level tree with labels behaves badly near the
central “trunk” labeled 0. Nevertheless, at each level k, away from this central stem,
this is essentially true. For this intuitive reason, we must define our cochain-level
coproduct map differently: prune a symmetric planar level tree at every level and tensor
it with a symmetric planar level tree whose principal k—blocks, as defined below in
Definition 4.10, are the scraps of the performed prunings. To prove this statement, we
need some preliminary calculations.

Suppose that a symmetric planar level tree 7' corresponds to [ag :-+-:an—1] € FNy, .
In that case, consider the set of couples of adjacent edges (e, f), withe < f,in T
having the same source vertex and belonging to the positive half-plane {(x, y) | x > 0}.
This set in bijective correspondence with {0, ...,n — 1}, and the height of the common
vertex of the couple (e, f) corresponding to i is a;. This bijection is explicitly given by
counting the leaves in the positive half-plane that lie on the left of e. For 0 <i <n —1,
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o

Figure 3: The map P, defined as the sum of all possible symmetric 1—
pruning, on a given symmetric planar level tree.

we denote by d;(T') or equivalently by d, s the sum of the addends d eS fo of the

differential d, as expressed in Proposition 3.5, in which a vertex shuffle constructed

from the couple (e, /) corresponding to i appear. Thus, d(T) = Z;:é d; (T).

Lemma 4.8 Let T be a symmetric planar level tree corresponding to [ag :---:dp—1].

Let my be the smallest index such that a,,, = k. Let I be the trivial symmetric planar

level tree. Then the following statements are true:

ey

2)

3)

“4)
(&)

the pruning maps and the differential satisfy the equality

Prd + dPy + (id ® do) (P —id ® 1) = (id ® dm,_,) (id ® C) (P ®id) P
P(T)=T®I ifa; <k forall 0 <i <n;

foralla =[ag:---:an—1] andb = [bg:---:bm—1] with bg < min{ao, ..., an—1},

Cd;i ®id)(a®b) if0<i<n,

d;C b) =

iCa®b) =\ cidod_)asb) ifn<i<ntm.

and the latter also holds for i = n if bg < min{ag,...,an—1}—1;
(i[d® C) (P ®@id) Pr(T) = Pr(T) - T ® I ;

C(C ®id) = C(id® C).
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Proof The statements from (2) to (5) are easy. Regarding (2), if a; < k foralli, T
has no vertex of height k with more than one outgoing edge. Thus the only possible
symmetric k—pruning is the trivial one. Regarding (3), the bijection

0:{0,....,n—=1}{0,.... m—1}—>{0,...,n+m—1}

that shifts elements of {0,...,m — 1} by n yields a bijection between pairs (e, f)
of adjacent edges of the symmetric planar level tree T corresponding to C(a ® b)
and those of the symmetric planar level trees 77 and T"” corresponding to a and b
respectively. If by < min{ao, ...,an—1}, then for all i €{0,...,n +m — 1}, with the
only possible exception of i = n, this bijection preserves E(ve;) and E(vy,), where
ve; and vy, are the target vertices of the corresponding pair of edges (e;, f;). The
edges in E(ve;) and E(vy,) of the corresponding pair come either both from 7’ or
both from 7”. Hence d;C(a ® b) = dy-1ya ®b. If bg < min{ay, ..., ap—1} — 1 the
same is also true for the edges e, and f;, so the equality is satisfied also in this case.
Statement (4) is immediate from the definition of k—prunings and the combinatorics of
shuffles, and (5) is obvious.

On the contrary, (1) is more complicated and requires a more detailed proof. As
a notational convention, let d lh = Zi:a,-:l d;, the sum of the contributions to the
differential coming from vertices at height k. We compare d lh P (T) with Prd lh(T).
We consider different cases depending on the difference between k and /.

o If ] >k, dlh is computed by gluing together a pair (e, f) of adjacent edges of
height bigger than k (and its mirror pair) and performing a shuffle at the new target
vertex. These operations only change a connected subtree whose vertices all have
height bigger than k, and, by construction, k—prunings commute with such operations.
Hence dthk = Pkdlh.

e If =k, then we can write d,i’ Pre(T) =317 2(e, 1) e, r (T'®Sk(T")), where
the sum is over symmetric k—prunings (7”7, T”) of T and pairs of adjacent edges (e, 1)
in the positive half-plane with a common source vertex of height k in 77 or S (T").
We also note that Si(7") has a unique vertex w of height k. There is an obvious

bijection
| ] Em< || E@uEwW)\{e})
veV(T) ueV(T’)
h(v)=k h(v)=k

that maps an edge to its image in 7’ (if it is not pruned away) or in Sy (T") (if it is),
and that arises from the fact that, for elementary prunings, 7 = T'UT"” Ur(T"). The
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edge e is the unique edge belonging to the central vertical stem whose source vertex
is w. Moreover, this bijection preserves the properties of belonging to the positive
and negative half-plane. Therefore, we can write the summation above expressing
d ,ﬁ’ P (T) as the sum of three pieces:

e The first piece is the sum of the terms corresponding to (e, f) such that (e, f)
come from adjacent edges in 7". These terms correspond to symmetric k—prunings
of d f f,o(T)’ for shuffles o at the common vertex of e and f. Hence, their sum
yields Pd!'(T).

e The second piece is the sum of the terms corresponding to (e, f) in Si(T")
such that e # e and (e, f) do not come from adjacent vertices of 7. Under this
condition, the symmetric vertex permutation o (S (7")) of Si(T") at w that
switched the positions of e and f still produces a shuffle of the scraps of the
elementary prunings involved in (77, T”). Every tree in d, )(Sk(T")) cancel
out with a tree in d( 7,0y (0 (Sk(T"))). Hence, this second piece is 0.

¢ The third piece is given by the terms corresponding to (e, f) with e = eg. These
terms yield (id ® do) Pr. (T).

Finally, we deduce that d} P (T) = (id ® do) P¢(T) + Pyd}!(T).

o Ifl =k—1, Pkd]i‘_l(T) =D (e.f) 2(T".T") T’ ® Si(T"), where the sum is taken
over couples (e, f) of adjacent edges in 7" whose common source v has height k — 1,
and symmetric k—prunings (7', T") of trees in d(,, r)(T'). Let v, and v¢ be the targets
of e and f, respectively. By construction, d(, r)(T') glues v, and vy to a single
vertex v, such that E(v) = E(ve) U E(vy), suitably shuffled. Let A be the set of
edges removed by the corresponding elementary symmetric prunings at v and at r (),
the mirror vertex of v (which might coincide). We retrieve symmetric k—prunings
for which E(v.) € A and E(vy) € A from symmetric k—prunings (T, T") of T by
applying d, ry to T'. Now assume that v is not on the central stem of the tree. If
e # min(E(v)), it is the successor of an edge g € E(v), and the terms of Prd, 7 (T)
for which E(ve) € A cancel out with the terms of Prdg (T) for which E(ve) C A.
Similarly, all the terms for which E(vs) € A and f # max(E(v)) cancel out. The
only remaining terms are those in which we remove an entire subtree corresponding to
min(E (v)) — which is the mirror image of max(E (r(v)). If v belongs to the central
axis, we must slightly modify the argument to take into account only edges in the
positive half-plane and shows that the surviving terms are those in which an entire
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subtree stemming from max (£ (v)) is removed. The sum of all these elements is exactly
equal to the correcting term (id ® dp,_,)(id ® C) (P ®id) P]?l_ml (T). We deduce that

AP Pr(T) = Ped]'_ | (T) + (id ® dpm,_,)(id ® C) (P ® id) P (T).
e If/ <k —1, since k—prunings only depend on the part of the tree above height k and
d lh does not change it, the same argument used for / > k shows that d lh P, = Prd lh

Combining the equalities obtained in these cases yields (1). |

We are now ready to construct a cochain representative of the cohomological coproduct
map H*(Wp,) — @i=o H*(Wg,) ® H*(Wp,_,).

Proposition 4.9 Let Ay : FN;VB” RF, - Do FN’I,"VBi ® FN’I’ZVBn_i ® F, be the lin-
ear maps defined recursively by the formulas
e Ao = Py,
o fork>0,Ar =(G0dQ®C)(P, ®id)Ar_1.
Then
(1) the limit A = h_I)n Ay exists,
(2) A is a cochain map,

(3) A represents the cohomology coproduct map at the cochain level.

Proof (1) Let a € FN* and let m = max{ag,...,a,—1}. Statement (2) of
Lemma 4.8 guarantees that Ak (a) = Ay (a) for all k > m. Thus, the sequence
{Ar}r—, stabilizes and consequently has a limit.

(2) We first observe that Lemma 4.8(4) and (5) imply that
(d® C)(PM™ ®@id)Ax = Ak — Ag—y

for all k > 0, with the convention that A_{(7T) = T ® I. Combining this remark with

Lemma 4.8(3) and (5), we obtain that, for all k > 1,

([dR®C)d®dn,_, ®id)(id® C ®id)(Pr ®id ® id)(Pmm Rid)Ar_q
=[d®dn,_)dR®C)[{d®C ®id)(Pr ®id® 1d)(Pmln ®id)Ar_;
=[(d®dm,_)dRC)(Pr® C)(Pmm ®id)Ar_q
= (d®dm;_)(1d® C)(Pr ®id)(Ag—1 — Ag—2)-
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We use this to prove by induction on k that Apd = d A + (1d® do) (A — Ag—_1). For
k = 0 this identity is the content of the first statement of Lemma 4.8. For k > 0, we
deduce from the identity above and the previous lemma that

Ard = (i[d® C)(Py ®id)Ay_d
— (d®C)(P, ®id)dAp_; + (id®C)(Pr ®do)(Ap—_1 — Ap—2)
— ([d®C) (P, ®id)dAp_; + (1d® C)d(Pr ®id)(Ag_ — Ap_s)
+(d —dm;_)(1dQ C)(Pr Qid)(Ax—1 — Ag—2)
— (i[d® C)d(P; ®id)Ay_; + ({d® C)(id® do ®id)[( Py —id® I) ®id]As_,
+(d®C)d (P ®1d)(Ag—1—Ak—2) +d(dQ C)(Pr ®id)(Ag—1 — Ag—2)
= (i[d® C)d (P ®id) Ag_s + (id® do) (id ® C)[(Pr —id ® ) ®id] Ag_
Y dAr—d(1®C) (P, ®id)Ag_n
— dA; —([d®do)(Ap — Ap_y) + (d® C)d(P, ®id)Ap_,
—d(id®C)(P; ®id)Ag_s
=dA;—(1d®do)(Ax — Ag—1)-

To justify the last equality, we observe that (P, ®id) Ag_» is a sum of terms of the form
¢ ®a ® b with by < min{a; } — 1, and we apply the stronger clause of Lemma 4.8(3).

Now the identity d A = Ad follows by passing to the limit, and using that the sequence
{Ar}re, stabilizes.

(3) Consider the dg-module U over F, with basis given by symmetric planar level
trees with antisymmetric labels in any finite subset / C N, not necessarily {—n, ..., n},
with the symmetric tree differential. Note that (P,,~ IE\I\JI*IjVBn ® [, embeds in U in
the obvious way. We observe that the linear maps Py, P;™" and C lift to linear maps
P, P U —>UQU and C:UQ®U — U. Py and P are still defined via prunings,
but we additionally keep track of the labels of the subtrees involved. We compute C
on 7" ® T” by splitting 7" symmetrically along the vertical axis, keeping labels, and
symmetrically attach the two parts to 7’ to obtain a new basis element of U. Lemma 4.8
still holds for this labeled version of the morphisms by the same proof. Consequently,
there is a labeled version A: U — U ® U of A, constructed recursively via finite
approximations Zk, that still commutes with the differential. Note that we can also
embed

IET\I"I},BH ® IE\N)I';VBM ®F;
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into U ® U by keeping the labels of trees in FN* and relabeling trees in FN*

via the bijection {0,...,m — 1} — {n n+ m — 1} that raises numbers by Z
There is also a projection UxU — FN}'},BH ® F,I:I,WB ® IFz that maps every ba-
sis element of U ® U that does not belong to FNJ, ®FN ®F, to 0. By
induction, we easﬂy see that restricting each Ak for all k (and consequently, A)
to FN’;V ® FN ® F» and composmg with this projection we obtain linear
maps @n>0 FNW ® F2 = Dps0 FN ® Drso FN*WB” ® I that are equivariant
with respect to the monomorphisms WB x Wp,, — Ws,,,, and satisfy the same
formal relation with respect to the differential. By identifying FNy,, ~ with the invariant
subspace (FN* )WBn the limit map A restricts to A, which is thus a cochain-level
realization of the coproduct map. |

We now turn our attention to the transfer map. We need a preliminary definition.

Definition 4.10 (partially from [8]) Leta =[ag:---:an—1] € FN’;VB” be as defined
above. In what follows, we assume, by convention, that a_; = a, = 0. We say that the
chain [a; :---:a;]is a k—-block of a if a; > k foralli <! < j and max{a;_1,a;+1} <k.
We say that a k—block [a; :---:a;] of a is principal if, in addition, ming<,<; a, = k.
We denote by PBIy (@) the tuple of the principal k—blocks of a, ordered from left to
right.

For example, the basis elementa = [3:2:3:1:2:1:3:2:0: 3] has four 1-blocks:
B1,1=1[3:2:3], B12 =[2], B1,3=[3:2], and By 4 = [3]. PBly(a) = (B1,2. B1,3).

Note that a basis element a is uniquely determined by {PBlx (a)}7, the collection
of its principal blocks. To retrieve a from these data, we can use the following
procedure. First, for all k > 0, add an entry equal to k before each principal k—block
and concatenate all such tuples to obtain a;. Then, we obtain a as the concatenation of

..@k.,@g_1,...,ag. This sequence is necessarily finite because for k > max['— 3 ai,
PBIl(a) is the empty O—tuple. With this method, we can construct a basis element a
from an eventually empty collection of tuples { B }, where the entries of By are tuples

of natural numbers strictly bigger than k.

We also observe that k—blocks can be retrieved from the corresponding symmetric level
tree T. They are given by the connected components of TN{(x,y) eR? |x >0,y > k}.
Interpreted this way, a k—block is principal if and only if it does not intersect the central
vertical axis but is contained in the (k—1)-block intersecting it.
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Proposition 4.11 Givena € FN’;VB” ,be FN*WBm and k > 0, let n, x and np, ;. be
the lengths of PBly(a) and PBI (b), respectively. Given a sequence o = {0k }3—
of permutations oy € Xy, +n, . define o(a,b) as the unique basis elements of
FN}?VBner such that, for all k > 0, PBli(o(a, b)) = o (PBli(a), PBl; (b)), where
(PBlg (a), PBlg (b)) is the concatenated (n 4 x +np i )—tuple and oy acts on (ng g +np i )—
tuples by permuting the entries. Let O FN’;VB” ® FN*WBm ®F, - FN ;VB,,er ®IF, be
the homomorphism that maps a ® b to the sum ) o (a, b) over sequences of permu-
tations ¢ = {0}y, such that oy is a (ng i, nb’kf—shufﬂe for all k > 0. Informally,
a © b is the sum of basis elements whose principal k—blocks are obtained by shuffling
the principal k—blocks of a and b. This defines a morphism of complexes that induces
the transfer product in cohomology.

Proof The reflection arrangement of Wp, x Wp, , with its product reflection action
on R" x R™, is Ap, x Ap,, = {H xR™}geca, U{R" x H'}grc, . Beingita
subarrangement of Ap, ., we have a natural inclusion

ABy XABm, Wg, W *

n+m
We can explicitly obtain such inclusion by splitting a configuration of n 4 m points
into the two subconfigurations consisting of its first n points and its last m points,
respectively, and relabeling the indices of the second one. This map is a (Wg, xWg,, )—
equivariant homotopy equivalence.

Therefore, passing to quotients, this yields a map

(00) (c0) (c0)
YWBn+m — YWBn % YWBm

T

Wg, x Wg,, Wg Wpg
that models the standard homotopy equivalence B(Wpg, x Wp, ) >~ B(Wp,) x B(Wg,,).
Moreover, the obvious quotient map

(00) (00)
YWBn +m YWB

Wg, x Wg, Wpg

n m

/
T

n—+m

n+m

is a covering model for B(Wp, x Wg,,) — B(Wp, ).

Letx =[ag:---:an—1]®[bo:---:bm—1] be a basis element for the Fox—Neuwirth
complex FNE,, ® FNEm ® F». Let 0 be a smooth singular simplex transverse to our
strata. By construction, the evaluation of [ag:---:au—1]® [bo:*--:bm—1] On o is the
sum of the evaluations of x on 7 (), as ¢ varies among all liftings of o. A direct
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calculation shows that some (6 intersects the stratum corresponding to x if and only
if o intersects some stratum e(c), where the k—principal blocks of ¢ are obtained by
shuffling the k—principal blocks of a and b. |

We conclude the treatment of the structural maps on the cohomology of Wp, with
some potentially helpful remarks. Since we will not use these facts in this paper, we
will not provide complete statements nor proofs of these last claims. Nevertheless, it
should be straightforward, although notationally heavy, to fill in the details.

Remark 4.12 (1) The transfer and coproduct maps commute already at the cochain
level. To see this, you can observe that, by construction, A(a) is a sum of tensors
a’ ® a”, where PBly(a”) is given by the leftovers of symmetric k—prunings of a,
suitably shuffled, and that the pruning map Py, itself commute with ©.

(2) The same constructions of the coproduct map in terms of prunings and the transfer
map in terms of principal block shuffles can be generalized to the cohomology with
integral coefficients. In these cases, additional signs that we can compute from those
appearing in Theorem 3.1 are required.

4.3 Structural morphisms: A p

The coproduct and the transfer product for Wp, are described geometrically, similarly
to what we did for Wp,. However, some complications arise. For example, we cannot
repeat the proof of Proposition 4.11 as it is for FN*I,‘VD , because, in this case, a product
n
of strata S x §" C YV(VO;)) X YI/(VOZ) is not necessarily the closure of a union of strata in
n m
v However, these ideas adapt well to the cochain complex FN'3;, | which we
WDn+m Wb,
will use in the following as a cochain model. We can retrieve the identities we need in

FN*;VD by using the equivalence ¢ of Lemma 4.1.

We can now state the formulas parallel to Propositions 4.9 and 4.11 for Wp, . First,
we consider the following oriented versions of the pruning and concatenation maps.
Given a symmetric k—pruning (7’, T") of a symmetric planar level tree T, let O and
O’ be orientations of 7 and T’ respectively. Fix an antisymmetric labeling A" of 7’
inducing ', and an antisymmetric labeling A of 7" inducing O such that its restriction
to 77, seen as a subtree of T, is . By keeping track of the labels of scraps, A induces
an antisymmetric labeling A” on Si (T") and, consequently, an orientation O”. Unless
the k—pruning is trivial, it is always possible to find such labelings A and A, and the
resulting orientation O” only depends on O and O'.
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Definition 4.13 Let k € N and let (7, O) be an oriented symmetric planar level tree.
An oriented k—pruning of (T, ©) is a quadruple (T, 0’, T”, ©") where

e (T',T")is a k—pruning of T,

e (0’ is an orientation of 7",

e (" is the orientation of S (7T") determined from O and O’ via the procedure

above.

An oriented k—pruning of (77, 0’, T”,0") of T is called positive (resp. negative) if
O’ is the positive (resp. negative) orientation of 7.

Given a nontrivial k—pruning (7', T") of T, there are precisely two ways to extend it
to an oriented k—pruning (7', O, T”, 0"), one positive and one negative.

We now mimic the construction we produced for Wp, to describe the coproduct. We
thus consider the following maps:

 the positive and negative k—pruning maps
Pl PLEPFNY, ®F, > NG, @ PN, ®F,
n>0 n>0 m=>0
given by the formula
PEM =Y (T.0)&SK(T"). 0",
(T/,O/,T//’O//)
where the sum runs over all positive and negative oriented k—prunings of 7', respectively;

e C:FN }',‘VD” ® FN’ ;VDm ®F, > FN’ ;:VD . ® 5, the oriented concatenation map,
given by the formulas '

Cl@H)®®.+)=(Casb).+). Cla.Hebd.-)=(Cavb).-).
C@-)®b.+)=(Ca®b).-). C(a.-)®(Ob.-)=(Cacb).+).
We can also define AJIE, AL FN/};/Dn ®F, > P, FN/*WDi ®FN/*WDn—i ®IF, by the

recursive formulas
. &= pf
o Af=(d® C)(PE®iDAT | ifk>1.
Let A be the direct limit lim, (AT + A}).
Proposition 4.14 The oriented pruning coproduct A is a cochain map and induces the
coproduct A: Ap — Ap ® Ap in cohomology.
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Proof It is enough to observe that, looking at the proof of Proposition 4.9, we can
*

obtain the map A: FN'y, @ F» — Br_o FN’ wp, ®FN *WD,H- ®F, from

n
A:FNy, ®F, > PNy, @y, ©F,
i=0

by restricting to Wp,—invariants. ]

Proposition 4.15 Let a* and b* be generic basis elements of FN";VD" and FN' :Vom

respectively, where a (resp. b) is defined by an n—tuple a (resp. an m—tuple b) of
nonnegative integers. Let ©: FN’ ;VD” ® FN'p  ® Fo — FN/ *WDn+/n ® 5 be the
homomorphism that maps a* ®b¥ to the sum of all elements ¢*, such that the principal
k—blocks of ¢ are obtained by shuffling the principal k—blocks of a and b for all k > 0,
and the sign of ¢ is deduced from the signs of a and b by applying the multiplication
sign rule (+,+) —~ +, (+,—) > —, (—,+) — —, and (—,—) — +. This map is a
morphism of complexes and induces the transfer product in cohomology.

Proof The proof is essentially the same as that of Proposition 4.11. O

5 The almost-Hopf ring presentations

This section contains the statements of the Hopf ring presentation for Ap and the
almost-Hopf ring presentation for Ap. We thus state our main theorems, whose proof
will be postponed until Section 7 because we still need to develop some necessary
algebraic machinery. In the first subsection, we construct our generators, providing
cochain representatives and a geometric interpretation. In the second one, we explain
our relations and state Theorems 5.9 and 5.15. We then apply these results to extract
combinatorially accessible additive bases for Ap and Ap in Section 5.2. Finally, the
last subsection is devoted to the link between all these almost-Hopf ring structures.

5.1 Generators

We define certain cohomology classes that we will later prove to generate our (almost)
Hopf rings. We begin with Ap.

Definition 5.1 In FN’;VB , the following cochains are defined for k > 0, m > 0, and
n>0:
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* Vem=[0:1:1:-01:0:0:0:--01:00e--0: 0 ce-0 0 1],

2k —1 times 2k —1 times 2k —1 times
m times
o Sp=[1:1:---:1].
n times

A direct calculation shows that both yy ,, and 8, have trivial differential, and thus
define cohomology classes yx , € H’"(zk_l)(WBmzk ,IF») and 8, € H" (Wp,,; F2), that
we still denote, with a slight abuse of notation, by the same symbols. While the proof
of this fact is entirely straightforward, we provide a proof for the sake of completeness.

Lemma 5.2y ,, and 8y are cocycles in FNy, L ® > and FNy, . ® 2, respec-
m2 n

tively.

Proof yy ,, is represented by the symmetric planar level tree in Figure 4. We prove
that d; (Yk,m) =0 forall 0 <i < m2¥ by considering different cases:

o Ifi # (2% for 0 < < m, the addend d; of the differential identifies two edges
adjacent in a vertex v; for 1 < j < m, and performs a vertex shuffle at the new vertex.
Exactly two possible vertex shuffles yield the same tree. Hence d; (Y m) = 0.

o Ifi =12k for some 1 <[ < m, then dj (Vk,m) 1s obtained by gluing together v; and
v;+1 and shuffling the outgoing edges of these two vertices. Since all these shuffles
yield the same tree, and there is an even number of them — precisely (2];:1) — we have
again that d; (v ,) = 0.

e Ifi =0, vy and its mirror vertex are glued to the central axis of the tree, and the
corresponding outgoing edges are permuted with a symmetric shuffle. Again, there is
an even number of them (precisely 22k), and thus do(yk,m) = 0.

8y, is represented by a symmetric planar level tree with 2n + 1 leaves and a single
internal vertex of height 1. The same proof used in the second case of yi ,,, shows that
di(8y) =0forall0 <i <n. O

Another possible point of confusion is that the symbol y ,, is used in [8] to indicate a
classin H m(zk_l)(zmzk ;IF2). The class we define is the image of this cohomology
class of the symmetric group in H ’"(Zk_l)(WBmzk ;IF) via the map induced by the
projection 7 : WB « = ok, as we will prove later (Proposition 5.26).

We can interpret all the cohomology classes that we defined above geometrically.
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m m
2k 2k 2k 2k
V1 Um
Vo

Figure 4: The planar symmetric level tree representing Yg .

Proposition 5.3 The following statements are true:

(1) Consider the proper submanifold Ty ,, of YI/(Vo;;zk /WBmzk consisting of 2™
points that can be partitioned into m sets of 2¥ points, where all the points in the
same subset share the first coordinate. Then yy ,, is the Thom class of 1} ,, in
Yyoo) . in the sense of [7, Definition 4.6

(2) Consider the vector bundle n: E(Wp,) xw, R"™ — B(Wp, ), where Wp, acts
on R” via its irreducible reflection representation. Then &, is the n—dimensional
Stiefel-Whitney class of n (the nonoriented version of the Euler class).

Proof The description of yi , is a direct consequence of the conclusions of the
geometric arguments of the previous section.

Regarding the second point, consider the vector bundle n: E(n) — B(n) above, with
zero section ag: B(n) — E(n), and let T'(n) € H"(E(n), E(n)\co(B(n))) be its Thom
class. Define

Xp={(x1,...,xn) EY];:O) | (x1)1=---=(xn)1 =0}.

We observe that X, is a proper submanifold of YI/(VO;),Z and that the Thom class of the
image X, of X, in Y () /Wa,, is §,. We observe that the normal bundle of X, in
y (o) /W, is isomorphic to n|x,. Since restriction of vector bundles to subspaces
preserve Thom classes, we deduce that, if we take ¥ (*) /Wp as a model for B(Wp, ),
then j*(I*)~1k*(T () = 8,, where

e k:i(Elx,). E(lx,) \0o(Xn)) = (E(), E(n) \ 0o(B(1))),

e [:(E(lx,). E(lx,) \ 00(Xn)) = (B(W,), B(WB,) \ X») is a tubular neigh-
borhood of X, in B(n), and

e j:(B(Ws,),@)— (B(Ws,), B(Wg,)\ Xy).
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Note that the induced map /* in cohomology is invertible by excision.

Let ®: H*(B(n);F2) — H*(E(n), E(n) \ 00(B(n));F2) be the Thom isomorphism.
We recall that ®(«) = p*(«) U T'(n), where p: E(n) — B(n) is the projection. We
know, for instance from Milnor and Stasheff’s book [13, page 91], that the Thom class
T (n) and wy, (n) are linked by the formula

wa(n) = @ 1(Sq"(T () = 1 (T(n)?).

Therefore, in order to prove that wy (1) = 6,, it is sufficient to show that

i*(T(n) = p*j*(I*) k™ (T (n)),

where i is the obvious inclusion map between pairs of spaces,

i:(E(m).2) — (E(m). E(n) \ 60(B(1))).

To prove this claim, we first observe that we can use a slightly different model for B(7).
We recall that there is a tubular neighborhood N of X, in Y( ) determined by an
embedding of the total space of the normal bundle. Exphcltly, we can define the
embedding by the formula

(X1, Xn) X (A1, oo An) € Xn X R™ > (X1 + A1e1,..., Xn + Ane1),
where e is the first element of the canonical basis of R®°. Hence
N ={(x1.....xn) | (xi — (xi)1€1) # £(x; — (x)1€1) forall 1 <i < j <n,
(xi —(xj)1€1) #0forall 1 <i < n}
Note that the action of Wp, preserves N, and N is provided with a stratification
induced from that on Y\ B) by restriction. Further, every stratum of N is obtained
from a stratum of Y(Oo) by removing an infinite-codimensional affine subspace. Thus,
N - YV(VO? isa homotopy equivalence. N is still contractible, and therefore we can
use its quotient N = N /Wa,, as an alternative model for B(Wp, ). In this model, the
inclusion / is an isomorphism. Thus we do not need to worry about excision maps, and

this simplifies the argument. The claim now follows by observing that i and kjp are
homotopic. An explicit homotopy is

(X1, Xn) A1) €N xw, R"x[0,1]
= (== xDrer, ..., xp—(1=0)(xn)1€1), (I=DA+((x1)1,- ... (x2)1))). O

We now turn our attention to Wp,,. First, we give the following definition.
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Definition 5.4 Let n > 1 and m > 0. We define §9.,, € H"(Wp,_,,:F2) as the

restriction of §, © 1,, € H*(Wp,_,,,:F2) to the cohomology of Wp, ., . We also let
88:m be the unique nonzero class in H%(Wp,, ;F,) for all m > 0.

We will require some other generators that do not arise as restrictions of cohomology
classes of Wp,,.

Definition 5.5 Given k,m > 1, we define two cochains in FN’{{%k :

¢ =100 i1 :0: Leee i L0 ees Lot 1)
2Kk —1 times 2Kk —1 times 2k —1 times
m times
e vy, =[1:0:1:---:1:0:1:---:1:0:---21:---:1].
Vk,m [ N—— N—— W—’]
2Kk —2 times 2K —1 times 2K —1 times
m times

Lemma 5.6 )/,;Ir m and y,are cocycles.

Proof The cochain equivalence ¢* of Lemma 4.1 maps y,étm to

[0:1:1:+--:1:0:1:1:---:1:0:-+-:0:1:1:+--: 1]F.
N —  —
2Kk —1 times 2Kk —1 times 2k —1 times

m times
The same proof used for Lemma 5.2, with the additignal requirement of keeping track
with orientations, shows that these cochains in FN’ ’{}%n are cocycles. As @™ is injective,
y,jcm must also be a cocycle.

An alternative proof can be obtained by directly using the De Concini and Salvetti
description of the boundary in C¥?n and dualizing. |
A consequence of the previous lemma is that y]j . and y, represent cohomology
classes, that, once again, we denote by the same symbols with a slight abuse of notation.

To adapt our notation to Giusti and Sinha’s for the alternating groups, we will refer to
)/];|r o (1€sp. v, ,) for some k and m as positively (resp. negatively) charged generators,
and to 8., for some n and m as neutral generators.

5.2 Relations

This subsection is devoted to deriving algebraic relations between the generators defined
above. We will mainly obtain the relations as a consequence of the results in Section 4.
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We first focus on Ag. We can retrieve in Ap the same relations among the classes yi
that appear in Giusti, Salvatore and Sinha’s Theorem 2.3.

Proposition 5.7 The following formulas hold in Ap:

n—+m

n )th+m-

AWkm) = Y. Vi ®Vkj» Yin © Viom = (
i+j=m

Proof We use the chain-level formulas computed in Propositions 4.9 and 4.11.

To compute the coproduct, we represent yi , by the symmetric planar level tree
depicted in Figure 4. Note that P;(yk ) is trivial for [ > 2 and that the O—pruning
map gives Po(Vk.m) = Ziﬂ-:m Yk,i ® Yk,j- Therefore it is enough to prove that
P1(Yk.n) = Vk.n ® 1, where [ is the trivial symmetric level tree, for all k > 0 and n > 0.
Consider a 1-pruning (7’, T") of yk . Every vertex v;, for 1 <i <m, as depicted in
Figure 4 corresponds to a vertex u; of height 1 in 7”. Let 2¥ — n; be the number of
outgoing edges of u; for some integer 0 < n; < 2%. We can obtain the pruning (77, T")
from yi ,, by applying a sequence of elementary 1—-prunings at each vertex v; and their
mirror vertices r(v;) that prunes away a; outgoing edges from v; and n; —a; outgoing
edges from r(v;), for some 0 < a; < n;. Therefore, summing over all the possible
shuffles of leftovers, whose number is

(i ni)!
l_[:'n=1 a;! l_[lr'n=1(ni —a;)!’
we deduce that (77, S1(T")) appears in P1(y,,) with coefficient

m m - m
0<a;<ny,..0<am<nm [Tizy @it [Tz (i —ai)! [Ti=yni!

i=1
This number is even unless n; = 0 for all 1 <i < m, yielding the trivial 1—pruning.

The transfer product formula follows directly from the application of the cochain-level
map of Proposition 4.11, by observing that yi ,, has m principal 0-blocks all equal
to [1,...,1], where the entry 1 is repeated 2¥ — 1 times, and that it has no principal
[-block for I > 1. Thus yk , © Vm is given by a single basis element in FN*W32k -
(representing Y ,+m) counted as many times as the number of (n, m)-shuffles, that is

the binomial coefficient appearing in the equation. |

We can obtain coproduct formulas for §, via the same geometric description. The
following is again a consequence of the formulas in Lemmas 4.9 and 4.11.
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Proposition 5.8 A() = Y & @4, 5,,@5,,,:(”;”1)5,,%.
k+l=n

Proof Since all the entries of §, are equal to 1, the cochain-level coproduct map on §,
reduces to the 1-pruning map P; and provides the desired formula. We compute the
transfer product as in Proposition 5.7, by observing that §, has no principal /-blocks
for / # 1, and has n principal 1-blocks all empty. m|

These relations will suffice to describe Ap completely. We restate here our main result,
which we will prove in Section 7.

Theorem 5.9 (main theorem for type B) The Hopf ring Ap is generated by classes
Yk.n (With k > 0 and n > 0) and 8, (with n > 0) with the relations described in
Propositions 5.7 and 5.8, together with the following additional relations:

e the product - of generators from different components is 0;

* Yo is the -—product unit of the n'™" component.

We now turn our attention to Ap. A trick borrowed from [9, page 9] can be used to
simplify the presentation of this almost-Hopf ring. We recall that there is an involution
1: Ap — Ap. We can define A%, to be the bigraded F»—vector space defined by
(Apn.a = HIWp,:F2) if (n,d) # (0,0) and (A))e,0 = F2{1T,17}. We can
embed Ap as a vector space in A%, by identifying the nonzero class in H "(Wpy:F2)
with 1T+ 17,

Lemma 5.10 The following statements are true in Ap:
(D) txOy)=1tx) Oy =x0u)y),
2) (®idDAX) =(>1d®1)A(x) = Au(x),
(3) tlx-y)=1(x)-t(y).
Proof (1) © is commutative, and the following diagram induces a pullback of finite
coverings at the level of classifying spaces:
Wp, *Wp,, — Wb, .,

CSO del J/CSO

WDn X WDm WDn—i—m

Algebraic & Geometric Topology, Volume 23 (2023)



3260 Lorenzo Guerra

(2) This follows from the cocommutativity of A and the commutativity of the diagram
above.

(3) Itis the cohomological consequence of the diagonal map being equivariant with
respect to the conjugation cg,. a

Proposition 5.11 Write the coproduct of every element x € Ap in Ap as
x®lo+AX)+1o®x,

so A is the reduced coproduct. By letting 1= -1t =0,17-1" =17, 17.1T = 1T,
1"01 =1 and A(1T) = 1T ® 1* + 1~ ® 1T, the almost-Hopf ring structure on
Ap extends to an almost-Hopf ring structure on A, such that 1~ O x =1(x), 17 -x =0
and A(x) =17 ®@x+ 1" ®1(x) + A(x) + x® 1T +1(x) ® 1™ forevery x € A}, of
positive degree.

Proof Using the formulas in the statement of this proposition, we can extend © and -
uniquely to two commutative products on A}, and A to a unique cocommutative
coproduct on A7,. The coassociativity of A follows from Lemma 5.10(3). The
associativity of - on A7, is obvious. The bialgebra structure of A7, with - and A
follows from the bialgebra structure on Ap and (2) of the previous lemma. Moreover,
the fact that the transfer product with 17 is associative follows from (1). Hopf ring
distributivity with classes involving a transfer product with 1~ follows again from (3)
of the result referenced above. d

Instead of determining a presentation for Ap, we calculate a presentation for A’
o . - - + . /.
because we can write it more concisely. For example, Vern = |INO) Yeem 10 Al thus
the formulas for y,  arise as a direct consequence of the formulas for y;" and the
k.m k.m
almost-Hopf ring structure of A’,. The two approaches are equivalent.

Proposition 5.12 Letk,m > 1 and n > 0. The following coproduct formulas hold
in A’,, where Vim— =170 Vlj:m—l:

m
+ + + - -
AW ) = Z Y1 @ Vem—1 Vi s ®Viem—1>
1=0

n o m
A(87(1):m) = Z Z 8?:j ® Sg—i:m—j'

i=0,;=0
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Moreover, the transfer product in A7, satisfies the following formulas for every choice
of indexes:

+ + _
%ﬂ@Mﬁ—(
b®b =0if b and b’ are cup products of neutral generators (ie 8°.,,).

52:m Ol = 82:m'

a+b +
a )yha+h

Proof Note that Yeon = 1— @y]i = L()/]:: ) as adirect consequence of Lemma 4.2 and
the definition of the cochain representatives of these classes. The coproduct formulas
for y]:f ,» follow from Lemma 4.1 and Proposition 4.14. More precisely, we observe
that mapping y]:f 10O FN’ *Wszk ® IF, via ¢* yields a cohomology class represented
by the same symmetric planar level tree of Figure 4, with positive orientation. The
same proof of Proposition 5.7 holds in this case by keeping track of orientations.

The coproduct formula for §2.,. is a consequence of Proposition 5.8, the Hopf ring
properties of Ap, and the fact that the restriction map p: Ap — Ap preserves coproducts.

Regarding transfer product, we prove the first identity using Proposition 4.15 precisely
in the same way as the second part of Proposition 5.7.

Let p: Ap — Ap be the restriction map. For every x € H*(Wp,;F,) and y €
H*(Wp,,:F2), we can prove that p(x) © p(y) =0in H*(Wp,,,,,: F2) with the same
argument used in [9, Proposition 3.14]. Essentially, it is sufficient to observe that
both the restriction H*(Wp, x Wg, ;F2) — H*(Wp, x Wp,,;F2) and the transfer
H*(Wp, x Wp,,:F2) — H*(Wp,_,.:F2) factor through the cohomology of the

subgroup G = Wp N (Wg, x Wg,,), and that the composition

n+m
H*(G;Fy) & H*(Wp, x Wp,,;F2) > H*(G;F»)

is 0 for mod 2 coefficients because Wp, x Wp, has even index in G. In particular,
nontrivial transfer products of blocks obtained by cup-multiplying neutral generators
must be 0. The last relation also follows from the invariance of §2.,, with respect to
the involution ¢. O

After these coproduct and transfer product formulas, we will also need some cup
product relations. Since the Fox—Neuwirth type cell complex does not behave well
with cup products, we found that it is simpler to obtain these formulas via restriction to
elementary abelian subgroups. This approach is fruitful because of a detection theorem
for these subgroups. We postpone the proof of the following proposition to Section 6,
where we will explain this in detail.
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Proposition 5.13 Lety, , =170 y,j . as an element of A’y Then the following
formulas hold in Ap:

(1 V,jn-)/h_mZOforaHn,m,kz 1 and h > 2;
(2) yl—i,_myl_,m = (Vl—i:m_l)z @8(2):0 for all m > 1;

(3) the - product of generators belonging to different components is 0 and 88:m is
the -—product unit of the m™ component

@) 89, =0forall m>0;
(5) 82:,” . V]:_ner = 82.0 . )/,:FL ©) y,:rﬂ for all k > 0 and m,n > 0, where we
v ok ’ > 2k > 2k

understand that y,j . = 0if r is not an integer.

The last relation we require involves the behavior of the coproduct with the transfer
product. We need a preliminary remark. Let b € A7, be an element obtained as a
cup-product of positively and neutrally charged generators (ie y,: m OF 82:,,1), with at
least one positively charged generator. Note that, by Propositions 5.12 and 5.13, A(b)
can be written as a sum »_; b/ ® b; where b and b’ are elements obtained as iterated
transfer products of elements of the same form, or the images of such elements via the
involution : = 17 © _. We let A'(b) be that sum restricted only to addends b} ® b in
which the involution is not performed to obtain b; or b; is fixed by ¢ and the involution
is not performed to obtained b;. As A is (1 ® t)—invariant, this intuitively amounts to
keeping half of the addends of the coproduct in A',.

Proposition 5.14 (cf[9, Theorem 3.21]) Lett:a®B e A @A — fRac A ® A,
be the map that exchanges the two factors. For all b € A', the cup-product of positively
and neutrally charged generators, with at least a positively charged generator appearing,
and for all x € A’,, we have that

AbOx)=(0®0)o(id®t®id)(A(b) ® A(x)),
where A is the expression described above.
The proof of the analog of this proposition is done in [9] by a careful examination
of certain spectral sequences. It can be done this way also for Ap. Still, we decide
to argue here using detection by elementary abelian subgroups that for finite Coxeter

groups comes for free and leads to a shorter proof. Therefore, we postpone the proof
of this proposition until the next section.

We restate our presentation theorem for A’,, whose proof we postpone.

Algebraic & Geometric Topology, Volume 23 (2023)



The mod 2 cohomology of the infinite families of Coxeter groups of type B and D 3263

Theorem 5.15 (main theorem for type D) A7, is generated, as an almost-Hopf ring,
by the classes 8., forn > 0 and m > 0, )/,j:m for k,m > 1, and 1~ defined above,
under the relations described in Propositions 5.12, 5.13 and 5.14 and the relations
"ol =171"1"=17,1T-1"=0and A(1") = 1T ® 1™+ 1~ ® 1" coming
from Proposition 5.11.

5.3 Additive bases

We describe here additive bases for Agp and Ap. In this subsection, we assume that
the statements of Theorems 5.9 and 5.15 are true. They do not rely logically on the
existence of such bases in Ap and Ap. Thus this choice does not invalidate their proof.

We begin with Ap.

Definition 5.16 (cf [7]) A gathered block in Ap is an element of the form

_8t0 l_[ ytkm s

where m is a positive integer, 2" divides m, and n is the maximal index such that Vn, 2
appears in b with a nonzero exponent. The profile of b is the (n+1)-tuple (to,..., ).
We also allow n = 0: in this case, b = 8;‘2 for some g > 0.

A Hopf monomial is a transfer product of gathered blocks x = b1 ©®---® b,. We denote
by Mp the set of Hopf monomials whose constituent gathered blocks have pairwise
different profiles.

Note that, given a possible profile (g, ..., ), for all [ > 1, there is a unique gathered
block b in the (/2")™ component having that profile. As a notational convention, we
denote it by ;.

We can describe elements of Mp graphically. We represent yj ,, as a rectangle of
width n2% and height 1 — 27% and 8, as a rectangle of width n and height 1. The
width of a box is the number of the component to which the class belongs. Its area
is its cohomological dimension. We understand the cup product of two generators as
stacking the corresponding boxes on top of the other. In contrast, their transfer product
corresponds graphically to placing them next to each other horizontally. The profile
of a gathered block is described by the height of the rectangles of the corresponding
column. Thus, we can represent every gathered block as a column made of boxes with
the same width. Hence, an element of Mp is a diagram consisting of columns placed
next to each other, such that there are not two columns that consist of rectangles of the
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Figure 5: Computations via skyline diagrams.

same height. Following the notation of Giusti, Salvatore and Sinha [7], we call these
objects B—skyline diagrams or, more concisely, skyline diagrams where it is clear that
we are considering the Hopf ring Ap.

As in [7], the coproduct and the two products in M p have a graphical description,
derived from our relations:

* We divide rectangles corresponding to 8, or yk , in n equal parts via vertical dashed
lines. The coproduct is then given by dividing along all vertical lines (dashed or not)
of full height and then partitioning the new columns into two to make two new skyline
diagrams.

e The transfer product of two skyline diagrams is given by placing them next to each
other and merging every two columns with constituent boxes of the same heights, with
a coefficient of O if the widths of these columns share a 1 in their binary expansion.

¢ To compute the cup product of two diagrams, we consider all possible ways to
split each into columns, along vertical lines (dashed or not) of full height. We then
match columns of each in all possible ways up to automorphism and stack the resulting
matched columns to build a new diagram.

We depict some examples of calculations with skyline diagrams in Figure 5.

Proposition 5.17 (cf [7, Proposition 6.4]) Mp is an additive basis for Ap and A,
and O and - of basis elements are computed graphically via the algorithmic procedures
described above.
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Proof We first prove the correctness of the graphical interpretation of the structural
morphisms. The coproduct of a gathered block b, ; with profile (7, ..., ) is of the
form
Abmg)= Y biy®bjy.
i+j=m

We prove this formula by induction on the number of cup-product generators constitut-
ing b; ;: for single generators §,, or Vi, 2t the formula appears in the set of relations
for Ap, and the induction step is a consequence of the bialgebra structure formed by -
and A. Thus, the graphical procedure for the calculation of the coproduct is correct on
single-column skyline diagrams. As a general skyline diagram represents the transfer
product of its columns, the general algorithm is justified because A and © form a
bialgebra.

Regarding ©, the transfer product of two Hopf monomials corresponds to the horizontal
juxtaposition of the corresponding skyline diagrams. Thus, we only need to justify the
merging of columns. In formulas, this reads as follows. Fix a profile t = (g, ..., 1),
with t > 0 for 0 <k <n and ¢, > 0. Then

i+]
Again, we prove this by induction on r = 9 + --- 4 #,,. For r = 1, gathered blocks
with profile ¢ are single generators, and the formula above is exactly our transfer
product relation among them. For r > 1, the induction step is proved by combining

the coproduct formula for y; ;4 j),n—1, Hopf ring distributivity, and the fact that cup
products of elements in different components is 0 to deduce that

VG4 )2n—1 (bit ©bjg) = (big - vy jon—1) © (bjs - ¥y, jon—1),
or the analogous formula with ;. ; in place of y,, (; 4 jyon—1 if n = 0.
The -—product algorithm above graphically encodes Hopf ring distributivity.

Finally, we prove that Mp is an additive basis for Ag. We consider the bigraded
vector space V' over ', with skyline diagrams or, equivalently, Mp as a basis. Define
linear maps ©,-:V®V — Vand A: V — V ® V by computing their values on basis
elements via the algorithm above. Note that these maps define a Hopf ring structure
on V. There is a map VV — Ap that realizes every Hopf monomial as the corresponding
element of Ap. Since the procedures to compute the structural morphisms on Mp are
deduced from the Hopf ring structure of Ap and the relations of Theorem 5.9, this
map is a morphism of Hopf rings. We also note that V' is generated as a Hopf ring by
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single rectangles, corresponding to yi , and &, and that the relations of Theorem 5.9
are satisfied in V. Since Ap is presented by such generators and relations, it follows
that the map V' — Ap is an isomorphism. a

We now construct an additive basis for Ap, assuming Theorem 5.15. The first step is
to identify the subalgebra of Ap under the cup product generated by neutral generators.
Let B be the set of Hopf monomials x € Ap of the form x = SZ; Q-0 8“:_', ordered
with aq > --- > a, and k1 > 2. These correspond to skyline diagrams in which only
boxes of height 1 appear and in which the highest column has width strictly bigger
than 1.

Lemma 5.18 Every element of B° N H *(Wa,,: F2) lies in the cup product subalgebra
generated by 6,,0,—1 © 11,...,81 © 1,—1. Moreover, the images in Ap of elements
of B° are a vector space basis for the subalmost-Hopf ring generated by elements of
the form §9., for n,m > 0.

Proof Let B° be the set of Hopf monomials x € Ap of the form x = 821‘ Q08
ordered with a; > --- > a,, without the condition k; > 2. We can define an injective
function e, : B® N H*(Wp, ; F2) — N” given by

ai a _
8n(8k @~-®8k’) =(ay,...,a1,az,...,4r—1,Ar,...,dy)
1 r N e’ N ——
k1 times k; times

By identifying B N H *(Wp,,;F») with a subset of N” this way, the lexicographic
ordering on N induces a total order on B°. We observe that ]_[?:1 6 Oly—i)% isa
linear combination of elements of B°. In this linear combination, the maximal nonzero
Hopf monomial corresponds to (37— @i, Y i—5di,....dn—1 + an,an). Moreover,
this belongs to B if and only if a1 = 0, ie if and only if §; © 1,_; does not appear as a
factor. Since these are all different, §,,8,—1®11,...,8; ®1,—1 generate, under the cup
product, a polynomial subalgebra with basis B° N H *(Wa,,: F2). By Proposition 5.13,
the kernel of the restriction map to H*(Wp, ;F2) on this subalgebra is the ideal
generated by 6; © 1,—1. Consequently, the images of elements of B° in Al are a
basis for the cup product subalgebra generated by the elements §2.,.. Since the transfer
products of these elements are trivial and this subalgebra is closed under coproduct by
Proposition 5.12, this is a subalmost-Hopf ring. O

Definition 5.19 We call a neutral gathered block in Ap an element b € A, obtained
as the image in A%, of an element of the set B considered in the previous lemma. A
positively charged gathered block, or simply positive gathered block, is an element of
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the form b = (S(Z)Hm;o)to [Ti=: (V,imzn_k)tk, forsomen,m>1,t, >0for0 <k <n and
tn > 0. The profile of b is (tg, ..., t,). A negatively charged gathered block, or simply
negative gathered block, is an element of the form b = (§9,,,,.0)" [ 17—, (y]:: . 2n_k)’k ,
for some n,m > 1, > 0for 0 <k <n and ¢, > 0. The profile of b is (to,...,tn). A
Hopf monomial is a transfer product of gathered blocks.

Note that, given a possible profile ¢t = (to,...,t,), for all [ > 1, there is a unique
positively (resp. negatively) charged gathered block in the (/2")" component having
that profile. As a notational convention, we denote it by bZ’t (resp. bl_,t)' Moreover,
we stress that we require that a positively charged generator and a negatively charged
one do not appear in the same gathered block. This is not a restriction since, due to
Proposition 5.13, a cup product of two such generators is 0, or we can write it as a
transfer product of gathered blocks. Therefore Hopf monomials generate A’ as an

F—vector space.

We also define a filtration of A’D that we will use to extract an additive basis from this
set of (linear) generators.

Definition 5.20 Define the weight of a neutral gathered block b as w(b) = 0. Define

+
I’I’

t=(to,....ty),n>1,as W(blﬂ;) = [2"71¢,. Define the weight of a Hopf monomial
x =b; ©--- O by as the sum w(x) = w(by) + --- + w(b,) of the weights of its
constituent gathered blocks. Define the weight filtration as the increasing filtration
F(A}) ={Fu(A})}5, of A, suchthat F,, (A',) is the linear span of Hopf monomials
in A, of weight at most .

the weight of a positively or negatively charged gathered block b;~, with profile

We first compute formulas for the coproduct and transfer product of gathered blocks

in A’,. These are essentially the charged versions of the corresponding identities in Ap,
+

1,n°
the graded space grp(A,) associated with the weight filtration. Complete formulas in

except for gathered blocks involving the generators y;- , for which this is true only in

A’y are complicated and can be retrieved recursively on the filtration F.

Lemma 5.21 Letn > 1. Lett = (tp,...,t,) witht > 0 for all 0 < k < n and
t, > 0. In any almost-Hopf ring satisfying the relations of Theorem 5.15 the following
statements are true for all i, j > 0:

(1) 17Ob, =bj, and 1~ O b, =b/';;

(2) if n > 1, the coproduct satisfies A(bnt,;) = Zi-{—j:n (b;; ® b;; + bi_,z ® bj_,z)
and Aby ) = Y4+ j=n (b ® b7, + b7, ®b);

Algebraic & Geometric Topology, Volume 23 (2023)



3268 Lorenzo Guerra

3) ifn> 1+ o) sz_i_t:s_ﬁes b obt, =b, 0b;, = (b},
— I —

bi, ©bf, = (7 )biy

(4) for all neutral gathered block b°, bi+t obhl = b, © bo:

(5) for all profiles u, possibly different from t, b} @b}fy = bi_’ ; ob7,, bt @bj_’y =

N > YLt J,u’> Tt
bi ©bjys

(6) ifn > 1, for all profiles u, b}', -b7, = b, -bf, = 0;
(7) for all neutral gathered block b, b7, -b' =17 0O (b;rt -b).

+ op =
and bi,z ® bj,z =

Moreover, (2), (3) and (6) are true in gr g (A’D) evenifn = 1.

Proof (1) Recall that, by definition, y,, =17 © Vlj - Combining the link between
transfer product and coproduct provided by Proposition 5.14 with the coproduct formula
for 17 and )/]:r > We deduce that

-y _ + — — +
AView) = ) Vi ® Vi) T Vi OV, j)-
i+j=m
with the convention that j/kio = 1%, Then, we can prove that 1~ © b;; = b;, by
induction on the number of cup-product factors of the involved gathered block. If bi+t

is a single generator y,:' . the statement holds by definition. The induction step
by Ve o) = (T OB Y n =17 O, v 1)
’ ok > 2k > ok

is deduced from Hopf ring distributivity and the coproduct formula derived above for
Y using that 1717 =17, 17 - 17 = 0 and that the cup product of elements in
different components is zero. The statement for negatively charged gathered blocks is
obtained from its analog for positively charged ones by taking the transfer product of
both members of the identity with 1~ and using the relation I~ © 1~ = 1.

(2) We begin with the case of positively charged gathered blocks b;,,"’t. We proceed,
again, by induction on the number of - generators appearing in the expfession of b,}'l",.
If bnt’t is a single generator, then the statement holds by the coproduct identities of
Propoéition 5.12. The induction step follows from the fact that - and A form a bialgebra,
and relations 1,2,3 of Proposition 5.13. For instance, for k > 2, we explicitly have

Al 7 ) = (9 )OO T (B, 98}, +57, 907

2k

i+j=m

® Y. (y,;f,@y,;;w;r@w;s)}

_ m2"
r+s= oK
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— + .t + .+ — —

= > (bre ¥, 20 ®D3 " pon +biy 7y 1 ®bj -y, s
i+j=m 12k P2k > 2k ks
+ .= + .- - .t - .t

+b; Y, ion Qb ‘Y, jon +b; Y, ian ®b; ‘Y. ion
1,t k,l27 Jst kjij2k 1,t k’ilzzk Jst k,/22k )

_ + .+ + .+ - - -
= > (Bify Ve 120 ®B ¥ jon +Di ¥y o0 @by ¥, jon ).
i+j=m 12k 2k 2 $2k
We only need to be careful when k; > 1 because )/1+ 1 V1, 1s not necessarily 0. Note
that for k > 2 we have by Hopf ring distributivity

+ — +
Vier a1, Vimtty = Vier (] et )2 ©83:0) =0,

because the coproduct of ykjfr does not have an addend x’ ® x” with the component of
x" equal to 2. This observation guarantees that, if n > 1, the mixed-charge terms vanish.
Even if n = 1, we obtain the additional terms by applying relation 2 of Proposition 5.13
to expressions of this form, and this procedure lowers weights. Thus, the desired
formula holds in grp (A',) in this case.

The formulas for negatively charged gathered blocks are, once again, obtained by
applying the transfer product with 17.

(3) The formula is easily deduced from the coproduct formulas (2) by induction on
+

1,
obvious fact that © preserves the weight filtration to deduce that the desired formula

the number of -—product generators appearing in b:-. In the case n = 1, we use the

holds in the graded space.
(4) This is a combination of (1) and the relations 1~ © 82.,, = §9.,.
(5) This is a combination of (1) and the relations I* ©@1F =1 T and 1T 01T =1".

(6) Ifn > 1, it follows directly from relation (1) of Proposition 5.13. If n = 1, assume
that bl.+t € F, and bj_u € Fp. Relation (2) of Proposition 5.13 provides a way to write
b;; -bj_,ﬂ as a product of the form (()/;tl_l)2 0) 8‘2):0) . blf;, 'bj_,g’
b;;, € F,_; and b; , € Fp_;. By relation (5) of the same proposition, these - products

for some [/ > 1, where

preserve the weight filtration. Therefore the statement is true in grp (A').

(7) We argue as we did for (1), combining the formula given in (1) with the relation
17 ®8n:m = 8n:m, which implies that neutral gathered blocks are invariant by the action
of 17O _. O

Using this lemma, we can use Hopf monomials in the additive basis for Ap to construct
basis elements of Ap by adding charges.
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Proposition 5.22 Let M p be the Hopf monomial basis for Ap of Proposition 5.17. Let
B° c Mp be as in Lemma 5.18. Let B¢ be the subset of Mp consisting of nontrivial
Hopt monomials in which every constituent gathered block has profilet = (tg, ..., t,)
withn > 1. Let Mp = B°uBt LB~ C A}, where

k
o B+ fd {x+ = ®l=1 bl—:‘_,zi }x=@;€:1 bll-,ll- EEC U {1+}9
- - k—1 4+ _ _
B~ = {X - @i:l bl,’,[,’ lekslk }x=®{_c:l bliii eBe U {1 }’
® BO = {xo = ,O(y) @Z+}x=y®z,yGEO\{IO},ZGECU{I()}'

Then M p is an additive basis for A’,.

Before providing a proof of this statement, we make a remark that clarifies the cumber-
some identity of Proposition 5.14.

Remark 5.23 Proposition 5.22 provides a direct sum decomposition of A7, as an
[F,—vector space with three addends, V', V™ and V°, defined as the linear span of
B*, B~ and B, respectively. Note that the involution : = 1~ ®_ switches VT and V—
and fixes all elements of VV? by Lemma 5.21. We can consider the linear projection
7.V — V7T defined as the identity on V' and as 0 on V'~ and V°. With this notation,
we can rewrite Proposition 5.14 as

AbOX)=(OR0)(TR®T®id) (AR A) (LX)
for all x € A}, and b charged gathered block.

A further reduction can be performed. We can consider the free F4—module V with basis
M p and define a Z-linear map A: Ap® A — V as follows. Given x, y € Mp, first
compute the expansions of the coproducts A(x) =}, x; ®x;" and A(y) =}, yJ’. ® yj//
on the basis Mp ® Mp of Ay ® A7,. Then, let

Ax®y) =) Y (xoy)®(x/ 0y)),
i

where, this time, the sum is computed in V. Recall that both ® and A are (t®1)—
invariant. Hence, each addend appears twice, except possibly the elements of the form
(x/© y}) R0 yj/-/), where x/, x//, y; and y;’ are all fixed by ¢. But this implies that
these classes belong to B°, and thus their transfer product is zero. Consequently, such
addends do not appear in the summation. This implies that Z(x ® y) is killed by the
multiplication by 2, and thus A extends linearly to a map as desired. The image of A

is contained in the image of the embedding £: A}, — V that maps every x € Mp to
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2x € V. We can rephrase Proposition 5.14 by saying that
(AQ):x®y e Ap @ A > A(x O y) € A

is the unique linear map satisfying £ o (A®) = A. We immediately see that this
statement is equivalent to the formulation above when x or y is a charged gathered
block. If both x and y belong to B°, then Z(x ® y) = 0 because the transfer product
of two neutral gathered blocks is always zero. The general case follows by induction
on the number of ®—factors in the Hopf monomials involved.

Proof of Proposition 5.22 We can write every element in an almost-Hopf ring with

generators y,j ,» 1 and §9.  satisfying the relations of Theorem 5.15 as a linear

n.m
combination of addends in M p due to Lemmas 5.18 and 5.21. Therefore Mp is a set

of linear generators for A7,.

The fact that Hopf monomials in M p are linearly independent is a byproduct of the
proof of Theorem 5.15. It is nevertheless possible to provide a fully independent proof
that a basis for the almost-Hopf ring with the presentation of Theorem 5.15 has an
additive basis given by M p, but we will not provide it, as it would be uselessly long. O

5.4 Comparison between Ay, Ag and Ap
In this subsection, we compute the action of the connecting homomorphisms on the

elements of the additive bases determined in the previous subsection.

We first start with the link between Ay and Ap. We recall that there are a natural
injection j : ¥, — Wp, and a natural projection 7w : Wp, — X,, providing linear maps
linking Ap and Ay. We begin by analyzing the relationship between Ax and Ap.

Proposition5.24 Let j:%,, — Wp, and w: Wp, — X, be the natural homomorphisms.
The induced maps j*: Ap — Ay and n*: Ay — Ap are Hopf-ring homomorphisms.

Proof It is obvious from the fact that the diagrams

(00)
Confim((0.+00%°) J, Wiy EE)" " XE(Snim) x, E(Znim)
DIMD I Wg,xWg, (F22Zp) x (F22Zm) Y X

Lo T
Confy4m ((0, +00)°)  J . "Whyim E(FZ)n+mXE(En+m) LN E(Zn+m)
Er1-+-m WB,H_m IFZzzrz—i-m z:n+m

are pullbacks of finite coverings, where p indicates covering maps. |
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The following proposition is a direct consequence of Corollary 4.6 and Proposition 5.24.

Proposition 5.25 With reference to the notation of Theorem 2.3, j* (Vg n) = Yk n and
Jj*(8,) = 0. More generally, given a B—skyline diagram x € Mp, j*(x) is zero if x
contains a rectangle of height 1. Otherwise, it is obtained by interpreting x as a skyline
diagram in Ay.

We can now use our algebraic description to compute the action of 7* on generators.

Proposition 5.26 7*(yk ,) = Vk.». For a skyline diagram x € Ax, 7*(x) is obtained
by interpreting x as a B—skyline diagram without rectangles of height 1.

Proof We proceed by induction on n. If n = 1, since w o j = id, n* is injective.
Hence 7*(yk,1) is a nonzero class in H 261 (Wsz ; IF2). Thanks to Proposition 5.24,
7*(Yk,1) is primitive. From our description of Ap in terms of skyline diagrams,
formalized with the statement of Proposition 5.17, we see that the only nontrivial
primitive of Ap in the right component and cohomological degree is yi ;. Forn > 1,
Proposition 5.24 guarantees that * preserves coproducts. Hence we inductively have
that 7*(Vk ») + Yk, is primitive. However, there are no nonzero primitive in that
bidegree, thus 7*(Vk.n) = Vi.n- ad

We now turn to Ap. There is a restriction map p: Ap — Ap induced by the inclusions
Wp,, < Wa, . Moreover, we recall that we have natural injections i4,i_: X, — Wp,
determining maps Ap — Ay and an involution ¢: Ap — Ap induced on H*(Wp, ;F2)
by the conjugation with so € Wpg,. We analyzed these maps in Section 4.1.

First, we explain the relation between Vlj o and y,—and the natural maps between

Wp,,, Wp, and X,.

Proposition 5.27 Forall n,k > 1 and m > 0,
. =+ _ . — _
l-T—(Vk,n) =Yk.n> Z-T-(yk,n) =0, i * (89 —i*(80 _

Lk — Lk 4 l+( n:m)_l—( n:m)_O’

ZWiep) = Vi 12 ,,) =0,

More generally, with reference to Proposition 5.22, i (resp. i*) is zero on all neutral
or negatively (resp. neutral or positively) charged Hopf monomials. We obtain the
value of positively (resp. negatively) charged Hopf monomials under i (resp. i*) by
forgetting the charge to get a Hopf monomial in Mg and then applying j * as described
in Proposition 5.25.
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Proof The formulas involving y,i‘fn are a direct consequence of Corollary 4.6 and the
form of the chain representative of yy , € FNEH ®IF5 retrieved in [8, Definition 4.9]. To
deduce that i%(89.,,) =0, we recall that §9.,, = p(8, ® 1) and that the composition
En<i>WDn — Wpg, is equal to j. By Proposition 5.25 j*(6, © 1,,) = 0; therefore
i _";(82:,") = 0. The same is also true for i *(89.,,) because i_ is obtained by composing
i+ with the conjugation with an element of Wp, , whose action is trivial on elements
coming from Ap. |

Since we identify the involution ¢ with the transfer product with 17, the following
proposition is essentially a restatement of the description of the previous subsection.

Proposition 5.28 If x° is a neutral Hopf monomial in Mp, then 1(x%) = x°. If x*
is a charged Hopf monomial in Mp, we get 1(x*¥) by inverting the charge.

To complete the description of the homomorphisms connecting our structures, we need
to compute the restriction p: Ap — Ap and transfer tr: Ap — Ap maps. To do this,
we need to establish preliminary identities.

Lemma 5.29 For all x,x’ € Ap and for all y € Ap, the following identities are
satisfied:

(D) plr(x) ©y) =x O p(y),

(2) tr(x)-tr(x") =tr(x - x" +1(x)-x7),

(3) u(x-p(y)) =t(x)-y,

4) tr(x ©x’) = tr(x) O tr(x’).

Proof The first statement follows from the fact that this commutative diagram induces
a pullback of covering spaces at the level of classifying spaces:
Wp, x Wp,, —— Wp, x Wg,,
WDn—i—m — WBn+m

Regarding the second statement, since the conjugation by so is an endomorphism of
the covering B(Wp,, x Wp,) = B(Wp,,, N (W, x Wg,)),

¢ Wpo, NWe,xWE,) & ¢ Wp,, "Wg,, xWg),)
W, xWp, Cso = Cso Uwp, xWp,, .
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Moreover, the classifying space functor applied to the following square produces a
diagram homotopy equivalent to a pullback of covering, where d and d’ are diagonal
maps:

Wb, ;) Wp, x Wp,

| |

Wa, 7) Wp,, N (W, x Wg,)

w. N, w . .
Hence trd* = d'* trWZZ”Xu(,D 50> WBn) Tece facts imply that, denoting by d the

diagonal subgroups,

tr(x) - tr(x")

_ W, xWpg, Wp,xWp, ’

= Pa(Wy, trWDn W (x®x")

— pWDZI’I ﬂ(WBn XWBn)pWBn XWBn tI'WBn XWBn trWDzn ﬂ(WBn XWBn)(_)C ® x/)

dWpg),) Wp,, NWp, xWg,,) “Wp,, NWpg,xWg,) “Wp, xWp,
Wp, N(Wg, xWg, )

Ik * 2n n n /

=d (1d+cs0)trWanan (x®x")
WD2n ﬂ(WBn XWBn
WDn XWDn

2
=d™*tr )(id—l—cs*o)(x@)x/)
=trd*(id +c5 ) (x ® x')

=tr(x-x" +(x)-x').

Similarly, the last two statements follow from the diagrams below, where the vertical
maps of the first one are the diagonal morphisms:

WDn — WBn WDn X WDm — WDn+m
WDn X WB,, R — WBn X WB,, WBn X WBm E— WBn+m O

Proposition 5.30 The transfer map tr: Ap — Ap is such that tr(ykin) = Yk.n and
tr(89.,,) = 0. More generally, if blit is a charged gathered block with profile t =

(to,t1,....tn), then tr(blit) = by, if n > 2, while if n = 1 the transfer of gathered
blocks is computed inductively by the formula
Lt1/2]
by = Z tr(bl:l,:(to,tl—a) (qujl)a)'
a=0

The transfer of every neutral gathered block is 0, and we realize the transfer of a Hopf
monomial as the transfer product of the transfer of its constituent gathered blocks.
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Proof The statement for generators is a direct consequence of their definition at the
cochain level. The general claim for Hopf monomials in Ap follows directly from
Lemma 5.29. o

Proposition 5.31 p(yk ,) = Vlj_n + ¥¢, foralln, k > 1. Moreover, p(8m) = 521:0 for
n > 2 and p(§1) = 0. More generally, for every Hopf monomial x € Mg, p(x) can be
computed as follows. If x = by ; is a gathered block with profile t = (fo, ..., ), we

have that 0 iFn=0
p(x) =) Lo ()0 oy vi)" ™ i =1,
b +b, ifn>2.

The restriction of a Hopf monomial x with a constituent gathered block in B° is x°,

We calculate the restriction of a Hopf monomial x € B¢ as follows. First, replace every
constituent gathered block in x with the sum of the positively or neutrally charged
elements of its restriction. Then, write the resulting linear combination as a sum of
Hopf monomials in Ap. Finally, add to that the negatively charged counterpart of every
positively charged Hopf monomials appearing in the sum.

Proof Using the cochain-level representative of yi , introduced in Definition 5.1,

we immediately see that its restriction is represented in FN’ W,k by the sum of

two elements obtained by providing this cochain with the two possible orientations.

These elements correspond to cochain representatives of y;” and y;  via the cochain
k.n k.n

equivalence ¢ of Lemma 4.1. The formulas for §,, are a consequence of the generators’

definition in Ap and relation (4) of Proposition 5.13. O

We conclude this section with a short description of the Gysin sequence of the double
cover Wp, — Wg, . In [9], Giusti and Sinha adopt the analysis of a similar Gysin
exact sequence as the starting point to compute the cohomology of the alternating
groups as an almost-Hopf ring. While we retrieve that as a byproduct of our algebraic
description, we stress that Giusti and Sinha’s approach could be used in our framework
as an alternative method to deduce relations in A’,. Indeed, a direct consequence of
the following proposition is that Mp = B% LI BT LI B~ is the polarized basis arising
from a Gysin decomposition in the sense of [9].

Proposition 5.32 (cf [9, Section 3]) The restriction p: Ap — A}) and the transfer
tr: A, — Ap fit into the Gysin sequence

=l K (W, Bo) 255 HF (W, F2) ™ HY (Wi, F2) 2 HFH (Wi, F2)

Prtl,

’
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where 0 is the multiplication with §; ® 1,,—1. It can be described on skyline diagrams
by the operation of replacing each column corresponding to §; with the diagram
corresponding to 87" t! © Sy

Proof By a general fact, the connecting homomorphism d is the multiplication with
the Euler class e of the double covering. In the case n = 1, this covering is isomorphic
to the universal double covering §*° — P°°(R), and its Euler class is §;. For bigger n,
the Euler class is §; © 1,—; because it is the only class in the right degree that restricts
to J1.

tr op = 0 because we are working modulo 2. Therefore the transfer of a neutral gathered
block is 0. If b = bft is a charged gathered block, then the restriction of tr(b) must be
b + 1(b), and the multiplication with §; ® 1,,—; must kill tr(b). These two conditions
force tr(b) = by ;. Since tr preserves the transfer product ©, the formula for a general
Hopf monomial follows. |

6 Restriction to elementary abelian subgroups

We recall here some theorems from Swenson’s thesis [18], which constitute the formal
framework in which we will calculate the cohomology of W, and Wp, . We will then
exploit these theorems to determine the restriction of our generators in Ap and Ap to
elementary abelian 2—subgroups. This yields the restriction of all the cohomology of the
groups Wp, and Wp, to maximal elementary abelian subgroups, because the structural
morphisms of our almost-Hopf rings behave in a predictable way: cup products and
coproducts are preserved by such restriction, while the relation with transfer product
is determined via double cosets formulas, as stated in Adem and Milgram’s book [1,
Section II.6].

6.1 Quillen’s theorem for finite reflection groups

The relevance of these restriction maps is encompassed by a result of Quillen [15; 16],
which we state here. Let G be a finite group and F a family of subgroups. Let
Og: H*(K;F,) — H*(gKg™';F,) be the conjugation homomorphism. Define

F'={{fx}ker. [k €H"(K;Fp)|g ' Kg CK'= fx =03 (fx))|k forall K, K'}.
Alternatively, we can consider F as a category in which

Hom(K,K')={g|g 'Kg S K'}.
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Then F" is the inverse limit of the functor H" from F into the category of I ,—vector
spaces. In other words, F* consists of collections of cohomology classes of groups in
F that are stable under restrictions and conjugation by elements of G. Observe that
F* =P, F" has a natural ring structure.

Theorem 6.1 [15, Theorem 6.2, page 564] Let G be a finite group. Let F* be as
before. The map g : H*(G;F,) — F* given by g6 (f) = { f |k }x is a well-defined
ring homomorphism. Moreover, if F is the family of elementary abelian p—subgroups,
then the kernel and cokernel of g are nilpotent.

Hence elementary abelian p—subgroups give much information on the IF ,—cohomology
of a group. In the case of a finite reflection group, an even stronger property holds.

Theorem 6.2 [18, Theorem 11, page 2] If G is a finite reflection group and F is the
family of elementary abelian p—subgroups of G, then qg is an isomorphism.

6.2 Restriction from A g

For the reasons explained in the previous subsection, Swenson has calculated the
elementary abelian 2—subgroups of Wp, . Before stating his result, we need to recall
the structure of elementary abelian 2—groups of the symmetric group X, on n objects.
The relevant calculations are reviewed in [1]. ¥, admits a transitive elementary abelian
2—subgroup if and only if n = 2 1In this case, all these subgroups are conjugated in
%, to the image Vj of the homomorphism py : ]Fé‘ < X,k given by the regular action
of Fé‘ on itself. More generally, a maximal elementary abelian 2—subgroup of 3, is
conjugated to a direct product

Vk X oeo X Vkr > Ezkl Xoeee X Ezkr — Ezkl 42k

1

Hence, conjugacy classes of maximal elementary abelian 2—subgroups in X, are
parametrized by partitions 7t of n such that every element of 7 is an integral power of
2 and the multiplicity of 1 =2 in 7 is at most 1.

To further simplify notation, we borrow from Swenson’s thesis the following definition.

Definition 6.3 [18] Letn € N. We say that a partition 7 of n is admissible if it
consists only of parts that are integral powers of 2.

The main results about elementary abelian 2—subgroups in Wpg, is the following:
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Proposition 6.4 [18, page 22] Let A1, A < Wp, be maximal elementary abelian
2—subgroups. Then

e Ai=A;NZ, <X, is conjugated to a subgroup of the form Vi, x---x Vg,
with k; > 0 forall i;

e Aj and A, are conjugated in Wp, if and only if;fl and /Tz are conjugated in X,,.

In particular, conjugacy classes of maximal elementary abelian 2—subgroups in Wp,, are
parametrized by admissible partitions 7. Moreover, if we denote by A, the subgroup
corresponding to a partition 7, we have that A;xy = Vi X Cy, where Cy = 5 is the
center of 1438 and, more generally, if m; is the multiplicity of 2" in a partition 7,
then Ay is isomorphic to the direct product [ [; AZ’;). Letd,i_q,...,dyi_si—1 be the
Dickson invariants in H*(V;;F2) < H™*(A,i); F2) and define

fai = l_[ (x+ ),
yeH ! (V;;F2)

where x € H'(A,i;Fy) is the linear dual to the nontrivial element in the C;—factor
of A,i. There is a natural isomorphism

N Ar) ~ mj m:
[H* (A F2)]W 50 A7) = QY(Fal foi s iy i _imt]®" )P

1

We can calculate the restriction of our generating classes Yk , and §, to these abelian
subgroups. The calculation for yi , has been essentially carried out by Giusti, Salvatore
and Sinha [7]. We state here the result.

Proposition 6.5 [7, Corollary 7.6, page 189] Let [,n > 1. Let & be a partition of

n2! consisting of powers of 2, m = (21, ..., 2kr). Then
®;=1 dyk; _oki—1 if ki > 1 foralll <i <r,
Vl,n |A7r = .
0 otherwise.
Proposition 6.6 Letn > 0. Let 7 = (2%1,...,2k") be an admissible partition. The

restriction of 8, to the cohomology of the maximal elementary abelian 2—subgroup A
is equal to Q;_, f,k; . Moreover, 8, is the unique class in H" (Wp,,; F,) that has this
property for every 7.

Proof We observe that the restrictions of a cohomology class to A, for all the partitions
7 of n determine its restriction to every elementary abelian 2—subgroup (not necessarily
maximal). Hence, by Theorem 6.2, a class that satisfies the condition in the statement
for every = is necessarily unique.

Algebraic & Geometric Topology, Volume 23 (2023)



The mod 2 cohomology of the infinite families of Coxeter groups of type B and D 3279

Let U, = R” be the reflection representation of Wp . Recall that, if n = 2K and
7 = (2K), then A, = Vj, x Cy, where Cy, = (t) is a cyclic group of order 2, the center
of Wg,, and Vi = (v1,...,vg) < Xy« is the subgroup defined above. H*(Ax;[F2)
is polynomial on degree 1 elements x, y1,..., Yk, the linear duals to ¢, vy,..., vg,
respectively. Given a € A \ {1}, let &4, sgn,, and R(a) be the 1-dimensional trivial
representation, the signum representation, and the regular representation of (a) = [,
respectively. We first observe that, since ¢ acts on U, as the multiplication by —1,
Unla, =sgn, ®Uy|y, . Moreover, the inclusion of Vi in X,« is given by the regular
representation; hence

k k
Uy =QRvi) = D @ Us.i,

i=1 Sc{l,..k}i=1

where Uy ; is equal to sgn,, if i € S, and to &y, if i ¢ S. Thus, with the notation used
before in this document, the Stiefel-Whitney class of Uy |4, is

1_[ (l—i-x—i-Zyi).

Scil,...,n} ieS

Its n—dimensional part is exactly f,«. Hence, the thesis for 7 = (2%) follows from the
naturality of the characteristic classes and Proposition 5.3

In the case of a general admissible partition 7 = (Zk L., Zk’), the proposition follows
from the fact that A, = [[;—, A(ox;y and Up l4, = Pi—; U, |A(2ki>' |
To complete the calculation of the restriction morphisms from Ap to maximal ele-
mentary abelian 2—subgroups, we need to describe how such maps behave with the
structural morphisms of Ap. Restrictions preserve cup products, and, regarding the
coproduct, there is nothing to say because every maximal elementary abelian subgroup

of Wg, x Wg,, is itself a maximal elementary abelian subgroup of Wp, . . The only

n+m

nontrivial behavior occurs with the transfer product. We describe it in the following
proposition.

Proposition 6.7 Letx,y € Ap be in positive components n and m respectively. Let
T = (2k1 e 2k’) be an admissible partition of n +m. Forall I C{1,...,r}, write
I ={i1,... i} withiy <--- < iz and let 7y = (2Ki1, ... 2Kis). Then

xOYNa, = ZTI,J(XIA,,, ® yld,, )
1,7
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where the sum runs over all partitions {1, ...,r} =1UJ of {1,...,r} into two subsets
such that ) ;g 2ki = n (and, consequently, djes 2ki = m), and

11,7 H* (An; i F2) @ H*(Ax,  F2) — H*(Ay: F2)

is the obvious permutation of tensor factors.

Proof We begin by assuming that r = 1; thus 7 = (2) for some k and n + m = 2k.
Then, since A, acts transitively on {1,..., 2k }, no conjugate of A, in Wg, _, is
contained in Wpg, x Wp, . Given that A, is abelian, the classically known property
stated in [1, Proposition 5.6, page 69] implies that the transfer map

H*(Az No(Wg, x Wg,,)o~ i F2) = H*(Az; F2)

is identically zero. Eilenberg’s double coset formula then guarantees that the composi-
tion of the restriction with the transfer product

H*(Wp,:F2) @ H*(Wg,,;F2) 2> H*(Wg, ,,:F2) = H*(Az:F2)

n+m?

is zero. Thus (x © y)|4,_,. = 0.

k)
In the general case, the restriction of x ® y to this subgroup factors through the r—fold
coproduct. By the calculations above, addends in this coproduct for which a factor is
a nontrivial transfer product restrict to 0. Since ® and A form a bialgebra structure
on Ap, the other addends have the desired form. O

6.3 Restriction from A p and proof of relations

We can adapt the argument to calculate the restriction to elementary abelian subgroups
of generators also in the D, case. First, we state the analog of Proposition 6.4. Recall
that a partition 7 of n is admissible if and only if it consists of parts that are powers
of 2.

Theorem 6.8 [18, Theorem 5.4.3, page 40] Let m be an admissible partition of n.
Let my and m, be the multiplicities of 1 and 2 in 7. We write w = (1)1 U (2)"2Ux’.
Let Ar < Wp,, the maximal elementary abelian 2—subgroup corresponding to 7 and let
/f,, = A, N Wp,. Then /T,, is maximal as an elementary abelian subgroup of Wp, if
and only if my # 2. Moreover:

o If mp > 0, then 1:1\,, = ker(z: IF;"I — ]Fz) X A@ymaunr- If €1,...,em, are the
elementary symmetric functions in H*(IF;"1 i F2) = H*(A@ymi; F2), we define e; =
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e +erej—1 if 2 <i <m and e;, = eyje;y—1. There is an isomorphism between the
invariant subalgebra [H* (A ; F2)|NWp, (47) and

_ _ N (A iy )
Falé, ..., em] ® [H*(Aymzynri Fa)] " Brmmy 2 @M20777

Moreover, the cohomological restriction from Ajym to A, (1ym 1s given by ey — 0 and

eir>e If2<i<m.

e If my =0 and my > 0, then Ay = Ay. Identifying H*(A;F2)®" with

Q2 Falxi, yi], we can define

Sc{l,...,.mp}i€S JES

Then [H* (Ay; F2)]N"0n A7) s the free [H* (Ax:; F2)]VW8n ™) _module with basis
L hmy, ® Lg+(4,,,F) )
e Ifm; =my =0, then /fﬂ = An and Nw,,, (Az) = Nwy, (Ar); hence

[H* (A BV 0n A7) = [H* (A Fp)) VW (),
Moreover, if my # 0 or my # 0, then Ay is Wp,—conjugate to A’ if and only if
Ay is Wp, —conjugate to A’ N Wp,. Conversely, if my = mp = 0, then the Wg, —
conjugacy class of Ay contains exactly two Wp, —conjugacy classes of elementary
abelian 2—subgroups.

We now determine the restriction of our generators to the elementary abelian subgroups.

Proposition 6.9 Letn = 2k, for some k,m > 1. Let w be an admissible partition
of n. Let my and my be the multiplicities of 1 and 2 in 7. Then

(1) for every k > 1, if m; = my = 0, then ylimlAn = YimlAy- yl;i:m|Af,0 =0,
Viemlaz = 0-and v | 450 = Viem| 4505
(2) foreveryk =2, if m; #0ormy #0, orfork =1 if my # 0, then Vlimlff,, =0;
(3) if my =0 butmy #0, ie w = (2)"™2Un’, then the restriction of )/ffm (resp. Y1 m)
oAy = A(2)m2 X Ag is hmg RV1,m—m» |Aﬂ/ (resp. (dig 2+hm2)®yl,m—m2 |A”/);
(4) ifr = (1)™ Un’, then the restriction of 8£:m to fT,, = /T(l)ml X Ay is
k

18 Bk O 1wy Ay + D& ® ki O lwy,
i=2
with the convention that 1y, =0 whenr <O0.

oy i) A
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Proof If 7 has more than 1 element and is different from (1,1,...,1), then the
restriction to A or A, 29 factors through the coproduct. Thus, by applying the coproduct
formulas of Proposition 5.12, we can inductively reduce to these two cases.

We begin by assuming that 7 = (2") has only one element, and we prove the first
statement. If kK > 1 and n > 2, the restriction of ylic,zl to Ay (n = k + /) must
be NWD2n (Ax)—invariant. Hence, for degree reasons, it can be 0 or d,»_,:. Since
i +(yk 1) = Vit (resp. i +()/k 1) = 0) by Proposition 5.27, its restriction to Az N Xpn
must be the Dickson invariant of degree 2" — 2! (resp. 0). This forces

+ _ _
Vi 21 4z = don_o1 =V 2114,

res A, = essentia e same argument, considering i_ instead of i,
( Pszl . =0). By tially th g t, idering tead of i+
we determine the restrictions to A5, proving the first point.

Claim (2) is immediate from the fact that, if k > 1, there are no nonzero elements
in H* (A(l)zkn :Fo)Mwp Sk n (A(l)zkn) in the same degree of y,;'fn, and that if k > 2 the
coproduct of Vk has no element in component 2.

To prove (3) when w = (2), we notice that Ay = Wp, and lef , can be identified
with &1, while Y11, With di+ hi.

By the coproduct formula for 82,m, we have 80 ml Alm = eg. Thus, the last statement

formr = (1,...,1) follows directly by combimng Proposition 6.6 and Theorem 6.8. O

As in Ap, the behavior of the restriction to maximal elementary abelian 2—subgroups
with the cup product and coproduct is straightforward. We describe the relation between
such restriction maps and the transfer product in the following proposition, which is
the counterpart of Proposition 6.7.

Proposition 6.10 Let x,y € Ap be elements in positive component n and m re-

spectively. Let = = (2K1,...,2kr) be an admissible partition of n + m. For all
IC{1,....r}, write ] ={i1,...,is} withi; <---<is and let 7y = (21, ... 2kis).
Then

(x@y)un = ZII’J(XLT”] ®y|/fw +L(x)|/fﬂ] ®L(J’)|gnj)’
1,J

where the sum runs over all partitions {1,...,r} = I U J of {l,...,r} into two
subsets such that ) ;. 2ki = n (and, consequently, ZjeJ 2ki = m) and at least one
between I and J does not contains any [ € {1,...,r} such that k; = 0, and where
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IR H*(/T,T,;IFZ) ® H*(/T,”;IFZ) — H*(z‘i\n;]Fz) is the obvious permutation of
tensor factors. Moreover, if 1 ¢ w and 2 ¢ 7,

— * -~ -~ ~ -~
(oMl g0 =<5, ;m(mn[ ®lg,, +@lz, ®©ylF ).
where I, J, 7y j are as above, and cg : H*(Ay:Fy) — H*(AY;F,) is induced by the
conjugation with s.

Proof We cannot repeat the proof of Proposition 6.7 because in A7, the transfer
product and the coproduct do not form a bialgebra. Therefore, we argue by considering
Eilenberg’s double coset formula associated with the two subgroups Wp, x Wp,, and
Ay of Wb, 4m- We preliminarily fix some notation. Let Py be the partition of the set
{l,...,n+m} given by

r—1
P, = {1,...,2k1},{2k1+1,...,2k1+2k2},...,%22k’+l,...,n+m}}.
=1

Moreover, let Pj , = {Zl];ll oki 1, Z{:l 2k},

Assume that 1 ¢ 7. A set of representatives for Wp, .. /(Wp, x Wp,,) is the set
Sh(n,m) - {1,¢}, where Sh(n.m) C X, 1, < Wp,_,, is the set of (n, m)-shuffles,
and 1 = so x 59 € Wg, x Wg, . Note that A, C (518)(Wp, x Wp,,)(c1¢)~ ! if and
only if o({1,...,n}) is a union of parts of P;. Since Ay is abelian, these provide
the only nonzero terms in the summation of the double coset formula. Moreover, by
inspecting the image of {1,...,n} C {1,...,n + m} under the signed permutation
action of Wp, .. < Wg, . we see that if ot and 0’1 are two coset representatives
satisfying this condition, then A,0t*(Wp, x Wp,,) = Aro’ tS/(WDn x Wp,,) if and
onlyifo =0’ and e = ¢'.

w
Consequently, the double coset formula allows us to rewrite Py Dntm (x ®y) as the
sum

* WDn XWDm * * * WDn XWDm
Z (CUI ’O;fnl X;fﬂ] (’x ® y) ® +CO’1 (CS() ® CS())IOA‘;(I) ®/’1‘;(‘)I )7

I1c{1,...,r}

Yiel 2ki=n
where o7 is the unique (n, m)—shuffle satisfying o ({1, ...,n}) = ;¢ Pi,x and J =
{1,...,r}\ 1. The statement follows by observing that ¢;, = 77 s and

WDZ B WD[

*
C ~ =P~ 1
S0 pA;O/ pA,,/

for all / > 1 and an 7’ admissible partition of /.
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The case of /T,STO where 1,2 ¢ 7 is done similarly. If 1 € 7, the same argument holds,
but if there exists i € I and j € J such that k; = k; = 0, then, interpreting the

elements of Wp as signed permutations, (p;, —p;)(p;,—p;) belongs to A but

n+m
not to (07t8)(Wp,, x Wp,,)(o7t¢)~, where Pi » = {p;} and P; = {p;}. Thus, we
need to restrict the summation only to partitions {1,...,r} = I U J in which all the
occurrences of 1 in 7w belong to the same part. a

This result provides a way to detect the charge of a Hopf monomial via restriction to
maximal elementary abelian 2—subgroups. We first fix preliminary notation.

Definition 6.11 With the notation of Theorem 6.8, write H *(/’1\ 2): F2) =TF3[x, y] and
letz=x+y. Let H) + (resp H, Ao ) be the vector subspace generated by elements
of the form x4z? Where a>b (resp b > a). If 7 is an admissible partition of n, write
7= (1)™UQ@)"2Un’ where 1 ¢ n’ and 2 ¢ /. For S C {l1,...,m5,}, we define
His = Hjm if i ¢ Sand Hy  ifi€S. Then we define

ot — {O if m; >0,
Ax @Scu ..... m»},|S|=2k ®;'n=21 His @ H*(Az:;[F2) if my =0,
H- — {O if m; >0,
Ax @Sc{l,...,mz},|S|=2k+1 ®;n=21 His @ H*(Az;F2) if my =0.

Moreover, if m; = m, = 0, we define H;ETO =0 and HA_;O = H*(Af,o; F>).

Proposition 6.12 Referring to Definition 6.11, for every maximal elementary abelian
2—subgroup A = ffn or A= A5 of Wp,, the restriction of a positively (resp. negatively)
charged Hopf monomial in Mp N H*(Wp,,; F2) to the cohomology of A () belongs
to H: (resp. H}).

Proof Every positively charged gathered block b restricts to an element of H:.
Nontrivial computations arise only if b = (83,”:0)’ ()/1": n)” with r >0 and s > 0 and
A = Aym. In this case, with the notation of Theorem 6.8, we observe that

Zk _ | | 2k | | 2k
hm = E Zi X7 ’
Sc{l,...m}ieS JES

IS|=21

where z; = x; + yl Thus h2 € HY.,,. Let 2% be the biggest power of 2 smaller

@m:
than s. Then A3, 2% is a sum of pure tensors of the form w; ® - - - ® wy,, where w; is a

k k
monomial in x; and z; with total degree smaller than 2. Therefore, i3, = h2, h$;2
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still belongs t(:_ H (;)m. The restriction of b to Azym is equal to Q)7 (f z;)"h3,, which

belongs to H 2ym because multiplication by ®;~":1 Xx;zi preserves H Qym-

We see the corresponding statement for negatively charged gathered blocks by noting
that conjugation with sg exchanges H:’ and H 5.

In general, a positively (resp. negatively) charged Hopf monomial x is a transfer product
of gathered blocks, all positively charged (resp. all positively charged except one).
Consequently, Proposition 6.10 yields the statement for x. a

We can finally complete our relations for A, by providing the proofs of the two leftover
propositions of Section 5.2.

Proof of Proposition 5.14 Let b be a positively charged gathered block in Ap
and x € Ap. From Lemma 5.10 and the definition of A’ we deduce that A(b) =
N(b) 4+ (t ® )N (b), and that A(t(h)) = (id ® ¢t + ¢ ® id)A'(b). During this proof,
we assume, by convention, that x|4, = 0 when x € H*(Wp,;F») and x is not an
admissible partition of n. Let 7 = (k1 ... 2kryand 7' = (2", ..., 2P5) be admissible
partitions of some integers. From Proposition 6.10, we deduce that

[(0®0)(dor@id)(X®A) (B4 4
= Y ursr(MO)RAX)+(de) A (D)@ (d®) A(x)
it +(®id) A ()@ (:®id) A(x)
+(t1®0) A’(b)®(L®t)A(x))

ey %y xny %A
= Y ursr((d+H@)NB)RAX)
Hvmrrad +(d+H@O)NONOACCN) 1, 4, xdy, x4

(24

= ), 0xt®®)lg

TuJ={1,....,r+s}
= [A(bQX)]|an2ﬂ/'

]T/)TXA(JTI_IT[/)j

In these equalities we used the identities of Lemma 5.10 to perform the substitutions
(t®)A(x) = A(x) and (id ® ) A(x) = (t ®id)A(x) = A(t(x)); w U n’ is assumed
tobe (2K, ... 2kr 2 2hsy T =TnN{l,....r¥and J = J N{1,...,r}, while
I'and J'are IN{r+1,....,r+stand J N{r+1,...,r + s} suitably shifted. The
sum should be over all I, J, I’ and J’ such that at least one between I and J does not
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contain an [ such that k; = 0 and at least one between I’ and J’ does not contain an /
such that h; = 0. However, since the restriction of positively charged gathered blocks
is zero on elementary abelian 2—subgroups corresponding to admissible partitions
containing 1, we can restrict the sum only to the terms for which k; # 0 for alli € 1
and h; # 0 for all i’ € I’. This condition is equivalent to / not containing 1, and we
can, once again, restrict the last sum only to these terms and get the last equality. O

Proof of Proposition 5.13 Using Proposition 6.9, the newly proved Proposition 5.14,
Proposition 6.10, and the fact that cup products commute with restrictions, we check that
the desired identity hold when restricted to maximal elementary abelian 2—subgroups.
Then Theorem 6.2 yields the relations in Ap. a

7 Proofs of the main theorems

We devote this section to the proofs of the presentation theorems for Ap and Ap.
They will be proved by comparing restrictions to elementary abelian 2—subgroups and
exploiting Theorem 6.2. We will separate two technical lemmas from the proofs for
the sake of clarity of exposition.

We first provide a proof for our structure theorem for Ap.

Lemma 7.1 Let k > 0. The kernel of the restriction map

NWsz (A(zk))

H*(A(Zk), ]Fz) — H*(A(zk) N A(zk—l ,Zk_l); ]FZ)

is the ideal generated by d,« _;.

Proof From Swenson’s description of A, stated as in Proposition 6.4, we can identify
A axy with the image of the diagonal embedding idxd : o x Vi1 = X2V — Wsz .
Its intersection with the product A k-1 px-1y = Vk—1 X Vg—1 is identified with the
subgroup Vi _; C ¥, x Vi _1, embedded diagonally in WB, -

The restriction to this subgroup maps fy« to (fox—1)2, dok _p1 0 (dak—1_pi—1)?if 1 >0,
and d,«_; to 0. This is known, but we sketch a proof for completeness. If we chose
bases {x, y1.....yr} of H'(Aqky:F2) and {x, y1..... yi—1} of H'(Apk-1):F2) as
in Section 6.2, the restriction is given by x — x, y; — y; if 1 <i <k and y; — 0. The
polynomial Fi(t) = [Tyeq1 (v, (¢ +v) in H*(Vi:F2)[t] restricts to (Fx_y(1))>.
Since fox = Fj(x), we deduce the formula for f,x. The identities for d,x_,: are
obtained from this by using the classical identity Fy(¢) = Zf:o 12 dok _pi . |
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Proof of Theorem 5.9 Let A’y be the Hopf ring generated by yk ,, and &, with the
desired relations. Since the relations mentioned above hold in Ap, there exists an
obvious morphism ¢: A’y — Ap.

We need to fix a total ordering < on the set P, of admissible partitions of 7 such that, for
all &, 7’ € Py, 7’ > m if 7’ is a refinement of 7. In other words, < extends the partial
ordering given by refinement. Let b be a nontrivial gathered block in Ap. There exist
unique nonnegative integers n and m such that b = []/_, )/Zzn_,-mc?g,?m with ap # 0.
We consider the partition of 2"m 7 = (2",...,2"). Givenx =b; ®--- O by € Mp,
let mx = | |{_; 7p,. As a consequence of Propositions 6.5, 6.6 and 6.7, x|4, # 0
implies that 7, > 7. Explicitly, if b = []7_, )/ - ,mSSSm

&
blA”bz( l—[dzn —on— 1) .
i=1
Forany x =01 ©---©by € MBp, X|4,, is the symmetrization of Qi bi |Anb,- . Given
a partition 7, let M be the set of elements x € M such that 7, = 7.

We first prove that ¢ is injective. We proceed by contradiction, and we assume that
there exists a nontrivial sum ) ; x; of elements of Mp that is 0 when restricted to
every elementary abelian 2—subgroup. Let 7 be maximal among the set of partitions
{mx, }i. Since, by the explicit calculation above, the restrictions of the elements of M
to A, are linearly independent, this gives a contradiction.

To prove surjectivity, it is sufficient, by Theorem 6.2, to prove that an element « of the
Quillen group ]—"I’fVBn can be written as the image via g, of a linear combination of
elements of M p. Note that such an « is determined by its values o on the maximal
abelian 2—subgroups A, . Let 714 = max{mw € Py, | ar # 0} with respect to the chosen
linear ordering. We write 7o = (2%1,...,2k"). We proceed by induction on 7.
a7z, must be invariant with respect to the action of the normalizer Ny, (Az,). By
Swenson’s description of these invariant subalgebras stated in Proposition 6.4, it is a
sum of elements Zl- Ci1® Q¢ r, with

ki—1

Ci,j = 1_[ d;f]jlzkjfl [2”0 eH* (A(2 j)?IFZ)
=1

We must have a; j i, # 0 for all i and j. Otherwise, we can define a partition 7’
obtained from 7, by substituting 2%/ with two parts both equal to 25/ ~1 and observe
that, by Lemma 7.1, we must have @z, [4;,n4,, 7 0. Thus az/ # 0 and this would
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contradict the maximality of 7. By our calculations above, since a5, must be invariant
by permutations of tensor factors, this condition guarantees the existence of an element
x in the linear span of M3y, such that x|4, = az,. This reduces the statement to
o' = a +qwp, (x) for which, by construction, 774/ < 77y, and completes the induction
argument. m|

We now focus on the presentation of Ap.

Lemma 7.2 Let My C Mp be the set of Hopf monomials in A/D whose constituent
gathered blocks are all of the form (8gk:0)’ (yi:k)s withr > 0 and s > 0, or of the form
(82:0)” witha > 0. Then, for allm > 0, M, N H*(Wp,,, ;) restricts to a linearly
independent set in H *(/T(z)m ;IF2). Moreover, the image of M5 in the cohomology of
A, (2)ym generates the kernel of the restriction

~ N Aym ~ ~
p2,1: H* (A@yn;Fa) Wooy i) H*(Aqysu@yn—=2 N A@,2):Fa).

Proof Note that, due to Theorem 6.8 and Proposition 6.9, the Hopf monomials
in My N H*(Wp,;F,) restrict to linearly independent elements in H *(/f(z); F»).
Therefore, to prove the linear independence claim for 7 > 1, it is enough to check that
the restrictions of the elements of M, N H*(Wp,,,:F2) to H*(Wp ;F2) (which is
a component Ay of the coproduct) are linearly independent. Let F be the weight
filtration on A%, provided by Definition 5.20. It is enough to prove that this set is
linearly independent when working in the associated graded spaces gry(A’,) and
grr-(H *(Wm2; F»)). In this setting, the image of a gathered block b;’rt € M, (resp.
bl_,g € Mp) under gre(A@ym)is Y g, X, bf‘;g, where the sum is over all /-tuples
(e1,...,&7) with &; € {4, —} and the cardinality of the set {i : | <i <[,g; = —} is
even (resp. odd). Combining this with Proposition 5.14, we check the claim directly.

By Propositions 6.9 and 6.10, every element of M5 restricts to 0 on Ay whenever
1 € . Therefore, it is contained in the kernel of p; 1. We now prove the opposite
inclusion. With the notation of Theorem 6.8, we write

A m
H*(Aym: F2) WP2m 4™ = (By[ £y, dy ™) % {1, By}

We note that Azym ﬂff(l)m(z)m—z = A@ym NA(1)4y(2)ym—2. Moreover, hy, = yl":m |4 2ym
is 0 when restricted to Azym N Ajy4ypym—2. Therefore, Lemma 7.1 implies that
ker(pz,1) is the ideal generated by /1, and d 2" = ,02,1()/[5,,, + ¥1.m)|4ym - Finally,
the generators belong to the image of M5, the linear subspace generated by M, is a
-—subalgebra by our formulas in A, and restriction maps preserve cup products. O
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Proof of Theorem 5.15 Let A7, be the almost Hopf ring generated by elements of the
form §2.,,, y]jfm, and 1~ with the desired relations. Let ¢: A7, — A, be the obvious
morphism. We also consider the Fo—vector space A} with basis Mp. By our relations
for A7), Mp generates A,. Thus, there is a surjective linear map ¢’: A7) — A7,.
To prove that ¢’ is an isomorphism it is enough to prove that ¢” = ¢’¢ is. Since in
component O this is obvious, we can consider only positive components and replace
A’D with Ap. For technical reasons, we consider the set M'D, which differ from Mp
by replacing neutral gathered blocks with elements of the form p(]_[?=2(8,- ©) ln_l-)kf)
for ko, ...,k > 0. As shown in Lemma 5.18, this corresponds, at the level of A}’)/, to
performing a change of basis. Hence, it does not affect the argument.

We adapt the argument used in the proof of Theorem 5.9. We define 7y for x € M/, as
we did for Ap, with the only difference that gathered blocks of the form b = (§9.,)"
have 7, = (2), because (1, 1) does not define a maximal elementary abelian subgroup
in Wp,. It is still true that x| i, = 0 unless 7 is a refinement of 7. We extend
refinement of admissible partitions to a total ordering <, and we use the same argument
by induction on < adopted for Ap. Our choice of the new basis M, makes evident that
for all admissible partitions 7 the set M}, = {x € M7, | mx = 7} restricts to a linearly
independent set in the cohomology of Ay when 1 € 7, and Lemma 7.2 guarantees
that this is true if 1 ¢ 7 and 2 € w. Hence, the injectivity part works verbatim. We
need to adapt the surjectivity argument for admissible partitions 7 such that 1 ¢ 7 and
2 € & (in all other cases, nothing changes). In these cases, we use Lemma 7.2 instead
of Lemma 7.1 to carry on the proof. |

8 Steenrod algebra action

This section is devoted to the calculation of the Steenrod algebra action on Ag and Ap.
We first observe that, since the coproducts and transfer products are induced by (stable)
maps, they satisfy a Cartan formula with respect to Steenrod squares. In other words,
Ap and Ap are almost-Hopf rings over the Steenrod algebra. Thus it is sufficient
to determine the action of the Steenrod squares on the generators 8n, Yg on, 80,
and Vlgc,zﬂ‘

Definition 8.1 [7] We define the following notions:

e The height (ht) of a gathered block in Ap or Ap is the number of generators
that are cup-multiplied to obtain it, and the height of a Hopf monomial x =
by ©--- O by is maxi_, ht(b;).
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e The effective scale (effsc) of a gathered block in the cohomology of Wpg,
(resp. WDn) is the least [ such that n/ 2! is an integer and its restriction to
W / 2! (resp. W n/2! ) is nonzero, and the effective scale of a Hopf monomial
X = b1 Q---0b, 2as min/_, effsc(b;).

e A full-width monomial is a Hopf monomial in Ap (resp. Ap) of which no
constituent block is of the form ly, (resp. lw,, ).

Theorem 8.2 (cf [7, Theorem 8.3, page 191]) Let k,n > 1 andi > 0. Then, in Ap,
the following formulas hold:

. Sqi (Vk27) is the sum of all the full-width monomials x € Mp of degree
antk _on 4 i with ht(x) < 2 and effsc(x) > k in which generators of the
form §;, do not appear.

o Sq'(82n) is the sum of all the full-width monomials x € Mp of degree 2" + i
with ht(x) <2 and effsc(x) > 1 such that a generator of the form §;, appears in
every constituent gathered block of x.

Proof The calculation for Sq' (Yk 2n) is an obvious consequence of [7, Theorem 8.3,
page 191]. Regarding Sq' (827), since 8, is the top-dimensional Stiefel-Whitney class
of the reflection representation Up» by Proposition 5.3, by Wu’s formula Sq (821) =
w; (Uzn)d2n. Defining, by convention, yx o = 1, let
n—1
up = Z Q Yr.jr © 0, © 1W3j0-
J0seessinZ 0,021 27 ot jntjo=2" 71
P @ =D jr+jn=i

We computed the restriction of w; (Uan) to the maximal elementary abelian subgroups
Ay in the proof of Proposition 6.6. It coincides with the restriction of u; by our previous
calculations based on Proposition 6.5. Thus,

Sq' (821) = w; (Uzn)82n = u;San,
and this class is exactly the sum of all the desired Hopf monomials x. |
Regarding the calculation of the Steenrod squares on the generators of Ap, We observe
that the calculation for Sq’ (8., ) is implicit in Theorem 8.2 since 8p:m = p(8n © 1,n)

and p commute with Steenrod operations. Thus we only need to consider generators of
the form ylzt
N/
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Theorem 8.3 Let k,n > 1andi > 0. Then, in Ap, Sq’ (y,j'n) (resp. Sq' (V) 1s the
sum of all the full-width monomials x € BT (resp. x € B™) of degree 2"tk —2n 4
with ht(x) <2 and effsc(x) > [ in which generators of the form ., do not appear.

Proof We recall that Definition 6.11 provides, for all maximal elementary abelian
2—subgroup A € Wp,, , subspaces H: and H of the cohomology of A. A direct
calculation shows that Sq’ (h,) € H ("2')”. Since restrictions preserve the Steenrod
squares, Sq’ (yf: ,,) is mapped to an element of H:’ for all maximal elementary abelian
2—subgroups A € Wp,, and all choices of i and n. Similarly, the restriction of
Sq’ (yl_, ) to every such subgroup A4 lies in H, . Let xT (resp. x7) be the sum of all
the positively (resp. negatively) charged Hopf monomials considered in the statement.

By Proposition 6.12, the restriction of x* (resp. x™) belongs to HI (resp. H).

Moreover Sq' ()/,j W)t Sq’ Vi) = o(Sq’ (Yk,n))- Consequently, Theorem 8.2 implies
that Sq’ (y,j:n) +5¢' (v ) =xF +x7

Since H: N H, =0 for all A, the two facts above guarantee that Sq’ ()/]:r n) = xT and
Sq' () =x"- O
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Operads in unstable global homotopy theory

MIGUEL BARRERO

We study operads in unstable global homotopy theory, which is the homotopy theory
of spaces with compatible actions by all compact Lie groups. We show that the
theory of these operads works remarkably well, as for example it is possible to give a
model structure for the category of algebras over any such operad. We define global
E —operads, a good generalization of E,—operads to the global setting, and we
give a rectification result for algebras over them.
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1 Introduction

Operads were first introduced by May [17] to study infinite loop spaces. Since then
they have found uses in many areas of mathematics, including algebra, higher category
theory, geometry, and mathematical physics. In general, an operad codifies a collection
of operations of varying arity in a symmetric monoidal category.

An algebra over an operad O is a representation of the abstract operations that the
operad encodes as actual operations in some object. For example, an algebra over the
© 2023 The Author, under license to MSP (Mathematical Sciences Publishers). Distributed under

the Creative Commons Attribution License 4.0 (CC BY). Open Access made possible by subscribing
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commutative operad Comm is a commutative monoid in the given symmetric monoidal
category. Another important example is that of an E,,—operad, which encodes a
binary operation that is unital, associative and commutative but only up to all higher
homotopies.

One area that has seen increased interest in the last decade is equivariant homotopy
theory. It is dedicated to studying the homotopy theory of spaces with an action by a
topological group G. One can construct operads in the category of G—spaces, and this
yields a theory that is remarkably different to the nonequivariant case. Unlike in the
nonequivariant case, where all E,—operads are equivalent, there are multiple possible
nonequivalent notions of what an E,—operad in G-spaces could be, all of which are
nonequivariantly Es,—operads. For example, there is the naive one, an Es,—operad in
spaces given the trivial G—action. This is however not the best choice when one wants
to study objects like equivariant infinite loop spaces or equivariant spectra with some
multiplicative structure.

Instead the better choice is to look at both the G—action and the X,-action on each
Oy at the same time. An Eo,—G-operad is an operad in G—spaces where each Oy
is a universal space for the family of graph subgroups of G x X,. Algebras over
an E—G-operad have more structure than algebras over a naive E,—operad in
G-spaces.

In this paper we look at operads in the setting of unstable global equivariant homotopy
theory. This is the homotopy theory of spaces which have simultaneous and compatible
actions by all compact Lie groups. There are important equivariant constructions, like
equivariant K—theory spectra and equivariant Thom spectra, that can be understood as
a single globally equivariant object. We work with the model for unstable global homo-
topy theory based on orthogonal spaces, introduced by Schwede [22]. An orthogonal
space can be thought of as the unstable analog of an orthogonal spectrum. There are
some similarities between the theories of operads in the global equivariant setting and
the G—equivariant setting for a single group G, but operads in the global equivariant
setting are technically better behaved.

An orthogonal space has an underlying K—space for each compact Lie group K. We
study orthogonal spaces through these compatible K—actions for each K. A morphism
of orthogonal spaces is said to be a global equivalence if it is an equivalence of
underlying K—spaces for each compact Lie group K. There is a model structure in the
category of orthogonal spaces with these global equivalences as the weak equivalences,
called the global model structure.
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A natural question to consider is whether one can construct a model structure on A (O)
the category of algebras over a given operad O in orthogonal spaces using the global
model structure on the underlying category.

Question Does the forgetful functor create the weak equivalences and fibrations of
some model structure on the category of algebras over a given operad O?

The first place where this question was examined for a general category was in
Spitzweck’s PhD thesis [25], which provided some conditions under which this is
true. The main technical point there was a factorization for pushout diagrams in the
category of algebras over an operad. A different approach was used by Berger and
Moerdijk [3]. Pavlov and Scholbach [19] studied this question most extensively with
full generality, and White and Yau [26] studied an analogous question for semimodel
structures. We use a different factorization for pushout diagrams given by Sagave and
Schlichtkrull [21], originally from Elmendorf and Mandell [7].

The first main result that we obtain is that the desired model structure exists for any
operad in orthogonal spaces.

Theorem 4.11 Let O be any operad in (Spc, ) the category of orthogonal spaces,
with the positive global model structure and the symmetric monoidal structure given
by the box product. Then there is a cofibrantly generated model category structure on
Alg(0), the category of algebras over O, where the forgetful functor Uy (o) creates the
weak equivalences and fibrations, and sends cofibrations in Alg(O) to h—cofibrations

in Spe.

This result is surprising, in that it holds for all operads. Such a result generally holds
for all operads if the category is nice enough, for example symmetric spectra based
on simplicial sets; see the work of Harper [12]. One relevant property there is that all
simplicial sets are cofibrant. Since not all orthogonal spaces are cofibrant, the approach
of [12] does not apply to the present case.

Instead we use that the box product of orthogonal spaces is fully homotopical. By
definition, this means that the box product of two global equivalences is a global
equivalence, without any cofibrancy assumptions. This in turn removes any cofibrancy
assumptions on the operad in Theorem 4.11.

Theorem 4.11 was proven by Schwede [22] for the specific case of the commutative
operad Comm. Algebras over Comm are the commutative monoids in orthogonal
spaces with respect to the box product, which are usually called ultracommutative
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monoids, and they have a very rich structure. We generalize the result in [22] to any
operad. To accomplish this we need to use several different technical results and tools.

Some of these technical results deal with the 3, —objects in the category of orthogonal
spaces, and so we study them in detail. We consider more generally orthogonal spaces
which have an additional action by a fixed compact Lie group G, which we call
G-orthogonal spaces. Thus, the underlying K—space of a G—orthogonal space is a
(KxG)-space.

We define the notion of a G—global equivalence between G—orthogonal spaces, which
takes into account both the G—action, and the action by each compact Lie group K.
We also study various properties of these G—orthogonal spaces. In the appendix we
give a model structure for G—orthogonal spaces which has the G—global equivalences
as weak equivalences. Since G is any compact Lie group, the results of the appendix
are new in this generality.

This notion of “globally equivariant objects” with an additional action by a fixed
group G was studied extensively by Lenz in the context of algebraic K—theory [15].
There, various model structures were given for a discrete group G not necessarily finite.
Orthogonal spaces and orthogonal spectra with a G—action for a compact Lie group G
were also studied from the global point of view by Schwede [23]; however no model
structure was defined there.

Our second main result is a characterization of morphisms of operads in orthogonal
spaces that induce a Quillen equivalence between the respective categories of algebras.

Theorem 4.14 Let g: O — P be a morphism of operads in (Spc, X), the category of
orthogonal spaces, with the positive global model structure and the symmetric monoidal
structure given by the box product. Then the extension and restriction adjunction
(g1, g%) is a Quillen equivalence between the respective categories of algebras if and
only if for each n > 0 the morphism g, : O, — Py, is a ¥,—global equivalence.

As was the case with Theorem 4.11, this result applies in full generality, to any morphism
between any two operads. For a morphism g between “nice” operads, it is enough
to require that the morphisms g, are weak equivalences in the underlying category
to obtain a Quillen equivalence, as shown by Spitzweck [25]. However, for arbitrary
operads in orthogonal spaces Theorem 4.14 does not hold if each g, is merely a global
equivalence, it additionally needs to be a X,—global equivalence. In particular, if O
is a topological Es,—operad given the trivial global structure, A (O) is not Quillen
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equivalent to the category of ultracommutative monoids. Thus, as in the G—equivariant
setting mentioned at the beginning, this naive global E,—operad is not the best one to
consider.

Instead, Theorem 4.14 suggest a good notion of what an E,—operad in the global
equivariant sense should be. We define a global E~,—operad to be an operad O in
(Spe, W) such that each O, is £,—globally equivalent to *, the one-point orthogonal
space. Then the naive global E,—operads of the previous paragraph are not actually
global E,—operads. For any global E—operad O, Theorem 4.14 implies that the
category of algebras over O is Quillen equivalent to the category of ultracommutative
monoids. Thus, any algebra over a global Es,—operad can be rectified to an ultra-
commutative monoid, and so these algebras also encode the highest possible level of
commutativity.

In this article we provide several examples of global E,—operads. Some of these are
global analogs of classical operads in (equivariant) homotopy theory. These include a
global version of the little disks operad and the Steiner operad, which are constructed
in a similar way to the little disks and Steiner G—operads associated to a G—universe
for a compact Lie group G.

In the G—equivariant case, there is a whole hierarchy of nonequivalent operads between
a naive Eso—operad in G—spaces and an E,—G—operad. These in-between operads
are called Noo—operads, and were introduced by Blumberg and Hill [4]. They codify
various levels of commutativity, by imposing the existence of certain additive trans-
fers/multiplicative norms. In the global setting, there is also a hierarchy of operads
between the naive global E,—operads and the global E.,—operads. These operads in
orthogonal spaces are the global analogs of Noc—operads. We provide a classification
of them in [1].

Structure of this paper

In Section 2 we begin by recalling the basic properties of operads as defined in any
symmetric monoidal category. We then introduce unstable global homotopy theory,
to put in context the questions that we examine. We also give plenty of examples of
operads in orthogonal spaces, to build some intuition.

In Section 3, we study G—orthogonal spaces. We begin by defining the G—global
equivalences, and checking their basic properties. We then look at how G—global equiv-
alences interact with taking G—orbits and with the box product. Lastly we introduce
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the h—cofibrations of G—orthogonal spaces, which are used in the proofs of our main
results, Theorems 4.11 and 4.14, presented in Section 4.

In Section 5 we introduce global Es,—operads, and check that several of the examples
of global operads given in Section 2 are global F,—operads.

There is a model structure on G—orthogonal spaces with the G—global equivalences as
the weak equivalences. For completeness, we present the construction of this model
structure in the appendix. We do not need this model structure to prove our main
theorems.

Notation and conventions

We introduce here various mathematical and notational conventions that are used
throughout this article.

Whenever we talk about a space we are referring to a compactly generated weak
Hausdorff topological space. We use Top to denote the category of such spaces. In
the rare cases where we refer to a general topological space, we do so explicitly. We
underline the names used for specific categories, like Set or Top, but not the variables
like €. In particular, G denotes the one-object groupoid associated to a group G.

We often use i; to refer to the boundary map i;: D! — D! in Top for each / > 0.
Similarly we use j; for the inclusion jj: D!~ D! x {0} — D! x [0,1] for ! = 0.

We use x for the categorical product, X for the box product of orthogonal spaces
introduced in Remark 2.6, and ® for the tensor product in a generic symmetric monoidal
category.

In this article we only consider compact Lie groups, and closed subgroups of them. By
default, an inner product space refers to a real inner product space, finite-dimensional
unless stated otherwise, and for a compact Lie group G, a G—representation means an
orthogonal G-representation in an inner product space, also finite-dimensional unless
stated otherwise.

A complete G—universe is a countably infinite-dimensional orthogonal G-representation
with nonzero fixed points, and such that for each finite-dimensional G-representation V/,
a countably infinite direct sum of copies of V embeds G—equivariantly into Ug. We
denote a complete G—universe by Ug.
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We write 3, for the symmetric group on # elements. By default, group actions are left
group actions. Sometimes we turn a right action into a left action and vice versa by
acting via the inverse, without saying so explicitly.

Let G be a compact Lie group. For any set F of closed subgroups of G, we say that a
morphism f: X — Y of G—spaces is an F—equivalence (resp. an F—fibration) if for any
H € F the restriction of f to the H—fixed points ' : XH# — Y # is a weak homotopy
equivalence (resp. a Serre fibration). For each set F of closed subgroups of G there
is a cofibrantly generated model structure on GTop the category of G—spaces, with
the F—equivalences as weak equivalences and the F—fibrations as fibrations; see [22,
Proposition B.7]. We refer to the cofibrations of this model structure as F—cofibrations.
If the set F is the set of all closed subgroups of G, we instead use G—equivalences,
G—fibrations, and G—cofibrations to refer to these classes of morphisms.

Given two compact Lie groups K and G we refer often to the set of graph subgroups of
K x G, denoted by (K, G) and defined in Definition 3.1. We generally use I" to denote
a graph subgroup. Whenever we also need to refer to the continuous homomorphism ¢
associated to the graph subgroup, we use Iy to denote the graph subgroup.

Finally, when we talk about small objects in a category with respect to a class of
morphisms, we follow the conventions of [13, Section 2.1.1]. We use the letters |, J
and K to denote sets of generating (acyclic) cofibrations of various model categories.
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2 Background

2.1 Operads

Let 6 be a cocomplete symmetric monoidal category, where the tensor product preserves
all small colimits in both variables. We follow the exposition of [9] to define operads
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in 6. Let X4.—% denote the category of symmetric sequences in €, these are sequences
{X(n)}nen of objects of € where each X (n) has a right X,—action. So explicitly,
¥ 4+—6 is the functor category Fun(] [,cry Zn. 6).

One can define a composition monoidal structure on X ,—€, denoted by o; see [9, 2.2.1
and 2.2.2]. Then an operad in € is just a monoid in (Xx—%, o). An operad O in 6
gives a monad F(0O) on €6; see [9, 2.1.1 and 2.2.1]. An algebra over this operad is
defined as an algebra over the monad F(O). We use A(O) to denote the category
of algebras over O, and write Fag(0) and Ugg (o) for the adjoint free and forgetful
functors between € and 47(O).

From now on, let € additionally be a cofibrantly generated model category. Given an
operad O in ¢ we want to lift the model structure of ‘6 through the forgetful functor
Uag(o): Alg(O) — €. That is, we want to consider the class of those morphisms which
Uag(o) sends to weak equivalences, and the class of those sent to fibrations, and ask
the question of whether these two classes determine a model structure on A (O). If
they do, we say that the operad O is admissible.

The result [24, Lemma 2.3] gives conditions under which one can lift a model structure to
the category of algebras over a monad. Let | and J denote sets of generating cofibrations
and acyclic cofibrations of ‘6, respectively. Set lo = Fag(0)(1) and Jo = Fa5(0)(J), and
let |p—reg and Jp—reg denote the regular |p—cofibrations and regular Jp—cofibrations
in Alg(O). Those are the transfinite compositions of cobase changes in A(O) of
morphisms in lp and Jo. Applying [24, Lemma 2.3] to the monad F(O) associated to an
operad O, and using that F(Q) always preserves filtered colimits [9, Proposition 2.4.1],
one obtains the following result.

Lemma 2.1 ([24, Lemma 2.3] applied to operads) Let O be an operad in €. Assume
that the sources of morphisms in lp and Jo are small with respect to |p—reg and
Jo-reg, respectively, and that every morphism in Jo—reg is a weak equivalence in €.
Then Alg(O) is a cofibrantly generated model category where Uy () creates the weak
equivalences and fibrations and | and Jo are generating sets of cofibrations and acyclic
cofibrations.

We have the following refinement of the result above, inspired by and similar to [9,
Proposition 11.1.14].

Theorem 2.2 Let € be a symmetric monoidal category which is also a cofibrantly
generated model category with sets of generating cofibrations and acyclic cofibrations |
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and J, respectively, and such that the monoidal product preserves all small colimits in
each variable. Let Hcof be a class of morphisms in € which satisfies the following:

(a) Hceof is closed under retracts and transfinite compositions.
(b) The sources of morphisms in | and J are small with respect to Heof .

(c) A map which is a transfinite composition of morphisms that are both in Heof and
are weak equivalences, is a weak equivalence.

Fix any operad O in ‘6, and assume that for each pushout in Alg(O) of the form

Fap0) (@)

Fag(o)(X) Fago)(Y)
l |
A / r> B

the following hold:

(1) If i €1 then Usyo)(f) is in Heof .
(2) Ifi € Jthen Uggo)(f) is a weak equivalence.

Then the conditions of Lemma 2.1 are satisfied, so Alg(O) is a cofibrantly generated
model category, where U gy (o) creates the weak equivalences and fibrations, and 1o and
Jo are generating sets of cofibrations and acyclic cofibrations of 4lg(©). Furthermore,
Uag (o) sends cofibrations to morphisms in Hcof .

Note that in the conditions of Theorem 2.2 the class of morphisms Hcof is not required
to contain all the cofibrations of 6. In our application of Theorem 2.2 in Section 4.1, we
take #cof to be the class of i—cofibrations, the morphisms with the homotopy extension
property, hence the notation. In most settings, including the model of unstable global
homotopy theory we use, the class of 4—cofibrations does contain all cofibrations, but
as mentioned this is not necessary.

Proof of Theorem 2.2 We have to check that the sources of morphisms in l» and Jp
are small with respect to lp—reg and Jo-reg, respectively, and that every morphism in
Jo-reg is a weak equivalence in €. Then by Lemma 2.1 the claim follows.

By [5, Proposition 4.3.2], Ugg (o) preserves filtered colimits. Morphisms in lo—reg are
transfinite compositions of cobase changes of morphisms with the form Fgay (o) (i) for
i €1, as in diagram (1). Therefore, by our assumptions, U gy (o) sends morphisms in
lo—reg to Heof .
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Let X be the source of a morphisms in I. By (b), X is k—small with respect to Hcof
for some cardinal k. Let A be a k—filtered ordinal, and V': A — 4fz(O) a A—sequence
which lands in |p—reg. Then

coiim Hom g0y (Fago0)(X), V) = co}him Home (X, Uggoyo V)
=~ Homg (X, coiim U&@(O) o V)
>~ Home (X, Uy (o) (coiim V))
=~ Hom g;(0) (F&Qz(o) (X)), co&im V)

and Fag0)(X) is k—small with respect to lo-reg. In the second isomorphism we
are using that Ugy (o) sends morphisms in lo-reg to #Hcof and that X is k—small with
respect to Heof .

Let T denote the class of morphisms with the right lifting property with respect to lp.
By adjointness these are precisely those morphisms which Ugg (o) sends to acyclic
fibrations. By adjointness again Jo has the left lifting property with respect to 7', and
then so does Jp-reg.

Let f be a morphism of 4l;(©O) which has the left lifting property with respect to 7.
Use the small object argument for I on f to obtain that f is a retract of & € |p-reg,
and therefore Uz (o) (f) is a retract of Ugy(o)(h) € Heof . Therefore Ugy (o) sends
Jo-reg to Heof , and so we can repeat the previous argument to obtain that sources of
morphisms in Jp are small with respect to Jo-reg.

For the second condition, let /" € Jp—reg be the transfinite composition of morphisms fq,
such that each fy is a cobase change (in A4 (0)) of Fag)(ja) for jo € J. The
morphism Fgay(0)(Jjo) has the left lifting property with respect to 7', and then so does
each fy. Then by the previous discussion Ugg(o)(fa) is in Heof, and it is a weak
equivalence by the hypothesis of the theorem. Since Ugy (o) preserves transfinite
compositions, Ugg(o)(f) is a transfinite composition of morphisms that are both in
Heof and are weak equivalences, and so Uz () (f) is a weak equivalence. O

Remark 2.3 Usually in a category with both a model structure and a monoidal structure,
two compatibility conditions are required; see for example [24, Definition 3.1]. These
are the pushout product axiom, and the requirement that the unit is cofibrant. These
are not necessary to prove Theorem 2.2, but something similar to the pushout product
axiom is usually needed to actually check that condition (2) of Theorem 2.2 holds in
practice.
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Remark 2.4 The question of under which conditions on a category and on an operad
one can lift the model structure to the category of algebras over said operad has been
studied in a few different places and with diverse methods. As far as we can tell, the
first place where this was examined in generality was in Spitzweck’s PhD thesis [25].
It was proven there that a model structure can be lifted assuming that the category 6
satisfies the monoid axiom and that the operad is cofibrant [25, Theorem 4].

The condition that an operad is cofibrant in the model structure on operads constructed
in [25] is quite restrictive. It is stronger than asking that each O, is cofibrant, or even
Y ,—cofibrant. In addition in the setting of global homotopy theory, it is not enough to
look at the category of algebras over a cofibrant replacement of an operad (in the usual
sense), as this gives the wrong homotopy theory, which we show in Remark 4.16.

2.2 Unstable global homotopy theory

Unstable global homotopy theory is the homotopy theory of spaces which have simul-
taneous and compatible actions by all compact Lie groups. A model for this is the
category of orthogonal spaces, studied in detail in [22, Chapter 1].

Definition 2.5 [22, Definition 1.1.1] Let L be the Top—enriched category where the
objects are finite-dimensional real inner product spaces, and the morphisms are the
linear isometric embeddings between them.

An orthogonal space is a Top—enriched functor L — Top. We use Spc to denote the
Top—enriched category of orthogonal spaces. Note the similarity of this definition to
the definition of orthogonal spectra as enriched functors.

If we have a compact Lie group K, and V is a K-representation, then X (V) inherits a
K-action, where k € K acts via X' (k). In this sense, orthogonal spaces have actions by
all compact Lie groups. For each compact Lie group K we fix a complete K—universe
Uk for the rest of this article. Let s(U/g) denote the poset of finite-dimensional
subrepresentations of /g . Then we can associate to any orthogonal space the K—space
X(Ug) = colim X(V),
Ves(Uk)

which we call the underlying K—space. This yields a functor

(=) Uk ): Spc — KTop.

A global equivalence of orthogonal spaces is, roughly speaking, a morphism which for
each compact Lie group K, induces K—equivalences on suitable homotopy colimits of

Algebraic & Geometric Topology, Volume 23 (2023)



3304 Miguel Barrero

finite-dimensional K-representations and equivariant embeddings between them. The
precise definition can be found in [22, Definition 1.1.2]. It is also a special case of the
definition of a G—global equivalence that we give in Definition 3.2 of this article, with
G=e.

An orthogonal space X is said to be closed if for each linear isometric embedding ¥,
the map X' () is a closed embedding. A morphism between closed orthogonal spaces
is a global equivalence if and only if for each compact Lie group K the induced
map on the underlying K—spaces is a K—equivalence; see [22, Proposition 1.1.17], or
Proposition 3.5 below for the analogous result for G—global equivalences.

Remark 2.6 There are two symmetric monoidal structures on Spec which are relevant
for us. The first one is the categorical product, denoted by x, which is computed
levelwise. The second is the box product, denoted by X. It is constructed as a Day
convolution product in [22, Section 1.3]. The unit of both is the terminal one-point
constant orthogonal space .

The box product can also be defined via a universal property. For each X,Y € Spc,
consider the orthogonal spaces Z with a bimorphism (X,Y) — Z from X and Y.
Then the box product of X and Y is an orthogonal space X X Y and a bimorphism
i:(X,Y)—> X XY of orthogonal spaces which is initial among such bimorphisms
with source (X, Y).

Remark 2.7 On Spc there are two cofibrantly generated model structures whose weak
equivalences are precisely the global equivalences: the global model structure [22,
Theorem 1.2.21] and the positive global model structure [22, Theorem 1.2.23]. In the
rest of this article we only consider the positive global model structure.

2.3 Examples of operads in unstable global homotopy theory

In this paper, we study operads in orthogonal spaces with respect to the box product.
This subsection is mostly devoted to showcasing several examples, which we study in
more detail in Section 5.

Remark 2.8 For orthogonal spaces X,Y € Spe, we can construct a bimorphism
(X,Y)—> X xY via

Q) X(V)xY(W) XY Q) vy awyxy(Ve W)= (X xY)(V&W).
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This bimorphism yields a morphism of orthogonal spaces
,OX,Y:X|Z|Y—>XXY

which is natural in X and Y. This means that the identity functor is a lax symmet-
ric monoidal functor from (Spe, X) to (Spe, ), or equivalently an oplax symmetric
monoidal functor from (Spc, X) to (Spe, x).

Therefore given an operad O in (Spe, X), the natural transformation p gives an operad
in (Spe, ¥), with the same O,, for all n > 0. We denote this resulting operad in (Spe, X)
by O%.

Example 2.9 (constant operads in Spc obtained from topological operads) For any
X e Top, we can consider the constant orthogonal space X, that is the constant functor
L — Top with value X. This means that for any group K the underlying K—space of
X is just X with the trivial K—action.

Any operad in spaces O induces a constant operad O in Spe, such that (0), = Op.

Construction 2.10 (operad from a functor to topological operads) Given a continuous
functor F from L to the category of operads in spaces, OP—-Top, we can obtain from
it an operad in (Spc, X) by permuting the functoriality on L with the functoriality on
[Ien Zn. Thus we obtain objects

OFn=(—)noF € X,Spc

The operadic structure on each F(V') gives rise to an operadic structure on these OF ,
with respect to the categorical product of orthogonal spaces. Then the natural morphism
p from X to x turns OF into an operad with respect to the box product, O%.

If the functor F is constant, then OF is just the constant operad of Example 2.9.
However this process becomes interesting when the actions of the linear isometric
embeddings are nontrivial, as we discuss below.

Example 2.11 (little disks) For each inner product space V consider the topological
operad LD(V) of little disks in V. These assemble into a continuous functor
LD: L — OP-Top.

We understand an element of LD(V), as a set of n center points v; € D(V') in the
open unit disk of V' and » radii r; that parametrize a rectilinear embedding of n copies
of D(V) into itself. Then for a linear isometric embedding ¥ : V — W, the map
LDY): LD(V) — LD(W) acts by sending each v; to ¥ (v;).
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By Construction 2.10 we obtain an operad £D* in (Spc, X), and £LD¥, shortened to
LD, in (Spc, M). The operad given by the underlying spaces of each £D,, is precisely
the Eoo—operad of spaces obtained as the colimit of the little disks operads for R™.
Similarly, for a compact Lie group K, the underlying K—space of LD, is exactly
LD(Ugk )n, the n™ space of the K—equivariant little disks operad for the complete
K—universe Uk, described for example in [4, Definition 3.11(ii)].

Analogously, there is a global version of the Steiner operad.

Example 2.12 (Steiner operad) For each inner product space V let R(V') be the
space of distance reducing topological embeddings f: V — V', where distance reducing
means that || f(x) — f(»)|| < ||x — »||. This is a continuous functor L — Top, where
for each linear isometric embedding ¥ : V — W and f € R(V), the embedding
R(W)(f): W — W is given by

(Yo foy H@Im(y)t: Im(y) & Im(y)" — Im(y) @ Im(y) .

A Steiner path for V is a map %: [0, 1] = R(V) such that (1) = idyp. Let K(V), be
the space of tuples (41, ..., hy) of n Steiner paths such that the images of the /;(0)
are disjoint. These form % (V), the Steiner operad for V', and these assemble into a
continuous functor F': L — OP-Top, which gives the Steiner operad X in (Spc, X). As
in the case of the little disks, for a compact Lie group K the underlying K—space of %,
is exactly K (Ux )n, the n™ space of the K—equivariant Steiner operad for the complete
K—universe U, described for example in [4, Definition 3.11(iv)]. The underlying
nonequivariant operad of X is an Es,—operad in spaces.

Example 2.13 (endomorphism operads) The symmetric monoidal category (Spc, X)
is closed; see [22, Remark C.12]. Let Hom denote the internal Hom functor of Spc. For
each X € Spc we can consider the endomorphism operad End(X) in (Spe, X), where
End(X), = Hom(X®", X).

Example 2.14 For each compact Lie group K the underlying K—space functor

(=)(Uk): Spe — KTop

has a right adjoint Rg, constructed in [22, Construction 1.2.25]. Being a right adjoint,
Rk is strong monoidal with respect to the categorical products in KTop and Spe.
Therefore if O is any operad in (KTop, x) then Rg (O) is an operad in (Spe, x), and
by Remark 2.8 we also obtain an operad in (Spe, X).
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3 G -orthogonal spaces

In order to talk about operads in Spc, we need to know more about the structure of
orthogonal spaces which have an action by the symmetric group X,. In this section we
study orthogonal spaces with an additional action by a general compact Lie group G.
We denote by G Spe the category of continuous functors from G to Spe, which we call
G-orthogonal spaces.

Definition 3.1 Let K and G be compact Lie groups. A closed subgroup I' < K x G is
a graph subgroup if ' N ({eg } X G) = {exxg}. We denote the set of graph subgroups
of K x G by #(K, G). They are called graph subgroups because for any I' € (K, G)
there is a closed subgroup H < K and a continuous homomorphism ¢: H — G such
that I" is precisely the graph of ¢.

Let i; denote the boundary map i;: D! — D! in Top, for each / > 0. We use this
notation throughout the paper. Given a G—orthogonal space X, a compact Lie group K,
and a K-representation V', X (V') has a (K xG)-action.

Definition 3.2 (G-global equivalence) For a compact Lie group G, a morphism f of
G Spe is a G—global equivalence if for each compact Lie group K, each graph subgroup
I' e #(K, G), each K-representation V' and / > 0, the following statement holds. For
any lifting problem

ap! —2 5 x (V)T

there is a K—equivariant linear isometric embedding vy : V' — W into a K—representation
W such that there exists a morphism A : Dl X (W) which satisfies that in the diagram

ol 2y v X® 2 XO)F

lil AT lf(W)r

pl =y yov)b X9 yr

B
the upper left triangle commutes, and the lower right triangle commutes up to homotopy
relative to dD!.

Note that for G = e this is just the definition of global equivalence from [22, Defini-
tion 1.1.2] mentioned in Section 2.2. As it was the case for global equivalences, this
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definition is meant to capture that for each compact Lie group K taking some suitable
homotopy colimit of K-representations yields an F(K, G)—equivalence. We can make
this more explicit with the following proposition, analogous to [22, Proposition 1.1.7].

Definition 3.3 For a compact Lie group K, we say that a nested sequence {V;};en of
K-representations
VoCViC---CV;Co--

is exhaustive if for each K-representation V' there is an equivariant linear isometric
embedding of V into some V;.

Proposition 3.4 A morphism f: X — Y in GSpc is a G-global equivalence if and only
if for each compact Lie group K and each exhaustive sequence of K -representations
{Vi}ien, the map

tel; f(Vi):tel; X(V;) = tel; Y(V;)

induced on the mapping telescopes of the sequences X (V;) and Y (V;) of (KxG)-
spaces and (K x G')—equivariant maps is an % (K, G)—equivalence.

Proof First we assume that for each compact Lie group K and each exhaustive
sequence of orthogonal K-representations, tel; f(V;) is an #(K, G)—equivalence of
(KxG)-spaces. Any compact Lie group K has an exhaustive sequence of representa-
tions {V;}ien, so for any K-representation V', any graph subgroup I' € #(K, G) and
any lifting problem (a, B) for £ (V)T since {V;};en is exhaustive, we can embed V
into some V};, and so we assume that V = V},.

Now we fix some notation. Let
cxn: X(Vy) — tel; X(V7)

be the canonical (KxG)—equivariant map. Let tely ,) X (V;) denote the truncated
mapping telescope. Let

X ,n- tel[O,n] X(Vi) = X(Vn)

be the (K xG)—equivariant canonical projection. Slightly abusing notation we also use
cx,, for the canonical map

CXon: X(Vn) — tel[o,n] X(V,)
For n <m, let
CX.nm- tel[O,n] X(Vi) — tel[O,m] Xy
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denote the inclusion of truncated mapping telescopes, and

CX n,00" t€l[0,n] X(Vi) — tel; X(V;)

the canonical map.

Taking fixed points commutes with the construction of the mapping telescopes by [22,
Proposition B.1], so (tel; X(V;))F 2 tel; X (V;)' for each graph subgroup I € (K, G).
Since we assumed that tel; £ (V;)! is a weak homotopy equivalence, by [18, Lemma 9.6]
there is a map A associated to the lifting problem (c)l;,n oa, c{ ,» ©B) such that the upper-
left triangle commutes and the lower-right one commutes up to homotopy relative D!,
witnessed by a homotopy H:

T
C

aD! — s x(Vi)T 225 tel; X (V)T
o

\[il ,i‘/”/ lteli fwr

D! = YT —— el Y(V)T
Y.n

Both A and H have compact domains, and since the I"—fixed points of the mapping
telescopes are colimits along the closed embeddings CAI; a.m> DOth A and H factor
through some stage m > n with ¥ : V, — V,,;, giving

N:D' > telg X(Vi)T and  H': D' x[0,1] = telg ) Y (Vi)T.

Then 71)1; 0 and 71)1; . © H' satisfy the requirements for the lifting problem

X)) oa, X(y)T 0 p).
so f is a G—global equivalence.

Now assume that f is a G—global equivalence. Fix a compact Lie group K, a graph
subgroup I' € #(K, G), and an exhaustive sequence of K-representations {V;};cN.
We have to check that tel; (Vi)' is a weak homotopy equivalence.

For a lifting problem (c, B) for tel; f(V;)T, since dD! and D! are compact, « and
factor through some stage n, as

@' 9D = telj g X(Vi)T  and B’ D! — telpo i Y (Vi)'

For each n, there is a homotopy from the identity on teljg ) X (V;) to cx,, o mx », Which
is (KxG)—equivariant and natural in X, given by retracting the truncated mapping
telescope. By [22, Lemma 1.1.5] this means that if there is a solution of the lifting
problem

T T T T
(Cx oy 0. cyyomy,©p)
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then there is a solution of the lifting problem (&', 8’). In this proof we use the
terminology solution of a lifting problem! in the sense of [22, Lemma 1.1.5] and
Definition 3.2, ie a map that makes the upper-left triangle commute and the lower-right
triangle commute up to homotopy relative ap!:

I
X .n

r
/ Cx.n
D!~ teljo i X(V)T —=5 X (V)T 2 telpo,g X(Vi)T
\[il l/tel[(),n] f(Vz)r lf(Vm)F ltel[(),n] f(Vt)F

D! T) tel[o,n] Y(V,')F ”—F) Y(Vn)r T} tel[o’n] Y(V,')F

Y.n Y.n
The new lifting problem (7t§ n© o, 71’}1: n© B’) has as solution A after evaluating at some
larger m > n with embedding ¥ : V,, — V},,, because f is a G—global equivalence and
{Vi}ieN is an exhaustive sequence of K-representations. Then cAI; m © A is a solution

of the lifting problem

r r r r r T
(CX,m © X(W) © nX’n © Ol,, CY,m o Y(I/,) o T[Y,n o /3,)’

: r r _ r r r : :
and since Ty m © X onm = X)) o Ty n» the map Cxom © A is also a solution of

r r r r T T r /
(CX,m 0 ”X,m OcX,n,m oa, cY,m ° ﬂY,m ° CY,n,m OIB )

By [22, Lemma 1.1.5] and the previously mentioned homotopy from the identity
on teljo ;] X (Vi) to cx,m © wx,m, the lifting problem (c)l;n moa, c}l:n m ©B') has a
solution A". Note that we did not obtain a solution of («’, 8’), but since

r r _r
cX,m,oo ° cX,n,m - cX,n,oo’

the map c§ m.0o © A 18 @ solution of the original lifting problem

r r r r
(O[, ﬂ) = (CX,m,oo ° CX,n,m o Ol/, CY,m,oo ° CY,n,m ° ,3/)

Since any lifting problem for tel; 7 (V;)T has a solution, by [18, Lemma 9.6] the map
tel; £(V;)T is a weak homotopy equivalence. m|

Recall that an orthogonal space X is said to be closed if for each linear isometric
embedding ¥ the map X (¥) is a closed embedding. We similarly define a closed G—
orthogonal space to be a G—orthogonal space X such that X (1) is a closed embedding

ITo avoid confusion with the more common meaning of the terminology solution of a lifting problem, we
do not use it outside of this proof.
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for each linear isometric embedding . We have fixed a complete K—universe Ug for
each compact Lie group K. The underlying (K xG)—space of a G—orthogonal space
X is the underlying K—space of X as an orthogonal space with the induced G—action.
This is precisely the colimit X (Ug ) = colimy ¢(,) X (V) over the finite-dimensional
subrepresentations of U x. Therefore analogously to [22, Proposition 1.1.17] we have
the following simpler characterization of G—global equivalences.

Proposition 3.5 A morphism f: X — Y in GSpc between closed G—orthogonal
spaces is a G—global equivalence if and only if for each compact Lie group K the map
induced on the underlying (K x G)—spaces

SWUk): XUg) — YUk)

is an #(K, G)—equivalence of (KxG)—spaces.

Proof The colimits that define X (/g ) and Y (U ) can be written as sequential colimits

colim X (V) = colim X (V;),
VesUg) ieN

for a nested sequence of finite-dimensional subrepresentations {V;};en of Ug which
cover all of Ug . These are colimits of (K xG)-spaces along closed embeddings because
X and Y are closed. Then for each I € #(K, G), taking '-fixed points commutes with
this colimit along closed embeddings; see [22, Proposition B.1(ii)]. Since additionally
aD! and D! are compact, a lifting problem for (colim;en /' (V;))! factors through
some stage n of the sequential colimit. By [18, Lemma 9.6] we obtain that if f is a
G—global equivalence the map (colim;en f(V;))T is a weak homotopy equivalence.

For the other implication, assume that f'(I/x)" is a weak homotopy equivalence for
each compact Lie group K and each I' € (K, G). Let V be a K-representation. Then
V embeds into Uk, so we may fix an embedding V' — Uk and call it . Given any
lifting problem

(a: D' > x(WT, g: D' > y(»))

for £(V)T, consider the lifting problem

X)) oo, Y(¥)T 0 B)

for f(Ug)T. By [18, Lemma 9.6], since f(Ux)" is a weak homotopy equivalence
there exists some A: D! — X (Ug )T such that A oi; = X ()T o and f(Uxk)T oA is
homotopic relative dD! to Y (y)T o B, and we denote this homotopy by H.
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Both A and H factor through some stage of the colimits as
VoDl x(VHT and H': D! x[0,1]— Y (V).

We can choose j so that V; contains the image of ¥ since {V;};en covers Uk . Then
A’ and the homotopy H’ witness that f is a G—global equivalence. O

Remark 3.6 When defining G—global equivalences, we could have decided to look at
all subgroups instead of only the graph subgroups of K x G. This would give a strictly
smaller class of G—global equivalences.

We consider only the graph subgroups because between G—free orthogonal spaces, the
graph subgroups tell the whole story, since the fixed points of any nongraph subgroup
are empty. This means that looking at this bigger class of G—global equivalences is
enough for the proof of Theorem 4.11. It also leads to Theorem 4.14, which states
that a map f of operads in (Spe, X) gives a Quillen equivalence if and only if each f;
is a X,—global equivalence in the sense of the graph subgroups, even if the operads
themselves are not X,—free.

The G—global equivalences are in fact a part of a model structure on G Spe, which we
call the G—global model structure. We include in this section the basic facts about
G—-global equivalences, as well as the results about G—global equivalences that are
most relevant to the proofs of Section 4. We relegate the construction of this G—global
model structure to the appendix.

The characterization of G—global equivalences given by Proposition 3.4 makes it simple
to check the following general properties of G—global equivalences.

Lemma 3.7 For compact Lie groups G and H we have the following properties:

(i) 2-out-of-6 Consider three composable morphisms of G—orthogonal spaces f,
gandh. If go f and ho g are G—global equivalences, then f, g, h andhogo f
are G—global equivalences.

(ii) A retract of a G—global equivalence is a G—global equivalence.
(i) If f: X — Y is a G—global equivalence and g is homotopic to [ through
morphisms of G—orthogonal spaces, then g is a G—global equivalence.

(iv) For a G-orthogonal space X, and an H—-global equivalence f:Y — Z between
H—-orthogonal spaces, the morphism X x f is a (G x H)—global equivalence.

(v) ForaG-global equivalence f: X —Y and an H—global equivalence f': X' —Y’,
the morphism f x [’ is a (G x H)-global equivalence.
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(vi) For a G-global equivalence f: X — Y and a continuous homomorphism
n: H — G the restriction n* f is an H-global equivalence.

Proof Let K be a compact Lie group and {V;};cn an exhaustive sequence of K-
representations.

(1) By Proposition 3.4 the maps
teli(go /) (Vi) =tel; g(Vi)otel; (Vi) and telj(hog)(Vi) =tel; h(V;)otel; g(V;)
are ¥(K, G)—equivalences. Since the class of F(K, G)—equivalences satisfies the 2-

out-of-6 property, by Proposition 3.4 again we obtain that f, g, hand ho go f are
G—global equivalences.

(ii) As before, if g is a retract of f then tel; g(V;) is a retract of tel; f(V;), and
F(K, G)—equivalences are closed under retracts.

(i) If H: X x[0,1] - Y is a homotopy through morphisms of G—orthogonal
spaces then it induces a homotopy through (K xG)—equivariant maps on mapping
telescopes. Since a map (K xG)-homotopic to an F(K, G)—equivalence is an F(K, G)—
equivalence, we see that g is also a G—global equivalence.

(iv) The canonical map
tel; (X x Y)(V;) — tel; X(V;) xtel; Y(V;)

is a (KxG x H)—equivalence. Consider a graph subgroup Iy € (K, G x H) associated
to a homomorphism ¢. Let 7g: Gx H — G and 7y : G x H — H denote the respective
projections. Then

el; X(Vi S V)T 2 tel; X(Vi)eos xtel; (Vi)
(tel; X (Vi) x tel; f(Vi)'® = tel; X (Vi) 6°¢ x tel; f(V;)mmoo

where I3, 04 is the graph subgroup associated to mg o ¢. Since tel; f(V;) is an
F(K, H)—equivalence, tel; X (V;) x tel; f(V;) is an F(K, G x H)—equivalence and by
the 2-out-of-6 property so is tel; (X x ) (V7).

(v) We have /' x [/ = (Y x f")o(f x X’) and each of these is a (G x H)-global
equivalence by (iv).

(vi) Consider a graph subgroup I'y € F(K, H) associated to a homomorphism ¢.
Then
(teli n* S (Vi)™ = (" (tel; f(V))'® = (tel; f(Vi))Tree

which is a weak homotopy equivalence. |
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We now turn to the box product of G—orthogonal spaces, to check that it preserves
G—global equivalences. The box product of orthogonal spaces is fully homotopical with
respect to the global equivalences; that is, the box product of two global equivalences
is a global equivalence, and this does not require any cofibrancy assumptions on the
morphisms or the orthogonal spaces involved. Our goal is to check that the box product
is also fully homotopical with respect to the G—global equivalences.

Given compact Lie groups G and H, a G—orthogonal space X and an H-—orthogonal
space Y, X X Y has a canonical action by G x H, and so does X x Y. The natural
morphism py,y of Remark 2.8 is (G x H )—equivariant. By [22, Theorem 1.3.2(i)] this
Px,y is a global equivalence of underlying orthogonal spaces. We now adapt that proof
to show that it is additionally a (G x H)—global equivalence. We start with a technical
lemma.

Lemma 3.8 Given F: L — L a continuous endofunctor, a natural transformation
n: Id = F, and a G-orthogonal space X, the morphism X on: X — X o F is a
G —global equivalence.

Proof We use the fact that for each compact Lie group K and each K-representation V,
the two embeddings

F(w).nrw): F(V) = F(F(V))

are homotopic relative to np: V — F(V) through K—equivariant linear isometric
embeddings. This is shown in the proof of the equivalent result where X is just an
orthogonal space in [22, Theorem 1.1.10].

Given a compact Lie group K, a K-representation V', a graph subgroup I' € F(K, G)
and a lifting problem (c, B) as in the following diagram, the linear isometric embedding
ny and the map B together witness that X o7 is a G—global equivalence:

r
apl —— <« y)f — X y(Fv)T

j’.’ X(YIV)Fl / lX(nF(V))F

] B r r
D! ————— X(F(V)) SEaE X(F(F(V)))

The upper left trapezoid commutes by construction. For the lower right triangle,
F(ny) and nf(y are homotopic through K—equivariant linear isometric embeddings,
therefore X (F(ny)) and X (nf(y)) are homotopic through (K xG)—equivariant maps,
and X(F(ny)T and X(n F(V))F are homotopic. Since the original homotopy was
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relative to 1y, and Boi; = X ()T oa, the obtained homotopy between X (F(17y))F o
and X(n F(V))F o B is relative i;. Thus X on is a G—global equivalence. a

Proposition 3.9 Given a G—orthogonal space X and an H-orthogonal space Y, the
morphism of (G x H )—orthogonal spaces pxy is a (GxH)-global equivalence.

Proof Consider the endofunctor sh: L — L that sends V to V & V. We have two
natural transformations, (1, t;: Id = sh, given by the embeddings into the first and
second factor respectively. We also denote by sh the functor of orthogonal spaces given
by precomposing with sh, sh(X) = X osh.

The universal bimorphism i that exhibits X X Y as the box product of X and Y gives
a morphism of orthogonal spaces A: X x ¥ — sh(X K Y)) through the maps

ivy: X(V)xY(V)=> XRY)V&V)=(sh(XXY))(V).
We need to check that A o py y and sh(py,y) o A in the diagram
XRY XYy« y 25 sh(x R Y) Dexr) ohox xy)

are (G x H)—global equivalences, and then we can use Lemma 3.7(i), the 2-out-of-6
property, to obtain that py y is a (G x H)—global equivalence.

We have that sh(py,y) o A evaluated at V' is the same as the map associated to py,y
at level (V, V) given in (2) of Remark 2.8, by the constructions of A and px,y. This
means that

sh(px,y) od = X(11) x Y (t2),

where each morphism on the right is a G—global equivalence or an H—global equivalence
respectively by Lemma 3.8, and so their product is a (G x H)—global equivalence by
Lemma 3.7(v).

Next we use that A o py y is homotopic through (G x H)—equivariant morphisms to
(X X Y)(t1), since the homotopy between them given in the proof of [22, Theorem
1.3.2(1)] is through (G'x H)—equivariant morphisms. Additionally (X X Y)(1;) is a
(G x H)—global equivalence by Lemma 3.8, so by Lemma 3.7(iii) Ao py,y isa (Gx H)-
global equivalence. O

Corollary 3.10 For a G—global equivalence f: X — Y and an H-global equivalence
f": X' — Y’, the morphism f R [’ is a (G x H)—global equivalence. If H = G then
S & f"is a G-global equivalence. Therefore for any X € G Spc, the functor X X —
preserves G —global equivalences.
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Proof First,

pry o (f R fN)=(fxfopx,x

and py,y’ and py, x- are (G x H)-global equivalences by Proposition 3.9. Since f x f’
is also a (G x H)—global equivalence by Lemma 3.7(v), by the 2-out-of-6 property so

is [ X f7.
If H = G, by restricting along the diagonal homomorphism A: G — G x G and using

Lemma 3.7(vi), we obtain that f & f” is a G—global equivalence and therefore X X —
preserves G—global equivalences. |

Now we proceed with a technical lemma which we use to prove the two subsequent
propositions. The first one discusses what happens to G—global equivalences between
G—free orthogonal spaces when taking orbits, if G is finite. The second one shows that
G—global equivalences are preserved by inducing from a finite subgroup.

Lemma 3.11 Let H be a finite group and K and G compact Lie groups. Assume
that we have equivariant maps of (KxGx H)—-spaces f: X — Y and g:Y — Z such
that Z is Hausdortf and H—free. Then the map on orbits f/H: X/H — Y /H is an
F(K, G)—equivalence if and only if f is an F(K, G x H)—equivalence.

Proof First note that since Z is H—free, so are X and Y. For any graph subgroup
Iy € (K, G) given by a continuous homomorphism ¢: L — G, [22, Proposition B.17]
gives a natural homeomorphism for X, ¥ and Z,

[[x"™/cw)— x/mr.

[v]
The disjoint union on the left is indexed by the conjugacy classes of continuous
homomorphisms ¥ : Ily — H. Here C(y) denotes the centralizer of the image of ¥
in H.
Fix a graph subgroup Iy € (K, G). A homomorphism ¥ : I}, — H, as a subgroup
of K x G x H, has elements (k,¢(k), ¥ (k,¢p(k)) fork € L, so Iy, € F(K,G x H).
Conversely, for a graph subgroup I3, € F(K,G x H), let ¢ be the homomorphism

wgoy: L — G where ng: G X H— G is the projection. Then I, is a graph subgroup
of Iy x H, so that ¢ can be seen as a homomorphism Iy, — H.

Therefore the map on orbits f/H is an (K, G)—equivalence if and only if for each
[y € F(K,G x H) the map f Lv /C(y) is a weak homotopy equivalence.
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For each I}, € #(K, G x H), the centralizer of the image of ¥, C(y¥) < H, is finite.
Additionally, Z™ is C(y)—free and a subspace of Z, so Hausdorff. Therefore the
C(y)-action on Z™ is properly discontinuous, and since v and g™ are C(y)—
equivariant, the C (1 )—actions on X and Y!v are also properly discontinuous.

This means that
X 5 xWv/cwp) and Y™ > yYv/C(y)

are covering maps, and since f1v is C(y/)—equivariant, it induces a map of coverings.
Then we consider the long exact sequence of homotopy groups for these covering maps.
We obtain that fTv /C(y) is a weak homotopy equivalence if and only if fTv is a
weak homotopy equivalence. For m;, for n > 2 this can be seen by using the five lemma
and for m¢ and 7y it can be checked explicitly.

Thus we finally obtain that f/H is an (K, G)—equivalence if and only if f is an
F(K, Gx H)—equivalence. |

This next proposition is similar to [21, Lemma 8.1].

Proposition 3.12 Let H be a finite group and G a compact Lie group. Consider
two morphisms of (G x H)-orthogonal spaces f: X — Y and g: Y — Z, where for
Z we know that for each inner product space V the space Z (V') is Hausdorff and
H—free. Then f/H: X/H — Y/H is a G—global equivalence if and only if f is a
(G x H)-global equivalence.

Proof By Proposition 3.4 we know that f/H: X/H — Y/H is a G—global equiv-
alence if and only if for each compact Lie group K and exhaustive sequence of
K-representations {V;};en the map

tel; f/H(V;):tel; X/H(V;) — tel; Y/H(V;)
is an (K, G)—equivalence.

Taking H-orbits commutes with colimits and product with [0, 1], so it commutes with
taking mapping telescopes. Therefore tel; f/H(V;) = tel; f(V;)/H. Now f and g
induce (K xG x H)—equivariant maps on mapping telescopes

tel; X (V) LT or v (v;) L8P o1, 2(vi).

Since each Z (V) is Hausdorff and H—free, so is tel; Z(V;). By Proposition 3.4 again f
is a (G x H)—global equivalence if and only if tel; f(V;) is an (K, G x H)—equivalence
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for each K and {V;};en. By Lemma 3.11 tel; f(V;)/H is an %(K, G)—equivalence if
and only if tel; f(V;) is an (K, G x H)—equivalence, which yields the result. |

Proposition 3.13 For a compact Lie group G, a finite subgroup H < G, and an
H—global equivalence f: X — Y, the morphism G x g f is a G—global equivalence.

Proof We first need to check that G x f is a (G x H)-global equivalence, for the
action where G acts on the left on the G factor, and H acts both on the right on the G
factor and on the left on the f factor.

Consider a compact Lie group K and an exhaustive sequence of K-representations
{Vi}ien. The functor G x — commutes with colimits and the functor — x [0, 1], so
it commutes with taking mapping telescopes. Therefore it suffices to check that
G xtel; f(V;) is an F(K, G x H)—equivalence.

For any graph subgroup I'y € #(K, G x H), the image of Iy under the projection
ntgxH.KxGxH—KxH
is the graph subgroup I, 04. Therefore

(tel; f(Vi))'™ = (tel; f (Vi) Tmies,
and the latter is a weak homotopy equivalence since tel; f(V;) is an F(K, H)—equiva-
lence. Then
(G xtel; f(Vi)'® =G xtel; f(Vi)'®
is also a weak homotopy equivalence.

Lastly, the projection G X Y — G is a (G x H)—equivariant map, where again G acts on
G on the left and H acts on the right on G and on the left on Y. With this action G is
H—free and Hausdorff, so by Proposition 3.12, G x g f is a G—global equivalence. O

In the appendix we further explore some more technical aspects of G—orthogonal
spaces. In particular, we construct the G—global model structure on G Spc. The G—flat
cofibrations are the cofibrations of this model structure. However for our admissibility
results on operads in Spc we need to work with a bigger class of morphisms than that
of the G-flat cofibrations. This is why we now introduce the class of G—/i—cofibrations
of GSpe. In the appendix we also study the compatibility of G—global equivalences
and G—h—cofibrations.

The category GSpe is tensored over Top. Thus we can define what a homotopy of
morphisms of G—orthogonal spaces is in the usual way using the interval. We can also
similarly define what a G—homotopy equivalence of G—orthogonal spaces is.
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Definition 3.14 (G-h—cofibration) A morphism in G Spc is an h—cofibration if it has
the homotopy extension property. A morphism f: X — Y has the homotopy extension
property if and only if there is a retraction in G Spc for the induced morphism

X x[0,1]Ux Y — Y x]0,1].

We call these morphisms the G—h—cofibrations.

Lemma 3.15 The class of G-h—cofibrations is closed under coproducts, transfinite
compositions, cobase changes and retracts. Additionally each G—flat cofibration is a
G -h—cofibration.

Proof On a category tensored and cotensored over Top the /s—cofibrations can be
equivalently defined as those morphisms that have the left lifting property with respect
toevg: X101 — X forall objects X'; see [22, Definition A.28]. This shows the first part.

The G-level model structure for G Spc that we construct in Theorem A.2 is topological,
and all objects are fibrant so by [22, Corollary A.30(iii)] each G—flat cofibration is a
G—h—cofibration. O

Lemma 3.16 Let G be a compact Lie group.

(i) Consider a closed normal subgroup H < G. For a G-h—cofibration of G—
orthogonal spaces f: X — Y, the morphism on orbits f/H: X/H — Y/H is a
(G/H)-h—cofibration.

(i) Consider a continuous homomorphism o.: H — G between compact Lie groups.
For a G-h—cofibration of G-orthogonal spaces f: X — Y, the morphism
a* fra*(X) = a*(Y)
is an H-h—cofibration.

(iii) Consider a compact Lie group H and an H-orthogonal space Z. For a G—h—
cofibration of G—orthogonal spaces f: X — Y, the morphisms ZX f and Z x f
are (H xG)-h—cofibrations.

(iv) Consider a closed subgroup H < G. For an H—h—cofibration of H-orthogonal
spaces f: X — Y, the morphism G xg f: G xg X — G xg Y isa G-h—
cofibration.

Proof (i) Suppose that we have a retraction in G Spe
r:Y x[0,1]— X x[0,1]Uyx Y.

Taking orbits commutes with pushouts and the product with [0, 1].
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Thus the morphism
r/H:Y/Hx[0,1] - (X x[0,1]Ux Y)/H = X/H x[0,1]Ux/g Y/H
is the retraction that witnesses that f/H is a G/ H—h—cofibration.

(ii) As before, the functor a* commutes with pushouts and the product with [0, 1], and
the morphism o *r is the retraction that witnesses that «* f is an H—h—cofibration.

(iii)) The functors Z X — and Z x — commute with pushouts and the product with
[0, 1]. The (H xG)—equivariant morphisms Z X r and Z x r witness that Z X f and
Z x f are (HxG)-h—cofibrations respectively.

(iv) This follows from (i), (ii) and (iii). O

4 Main results for operads in (Spc, X)

4.1 Lifting the positive global model structure to 445(O)

In this subsection, our goal is to prove Theorem 4.11, that states that any operad in
(Spe, W) is admissible. By this we mean that for any operad O in (Spc, ), the positive
global model structure on Spe lifts through Ugy (o) : Al (O) — Spe to give a model
structure on Al (O).

The condition that we need to check to obtain that any operad is admissible is the
following.

Condition 4.1 For any Z € X,Spc and any generating cofibration i of Spc, the
morphism Z Ky, i9" is an h—cofibration. For any Z € YpSpe and any generating
acyclic cofibration j of Spc, the morphism Z Xy, j U7 is an h—cofibration and a global
equivalence.

Note that the fact that we consider any possible Z here is crucial in removing any
cofibrancy assumptions on the operad. The symbol [I denotes the pushout product of
two morphisms and ;9" denotes the n'™ iterated pushout product of i with itself.

Remark 4.2 Condition 4.1 is strongly related to the property named symmetric h—
monoidality defined in [20, Definition 4.2.4]. Note that there are two different definitions
of h—cofibrations in the literature. The one used in [20] and [19] was first given in [2,
Definition 1.1], and it is weaker than the definition we used for Spc and G Spe.

The property of Spc being symmetric ~—monoidal is not directly related to Condition 4.1;
however the spirit of it is the same. In [19, Theorem 5.11] it is proven that in a category
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which satisfies certain technical assumptions and is symmetric #—monoidal each operad
is admissible. Using Condition 4.1 instead of symmetric ~—monoidality simplifies
some arguments in the case of orthogonal spaces. Most of this subsection is dedicated
to checking Condition 4.1.

First of all, in order to check Condition 4.1 we should give an explicit description
of the generating (acyclic) cofibrations of the positive global model structure on Spc.
They can also be obtained from the generating (acyclic) cofibrations of the G—global
model structure described in Theorem A.2 and Construction A.14 by setting G = e
and adding everywhere the requirement that V' # 0 (this V' s 0 requirement is the
difference between the positive global model structure and the global model structure).

Remark 4.3 (generating (acyclic) cofibrations of the positive global model structure)
In Spc we have a semifree orthogonal space for each compact Lie group G and each
G-representation V, given by Lg y» = L(V,—)/G. This semifree orthogonal space
is the representing object for the functor (—)(V)? given by evaluating at V and then
taking G—fixed points.

Recall that i; denotes the boundary map i; : aD! - D!in Top, for each / > 0. Similarly,
let j; denote the inclusion j;: D! 2~ D! x {0} — D! x[0, 1] for / > 0. We use this
notation throughout the paper.

The morphisms in |, the generating cofibrations of the positive global model structure,
are of the form Lg y x i; for a compact Lie group G, a faithful G-representation
V #£0,and [ > 0.

The generating acyclic cofibrations are J U K, where morphisms in J are of the form
Lg,y x j; for a compact Lie group G, a faithful G-representation V' # 0, and
[ > 0. Morphisms in K are of the form ¢, ,, ,, O i; for a compact Lie group G,
a faithful G—representation V' # 0, a G-representation W, and / > 0. The morphism
PG v.w: Leyew — Lg,y is given by restriction to V, and t;, ,, ,, is the mapping
cylinder inclusion of pG .y w.

The generating acyclic cofibrations in the set K are more complex. Before checking
Condition 4.1 for them, we need to prove several auxiliary lemmas. We first deal with
the case of the morphisms in | and J.

Proposition 4.4 Let K be a compact Lie group, n > 1, and let Z be a (KxX,)—

orthogonal space. For a generating cofibration i € |, the morphism Z Ry, i O js a

Algebraic & Geometric Topology, Volume 23 (2023)



3322 Miguel Barrero

K—h—cofibration. For a generating acyclic cofibration j in the set J, the morphism
Z Xy, 7" is a K—h—cofibration and a K —global equivalence.

Remark 4.5 This proposition is stated in more generality than Condition 4.1 so that
we can also use it later in the proof of Theorem 4.14.

Proof Leti = Lg,y xi; €l. Then
ZRi"=ZRLE, xif",

which is a (Kx X, )—h—cofibration because i an is a X,—h—cofibration of ¥,—spaces.

Then by Lemma 3.16(i) Z My, i O is a K—h—cofibration.

Let j = Lg,y X j; € J. By the same argument as before we obtain that Z Ky, P s

a K—h—cofibration. Since le” is a X,—homotopy equivalence of X;,—spaces, we also
obtain that Z X L%”’V X le" is a (Kx X,)-homotopy equivalence of orthogonal spaces,
so ZXy, j O js a K—homotopy equivalence. Therefore it is a K—level equivalence,
and thus a K—global equivalence. O

Proposition 4.6 Let f: X — Y be a morphism of orthogonal spaces such that for
eachn > 1 the morphism f®" is a %.,,—global equivalence, and such that for eachn > 1
the morphism fB" is a ¥,,~h—cofibration. Then for eachn > 1 the morphism f5" is a
X ,—global equivalence.

Proof We use strong induction. For the base case, fP! = f®! = £ is a global
equivalence.

Assume that the result holds for each i < n. We decompose /%" by applying [21,
Lemma A.8] to the pushout diagram given by X = X — Y, obtaining

XE1 = Q1(f) = QU(f) == Q1 (f) L 0n(f) = vYEn.

Note that the last step of this decomposition is precisely /5. In the rest of this
article we also use Q7 _, (/) to denote the source of the n—fold pushout product of f,
following the notation of [21], originally introduced in [7, Section 12].

For each step 1 <i < n there is a X,—equivariant pushout diagram of orthogonal spaces

nXE, i xE; Xlgn—i ngi

. . = . .
Tp Xz, xz; XETIRQL () >y Tp Xy, xx, XET R YR

| |

o1, (f) — s 0m())
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By Corollary 3.10 and the induction hypothesis, X ="~ K Ui is a (,_;x Z;)—global
equivalence. Then by Proposition 3.13,

En in_ixzi X&n—l & fDl
is a ¥,—global equivalence. Additionally by Lemma 3.16 it is a X,—/h—cofibration.

By Corollary A.9 this means that Q7_, (/) — Q7 (/) is a Z,—global equivalence for
each 1 <i <n. Since sois =", by the 2-out-of-6 property for X,—global equivalences
£ is a ¥, —global equivalence. |

Lemma 4.7 For f: X — Y a homotopy equivalence between orthogonal spaces and
n > 1, the morphism ™" is a ¥,—homotopy equivalence of orthogonal spaces, and
therefore a 3,,—global equivalence.

Proof Let g:Y — X be a homotopy inverse to f/ and H a homotopy between f o g
and Idy . Then for each n > 1,

HB o (XB" 5 A): XB" % [0,1] — YB”

is a ¥,—equivariant homotopy between ( f o g)®” and Id;z,'”, where A: [0, 1] — [0, 1]"
is the diagonal. The same can be done for g o f.

Then we obtain that f®” is a ¥,—homotopy equivalence. Therefore it is a ¥,—level
equivalence, and thus a ¥,—global equivalence. a

Proposition 4.8 For each generating acyclic cofibration k € K, the morphism k5"
is a X,—h—cofibration. Concretely, let G be a compact Lie group, consider a faithful
G -representation V # 0, a G—representation W,n > 1 and | > 0. Let 1, ,, ,, be the

morphism given in Remark 4.3. Then k™" = (1, ,, ,,, Oiy)P" is a ©,~h—cofibration.

On

pe vy 18 @ Zp—h—cofibration.

In particular, since Lo }, ,, O io = tpg  y» WeE get that ¢
Proof Consider the decomposition of ¢y |, ;- given by goir e, in the diagram

iLG,VGBW g
LG,VGBW E— LG,V@W | LG,V ” PG.V.W

I C T
L veowXxii
Lgyvew ULgyvew ———— Lgyew x[0,1]

We use results from [10] that deal with the interaction between the pushout product
and operations on morphisms like composition and cobase change. The structure of
this proof is convoluted because in general we cannot prove that the pushout product
of two X,—h—cofibrations is a X,—A—cofibration. This forces us to carry the — [1i ID"
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term around. We also have to decompose (Lo ;, 5, 0 i7)P" into simpler morphisms
which we can prove to be X, —h—cofibrations, using cobase changes and compositions,
because these operations preserve the class of X,—A—cofibrations.

By [10, Lemma 15] we can decompose th »yy INtO foo fio---o fy. Here for each
0 < j =<n, the morphism f; is a X,—equivariant cobase change of

On—j 0j
Xn Xy, ;x%; & DZLG vew"

-On / / / /.
By [10, Lemma 17] we can write LpG pw B as Joo f{o--+o fy, where each fJ is

a cobase change of f; [ ID”.

We also have [10, Lemma 13], which states that for any / if a morphism /1 is a cobase
change of h,, then iy O hg is a cobase change of /i, [J hy. By iterating this result,
and using the associativity of the pushout product we obtain that g7~/ is a cobase
change of (L ygw X i1)H"=7 . Similarly lL ,, 18 a cobase change of & — L
Furthermore these cobase changes can be checked to be through equivariant maps

Note that 11 = i ] For each 0 < j <n we can apply [10, Lemma 13] again to
obtain that g7~/ [ iJ LG vaw is a (¥, xXj)—equivariant cobase change of

Xn— j On— j ~ gn ] -
(LG5V®WX11 ) D (®_>L ) . G,V®W®LG’VXZ,1—].

We want to check that for each 0 < j <n,
Rn—j Rj . .
(3) (Zn xz,_x%; (Lg pow B Ly xin-p) Oir"
is a X,—h—cofibration. As a morphism of (X, X 3,)—orthogonal spaces, this is isomor-
phic to
Xn—j X j . .
Sn x5,_;x5; (Lgyaw B LGy Xin-j) O ip™).
The map i,—j O ilD” & iy_j4in 1s a (Zy—j X Ty)—h—cofibration of spaces. Therefore
by Lemma 3.16,

Xn—j X
Lgyaw BLG x (in—j Oif™)

is a (X,— jxXjxX,)-h—cofibration and the morphism (3) is a X,—h—cofibration.
Recall that for each 0 < j < the morphism gH"—/ O iEZ vaw is a cobase change of

Xn—j Xj .
Lgyew B LGy Xin—j-

Thus applying [10, Lemma 13] again we obtain that f; [Ji an is a cobase change of

(3) so it is also a X,—h—cofibration. We are using the fact that the induction functor
Yn X3,_;xx; — preserves pushouts.
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Finally, each j}.’ was a cobase change of f; [1i ID”, so it is also a X,—h—cofibration.
Thus their composition

On Dn
k=" = (tpg yp Oip)=" = pcVWD’

is a X,,—h—cofibration. O

Proposition 4.9 For each generating acyclic cofibration k € K, the morphism k" is a
Yn—global equivalence.

Proof The generating acyclic cofibration k is of the form ¢, ., 00 7; for a compact
Lie group G, a faithful G-representation V' # 0, a G-representation W, and / > 0.
We first check that

X . X

pevw:Levew = Lely
is a X —global equivalence. By [22, Example 1.3.3] the orthogonal space Lzl GV is
isomorphic to Lg» p» and thus closed. The (X, G)-representation V" is faithful, so
for each compact Lie group K by [22, Proposition 1.1.26(ii)] the restriction map
pynwnUg): LOV" & W", Ug) — L(V",Uk)
is a (K x (25 G))-homotopy equivalence. Using that
LV Ug) = Vcolgm L(V", V)

Uk)

and the fact that —/ G" preserves colimits, we can obtain that

Pg,"V,W(UK) = pyn wn(Ug)/G"

is a (KxX,)-homotopy equivalence. Therefore p%'”V w Uk ) is an F(K, Xp)—equiva-
lence, and so p%"V w 1s a Xp—global equivalence.

Now we use the mapping cylinder to decompose pG V W aS Tpg p oy ©lpg pp - SINCE

T oG .y 18 @ homotopy equivalence, by Lemma 4.7 7

Xn
PG.Vv.w*

o G vy 18 @ Xy—global equivalence,

and then so is ¢

We use Propositions 4.6 and 4.8 to obtain that for each n > 1 the morphism LE(;I! Vo 18

a X,—global equivalence. Finally, by Corollary A.10 and Proposition 4.8 again, we get

that k0" = LEG”V Sy ID” is a X,—global equivalence. |

Proposition 4.10 Letn > 1 and let Z be a ¥, —orthogonal space. For each generating
acyclic cofibration k € K, the morphism Z X, kB is an h—cofibration and a global
equivalence.
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Proof First,
ZRE" = Z R (pg oy Oip"

is a X,—h—cofibration by Proposition 4.8, and a X,—global equivalence by Proposition
4.9 and Corollary 3.10.

Consider the X,—orthogonal space L%'"V = Lgn, yn. For each inner product space

U the group G" acts freely (since V' is faithful), smoothly and properly (since G" is
compact) on L(V",U), as long as |[U| > |V |"*. Therefore

Lgnyn(U)=L(V".U)/G"

is Hausdorff; and since V" is a faithful ¥,-representation, L%’”V(U )= Lgnyn(U)
is also X ,—free.

If |U| < |V|* then L(V",U) is empty, so in particular Lgn p» (U) is still Hausdorff
and X,—free.

The morphism 7, ,, ,, induces a ¥,—equivariant map of orthogonal spaces from the
target of Z Rk to X L%”V x *, and so by Proposition 3.12 Z Ky, kD" is a global
equivalence. It is an s—cofibration by Lemma 3.16(i). O

Note that the fact that L%’”V(U ) is X,—free in this last proof is important. It lets us
avoid the assumption that the components Oy of the operad O are 3,—free in the
following theorem.

Theorem 4.11 Let O be any operad in (Spe, X) the category of orthogonal spaces,
with the positive global model structure and the symmetric monoidal structure given
by the box product. Then there is a cofibrantly generated model category structure on
Alg(0), the category of algebras over O, where the forgetful functor U g5 (o) creates the
weak equivalences and fibrations, and sends cofibrations in Alz(O) to h—cofibrations

in Spe.
Proof Let #Hcof be the class of h—cofibrations in Spc. It satisfies conditions (a), (b)

and (c¢) of Theorem 2.2 by Lemma 3.15, Lemma A.16, and Corollary A.12 respectively,
with G = e in all of them.

Consider a morphism i : X — Y in Spc and a pushout in 4l7(O) of the form

Fay0)(@)
Fag0)(X) S Fago)(Y)

| .

A > B
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We use the filtration of [21, Proposition A.16], originally introduced in the proof of
[7, Theorem 12.4], with k = 0, where UOO =U ag(0)- We obtain a decomposition of
Uag(o)(f) as the infinite composition of morphisms

Int Pn1Uag(o0)(B) = PpUay(0)(B)

for n > 1, with PoUgzg(0)(B) = Ugg(o)(A4). For each n > 1, [21, Proposition A.16]
gives the following pushout in Spc:

. UP(ARx,iDn
UP(A) Ry, 0" (i) ————"— UP(A) Ry, (¥)X"

| -

o
P._1U$(B) > P,US (B)

Both the class #Hcof , and the class of morphisms in Spc which are both s—cofibrations
and global equivalences, are closed under infinite composition and cobase change (see
the results of the appendix). Propositions 4.4 and 4.10 imply that if 7 is a generating
cofibration UnO(A) Xy, D7 is an h—cofibration, and if i is a generating acyclic cofibra-
tion then U,? (A) Xy, D" is an h—cofibration and global equivalence. Therefore all the
conditions of Theorem 2.2 hold, and 4z(O) is a cofibrantly generated model category
where Ugy (o) creates the weak equivalences and fibrations. Furthermore Uy (o) sends
cofibrations in Alz(O) to h—cofibrations in Spc. |

4.2 Characterizing which morphisms of operads induce Quillen
equivalences

We study now morphisms of operads and the associated functors between their respective
categories of algebras, with the goal of classifying which morphisms of operads in
orthogonal spaces induce Quillen equivalences between the respective categories of
algebras.

Consider for now a general symmetric monoidal category (€, ®, *), where the tensor
product preserves all colimits in both variables. Let g: O — P be a morphism of
operads, understood as a morphism of monoids in (24—, o). The morphism g induces
an adjoint pair of functors

gl Ag(0) = al(P) :g*,

called the extension functor and the restriction functor respectively. The specific details
can be found in [9, Section 3.3.5] for example.
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We use 0: F(O) = F(P) to denote the natural transformation induced by g between
the monads F(O) and F(P), associated to the operads O and P respectively. For X an
algebra over P, we use {x : F(P)(X) — X to denote its structure map. Then g*(X)
is just X" with structure map {x o fy. Additionally, since Ugy(o) © & = Ugy(p), We
have that gy o Fay () is left adjoint to U gy (p), so it is naturally isomorphic to Fay(p).
This is the only information about the extension functor that we need.

For the proof of Theorem 4.14 we need to consider again the functors U,? fork >0
from [21, Proposition 10.1], originally introduced in the proof of [7, Theorem 12.4].
The functor U 1? goes from Af(O) to X6, the category of X;—objects in 4, and

Uy = Usg(o)-

Construction 4.12 Let O and P be two operads, and let g be a morphism of operads
g: O — P. For a general O—-algebra X, a P—algebra Y, and a map of O—algebras
y: X — g*(Y), we construct certain maps

Sk UC(X) > UL (Y)

in X for each k > 0, in a way that is natural in y and preserves filtered colimits. It is
important to note that the morphism g ,, is not U,? (y) unless k = 0. In fact, U,? og*
is not U]Z) for k # 0, so g, and U,?(y) do not have the same target for k& £ 0.

Consider the functors
O(—,k): ¢ — X6

constructed in [21, Section A.9], which for an operad O and k > 0 are given by

OX.k)=[] ot +k)®5, X®".
neN
Note that O(—, 0) = F(O). The construction of the functors U ,? in [21, Definition A.10]
is given by the coequalizer

O(O(X,0), k) z:"; O(X, k) = UZ(X).

The morphism of operads g and the map of O-algebras y together induce a ;-
equivariant morphism of coequalizer diagrams. The induced morphism between the
coequalizers U,”(X) and U;”(Y') is our desired g, .

This construction preserves filtered colimits because tensor powers preserve them, and
thus so do the functors O(—, k).
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Now we restrict ourselves to the case of operads in (Spe, X), where we have the model
structures on Al (O) obtained in Theorem 4.11.

Proposition 4.13 For any morphism g: O — P of operads in (Spc, X), the restriction
functor g* preserves and reflects fibrations and weak equivalences. Thus the pair
(g1, g%) is a Quillen adjunction.

Proof The functors Ugy(o) and Ugg(p) preserve and reflect fibrations and weak
equivalences, and Uy () © 8% = Usy(p)- O

Theorem 4.14 Let g: O — P be a morphism of operads in (Spc, M), the category of
orthogonal spaces, with the positive global model structure and the symmetric monoidal
structure given by the box product. Then the induced adjunction (g, g*) is a Quillen
equivalence between the respective categories of algebras if and only if for eachn > 0
the morphism g, : O, — P, is a X,—global equivalence.

Proof The right adjoint g* preserves and reflects weak equivalences. Therefore the
pair (g1, g*) is a Quillen equivalence if and only if for each cofibrant 4 € 4l7(O) the
unit 4: A — g*(g1(A)) is a weak equivalence in Al7(0), that is, a global equivalence
of underlying orthogonal spaces (see for example [8, Lemma 3.3] for a proof).

We first assume that each g, is a X,—global equivalence, and check that for each
cofibrant 4 € 4l7(O) the unit n4: A — g*(g1(A)) is a global equivalence.

First assume that the cofibrant algebra A4 is the colimit of a A—sequence of morphisms
{1/} pexr beginning at A9 = Oy, for a limit ordinal A. Note that the initial object
of Alg(0) is Oy, since it is Fgap(0)(F). Assume that each fp is a cobase change of
a morphism of the form Fgap(0)(ig), forig € | ig: Xg — Yp a generating positive
flat cofibration of orthogonal spaces. We want to check that Ugg(0)(14) is a global
equivalence.

By evaluating the unit of the adjunction 1 on the A—sequence that gives rise to A, we
obtain the diagram

Ao =0y fo > Ay /i > Aﬂ L

l”IAO lﬂA 1 l’lA 8

g*(g1(fo) *(g1(SD)))
g*(21(4g)) S0 o*(gi(4y)) S L g (21(4p)

~
~

g% (g1(f3)
—
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We apply Uag (o) to the whole diagram. By Theorem 4.11, Ugy (o) sends cofibrations
to h—cofibrations, so Uag(o)(fg) is an h—cofibration. The morphism g)(fg) is a
cofibration, so

Uago)(€*(21(/p)) = Uagr)(81(f3))

is also an /i—cofibration. Since Uz (o) preserves filtered colimits, Ugg (o) (14) is
ngﬂ Uay(0)(N4g)-

We have to check that each Uy (0)(n44) is a global equivalence, and for this we follow
the proof of the similar statement in [21, Lemma 9.13]. We prove this by induction, but
we in fact need to work with a stronger property. For each 8 and each k > 0, let gi g
be the morphism g ;, » given in Construction 4.12. We check by transfinite induction
on f that for each £ > 0 the morphism

gr.p: Ug (Ag) = UL (21(4p))
is a X —global equivalence. For & = 0 this reduces to our desired result.

The base case concerns Ag = O¢ = Fag0)(9). By [21, Lemma A.13] the Xz~
orthogonal space U,?(Fﬂ[ﬂ(@) (2)) is isomorphic to O(, k), and O(Z, k) equals Oy.
Similarly g)(Fag(0)(9)) is isomorphic to Fag(p)(9), and then

UL (Fagp)(2)) = P(@.k) = Py,

and under these identifications, the morphism g4 o corresponds to gz, which is a
Y ;—global equivalence by the condition of the theorem. Remarkably, this is the only
part of the proof where this condition is used.

Then we check the induction step for a successor ordinal 8+ 1. For this we use the filtra-
tion of [21, Proposition A.16], originally introduced in the proof of [7, Theorem 12.4],
in the same way that it is used in the proof of [21, Lemma 9.13]:

US(Ap) = FoUP (Apy) —— FLUP(Agyy) — -

@) lgk.,s l

Ul (g1(Ap)) = FoU (g1(Ag41)) — F1UL (g1(Agy1)) — -

e —— cjpelgnﬂU,?(AﬂH) =UP(Ap11)

l/gk,ﬁ—i-l

= Cjoelgn FiUL(g1(Ag41)) = Ul (g1(Ag+1))
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Assume that for each & > 0 the morphism gj g is a X—global equivalence. Each
horizontal map is a cobase change of

.0y .0
US(Ap) B, ig” or UFy(21(4p) B, ig”,
which are Xj;—h—cofibrations by Proposition 4.4,

Each vertical map is obtained from the previous by the following morphism of pushout
diagrams:

Fi U2 (Ag41) » Fi1 U7 (g1(Ag+1))

I I

_ gj+k.88x; Q1 (ip) P
Uﬁrk(z‘lﬂ)gz,- Q7 (ip) D U7, 1 (81(4p)) Ry, Q7 (ip)

lU;ik (€1(Ap) B, ig”

» UR 1 (81(4p)) Ry, (Yp)™

Uiy (458, ’3]l

. )R
U (A4p)Rx; (Yp)™

gi+k.p¥s; (Vg

By the induction hypothesis, the morphism
gk Ul (Ap) = U (21(A4p))

is a X4 g—global equivalence. Here Yg = L,y X ij, s0 we can project to LEJ.V and
use Corollary 3.10 and Proposition 3.12 as in the proof of Proposition 4.10 to check
that the two rightmost vertical maps are ¥;—global equivalences.

Then we can use induction on j and the gluing lemma, Lemma A.8, to obtain that each
vertical map of (4) is also a X;—global equivalence. Finally, by Lemma A.11, gx g+1
is a X —global equivalence.

If B is a limit ordinal, we just need to use Lemma A.11, and the fact that the construction
of g, p preserves filtered colimits.

We have proven that g g is a Xx—global equivalence for each k and 8. Setting k = 0
we have our original intended result that Uy (0)(1.4,5) is a global equivalence for each .
By Lemma A.11 with G = e the morphism Uz (0)(14) is a global equivalence.

If A € 4l[z(O) is cofibrant, then it is a retract of an algebra A’ of the kind we were
considering at the beginning of this proof, and the unit 14 is a retract of 14/. Since
retracts preserve weak equivalences, 714 is a weak equivalence in Af7(O). Therefore
(g1, g%) is a Quillen equivalence.

We prove the other implication now. Assume that (g, g*) is a Quillen equivalence.
We want to prove that for each n > 0 the morphism g, is a 3,—global equivalence.
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Consider the free orthogonal space Lr = L(R, —), which is positively flat. Then
Fay(0)(LR) is cofibrant in Afz(0). Since (g1, g*) is a Quillen equivalence the unit
NFapor(Lr) Fago)(LR) = &% (81(Fag(o)(LR)))

is a weak equivalence, so its underlying morphism of orthogonal spaces is a global
equivalence.

The P-algebra g)(Fag(o)(LR)) is naturally isomorphic to Fagp)(LR). After post-
composing 71 Fagoy(Lr) with g* of this isomorphism, we obtain a morphism
Fago)(LR) = &* (Fagp)(LR)).
whose underlying morphism of orthogonal spaces is precisely
QLR = ]_[ &n IZ'E,, Lﬁ%n.
neN

Since 6 , is a global equivalence, each g, My, L%" is a global equivalence. If n = 0,
we obtain that g¢ is a global equivalence. For each n > 1, Lﬁ%” ~ Ln, and the
orthogonal space Ly is X,—free and Hausdorff at each inner product space V. Thus
by Proposition 3.12 the morphism g, X Lg» is a ,—global equivalence for each n > 1.

The morphisms po,, 1., and pp,, 1. are %,—global equivalences by Proposition 3.9
and Lemma 3.7(vi). By the 2-out-of-6 property of X,—global equivalences we obtain
that g, x Lgn is a ¥,—global equivalence:

nXRLgn
Op R Lgn "R DR Lgn

pOn,LRnl lppn,LRn

gnXLgn

Op X Lrn ——— Py X Lpn

By Proposition 3.4, for each compact Lie group K and each exhaustive sequence of
K-representations {V;};en, the map

teli (g (Vi) x Lrn (V;)): teli(On (Vi) x Lrn (Vi) — teli (Pu (Vi) X Lrn (V7))
is an (K, 3,)—equivalence. The canonical map
tel; (On (Vi) X Lrn (Vi) — (tel; On(Vi)) x (tel; Lrn(V}))
is also an F(K, ¥;)—equivalence, and the same holds for P,. Therefore
(tel; gn (V7)) x (tel; Lrn (V}))

is an (K, X,)—equivalence.
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For each I'y € (K, X;), we can pull the ¥,—action on R, through ¢: H — X to
get an H-action. Then the H-representation R” embeds into some K-representation
(see [6, Theorem II1.4.5]), which in turn embeds into some V;, so (tel; Lrn (I/J-))Faj
is nonempty. Thus tel; g,(V;) is an F(K, X,)—equivalence, and g, is a X,—global
equivalence for each n > 0. a

Remark 4.15 The previous theorem generalizes, in the setting of algebras over operads
in (Spe, M), the classical result that a morphism g between cofibrant operads induces
a Quillen equivalence if the underlying morphism of each g, is a weak equivalence
(see [9, 12.5.A] for example). For orthogonal spaces, and a morphism g between
operads which are not necessarily cofibrant, by the previous theorem we require the
stronger condition that each g, is not just a global equivalence, but also a 3, —global
equivalence.

The question of which morphisms between more general operads induce Quillen
equivalences was also answered in [19, Theorem 7.5]. The key property there is
whether the morphisms g, are symmetric flat weak equivalences as defined in [19,
Definition 2.1(vii)]. However, X,—global equivalences are not necessarily symmetric
flat.

Remark 4.16 Given O, an operad in (Spc, X)), we could take a cofibrant replacement
of it in the J—semimodel category OP—Spc of operads in (Spe, X), constructed in [25,
Theorem 3]. This would be a cofibrant operad ©” and a morphism of operads g: 0’ — O
such that each g, is a global equivalence. But as we just saw in Theorem 4.14, this
g does not induce a Quillen equivalence between the categories of algebras of O and
O’ unless each g, is additionally a X,—global equivalence. This means that simply
taking a cofibrant replacement O’ in OP—Spc of an operad O, and looking at the model
structure on Alz(O') does not give the correct homotopy theory of the algebras over O.

Additionally, we cannot have a functor F¢: OP—Spc — OP—Spc, with a natural trans-
formation n: F¢ = Idpp_g, such that each n(0), is a X,—global equivalence, and
F¢(0) is cofibrant in the J—semimodel structure of [25, Theorem 3]. Assume that we
had such a functor F, then consider a morphism of operads g: O — O’ which satisfies
that each g, is a global equivalence, but does not satisfy that each g, is a X,—global
equivalence. An example of such a morphism is given by the unique morphism from
one of the naive global Es,—operads of Remark 5.9 to the terminal operad Comm.

In that case each F¢(g), would be a global equivalence by the 2-out-of-6 property, so
F¢(g) induces a Quillen equivalence between Alg(F¢(0)) and 4l (F¢(O')) because
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F¢(0) and F¢(0’) are cofibrant operads. The morphisms of operads n(O) and n(0’)
would also induce Quillen equivalences by Theorem 4.14, But this would imply that g
induces a Quillen equivalence between the categories of algebras, which contradicts
the only if part of Theorem 4.14.

This means that in order to study the genuine homotopy theory of algebras over operads
in (Spe, M), we cannot restrict ourselves to looking only at cofibrant operads.

5 Global E,—operads

Let Comm be the terminal operad in (Spc, X), where each Commy, is the constant one-
point orthogonal space. Algebras over Comm are precisely the commutative monoids
in Spe with respect to the box product, which are called commutative orthogonal
monoid spaces or ultracommutative monoids in [22, Definition 1.4.14]. The unit and
multiplication maps imply that a commutative monoid in (Spe, X) is precisely a lax
symmetric monoidal functor (L, ®) — (Top, ).

Definition 5.1 A global E s,—operad in (Spe, X) is an operad O in (Spe, X) such that
each O, is X;,—globally equivalent to * with the trivial X, —action.

Remark 5.2 By Theorem 4.14, if O is a global E,—operad in (Spe, X) and g is the
unique morphism of operads g: © — Comm, then the induced Quillen adjunction
(g1, g”) is a Quillen equivalence between Alg(O) and Al (Comm), the category of
ultracommutative monoids. This justifies why we gave the previous definition of a
global Es,—operad.

Furthermore, the algebras over a global E,—operad are endowed with plenty of
additional structure, just like ultracommutative monoids. It is also relatively simple to
characterize when a given operad in Spc (like the ones constructed in Section 2.3) is a
global Es,—operad.

Proposition 5.3 Let O be a global E,—operad in (Spc, X), and let g: O — Comm be
the unique morphism of operads. There is a homotopical functor

R: 262(0) — Alz(Comm)
and a zigzag of natural weak equivalences between g* o R and the identity on Alz(O).

For A € alg(O), R(A) is an ultracommutative monoid, thus R is a functor that rectifies
algebras over global E s,—operads into ultracommutative monoids.
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Proof Let C: 4l(0) — Al(O) be a cofibrant replacement functor in A4(0O) con-
structed via the small object argument, and let &: C' = id 45 () be the associated natural
weak equivalence. Then Ugy (o) (@4) is a global equivalence for each A € A7(O). Fur-
thermore, the adjunction unit for C(A), the morphism nc(4): C(4) — g*(g1(C(A))),
is a global equivalence in Spc because the right adjoint g* preserves and reflects weak
equivalences; see [8, Lemma 3.3]. Then R = g0 C is the desired functor, and « and
form the desired zigzag of natural weak equivalences. |

Lemma 5.4 The operads LD and X constructed in Examples 2.11 and 2.12 respec-
tively are reduced (LDy = Xy = *). For each n > 0, the orthogonal spaces LD,, and
K, are closed, and for each V € L, the ¥, —spaces LD, (V) and K, (V') are X,—free
and Hausdorff.

Proof This follows from the properties of the little disks operads £LD(V') and Steiner
operads K (V) for an inner product space V. By construction they are reduced, and
for each n > 0 they are 3,,—free and Hausdorff, so the same is true for LD and K. For
a linear isometric embedding ¥ : V — W, the maps LD, (¥) and %, (1) are closed
embeddings, so the operads £D and X are closed. |

We now give several examples of global Es,—operads. To check that LD and X are
global Es,—operads we first need the following technical lemma.

Lemma 5.5 Let K be a compact Lie group, Ug a K—universe (not necessarily com-
plete), L < K, and T an L—set. Let Conf{i (Ug ) denote the space of L—equivariant T —
configurations inU , that is, L—equivariant embeddings of T' in Uk . Then Conf% Uk)
is either empty or contractible.

Proof Decompose Uk as

Uux =P Pr=P P r=E U

AeA neN neN AeA neN

where A is a set of finite-dimensional irreducible K-representations.

Let P be the linear isometric embedding

@Un—> @Un, (ug,u1,...)~> (0,ug,uq,...).

neN neN

Then P is a K—equivariant nonsurjective linear isometric embedding.
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We give a homotopy H between the identity and
Po—: Conf% Ug) — Conf% Ug),

the map given by postcomposition with P. For each s € [0, 1], f € Conf% (Ug) and
t € T this homotopy H is given by

Hy(/)(1) = (A =s5)(f (1) +s(P(f(1)).
It is easy to see that each Hy( /') is L—equivariant. If Hy(f)(z) = Hs(f) ('), arguing

coordinatewise we see that t = ¢'.

Now assume that Conf]T‘ (Ug) is nonempty, so that fy € Conf]f (Ug)- There isan m >0

such that the image of f is contained in P U,. Then

n=m
H{(f)@) = s(P"H(f(0) + (1 =5)(fo(1))
gives a homotopy between the constant map with value fy and the map
pomtlo . Conf% Ug) — Conf% Uk).

We can easily see that H,( f) is L—equivariant, and we can check that it is an embedding
by looking at the projection to €p,,<,,, Ux and to its orthogonal complement separately.

With H we can obtain a homotopy from the identity to P°”**1 o —, and combining
that homotopy with H’ we obtain that Conf% (Uxk) is contractible. m|

Proposition 5.6 The operads LD and X in (Spc, ) are global E~,—operads.

Proof Both operads £D and X are closed by Lemma 5.4. For each compact Lie
group K and each K-representation V, the (K xX,)-spaces LD(V), and X (V), are
(KxX5,)-homotopy equivalent to Conf, (1), the configuration space of # points in V',
where K acts on V' and X, acts by permuting the points. This is [11, Lemma 1.2] and
[11, Proposition 1.5] respectively.?

We have that
Conf, (Ug) = colim Conf,(V).
VesUg)
Consider any graph subgroup Iy € (K, X,), with¢: H — ¥, and H < K. Let T
be the set with n elements and an H-action given by ¢. Since taking fixed points

2Tn the proof of [11, Lemma 1.2], one has to add a small condition to ensure that the little disks are
contained in the unit disk and that the constructed maps are well defined.
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commutes with filtered colimits along closed embeddings, and the poset s(Ug ) has a
cofinal subsequence, LD, (Ug ) ® and %K, Uy )" are weakly homotopy equivalent to

Conf, (Ug )T =~ cOan Uxk),

where Conf (Z/I k) is the space of H—equivariant Ty—configurations in U, that is, H-
equivariant embeddmgs of Ty in Uk . Since Uk is a complete universe, ConfT Uk)
is nonempty, so by Lemma 5.5 it is contractible. Thus £D,, and X, are En—globally
contractible, and £D and X are global Es—operads. |

Recall that Ly = L(V, —) is the orthogonal space represented by V.

Proposition 5.7 Forany V € L with V # 0, the endomorphism operad End(Ly) in
(Spe, K) is a global E—operad.

Proof We have to check that Hom(L%"’, Ly) — * is a X,—global equivalence.
Let Uk be a complete K—universe for K a compact Lie group. Then the underlying
K—space of End(Ly)y is
Hom(L®" Ly)(Ug) = colim Hom(L%" Ly)(W)
Wes(Uk)
>~ colim Ly . Hom(L®", L
peolim | Spe(Lw (Ly". Ly))

~ colim _&C(LW X Lyn, Ly)
WesUg)

>~ colim L(V,Wa V")
Wes(Ug)

~ L(V,Ug & Vn).

The first three isomorphisms are induced by a chain of isomorphisms for each W,
and we have to check that they are natural in W. For the second isomorphism this
holds by the naturality of the X-Hom adjunction, and for the first and third because of
the naturality of the enriched Yoneda lemma. By the same reason they are (KxX,)-
equivariant.

For any I' € #(K, X)) we consider the '—fixed points
Hom(LB", Ly)Ux)" = L(V.ug ® V™)' = L(V.Ug & V™")").

Since U is a complete K—universe, (g @ V"*)X*%n is infinite-dimensional, and thus
sois Ux ® V™I, so

L(V,Ug ®V™MT) = L(V,R®) ~ . O
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Remark 5.8 For any V € L with V' # 0, the orthogonal space Ly is an algebra over
the global E,—operad End(Ly). However, Ly cannot be given the structure of a
commutative monoid over the box product (ultracommutative monoid). In particular,
Ly (0) = L(V,0) = @, so there are no morphisms of orthogonal spaces from * to Ly,
and thus we cannot give it a unit.

Remark 5.9 Let O be an E—operad in Top. This is an operad such that O, is
Y ,—free and weakly contractible for each n > 0. Let O be the constant operad in
orthogonal spaces associated to O, which is closed. The space O, (Uk) is just O, with
the trivial K—action, which means that for » > 2 and a graph subgroup I' € #(K, ) not
contained in K x {e}, we have that (O, (Ux))’ = @. Therefore @, is not =,—globally
equivalent to * for # > 2, and so the constant operad O is not a global Es,—operad.

A similar situation occurs in the classical world of equivariant operads. A nonequivariant
E —operad given the trivial G—action is not a good example of an E.—operad in
G—spaces. Instead one wants to look at Es—G—operads, the ones for which Oy, is
#(G, X,)—equivalent to a point; first defined in [16, Definition VIL.1.2].

Remark 5.10 In the G—equivariant setting, there is a hierarchy of nonequivalent
operads between a nonequivariant operad given the trivial G—action and an E—G—
operad. These in-between operads are called Noo—operads, and were introduced in [4].
They codify various levels of commutativity, by imposing the existence of certain
additive transfers/multiplicative norms, which exist for commutative monoids in G—
spaces and commutative G-ring spectra respectively.

In the global setting, there is also a hierarchy of operads between the naive global
E »—operads of Remark 5.9 and the global E,—operads. These operads in orthogonal
spaces are the global analogs of No,—operads. A classification of them will appear in a
separate article [1].

Appendix More about G —-orthogonal spaces

We now construct the G—global model structure on the category of G—orthogonal
spaces, for G a compact Lie group. The process is the same as the one used in [22,
Section 1.2] to construct the global model structure on Spe, and most of the proofs are
almost identical. We first construct a level model structure on G Spc applying the results
from [22, Appendix C], and then we consider the left Bousfield localization with the
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G—global equivalences as the weak equivalences. We include here several technical
results needed to construct this G—global model structure, or used in the main part of
this paper.

In this appendix we assume the definitions and results of Section 3.

A.1 G'-level model structure

For each compact Lie group G there is an isomorphism of Top—enriched categories
Fun(L x G, Top) = Fun(G, Fun(L, Top)) = G-Spc.

We have that @ = L x G is a skeletally small Top—enriched category. On % we have a
dimension function on the objects |—| given by the dimension of the inner product space
of L. This function satisfies that if |V| > |W| then @(V, W) = @ and if |V | = |W|
then V and W are isomorphic in %. We need to choose for each m > 0 an object of &
of dimension m, and we pick R™,

As input to obtain the G-level model structure, we have to consider for each m > 0 a
model structure on the category of spaces with an action by (R, R") = O(m) x G.
We take the model structure given by the graph subgroups, the (O (m), G )—projective
model structure, where a morphism f* of (O(m) x G)Top is a weak equivalence (resp. a
fibration) if and only if fT is a weak homotopy equivalence (resp. a Serre fibration)
for each I" € #(O(m), G). Recall that (O (m), G) is the set of graph subgroups of
O(m) x G, those I € O(m) x G such that I' N ({eom)} X G) = {€o@m)xG }

This %(O(m), G)—projective model structure is proper, cofibrantly generated, and
topological. See for example [22, Proposition B.7] for the construction. We call the
weak equivalences of this model structure the #(O(m), G)—equivalences, and we do
the same for the fibrations, acyclic fibrations, cofibrations and acyclic cofibrations. We
can use the results from [22, Appendix C] to construct a level model structure on G.Spc
based on the graph subgroups. For this, the following consistency condition, described
in [22, Definition C.22], has to be satisfied.

Lemma A.1 (consistency condition) For each m,n > 0 and each (O(m), G)—
acyclic cofibration i, the morphism

(LR™,R™™) % G) X 0(myxG i

is an (O (m+n), G)—acyclic cofibration.
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Proof The functor
(LR, R™™) x G) X 0(myxG —

is a left adjoint to the functor given by
Map(L(R™ , R™*") x G, —) OmtmxG,

Therefore we only need to check that it sends the generating acyclic cofibrations to
acyclic cofibrations.

The generating acyclic cofibrations of the F(O(m), G)—projective model structure are
of the form ((O(m) x G)/ ') x j;, for I' € F(O(m), G) and [ > 0. Then the functor
mentioned at the beginning takes this generating acyclic cofibration to

(LR™,R™™) x G)/T) % ji.

The left G—action on G is free, and because I" is a graph subgroup and the O(m)—
action on L(R™, R™*™) is free, the left G—action on (L(R™ , R™*") x G)/ T is also
free. We consider now L(R™,R"™") x G as an (O(m4n)xGxO(m)xG)—space,
where the component O(m + n) x G acts on the left, and O(m) x G originally
acts on the right so we precompose with (—)~! to obtain a left action. The space
L(R™ R™*") x G is a smooth (O(m+n)xGxO(m)xG)-manifold. Illman’s the-
orem [14, 7.2] provides an (O(m-+n)xGx O(m)xG)—equivariant triangulation, so
L(R™,R™*") x G is cofibrant in the projective model structure with respect to all
subgroups of O(m +n) x G x O(m) x G.

By [22, B.14(i), (iii)], (L(R™, R™*")x G)/ T is cofibrant in the projective model struc-
ture with respect to all subgroups of O(m+n)xG. This in particular means that it is a re-
tract of a generalized (O (m+n)xG)-CW—complex. Each cell (O(m+n)xG)/Ax D! '
for a subgroup A < O(m + n) x G and !’ > 0 that appears in this equivariant CW-
structure induces a (O(m+n)xG)—equivariant map

F:(0m+n)xG)/Ax D" — (LR™ R"")x G)/T.

Since the target of f is G—free, so is the source; thus A is a graph subgroup. As
only graph subgroups can appear in this CW-structure, (L(R™ R™*") x G)/T
is also cofibrant in the (O (m+n), G)—projective model structure. Recall that the
F(O(m+n), G)-projective model structure is topological. Therefore, the morphism
((L(R™ ,R™*") x G)/T) x j; is the product of a cofibrant object with an acyclic
cofibration of Top, so it is an acyclic cofibration. |
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Theorem A.2 (G-level model structure) There is a topological cofibrantly generated
model structure on the category G Spc of G—orthogonal spaces, which we call the G-
level model structure. The weak equivalences (resp. the fibrations) are those morphisms
f such that for each m > 0 and each graph subgroup I" € %#(O(m), G), the map
F(@R™T is a weak homotopy equivalence (resp. a Serre fibration). We call these
respectively the G-level equivalences and the G-level fibrations.

A set of generating cofibrations is

lg ={(LR™,-)xG)/T)xi;|m,[>0,T € F(O(m),G)}.
A set of generating acyclic cofibrations is

Jo ={(LR™, =) xG)/T)x ji [m.,[ =20,I" € F(O(m), G)}.
We call the cofibrations of this model structure the G—flat cofibrations.

Proof Such a model structure exists by [22, Proposition C.23(i)]. It is cofibrantly
generated by [22, Proposition C.23(iii)] because each of the chosen model structures

on (O(m) x G)Top is cofibrantly generated.

The functor
(=)(R™): GSpc — (O(m) x G)Top

given by evaluation at R” has a left adjoint, which we denote by Fy,, and it is given by
Fn(A4) = (LR™, =) x G) Xo(m)xG A-

The generating cofibrations obtained from [22, Proposition C.23(iii)] are those of the
form F, (i) where i is a generating cofibration of (O(m) x G)Top, which are of the
form ((O(m) x G)/ ') x ij for T" € #(O(m), G) and [ > 0. Similarly the generating
acyclic cofibrations are of the form Fy,(j) for j a generating acyclic cofibration of

(O(m) x G)Top.

Each G-orthogonal space of the form (L(R™,—) x G)/ T is cofibrant in this G-level
model structure, because Fy, (((O(m) x G)/ I') xiy) is a generating cofibration. Using
[22, Proposition B.5] we obtain that this model structure is topological, taking G and Z
in the statement of that proposition to be

G={(LR™",-)xG)/T|m=>0,T €e#O(m),G)} and z=g. m]

Note that we should call this model structure on G.Spc the “G—graph level model
structure” to distinguish it from other possible model structures on G Spc. In particular,
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there is at least the level model structure that we would obtain by considering all
subgroups of O(m) x G, and not just the graph subgroups. There is also a projective
model structure on Fun(G, Spc). However since we never talk about these two other
model structures on G Spe, we omit the adjective “graph” everywhere.

Lemma A.3 If f: X — Y is a G-level equivalence then for any compact Lie group
K and any faithful K-representation V, the map f (V') is an (K, G)—equivalence. In
particular, f is also a G—global equivalence.

Proof As a finite-dimensional inner product space, V' is isomorphic to R! for some
[ >0.Let " € #(K, G) be a graph subgroup. Then the image of I under the homo-
morphism K X G — O(Rl ) x G induced by said isomorphism is a graph subgroup I"’.
Then X (V)T is naturally (on X') homeomorphic to X (R?)I". Since f(R)T" is a weak
homotopy equivalence, so is f(V)F. |

Remark A.4 For an inner product space V and a closed subgroup H < O(V) x G,
the G—orthogonal space

which we denote by L g ., is special. It has a certain freeness condition, namely it
is the representing object for the functor (—)(V)# given by evaluating at V and then
taking H—fixed points. We refer to these as the semifree G—orthogonal spaces, since
they have the same property as the semifree orthogonal spaces Ly p .

Explicitly the natural isomorphism between the functors

GSspe(Ly .6, —), (—)(V)H : GSpe — Top

is given by f +— f(V)([idy,e]). The inverse isomorphism is given on Y € GSpc by
sending a point yo € Y (V) to the morphism of G—orthogonal spaces /" given by

(LV.W)xG)/H —>YW). [¢.g]l~>Y(¥)(gyo)

Analogously to the case of the semifree orthogonal spaces, the box product of a semifree
G-orthogonal space and a semifree K—orthogonal space has a nice structure. As a
(G x K)—orthogonal space it is isomorphic to a semifree (G x K)—orthogonal space, and
this can be deduced from the result for orthogonal spaces. Note however that the box
product of two semifree G—orthogonal spaces with the G—action given by restriction
along the diagonal is not a semifree G—orthogonal space in general.
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Lemma A.5 For compact Lie groups G and K, inner product spaces V and V', and
closed subgroups H < O(V) x G and H' < O(V')x K, Lgy.¢c ® Ly pr.x is
isomorphic as a (Gx K)—orthogonal space to Ly xH' v&Vv’:GxK -

Proof Since the box product preserves colimits in both variables, we have that
(L(V,=)xG)/HR(L(V', -)xK)/H" = (L(V. =)xG)R(L(V', =)= K))/(Hx H)

>~ (L(VeV',—)xGxK)/(HxH).

Here we also used the isomorphism L(V,—)X L(V’',—) =~ L(V & V', —) from [22,
Example 1.3.3] and its naturality on V and V’. a

Lemma A.6 The pushout product of a G—{flat cofibration (recall that these are the
cofibrations of the G—level model structure) and a K—flat cofibration is a (G x K)—flat
cofibration.

Proof Given a generating G—flat cofibration f/ = L grm. xi; and a generating K—flat
cofibration g = Ly rn,x X ig, their pushout product is by Lemma A.5 isomorphic to

Lpxr gm+m,gxx X (i1 O i)
as a morphism of (G x K)—orthogonal spaces. The subgroup
IxI"<O0Om)xOn)xGxK<0(m+n)xGxK

is a graph subgroup because both " and I' are graph subgroups. Additionally i; O iy
is homeomorphic to ;4 x, and so f [ g is a generating (G x K)—flat cofibration.

Since the box product of orthogonal spaces is closed, [13, Lemma 4.2.4] implies that
the pushout product of a G—flat cofibration and a K—flat cofibration is a (G x K)—flat
cofibration. |

Lemma A.7 The G-level model structure is proper.
Proof First we check right properness. Consider the pullback diagram
425 x
_I
L7 b
B — Y

where f is a G-level fibration and / is a G-level equivalence. Let m < 0. Evaluating
at R™ yields a diagram of (O(m)xG)—spaces, which is a pullback diagram because
limits of G-orthogonal spaces and (O(m)xG)—spaces are computed in Top. Then
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S (R™) is an F(O(m), G)-fibration and #(R™) is an F(O(m), G)—equivalence, and
since the (O (m), G)—projective model structure is right proper by [22, B.7], g(R™)
is also an F(O(m), G)—equivalence. Thus g is a G-level equivalence.

To check left properness one can use the dual argument. We additionally need to
use that if a morphism f of G—orthogonal spaces is a G—flat cofibration, then it is a
G—h—cofibration (see Lemma 3.15), which means that each f(R") is an h—cofibration

of (O(m)xG)-spaces, and then we need to use the gluing lemma [22, B.6]. O

A.2 G -h-cofibrations and G —global equivalences

We now check that G—global equivalences are preserved by various constructions along
G—h—cofibrations. We use these results to finish the construction of the G—global model
structure, and in the main part of this paper.

Lemma A.8 (gluing lemma) Given a commutative diagram of G—orthogonal spaces

vyl x %7
L
v I x &,z

where «, B and y are G—global equivalences, and f and ' are G—h—cofibrations, the
morphism induced on the pushouts Y Uy Z — Y' Uy, Z' is a G—global equivalence.

Proof Consider a compact Lie group K and an exhaustive sequence of K-representa-
tions {V;};en. We have the following diagram of equivariant morphisms of (KxG)—
spaces:

tel; Y(V;) <SP o1 xvpy —2EYD ot 2

lteli B(Vi) lteli a(Vi) lteli y(V)
tel; ' (V) <Y e, xr vy SEBD, e, 20w
Here by Proposition 3.4 tel; o (V;), tel; B(V;) and tel; y (V;) are F(K, G)—equivalences,
and the formation of mapping telescopes commutes with pushouts, retracts and —x[0, 1],
so tel; f(V;) and tel; f/(V;) are h—cofibrations of (K xG)—spaces. Therefore by the
gluing lemma for #(K, G)—equivalences (see for example [22, Proposition B.6]) the
induced map on the pushouts of the mapping telescopes is also an #( K, G))—equivalence.
Since again taking mapping telescopes commutes with pushouts, this means that
Y Uy Z — Y' Uy, Z’ is a G—global equivalence. O
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Corollary A.9 For a pushout diagram of G—orthogonal spaces

x L,y

I
, r
X —Y
where f is a G-global equivalence and either f or g is a G—h—cofibration, [’ is a
G —global equivalence.

Proof Apply the previous lemma to the diagram

X —x 2, x

72
vyl x £,y 0

Corollary A.10 For morphisms of G—orthogonal spaces f: X1 — Yy andg: X; — 1>
such that f is a G—global equivalence and either [ or g is a G—h—cofibration, their
pushout product f O g is a G—global equivalence.

Similarly, assume instead that f: X; — Y1 is a morphism of G—orthogonal spaces
and g: X, — Y, is a map of G—spaces. If either f is a G—global equivalence or g is a
G—equivalence, and either [ or g is a G-h—cofibration, their pushout product f [ g
is a G—global equivalence.

Proof By Lemma 3.7(iv) f X X, and f X Y, are G—global equivalences. Depending
on the hypothesis, either f X X, or X7 X g is a G—h—cofibration, so by Corollary A.9
the morphism « is a G—global equivalence, and by the 2-out-of-6 property so is f [ g:

RX, 22 xRy,

f&le/ . lot

Y]&X2—>P\

S~ fOg
\—\—\;&
¥, Rg Y\ RY,

The same is true if g is a map of G—spaces, since the product of an orthogonal space with

SEY>

a space is the same as the box product with the associated constant orthogonal space.
A G—equivalence between constant orthogonal spaces is a G—global equivalence, and
similarly a G—h—cofibration of spaces is a G—A—cofibration between constant orthogonal
spaces. m|
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Lemma A.11 For a limit ordinal A, consider two A—sequences in G Spc, which are col-
imit preserving functors X : A — GSpc and Y : A — G Spc, and a natural transformation
J between them. If for each B € A the morphisms gg: Xg— Xg41 andhg:Yg— Yg 4
are G—h—cofibrations and the morphism fg: Xg — Ypg is a G—global equivalence, the
morphism induced on the colimits,

cgl€1i11 JB: cglelin Xg— cglelin Yg,

is a G—global equivalence.

Proof By Proposition 3.4 it is enough to check that for each compact Lie group K
and exhaustive sequence of K-representations {V;};ey, the map tel; (colimge, f3)(V;)
is an F(K, G)—equivalence. The construction of the mapping telescopes commutes
with taking colimits, so this map is isomorphic to colimge; (tel; fg(V;)).

For each B € A the map tel; fg(V;) is an F(K, G')—equivalence, and the maps tel; gg(V;)
and tel; hg(V;) are h—cofibrations of (K xG)-spaces, and so in particular 2—cofibrations
of underlying compactly generated weak Hausdorff spaces, and therefore closed em-
beddings.

For each I € (K, G) taking I'—fixed points commutes with filtered colimits along
closed embeddings; see [22, Proposition B.1(ii)]. Colimits with the shape of a filtered
poset and built out of closed embeddings of compactly generated weak Hausdorff spaces
can be computed in the category of all topological spaces; see [22, Proposition A.14(ii)].
Weak Hausdorff spaces are 77, so by [13, Proposition 2.4.2] maps from compact spaces
(8Dl and D! in this case) into the colimit of a A—sequence of closed embeddings (for
A a limit ordinal) factor through some stage f € A. Therefore compact spaces are finite
in Top relative closed embeddings.

This implies that, for the A—sequences given by (tel; gﬂ(V,-))F and (tel; h,g(Vl-))F,
which consist of closed embeddings, and the natural transformation between them
given by the maps (tel; fB(Vi))F which are weak homotopy equivalences, the map
induced on the colimits

c’(B)lei{n(teli fﬁ(V,-))F =~ (Cglei{n(teli f,B(Vi)))F

is a weak homotopy equivalence. Therefore tel;(colimgey, fg)(V;) is an F(K, G)—
equivalence. |

Corollary A.12 A transfinite composition of morphisms in G Spc that are G—h—cofibra-
tions and G —global equivalences is a G—global equivalence.
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Proof We check this via transfinite induction on the ordinal A. Let Y : A — GSpc be a
A—sequence such that for each 8 € A the morphism /1g: Yg — Yg; is a G—h—cofibration
and a G—global equivalence. The base case and the case where A is a successor ordinal
hold because composition of two G—global equivalences is a G—global equivalence.

If A is a limit ordinal, set X : A — GSpc as the constant functor Xg = Y. Define a
natural transformation f: X' = Y by letting fg be the morphism Yy — Y. This is the
transfinite composition of Y restricted to 8 + 1. Then by the induction hypothesis /g
is a G—global equivalence for each f € A. Then we use Lemma A.11 to obtain that
colimge; fg is a G—global equivalence, but this morphism is precisely the transfinite
composition of Y. a

A.3 G —global model structure

We now go back to constructing the G-global model structure, starting with the
fibrations.

Definition A.13 (G-global fibration) A morphism of G—orthogonal spaces f: X —Y
is a G—global fibration if it is a G—level fibration, and for each compact Lie group K,
every graph subgroup I' € (K, G), and every linear isometric embedding of K-
representations ¢ : V — W with V faithful, the induced map

XN > YD) xygryr XW)T

is a weak homotopy equivalence. Since f is a G—level fibration, and so (V)T and
F(W)T are Serre fibrations, this is equivalent to the following square being homotopy

cartesian:
T
x(n)t XDy xw)r
f (V)Tl lf w)Hr
Y(y)©

YOV —— 5 y(w)T

Construction A.14 Fix a compact Lie group G. We now construct the set Kg, where
Jg UKg is a set of generating acyclic cofibrations for the G—global model structure
of Theorem A.20. Recall that Jg is the set of generating acyclic cofibrations of the
G-level model structure given in Theorem A.2. Let K be a compact Lie group, let V'
be a faithful K-representation, let W be a K-representation and let I' € (K, G) be a
graph subgroup. We consider the restriction morphism of G—-orthogonal spaces,

erywic: Lrvew,c =(L(VOW,-)xG)/T - (L(V,-)xG)/T'=Lry.
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The morphism pr,y,w . is a G-global equivalence because the semifree G—orthogonal
spaces are closed and given a compact Lie group L, the map

pvaw L(V & W.UL) — L(V,UL)

is a (Kx L)-homotopy equivalence by [22, 1.1.26(ii)] (recall that {7, here is a complete
L—universe).

Now let k be a set of representatives of isomorphism classes of triples (K, I, V, W) con-
sisting of a compact Lie group K, a faithful K—representation V', a K—representation W,
and a graph subgroup I' € (K, G). Let Kg be the set

Ke = U {LPF,V,W;G Oi; |1 =0}.
(K., T,V,W)ek

Recall that ¢y |, ,,,.; denotes the inclusion of the mapping cylinder

Lrvew;c = Mopr .-

Note that here we allow V to be 0. For the generating acyclic cofibrations of the
positive global model structure on Spe, we do require that V' # 0. If we did that here,
in Definition A.13, and in Theorem A.2, we would obtain the positive G—global model
structure.

Lemma A.15 Any morphism in Jg U Kg is a G—global equivalence and a G—flat
cofibration. Any morphism obtained from Jg U Kg by transfinite composition and
cobase changes is also a G—global equivalence and a G—flat cofibration.

Proof Any morphism f € Jg is an acyclic cofibration in the G—level model structure,
so it is a G—flat cofibration and by Lemma A.3 a G-global equivalence.

Fix a compact Lie group K, a faithful K-representation V', a K—representation W,
a graph subgroup I' € #(K, G), and [ > 0. Consider [ =ty .. O i; in Kg. We
saw in Construction A.14 that pr y,w.c is a G—global equivalence. The projection
My w.c = Lr,v;c from the mapping cylinder of pr,y,w; to its target is a homotopy
equivalence in GSpc. Therefore it is a G—level equivalence, and thus a G—global
equivalence. By the 2-out-of-6 property tp- |, ). 18 also a G—global equivalence.

The G—-orthogonal spaces L1 yew .G and Lr . are G—flat orthogonal spaces because
they are isomorphic to L/ gn+m.g and Ly~ rn;g respectively, for some n,m > 0,
I € F(O(n+m),G)and ' € F(O(n), G). Then we obtain that

Lryvew:¢c = Lrvew;c ULryc
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is a G—flat cofibration. Also since the G—level model structure of Theorem A.2 is
topological, Lr ygw:c X i1 is a G—flat cofibration. Putting this together we obtain
that ¢y |, . 18 @ G—flat cofibration, and again because the G—level model structure is
topological so is f. By Corollary A.10, f =5, .. Oy is a G—global equivalence.

Using the closure properties of Corollaries A.9 and A.12, we obtain the second part of
the lemma. i

Lemma A.16 The sources of all morphisms in |lg, Jg and Kg are finite (and thus
small) with respect to the class of maps that are levelwise closed embeddings. Since
G -h—cofibrations are levelwise closed embeddings, they are also finite with respect to
the class of G—h—cofibrations.

Proof We first check that for any compact Lie group K, faithful K-representation V,
graph subgroup I' € #(K, G), and compact space A4, the G-orthogonal space L1 y.gx A
is finite with respect to morphisms which are levelwise closed embeddings.

We recalled in the proof of Lemma A.11 that compact spaces are finite in Top relative
closed embeddings. Taking I'-fixed points commutes with filtered colimits along
closed embeddings. Consider a limit ordinal A, and a A—sequence X : A — G.Spc of
levelwise closed embeddings. By the semifreeness property of L . X 4, and since
colimits in G Spe are computed levelwise, we have that

Gspe(Lr,y;g X A, cglei){n Xp) = Top(A, (cgl;}r»n Xg) ()T
= Top(4, colim(Xg(V)))
Be
=~ colim Top(4, (Xg(V)F
Cfe’elin—Op( (Xp(V)"))

~ cgli}r\n GSpe(Lr,y;c X A, Xp).
€

So for a generating cofibration i € |lg, its source is of the form L gm.g X aD!, so it
is finite relative levelwise closed embeddings. Similarly the source of a generating
acyclic cofibration j € Jg is L rm.g x D', so it is also finite relative levelwise closed
embeddings.

For a generating acyclic cofibration k = (. }, ;.. O i; in Kg, its source is
l l
Lryew;c X D" Ur ., en.oxan! Moryw.c X D".

The G-orthogonal space My |, ). ¥ dD! is a finite colimit of objects of the form
Lr,y.G x A. Therefore it is also finite relative levelwise closed embeddings, because
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in Set finite limits commute with filtered colimits. By the same argument, the source
of k is also finite relative levelwise closed embeddings.

G—h—cofibrations are levelwise si—cofibrations of spaces, which are closed embeddings
in the category of compactly generated weak Hausdorff spaces. Therefore G—/—
cofibrations are levelwise closed embeddings. |

Lemma A.17 A morphism in GSpc is a G—global fibration if and only if it has the
right lifting property with respect to Jg U Kg.

Proof Every linear isometric embedding of K-representations is isomorphic to an
embedding of the form iy : V — V @ W. Thus Definition A.13 can be altered slightly to
say that a morphism f is a G—global fibration if and only if it is a G—level fibration and
for each compact Lie group K, graph subgroup I' € #(K, G), and K-representations
V and W, the square

x()F Y9 (v @ wyt
f(V)Fl lf(V@W)r
y)T Y9 y (v @ w)r

is homotopy cartesian. By Remark A.4, the morphism pr y,w .G represents the natural
transformation
i) W = O @)’

By applying [22, Proposition 1.2.16] to the G-level model structure we obtain that the
previous square is homotopy cartesian if and only if f has the right lifting property
with respect to tpr. . .. O 7 for all I > 0. The set Jg is a set of generating acyclic
cofibrations of the G—level model structure, so a morphism is a G-level fibration if
and only if it has the right lifting property with respect to Jg. Therefore a morphism in
G Spe is a G—global fibration if and only if it has the right lifting property with respect
to Jg UKg. O

Lemma A.18 A pullback of a G—global equivalence along a G—level fibration is also
a G—global equivalence.

Proof Consider the pullback square

N

|

6))

N =~
%(TN

h
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where f is a G—global equivalence and / is a G—level fibration. Consider a compact
Lie group K, a K-representation V', a graph subgroup I' € #(K, G), and a lifting
problem given by o: D! — P(V)F and B: D! - Z(V)T with g(V)F o = Boj.
Since f is a G—global equivalence, there is a K-representation W, a K—equivariant
linear isometric embedding ¥ : V — W, and a morphism A: D! — X(W)T such that

hoij=XW) ok(V) 0w

and there is a dD’-relative homotopy H from Y (y)T o h(V)T o B to f(W)F oA
relative D’. Since A(W)T is a Serre fibration, there is a lift H’ in the diagram

Ty Ty Ty
(ZW)ToBp)U(g(W) o P(y) oz)X[O,l])% Z(W)F

D! x{0yuU D! x[0, 1] —

£ - lh(W)r

_ s Y(W)T

Dl x[0,1] ———

Since the square (5) is a pullback there is a unique A’: D! — P(W)T such that
gW)T o) = H'(—,1) and k(W)T 0 A’ = A. Also by the universal property of the
pullback (5) we obtain that A’ 0 i; = P(y¥)! oa. Since H’ is a homotopy relative aD!
between g(W)T oA’ and Z(¥)T o B, we obtain that g is a G—global equivalence. O

Lemma A.19 If /: X — Y is a G—global equivalence and a G—global fibration then
it is also a G—level equivalence.

Proof Consider m > 0, a graph subgroup I' € #(O(m), G) given by a homomorphism
H — G with H < O(m), and a lifting problem of the form

ap! 2 x(R™T

L’l lf(lRm)F

pl —L s ymmr

Since f is a G-global equivalence, there is an embedding of H-representations
V:R™ -V andamap A: D! — X (V)T such that Aoi; = X(¥)F o and f(V)T o
is homotopic relative aD! to YW op.

Since f is a G-level fibration, £ (V) is a Serre fibration. By lifting against
D! x{0yuaD! x[0,1] — D! x[0, 1],

which is a cofibration of spaces, we can replace A with a A’ such that " oi; = X (¢)T o

and f(V)T oM =Y ()l 0B.
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Since f is a G—global fibration,
SR™MT X)) XR™MT — YR™ xygyr X

is a weak homotopy equivalence. This means that by [18, Lemma 9.6] there is a map A"
in the diagram
apl ——% & xR™T
. 7 T
ln M o l(f(Rm)F,X(w)F)
I r r
D W Y(Rm) Xy(V)F X(V)
such that the upper-left triangle commutes and the lower-right triangle commutes up to
homotopy relative dD’. Thus by [18, Lemma 9.6] again /(R™)T" is a weak homotopy
equivalence, and so f is a G-level equivalence. |

Theorem A.20 (G-global model structure) There is a proper topological cofibrantly
generated model structure on the category G Spc of G—orthogonal spaces, with the G—
global equivalences as the weak equivalences, the G—global fibrations as the fibrations,
and the G—flat cofibrations of the G—level model structure as the cofibrations. We call
this model structure the G—global model structure.

Ig is a set of generating cofibrations of this model structure. The set Jg U K is a set of
generating acyclic cofibrations. Recall that |, Jg and Kg were given in Theorem A.2
and Construction A. 14.

Proof GJSpc is complete and cocomplete. The G—global equivalences satisfy the
2-out-of-6 property and are closed under retracts by Lemma 3.7(i) and (ii) respectively.
The G—global fibrations and G—flat cofibrations are closed under retracts because they
can be defined via lifting properties, see Lemma A.17 and Theorem A.2 respectively.
Now we have to check the lifting and factorization axioms.

Given a morphism in G.Spc, we can use the G-level model structure of Theorem A.2
to decompose it into f oi where i is a G—flat cofibration and f is a G-level fibration
and a G-level equivalence, so it is also a G—global equivalence by Lemma A.3. Given
Y:V — W alinear isometric embedding of faithful K-representations, in the square

x()t X9yt
f(V)Fl lf(W)r
y(n)F 295 yw)r
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the two vertical morphisms are weak equivalences by Lemma A.3. Therefore this
square is homotopy cartesian and f is a G—global fibration. This gives one of the
factorization axioms.

For the second factorization axiom, we apply Quillen’s small object argument to the set
JgUKg, which we can do by Lemma A.16. This factors any morphism into f o j, where
by Lemma A.15 we know that j is a G—flat cofibration and a G—global equivalence,
and f has the right lifting property with respect to Jg U Kg, so by Lemma A.17 itis a
G—global fibration. This gives the second factorization axiom. Note for later that this
J by construction has the left lifting property with respect to G—global fibrations.

One of the lifting axioms can be obtained from the G-level model structure. By
Lemma A.19, a morphism which is both a G—global fibration and a G—global equiva-
lence is a G-level equivalence, so it has the right lifting property with respect to the
G—flat cofibrations.

Lastly, consider a morphism g which is both a G—flat cofibration and a G-global
equivalence. We can use Quillen’s small object argument on the set Jg U Kg again
to decompose g into f o j, where f is a G—global fibration and j is a G-global
equivalence which has the left lifting property with respect to G—global fibrations.
By the 2-out-of-6 property f is also a G—global equivalence. Then by the previously
proven lifting axiom g is a retract of j, so it also has the left lifting property with
respect to G—global fibrations.

This model structure is right proper by Lemma A.18 (G—global fibrations are G-level
fibrations) and left proper by Corollary A.9. Using [22, Proposition B.5] we obtain
that this model structure is topological, taking G and Z in that statement to be

G={Lrrm:G|m=0,T €F(Om),G)}, Z={tprymwc|(K.T,V,W)ex}. O

Remark A.21 As mentioned in Remark 3.6, we can define a different class of G—
global equivalences by checking the condition from Definition 3.2 on all subgroups of
K x G instead of only on the graph subgroups. We can do the same for all the results
of this appendix, replacing #(K, G) everywhere by the set of all closed subgroups
of K x G. We can take the G—level model structure given by all subgroups briefly
mentioned right after Theorem A.2, and localize it at this smaller class of G—global
equivalences. This gives us a model structure with this smaller class of G—global
equivalences as the weak equivalences, as well as fibrations and cofibrations that are
similarly defined by looking at all subgroups instead of just the graph subgroups.

Algebraic & Geometric Topology, Volume 23 (2023)



3354

Miguel Barrero

However, as shown by the various results of this article, the G—global model structure

constructed in this appendix is more relevant when looking at operads in Spc.
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On some p-differential graded link homologies, IT
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In a previous article, we constructed a link invariant categorifying the Jones polyno-
mial at a 2 p™ root of unity, where p is an odd prime. This categorification utilized an
N = 2 specialization of a differential introduced by Cautis in an s{—link homology
theory. Here we give a family of link homologies where the Cautis differential is
specialized to a positive integer of the form N = kp + 2. When k is even, all these
link homologies categorify the Jones polynomial evaluated at a 2 p™ root of unity, but
they are distinct link invariants.
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1 Introduction

Given any link L, Khovanov and Rozansky [5] constructed a triply graded link homol-
ogy theory HHH(L) whose graded Euler characteristic is the HOMFLYPT polynomial
of L using the theory of matrix factorizations. Khovanov reformulated this construction
using categories of Soergel bimodules [3]. The connection between Soergel bimodules
and link homology began with Rouquier’s categorification of the braid group [14]. He
also extended this categorification to a link homology [15].
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Link homology theories are important examples of categorification. In 1994, Crane and
Frenkel [2] introduced their categorification program with the purpose of constructing
(34+1)—dimensional TQFTs by lifting the (2+1)—dimensional TQFTs coming from
quantum groups. The (2+1)—dimensional TQFTs utilize quantum groups at roots of
unity. Motivated by this goal, Khovanov [4] introduced the subject of hopfological
algebra, which was further developed in [7]. The basic idea is to take a categorification
of a quantum group (for a generic quantum parameter) or its representations, defined
over a field of characteristic p and look for differentials d such that 37 = 0. Searching
for such p—differentials is equivalent to constructing an action of the Hopf algebra
H = Kk[0]/(07) (hence the word “hopfological””). We refer the reader to [10] for a
survey of some recent progress in this direction.

Cautis [1] defined an additional differential, depending upon a natural number N,
on the chain groups for the triply graded theory, which produced a categorification
of the quantum sly—link invariant (also known as the symmetric glp homology).
Independently, Robert and Wagner [13] and Queffelec, Rose and Sartori [12] constructed
the same s(—link homology from different perspectives.

In a more recent work [6], Khovanov and Rozansky equipped the triply graded link
homology with an action of the positive half of the Witt algebra. One of the Witt
algebra generators (denoted by L| = x? %) in [6] acts as a p—differential over a field of
characteristic p on HHH(L). For degree reasons, this is the only Witt algebra generator
that can play the role of a p—differential. In [11], we utilized this p—differential along
with the Cautis differential for N = 2, to construct a categorification of the Jones
polynomial evaluated at a 2 p' root of unity. The Cautis differential has the effect of
applying L1 A (-) to HHH(L). A key property that facilitated the construction in [11]
is that the two actions of L1, as the p—differential and the Cautis differential, commute
with each other.

In this work, we generalize the previous results by considering the Cautis differential
for N = kp + 2 where p is an odd prime — this condition could be removed but was
used in the braid group action in the prequel [11]—and k is a nonnegative integer.
The essential reason that this generalization works is that, in characteristic p, the
polynomial algebra generated by x? lies in the center of the Witt algebra. Therefore
the p—differential L still commutes with Ly ,4; = xkp +2%, the latter now serving
as the Cautis differential. Thus, for each N = kp + 2 and braid 8, we obtain a finite-
dimensional object pH(S, kp + 2) which is well defined in the homotopy category of

p—complexes. Our main result is the following.
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Theorem 4.9 Let L be a link presented as the closure of a braid  and p be an odd
prime. The object pH(B, kp + 2) is a finite-dimensional framed link invariant. When
k € 27, its Euler characteristic is the Jones polynomial evaluated at a 2 p™ root of unity.

Varying the Cautis differential categorifies sly—link invariants for different ranks. But

kp+2 = 42 so the sly 4 -link invariant

when ¢ is a 2 p'" root of unity, and k is even, ¢
is just the Jones polynomial. While this is true on the decategorified level, we show
in Section 5 that on the level of homology, the invariant for the Hopf link depends
upon k. Thus we obtain a family of distinct link homologies categorifying the Jones

polynomial at 2 p™ roots of unity.

In a parallel direction [8], we show that the root of unity categorification of [11] can be
extended to the colored case. Combining the approach of [8] with the current work,
one can construct certain colored s[—link homologies, which we plan to explore.

Acknowledgements The authors would like to thank Louis-Hadrien Robert and Em-
manuel Wagner for helpful conversations.

While working on the project, Qi was partially supported by the NSF grant DMS-
1947532. Sussan is partially supported by the NSF grant DMS-1807161 and PSC
CUNY Award 63047-0051.

2 Background

In this section, we recall some background material from [11]. We assume the reader
has some familiarity with the constructions in [11].

2.1 p-DG algebras and their relative homotopy categories

Let k be a field of characteristic p > 2. For any graded or ungraded algebra B over k,
denote by dy the zero superdifferential (dg = 0) and by d¢ the zero p—differential
(Bop = 0) on B, while letting B sit in homological degree zero. When B is graded, the
homological grading is independent of the internal grading of B. We will usually refer
to the internal grading as the g—degree in what follows.

We will let C(B, dg) and C(B, d¢) stand for the homotopy categories and p—homotopy
categories of B respectively. For more details on hopfological algebra of p—homotopy
categories, see [4; 7].

Algebraic & Geometric Topology, Volume 23 (2023)
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For a graded module M over a graded algebra B, we let M {n} denote the module M,
where the internal grading has been shifted up by n. When convenient, we sometimes
call this shifted module ¢” M .

We will need the following functor introduced in [11, Section 2.1] which is called the
p—extension functor. Let B be a k—algebra. Given a chain complex of B—modules, we
repeat every term sitting in odd homological degrees (p — 1) times while keeping even
degree terms unchanged. More explicitly, for a given complex

doy dai doy doj— doj—
"2—+2>M2k+1 2k+1 Moy, 2 M2k—l#)M2k—2#>"'7

the p—extended complex looks like
d2k+2 d2k+l
o Mg Mg 14 My >

doy

doj—1 dak—2
L)MZk—l M2k—1 —>M2k—2 —

Similarly, for chain maps of B—modules, the odd degree maps are repeated p — 1 times

while the even ones are kept unchanged. In [9, Proposition 2.3], it is shown that this
construction leads to an exact functor between homotopy categories

2-1) P:C(B,dy) — C(B, dy).

The exactness of P means that it commutes with homological shifts, denoted by
[£1]4 and [£1]y, respectively, on C(B, dy) and C(B, dy), and preserves the class of
distinguished triangles.

Suppose (4, d4) is a p—DG algebra, ie a graded algebra equipped with a differential
d4 of degree two, satisfying

(2-2) 8:; (@)=0, 04(ab)=04(a)b+adyq(b)
for all a,b € A. In other words, A is an algebra object in the module category of
the graded Hopf algebra Hy = k[d4]/(d}), where the primitive degree-two generator

04 € Hy acts on A by the differential d4. Below we will usually take B to be a certain
smash product algebra associated with (A4, d4), which we next recall.

Given a p—DG algebra A, we may form the smash product algebra A# Hy in this case.
As a k—vector space, A# Hy is isomorphic to A ® H,. The multiplication on the smash
product, given in pure tensor elements, is determined by

(2-3) (@® dg)(b ®0g) = ab ® 93 + ad 4(b) ® 9.

Algebraic & Geometric Topology, Volume 23 (2023)
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Notice that, by construction, 4 ® 1 and 1 ® Hy sit in A # H, as subalgebras.

For later use, let us record a family of balanced Hz—modules

—i —i+2 i—2 i
(2-4) Vii=( k k k k)
for each g—degree i in {0, ..., p — 1}. Here the module sits in a single homological

degree, while the labels on top indicate the various g—degrees that the module lives in.
As graded modules over Hy, we have V; =~ q~" H,/ (8;"‘1).

We will also need a relative version of certain homotopy categories that play an essential
role in [11]. There is an exact forgetful functor between the usual homotopy categories
of chain complexes of graded A#H;—modules

Fa:C(A# Hy,dy) — C(A, dp).

An object K, in C(A # Hy,dy) lies inside the kernel of the functor if and only if],
when forgetting the Hy;—module structure on each term of K,, the complex of graded
A-modules F,;(K,) is nullhomotopic. The nullhomotopy map on F;(K,), though, is
not required to intertwine Hy—actions.

Likewise, there is an exact forgetful functor
Fy:C(A# Hy,09) — C(A, dp).

Similarly, an object K, in C(A # Hy, o) lies inside the kernel of the functor if and
only if, when forgetting the H;—module structure on each term of K,, the p—complex
of A-modules F(K,) is nullhomotopic. The nullhomotopy map on F(K,), though, is
not required to intertwine Hy—actions.

Definition 2.1 Given a p—DG algebra (4, d4), the relative homotopy category is the
Verdier quotient

C(A#Hy,d
¢ (A, dy) = S e o)
Ker(Fy)
Likewise, the relative p—homotopy category is the Verdier quotient
C(A# Hy,0
(4, g) := S0 1M o)
Ker(Fy)

The superscripts in the definitions are to remind the reader of the Hy;—module structures
on the objects.

Algebraic & Geometric Topology, Volume 23 (2023)
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The categories C% (A, dy) and C% (A, dy) are triangulated. By construction, there are
factorizations of the forgetful functors

C(A# Hy dy) —2% 5 C(A.dy)  C(A#Hy d9) —2>— C(A,do)
o4 (A4, dy) %4 (4, o)

Proposition 2.2 [11, Proposition 2.13] The p—extension functor
P:C(A# Hy,do) — C(A# Hy, do)

descends to an exact functor, still denoted by P, between the relative homotopy cate-
gories,
P:C% (A, dy) — (4, dy).

2.2 p-DG bimodules over the polynomial algebra

The polynomial algebra R, = k[x1,...,x,] has a natural graded algebra structure
by setting the degree of each x; to be two. We can equip R, with a p—DG algebra
structure, where the generator d, € Hj acts as a derivation determined by d4(x;) = xl.2
fori = 1,...,n. As before, the internal grading on R, will be referred to as the
q—degree. When n is clear from the context, we will abbreviate R, by just R.

The differential is invariant under the permutation action of the symmetric group S,
on the indices of the variables. Therefore let the subalgebra of polynomials symmetric
in variables x; and x; with its inherited Hy;—module structure be denoted by

i
Ry =K[X1, ..., Xi—1, Xi + Xi 1, XiXit 1, Xit2, -+ Xn).

More generally, given a (Young) subgroup G C Sy, the invariant subalgebra R,? inherits
an Hg—algebra structure from R.” (and is thus a p—DG algebra). In particular, we will
also use the H;—subalgebra Ri,”“ = R,‘,q 3, where S5 is identified with the subgroup
generated by permuting the indices i, 7 + 1 and i + 2.

The (R, R)-bimodule B; = R ® pi R has the structure of an Hy—module (and is
thus a p—DG bimodule) where the differential acts via the Leibniz rule: for any
h ® gc R ®Ri R,

Ig(h® g) = dq(h) ® g +h ® dq(2).
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With respect to ® g, the monoidal category of (R, R)-bimodules generated by the B;
has an H,—module structure, where the d, action is given by the Leibniz rule. We
denote this category by (R, R)#H,;—mod.

Let f = Z?=1 aixj € Fp[x1,...,xn) C R be alinear function. We twist the Hy—action
on the bimodule B; to obtain a bimodule Bl.f defined as follows. As an (R, R)—
bimodule, it is the same as B; but the action of Hj is twisted by defining

(2-5a) (1) =>01)f.
Similarly, we define f B; where now
(2-5b) (1) =f(1®1).

For R, as a bimodule over itself, it is clear that f R, =~ R,{ as p—DG bimodules. It
follows that there are p” ways to put an Hy—module structure on a rank-one free module
over Ry. Each such H;—module is quasi-isomorphic to a finite-dimensional p—complex.
Choose numbers b; € {2,..., p, p+ 1} such that b; = a; (mod p),i =1,...,n, and
define the H,—ideal of R,

(2-6) [=(PHibe o pHibey

Then the natural quotient map

(2-7) 7: R — R /(I -R))

is readily seen to be a quasi-isomorphism. The right hand side of (2-7) computes the

slash homology (see [11, Section 2.1] for more details), denoted by H/, of R/ .

Lemma 2.3 [11, Lemma 3.1] Foreach f =) ; a;x;, the rank-one p—DG module
R/ has slash homology

H{(Rf) = ® Vp—ai{p —ai}.

i=1
In particular, the slash homology is finite-dimensional, and vanishes if any a; of
f =_;aix; is equal to one.

Corollary 2.4 [11, Corollary 3.2] Let M be a p—DG module over R which is

equipped with a finite filtration, whose subquotients are isomorphic to R/ for various f .
Then M has finite-dimensional slash homology.
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2.3 Relative p—Hochschild homology

In [11, Section 2.3], we introduced an absolute version of the p—Hochschild (co)homol-
ogy functor. In what follows, we will instead need a relative version of p—Hochshild
homology for a p—DG algebra, which we recall now. An important reason for introduc-
ing the relative homotopy category is that the relative p—Hochschild homology functor
descends to this category.

Let (A,0d4) be a p—DG algebra. Equip 4 with the zero differential dy and zero
p—differential dy, and denote the resulting trivial (p—)DG algebras by (A, do) and
(Ao, dg) respectively. Likewise, for a (p—)DG bimodule M over A, we temporarily
denote by M, the A-bimodule equipped with zero (p—)differentials.

The usual Hochschild homology of M over (Ag, dy) in this case carries a natural
Hy—action, since the Hy—action commutes with all differentials in the usual simplicial
bar complex for Ay.

Definition 2.5 The relative Hochschild homology of a p—DG bimodule (M, dpz) over
(A, dy4) is the usual Hochschild homology of My over (Ag, dy) equipped with the
induced Hy—action from dps and 4, and denoted by

HH% (M) := HH. (Ao, Mo).
Replacing the usual simplicial bar complex by Mayer’s p—simplicial bar complex (see
[11, Definition 2.10]), we make the next definition (see [11, Section 2.3] for details).
Mayer’s p—simplicial bar complex is obtained by removing the alternating signs in

the usual simplicial bar complex of an algebra. In turn this results in a p—complex
bimodule resolution of an algebra.

Definition 2.6 The relative p—Hochschild homology of M is the p—complex
PHEY (M) :=H](Ao ® o 10 Mo) = HL(P(40) ® 4, 47 Mo).

where the notation ®Z is the derived tensor functor. Here, the usual simplicial bar
resolution of M over Ay is replaced by Mayer’s p—simplicial bar complex p(Ay).

Similar to the usual Hochschild homology, the relative p—Hochschild homology is also
covariant functor: if f: M — N is a morphism of p—DG bimodules over A, it induces

PHEY(f) := Bl(ld4, ® /): HL(A0 ®F o g Mo) — HL(A0 ® o m No)-
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Proposition 2.7 [11, Proposition 2.20] The relative p—Hochschild homology de-
scends to a functor defined on the relative homotopy category C% (A, dy) of p—DG
bimodules over A.

We also have the trace-like property for relative p—Hochschild homology.
Proposition 2.8 [11, Proposition 2.21] Given two p—DG bimodules M and N
over A, there is an isomorphism of p—complexes of Hy—modules

pHH? (M @% N) =~ pHH? (N % M).

We next recall a technical tool that allows us to use a simpler bimodule resolution to
compute the relative Hochschild homology than the usual simplicial bar resolution.

Theorem 2.9 [11, Theorem 2.22] Let M be a p—DG bimodule over A. Suppose
S Q. — M is a p—complex resolution of M over (Ag, dg) which is Hy—equivariant,
and each term of Q, is projective as an Ay ® Agp—module. Then f induces an
isomorphism of H;—modules

H. (4o ® 4, 4 Qo) = pHH)! (M).
2.4 Elementary braiding complexes

Here and below, for ease of notation, we will abbreviate " = [n]; for homological
shifts, where n € Z. Recall that in [11], we show that there are (R, R)#H,;—module
homomorphisms

() rbi: R— q_zBi_(Xi+xi+l), where 1 — (xj11 ®1—1® Xx;);
(i) bri: Bi— R,where 1 ® 1 — 1.
Thus we have complexes of (R, R)#H,;—modules
(2-8) Ty = (tB; 2> R), T]:= (R g7 1y Citie)y,

In the coming sections we will, for presentation reasons, often omit the various shifts
built into the definitions of 7; and Tlf .

We associate respectively to the left and right crossings o; and o between the i™ and
(i+1)% strands in (2-9) the chain complexes of (R, R)#H,—bimodules 7; and 7T},

AN 7/
o] =
N 7/
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More generally, if 8 € Br, is a braid group element written as a product in the
elementary generators crfil . 'af k" , where ¢; € {@,/}, we assign the chain complex of
(R, R)#H,—bimodules

. € €

(2-10) Tg:= Til1 QR ®Rr Tikk‘
The complex is well defined in the relative homotopy category thanks to the following
result.
Theorem 2.10 The complexes of T; and T are mutually inverse complexes in the
relative homotopy category C% (R, R, dy). They satisty the braid relations

e ;T =T;T;if |i —j|>1,

o T;T; 1\ 1T; =T T;Tj4q foralli =1,...,n—1.
Consequently, given any braid group element 8 € Bry, the chain complex of Tg associ-

ated to it is a well-defined element of the relative homotopy category C% (R, R, dy).

Proof This is proven in [11, Section 3]. O

3 Specialized HOMFLYPT theories

3.1 HOMFLYPT homologies
In this section we categorify the HOMFLYPT polynomial of any link using analogous
arguments from [1], [13] and [15] adapted to the p—DG setting.

For the first construction, we will allow complexes of Soergel bimodules to sit in
half-integer degrees in the Hochschild (a) and the homological, sometimes called the
topological, (¢) degrees when considering the usual complexes of vector spaces.

We modify the elementary braiding complexes of (2-8) to be

B3-1) T;:=(ar)"2q > (tB; 2> R), T/ :=(at)2¢>(R > g2 " By Cit¥ie ),
Here we have extended the degree shift convention for g—degrees (see the beginning of
Section 2) to a— and r—degrees.

Let B € Bry, be a braid group element in 7 strands. By Theorem 2.10, there is a chain
complex of (Ry, Ry)#Hz—bimodules Tg, well defined up to homotopy, associated
with 8. Then set

_ d i+1 d i d, i—1 d
(3-2) Tp=(—>Tp" —>Tp—>Tp do, ),
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Definition 3.1 The untwisted H;,—HOMFLYPT homology of f is the object

n

_———20 n
HHH q(ﬂ)::a_itiH( _)HHaq(Tl-l-l) HHaq(Tﬂ) HHaq(Tl 1)_>)

in the category of triply graded H;—modules, where d; := HH?‘Z (dp) is the induced
map of dy on relative Hochschild homology. Here, the relative Hochschild homology
is defined in Definition 2.5, and H, means the usual homology of a chain complex.

By construction, the space HHH% (B) is triply graded by topological (¢) degree,
Hochschild (a) degree as well as quantum (q) degree. When necessary to emphasize
each graded piece of the space, we will write I-ﬁ-IT-I?‘; k (B) to denote the homogeneous
component concentrated in z—degree i, a—degree j and g—degree k.

The following theorem is a particular case of the main result of [6], where we have only
kept track of the degree two p—nilpotent differential — which is denoted by L{ in [6] —
in finite characteristic p. The detailed verification given in Section 3.2, however, uses
the main ideas of [15] and differs from that of [6]. This proof serves as the model for
the other link homology theories in this paper.

Theorem 3.2 The untwisted H;—HOMFLYPT homology of B depends only on the
braid closure of B as a framed link in R3.

As a convention for the framing number of braid closure, if a strand for a component
of link is altered as in the left of (3-3), then we say that the framing of the component
is increased by 1 (with respect to the blackboard framing). If a strand for a component
of link is altered as in the right of (3-3), then we say that the framing of the component
is decreased by 1.

(3-3) v w

Denote by f; (L) the framing number of the i™ component of a link L. Then, under the
Reidemeister moves of (3-3), £;(L) is increased or decreased by one when changing
from the corresponding left local picture to the right local picture.
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We next seek to define a triply graded analogue with a—, — and g—degrees in the
homotopy category of p—complexes. Let us first discuss what degrees of freedom we
have in the constructions.

First, we may adapt (3-1) into
(3-4a) pT; = a“t* g™ [n)élms (Bil1]) 225 R),
(3-4b) pT} = a "t q " [-nld[-m]5(R rbi, g 2B T 1),

1

Here, the superscripts in homological shifts indicate in which of the three gradings
they are occurring. See the discussion around (2-1) for the meaning of the subscripts in
the notation. We let u, v, w, m, n € Z denote possible grading shifts to be determined,
which will be made into the simplest possible form at the end of the next subsection.

Definition 3.3 Let 8 € Br, be a braid group element written as a product in the
elementary generators afl_ ! ---Gfkk, where ¢; € {&,/}. We assign to S the p—chain
complex of (R, R,)#H,-bimodules

(3-5) pTg =pT QR-- ®RpT".

We will denote the boundary maps in the p—complex pTg by 9o (85 = 0), in contrast
to the usual, also called the topological, differential d satisfying dg =0.

Definition 3.4 The untwisted H;—HOMFLYPT p—homology of f is the object

——0,
pHHH " (8)
= ¢/ OH[(-+ — pHHY (pT+") 2 pHHY (pTh) 2 pHAY (pT)™!) — 1)

in the homotopy category of bigraded Hy;—modules, where f(n) is a function on N
which is determined below in (3-16). Here d; stands for the induced map of the
topological differentials on p—Hochschild homology groups d; := pHH?" (do).

In the definition of the H,—~HOMFLYPT p-homology, we have applied the p—extensions
in both the topological and the Hochschild direction so that they can be collapsed into
a single degree. The reason will become clearer later when categorifying certain sl
polynomials at prime roots of unity. Therefore, in contrast to Iﬁ{T{(ﬂ), plﬁ{T{(ﬂ) is
only doubly graded, and we will adopt the notation pPTP—IT{i, j(B) as above to stand
for its homogeneous components in topological degree i and g—degree j. Further,
the overall grading shift in the definition will be utilized in the invariance under the
Markov II move below.
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Theorem 3.5 The untwisted H;~HOMFLYPT p—homology of 8 depends only on the
braid closure of B as a framed link in R3.

The proof of Theorems 3.2 and 3.5 will occupy the next few subsections, after we
introduce the H;—equivariant (p—)Koszul resolutions.

3.2 Examining Markov II invariance

In this subsection, let us examine the invariance under the Markov II move for pPﬁ{T-I.

In order to satisfy the second Markov move, one needs to show that for a Soergel bimod-
ule M (or a complex of Soergel bimodules) over the polynomial p—DG algebra R,,
that the H;—HOMFLYPT (p-)homologies of the bimodules (3-6) are isomorphic (up
to grading shifts and twists in H; actions),

(3-6) M
4

By definition, the one-variable p—extended Koszul complex is given by

N

(3-7) pCr = ¢?k[x]* @ k[x[¥[1]¢ 2218 g [x] @ Kk(x].

Set pCyy1 = pC1®”+1. For the ease of notation, we will write pC; for the p—
extended Koszul complex pCj in the variable x;41. Using the isomorphism of p—-DG
bimodules,
(3-8) pPCut1 ®Ryy1.Ryp1) (M QK[xp41]) ®R,,, PTh)
= (PCu® pCY) ®Rys1,Rus) (M @ Klxny1]) @R,y PTh)
= pCp ®(R,,Ry) (M ®R, (PC] ®(KLxy 111 KLxnr1]) PTn)):

we are reduced to analyzing the p—homology of the “square” pCl’ Oklxpt11.k[xnp 112 Tn

a g (n Bk 1180m + 1 —— ae*q® R0+ 13 m)

o |

att’q"™ Bylk§[m + 11} a“t’q" R[k1§[m],
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0
g R gy ST g2 R e
l l = pY;
¢ 0 0 Id
g2 B DY~ g R
Xp+1®1-180x, 41 0 = pCl/ R K[xpp 11 kLxps1 D PTn
br B[l br Ryiy
21d qzﬁjiTxn+l [1]3 0 21d
Jv(xn+1—xn)®1—1®(xn+1—xn) = pY,
Ba[lly N Rn+1
0
Figure 1

and pC{ ®kx, ¢ ].klxni1] PTn:

AUV R[] — K]y — a4 Vg (n B[ — kJE[—1 — m],

(3-9b) l l

g TRy ———— g B T kg1 —

Let us begin by studying the first p—complex square (3-9a). We will exhibit a sub—
p—complex pY;p of (3-9a), whose quotient will be denoted by pY,. Ignoring for the
moment the overall grading shift a"l"c]w[k]g[m]f3 for simplicity, we have a filtration
of the square given by a short exact sequence of (p—complexes) of bimodules as in
Figure 1, where by definition the first square is pY; and the third square is pY,. Here
¢ is the map that sends 1 to (X471 — X)) @ 1 4+ 1 ® (Xp+1 — Xn)-

It is not hard to show that pCy, ®(g, r,) (M ®Rg, pY>) is annihilated by taking first
the vertical p—Hochschild homology and then the horizontal topological homology.
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0
2 1d 2xp
PR 2R,,11“ i1
l = le
Id 0 rb
R —— 2 o B 11
0 Xnt1 1718+ = PC ®hlxyp 11 lxns1D P T
b 5 p—Centxpg1) br
Ru+1 d q By, e [—113 !
W oo Ronllgl-t )y,
Xn+1®1—1®xn+lJ/ = p22
b _2 p—(xn+xp41)
Ry+1 d q 2Bn e [—1]3
0
Figure 2

Further, the p—complex pY; is quasi-isomorphic to qu,z,x”[l]g. Putting back the
grading shifts ignored earlier, we obtain the isomorphism
—
(3-10) pHHH (M ®klxn41) ®r, ., pTn) = HL(pHH™ (M @, pY1))
— 0,
~ pHHH ' (a"1°q" > M [k + 1]§[m]5)>".
For the second square (3-9b), again there is a short exact sequence of bicomplexes of
(Ry+1, Ry+1)-bimodules. Ignoring the overall grading shift a_”t_”q_w[—k]g[—m]’ ,
it is as in Figure 2. Next, consider the morphism of bicomplexes

0 —— Rup1 [14[-11) 0 0
pZs = l lxn+l®1—1®xn+l l l = pZ;
—( n+ ) Xn+17%n —(xpn+ )

1d br
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whose kernel is isomorphic to the contractible p—complex
Ry i [10[-115
pZy = lld

Rn+1[_1]3

Upon taking pHH, the contribution from pZ’) vanishes. Taking back into account the
overall grading shift, it follows that we have

—— 0
(3-11)  pHHH ' (M ®k[Xn41]) ®r,,, PT;) = HL(pHH" (M ®&, pZ}))
— 3
~ pHHH * (@ ¢ Vg 2 M [—k]8[—m — 1]5) 2.

Now, let us observe that taking closure of the following diagram of p—DG bimodules

(3-12) \
X

introduces a canceling pair of Markov II moves. By (3-10) and (3-11), we obtain that

——0
(3-13)  pHHH (M @ k[Xnt1. Xn+2]) ® R, 12 PTnt1 @R, 12 PTy42)
= ¢/ "FDH] (pHH. (M [15[-11))).
For the last term to be isomorphic to
——0
(3-14) pHHH (M) = ¢/ ™ H/(pHH.(M)),
we need to require the functor isomorphism
(3-15) [1]3[_113 — qf(n)—f(n+2)‘

We are therefore forced to collapse the @ grading onto the ¢ grading such that a = ¢"¢,
where r = f(n) — f(n+ 2) € Z. For simplicity, let us assume that

(3-16) K=fmn)-f(n+1)

is a constant independent of n. Then r = 2K € 27, and we have a = ¢2X¢ such that
[11§ = ¢*X 115,
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Revisiting (3-4), we now set

_K— bri
(3-17a) pTii=q * 2115 (Bill] = R),
bi, —2 p=Xi—Xi
(3-17b) pT] = g® (R 25 g2 B, Y [—115),
and

pI—ﬁ-I\Haq B, K+1)

=g K"H, (- — pHHY (pT5*") 25 pHHY (pT})) 2 pHHLY (pT4") — ).
Recall from Section 2.2 — see the discussion around (2-5a) and (2-5b) — that, for a
given linear polynomial f = Zi aixi, a; € Fp, and a p-DG R,—module M, we can

twist the H;—module structure on M by f. The resulting p—DG module is denoted
by M/,

Theorem 3.6 Let 81 and B, be two braids whose closures represent the same link L
of r components up to framing. Suppose the framing numbers of the closures 1 of 51
and f3, of B, differ by £;(81) —fi(B2) =ai,i =1,...,r. Then

_— 9 3 ,
HHH “(8)) = HHH * (B,)> Zi—1 4i%i
and ) a r
pHHH q(’Bl’ K+1) = pHHH q(,Bz, K+ 1)22i=1 aiXxi

where the generator of the polynomial action for the i™ component is denoted by
x; and HHH% (B,)2 i 4iXi means that we twist the H,-module structure on the i ™

component by 2a;Xx;.

Proof The topological invariance follows from Theorem 2.10 and the proof above of
invariance under the Markov moves. d

3.3 Unlinks and twistings

——20 ——0
In this section, we compute HHH * and pHHH * for the identity element of the braid
group Bry, and define an unframed link invariant in R3 by correcting the framing
factors appearing in Theorem 3.6.

For the unknot, the Koszul resolution C; of k[x] as bimodules is given by
q2ak[x]* @ k[x]* X21=18X, k1] @ k[x].
Tensoring this complex with k[x] as a bimodule yields

q2ak[x]** % K[x].
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Thus the homology of the unknot (up to shift) is identified with the bigraded H;—module
k[x] ® ¢2ak[x]**.

More generally, via the Koszul complex C,, = C 1® ", we have that the homology of the

n—component unlink L is equal to
n

/\3 n n n n
(3-18)  HHH “(Lo) =a 212HH.(Ry) = a~ 212 (R)(k[x:] ® ¢*ak[x:]**).
i=1
non —0

Alternatively, up to the grading shift a=2¢2, we may identify HHH * (L) with the
exterior algebra over R, generated by the differential forms dx; of bidegree ag? for
i =1,...,n, subject to the condition that each dx; accounts for a twisting of the
Hy—module structure by 2x;.

It follows that, as for the ordinary HOMFLYPT homology, given a framed link L of
{ components arising as a braid closure g, its untwisted HOMFLYPT H,—homology
AHA% (B) is a module over

—0
HHH'y ,(Lo) = Ry,

— 9
and thus one may consider a twisting of the H,—-module structure on HHH * () by the
functor R{ ®pR, (), where f is a linear polynomial in x1, ..., x;; see Section 2.2.

Definition 3.7 Let L be a framed link arising from the closure of an n—strand braid §.
Label the components of L by 1 through £, and set the (linear) framing factor of B to

L
fg= —Z 2f;x;.

i=1

be the linear polynomial

(1) The H;—HOMFLYPT homology of B is the triply graded H;—module
—9 ——0,
HHH? (8) := HHH " (8)** = R,” ®&, HHH " (B).
(2) Likewise, the H;—HOMFLYPT p—homology is the doubly graded Hy;—module

—0
pHHH (B, K + 1) := pHHH% (B, K +1)®# = R;® ® g, pHHH " (B, K +1).

Corollary 3.8 Given a braid 8, both HHH?% (B) and pHHHaq (B) are link invariants
that only depend on the closure of B as a link in R*. Moreover, these invariants satisfy
the following properties:
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(i) The slash homologies of HHH% (8) and pHHH (B, K + 1) are finite-dimen-
sional.

(ii) Furthermore, the Euler characteristic of HHH% (B) is equal to the HOMFLYPT
polynomial of B in the formal variables q and a, while the Euler characteristic
of pHHHa" (B, K + 1) is equal to the slg 41—polynomial of,[§ in a formal q—
variable.

(iii) The Euler characteristic of the slash homology of HHH?% (B) is equal to the
specialization of the HOMFLYPT polynomial of 3 at a root of unity q, while the
Euler characteristic of the slash homology of pHHHaq (B, K + 1) is the equal to
the specialization of the s(g +1—polynomial of ,3 at a root of unity q.

Proof For the first statement, we note that the twisting of the p—DG structure by the
framing factor takes care of the Markov II move.

Next, the finite-dimensionality of the homology theories follows, by construction, from
the fact that f”lBlfgl T® R " ®OR ﬁme;im is an Hy—module with 2" —step filtration
whose subquotients are isomorphic to R/ as left R#Hj—modules; thus Corollary 2.4
applies. O

Remark 3.9 The previous discussion in Section 3.2 forces us to make a specialization
a = ¢"t in the homotopy category of ¢ and g-bigraded p—complexes to obtain a framed
Markov II invariance. In particular, when » = K = 0, this forces the relation, on the
Grothendieck group level, that a = ¢ = —1. This specialization leads to a categorification
of the Alexander skein relation.

4 Specialized homology theories

4.1 A singly graded homology

Fix k € N. Consider the H;—Koszul complex in one-variable,
4-1) Ci: 0 — ag’k[x]* ® k[x]* de, k[x]® k[x] — 0,

where d¢ is the map de(f) = (x* P12 ® 1+ 1® xkP*2) f and k € N. We regard the
differential on the arrow as an endomorphsim of the Koszul complex, of (a, ¢)-bidegree
(—1,2kp +2).

Lemma 4.1 The commutator of the endomorphisms d¢ and d4 € Hy is nullhomotopic
on the Koszul complex Cj.
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Proof The commutator map ¢ := [d¢, d4] is given by

0 K[x]* @ k[x]* 221718 kix] @ k[x] — 0
l¢
0 —— k[x]* @ kv 2218 L kx] @ k[x] 0

where ¢ maps the bimodule generator 1 ® 1 € k[x]¥ ® k[x]* as follows:
p(1®1) = dc (18 1) ~d4dc(1®1)
=dc(x®1+1®x)—,(x*P 2@ 14+ 1@ x P+2)
=(x@1+1@x) P21+ 1@xkPt2) 2 *P T3 g1 + 1@ xkPt3)
_xkpt3 g1 4 kP2 g 4 @ xkPT2 | g xkpt3

=xfFP 20 11@x—x@ 1)+ (x®1—1®x)1 ®xkP+2
=(x®1-1@x)(1QxkPT2_ykr+2g 1),

We may thus choose a nullhomotopy to be

0 ]k[x]x®]k[ ]x xQ1-1Qx

e

]x XQR1-1Qx x]®]k[x] 0

k[x]® k[x] — 0

0 — k[x[* ® k[x
where A is given by multiplication by the element 1 ® xk?+2 — xkP+2 @ 1 and acts

on the rest of the complex by zero. a

The Koszul complex C, inherits the endomorphism d¢ by forming the n—fold tensor
product from the one-variable case. It follows, that for a given p—DG bimodule M
over Ry, there is an induced differential, still denoted by d¢, given via the identification

(4-2) HH2 (M) = Ho(M ®(R,,R,) Cn).

where the induced differential acts on the right hand side by Ids ® d¢. By construction,
dc has Hochschild degree —1 and g—degree 2kp + 2.

Lemma 4.1 immediately implies the following.

Corollary 4.2 The induced differential dc on HH?" (M) commutes with the Hy—
action. O

Remark 4.3 The differential d¢, first observed by Cautis [1], has the following more
algebrogeometric meaning. Identifying HH' (R,,) as vector fields on Spec(R,) =
HH!(R,) acts as differential operators on HH, (M) for any (R, R,)-bimodule M,
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regarded as a coherent sheaf on A” x A" =~ T*(A"). Under this identification d¢ is
given by, up to scaling by a nonzero number, contraction with the vector field
: 9
kp+2
= X; —.
o= AP
1=

On the other hand, 9 is given by the polynomial derivation by the vector field

bq = le ax;’

i=1

Since these two vector fields satisfy

[fc,fq]=i2j:[ ’kp_i_za?cl’x]z&)acj] =Xi:<2xlkp+3 O (kp+2)x kp+38?61) =0,

the two actions naturally commute with each other on HH, (M) via the Gerstenhaber
module structure on HH, (M).

In a more general context, Hochschild homology is a Gerstenhaber module over
Hochschild cohomology viewed as a Gerstenhaber algebra. We may view d¢ and 9,
as commuting elements in Hochschild cohomology ring but the element d¢ acts on
homology via cap product {c N (-) and the element d, acts via a Lie algebra action
L¢, (). The compatibility of these actions is given by the equation

§c NLe, (x) =[lc,lglNx + L, (e Nx).

Since [¢c, {4] = 0, these actions commute.

Now we are ready to introduce a further collapsed p—homology theory of a braid
closure. Let 8 € Bry, be an n—stranded braid. We have associated to 8 a usual chain
complex of Hy—equivariant Soergel bimodules T as in (3-2), of which we take pHH?q

Jod

a a ad
s pHH? (pT+!) — pHH* (pTg") —— pHH* (pTy~") — ...

@y o aCT aCT

3 _ 0r
LI pHHH_l(pT”’H) —>pHH,+1(me) N pHHH_l(pTl;” h— ...

3CT BCT 3CT

for each term:
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Here, d¢ is a p—differential arising from d¢ as follows. By [11, Proposition 4.8], the
p—Hochschild homology groups in a column above are identified with the terms in

d
(4‘4) =5 2,+1(pTﬂm) -

.= HH pTﬂ)—>HHaq(pT;3")—>HH2l lpT/;”):...,

2i+1 (
where each term in odd Hochschild degree is repeated p — 1 times. Here the horizontal
differential is the p—Hochschild induced map of the topological differential, which
we have denoted by d; to indicate its origin. On the arrows connecting even and
odd Hochschild degree terms, we put the map d¢ while keeping the repeated terms
connected by identity maps. This defines a p—complex structure, denoted by d¢c, in
each column in diagram (4-3). The p—differential ¢ commutes with the H;—action
on each term by Corollary 4.2. Denote the total p—differential by d7 := 9, + dc + 9y,

which collapses the double grading into a single g—grading.

Remark 4.4 We would like to emphasize an important point about the vertical grading
collapse. In order to p—extend the Koszul complex (4-1) into a p—Koszul complex
with d¢ of degree two, we are forced to make the functor specialization from [1]% = a
into g2k» +2[1]q so that the p—extended complex looks like

(4-5) PC1:0— g PP @ KX “> ki) @ k] >

Taking tensor products of pCy, this determines the correct vertical g—degree shifts in

each column of diagram (4-3) of the p—Hochschild homology groups.

Notice that, on the level of Grothendieck groups, this has the effect of specializing the

formal variable a into —g2kP+2,

When [1]; = [1]7 and a = ¢?kP+2[1]{, the braiding complexes (3-17) specialize to
pTi =g 7273 (B; 25 R[-1]9).

PTZ-/ = qkp+3(R[1]g i) q_zBi_(Xi+Xi+l)).

Comparing (3-17) with (4-6), this forces

4-7) K=kp+1.

(4-6)

This also explains the necessity of p—extension in the collapsed ¢ and a direction in
pHHH in the previous section: the homological shift in that direction needs to be
p—extended to agree with the homological shift in the g—direction.

Furthermore, the bigrading in diagram (4-3) is now interpreted as a single grading,
with both d¢ and 9, raising g—degree by two.

Algebraic & Geometric Topology, Volume 23 (2023)



On some p—differential graded link homologies, 11 3379

Definition 4.5 Let 8 be an 7 stranded braid. The untwisted sy, p—homology of B
is the slash homology group

PH(B, kp +2) := g7 "*PT DU/ (pHHY (pTp), d7),

viewed as an object in C(k, d;). We will drop the kp 4+ 2 decoration whenever k is
fixed and clear from context.

The homology group pﬁ(,B) is only singly graded as an object in C(k, d4). By construc-
tion, pﬁ(,B) is the slash homology with respect to the d7 action on EB;‘, j pHH?q (pT ﬂ] );
see diagram (4-4). The latter space is doubly graded by the topological degree and
g—degree with values in Z x Z (the Hochschild a degree is already forced to be collapsed
with the ¢ degree to make the Cautis differential d¢c homogeneous). However, as in
Section 3.2, the Markov II invariance for the homology theory already requires one to
collapse the r—grading onto the a—grading, thus also onto the g—grading. We will use
pﬁ,- (B) to stand for the homogeneous subspace sitting in some g—degree i.

Remark 4.6 This approach to a categorification of the Jones polynomial, at generic
values of ¢, was first developed by Cautis [1]. We follow the exposition of Robert and
Wagner from [13] and the closely related approach of Queffelec, Rose and Sartori [12].

4.2 Topological invariance

In this subsection, we establish the topological invariance of the untwisted homology
theory.

Theorem 4.7 The homology pﬁ(ﬂ, kp +2) is a finite-dimensional framed link invari-
ant depending only on the braid closure of f.

Proof The proof of the theorem is similar to [11, Theorem 5.6]. It amounts to showing
that taking slash homology of pHH?(B) with respect to d7 satisfies the Markov 11
move.

We start by discussing the normal Hy—equivariant Hochschild homology version. Let
L be a link in R? obtained as a braid closure B , where B € Br, is an n—stranded
braid. Recall that the homology groups HH? (L) are defined by tensoring a complex of
Soergel bimodules M determined by 8 with the Koszul complex C, and computing its
termwise vertical (Hochschild) homology. The differential d¢ is defined on the Koszul
complex Cy,. To emphasize its dependence on n, we will write d¢c on Cy, as dj in this
proof, and likewise write d, for the p—extended differential on pC,,.

Algebraic & Geometric Topology, Volume 23 (2023)



3380 You Qi and Joshua Sussan

Since
Cry1 =Crn®Cl = Cr @Kk[xp11] @ Aldxpi1) @ K[xp41],
the vertical differential may be inductively defined as
(4-8) dpt1=dp @Id+1d® d].
Here we have set C| = k[x,11] ® A(dxp11) ® k[x,11] equipped with part of the
Cautis differential
di ::x,];ﬂ'z@t s Q1+1®1_o ®x§ﬂ'2.
OXp 41 0Xp41
The notation ¢ denotes the contraction of dx,; with m. Under p—extension, write

dc for the p—extended Cautis differential and 0/ as the p—extended differential of .

We start by reexamining the diagram in Figure 1 with the shifts in (4-6). It will
be helpful to keep the a and ¢ gradings separate for the proof, with it understood
that [1]5 = g2kp +2[1]q and [1 ]a = [1] Thus we have a short exact sequence as in
Figure 3. Further, the sequence splits as bimodules over (R, R,) (see the proof of
[11, Proposition 4.12] for an explicit splitting).

We claim that, as modules over k[d7]/ (8 ), the p—homology groups
PHHY (M @ k[xu41]) @R, 1, Tn)
fit into a distinguished triangle
(4-9) Hl(pCu®(R,,k,) (M ®r, pY2)) — HHY (M ®K[xn11)) ®R, 1, PTn)

1
— H(pCa B (R, ko) (M @, pY1) 1>
after taking vertical slash (p—Hochschild) homology. Note that this p—complex triangle
is in reverse order of the filtration in Figure 3.

Indeed, since d¢ acts on the pY; and pY, tensor factors via 3’1 , it suffices to check that
0| preserves the submodule arising from pY, and presents the part arising from pY;
as a quotient. To do this, we reexamine the sequence in Figure 1 under vertical slash
(p—Hochschild) homology, with the auxiliary « and z—gradings. The part pY,, under
vertical homotopy equivalence, contributes to the horizontal (topological) complex

Y A 0 d A
(4-10a) pYyi= (g Ry 2= g3 R, [ 1])

sitting entirely in p—Hochschild degree 0. Likewise, the part pY; contributes to the
horizontal

nt+3xn 0r=2 n+1—Xn — 2xp
(4-10b) le/ — ( kp-}-lR;Jrl X +1[1]cal M} kp— anil-l-l[l]g[_l]g)
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0

_ Xn+3x 2(Xp41—Xn)  _gp. 4 2x

AR R TS PR S

l l =pY
¢ Id

0 > 0

q—kp—l(xn_;,_len-‘rl)[l]a br —kp—lexn-H[l]a[_l]t

n o 4 nt1 Ual— 1y

Xn1@1=18%n 41 0 =P C ®Wlxy 4 11.klxn 1D P T
br
—kp— b —kp—
q kp 3Bn r > q kp 3Rn+l[_1]t3
k1 '+ 0
aa|? ntl s 21d
l(xn+1—xn)®1—1®(xn+1—xn) l = pY,
—kp— b —kp—
q kp 3By . 7 q kp 3Rn+1[_1]€)
0
Figure 3
sitting entirely in p—Hochschild degrees 1, ..., p—1. Since 9’ decreases the a—degree

by one (ie acting vertically downwards), pY, must be preserved under d', acting upon
it trivially, and pY/ is equipped with the quotient action of 9.

By the above discussion, d7 = d; + d¢ + 94 acts on the term containing pY, only
through d; 4 d4. Since this term is the cone of the identity map, it is nullhomotopic
and thus

HL(pCo ®(,,R,) (M @, pY2)) = 0.

Consequently, using that [1]§ = q*kP+2[1]% | we have an isomorphism

H, (pHH.(M @ K[Xy+1]) ®R, 4, pTn). 07) = HL(pHH.(M ®R, pY}), dT)
= gkPH1H/ (pHH. (M), 37 ) 2",

The qkp +1 factor is canceled out in the overall shift of pﬁ. This finishes the first part
of Markov II move.
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The other case of the Markov II move is entirely similar, which we omit.

Finally, the finite-dimensionality of pﬁ(,B) follows from Corollary 2.4. O

To obtain a categorical link invariant, we need to introduce a p—differential twisting
to correct the framing factor occurring in Theorem 4.7, as done in [11, Section 5.3].
For a braid § € Br, whose closure is a framed link with £ components, choose for
each framed component of ,é in B a single strand in 8 that lies in that component after
closure, say, the i strand is chosen for the r™ component. Then define the polynomial
ring k[x;,,...,X;,] as a subring of k[xy, ..., x,] generated by the chosen variables.
Set

Y/
4-11) klxi,, ... ,xiz]fﬂ =K[xip, .. x,]1g, d(1g) = —Z 2f,x;,1p.
r=1

Then we make the twisting of H;—modules on the pHH~level termwise on pHH,( pTé),

f
(4-12) pHH.” (pTp) := pHH.(pTp) ®klxy, rxi, ] KX - X, JPE.

.....

Definition 4.8 Given 8 € Br, whose closure is a framed link with £ components, the
Sl p42 p—homology is the object

PH(B, kp +2) := ¢ 7" *kP+DH/ (pHHL? (pTp), d1)

in the homotopy category C(k, d4).
As done for pHHH, we will often drop kp + 2 in the notation of the homology.

Theorem 4.9 The sly,,, p—homology pH(B.kp + 2) is a singly graded, finite-
dimensional link invariant depending only on the braid closure of f8 as a link in R3.
Furthermore, when k € 27, its graded Euler characteristic

X(PH(L . kp +2)) := > ¢" dimy (pH; (L. kp +2))

1

is equal to the Jones polynomial evaluated at a 2 p' root of unity.

Proof The above framing twisting compensates for the linear factors appearing in
Markov IT moves, thus establishing the topological invariance of pH(f).

For the last statement, we will use the fact that the Euler characteristic does not
change before or after taking slash homology. This is because, as with the usual chain

Algebraic & Geometric Topology, Volume 23 (2023)



On some p—differential graded link homologies, 11 3383

complexes, taking slash homology only gets rid of acyclic summands whose Euler
characteristics are zero.

Let us revisit diagram (4-4). Before collapsing the ¢ and g—gradings, the diagram arises
by p—extending HH,(7) in the vertical (—)direction. Let Pg(v, ) be the Poincaré
polynomial of the bigraded complex HH,(7g) where, for now, v and ¢ are treated
as formal variables coming from ¢ and ¢ grading shifts. As shown by Cautis [1],
Pg(v,—1) is the sl 4, polynomial of the link /§ in the variable v.

The p—extension in the topological direction is equivalent to categorically specializing
[l]il to [l]g. It has the effect, on the Euler characteristic level, of specializing t = —1.
Thus we obtain that the Euler characteristic of pH(p) is equal to Pg(v =¢,1 = —1).
This the evaluation of the sz, > polynomial evaluated at a 2 p™ root of unity g. When
k €27, we have ¢*kP+2 = 42 in

Z[q]

©P = KO(C(k, aCI)) = (1 +q2 + ... +q2(P_1))’

so this evaluation is equal to the value of the Jones polynomial in Q. a

S Examples

In this section we compute the various homologies constructed earlier for (2, n) torus
links 75 ,. Note that there are no framing factors to incorporate in this family of
examples. The calculations are straightforward modifications of the computations made
in [6] and adjusted for p—DG notions in [11, Section 6]. We refer the reader to [11]
and just state the modified results here with minimal explanation.

Throughout the remainder of this subsection, let R = k[x1, x,], B = B, and T = Tj.
5.1 The HOMFLYPT homology of the (2, n) torus link
First note that the homology of the n—component unlink L is

n
PHHH" (Lo, K +1) = Q)¢5 (klxi] @ ¢ [k [xi ).

i=1

The following simplification of 7®” is proved in the same way as [11, Lemma 6.1].
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Lemma 5.1 In C% (R, R, do), one has T®" = (¢~ K~1[-1]0)"
(qZ(n—l)B(n—l)el[n]g P_n> qZ(n—Z)B(n—Z)el[n _ l]g Pn—1

3 g2 ge) 22 Bl 55 R),
where

P2 =1Q (2 —x1)—(2=x1)®1L, prit1 =1@(x2—x1)+(x2—x1)®1L
The following result is proved in the same way as [11, Proposition 6.3]
Proposition 5.2 The bigraded H;~HOMFLYPT p-homology of a (2, n) torus knot,
as an Hy—module depends on the parity of n.
(i) Ifmisodd, itis

q—nK—Zn—ZK[_n]lé (qZK-‘rZ[l]ék[x]Zx D q4K+4[2]ta]k[x]4X)

K—-2n-2K 2(i—1 2(i—1 2K qzik[X]
& P gl LUORPC Y e K1 [ @
i€{2,4,...n—1} g% T 2Kk[x]

D q2i+4+4K[2]3k[X]2(i+l)x)

with the Hy—structure on the middle object

k[x]
2
klx]

2ix 0
-2 Qi+2)x)°

q—nK—Zn—ZK[_n]g (q2K+2[1]§k[X]2x ® q4K+4[2]gk[X]4x)
( q2(i—1)k[x]2(i—1)x

given by

(i) Ifniseven, itis

>
q*'k[x]
® @ q—nK—Zn—ZK[i _ n]g qZK[l]g @
i€{2,4,...n—2} g2 T 2k[x]
>

Kq2i+4+4K[2]3k[x]2(i+l)x
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( qz(n—l)k[xl,x2](n—1)(x1+xz) \

q*"k[x1, x3]
e 0 G ® il
q2"+2]k[x1,x2]
®

Kq2n+4+4K[2]tak[x1 ’ xZ](n—i—z)(xl—i—xz))
with the Hy—structure on the middle object
q*'k[x]

‘ ¥
q21+2k[x]

2ix 0
—2 (2i +2)x

and the Hy—structure on the middle object

given by

q*"Kk[x1, x2]
(S5
q*" T 2K[x 1. x3]

given by

((n+ Dx;+ @ —1)x, 0 )
-2 n(xy +x3)+2xy/)°

Corollary 5.3 In the stable category of Hy;—modules, the slash homology of the Hy,—
HOMFLYPT p-homology of a (2, n) torus link pHHH? (T" ».n» K + 1) depends on the
parity of n.

(1) Ifmisodd, itis
q—nK—Zn—ZK[_n]B (qP+2K V;_z[l]g &) q”+4K qu_4[2]§))

p+2K 4
q Vp72i

® @ q—nK—Zn—zK[_n]g (qp V]?—z(i—l) 1o @ [1]3

ie{2,4,...n—1} qp+2K V;—zi—z

244K .
g qu—2(1‘+1)[2]§)[1]§)-
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(i) Ifniseven, itis

g TET 2K [t (P PRV 1 @ PV (L)

® @ q—nK—Zn—ZK[_n]g (qp V;]—Z(i—l)

i€{2.4,...,.n—2}
+2K /4
e VP_Zi 244K
of @ 1l @qP v, o |,
+2 q
q” Vp—z(i+1)
2p1/4 q
q Vp—(n—l) ® Vp—(n—l)
®
o q—nK—Zn—ZK[_n]lé (q2p+2K qu—n—l ® qu—n+1 ®q2p+2K V]?—n ® qu—n—z)[l]g [n]g

S

q2P+4K qu—(n+2) ® qu_(n+2)[2]ta
5.2 The sl p,2-homology of the (2, n) torus link

To compute this homology, we will use the following tool. If
M, = (.--3—’>M,~+1 LIRS VARG VA 3_t>)

we write 7 (M,) to be the total complex whose p—differential is the sum d7 := 9, 4 9.

Proposition 5.4 [11, Proposition 6.6] Let M, be a contractible p—complex of
Hy=k[d4]/(3%)~modules. Then the complex (T (M.),d7 = ; + d4) is acyclic.

We will be applying Proposition 5.4 in the following situation. Suppose N, is a p—
complex of Hy;—modules whose boundary maps preserve the H;—module structure.
Further, let M, be a sub—p—complex that is closed under the Hj—action, and there is
amap o on M, as in Proposition 5.4 that preserves the H;—module structure. Then,
when totalizing the p—complexes, we have 7 (M,) C T (N.,) and the natural projection
map

T(Ne) = T(N.)/T(M,)

is a quasi-isomorphism. Similarly, if M, is instead a quotient complex of N, that
satisfies the condition of Proposition 5.4, and K, is the kernel of the natural projection
map

0— Ke— Ne— M, —0,

then the inclusion map of totalized complexes 7 (K.) — T (NN,) is a quasi-isomorphism.
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We modify the calculation in the previous section of the (2, n) torus link to include the
Cautis qp—differential dc. Recall that in this singly graded theory, a = ¢2%? Jr2[1]3 and
t=[1]3.

The Hochschild homology pHH?" (R) with the induced Cautis differential d¢ is given
by
(5-1) q* R*1[1]g q* R**2[1]§

% 42

—Xp q8R261[2]g X1

First we study pHH?q (br): pHH?" (B)[l]g — pHH?” (R),

R[l]g 1—1 .\ R

~ kpi2 kp+2 T
X (XZ_XI) 1 k 2

xfp+2+x§p+2 \ x2p+
(1x,%)

_ 2kp+4 q 2kp+6 q X27¥1 2kp+4 p2 q 2kp+4 p2 q
(5-2) q*FPHARRIE PR tO R[] gPRPHA RPN gPReta R
kp+2 kp+2

x (x1—x2) ) . x

2 Aﬂ k2 _x% 1

1—>(x2—x1)

q4kp+10R3el [3]3 27*1 N q4kp+8 R2e1 [213

where the object ¢2kP+4 R[2]g @ q2kp +6R[2]g in the left square is twisted by the matrix

2X1 0
(>-3) ( 2 x1+ 3x2) ’

Filtering the total complex (5-2) we obtain that it is quasi-isomorphic to
]k(x‘fxé’|0 <a<kp+2,0<b<kp+ 1)[1]3 L ]k(x‘llxé’|0 <a,b<kp+1),

which is quasi-isomorphic to

k(xllcp-i-z k2

kp+2 _kp+1
S X5 X PRSP,

2

2senns
where

kp+2_j N kp+2_j+1

8(x1p+ xé) = (kp+2+j)x1p+ x{" )

This is quasi-isomorphic to ¢°V; [l]g if k =0. If £ > 0, it’s quasi-isomorphic to

(@ P2V, @ gkt
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Next we analyze

PHHY (pa;41): pHHD (¢* B*1[2i + 1]3)—HH (q“"—zB(z"—”el[zz']g),

41R2zel [21 +1
xkpt2y 7 '&“(xz—xl)
pHqu (q4iB2iel [21- + l]g) — q4i+2kp+4R[2l 4 1] [1] 4l+2kp+6R[Zl + 1]‘1[1]11

kp+z‘mk2) % kp+2

41+4kp+10R(21+3)e1 [21 + 1]51[2]4

41 2R(2l l)el
NaEn n+2 f\*l’“(xz—xl)
pHH?q (q4i—ZB(2i—1)e1[2l-]g) — q4i+2kp+2R[2l] [1] 4t+2kp+4R[2l] [l]q

k17+ k % kp+2

4l+4kp+8 R(21+2)el [Zl]q[2]

where the differentials for both objects in the middle horizontal rows of the diagrams
above are twisted by (5-3) and pHH?q (p2i+1) = 2(x2 — x1) (diagonal multiplication
by 2(x; — x1)). Filtering this total complex yields the total complex

g k(x0x50<a<kp+2,0<b<kp+1)2i + 1]
(5-4) 26221
g 2k (x¢x8l0<a<kp+2.,0<b<kp+1)[2i]]

This is quasi-isomorphic to

q‘“]k( kp+2’ icp+2x2,”.,xi€p+2 kp+l)[2z+1]qEBq4’ zlk(l X1, kp+1>[21]q

where the differential on the basis elements is given by

b2 !
kp+4i+2l l4i—2
x
x{tp+2x2 1
4i—1
kp+4i+3l &) l !
kp+4i+kp+2l l4i—2+k1’
2 1 kp+1
xicp+ x§p+ xlp
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Thus the total homology of this complex is isomorphic to X;, which is defined by
q4i(q2(kp+2)+j v @qz(kp+2+j+1+(k—1)p)+p—j Vp_j)[zi + 1]3
® if j.j #0,
g*2(q’ Vi & g2 (k=Dp+j+1)+p=j Vp_;)[2i]’§

q4i(q2(kp+2) VO ®q2(kp+2+kp+1)vo)[2i + 1]‘81
(5-5) & if j=0,j#0,
g4 2(q7 Vi @ g2 C=Dpti+t+p—j vV, il
g (g2 kpt2)+] vV ® g2tpt2+j+1+(k=1)p)+p=j Vo 2 + 1]‘5

® if j #0,/ =0,
g4 (Vo ® **kr V) [2i14

where j € {0,..., p} such that 4i + 2 + j is divisible by p and j € {0, ..., p} such
that 4i —2 + j is divisible by p.

Once again when 7 is even, the leftmost term in 7®” maps by zero into the rest of the
complex so we have to understand the total homology of pHH,(¢2—1) p(r—1e: [n]g).

Filtering

q2(n—1)R(n—1)e1[n]g

kp+2 kp+2 kp+2
P2t x5 2 (rp )

qz(n+1)+2kpR(n—1)e1 [n]g[l]g qz(n+2)+2kp R(n—Dey [n]g[l]g

/karZ kp+2

kp+2
Xy T xmx2) q2(n+4)+4kpR(n+2)el[n]g[z]g e

where the middle terms g2 +1)+2kp p(n—1)es [n]g[l]g @ ¢2(+2)+2kp pn—1)ey [n]g[l]g
are further twisted by the matrix (5-3), yields that the diagram above is quasi-isomorphic
to

(5-6) Yy =¢*" Vk(x{x2 [0<a<kp+2.,0<b<kp+1)[nl}

with a differential inherited from the polynomial algebra and twisted by (n — 1)e;. All
of these computations together with an overall shift of g~ (*+2)kp _3”_2[—11]3 yields
the slash homology of the (2, n) torus link for k > 0,

(5-7) pH(T2n.kp+2)
n—1
_ a2 i (PP V@ P )16, 2, Xi) if 2tn,
= n-2
q—(n+2)kp—3n—2[_n]g ((q3p+2 Vp_z@q4kp+4 Vz)[l]g &P, 2, Xi @Hﬁ (Y% )) if2|n,

where Xj; is the p—complex in (5-5) and Y% is the p—complex in (5-6).
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1 2 3 p—1 -1 0 1 1 =2
1 S X2 yxd > x? > x? y 2T 2
ll ll ll ll ll ll

1 2 3
Xi — X{X2 —> X|X — - —— X1X}

IER £ £ L2 L2
P T UL W R

-1 1 —1 2 -1 3 p—1 —-1_p—1 0 -1 1 -1 1 =2
T ST ST S s T xT = xx — X! x2p+ =

ool Lo Js ls

1 2 3 p—1 -1 0 1 1 -2
xP—— xPxy = xPx2 = - —— xPxY —>xf’xf—>xf’xf+ -

bbb L b b
11 1 2 1 3 p—1 1 -1 0 1 1 1 1 -2
B T T G B S S I N P 7 AR (LR

N |2 £ |2 £
2 4 2 5 2 6 p+2 2 _p—1 p+3 2 p+4 2 1
B T T e B e 7 I Y iV AR SN

Figure 4

Decategorifying the slash homology, for instance on the Hopf link (# = 2), we obtain
that the Euler characteristic of pH(T3 2. kp + 2) is equal to

0 @ +4q* +4°+ ).
Finding the homology of Yg is nontrivial. In the example below we take n = 2 which

means we are computing part of the homology for the Hopf link. We also take k£ = 1
just for convenience of notation.

We thus need to compute the homology of Z1, given in Figure 4, where the arrows

labeled —2 mean that the differential acts by x{ xf s —2fo +2x§.

There is a large contractible summand Z5 in the upper-left corner. Then there is short
exact sequence of complexes
Z 2 —> Z 1~ Z 3

where Z3 is as in Figure 5. The second row from the bottom with the rightmost column,
along with the third row from the bottom and second column from the right give a
contractible summand Z4 of Z3:

p+1 p+1 p+1_p—1 p—1_p+1 D D p_p—1 p—1_p
Z4=]1<i(x1 +x3 X)Xy XD X, )Gak(xl—i—xz,...,xlxz +x7 xz).
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1 1 =2
x; ——— T =

I i
1 +1 =2
xixd —— xixyT ==

b
b

~1 1 —1_p+1 =2
e e

3 lo ‘LO —2

1 2 p—1 -1 0 1 1
xf’—)xf’xz—>xf’x§—>---—>xfx§ —>xfxf—>xf’xf+ —

Lo I I I
11 1. 2 1.2 3 p—1 1. p—1 0 1 1 1 p+1 —2
xf’+ —>xf’+ x2—>xf’+ x%—)---—)x{’+ x? —>xf’+ xé’—)xf”r xf+ =

I £ E E
5 2 6 p+2 2 —1 p+3 2 p+4 2 1
B T e e S T AR S Y AR S

X

Figure 5

Then there is a short exact sequence of complexes
Z4 — Z3 g ZS’
where Z5 is

1 2 3 p—1 0 1 1 -2
xP—— xPx; = xPx2 = o — xPx —>xf’xf—>xf’xf+ -

11 1 2 1 3 p—1 1 —1 0 1 1 1 1 -2
B T T e B L 7 L R e e A ¥ A=

O IE IE IE
2 4 2 5 2 6 p+2 2 _p—1 p+3 2 p+4 2 1
xf’+ —>xf+ xz—>xf+ x%—)---—)xfﬂr x? _>x1P+ xf—)xfﬂr x§’+

p—1

Now let Z4 be the contractible subcomplex of Z5 generated by xf’ 1 Thatis

+1 +1 +1 +1_p—1 +2 _p-2
Zs =k(xf’ ,lle X2 +a0xf ,...,(p—l)!xfJ xé’ +ap_2xf’ xé’ )
for some coefficients ag, ..., a,—>. Then there is a short exact sequence of complexes
0 p—2 q P

ZG—>Z5—>Z7
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where Z7 is
1 2 3 p—1 -1 0 1 1 =2
xP— xPxy = xPx2 = - —— xPx7 —>xf’xf—>xf’xf+ -

I
1
xP*

lz
2 4 2.5 2.2 6 p+2
pt pt —>xf+x§—>---—>x1

Xy X 2 1

X2

Consider the contractible summand

1 1
B N T

2 _p—1 p+3 2 p+4
p+2.p —>xp+xf—>x

I

p+1
1 X

E

P42 p+l
1 X

=

— p p .p-1
Zyg=Kk{x{,...,x;x5 ).
Then there is a short exact sequence
Zg—>Z7—>Zg,
where Zg is
1 1 =2
xxf —— x5
| g
xlpfo SN xlp+1x2p+1 =2
|2 |2
2 4 2 5 2 6 P2 2_p—1 PH3 2 pt+4 2 1
xf+ —>xf+x2—>xf+x§—>~-—>xf’+xé’ —>xf+x§—>xf+xf+
We now easily decompose Zg into a sum of complexes
/ 4 " n
Zo®ZyDZy DLy,
where Z§ comes from the bottom row. More specifically,
I ey Pt2 L PH2 p+2_p—4
o =Kk(x{ T a7 X2, x) Ty ),
"o P+2 P=3 _p+2_p=2 _p+2 p—1 _p+2_p _p+2_p+l
o =Ky Ty Ty Ty T Xy X TXg XT TG ),
" __ p.p_ 1 p+2 _p—2 _p+l1_p p p+l__ _p+2 p-1 _p+2 p p+1_p+1
Zy =k{x{xy —3x{ 7 x] X7 ) X7 x5 X{ Ty Xy 2T Xy ),

nr__ p+2_p—1 _, p+l_p p p+l
Zy =k(2x] ""x, 3x7 Xy +3x7x; ).

Thus for k =1 and n = 2 we get

H{(Y%) ~ qz[z]g(q?ap Vp—4 @q41)+1 Vs @q4p+2V2 63q4p_|_2 V())

Corollary 5.5 For distinct k € N, pH( -, kp+?2) are distinct as link homology theories.
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Proof If we repeat the above calculation for £k = 2 and n = 2, everything would
proceed in the same way. Other than internal g—grading shifts, the homology Hf (Y% )
would be the same as above and contain objects V,_4, V3, V5 and Vj.

The homology of the Hopf link in [11] does not contain objects of the form V),_4
or V3 (see [11, (6.17)], in particular) in this tail part of the calculation. For more
general k, these objects appear with different shifts; see (5-7). Thus we obtain here
new categorifications of the Jones polynomial at a 2 p™ root of unity different from the
original one constructed in [11]. O

References
[11 S Cautis, Remarks on coloured triply graded link invariants, Algebr. Geom. Topol. 17
(2017) 3811-3836 MR Zbl

[2] L Crane, IB Frenkel, Four-dimensional topological quantum field theory, Hopf cate-
gories, and the canonical bases, J. Math. Phys. 35 (1994) 5136-5154 MR Zbl

[3] M Khovanov, Triply-graded link homology and Hochschild homology of Soergel
bimodules, Internat. J. Math. 18 (2007) 869-885 MR Zbl

[4] M Khovanov, Hopfological algebra and categorification at a root of unity: the first
steps, J. Knot Theory Ramifications 25 (2016) art. id. 1640006 MR Zbl

[5] M Khovanov, L Rozansky, Matrix factorizations and link homology, 1I, Geom. Topol.
12 (2008) 1387-1425 MR Zbl

[6] M Khovanov, L Rozansky, Positive half of the Witt algebra acts on triply graded link
homology, Quantum Topol. 7 (2016) 737-795 MR Zbl

[7]1 Y Qi, Hopfological algebra, Compos. Math. 150 (2014) 1-45 MR Zbl

[8] Y Qi, L-H Robert, J Sussan, E Wagner, A categorification of the colored Jones
polynomial at a root of unity, preprint (2021) arXiv 2111.13195

[91 Y Qi, J Sussan, A categorification of the Burau representation at prime roots of unity,
Selecta Math. 22 (2016) 1157-1193 MR Zbl

[10] Y Qi, J Sussan, Categorification at prime roots of unity and hopfological finiteness,
from “Categorification and higher representation theory” (A Beliakova, AD Lauda,
editors), Contemp. Math. 683, Amer. Math. Soc., Providence, RI (2017) 261-286 MR
Zbl

[11] Y Qi, J Sussan, On some p—differential graded link homologies, Forum Math. Pi 10
(2022) art.no.e26 MR Zbl

[12] H Queffelec, DEV Rose, A Sartori, Annular evaluation and link homology, preprint
(2018) arXiv 1802.04131

Algebraic & Geometric Topology, Volume 23 (2023)


http://dx.doi.org/10.2140/agt.2017.17.3811
http://msp.org/idx/mr/3709661
http://msp.org/idx/zbl/1381.57010
http://dx.doi.org/10.1063/1.530746
http://dx.doi.org/10.1063/1.530746
http://msp.org/idx/mr/1295461
http://msp.org/idx/zbl/0892.57014
http://dx.doi.org/10.1142/S0129167X07004400
http://dx.doi.org/10.1142/S0129167X07004400
http://msp.org/idx/mr/2339573
http://msp.org/idx/zbl/1124.57003
http://dx.doi.org/10.1142/S021821651640006X
http://dx.doi.org/10.1142/S021821651640006X
http://msp.org/idx/mr/3475073
http://msp.org/idx/zbl/1370.18017
http://dx.doi.org/10.2140/gt.2008.12.1387
http://msp.org/idx/mr/2421131
http://msp.org/idx/zbl/1146.57018
http://dx.doi.org/10.4171/QT/84
http://dx.doi.org/10.4171/QT/84
http://msp.org/idx/mr/3593567
http://msp.org/idx/zbl/1376.57015
http://dx.doi.org/10.1112/S0010437X13007380
http://msp.org/idx/mr/3164358
http://msp.org/idx/zbl/1343.16010
http://msp.org/idx/arx/2111.13195
http://dx.doi.org/10.1007/s00029-015-0216-8
http://msp.org/idx/mr/3518548
http://msp.org/idx/zbl/1345.81061
http://dx.doi.org/10.1090/conm/683
http://msp.org/idx/mr/3611717
http://msp.org/idx/zbl/1360.81217
http://dx.doi.org/10.1017/fmp.2022.19
http://msp.org/idx/mr/4524363
http://msp.org/idx/zbl/07634988
http://msp.org/idx/arx/1802.04131

3394 You Qi and Joshua Sussan

[13] L-H Robert, E Wagner, Symmetric Khovanov—Rozansky link homologies, J. Ec. poly-
tech. Math. 7 (2020) 573-651 MR Zbl

[14] R Rouquier, Categorification of sl, and braid groups, from “Trends in representation
theory of algebras and related topics” (J A de la Pefia, R Bautista, editors), Contemp.
Math. 406, Amer. Math. Soc., Providence, RI (2006) 137-167 MR Zbl

[15] R Rouquier, Khovanov—Rozansky homology and 2—braid groups, from “Categorifica-
tion in geometry, topology, and physics” (A Beliakova, A D Lauda, editors), Contemp.
Math. 684, Amer. Math. Soc., Providence, RI (2017) 147-157 MR Zbl

YQ: Department of Mathematics, University of Virginia
Charlottesville, VA, United States

JS: Department of Mathematics, CUNY Medgar Evers
Brooklyn, NY, United States

JS: Mathematics Program, The Graduate Center, CUNY
New York, NY, United States

yq2dw@virginia.edu, jsussan@mec.cuny.edu

Received: 11 December 2021 Revised: 1 April 2022

Geometry € Topology Publications, an imprint of mathematical sciences publishers :.msp


http://dx.doi.org/10.5802/jep.124
http://msp.org/idx/mr/4086581
http://msp.org/idx/zbl/1458.57013
http://dx.doi.org/10.1090/conm/406/07657
http://msp.org/idx/mr/2258045
http://msp.org/idx/zbl/1162.20301
http://dx.doi.org/10.1090/conm/684/13711
http://msp.org/idx/mr/3611725
http://msp.org/idx/zbl/1365.57021
mailto:yq2dw@virginia.edu
mailto:jsussan@mec.cuny.edu
http://msp.org
http://msp.org

:. Algebraic € Geometric Topology 23:7 (2023) 3395-3415
msp DpOI: 10.2140/agt.2023.23.3395
Published: 26 September 2023

Leighton’s theorem and regular cube complexes

DANIEL ] WOODHOUSE

Leighton’s graph covering theorem states that two finite graphs with common uni-
versal cover have a common finite cover. We generalize this to a large family of
nonpositively curved special cube complexes that form a natural generalization of
regular graphs. This family includes both hyperbolic and nonhyperbolic CAT(0) cube
complexes.

20F65, 20F67; 20E26, 20E42, 20F55

Leighton’s graph covering theorem states that two finite graphs with isomorphic univer-
sal covers have isomorphic finite covers. First conjectured by Angluin [2] and proven by
Leighton [16], whose background was in computer science and the study of networks,
the topic has been picked up by topologists and group theorists interested in producing
generalizations to graphs with extra structure, including colourings and line patterns;
see Bass and Kulkarni [3], Neumann [18], Shepherd [21], and the author [24]. Although
it is desirable to generalize such a theorem to higher dimensions, counterexamples are
known even when the universal cover is the product of two trees. Standard arithmetic
constructions were known to give irreducible lattices acting on the product of trees,
and in the 90s nonresidually finite and even simple examples were given; see Burger
and Mozes [6] and Wise [22].

A particularly exciting conjecture was made by Haglund in [11] that Leighton’s graph
covering theorem should generalize to special cube complexes. In the same paper
Haglund proved the conjecture for the class of right-angled Fuchsian buildings (com-
monly referred to as “Bourdon buildings”) and more generally for “type-preserving”
lattices in the automorphism group of a building associated to a finite graph product of
finite groups.

In this paper we will prove Haglund’s conjecture for a large family of CAT(0) cube
complexes which exhibit symmetry and homogeneity reminiscent of finite regular trees.
Let L be a finite simplicial flag complex. An L—cube-complex X is a cube complex

© 2023 MSP (Mathematical Sciences Publishers). Distributed under the Creative Commons Attribution
License 4.0 (CC BY). Open Access made possible by subscribing institutions via Subscribe to Open.
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such that every link is isomorphic to L. Given a flag complex, the Davis complex
D(L) of the associated right-angled Coxeter group is a CAT(0) L—cube-complex. In
general, D(L) is not the unique CAT(0) L—cube-complex, but in [15] Lazarovich
shows that D(L) is unique if and only if L is superstar-transitive. Recall that the
star of simplex ¢ in L, denoted by St(c), is the subcomplex given by the union of all
simplices containing 0. We say that flag complex L is superstar-transitive if for any
two simplices 0,0’ C L, any isomorphism St(c) — St(c”) sending o to o’ extends to
an automorphism of L. Lazarovich also showed that in this case Aut(X) is virtually
simple.

The principal set of examples of superstar transitive flag complexes presented by
Lazarovich are Kneser complexes. Let A be a finite set. The Kneser complex K, (A) is
the simplicial flag complex defined with vertex set the n—element subsets of A, and
edges joining disjoint n—element subsets. In the particular case that |A| = nd + 1,
the Kneser complex is superstar transitive and its automorphism group is precisely
the natural action of the permutation group Sym(A); see Section 1.2. We prove the
following:

Theorem 0.1 Letn >2,d > 1 and A be a finite set of cardinality nd + 1. Let L be
the Kneser complex 8,(A). Suppose that X1 and X, are compact, L—cube-complexes
such that all finite-index subgroups of the hyperplane subgroups are separable in w1 X
and w1 X», respectively. Then X1 and X, have a common finite cover.

If the hyperplane subgroups of a compact nonpositively curved cube complex are
separable, then there is a finite cover such that the hyperplanes are 2—sided, embed,
and do not self-osculate. If no interosculations could be added to this list, then the
cube complex would be virtually special. Conversely, specialness implies separable
hyperplane subgroups, and it is conjectured that the converse holds as well.

Note that in the case d = 1 that L is the set of n 4+ 1 disconnected points, so the
L—cube-complexes will be (n+1)-regular trees. If » = 2 and d = 2 then L is the
famous Petersen graph. In the case when L has no induced squares (as in the case
of the Petersen graph), the fundamental groups of X; and X» will be hyperbolic —
see Moussong [17]—and as a consequence of Agol’s proof of the virtual Haken
conjecture [1], X7 and X5 are virtually special. Thus we have:

Corollary 0.2 Letn >2,d =1,2,|A|=nd + 1 and L = R,(A). If X; and X, are
compact L—cube complexes then X1 and X, have common finite covers.

Algebraic & Geometric Topology, Volume 23 (2023)
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Proof In the case d = 1 the cube complexes are graphs, so it suffices to show that
L is square free when d = 2. Let A = {1,...,2n + 1}. Suppose that v, vp, v3 and
v4 are the vertices of an induced square in L. Then without loss of generality we can
assume that vy ={1,...,n}and v, ={n+1,...,2n} since they are disjoint sets. Thus
we can further assume that v3 = {2,...,n,2n + 1} since it must be an n—element set
disjoint from v,. Then we have a contradiction since v4 must be an n—element subset
disjoint from v{ Uvs ={1,...,n,2n + 1}, so vy = vg4. O

0.1 Strategy

The plan is to show (in Proposition 4.1) that each L—cube-complex has a finite cover
X admitting a finite orbicovering X — Xy, where X is the orbicomplex W7\ D(L).
We seek to construct this orbicovering by identifying the link of the O—cube in X7 with
Rn(A) and finding a suitable map 1k(x) — K, (A) for each O—cube x in X such that
the orbicovering is defined. By associating a copy Ay of A with each O—cube in X we
identify 1k(x) with R, (A). The orbicovering is then locally defined by a choice of
map ¢x: Ay — A; see Lemma 1.3.

In order for the set of g, to define an orbicover we need to ensure that certain conditions
are satisfied. If e = (x, y) is a I—cube, then we need to ensure that ¢ will be mapped
to the same half edge in X, by the maps induced by ¢, and g,. Given a square in X,
we also need to ensure that it will be mapped to a quarter-square in Xy .

In Section 3, we formulate the problem in the language of a A—category, which is a
choice of bijection ¢ : Ay — Ay for each edge e = (x, y), satisfying certain conditions.
Most of the action in this paper concerns being able to (virtually) construct a A—category.
Once we have the A—category we obtain a holonomy

W: (X, x) > Sym(Ay)
and the kernel of this holonomy will give a finite cover for which we can define

suitable ¢, ; see Section 4.

0.2 Previous results and connections to QI-rigidity

A major motivation for proving Haglund’s conjecture is the potential applications to
Gromov’s program of understanding groups up to quasi-isometry [10]. In [11], Haglund
proved his conjecture for Bourdon buildings and his result can be combined with a
result of Bourdon and Pajot [4] which says that each quasi-isometry of such a building
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is finite distance from a unique automorphism. Thus we deduce that if G is a group
quasi-isometric to the graph product W associated to such a Bourdon building B, then
in fact it acts by isometries on B. By Agol’s result [1], G will be virtually special,
thus acting faithfully on B, and by Haglund G will be weakly commensurable with W.
Thus W is quasi-isometrically rigid.

This argument motivates the following problem:

Problem 0.3 Let L = R,(A), where |A| =nd + 1. Is every quasi-isometry of D(L)
finite distance from an automorphism?

A positive answer to Problem 0.3 in the hyperbolic case would immediately give
quasi-isometric rigidity for the associated groups Wt by a similar argument to the case
of Bourdon buildings. That is to say that any group quasi-isometric to Wt would be
weakly commensurable with Wr. In the “higher rank” nonhyperbolic case one might
look to Huang’s results on the quasi-isometric rigidity of large families of right-angled
Artin groups [13]. In this case following would need to be considered:

Problem 0.4 Suppose that L is a Kneser complex as above, such that Wr is not
hyperbolic. Are there groups acting geometrically on D(I") that are not virtually
special?

Acknowledgements I would like to thank Daniel Groves and Kevin Whyte for men-
tioning the particularly interesting case of the Petersen graph, and Nir Lazarovich
and Jingyin Huang for discussions relating to these results. I would like to thank
Sam Shepherd for pointing out a mistake and suggesting the alternative separability
condition on the hyperplane subgroups. Thanks to the referee for their comments.

1 Preliminaries

1.1 Right-angled Coxeter groups

We refer to Davis [8] for classical background on Coxeter groups and their geometry
and to [7] for a recent survey of their large scale geometry.

Let L denote a finite simplicial flag complex. The right-angled Coxeter group Wr,
associated to L is given by the presentation:

Wp=(ve L©® |v2=1and [u,v] = 1if (u,v) € L(l)).
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The Davis complex D (L) is the CAT(0) cube complex obtained from the Cayley 2—
complex constructed from the above presentation, after collapsing each v? bigon to a
single edge, and inserting higher dimensional cubes wherever their 2—skeleta appear.
The link of each vertex in D (L) is isomorphic to L, which makes it an L—cube-complex.
The following theorem tells us when D (L) is the unique CAT(0) L—cube-complex:

Theorem 1.1 [15, Theorem 1.2] The Davis complex D(L) is the unique CAT(0)
cube complex with each link isomorphic to L if and only if L is superstar-transitive.

If we colour the edges in D(L) according to the corresponding element of L, or
alternatively the conjugacy class of the associated generator, we can identify Wy, as
the subgroup of Aut(D(L)) that preserves the colours. Sometimes this subgroup is
referred to as the type-preserving automorphisms. The quotient X7 = Wy \ D(L) has
the structure of an orbicomplex. Each face given by the intersection of k& hyperplanes
has the associated group (Z/ 2)* with a factor corresponding to a hyperplane.

1.2 Kneser complexes

Let A be a finite set. The Kneser complex R,(A) is the flag complex with underlying
graph with vertex set given by n—elements subsets of A, and edges corresponding to
disjoint n—element subsets. There is a natural action of Sym(A) on K, (A).

If R:= R,(A) is a Kneser complex, then we let 5, = s(v) € A denote the subset
associated to v € 8.

Example 1.2 If |A| = 5, then P := R,(A) is the Petersen graph. It is a simple
exercise to verify that P is triangle and square free; see Figure 1.

More generally, if |A| =nd + 1, then R,(A) is a (d —1)—dimensional flag simplicial
complex with a superstar-transitive automorphism group; see [15]. We also note the
following:

Lemma 1.3 [9, Corollary 7.8.2] If |A| # 2n, then Aut(R,(A)) is equal to Sym(A).

Given a subset X C A, the inclusion induces an embedding &, (%) C K, (A), where
the vertex in K, (X) corresponding to s C X C A is sent to the corresponding vertex
in 8, (A). Indeed, an automorphism (A, ¥) — (A, X) induces an automorphism
of K, (A) that restricts to an automorphism on £, (X). Conversely, by Lemma 1.3,
provided 2n is not equal to |A| or |X|, an automorphism of K, (A) that preserves
R, (X) gives a self-bijection of A that preserves X.
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Figure 1: The Petersen graph (courtesy of Tilman Piesk [19]).

Kneser complexes were presented by Lazarovich as a large and readily accessible set
of superstar transitive graphs.

Theorem 1.4 [15, Corollary 5.5] Letn >2 andd > 1. Let |A| = nd + 1 and
L := R, (A). Then Aut(D(L)) is virtually simple.

We note that D(L) is Gromov hyperbolic if and only if L does not contain any induced
squares [17]. Thus, it is an exercise to verify that D(L) is hyperbolic only if d < 2.

Remark The most direct means that a result like Theorem 0.1 could be true is if
the automorphism group of D(L) were to act properly. In which case any other
uniform lattice in Aut(D (L)) would lie inside Aut(D(L)) as a finite-index subgroup.
Common covers of the corresponding quotient spaces could be constructed by taking
the intersections of the associated lattices. In general the automorphism groups of
universal covers will be far too large for this argument to work. Theorem 1.4 is the most
extreme example of this: since W is residually finite (and indeed virtually special), it
cannot lie inside a virtually simple group like Aut(D(L)) as a finite-index subgroup.

2 Special cube complexes

We refer to [5; 12; 14; 20; 23] for more detailed background on nonpositive curvature,
cube complexes, and specialness. We outline here the terminology that we will use.

Algebraic & Geometric Topology, Volume 23 (2023)
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An n—cube C is a metric space isometrically identified with [—1, 1]*. A O—cube is a
singleton. A subcube S C C of dimension m in an n—cube is the m—cube obtained by
restricting (m—n)—many coordinates to 1 or —1. The i midcube M C C, for 1 <i <n,
is the (n—1)—cube obtained by restricting the i coordinate to 0.

The reflection of an n—cube over it’s i midcube M C C is the map C — C obtained
by multiplying the i " coordinate by —1. Note that all the reflections in a cube commute.
The antipodal map C — C is obtained by reflection over all the midcubes in C.

The link 1k(x) of a O—cube x in an n—cube C is the simplex ¢ given by the e—sphere
of x in the £!—metric (where 1 > € > 0). Each subcube of C that contains x has a
link at x that gives a corresponding face in o. If x and y are O—cubes in C, then x is
mapped to y by the composition R of all the reflections over midcubes separating x
and y. Thus R induces an isomorphism lk(x) — 1k(y).

By a cube complex X we will mean a topological space that decomposes into cubes
C(X), such that every subcube of a cube in C(X) is a cube in C(X), and such that
the intersection of any two cubes C,C’ € C(X) give subcubes of C and C’, or the
intersection is empty. The link 1k(x) of a O—cube x in X is the complex given by
the union of all the links of all the cubes containing x, with inclusion of simplices
induced by inclusion of subcubes. Alternatively, it can also be thought of as the €
neighbourhood of x inside X itself. A cube complex X is nonpositively curved if the
link of each vertex is a simplicial flag complex. Each n—simplex o in Ik(x) corresponds
to a unique (n+1)—cube C(0) in X containing x. Conversely, each (n+1)—cube C
that contains x corresponds to a simplex o (C) in 1k(x).

Unless otherwise noted, our 1—cubes will be directed in the sense that e = (x, y) comes
with an initial and terminal O—cube, denoted by te = x and te = y. The reversed
1—cube with the opposite direction will be denoted by ¢ = (y, x). Let X be a compact
nonpositively curved cube complex. A hyperplane A in X is an equivalence class of
directed 1—cubes generated by the relation e ~ ¢’ if they are opposite faces of a square
in X or ¢ = ¢’. Associated to the equivalence class is the realization of A. This is
a nonpositively curved cube complex, which we will also denote by A, constructed
from the midcubes dual to the edges in the equivalence class that immerses by a local
isometry A & X. Note that this immersion is only a cellular map when both A and
X have been cubically subdivided. The hyperplane subgroup associated to A is the
image of 71 (A) in 71 (X) under the injective homomorphism given by the immersion.
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A hyperplane is embedded if no two edges in the equivalence class form the corner
of a square (that is to say a 2—cube) in X. Equivalently a hyperplane is embedded
if the immersion of the realization is an embedding. The carrier N(A) C X of a
hyperplane is the subcomplex obtained by taking all cubes that contain an edge in the
associated equivalence class. We say that a hyperplane is fully clean and 2—sided if
N(A) = A x[—1,1]. That is to say that we can extend the embedding of the realization
to an embedding N(A) = A x[—1, 1] = X. If the hyperplane subgroups of 71 (X)
are separable then there is a finite cover of X such that the hyperplanes are fully clean
and 2-sided. Indeed, fully clean follows from [12, Lemma 9.14], and with hyperplanes
embedded a standard cut-and-paste argument applied to a 1-sided hyperplane yields a
degree 2 cover with a two sided hyperplane; see also the proof of [12, Proposition 3.10].
Thus, we will now assume going forward that all hyperplanes satisfy this condition.
In terms of the definition of specialness, this is equivalent to the hyperplanes being
2-sided, embedded, and without self-osculations. Such a cube complex may fail to be
special since interosculations do not contradict this assumption (see Figure 2 for an
illustration of the hyperplane pathologies). In terms of the assumptions of Theorem 0.1,
if the finite-index subgroups of hyperplane subgroups are separable in 71 X, then this
remains true of the hyperplane subgroups in a finite cover.

A O—cube x is incident to A if it is contained in N(A). An edge e = (x, y) is parallel
to A if it is contained in N(A) without being dual to A. Under the assumption that the
hyperplane A is fully clean and 2—sided, the immersion of the realization extends to an
embedding A x [—1, 1] — X, where the realization is the O fiber. The edges parallel
to A are contained in the —1 and 1 fibers. We will refer to the subcomplexes of X
given by the £1 fibers as the sides of the carrier.

2.1 The adjacency map

Lete = (x, y) be an edge in X dual to A and let v be the vertex in Ik(x) corresponding
to e, and u be the vertex in lk(y) corresponding to e. The star Star(o) of a simplex
o in a simplicial complex is the subcomplex spanned by the union of all simplices
containing o. We note that in [15] the star of a simplex is defined by Lazarovich to be
the combinatorial 1-neighbourhood. The two notions only coincide in the case when
the simplex is the singleton. This alternative notion, which we denote by St(o) in the
introduction, applies to the definition of superstar transitive, but will not be otherwise
relevant to the content of this paper.
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Figure 2: An illustration of the standard hyperplane pathologies. The dotted
line depicts the topological realization of the hyperplane. The edges in the
equivalence classes are given arrows indicating the direction. The top left
depicts a self intersection. The top right depicts a 1-sided hyperplane, and
the edges with the arrows reversed also belong to the equivalence class. The
bottom left depicts a direct self-osculation. The bottom right depicts an
interosculation.

The adjacency map for e is the natural isomorphism
ad, : Star(v) — Star(u)

such that if v € ¢ then ad, (o) is the unique simplex such that C(ad.(c)) = C(o). (This
is referred to as the transfer map in [15].)

More generally, let x and y be O—cubes in X that belong to some n—cube. Let C be
the minimal such n—cube in X containing x and y. Let oy C lk(x) and oy, C 1k(y) be
the simplices corresponding to C. Then we have a natural adjacency map for C given
by the natural isomorphism

adc : Star(ox) — Star(oy)

such that if ¢ is a simplex in lk(x) containing oy, then ad¢c on ¢ is induced by the
composition of reflections in C (o) over the midcubes separating x and y. Note that
C(adc(0)) = C(0).
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Furthermore, suppose that x, y and z are O—cubes in C such that C is the minimal
cube containing x and z. If C; and C, are the minimal subcubes in C containing x, y
and y, z respectively, then adc = ad¢, o adc,, where each adc; is suitably restricted.

3 Constructing A—categories

This section will be devoted to constructing a A—category on a compact L—cube-
complex X such that all finite-index subgroups of the hyperplane subgroups are separa-
ble in 71 X, where L is the Kneser graph as specified in the statement of Theorem 0.1.
We will assume, as stated in Section 2, that we have passed to a finite-index cover such
that the hyperplanes are fully clean and 2—sided.

3.1 A note on notation

In what follows we will be constructing a category over a cube complex. We will be
doing this by assigning objects to O—cubes and assigning morphisms to each 1—cube.
For example we might denote the morphism associated to e by ¢.. In this case, given
an edge path y = (e1, ..., e,), we will let ¢, denote the composition ¢, 0« -0 ¢e,. If
all the edges are parallel to a given hyperplane A, then we will call y a parallel path.

3.2 Our objects

Letn >2,d > 1 and A be a finite set with |A| =nd + 1. Let X be a compact, nonpos-
itively curved cube complex with 2—sided hyperplanes such that 1k(x) is isomorphic
to K, (A). To each O—cube x in X let Ay be a copy of A, and identify lk(x) with the
associated Kneser complex £, (Ax). Let A be a hyperplane incident to x. Let e be
the 1—cube dual to A with te = x. Let v = o (e) be the vertex in 1k(x) corresponding
to e. The identification of 1k(x) with K(Ay) allows us to define Ay :=s5(v) € Ay. We
will also let s(e) := s(v) when it is clear which O—cube link we are working with. This
is well defined since A is fully clean, so the 1—cube e is the only 1—cube dual to A
incident to x.

3.3 A-—categories on X

Definition 3.1 A A-category on X is a collection of bijections
e Ay = Ay,

one for each 1—cube e = (x, y) in X, such that the following conditions are satisfied:
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y \ z
e/ e

2 2

X er y

Figure 3: The square. The hyperplane A! is depicted as the vertical dotted
line with the arrows on ¢; and ¢/ giving the direction. The hyperplane A? is
the horizontal dotted line with the arrows on e, and e/ giving the direction.

(1) Invertibility If e is a directed one cube then ¢z = ¢, L.

(2) Letey = (x,y), ey = (.2), e; = (', 2), €5 = (x,y’) be the edges bounding a
square S, and A’ the hyperplane dual to e; and e; (see Figure 3). Then:
(a) Commutativity ¢., o ¢, = ¢ei o¢e/2,
(b) Parallel transport ¢, (A7) = A and ¢ (A}) = A,

Remark The parallel transport condition applied to all squares containing e allows us
to deduce that ¢, (A)lc) = AJl,.

Let {¢.} be a A—category on X, and f': X — X a cover. By identifying each link
k(%) in X with &,(A;), where A; is the copy of A assigned to £, by Lemma 1.3 the
induced isomorphism between the links

Je k(X)) = Ik(f(X))
induces an isomorphism

ffc: 3)2 — Af(fc)-

Thus we can lift the A—category {¢} on X to a unique A—category on X such that the
following diagram commutes, for each 1-cube é = (&, §) in X mapping to e = (x, y)
in X:

It is straightforward to verify that {(]3@} satisfies the invertibility and commutativity
conditions, since {3 is invertible, and since the squares in X lift to squares in X . Parallel
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transport holds for {qgé} by tracing the correspondence of n—element subsets of A %
to vertices in 1k(X), which then correspond to hyperplanes incident to X. Consider a
square in X covering the square in Figure 3, labelled with the vertices £, , 7 and 2,
and bounded by edges é1, &2, &, and &,. Then for the hyperplane A2 covering A2, we
deduce that

Pe, (A3) =z, oz (A2 =15 o e, (M) = 51 (A) = A3,
The second equality follows from commutativity of the above square, and the third

from parallel transport for {¢} in X. The corresponding conclusion follows similarly
for AL,

3.4 Constructing a A—category

We will construct our A—category in two stages. In the first stage we will define
functions ¢, that will be defined on subsets of the domain Ax. We note that in this
section we will be composing functions whose domain and ranges will be subsets of
larger sets. In this case the composition will be given by restricting to the intersection
of the corresponding domains and ranges.

Lemma 3.2 There exists a unique family of functions
(9F: (Ax —Ax) = (Ay—Ay) | A isdualto e = (x,y) e X1}
such that:
(D) ¢7 =)
(2) Lete;=(x,y),e2=(y,z),e; =(y'.z) and e}, = (x, y’) be the edges bounding
a square S, and A' the hyperplane dual to e; and e/ (see Figure 3). Then

(a) after suitably restricting domains,
o0 s, = 03 000 (Dx— Ay —AD) = (Az = AL —AD),
(b) ¢7,(A3) = AJ and ¢ (Ay) = A},
Proof Let e = (x, y) be a directed 1—cube in X dual to A. Let v be the vertex in
Ik(x) corresponding to e, and u be the vertex in 1k(y) corresponding to e. Then Star(v)

decomposes as the simplicial join v * &, (Ax — Ax) and similarly Star(x) decomposes
as u * R, (Ay — Ay). Thus the adjacency map ad, restricts to an isomorphism
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Since |Ax —Ax| =|Ay —Ay| =n(d —1) + 1, by Lemma 1.3 this isomorphism is
induced by the bijection

$o: (Ax—Ax) — (Ay —Ay).
(This requires checking that n(d —1) + 1 # 2n forn >2and d > 1.)

In the case that d = 1 there are no squares in X, so conditions (2)(a)—(b) are satisfied
automatically. So we assume d > 2. Suppose that e; = (x, y), e2 = (y,2), €] = (', 2)
and e/, = (x, y’) are the edges bounding a square S, and A is the hyperplane dual to
e; and elf (see Figure 3). We now check that conditions (2)(a)—(b) are satisfied.

Veritying (2)(b) follows from observing that A)zc CAx—A )lc corresponds to a vertex
u €lk(x) = Ry (Ay) and A% CA, —AJI, corresponds to a vertex v in 1k(y) = K, (Ay)
such that ade, (u) = v. (Stare at Figure 3.) Thus ¢;, (A2) = A% and similarly
1y — Al
#5(Ah) = A},
We now consider (2)(a). Observe that (2)(b) implies
G0, 0 b0, (Dx = AD) = AL) = 95, ((Ay —Ay) = AJ) = Az — AL —AZ.

Combined with the similar set of equalities for ¢;"/2 o ¢;‘/1 this verifies (2)(b) when d = 2
since there is only one possible map between singletons.

In the case that d > 2, let o C lk(x), 0, € 1k(y), 0,7 C 1k(y’) and o, C Ik(z) denote
the 1-simplices corresponding to the square S. We know that

adg = ade, oade, = adei o ade/2 : Star(o ) — Star(o;).
We also have the decomposition
Star(oy) = 0oy * Ry (Ax — A)lc — A)zc)

and similar decompositions for the stars of o0y, oy and o,. The adjacency map adg
therefore restricts to an isomorphism

fan(Bx = Ay = A3) = fu(Az A~ A2)
which, by Lemma 1.3, is induced by an isomorphism
(Ax = Ay =AD = (Az = A;=AD)

that must coincide with the compositions ¢;"2 o¢ :1 and qﬁ:, o ¢:, , as their restrictions
1 2

induce the same isomorphism. Thus ¢; o ¢;, = ¢;“, o ¢:/ .
1 2
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Finally, we show uniqueness of the family {¢;}. Note that |Ay —Ax| = (n —1)d + 1.
Therefore, if n = 1 then uniqueness is trivial as the maps are between singletons.
Otherwise, for n > 1 each element of A, — A is given by the intersection of the
n—element subsets A that contain the given element and are disjoint from A . Thus,
condition (2)(b) applied to each these A, allows us to deduce that ¢ is uniquely
determined on the given element of A, — A . O

We will refer to the maps {¢;} as the pre—A—category. Note that if f: X > X
is a cover, then we can lift the pre—A—category to X and check that the conditions
are satisfied, in the same way we checked for the A—category. Alternatively, since
such pre—A—categories are unique, we could instead verify that the following square
commutes:

This would follow from the parallel transport conditions and the correspondence
between hyperplanes and the corresponding subsets of A %, in a similar fashion to the
argument given for lifting A—categories.

3.5 The hyperplane parallel holonomy

As a consequence of Lemma 3.2 we deduce that if an edge e = (x, y) is parallel to A
then we have a bijection
Ve: Ax = Ay

obtained by restricting ¢, as given by Lemma 3.2. Indeed, if A’ is the hyperplane
dual to e, then Ay C Ay — A/.. We note that this is a category, with the n—element
set A x associated to each vertex x that A is incident to, and there is a morphism ¥,
associated to each edge e parallel to A. In fact, since A is 2—sided, there is a category
corresponding to each side.

Thus if we fix a choice of side of A and a O—cube p in A as a basepoint, we obtain a

parallel holonomy
Wp:m1(A, p) = Sym(Ay).

If ¢’ is the edge dual to A with midpoint p such that Te’ = x lies on the given side, this
holonomy is given by identifying A with the side of the hyperplane carrier containing
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the basepoint x, and letting the equivalence class of a parallel path [y] = [e1, ..., ex]
based at x map to

‘pp([y]) =Yy,

where v/, denotes the composition V¥, o - o V¥,,. Conditions (1) and (2)(a) in
Lemma 3.2 ensure that this does not depend on the choice of representative.

We note that the triviality of the holonomy does not depend on the choice of basepoint p
(but may depend on the side of the carrier that is chosen). Indeed, given another 1—-cube
e’ dual to A, with te” = y on the same side of A, with midpoint p’, we can check the
following diagram commutes:

Yp
m1(A, p) —— Sym(Ax)

Lo,

T1(A, p') — Sym(A )

We have chosen some path y connecting x to y in t(A). The left vertical map is given
by conjugating closed loops by [y], in the standard fashion, and the right vertical map
is given by conjugating by ¥,,.

The kernel of W, is a finite-index normal subgroup of m1(A), and by the assumptions
of Theorem 0.1 will be separable in 71 X.

Lemma 3.3 There exists a finite cover X — X such that the parallel holonomies in X
are trivial.

Proof Let W be a parallel holonomy for some hyperplane A, and some choice of
side and basepoint. The kernel of W is a finite-index normal subgroup of w1 (A),
and therefore, by the assumption of Theorem 0.1, will be separable in 71 X. Let
{id, g1, ..., g¢} be a minimal set of representatives for the left cosets of ker(¥) in
w1(A). As g;i ¢ ker(W), by separability there exists a finite-index subgroup N; <1 (X)
such that ker(¥) C N; and g; ¢ N;. Thus ker(¥) = ﬂle N; N1 (A), since we
know ker(¥) C ﬂleN,- and that if g;h € ﬂleN,- N 1(A), where h € ker(¥), then
gi € ﬂle N;. The normal core, Core(ﬁf:1 N,-), is a finite-index normal subgroup of
m1X such that 1 (A) N Core(ﬂfz1 N;) is contained in ker(¥).

By repeating this for each side of each hyperplane, and intersecting all the resulting
normal cores, we obtain a finite-index normal subgroup N < 71 (X) such that for each
hyperplane A, the intersection N N w1 (A) is contained in the kernel of the parallel
holonomies on either side of A. Then the desired finite cover f : X > Xis given by N.
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Let {(]3:} denote the lift of the pre—A—category on X to X. Then the following diagram
commutes, where hyperplane A covers A, and the bottom arrow is the isomorphism
induced by conjugation by fs:

m(R) —L— m()
v ,{ l\p »
Sym(Az) —— Sym(Ax)
Indeed, if we take a combinatorial path [y] given by the edge sequence éy, ..., é, that

traversed the vertices X = X¢, X1,...,Xn—1, and let f([P]) = [y] with f(é;) = ¢; and
f(X;) = x;, we deduce that

Wpo fu([P]) = V(YD) = ¥y = Ve, 00 Y,
= %o 0 Vs, 05, ©f,, 0+-0 %, 0 Ve, 0 F5)
=50 0 Ve, 0"+ 0Ve 0,
= f;coo\i’ﬁof;ol'

Thus the square commutes and the parallel holonomies in X are trivial. a

3.6 Extending the maps ¢

By Lemma 3.3, we now assume that we have passed to a suitable finite cover such that
X has trivial parallel holonomies in its pre—A—category. Given an edge e dual to A,
it remains to extend ¢, and this means making a choice of bijection Ax — A,. We
can certainly make such choices so that the inversion condition (2)(a) is satisfied, and
condition (2)(b) holds as it holds for ¢ It therefore remains to ensure we can make
our choices so that the commutativity condition (2)(a) is satisfied.

For each hyperplane A let e = (x, y) be a choice of edge dual to A. We make a choice
of map

bo: Ax > Ay
that extends ¢} to ¢e.

Suppose that ¢’ is some other edge dual to A such that te’ lies on the same side of A

as te. Then let y = (eq, ..., ep) be an edge path parallel to A that connects te to te’.
We also let y’ = (e}, ... ,e;) be an edge path parallel to A that connects te to te’. Then
we define

-1 -1
¢Z/=Wep°"'°1ﬂe1°¢5°wei 0---01#@&,
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where ¥, and wel/_ are the parallel holonomies on either side of A. Since the parallel
holonomies are trivial, ¢7, will not depend on the choice of paths y and y’. We let
¢; = (¢2)~! and recover that b5 = (¢g,)_1.

It remains to check that {¢.}, as defined, satisfy our commutativity relations. Let
e1 = (x,y), e2 =(y,z), e] = (y',z) and e} = (x, y’) be edges bounding a square,
and let A’ be the hyperplane dual to ¢; and e; (see Figure 3). Then we consider the
separate cases

¢:2 O‘P; S(Ax— Aylc - A)2c) —> (A7 — A; - Ag),

po, 0py i A2 — AZ,

e, 000 Ax = Az,

be, 0 e, 1 D —> 2.

ber © e, =

It follows from Lemma 3.2 that ¢;, o ¢p; = ¢;"/l o ¢:/2. By considering the parallel
holonomies with respect to A2 we can see that

o * o o * o
¢e2 O¢e| = ¢e2 °oYe = wei o¢e£ = ¢ei o ¢)e/2-
A similar sequence of equalities gives that ¢, oo = ¢§/1 °¢:§‘ Altogether this allows

us to conclude that ¢, o ¢, = ¢e/1 o ¢e/2, and that {¢,} is a A—category, and that we
have proven the following:

Proposition 3.4 Letn >2,d > 1 and A be a finite set of cardinality nd + 1. Let
L be the Kneser complex £, (A). Suppose that X is an L—cube-complex such that
hyperplane subgroups have separable finite-index subgroups. Then there exists a finite
cover X — X, such that there is a A—category over X .

4 The holonomy

Given a A—category {¢.} for X we obtain a holonomy map
Gy m1(X, x) > Sym(Ay),
where the homotopy class [y] = [eq, . . ., es] of the edge path based at x has image

Ox([y]) = ¢y

The invertibility and commutativity conditions guarantee that this does not depend on
the choice of representative of the homotopy class. Note that if @, is trivial, then the
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holonomy is trivial with respect to any basepoint since the following diagram commutes:

D
71 (X, x) —— Sym(Ax)

|,

71(X,y) —— Sym(Ay)

If y is an edge path connecting x to y, then the vertical left arrow is the isomorphism
given by conjugating a homotopy class of based loops by [y], and the vertical right
arrow is the isomorphism given by conjugating by ¢, .

The kernel of @, is a finite-index normal subgroup of 71X and corresponds to a
finite-sheeted, regular cover f: X — X. Lift the A—category on X to a A—category
{(i;é} on X. We can check that the following diagram commutes:

. &
m1(X, %) —— Sym(Az)

.| |

Oy
71 (X, x) —— Sym(Ayx)

The O—cube X is chosen so that f(X) = x, and the right vertical arrow is the isomorphism
given by conjugation by f;. Thus we conclude that the holonomy ®, on X is trivial.
If the holonomy on X obtained from a A—category is trivial, then we say that the
A—category itself is flat.

4.1 Constructing the orbicover

Proposition 4.1 Let L = &,(A) where |A| =nd + 1. Let X be a compact L—cube-
complex that has a flat A—category on X . Then there is an orbicomplex cover X — Xy,
where X7, = W \D(L).

Proof Let {¢.} be the flat A—category on X. For a basepoint x, fix an identification
qx: Ax — A. For any other O—cube y in X, let g, = gx o ¢, where y is an edge
path connecting y to x. Note that g, does not depend on the choice of y since the
A—category is flat.

We will prove the claim by producing an orbicomplex cover X — X7 . First we map
all O—cubes in X to the unique O—cube in X;,. We can extend X to the 1-skeleton of
X by mapping each 1-cube e = (x, y) dual to A to the half 1-cube corresponding to
q(Ax). This makes sense since we know that gx(Ax) = gy o¢e(Ax) = gy (A) by the
remark following Definition 3.1, so e and e are mapped to the same half edge.
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Now we want to extend X () — X; to the 2—skeleton. Let e; = (x, y), e2 = (v, 2),
el =(y',z) and e} = (x, y’) be the directed 1-cubes bounding a square S in X such
that ¢; and e; are dual to the hyperplane A’ (as in Figure 3). We want to show that
e; and e map to the same half edge, and the e; and e} map to half edges that bound
a quarter-square in X7,. The first fact follows from the parallel transport property
since qbel(Ai) = A% SO qx(A)zc) =gy o ¢el(A§) = qy (A%). The second follows
from the fact that AL N'A2 = & since e; and e} bound the corner of a square, so
qx(A)lc) N Qx(A)zc) =4a.

It is immediate that we can extend X ® — X to the entire skeleton since the higher
dimension cubes are entirely determined by the 1—skeleton. In this particular case, we
have an orbicovering since the induced maps on the vertex links are isomorphisms.
Thus we can lift this orbicovering to an isomorphism X > D(L) such that the deck
transformation group 71 (X) is a subgroup of Wy.. |

Proof of Theorem 0.1 Let X; and X, be our L—cube-complexes. Finite-index
subgroups of the hyperplane subgroups are separable, so by Proposition 3.4 there is
a finite cover X — X; such that there is a A—category over X/. By considering the
holonomy given by the A—category, we can pass to a further finite cover Xi—> X H
such that the induced A—category is flat. By Proposition 4.1, there are finite orbicovers
fi X; — Xz. The common cover is then obtained by taking the intersection of the
corresponding deck transformation groups inside of Wy . |
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