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A uniformizable spherical CR structure
on a two-cusped hyperbolic 3—-manifold

YUEPING JIANG
JIEYAN WANG
BAOHUA XIE

Let (I, I, I3) be the complex hyperbolic (4,4, 00) triangle group. We prove
Schwartz’s conjecture that (I, I, I3) is discrete and faithful if and only if 7; 51515
is nonelliptic. If Iy 131,13 is parabolic, we show that the even subgroup (1,13, I 11)
is the holonomy representation of a uniformizable spherical CR structure on the
two-cusped hyperbolic 3—manifold s782 in SnapPy notation.

20H10, 22E40, 51M10, 57M50

1 Introduction

Let ]HI(ZC be the complex hyperbolic plane and PU(2, 1) be its holomorphic isometry
group; see Section 2 for more details. It is well known that Hé is one of the rank-one
symmetric spaces and PU(2, 1) is a semisimple Lie group. Hé can be viewed as the
unit ball in C? equipped with the Bergman metric. Its ideal boundary BH(ZC is the
3—sphere S3. We study the geometry of discrete subgroups of PU(2, ).

Let M be a 3—manifold. A spherical CR structure on M is a system of coordinate charts
into S3 such that the transition functions are restrictions of elements of PU(2, 1). Any
spherical CR structure on M determines a pair (p, d), where p: w1 (M) — PU(2, 1) is
the holonomy and d : M — S3 is the developing map. There is a special spherical CR
structure. A uniformizable spherical CR structure on M is a homeomorphism between
M and a quotient space 2/ T", where T is a discrete subgroup of PU(2, 1) and Q2 C 3H(2C
is the discontinuity region of I". An interesting problem in complex hyperbolic geometry
is to find (uniformizable) spherical CR structures on hyperbolic 3—manifolds.

Geometric structures modeled on the boundary of complex hyperbolic space are rather
difficult to construct. The first example of a spherical CR structure existing on a cusped
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hyperbolic 3—manifold was discovered by Schwartz. In [23], Schwartz constructed
a uniformizable spherical CR structure on the Whitehead link complement. He also
constructed a closed hyperbolic 3—-manifold that admits a uniformizable spherical CR
structure in [26] at almost the same time.

Let Mg be the complement of the figure eight knot. In [9], Falbel constructed two
different representations p; and p; of 71 (Ms) in PU(2, 1), and proved that p; is the
holonomy of a spherical CR structure on Ms. In [11], Falbel and Wang proved that
P2 is also the holonomy of a spherical CR structure on Mg. In [7], Deraux and Falbel
constructed a uniformizable spherical CR structure on Mg whose holonomy is p,. In [6],
Deraux proved that there is a 1-parameter family of spherical CR uniformizations of the
figure eight knot complement. This family is in fact a deformation of the uniformization
constructed in [7].

Let us return to the Whitehead link complement. It admits a uniformizable spherical CR
structure which is different from Schwartz’s. In the recent work [22], Parker and Will
also constructed a spherical CR uniformization of the Whitehead link complement. By
applying spherical CR Dehn surgery theorems to the uniformizations of the Whitehead
link complement, one can get infinitely many manifolds which admit uniformizable
spherical CR structures. In [28], Schwartz proved a spherical CR Dehn surgery theorem,
and applied it to the spherical CR uniformization of the Whitehead link complement
constructed in [23] to obtain infinitely many closed hyperbolic 3—manifolds which
admit uniformizable spherical CR structures. In [2], Acosta applied the spherical CR
Dehn surgery theorem he proved in [1] to the spherical CR uniformization of the
Whitehead link complement constructed by Parker and Will in [22] to obtain infinitely
many one-cusped hyperbolic 3—manifolds which admit uniformizable spherical CR
structures. In particular, the spherical CR uniformization of the complement of the
figure eight knot constructed by Deraux and Falbel [7] is contained in this family.

There are some hyperbolic 3—manifolds described in the SnapPy census (see [4])
which admit spherical CR structures. In [5], Deraux proved that the cusped hyperbolic
3—manifold 7009 admits a uniformizable spherical CR structure whose holonomy
representation was constructed by Falbel, Koseleff and Rouillier in [10]. In [16; 18], Ma
and Xie proved that the cusped hyperbolic 3—manifolds 72038, s090, 71295 and 6? admit
spherical CR uniformizations. They also gave the second explicit example of a closed
hyperbolic 3—orbifold which admits a uniformizable spherical CR structure in [17].

We show that the two-cusped hyperbolic 3—-manifold s782 admits a uniformizable
spherical CR structure. By studying the action of the even subgroup of a discrete
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complex hyperbolic triangle group on H2., we prove that the quotient space of its
discontinuity region is homeomorphic to s782. That means the holonomy representation
of the spherical CR uniformization of 5782 is a triangle group.

Now let us talk about the complex hyperbolic triangle groups. Let A 4 , be the abstract
(p, ¢, r) reflection triangle group with the presentation

2 2 2 .
(01,02,03 | 0y =05 =05 =(0203)? = (0301)? = (0102)" =id),

where p, g and r are positive integers, or co in which case the corresponding relation
disappears. A complex hyperbolic (p, q,r) triangle group is a representation of Ap 4 ,
in PU(2, 1), which maps the generators to complex involutions fixing complex lines
in ch. The study of complex hyperbolic triangle groups was begun by Goldman and
Parker, and in [13] they studied the complex hyperbolic (0o, 00, 00) triangle groups.
They conjectured that a representation of Ao, 00,00 into PU(2, 1) is discrete and faithful
if and only if the image of 0,003 is nonelliptic. The Goldman—Parker conjecture
was proved by Schwartz in [24] (and with a better proof in [27]). In particular, the
representation with the image of 010,03 being parabolic is closely related with the
holonomy of the spherical CR uniformization of the Whitehead link complement
constructed in [23]. In the survey [25], a series of conjectures on complex hyperbolic
triangle groups are put forward.

Conjecture 1.1 (Schwartz [25]) Suppose that p < g <r. Let (I1,1,,13) be a
complex hyperbolic (p, q, r) triangle group. Then (I, I, I3) is a discrete and faithful
representation of Ap, 4, if and only if 11131513 and Iy 1,13 are nonelliptic. Moreover:

e If3 < p <10, then (I, I,, I3) is discrete and taithful if and only if I,131,13
is nonelliptic.

e If p > 13, then (I, I,, I3) is discrete and taithful if and only if 111,13 is
nonelliptic.

In a recent work [22], Parker and Will proved Conjecture 1.1 for complex hyperbolic
(3, 3,00) groups. They also showed that, when I, 151,13 is parabolic, the quotient
of Hé by the group (1,13, I;11) is a complex hyperbolic orbifold whose boundary
is a spherical CR uniformization of the Whitehead link complement. In [21], Parker,
Wang and Xie proved Conjecture 1.1 for complex hyperbolic (3, 3, 7) groups with
n > 4. Furthermore, Acosta [2] showed that when 1131513 is parabolic the group
(1215, Iy 14) is the holonomy representation of a uniformizable spherical CR structure
on the Dehn surgery of the Whitehead link complement on one cusp of type (1, n — 3).
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We give a proof of Conjecture 1.1 for the complex hyperbolic (4, 4, co) triangle groups
and further analyze the group when I I31, 13 is parabolic. Our result is as follows:

Theorem 1.2 Let (/1, I, I3) be a complex hyperbolic (4,4, co) triangle group. Then
(11,12, I3) is a discrete and faithful representation of A4 4 o if and only if I1131513
is nonelliptic. Moreover, when 1,131,153 is parabolic, the quotient of ]HI(ZC by the
group (I, 13, I, 1) is a complex hyperbolic orbifold whose boundary is a spherical CR
uniformization of the two-cusped hyperbolic 3—manifold s782 in the SnapPy census.

In [29], Wyss-Gallifent studied the complex hyperbolic (4, 4, co) triangle groups. He
discovered several discrete groups with 17 131, I3 being regular elliptic of finite order
and conjectured that there should be countably infinitely many. It would be very
interesting to know what the manifold at infinity is for the group with Iy I3 1,13 being
regular elliptic of finite order.

Our method is to construct Ford domains for the triangle groups acting on H(zc. The
space of complex hyperbolic (4, 4, co) triangle groups (I1, I, I3) is parametrized by
the angle 0 € [0, 5); see Section 3. Let S = I,/3, T = I,1y and I' = (S, T). Here S
is regular elliptic of order 4, and 7T is parabolic fixing the point at infinity. For each
group in the parameter space, the Ford domain D is the intersection of the closures
of the exteriors of the isometric spheres for the elements S, S -1,52, (S =1 T)2 and
their conjugations by the powers of 7. The combination of D is the same except
when I 131,15 is parabolic, in which case there are additional parabolic fixed points.
D is preserved by the subgroup (T') and is a fundamental domain for the cosets of
(T) in T'. Its ideal boundary d, D is the complement of a tubular neighborhood of
the T—invariant R—circle (or horotube defined in [28]). By intersecting doo D With a
fundamental domain for (T') acting on dHZ, we obtain a fundamental domain for I'
acting on its discontinuity region; see Section 4.

When I 131,13 is parabolic, that is & = 7, there are four additional parabolic fixed
points fixed by 77182, 27!, ST71S and T-!ST~!ST, except the point at
infinity which is the fixed point of T'; see Section 5. By studying the combinatorial
properties of the fundamental domain for I" acting on its discontinuity region (I"),
we prove that the quotient Q(I")/ " is homeomorphic to the two-cusped hyperbolic
3—-manifold s782. Motivated by the work of Acosta [2], we guess that there are similar
structures on its surgeries.

Acknowledgments We thank Jiming Ma for his help in the proof of Theorem 5.22.
Xie also would like to thank Jiming Ma for numerous helpful discussions on complex
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the referee for comments which improved a previous version of this paper. Jiang was
supported by NSFC 12271148. Wang was supported by NSFC 11701165. Xie was
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2 Background

The purpose of this section is to briefly introduce complex hyperbolic geometry. One
can refer to Goldman’s book [12] for more details.

2.1 Complex hyperbolic plane

Let (z, w) = w* Hz be the Hermitian form on C? associated to H, where H is the
Hermitian matrix

H=

—_ o O

01
10
00
Then C3 is the union of the negative cone V_, null cone V}, and positive cone V., where

Vo={zeC3—{0}:(z,2) <0}, Vo={zeC?>—{0}:(z,z) =0},
and
Vi={zeC3—{0}:(z,z) >0}

Definition 2.1 Let P:C3*—{0} — C P? be the projectivization map. Then the complex
hyperbolic plane HZ is defined to be P(V_), and its boundary dHZ, is defined to be
P (V). This is the Siegel domain model of HZ..

There is another model of H(zc

Definition 2.2 The ball model of H is the unit ball in C2, which is given by the

Hermitian matrix J = diag(1, 1, —1). In this model, BH(ZC is then the 3—dimensional
sphere S* C C2. The Cayley transform C is given by

1 1 0 1

C=—(0+v2 0

V2 I 0 -1

It satisfies C* HC = J and interchanges the Siegel domain model and the ball model
of HZ2..
C
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Let N'= C x R be the Heisenberg group with product
[z,7]-[¢,v]=[z+ ¢t + v —2Im(Z0)].

Then, in the Siegel domain model of HZ, the boundary of the complex hyperbolic
plane 8Hé can be identified to the union N U {0}, Where ¢ is the point at infinity.
The standard lift of oo and ¢ = [z,1] € N in C3 are

1 3=z +i1)
(2-1) doo = |0 and ¢ = z
0 1

The closure of the complex hyperbolic plane H(ZC U BH(ZC can be identified to the union
of N'x Rx>¢ and {¢oo}. Any point ¢ = (z,1,u) € N X R>¢ has the standard lift
Tz —u+it)
q9= z
1

Here (z,t,u) is called the horospherical coordinates of ]HI(ZC U 8H(2C. Let d(u,v) be
the distance between two points u, v € ]H[é. Then the Bergman metric on the complex
hyperbolic plane is given by the distance formula

(u,v){v,u)

cosh?*(1d(u,v)) = o)

where u, v € C3 are lifts of  and v.

Definition 2.3 The Cygan metric dcy, on BH(%: —{¢goo} is defined to be

22)  deye(p.q) =12(p. )|V2 = Iz —w]> —i(t —s5 + 2Im(z))|"*,

where p =|[z,¢] and ¢ = [w, s].

The Cygan metric satisfies the properties of a distance. The extended Cygan metric on
HZ. is given by the formula

(2-3) deye(p @) = |1z = w]? + [u—v| =i (t —s + 2 Tm(zw)) |/,

where p = (z,t,u) and ¢ = (w, s, v).
The formula dcye(p.q) = |2{p. q)| 172 yemains valid even if one of p or ¢ lies on BH(ZC.
A Cygan sphere is a sphere for the extended Cygan distance.

There are two kinds of 2—dimensional totally real totally geodesic subspaces of ch:
complex lines and Lagrangian planes.

Algebraic € Geometric Topology, Volume 23 (2023)
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Definition 2.4 Let v be the orthogonal space of v € V. with respect to the Hermitian
form. The intersection of the projective line P(vt) with Hé is called a complex line.
The vector v is its polar vector.

The ideal boundary of a complex line on 8H(2C is called a C—circle. In the Heisenberg
group, C—circles are either vertical lines or ellipses whose projections on the z—plane
are circles.

Let H]%Q ={(x1,xp) € ]HI(ZC 1 X1, X2 € R} be the set of real points. H]ﬁ is a Lagrangian
plane. All the Lagrangian planes are the images of H]%Q by isometries of Hé. The
ideal boundary of a Lagrangian plane is called an R—circle. In the Heisenberg group,
R—circles are either straight lines or lemniscate curves whose projections on the z—plane
are the figure eight.

2.2 Isometries

Let SU(2, 1) be the special unitary matrix preserving the Hermitian form. Then the
projective unitary group PU(2, 1) =SU(2, 1)/{1, wI, w? I} is the holomorphic isometry
group of HZ, where w = %(—1 + i+/3) is a primitive cubic root of unity. Note that
complex conjugation also preserves the Bergman distance, and the full isometry group
of Hé is generated by PU(2, 1) and complex conjugation; see Section 3.4 of [20].

Definition 2.5 Any isometry g € PU(2, 1) is loxodromic if it has exactly two fixed
points on dH2,, parabolic if it has exactly one fixed point on dHZ2., and elliptic if it
has at least one fixed point in HZ..

The types of isometries can be determined by the traces of their matrix realizations; see
Theorem 6.2.4 of Goldman [12]. Now suppose that 4 € SU(2, 1) has real trace. Then
A is elliptic if —1 < tr(A) < 3. Moreover, A is unipotent if A is not the identity and
tr(A) = 3. In particular, if tr(4) = —1, 0, 1, 4 is elliptic of order 2, 3 or 4, respectively.

There is a special class of elliptic elements of order two:

Definition 2.6 The complex involution on complex line C with polar vector n is
2(z, n)

n
(n,n)

It is obvious that I¢ is a holomorphic isometry fixing the complex line C.

(2-4) Ic(z)=—z+

Algebraic € Geometric Topology, Volume 23 (2023)
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There is a special class of unipotent elements in PU(2, 1):

Definition 2.7 A left Heisenberg translation associated to [z, t] € A is given by
1 =2 J(—lzI> +i1)

(2-5) I, =10 1 z
0 0 1

It is obvious that 7}, ;] fixes goo and maps [0, 0] € NV to [z, ¢].

2.3 Isometric spheres and Ford polyhedron

Suppose that g = (g,-j)?’j=1 € PU(2, 1) does not fix goo. Then it is obvious that
g31 # 0. We first recall the definition of isometric spheres and relevant properties; see
for instance [20].

Definition 2.8 The isometric sphere of g, denoted by Z(g), is the set
(2-6) 7(g) ={p € Hg UIHE : [{p. go0)| = |{P. 8" (g0))I}.
The isometric sphere Z(g) is the Cygan sphere with center

g (qo0) = [832/831.2Im(g33/231)]

and radius rg = \/2/|g31].

The interior of Z(g) is the set

2-7) {p € Hg UOHZ : [(P. go0)l > [(P. g7 (goo))}-
The exterior of Z(g) is the set
(2-8) {p € Hg UOHE : |(P. goo)| < |(P. 87" (g00))1}-

The isometric spheres are paired as follows:

Lemma 2.9 [12, Section 5.4.5] Let g be an element in PU(2, 1) which does not
fiX goo. Then g maps Z(g) to Z(g ") and the exterior of Z(g) to the interior of Z(g™!).
Also, for any unipotent transformation h € PU(2, 1) fixing goo, we have Z(g) = Z(hg).

Since isometric spheres are Cygan spheres, we now recall some facts about Cygan
spheres. Let S[o,oj(r) be the Cygan sphere with center [0, 0] and radius > 0. Then

(2-9) S(0.0)(r) = {(z, t,u) € HE UOHE : (|z)* +u)* + 1> = r*}.

Algebraic € Geometric Topology, Volume 23 (2023)
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The geographical coordinates on the Cygan sphere will play an important role in our
calculation; see Section 2.5 of [22].

Definition 2.10 The point ¢ = g(a, B, w) € Sjo,0)(r) With geographical coordinates
(o, B, w) is the point whose lift to C3 is
_lrze—iot
(2-10) q=qa,p,w)= | rwe-*/2+h
1
where € [-Z, Z], B €[0,7) and w € [-+/cos(a), y/cos(a)]. The ideal boundary of
S10,01(r) on 8H(2C consists of the points with w = 4 /cos(x).

We are interested in the intersection of Cygan spheres.

Proposition 2.11 [22, Proposition 2.10] The intersection of two Cygan spheres is
connected.

Remark 2.12 This intersection is often called a Giraud disk.

The following property should be useful to describe the intersection of Cygan spheres;
see Proposition 2.12 of [22] or Example 5.1.8 of [12].

Proposition 2.13 Let Sj,0)(r) be a Cygan sphere with geographical coordinates
(o, B, w).

(1) The level sets of a are complex lines, called slices of S[g,o}(r).

(2) The level sets of B are Lagrangian planes, called meridians of Spg o)(r).

(3) The set of points with w = 0 is the spine of S[g oj(r). It is a geodesic contained
in every meridian.

A central part of this paper is constructing a polyhedron for a finitely generated subgroup
of PU(2, 1).

Definition 2.14 Let G be a discrete subgroup of PU(2, 1). The Ford polyhedron Dg
for G is the set

Dg={peHE UIHE : |(p.q00)| < |(p. g "go0)| for all g € G with g(qoo) # Goo}-

That is to say Dg is the intersection of closures of the exteriors of all the isometric
spheres for elements of G which do not fix g. In fact, the Ford polyhedron is the
limit of Dirichlet polyhedra as the center point goes to ¢oo.
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3 The parameter space of complex hyperbolic (4, 4, c0)
triangle groups

In this section, we give a parameter space of the complex hyperbolic (4, 4, o0) triangle
groups.

Let 0 6[0, %) Let I;, I, and I3 be the complex involutions on the complex lines
C1, Cy and C3 in complex hyperbolic space H(zc with polar vectors n;, n, and ns,
respectively. By conjugating elements in PU(2, 1), one can normalize so that dC3 =
{z.0] e N : |z| = 2}, 0C; = {[z1.t] e N :t € R} and dC, = {[z2,t] € N : t € R}.
That is, dC3 is the circle in the z—plane of the Heisenberg group with center the origin
and radius +/2, and dC; (resp. 3C5) is the vertical line whose projection on the z—plane
of the Heisenberg group is the point z; (resp. z;). Thus the polar vectors of the complex
lines can be written as

2 Z2 1
np = 1 , hpy= 1 and n3 = 0
0 0 1

Since tr(/113) =tr(I;13) = 1, we have |z1| = |z2| = 1. Then, up to rotation about the
t—axis of the Heisenberg group, the C—circles dC; and dC, can be normalized to be
the sets dC; = {[—e ™% 1]e N :t € R} and 3C, = {[¢'?, 1] e N : 1 e R}.

Note that the C—circles dC; and dC; coincide with each other if § = 7. According
to (2-4), the complex involutions /1, I, and I3 on the complex lines are given as

—1 2¢1° 2 —1 =271 2 0 01
Li=| 0 1 27|, L= 0 1 =29, Iy=|0-10
0 0 —1 0 0 —1 1 00

Proposition 3.1 Let 0 € [0,%), and Iy, I, and I3 be defined as above. Then
(I, I, I3) is a complex hyperbolic (4, 4, co) triangle group. Furthermore, the element
11131515 is nonelliptic if and only if 0 < 6 < Z.

Proof By computing the products of two involutions

2 2e710 0o 0 -1
1213: —2€i6 —1 0], 1311: 0 —1 —2€_i0 s
—1 0 0 —1 l? 2
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and ]
1 —4cos(f) —4(1 + 29
LI;=1]0 | 4 cos(8)
0 0 1

It is easy to verify that I, 13 and I31; are elliptic of order 4 and I, 1; is unipotent.
Thus (14, I, I3) is a complex hyperbolic (4,4, co) triangle group.

Since the trace of 11131515 is tr(I1131,13) = 7+ 8 cos(20), the element 11131515 is
elliptic if and only if
—1 =tr(l1I31213) =7+ 8cos(20) < 32,

thatis, 3 < 6 < 7. Thus I /31513 is nonelliptic if and only if 0 < 6 < 5. Moreover,
when 0 = %, the element I /51, I3 is parabolic. m|

If & = 0, all entries of Iy, I, and /5 are in the ring of integers Z, and if 6 = % all

V3

entries of 11, I and I3 are in the ring of Eisenstein integers Z[(—l +i 73)] In both
cases, the group (/1, I, I3) is arithmetic. Thus, we have the following proposition:

Proposition 3.2 (1) If 6 =0, then the group (I, I,, I3) is discrete and preserves a
Lagrangian plane.

(2) If 0 = %, then the group (I, I, I3) is discrete.

4 The Ford domain

For 6 € [0, %] let S = I,I3and T = I,I;. Then I" = (S, T) is a subgroup of
(I, I, I3) of index two. In this section, we will mainly prove that I is discrete. Our
method is to construct a candidate Ford domain D (see Definition 4.12), then apply the
Poincaré polyhedron theorem to show that D is a fundamental domain for the cosets
of (T') in I, and also that I is discrete.

4.1 The isometric spheres

Definition 4.1 For k € Z, let
. I]j be the isometric sphere Z(T' ksT=ky = TkZ(S) and cl': be its center,
* I, be the isometric sphere Z(T*kS—'T7—k)y = T*7(S~") and ¢, be its center,
* I be the isometric sphere Z(T*S2T—%) = T*7(S?) and ¢y be its center,
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* I be the isometric sphere Z(TR(S~'T)2T—k) = T*Z((S~'T)?) and ¢ be
its center.

Note that S and S~!7 both have order 4, so S2 = S~2 and (S™'T7)2 = (§~'T)~2.
The centers and radii of the isometric spheres I,j' » I, Iy and I,j are listed in the
following table:

isometric sphere center radius
n i = [4k cos(6), 8k sin(26)] V2
I, ¢, = [4k cos(0) + 2¢19.0] V2
I cf = [4k cos(6) + ei?, 4k sin(26)] 1
7 ¢ =[4k cos(9) —e™? 4k sin(20)] 1

Proposition 4.2 Letk € 7.

(1) There is an antiholomorphic involution t such that r(l',;F y=11, (L) =17,_,
*\ __ 70
and T(Z7) =1°,.
(2) The complex involution I interchanges 7 and *, , interchanges I,j' and I,

H < <
and interchanges 7)) and 7, .

Proof (1) Lett:C3 — C3 be given by

71 7

T: |z | > | —22

z3 Z3
Then 72 is the identity. It is easy to see that 7 fixes the polar vector n3, and interchanges
the polar vectors n; and n,. Thus t conjugates I3 to itself, /; to I, and vice versa. So
7 conjugates T to T~1, Sto T71S, S7 1 to S™!7T and S? to (T718)2 = (S~'T)2.
This implies that r(I/j) = Ifk, ©(Z;) =17, _, and ©(Z}) =1°,.

(2) The statement is easily obtained by the facts 1,81, = S~ and I,TI, = T-'. o

Before we consider the intersections of two isometric spheres, we would like to give a
useful technical lemma. Suppose that g € Igr . Then by (2-10) the lift of ¢ = g(«, B, w)
is given by .
—eia
(4-1) g =qa B.w) = | V2we C2/2+P)
1

where o € [-Z,Z], B €[0,7) and w € [—/cos(a), \/cos(a)].
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Definition 4.3 Let («, 8, w) be the geographical coordinates of I(T . We define
Jo (e, Bow) = 2w? + 1 4cos(a)— 2w cos(—%a+ﬁ—9)—2«/§w cos(%a—i—ﬁ—@),
Jo (o, B,w) = 2w?+1 +cos(o¢)—x/§w cos(%a +,3—0)—2\/§w cos(—%oz—i—ﬁ—@),
7 (e, Bow) =2w?+ 1 +cos(a) + v 2w cos (Lo + B +0) +2+/2w cos(—La+ B+ 6).
Lemmad4.4 Suppose that 6 € [0, %] Let fo(a, B, w), fo (o, B,w) and [~ (a, B, w)
be the functions in Definition 4.3. Suppose that q Igr . Then
(1) ¢ lies on Z§ (resp. in its interior or exterior) if and only if f* (e, B, w) =0 (resp.
is negative or positive),
(2) ¢ lies on Z; (resp. in its interior or exterior) if and only if f (&, B, w) =0
(resp. is negative or positive),
(3) ¢ lies on I—, (resp. in its interior or exterior) if and only if f~ (o, B, w) =0
(resp. is negative or positive).
Proof (1) Any point g € ISL lies on Ig (resp. in its interior or exterior) if and only if
the Cygan distance between ¢ and the center of Z[ is 1 (resp. less than 1 or greater
than 1). Using (4-1), the difference between the Cygan distance from ¢ to the center of
7§ and 1 is
deye(g. )" —1
=4|—e® 4 V2wel(—/2+B=0) _ %|2 —1
= 4(2w? + 1+ cos(e) — v2w cos(— Lo + f — 0) —2v/2w cos(Le + B — 6))
=41 (a, B, w).
Hence, ¢ lies on I(’)' (resp. in its interior or exterior) if and only if fo* (o, B,w) =0
(resp. negative or positive).

The rest of the proof runs as before. |

4.2 The intersection of isometric spheres

T

Proposition 4.5 Suppose that 0 € [0, T

{T;F  k € Z} is disjoint in HZ U 9HZ.

]. Then each pair of isometric spheres in

Proof It suffices to show that I;r and I]j are disjoint for |k| > 1. Observe that T is a
Heisenberg translation associated with [4 cos(6), 8 sin(26)]. According to the Cygan
metric given in (2-2), the Cygan distance between the centers of I(T and I,j is

4./1k|cos(8)- |k cos(8)—i sin(0)|1/2 > 4./cos(0) > 2+/2.
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Thus the Cygan distance between the centers of I(;r and I]j is bigger than the sum of
the radii, except when k = &1 and 6 = %. This implies that Igr and I,j are disjoint
for all |k| > 2.

When k = +1 and 0 = %, although the Cygan distance between the centers of I;r and
IL is the sum of the radii, we claim that they are still disjoint. Using the symmetry
T in Proposition 4.2, we only need to show that Igr N Il+ = . Suppose that g € I(;r .
Using the geographical coordinates of ¢ = g(«, 8, w) given in (4-1), we can compute
the difference between the Cygan distance of ¢ and the center of Il+ with its radius.
That is,

deye(.12.4¥/3])* — 4
— 4|_e—ia + ﬁwei(—a/2+ﬂ—9) _4eiﬂ/3|2 _4
= 32(w2 + ‘/Tiw(cos(%oz +B)+2cos(3a— B+ %)) +cos(a+ %) + 2)
=32f(a, B, w).
Here f(a, B, w) can be seen as a quadratic function of w. Let
B= 4(cos(%a +B) +2cos(3a— B+ %))

and C = cos(a + %) 4 2. If B> —4C <0, then it is obvious that f(«, B, w) > 0. If
B2 —4C >0, then B < —2+/C (which is impossible by numerically computation) or
B > 2+/C. In this case we have B —ZW > B —2+/C > 0 since cos(a) < C.
This means that the symmetry axes of f lie on the left side of w = — \/m . Besides,
one can compute numerically that f(«, 8, —\/M) > 0 on the range of o and S.
So, we have f(a, 8, w) > 0. This means that every point on Igr lies outside of Il+ .
Hence Igr ﬂIlJr =d. m|

By a similar argument, we have the following propositions:

Proposition 4.6 Suppose that € [0, % |. Then
(1) Ig' and I, are disjoint in ]HI(ZC U 8H(2C, except possibly when k = —1, 0,
2 Igr and T are disjoint in H(zc U 3Hé, except possibly when k = —1, 0,
3) I(;r and I} are disjoint in ]HI(ZC U 8Hé, except possibly when k = 0, 1.

Proposition 4.7 Suppose that 6 € [O, %] Then:
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(1) Zj and I} are disjoint in H(ZC. Furthermore, when 6 = % the closures of T}
and T* | (respectively, I}) are tangent at the parabolic fixed point of T-152
(respectively, T(T~'S?)T~!) on 8H(2C.

(2) Zj and Z}} are disjoint in ]HI?C U aHé, except possibly when k = 0, 1.
Lemma 4.8 Suppose that 0 € [0, Z]. Then I(T NZyNI-, = @ except when 6 = %,

in which case the triple intersection is the point [¢!2™/3 —\/3] € BH(ZC. Moreover, this
point is the parabolic fixed point of T~ 52,

Proof Suppose that g € I(;r . Using Lemma 4.4, the geographical coordinates («, 8, w)
of g € Z(;r NZ§ NZZ, should satisfy

(4-2) 2w?+1+cos(@) — V2w cos(— Lo+ B—0) — 22w cos(Ja + B —6) =0,
(4-3) 2w? + 1 +cos(a) + V2w cos(1a + B +0) +2v2w cos(—La + f+6) = 0.
Subtracting (4-2) and (4-3),

22w cos(ﬁ)(cos(la + 9) + 2005(%0{ — 9)) =

This implies that either w = 0 or 8 = Z, since (cos(3a + 6) + 2cos(3a — 0)) #
for 6 € [0, 5 ]. We know that the pomts with w = 0 lie in the meridian with 8 =
Therefore, a necessary condition for g € ISL NZyNZIZ, is that B = 7

0
T
?.

Substituting 8 = 7 into (4-2) and simplifying,
(4-4) 2w? + 2 cos? ( ) + V2w (sm( a) cos(6)—3 cos( ) s1n(9))

Let b(a,0) = sm( ) cos(f)—3 cos( ) sin(6). It is easy to see that, for every «, the
function 6 + b(«, 0) is decreasing on [O, %]

The left-hand side of (4-4) can be seen as a quadratic function of w with positive leading
coefficient. Thus (4-4) has at least one solution only if b%—8cos (2 ) >0, thatis b >
2+/2 cos(S ), which is impossible since b < b (e, 0) = sin(3 ), or b < —2+/2 cos(3 ).
Since \/m =< cos( ) we have b + 2[@ <b+ Zﬁcos( ) < 0. This

means that the symmetry axes of the quadratic function lie on the right-hand side of
w = y/cos().

Besides, one can compute that

> (sin(3a) cos(%) — 3 cos(3e) sin(Z)) y/cos(a) + x/_(cos(oz) + cos* (1))
= 4(% cos(a) + % sin(So )) 3‘[(f\/cos(a — ¥z cos( ))2
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Then b/cos(a) + +/2(cos(a) + cos?($e)) = 0. If itis 0, then « = —%Z and 6 = Z.
This means that for w € [—/cos(a), y/cos(a)] equation (4-4) has no solution except
when 6 = % and @ = —%, in which case w = /cos(a) = 4

Hence ¢ EI(;r NZyNZI-, ifandonlyif @ = %, 0 = —% and w = \/cos(ar) = 4 When
0=7%, T—1S2 is unipotent and its fixed point is the eigenvector with eigenvalue 1.

One can compute that its fixed point is [¢!27/3, —/3] € dH2,, which equals the point
4(-5.5.%) 0

732072
Proposition 4.9 Suppose that 6 € [0, % |. Then:

(1) The intersection Ig N Ig lies in the interior of I(;F .

(2) The intersection Z; NI~ either is empty or lies in the interior of I(;r . Further,
when 0 = %, there is a unique point on the ideal boundary of Z; NZ~, on 8H<2c,
which is fixed by T~ S?, lying on the ideal boundary of ;.

Proof (1) Let p = (z,t,u) € Ij NIy, then p satisfies the equations
lz—e® P tu—i(t+2Im(ze™ )| =1, |lz+e P +u—i(t+2Im(—ze'?))| = 1.
Set z = |z|e!?. By simplifying, we have

|1z]% + 1 4+ u —2|z| cos(¢ — ) —i (¢ + 2|z| sin(¢ — 0))| = 1,

‘|z|2 +1+u+2|z|cos(p+0)—i(t—2|z|sin(¢p + 9))| =1.

Now set

(4-5) 1z12 + 1 +u—2|z| cos(¢p — 0) —i (¢ + 2|z sin(¢p — 0)) = €,
(4-6) 1212 + 1 4 u + 2|z| cos(¢p + 0) — i (t — 2|z| sin(¢p + 6)) = P,
Since

cosa = |z|? 4+ 1 +u—2|z| cos(¢p — 0) = (|z]| — cos(¢p — 6))* + sin®(¢p —0) +u > 0
and
cos B = |z|> 4+ 1 4+ u +2|z| cos(¢p + 0) = (|z] + cos(¢p + 0))* +sin?(¢p + ) +u > 0,

we have -7 <a < Z and —% < 8 < 7. Thus cos(%ﬁ — %a) > 0. By computing the
difference of (4-5) and (4-6), we have

. , .1 )
(4-7) - etﬂ — el _ sln(zﬂ B Ea) ei(:l:n/2+/3/2+(x/2).
4 cos(0) 2cos(6)
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Thus ¢ = £7 + %,8 + %a. Therefore,
(|22 +u)? + 12
= (cos(a) — 1 +2|z| cos(¢ —0))? + (sin(er) + 2| z| sin(¢p — 0))?
= 2+4|z|?> =2 cos(ar) —4|z| cos(¢p — ) +4|z| cos(¢p — O — )
<2+44|z]2 =2(|z])* + 1 —2|z| cos(¢p — 6)) — 4|z| cos(¢p — 0) + 4|z| cos(¢p — 6 — )
=2|z|* +4|z| cos(p — O —at) = 2|z|* +4|z| cos(£Z — 0 + 1 f— 1a)
=2|z|? +4|Z|(:|: sin(6) cos(%ﬁ — %a) Fcos(0) sin(%ﬁ — %a))
B sinz(%ﬁ—%(x

2 cos?(6) b, tan() sin(8 —or) —2sin? (3 8 — 1 ev).

Since 6 € [0, %], we have that sinz(%ﬁ — %a)/(2 cos?(6)) < 2sin? (%/3 — %a) and
tan(6) sin(B — ) < +/3. This implies that (|z|2 4+ u)? + 12 < 4, so the intersection
I5 NIy lies in the interior of Igr .

(2) Suppose that p = (z,t,u) € Z; NZI~,. Then p satisfies the equations

1= “Z—eie|2 +u—i(l+21m(ze_i9))| = ||Z|2 Tu+1 —it—ZZe_i9|,

Now set
(4-8) Iz 4+ u+1—it—2ze7" =P,
(4-9) IZ2 +u44—it+4ze'® =261

By computing the difference of (4-8) and (4-9), we have

2el® _pih 3

4-10 I=
(+10) 40 4 210

According to (4-8),

4-11) u = cos(f) — |ze_i9 — 1|2,
(4-12) t = —sin(B) — 2 Im(ze~%).
Since

cos =u+lze_i9—1|2 >0 and 2COSOl:u+|zei9+2|2 >0,

and —Z <g<Z,

we have -7 <a <

SR
SR
(1
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Figure 1: The ideal boundaries of the three spheres IO+ ,Z_, and Ig on BH(ZC.
(On the left is the case when 6 = 0 and on the right is 6 = Z.)

Now let us consider the case when 6 = 7. Substituting o« = % and 8 = 0 into (4-10),
(4-11) and (4-12), we obtain the point

po= L3+ V3 +il(3+V3), L3-7v3), L(-13+8V3) e g NI,
One can compute that py lies in the interior of Z;, since
1212 +u—it]? = e — 14227012 =422 =R 23 <4,

We know that Z§ N Z~, is connected from Proposition 2.11. Thus, according to
Lemma 4.8, Zj N Z_, lies in the interior of I(;" except the point [¢/27/3 —/3], which
lies on the ideal boundary of Z."; see Figure 1.

Observe that coordinates of the centers of Ig and Z~, are continuous on 6. Thus the
geometric positions of the spheres Z§ and Z~, depend continuously on . When 6 = 0,
since the Cygan distance between the centers of Z and Z~, is bigger than the sum
of their radii, one can see that Ig NIZ, = o. When 0= % we have shown that
Z5 NZZ, lies in the interior of Ig'. We also have Ig‘ NZFNIZ, =@ for e [O, %)
by Lemma 4.8. Hence, the intersection Z N Z~, is either empty or contained in the
interior of ISL . |

Proposition 4.10 Suppose that 6 € [0, %] For k € 7, the three isometric spheres Z;',
T, and Ty (resp. I,j, Z,_, and I;;) have the following properties:

o The intersections I,j NZ,, T, NIy and Z; N I,j (resp. I]j N, L N I]f
and T OI;) are discs.

e The intersection I,j NI, ﬂI]: (resp. I]j nZ_, ﬂI;j ) is a union of two geodesics
which are crossed at the fixed point of T* ST~ (resp. T*(S~'T)T %) in HZ
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Figure 2: The ideal boundaries of the three spheres I;r , I, and Ig on BH(ZC.

(On the left is the case when 6 = 0 and on the right is 6 = %.)

and whose fours endpoints are on 8H(2C. Moreover, the four rays from the
fixed point to the four endpoints are cyclically permuted by TkST* (resp.
Tk(S=1T)T~ ).

Proof According to Definition 4.1 and Proposition 4.2, it suffices to consider the
isometric spheres ISL , Iy and Z; see Figure 2.

Let g € Igr . Consider the geographical coordinates («, 8, w) of ¢ in (4-1). By
Lemma 4.4, if ¢ lies on I(;r NZ., then o, B and w should satisfy the equation

(4-13) 2w? + 1+ cos(er) — v2w cos(3a + B — 0) — 2+/2w cos(— Lo + f— 0) = 0.
Similarly, if ¢ lies on I(;r NZ{, then o, B and w should satisfy the equation
(4-14) 2w? + 1+ cos(er) — V2w cos(—La + B — 0) —2+/2w cos (3o + f — 0) = 0.

Thus I(;r NZ, is the set of solutions of (4-13) and Igr ﬂIg is the set of solutions of (4-14).
One can easily verify that the geographical coordinates of the point q(O, 0, “/TE) € H(2C
satisfy (4-13) and (4-14), so the intersections I;r NZ, and I(;r N Ig are topological
discs from Proposition 2.11.

The intersection of these two sets gives the triple intersection IS’ NZy NZ. Now let
us solve the system of equations (4-13) and (4-14). Let t = § — 6. Subtracting (4-13)
and (4-14) and simplifying, we obtain

2w sin(3a) sin(z) = 0.

Thus w = 0 (this is impossible), « = 0, or t = 0. If t = 0, then setting 8 = 6 in (4-13),
we get

2w? — 3«/§cos(%a)w + 14 cos(a) = 2(w — %ﬁcos(%a))(w - «/Ecos(%a)) =0.
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Note that the solutions of the above equation for w should satisfy w? < cos(er). Thus
w = % ZCOS(%O{) with cos(a) > %

If « = 0, then (4-13) becomes

(4-15) 2w? =332 cos(t)w +2 = 0.

Note that the solutions of (4-15) for w should satisfy w? < cos(a) = 1. Thus the
solutions of (4-15) are

3cos(t) — /9 cos?(t) —8
= cos(?) cos™ () with & <cos(t) <1,
232 3
and
3cos(t) + /9 cos?(t) — 8
= cos(t) + cos™ () with —1 <cos(t) < —&.
242 3
So the triple intersection I(;r NZy N I(’)' is the union £; U C; U C,, where
Ly ={g(a.t+0,w) €] :cos(e) = 1,1 =0and w = 3v2cos(1a)},
2f 3cos(t)— \/9cos2(l)—8}
0,1+0,w EI+ <cos(?) <1 and w ,
{q( ) (1) W

and

zf 3 cos(?) + /9 cos?(r) — }
2V2

Note that £; lies in a Lagrangian plane of Z;, and C; UC, lies in a complex line of I+.

Cy = {q(O t+0, w)eIﬁL —1 <cos(t) <—

It is obvious that C; is an arc. One of its endpoints is q(O 0, f) € H2 which is the
fixed point of S. The other one is q(O arccos(zf) +0, 1) € 8H2 Slmllarly, Cy is an
arc with endpoints q(O 0, f) and q(O arccos( 2f) +0, —1) € 8H2 Thus Cy UCy
is connected. The endpoints of £ are ¢ (arccos(3)., 6, ‘F) and g(— arccos( ). 6, f)

which are on 8H2 It is easy to see that £; intersects with C; U C, at the point
4(0,6,%2) e H..

Moreover, C; U C; is a geodesic. In fact, the complex line containing C; U C; is
C={(-1,z2) € H(ZC U BH(ZC :|z] < +/2}. This is a disc bounded by the circle with center
the origin and radius V2, while C 1 UC; lies in the circle with center %ei % and radius %,
which is orthogonal to the boundary of the complex line. The Cayley transform given
in Definition 2.2 maps C to the vertical axis {(0, z) € Hé U BH(zc :|z| £ 1} in the ball
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C

Ci

Figure 3: The triple intersection IS‘ NZ, NZ§ viewed on the vertical axis in
the ball model of H(ZC. The blue curve is C; and the red one is C,. The black
point on the curve is the projection of £ on the complex line. The left curve

is the case when 6 = 0 and the one on the lower left is the case when 0 = %

model of ch. Thus C is isometric to the Poincaré disc. Then C; U C, is mapped by
the Cayley transform to an arc contained in the circle with center —3¢?? /(2+/2) and
radius 1/(2+/2), which is orthogonal to the unit circle. Hence C; U C, is a geodesic;
see Figure 3.

The Cayley transform maps £ to {(—tan(3e)i, —e"?/ﬁ) € HZ UOHZ : cos() > 1}.
Thus £; and C; U C, are crossed at the point (0, —e?? /+/2) € H2., which is the image
of ¢(0, 6, 4) under the Cayley transform.

It is easy to check that S (q (O, 0, ‘/TE)) =q (O, 0, 4), and that the other four points
are cyclically permuted by S':

(O arccos( f) +0, 1) 5 q(arccos(3) , 4)
S lS
q(—arccos(3). 0. ) 5 ¢ (0, arccos(— 2“ﬁ) +6,-1)
Moreover, it is easy to verify that C;UC, = S(£;), S?(£1) =L and S%(C;) =C,. Thus,

the four rays from the fixed point to the four endpoints are cyclically permuted by S. O
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By applying powers of T and the symmetries in Proposition 4.2 to Propositions 4.6,
4.7 and 4.9, all pairwise intersections of the isometric spheres can be summarized:

Corollary 4.11 Suppose that 6 € [0, %] Let S = {Ii,I,:,IZ : k € 7} be the set of
all the isometric spheres. Then for all k € Z:

(D) I,j is contained in the exterior of all the isometric spheres in S except 7, , I, _,,
I]:,I,:_I,I;; and I;H.
or contained in the interior of Z, _, (resp. Z,"). When 0= %, I,j ﬂI,:_l (resp.
I,j N I;; 1) will be tangent with Z,”_, (resp. Z;”) on BH(ZC at the parabolic fixed

point of T*(S2T)T* (resp. TK(S™' TS~ T ).

Moreover, I]j NZy_, (resp. I,j HIEH) is either empty

2) I is contained in the exterior of all the isometric spheres in S except I,j s I,j 41
Iy Iy > Ig and I7 | . Moreover, T,y NI} (resp. I,, NIy ) is either empty
or contained in the interior of I,j (resp. I,j Jrl). When 6 = %, I, N I;; (resp.
I, NIy, ,) will be tangent with I]j (resp. I]:rl) on 8Hé at the parabolic fixed
point of T*(ST1S)T =k (resp. TK(S2T—1)T ).

(3) I is contained in the exterior of all the isometric spheres in S except I,ic, I,j P

Ti_y» I and I7 | . Moreover, Iy NI} (resp. Z;y NZ7 ) is contained in the
interior of I]j (resp. Z,)). Iy N Ilj+1 is described in (1), and Z;; N Z,__, is

described in (2). When 0 = %, Z; will be tangent with II:+1 (resp. Z;_,) on
8H(2C at the parabolic fixed point of T*(S2T )T =% (resp. T*(T~'S%)T~5).

@) I;j is contained in the exterior of all the isometric spheres in S except T,
I,j:_l, Iy and T _,. Moreover, T} N Ty and T, N I are described in (3).
I? NIy is described in (2) and TP NZ;" | is described in (1). When 6 = %, T?
will be tangent with I;g 4 (resp. I]f_l) on BH%: at the parabolic fixed point of
TE(T=182)T~* (resp. T*(S2T~1)T ).

4.3 The Ford domain

Definition 4.12 Let D be the intersection of the closures of the exteriors of the
isometric spheres I]j, I]:, I]: and I;;, fork € Z.

Definition 4.13 For k € Z, let s,‘: (resp. sy, s,: and s]j) be the side of D contained in
the isometric sphere I,j (resp. Z;_, Z;; and I;;).

Definition 4.14 A ridge is defined to be the 2—dimensional connected intersections of
two sides.
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By Corollary 4.11, the ridges are s,j NS, s,j N s]:, s,j Ns_ys s: N s;;, S N s/: and
S N s,j for k € Z, and the sides and ridges are related as follows:

e The side s,j' is bounded by the ridges s,;" ns;, s;' NSz, s,j' Ns,_, and s,j' N s,f.
* The side s, is bounded by the ridges S]j s, s, N s]:, s N Slj—i—l and s N S;;_H.
e The side s; is bounded by the ridges s,j Nsy; and 5,” N ;.

e The side s, is bounded by the ridges s Ns;_, and s,j Nsg.

Proposition 4.15 The ridges s,j' Ny, s,j Nsg, s,j' NSy s,;" Ny, s Nsg and

Sp_q N s,‘j for k € Z are all topologically the union of two sectors.

Proof The ridge s,j N, is contained in I,j NZ, . According to Proposition 4.10,
I/j NZ, is topologically a disc and I,j NZ, NI} is the union of two crossed geodesics.
The two crossed geodesics divide the disc into four sectors, one opposite pair of which
will lie in the interior of the isometric sphere Z;;. Thus s,j N, 1s the other opposite pair
of the four sectors in the disc. More precisely, up to the powers of T, let us consider
s(_)|r Ns, . Let A be the disc I(;r NZ; described in (4-13) and the two crossed geodesics
L1 UCy UC, be as described in Proposition 4.10. By Proposition 4.2, the complex
involution I, preserves A and £ UC; UC,. Recall that I, fixes the complex line C;
with polar vector n, described in Section 3. One can compute that the intersection
C, N A is the curve

(4-16) CNA = {g(, %Ot+9, “/TE) EIJICOS(O()Z%}.

Of course C, N A intersects with £1 U C; U C, at the fixed point of S, and divides
A into two parts. I, fixes C; N A and interchanges £; and C;y UC,. Thus C; N A is
contained in the union of two opposite sectors. By Lemma 4.4, C, N A lies on the
closure of the exterior of Z7, since f;(«, %a +0, ﬁ) = 1 —cos(a) > 0. Therefore,
the union of two opposite sectors containing C, N A is the ridge s(;r Ns, . Moreover,
this ridge is preserved by I,. By using the parametrization of the Giraud disk in [8],
we can draw the Giraud disk I(T NZ; and the intersection with the isometric spheres
1~,,1;,1*,, I3 and I7; see Figure 4.

The other ridges can be described by a similar argument. O
Proposition 4.16 (1) The side s,j (resp. s;7) is a topological solid cylinder in

Hé U BH(%:. The intersection of as,j (resp. ds; ) with Hé is the disjoint union
of two topological discs.
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AN

)

Figure 4: The ridge s(')" N s, (the shaded region in the intersection of IS' NZy)
in the plane with spinal coordinates introduced in [8]. The triple intersection
Igr NZ, NZ; is the two mutually perpendicular lines. Compare to [8, Figure 16].

(2) The side s} (resp. sy) is a topological solid light cone in Hg U dHZ. The
intersection of ds;; (resp. 85;(}) with H(ZC is the light cone.

Proof (1) The side s]j is contained in the isometric sphere I]j . By Corollary 4.11,
s]j might intersect with the sides contained in the isometric spheres Ik_, I]:_l, I]:,

< i
Z;_,» Iy and Iy 41
Let A be the union of the ridges s,j Ny and s,j N S/:’ and A, be the union of the
ridges s,j Ns,_, and s,j ﬂs,j. By Proposition 4.10, A contains the cross I]j NI, NI;.
By Proposition 4.15, Ay is a union of four sectors which are patched together along
the cross. Hence, A is topologically either a disc or a light cone. By a straightforward
computation, the ideal boundary of A; on H?c is a simple closed curve on the ideal
boundary of Z;; see Figure 2. Thus A is a topological disc. By a similar argument,

A, is a topological disc.

If 0 # % then I]j NIy NI,_, =3, s0 Ay and A; are disjoint, and if 6§ = % they
intersect at two points on dHZ; see Figures 9 and 10. Note that isometric spheres are
topological balls and their pairwise intersections are connected. So, s,j is a topological
solid cylinder; see Figure 5. A similar argument describes ;.

(2) The side s} is contained in the isometric sphere I]: . According to Corollary 4.11,
s only intersects with s,': and s;". Let A3 be the union of s,j Nsy and s;” Nsf. By

Algebraic € Geometric Topology, Volume 23 (2023)



A uniformizable spherical CR structure on a two-cusped hyperbolic 3—manifold 4167

\
\
\
-9
|
|
!
/ u

Figure 5: A schematic view of the side s,‘: (5% )-

Propositions 4.10 and 4.15, A3 is a union of four sectors which are patched together
along the cross I,j' NZ, NZ;. By a computation for the case k = 0, one can see that
the ideal boundary of A3 is a union of two disjoint simple closed curves in the ideal
boundary of Z}'; see Figure 2. Thus Aj is a light cone. Hence, s; is topologically a
solid light cone; see Figure 6. A similar argument describes s;;. a

By applying a Poincaré polyhedron theorem in H(ZC as stated for example in [22], [8]
or [19] (see [3] for a version in the hyperbolic plane), we have our main result:

Theorem 4.17 Suppose that 0 € [0, %] Let D be as in Definition 4.12. Then D is a
fundamental domain for the cosets of (T') in . Moreover, I is discrete and has the

presentation
[=(S,T|S*=(T"1'9)*=id).

Proof The sides of D are Slj s » S and s,j. The ridges of D are s,j ns, s,j' Nsg,
s,j NSy s,j Nsy, s; Nsgand s, Nsp. To obtain the side-pairing maps and ridge
cycles, by applying powers of T, it suffices to consider the case where k = 0.

The side-pairing maps The side s(f is contained in the isometric sphere Z(.S) and
sy in the isometric sphere Z(S~1). The ridge s(‘)" N s, is contained in the disc
Z(S)NZ(S~'), which is defined by the triple equality

[z, goo)| = {2, ST (@o0))| = {2, S(goo))]

7

Figure 6: A schematic view of the side s]: (s,‘g).
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Figure 7: A schematic view of the ridges s(‘f Nsys sgr Nsg and 55 N sf.
The thick cross is the triple intersection Zg‘ NZ;N I(’)‘ , that is the union
L1 UCq UC, described in Proposition 4.10.

and the ridge s, N s is contained in the disc Z(S ~1) N Z(S?), which is defined by
the triple equality

{2, 400) | = {2, S (g00))| = {2, ST2(g00))|.

Since S maps goo 10 S(goo), S (goo) 10 goo and S(goo) 10 S%(¢oo) = S7(¢oo), S
maps the disc Z(S) NZ(S™) to the disc Z(S ') NZ(S?). Note that

Z(S)NZ(SHNZ(S?)

is the union of two crossed geodesics (see Proposition 4.10) whose four rays are
cyclically permuted by S. Since the ridge s(‘)" N, lies in the closure of the exterior of
the isometric sphere Z(S?), according to (4-16), the point ¢ (% £+0, “/TE) is contained
in s;r N, . One can easily verify that S(q(%, £+0, 4)) lies in the exterior of Z(.S).
Thus S (q(%, % + 0, 4)) is contained in s N sg, which lies in the closure of the
exterior of the isometric sphere Z(S).

Hence S maps the ridge s;r Ns, to the ridge s, N sf. Similarly, S maps sar Ny
to S(J)r N sy ; see Figure 7. Since S maps Igr NZI-Z,NIgtoZy N Il+ NZ7, asimilar
argument shows that S maps S;_ NsZ, to sy, Ns7 and s;r Nsg tosy N sfr.

By a similar argument, s§ (resp. sg ) is mapped to itself by the elliptic element of order
two S? (resp. (T~'S)? = (S~'T)?), which sends saL Ny to sy Ny (resp. 55 NS,
to s(;r N s(‘;) and vice versa.

Hence, the side-pairing maps are

TkST_k:s,j—>s,:, TkSzT_k:s,:—>s,: and Tk(T_lS)zT_k:s,‘ges;.
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The cycle transformations According to the side-pairing maps, the ridge cycles are

+ ~ = 4+ — TksST—K - —\ Tks2r—k . 4 +
(g N8y s ) == (S N sy L858 ) == (s Nsg. s, 5%)

TkST—K + -+ -
= sy NS5, 5;)

and

Th(r='s)yr=* o . — o —
> (S N Sh_ s Sk Sky)

Tk (T—l S)T—k
_—

+a— ot
(s MSg_158% > Sk—1)

Tk(T—18)217-k
—_—

+ + s
(g NSE. s, 88) (g NSy SE +Sk—p)-

Thus the cycle transformations are
TkST % . ThkS2T=k . ThST=K = Thg4T K
and
TRT'S)yT % . TR(T 'S % . TR(T7'S)T~* = TF(T7'$)*T*,
which are equal to the identity map, since S* = id and (715)* =id.
The local tessellation There are exactly two copies of D along each side, since the

sides are contained in isometric spheres and the side-pairing maps send the exteriors to
the interiors. Thus there is nothing to verify for the points in the interior of every side.

According to the ridge cycles and cycle transformations, there are exactly three copies

of D along each ridge.

s,:' ns., slt Ns, and s;' n sl‘: These three ridges are in one cycle. Thus, we only

need to consider the ridge s,j N, . Since the cycle transformation of s,j N, 1s
ThST*. TRS2T~ k. ThST™F = id,

the three copies of D along s,j Ns, are D, T*kS=1T7=k(D) and T*ST*(D). We
know that s,j N s, is contained in Z(T*ST )N Z(T*S~1Tk), which is defined
by the triple equality

(2, goo)| = [{z, T STIT ™% (qoo))| = |(z, TF ST (go0))]-

For z in the neighborhoods of s,j N, in D, |(z,qg00)| is the smallest of the three
quantities in the above triple equality.

For z in the neighborhoods of s; N s~ in D, |(z, goo)| is at most |(z, T*ST % (goo))]
or [(z, T*S™2T 7% (go0))|. Applying T¥S~1T* gives a neighborhood of 57 N's;” in

Algebraic € Geometric Topology, Volume 23 (2023)



4170 Yueping Jiang, Jieyan Wang and Baohua Xie

T*S=1T=%(D), where |(z, TK ST T¥(go0))| is the smallest of the three quantities
in the above triple equality.

For z in the neighborhoods of s]j Nsg;in D, [(z, g0} is at most |{z, TESTIT* (go0))]
or [(z, TKS™2T % (go0))|. Applying TX STk gives a neighborhood of s,j N5, in
T*ST—*(D), where |(z, TK ST ¥ (go0))| is the smallest of the three quantities in the
above triple equality.

Thus the union of D, TKS~1T=*(D) and T* ST % (D) forms a regular neighborhood
of each point in s,': Nsy .

k-1
the cycle transformation of s,‘{" NS, 18

+ - ° + ° ; : + - ;
Sy NS _ppspNs ands,”Ns; We need only consider the ridge s;,” Ns;_;. Since

TR 'S)yr~* . TR(T7 S TF . TR S T ¢ = id,

the union of D, TK(T=18)~'T~%(D) and T*(T~'S)T~*(D) forms a regular neigh-
borhood of each point in s,j Ns,_, by a similar argument as in the previous case.

Consistent system of horoballs When ¢/ = 7, there are accidental ideal vertices on D.
The sides s,’: and s]: 1 Will be asymptotic on 8H<2C at the fixed point of the parabolic
element 75(S2T—1) Tk, and the sides s; and ;| will be asymptotic on JHE at
the fixed point of the parabolic element TK(ST~1S)T~*. To show that there is a
consistent system of horoballs it suffices to show that all the cycle transformations
fixing a given cusp are nonloxodromic.

Let p, be the fixed point of 77152 and ¢, be the fixed point of (T~!S)2T (the
coordinates of p, and g, are given in Definition 5.1, or see Figure 9). Then all the
accidental ideal vertices {T¥(p,)} and {T%(¢,)} are related by the side-pairing maps

as follows:
T g) 02 S T () ——— T2g0) ———
| /_JST/ s |
T (p) Py S ) s T2(pa)

Thus, up to powers of 7', all the cycle transformations are S - S - S~2 = id and
T7'ST-(S7'T)2.8 =(T7'8%)? = (I, 1, 15)?,

which is parabolic. This means that p, is fixed by the parabolic element (7~152)2.
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Therefore, D is a fundamental domain for the cosets of (7') in I'. The side-pairing
maps and 7" will generate the group I'. The reflection relations are

(T*S2T )2 =id and (THK(T7'8)*T7%)? =id.
The cycle relations are
TkS*T % =id and TKT'S)*T* =id.
Thus T is discrete and has the presentation

I=(S,T|8*=(T"15)*=id). O
Since T is a subgroup of (I, I, I3) of index 2:

Corollary 4.18 Let (I, I, I3) be a complex hyperbolic (4,4, co) triangle group as
in Proposition 3.1. Then (I, I, I3) is discrete and faithful if and only if I 131,15 is
nonelliptic.

This answers Conjecture 1.1 on the complex hyperbolic (4, 4, oo) triangle group.

5 The manifold at infinity

In this section, we study the group I" in the case when 6 = 7. That is, the group
I'=(S,T) = (I I3, I,1;) with T~1S? = I, I31,I; being parabolic.

In this case, the Ford domain D has additional ideal vertices on 8H(2C, which are
parabolic fixed points corresponding to the conjugators of 7~1S2. By intersecting a
fundamental domain for (7"} acting on 8Hé with the ideal boundary of D, we obtain
a fundamental domain for I acting on its discontinuity region Q(T).

Topologically, this fundamental domain is the product of an unknotted cylinder and a
ray; see Proposition 5.13. By cutting and gluing we obtain two polyhedra P and P_;
see Proposition 5.18. Gluing P_ to P+ by S~!, we obtain a polyhedron P. By studying
the combinatorial properties of P, we show that the quotient Q(I")/ I is homeomorphic
to the two-cusped hyperbolic 3—manifold s782.

Let U be the ideal boundary of D on aHé. Let 5,': (resp. 5;_, 5, and 5;) be the ideal
boundary of the side of D contained in the ideal boundary of the isometric sphere Z. Ij
(resp. Z, , Z; and Z?). Then the union of all the sides {51':}, {5, }, {35} and {37} for
k € Z form the boundary of U.
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5.1 The vertices of U

Definition 5.1 In the Heisenberg coordinates we define the points

g2 =[1(=3+i+/3), V3], pe=[L2—V6+i(2V3++2)),-22],
[L(1+i/3). V3], pr=[L+V6+i(2v/3-v2)), $V2],
[1(=1+iv/3),—V3], ps=[L(—2+V6+i(2V34+v2)), V2],
[13+iv/3). V3], po=[1(—2-V6+i(2v/3-+2)), - 42],
[L@4+V6+i(4v3-v2)),0], pro=[L(=4+V6+i(4v3++2)),0],
[L(4—V6+i(4V34++2)),0], p11=[t(-4—V6+i(4V3-+2)).0],

q3
p2
P3
P4
Ps

and
pi2=T(po), p13=T(ps), pia=T(p11), p15s=T(p1o).

By Proposition 4.10 and Corollary 4.11, we have the following:

Proposition 5.2 The points in Definition 5.1 satisfy:

* D4, Ps, Pe and p; are the four points on the ideal boundary ofI(;r NI, NZI],

which is described in Proposition 4.10.
* ps, P9, P1o and py are the four points on the ideal boundary of Igr nIZ, ﬂIg .
* P12, P13, P14 and pq s are the four points on the ideal boundary ofI{Ir NZy ﬂIf.
e p, (resp. p3) is the parabolic fixed point of T~1S? (resp. S>T '), which is the
intersection I;r NIZ, NI§NIX, (resp. Il+ NZ, NIy NIY).
o g3 (resp. q») is the parabolic fixed point of ST™'S (resp. T~'ST~1ST),
which is the intersection of the four isometric spheres I;r NZyN Ig NI (resp.
IT,NI-, NITNIC)).

Proof As described in Proposition 4.10, all of the triple intersections I(;r NZyNI§,
IJ NZZ,NZg and Il+ NZy NZ; have exactly four points lying on dHZ.. When writing
the standard lifts of p4, ps, pg and p7, one can see that they are the four points in the
proof of Proposition 4.10. Thus the first item is proved.

By Proposition 4.2, the four points of I0+ NZZ, NZg are the images of p4, ps, ps and
p7 under the antiholomorphic involution t, which are py1, p19, ps and pg.

The second item and the fact that Il+ NIy, NIy =T (I(;r NZ-, NZy) imply the
third item.
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Figure 8: Intersections of the isometric spheres I,.17,, I(’)“ s Ifl , Zg and If
with Z;" in 9HZ, viewed in geographical coordinates. Here & € [—Z, Z] in
the vertical coordinate and 8 € [0, rr] in the horizontal one. The region exterior
to the six Jordan closed curves has two connect components. One of them is
the topological octagon with vertices p,, pe, pa, p7, 43, Ps, P11 and pg. The
other one is a topological quadrilateral with vertices p», ps, g3 and pjo.

4173

We will only prove the statement for p, in the last two items; the others follow by
similar arguments. By Lemma 4.8, p, is the parabolic fixed point of 77! S?2 and is the
triple intersection ISL NZZ,NZ;. By Corollary 4.11(3), Z; is tangent with Z* | at p5. O

5.2 The sides of U

Now we study the combinatorial properties of the sides; see Figures 8 and 9.

Proposition 5.3 The interior of the side §8L has connected components

e an octagon, denoted by O, with vertices P2, D6, P4»> P7> 43> Ps, P11 and po,

e a quadrilateral, denoted by QSL, with vertices p,, ps, ¢3 and pig.
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Proof By Proposition 4.16, when 6 < %, the side 's"(;r is topologically an annulus
bounded by two disjoint simple closed curves which are the union of the ideal boundaries
of the ridges sar Ns—, and sgr N sy, respectively s(;r Ns, and s;r Nsg. When 6 = Z,
these two curves intersect at two points, which divide EJ into two parts. That is to say
the interior of the side E(;r has two connected components.

By Proposition 5.2, the ideal boundary of the ridge s(')Ir NsZ, (resp. s(;r Nsg) is a union
of two disjoint Jordan arcs [pg, p1o] and [ps, p11] (resp. [p10, ps] and [p11, po]), and
the ideal boundary of the ridge saL Nsy (resp. s('f Nsg) is a union of two disjoint Jordan
arcs [ps, p7] and [pa4, pg] (resp. [p7, pa] and [pg, ps]). Since p, is the intersection of
four isometric spheres I(‘)" NIZ,NIFNI*,,itlieson[py, p1o] and [ps, ps]. Similarly,
q3 lies on [ps, p7] and [p0, ps]-

By Proposition 4.2, the antiholomorphic involution t preserves 5(‘)" and interchanges its
boundaries. It is easy to check that t interchanges p, and g3, ps and pig, p4 and pqq,
pe and pg, and p7 and pg. Thus one part of ESF is a quadrilateral with vertices p,, ps,
g3 and pjg, denoted by O(J)r. The other is an octagon with vertices p>, pe, pa, P7, 43,
Ps, P11 and pg, denoted by Q(J)r. Both of them are preserved by 7. a

According to the symmetry I, in Proposition 4.2, which interchanges Igr and Z":

Proposition 5.4 The interior of the side 5, has connected components

* an octagon, denoted by O, with vertices ps, pg, P4, P3> P15> P13> P14 and ¢3,

* aquadrilateral, denoted by Q, with vertices p3, p7,q3 and pis.

Proof Note that side s, is bounded by the ridges s, ﬂs;“, 5o NST, 8y ﬁs:)r and s, N
By Proposition 4.2, the side s, is isometric to s(;r under the complex involution /5.
Thus its ideal boundary 5 will be also isometric to §(;r . This implies that 5 has the
same combinatorial properties as E(;r . One can check that

I>: (g3, ps. p2. P10 P8 P11, P9» Ps) <> (q3. P7. P3. P12+ P14> P13- P15 P4)-

Thus one part of 5, is an octagon, denoted by O, whose vertices are ps, ps, pa, P3,
P15> P13 P14 and g3. The other is a quadrilateral, denoted by Q> whose vertices are
D3> P7-q3 and ppy; see Figure 9. O

Remark 5.5 The vertex g3 lies on the C—circle associated to I,, that is, the ideal
boundary of the complex line fixed by /. One can also observe that p; is fixed by I;.
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q2 P11 Ps q3 P14 P13

Figure 9: A combinatorial picture of dU. The top and bottom curves are
identified. OOi (resp. Ofl) is divided by ¢g (resp. c—1) into a quadrilateral
o (f (resp. @' j_tl) and a heptagon HgE (resp. ’Hfl ), Vo 1s the intersection of ¢
with the arc [p4, ps] and v_; is the intersection of c_; with the arc

[T (pa). T~ (po)]-

Proposition 5.6 The interior of side 5§ is a union of two disjoint triangles, denoted by
(T1)y and (T2)g, whose vertices are p,, ps and pg and p3, p4 and p7, respectively.

Proof By Proposition 4.16, the side 5§ is the union of two disjoint discs, which are
bounded by the ideal boundary of the ridges s;r Nsy and sy Nsg.

As stated in Proposition 5.2, the ideal boundary of I(;r NZ, NZj contains the four
points py, ps, pe and p7. Thus 5§ is the union of two disjoint bigons, one with vertices
ps and pg, and the other with p4 and p7. Proposition 5.2 also tells us that p, and p3
lie on different components of the boundaries of the two bigons.

Therefore, both of the components are triangles, denoted by (7;)7 and (73);, whose
vertices are p,, ps and pg and p3, ps and p7, respectively. O

According to the symmetry t in Proposition 4.2, the side 53 has the same topological
properties as the side 5§. Thus by a similar argument:

Proposition 5.7 The interior of side E(‘; is a union of two disjoint triangles, denoted by
(T1)g and (T3)g. whose vectors are g, py and py1, and g3, pg and pyg, respectively.

5.3 A fundamental domain for the subgroup (7')

Proposition 5.8 Let L = {[x +i¥2, v/3x] € N': x € R}. Then L is a T—invariant
R—circle. Furthermore, L is contained in the complement of D.
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Figure 10: A realistic picture of the ideal boundaries of the isometric spheres.
Z+ I+ and I+1 (red), Z, and Z—, (blue), Z; and Z*, (pink), Zy, Z°, and
Z° (yellow) The line L is the T—invariant R—mrcle

Proof It is obvious that L is an R—circle, since it is the image of the x—axis of A/ by
a Heisenberg translation along the y—axis. For any point [x +i i A3 x] e L, we
have T([x +i i, \/_x]) [(x +2)+i i A3(x + 2)] which hes in L. Thus L is
a T—invariant R—circle; see Figure 10.

Note that 7" acts on L as a translation through 2. To show L is contained in the
complement of D, it suffices to show that a segment with length 2 is contained in
the interior of some isometric spheres. By considering the Cygan distance between a

point in L and the center of an isometric sphere, one can compute that the segments
{[x—l—zi fx] <x<1}and{[x+l£ x/_x] 1<x<3}11€:1nthe1nter10rs
of IO and Z, respectlvely. O

Definition 5.9 Let
S={[-3+iyt]eN:pyteR} and To={[i+ir.t]eN:y.teR}

be two planes in the Heisenberg group.

In fact, the vertical planes X_; and X are boundaries of fans in the sense of [14]. Let
Dt be the region between X_; and X, that is

DTz{[x—i-iy,t]e/\/:—%SxE%}.

It is clear that ¥g = T'(X_;). Thus D7 is a fundamental domain for (7°) acting on 8Hé.
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NIy

Figure 11: The intersection of Xy with zt 7, and Ig viewed in X¢. Here
co = CJ Uey is a simple closed curve, where cg’ and ¢, are the solid line
parts of Xy N IS' and X NZ,, respectively.

Proposition 5.10 The intersections of ¥y and X _; with the isometric spheres TF,
Iy and I} are empty, except:

« X ﬂIgE and Yo NI} are circles, and o NZ5 = %o NI = {q3}.
« ¥, ﬂIfl and ¥_| NT* arecircles,and X NZ° =X | NI5 = {q2}.

Proof Since the isometric spheres are strictly convex, their intersections with a plane
are either a topological circle, a point or empty. Note that Xy = T(X_;). Thus it
suffices to consider the intersections of 3¢ with the isometric spheres. By a strait
computation, each one of ¥y N Igt and o NZ] is a circle; see Figure 11. O

Lemma 5.11 The plane X (resp. X_;) is preserved by I, (resp. T~ 'I,T). The
intersection o N U (resp. X_1 N AU) is a simple closed curve cq (resp. c—1) in the
union 's"(;r Us, (resp. 5: USZ, ), which contains the points q3 and v = [% +i “/73, —\/5]

(resp. ¢» and v_; = T~ (vg)).

Proof It suffices to consider Xy. The C—circle associated to [,, that is, the ideal
boundary of the complex line fixed by I, is {[1 + i‘/Tg, t] € N:t € R}, which is
contained in Xg. Thus X is preserved by /5.

It is obvious that Xy contains g3, which is the tangent point of Z§ and Z7. The
intersections g N Ig" » 20 NZy and Zo N Ig are circles by Proposition 5.10. One can
compute that the intersection X N I(;r NZ; contains ¢3, and v = [% +i JT§ —\/5];
see Figure 11. These two points divide the circles on ISL and Z; into two arcs. Let cSL
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be the arc with endpoints g3 and vy on IJ lying in the exterior of Z;" and ¢ be the
one on Z" lying in the exterior of I(;'r . Then ¢y = c;r Uc, is a simple closed curve.

Observe that X N Ig lies in the union of the interiors of I(;r and Z ;. Thus X does

+
0

intersection 2o N dU is ¢g, which is a simple closed curve containing g3 and vg. O

not intersect 5. By Proposition 5.10, c;r lies on 5 and ¢ lies on §, . Therefore, the

5.4 The topology of U

Proposition 5.12 Let U€ be the closure of the complement of U in N'. Then the
closure of the intersection U N Dy is a solid tube homeomorphic to a 3—ball.

Proof Tt suffices to show that the boundary of U¢ N Dy is a 2—sphere. Now let us
consider the cell structure of U¢ N Dr; see Figure 9. According to Lemma 5.11, the
intersection of U¢ with X (resp. X_1) is a topological disc with two vertices, g3 and
vg (resp. g and v_1), and two edges, cgE (resp. cfl). Also, cq (resp. c—1) divides (’)3E
(resp. Ofl) into a quadrilateral Q’ S*L (resp. @' fl) and a heptagon HS—L (resp. ’Hfl).

Since p,, ps and T~!(p4) are contained in D7, one can see that D contains Q’ 0>
Q’fl, H(J)r and H_ . Besides, D7 contains or, Q~,. (T3 (T2)g, (T1)g and (T2)* ;.
Thus the boundary of U¢ N Dt consists of 12 faces, 23 edges and 13 vertices; see
the region between ¢y and c_1 in Figure 9. Therefore the Euler characteristic of the
boundary of U¢ N Dy is 2. So the boundary of U¢ N Dy is a 2—sphere. a

Propositions 5.8 and 5.12 imply the following result:

Proposition 5.13 U N Dr is the product of an unknotted cylinder with a ray, which is
homeomorphic to S x [0, 1] x Rxy.

Proof As stated in Proposition 5.8, U¢ contains the line L. Thus U N D is a tubular
neighborhood of L N Dy. Tt cannot be knotted. Therefore dU N Dy is an unknotted
cylinder homeomorphic to S x[0, 1]. One can see that U N X is the product of ¢o with
aray, and U N X_ is the product of ¢_; with a ray. Both of them are homeomorphic
to S! x R>o. Hence U N D7 is the product of an unknotted cylinder with a ray, and is
homeomorphic to S x [0, 1] x Rxy. i

Applying powers of 7', Proposition 5.13 immediately implies the following corollary:

Corollary 5.14 U is the product of an unknotted cylinder with a ray homeomorphic
to ST xR xRxo.
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Remark 5.15 U is the complement of a tubular neighborhood of the T—invariant
R—circle L, that is, a horotube for 7T'. (See [28] for the definition of a horotube.)

5.5 The manifold

Definition 5.16 Suppose that the cylinder S! x [0, 1] has a combinatorial cell structure
with finite faces { F;}. A canonical subdivision on S' x [0, 1] x R>¢ is a finite union of
3—dimensional pieces {ﬁi} where F; = F; x R>y.

Proposition 5.17 There is a canonical subdivision on U N Dr.

Proof As described in the proof of Proposition 5.12, the combinatorial cell structure
of 9U N Dr has 10 faces, Q'y, @'\, HE, H=,. QF, 97, (T))S. (T2)S. (T1)§ and
(T2)*,. By Proposition 5.13, U N D7 is the union of 3—dimensional pieces o,
Ot HE HD,, OF . Oy, (T)E. (T2)¢. (T1)§ and (T5)*,. Combinatorially, these
3—dimensional pieces are the cone from ¢ to the faces of dU N D7. a

Let Q(I") be the discontinuity region of I" acting on BH(ZC. Then U N D is obviously
a fundamental domain for I". By cutting and gluing, we can obtain the following
fundamental domain for I" acting on Q(T'):

Proposition 5.18 Let P be the union of 4y, (T1)S, (728, T(QY), T(O~,) and
T((72)*,)- Let P_ be the union of OF , (7)%, Q4 and T(H_,). Then P4+ UP_ isa
fundamental domain for I" acting on Q(I"). Moreover, P+ (resp. P—) is combinatorially

an eleven-pyramid (resp. nine-pyramid) with cone vertex ¢, and base

OF UQy U(TDU(T)SU(Ta)y  (resp. Oy U QF U (TR

Proof Since Xg=T7(X_1)andco =T (c—1), UN D7 and T(U N D7) can be glued
together along cg X R>¢. Note that U N Dr is a fundamental domain for I" acting on
Q(I") and has a subdivision as described in Proposition 5.17. Therefore Py U P— is
also a fundamental domain.

As described in Proposition 5.12, ¢q (resp. c—;) divides (’)(j)E (resp. Ofl) into a quadri-
lateral Q’ (j)c (resp. @ j_El) and a heptagon ’H(jf (resp. Hfl). Note that O(jf = T(Ofl) and
(T2)5 = T((T2)* ). Thus the base of P (resp. P-) is O(;r UQy U(T1)gU(T2)gU(T2)g
(resp. Oy U Q(J; U (71)g), which is combinatorially a hendecagon (resp. an enneagon);
see Figures 9 and 12. O
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Figure 12: A schematic view of the fundamental domain of I on (T"). The red
vertices are the parabolic fixed points. The yellow polygon is Oy U Q(‘)F U(T1)g-

Definition 5.19 Let p, = S (p2), p1 = S (goo) =[0.0] and p|, = S~ (p10).

Lemma 5.20 Let P be the union Py U S™!(P_;). Then P is combinatorially a
polyhedron with § triangular faces, 4 square faces, 2 pentagonal faces and 2 hexagonal
faces. The faces of P are paired as
T (goo: P2: P9-42) = (doo. P3. P12.43).
S™'T: (goos 42, P11, P8, P10) = (D1, P2, P9, P11 Ps),
(S7'T)%: (g2. po. p11) = (g3. Ps. P1o).
S7" (qoos P10:43) P (p1, Plos P2),
STITTIS: (p1, ps.43) = (1. Pl DY),
S72:(q3. P12, 3, P7) = (Py, Pios P2s P6)-
S7': (qoos P2+ Pes Pys Pas P3) = (D1, Py Pas P3s P1.43),
S™': (ps: Py Pa) > (pa, p3. 7).
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Figure 13: The combinatorial picture of P. The red vertices of P are the
parabolic fixed points.

Proof The bases of P4 and P_; are paired as

S:of — 9y, (p2. ps5.93. P10) = (q3. P7. P3. P12),
S2:(T)g — (T2)}, (p2. ps. ps) = (3. P4, D7),
(ST (TS — (T2, (92, P9s P11) +> (g3, P8, P1o),

and
S™1:05 = OF, (p3.pa.Pe.Ps.43.914. P13, P15) > (43, P7. P4 P6. P2. P9. P11. Ps)-
Thus S~ (P_;) and P4 are glued along (’)(‘)1r . According to Lemma 2.9, S~ (P_;) lies

in the interior of IS’ , since P_1 lies in the exterior of I(;" . Moreover, p; =S -1 (9do0) =
[0, 0] is the center of the isometric sphere Z.; see Figure 13. |

Proposition 5.21 Let Q2 be the discontinuity region of I" acting on H%C. Then the
fundamental group of 2/ ' has a presentation

(w,v,w | w v v T wu = vVi2wuw3u = id).
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Proof Let x; fori =1,2,3,4,5,6,7,8 be the corresponding gluing maps of P given
in Lemma 5.20. These are the generators of the fundamental group of Q/T.

By considering the edge cycles of P under the gluing maps, we have the relations

x7_1 - X5-X7-X1 =1id, xz_l -X4-X1 =1d, xz-x3_1 -x4_1 - Xg X1 =1id,

-1

! _1-x6-x1:id, Xy +X3-Xp =1d, Xy -X5-Xp =id,

X3 Xs
X7'X8'X6=id, Xg'X7'X6=id, XS_I'X7=id.
For example, the edge cycle of [¢oo, p2] 18

—1
[G00s P2] 25 [Goor P31 22> [p1.43] 2> [p1. Ph] 2 [Goos P2
Thus

X, 1 - X5-Xx7-x; =id.

This is the first relation. The others can be given by a similar argument.

Simplifying the relations and setting ¥ = x;, v = x and w = X7, we obtain the
presentation of the fundamental group of 2/ T. |

Now we are ready to show the following theorem:

Theorem 5.22 Let Q2 be the discontinuity region of 1" acting on H?C. Then the
quotient space 2/ I' is homeomorphic to the two-cusped hyperbolic 3—manifold 5782
in the SnapPy census.

Proof Let M = Q/T. According to Proposition 5.21, the fundamental group of M

has a presentation
_ —1, =1, =1 2 -3, _
mi(M)={u,v,w|w vu v wu =vwuw "u=id).

The manifold 5782 is a two-cusped hyperbolic 3—-manifold with finite volume. Its
fundamental group, provided by SnapPy, has a presentation

71 (s782) = (a, b, c | a®>cb*c = abea™ b~ el =1id).
Using Magma, we get an isomorphism W: 7y (M) — m1(s782) given by
Vu)=c 7!, Ww)=>b"' and Y(w)=a.

Therefore M will be the connected sum of §782 and a closed 3—manifold with trivial
fundamental group by the prime decompositions of 3—manifolds [15]. The solution of
the Poincaré conjecture implies that the closed 3—manifold is the 3—sphere. Thus M is
homeomorphic to s782. O
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