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Two-dimensional extended homotopy field theories

KURSAT SOZER

We give another definition of 2—dimensional extended homotopy field theories
(EHFTs) with aspherical targets and classify them. When the target of EHFT is
chosen to be a K(G, 1)-space, we classify EHFTs taking values in the symmetric
monoidal bicategory of algebras, bimodules, and bimodule maps by certain Frobenius
G-algebras called quasibiangular G—algebras. As an application, for any discrete
group G, we verify a special case of the (G xSO(2))-structured cobordism hypothesis
due to Lurie.
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1 Introduction

Extended topological field theories (ETFTs) are generalizations of topological field
theories (usually called TQFTs or TFTs) to manifolds with corners and higher categories;
see Freed [7], Lawrence [14] and J Baez and J Dolan [2]. A different generalization
of TFTs is obtained by considering manifolds equipped with principal G—bundles.
When G is a discrete group, such a generalization was introduced by Turaev [27], who
called them homotopy (quantum) field theories (HFTs). These theories are defined

© 2023 MSP (Mathematical Sciences Publishers). Distributed under the Creative Commons Attribution
License 4.0 (CC BY). Open Access made possible by subscribing institutions via Subscribe to Open.
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3910 Kiirsat Sozer

by applying axioms of TFTs to manifolds and cobordisms endowed with maps to a
fixed target space. In this paper, we combine ETFTs and HFTs in dimension 2. More
precisely, we define 2—dimensional extended homotopy field theories (EHFTs) with
aspherical targets and classify them.

1.1 Main results

To define a 2—dimensional EHFT with target X ~ K(G, 1), we introduce an X-
cobordism bicategory XBord,. The objects of XBord, are compact oriented 0—
dimensional manifolds and the 1-morphisms are oriented cobordisms between such
manifolds equipped with homotopy classes of maps to X. The 2-morphisms of X Bord,
are equivalence classes of pairs (S, P), where S is a certain type of oriented surface
with corners and P is a homotopy class of a map from S to X. The equivalence relation
is given by diffeomorphisms respecting P and restricting to the identity on the boundary.
The disjoint union operation turns X Bord, into a symmetric monoidal bicategory and
a 2—dimensional EHFT with target X (extended X—HFT) is defined as a symmetric
monoidal 2—functor from XBord, to any other symmetric monoidal bicategory.

For a given symmetric monoidal bicategory C, our classification of C—valued 2-
dimensional extended X—-HFTs comprises two steps. Firstly, we define certain combi-
natorial diagrams in = [0, 1], 2 and I3, called G-linear, G-planar, and G—spatial
diagrams, respectively. These diagrams generalize the ones of Schommer-Pries [22]
and they possess the same information as the morphisms of XBord,. As the second

BFP whose 1- and 2-morphisms

step, we define a symmetric monoidal bicategory X
are defined using these diagrams. This bicategory is equivalent to X Bord, and has a
convenient description in terms of generators and relations. Figures 25 and 26 show the
corresponding list of generators and relations for X Bord,. Then, the classification of 2—
dimensional extended X —-HFTs reduces to an application of the cofibrancy theorem [22],

which is a coherence theorem for symmetric monoidal 2—functors explained below.

For a computadic symmetric monoidal bicategory F(IP) constructed from a list of
generators and relations [P, let SymMon(F(IP), €) denote the bicategory of symmetric
monoidal 2—functors, transformations, and modifications. The cofibrancy theorem
gives an equivalence SymMon(F(P), C) ~ P(C) of bicategories, where P(C) is the
bicategory, called P—data in C, whose objects are assignments of generators in P to
the objects, 1-morphisms, and 2-morphisms of € subject to relations (see Section 4.2).
Applying this theorem to the list of generators and relations XIP of XB*P, along with
the equivalence X Bord, ~ XB'P, gives the following classification theorem:

Algebraic & Geometric Topology, Volume 23 (2023)



Two-dimensional extended homotopy field theories 3911

Theorem 4.10 For any symmetric monoidal bicategory C, there is an equivalence of
bicategories
SymMon(XBord,, €) ~ XP(C).

Next, we consider a specific target bicategory Algﬂz§ of k—algebras, bimodules, and
bimodule maps for a commutative ring k with unit. The following notions are the
main ingredients of our result on Algﬂi—valued 2—dimensional extended X—HFTs. For
a discrete group G with identity element e, a strongly graded G—algebra is a G—graded
associative k-algebra A = P, Ag With unity such that Ag Ay = Agg for all
g.g' € G. The opposite G-algebra of A is A = P, 5 Ag-1, where the order of
multiplication is reversed.

A Frobenius G-algebra is a pair (4, 1), where A = @geG Ag is a G-algebra such
that each Ag is a finitely generated projective k-module, and n: A ® A — k is
a nondegenerate bilinear form satisfying n(ab, c) = n(a, bc) for any a,b,c € A. A
quasibiangular G-algebra is a strongly graded Frobenius G—algebra (A, 1) in which the
identity component A, is separable and 7 satisfies certain conditions (see Section 4.3).
We also need G—graded Morita contexts between G—algebras, which were introduced
by Boisen [3]. We recall their definition and introduce a notion of compatibility with
Frobenius structures in Section 4.3.

Theorem 4.19 Let k be a commutative ring and X be a CW—complex which is a
K(G, 1)—space for a discrete group G. Then any Algﬂi—valued 2—dimensional extended
X-HFT Z: XBordy — Alg} whose precomposition XBF® => X Bord, <> Alg}
gives a strict symmetric monoidal 2—functor determines a triple (A, B, (), where A
and B are quasibiangular G—algebras and ( is a compatible G—graded Morita context
between A and B°P. Conversely, for any such triple (A, B, ) there exists an Algﬁ—
valued 2—dimensional extended X —-HFT.

This generalizes Schommer-Pries’ classification of Algﬂzg—valued 2—dimensional ex-
tended TFTs [22] in terms of separable symmetric Frobenius algebras. Theorem 4.10
suggests studying the bicategory XP(Algﬂi) to understand SymMon(X Bord,, Algi),
more specifically to answer the question of which triples yield equivalent extended
X-HFTs. This study leads us to define a bicategory, Frob®, which has quasibiangular
G-algebras as objects, compatible G—graded Morita contexts as 1-morphisms, and
equivalences of such Morita contexts as 2—morphisms (see Section 4.3).

Algebraic & Geometric Topology, Volume 23 (2023)



3912 Kiirsat Sozer

Theorem 4.24 Under the assumptions of Theorem 4.19, there is an equivalence of

bicategories
SymMon(X Bord,, Algﬂi) ~ Frob%.

On the level of objects, this equivalence maps a triple (A4, B, {) to A. Consequently,
Theorem 4.24 implies the following corollary:

Corollary 4.25 Under the assumptions of Theorem 4.19, two triples (A1, By, (1) and
(A2, By, &) produce equivalent 2—dimensional extended X —HFTs if and only if there
exists a compatible G—graded Morita context between A1 and A,.

A different approach to the classification of 2—-dimensional EHFTs with K(G, 1) targets
is given by the (G xSO(2))-structured cobordism hypothesis due to J Lurie [15]. This
hypothesis states a classification of such EHFT's in terms of homotopy (G xSO(2))-fixed
points (see Section 4.5). Davidovich [6] computed these fixed points in Algﬂz§ when k
is an algebraically closed field of characteristic zero. By comparing Theorem 4.24 with
Davidovich’s results, we verify a special case of the (G xSO(2))-structured cobordism
hypothesis as follows:

Corollary 4.27 For any discrete group G and any algebraically closed field k of
characteristic zero, the (G xSO(2))—-structured cobordism hypothesis for Algﬂzg—valued
oriented EHFTs with target X ~ K(G, 1) holds true.

In the definition of X Bord,, we use oriented manifolds. By using unoriented manifolds,
we define the unoriented X—cobordism bicategory X Bordy" and provide a list of
generators and relations. Then, parallel to the oriented case, we classify 2—dimensional
extended unoriented HFTs and verify a special case of the (G xO(2))-structured
cobordism hypothesis.

1.2 Related works

Our main reference is Schommer-Pries’ thesis [22] on the classification of 2—dimensional
extended TFTs. In addition to detailed classification of oriented and unoriented extended
TFTs, Schommer-Pries sketched the classification of 2—dimensional structured extended
TFTs (see [22, Section 3.5]). In this approach the structured cobordism bicategory
is defined using topological stacks. In particular, a stack corresponding to principal
G-bundles and orientation structures provides an alternative formulation for extended
(G xS0O(2))-structured TFTs, or equivalently 2—dimensional extended HFTs with
K(G, 1) targets.

Algebraic & Geometric Topology, Volume 23 (2023)



Two-dimensional extended homotopy field theories 3913

When defining 2—dimensional extended TFTs, Schommer-Pries [22] defined the co-
bordism bicategory in all dimensions, not only in dimension 2. Schweigert and
Woike [23] extended this cobordism bicategory to the setting of homotopy field theories

and defined extended HFTs in all dimensions. Similarly, Miiller and Szabo [18]

F
n,n—1,n—2>

constructed a geometric cobordism bicategory Cob where J is a general stack
which encodes the arbitrary background fields in the corresponding quantum field theory
(see also Miiller [17]). In their work [19], when the background fields F are chosen for
2—dimensional Dijkgraaf—Witten theories, namely principal bundles with finite structure
group G and orientations, the symmetric monoidal bicategory Cobg’l,0 is equivalent
to XBord,, described above. Using the n—dimensional version Cobi n—1,n—2 Of this
bicategory, they defined an n—dimensional extended homotopy field theory for all n > 2.
Moreover, Miiller and Woike [20] constructed an n—dimensional extended HFT from a
flat (n—1)—gerbe on a target space represented by a U(1)-valued singular cocycle (see
also [17] and Bunke, Turner and Willerton [4]). This construction was generalized to

unoriented extended HFTs by Young [29].

A state sum approach to both 2-dimensional extended TFTs and HFTs was taken by
Davidovich [6]. As mentioned above, Davidovich [6] also classified Algﬁ—valued
2-dimensional extended (G xSO(2))-structured TFTs following the cobordism hypoth-
esis.

Conventions Throughout the paper, G is a discrete group with identity element e and
the target space is a pointed aspherical CW—complex (X, x) with 71 (X, x) = G. All
manifolds are assumed to be smooth and all algebras are unital. By a closed manifold
we mean a compact manifold without boundary. For smooth manifolds M and N, the
space of smooth maps C*°(M, N) is provided with the Whitney C *°~topology. For
subsets K C M and L C N, the notation [(M, K), (N, L)] stands for the set of relative
homotopy classes of maps between pairs.

Acknowledgments I would like to thank my advisor Vladimir Turaev for introducing
this problem to me and his support throughout this project. I would also like to thank
Noah Snyder for fruitful and enlightening discussions on extended field theories and
the cobordism hypothesis. I am grateful to Patrick Chu for helpful discussions and to
Alexis Virelizier for his comments on the earlier version of this paper. I would like to
thank the referee for valuable comments and suggestions. This work was supported by
NSF grant DMS-1664358.
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2 The 2-dimensional X —cobordism bicategory

In his study of HFTs, Turaev [27] introduced notions of X—manifold and X —cobordism
using pointed manifolds, where X is a connected CW—complex with a specified point
x € X. In this paper, X is always a K(G, 1)-space. In this case, a pointed manifold
is a manifold with a basepoint on each connected component. We denote the set
of basepoints of a pointed manifold M by bp,,. An n—dimensional X—-manifold is
a pair (M, g) consisting of a closed pointed n—manifold M and a homotopy class
g € [(M,bpyy), (X, x)], called the characteristic map. An X—cobordism between X —
manifolds (M, g) and (M’, g’) is a pair (W, P) consisting of a cobordism W between
M and M’ and a homotopy class P € [(W, bp,s Ubpyy/), (X, x)] restricting to g and g’
on the corresponding boundary components.

Given an aspherical space X, a 2—dimensional extended X-HFT is a symmetric
monoidal 2—functor from the 2—dimensional X—cobordism bicategory X Bord; to
another symmetric monoidal bicategory. Therefore, this bicategory plays a key role in
the definition of 2—dimensional extended X -HFTs.

There are existing definitions of structured or equivariant cobordism bicategories
related to XBord,. These include the homotopy bicategory of the (oo, 2)—category
of cobordisms with (G xSO(2))-structures (see [15; 5]), the structured cobordism
bicategory Bordg introduced in [22] with a topological stack J corresponding to
principal G-bundles and orientation structures, the G—equivariant cobordism bicategory
G—-Cob(2, 1, 0) introduced in [23], and the structured cobordism bicategory Cobg,l’0
introduced in [18] with an appropriate choice of a stack F (see [19; 17]). It can be
shown that these symmetric monoidal bicategories are equivalent to X Bord; and hence
the corresponding extended HFTs with aspherical targets are equivalent.

We start this section with a descriptive definition of XBord, to motivate the types of
X-manifolds and structures on them, which form the 1- and 2—morphisms of this
bicategory. Then we provide the complete definition of XBord,.

2.1 Surfaces with corners

Roughly, the objects of XBord, are compact oriented O—manifolds, 1-morphisms
are 1-dimensional X —cobordisms, and 2-morphisms are X -homeomorphism classes
of 2—dimensional X—cobordisms between those X—cobordisms. This hints that the
underlying manifold of a 2-morphism must be a surface with corners. Recall that a
surface with corners M is a 2—dimensional topological manifold whose coordinate

Algebraic & Geometric Topology, Volume 23 (2023)



Two-dimensional extended homotopy field theories 3915

charts are of the form ¢: U — R?, where U C M is open and R?. = [0, 00) x [0, 00).
Compatibility of charts is given by diffeomorphisms; that is, two charts (U, ¢) and
(U, ¢") with U N U’ # @ are compatible if the composition ¢’ 0 o~ 1: (U NU’) —
¢'(UNU’) is a diffeomorphism. Here, when ¢(U NU’) N9RZ. # &, the map ¢’ op™!
is a diffeomorphism if it is a restriction of a diffeomorphism defined on an open set
containing (U N U’).

The composition of 2-morphisms in the X —cobordism bicategory is given by gluing
surfaces with corners along their common boundaries. Recall that the first step of
gluing construction is to choose collar neighborhoods. Nevertheless, not every sur-
face with corners admits collar neighborhoods. Following [22], we use (2)—surfaces,
which are special cases of (n)—manifolds defined in [13]. These surfaces admit collar
neighborhoods (see [13]) and they are a certain type of surfaces with faces.

A surface with faces M is a surface with corners such that any point m € M belongs
to index(m) different connected faces. Here, the index of a point m is the number of
zeros in ¢(m) € RZ , where (U, ¢) is a chart with m € U and a connected face of a
surface with corners M is the closure of a component of {m € M | index(m) = 1}. A
face is a disjoint union of connected faces.

Definition 2.1 A (2)—surface is a 2—dimensional compact manifold with faces S
equipped with two submanifolds with faces d;S and 9, S, called the horizontal and
vertical faces, respectively, such that dS = 0,5 U d,S and 95,5 N d, S is either empty
or a face of both. A (2)—surface S is pointed if it is equipped with a finite set R C 95
such that 9,5 N d,S C R, 3,5 N R = 9,5 N 3, S, and every connected component
of 05 S contains at least two elements of R.

Definition 2.2 A (2)-X—surface is a triple (S, R, P), where (S, R) is a pointed ori-
ented (2)—surface and P € [(S, R), (X, x)] is a homotopy class. A (2)-X-—surface
(S, R,P) is said to be of cobordism type if 9, S is diffeomorphic to a product X—
manifold with a constant characteristic map, ie (3,S,Ply,5) = (M X I,Plpxr),
where I = [0, 1], (M, P|p) is a O—dimensional X-manifold, and the restriction of
Plmxr € [(M x 1,0(M x I)), (X, x)] to each connected component is the constant
homotopy class.

Figure 1 shows an example of a cobordism type (2)—X—surface (S, R, P), where we
encode the data of relative homotopy class P by arrows and G—labels are determined
uniquely by P and arrows. Observe that the horizontal boundary of a (2)—X —surface
(S’, R’,P’) is not a 1-dimensional X—cobordism if R’ # 9(d;S’). Since we regard

Algebraic & Geometric Topology, Volume 23 (2023)
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Figure 1: Examples of cobordism type (2)—X—surfaces and their compositions.

2-morphisms of XBord, to be X—cobordisms between 1-morphisms, this observation
implies that 1-morphisms are more general than 1-dimensional X —cobordisms in that
there are possibly extra points in the interior of the underlying 1-dimensional compact
manifold.

Definition 2.3 A 1-dimensional marked X-manifold is a triple (M, T, g), where
M is an oriented compact 1-manifold, T € M is a finite set with dM C T such
that each connected component of M contains at least two elements of 7, and g €
[(M.T). (X, x)].

According to the arguments above, the bicategory X Bord, is expected to have compact
oriented O—manifolds as objects, 1-dimensional marked X—manifolds as 1-morphisms,
and cobordism type (2)—X —surfaces as 2—-morphisms. In this case, for a given cobordism
type (2)-X—surface, its source and target 1-morphisms are certain components of the
horizontal boundary. However, the composition of morphisms is a delicate issue,
especially the composition of 1-morphisms.

When we glue two manifolds along their common boundary, the smooth structure
on the resulting topological manifold depends on the choice of collar neighborhoods
(see [16]). Equivalently, different choices of collars give different smooth structures.
However, different choices give diffeomorphic smooth manifolds and diffeomorphisms
are noncanonical. Therefore, gluing operation on smooth manifolds is not well defined
on the nose, but up to a noncanonical diffeomorphism.

The same results continue to hold for (2)—X —surfaces. Let (S, R, P) be a (2)—X —surface
and (N, N N R,P|y) be a face with the inclusion map ¢: (N, N N R) — (S, R). For a

Algebraic & Geometric Topology, Volume 23 (2023)
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collar neighborhood Uy C S of N, a collar is a diffeomorphism Wy : Uy — N xR+
(see Figure 1). The following proposition implies that 2—morphisms of X Bord, must
be (relative) diffeomorphism classes of cobordism type (2)—X—surfaces in order to
have well-defined horizontal and vertical compositions of 2—morphisms:

Proposition 2.4 Let (S, R,P) and (S’, R’,P’) be cobordism type (2)—X —surfaces with
faces and (N, T, g) be a 1-dimensional marked X —manifold together with inclusions
t:(N,T,g) — (S,R,P)and //: (N, T,g) < (S, R',P') realizing (N, T, g) as a face
of both (2)—X —surfaces. Then S Uy S’ is a topological manifold with boundary. If in
addition we are given collars W4 : N x Ry — S and W_: N x Ry — S, then there
exists a canonical smooth structure on S Uy S’ which is compatible with the smooth
structures on S and S’. Moreover, different choices of collars produce noncanonically
diffeomorphic cobordism type (2)—surfaces.

The proof of this theorem follows from the proofs of Proposition 3.1 and Theorem 3.3
in [22]. Note that gluing (2)—X—surfaces vertically along their common horizontal
boundary components does not yield a cobordism type (2)—X-surface. One needs
to choose a diffeomorphism / U I = I and omit the points on the faces through
which (2)-X—surfaces are glued. Figure 1 shows examples of vertical and horizontal
compositions of (2)—X—surfaces, denoted by o and *, respectively. Following [22],
we solve the problem of composition of 1-morphisms by equipping manifolds with
germs of neighborhoods. The notion of a germ of neighborhoods was made precise by
Schommer-Pries (see Section 3.2.3 in [22]) using halations which are formulated as
maps of pro-manifolds.

2.2 Pro-X-manifolds and X -halations

Recall that a directed set is a tuple (D, <), where D is a nonempty set and < is a
reflexive and transitive binary relation such that, for any x, y € D, there exists z € D
with x < z and y < z. We think of a directed set (D, <) as a category D whose
objects are elements of D and morphisms are given by the relation <. Let Man*
be the category of smooth X—manifolds and smooth pointed maps commuting with
characteristic maps. A pro- X —manifold is a pair (D, A), where D is a directed set and
A: D — Man¥ is a functor.

Two directed sets play an important role in describing germs of neighborhoods of
X—manifolds: the first one is trivial one, D, = {*}, and the second one is associated
to an embedding of X-manifolds as follows. Let (M, g) and (N, h) be X-manifolds

Algebraic & Geometric Topology, Volume 23 (2023)
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possibly with boundary or corners, and let ¢: (M, g) < (N, h) be an embedding of
X-—manifolds, ie t(bp,s) = bpy and g = ho [¢] as elements of [(M,bp,,), (X, x)].
Then the directed set Dy is given by codimension zero closed X —submanifolds of N
containing ¢ (M) and the relation is inclusion.

For a given X-manifold (M, g), we denote the pro-X-—manifolds corresponding to
these directed sets with (M, g) and (1\71 C N, g), respectively. There is an obvious
inclusion 1p7: (M, g) — (A? C N, g) of pro-X-manifolds and an X—halation is an
inclusion of pro- X —manifolds isomorphic to 75,. Here morphisms of pro- X —manifolds
are the morphisms in Man¥ of the corresponding limits and colimits of the diagrams.
More precisely, the set of morphisms between two pro- X —manifolds discussed above is

Hom, o vfan¥ (D..Dy) = lilgn cotl]im Homy,, x (D.(p).Dn(q)),

where the limit and colimit are taken in the category of sets. The codimension of an X -
halation is the codimension of the embedding. We denote an X —halation by (M, M, g)
and call an X—manifold equipped with an X -halation an X—haloed manifold. A map
between X -haloed manifolds (A, A, a) and (B, B ,b) is a pair of pro-X—manifold
morphisms A — B and A — B such that the diagram involving the inclusions 4 — A
and B < B commutes. The category of pro-objects in a category € is generally defined
using cofiltered diagrams instead of directed sets. Here we use the results in [22] to
simplify arguments and refer reader to [22, Sections 3.2.1 and 3.2.2] for a more detailed
exposition on halations.

The solution to the problem of composition of 1-morphisms is to use compatible X —
haloed manifolds. The compatibility is given by choosing an orientation for the normal
bundle of the embedding which defines X -halation. Such an X -halation is called
cooriented. Now assume that (M, Ty, go) and (M1, T1, g1) are 1-dimensional marked
X —-manifolds equipped with cooriented codimension one X —halations (1\70 C No, go)
and (M 1 C Ni,g1), respectively. Using the tubular neighborhood theorem and
the coorientations of the source and target objects, we write these X—halations as
(M; C M; x RUppr, xrx0y OM; x (R xR 4)) fori =0, 1. Using [22, Lemma 3.25],
we refine the index of both pro-X—manifolds to natural numbers N as

i > Mo x {0} Uy, ary 8 Mo x {0} x (= 1.0] Upar, 85 Mo x {0} x [0, 1),

i > My x {0} Uy, pr, 9s My x {0} X [o, ll) Ug, a, 8 My U {0} x (— l,o],

i
i|—>Y><(—l,7>,
i1
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(N.h)  (N.Ni.hy) (N, Ny, hy) (A, Ao, A1, T.51) (M. M. 85)
Figure 2: Cooriented X —halations and an X—haloed 1—cobordism.

where dg and d; denote the source and target boundary components and Y =~ d; My =~
ds M. For each i € N, the pushout exists and it is the smooth manifold My Uy M,
whose smooth structure is determined by the embedding of Y x (—1/i,1/i) and by
the smooth structures of My and M. The pushout as a cooriented codimension one
X-haloed manifold, ie as a 1-morphism of XBord,, exists by the results in [11] on
commutativity of finite colimits and (cofiltered) limits. Here note that the colimit
is taken over the pushout diagram K = e <— ¢ — e _which is clearly finite (see [22,
Section 3.2.3] for details).

2.3 The X -cobordism bicategory X Bord,

We are now equipped with the necessary information to define the 2—dimensional
X —cobordism bicategory.

Definition 2.5 The 2—dimensional X —cobordism bicategory X Bord; is as follows:

(1) The objects are triples {((M, g), (M, Ml,gl), (M, 1\/4\2@2))}, where (M, g) is
a compact oriented 0O-manifold, and (M, M 1,€1) and (M, A712,g2) are cooriented
codimension one and codimension two X —halations, respectively, with inclusions
(M,g) — (M, 1\71@1) — (M, 1\22@2). For brevity we denote such an object as
(M, My, My, 8).

(2) The 1-morphisms are X-haloed 1-dimensional X—cobordisms; an X-haloed 1-
dimensional X —cobordism (4, 14/1\0, //1\1 ,T,p1) from (M, ]\711,]\712@2) to (N, ﬁl,ﬁz,ﬂz)
consists of
¢ a l-dimensional marked X-manifold (4, T, p),
¢ a codimension zero X—halation (A4, ffo, Po) and a cooriented codimension one
X-halation (A, A1, 1) with inclusions (4, p) < (A4, Ao, Do) = (4, A1.P1),
¢ a decomposition of the boundary of (A4, T, p) as A = din A LI doy A with isomor-
phisms of X —halations preserving coorientations (see Figure 2)

(Ma Ml’ MZv gz) %) (all’lAv /’1\0|ain’ Izl\llainv ﬁl)»
(N, N1, N2, 12) 2> (dowA. Aol A1la,. B1).
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(4,p)

(A.p)
e Py
o | (e
\/

(B,9)

8j ' (N x1,¢€) (B.q) (M x1,e)

Figure 3: An example of decomposition of a 2—morphism in X Bord,.

where /T0|3in is cooriented by an inward pointing normal vector and /TO|3 is

out

cooriented by an outward pointing normal vector.

(3) The 2—morphisms are isomorphism classes of X—haloed 2—dimensional X—cobor-
disms; an X -haloed 2—-dimensional X —cobordism (.S, S , R, }A?) from (A, /TO, A 1.T,p1)
to (B, By. B, 0, Q1) consists of a cobordism type (2)—X-surface (S, R, F) together
with a codimension zero X —halation (S, S, F) and isomorphisms of X—halations (see
Figure 3)
(4, A1,81) L (B. Bi.@1) 2> @4S. Sla, s Fla, ).

(M xI.Mx12.8)LL(N x I, N x12.8) L (3,5. S|y, 5. Fla, s)-
where (A, ;1\1,}3) is cooriented by an inward pointing normal vector and (B, B, q)
is cooriented by an outward pointing normal vector. The X-halations of M x [
and N x I are induced by their embeddings into M x 1% and N x I? with constant
homotopy class e. Coorientations are given by an inward pointing normal vector for
(M x I, M x I?,3) and an outward pointing normal vector for (N x I, N x I?,8). For
such an X—haloed 2—cobordism we have the notation 6(A) = 0j i, S, 0(B) = 0 oucS,
N(M x 1) =0y;nS, and n(N x I) = 0y ouS.

Two X -haloed 2—cobordisms (Sy, §0, Ro.Fo) and (S;. §1, R1,F1) are isomorphic if
there is an isomorphism of X—halations £: (Sy, §0, Fo) = (S1, S 1. F1) which restricts
isomorphisms

(0,0 S0. (50)13,, S0+ F0)ay 150) = OninS1. (SDNa, 081 FDo 080
(O,0050+ (50)13,, S0+ B3y 0050) = OnoueS1. (SDa, 00081+ FDy 1)
(0v,inS0. (50)13, 50+ Fo)la,.050) = @vinS1. (5D, 151+ EDlays1)-
(3v,00:50+ (50)18, o0 S0+ F0) 9y 0ueSo) = Qw0051 (SD13y St - ED o 0051

such that §|yg, is identity, § o =" and § 0 @ = €', where 6’ and 1’ are isomorphisms
of cooriented X —halations corresponding to the decomposition 051 = 9551 LI 9,.57.
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Lemma 2.6 The bicategory X Bord; is a symmetric monoidal bicategory under disjoint
union.

We skip the proof, which is given in [25] using a method developed by Shulman [24].
Recall that two major goals of this paper are to define 2—dimensional extended homotopy
field theories and classify them. The following definition addresses to the first one:

Definition 2.7 Let C be a symmetric monoidal bicategory. A C—valued 2—dimensional
extended homotopy field theory with target X is a symmetric monoidal 2—functor from
XBord, to C.

3 The G-planar decompositions

3.1 G-linear diagrams

Linear diagrams, introduced by Schommer-Pries [22], represent 1-dimensional compact
manifolds equipped with a Morse function to [0, 1]. Briefly speaking, a linear diagram
is a triple formed by the set of critical values of a Morse function on a compact 1—
manifold, an open cover of [0, 1], and combinatorial data describing preimages of a
Morse function on open sets. By labeling critical values with cup or cap instead of
their indices (see Figure 4) the first ingredient of a linear diagram is defined as follows:

Definition 3.1 [22] A 1-dimensional graphic ¥V is a finite subset of (0, 1) where
each point is labeled with either cup or cap.

For a given 1-dimensional graphic W, an open cover U = {Uy }qes of [0, 1] having
at most double intersections is said to be W—compatible if each Uy contains at most
one element from W and double intersections are disjoint from W. It is not hard to find
such open covers and the second ingredient of a linear diagram is defined as follows:

Definition 3.2 [22] Let W be a 1-dimensional graphic. A chambering set I' for ¥
is a set of isolated points in (0, 1) disjoint from . Chambers of I are the connected
components of [0, 1]\(I" U it). A chambering set I" is said to be subordinate to an open
cover U = {Uy}qey of [0, 1] if each chamber is a subset of at least one Uy .

Example 3.3 Figure 5 shows an example of a 1-dimensional oriented compact
manifold M equipped with a Morse function f: (M,0M) — ([0,1],{0,1}). The
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cup cap

| >

l l

Figure 4: Singularities of a Morse function on a 1-manifold and their images
in R.

critical values of f define a 1-dimensional graphic W (see Figure 4). An open cover
U= {Ui}l‘}:1 of [0, 1] is a ¥—compatible open cover and turquoise points form a
chambering set subordinate to U.

For an oriented compact 1-manifold M, a Morse function of the form f: (M,dM) —
([0, 1], {0, 1}) whose critical values are distinct and lie in (0, 1) is called a generic map.
Let W be a 1-dimensional graphic induced from a pair (M, f') of an oriented compact
I-manifold equipped with a generic map. Let I' be a chambering set subordinate to a
W—compatible open cover U. Since f is a Morse function and chambers are disjoint
from p, the preimage f~!(V) of a chamber V consists of a disjoint union of arcs
(possibly empty), each mapping diffeomorphically onto V under f. A trivialization
of V is an identification of f~1(V) with N<y x V for some N € N, where Ny =
{aeN|0<a<NYif f~1(V) is nonempty and an identification with the empty set
otherwise. In this case, each {i } x V' is called a sheet and each sheet is equipped with
an orientation.

Trivializations of two neighboring chambers have the same number of sheets if chambers
are separated by a point in I'. If a point in u separates chambers, then, by the Morse

cup cap cup cap

Uy 2 Us Uy

Figure 5: Induced 1-dimensional graphic and a chambering set.
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Figure 6: 1-dimensional marked X -manifold (M, T, g).

lemma, the number of sheets differ by two (see Figure 4). A sheet data & [22] for a pair
(W, I') consists of a trivialization of each chamber and an injection or a permutation
between trivializations of neighboring chambers preserving orientations and describing
how sheets are glued.

Definition 3.4 [22, Definition 3.45] A linear diagram is a triple (¥, I', 8) consisting
of a 1-dimensional graphic W, a chambering set I" subordinate to a W—compatible open
cover U = {Uy}qes of [0, 1], and a sheet data S associated to the pair (W, I').

Any linear diagram yields an oriented compact 1-manifold and a generic map to [0, 1].
Our goal is to add extra data of X—manifolds to linear diagrams so that these diagrams
produce oriented 1-dimensional marked X —manifolds. Recall that a 1-dimensional
marked X —manifold is a triple (M, T, g), where M is an oriented compact 1-manifold,
T C M is a finite set with 0M C T such that each closed connected component of M
contains at least two elements of 7, and g € [(M, T), (X, x)].

We describe the extra data on linear diagrams in an example. Let (M, T, g) be a 1-
dimensional marked X —manifold, shown in Figure 6, whose underlying manifold M is
the 1-dimensional oriented compact manifold considered in Example 3.3. We consider
the same generic map f: (M, dM) — (I, dI) and chambering set as in Example 3.3
giving the linear diagram (W, I, 8). First we label elements of I". A point in I" is
labeled with 8%, where ¢ € Sy is the permutation coming from the sheet data of this
point. We then add the elements of f(7T) to I', which means there are possibly new
chambers. Each new chamber has the induced trivialization from the larger chamber,
which splits into two. We do not label these added points. After that we equip the
boundary components of every sheet, except the critical points of f, with oriented
points using the orientation of M (brown points in Figure 7) and label each sheet with
a group element using the characteristic map g as shown in Figure 7.

Next, we add labeled points to [0, 1] as follows. If the preimage of a chamber does
not have any singularity then the midpoint of that chamber is added. The label of this
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0 cup,®@Pc Pe®@N®Pgr capys ® Pe P. p¢ cup, ® Pe Pe®capgm 1
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Figure 7: Example of a G-linear diagram without sheet data.

point is given as follows. We assign Pg, for such a sheet with + boundary points and
g1-label, and assign Ng, for a such a sheet with - boundary points and g,—label. Then
the label of the added point is given by A1 ® A> ® --- ® A,, where A; is the assigned
label of the i™ sheet according to the trivialization of the chamber fori =1,...,n.
Similarly, we modify labels cup and cap according to assignments to sheets which are
in the same trivialization with these singularities (see Figure 7). Lastly, on sheet data
trivialization of sheets involves labeling each sheet with a group element with an arrow
as described above and each (unlabeled) point is lifted to boundary of a sheet. We
denote this modified linear diagram using the extra data of the 1-dimensional marked
X-manifold with (WG, 9, 89) and call it a G—linear diagram.

It is clear that any G—linear diagram (UG, TG 89) produces a pair (M, T, g), f').
For any such pair, by choosing a compatible chambering set, we obtain a new pair.
These two pairs are related by the following notion. An X —homeomorphism between
(marked) X -manifolds is a pointed orientation-preserving diffeomorphism commuting
with the characteristic maps. An X—-homeomorphism between such pairs is called over
[0, 1] if it commutes with the fixed generic maps.

Proposition 3.5 Let (VG 16 8%) be a G-linear diagram induced from a pair
(M, T,g), f) of a 1-dimensional oriented marked X —manifold and a generic map
f:(M,0M) — ([0, 1], {0, 1}), and a chambering set " for a W—compatible open cover
WU of [0, 1]. If the pair (M', T’,g’), f) is constructed from (W@, T'¢ 8G), then there
exists an X ~homeomorphism F: M — M’ over [0, 1].

Proof The diffeomorphism F' maps inverse images of chambers to corresponding
trivializations. Since corresponding connected components have the same G—labels
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fold-2 cap cup saddle-1

B LN

l saddle-2 cusp-1

PAV[

Figure 8: Singularities of Schommer-Pries stratification and their graphics in R2.

)

and both f and f’ o F restrict to the same map on f~!(V) for any chamber V, F is
an X-homeomorphism over [0, 1]. |

3.2 G-planar diagrams

Planar diagrams, introduced by Schommer-Pries [22], represent cobordism type (2)—
surfaces equipped with a generic map to 12 = [0, 1] x [0, 1]. Here generic maps refer to
Schommer-Pries’ stratification of jet spaces described below. Parallel to linear diagrams,
a planar diagram consists of a graphic of a generic map, an open cover of /2, and a
combinatorial data describing preimages of a generic map on open sets.

In his classification of 2—dimensional extended TFTs, Schommer-Pries [22] studied
maps from cobordism type (2)—surfaces to /2 and refined the Thom-Boardman stratifi-
cation of jet spaces. Figure 8 shows the singularities of Schommer-Pries’ stratification
in normal coordinates and their graphics in /2. Here, by a graphic we mean the image
of a singularity under a generic map. In this context, by a generic map we mean a
map whose jet sections are transversal to each stratum. In Figure 8, generic maps are
projections to the page. The numbers on singularity names indicate their indices. By
an index of a singularity, we mean a symmetry of either a singularity or its graphic. For
example, fold-1 is obtained from fold-2 by changing the folding direction. Similarly,
cap, cup, saddle-1, and saddle-2 are different indices of the Morse singularity. Observe
that a cusp singularity has four indices.

For a given cobordism type (2)—surface X, a generic map for Schommer-Pries stratifi-
cation has the form

Fi(Z,0,%,0,%) — (12,01 x I, 1 x9I).
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Transversality theorems (see [22; 8]) imply that the set of generic maps is dense
in C®((X,0,%,0,%),(I2,01 x I,1 x dI)). The properties of Schommer-Pries’
stratification are listed in the following definition. In particular, the graphic of a generic
map for this stratification is a 2—dimensional graphic, which is defined as follows:

Definition 3.6 [22, Definition 1.29] A 2-dimensional graphic ® = (n, 1) is a diagram
in 12 consisting of a finite number of embedded labeled curves (1) and a finite number
of labeled points (w) satisfying the following conditions:

(i) Elements of 1 can only have transversal intersections and no three elements
intersect at a point. Each element of 7 is labeled with either fold-1 or fold-2.

(i) Elements of 7 are disjoint from d/ x I and intersect transversely with / x d1.
Labeling each of these intersection points on / x d/ with cup for fold-1 labeled
curves and with cap for fold-2 labeled curves produces 1-dimensional graphics
on I x{0} and I x {1}.

(iii) Projections of elements of 7 to the last coordinate of 2 are local diffeomor-
phisms.

(iv) Elements of u are isolated and disjoint from d(/ x I). Each element is labeled
with one of cup, cap, saddle-1, saddle-2 or cusp-i fori = 1,2, 3, 4.

(v) Each element in p has a neighborhood in which two elements of n form one of
cup, cap, saddle-1, saddle-2 or cusp-i graphic fori =1, 2, 3, 4 (see Figure 8).

We want to extend this definition to cobordism type (2)—X—surfaces so that a 2—
dimensional graphic additionally contains the X—manifold data. First we consider
(2)—X—surfaces whose underlying manifolds are singularities of Schommer-Pries’
stratification in normal coordinates (see Figure 8). Figure 9 shows their graphics with
the X—manifold data. Note that we abbreviate fold-i label to F;, saddle-i to S;, and
cusp-i to C; fori =1, 2. Also observe that fold-1 and fold-2 singularities are paths of
cup and cap singularities in the previous section. For this reason, henceforth, on any
G-linear diagram we replace cup and cap labels with F; and F; labels, respectively.
This implies that the restriction of each diagram in Figure 9 to I x 9/ yields two
partial G-linear diagrams. Later we complete them to G-linear diagrams by adding
chambering sets and sheet data.

Compared to graphics of singularities in Figure 8, there are additional arcs connecting
graphics of Morse! and cusp singularities to the (red) points of the boundary G—linear

1 Similar to the graphics of saddles, one can add arcs to the graphics of cup and cap and label them with &.
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Figure 9: Graphics of singularities with X —manifold data.

diagram. The reason behind the addition of these arcs is the connection between
these diagrams and string diagrams, which is the content of Theorem 4.5. We call
(2)—X —surfaces in Figure 9 elementary (2)—X —surfaces since they are building blocks
of cobordism type (2)—X—surfaces under horizontal and vertical gluing operations.
However, this list is not complete. The rest of the elementary (2)—X —surfaces and their
graphics are given in Figure 10.

We now know the extra data on 2—dimensional graphics of elementary (2)—X —surfaces.
Using these modified diagrams, for any generic map on a cobordism type (2)—X-—
surface (X, R, P) we add the X-manifold data (R, P) to the graphic of the generic map
in two steps. First we decompose (X, R, P) into horizontal and vertical compositions of
elementary (2)—X—surfaces. This is always possible by the nature of Schommer-Pries’
stratification and above arguments. Using P we choose G—labels on each elementary
(2)—X—surface in the decomposition. We then consider the modified diagrams of these
(2)-X—surfaces in 12, as described above. Figure 11 shows an example of this process
where the generic map is projection to the page. For a given 2—dimensional graphic
® = (1, ), we denote the union of 1 and arcs encoding the X —manifold data by n¢
and, similarly, £ denotes the union of x and additional labeled points. We call such a

Algebraic & Geometric Topology, Volume 23 (2023)



3928 Kiirsat Sozer
g Pg g2 ., &1 Pg, Pg, 8182 Pglgz
P Pg, Pgi g,
Pe T1 2
Pgl o, Dz, \Pgy
N g P £182 Pgigs g2+t g1 Pey, Py,
81828
8L gr Po®Ney FJ? F? P; ®Ng, 818283 Fj18283
g 82 8283
P¢ QN F5? FiT Pg®Ngl, 7
! T 2
! 818283 82
Fzélgzm Fll 283 F;
818283 Ff18283
+
- 418283
, F|
2 + same (2)—X—surfaces with different boundary orientations
FP Pe@Ngip
F? Py ®Ng,

Figure 10: The remaining elementary (2)—X —surfaces and their graphics.

2—-dimensional graphic ® equipped with X -manifold data a 2—dimensional G—graphic
and denote it by ®¢ = (n%, u%).

Let % = (79, 1Y) be a 2—dimensional G—graphic; an open cover U = {Uy }qes of 12
with at most triple intersections is said to be ®—compatible [22] if each triple intersection
is disjoint from p, each double intersection is disjoint from 7 U p or contains a single
element from 5, and the open covers {Ua N x {i})}ue] of I x{i}fori =0,]1 are

82 ., 81

Ff?

< I

g3

18283

18283

A

Figure 11: Adding X-manifold data to a graphic and an example of a cham-

bering graph.
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compatible with corresponding 1-dimensional graphics obtained from ®C. Knowing
that R? has covering dimension two and sets 7 and j are finite, it is not hard to find
d—compatible open covers for a given graphic .

Definition 3.7 [22, Definition 1.42] Let ®¢ = (n°, u%) be a 2—dimensional G—
graphic. A chambering graph T for ®C is a smoothly embedded graph in /2 satisfying
the following conditions. Vertices of I" are disjoint from elements of ¢ and have
degree either one or three. Edges of T are disjoint from 8/ x I and transverse to ¢
and / x dl. Furthermore, projection of each edge to the last coordinate is a local
diffeomorphism and around each trivalent vertex one of the edges projects to the
opposite side of the projection of the other two edges with respect to the image of the

vertex.

Definition 3.8 Let I' be a chambering graph for ®° = (%, u%). Chambers of T
are the connected components of 72\(I" U7 U ). A chambering graph T is said to
be subordinate to an open cover U = {Uy }yes of 1?2 if each chamber is a subset of at
least one U, with @ € J and the chambering sets I' N ({ x {i}) are compatible with
the restricted open covers {Uy N (I x {i})} ., fori =0,1.

Example 3.9 Figure 11 shows an example of a chambering graph I" where each
colored region is a chamber. Note that the chambering graph leads to new red points on
I x 91 forming two partial G-linear graphs. In this example all new points are labeled
with P, ® N,.

Proposition 3.10 Let ®C be a 2—dimensional G—graphic in I? and let U = {Ug }ges
be a ®—compatible open cover of 2. Then there exists a chambering graph T for ®¢
subordinate to U.

The 2—dimensional graphic version of this proposition was proven in Proposition 1.46
of [22]. This version follows from that only using transversality arguments. From now
on we assume that all chambering graphs are subordinate to some compatible open

Cover.

Next, we recall sheet data associated to a pair (¥, I'). We know sheet data on the
components of / x d/ from the previous section. For the other boundary component
a1 x I, sheet data is similar and indeed simpler since vertical boundary components
are all identical. Therefore, we consider the open subsets of chambers by removing
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Figure 12

boundary components. That is, for any chamber Ug which intersects with d(1 x I') we
consider Uf; =Ug—(UgNd(I x1)). Since f is generic, the preimage f ! (Ué) consists
of a disjoint union of open sets (possibly empty) each mapping diffeomorphically
onto U é A trivialization of U é is an identification of f~1(U /’3) with Ney x U é
for some N € N if f~1(U é) is nonempty and an identification with the empty set
otherwise. In this case, each {i} x U /é is called a sheet and each sheet is oriented. By
requiring the same trivializations on U é and dUg, we extend these identifications to
NS N X U B-

Similar to the 1-dimensional case, trivializations of two neighboring chambers have
the same number of sheets if chambers are separated by an edge of I" (see Figure 12).
If an element in 7 separates chambers then the number of sheets differ by two because
it is a fold graphic (see Figure 8). Sheet data S [22] for a pair (P, ') consists of a

N+1 Up,

/ N

N+l  N42 U,

Figure 13
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trivialization of each chamber and an injection or a permutation between trivializa-
tions of neighboring chambers preserving orientations and describing how sheets are
glued (see Figure 12). The gluing description of sheets requires certain conditions on
permutations and injections. For example, if three chambers are separated by edges
of a trivalent vertex of I', then the circular composition of permutations must be the
identity. Also, the permutation corresponding to the edge of a univalent vertex must be
the trivial permutation. The only nontrivial sheet data is that of a cusp graphic, which
we briefly describe. Consider the cusp-2 labeled point in Figure 13. Let N<y 43 x Ug,
and N<y 41 x Ug, be the trivializations such that the sheets UZN;R? 111 x U, and
(N +1)xUp, belong to a cusp singularity as shown in Figure 13. In this case, restriction
of injections to the cusp singularity gives 01 (N +1) =N +1and oo(N +1) =N +3.

Definition 3.11 [22, Definition 1.48] A planar diagram is a triple (®, I, §) consisting
of a 2-dimensional graphic ®, a chambering graph I for ® subordinate to a ®—
compatible open cover U = {Uy}qes of 12, and a sheet data § associated to the pair
(®,1).

Any planar diagram (®, T, 8§) produces a cobordism type (2)-surface ¥ with a generic
map f:(2,0,%,0,%) — (12,01 x I, xdI). In the case of a tuple (®C, I"), the
associated sheet data can be improved to produce a (2)—X-surface (X, R,P). We
call such sheet data carrying X —manifold data to sheets G—sheet data and denote it
by 8C. Then, generalizing a planar diagram, we define a G—planar diagram as a triple
(®Y, T, 8%). As an extension of G—linear diagrams, we label edges of a chambering
graph with 89, where o is the permutation coming from sheet data. If both sheets are
trivialized by the empty set, then the separating edge is labeled with 8*. We also label
vertices of chambering graph as follows. For a fixed trivalent vertex, if two of the edges
direct upward, the vertex is labeled with X 20" and if two of the edges direct downward
then it is labeled with (X "’“/)_1. Here o and o’ are the permutations corresponding
to the sheet data of these edges. A univalent vertex is labeled with X¢ if its edge
directs upward and it is labeled with (X¢)~! if its edge directs downward. We also
label intersections of edges of the chambering graph and 2—dimensional G—graphic.
For such an intersection, if an edge of the chambering graph is labeled with 8 and an
arc of the 2—dimensional G—graphic is labeled with A, then the intersection is labeled
with 9.

Example 3.12 Figure 14 shows an example of a cobordism type (2)—X-—surface
(2, R,P) and its G—planar diagram with respect to the projection map. We denote the
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Figure 14: Example of a cobordism type (2)—X —surface and its G—planar diagram.

trivializations of sheets with numbers on 3. Correspondingly, we encode this data on
the G—planar diagram by labeling chambers with ordered signed points. Here signs
come from the sign of the points on the corner of the corresponding sheet.

Let (2, R,P) and (¥, R’, P’) be (2)—X —surfaces endowed with generic maps f and f”,
respectively. An X—homeomorphism F: (X, R,P) — (X/, R’,P’) is said to be over 12
if it commutes with the fixed generic maps, ie f' o F = f.

Proposition 3.13 Let f:(X,0,%,0,%) — (12,01 x 1,1 x dI) be a generic map on
a cobordism type (2)—X —surface (X, R, P) inducing a 2—dimensional graphic ®°. Let
T" be a chambering graph for ®° subordinate to a ®—compatible open cover giving
a G—planar diagram (®C,T,8C). If the pair (X', R',P’), f') is constructed from
(<I>G, T, SG), then there exists an X —homeomorphism F: ¥ — X/ over 12

Proof The diffeomorphism F: ¥ — X’ maps inverse images of chambers to the
corresponding trivializations. Since F(R) = R, [P’ o F] =P, and both f and f'o F
restrict to the same map on £~ (U, ) for any chamber Ug, F' is an X-homeomorphism
over 12, d

3.3 G-spatial diagrams

Schommer-Pries [22] introduced spatial diagrams to identify planar diagrams which
produce diffeomorphic cobordism type (2)—surfaces. We extend them to G-spatial dia-
grams which identify those G—planar diagrams producing X —homeomorphic cobordism
type (2)—X-surfaces. Then, using these identifications, we define an equivalence
relation among G—planar diagrams, and prove the G—planar decomposition theorem.
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Figure 15: Movie moves coming from codimension 3 singularities.

Different generic maps on a fixed cobordism type (2)—surface yield different graphics
just as different Morse functions yield different critical values. In the latter case, Cerf
theory relates different sets of critical values in terms of isotopies or birth and death of
critical values. Similarly, Schommer-Pries [22] related different graphics obtained from
different generic maps in terms of isotopies and certain local moves of graphics, called
movie moves (see Figure 15). These movie moves are obtained from the singularities
of certain stratification of jet spaces

J'(EXI,0,Zx1,0,Zx1I),(I?x1,1xdIx1,dIxIxI))

for a cobordism type (2)—surface X. Note that in general the map F' is not of the form
F(x,t) = (f(x),t). For our purposes, we consider the subspace of J" (X x 1,12 x 1)
consisting of paths of functions.

Figure 16 shows the graphics of singularities for the Schommer-Pries stratification
in normal coordinates. Observe the relation between movie moves in Figure 15 and
the horizontal boundary components of the new graphics. The remaining movie
moves coming from this stratification are shown in Figure 17. The properties of this
stratification are listed in the following definition. In particular, the graphic of a generic
map for this stratification is a 3—dimensional graphic, which is defined as follows:

Definition 3.14 [22, Definition 1.30] A 3-dimensional graphic A = (8,7, 1) is
a diagram in /2 x I consisting of a finite number of embedded compact labeled
surfaces (8), a finite number of embedded labeled curves (1), and a finite number of
embedded labeled points (u) satisfying the following conditions:
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Figure 16: Graphics of the singularities in 72 x 1.

Projections of elements of § to the last two coordinates are local diffeomor-
phisms. Elements of § intersect with / x {i} x I along vertical line segments
{(x.1,5)}sef0,1] for some x € (0, 1) and for i =0, 1. Each element of § is labeled
with either fold-1 or fold-2.

Projections of elements of 7 to the last coordinate are local diffeomorphisms.
Every element of 1 has a neighborhood in which two elements of  form either
Morse or cusp graphics (see Figure 16). Each element of 7 is labeled with either

Morse-i or cusp-i, where i = 1,2, 3, 4 indicates the indices.?

Each element of u has a neighborhood in which some elements of § and n form
one of the graphics Morse relation-i, cusp inversion- j, cusp inversion’- j, cusp
flip- j, or swallowtail-i, where i = 1,2, 3,4 and j = 1, 2 indicate graphics of
different indices.

Elements of p are labeled with one of the singularities Morse relation-i, cusp
inversion- j, cusp inversion’- j, cusp flip-j or swallowtail- j, where 1 <i < 8 and
j = 1,2, 3,4 indicate the indices.

The restriction of the graphic to the components of 12 x 3/ gives 2—dimensional
graphics.

Elements of §, 7, and j are disjoint from 9 x /2. They are transversal with
respect to each other and to /2 x d1. Moreover, when two surfaces intersect

2Morse singularities are paths of cap, cup, saddle-1 and saddle-2 singularities.
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along an arc, there can only be finitely many points on the arc with tangent space
lying in (dx, d,), where (x, y,?) is the coordinate for /2 x 1.

Let X be a cobordism type (2)—surface and
F:(ExI1,0,Ex1,0,SxI)— (I>?<1,1x3I xI,0]xIxI)

be a generic map. We know that the restriction of F to the boundary components
> x {0} and X x {1} gives two generic maps on X. The converse is also true. That is,
for any given two generic maps f1, f2: (2, 0,2, 0,%) — (12,01 x I, x d1), there
exists a generic map F on ¥ x I with F[xx¢ = f1 and F|gx(1} = f2. Therefore,
3—dimensional graphics are designed to identify 2—dimensional graphics obtained
from generic maps on (2)—surfaces which are diffeomorphic relative to boundary.
Using 2—-dimensional G—graphics, we extend this result to (2)—X —surfaces which are
X-homeomorphic relative to their boundary. This is useful since, in the cobordism
bicategory X Bord;, the 2—morphisms are X—-homeomorphism classes of cobordism
type (2)—X —surfaces relative to their boundary.

Movie moves are local relations on 2—dimensional graphics generating the identification
of 2—dimensional graphics induced from different generic maps. Figures 18 and 19 show
some of the generalized movie moves relating 2—dimensional G—graphics. The remain-
ing generalized movie moves involve singularities with different indices, orientations,
and decomposition into elementary (2)—X —surfaces. Similarly, movie moves given in
Figure 17 are generalized and their possible versions (different indices, orientations

BIN%

71D [
73] R
] [7

Figure 17: Movie moves coming from intersection of codimension 1 and 2 singularities.
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Figure 18: Some of the generalized movie moves.
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Figure 19: Some of the generalized movie moves obtained by gluing elemen-
tary (2)—X—surfaces.
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Figure 20: Local models for a chambering foam.

and decompositions) form generalized movie moves. From now on, whenever we refer
to these figures we mean the complete list of movie moves.

Similar to the previous two sections, we generalize a 3—dimensional graphic to a G-
graphic by adding (labeled) surfaces, arcs, and points. For every new movie move, the
corresponding graphic is shown in Figure 19, right. Then we define a 3—dimensional
G—graphic A® = (8¢, 75, 1) as a 3—dimensional graphic A = (8, 7, ;1) along with a
2—-dimensional locally conical stratified space of compact type which is transverse to the
graphic and whose local models are given in Figure 19. The notion of locally conical
stratified space is also the main ingredient of Definition 3.15 below. Its definition can
be found in [22, Definition 1.41]. The reader can think of a locally conical stratified
space as a space constructed from given local models just as a manifold is built locally
from disks.

Let AC = (89,19, u%) be a 3—dimensional G—graphic. An open cover U = {Uy }aes
of 13 with at most 4—fold intersections is said to be A—compatible [22] if each 4—fold
intersection is disjoint from § U n U u, each 3—fold intersection is disjoint from @ U 7
and contains at most a single component of surfaces in §, each double intersection
is disjoint from points in u, and the open covers {Ua NI?x {i})}ae] of 12 x {i}
for i =0, 1 are compatible with the corresponding 2—dimensional graphics obtained
from AC. Since I3 has covering dimension 3 and there are only finitely many elements
in 6, n and u, A—compatible open covers exist.

Definition 3.15 [22, Definition 1.43] Let A9 = (6%, 9, 19) be a 3—dimensional
G—graphic. A chambering foam T for AC is a smooth embedding of a 2—dimensional
locally conical stratified space I" of compact type into I x (0, 1) x I with the following
properties. The space I' is locally conical with respect to the system of local models
12,1 xCy, I x Csz, CP, and CK4 shown in Figure 20. Vertices are disjoint from AC
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and lie in the interior. Edges can only intersect with a surface from §°. Faces can only
intersect with surfaces from 8¢ and arcs from 7€. All intersections are transversal and
I' additionally satisfies the following conditions:

(I The projection p: I" — I x I to the last two coordinates has no singularity and
projection of faces to the last coordinate has no singularity.

(Il) For every ¢ € I satisfying that (12 x {t}) N u% = @, ¢ is not a critical value
of projection pr: I' — I to the last coordinate, and (/2 x {¢t}) N " does not
include a vertex of T, the graph (/2 x {¢t}) N T forms a chambering graph for
the 2—dimensional G—graphic A® N (12 x {t}).

(III) 'The projection of each one of four edges in the CK4—model connecting at the
cone point to the last coordinate is a local diffeomorphism. Additionally, at least
one of them must map to downward of the cone point and at least one of them
must map to upward of the cone point.

(IV) The projection of the two edges in the CP-model connecting at the cone point
to the last coordinate maps both edges to the same direction with respect to the
image of the cone point.

Definition 3.16 Let AS = (89,79, 19) be a 3—dimensional G—graphic and let I
be a chambering foam for AC. Chambers of T are the connected components of
12 x I\(T'USUnUpu). A chambering foam T is said to be subordinate to an open
cover O = {Oq}qey of 1% x I if each chamber is a subset of at least one Oy with
o € J and the chambering graphs I' N (12 x {i}) are compatible with the restricted
open cover {Oa Nn12%x {i}}ae] fori =0, 1.

Lemma 3.17 Let I be a chambering foam for a 3—dimensional G—graphic A® in-
ducing 2—dimensional G —graphics and chambering graphs (®$, T) and (®¥,T}) on
12 x {0} and I? x {1}, respectively. Let O = {Oy}qecs be a A—compatible open cover
of I3 such that T} is subordinate to O; = Olr2xgy fori = 0,1. Then there exists
a chambering foam I for A® subordinate to © whose restrictions to I x {0} and
12 x {1} yield T and T, respectively.

In [22], the corresponding statement for a 3—dimensional graphic was proven (see [22,
Corollary 1.47]). In the case of nontransversal intersections with new elements encoding
X -manifold data, I" can be slightly modified to make all intersections transversal while
being compatible with O.
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Just as the movie moves in Figures 18 and 19 generate relations locally between
two G-planar diagrams on the boundary of a G—spatial diagram, there are movie
moves describing local relations between two chambering graphs on the boundary of
a compatible chambering foam. These moves along with corresponding chambering
foams are shown in Figure 21. Moreover, there are movie moves coming from an
intersection of a 3—dimensional G—graphic with a chambering foam. These local
relations are shown in Figure 22, in which the labels are omitted.

Next, we describe the sheet data. Let A = (8, 1, ) be a 3—dimensional graphic induced
from a generic map F: (Ex1,0,Ex 1,0, x1)— (I?x1,1x3Ix1,0I xIxI),
where X is a cobordism type (2)—surface. Let I" be a chambering foam subordinate
to a A—compatible open cover. Similar to the previous section, sheet data associated
to (A, ') extends the sheet data of planar diagrams on faces 12 x {0, 1}. Since F is
generic, the preimage F _1(0,3) of an open chamber consists of a disjoint union of
open sets, each mapping diffeomorphically onto Og. If a chamber Og is not open
then we consider Ob = 0g\(0g N d(I1% x I)). Then, a trivialization of a chamber
is the identification of F_l(Oﬂ) with Ncy x Og if F_I(Oﬂ) is nonempty and an
identification with the empty set otherwise. Each {i } x Og is called a sheet and each
sheet is oriented. For every chamber Og which is not open, we extend identifications
to N<n x Og by requiring the same trivializations on Olﬁ} and Og NA( 2 x I') coming
from sheet data of planar diagrams.

Trivializations of two neighboring chambers have the same number of sheets if chambers
are separated by a 2—dimensional stratum of I". If an element in § separates chambers,
then the number of sheets differs by two. Sheet data S [22] for a pair (A, I') consists of
a trivialization of each chamber and an injection or a permutation between trivializations
of neighboring chambers preserving orientations and describing how sheets are glued.

The gluing description of sheets requires the following conditions on permutations and
injections. In the local models I x C3, CP, and CK4, circular compositions of three
or four permutations must be the identity. Since fold, cusp, and Morse graphics are
paths of the corresponding graphics in the previous section, their sheet data do not
change. According to properties of multijet stratification, transversal double and triple
fold intersections are possible. There are four chambers for the double and eight for
the triple fold intersection. In both cases, different compositions of injections starting
from the chamber with the least number of sheets and ending at the chamber with the
maximum number of sheets must be the same. The sheet data for the intersection of
fold and Morse graphics is the same as double fold intersection and the sheet data
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Figure 21: Movie moves for chambering graphs and the corresponding cham-
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for intersection of fold and cusp graphics follows from the sheet data of cusp graphic.
Sheet data of Morse relation, cusp inversion, cusp inversion’, and cusp flip graphics can
be interpreted from the corresponding movie moves (see Figure 15). For the details of
these sheet data, see [22, Section 1.5.2].

We briefly describe the sheet data of swallowtail-1 graphic shown in Figure 23, where
two (blue and green) out of three fold singularities form a double fold crossing. Let
N<oy xUg,, Ncy+2XxUg,, and N<y 4 x Ug, be trivializations of chambers such that
the sheets UZN;;VZ 111 xUg, and Uj.v:]é 11J x Ug, belong to a swallowtail singularity
as shown in Figure 23. Using the sheet data for cusp singularities, restrictions of

injections to these sheets give

02(N+1)=N +3,
o3(N+1)=N +1,
os(N+1)=N +1,
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N+2 N+3

Figure 23: The swallowtail-1 sheet data.

Definition 3.18 [22, Definition 1.49] A spatial diagram is a triple (A, T, 8) con-
sisting of a 3—dimensional graphic A, a chambering foam I" for A subordinate to
a A—compatible cover O = {Oy}qes of I3, and a sheet data § associated to the
pair (A, TM).

Any spatial diagram (A, I', 8§) produces a compact 3—dimensional manifold with cor-
ners M with 0M = X U X,, where ¥; and X, are (2)—surfaces. Similar to the
previous two sections, in the case of a tuple (A%, I'), the associated sheet data can
be improved to yield a relative homotopy class from M to X and (2)-X—surfaces
(X1, R1,P1) and (X3, R»,P3). We call such sheet data carrying X —manifold data to
sheets G—sheet data and denote it with S@. Then, generalizing a spatial diagram, we
define a G—spatial diagram as a triple (AC, T, 89).

Proposition 3.19 Let (®%, T3, S?) and (99,1, 82G ) be G-planar diagrams and let
(21, R1,P1) and (X5, R,,Py) be the constructed cobordism type (2)—X —surfaces,
respectively. Then (X1, Ry, P1) is X—homeomorphic to (X,, R, P») relative to bound-
ary if and only if there exists a G—spatial diagram (AS,T,8%) which restricts to
(<I>1G, FI,SIG) and (&5, I, Sg) on the components of 1% x 1.

Proof (=) For a given such X-homeomorphism &, we obtain a G—spatial diagram
by first taking a generic map on the mapping cylinder of ¥ and then choosing a
compatible chambering foam.

(<) The properties of the stratification imply that the boundary components of
the manifold constructed from the G—spatial diagram are diffeomorphic relative to
boundary and the compatibility of G—labels of the arcs on the constructed manifold
implies that they are X—homeomorphic. |

Algebraic & Geometric Topology, Volume 23 (2023)



3944 Kiirsat Sozer

We define a relation among G—planar diagrams by (&%, T, SlG) ~ (DS, Ty, 82G ) if there
exists a G—spatial diagram (AY, T, 89) restricting to the given G—planar diagrams on
the components of 72 x 1. It is not hard to see that ~ is an equivalence relation. Since
generalized movie moves provide (nontrivial) local relations on G—planar diagrams,
the equivalence relation ~ can be described using these moves as follows:

Proposition 3.20 Two G—planar diagrams are equivalent if and only if they can be
related by a finite sequence of isotopies or movie moves in Figures 17, 18, 19, 21
and 22.3

Proposition 3.19 implies the following theorem, which is the first main step towards
the classification of 2—dimensional extended X -HFTs:

Theorem 3.21 (G-planar decomposition theorem) The relative X —homeomorphism
classes of cobordism type (2)—X —surfaces are in bijection with the equivalence classes
of G—planar diagrams.

4 The classification of 2—dimensional extended X -HFTs

4.1 New bicategories arising from diagrams

In this section, we use the G—planar decomposition theorem to introduce symmetric
monoidal X—cobordism bicategories with diagrams.

Definition 4.1 An object of an X—cobordism bicategory with diagrams X BordgD isa
triple (M, My, M, 85). M, w), where (M, My, M5, 8>) is an object of XBord,, M is
a finite set of ordered oriented points, and w: M — M is an orientation-preserving
bijection.

A 1-morphism is a triple ((A,/Zl\o,;l\l, T,p1), L,v), where (A,;l\o,fl\l, T,p1) is an
X-haloed 1—cobordism, L = (W%, T, 89) is a G-linear diagram, and v: (4, T, p) —
(A, T, p) is an X—homeomorphism over I with v(T) =T, where (A4, T, p) is the pointed
1—cobordism constructed from the G-linear diagram. The composition of two compos-
able triples is componentwise: the composition of 1-morphisms in XBord,, the com-
position of diagrams described below, and the extension of two X -homeomorphisms
over I, respectively.

A 2-morphism is a triple ([(.S, § R, ?)], P, k), where [(S, §, R, ?)] is an isomorphism
class of an X—haloed 2—cobordism, P = [(®Y, I, 89)] is an equivalence class of a

3By referencing these figures we mean the list of all generalized movie moves described in this section.
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Figure 24: Compositions and symmetric monoidal product of 2—morphisms
in XBP.

G-planar diagram, and «: (S, R,F) — (S, R,F) is an X—homeomorphism over /2,
where (S, R, F) is a cobordism type (2)—X—manifold constructed from a representative
(®Y, T, 89). The composition of two composable triples is componentwise, similar to
the composition of 1-morphisms.

The second bicategory XBFP is defined by forgetting X —haloed manifolds and co-
bordisms in X BordgD and taking isotopy classes of G-linear diagrams. In order to
define isotopic G-linear diagrams, we first need to explain compositions and monoidal
products of diagrams.

Horizontal compositions of G-linear and G—planar diagrams are given by the horizontal
concatenation of diagrams, where both G—sheet data agree and form new G—sheet
data. Vertical composition of equivalence classes of G—planar diagrams is vertical
concatenation of diagrams followed by an isomorphism I U I = I and forgetting the
G-linear diagram on the face along which two G—planar diagrams are concatenated.
Figure 24 shows an example of horizontal and vertical compositions of 2—morphisms
in XBPP whose labels are omitted.

A symmetric monoidal structure on XBFP is defined as follows. Let P; = (@, Ty, 89)
and P, = (99, Fl,Szc) be two G—planar diagrams on [m, n] x I and on [a, b] x I for
m,n,a,b € Z, respectively. Let Vi be the leftmost chamber of P; and Viign be the
rightmost chamber of P,. Then P ® P, is defined by stretching Vief to the left by b—a
units, stretching Vijgn, to the right by n —m units, and joining the stretched diagrams
(see Figure 24). The G—sheet data and the labels of the resulting diagram are modified
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accordingly. The symmetric monoidal structure on G-linear diagrams can be deduced
from this description. It is not hard to see that the described symmetric monoidal
product of diagrams is compatible with the disjoint union of X—haloed manifolds.

Recall that objects of XBFP are finite set of ordered oriented points, 1-morphisms are
isotopy classes of G-linear diagrams, and 2—morphisms are equivalence classes of
G-planar diagrams. The notion of isotopy between G-linear diagrams is generated by
the following identifications. Let L = (¥, T, 89) be any G-linear diagram, & be the
empty G-linear diagram for the empty 1-manifold, and id, be the identity G—linear
diagram of the ordered seta. Then L=L ® =2 ® L and L = Loid, =idpo L,
where L:a — b. In this case, it is not hard to see that XBFP is a strict 2—category.

Lemma 4.2 Both X BordgD and XBFP are symmetric monoidal bicategories under
disjoint union of X —haloed manifolds with operation ® on diagrams.

The proof for XBFP is very similar to the proof of Lemma 2.6. The case of X BordgD
follows from the compatibility of symmetric monoidal structures. Considering the G-
planar decomposition theorem, a natural question is whether the symmetric monoidal
bicategory XBFP defined by using diagrams is symmetric monoidally equivalent to
X —cobordism bicategory XBord,. We give a positive answer using the following
theorem:

Theorem 4.3 (Whitehead theorem for symmetric monoidal bicategories [22, Theorem
2.25]) Let B and C be symmetric monoidal bicategories. A symmetric monoidal
2—functor F: B — C is a symmetric monoidal equivalence if and only if it is an
equivalence of underlying bicategories. That is, F is essentially surjective on objects,
essentially full on 1-morphisms, and fully faithful on 2—morphisms.

Proposition 4.4 The forgetful 2—functors F and G given by forgetting X —haloed
cobordisms and diagrams, respectively,

XB™ <L XBordi® <> XBords,
are symmetric monoidal equivalences.
Proof For any given finite set W of ordered oriented points or a compact oriented 0—
manifold with cooriented codimension two X —halation (Y, Yy, Y 1, £), there exist objects
in X BordgD whose images under F and G are isomorphic to W and (Y, 170, Y1, g),

respectively. For any given X-haloed 1-cobordism, there exists a Morse function
with distinct critical values leading to a G—linear diagram and any G-linear diagram

Algebraic & Geometric Topology, Volume 23 (2023)



Two-dimensional extended homotopy field theories 3947

produces an X—haloed* 1-cobordism. Thus, by Proposition 3.5, each 2—functor is
(essentially) full on 1-morphisms. Lastly, by the G—planar decomposition theorem,
the 2—functors F and G are fully faithful on 2—morphisms. |

Proposition 4.4 implies that the X —cobordism bicategory X Bord, is symmetric monoid-
ally equivalent to XBFP. The advantage of XBFP is being a computadic unbiased
semistrict symmetric monoidal 2—category. In the appendix, we provide the definition
of computadic unbiased semistrict symmetric monoidal 2—category and prove this
claim, whose precise statement is given below (see Theorem 4.5). This result is an
important step of the classification, which we want to describe here.

The fact that XBFP is a computadic symmetric monoidal bicategory roughly means that
there exist four sets —namely generating objects XGg, generating 1-morphisms X3,
generating 2-morphisms XG,, and generating relations XR among 2-morphisms
forming the presentation XIP — such that there exists a (canonical) isomorphism of

BPD

symmetric monoidal bicategories F . (XP) — X , Where Fs(XP) is constructed

from XP. Therefore, we have
) Fuss(XP) - 1 XBP? <& XBord?® <> XBord,

and the cofibrancy theorem states that symmetric monoidal 2—functors out of Fs(XIP)
are determined by the images of generating sets subject to the relations. Thus, the
classification of 2—dimensional extended X -HFTs up to symmetric monoidal equiva-
lence reduces to understanding images of generators in XP satisfying relations. The
following theorem lists the presentation XP = (XGg, X91, XG5, XR) of XBPP and its
proof is given in Section A.3.

Theorem 4.5 The symmetric monoidal bicategory XBFP is a computadic unbiased
semistrict symmetric monoidal 2—category with presentation

XP = (XGp, XG1, XSGz, XR)

given by the diagram versions® of elements in Figures 25 and 26, and pairs of G—planar
diagrams corresponding to equalities in Figure 22, where the labels g1, g2, g3, 84, &,
g’ and g" are indexed over G so that g1g,g384 = e.

“4Halation can be encoded into G—sheet data by equipping trivializations of chambers with halations.
SFor generating 2-morphisms, we mean equivalence classes of G—planar diagrams. We consider G—linear
and G-planar diagrams whose chambering sets and graphs are trivial, corresponding to covers with single
elements.
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generating objects: +e -

generating 1-morphisms:

generating 2—morphisms:

gg's”

/ 7

88 4 8

g

gg/g// g

Figure 25: Generating objects (XGg), 1-morphisms (XG;), and 2-morphisms (XG,).
4.2 The cofibrancy theorem

Knowing the equivalence XBFP® ~ XBord,, the classification of 2—dimensional ex-
tended X -HFTs mainly concerns the understanding of symmetric monoidal 2—functors
defined on XBFP. The cofibrancy theorem [22] is a coherence theorem for such 2—
functors. More precisely, this theorem allows replacing (weak) symmetric monoidal
2—functors defined on computadic symmetric monoidal bicategories with their strict
versions naturally. Furthermore, such strict 2—functors are determined by the images of
generating sets of a presentation subject to the relations.

The cofibrancy theorem holds for any computadic monoidal bicategory (see [22; 21])
and specifically for stricter versions of symmetric monoidal bicategories. In this section,
we only focus on its version for computadic unbiased semistrict symmetric monoidal
2—categories, which is the key step of the classification. In the following, we denote
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+ reflections
with respect to
a vertical axis

Figure 26: Generating relations (XXR) among 2—-morphisms.

the collection of objects of a symmetric monoidal bicategory C by €g, 1-morphisms
by €1, and 2-morphisms by C5.

Definition 4.6 Let (P = (G0, 91,92, R), s,t) be an unbiased semistrict symmetric
presentation and C be a symmetric monoidal bicategory. The bicategory P (C) of P—data
in C is defined as follows:

¢ The objects of P (C) are triples of assignments (Ag, A1, A2) such that 4;: G; — C;
for i =0, 1, 2 satisfying the following conditions. These assignments extend canoni-
cally to BW"*(Gy), BS"*(91)/~, and PG"*(93)/~ using the monoidal product and
braiding of € as follows. For any x = ay...a, € BW"(Gp), we have Ag(x) =
Ao(a1) ® -+ ® Ao(an), idy =idg,(x) and ﬂg,a(a) for o € S, is given by writing o as
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a product of adjacent transpositions first and then applying the braiding of € to each of
them. Composition and monoidal product of 1-morphisms follow similarly by extend-
ing A1 to BS"*(G1)/~. In the extension to PG"*(G,) interchanger 2—morphisms ¢
are taken as the identity and the extension to the remaining 2—morphisms uses the
naturality of the braiding of € and the corresponding modifications. These extensions
are required to be globular, ie Agop = poAj and A1 0 p = po Ay, where p is used for
the source s and target t maps. Among all extensions, only those with A, (x) = A>(y)
for all (x, y) € R are considered.

¢ The 1-morphisms from A = (Ag, A1, A2) to B = (Byg, B1, B») are pairs of assign-
ments («g, o) such that o;: §; — Cj41 fori =0, 1, s(xp(a)) = Ao(a), t(xo(d)) =
Bo(b) and a1 (f): B1(f) oo(a) => ag(b) o A1(f) forall f:a — b € G1. These
assignments extend canonically to BW"*(G) using the monoidal product of € and to
BS"*(G1)/~ using induction on the number of monoidal products and compositions
as follows. For x = ay ...a, € BW"(Y0), o1 (idy) is the composition

. . e y—1 . .
By (idx) o (x) = id g x) 0000 (x) > g (¥) L2 at (x) 0id g (x) = o (¥) 0 A1 (id ),

where £ and r are the left and right unitors of the underlying bicategory of C. For
X=aj...a, € BW"(Gp) and o € S, the 2-morphism al(ﬂga(x)) is given by the
components of the braiding (equivalence transformation) of € on the 1-morphism
ao(x). Next, for elements f:a — b and f:a’ — b’ in BW"(Gy), a1 (f ® f') is
defined as the composition
(B1(f) ® B1(f")) o (ao(a) ® ao(a’)) — (B1(f) o o(a)) ® (B1(f”) o to(a’))
(a1 (f)
S (wo(b) 0 Ay () @ (@o(b) 0 Ar(f)
— (ao(b) ® (D)) o (A1 (f) ® A1 (f").

For elements f:a — b and g: b — ¢ in BW"*(Gy), a1(g o f) is defined as the
composition

(Bl(g)oBl(f))an(a)—>Bl(g) (B1(f)oao(a )) id* Otl(f)

B1(g)o(@o(b)oA1(f))
G (Bi(g) oao(®)) 0 A1 () “E (ao(c) 0 A1(g)) 0 A1 (f)
%5 wo(c) o (A1(g) 0 A1 (f)),

where @° is the associator of the underlying bicategory of C. These assignments are
also required to be natural with respect to equivalence classes of paragraphs. That
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is, for any [B] € PG™*(92)/~ with B: f — g, we have (idg, () * A2(B)) c a1 (f) =
a1(g) o (B2(B) *idg,(q)); equivalently,

A1(g)
P TR M)
o(a) T8 7~ 40(0) Ao(a) > Ao(b)
A1(f)
ao(a) / 00b) = ao(@) /m(g) ao(b)
a1 (f) B,()
1
Bol@) — == Bo®)  Bo@) _ [[B®)  Bolb)
\_/’
Bi1(f)

¢ The 2-morphisms from o = (e, @1) to 8 = (Bo, B1) are assignments 6y : Go — C»
such that 8y (a):ag(a) = Bo(a) forall a € Go, where o, B: A — B for A= (Ag, A1, Az)
and B = (By, B1, B2). These assignments extend canonically to BW"(Gg) using the
monoidal product of € and they are required to be natural with respect to BW"(Gy).
That is, for any f:a — b € BW"™(G1), we have B1(f) o (6o(a) * idp,(r)) =
(idg, () * 0o (D)) o a1 (f); equivalently,

A1)

Ao(a) » Ao(b) Ag(a) — 25 4y ()

bo(a) //31 )

ao(a) == JBo(a)

6o(b)
ao®) === \Bo(b)

Bo(b) = ao(a) /
a1 (f)

B()(a) > B()(b) Bo(a)

* Bo(b)

B1(f) B1(f)

With the trivial coherence data (y, ¢, W, G, R, U), any object of IP(C) considered with
the extensions gives rise to a strict symmetric monoidal 2—functor Fys(P) — € (see
[22; 25]). Similarly, any 1-morphism and 2-morphism of P(C) considered with their
extensions yield a strict® symmetric monoidal transformation and a symmetric monoidal
modification, respectively (see [22, Section 2.3]).

Definition 4.7 Let C be a symmetric monoidal bicategory and F,s(P) be a com-
putadic unbiased semistrict symmetric monoidal 2—category for a given presentation

%Those monoidal transformations whose monoidal structure 1— and 2-morphisms are identities.
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P = (90, 91, 92, R). The bicategory SymMon(Fys(IP), ) has symmetric monoidal
2—functors as objects, symmetric monoidal transformations as 1-morphisms, and
symmetric monoidal modifications as 2—morphisms.

By construction of P(€), we have a strict inclusion functor
1: P(C) — SymMon(Fys(P), €)

given by the associated 2—functors, transformations, and modifications. The cofibrancy
theorem below states that 1 is an equivalence of bicategories:

Theorem 4.8 (cofibrancy theorem [22, Theorem 2.78]) Let C be a symmetric
monoidal bicategory and let Fys(P) be a computadic unbiased semistrict symmet-
ric monoidal 2—category constructed from an unbiased semistrict presentation P =
(S0, 91, 92, R). Then the inclusion 1 : P(C) — SymMon(Fys(PP), €) is an equivalence
of bicategories.

The following lemma, taken from [22, Lemma 2.15], implies that, for any symmetric
monoidal bicategory C, the bicategories SymMon(X Bord,, €) and SymMon(XB'P, @)
of symmetric monoidal 2—functors, symmetric monoidal transformations, and modifi-
cations are equivalent:

Lemma 4.9 [22] Let M and M’ be symmetric monoidal bicategories, and H : M —
M’ be a symmetric monoidal 2—functor which is an equivalence. Then there is a
canonical equivalence H*: SymMon(M’, B) — SymMon(M, B) of bicategories given
by composition on the level of objects, and by symmetric monoidal whiskering on the
level of 1- and 2—morphisms.

We denote the bicategory SymMon(X Bords, €) by E-HIFT (X, C) and state the classi-
fication of 2—dimensional extended HFTs with target X ~ K(G, 1) as follows:

Theorem 4.10 Let XP be the presentation of XBFP given in Theorem 4.5. Then,
for any symmetric monoidal bicategory C, there is an equivalence of bicategories
E-HIFT(X, C) ~ XP(C).

Proof Theorem 4.5 gives a presentation XP of XBFP as a computadic unbiased
semistrict symmetric monoidal 2—category. By the cofibrancy theorem, we have
SymMon(XBFP, €) ~ XP(€). Using the symmetric monoidal equivalence between
XBPP and XBord, in Proposition 4.4 and Lemma 4.9, we obtain the result. O
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4.3 Algﬂzg—valued 2—dimensional extended X -HFTs

Every 2—dimensional extended X—HFT gives a nonextended one by restricting to
oriented X —circles and X—cobordisms between them. A natural question is how the
classification of 2—dimensional extended HFTs is related to Turaev’s classification of 2—
dimensional HFTs by crossed Frobenius G—algebras [27]. To understand this relation,
we study extended HFTs taking values in Alg]li, which has k—algebras as objects,
bimodules as 1-morphisms, and bimodule maps as 2—morphisms for a commutative
ring k with unity.

The symmetric monoidal structure of Algﬂz§ is given by tensoring over k. We denote
(E, C)-bimodule D by g D¢ and omit the symbol k when either C or E is k. We
regard g D¢ as a 1-morphism from C to E, which is in line with the composition in
XBord; (see Figure 3). Composition of 1-morphisms g D¢ and ¢ By is the bimodule
E(D ®c B)a.

Before studying Algﬂz&—valued 2—-dimensional extended X -HFTs, we recall necessary
algebraic notions and introduce quasibiangular G—algebras. Recall that a G—algebra
over a commutative ring k is an associative k—algebra K equipped with a decomposition
K = @geG Kg such that K¢ Ky, € Kgp, for any g,h € G. In this case, K, is the
principal component and K is called strongly graded if Kg K, = Kgj, or, equivalently,
the natural map Ky ®g, K — Kgj, is an isomorphism for all g, 7 € G. The opposite
G-algebra of K is defined as K°? =
is reversed.

geG Kg—1, where the order of multiplication

Definition 4.11 [28] Let K =P, K, be a G-algebra over a commutative ring k.
Recall that an inner product on K is a symmetric bilinear form 7: K ® K — k satisfying
n(ab,c) = n(a,bc) for any a,b,c € K such that n|g, gk, is nondegenerate when
gh = e and zero otherwise. A Frobenius G—algebra is a G—algebra K with an inner
product n and components of K are finitely generated projective k—modules.

Let (K =P ecG Kg- n) be a Frobenius G-algebra over k. Each nondegenerate form
’7|Kg®Kg—1 yields an element 7, = Zielg p}g ® q;-g € Kg ® K,-1, called an inner
product element, where I s finite and 17, is characterized by a =37, 1, (@, qf)pf
for any a € Kg. Since 7 is symmetric, we have ), pf  ®¢¥ =Y, ¢f ® pf for
all g € G.

Recall that an associative k—algebra A is separable if there exists an element a =
Y1 pi ®qi € AQk A, called separability idempotent, such that Y ', piqi =1
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and ab = ba for all b € A. A separable algebra A is called strongly separable if the
separability idempotent is symmetric,iea =Y ;_; pi ®qi = Y 1—, 4i ® pi.

Lemma4.12 Let (K = Dgec Ke- n) be a Frobenius G—algebra with inner product
elements {n; = Y_; pf ®q;.g}g€G and z € K. Then, forany g.h € G and b € K1,
we have

2 Y pl®zqlb= pr, ®zqf".
i

In particular, for any b € K and ¢ € Kj-1, we have ) _; p}fgbzq}gc =D cp,ilgbzq,};g.

Proof Since both sides belong to Kj ® Kj—1,-1, it is enough to check that they
give the same functionals on the dual k-module K1 ® K. For any x € Kj—1 and
Y € Kgp, applying x ® y to the left-hand side of (2) and using the cyclic symmetry
property of 1, we obtain

> n(pl.xm(zalb.y) =Y n(x. pln(gl byz) —n( ,Zn(byz,qf’)pf’)

i
=n(x,byz).
Similarly, applying x ® y to the right-hand side of (2), we have

Zn(bp, )n(zgst. y)= Zn(xb "ngs". yz)= n(xb Zn(yz ) gh)

= n(xb, yz). o
We generalize biangular G—algebras, which were introduced by Turaev [27], as follows:

Definition 4.13 A strongly graded Frobenius G-algebra (K, 1) is called quasibiangu-
lar if there exists a central element z € K,, ie za = az for all a € K, such that, for the
collection of inner product elements {Zl pf’ ® qig } the equations ) ; pl.g qu.g =1

hold for all g € G.

geG’

Remark By Lemma 4.12, the principal component of a quasibiangular G—algebra is
a separable algebra with separability idempotent ) _; pf ® zgf. A biangular G-algebra
is a quasibiangular G—algebra with z = 1. Similarly, the principal component of a
biangular G-algebra is strongly separable.

One way of studying an algebra is to study the category of modules over it. Recall that
Morita equivalence of algebras is the equivalence of categories of modules. In the case
of a graded algebra, one studies the category of graded modules. An equivalence of
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such categories is called a graded Morita equivalence (see [3, Theorem 3.2]), which
was introduced by Boisen [3] as follows:

Definition 4.14 [3] A G-graded Morita equivalence { between G-algebras K =
EBgeG Kg and L = EBgeG Lg is a quadruple (LUk.x V1,7, ), where [Ug =
Dgec Ug is a graded (L, K)-bimodule —that is, LeUpKg C Ugpgr —k VL =
@geG Vg is a graded (K, L)-bimodule, and 7: k Kx — xV ® Uk and p: LU ®g
Vi, — L are graded (K, K)-and (L, L)-bimodule maps, respectively, such that the
compositions

LUk — LU ®k Kg 8% 1 U @k (V&L Ux) - (LU ®k V) ® Uy

®id
B2 1L ®p Ug — LUk,

kVL = kK®k VL 2% (kV @LU) @k Vi — kV ®L (U ®k V1)

M KV g3 L L — KVL
are idy and idy, respectively. When t and p are invertible as G—graded bimodule
maps, ¢ is called a G—graded Morita context.

Definition 4.15 Let { = (L Uk, xVp,t.n) and ¢’ = (LUg, V7, 7/, 1') be two G-
graded Morita equivalences. An equivalence of G—graded Morita equivalences ¢ and ¢’
is a pair of G—graded bimodule maps £: Uy — LU I/( and p: gV — KVL/ such that
p=poE®p)and v’ =(p®E&)or.

Lemma 4.16 [9] Assume that G-algebras K = Pge; Kg and L = P, Lg are
G —graded Morita equivalent. Then, if K is strongly graded, then L is also strongly
graded.

Next, we transfer the inner product of one Frobenius G—algebra to another using a
graded Morita context between them. As the first step we recall the following lemma:

Lemma 4.17 [22; 10] Any Morita context { = (p Uk, x Vi, T, n) between k—algebras
K and L induces a canonical isomorphism of k—-modules {«: K/[K, K] — L/[L, L].

An explicit formula for the isomorphism Cy in the lemma is provided in [10]. The inner
product n of a Frobenius G-algebra (K, 1) is determined at its principal component by
n(a,b-1) =n(ab,1). This allows us to denote (K, n) by (K, A), where A: K, — k
is a nondegenerate trace. Since 7 is symmetric, A factors through K./[K, K¢].
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Lemma 4.12 implies that, for a symmetric Frobenius algebra (K¢, A¢), an inner product
element ) ; pf ® g¢ can be considered as the image of 1 ® 1 under a bimodule map
&: K| (Ke)Kg Qg3 (Ke)Kg — k! (Ke)Kg ® g3 (Ke)Kg, where numbers indicate module
actions, ie K. = K, fori = 1,2,3,4. In the case of a quasibiangular G—algebra
(K = @geG Kg, A), inner product elements {Zl pl‘g ® qig}gEG\{e} are the images
of 1 ® 1 under the composition

) K} (Ke)Kg ®K3 (Ke)Kg - K} (Ke)KeZ ®K3 (Kg—l QK. K. QK, Kg)[(j
— k1 (Ke @k, Kg)gs ® g3 (Ko—1 ®k, Ke)g2 = g1 (Kg)gs ® g3(Kg—1)g2,
where the second homomorphism is the identity on K -1 and Kg, and § on K, ® K.

In the following, we consider inner product elements as the images of 1 ® 1 under the
above bimodule maps.

Definition 4.18 Let (K, Ag) and (L, Ap) be quasibiangular G—algebras over k with
collections of inner product elements {nél,< jgec and {né}geg, respectively. A G-
graded Morita context { = (L Uk, g VL, T, ) between K and L is said to be compatible
if Ap = ({gey)« Ak and r]éj = (é‘{e})*(ng) for all g € G, where (é‘{e})*(ng) consists
of inner product elements for (L, (o)« A k) given by &'(1 ® 1) under the commutative
diagram

MHiey
LUe®Ke®@Ve)L, Ok L,(Ue @ Ke ® V), ——— L. (Le)L, Qk L. (Le)L,

id®$®idl li_-/

L(Ue®Ke®Ve)r, Ok 1. (Ue ® Ke @ Ve)r, — L. (Le)L, Ok L. (Le)L,

The remaining inner product elements are obtained from &’ as described above.

Theorem 4.19 Any Algﬂzg—valued 2—dimensional extended X-HFT Z: XBord, —

BP? =, XBord, %> Alg2 gives a strict symmetric

Algﬂi whose precomposition X
monoidal 2—tunctor determines a triple (A, B, {), where A and B are quasibiangular
G-algebras, and ¢ is a compatible G—graded Morita context between A and B°P.
Conversely, for any such triple (A, B, {), there exists an Algﬁ—valued 2—dimensional

extended X —HFT.

Proof LetZ:XBord, — Alguzg be such a 2—dimensional extended HFT. The cofibrancy
theorem implies that there exists an object Z’ in XP (Algﬂi) such that 1(Z’) is the com-
position XB"P =5 X Bord, Z, Algﬂi, where 1 : XIP’(Algﬁ) — SymMon(XBFP, Algﬂi)
is the equivalence of bicategories.
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gg’

Figure 27: Part of generators and relations giving G—algebra and G—graded module.

We have k-algebras Z'(s*) = 4, and Z’(~) = B, in Z[(XGy), corresponding to
two generating objects of XP. There are four types of generating 1-morphisms and

each is indexed by the elements of G. For every g € G, they give the bimodules, in
Z1(XS1),

Z'(+.8.4)=Ag (Ae, Ae)-bimodule,

Z'(-.8.-)=Bg (Be, B.)-bimodule,

Z'(t=28) = My (Be®y A, k)-bimodule,

Z'(¢=<3)= Nz (k, A.®k Be)-bimodule.
The first 2-morphism in Figure 27 defines a G—graded product on the bimodule
b geG Ag. Associativity of this product is the obvious relation in Figure 26. Denote

the corresponding G-algebraby A = P geG Ag. The first relation in Figure 26 shows
that the bimodule map

4) 4,(Ag)) ®u, (Ag)a, => 4, (Agg)a,

is invertible for all g, g’ € G. Since multiplication in the G-algebra A is defined
using (4), we have Ag Agr = Age forall g, g’ € G, ie A is strongly graded. Similar
arguments for (Be, B.)-bimodules { B, }¢ec yield another strongly graded G-algebra
B = @g eG Bg'

Using the opposite algebra, we can turn algebra actions on bimodules around. More
precisely, a left Bo—action on 4,gp, Mg can be turned into a right Bg’—action and
the right B.—action on (Ng)4,®B, can be turned into a left ng—action. The second
2—-morphism in Figure 27 gives

5) Be®A.(Bg—1 ®k Ag’) ®B,04, M => B.@A Mg—15g/.

Turning B.—actions on B, around gives 4,(Mgpg) por and the collection of all such
bimodule maps turns {4, (Mg)go»}eec into a G—graded (4, B°’)-bimodule M =
P geG M. Similarly, reflections of this 2-morphism and the corresponding relations
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with respect to a vertical axis show that N = P, Ng is a G-graded (BP, A)—
bimodule.

There are four types of cusp generators and each is indexed by two elements of G. For
every g, g’ € G they give the bimodule maps, in Z5(X3>),

J£8 4. (Agg)a, — 4. Mg ®pr (Ngr)a,.

/7
f5% g Ng ®a, (Mgr)gor — por(Byy,) g,
gg’. BOP N M
37 1@ (Bgg)pe = o Ng 4, (Mgr)ger,

gg’.
4 tAMg ®p» (Ngr)a, = 4,(Agg)a,

given in the order of cusp generators in Figure 25. These bimodule maps are required
to satisfy the relations in ’R. Relations containing cusp generators indicate that these
bimodule maps are two-sided inverses, ie flgg/ = (ffg/)_1 and fzgg/ = (f3gg/)_1. It
is not hard to see that for each i the collection { fl-g g /} g.g’eG of bimodule maps forms
a G—graded bimodule map f;. The collection of swallowtail morphisms corresponds
to the compositions of graded bimodule maps

id® ®id
BoNg — g N ®4 Ay 1——fl—>BopN QA M Qpor Ny iz——léBopBOp ®pBor Ng — BNy,

AMpo — 4 A Q4 Mpop @)AM ®por N ®4 Mpor %AM ®Bor B;‘lp —> AMpor.
Swallowtail relations imply that both compositions equal to identity bimodule maps
of N and M, respectively. In other words, { = (Bow Ng, 4 Mo, f1, f2) is a G—graded
Morita context. Using ¢, we can replace B°P—module actions with A—module actions
as follows. A right (left) B°’~module can be turned into a right (left) A—module
by tensoring with po(N)4 (4 Mpe), such as tensoring 4 Mpo with gop(N )4 yields
AM ®po Ny, which is isomorphic to 4 A4 via fy.

The remaining generators are Morse generators consisting of saddles, cup, and cap 2—
morphisms. The collection of bimodule maps in Z5 (X3, ) for the first saddle morphism
in Figure 25 yields a graded bimodule map of the form

40BM ®k Nagp — 49B(A ®k B)ags-
By turning the B—module actions around, we obtain

4@B» (M ®k N)agBr — AgBr(A @Kk B)agBr.

where the left B°P—action is on N and the right B°P-action is on M. As pointed out
above, B°P—module actions can be replaced by A-module actions and we get a graded
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Figure 28: Saddle morphisms and cusp flip relation.

(A1®A43, A»®A4)-bimodule map of the form
£:4,44, Ok 4344, — 4,44, Ok 4544,

where numbers indicate module actions, ie A; = A fori =1, 2, 3, 4. The first morphism
in Figure 28 shows that an arbitrary saddle morphism can be obtained from an e—
labeled saddle morphism and other generating 2—morphisms. This implies that the
graded bimodule map £ is determined at 1 ® 1 € A, ® A, which we denote by a
finite sum ) ; pf ® ¢f, and it satisfies ) ; apf ® qf = > _; p{ ® gfa for all a € A.
Similarly, we denote the image of 1 ® 1 under the second 2-morphism in Figure 28 by
ng =Y, pf ®qf forall g € G (compare with (3)).

In the same way, the collection of bimodule maps in Z(XG,) for the second saddle
morphism gives a graded (4;® A3, A»® A4)-bimodule map of the form

N4, 44, Ok A344, = 4,44, Ok 45A44,.

The cusp flip relation shown in Figure 28 implies that £ = 5. Before considering
cup and cap generators, note that, using {, we can assign the collection of all g— and
g~ !-labeled circles to P geG Ag ® 4,84 Ag—1. The collections of 2—morphisms

Figure 29: Cup and cap morphisms on nonprincipal components.

Algebraic & Geometric Topology, Volume 23 (2023)



3960 Kiirsat Sozer

in Figure 29 give the bimodule maps

A @D A @y g Ag-1 > k. urk > P Ag ® 4,942 Ag1.
geG geG

respectively. Figure 29 implies that cup and cap morphisms are determined on the prin-
cipal component. Since Ae ® 4,49 Ae = Ae/[Ae. Ae], cup morphism on the principal
component can be considered as a symmetric linear map A: A, — k. Additionally,
Figure 29 shows that, on nonprincipal components, cup morphism is given by multipli-
cation followed by A, leading to a symmetric k-bilinear map ng: Ag ® Ag—1 — k.
Morse relations involving cup morphism indicate the nondegeneracy of ng as follows.
Assuming Zj ,Bé RI1® ,32;_1 is the image of 1 under A, => Ag ®4, Ae ®4, Ag-1,
the first (left) 2—morphism in Figure 30 corresponds to the composition

aH1®1®aHZﬁ§®(pr®qf)®ﬂé{_l®aHZp§"®q,-g®a
J i i

=Y pfngf.a)
i

and the Morse relation implies that it is equivalent to id4, . Similarly, reflection of this
morphism with label g~! gives b =", 1, (b, p;.g)q;.g for any b € A,—1, which shows
that n¢ is nondegenerate. Thus, (A4, 74) is a Frobenius G-algebra, where (14)[4, 84,

1

is ng when h = g7 and zero otherwise.

The remaining Morse relations contain cap morphisms which are determined on the
principal component. For any ¢ € A,, assuming u(1)[4, 04, = 2 ;j 4j ®bj, the second
2-morphism in Figure 30 corresponds to the compositions

c®) aj®bjr> ) cpf ®ajqf ®b; > ) cpfbjajgf e ) pfzdf,

J i,j i,j i
where z =}, bja; € A,. The Morse relation implies that ) ; pfzq7 = 1 and conse-
quently >, p¢ ® zg? is a separability idempotent of the algebra A,. Thus, (Ae, 1¢)
is a separable symmetric Frobenius algebra, as shown in [22]. Similarly, we have
I p;.g Zq;.g = 1 using the saddle whose image gives n?. Until now we used ¢ to
replace B°P—actions by A—actions. By changing the roles of A and B, we obtain a
quasibiangular G—algebra B and { is a compatible graded Morita context between B
and A°P.

Thus, any object in XPFP determines a triple (A4, B, ¢). Conversely, for any such
triple, one constructs an object of XP(Algﬂi) by assigning values to generating ob-
jects, 1-morphisms, and 2-morphisms of XIP satisfying generating relations using
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Figure 30: Compositions of generating 2—morphisms forming Morse relations.

the above arguments. Then, by the cofibrancy theorem, this object gives a strict
symmetric monoidal 2-functor XBP® — AlgZ whose composition with the equivalence

XBord, = XBFP produces the desired extended X —HFT. |

Remark The cofibrancy theorem implies that any symmetric monoidal 2—functor
Z: XBP Algﬂi can be strictified. That is, Z is equivalent to a strict symmetric
monoidal 2—functor. From now on, by an Algﬁ—valued extended X—HFT giving triple
(A, B, ¢) we mean the triple coming from the corresponding strict symmetric monoidal
2—functor.

Turaev [28] defined the G—center of a biangular G—algebra. We extend this notion to a
G—center of a quasibiangular G—algebra (K, 1) as Zg(K) = @geG W (Kg), where
W(a) =Y_; pfaq? for inner product elements {>_; pf ® q;.g}geG.
center is not commutative and it differs from the usual center of the algebra. However,

In general, the G—

it has a crossed Frobenius G—algebra structure, which is defined as follows:

Definition 4.20 [28] A Frobenius G-algebra (L = Peec Le- n) is crossed if L
is endowed with a group homomorphism ¢: G — Aut(L) satisfying the following
conditions:
(i) ¢ is conjugation type, i€ 9 (Lg) = Lygp—1 and ¢p|1, =idp, forevery g,h € G.
(i) ba = ¢p(a)b forany a € L and b € Ly,.

(iii) Tr(ugp:Lg— Lg) =Tr(pg—1ptc:Lp— Ly)forallg,h€Gandc€ Lgpo—1p-1,
where (. : L — L is left multiplication by ¢ and Tr is the trace of a map.

(iv) n is invariant under ¢.
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Lemma 4.21 Let (K, n) be a quasibiangular G —-algebra with a central element z € K,
and a collection of inner product elements {Zl p;.g ® q;g}geG. Then Z g (K) is a unital
G-algebra with multiplication } ; pfaqf - »_; pfbqi = 3_; ; pfaququ]‘?z_l for
all a,b € K and the triple (ZG (K), 1|z (k) 19g| z; (k) }geG) 18 a crossed Frobenius
G —algebra, where g (a) =) _; plgaqu‘-g forall a € K and all g € G.

Proof The unit of Zg(K) is U(z?) = z. By Lemma 4.12, we have the equality
h h
(6) Z pl-hbz/ql-hc = Zcpg bz'q?
i

forallc € Ko-1,2 € Ke, b€ K and g, h € G. Taking z’ = 1 and g = h = e gives

9 W(@W(b)z™) =" pfapihqiz""qf = Zpl ap§bq§qfz""
= pfaqf pShqtz" ‘If(a)-‘lf(b),

which implies that Zg (K) is closed under multiplication. Restriction of 7 to Zg (K)
is an inner product and hence (Zg(K), 1|z (k)) is a Frobenius G-algebra. For any
b € K and for all 1 € G, we have

W(zpp(b)) =) péz (Z pf‘bzqf‘)qf => " plzqtplbzql =Y plbzq! =@n ().
J i i,j i

which shows that ¢, (K) C Zg (K). Similarly, for any ) ; pfaq; € Zg(K), we have

Pe (Z pfaqf) => pf (Z pfaq,-e)zqf = pizqSpfagi =) pfagf,
i J i i,] i

showing ¢.|z. (k) =idz; (k). Note that, for any g € G and a € K, we have
0 (¥(a) =) pf (Z Pfan)Zq;g =Y pfzq Z pfaqf =Y pfaq?
J i J i
and using this we have the equality, for all @ = W(a),b = U(b) € Zg(K) and g € G,
pg@-b)y=>y" pf(z pfaqf pihqtz~ )Zq,f
k i,j
- (Z Pfa(Jf) (Z pfb%’?') (Z Pi’%ﬁ’) = 05 (@) ¢ (D).
i J k
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showing ¢ is an algebra homomorphism. For the last equality, we have Dk p,‘g q,‘f =z"1

since Y pfaf = Xuj pBAB]1qf = X pfaf = 27", where X, i ® B, <
K¢ ®k, Kg-1 is the inverse of 1 € K, under the product map K, ®k, Kp-1 — K.
(compare the first equality with the bimodule map corresponding to the second 2—
morphism in Figure 28). We also have

g (on (¥ (b)) Zp, (pr’bql)zq, ZPJZQJZP bgf" = pen (W (b))
j

forall g,h e G and b € K, which also implies that ¢, -1 is the inverse of ¢g for all
g€G. Foralla =Y(a),b=¥(b) e Zg(K) and g € G, using the cyclic symmetry
of n, we have

n(pg (@), b) = U(ZP, azg; ,prbq,) = n( qul pbgtp )

= n(é, A Zq,-gp,-g) = n(d,wg—l(ﬁ)),
ik
showing the inner product 7 is invariant under ¢: G — Aut(Zg(K)). For any ¢ =
Y(c) € Zg(K)p, we have

on(@ =3 pleal =3 piBichiaf = 3 pfeaf =¢.
i i,j ;

where ) j B Z Rp ;],.—1 € Kj;, ® Kj,—1 is the inverse of 1 € K, under the product bimodule
map. This shows that ¢ acts by the identity on Zg (K)j, for all & € G. Equation (6)
gives gg(a)b = bgy-14(a) fora € K,b € Kj and g,h € G. In this case, by taking
g = h, we have ¢ (a)b = ba. Let ju.: K — K be multiplication by ¢ € K; then, for

any g,h € G and ¢ € Kgp,

Tr(uepn: Kg — Kg) =Y nlcon(pf). qf) = Z n(epl pfzql.q¥)
i

—1j—1, we have’

=Y n(gfeplzpf.qh) = Z N(pg-1(cpl). gl
i,J J
=Tr(pg—1uc: Kp — Kp). O

Any 2—dimensional extended HFT produces a nonextended one by restricting it to a
symmetric monoidal full subcategory X Cob, of XBord,, defined as follows. The
objects of X Cob, are {%}geg, the empty 1-morphism in X Bord,, and disjoint

7See [28] for the first equality.
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unions of these 1-morphisms. The morphisms of X Cob, are the 2—morphisms
of XBord, among these 1-morphisms. We define a symmetric monoidal functor
D: XCoby — XCob; by < f s —£ for any g € G. On morphisms, D forgets
a point on each boundary component and takes the corresponding relative homotopy
class. Using the definitions, it is not hard to see that D is an equivalence of categories.
By the restriction of Z: XBord; — Algﬁ to X Cob, above, we mean precomposing
Z with D~1: XCob, — X Cob,.

Corollary 4.22 Let Z: XBord, — Alg]li be an extended HFT giving (A, B, ). Then,
the nonextended HFT obtained trom Z by restricting to X Cob, is the nonextended
HFT associated to the G —center of the quasibiangular G—algebra (A, n4).

Proof Proceeding with the notation used in the proof of Theorem 4.19, the image of a
g-labeled circle under Z is given by
Ae ®y,04% Ag ={b€Ag|a-b=Db-aforalla € A.}.

The G—center of (4,74) is Zg(A) = Pgeg Y(Ag). Forany a € Ae ® 4, g 47 Ag, We
have

a=1-a= (Z pfzqf)a = prazqf = W(az) € V(Ag)
i i
and, for any ) ; pfaqi € W(Ag) and b € A, we have

(Z pfaqf)b =" pfagth =Y bpfaqt = b(z p,-eaqf),
i i i i

where the middle equality is the result of Lemma 4.12. Thus, we have Ae® 4, g 4% Ag =
W (Ag) for all g € G. The third 2-morphism in Figure 30 gives the crossed structure
on the restricted HFT and it corresponds to the sequence of compositions

l®a— 1®Z ajbj®a— Z 1®ﬂ}{zﬂi_l ®a > 1®Z ﬂ}Jl (Z pf®zqf),3£_l ®a
, r r ,

J 1

Hl@pr’®zqf’®ar—>l®pr’azqih,
i i
which coincides with the crossed structure of Zg(A). a

Example 4.23 Let k be an algebraically closed field. Then separable k—algebras
are the same as semisimple k—algebras. By the Artin—Wedderburn structure theorem,
any separable algebra is isomorphic to a product of finitely many matrix algebras
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over k. Consider the G—algebra A = EBgeG Ag whose principal component is a
product A, = ]_[l’-’:1 My, (k) of k; x k; matrix algebras over k such that each k; is
invertible in k and each component is given by Ag = {4 A., where £ is a basis, ie for
any a € Ag, there exists b € A, such that a = £gb. Define an inner product 1 on A as

rTr(Lgp: Ae —> Ae) whenab € A,,
0 otherwise,

n(a,b) = {

where r € k is invertible and L,y is the left multiplication by ab map. We can express
the inner product concretely as n({ [T7—; A4i. b1 T =1 Bi) =r Y _1 ki Tr(4; By).
For each g € G, an inner product element can be chosen as

ki

n
Ng = 1 l_[kfl Z lgEup@®@Lly—1Egy €Ag @ Ag—1,
i=1 o,B=1

where E, g is the (o, B)—elementary matrix. In this case, the central element z € A,
is given by (rly,....,rly,), where I, denotes the k; x k; identity matrix. Note that
| g Zziﬂ=1 Eyp ® Eg o is a separability idempotent of A,. Thus, the map
W: A, — Ag is given by

n n ki n
\y(eg I1 Ai) =r ' [[ki" D] EapgADEpq=r""[]k"te Te(A)y,.

i=1 i=1 a,f=1 i=1

which is a projection onto its center £gk".

4.4 The bicategory of 2—dimensional extended X -HFTs

Until now we have studied the objects of XP (Algﬂz&). Theorem 4.10 implies that
studying 1- and 2—morphisms of XP(Algﬂi) leads us to a bicategory equivalent to
E-HFT(X, Algﬂi). Let Zy and Z; be extended HFTs with target X giving triples
(A, B,¢) and (A', B',{’), respectively. A l-morphism o: Zg — Z; in XP(Alg2)
gives 1-morphisms ag(e1) = 4, R4, and ao(+”) = p; Sp,, and 2-morphisms

a1 (+-Eep): g, Ay g, Ra, = 4, R ®4, (Ag)4,
ai(—£.): By ®p; SB, = ;S ®B, (Bg)B,
a1(5728): 408, (MPK = 4,08, (R® S) ®a,08, (Mg)k.

ap(8=3): kN;, ®pre4, (S ® R)B.o4, = k(Ng)B.® A,
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which are isomorphisms for all g € G and G—graded bimodules M, M’, N and N’ are
the components of ¢ and ¢{’. These morphisms are natural with respect to generating
2-morphisms. Naturality with respect to graded multiplication

L 88

it

gg
leads to the commutativity of the diagram
g's

a (7313
AL (Ap) ® g, A ® 4, Ra, —— " 4 R®u, Ay @4, (Ag)a,

A(E5) (5D

4 /

/
AéAgg’ ®Aé RAe A/eR ®Ae (Agg/)Ae

g8
o (=)

for all g,g" € G. We denote bimodules 4, 4, ®4, R4, and 4, R ®4, (Ag)a, by
A, (ng) 4, and 4, (Rg) 4, respectively. Commutativity of the above diagram implies
that they are naturally isomorphic. Thus, we can use one of them and denote it by Rg.
Similarly, Sg denotes a (B, B.)-bimodule. These assignments and naturality with

respectto ,

{+ g+g+}

+ + =
PPy g.8'€G

turn these bimodules into G-graded (4’, A)- and (B’, B)-bimodules R = (P, Re
and § = EBgGG Sg, respectively. Similarly, naturality with respect to G—module
generators turns collections {al(ti>g )igec and {1 (8"} }gec into G—graded
(A'®B’,k)-and (k, B® A)-bimodule maps, respectively.

Using ag(*”), we define a 1-morphism aj(s) = 4, R/, by
ap(eH) =[Z1(-=DH® idz,tHlola(*) ®0z,(t),z, ()] o [Zo(+=2) ®idz, (.+)],
ao(* ") = (V) pro4, Ok 4.(Ae) 4] ®B 04,04, LB, SB. Ok 04, 4,]
®B.®Ac @4, B, Me ®k 4, (A) 4,1,
where o is the symmetric braiding of Algﬂz‘g. Using a6(0+), we define a 2—-morphism
&) (++-£.4) = Zo(+-£ep) 0 (o) = g (o) 0 Z1 (- £.9),
) (+Et) =4, Ae ®a, Ry — 4, R' ® 4, (Ag)a,.

Using naturality, R” is turned into a G-graded (4, A")-bimodule R" = P, Ry
The 1-morphism «g(*~) can be obtained from a(’)("") by applying the composition
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Z1((7)) oidgye—) © Zo([7) to the I-morphism

[Zl (ec't) ® ZO(eC'l) ® idzl (o_)] o [O{O (._) & oZo(o+),Z1 (o) ® 0z, (o_),Zo(o_)]
o [Zo(+=9) ® Z1(379) ®idzy(o)]

and, similarly, o (—.-8.—) can be obtained from &} (+.£.+). Likewise, using oy (¢ ™) in
the images of cusp generators under Zg, the 2-morphisms o} (t”.>g ) and o} (83
are defined, and oy (tt>g ) and o1 (§<3) can be obtained from these 2—morphisms.

As in the proof of Theorem 4.19, using G—graded Morita contexts ¢ and ¢, graded
bimodules M and M’ can be replaced by 44 A and 4/g(4y» A" We can also replace
the graded bimodule S by R’ using (™). Thus, naturality with respect to G-
module generators turns the collection {o] (+_j>g )}geG into a bimodule map 4/ A/, —
4R ®4 R),,. Similarly, the collection {a} (§<3)}gec is turned into a bimodule map
AR ®4 R4 — 4A4. Naturality with respect to cusp generators indicates that the
compositions

o) (Ji'>)®id

id@w; (1)
_— 5

id®a) (—+)
_—

A R4—> 4 Ay ®aR A R®4R' @4 R4 A R®4A44— 4Ry,

(P eid
_—

ARy = 4R'®@4 A, AR ®4 RR4R, ul AA®4R 4 — 4R),

are idg and idg’, respectively. In other words, o gives a G—graded Morita context
between A and A’ Similarly, one can define ory(—.£.—) and obtain a G—graded Morita
context between B and B’. Naturality with respect to Morse generators indicates that
G-graded Morita contexts are compatible. Hence, o leads to two compatible G—graded
Morita contexts. In the theory of bicategories, this means that both czg(e™) and ag(s7)
are parts of two adjoint equivalences. Since an adjoint equivalence is the same as an
equivalence (see [22, Proposition A.27]), Zo and Z; are equivalent extended HFTs.

Leta!,a?: Zo — Z; be 1-morphisms in X}P’(Algﬂi) and 6:a! — o2 be a 2-morphism
in XP(Algz ). Assume that Zg and Z; give triples (4, B, ¢) and (4, B, {’) as before
and 1-morphisms give ozé («1) =4, R4, and ozg («1) = 4, P4,. Then Bo(sT) ‘a4, Ra, —
4, P4, and the naturality of 6o (o) with respect to 4. £.+ is the commutativity of the
diagram

of G£ap
A, Ay ®4, Ry, —————— 4 R®4, (Ag)a,

00(-+)l leo(n“)

AL @4 P P ®y, (Ag)
A, A, T'Ae A Ae Ae
g a%( g ) g
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which shows that 0p(e ") is a G—graded bimodule map. Assuming () (s™) = Ae "
and (a0)2(0+) 4, Py ,» we similarly have a graded bimodule map 6, (-+) Ae —
A, PA, using Gg(*7) and ()’ (o) for i = 1, 2. Naturality with respect to >g “and
&< corresponds to the commutativity of these bimodule maps with the unit and
counit of the adjunctions. In other words, 6 leads to an equivalence of graded Morita
contexts. In the same way, using B and B’, one gets another equivalence of graded
Morita contexts.

Motivated by these observations, we define a bicategory Frob® and a forgetful 2-
functor F': XP(Algﬂi) — Frob¥ as follows. The bicategory Frob® has quasibiangular
G-algebras as objects, compatible G—graded Morita contexts as 1-morphisms, and
equivalences of G—graded Morita contexts as 2-morphisms. The forgetful 2—functor
F" maps an object of X]P’(Alg]i) giving (4, B,¢) to A. On l-morphisms, ¥’ maps
a: Zo — Z; to a compatible G—graded Morita context between quasibiangular G—
algebras whose principal components are Zg(s1) and Z;(s*). On 2-morphisms,
F" maps 6: a! — «? to an equivalence of the compatible G—graded Morita contexts.
Composing F with the equivalence E-HFT (X, Algﬂzg) ~XP (Algﬂzg), we define F.

Theorem 4.24 The 2—functor JF is an equivalence of bicategories E-HIFT (X, Algﬂi) ~
Frob.

Proof It is enough to show that ¥’ is an equivalence and we use the Whitehead theorem
(Theorem 4.3). For a given quasibiangular G—algebra A, the triple (4, A°P, id) gives an
object Z of XPP (Algﬂzg) such that F'(Z) = A. Let o be a compatible G—graded Morita
context between quasibiangular G-algebras A and A" Then triples (A, (A")°P, @)
and (A’, AP, ) give objects Zoy and Z; in XP(Algg) such that F(o’) = o, where
Olll V4 0— y4 1.

1

For any two 1-morphisms o', a?: Zg — Z1, we claim that

F'(a',0?): Hom(a!, «?) — Hom(F (a}), F' («?))

is an injection. Assume that different 2-morphisms 6!,62: ! — 2 in XP(Alg})
give the same equivalence of G—graded Morita contexts. This means that pairs
(B3 (*7), (85)1(+7)) and (B2 (s7), (85)*(*7)) give different graded bimodule maps
while the images of 6! and 62 under F, (61 (+), (65)' (+T)) and (62 (+T), (6)*(sT)),
give the same graded bimodules maps. This is a contradiction because each (Gé)i (*7)
is obtained from (fp)’ (¢*) and each (Qé)i(-"') is obtained from (fp)’ (¢7) fori =1, 2.
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For the surjectivity, let 6 : 7 (a!) — F(a?) be an equivalence of graded Morita contexts.
Then the equivalence of graded Morita contexts (6g(¢~), 6y (¢~)) can be obtained from
Bo(+T), B5(+T), (@) (+7), and (arg)*(+7). m

Corollary 4.25 Two triples (A1, B1, 1) and (Az, B, ¢3) produce equivalent extended
X —HFTs if and only if there exists a compatible G—graded Morita context between A
and A,.

Lastly, we comment on the relation between extended HFT's whose targets are related by
covering maps. Let Y ~ K(H, 1) be a pointed CW—complex for a nontrivial subgroup
H <G and p: (Y,y) = (X, x) be a covering. Then, any Y -manifold can be turned
into an X —manifold by postcomposing a representative of the characteristic map with p.
This gives a symmetric monoidal 2—functor ¢g : Y Bord, — X Bord, and precomposing
any extended X -HFT with (g yields an extended ¥ -HFT. Moreover, for any symmetric
monoidal bicategory C, precomposition of a C—valued extended X -HFT with ¢ lifts to a
2—functor SymMon(X Bord;, €) — SymMon(Y Bord,, €) by forgetting the naturality
of transformations with respect to G\ H-labeled 1-morphisms. Correspondingly, there
is a 2—-functor XP(C) — YIP(C), where XIP and YIP are the presentations of XBord,
and Y Bord,, respectively. When C is Algﬂzg, the functor Frob® — Frob is given by
forgetting the G\ H components of quasibiangular G—algebras, compatible G—graded
Morita contexts, and equivalences of G—graded Morita contexts. In other words, a
G-—graded Morita context can be considered as a collection of Morita contexts indexed
by the subgroups of G (see [3]).

4.5 The (G xSO(2))-structured cobordism hypothesis

A different approach to categorical classification of (fully) extended oriented HFTS is
given by the structured cobordism hypothesis due to Lurie [15]. The cobordism hypoth-
esis [1; 15; 2] was conjectured by Baez and Dolan in their seminal paper [2]. Lurie [15]
reformulated the cobordism hypothesis using (oo, n)—categories and generalized it to a
structured cobordism hypothesis using homotopy fixed points.

The bordism category involved in the structured cobordism hypothesis consists of
manifolds with corresponding structures. For a topological group I' and a fixed contin-
uous homomorphism y: I' — O(n), let {,: R” xr ET denote the associated rank n
vector bundle over the classified space BI'. Then, a I'—structure on a manifold M
of dimension k < n consists of a continuous map f: M — BT and an isomorphism
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TM & R"* - f*¢ x of vector bundles, where R™¥ is a trivial rank n — k vector
bundle. In the following theorem the category Bord;: consists of manifolds equipped
with I'=structures for a fixed homomorphism y.

(T, y)-structured cobordism hypothesis (Lurie [15]) Let C be a symmetric mon-
oidal (oo, n)—category (see [5]) and Bord,l; be the symmetric monoidal I'—structured
cobordism (oo, n)—category for a group I'. Then there is a canonical equivalence of
(o0, n)—categories

Fun® (Bord};, C) = ((Gfd)w)hr,

where Fun® is the (oo, n)—category of symmetric monoidal functors between symmetric
monoidal (0o, n)—categories, € is the (0o, n)—subcategory of fully dualizable objects
with duality data, (C™)™ is the underlying co—groupoid and ((€)™~)"T" is the co—
groupoid of homotopy I'-fixed points given by

(€™ = Homp (ET, (€)™,

where ET is a weakly contractible co—groupoid equipped with a free I"'—action.

Remark A 2-dimensional EHFT with target X >~ K(G, 1), ie a classifying space BG,
is a (GxSO(2))-structured 2—dimensional ETFT, where y: G xSO(2) — O(2) is given
by (g, A) — A.

When k is an algebraically closed field of characteristic zero, Davidovich [6] showed
that, for a finite group G, homotopy (G xSO(2))—fixed points in (Algﬁé1 ~ are given
by G—equivariant algebras. A G—equivariant algebra is a strongly graded Frobenius
G-algebra with semisimple principal component. Her methods do not particularly
require G to be finite and can be extended to discrete groups directly. Since the
notions of separability and semisimplicity for a k—algebra are equivalent when k is an
algebraically closed field of characteristic zero, the objects of Frob® and the objects of

((Algﬁg)”)h(GXSO(Z)) coincide.

Assume that k is an algebraically closed field of characteristic zero. The Artin—
Wedderburn theorem implies that any separable k—algebra is isomorphic to a product
of matrix algebras over k. Let A, = End(V}) x End(V>) X --- x End(V},) be such
an algebra, where V1, V5, ..., V}, are finite-dimensional k—vector spaces. Recall that
A= @geG Ag is strongly graded by the generators, leading to bimodule isomor-
phisms {tg ¢/: Ag' @4, Ag => Agg'}g,geG; thatis, each Ag is an invertible (4., A¢)—
bimodule. Under the above assumption on A, these isomorphisms form a function
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7: G x G — (k*)". Moreover, the relations involving these generators give the
commutative diagram, for all g, g’, ¢’ € G,

t(g’.g")®id t(g,8'8")
(Ag" ®4, Ag) @4, Ag —— Agrg7 ®4, Ag ——— Aggrg”

| lid

Ag// ®Ae (Ag/ ®A@ Ag) Ag// ®A@ Agg’—>Agg’g”

-
id®t(g,8") t(gg’.g")

and isotopy classes of G—linear diagrams generate the relations, which can be expressed
as the commutative diagram, for all g € G,

Ag ®4, A t(e,8) Ay t(g,e) Ao ®a, Ay

|

Ag

14
Il

which imply that 7 is a normalized 2—cocycle. Davidovich [6] showed that any invertible
(Ae, Ae)-bimodule is isomorphic to one of the form

Homk(Vg(l), V1) x Homk(VU(z), Vo) X« x Homk(Vg(n), Vi)

for some permutation o € S,; denote this bimodule by A?. Since the direct sum
A = @geG Ag forms a G-algebra, permutations indeed form a homomorphism
o:.G— 8,

It is known that all traces on a matrix algebra are given as some (nonzero) constant
multiple of the matrix trace. Thus, in the case of 4, =End(V7)xEnd(V2)x---xEnd(V;)

there are constants r; € k* fori =1, ..., n and the inner product of the quasibiangular
G-algebra A = @geG A°(®) is given by (£, g) =Tr(ro(go° f)) forany f € Ag and
g € Ag—1, where r = (r1idy,, ..., rnidy,) and o7 is the composition of morphisms

under o such as f; o g, ;) for f; € Homg (V). Vi) and g4y € Homg (Vi (6 (i))» Vo (i))-
Since the inner product is invariant under cyclic order, ie n(f,g-h) =n(h- f,g) =
n(h, f-g), the vector r € (k*)" must satisfy Im(o’) C Stabg,, (), where S, acts on r by
permuting the entries. More explicitly, as an example, consider the products (ho%g)o? f
and g o7 (f o7 h) for f € Ag, g € Agr and h € A (g4 —1. Then the corresponding
traces of these morphisms in A, = End(V1) x End(V3) X --- x End(V},) are related by
the permutation o (gg’) € S,.

Using the above arguments, when k is an algebraically closed field of characteris-
tic zero, we can conclude that, up to an isomorphism, a quasibiangular G—algebra
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(A =P ecG Ag. 77) is determined by a Morita class of the principal component (n > 1),
a normalized 2—cocycle t: G x G — (k*)", a homomorphism ¢: G — S, and an
element r € (k*)" with Im(o) C Stabg, (r).

Let (4, M4,,4,Na,. K, i) be a graded Morita context between two quasibiangular G—
algebras (A, 1) and (A3, n2) which are determined by the normalized 2—cocycles t;,
homomorphisms o; : G — Sy, and elements r; € (k*)” with Im(o;) C Stabg, (r;) for
i=1,2. Then M and N are invertible (A,, A1)—and (A, A>)-bimodules, respectively,
which means there exists o € S, such that M, is isomorphic to

M° = Hom(Vy (1), W1) x Hom(V; 2y, W2) X -+« x Hom(V (), Wa),

where (4;)g = Hom(V, ¢y, V1) X +-- x Hom(Vj£ ). Vi) for all g € G and olfg =
0i(g) € S, fori =1,2. Being a graded (A5, Al)—bimodule forces o to satisty Gig =
Ga‘f o~ ! for all g € G. In this case, nonprincipal components are given as M g =

Hom(Vyy (1), W1) % --- x Hom(Vy/ (), Wa), where ol =o0f = crfa for all g € G.

g 1 =
Using the similar arguments for the invertible (A1, A2)-bimodule N, we obtain Ng =

—1 —1
Hom(Wgy (1), Vi) x: - -xHom(Wyy (). Vi) for oé’ =0 o1 =0_102g forall geG.

Transferring the Frobenius form via the graded Morita context amounts to finding a
central element in (A7), corresponding to r; € (k*)”. Using the identity component M,,
this element is given by o(r1)(idw,,idw,,...,idw,). Thus, we have the equality
o(r1) =rz € (k*)". The bimodule isomorphisms k: 4,(A1)4, = 4, N @4, M4, and
w:a,M ®4, Na, = 4,(A2)4, lead to a map ¢: G — (k*)” and the graded Morita
context equations produce a map ¢: (A1)g — (A2)g for all g € G such that the diagram

o1(g,h)
(A1)g ® (A1) ————— (A1)gh

¢(g)¢(h)l laﬁ(gh)

A A A
(A2)g ® ( 2)hm>( 2)gh

commutes for all g, 4 € G. This means that normalized 2—cocycles ¢1,¢2: G X G —
(k*)™ differ by a coboundary d¢. Thus, we conclude that quasibiangular G—algebras,
up to compatible G—graded Morita contexts, are in bijection with

[T ] H*G:&"")xHom(G.Stabs,(r))/~.

r=1[rle(®*)"/Sy
where the equivalence ~ is given by conjugation. Using Theorem 4.24, we derive the
following proposition, which was previously proven by Davidovich [6]:
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Proposition 4.26 [6] The set of equivalence classes of fully extended oriented 2—
dimensional G —equivariant TFTs, ie EHFTs with K(G, 1) target, with values in Algﬂ%S
is in bijection with

JT()Fun® (Borde xS0(2) , Algﬂzg)

o0
=[] ] H*G:(&*)") xHom(G,Stabs, (r))/~.
r=1[rle(k*)"/S,

where the equivalence ~ is given by conjugation.

The fact that Algﬂi—valued fully extended oriented 2—dimensional G—equivariant TFTs
are classified in two different ways —namely using the structured cobordism hy-
pothesis and without using it—is an important step towards the verification of the
(G xS0O(2))-structured cobordism hypothesis for Algﬂz‘g—valued such TFTs. In this case,
the (G xSO(2))-structured cobordism hypothesis gives an equivalence of bigroupoids
E-HTT(X, Algd) ~ ((Algl)~)HCG*S02)  We have E-HIT(X, Alg2) ~ Frob®
by Theorem 4.24 and Davidovich [6] showed that the fundamental bigroupoid of
((Algﬁg)”)h(sto(z)) is equivalent to the bigroupoid Grp,(BG, Gui) of 2—functors,
transformations, and modifications. Here the bigroupoid BG has one object, |G| 1-
morphisms, and only identity 2-morphisms, and the bigroupoid G; has semisimple
Frobenius algebras as objects, invertible bimodules compatible with Frobenius forms
as 1-morphisms, and invertible bimodule maps as 2—morphisms (see Proposition 3.3.2
in [6]).

Davidovich showed that every 2—functor F: BG — Gy gives rise to a quasibiangular
G-algebra, and vice versa [6, Proposition 3.4.5]. We define a 2—functor J: Frob® —
Grp,(BG., Gori) as follows. The image of a quasibiangular G—algebra is the correspond-
ing functor described above. Next, let (4, M4, , 4, Na,, &, i) be a G—graded compatible
Morita context between two quasibiangular G—algebras (A1, 1) and (A3, n2) which
are determined by two triples (z;, 0;, r;) fori =1, 2 such that M, = M“, as in the proof
of Proposition 4.26 above. Then we define F((4, M4, , 4, Na,, &, it)) to be the natural
transformation between the corresponding 2—functors producing the bimodule M
(see the proof of Proposition 4.26 given in [6]). Lastly, the image of an equivalence
of G—graded Morita contexts under F is the modification producing the invertible
bimodule map M° — M " between the corresponding bimodules described above.

Proposition 4.26 implies that F is essentially surjective on objects. The fact that any
natural transformation 7: F; — F> between functors Fi, F: BG — G, is isomorphic
to one producing a bimodule of the form M (see the proof of Proposition 4.26 given
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in [6]) implies that F is essentially full on 1-morphisms. Using similar arguments as
in the proof of Theorem 4.24, one can show that J is fully faithful on 2-morphisms.
Consequently, the 2—functor F: Frob® — Grp,(BG, Gori) is an equivalence by the
Whitehead theorem for bicategories (Theorem 4.3).

Corollary 4.27 For any discrete group G and any algebraically closed field k of
characteristic zero, the (G xSO(2))—structured cobordism hypothesis for Algﬁ—valued
oriented EHFTs with target X ~ K(G, 1) holds true.

5 Extended unoriented X -HFTs and their classifications

In this section, by allowing X -—manifolds and X—cobordisms to be nonorientable, we
define 2—dimensional extended unoriented X—HFTSs and classify them. The definition
and classification of these theories are parallel with the oriented case and we only
describe the changes. All of the manifolds and cobordisms in this section do not have
any orientation data and they are not necessarily orientable.

5.1 The unoriented X —cobordism bicategory and its presentation

In this section, we define 2—dimensional extended unoriented HFTs with target X ~
K(G, 1), where every element of G has order two. To avoid repetition, from now on,
we assume that G is such a group and X is a pointed K(G, 1)-space. The restriction

8 As in the oriented case, the

to such groups is not essential but for convenience.
2—dimensional extended unoriented X —cobordism bicategory plays the essential role

and it is defined using X —halations (see Section 2.2) as follows:

Definition 5.1 The 2—dimensional extended unoriented X-—cobordism bicategory
XBord}" has

e quadruples (M, M 1 ]\22, g>) consisting of compact O—manifolds equipped with
two cooriented X —halations as objects,

e quintuples (A4, Ao, A1, T, p1) consisting of 1-dimensional marked X —manifolds
equipped with two cooriented X —halations as 1-morphisms,

¢ isomorphism classes [(S, S.R, F)] of quadruples consisting of cobordism type
(2)—X —surfaces equipped with a codimension zero X —halation as 2—-morphisms.

80rder two elements appear as a result of new generators and we avoid keeping track of which elements
are required to have order two and which ones are not. See [12] for the case of nonextended HFTs with
arbitrary aspherical targets.
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g 8 g
Figure 31: Additional generating 2—morphisms of XG5".

Similar to XBordy, the disjoint union operation is the symmetric monoidal product for
XBord}".

Definition 5.2 For a symmetric monoidal bicategory C, a C—valued 2—dimensional
extended unoriented homotopy field theory with target X is a symmetric monoidal
2—functor from X Bord}" to C.

It is not hard to modify G-linear, G—planar, and G—spatial diagrams for the unoriented
setting. We only need to consider sheets with no additional orientation data. In this case,
each diagram produces an unoriented version of the corresponding X —manifold. There
are new sheet data for the fold singularity coming from (2)—X —surface representatives
of a Mobius band. These (2)—X—surfaces are shown in Figure 31. This extra sheet
data produces new relations coming from different possible gluings of these generators
with themselves and with the earlier (orientable) generators. Figure 32 shows these
relations of 2-morphisms of X Bord}" instead of the corresponding unoriented G—planar
diagrams. By generalizing the equivalence relations on the set of unoriented G—planar

+ reflections
with respect to
a vertical axis

Figure 32: Additional generating relations of XR"".
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diagrams given by unoriented G—spatial diagrams, we obtain the following unoriented
G-planar decomposition theorem:

Theorem 5.3 The relative X —homeomorphism classes of unoriented cobordism type
(2)—X —surtaces are in bijection with the equivalence classes of unoriented G —planar
diagrams.

Parallel to the oriented case, we define a new symmetric monoidal bicategory XBFP-u",
which has unoriented points as objects, unoriented G-linear diagrams as 1-morphisms,
and equivalence classes of unoriented G—planar diagrams as 2—morphisms. The un-
oriented G—planar decomposition theorem implies that XBPP:"" is symmetric monoid-
ally equivalent to XBord}" via the Whitehead theorem for symmetric monoidal bi-
categories. The correspondence between G—planar diagrams and the string diagrams
for unbiased semistrict symmetric monoidal bicategories gives the following result:

BPD,un

Theorem 5.4 The symmetric monoidal bicategory X is a computadic unbiased

semistrict symmetric monoidal 2—category with the presentation
X]P)un — (xgun, :X:gun’ :X:g%l’l, xgzlll’l)

which has one generating object, {#}, G-linear diagrams of {._£., i>g, g<L} geG as the
generating 1-morphisms, G—planar diagram versions of elements in Figures 25 and 31
as the generating 2—morphisms, and G —planar diagram versions of pairs in Figures 26
and 32 as the generating relations.

The bicategory E-HFT""(X, C) of 2—dimensional extended unoriented X—HFTs has
C—valued unoriented extended X-HFTs as objects, symmetric monoidal transforma-
tions as 1-morphisms, and symmetric monoidal modifications as 2—morphisms. For
any given symmetric monoidal bicategory C, using the cofibrancy theorem, we state
the classification of C—valued 2—dimensional extended unoriented X-HFTs as the
equivalence of bicategories E-HFT" (X, C) ~ XP"(C).

Remark There is a symmetric monoidal 2—functor Forget”: XBord, — XBord}"
given by forgetting the orientation. In the same way, any oriented or unoriented 2—
dimensional extended TFT leads to an oriented or unoriented extended HFT, respectively,
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by forgetting the X —-manifold data. The diagram

Forget®"

E-TFT™(C) E-TFT(C)

ForgetX l lForgetX

E-HFT"(X,C) —— E-HTFT(X, €)
F tor
orge

indicates the universality of unoriented 2—dimensional extended TFTs in this context,
where E-TFT"(C) and E-TFT(C) are defined similarly using Bordy" and Bord,,
respectively.

5.2 Algl-valued 2-dimensional extended unoriented X -HFTs

Tagami [26] classified 2—dimensional nonextended unoriented HFTs by extended
crossed Frobenius G-algebras (see also [12]). Similar to the oriented case, our goal is
to understand the relation between his classification and the restriction of Algfg—valued
2—-dimensional extended unoriented HFTs to circles and cobordisms between them.

Firstly, we introduce necessary algebraic notions. Let K be a G—algebra and V be
a (K, K°?)-bimodule. The conjugate of V is the (K, K°P)-bimodule V obtained
by turning actions around. Similarly, the conjugate of a graded Morita context { =
(krUgk, x Vkor, T, ) is given by ¢ = (gowUg, xkVKor, T, ). We generalize stellar
algebras introduced in [22] to stellar G-algebras as follows:

Definition 5.5 A stellar G—algebra is a G—algebra K = P gcG Kg equipped with a
G—graded Morita context { = (g Uk, g Vkor, T, i) together with an isomorphism of
G—graded Morita contexts o : ¢ = ¢ such that ¢ o ¢ is the identity isomorphism, where
o is the induced isomorphism between ¢ and ¢.

The stellar structure on a G—algebra can be transferred along a graded Morita context as
follows. Let p = (xU; . V. k. v) be a G—graded Morita context between G—algebras
K and L and let (K, ¢, 0) be a stellar structure on K with { = (g Ux, g Vkor, T, i4).
Then (L, p«(, p«x0) is a stellar algebra, where

ot = (LooU' @kor U @k U] , LV @k V @Kk V5 kK QTR K,V ® L ® V)

and px0: p« = ps{ is given by 0.
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Definition 5.6 Let (K, ¢, o) be a stellar G—algebra with { = (xoo Uk, x Vgor, T, i) and
let (K, n) be a quasibiangular G—algebra. The stellar structure is said to be compatible
with the quasibiangular G—algebra if there exists an element ) a4 ® bj € Ke ® Ke
giving the central element z = ) ; bjaj such that the diagrams®

i i —1®id
Kok —2 L wvet)ek 2, vel)ek — 2L KeK

aox | K

KQWVeU)— > KQ(VQU)— s KK ——— >k
id®o id@r~! n

T®id o®id

k————— K®K VU)K /4 (VQU)®K

‘l lr*@id

KQK—— K®@(VQU) —— KQ(V®U) ——— KQK
d®T id®c id®z !

i i —l®id
KoKk —2¢ . wveU)ek 2L veol)ok =S KoK

or | Js

KQVQRU) — KQ(VRU) ———— KQK——— 5 K®K
id®c idet ! &
commute, where ((1) |k, 9k, = Zj aj®bjandé: g, Kk, ®k; Kk, = k, Kk, ®k; Kk,
is a graded bimodule map with K; = K fori =1,2,3,4and £(1) =), pf ®¢f is an
inner product element of the principal component. We call such a compatible quadruple
(K, n, ¢, o) a quasibiangular stellar G-algebra.

Definition 5.7 A morphism of quasibiangular stellar G—algebras (K, n¥, ¢X, oK)
and (L, n%, L, oL) is a compatible G—graded Morita context p = (xUr, 1. Vk. T, |t)
together with an equivalence of G—graded Morita contexts ¢: £& — p, X such that
0x0K o =pool, where ¢: L — py X, Two such morphisms (p, ¢) and (o', ¢’)
are isomorphi_c if there exists an equi@nce of G—graded Morita contexts «: p — p’
such that ¢’ =ao¢ and ¢’ =a 0 fora: p — p'

Theorem 5.8 Let G be a group with each nonidentity element having order 2 and X
be a K(G, 1)—space. Any Algﬁ—valued 2—dimensional extended unoriented X -HFT
Z: XBordy" — Alg? whose precomposition XBPP"" =5 X Bordy" £ Alg? gives a

9Tensors in diagrams are taken over K, K°P or K ® K°P.
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strict symmetric monoidal 2—functor determines a quasibiangular stellar G—algebra
(A,n,¢,0). Conversely, for any quasibiangular stellar G-algebra (A, n, {, o), there
exists an Algﬂzg—valued 2—dimensional extended unoriented X —HFT.

Proof Let Z: XBord}" — Algg be such a 2-dimensional extended unoriented HFT.
The cofibrancy theorem implies that there exists an object Z’ in XIP"" (Algﬂi) such that
1(Z) is the composition XBPP" = X Bordy" £ Alg?, where 1: XP""(Alg? ) —
SymMon(XBFP-" Alg? ) is the equivalence of bicategories.

Following the proof of Theorem 4.19, we have a strongly graded G—algebra A =
@D, Ag, where Z'(s) = A,. We also have G—graded (A®4, k)-and (k, A®A)-
bimodules M = P, e Mg and N = P, Ng, respectively. By turning actions
around, we obtain the (A4, A°P)-bimodule M and (A°P, A)-bimodule N.

Bimodule maps in Z5(X""G,) corresponding to cusp generators (subject to relations)
yield a G—graded Morita context ¢ = (400 N4, 4 M g0, f1, f2) between A and A°P, where
f1: 444 > AM Q400 Ng and f2: g0 N @4 Mgor — AopA;l::)p are invertible G—graded
bimodule maps. Bimodule maps in Z/(X""S5) for the Morse generators satisfying the
relations imply that (A4, n) is a quasibiangular G—algebra. The generators in Figure 31
give the graded bimodule maps, in Z}(X""3>),

01: AMuaow — AM gop,  02: g0 Ng —> g2 N 4,

0{ tAM gov —> g M gop, 0£3AOPNA —> gor NVy.
These graded bimodule maps are subject to the relations in Figure 32. Thereby, we have
01001 =idpy, 0100] =idpy, 05002 =idy, and 02007 = idy. These isomorphisms of
bimodules lead to an isomorphism o : { = {. Applying o to ¢ gives another isomorphism
o: ¢ — ¢, whose composition with ¢ gives ogog: ¢~ Z_‘ The third relation in the
first row of Figure 32 and its reflection indicate that :compositions of bimodule maps
M —->M — M and N - N — N are identity maps.

Thus, additional generators and relations among them lead to a stellar structure (¢, o)
on the quasibiangular G-algebra A. The remaining relations imply compatibility,
giving the quasibiangular stellar G—algebra (A4, 1, £, o). For any quasibiangular stellar
G—algebra, one constructs an object of XP"" (Algi) by assigning values to generating
objects, 1-morphisms, and 2-morphisms of XP satisfying generating relations using
the above arguments. Then, this object gives a strict symmetric monoidal 2—functor

XBPDun Algﬂi whose composition with the equivalence XBord}" = XBPP:un
produces the desired unoriented extended X -HFT. |
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Similar to the oriented case, every 2—dimensional extended unoriented HFT with
target X produces a nonextended one by precomposition, X Cobs"” — X Cobj™ — Algﬂi,
where X Cobs" and X Cob3™ are defined just as X Cob, and X Cob, using unoriented
X -manifolds. In the unoriented case, extended crossed Frobenius G-algebras play an
important role in the study of 2—dimensional nonextended unoriented X—HFTs and
they are defined as follows:

Definition 5.9 [26] Let (K, 7, ¢) be a crossed Frobenius G-algebra over k. An
extended structure on K consists of a k—-module homomorphism ®: K — K and a
family of elements {0, € K.}qec satisfying the following conditions:

(1) ®(Kg) C Kg and ®(0y) = 0, forall g € G.

(2) Pogy =¢pgodforall geg.

(3) P(vw) = P(w)dP(v) for any v, w € K and (1) = 1.

4 o*=id

(5) no(P®P) =n.

(6) Forany g,h,l € G and v € Kgp,, we have

mo(Pogp)oAg(v) =¢i(0g161v),

mo (¢ ® ®)o Ay p(v) = 1 (Op0v),
where Ay, Kgp — Ko ® K}, is defined by (idg ® ) 0 (Ag j ®idy) = m. Such
amap Ag j is uniquely determined since 7 is nondegenerate and each K is
finitely generated.

(7) ®(0pv) = @pg(Opgv) forany g, h € G and v € K.
(8) ¢n(Bg) =0g forany g,h € G.

(9) Forany g,h,l € G, we have 0g0,0; = q(1)0,;, where g : k — K, is defined as
follows: let {a; € Kgp,}?_, and {b; € Kg,}7_, be families of elements of K,

satisfying Y ; n(b; ® v)a; = @p;(v) for any v € Kgp,. As in (3), such a; and b;
are uniquely determined and ¢(1) =) ; a;b;.

Theorem 5.10 (Tagami [26]) Let G be a group with each nonidentity element having
order 2. There is a bijection between the isomorphism classes of 2—dimensional
unoriented HFTs with target X ~ K(G, 1) and the isomorphism classes of extended
crossed Frobenius G —algebras.
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Corollary 5.11 Assume that Z: XBordy" — Algﬂz& determines a quasibiangular stellar
G-algebra (A, n, {,0). The stellar structure (¢, o) gives an extended structure on the
crossed Frobenius G-algebra Zg(A). Moreover, the corresponding 2—dimensional
X -HFT is the unoriented X —HFT obtained by restricting Z to X Cob3™.

Proof We have a crossed Frobenius G-algebra (Zg(A4).n|z; 1) 19|z 4)}geG)-
By Tagami’s classification, the 2—dimensional unoriented HFT given by the restriction
of Z to circles and cobordisms between them induces an extended structure on Zg(A4).
We claim that the homomorphism ® and elements {0g € ZG(A)e}gec come from the
stellar structure (¢, o) on A.

In [26], for each g € G, the restriction @[z (1), : ZG(A)g = Zi(A)g is the involution
induced by an orientation-reversing homeomorphism of a g—labeled circle. In the
extended case, this morphism is given by additional 2—-morphisms (Figure 31). More
precisely, ®|z; (1), 1 Ae ®4,04% Ag = Ae ® 4, 4% Ag is defined by ®(a ® b) =
a ® ®g(b), where g is defined so that the diagram

4 Mg ® g0 (Ne)a, —— 4,(Ag) a,

01®idl ld{g:Z(ﬁé)

Agjig ®A2p (Ne)Ae — Ae (Ag)Ae

commutes. It is not hard to see that ® reverses the orientation of the oriented (input)
circle. In [26], for every g € G, the element 6, is the image of HFT under the Mobius
strip whose boundary is labeled by g? = e, where the Mobius strip is considered as
the cobordism from the empty 1-manifold to the boundary circle. In the extended case,
e € Ae ®y, 0 4% Ae is the image of 1 € k under the composition of a {g, g}-labeled
cap morphism followed by new generators (see Figure 32), which is composed with
module actions turning boundary labels into {e, e} (see Figure 29).

The involution ® and elements {0¢ }¢cG are defined according to their topological
description given in [26]. Hence, (ZG (A). 1|z 4)- {0g|z54)}geG. P {0g}gec) is
an extended crossed Frobenius G-algebra, which, by definition, corresponds to the
restriction of Z : XBords" — Algg to X —circles and unoriented X —cobordisms between
them. d

5.3 The bicategory of 2—dimensional extended unoriented X -HFTs

In order to upgrade Theorem 5.8 to an equivalence of bicategories, we study morphisms
in the bicategory XP"" (Algi). Let @ be a 1-morphism from Zy to Z; giving quasi-
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biangular stellar G—algebras (A4,7,¢,0) and (A’,n',¢’,0’), respectively. We know
from the oriented case that o gives a compatible G—graded Morita context £ between
G-algebras A and A" Assuming ag(*) = 4, Ry, and £ = (4 R4, a4’ R}y, T, j1), naturality
with respect to the first generator in Figure 31 is the commutativity of the diagram

a1 (—8)

A, (M) apyr ————— 4, R'®4, Mg ® 4 R 4,

a/=z1<u:—;§>l |t

A, M)ty — s a R @ Mg ® 42 Ry

where M and M’ are components of the graded Morita contexts ¢ and ¢/, respectively.
There are similar commutative diagrams for the remaining three generators. These
diagrams indicate that the G—graded Morita context £ gives an equivalence of G—graded
Morita contexts ¢’ and £4¢ with @ o0’ = &0 0. In other words, « leads to a morphism
of stellar G—algebras (see Definition 5.7).

Let 6: a! — 2 be a 2-morphism in XP(Algﬂz&) with 6g(®) = 4, R4, — 4, P4, In the
oriented case we observed that 6 induces an equivalence of G—graded Morita contexts
E=(Ra 4R, T, ) and p = (4 Py, a4 Py, K, v). Naturality of 6g(e) with respect to
>>¢ is the commutativity of the diagram

a H(x=8)
Al (M )(A )op—>A/R X4, Mg ®A0PR

idl PO (e0)

A (Mg) gy AP ®a, Mg @4 Py

(AL

ozlz(DDg)

and there is a similar diagram for the naturality with respect to g<=c. Naturality
for {~g<;}geG and {t>g}geG gives a? = 6 oa! and naturality for {>=g}eeq and
{s§=C}geq gives ap = § oa'. In other words, 6 gives an isomorphism of stellar
G—algebra morphisms (see Definition 5.7).

These observations lead us to define a bicategory Frobf, which has quasibiangular
stellar G—algebras as objects, their morphisms as 1-morphisms, and isomorphisms of
quasibiangular stellar G—algebra morphisms as 2-morphisms. The above arguments
imply that there exists a 2—functor F': XIP’““(Algﬂz&) — Frobf. Composing F’ with the
equivalence E-HTFT"(X, Algd) ~ XP""(Algs), we define the 2-functor J.
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SOQ2)  0(2)\S0Q)
(e1,e2)

y(\ Jy € m(Gr2. R), (e1.2))

Figure 33: A reflection-invariant map.

Theorem 5.12 The 2—functor F: E-HFT"" (X, Algl) — Frob¥ is an equivalence of
bicategories.

Proof The proof follows from the above arguments and the Whitehead theorem for
bicategories. a

5.4 The (G x O(2))-structured cobordism hypothesis

Parallel to oriented case, we want to compare Theorem 5.12 with the classification given
by the (G x O(2))-structured cobordism hypothesis. To do this, we need to understand
homotopy (G x O(2))-fixed points in (Algﬂgl ~, which are given by

(Algi)")MEXO) = Mapg (EG, Mapo5)(EO(2), Alg)),

where G acts on invariant maps trivially and Alg is the 2—type corresponding to the
oo—groupoid (Algﬁ;j ~. Recall that the unoriented Grassmannian Gr(2, R*°) is a model
for BO(2) and the Stiefel manifold V' (2, R®®) is one for £QO(2). The universal principal
O(2)-bundle p: V(2,R*®) — Gr(2,R*) is given by p((e1,e2)) = {(e1, e2), ie the

plane generated by the orthonormal 2—frame (e, e).

Lemma 5.13 The reflection-invariant maps in Map(V (2, R%), Alg) determine stellar
structures on k—algebras.

Proof A reflection w in O(2) acts on Alg by sending a k—algebra A to its opposite
algebra A°P. Let f be a reflection-invariant map with f((e1,e2)) = A. Let y be a
representative of the nontrivial element of 71 (Gr(2, R*), (e1,e2)) = Z/27Z. Lift y
to y starting at (e, ez) and ending at w((ey, e2)) (see Figure 33). Then f(¥) is a
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(A°P, A)-bimodule M and invariance under ® means f(w(y)) = go M4 = 0 (M).
Lifting y to ¥’ starting at w((eq, e2)) gives a path ending at (eq, e3). Similarly, f () is
an (A, A°?)-bimodule N and we have f(w(7’)) = 4N g0 = w(N). Loops y’ * ¥ and
¥ %9’ bound disks since V(2, R®) is contractible. In other words, there exist basepoint-
fixing homotopies which take these loops to constant loops at (e1, e2) and w((eq, 2)),
respectively. Images of the second homotopy and the time reversed version of the first
homotopy under f yield invertible bimodule maps (t: g0 M ®4 Ngop —> gop Aff:)p and
T: 444 = aAN ®400 My, respectively. The compositions of homotopies corresponding
to the conditions on px and t to form a Morita context are the constant homotopies of
paths ¥ and ¥ Thus, { = (400 Mg, 4 Ngop, T, it) is a Morita context. Similarly, loops
¥y xw(y) and " * w(¥") bound, which implies that there is an equivalence of Morita
contexts 0 : ¢ = {. Since the order of reflection is two, we have o o 0 = id. Thus, any
reflection-invariant map leads to stellar algebra structures on algebras. a

Lemma 5.14 For an algebraically closed field k of characteristic zero, the homotopy
(Gx0(2))-fixed points of (Alglﬂé11 ~ are quasibiangular stellar G—algebras.

Proof Serre automorphism trivializes the homotopy SO(2)—action (see [6]), which
turns the space of homotopy (G xSO(2))—fixed points into

Mapg (EG, Map(Gr(2, R®), Alg)).

Davidovich [6] showed that homotopy SO(2)—fixed points are semisimple symmetric
Frobenius k—algebras. Then, understanding homotopy O(2)—fixed points means under-
standing invariance under reflections. Using Lemma 5.13, we conclude that homotopy
O(2)-fixed points are finite-dimensional semisimple symmetric Frobenius k—algebras
with a stellar structure.

The stellar structure is compatible with the Frobenius form as follows. A Frobenius
form on a k—algebra A is determined by a central element, which is the image of 1
under a bimodule map z: 444 — 4A4. Geometrically, z(1) is an element of

72 (Map(BSO(2), Alg, ), f) = (k)"
where the algebra A € Alg, C Alg = [[7= Alg, is isomorphic to
End(V7) x End(V>) x - -- x End(V})

under the Artin—Wedderburn isomorphism for finite-dimensional k—vector spaces
Vl e ey Vr.
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Compatibility means that (horizontal) composition of z with ¢ yields z again. Geo-
metrically, this corresponds to conjugating the representing SIShere based at f with
loops in Alg, given by bimodules of ¢. Since this loop is contractible, conjugation
does not change z(1) in the second h_omotopy group. Thus, we have a compatible
stellar structure, and following Davidovich’s methods [6] we obtain that, for a discrete
group G, homotopy (G x O(2))—fixed points are quasibiangular stellar G—algebras. O

The above lemma is an important step toward the verification of the (GxO0(2))-
structured cobordism hypothesis for Algﬂi—valued 2—dimensional extended unoriented
HFTs with K(G, 1) target. This version of the cobordism hypothesis states the equiva-
lence of bigroupoids Frobf and ((Algﬁg)N)};(szo(z)), where ((Algfﬂg)’v)ﬁ(zGXO(z)) is
the fundamental bigroupoid of ((Algﬁg)”)h(Gxo(z)). Lemma 5.14 impl_ies that the
objects of these bigroupoids coincide. The next step is to give an explicit (algebraic)
description of the bigroupoid ((Alg‘ﬂg)’“)i(fxo(z))
F: Frobf = ((Algﬁg)w)Z(ZGXO(Z)), similar to the oriented case. Here we skip these

steps, which may later appear elsewhere.

and to write down the 2—functor

Appendix Unbiased semistrict symmetric monoidal
2—categories

In this section we recall unbiased semistrict monoidal 2—categories and their computadic
versions, and prove Theorem 4.5. Our main reference is [22, Section 2.10]. A similar
exposition is given in [21, Appendix].

A.1 String diagrams for bicategories

The symmetric monoidal bicategory XBFP is not a fully weak symmetric monoidal
bicategory but a certain stricter version. The strict bicategories we are interested in
are unbiased semistrict symmetric monoidal 2—categories introduced by Schommer-
Pries [22]. To recall their definition, we first review string diagrams for bicategories.

Alternative to pasting diagrams, string diagrams are tools describing morphisms in
a bicategory. Instead of arrows between objects and 1-morphisms, a string diagram
consists of regions, arcs, and vertices. Each region represents an object and each arc
represents a 1-morphism between objects whose corresponding regions share this arc
as a common boundary. Each vertex represents a 2—morphism between 1-morphisms
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ﬁa” poo
@s , w2
f . (XO',U )—l
—r VY
N4 M o
w1
C 7 w4 Xa,a’ &
s I
B° (f3) o0 B¢

Figure 34: Pasting diagram with the corresponding string diagram and a
string diagram for an unbiased semistrict symmetric monoidal 2—category.

whose corresponding arcs are connected with each other via this vertex. In Figure 34,
left, a pasting diagram and the corresponding string diagram is shown. Note that we
read string diagrams from right to left and from top to bottom.

Unbiased semistrict symmetric monoidal 2—categories are strict enough to admit

a version of a string diagram. An example of such a string diagram is shown in
7

i=1
I-morphisms { fj}J3.=1, and a red vertex is labeled with a 2-morphism «. However,

Figure 34, in which regions are labeled with objects {w; } red arcs are labeled with

there are additional strings and vertices of different colors coming from the coherence
morphisms of an unbiased semistrict symmetric monoidal 2—category.

Definition A.1 [22, Definition 2.32] An unbiased semistrict symmetric monoidal
2—category is a triple (C, B, X), where € = (C, ®,1,a, A, p, P, M, £, R) is a monoidal
bicategory (see [25, Appendix]) such that:
(i) The underlying bicategory is a strict 2—category.
(i) The transformations ¢, A and p and modifications P, M, £ and R are identities.
(iii) The monoidal product ® = (®’¢?ﬁf’),(g,g/)’¢8,a’)): € x € — € is cubical.
That is, the interchanger
O regny S ®FNo(g®E) = (fog)®(f 0g)
is the identity if either f or g’ is the identity 1-morphism and ¢8 ) idgga —
id, ® idy is the identity for all objects a and a’.

Secondly, B denotes a collection of transformations (turquoise edges and yellow point
in Figure 34)

B (C1®C2Q®Cr—C) = (Co) ®Cu2) ® - ® Con) = C)}oes,.n>0
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where C; =Cforalli =1,...,n and So := {1} with *: (1 — €C) — (1 — C) being the
identity transformation between inclusions of functors. Lastly, X denotes a collection
of invertible modifications (turquoise points in Figure 34)

X% (B x1)oB° — B%°" and X¢:id — B¢
for every 0,0’ € S, and identity element e € S, such that:

(i) The transformations {8 }ses,,»>0 and modifications {X oo’ xe Yo,07.6€8,,n>0
satisfy the conditions

lgidUO' — ld® IBO" ﬁO’LJid — ﬂ()’ ®ld,
X(idl_l(r),(idl_la/) —id % X(r,(r” X((rl_lid),(a/l_lid) — X(r,a/ %id

and the first three conditions on Figure 35 for all 0.0”",0”,e € S,, and n > 0,

(i) For a fixed n > 0 and a collection of n natural numbers {k;}7_,, let 5 € Sy be
given by the operadic product'® oo (z;), where N =Y, ki, 0 € Sy, and 7; € Sk;
foralli =1,2,...,n. Then the 2-morphism ,Bgﬂufl.) = pBH% @ 0BT — B9 o gUT
satisfies the equality given by the last condition in Figure 35 foralln > 0, 0 € S,
and 7; € Sg,. In particular, when 7; = e foralli = 1,...,n, we have B% = B°,
X =X¢ and X7% = X% forall 0,0, e € Sy,

(iii) The transformations {8 }s¢s, n>0 and modifications {X o0’ xe Yo,07.6€8,,n>0
satisfy the conditions given by the reflections of diagrams in Figure 35 with
respect to a horizontal axis.

In order to prove Theorem 4.5, we first need to show that the symmetric monoidal
bicategory XBFP is an unbiased semistrict symmetric monoidal 2—category. Recall that
objects of XB'P are finite sets of ordered oriented points, 1-morphisms are isotopy
classes of G-linear diagrams, and 2-morphisms are equivalence classes of G—planar
diagrams.

BPD

Lemma A.2 Chambering sets, graphs, and foams equip X with the structure of

an unbiased semistrict symmetric monoidal 2—category.

BPD

Proof Recall that compositions of morphisms in X are given by the concatenation

of diagrams. Since 1-morphisms are isotopy classes of G—linear diagrams and 2-
morphisms are equivalence classes of G—planar diagrams, the underlying bicategory is

10By an operadic product we mean the composition o (t1, ..., 7).
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lgal_lid lgidua’

b (p%a).0.87")

IBidl_la’ 5auid

. ’ . S ’
d)(ﬂc,id),(id,ﬂc/) — (del_la ,JI_Ild)—l ° XaLI1d,1dLIa

B°| exe X% |B°
% B° = B¢

X% o (1% X¢) =idgo = X®7 o (X® % 1)

IBLIrG(l ﬂ&
o —
Gl
/3& IBLI'ri
o — g,Uriy—1 Uta(iy,0
ﬁ(ﬁur,—) (X ) oX

Figure 35: Some of the axioms of an unbiased semistrict symmetric monoidal
2—category.

a strict 2—category. The symmetric monoidal structure of XBP is cubical by definition.

The transformations «, A and p and modifications P, £, M and R are identities since
2-morphisms are equivalence classes of G—planar diagrams. The local models CP
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relations among string diagrams corresponding chambering foams
ﬂfxe b (XU/'J, ! ,
B l: ﬁ(} ﬂ ﬂO‘ = ﬂO‘G
X xo.0’
/3} B
(xe)! B °
0,0
o (o2
B - b7 yoar|x | P71
x° B B
ﬂ o
ey
B _
B xe-o
ﬂ 0/ ﬁol/

Figure 36: Relations between string diagrams for unbiased semistrict sym-
metric monoidal 2—categories and the corresponding spatial foams.

and CK4 of chambering foam shown in Figure 20 give two conditions in Figure 35,
left. For the remaining two conditions, recall that a chambering graph can only have
univalent and trivalent vertices. O

Let (C, B, X) be an unbiased semistrict symmetric monoidal 2—category. The invert-
ibility of modifications {X ‘7"’/, X®}6,07 ecS,.n>0 and axioms of unbiased semistrict
symmetric monoidal 2—category generate relations between structure morphisms. These

relations are given!!

in Figure 36, left, in terms of string diagrams. Since chamber-
ing foams are responsible for the relations between boundary chambering graphs, in

Figure 36, right, chambering foams corresponding to these relations are shown.

A.2 Computadic unbiased semistrict symmetric monoidal 2—categories

To finish the proof of Theorem 4.5, we need to show that the unbiased semistrict
symmetric monoidal 2—category XBFP is computadic. As the next step, we review
computadic unbiased semistrict symmetric monoidal 2—categories and show that XBP
is an example. Such a 2—category is constructed from a certain presentation (an unbiased
semistrict symmetric monoidal 3—computad), which we call an unbiased semistrict
presentation. This type of presentation P consists of four sets (S¢, 91, G2, R) together
with source and target maps s,7: G; — BW"*(Gg) and s, 7: G — BS"*(G1), which we

HDifferent labelings of string diagrams are possible and each possible labeling is a relation.

Algebraic & Geometric Topology, Volume 23 (2023)



3990 Kiirsat Sozer

describe below. For a given such P = (99, G1, 92, R, s, t), the four sets are respectively
called generating objects, generating 1-morphisms, generating 2—morphisms, and
generating relations among 2—morphisms. The following series of definitions start with
the ingredients of Fys(IP) and continue with the definition of each ingredient in the
given order.

Definition A.3 For a given unbiased semistrict presentation P = (Go, 91, G2, R, s, 1),
the objects of Fys(IP) are binary words in Gg, the 1-morphisms are binary sentences
in G1, and the 2-morphisms are equivalence classes of paragraphs in G,.

Definition A.4 Let Gg be a set. The set BW"*(Gg) of binary words in Gy contains
the symbol 1, the elements of Gp, and ® products, ie a ® b € BW"¥(Gy) for all
a,b € BW"*%(Gy) such that, for any a € Gy, the elements 1 ® a, a, and a ® 1 are
identified.

Since binary words in Gy form the objects of Fy(IP), the set §; of generating 1—
morphisms is equipped with source and target maps s,: G1 — BW"*(Gp).

Definition A.5 Let G; be a set equipped with maps s,7: G1 — BW"(Gg). The set

BW"5(G1) of binary words in G contains elements of G, id, and ,Bg (@)

a € BW"(Gy) and S, where a is a word of length n. The extension of the source

o
a,o(a)

for any

and target maps to these elements are s(id,) = a, t(idg) = a, s(B ) = a and

t(ﬂg,g(a)) =o(a).

Definition A.6 Let BW"*(G1) be a set of binary words in G with s,7: BW"%(G1) —
BW"$(Gp). The set BS*(91) contains binary words in §;, compositions g o f
for any f, g € BW"*(G1) with s(g) = #(f), and monoidal products f ® g for any
f, g € BW"*(G1). The source and target maps extend naturally to BS"**(G;) by

e s(gof)=s(f)andi(go f)=1(g) forany go f € BS™(G1),
* s(f®gy=s(f)®s(g)and1(f ®@g) =1(f)®1(g) forany f, g € BW*™(G1).

The set BS"**(G1) of binary sentences in G is the quotient BS"**(G1)/~, where ~ is the
smallest equivalence relation generated by the identifications f ®id, ~ f, f ~id, ® f,

foidg ~ f ~idpo f,and f ® f' ~ (idp ® f')o(f ®idy ) for any f, f/ € BS"*(G1)
with s(f)=a,t(f)=b,s(f')=a’,and t(f') = b’ (see [22, Lemma 2.81]).
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symbol source target
Ot rofasny S1®L)0(f3® fa) (fiof3)®(fao fa)
¢2a’ ida®a’ id, ®id,
r/g}r fop® ,BE of
1B% Boo f fop?
xoo’ (B% x1)0p° oo’
Xe¢ id Be

Table 1: Binary words in G5.

Since binary sentences in G form the 1-morphisms of Fys(PP), the set G, of generating
2-morphisms is equipped with source and target maps s, ¢: G — BS"*(9) satisfying
sos =sot and tos =tot. Then, an unbiased semistrict symmetric monoidal 2—computad
P9 consists of generating sets Go, §1 and G, together with maps s,7: G1 — BW"*(Gy),
and s,7: G — BS"S(G;) satisfying sos =sorandtos =tot.

Definition A.7 Let G5 be a set equipped with s, 1 : G — BS"*(G) satisfying sos = sot
and f os =t ot. The set BW"*(G,) of binary words in G, contains every element
of G5 and the symbols in Table 1 for every f € BW™*(G1) and every fi, f2, f3, fa €
BS"*(G1) with s(f1) = t(f3) and s(f2) = t(fs), and for all o,e € S,,0 € Sy,
for n,m > 0. Moreover, BW"*(G,) contains the inverses of symbols in Table 1
except for symbols containing the 8°. The set of preparagraphs PG"*(G,) is con-
structed from BW"*(G,) by adding compositions and monoidal products as above.
Similar to BS**(G1), there are certain identifications on PG"*(G,) generated by
Bt o fof) = 16 8, 1y (i = 14 and @@ ) = id for all fi, fo, fa, fa €
B"(G1) and a,a’ € BW"(Gp). We consider the smallest equivalence relation ~
on PG"*(9,) generated by these identifications along with identifications

{pop ! =idy(p). p" 0 p =1ids(p)}pera(sy)

and those for § and X coming from the definition of unbiased semistrict symmetric
monoidal 2—category. The quotient set is denoted by PG"*(G,) and called the set of
paragraphs in G».

Definition A.8 The set R of generating relations among 2—-morphisms for an unbiased
semistrict symmetric monoidal 2—computad P9 = (Y0, G1, G2, s, t) consists of pairs
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(F, G) of paragraphs in G in F(PY) with s(F) = s(G) and ¢ (F) = t(G). An unbiased
semistrict presentation or unbiased semistrict symmetric monoidal 3—computad P
consists of an unbiased semistrict symmetric monoidal 2—computad P¥ and a set R of
generating relations among 2—morphisms for P9,

The 2-morphisms of the computadic unbiased semistrict symmetric monoidal 2—
category Fys(P) are the —equivalence classes of paragraphs in G5, where ¢ is the
smallest equivalence relation on PG"*(G,) such that ? is generated by R and closed
under compositions and monoidal products. An unbiased semistrict symmetric monoidal
2—category (C, B, X) is called computadic if there exists a strict symmetric monoidal
equivalence F: Fyg(IP) — € for an unbiased semistrict presentation IP.

In simpler terms, Fys(IP) can be described as follows. The objects of Fyss(IP) are words
in Gg. There are two kinds of elementary 1-morphisms, which can be described as

(1) ﬁgg(a) :a — o(a), where o € S, for n > 0 and a is a word of length 7,
(i) idg; ® f ®idp, where f € G and a, b € BW"$(Gy),

so that nonidentity 1-morphisms of F . (IP) are given by compositions of elementary 1—
morphisms. The 2-morphisms of F . (IP) are the equivalence classes of string diagrams,
where two string diagrams are equivalent if they are related by finitely many (local)
moves which come from the generating relations R, Figures 35 and 36, and the naturality
of B and X with generating morphisms. Compositions of morphisms are given by
horizontal and vertical concatenations of string diagrams while the (cubical) monoidal
product is given by stretching out diagrams from different horizontal directions and
merging them (see Figure 24).

Example A.9 Consider an unbiased semistrict presentation
XP = (XG0, XG1, XG2, XR)

whose generating sets are given as XGo = {o1, o7}, XG; = { FZ, FE ._I.);, “Ng b, ie
G-linear diagrams of {tj>g L8 F 4. f, — 8.} gec without chambering sets,
and XG, consists of G—planar diagrams without chambering graphs of generating
2-morphisms in Figure 25. The set of relations XR consists of pairs of G—planar
diagrams corresponding to pairs of (2)—X —surfaces in Figure 26.

An object of Fu(XP) is either : or words in et and »~. Each l-morphism is a

o

a.0(a)’ where

composition of the following two types of elementary 1-morphisms:
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o € S, and a is a word of length n; and a G—linear diagram whose 1-morphism is
labeled withid,, ®---® f ®- - -®id,,, for some 0 <k <n, where q; is either et ore~ and
f€Gi. Hereweuseid,+ = P ,ide—="N,,and f® f' = (idp ® f')o(f ®idy). The
2-morphisms of F(XIP) are equivalence classes of paragraphs PG"*(X3,), where
the equivalence relation is generated by the set of generating relations XXR (see Figures
17, 18, 19, and 26), and the string diagrams are given in Figures 22, 35, and 36.

A.3 Proof of Theorem 4.5

Note that the string diagram interpretation of elements of PG"**(XG,) coincides with
the string diagram interpretation of 2—morphisms of XBFP except for (possible) black
points on G-linear diagrams (see Figure 14). More precisely, the sets of labels for
regions coincide, in both string diagrams there are two types of 1-morphisms whose sets
of labels and possible intersecting patterns coincide, and in both string diagrams there
are three types of vertices whose sets of labels coincide for each type of vertex. Lastly,
equivalence relations on both string diagrams are generated by the same local moves
or, equivalently, by the same movie moves. This observation suggests an isomorphism
between Fu.(XP) and XBPP, namely a symmetric monoidal equivalence preserving
the unbiased semistrict symmetric monoidal structures. The following lemma shows
that this is indeed the case and finishes the proof of Theorem 4.5:

Lemma A.10 There exists a canonical isomorphism ® : Fye (XIP) — XBFP of unbiased
semistrict symmetric monoidal 2—categories.

Proof Comparing the descriptions of unbiased semistrict symmetric monoidal 2—
categories Fue (XP) and XBFP given above, it is not hard to define the 2—functor ©.
On the level of objects ® maps 1 to the empty set and words in set {o*, e~} to the finite
ordered oriented points given by the words.

On l-morphisms, it is enough to specify the images of elementary 1-morphisms
{%,idg, ® - ® f ®---®idy,}, where o € S, n >0, f € X9y, and q; € {oF o7}
for 1 <i <n. For o € S, and a word a, the 1-morphism ®(,32’0(a)) is a G-linear
diagram whose chambering set has only one element labeled by 9. The latter 1—
morphism is mapped to a G-linear diagram described in Example A.9. Recall that
I-morphisms of Fu(XIP) are equivalence classes determined by certain identifications
and 1-morphisms of XBFP are isotopy classes of G-linear diagrams. It is not hard to
see that the above assignments are well defined on 1-morphisms.
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The 2—functor ® maps the equivalence class [P] of a paragraph P € PG"*(XG,)/~ to
the equivalence class of the string diagram corresponding to P. This assignment makes
sense because, as mentioned in Example A.9, any representative string diagram can be
interpreted in both 2—categories. Since in both the 2—categories Fys(XP) and XBFP
string diagrams are considered up to the same lists of local moves (movie moves), this
assignment is well defined.

We use the Whitehead theorem for symmetric monoidal bicategories (Theorem 4.3)
to show that ® is a symmetric monoidal equivalence. It is clear that ® is essentially
surjective on objects. We claim that ® is essentially full on 1-morphisms. To prove
this, it is enough to show that every G-linear diagram is isomorphic to a composition
of 1-morphisms {@(,Bg,a(a)),®(ida1 ®:-®idg,),0>0ds, @ ® f ®@---®idg,)}
for some n >0, 0 € S, and f € XG;. For a given G-linear diagram it is obvious how
to write it as a composition of these diagrams except for extra black points. Recall that
when we compose G-linear diagrams we do not remove black points along which two
diagrams are concatenated. However, there are invertible G—planar diagrams which
remove these points (see Figure 10). Therefore, up to invertible 2—morphisms, every
G-linear diagram can be written as a composition of the above 1-morphisms.

Recall that G—planar diagrams are formed using generic maps and the X—manifold
data of cobordism type (2)—X —surfaces. Thus, any G—planar diagram can be obtained
from generating 2—morphisms in Figure 25 under horizontal and vertical compositions,
and symmetric monoidal product operation. This implies that, for any G—planar
diagram, there exists a paragraph such that their equivalence classes are matched by ©.
Consequently, 6 is fully faithful on 2—morphisms.

Hence, the Whitehead theorem implies that ® is an equivalence. By definition, ®

preserves the unbiased semistrict symmetric monoidal structures. That is, XBP is a

computadic unbiased semistrict symmetric monoidal 2—category. a
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Efficient multisections of odd-dimensional tori

THOMAS KINDRED

Rubinstein and Tillmann generalized the notions of Heegaard splittings of 3—manifolds
and trisections of 4—manifolds by defining multisections of PL. n—manifolds, which
are decompositions into k = L%nJ + 1 n—dimensional 1-handlebodies with nice inter-
section properties. For each odd-dimensional torus 7", we construct a multisection
which is efficient in the sense that each 1-handlebody has genus », which we prove is
optimal; each multisection is symmetric with respect to both the permutation action
of S, on the indices and the Zj translation action along the main diagonal. We also
construct such a trisection of 74, lift all symmetric multisections of tori to certain
cubulated manifolds, and obtain combinatorial identities as corollaries.

57KS50, 57TM99, 57N99, 57R10, 57R15; 05A10

1 Introduction

Every closed 3—manifold! X admits a decomposition into two 3—dimensional 1—
handlebodies? glued along their boundaries. Gay and Kirby extended this classi-
cal notion of Heegaard splittings by proving that every closed 4-manifold admits
a trisection, ie a decomposition X = | J; €Zs X; where each X; is a 4—dimensional
1-handlebody, each X; N X; 41 is a 3—dimensional 1-handlebody, and X¢ N X1 N X>
is a closed surface. Rubinstein and Tillmann [9] then extended these decompositions to
arbitrary dimension by proving that every closed (PL) manifold of arbitrary dimension
admits a PL multisection:

Definition 1.1 A PL multisection of a closed manifold X of dimension n = 2k — 1
(resp. 2k —2) is a decomposition X = J;¢z, Xi, where:

1 Unless stated otherwise, all manifolds are piecewise-linear (PL), compact, connected, and orientable. A
manifold X is closed if 0X = @. A general reference by Rourke and Sanderson is [8].

2A d-dimensional h—handlebody is a d—manifold obtained by gluing d—dimensional r—handles for
various r =0, ..., h. Since we work in the PL category, the gluing maps must be PL and the attaching
regions must be PL submanifolds.

© 2023 The Author, under license to MSP (Mathematical Sciences Publishers). Distributed under
the Creative Commons Attribution License 4.0 (CC BY). Open Access made possible by subscribing
institutions via Subscribe to Open.
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Each X; is an n—dimensional 1-handlebody.

(Niez, Xi is aclosed (n+1—k)-dimensional submanifold.
(\ies Xi is an (n+1—|I|)—dimensional |/ |- (resp. (|/|—1)-) handlebody for
each I C Zjy with2 < |I| <k—1.3

One may define smooth multisections of smooth manifolds analogously: the only extra
condition is that, for each nonempty / C Z, the inclusion of X7 =(");¢; X; into X
is a smooth embedding, with corners.* Lambert-Cole and Miller proved that every
smooth 5-manifold admits a smooth trisection [6]. In dimensions n > 6, the topic is
wide open. In particular:

Question 1 Does every closed smooth manifold of arbitrary dimension admit a smooth
multisection?

The distinction between PL multisections and smooth ones comes down to that of PL and
smooth handle decompositions.® This is because any PL multisection X = Uiez p.¢
gives rise to a nice PL handle decomposition (see Proposition 2.5) coming from handle
decompositions of the various X7 ; requiring each inclusion X7 < X to be smooth (with
corners) ensures that the gluings in this handle decomposition are smooth. Henceforth,
unless stated otherwise, all multisections are PL.

The topology of a closed manifold X of dimension n # 2 bounds the efficiency of its
multisection as follows. Let g(X;) denote the genus of X;.°

Definition 1.2 The efficiency of a multisection X = J;cz, Xi is

1 + rank 771 (X)
1 +max; g(X;)’

A multisection is efficient if its efficiency is 1.

3Rubinstein and Tillmann state this condition differently, requiring that each Nier Xiisan (n+1—|1])-
dimensional submanifold with an |/ |- (resp. (| |—1)-) dimensional spine, where a spine of a manifold N is
a subpolyhedron P C int(N) onto which N collapses. Certainly any #-handlebody has an A—dimensional
spine. Conversely, given a spine P of N, we may assume that N is triangulated and P is a simplicial
subcomplex which admits no elementary collapses; then N is PL homeomorphic to a regular neighborhood
R of P in N, and R has handle decomposition consisting of one r—handle for each r—simplex in P.
4More precisely, for nonempty I C Z k> the set of corner points of X; must be corners(X7) =
Ui jgrsiz; X1 0 Xi 0 X;.

SWhile any smooth structure determines a (smooth) handle decomposition, and conversely, a PL handle
decomposition does not necessarily determine a smooth structure.

6 X, is an n—dimensional 1-handlebody, so we have X; 2 18 (S x D"~1) for some g = g(X;). (Through-
out, we denote PL homeomorphism by =.)

Algebraic & Geometric Topology, Volume 23 (2023)
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‘We will show:

Corollary 2.7 In any dimension n # 2, no multisection of any manifold has efficiency
greater than 1, and in any efficient multisection X = UieZk X;, all X; have the same
genus, g(X;) = rank 71 (X).”

This notion of an efficient multisection generalizes a notion introduced by Lambert-Cole
and Meier in [5]. They call a trisection of a simply connected 4—manifold X efficient if
the genus of the central surface X equals b, (X ). Indeed, one always has g(X) < b, (X),
and equality holds if and only if each piece of the trisection is a 4-ball.

We close the introduction with an outline of the paper.
¢ Section 2 establishes several general properties of multisections.

¢ Section 3 begins a detailed investigation of multisections of odd-dimensional tori,
starting with detailed descriptions of the multisections of 7" for n = 3,4, 5. Roughly
stated, the main result is:

Theorem 7.10 Each n = (2k—1)—torus admits an efficient multisection which is sym-
metric with respect to the S, permutation action on the indices and the Zj, translation
action along the main diagonal.

The full version of Theorem 7.10 gives a simple expression (1) for each piece X; of this
multisection. The hard part is describing a handle decomposition of X7 = ();c; Xi
for arbitrary n and [ G Zy.

¢ Section 4 introduces three types of building blocks; under our main construction,
each handle of each X7 will be a product of such blocks.

¢ Section 5 describes further examples of X; under our construction, each featuring a
new complication in its handle decomposition.

¢ Section 6 proves several combinatorial facts about our main construction. In par-
ticular, Section 6.2 proves that 7" = (J;¢z, Xi, and Section 6.4 establishes a closed
expression (2) for arbitrary X;. Also, Section 6.3 establishes two combinatorial
corollaries, which may be of independent interest.

7In dimension two, efficiency is strictly bounded above by 2; this bound is sharp, since any surface of
even genus g admits a multisection with efficiency (1 +2g)/(1 + g).
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¢ Section 7 describes a handle decomposition of arbitrary X; from our main construc-
tion, confirms the details of this decomposition, shows that the central intersection
Niez . Xi is a closed k—manifold, and puts everything together to prove Theorem 7.10.

e Section 8 extends Theorem 7.10 to certain cubulated manifolds.

¢ Appendix A features tables, several detailing follow-up examples for the complica-
tions introduced in Sections 3 and 5, others detailing aspects of the handle decomposition
described in Section 7.1.

e Appendix B describes four other ways one might try to multisect 7.

Acknowledgments Thank you to Mark Brittenham, Charlie Frohman, Hugh Howards,
Peter Lambert-Cole, and Maggie Miller for helpful discussions. Thank you to the
referee for numerous suggestions to improve the clarity and exposition of the paper.
Special thanks to Alex Zupan for helpful discussions throughout the project, especially
during its early stages, when we collaborated to find efficient trisections of 74 and 7°7.

2 Multisections and their efficiency

In this section, we describe a way of obtaining a (PL) handle decomposition of a
manifold given a multisection (see Proposition 2.5), and we deduce, with the exception
of 2—manifolds, that no multisection has efficiency greater than 1 (see Corollary 2.7).
We begin, however, by describing examples of multisections in arbitrary dimension.

2.1 Simple examples of multisections

Example 2.1 For n = 2k — 1, the n—sphere

”=8jj)1)2 U(]_[02xslx]_[ )

= j=i+1

admits a multisection in which each

X; —l_[szSlx ]_[ D2

Jj=i+1

is an n—dimensional l—handlebody of genus 1. In dimension 3, this is the genus-1
Heegaard splitting of S = D2 x D? with central surface S! x S!. In arbitrary
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dimension #, the central intersection is the k—torus ]_[k L5t

each I C Zj with 1 <|I| =¥ <k — 1, the intersection

and more generally, for

. {—1 k—1
B itjel,| _ 1 2 ot 2(k—0)
X=X = H{D21f1¢l}=,l—[s xHD ~T'%xD
Jel j= Jj=0 j=t

is a thickened £—torus. In dimension 5, Lambert-Cole and Miller use this construction
and a second trisection of S, whose central intersection is a 3—sphere rather than a
3—torus, to show that, unlike Heegaard splittings of 3—manifolds and trisections of
4-manifolds, trisections of a given 5—manifold need not be stably equivalent [6].

Example 2.2 [9] Using homogeneous coordinates [zg:---:zx_1] on C P*~1, one
can define a multisection by
Xi={[zo::zk—1] : |zi| = |zj| for j =0,... .k —1}.

Then each X7 with |I| = £ is related by permutation to a thickened torus

~ v S lzil=1forj=1,....0 =1, _ . 0—1_ ~2(k—0)
ﬂX,_{[l.zl.-.-.zk_l] o <1forj—t . k1 ~T"1xD .

In particular, the central intersection is the k—torus

{lizy:eizgq]ilz1| = = |zg—1| = 1}

These symmetric multisections are also efficient, since each X; has genus 0.

2.2 General properties of multisections

Proposition 2.3 Let Z; be an n—dimensional h;—handlebody, i = 1,2, and let
¢: Y1 — Y, glue compact Y; C 0Z;, such that Y1 = Y, is an h—handlebody. Then
Z = Z1 Uy Z; is an h'~handlebody for h' = max{hy, ha, h + 1}.

Proof By taking a regular neighborhood N of Y = ¢ (Y1) = ¢(Y2) in Z, where
N =Y x I, we may identify Z \ int(N) with Z; U Z,, which is a 2—component
h"-handlebody, where 4" = max{h1, h»}. Then, for each i—handle H = D’ x D"~1~
inY for 0 <i <h, we can glue on H x I along d(D’ x I)x D" 171 o= § x pn=1-i
and so attaching H x I is the same as attaching an (i +1)-handle, wherei +1<h+1. O
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Proposition 2.4 Let X =J;cz, Xi be a multisection of a closed manifold of dimen-
sionn =2k — 1 (resp. n =2k —2). Then foreach 1 < j <i <k —1

j—1 i
U X, N ﬂ X,
t=0 t=j

is a (2k+ j —i—2)—dimensional (i + j)-—handlebody (resp. (2k + j —i —3)—dimensional
(i+j—1)—handlebody).

Proof We address the odd-dimensional case, arguing by lexicographical induction
on (i, j). The even-dimensional case follows analogously. When (i, j) = (1, 1), the
proposition is true by definition, since Xo N X is a 2-handlebody.

Let (i, j) > (1, 1). Assume, for each (r,s) < (i, j), that (XoU---UX;_1)NX;N---N X,
is a (2k+s—r—2)—dimensional (r+s)-handlebody. Let

i

Ux,nﬂxt and Z, = ﬂ X,,

t=j—1
so that

UJxin(Xxi=2z1uz,.
So, by induction, Z is a (2k+ j —i —2)—dimensional (i 4+ j —2)-handlebody, and, by the

definition of multisection, Z; is a (2k+ j —i —2)—dimensional (i +1—j)-handlebody.
Further,

Jj—2
ZlﬂZ2—Usz ﬂ Xt,
t=0 t=j—1

which, by induction, is a (2k+ j —i —3)—dimensional (i 4+ j —1)-handlebody. Therefore,
by Proposition 2.3, Z1 U Z, is a (2k+ j —i —2)—dimensional #-handlebody, where

h=max{i +j—2,i+1—ji+j}=i+] ]
Proposition 2.5 Let X = J;cz, Xi be a multisection of a closed manifold of dimen-
sionn =2k — 1 (resp. n = 2k —2). Then X admits a handle decomposition in which

each X; contributes only r—handles forr <2j + 1 (resp.r <2j).

Proof We address the odd-dimensional case; the even-dimensional case follows
analogously. Arguing by induction on i, we will show that Xo U--- U X; admits a
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handle decomposition in which each X; contributes only r—handles for r <2j + 1.
The base case is trivial. For the induction step, consider

(XoU---UXi—1) Uxqu-ux;_nnx; Xi-

By induction, Xo U---U X;_1 admits a handle decomposition in which each X; con-
tributes only r—handles for r <2; 4 1. Extend this to the required handle decomposition
of XoU---UX; as follows. Let N be a collared neighborhood of (XoU---UX;_1)NX;
in X;. As in the proof of Proposition 2.3, first construct the disjoint union

(XoU---UX;—1) U(X; \int(N)),

thereby contributing 0— and 1-handles to X;, as X; \ int(N) is PL homeomorphic
to X;. Second, glue in N, thereby contributing r—handles for r =1, ...,2i + 1, since
(XoU---U X;—1)N X; is a 2i-handlebody by Proposition 2.4. O

2.3 Efficiency of multisections

Next, we consider the efficiency of multisections in light of Proposition 2.5. Recall
Definition 1.2.

Proposition 2.6 In dimension n # 2, any multisection X =,z , Xi obeys

min g(X;) > rank 71 (X).

i€l
Proof Given a multisection of X, label the pieces so that g(Xj_1) < g(X;) forall .
Construct a handle structure on X as guaranteed by Proposition 2.5. All the n— and

(n—1)-handles are in X _1, since n # 2. Flip X upside down. Now all the 0— and
1-handles are in Xj;_1, so

rank 71 (X) < rank 3 (Xg—1) = g(X-1) = min g(X;). O
ASY/ 7y,
Corollary 2.7 In any dimension n # 2, no multisection of any manifold has efficiency

greater than 1, and in any efficient multisection X = Uiezk X;, all X; have the same
genus, g(X;) = rank 1 (X).

3 Motivating examples

In this section, we describe our multisections of 73, T4, and T in detail. We also
establish notation that will be used throughout the rest of the paper.
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Figure 1: A Heegaard splitting of T'3.

Y

3.1 Intuitive approach to T3, T4, and T3

Figure 1 illustrates an efficient Heegaard splitting of the 3—torus, which suggests
viewing T3 as (R/2Z)3; then the splitting is determined by a partition of the eight
unit cubes with vertices in the lattice (Z/27)3. Moreover, this partition satisfies two
symmetry properties. First, the permutation action of S3 on the indices in 73 fixes
each piece of the splitting. Second, the Z, translation action along the main diagonal
of T3 switches the two pieces: X; + (1,1,1) = Xi41.

How might one construct efficient trisections of 7" for n = 4,5 with symmetry
properties analogous to Figure 1’s splitting of 73? To begin, one might view these
T" as (R/3Z)" —rather than, say, (R/27Z)", because we seek a trisection rather than
a splitting—and seek an appropriate partition of the 3" unit cubes with vertices in
the lattice (Z/37Z)". From now on, for brevity, we will refer to these unit cubes as
subcubes of T".

To start forming this partition, one might assign each subcube [i,i + 1]* to X;
(because of the translation action). Next, one might assign subcubes of the forms
[i,i +17"7[i +1,i +2] and [i,i + 1]"7[i — 1,i] to X; as well, and extend these
assignments using the permutation action on the indices. At this point, each X; is
indeed an n—dimensional 1-handlebody, and so the rest of the partition should be
constructed in a way that preserves this fact, while also giving rise to the needed
intersection properties. Figure 2 illustrates this intermediate stage in the case of 74.8

8 All combinatorial data conveyed in Figures 2 and 3 comes from the arrangements of the nine 3 x 3 squares
outlined in bold; beyond this, the style of the illustration reflects the fact that each pictured subcube is a
4—cube. A model 4—cube is also drawn, next to coordinate axes. The solid axes represent directions in
which abutting subcubes are shown in contact with each other (understanding that the interval that appears
as [0, 3] actually represents the circle R/3Z); the dashed axes represent directions in which abutting
subcubes align at a distance in the figure. Similarly, Figure 1 shows a model 3—cube and coordinate axes,
and Figure 5 a model 5—cube and coordinate axes.
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Figure 2: Start partitioning the subcubes of 74 = (R/3Z)* like this, giving
three 4—dimensional 1-handlebodies.

For T4, the symmetry properties imply that the remaining partition is determined by
the assignments of the subcubes [0, 1]?[1,2][2, 3] and [0, 1]?[1, 2]?. Assigning both
subcubes to Xg and extending symmetrically gives the decomposition of T illustrated
in Figures 3 and 4. Section 3.3 will confirm that this decomposition is indeed a trisection.

Figure 3: Partitioning the 3* subcubes of T* = (R/3Z)* like this gives a
symmetric efficient trisection.
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e

.

t€(0,1)

Figure 4: In the multisection of T# from Figure 3, each slice T3 x {},
t € (R/37)\ Z3, intersects Xg, X1, X, like this.

A similar approach leads to the decomposition of 7> shown in Figure 5. Section 3.4
will confirm that this, too, is a trisection.

3.2 Notation

Notation 3.1 Let X,Y C Z be compact subspaces of a topological space. Denote “X
cut along Y” by X \\ Y. In every example where we use this notation, X \\ Y equals

the closure of X \ Y in Z. (The general construction is somewhat more complicated.)

Figure 5: Partitioning the 3° subcubes of 7> = (R/3Z)" like this gives a
symmetric efficient trisection.

AN
AN
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Given n = 2k — 1,2k — 2, view the n—torus 7" as (R/kZ)". Let S, denote the
permutation group on n elements.

Notation 3.2 Given X = (x1,...,x,) € T" and 0 € S, write
550 = (Xo-(l), ceey xo(,,)).

Also, given U C T" and v € T", write
U+v={u+v:uelU}.

The symmetric group S, acts on 7" by permuting the indices via o : X > X,. Because
we are interested in subsets of 7" which are fixed by this action:

Notation 3.3 For any subset U C T", write
(U)y={Xs:X€U,o€8S,}CT".

Note, for any U C T", that (U) is fixed by the action of S, on 7". We can state our
main result explicitly:

Theorem 7.10 For n = 2k — 1, the n—torus T" = (R/kZ)" = [0, k]" /~ admits an
efficient multisection T" = J; ¢z, Xi defined by

(1) Xo=([0,1]%---[0,k —1]%[0,k]), Xi=Xo+(,....i), i€Z.

By construction, the decomposition is symmetric with respect to the permutation action
on the indices and the translation action on the main diagonal.

Anticipating the concrete and (somewhat) low-dimensional nature of the examples in
Sections 3 and 5 and Appendix A, we give the first few intervals [i,i + 1] for i € Zy
special notations:

Notation 3.4 Write
0,1]=«, [1,2]=8, [2,3]=y. [3.4]=46, [4,5]=e, [5,6]=¢ [6,7]=n.
To further abbreviate our notation, we often omit x symbols and use exponents to

denote repeated factors. For example, we can describe the two pieces of the Heegaard
splitting of T3 from Figure 1 like this:

Xo=a2Ua?BUaBaUBa?, X =p3UB%UpBaf US>
Using Notation 3.3, we can further abbreviate this notation:

Xo=a?U (2B) = (@?[0.2]), X =pB3U(aB? = ([0.2]82).
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We often omit the braces around singleton factors. For example, in 73
XoN X1 = ([0, 1] x[1,2] x{0}) U{[0, 1] x [1,2] x {1}) = («¢B0) U (af1).
We also extend Notation 3.3 in the way suggested by the following example:
(0} B2 = ({0} x o x B x ) U (@ x {0} x B x ).

More precisely, if we decompose T" as a product 7" =T x---xT" and U; C T™
fori =1,..., p, then

(U1) - (Up) ={(Xg,. X5, X0 ) X €T 01 € Sy i = 1,..., p},

gy’ o2’
where, extending Notation 3.2 and writing X' = (x{,...,x,.),
Si_ i i
Yo, = (in(l)’ T ’xai(ni))'

Starting in dimension 7, some handle decompositions will require subdividing unit
subintervals «, 8, y, §, . . . into halves or thirds. Anticipating this:

Notation 3.5 Write

o= =[0.4] ot =[41] .. [rl=[6B) ot =[£.7]

o =[0.5] 3=[3.3] e« =[50 .. m=[5F] w5 =[37]

Because of the symmetry of our main construction under the Zj translation action
on T", it will suffice, when considering X; from that construction, to allow I to be
arbitrary only up to cyclic permutation. In order to utilize this convenience:

Notation 3.6 Given I C Zj with |I| = £ > 0, write X7 = ();c; X;, and write
I = {is}sez, such that

O<ip<iy<---<ip_1<k-—1.
Definition 3.7 Let / = {is}scz, as in Notation 3.6. For each r € Zj, define 1" =
{i+r:iel}CZg Write each I" = {i{}sez, with0 <ig <ij <---<i;  <k-—1.
Say that [ is simple if, for each r € Zy, we have I < I" under the lexicographical
ordering of their elements, ie if each I, # I has some s € Z, with i; = i] for each
t=0,....,s—1and iy <i].
Notation 3.8 Given simple / = {is}scz, & Zi as in Notation 3.6, define

T={se€Ziis—1¢I}
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Write T = {t;},ez,, With 0 =ty < --- <t < { (see Observation 3.10). For each
r € Lm, write Ir = {iz,,... it ,—1}. Then

I=0LU---Uly,

and, for each r =0,...,m — 1, we have |[| = max I, + 1 —min /[, (each block I,
comprises consecutive indices) and min /41 > max I, 4+ 2 (the blocks are nonconsec-
utive).

Given ix € I (denoted specifically by i), denote the block [/, containing i by /.
Convention 3.9 Throughout, reserve the notations n, k, o, ..., n,a ™, ..., T, 3, ...,
n;’, I, X7, £, T, and m for the way they are used in Notations 3.4-3.8, assume, unless

otherwise stated, that / C Zj is simple, and reserve, for any s € Z; or r € Z,, the
notations iy, tr, Ir, ix, and I, for the way they are used in Notations 3.6 and 3.8.

Observation 3.10 Given I & Zy, we haveig =0, iy_; <k —2, and |Io| > |I,| for
each r € Zpy; if |lo| = |Ir|, then [I1| > [Ir41].

Given I C Zj and s € Zy, write
. 2 . . . . . -1
(A1, . 05, . i) =(1,... is—1,0541,...,0g) C T 1,
We now have enough notation to describe a closed formula for the X; coming from
our main construction (1):

Lemma 6.13 Given nonempty I & Zj, Xy is given by

() g <(i1, o) T lireir + 1P firvirga — 1]2[i,,i,+1]>.

ix€l reZy

In particular,

(3) () Xi = U<(0,...,f*,...,k—1)H[i,i+l]>.

i€Zy ix€Zx i€l

We will prove Lemma 6.13 in Section 6.4.

3.3 Trisection of T4

The decomposition of 74 from Figure 3 is given by
Xo = (@?[0,2][0,3]) = (¢*) U (@®B) U (e’ y) U (@ %) U (& By),

4 .
Xi=Xo+(,i,i,i).
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Figure 6: A handle decomposition of X in Figure 3’s trisection of 7#. Each
of the five handles has a different color.

It is evident from Figure 3 that XoU XU X, = T*. Also, I ={0} and / = {0, 1} are the
only proper subsets of {0, 1, 2} which are simple. Therefore, to check that (4) determines

a trisection of 7% it suffices to prove that Xy is a 4-dimensional 1-handlebody and
Xo N X1 is a 3—dimensional 1-handlebody with d(Xo N X1) = Xo N X1 N X>.

Indeed, Figure 6 shows a handle decomposition of X in which («?[0,2]?) is a 0—
handle and («?[0,2]y) supplies four 1-handles, each a permutation of (a2[0,2])y.
More precisely, each 1-handle is given, in terms of some permutation o € S4 (using
Notation 3.2), by

(5) {3 1 ¥ € (@?0.2))y}.
Now consider
(6) XoN X1 = (lB[1,3]) U (0aB?).
We claim that this is a 3—dimensional 1-handlebody in which
o Y; = («1p?) is the O-handle;
e Y, = (0aB?) gives six 1-handles, all permutations of Y,* = (0cr) 82

e Y3 = (alBy) gives four 1-handles, all permutations of Y;" = («18)y.

Figure 7 shows this decomposition of Xo N X1:
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Figure 7: A handle decomposition of Xo N X7 in our trisection of 7#. The
trisection diagram on 9(XoNX;) = XoNX1NX2 = (¢f02)U{ay12)U(By01)
has two types of red curves; one of each is bold. The same holds for blue
and green.

¢ The shape in the center (which looks like a truncated tetrahedron) is the 0-handle
(a1B?), comprising 12 cubes, each a permutation of a18? (see (5) and the paragraph
before it). The interior lattice point is (1, 1, 1, 1), and each triangular-looking face is a
permutation of 0(182). Each blue segment on d(x182) is a permutation of (a1)22.

e Each of the four three-pronged pieces is a permutation of 0{x82), glued to the
0-handle along 0(12). The twelve cubes that form these pieces are then glued in pairs:
eg Orf% and a0B2 meet along the face 0082, and the other pairs are permutations of
this. The union of each pair of cubes (a permutation of) Y,* = (0c) 2 is a 1-handle
which is glued to the O—handle along (the corresponding permutation of) (01) 2. Note
that Y. intersects other permutations of Y*, but only within Y, N Yy. Therefore,
attaching Y* to Y7 amounts to attaching six 1-handles.
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* Each of the four remaining pieces is a permutation of ¥;" = (18)y and attaches to
Y1 and Y», along (the corresponding permutations of) («18)2 C («182) and («18)0 C
(a2)0, respectively.

For emphasis, some key details of this decomposition which will be instructive toward
the odd-dimensional case (we will justify some of these details in Section 4) are

Y1 =Y = (@lp?) = D3,
so Y7 is a O-handle,
Y = (0a)B? = D! x D2,
YN (Y2 \ YS) CYrnYy = (3(0a)) x B2 = (01)p? = SO x D?,
so attaching Y, to Y; amounts to attaching a collection of 1-handles, and
Y = («lB)y = D?>x D!,

YN\ Y5 CYn(Y1UYs) = (alf) xdy = D? x §°,
so attaching Y3 to Y7 UY, amounts to attaching a collection of 1-handles. Thus, XoMN X1
is a 4—dimensional 1-handlebody. Note in Figure 7 that d(X¢NX1) is the central surface

(7) XoN X1 NXz = (B02) U (ayl12) U (By01),

which is colored in Figure 7 according to the color scheme from (7). Moreover, the red
(resp. blue, green) line segments in Figure 7 form the “red (resp. blue, green) curves” in
a trisection diagram for this trisection, and so Figure 7 is, in fact, a trisection diagram;
see [2; 7].

Note that what we have actually shown is that Figures 3, 4, and 7 give a combinatorial
description of an efficient trisection of 74. Thus, since the PL and smooth categories
coincide in dimension 4, T# has a smooth structure for which we have described a
trisection. Most likely, this is the standard smooth structure on 74, but we have not yet
proven this, nor will we in this paper.

One way to prove this would be to describe a (smooth=PL) isotopy (ie a sequence of
handleslides on the central surface) between our trisection and another trisection of the
standard T4, such as either of those due to Koenig or Williams, the former obtained
by viewing T# as T3 x S! [4], the latter by viewing T as T2 x T2 [11]. There may
well be isotopies between our constructions and theirs, but attempting to construct
such isotopies explicitly is messy, in part because the central surface has genus 10, and
so it remains an open question as to whether or not all efficient trisections of T4 are
mutually isotopic. In other words: does the following theorem, proven using minimal
surface theory, extend to dimension four?
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Y, Y} h z glueto

(@2[0,2]?) («?[0,2]?) 0 1
(@20,2]y) («?[0.2])y 1 2 1

Table 1: X, from the trisection of 74.

Theorem 3.11 (Frohman [1]) Up to isotopy, T3 has a unique minimal-genus Hee-
gaard splitting.

Question 2 Up to isotopy, does 7# have a unique efficient trisection?

Question 3 Does 74 admit exotic smooth structures? If it does, then which of these
exotic structures are compatible with efficient trisections?

3.4 Trisection of T3

The decomposition of T from Figure 5 is given by
(8) Xo = (?[0,2]%[0,3]), Xi = Xo+ (i.i,i,i,i).

The handle decompositions of X7 for I = {0}, {0, 1} are quite similar to those from 7'*.
Focus first on I = {0}, ie on the handle decomposition of Xg. Note the single factor of
[0, 3] in (8). As we will explain shortly, the handle decomposition of X here comes
from the decomposition of the interval

[0,3] =[0,2] Uy,

and likewise for X from the trisection of 74. These handle decompositions appear
in Tables 1 and 2. These and subsequent tables are organized as follows. In each z
row, Y; is a union of handles of index A, Y.* is an example of such an h-handle, and
the entry in the column glue to lists those indices z’ for which Y* glues to Y,/ along
at least one face of codimension 1. The other handles from Y, are related to Y,* by
permutation; for details, see Section 7.1.5.

Note in both Tables 1 and 2 that Y1 = Y " is star-shaped in a particularly nice way (more
detail to come in Section 4), and hence is a ball which we may view as a O-handle.

J Y, Yy h z glueto
g («?[0,2]®) (2?[0,2]*) O 1
{0} (@?[0.21?y) (e?[0.2%)y 1 2 1

Table 2: X, from the trisection of 7.
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Y, Y h z glueto
(@1B2) («1B?) 0 1
(0ap?) (0c)p? 1 2 1
(ax1By) (alB)y 1 3 1,2

Table 3: From the trisection of T%: Xo N X7 = (a18[1, 3]) U (0 B?).

J i Y, Y h z glueto
0 (alB3)  («lB3) 0 1
1 (0ap3)  (0a)B® 1 2 1
{0y 0 (alp?y) (alp?)y 1 3 12
1 (y0aB?) (y0x)B? 2 4 23

Table 4: From the trisection of T°: X N X; = (a1 B2[1, 3]) U (0aB?[1, 3]).

Then Y,' is the product of the same sort of star-shaped ball with the interval y and glues
to Y1 along the product of that ball with dy. The red y here, and all red henceforth,
indicates a positive contribution to the handle index 4.

Next, consider X; for I = {0, 1} from T#and T°. Similarly to the former (recall (6)),
the latter is given by

9) XoN Xy = (a1 B?[1,3]) U (0ap?[1,3]).

Handle decompositions are summarized in Tables 3 and 4, which are organized in
largely the same way as Tables 1 and 2.

Regarding the first columns of Table 4, each Y, there corresponds to a pair (J, i),
where J C {min I,} = {0}° and i, € I = {0, 1}. For details see Section 7.1.2.

3.5 The difficulty with 7°

Suppose we try to quadrisect 7' in the same way, viewing 7' as (R/4Z)® = [0,4]%/~
and partitioning the 4° resulting subcubes into four classes. The first problem is that
no such partition is symmetric with respect to both the permutation action of Zg on the
indices and the translation action of Z4 along the main diagonal. To see this, consider
the subcube a3y3. The problem is that

a3y3 +(2,2,2,2,2,2) = y3a3 C (a3y3).

9Recall from Notation 3.8 that {min /,} = {i; :t € Ty ={i; € [ :is — 1 ¢ I}, so eg {min I} = {0} if
1 ={0},1={0,1}or I ={0,1,2}, and {min I} = {0, 2} if I = {0, 2}.
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Fundamentally, the problem is that k = 4 and n = 2k — 2 = 6 are not relatively prime.
(In odd dimensions this trouble does not arise, since k and 2k — 1 are relatively prime.)
Perhaps there is a less symmetric way to partition the subcubes of [0, 4]® /~ which gives
a quadrisection of T'®, but trial and error suggests to the author that this is unlikely.

Conjecture 4 No partition of the subcubes of [0, 4]®/~ gives a quadrisection of T°°.

Question 5 Does the 6-dimensional torus admit an efficient quadrisection?

4 Star-shaped building blocks

This section introduces three types of building blocks, each of which is PL. home-
omorphic to a ball.'? In Section 7, when we describe and then justify the handle
decomposition of arbitrary X in arbitrary odd dimension, this will be particularly
helpful. The main idea is that we will decompose arbitrary X; into many pieces. Each
piece will be a product of such building blocks, and hence PL. homeomorphic to a ball
(see Lemma 7.6). Of course, we will still need to describe how all these balls are glued
together and explain why this gives a handle decomposition.

In fact, we saw all three types of building blocks in Section 3. For example, denoting PL.
homeomorphism by 2=, the factors a2[0, 2] = D3, «?[0,2]?> = D*, and o?[0,2]® = D>
from Tables 1 and 2 are examples of the first type of building block; see (10). The factor
(0c) = D1 of Y* in Tables 3 and 4 is an example of the second type of building block;
see (11). The factor (y0c) = D? from Y, + in Table 4 is an example of the third type,
as are those factors (a18”) = D" 1, which appear in four places in Tables 3 and 4.

Given p, g € R", denote the convex hull of {p, g} by
[p.gl={tp+(1-1)g:0=<t =<1}
Let p € Y C R”. Define the scope of p in Y to be the largest star of p in Y:
scope(Y:p)={g €Y :[p.q] CY}.
Say that Y is star-shaped about p if Y = scope(Y; p). The link of p in Y is
ky(p)={veR":|v|=1,[p,p+ev] CY for some & > 0}.
Thus, Y is a d—dimensional PL submanifold of R” near p if and only if either
o lky(p) =S¢, in which case  is in the interior of ¥; or
e lky(p) = D4, in which case p € dY.

101y the PL category, an n—ball D" is any manifold PL homeomorphic to the standard n—simplex, and an
n—sphere S” is any manifold PL homeomorphic to dD".
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ot Ak

Figure 8: Left to right: (Oar), ([0, 2]), («1B), (0c[0,2]), and (20, 2])

Suppose Y = scope(Y; p) and lky (p) 2 S¢~!, s0 Y is star-shaped about p and is a
PL d—submanifold of R” near p. In this situation, we say Y is strongly star-shaped
about p if moreover, for every point g € Y, every point X € [p,q] \ {g} satisfies
lky (X) = S9~1. This extra requirement implies that, for each § € linky (), the ray
from p through ¢ contains at most one point of Y. Moreover:

Proposition 4.1 If Y C R” is compact and strongly star-shaped about p € Y, then Y
is PL homeomorphic to a compact ball.

Proof By definition, there is a PL homeomorphism ¢: S d=1_; ky (p). There is also

amap Y: Y \{p} — Iky (p) givenby y:§ > (G- p)/|g—pl."!

V¥|gy by W. The assumptions that ¥ is compact and strongly star-shaped about p imply

Denote the restriction

that W has a well-defined continuous inverse map, and hence is a PL homeomorphism.
Define a polar coordinate system ®: Y — D by ®: 5+ 0 and, for § # p,

-5
(W=toy(q)— pl
This map @ is a PL homeomorphism, because the inverse map DY Y is

O Virhs prU op(8) — |- p(6). O

d: G+ Loy (q).

InT" = (R/kZ)", ford <n—1,identify T¢ = (R/kZ)¢ with (R/kZ)% x {0} C T™",
and likewise for 74+, For any 0 <aj; <---<agz <k (not necessarily integers), define
d

(10) C1= < H[o,ar]> cT?,
r=1
d
(11) Cy = <{0} x H[o,ar]> c T,
r=1

Uye use the product metric on R”: if p = (py,..., pn) and ¢ = (q1,..., qn), then |§ — p| =
max; |q; — pil-
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Figure 9: Left to right: (@182) and {0a3) — (0a?[0, 2]).
and

d
(12) C3=<[0,611]X{01}X l_[[al,ar]>CTd+l-
r=2

Figures 8 and 9 show low-dimensional examples of these building blocks. In Figure 8,
(«[0,2]) and {a?[0,2]) are examples of Cy, (Oa) and (0[O0, 2]) are examples of Cj,
and (1) is an example of Cs. In Figure 9, (Oa3) and (0a2[0, 2]) are examples of Cs,
and (a1B2) is an example of Cs.

Lemma 4.2 C;, C;, and Cs from (10)—(12) are PL homeomorphic to D4,

Proof Leth=1(k+ay). Then C; C[0,5]¢ and C», C3 C [0,b]4F!, where b <k, so
we may view C; as a subset of Rd, and C, and C3 as subsets of Rt Leta = %al,
pr=(a,....a)eRY, p, = 0 e R4*1, and p3 = (ai,....a1) € R2tL, Then, for
i =1,2,3, C; is compact and strongly star-shaped about p;, with linkc; (p;) = S d—1
and hence PL. homeomorphic to D4 by Proposition 4.1. O

S Further examples

As noted in the introduction, the hardest part of verifying our multisection of 7", in
arbitrary odd dimension #, is describing the handle decomposition of X; for arbitrary
I C Zj. That task will follow three main steps. First, Lemma 6.13 will establish a
closed formula (2) for arbitrary X;. Second, Section 7.1 will describe how (in several
steps) to decompose X into pieces, each of which is a product of the building blocks
from Section 4, and will describe an order on these pieces. Third, Section 7.2 will
establish several properties of the resulting decomposition, eventually proving that it is
an appropriate handle decomposition of X; and thus verifying Theorem 7.10.

Algebraic & Geometric Topology, Volume 23 (2023)



4018 Thomas Kindred

J Y, Yy h z glueto
@ (a?[0,2])%[0,3]2[0,4]3) («?[0,2])%[0,3]2[0,4]*) O 1
{0} (2?[0,2]2]0,3])%[0,4]%s) (?[0,2]?[0,3]2[0,4]*)s 1 2 1

Table 5: X, from the quadrisection of T”.

To prepare, this section describes a few more examples, each of which confronts and
resolves an additional complication in the handle decomposition of some X in some
dimension. This section contains no proofs and little narration. Instead, the reader is
encouraged to peruse the tables in order to build intuition for the denser sections that
follow. Indeed, assuming only the correctness of the formula (2), the reader should
now be able to use their understanding of the building blocks from Section 4 to check
the correctness of the handle decompositions, as detailed in the last five columns of the
tables (starting with Y;).

The harder part will be understanding how each handle decomposition has been con-
structed. This is the purpose of the columns in each table which precede Y, which we
do not attempt to describe in detail until Section 7.

5.1 Quadrisection of 77

The next several examples come from the decomposition of 77 given by X =

of X7 for I = {0}, {0, 1}, summarized in Tables 5 and 6, respectively, follow the same
pattern in dimension seven (and all higher odd dimensions) as in dimension five (recall
Tables 2 and 4 and the attending discussions). More instructive examples follow.

5.1.1 X; when I ={0,2} From the quadrisection of 7”7, consider

Xo N Xa = (@?[0,2]y[2. 4]) U ([0, 2]2y%[2. 4]).

J i Y, Yy h z glueto
0 (alp?[1,3]3) («1B?[1,3]®) 0 1
1 (0aB?[1,313)  (0a)(B?[1,3]3) 1 2 1
0V 0 (al1p?[1,3]%8) («1B?[1,3]%) 1 3 12
1 (80apB?[1,3]%) (S0a)(B?[1,3]?) 2 4 23

Table 6: X; for I = {0, 1} from the quadrisection of T’
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J is V V- Y, Yy h z glueto
s 0 @ o (a32y3) a3(2y3) 0 1
2 @ (0a3y3) (0a®)y®> 0 2
0} 0 @ @ (a32y%) a3(2y?) 1 3 1,2
2 {0} @ (§T0a3y?)  (8T0ad)y? 0 4
{0y (570a3y?) S (0a3)y% 1 5 2,4
2 0 {2 @ («2Bt2y’) «*(BT2y%) 0 6
2} (@272 o2 (2y°) 1 7 1,6
2 @ @ (0a?By3) (0a?)By? 1 8 1,2
(0,2} 0 {20 @ («?B12y%8) o?(Bt2y%8 1 9 6,8
2V (a?B72y%8) a?B(2y%)8 2 10 3,7.89
2 {0} @ (§T0a?By?) (8T0a?)By? 1 11 34
{0} (0a2By25™) (0a)By25~ 2 12 35811

Table 7: X; for I = {0, 2} from the quadrisection of 7.

Table 7 summarizes a handle decomposition X7 = Y; U---U Y15. As with X7 for
1 =10, 1}, the decomposition of Xy for I = {0, 2} is organized largely according to
{(J,ix) : J C{min [}, ix € I}. With Y4, Y5, Y7, Ys, Y10, and Y71 here, we have
J \ {min /,.} # @, requiring us to split a unit interval into subintervals, in this case
halves. Details on how this is done, including the definitions and purposes of the sets
V= CV C I, appear in Section 7.1, especially Table 10, and in Tables 11 and 12 in
Appendix A.

5.1.2 X7 when I ={0,1,2} Still in dimension seven, consider
Xo N X1 N Xz = (?]0,2]y%[2,41[2. 5]) U («?[0, 2]2y2[2, 4]*[2. 5]).
Table 8 summarizes a handle decomposition Xy = Y; U---U Y1,. Again, the decom-
position of X7 for I = {0, 1,2} is organized largely according to
{(J,ix):J C{minl,}, i, € 1}.
Here, we have a block 7, (in this case I = I') with |I,| > 3, requiring us at times to split

a unit interval into thirds, as seen here in Y¢—Yg and Y14—Y1¢. Details on this and the set
U appear in Section 7.1, especially Table 10, and in Tables 11 and 12 in Appendix A.

Another new complication arises here in Y1—Y4 and Yo—Yi15, where ix + 2 € I,
requiring us to split certain unit intervals into halves according to a different rule than
in Section 5.1.1. Again, all the rules for splitting unit intervals into halves and thirds
are detailed in Section 7.1, especially Table 10, and in Tables 11 and 12 in Appendix A.
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J ix U |4 V- Y h z glueto
@ 0 @ {12} {1} o« 1(BT2y3) 0 1

@ (a+1)(ﬁ+2y y 1 2 1

{12} o= (1p7)(2y%) 1 3 1

(2} («T1BT)(2y3) 2 4 23

1 @ o @ (Oa)(,BZy) 1 5 1,3

2 {1} @ @ 05 (18)y3 1 6 5
(05 ) (1B8)y 2 7 5,6

0(ef1B)y®> 2 8 56

0y 0 @ {12} {1} Sa 1{Bt2y%) 1 9 1,67
@ SletD(BT2y%) 2 10 2,68

(1,2} Sa—(lﬂ*)(z;ﬂ) 2 11 36,7

(2} SaT1p7)(2y?) 3 12 4,68

1 o o @ (50a)(B2y%) 2 13 59,11

2 {1} @ @ (80)as(18)y> 2 14 6,13
(80a3)( By? 3 15 713,14
(50){eS 1B8)y> 3 16 8,13,14

Table 8: Xj for I = {0, 1,2} from the quadrisection of T7.
52 XjywhenlI ={0,1,2,3,5) from T3

There is one more complication, which arises, first in dimension 11, whenever X; for
I =1I1;U---Ul,, has some I, % ix with |I,| > 3. In fact, though, the difficulty of this
complication only becomes apparent in dimension 13. From the septisection of 713,
consider X7 for I = {0, 1,2, 3,5}, which is given by

(«1B2y382[3, 5]5¢2[5, 7]) U (0aB2y362[3, 5]5¢2[5, 7]) U (0l By 382 (3, 5]5¢2[5, 7))
U (0al1 B2y 823, 5]5€2[5, 7]) U (01 B2y 3823, 5]€%[5. 7]).
In this example, the new complication arises when ix = 5 and 0 ¢ J, ie in the part of

X given by
(01 B2y3682[3, 5]¢3),

part of which appears in the first several Y, in the handle decomposition of this X7;
see Table 9. The tricky part here is how to order the pieces Y; see Section 7.1.4,
especially (23).

Also see Table 18 in Appendix A, which summarizes the start of the handle decompo-
sition of X7 for I ={0,1,2,3,4,6} from T1°
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V- Y} h z glueto
%) Ot 1)(BT2)(yT383)3 0 1
{1} (O )1(BT2)(yT38%)¢> 1 2 1
{(1,2y (0™ )(1B87)2(y1383)¢3 1 3 2
{2} 0@t187)2(yT38%)¢3 2 4 13
(2,3} 0{at1B87)(2y7)(383)¢3 1 5 4
{1,2,3} (0 )(1B7)(2y7)(383)¢3 2 6 3,5
{1,3y (0 )1(BT2y7)(383)¢3 2 7 26
{3} O™ 1){(BT2y7)(38%)¢3 3 8 1,57

Table 9: From the septisection of T'!3: the start of the handle decomposition
of Xy when I ={0,1,2,3,5}. Here, / =3, i« =5,U=3,and V ={1, 2, 3}.

6 Combinatorics

This section proves several combinatorial facts about the decompositions of 7”. In
particular, Section 6.2 proves that 7" = | J;cz, Xi, and Section 6.4 establishes a
closed expression (2) for arbitrary Xj. Also, Section 6.3 establishes two combinatorial
corollaries, which may be of independent interest but otherwise are not needed in
this paper.

6.1 Notation

Because each X; from our construction (1) is symmetric under the permutation action
of S, on the indices in 7", it will often suffice, when considering an arbitrary point
X=(x1,...,xn) € (R/KZ)" =T™", to assume that X is monotonic in the sense that
X1 SxXp < <xp <k +xi

Denoting the main diagonal of 7" by A, each monotonic point X = (x1,...,X,) €
T" \ A corresponds to a unique point (x1,...,X,) € R? with 0 < x) <xp <--- <
Xn < x1 +k < 2k. For such X, extend the point (xq,...,x;) € R” to a point Xoo =
(x,)rez € RZ by defining, for each r € Z; and m € Z,

Xr+mn = Xr + Wlk.
We will mainly be interested in 0 < x; <--- < x,,, where
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With this setup, for any monotonic X € T" \ A, define the following cutoff indices
ar(X),by(X) € Z for each r € Z:

ar(X) =min{a : xg+1 >r} and by(X) =min{b : xpq >r}.
Note that, in all cases, we have ao(X) < 0, with equality if and only if x, #k =0 €

R/ kZ. The main point is:

Observation 6.1 Let X € T" \ A be monotonic. Then X € [0,1]?---[0,k — 1]?[0, k]
if and only if bg(X) > 2s forevery s =0,...,k —1.

Note that bo(X) > 0 in all cases. In order to apply the principle of Observation 6.1
more broadly, for each r € Z write

Xr = (X14a,@) X24a,G) - Xntar@)-
The point regarding monotonic points off the main diagonal is:
Observation 6.2 If X € T" \ A is monotonic and r € 7, then
FSXi4a,@ S S Xpta, ) <7 K
and the following conditions are equivalent:
o Xpelrr+112---[r,r+k—1P[rr+k].
o byys(Xy)>2sforeverys=r+1,...,r +k.
o bris(X)>ar(X)+2s foreverys=r+1,....r +k.

Observations 6.1 and 6.2 apply more generally:

Observation 6.3 If X € X, C T" \ A, then there is a permutation o € Sy, such that
Xo € [r,r +1)2---[r,r +k —1]?[r, r + k] is monotonic.

Note also that either class of cutoff indices provides two-sided bounds for the other class:

Observation 6.4 If X € T" is nonzero and monotonic and r € Z, then
0 =ar(X) b (¥) < ar41(X) < bpyr(X) <o

with ay(X) = by (X) if and only if x, (z)+1 ¢ Zk, and by (X) = ay4+1(X) if and only if
Xp,@)+1 =27+ 1

Note that x;,_(3)41 is the first coordinate in X that exceeds r. Here is another convenient
property:
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Observation 6.5 Any nonzero monotonic X € T" and r € Z>0 satisfy

(13) k@) =n+a,(®) and by () =n+b ().

Noting that X, N A = {(x,...,x):x €[r,r 4+ 1]}, we can express each X, in terms of
cutoff indices as follows:

Proposition 6.6 Let X € T" \ A be monotonic, and let r € Zj,. Then X € X, if and
only if X, € [r,r +11?---[r,r +k — 1)?[r, r + k]. In particular,

(14) X, \ A = (monotonic X : by4+5(X) > a,(X)+2s fors =0,...,k—1).

Proof Write X, = (x1,...,Xx,). Note that r <x; <---<x, <r+k. To show that X, €
[r,r +1)%---[r.r +k—1]?[r, r +k] if and only if X, € X, we prove both containments.
One is trivial. For the other, suppose X & [r,r + 1]?---[r,r +k — 1]?[r,r + k]. Then
Observation 6.2 implies that by 45(X,) < 2s for some s =0,...,k — 1, so

r4+s<Xxs,...,Xn <r—+k.

Thus, at least n + 1 — 25 of the coordinates of X lie in the open interval (r + s, r + k).
Yet, 2 of the n factors of [r,r 4+ 1]?---[r,r + k — 1]?[r, r + k] are disjoint from that
open interval, which is a contradiction. Observation 6.3 now implies that X € X, \ A if
and only if X is an element of the right side of (14). O

6.2 The X, have disjoint interiors and cover 7"

Proposition 6.7 With the setup from Theorem 7.10, X, and X have disjoint interiors
whenever0 <r <s <k —1.

This is implied by Lemma 6.13, but the following proof is much easier than that of the
lemma; we include it for expository reasons.

Proof By the symmetry of the construction, we may assume that r = 0. Assume
for contradiction that the interiors of X, and X intersect. Then X, N X has positive

measure, so there is a monotonic point X = (x1, ..., x,) € Xo N X such that for every
i=1,...,n wehave x; &€ Zy.
Soa;(X)=b;(X) foreachi =1,...,n, by Observation 6.4. In particular, since X € X,

we have ag = by = 0, and a; = by > 2s by Proposition 6.6. But then, since X € X
and ay > 2, Observation 6.5 and Proposition 6.6 give the following contradiction:

n=l’l+b0=bk=bs+(k_s), n>as+2k—s), n=>2k. O
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Lemma 6.8 We have XoU---U Xy =T".

Proof Letx € T". We will prove that X € X for some s. If X = (x,...,x) € A, then
X € X|x]. Assume instead that X € T" \ A. Also assume without loss of generality
that X is monotonic with a¢(X) = 0. Throughout this proof, denote each a;(X) by ag
and each b (X) by by.

Let so =0, so that ag, =ag = 0. If by > 25 =25 —ay, foralls =1,...,k —1, then
X € Xo = Xs,. Otherwise, choose the smallest s such that bs, < 2sy. Thus, bs > 2s
whenever s < 51, so, by Observation 6.4,

2S1 _2§bS1—1 fasl Ebsl §2S1 —1.

Continue in this way: for each s¢, choose the minimum s;4+1 =s;+ 1,...,k — 1 such
that by, , |
with some sy, so that

<as, +2(sr+1—S;), if such 541 exists. Eventually this process terminates

e by >as +2(s—s;) whenever s; <s <s;41 fort =0,...,u—1,
e bg>as +2(s—sy) whenever s, <s <k —1, and

* bs,y, <as, +2(sy4+1—s¢) foreachr =0,...,u—1.
Hence, for each t =0, ...,u — 1, Observation 6.4 gives
as, +2(s¢+1—1—=5¢) <bs, -1 <as, .y <bs, .y <as, +2(s¢41—5¢) — L.
Subtracting ag, from the first, middle, and last expressions gives
2(ss41—81)—2<as,., —as, <2(s¢+1—5;)— L.

Therefore, forany t =0,...,u —1,

u—1 u—1
a5, —as, = Y (as,q —as,) < Y (2sr+1—57) = 1) = 2(su —s1) — (u—1),
r=t r=t

asu_ast Ez(Su_S[)_l.
Rearranging gives
(15) as, — 28y < as, —2s¢ — 1.

We claim that X € Xj,. This is true if (and only if) by > a5, + 2(s — sy,) for each
S=S8y,....Sy+k—1.Fixsomes=k,...,s5,+k—1. Thens; <s—k <s;41—1 for
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some t =0, ...,u — 1. By construction, we have by_j > a5, +2(s —k —s;). Together
with (13) and (15), this gives
bs = bs_g+n > as, +2(s—k—s;)+2k—1 = (as,—2s:—1)+2s5 > (as,—2s4)+2s
= dg, +2(5—5y). |

6.3 Combinatorial corollaries

This subsection establishes two combinatorial corollaries, which may be of independent
interest but otherwise are not needed in this paper.

We have proven that the pieces X, of the multisection of 7" have disjoint interiors and
cover T". Also, X; = Xo + (r,...,r), so all X, have the same number of unit cubes.
Since there are k" unit cubes in 7" = (R/kZ)", each X, contains k”~! unit cubes.
By counting these unit cubes a different way, we obtain the following:!?

Corollary 6.9 Foranyn =2k —1,

(16) kn—l — i (l’l) ri) (nl—lo) n_ii_il (l’l—lo—ll)
1

l l
ip=2 0 ir»=4—ig i3=6—ip—I1 2

n—Z_,X’?%S ij (n _yk=3, )
j=01j

lk—1
. k—3 .
ix—n=2k—2-) j=01j

Note that (16) is also the number of spanning trees of the complete bipartite graph K; ;
where j =k [10].

Proof X, consists of k”~! subcubes, each of the form ]_[:’=1 [wy, wy + 1] for some
wi,..., Wy € Zg. Foreach s =0,...,k —2, there are at least 25 + 2 indices among
r=1,...,n with w, € {0,...,s}, and conversely any subcube of that form with this
property will be in Xg. (This characterization follows from the expression (1) for Xo.)
In (16), is =#{r : w, = s}, 50 i9 > 2, ip + i1 > 4, and so on. O

As noted above, each subcube of T” has the form []_;[w,, w, + 1] for some
Wi, ..., Wy € Zg. Say that two subcubes [[r_; [wy, wr + 1] and [ _; [w)., w) + 1]
have the same combinatorial type if (w], ..., wy,) is a permutation of (wy, ..., wy,).
Counting combinatorial cube types in three different ways yields:

12By definition, if @, b € Z with b < 0, then () = 0.
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Corollary 6.10 For any n = 2k — 1, we have

n—ip n—ip—i1 n_Zj=0 ij

TN SND S SUED SR

i0=2 i1=max{0,4—io} i2=max{0,6—io—i1}  j; _,=max {0,2’6—2—2?;8 i}

Z rfn 120:11 n— nggij 1 (3k—2)
i0=0i1=0 i»=0 ix—2=0 k—1
Proof The first expression is k times the number of cube types in Xy, counted using
the same principle and notation as in Corollary 6.9. The second counts the number of
cube types in T", each of which we may write in the form ]_[r olr,r + 1], and is
thus characterized by a tuple (ig, ..., ir_1) with Z,ZO ir = n. The third counts the
number of cube types in 7" by writing ap = 0 and a; = 3k — 1, and associating each
A={ay,...,ar_1} C{1,... 3k — 2} satisfying a; < --- < aj_; with the cube type
a;—1

]_[ [ -1l O

i=1j=a;—1+1

See [10] for other interpretations of (17).
6.4 Verification of the formula X; = (2)

Next, we will use the cutoff indices a,(X) and b, (X) to verify (2). To prepare this,
we define subsets Cy y C T" as follows. Let I C Zj following Convention 3.9, with
s € Zyg, and write iy = ix. Then define!

s—1

(18) Crs5= (H{it} X [igig 4+ 107 x - x [ig i1 — 1]% x [if, it+1])

t=0
X [iseris + 112 X oo X [ix, ig41 — 1]1? X [ix, is41]
-1

X( 1_[ {iey X [igoiy + 17 x o x [ig,igg1 — 11 % [itait-i-l])-

t=s+1

Note the “missing” {i.} at the start of the second line; this corresponds to the i « 1n (2).
Observe that the expression on the right side of (2) equals

| (Crs).

SEZLy

13The first line in (18) contributes no factors to Cr s if s = 0, and likewise for the third line if s = £ — 1.
In particular, if 7 = {0}, then s = 0 and Cy 4 = [0, 1]? x -+ x [0,k — 1]?[0, k], s0 (Cy 5) = Xo
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Proposition 6.11 Let I C Zj, follow Convention 3.9, s € Zy, and Cy s be as in (18).
Suppose X € T" \ A is monotonic. Then X € Cy s if and only if all of the following
conditions hold:

o by(X)>2t+1for0 <t <iy,

o by(X)>2tforiy <t <k-—1,

e a;(X) <2t fort =iy,...,ix, and

e a;(X)<2t—1fort =igqq,...,0—.
Proof This follows from the definitions upon consideration of each entry in X. a
Also note the following generalization of Observation 6.3:

Observation 6.12 Let I C Zj, follow Convention 3.9, s € Zy, and Cy ¢ be as in (18).
Suppose X € (Crs). Then there is a permutation 0 € S, such that X, € Crs is
monotonic.

Lemma 6.13 Given nonempty I C Zj, (following Convention 3.9),

(19) Xr= | (Crs).
S€Zy
In particular,
3) N X,~=U<(i1,...,f*,...,ig)l_[[i,i—|—1]>.
ix«€L) ivel i€Zy

Note that the formula (19) is equivalent to (2).

Proof We argue by induction on £. When £ =1, X; = Xo = (Cy,0) = (2).
Assume now that £ > 1. First, we will show that
(20) Xrc | (Cry).
S€Zy

Let X € X7, and define I’ = I \ {iy—;}. Note that /' is simple and X; = X; N X;,_,.
Since X € X[/, the induction hypothesis implies that X € (Cy/ 4,) for some sg € Zg_.
By Observation 6.12, there exists o € S, such that X, is monotonic and X4 € Cy/ g,.
Proposition 6.11 implies that

o bi(Xg)=2t+1for0<t<ig—1,

o bi(Xg)>2tforigy, <t <k-—1,

o a;(Xs) <2t fort =ip,...,is,, and

o a;(Xg) <2t—1fort =igy41,...,0g—2.
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If also aj,_, (Xs) <2ig—1—1, then Proposition 6.11 implies that X, € Cy ,. In that case,
we are done proving the forward containment. Assume instead that a;, , (X5) > 2ig_1.
We now split into two cases:

Case1 Assume a;,_,(Xs) = 2ig—;. We claim that X, € Cy ¢—;. By Proposition 6.11,
since Xy is monotonic, it will suffice to show

(@) bi(Xg)=2t+1for0<t<ig_y—1,

(b) bi(Xg) =2t forig_y <t <k—1,and

() ai(Xy) <2t fort =ig,...,ip_.
Observation 6.5, Proposition 6.6, and the facts that X5 € X;,_, and a;,_, (Xs) = 2ig—1
imply, for eacht =0,...,iy_1 — 1, that

bi(X6) =bi4x(Xo)—n >2(t + k) +ai,_ (Xg) —2ig—1 —n >21 + 1.
This verifies (a). Taking t =iy_1q,...,k — 1, similar reasoning confirms (b):
bi(Xo) = ai,_, (Xo) +2(t —ig—1) = 21.

Finally, we have a;(X,) < 2t for each t = iy, ...,iy_;. Fort =iy,...,iy_,, thisis
because X, € Xj/; for t = iy_q, it is our assumption in Case 1. Thus, in Case 1, (a),
(b), and (c) hold, and so X; € Cr ¢_.

Case 2 Assume instead that a;, , (Xg) > 2ig—1 + 1. Writing Xg = (x1,...,X,), wWe
claim in this case that x; = x = 0=k and that y = (x2,...,X,,X1) € Cre—1- By
similar reasoning to Case 1,

bo(ia) = bk()_éo) —nz=aj,_, (20) + 2(k - ié—l) —n>2.

Thus, x; = x, = 0 = k. Define y as above. Note that, since X, is monotonic, y
is also monotonic. It remains to show that y € Cy¢_;. The arguments are almost
identical to those in Case 1, except that we need to check that a;, , () < 2iy_;. Using
Observations 6.4 and 6.5 and the fact that a;,_, () = a;,_, (Xs) — 1, we compute

aip (V) = @iy (Xg) =1 < b1 (Xg) =2(k—1—ig—y) =1 < ag(Xo) =2k +1+42i—
=ao(Xg)+m+1-2k)+2ip_1 = ao(Xg)+2ig—1 <2ig_.

This completes the proof of the forward containment (20). For the reverse containment,

keep the same subset I C Zj from the start of the induction step of the proof, fix some

§ € Zy, let X € Cy 5 be monotonic, and let £ € I = {ig,...,ig—1}. We will show for

eachr =0,...,k—1 that b;4,(X) > a;(X) + 2r. Proposition 6.6 will then imply that
X € X;. Since ¢ is arbitrary, this will imply that X € X7, completing the proof. We will
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split into cases, but first note, since X is monotonic, that Proposition 6.11 implies

o by(X)=2t+1for0<t<iy—1,

o by(X)>2tforig<t<k-—1,

e a;(X)<2tfort=iy,...,Iis, and

e a;(X)<2t—1fort =igy1,...,0p_>.

Casel Ift+r <k—1,then by4,(X) >2(t +r) > a;(X)+2r.

Case2 Ifinsteadt+r >kandt+r <k +ig—1, then
biyr(X)=n+byy, 1 (X)>=n+2(0+r—k)+1=2¢t+2r+n+1-2k),
bitr(X) = as(X) +2r.

Case 3 Similarly, if t +r > k and ¢ > i51, then
bisr(X)=n+biy,  X)=n+20+r—k)y=Qt—1)+2r +(n+1-2k),
biir(X) = as(X) +2r.

Are there other cases? If there were, they would satisfy ¢ +7 > k + i and ¢ </, giving

k+ig<t+r<ig+r so k=<r.

Yet r < k — 1 by assumption. Therefore, in every case, b;+,(X) > a;(X) + 2r, and so
X € X;j, for arbitrary ¢ € I. Thus, X € X;. This completes the proof of the reverse
containment, and thus of the equality in (2)=(19). |

7 General construction

This section confirms the remaining details of our main construction and completes
the proof of our main result, Theorem 7.10. Namely, Section 7.1 describes how to
decompose arbitrary Xy, and Section 7.2 shows that this decomposition does in fact
give an appropriate handle structure for Xj.

Section 7 uses Notations 3.3, 3.6 and 3.8 and Convention 3.9.

7.1 Handle decompositions: the general case

Throughout Section 7.1, fix arbitrary I = {is}sez, = Ll,ez,, Ir & Zk, following
Convention 3.9. Recall in particular that T ={t € Zy :i; — 1 ¢ I} = {t; },ez,,, s0 that

{min Ir}rGZm ={it}terT-

7.1.1 Overview In Section 7.1, we will decompose X7 into handles in several steps
as follows. First, we will decompose Xy into pieces Xy s ;, determined by all pairs
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(J,ix) where J C {min [, } and i, € I. Second, for fixed (J, i+), we will define disjoint
subsets U, V C I for the purpose of dividing each interval [i —1,i] for i € [ into thirds
if i € U, into halves if i € V, or neither if i ¢ U, V. Third, still fixing (J, i), after
dividing certain intervals into halves and thirds as just described, we will decompose
each piece X7 s, into pieces X7 s, v— vo.u—; these pieces are determined by all
triples (V—,U°,U7) where V- C V,U° CU,and U~ C U \ U°. For each of the
first three steps, we will describe what to do within each block I,; then we will take a
product across all blocks and extend by permutations of the indices.

Fourth, we will order the possibilities of the tuple (J, ix, V—, U°, U ™), thus determining
an order on the pieces X7 j;, v— ue,u—. The order will be lexicographical, and will
thus require defining orders on {J C {min I, .}}, {ix € I}, {V~ Cc V},{U° Cc U}, and
{U~ CcU\U?®}. Of these five orders, only the third will be somewhat complicated. Once
we define this order, we will use it to relabel the various pieces X7 j ;. v— ve u— as Yz,
with z = 1,2, 3, .... Fifth and finally, we will decompose each Y, into handles, one of
which we denote by Y* (each handle H from Y; isrelated to Y, by H ={X;: X €Y}
for some fixed permutation t € Sy).

7.1.2 Decomposing X according to (J,i*) Fix arbitrary J C {min [} and ix € [
for all of Section 7.1.2. Momentarily fixing arbitrary r € Z,,, write

21) a=minl,, b=max/l,, c¢=minl,;;, and C, = 1_[ b, j1?.
j=b+1
and define
[a—1,a] ifix=ac€l,
[a—1,a]lx{a}ifix #ae€J,
{a} ifisx#aé¢J,

(no factor) ifix=a¢J

y 1—[ [ —1,i] x{i}ifi # ix, o C, x [b c—1]ifc ¢ J,
i —1,i] ifi =i Cr ifcelJ

(22) G =

i=a+1

Now the piece of X corresponding to the pair (J, i) is given by

IJz*=< l_[ Cr>

r€Zm

7.1.3 The index subsets U, V c I Fix arbitrary J C {min /,.} and i, € [ for all of
Section 7.1.3. For each r € Z,,, define subsets U, V, C I, following Table 10 (or
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i*¢]r, i*¢1r, i*elr, i*EIT’
agJ ael ix <b-=2 ix>b—1
U, @ L\{a,by I \{a,isixs+ 1,0} I \{a iz, b}

v, IL\{a} (b} fix +1,b) o
L\NUUVe)  Ha)  {aj\{b} {a.is} {a,ix, b}

Table 10: The index subsets Uy, V, C I, when I, = {a,...,b}.

equivalently according to Tables 11 and 12 in Appendix A, which present U, and V,
more explicitly). Note that min /- ¢ (U, UV;) unless I, # I, and min [, =max I, € J.
See Table 7 for an example of this exceptional case: X; for I = {0, 2}, from T7.

U= U U and V= U V.

r€Zm r€Zm

Define

Next, decompose each Xy j;, into pieces Xy j ;. v— ve,u— as follows. Write

Y ={v=cVv} and 2V ={U° U},
and, given U° C U,
U\ — (U= cu\U°.
Given V= C V, write VT =V \ V~, and given U° C U and U~ C U\ U°®, write
Ut =U\U°UU"). ThenV =V-uUVtand U =U"UU°UU™T. Momentarily
fixing r € Zn,, write a, b, ¢, and ér as in (21), and for each i € I, define

[i—1.i—%] ifi eU™,

[i-2.i-1] ifieU°,

[i—1.i] ifi eUT,
pi=1li-1i-1%] ifieV™,

[i—1.i] ifi eV,

[max I,—1,i —1] ifi=a¢JUYV,

[i —1,i] otherwise.

Note that p; C [i —1,i] foreachi =a+1,...,b, that p, C [a—1,a] if a € J, and
that p. = [b,c — 1] if ¢ ¢ J. Still fixing r € Z,,, define

X1,0,is,V=U° U= r
Pa ifis.=ael,
paxia} ificFael| 13[ {pix{i} ifi £ i*,} X{ériqoc ifc ¢ J,}
{ay ifisF#agJ, [ . piifi =i C, ifceJ|’
(no factor) if ix =a ¢ J et
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The piece of X corresponding to the tuple (J, i, V=, U°, U7) is
X170,V U° U~ = < l_[ XI,J,i*,V,U°,U,r>-
r€Zm
Note that X7,7,i, = Uy~ yo,u- X1,.7,i..v-u°,U~
7.1.4 Ordering the pieces Xy 5;, v-,ve,u— Next, we define orders < on /, 2V,

2U 2UNU® "and {J C {minI,}} and use these to order the pieces X1, 7., v—,U°, U~
lexicographically. We then relabel them as Y71, Y5, V3, . ...

Order {J C {min /,}} and 2Y partially by inclusion so that J' < J if J' G J and
U’® <U°if U® S U°; extend these partial orders arbitrarily to total orders. Define an
arbitrary total order < on pXAUAS Partially order I so thati <i’ifi € I, i’ € I, and
i —min I, < iy —min [; extend arbitrarily to a total order on 1.

It remains to order 2¥. This will be slightly more complicated. To do this, we first
define a total order <, on 2Vr for each r € Zy, . First consider the case I, 3 iy, ie
I, = I.. If iy > max I — 1, we have V,, = &, so there is nothing to do. Otherwise, we
have ix <max I —2 and V, = {ix + 1, max I.}; in this case, order 2Vr as follows:

{is +1} <, D <, {isx + 1, max [} <, {max [}.
Now consider the case I 3 ix. Define <, on 2Vr recursively by V,” <, Vr/_ if
e max V" <max V), or
e max V,” =max V/” and V/” \ {max V/"} <, V,7 \ {max V,"}.

Note the reversal of order on the line above. If we assume without loss of generality
that V. = {0, ..., b}, we can write the order explicitly:

(23) @ <, {0} <, {0, 1} <, {1} <, {1,2} <, {0, 1.2} <, {0, 2} <, {2}
<r{2,3}<+{0,2,3} <, {0,1,2,3} <, {1,2,3} <, {1, 3}
<p-=<,40,1,2,0} <, {1,2,b} <, {1,b} <+ {0, 1,b} <, {0,b} <, {b}.

See Tables 9 and 18, and the part of Table 16 where i, = 4.

Use the orderings <, on 2" to define a partial order on 2" by declaring V=~ < V'~ if

e V-NI, <, V' ~N1I, for some r, and

e there is no r for which V" NI, <, V_NI,.
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Extend < arbitrarily to a total order on 2V This determines a total order on

(24) {(J,is, V7, U U )} T ivel,V—CV,U°CU,U~CU\U®>

and thus on the pieces X7 s i, v— ue,u—. Relabel these piecesas Y, forz=1,...,#(24),
according to this order.

7.1.5 Decomposing each Y, into handles Each Y, is now given by an expression of
the form

(25) <Hm)
r=1

where each y, is either a closed interval or a singleton. Fixing arbitrary z, use

the expression (25) to define the coarsest equivalence relation ~ on {1,...,n} that
obeys the following property: whenever y, C yg, we have r ~ s. Denote the set of
equivalence classes under ~ by P = {Rj,..., Ry}, and foreachr = 1,..., p write
(]_[seRr )(s) = &,. Define
p
(26) vy =]]¢
r=1

In Section 7.2, we will see that each Y,* is a handle, and that attaching Y- to j;} Y
amounts to attaching a collection of handles, each related to Y,* as follows. Let

.2 E - 3
G={0eSy:Xs€Y, wheneverxeYZ}=S,,‘R1|x~--xSn|Rp|

consist of the permutations on the indices of 7" which fix Y* setwise. Then there is a
one-to-one correspondence between the left cosets of G and the handles in Y:

G < {X;:X €Y/}
Example 7.1 Consider X; C T where I = {0, 1,2, 3}, which is detailed in Tables 14
and 15. Note that T = {0}. In particular, consider the first and twelfth rows of Table 14

(after the headings), where J = @, i, =0, U = {2}, and V = {1, 3}. The first row of
Table 14 corresponds to

(27) Yi = X175 v-u0,u- = (@ 1832y 38%),

where V™ = {1}, U° = {2}, and U~ = & with
xi=a =[0.3]. x2={1}, x3=p5=[%32] xa=1{2}.
xs=v"=[3.3]. x6={3} xr=xs=xo=8=[3.4.
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The ensuing partition of {1, ..., 9} gives

P ={{1},{2},{3},{4},{5,6,7,8,9}},
and so

Y = x1 X g2 X x3 X xa X (x5 X xe X X7 % x8 % x9) =~ 152(y*387),
where
fi=a", &={1}, &=p35 &={2), ad &= (y38).
The twelfth row of Table 14 corresponds to
Yi2 = X1,75,v-veu- = (@t 1832y738%),
where V™ = {3}, U° = @ = U~. The ensuing partition of {1, ..., 9} gives

P ={{1,2},{3,4,5},{6,7,8,9}},
and so

Y = (X x2) < (s X xa x xs) % (6 % 17 % x8 % yo) = {a 1) (BF2y7) (36°) .
& & &3

7.2 Properties of handle decompositions
7.2.1 Combinatorics

Proposition 7.2 Let i € I NV~ for some s € Z,,, where ix ¢ Is. Define b =
max I and ¢ = max(Is N V7). Let V'™ =V~ \{i}. Then V'~ <V~ if and only if
[V=N{i+1,...,b} iseven.

Proof We use induction on ¢ —i. When c—i =0, we have c =i > max(I[sNV~\{i})
and I, NV =LNV~\{i}forallr #s,s0 V'~ <V,

Now assume ¢ —i = > 0, and that the claim holds if max(/;NV ™) —i <t. Let W™ =
V- \{ctand W'~ =V'""\{c}. Then [V"N{i +1,....b}and W™ N{i +1,...,b}|
have opposite parities. Also, by construction, V'~ < V'~ if and only if W'~ < W™,
The result now follows by induction. a
Notation 7.3 Denote the symmetric difference of sets R and S by

ReS=(R\S)U(S\R).

Proposition 7.4 Let A C V be such that V~ < V~ © {a} for each a € A. Then
V- <V7\ A
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Proof Suppose first that A C I for some s € Z,,. Write A = {ay,...,aq} With
min/ly <a; <--- <ag <max Iy =b. Assume that ix ¢ I and |I5| > 3 (the other
cases are trivial). Proposition 7.2 implies, for each a € A, that [V N{a +1,...,b}|
isodd if and only if a € V™. Foreach r =1, ..., g, denote the symmetric difference
V=elai,...,ar} by V.. Then, |V, N{a+1,....b}|= |V N{a+1,...,b}| for
eacha =0,...,qg— 1. Since this quantity is odd if and only if a € V™, Proposition 7.2
implies
Vo<V <<V =VT\A

For the general case, apply this argument repeatedly for each s € Z,,. |
7.2.2 Topology

Observation 7.5 In Xy, if Y, comes from (J,ix,V~,U°, U™) and Yy, comes from
(J,ix, V=, U°,U'"), then Y, N Yy = @ unless U~ = U'~. Thatis, if U~ # U'",
then

X171 v-ue,u- N X1 1 v-Uue,u—=2.

Lemma 7.6 Each factor &, in the expression (26) for Y, has one of the forms described
in Lemma 4.2, and thus is PL homeomorphic to D" for some d(r) > 0.

Moreover, > ?_, d(r)=n+1—|I|,s0 Y} = pr+1-lI

Proof Regarding the first claim, we examine the equivalence relation ~ that led to (26).
Suppose y, C x,s. Then, by construction, either y, is a singleton (in 7 \ {ix}) and y,/
is an interval with this singleton as an endpoint, or else y, D [max /5, max I + 1] for
some s € Zy. Moreover, by construction, if y,” contains a point of 7 \ {i«}, then it
contains only one such point and it contains no interval of the form [max /I, max /5 +1],
and no y,/ contains more than one interval of the form [max /5, max I + 1]. The first
claim now follows. (For an explicit accounting of the types of factors &, = (]_[ seR, X s)
see Tables 19-21.)

Regarding the second claim, note for each r =1, ..., p that d(r) equals the number of
intervals among { xs }ser, , Which equals the order of R, minus the number of singletons
among {xs}ser,- Since Y 2_, |R;| =|P|=nand {ys:s =1,...,n} contains a total
of | 7|—1 singletons, it follows that Y7_ d(r) =n+1—|I|. Thus, ¥* = prti-lIl g

We wish to show, in arbitrary X;, that attaching any Y, to |, ., Y amounts to
attaching a collection of (n+1—|/|)—-dimensional 4 (z)-handles for some /(z). Indeed,
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Lemma 7.6 confirms that each Y* from X7 is a compact (n+1—|1|)-ball, so it remains
to consider how everything is glued together. Our goal is to show that

(28) Yyn U Y, ~ §H@-1y pn+i-lll=h()
w<z
and
29 N\ crsnl Y.
w<z

The former implies that attaching Y* to | J Yw amounts to attaching an (n+1—|7])-

w<z
dimensional /(z)-handle, and the latter further implies that if we attach all the copies of

Y} one at a time to | J,, ., Yo, then attaching each copy amounts to attaching another
(n+1—|I|)—dimensional /(z)-handle.
Recall that each Y;* has the form []2_, &.(z). Hence,

p

a—1 D
v = ( [T&@ =k x ] g,(z)).

a=1 “r=1 r=a+1

We show, given arbitrary Y,* in X7, that there is a subset S(z) C {1,..., p} such that

a—1 p
(30) vynlJ)Yw= | (Hsr(z)xsa(z)x I1 sr(z)).

w<z aES(Z) r=1 r=a-+1

Then, writing i(z) = Zres(z) dim(&, ), we will obtain (28):

a—1 y/]
violJve= (Hsr<z)xsa<z)x I &(z))

w<z aeS(z) “r=1 r=a+1
;(a ] E,(z))x [T &
resS(z) réS(z)

~ gph@) « prti=lll=h(z) — gh(z)=1  pn+1-|I|-h(z)

Our next step is to describe the subset S(z) C {1,..., p}. To do so, we characterize
each &,(z) as type (A) or type (B); then S(z) will consist of those r = 1,..., p for
which &, (2) has type (A). After that, Lemmas 7.7 and 7.8 will establish (30) by double
containment, implying (28), and Lemma 7.9 will establish (29).

Consider an arbitrary Y* = [[?_, & (z) from an arbitrary X/, and classify each factor
&-(z) into one of two classes, (A) or (B), as follows. Say that &,(z) is in class (B) if

o Er(z):[i—%,i—%] for some i € I

e &(2)= [i*,i* + %],

Algebraic & Geometric Topology, Volume 23 (2023)



Efficient multisections of odd-dimensional tori 4037

e [max /s, j] is a factor in the expression for &(z) for some s and j; or
e some {i} is a factor in the expression for &,(z) and
—ieVtandi+1eUUUTUV T, orieU-UUUV andi+1eV—;
and
- |V=n{i +1,...,max Is}| is even, where i € [;.
All other types of &, (z) are of class (A). Tables 19-21 in Appendix A list the possibilities
explicitly.

Lemma 7.7 Suppose Y = ]_[le &-(z) comes from (J,ix,V—,U°, U7). If, for
somea =1,...,p, §,(z) is of class (A) and

a—1 p
¥=(n.x) € [[ 6@ x 0@ x [T &6,
r=1 r=a+1

then X € Yy, for some w < z.

Proof Suppose first that some {i} appears in the expression for &,(z), where

o jelg;

e ieVtandi+1eU°UUTUVT orieU-UU°UV andi+1€V~;and

e [VTN{i+1,...,max [} is odd.
Then X is in the Yy, coming from (J, i, V/~,U°, U ™) where V'~ is either V= U {i}
or V7 \ {i + 1}. In either case, Proposition 7.2 implies that V'~ < V and thus w < z.
Next, suppose that £,(z) has no singleton factors. There are two possibilities. If
€4(z) = [ix — 1,ix] with ix € J, then X is in some Yy, coming from J \ {ix} < J.
Otherwise, &,(z) = [i —1,i— %] for somei € J NV 7;in this case,i +1 ¢ I, and
0 X is in some Yy, coming either from J \ {i} < J or the from same J and i and
V'™ =V~ \ {i}, where Proposition 7.2 implies that V'~ < V™ because i + 1 ¢ I.

The remaining cases follow by similar reasoning. The interested reader may find
Table 21 useful for this. O

Lemma 7.8 Let Y =[]2_, & (z) come from some (J,ix, V™=, U°, U7). If

X=(x1,...,xp) €Y N U Yuw,

then - u;jz
ie[]&@ =ik x [] &@
r=1 r=a+1

for somea = 1,..., p such that £,(z) is of class (A).
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Proof Let X = (x1,...,Xn) € YN Yy for some w’ < z. Choose the smallest w < z
such that X € Yy,, and assume that Yy, comes from some (J', i}, V'~,U’°, U'") with
V= c V' and U° C U’, whereas Y, comes from some (J,ix, V™, U° U™) with
V- CcVand U° C U. Write

s=la=1...p: xe]‘[&(z)xasa(z)x il 52|

r=a+1

Assume for contradiction that &,(z) is of class (B) for every a € S. If § = &, then
no coordinate of X equals i, S0 i, = i«. Also, in that case, no coordinate of X equals
min I — 1 for any s € Z,, and so J and J’ completely determine the number of
coordinates that X has in each open interval (min Iy — 1, min /541 — 1). It follows that
either J'=J or J' =T\ J.If J/ =T\ J, then considering the coordinates of X in
[min 7., max /] yields a contradiction. If J' = J, then the fact that S = & implies
that V- =V’'~, U° =U’°,and U~ = U’'", contradicting the fact that w < z.

Therefore, S # @. If no coordinate of X equals i, then i), = ix, so again either J' = J
orJ' =T\ J The latter case gives the same contradiction as before. Therefore J' = J,
and so V' =

i — 1 (using the fact that i}, =
and J' = J). The corresponding &,(z) has r € S, and so by assumption &.(z) is of
class (B). Therefore, V™ <V~ 6 {i} foreachi € V™ © V'~. Proposition 7.4 implies

that V~ < V/" unless V™~ = V'™, Since w < z, we must have V~ = V'~

For eachi € V~ & V'™, X has a coordinate x; =

Eachi e U”® must also be in U°, or else the corresponding coordinate of X would

equal i — % or i — %, and the corresponding &, (z) would be of class (A) with a € S,
contrary to assumptlon. Thus, U° C U’°. Similarly, each i € U° must also be in U,
or else the Yy, coming from (J, i, V,U° U {i}, U~ \ {i}) would still contain X but

with w’ < w, contrary to assumption. Thus, U’° = U°.

Finally, we must have U™ = U™, by Observation 7.5. This implies, contrary to
assumption, that ¥, =Y. O

Lemma7.9 LetY) = le &-(z) come from some (J, iy, V=, U°,U7). If
X=x1,...,xp) €Y N\ Y)),

then -
Xe H £r(2) X 08q(2) x 1‘[ £ (2)
r=a+1
for somea = 1,..., p such that £,(z) is of class (A).
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Proof This follows from a case analysis, for which the interested reader may find
Tables 19-21 useful. It comes down to this. Consider two pieces £,(z) and &,(z) of Y.
for which the infimum min & (z) of all coordinates in (0, k) among all points in &,(z)
equals the supremum max &, (z) of all coordinates in (0, k) among all points in &,(z).
Write max &,(z) = min &, (z) = c¢. Then ¢ € Zy. If ¢ equals i — 1 for some i € T, then
i € J and &,(z) is of class (A). Otherwise, ¢ = ix and &,(z) is of class (A). |

7.3 Proof of the main result

The results of Sections 6 and 7.2 provide all the details we need to prove:

Theorem 7.10 Forn =2k—1€Z, the n—torus admits a multisection T" =\, ¢z, Xr
defined by
0 Xo = {¥o : X €[0,1]2++- [0,k — 1][0,K]/~, 0 € Sn},

Xi ={¥+(@,....i): X € Xo}

Proof Lemma 6.8 implies that X = J;¢z, Xi, so it remains only to prove, for each
nonempty proper subset / C Zg, that X7 = ();<; X; is an (n+1—|/|)—dimensional
submanifold of X with a spine of dimension |/|.

Fix some such 7. Assume, without loss of generality, that I is simple. Then X; = (2),
by Lemma 6.13. Decompose X7 = J, Y, as described in Section 7.1. Lemmas 7.6
and 7.7 imply that Y|* is an (n+1—|/|)—dimensional 0-handle with no pieces &, (1) of
class (A); Lemma 7.9 and the symmetry of the construction imply further that Y is a
union of (n+1—|/|)—dimensional O-handles.

For each z, write S(z) = {r : & (z) is of class (A)}. Lemmas 7.6-7.8 imply that
attaching Y* to |
where /(z) is the sum of the dimensions of those &,(z) of class (A):

h(z)= ) dim&(2) <[],

reS(z)

w<z Yz amounts to attaching an (n+1—|/|)—dimensional #—handle,

Lemma 7.9 and the symmetry of the construction imply further that attaching all of Y,
to |J,, <, Yw amounts to attaching several such handles. Thus, X7 is an (n+1—|/|)-
dimensional |7 |-handlebody in 7".

It remains to check that Xz, = (");ez, Xi is a closed k—manifold. We know from
Lemma 6.13 that Xz, is given by (3).
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Since X7, \(k—1} is a (k+1)—manifold, it suffices to check that Xz, equals 90Xz, \(x—1}
which is the union of those k—faces of the Y, from the handle decomposition of
X7z, \{k—1) that are not glued to any other Yy,. Case analysis confirms that this union
equals the expression from (3). (The reader may find Tables 19-21 useful.) O

Alternatively, one can construct a handle decomposition of Xz, as follows. Cut each
unit interval [i,i + 1] into thirds and, for each iy € Zy, further cut [ix — % ix] and
[i*,i* + %] into halves. Then, for each ix € Zy, U° C Zy, U™ C Z; \ U°, and
U*C{ix+1}NUT)U{ix}\(U°UU™)), define

[i — § 1] ifieU°,
[i-1.i—2%2] ifis+15#ieU,
[i — ;, /] ifis #£i€Z\(U°UUD),
pi = 9 [ixix + ¢] ifis+1=1ieU*,
[ix + 6,1* 1] ific+1=ieU™\U*,
[ix—1.i ] ifis =i €U,
—1ie—%] ifi=icUT\U*,

[is

X7y iU U=, U* = 1_[ { ot ii fﬁ:
€l

Order the pieces Xz, ;. ve,u—,u* as Yz forz=1,2,3,... lexicographically according

to the following orders on the possibilities for (i, U°, U™, U*). Order {ix € I} and

U~ C U° arbitrarily. Partially order {U° C Zj} by inclusion, with U° < U’® if

U° C U’°, and extend arbitrarily to a total order. Order the possibilities for U* the

same way. Then
U Y, = U XZk,l*,ZkQQ

..... l*EZk

is a union of O-handles, and to attach each Y, = Xz, ;, vo,u—,u* to {Jy,<; Yw isto
attach a collection of & (z)-handles for h(z) =k — |U°| —|U*|.

We leave the following question open:
Question 6 Are the multisections in Theorem 7.10 smoothable?

That is, for odd n, does T" (under its standard smooth structure) admit a smooth
multisection such that, when one passes to the unique PL structure on 7", there is a
PL homeomorphism f: 7" — T" sending each piece of this smooth multisection to a
piece of the multisection from Theorem 7.10?
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8 Cubulated manifolds of odd dimension

This section extends Theorem 7.10 to certain cubulated manifolds. Consider a covering
space p: M — T", where n = 2k — 1. Multisect 7" = {J;¢z, X; as in Theorem 7.10.
Then, by Corollary 17 of [9], M = UieZk p~1(X;) determines a PL multisection
of M. In general, one expects such multisections to be less efficient than those from
Theorem 7.10. Also, there seems to be no reason to expect that one can extend the main
construction to cubulated odd-dimensional manifolds in general. There is, however, an
intermediate case to which our construction does extend.

First, we propose a modest generalization of the usual notion of a cubulation. The
generalization is similar to Hatcher’s A—complexes vis-a-vis simplicial complexes [3].
A cube is a homeomorphic copy of I” for some n > 0, with the usual cell structure; its
faces are defined in the traditional way.

Consider an arbitrary edge of I” joining a = (ay,...,aj—1,0,a;+1,...,a,) and
b= (ai,...,ai—1,1,ai41,...,ay). Orient this edge so that it runs from a to b. Do
the same with every edge of the n—cube. Call these the standard orientations on the
edges of the n—cube. Call a face of 1" positive if it contains 6; otherwise it is negative,
containing 1= (1,...,1).

Definition 8.1 A @-complex K is a quotient space of a collection of disjoint cubes
obtained by identifying certain faces via PL homeomorphisms.!# If all of these face
identifications glue a positive face of one cube to a negative face of another (not
necessarily distinct) cube and respect the standard orientations on all edges, then K is
a directed f0—complex.

Note that, by definition, a f0—complex comes equipped with a cell structure.

Definition 8.2 A generalized cubulation of a manifold M is a PL homeomorphism
to a ffd—complex. A directed cubulation of M is a PL homeomorphism to a directed
f0—complex.

In other words, a generalized cubulation of an n—manifold M imposes a cell structure
on M in which every n—cell “looks like” an n—cube, and in a directed cubulation, the
n—cells are glued in a particularly nice way.

14Unlike the traditional notion of cubulation, we do not require that these identifications are between faces
of distinct cubes.
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Figure 10: Face identifications (left) for the 3—manifold M from Example 8.5,
and a 27 : 1 covering space (right) T3 — M.

Example 8.3 The usual cell structure on 7" determines a generalized cubulation, and
in fact a directed cubulation, but not a cubulation in the traditional sense.

Let f: M — K be a directed cubulation of an n—manifold for n = 2k — 1, let

g: I"=[0k]" > T"=R/kZ)" =[0,k]"/~
be the quotient map, and multisect 7" = | ;<5 . Xi as in Theorem 7.10. Multisect M
as follows. For each n—cell C in K, let h¢: I™ — C be the identification from K. For
each i € Zy, define

xi= U e ).

n—cubes C in K

Proposition 8.4  With the setup above, M =\ J; ¢z, X/ determines a multisection of M .

Proof First consider the case where p: M — T" is a covering space. Let I C Zj, be
arbitrary. Construct a handle structure on X7 C 7", as in Section 7.1. By construction,
each handle is a subset of some open cube (a,a + k)" C T". Hence, the handle
structure on X7 C T" pulls back to a handle structure on X; C M. The general case
follows for the same reason, due to the fact that the multisection of 7" is fixed by the
permutation action on the indices. O

Remark In any multisection M = ;<5 X / from Proposition 8.4, all X/ have genus
n#(n—cubes in K). In particular, if p: M — T™ is an r : 1 covering space, then M has
a multisection M = | J;c7, X; in which each X; has genus nr.

Example 8.5 Consider the quotient space M obtained from /3 by identifying the front
and right faces, the left and top faces, and the bottom and back faces, all in the way that
respects the standard orientations on the edges of /”; see Figure 10, left. The natural
cell structure on M consists of one vertex, three edges, three faces, and one 3—cell. It is
easy to check that the link of the vertex is a 2—sphere, and so M is a 3-manifold. Here
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M is geometrically flat, since there is a 27: 1 covering space T3 — M ; see Figure 10,
right. But M is not T3, since Hy{(M) = Z @ Z3. Proposition 8.4 gives a genus-3
Heegaard splitting of M. Does M have an efficient (genus-2) splitting? We leave this
as a puzzle for the reader.

Example 8.6 Generalizing Example 8.5, let n = 2k — 1 and let 0 € S, be an even
permutation. Denote the faces of I” by Fii, where FI-Jr ={(x1,...,Xp) :x; =1} and
F7 ={(x1,...,Xxn) : x; = 0}. Identify each F;* with F.; by identifying each point
(x1,....1,...,xp) € Fl.+ with (Xg—1(1). ... 0,.... Xg—1(y)) € F ;). where 1 and 0
are in the ™ and =1 (i)™ spots, respectively.

Question 7 For what n and o € S, does the construction in Example 8.6 produce a
manifold M ? When it is a manifold, is M always distinct from 7"? Ts the multisection
of M from Proposition 8.4 ever efficient?

Appendix A Additional handle decomposition tables

Tables 11 and 12 explicitly detail U,, V; C I, for arbitrary I, (following Notation 3.8).
For simplicity, these tables have I, = Ip = {0, ..., w}, listing Up and Vj; this is not
necessarily consistent with Convention 3.9. To adapt Uy, Vy C I to the general case
U,,V, C I, add min I, in each coordinate.

Table 13 details the handle decomposition of X from T° with I = {0,1,3}y =1 ul,
for Iy = {0, 1} and I, = {3}. The interesting feature of this example is how the two
blocks of indices /1 and I, interact.

Io 0¢J 0eJ
Uy Vo Uo Vo
{0} @ @ %) {0}
{0,1} %] 3 ) {1}
{0,1,2} % {1,2} {1} {2}
{0,1,2,3} o) {1,2,3} {1,2} {3}
{0,1,234} | @ {1,2,3,4} {1,2,3} {4}
0,...,wy| @ {1,...,w} [ {l,...,w—1} {w}

Table 11: The index subsets Uy, Vo C Io when iy ¢ .
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IO UO VO
{0} % @
{0,1} % @
{1}Vif iy =2, {1,2}if iy =0,
{0.1.2] {@ifi*yé2 @ ifiy 20
{2} ifi, =0,
@ ifiy=1, {is +1,3}ifiy <1,
(0.1,2.,3) {1} ifie =2, { @ ifi*zz}
{1,2}ifi,y =3
.. {isx +Lw}ifix <w-—2,
R A A R
Table 12: The index subsets Uy, Vo C Iy when iy € Ij.
J i U V V™ Y} h z glue to
0 o @ (@1B3)(383) 0 1
1 @ @ @ (0a)B3(38%) 1 2 1
3 @ (1} @ 0@t1p®8> 0 3
{1} (0a™)(1B3)83 1 4 3
0 0 @ @ @ (alB3(3%e 1 5 1,3,4
o @ @ (0a)B3(38%) 2 6 2,5
3 g {1} @ (0 {aT1B3)8% 1 7 3
{1} (0a™)(1B83)8% 2 8 4,7
3l 0 @ {3} @ (alp®)(yT38% 0 9
(3} («lB?)y=(38%) 1 10 1,9
1 @ (3} @ (0a)B2(y*383) 1 11 9
{3} (0a)B2y—(38%) 2 12 210,11
3 9 {1} @  ot1B?)ys® 1 13 2,3
{1} (0™ )(1B82%)y83 2 14 24,13
{03} 0 @ (3} @ (alp?)(yt38%)e 1 15 9,13,14
{3y (al1B?)y (38%)e 2 16 10,13,14,15
1 @ {3} @ (0a)p?(yT38%) 2 17 11,15
{3} (0a)B?y—(38%) 3 18 6,12,16,17
3 @ {1} @ (0){aT1B8%)y8%2 2 19 6,713
{1} (e0a™)(1B8%)y8% 3 20 6,8,14,19

Table 13: A genus-9 quintisection of 7°: X; when I = {0, 1, 3}.
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ix U v V- YF
0 {2} {13} @ a"1832(y +383)
a=(185)2(y38%)
a”1{BF2)(yT383)
{1} («e™1)B32(y*368°)
(@ T1B85)2(y*38%)
(a +1)(/3+2>< +353)
{3} a7 1B5(2y7)(38%)
a™(185)(2y7)(383)

glue to

z

1

2 1
3 1
4 1
5 24
6 34
7 1
8 2,7
9

o 1(ﬁ3+2y )(383) 3,7
{13} (a"1)B3(2y7)(38%) 10 47
( +1ﬁ3)(2y )(383) 11 58,10
(@ T1)(B72y7)(38%) 12 69,10

1 o {23} © <0a)/3—2(y+383) 13 1,2

W WA WWRNDNE NN R WRERN = WWRNN = NN~ —=—O|
—
N

{2} (0a)(BT2)(yT38%) 1,3,13
{3} (0)B™(2y7)(38°) 15 78,13
{23} (0a)(BT2y7)(38%) 16 79,1415
2 e 9 0ag(18)(y358%) 17 13
(03 ) (18)(y383) 18 13,17
0(e3 18)(y368°) 19 13,17
3 Ly o @ 0a31B5(2y)83 20 17
(0a3‘>1ﬂ§(2y)53 21 18,20
0(ar3 1)B3(2y)83 2 1920
0ag(185)(2y)8° 23 17,20
(0a3 ) (185)(2y)8° 24 18,2023
0{s 185 )(2y)83 25 19,2223
0ag1(B72y)83 26 17,20
(0a3)1(B72y)83 27 182126
0y 1)(BF2y)83 28 192226

Table 14: Xj for I = {0, 1,2, 3}, from T°. Part 1: J = @.

Tables 14 and 15 detail the handle decomposition of X7 for I = {0, 1, 2, 3} from the
quintisection of 7°°. Note that, since / = I consists of a single block in this example,
we always have I1 = I.

Tables 16 and 17 detail handle decompositions of X; for I = {0, 1,2, 4} from the sexa-
section of T'!1. The parts of these tables with i, = 4 and 0 ¢ J feature a complication
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ix U |4 V- Y} h z glue to
0 {2} {13} @ a”1B32(y138%)e 1 29 1,19,20
a (183)2(yT38%)e 2 30 2,22,23,29
a1872(y*38%)e 2 31 3,25,26,29
{1} (eT1)B2(y*38%)e 2 32 4,19,21
(@T1B3)2(yT38%)e 3 33  5,22,243032
(@t1)B2(yT38%)e 3 34 6,252731,32
{3} o 1B5(2y7)(38%)e 2 35 7,19,20,29
a_(1ﬁ3 )( )(38%)e 3 36  8,22,23,30,35
a"1{BF2y7)(38%)e 3 37  9,25263135
(1,3} (+1)ﬂ3(2y )(36%2)e 3 38 10,19,21,32,35
(@T1B5)(2y7)(38%)e 4 39 11,22,24,33,36,38
(@t 1)(BT2y7)(36%)e 4 40 12,2527,34,37,38
1 o {23} © (e0a)B2(yT38%2) 2 41 13,29,30
(2} (e0a)(BT2)(yt38%) 3 42 14,29,31,41
(3} (0a)B~(2y7)(38%) 3 43 15,35,36,41
(2,3} (e0a)(BT2y7)(38%) 4 44 16,35,37,42,43
2 {1} @ %] (e0)a3(18)(y38%) 2 45 17,41,43
(03 ) (18)(y38%) 3 46 18,41,43,45
(0) (g 18)(y38%) 3 47 19,41,43,45
3 {12} © @ (e0)a31B5(2y)86% 2 48 20,45
(003 )1B5(2y)8% 3 49 21,46,48
(0) {5 1)B3(2y)8% 3 50 22,4748
(£0)as(185)(2y)8% 3 51 23,45,48
(03 )(185)(2y)8% 4 52 24,46,49,51
(0) (s 183)(27)8% 4 53 25,47,50,51
(e0)ag1(BT2y)8% 3 54 26,4548
(003 )1(BF2y)8% 4 55 27,46,49,54
(0){ef 1)(BT2y)8% 4 56 28,47,50,54

Table 15: Xj for I = {0, 1,2, 3}, from T°. Part2: J = {0}.

that does not appear in dimensions 7 < 9. Also see Tables 9 and 18 for more complicated

examples of this pattern.

Table 18 details the start of the handle decomposition of X; from 7'!°> with I =
{0, 1,2, 3,4, 6}, focusing on the first few pieces Y. Those pieces have J = &, i, = 6,
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J ix U vV V- Y h z glue to
@ 4 o {12} @ Olat1)(BT2y3ed 0 1
{1 (0™ )1(BT2y3)e3 1 2 1
(L2} (0«7 )(17)(2y%)e® 1 3 2
{2} 0la™187)(2y3)e3 2 4 1,3
0 o {12} @ a”1(BT2y3)(4e3) 0 5
{1} (eT1)(B*2y°)(4e) 1 6 5
2} o (1p7)2y3)(4e?) 1 7 5
(12} («T1B7)(2y3)(4e3) 2 8 5,6
1 @ o @ (0a) (B2y3) (4e3) 1 9 5,7
2 {1} o @ 0a5(18)y> (43) 1 10 9
(0a3)(1B8)y3(4e3) 2 11 9,10
0(cey 18)y3(4e3) 2 12 9,10
4 4 o (12} @ Olat1)(BT2y%)8e> 1 13 1,10,12
{1 (0a™)1{BT2y2)8e3 2 14  2,10,11,13
(1,2} (0a™){1B87)(2y%)8e> 2 15  3,10,11,14
{2} O(aT187)(2y%)8e> 3 16 4,10,12,13,15
0 @ {12} @ <r—uﬂ+2y YW8T4e3) 0 17
T1(BT2p2)5(4e3) 1 18 5,17
{1} (a+ YBT2y2)(5T4e3) 1 19 17
(a1 (BT2y2)6~ (4e3) 2 20 6,18,19
(2} a (187)(2y)(6T4e3) 1 21 19
a” (187)(2y%)6 (4e3) 2 22 7,20,21
(1,2} (aT187)(2y%)(8T4e3) 2 23 19,21
(T187)(2y2)6 (4e3) 3 24  8,20,22,23
1 o {4 %) (0a)(B2y%)(5T4e3) 1 25 17,21
{4} (0a)(B2y?)§(4e3) 2 26  9,18,2225
2 {1y {4 %) 0as(1B8)y2(8T4e?) 1 27 25
(0« )( B)y2(8T4e3) 2 28 25,27
0oy 1B)y2(6T4e3) 2 29 2527
{4} 0as(1B8)y25~(4e3) 2 30  10,26,27
(0 )(1B)y25 (4e3) 3 31 11,26,28,30
0{ 1B8)y25 (4e3) 3 32 12,26,29,30

Table 16: Part 1 of X; for I = {0, 1,2, 4}, from T,
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J i U Vv V= Yy h z glue to
{0y 4 {13 {2} o (C0)as1(BT2y%)e? 33 1.2
(CO) g 1)(BT2y3)e? 34 133

(¢0a3 ) 1(BH2y3)e? 35 2,33

2 (C0)as(187)(2y%)e 36 34,33

(0) (g 187)(2y3)e? 37 3,34,36

(£0a3 ) (187)(2y3)e? 38 4,35,36

0 o (12} o Ca~1{BT2y3)(4e?) 39 2,5
(1} ot 1)(Br2y?)(4e?) 40 1,6,39

(2} Ca(1B7)(2y3)(4e?) 41 3,739

(12} (ot 1B7)(2y3) (462) 42 4,8,40

1 2 o %) (C0a) (B2y3) (4€2) 43 9,39,41

2 {1} o %] (C0)as(1B)y> (4€2) 44 10,43
(003 ) (1B)y3(4€2) 45 11,43,44

46 12,43,44

47 13,14,33,44
48 13,34,45,47
49 14,35,46,47

(£0) (3 1B)y> (4e2)
0.4 4 (13 2 @ (0)esl(BT2y?)5e
(C0) a3 1)(BF2y%)6e2

(C003 ) 1{B+2y) 56>

{2} (§0)oz3(1/3_)( 2)§e2 50  15,16,36,44,47
{COMe5 187)(2y
(§Oa3)( B7){(2y2)de? 52 15,38,46,49,50
0 o {12} o Ca” 1{BT2y2) (5T 4e2) 53 14,17
Ca~1{BT2y2)5 (4?) 54 14,18,39,53
{1} §(a+1)(,3+2y Y8 4e2) 55 13,19,53
ClaT1)(BT2y2)6 (462) 56  13,20,40,54,55
{2} Cam(187){(2y?) (8T 4e?) 57 15,21,53
Ca=(187)(2y2)8 (4&2) 58  15,22,41,54,57
(1.2} C{aT1B87)(2y2) (8T 4£2) 59 16,23,55,57
HaT1B87)(2y2) 8 (42) 60 16,24,42,56,58,59

1 @ {4 @ (C0a)(B2y?)(§T4e?)

Y (B2y 61 25,53,57
14} (C0a)(B2y?)5~ (4€?)
)y

1

2

2

2

3

3

1

2

2

3

2

2

3

3

2

3

3

3

2)§e2 4 51 16,37,45,48,50

4

1

2

2

3

2

3

3

4

2

3 62 26,43,54,58,61
2
3
3
3
4
4

2 {1} {4 @ (C0)as(1B)y2 (8 F4e?) 63 27,61
(003 ) (1B)y2 (51 4e2) 64 28,61,63
(C0) (i 1B)y?(8T4e?) 65 29,61,63
{4y (C0)a3(1B)y25 (4e?) 66 30,44,62,63
(003 ) (1B) Y26~ (4e?) 67  31,44,62,64,66
)

(£0) (i 18) Y25~ (4e?) 68  32,45,62,65,66

Table 17: Part 2 of X; for I = {0, 1,2, 4}, from T,
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V- Yy h z glueto
%) Ot 1)(BT2)(yT3)(8T4e3)n> 0 1
{1} (0 )1{BT2)(yT3)(8T4e3)n® 1 2 1
{1,2} (0a™)Y(1B7)2(yT3)(8T4e3)n> 1 3 2
{2} 0{aT187)2(yT3) (643> 2 4 1.3
{2,3} 0lat187)Y(2y7)3(6F4e3)p> 1 5 4
{1,2,3} (0" )(1B7)(2y7)3(8T 43> 2 6 3,5
{1,3} (Oa—)l(ﬁ+2y—)3(5+4s3)n3 2 7 2,6
{3} 0(a1)(B 2y’)3(8+483)n3 3 8 1,57
{3, 4} Olat1)(B2y7)(367)(4e)n® 1 9 8
{1,3,4) (0 ) 1{BT2y7)(367)(4e3)n® 2 10 7.9
{1,2,3,4} (0a™)(187)(2y7) (367 ) (4> 2 11 6,10
{2,3,4)  0{aT1B7)(2y )(3 ~)(de )n3 3 12 59,11
(2,4} 0{at1B87)2(yT3567)(4e3)n> 2 13 4,12
{1,2,4} (0™ )(1B7)2(y T35 )(4e3)n®> 3 14 3,11,13
{1,4} (0 )Y L{(BT2)(y T35 ) (4e3)n® 3 15 2,10,14
{4} Ol 1)(BT2)(yT367)(4e3)n® 4 16 19,13,15

Table 18: Start of the handle decomposition from T'!> with I = {0, 1,2, 3, 4, 6},
J=0,is=6U=g,and V ={1,2,3,4).

U=o,and V = {1,2, 3, 4}. The interesting feature of this example is the ordering of
these pieces. Compare to (23) and Tables 9, 16, and 17.

Tables 19, 20, and 21 list the possible forms for &,(z). Table 19 lists those with no
singleton factor. Table 20 lists those with a singleton factor {i}, where i € V' and

i+1eUUUTUVt orieU-UUUV andi+1eV™

; the class of this case

class & (2) conditions

(A) [ix — 1, ix] ivelJ

(A) [i—1.i—13] €NV =i#ixi+1¢l]
(B) [is.is+ 2] a<iy<b—2,ix+1leV™
(B) [i—2.i—13] ieU°

(B) ]_[;’f;}*ﬂ[l*,]] ix=b,celJ

®) T2 palix jP [ c =11 ix=b.cgJ

Table 19: The possible forms for &, (z) with no singleton factor, where i, € I,
a =min I, b = max I, and ¢ = min I4.
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class & (2) conditions on i conditions on i + 1 parity
(A) [i—1.i]i} ieV™t i+leU°uUtUVT odd
(A) {it[i.i +1] ieU-UU°UV™ i+leV™ odd
(A [i—4iltiii+ 3] eVt i+1leV™ odd
(B) [z——z]{l} ieV™ i+1eU°UUTUVT even
(B) {Y[ii+4] ieU-UUUV™ i+leV™ even
®) [i-1.i)63ii+4] ieV™® i+leV™ even

depends on the parity of #(V"N{i +1,...,

Table 20: The possible forms for each &,(z) containing a singleton factor
{it,wherei e Vtandi+1eU°UUTUVT ori eU-UU°UV™ and

i+1leV™

where i € I;.

remaining possibilities for &, (z).

; the class depends on the parity of # V™ N{i +1,...,max I}),

max Is}), where i € I, Table 21 lists the

class & (2) conditions on i
(A) [i —1,i]{i} ielJ,i+leU°uUTUVT
(A) [i —1,i){i}i.i + 1] ieJ, iv=1i+1
(A) i — 1,0l i i + 3] ieJ,i+leU™
(A) [i —Lilti}[i.i+ 3] ieJ,i+leV
(A) [i—3.i]4} ieUti+levcuUtuUVt
(A) {idii+ 3] i+leU™,ieU”UUUV™
(A) [i—L.iltid[ii + 3] ieUT,i+leU”
(A) [i — 3. i 6 ii + 3], ieUt i+leV™
=i+ 1 =max Iy # i
(A) [i —%.i 6 ii + 3], i€Vt i+leUT
= i=ix+1<max/[;—1
(A) (i} ie(T\J)UU-UU°UV™,
i+1leU°UUTUVT
(B) [z—l l]{z}]_[ z+1 [l c—117 iy=minly=i—1=max/l;—1
®B) [i— HWTL1+1 Pli,c—1]¢ i=maxIyeV™T
(B) {z}]_[ l+l[l,]] [l,C—l]q i=max Iy eV~
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Table 21: The possible forms for each &,(z) not listed in Table 19 or 20.
Each contains a singleton factor {i} for ix # i € I; with s € Z,,. Write
¢ =min I;4; with g € {2,3}.
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Figure 11: Another construction of the minimal-genus Heegaard splitting of S3.

Appendix B Four other attempts to multisect 7" for n odd

From the handle decomposition

The n—torus has a natural handle decomposition, with (Z) h-handles for each h =

0,...,n, which one can construct as follows. View T" as (R/27Z)", and decompose
it into the 2" subcubes with vertices in (Z/27)". Then, using Notation 3.4, for each
h=0,...,n, the h-handles are the subcubes which are permutations of a”_hﬂh.ls

One might hope that X; = (/%) U (@" 171 B~1) determines a multisection.!®
Indeed, in dimension 3 this is the Heegaard splitting shown in Figure 1. Yet, the
construction does not work beyond dimension 3, as one can see by noting, eg, that
XoNXp_1= :’;g (aB0" 17277 is always 2—dimensional.

By gluing pairs of balls

Instead, one might attempt to generalize the following construction; see Figure 11.
View T" as (R/2kZ)" = [0, 2k]" /~. Partition the (2k)" unit cubes with vertices in
the lattice (Z /2kZ)" so as to form Vj, . .., V,, subject to the following conditions:!”

e IfXeVy, thenX+(r,...,r)€V,.

e The permutation action on the indices fixes each V;.

e V) contains [0, 1]”, is star-shaped about (0, ..., 0), and contains no points with

any coordinate in (n — 1, n).

15This handle decomposition is optimal in the sense that it has the minimum possible number of handles
of each index, since Hy,(T"™) has rank (7).

16Note that 7 is odd throughout Appendix B.

17These conditions uniquely determine Vp, ..., V.
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Figure 12: Decomposing 7° = [0,6]°/~ as Vo U --- U V5. Does
(Vo U V1, V2 U V3, V4 U Vs) determine a trisection?

Then, fori =0,..., k= %(n + 1), let X; = V5; U Va;4+1. Figure 11 shows that this
construction does in fact give a genus-3 Heegaard splitting of 7°3.

In higher dimensions this construction is promising for many of the same reasons as
the construction behind Theorem 7.10. This construction has at least one additional
advantage, namely that each V; is a ball. This makes it easy to check that each X; is
indeed an n—dimensional handlebody of genus n. Unfortunately, the complexity of
this construction grows much more rapidly than the construction behind Theorem 7.10,
making it hard to check the other details, even in dimension 5. Indeed, see Figure 12.

Question 8 Does this construction also give a trisection of 7°? Does it give a
multisection of 7" for arbitrary n = 2k — 1?

By summing coordinates

As shown in Figure 13, the genus-3 Heegaard splitting of 73 = [0,2]3/~ can be
constructed as T3 = Xo U X, where

Xi = {(xl,xz,X3) 230 < X1 +x2+x3 = 3(l + 1)}/N

The splitting surface consists of the hexagon {(x1, x2,x3) : X1 + X2 + x3 = 3}/~
together with three other hexagons. One is {(0, x2, x3) : 1 < x5 4+ x3 < 5}/~, and the
others are obtained from this one by permuting coordinates. A cocore of one 1-handle
in X is the triangle {(0, x2, x3) : x2 + x3 < 1}/~, and a cocore of a 1-handle in Xy
is the triangle {(0, x2, x3) : 5 < x2 + x3}/~; the other 1-handles of X and X; are
related to these by permuting coordinates.

One might attempt to trisect 7° = [0, 3]/~ as T°> = Xo U X; U X, with

Xi ={(x1,.... X5):50 < xp 4+ x5 <50 +1)}/~.

Algebraic & Geometric Topology, Volume 23 (2023)
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Figure 13: The efficient Heegaard splitting 73 = X, U X constructed by
summing coordinates. Four purple hexagons form the splitting surface. Red
and blue triangles are cocores of the 1-handles in X and X, respectively.

Then each X; is in fact a 4-dimensional 1-handlebody of genus 4: a cocore of a
I-handle of X is the 4—simplex {(0, x2, X3, X4, X5) : X2 + X3 + x4 + x5 <2}/~, a
cocore of a 1-handle of X7 is {(0, x2, X3, X4, X5) : 5 <x2+x3+ x4+ x5 <7}/~, and
a cocore of a 1-handle of X5 is {(0, x2, x3, x4, x5) : 12 < x + x3 + x4 + x5}/~. The
other 1-handles of X, X1, and X, are related to these by permuting coordinates.

Yet, this is not a trisection, because
XoNXo ={(x1,x2,%3,0,0)5 : 4 <x1 +x2+x3 5,0 €Ss5}/~
is 3—dimensional, not 4—dimensional.

To fix this problem, one could choose 0 = ag < a1 < a; < az = 15 differently and
define

Xi={(x1,....x5)1a; <x1+--+x5<aj41}.
Then X¢ N X, will be 4—dimensional if and only if a, —a; < 3. This creates a new
problem: if a, —a; < 3, then X is contractible, and hence a 5-ball. It now follows
from Proposition 2.6 that no choice of a1 and a5 produces a trisection of T°. The same
difficulty prevails in all other dimensions n > 3 (including even dimensions).

Using the symmetric space 7"/S,

Given a triangulation K of an n—manifold X, Rubinstein and Tillmann multisect X by
mapping each n—simplex of K to the standard (k—1)—simplex

3D Ak_1=[170,...,17k_1]:{Zajﬁj:05aj, Zaj=l},

jGZk jEZk
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.. AR\

Vo VU1 Vo V1 U1

Figure 14: The decompositions Ax_; = UieZk Z; of the 1—, 2—, and 3-
simplices following Rubinstein and Tillmann.

decomposing Ax_; = ;7 . Zi, where each
(32) Zi={£€Ak_1:|f—ﬁi|§|f—6j|f0ralljEZk}

(see Figure 14), and pulling back. Their maps from the n—simplices of K to Aj_; are
simplest to construct in odd dimension n = 2k — 1. Namely,

 map the barycenter of each r—face to v; € Ag_; for j =2r,2r +1; and
¢ extend linearly in the first barycentric subdivision of K.

The even-dimensional case is similar, but with an extra move.

For example, the triangulation of S3 with two 3—simplices gives a genus-3 Heegaard
splitting, as shown in Figure 15.

Following Rubinstein and Tillmann, one might try to construct a, say PL, multisection
of T™ using the symmetric space T"/S,, which is homeomorphic to a disk-bundle
over the circle; this bundle is twisted when n is even and untwisted when » is odd.

Figure 15: A genus-3 Heegaard splitting (right) of S3, following Rubinstein
and Tillmann’s construction.
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Vo ) h
U2
UOM U1

Figure 16: Try viewing 7"/S, as A,/~ and A, as an iterated join of k
intervals. Then map A, — Ag_1, decompose Ay_;, and pull back. It fails,
even for n = 5, shown.

One can also view the symmetric space 7" /S, as an n—simplex A, = [y, ..., Uy]
with certain faces identified. When n = 2k — 1, one can also view A, as an iterated
join of intervals,

Ap = [Vo, V1] % - -+ * [V2(k—1), Vak—1]-

Hence, there is a map ¢: A,, — Ax_; = [Vo, . .., Un] given by
k—1 k—1

X = Z w; (ciVzi + (L —¢;)Vzi41) = Z w; ;.
i=0 i=0

One can then decompose Ay symmetrically into k pieces using barycentric coordi-
nates as in (32) and Figure 16. Following Rubinstein and Tillmann’s construction of PL
multisections from triangulations [9], one might attempt to construct a multisection of
T™ by pulling back each X; via ¢, mapping forward by the quotient map A, — T"/S,,
and pulling back by the quotient map 7" — T"/S,.

This construction works for 73 and cuts any 7" into k 1-handlebodies of genus 7.
Unfortunately, the needed intersection properties fail, even for 7>, so the decomposition
is not a multisection. Note that by writing

Ap = [50, 171] ek [172(k—1), 172k—1]

we made an asymmetric choice, and that the resulting decomposition is generally
different than the one obtained by writing

Ap = [Ug(0): Vo (1)) ** = * [V (2k—2)» Vo (2k—1)]

for arbitrary o € S, and then following the same procedure.

Algebraic & Geometric Topology, Volume 23 (2023)
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Bigrading the symplectic Khovanov cohomology

ZHECHI CHENG

We construct a well-defined relative second grading on symplectic Khovanov coho-
mology from holomorphic disc counting. We use a version of symplectic Khovanov
cohomology defined for bridge diagrams rather than braids. We show that our second
grading recovers the Jones grading of Khovanov homology up to an overall grading
shift over any characteristic-zero field, through proving that the isomorphism of
Abouzaid and Smith can be refined as an isomorphism between bigraded cohomology
theories. The central idea of the proof is to construct an exact triangle for symplectic
Khovanov cohomology that behaves similarly to the unoriented skein exact triangle
for Khovanov homology.

53D40, 57K18, 57K10, 57R58

1 Introduction

In [11], Seidel and Smith defined a singly graded link invariant, symplectic Khovanov
ymp
Lagrangians in a symplectic manifold Y,,. The manifold Y,, is built through taking a fiber

cohomology Kh, (L). It is the Lagrangian intersection Floer cohomology of two
of the restriction of the adjoint quotient map x: sl,,(C) — Conf(z) ,(C) to a nilpotent
slice Sy,. The Lagrangians are determined by the link L as follows. A given link L in S3
can be realized as a braid closure of 8 € Br, for some # depending on L. The braid
Br. xid € Br,, gives a path in the configuration space Confgn (C). Parallel transport
along 1 xid induces a symplectomorphism of Y, to itself (precisely speaking, from
an arbitrarily large compact subset of Y,, to itself). There is a distinguished Lagrangian
submanifold K given by iterated vanishing cycles. Let (81 x id)(K) be its image under

*

the parallel transport. Khg,.,

(L) is defined to be the Floer cohomology group

(1-1) Kh,. (L) = HF* 7" (K, (B x id)(K)),

where w is the writhe of fr. There is a conjectural relation between Kh;kymp and the
original Khovanov homology Kh** defined by Khovanov in [5].

© 2023 MSP (Mathematical Sciences Publishers). Distributed under the Creative Commons Attribution
License 4.0 (CC BY). Open Access made possible by subscribing institutions via Subscribe to Open.
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Conjecture 1.1 [11, Conjecture 2] For any link L C S 3

Kb, (D)= @ K/ (L).

i—j=k

This conjecture is true over any characteristic-zero field, proved by Abouzaid and Smith
in [2, Theorem 7.6]. For the cases of characteristic-nonzero fields, in the very few
examples that have been computed, such as the case of the trefoil in [11, Proposition 55],
the theories are isomorphic.

Our results rely on the theorem of Abouzaid and Smith that Conjecture 1.1 is true over
any characteristic-zero field, so we assume the characteristic of the base field k to be
zero unless noted otherwise.

Note that both Khovanov homology and symplectic Khovanov cohomology are the
homology of graded or relatively graded cochain complexes in which the differential
raises the grading by one.

We work with the framework of Manolescu’s Hilbert scheme reformulation of Kh;“ymp,
in which Y, is viewed as a symplectically embedded open subscheme of Hilb” (45,_1),

the n™ Hilbert scheme of the Milnor fiber of A,,_;—surface singularity.

One of the advantages of Manolescu’s reformulation [7] is that we can work with bridge
diagrams instead of braid closures. A bridge diagram is a decorated link diagram
obtained by breaking the link diagrams into n pairwise disjoint o arcs and n pairwise
disjoint B arcs so that B arcs overcross « arcs at any intersection. These arcs give
rise to two Lagrangians Ky and Kg in Y, C Hilb" (A5,—1). The main theorem of [7]
implies that Khy, (L) = HF* T +% (Ko, Kg) for a specific type of bridge diagram,
called a flattened braid diagram, where n is the number of strands and w is the writhe
of the corresponding braid. All braids can give rise to flattened braid diagrams, but not

all bridge diagrams are isotopic to flattened braid diagrams.

Attempts were made to generalize symplectic Khovanov cohomology to arbitrary bridge
diagrams, an F,—coefficients version by Hendricks, Lipshitz and Sarkar [4, Section 7],
and a relatively graded version by Waldron [13, Section 6]. In this paper, we give an
absolute grading for Waldron’s construction. Recall that the writhe w of the diagram
is the number of positive crossings minus the number of negative crossings, and the
rotation number rot of the diagram is the number of counterclockwise minus the number
of clockwise Seifert circles. We can conclude:

Algebraic & Geometric Topology, Volume 23 (2023)



Bigrading the symplectic Khovanov cohomology 4059

Theorem 1.2 For any oriented bridge diagram representing a link L, let xo be the
generator whose coordinates are the starting point of each 8 arc. Then the Floer
cohomology groups

(1-2) Kh, (L) = HFFtetotwtoe, o)

are link invariants.

As Waldron proved in the relative case [13, Theorem 1.1], the absolutely graded
invariant defined with bridge diagram is also canonical, ie the Floer groups from two
equivalent bridge diagrams are related through a canonical isomorphism.

The orientation of the diagram, especially for a link diagram, is crucial in computing
the correction terms and locating xo. Throughout this paper, we always assume that
our bridge diagrams are oriented.

Abouzaid and Smith [1, Equation 2.31] constructed an endomorphism ¢ of CF* (K¢, Kp)
from the linear part of an nc-vector field, which was introduced in [1, Definition 2.3].
This endomorphism is a chain map and thus induces a generalized eigenspace decom-
position of HF* (K¢, Kg). The eigenvalues will equip the Floer cohomology group
HF* (K¢, Kg) with an additional grading, called the weight grading.

We will only use a relative version of the weight grading because an absolute grading
relies on choices of auxiliary data for each Lagrangian, called equivariant structures.
Equivariant structures are defined in [1, Definition 2.10] and in Definition 3.3 of
this paper; the choice of equivariant structure changes the grading by a shift, as in
[1, Lemma 2.1.2(2)], so we may obtain our relative grading without addressing this
choice. As a result, we will skip the discussion of equivariant structures in this paper.
We prove that for any bridge diagram, the relative weight grading recovers the Jones
grading (called the quantum grading in some contexts) of Khovanov homology.

Theorem 1.3 Symplectic Khovanov cohomology, graded by (gr, wt), and Khovanov
homology, graded by (i, j), are isomorphic as bigraded vector spaces over any field
of characteristic zero, where the gradings are related by gr =i — j and wt = —j + ¢,
where c is a correction term for the relative weight grading.

By definition, the weight grading lives in k, the algebraic closure of the base field k.

The theorem implies that the weight grading is integral. Defining an absolute weight
grading requires us to make a specific choice on the equivariant structures on the
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Lagrangians depending on the writhe, crossing number, and other properties of the
bridge diagram. It is natural for us to ask the following question.

Question 1.4 How do we specify the choice of the equivariant structure such that the
weight grading is an absolute grading?

As for the purpose of this paper, we are satisfied with a relative grading. Thus, we will
only fix an arbitrary choice of equivariant structures throughout this paper.

To prove Theorem 1.3, we show that Abouzaid and Smith’s long exact sequence of the
unoriented skein relation for symplectic Khovanov cohomology groups [2, Equation 7.9]
decomposes with respect to the weight grading. In other words, if we choose any weight
grading wty of the first group, there exists a weight grading wt; of the second group
and wtjy of the third group such that the map connecting the first and second group
changes the weight grading by a constant wt, — wty, and constant weight grading
changes wt3 — wtp and wt; — wtj for the other two maps:

(1-3) -+ — HF"“U(L,) — HF*Y2 (L) - HF*T2V3 (L)

—HF*T VML) ...,

where L 4 is a link with a positive crossing at p, and L and L, are the two resolutions
at p.
In the singly graded case, the isomorphism of Abouzaid and Smith between symplectic
Khovanov cohomology and Khovanov homology can be used to build a commutative
diagram between the exact triangle above and the exact triangle for the unoriented
skein relation in Khovanov homology. We show the maps between the exact triangles
given by the isomorphism of Abouzaid and Smith are bigraded by induction on the
number of crossings. A purity result of Abouzaid and Smith [1, Theorem 1.1] leads to a
computation for crossingless diagrams of an unlink that every element x € thymp (L)
will satisfy wt(x) = k for some choice of equivariant structures.

This finishes the proof of Theorem 1.3. Our argument so far is diagrammatic: we have
not proved that the relative weight grading is independent of bridge diagrams yet. Now
that we know the relative weight grading recovers the Jones grading up to an overall
grading shift for any diagram, and with the fact that Jones grading is independent of
link diagrams, we prove a conjecture of Abouzaid and Smith.

*

symp (L) Is independent of the choice

Theorem 1.5 The relative weight grading on Kh
of link diagram.
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It is worth noting that our proof of Theorem 1.5 is not internal to symplectic geometry,
and the invariance of the relative weight grading relies on the well-definedness of the
Jones grading in combinatorial Khovanov homology. We conclude this introduction
with the following question.

Question 1.6 Is there a proof of invariance of the weight grading from pure symplectic
geometry?

Organization

The paper is organized as follows. In Section 2, we review the definition of symplectic
Khovanov cohomology and construct an absolute grading on the symplectic Khovanov
cohomology for bridge diagrams. In Section 3, we give a precise definition of the
weight grading and construct a bigraded unoriented skein exact triangle of symplectic
Khovanov cohomology. In Section 4, we prove the main theorem by showing that
Abouzaid and Smith’s isomorphism between symplectic Khovanov cohomology and
combinatorial Khovanov homology preserves the second grading.
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. . *
2 A review of symplectic Khovanov cohomology Kh,, . (L)
We will briefly review the original definition of symplectic Khovanov cohomology and
give a formal definition of symplectic Khovanov cohomology of a bridge diagram in
Section 2.1. We will discuss the homological grading in Section 2.2. The construction
of this section is not restricted to characteristic-zero fields.
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2.1 Symplectic Khovanov cohomology for bridge diagrams

The link invariant Kh;"ymp(L) was first introduced by Seidel and Smith in [11] as
the Lagrangian intersection Floer cohomology of two Lagrangians in Y, constructed
as a nilpotent slice in sl;,(C). In this original formulation, the first Lagrangian is
created by a technique called the iterated vanishing cycle, while the second Lagrangian
is the image of the first Lagrangian under the symplectomorphism induced by the
braid whose closure is the link L. Manolescu in [7] introduced a reformulation using
Hilbert schemes, which is easier to visualize and more similar to other low-dimensional
invariants, such as Heegaard Floer homology. In this subsection, Lagrangian Floer

cohomology groups are relatively graded; see Remark 2.4.

Let us start with the complex surface of Milnor fiber A,,_;. Consider the complex
surface

2-1) Aoy ={(u,v,2) € C3 |u? +v> 4+ p(z) =0} € C3,

where p(z) = (z = p1) -+ (z = pan).

Recall that the Hilbert scheme of n points on 45,1, Hilb”(A45,—1), is the space
of closed zero-dimensional subschemes of A,,_; of length n. The Hilbert scheme
Hilb"(A45,—1) is closely related to the n—fold symmetric product Sym”(A4,,—1) of
Apy—1, through the Hilbert—Chow morphism:

Proposition 2.1 [8, Chapter 9] The Hilbert—Chow morphism 7 is a natural morphism
from Hilb" (X)) to Sym” (X) such that

(2-2) m(Z) =) length(Zy)[x].

xeX
Moreover, if X is complex one-dimensional, then 7 is an isomorphism. If X is smooth
and complex two-dimensional,, 7t is a crepant resolution of singularities and Hilb" (X))
is smooth.

Let A = {(x1,...,x,) € Sym"(A2,—1) | x; = xj for some i # j} be the diagonal
of the symmetric product. The proposition above implies that 7 is one-to-one away
from the diagonal A, so we can think of Hilb"(A4,,_1) as Sym”(A4,—1) when away
from A. Explicitly, a point in Hilb” (A,,_1) corresponds to an ideal

I CO=Clu,v,z]/W?+v*+ p(2)
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with dimc (O/I) = n. Thus, given n distinct points (u;, v;, z;) in Azy—1, We can
construct an ideal by taking the product of (« — u;, v — v;, z — z;), which gives a point
in Hilb" (A2n—l)-

Now we proceed to the definition of the manifold Y,,. First, we consider a projection
i:Ayp—1 — C such that i (u, v, z) = z. It induces a map C[z] — Clu, v, z] - O. As
C|[z] intersects with the ideal (u? + v? + p(z)) in C[u, v, z] trivially, if we denote by
R, the image of C[z] in O, we have Ry =~ C|[z]. For any ideal I € Hilb"(C), we then
define the projection i (/) = I N R and the manifold

(2-3) Yn ={I € Hilb"(A2,—1) | i (I) has length n}.
The complement of Y,, defines a divisor in the Hilbert scheme Hilb"” (A45,—1),
(2-4) D, = {I € Hilb"(A45,_1) | i (I) has at most length n — 1}.

Manolescu proved [7, Proposition 2.7] that Y,, is biholomorphic to the space Seidel
and Smith considered in [11].

Now, we construct the Lagrangians from a link diagram. A bridge diagram D for a
link L is a triple (a, ,5 D), where p = (p1, P2, ..., pan) are 2n distinct points in R2,
a = (a1,0y,...,a,) are n pairwise disjoint embedded arcs and B =(B1,B2,...,8n)
are also pairwise disjoint embedded arcs such that (| J o) = 9(U Bi) ={p1. - ... P2n}
and if we let the 8 arcs overcross the « arcs at the intersections in R2, we obtain a
diagram for L.

For each arc «; or fB;, we can associate a Lagrangian sphere Xy, or Xg, in Az,
through the equations

(2-5) Yo, ={(u,v,z) € Ary—1 |z €aj,u,v € /—p(2)R},
(2-6) Yg ={(u,v.z) € Ayp—1 |z € Bi,u,v € /—p(2)R}.

There are natural projection maps Xo; — «; and Xg, — B;. Each interior point of the
arc lifts to a copy of the circle, whereas each endpoint lifts to a single point. Therefore
Yg; and X g, are copies of § 2. With appropriate choice of Kihler form, they are
Lagrangian spheres; see [7, Section 4].

The spheres X, are pairwise disjoint in 4, because their projection arcs «; are
pairwise disjoint in C. Similarly, the spheres g, are also pairwise disjoint. With these
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spheres, we can build two Lagrangians in Hilb”(A4,,_1) and, in fact, in Y, by

(2-7) Ko = Zg, X Xgy X+ X Xg,,,
(2-8) Kpg=2%p, xXg, X=X Xg,.

It is worth pointing out that Ky and K do not intersect transversely. The intersections
of the spheres X¢; and X, in A, are points in the fibers of the endpoints of the
« arcs and B arcs and circles S in the fibers of interior intersections of those arcs.
Thus, we could have some tori in Ko, N Kg. To deal with this, we can either perturb one
of the Lagrangians (see [7, Section 6.1]), or use Floer theory with clean intersections, as
in [9]. We can use either method when we compute Floer cohomology groups, because
both methods result in isomorphic homology groups.

For example, we can perturb Kg as follows. As Kpg is a product Xg, x Xg, X---X Xg ,
it will be easier to perturb each X g, in the complex surface 45,—1. Let N be a circle
in the intersection Xo; N Xg, C Az,—1 and V' be a small neighborhood of N such that
V intersects no other Lagrangian spheres. Following Weinstein [14, Theorem 6.5], we
use the standard height function on N to isotope X g, into X' . S0 that Z%I is identical
to X g, outside of V' and Z%j intersects X g, NV only at the maximum and minimum of
the height function. We repeat this process for all the S! intersections on I g; and for
all the B Lagrangian spheres X .. With a slight abuse of notation, we call the resulting
Lagrangian spheres E/ﬂ, and let IC’ = 2231 X Z‘;g X e X E:B The resulting Floer

cochain complex CF* (K, K/, ) w111 be quasi- 1s0morphlc to CF* (K¢, Kp).

For simplicity, we treat Kg as the original Lagrangian perturbed, unless mentioned
otherwise, so that it intersects transversely with Iy, at isolated points. Each intersection
at the interior of arcs o; and f; now gives the intersection of X, and X g, at two points
instead of a circle.

Proposition 2.2 [7, Theorem 1.2; 13, Theorem 4.12] For any bridge diagram D
representing a link L, the Floer cohomology HF* (K, Kg) in Y, = Hilb" (45,_1)\ Dy
is canonically isomorphic to Seidel and Smith’s symplectic Khovanov homology
Kb, (L),

With Proposition 2.2 in mind, we finally define:

Definition 2.3 The symplectic Khovanov cohomology Khbymp(D) of a bridge diagram

D is defined to be HF* (K¢, Kg) in Y, = Hilb" (A2,—1)\D;.
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Figure 1: A flattened braid diagram for the trefoil.

Remark 2.4 We have not yet given an absolute grading for this definition. In fact,
Proposition 2.2 is proved in the relatively graded case. Manolescu discussed an absolute
grading in [7, Section 6.2], but it only applies in the case of flattened braid diagrams,
where explicit choices can be made on Lagrangians to construct an absolute Maslov
grading. Waldron’s construction in [13] works for any bridge diagram, but only in the
relatively graded case.

%
symp
with Definition 2.3 rather than the original definition of Seidel and Smith, unless noted

In the rest of the paper, whenever we mention Kh, (L), we will always be working

otherwise.

2.2 An absolute grading for bridge diagrams

In this subsection, we prove Theorem 1.2 by showing that the homological grading
shifted by gr(x¢) + rot + w is invariant under isotopy, handlesliding and stabilization.
We reiterate our conventions here that are crucial in defining the absolute grading. Our
link is oriented. At each intersection, the 8 arc overcrosses the « arc. The distinguished
generator x¢ has the coordinates at the starting points of all 8 arcs.

The idea of this correction term is from Droz and Wagner in [3], in which the authors
considered grid diagrams obtained from deforming flattened braid diagrams. A flattened
braid diagram of a braid b € Bry, is a special bridge diagram associated to the braid b
whose marked points p; are placed on the real line ordered by their indices, the « arcs
are segments on the real line connecting p,;—1 and p,;, and the B arcs are the images
of « arcs after applying the braid b action on the odd-numbered strands.

Remark 2.5 An interesting example is that if we take a bridge diagram representing a

braid closure, the rotation number is exactly the number of strands (because all Seifert
circles are going counterclockwise), and the writhe of the diagram matches the writhe
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Figure 2: Local picture near the marked points with horizontal tangent lines
and their sign assignments.

of the braid. The distinguished generator has homological grading 0 in any flattened
braid diagram. Thus the correction term gr(x¢) + rot + w for the braid closure diagram
agrees with Manolescu’s correction term n 4+ w of the flattened braid diagram, where
these two diagrams are isotopic as link diagrams.

Equipping the Lagrangian Floer homology with an absolute grading requires us to
grade our Lagrangians by choosing some sections of the canonical bundle. In the braid
closure setup, the two Lagrangians are related by some fibered Dehn twists and thus
the choice on the second Lagrangian can be induced from the first one canonically. In
the general bridge diagram case (not a flattened braid diagram), there is no easy way to
assign a choice to the second Lagrangian, so instead, we assign to the generator x¢ the
grading 0.

Manolescu in [7, Section 6.2] pointed out a combinatorial method to compute the
relative homological grading. In short, we replace each 8 arc 8; with an oriented figure-
eight y; (and the orientation does not matter) in a small neighborhood of B;. We arrange
our diagram so that each « arc is horizontal and each figure-eight is vertical wherever
they intersect. Each intersection of Lagrangian spheres Xq; and X g, corresponds to an
intersection of the arc «; and the figure-eight y;. We travel along the figure-eight y; and
mark the points that have horizontal tangent lines. We assign +1 to those marked points
if the part of the figure-eight near the marked point is locally oriented counterclockwise,
and —1 if clockwise; see Figure 2.

Now, we label each point on y; with a number, starting with the quantity 0 at the
intersection representing the starting point of B;. Note that this is an arbitrary choice,
but we will correct for it later. We move along the figure-eight y; following its
orientation. We change the quantity we assign only when we move past the marked
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Figure 3: Two possible bridge diagram isotopies corresponding to Reide-
meister [ and II moves.

points with horizontal tangent lines. The new quantity will be the sum of the previous
one and the number we put on the marked points, ie +1 or —1; see Figure 4 for an
illustration of the computation. An easy combinatorial argument implies that the sum of
the numbers on such marked points is 0 and thus we get back to 0 when we reach back
to the starting point. Each of the generators of the Floer cohomology group corresponds
to n intersection points and the sum of the labeled numbers will be its relative grading.
In the construction, we made a choice that the coordinate at each starting point of the
B arc has grading 0, and thus the distinguished generator x( has grading 0. In other
words, the grading shifted by gr(xg) will be independent of the grading we assign to
the starting points of the 8 arc. We now prove the following proposition about the
absolute grading.

Proposition 2.6 HF*Terxo)+rottw e x p) 1s invariant under bridge diagram isotopy.

Proof An isotopy of a bridge diagram induces Hamiltonian-isotopic Lagrangians
and thus keeps the relatively graded group HF*(Ky, Kg) unchanged. If any crossing
arises, it must come from one of the cases shown in Figure 3, which correspond to a
Reidemeister I move and a Reidemeister II move (whereas the Reidemeister move III
is from a combination of (de-)stabilizations and handleslides).

In the first case (see top row of Figure 3), there are two subcases: the « arc oriented to
the left, and to the right. The easier subcase is the right-going « curve. The crossing is
a positive crossing and the bigon region gives an additional clockwise Seifert circle.
The distinguished generator x( has no coordinate in this region and thus its grading
does not change. The total change of gr(x¢) + rot + w is 0.

The other subcase is more subtle. The crossing is still positive but the Seifert circle is
now counterclockwise, which increases the correction term by 2. The distinguished
generator X indeed takes a coordinate at the black dot in the top row of Figure 3.

Algebraic & Geometric Topology, Volume 23 (2023)



4068 Zhechi Cheng

Figure 4: Isotopy corresponding to Reidemeister I move. We label each
intersection and the endpoint of the figure-eight with its grading and we
abbreviate the -1 labels on the marked points with horizontal tangent lines
to £ signs to avoid confusion.

With the illustration of figure-eights in Figure 4, we can see that the relative grading is
changed by 2, which cancels the contribution of the other two terms to gr(xg) + rot+ w.
In fact, we can explicitly describe the new cochain complex. The bigon region in
the complex plane lifts to topological disks that have holomorphic representatives
in the complex surface A,,—; and thus in Y, when multiplied with constant discs,
connecting one of the two generators at the interior intersection to the endpoint. One
of the moduli spaces has dimension one and contributes to differentials which cancel
pairs of generators having identical coordinates except one coordinate in the picture.
At the cochain level, the isotopy created three copies of the original cochain complex
with generators that have a coordinate at the black dot, but two of the three copies are
canceled on the homology level. The surviving copy should have the same grading
as the original cochain. It is not hard to see that the other moduli space of the bigon
region has dimension two; thus, locally changing coordinate from the lower grading
coordinate at the intersection to the black dot decreases the grading by 2. So in the new
diagram, the grading of the distinguished generator decreases by 2 relative to other
generators, which cancels the contribution by the sum of writhe and rotation number.

In the second case which corresponds to a Reidemeister I move, the two new crossings
always have different signs so the writhe remains unchanged regardless of the orientation.
If the two strands are oriented in the same direction, the Seifert surface remains
unchanged and thus the rotation number is also the same. If the two strands are oriented
in the opposite direction, there will be two subcases, whether the two strands are from
the same Seifert circle or not. In the first subcase (the top row of Figure 5), locally one
Seifert circle breaks into three circles, but the middle one is of the opposite direction.
In the second subcase (the bottom row of Figure 5), there are two Seifert circles of the
same direction in each picture. In either case, the rotation number remains the same as
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Figure 5: Two cases for Reidemeister II isotopy when two strands are oriented
in the opposite direction. The first row corresponds to the case when both

strands are oriented in the same direction and the second row corresponds to
the case when strands are oriented in the opposite direction.

well. Apart from the two new intersections in the new diagram, all other generators
are from the diagram before the isotopy and it is not hard to see that the gradings of
such generators remain unchanged. Thus gr(x() remains unchanged as well, relative
to other generators. m|

Proposition 2.7 HF*Tero)+rottw e Kg) is invariant under stabilization.

Proof Stabilizations will not change the writhe or the rotation number of the diagram.
It suffices to show that the grading change of the homology is the same as the grading
change of the distinguished generator xy, when we apply stabilizations. This follows
because Waldron’s proof of invariance of the relative grading under stabilization estab-
lishes an isomorphism on the cochain level; see [13, Lemma 5.19]. O

Handleslide invariance is the hardest among the three. Before the proof, we make some
topological observations. With isotopy invariance, we should arrange our diagram to
be as simple as possible.

We explicitly describe the process of the handleslide of arc o, over 1, as shown in
Figure 6. First, we choose the boundary of a tubular neighborhood of «, so that each
midpoint intersection of any 8 arc locally intersects the circle exactly twice, and the
B arcs connecting the endpoints of «; locally intersect the circle exactly once. Then
pick any path y from «; to the circle that does not intersect any « arc in its interior,
and perform a connected sum of «; and the circle along y so that each intersection
between the path and the f arc creates exactly two intersections on the connected sum.

Proposition 2.8 HF*terxo)+rottw e Kpg) is invariant under handleslides.
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Figure 6: Handlesliding o over o along the arc y. In the diagram after
handlesliding, as shown in the second row, the left (solid) box corresponds to
Figure 7 and the right (dashed) box corresponds to Figure 8.

Proof It is clear that new intersections are created in pairs, and each pair contains
exactly one negative and one positive crossing. Thus, the writhe of the diagram remains
unchanged.

Next, we show that the rotation number remains unchanged as well. The proof breaks
into three steps.

First, we study the intersections created around the path y, ie the intersections in the
solid box in Figure 6. Locally, there is a series of parallel 8 arcs intersecting two « arcs.
The two « arcs are parallel to the path y and always oriented in the opposite directions.

Let us label a 8 arc with positive sign if it goes from bottom to top, and with negative
sign if it goes from top to bottom. For convenience, we order those parallel 8 arcs
from left to right. We study the local picture with only two adjacent 8 arcs. There are
four cases in total shown in Figure 7. In the case 4+, the Seifert circle containing
the left arc remains unchanged. The Seifert circle containing the right arc goes to the
local picture involving the right B arc and the next one to the right outside the figure.
The Seifert circle will either be unchanged, if the next 8 arc is also 4+, or it will be
discussed in the case +— below, if the next B arc is —. In the case ——, the Seifert
circle containing the right arc remains the same and the other Seifert circle will either
be unchanged or will be discussed in the case +— below.

In the case +—, there are two subcases, whether the two B arcs belong to the same
Seifert circle or different ones, similar to the Reidemeister II move argument as shown
in Figure 5. In this case either a clockwise circle is broken into two or two clockwise
circles are merged into one. In either case, the rotation number is reduced by 1.

In the case —+, one counterclockwise circle is created. The other two Seifert circles
are studied already in other cases. Thus, the rotation number is increased by 1.

Algebraic & Geometric Topology, Volume 23 (2023)



Bigrading the symplectic Khovanov cohomology 4071

) L DUCZ

N
Jl JJ_

R 1 N

Figure 7: All four possible Seifert circles at the intersections near the path y,
depending on the orientation of 8 arcs.

To sum this up, each time the sign changes from + to —, the rotation number decreases
by 1, and each time the sign changes from — to +, the rotation number increases
by 1. At the intersection of the path y and oy, «; is oriented to the right to match the
orientation of the « arcs in the handleslide picture, and the circle will remain the same
if the first B is positive, and decreases the rotation number by 1 if the first 8 is negative.
Thus, if the last 8 arc is positive, the rotation number remains the same, and if the last
one is negative, the rotation number is reduced by 1. The last 8 arc is also related to
the last step of the argument.

The second step is to compute the contribution of new intersections created at the circle
near o1, ie the intersections in the dashed box of Figure 6. Without loss of generality,
let us assume o is oriented from left to right. The part in the dashed box of Figure 8
is exactly the same as the picture before the handleslide. The rest of the region is two
parallel « arcs oriented in the opposite direction, intersecting a series of parallel 8 arcs.
The study of these new intersections is similar to the first half of the argument and the
conclusion is similar, except now the sign depends on the first 8 arc. We claim that the
rotation number remains the same if the first arc is positive, and increases by 1 if the
first arc is negative.

Combing the results from the first two steps, the change of the rotation number only
depends on the direction of the last 8 arc in Figure 7 and the first 8 arc in Figure 8.
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Figure 8: Diagrams near «;. The left one is before the handleslide and the
right one is after the handleslide.

If both are of the same direction, the total contribution to the rotation number is 0.
If the B from the first half is — and the 8 from the second half is +, then we have a
counterclockwise Seifert circle while all the other Seifert circles remain unchanged;
see Figure 9. This Seifert circle cancels the effect of the second arc being negative,
ie increases the rotation number by 1. In the symmetric case, the creation of a clockwise
Seifert circle between the two arcs cancels the effect of the first 8 arc being negative,
ie decreases the rotation number by 1. In any of the cases above, the total change of
rotation number is 0.

Lastly, we need to check the relative grading of the homology remains the same relative
to the distinguished generator x. First of all, the isomorphism between symplectic
Khovanov homology groups induced by handlesliding is induced by a continuation
map on the cochain level. It is also easy to see that there is an injection from the
generators of the original cochain complex to the ones of the cochain complex after
the handleslide. It is easy to see that the homological gradings of the corresponding
generators are not changed by considering the formulation of the relative grading in
terms of tangencies of figure-eights, because we only changed one of the arcs and
we essentially only applied an isotopy to one of the « arcs if we allow the isotopy to
move across other marked points and o« arcs. Moreover, the distinguished generator is
obviously one of the generators that are preserved in the correspondence, and thus the
homological grading relative to the distinguished generator xo remains the same. O

(=

Figure 9: The figure on the left is the region connecting Figures 7 and 8 with
the case —+. The left § arc is the rightmost § arc of Figure 7, the middle
short B arc is the leftmost 8 arc of Figure 8, and the right S arc is the second
leftmost B arc of Figure 8. The figure on the right is its Seifert circles and
there is a counterclockwise Seifert circle in the middle.
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Combining the propositions in this subsection, we complete a proof for Theorem 1.2,
that we obtain an absolutely graded version of symplectic Khovanov cohomology for
bridge diagrams.

3 Weight grading on Khg,, (L)

In this section, we discuss the construction of the weight grading in Section 3.1,
following the idea of Abouzaid and Smith in [1]. We then turn to its behavior under
certain Floer products in Section 3.2. Lastly, we construct a long exact sequence of the
unoriented skein relation for bigraded symplectic Khovanov cohomology groups in
Section 3.3.

3.1 Construction of weight grading
*

symp
Abouzaid and Smith in [1, Section 3]. The key point of constructing such a grading is

In this subsection, we define the weight grading wt on Kh following the idea of
to build an automorphism, more precisely, the linear term of a noncommutative vector
field, or an nc-vector field [1, Definition 2.3],

(3-1) ¢: CF*(Kq, Kg) = CF*(Kq, Kp),

which preserves the homological grading and commutes with the differential. Thus,
it induces an automorphism ® on homology. If x is an eigenvector of eigenvalue A,
we define the weight grading wt(x) = A. Most results of this section hold for fields of
any characteristic but we will restrict our discussion to fields of characteristic zero; see
Remark 3.4 for more detail. In this subsection only, we use L for Lagrangians rather
than links, as we will not use link diagrams in this subsection.

The idea of defining the map ¢ is to study certain moduli spaces of holomorphic maps
in a partially compactified space Y, of Y,. We will begin by introducing the partial
compactification Y, before we set up the moduli spaces. We leave some of the technical
details to [1]. Abouzaid and Smith give a hypothesis under which it is possible to
define an nc-vector field on an exact Fukaya category [1, Hypothesis 3.1], and show
that a certain partial compactification of Y, satisfies their hypothesis [1, Section 6].

Remark 3.1 It is worth noting that for some geometric hypotheses to hold — see
[1, Lemma 6.5], for example — Abouzaid and Smith considered Lagrangians in fibered
position, which are the Lagrangians that are fibered over « or § arcs, throughout their
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papers [1; 2]. This will not hold if we perturb one of the Lagrangians to make the
Lagrangians intersect transversely. As a result, Abouzaid and Smith worked with
Lagrangian Floer theory with clean intersections. From now on, we no longer perturb
our Lagrangians but assume that the Lagrangians intersect cleanly. We do so without
further comment.

Recall that the Milnor fiber 45, _; admits a Lefschetz fibration structure over C, with
regular fibers cones and singular fibers cylinders. We partially compactify A,
into A,,_; by adding two sections so that each regular fiber is compactified to two
2—spheres, while each singular fiber is compactified to a 2—sphere. Then we can
partially compactify Y, as Y, = Hilb" (A45,_;)\ D,, where D, is defined analogously
to equation (2-4) for the partially compactified surface. Following the notation of
Abouzaid and Smith, we let s¢ and 5o be the two sections we add to 4,;,—;. Let Dy
be the divisor of subschemes whose support meets s U Soo.

Now we turn to the moduli space. Let fRé‘OJ’rll) be the moduli space of holomorphic
classes of closed unit discs with the additional data of
¢ two interior marked points zg = 0 and z; € (0, 1);
e k + 1 boundary punctures at o = 1, and k others ¢1, . . . gx placed counterclock-
wise.
Following [1, Section 3.7], we define
(3-2) R (05 Xks -, x1)
as the moduli space of finite-energy holomorphic maps u: D — Y,, such that
M-1) u=!(Dy) =2,
(M-2) u=" (Do) = zo,

M-3) u~! (Dy) = z1, where Dy is a divisor linearly equivalent to Dy but shares no
irreducible component with Dy,

(M-4) the relative homology class satisfies [u]-[Do] = 1,
M-5) u(qi) = xi,
(M-6) the boundary segment between ¢; and ¢;1 maps to L;.

This is the moduli space originally used by Seidel and Solomon in [12] for the
g-intersection number, and it was later used by Abouzaid and Smith in [1, Section 3]
for the nc-vector field.
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Now we are ready to introduce our automorphism @, which only involves the case
of kK = 1. When k = 1, the virtual dimension of R%O 1)(x, y) is the difference of the
homological grading gr(x) — gr(y); see [1, Lemma 3.16]. It makes sense to consider a
map of degree 0 that counts holomorphic discs in R%O’l)(x, )

(3-3) blx)= Y #RE ().
ylgr(y)=gr(x)

In fact, b! is the linear part of a Hochschild cochain b € CC*(F(Yn), F(Yn)) if we allow
multiple inputs instead of one single input. A precise construction of the Hochschild
cochain b can be found at [1, Equation 3.89].

Remark 3.2 The construction of an nc-vector field requires a closed Hochschild
cochain, but the cochain b is not closed; see [1, Proposition 3.20]. However, it can be
made closed by adding some terms involving sphere bubbles; see [1, Equation 3.90]. To
keep this section short, we will not introduce these additional terms here, because the
degenerations involving sphere bubbles can be excluded analogously to the argument
in last three paragraphs of [1, Section 3.9].

We can also denote by b* the part of b with k inputs, which can be defined by counting
discs in IRI(COJ’FII) (X0 Xk, - .., X1), similarly to the definition of b!. The terms b* for
general k are not needed in this paper, except for the case k = 0, which will only be
used in the definition below about equivariant structures. As we do not intend to expand
the discussion of the equivariant structures, we refer the readers to [1, Section 3.4] for
more details. The term b° is defined by counting holomorphic discs in fR%O’l)(x) with
one output and no input such that the entire boundary is mapped to some Lagrangian L.
The virtual dimension of fR(lo,l)(y) is gr(y) — 1 and thus b°|; € CF'(L, L) for each

Lagrangian submanifold L.

Definition 3.3 An equivariant object is a pair (L, ¢), with L € Ob(F(M)) and ¢ €
CF(L, L), with dc = b°|f.

By definition, given an exact Lagrangian L, the obstruction to the existence of an
equivariant structure ¢ is given by b°|; € HF'(L, L) = H' (L), and the set of choices
when this vanishes is an affine space equivalent to H°(L). In our case, the Lagrangians
are products of spheres, thus H'(L) = {0} and H°(L) >~ k.
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Since we do not assume that »° vanishes, for a cocycle b € CC'(F(M), F(M)) and
equivariant objects (Kq, ¢g) and (Kg, cg), the linear term b is not always a chain map.
However, we can define a chain map following [1, Equation 2.31],

(3-4) ¢(x) =b"(x) — p?(ca, x) + n?(x, cp).

It induces an endomorphism ® on HF*(Ky, Kg). If we consider the generalized
eigenspace decomposition, the eigenvalue of the generalized eigenvector x will be its
weight grading, denoted as wt(x).

Remark 3.4 The construction above applies to fields k of any characteristic. The
weight grading is a priori indexed by elements of the algebraic closure k. If char(k) = 0,
there exist additive subgroups Z of k, and thus of its algebraic closure k. As for
finite fields, if k = [F, with a prime number p for simplicity, we can then compute
k = (U, Fpnt; it is no longer possible to find an additive subgroup Z of [Fp, or of its
algebraic closure. As a result, working with a characteristic-zero field will not only
enable us to use the result of Abouzaid and Smith that identifies symplectic Khovanov
cohomology and Khovanov homology, but also make it easier to obtain an integral
weight grading, in contrast to finite fields.

We learn from [1, Lemma 2.12] that since HF®(K,K) = k, changing equivariant
structures shifts the overall weight gradings (ie the eigenvalues) by a constant

(3_5) ¢(K:Otacot)a(lcﬁ)cﬁ) = ®(K:Dtaca+sl¥)7(}<:ﬁ7cﬁ+sﬁ) + (Sa - sﬂ) ld :

So we have the following definition of the relative weight grading:

Definition 3.5 Let ® be the endomorphism constructed above on HF* (K¢, Kg) and
x be an eigenvector of ®. The relative weight grading wt(x) is defined to be the
eigenvalue of x. This construction relies on auxiliary choices of equivariant structures
on Ky and Kg, but different choices of such structures will only change all gradings
by a fixed number. Thus wt(x) as a relative grading is independent of choices of
equivariant structures.

Remark 3.6 With given equivariant structures on Ky and Kg, we can compute an
absolute weight grading. But at the time of writing this paper, the author does not know
the choices that would give a correction term independent of the link diagram.

Then we can rephrase Abouzaid and Smith’s purity result as follows.
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Proposition 3.7 [1, Proposition 6.11] Let D be a bridge diagram without any cross-
ings. Then we can choose ¢, on Ky and cg on Kg such that for any x € HF*(Kq, Kg),
we have wt(x) = gr(x).

Recall the Khovanov homology of an unlink of & components Uy is
k
(3-6) Kh*™* (Up) = R (k(o,1) ® k(o,-1))-

With the choice of the equivariant structures by Abouzaid and Smith, we have

k
(3-7) Kh2 (U) = Rk, @ ki —1))-

This proposition is a special case of our main theorem with crossing number equal
to 0, if we relate gradings (gr, wt) on symplectic Khovanov cohomology and (7, j) on
Khovanov homology with the formula

(3-8) [ = gr— wt,
(3-9) J = —wt.

3.2 Floer product and weight grading

In [1, Section 3], Abouzaid and Smith pointed out an important fact that the weight
grading is compatible with Floer products, without actually phrasing and proving
the precise statement. Also in [12, Equation 4.9], Seidel and Solomon discussed the
derivation property in a similar setup. We prove the following proposition:

Proposition 3.8 Let Ky, K1 and KC; be compact Lagrangians given by crossingless
matchings in Y. Then for any eigenvector « € HF* (K1, K;) and f € HF* (Ko, K1),

(3-10) wt(u? (. B)) = wt(a) + wt(B).

Proof Consider the boundary strata of the moduli space i]_Q?O’l)(xo; X1, X32), where
we have three boundary marked points and two interior marked points. As before,
we exclude sphere bubbles. We can also exclude the cases when two interior marked
points are split into two different components by the assumption (M-4). This is because
both components will have positive intersection with Dg and thus [u]-[Dg] > 2, which
contradicts (M-4).
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Figure 10: Six possible boundary bubbles. The incoming arrows are inputs
and the outgoing ones are outputs.

With sphere bubbles excluded as discussed in Remark 3.2, there are still six possible
types of degeneration; see Figure 10. Three degenerations shown in the first row

compute

(3-11) ¢ (1*(x1,x2)),
(3-12) 1 (x1, (x2)),
(3-13) B (p(x1), x2).

The three degenerations shown in the second row compute

(3-14) n'?(x1. x2),
(3-15) ¢ (1! (x1), x2),
(3-16) ¢ (x1. ' (x2)).

If we pass to homology, those terms with i ! will vanish and thus we have the following
relation by counting all the boundary components of the one-dimensional moduli space

Ry 1 (X03 X1, %2),

(3-17) P (12 (x1,x2)) = p2(x1, p(x2)) + 12 (P (x1), X2).
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This is equivalent to
(3-18) i (xp, x2)) P (x1. X2) = p (X1, wi(x2)x2) 4 (WE(x1)x 1. x2)

= (Wt(x1) + wt(x2)) p? (x1, X2),
which proves the result. |

Remark 3.9 By studying a similar setup with more boundary marked points, we can
generalize the result above to higher Floer products. Specifically, when we consider the
product of three elements, we have wt(u3 (x1, X2, x3)) = wt(x1) + wt(x2) + wt(x3).

3.3 A long exact sequence of Khg; (L)

Abouzaid and Smith [2, Equation 7.9] constructed a long exact sequence from an exact
triangle of bimodules over the Fukaya category of Y,,

(3-19) coo = Khl, (L4) = Kh, (Lo) = Khifs (Loo) = -+,

where L is a link diagram with a positive crossing and Lo and L, are diagrams
given by 0 or oo resolutions at the positive crossing. The goal of this chapter is to
give an explicit construction of such a long exact sequence within the framework of
bridge diagrams that preserves the weight grading, just like the combinatorial Khovanov
homology.

We use the following local diagrams for the computation: we name the blue curves f3,
the green curves y and the yellow curves §, respectively, in Figure 11, and the other
components of y and § are small isotopies of the components of 8 such that there are no
intersections in the interiors of the arcs. Thus, the Lagrangians Kg, Ky, and s intersect
pairwise transversely. (Here we moved the actual arcs rather than perturbing the
Lagrangians to avoid issues we discussed in Remark 3.2.) Pairing o with 8 gives L,
pairing o with y gives L, and pairing o with § gives Loo. We have the following
exact sequence:

Proposition 3.10 [2, Proposition 7.4] If we have «, B, y and § curves presented
locally as in Figure 11 and 3, y and § are the same apart from in this region, then we
have the following exact sequence

(3-20) -+ 5% HF* (Ko, Kg) —2 HF* (Kq, Ky) = HF* T2 (Ky, K5) =5 -
In particular, there are elements
c1 € CF*(Kg,Ks), ¢ € CF*(K,,Kg) and c3 € CF*(Ks,Ky)

such that the maps above are Floer products with the corresponding elements.
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Figure 11: Exact triangle of Lagrangians. The red, blue, green and yellow
curves are «, 3, ¥ and § curves, respectively.

Proof Abouzaid and Smith proved that there is an exact triangle of bimodules of
the Fukaya category of Y, among the identity bimodule, the cup—cap bimodule and
the bimodule representing a half-twist 7. Evaluating these bimodules at C), as the
second object, we have an exact triangle of one-sided modules between K, s and a
one-sided module that is equivalent to HF* (e, KCg), such that the maps connecting those
terms are Floer products with some elements ¢; € CF* (K. Ks), c2 € CF*(K,, Kg)
and ¢; € CF*(Ks, K). Evaluating these one-sided modules at Ko, we have the desired
long exact sequence. m|

Now we need to show that this long exact sequence preserves the relative weight grading
in the sense that each element summing to ¢; has the same weight grading so that ¢;
has a well-defined weight grading, and moreover the weight gradings of ¢;, ¢, and c¢;3
sum to 0. With a closer look into the diagram, we have the following observation:

Lemma 3.11 Each pair of 8, y and § forms a bridge diagram for an unlink of n — 1
components without any crossings.

Proof In the region shown in Figure 11, each pair of 8, y and § forms a crossingless
unknot. In the other regions not shown in the figure, each pair of arcs forms a crossing-
less unknot component as well. Thus we have one crossingless unknot component in
Figure 11 and n — 2 crossingless unknot components outside that figure. Together, each
pair of B, y and § forms a bridge diagram for an unlink of # — 1 components without
any crossings. |

From the computations of [1, Proposition 5.12], we have:
Lemma 3.12 With some grading shifts, we compute

n—1

(3-21) CF*(Kg. Ky) = CF*(Ky., Ks) 2= CF* (K. Kp) == (X) H*(S?).

and thus all generators are cocycles.
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Now, we prove the following proposition about the weight grading on those groups:

Proposition 3.13 For a fixed choice of equivariant structures on the Lagrangians Kg,
Ky and Ks, there are well-defined weight gradings for the elements ¢; € CF*(Kg, Ks),
¢ € CF*(Ky, Kp) and c3 € CF* (K5, Ky).

Proof From Lemma 3.12, we know that each of the Floer cochain complexes and the
Floer cohomology groups above can be made so that weight grading equals homological
grading. Together with the observation that choices of equivariant structures will only
apply overall grading shifts to all weight gradings, thus we know the weight grading of
any element in CF” must be the same. If we fix a set of equivariant structures on Kg,
Ky and Ks, we have a well-defined weight grading for each ¢; from its homological
grading plus the effect a grading shift from changing the equivariant structure from the
standard one. |

Before we prove wt(cq) + wt(ca) + wt(cz) = 0, recall the following lemma from Seidel:
Lemma 3.14 [10, Lemma 3.7] A triple Kg, K,, and Ks forms an exact triangle of
Lagrangians if and only if there exist

c¢1 € CF'(Kg,K5), ¢2 € CFY(K,,Kp), ¢3 € CF(Ks, Ky),

hy € HF(K,,Kp), hy e HF°(Kg,K5), k e HF '(Kg, Kp)
such that
(322)  pl(h) = pi(es. )
(3-23)  plhy) =—pP(er. )
(3-24) w (k) = —pP(er, ) + p*(ha. ) + P (er. 3, 02) — excy.
where ex, € HF° (KCg. Kp) is the identity element of the Floer product

p*: HF*(Kg, K) ® HF* (Kg, Kg) — HF* (K, K).

Lemma 3.15 For any choice of equivariant structures on Lagrangians, the sum of
weight gradings satisfies wt(cq) + wt(cp) + wt(c3) = 0.

Proof We know p! vanishes on all the Floer groups above. If we prove that 1; = 0
and /1, = 0, then the equation (3-23) becomes > (cy, ¢3,¢2) = ex - Together with the
fact that weight grading is compatible with Floer product, see Remark 3.9, we know
that wt(cy) + wt(cz) + wt(c3) = wit(ex,). From [1, Lemma 4.10], no matter which
equivariant structure we choose on Kg, the identity always has the weight grading 0.
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To see that #1; = 0 and /i, = 0, we need to look into the absolute grading. We claim
that HF*(K,,, Kg) and HF*(Kg, Ks) are supported in odd degrees. This is because
pairing y with 8 gives a flattened braid diagram for a braid o with writhe 1. The
number of strands is even and thus this group is supported in odd degrees. Similarly,
pairing B with § gives o~ !, which also gives an odd-degree supported group. Notice
that the third map c¢3 should have degree 2 in the absolute grading case, thus the exact
triangle is actually between Kg, K}, and K5[2]. But shifting the grading of Floer groups
by 2 does not change the fact that /1; and /1, have even degrees. Thus, they must be 0. O

Thus we conclude the following:

Proposition 3.16 The long exact sequence of equation (3-20),
(3-25) -+ = HFS™ (K, Kg) 2> HFY2 (Ko, Ky ) <5 HF P25 (K, Kg) < -
decomposes with respect to weight gradings.

Proof From Proposition 3.13, we know that there is a well-defined weight grading
for ¢1, ¢ and ¢3. If we start with the first group HF**"!1 (JCg, Kg), the only nontrivial
map will be at weight grading wt; + wt(c;) because the weight grading is compatible
with Floer products. The same goes for wt3 = wt; + wt(c3) + wt(cy). The next weight
grading should be wt; + wt(cy) + wt(c3) + wt(cy) = wty, which is exactly where we
started with the first group. a

4 Proof of the main theorem via a bigraded isomorphism

In this section, we prove our main theorem, Theorem 1.3, through showing that our
isomorphism is a bigraded refinement of the isomorphism in [2]. We start this section
by rephrasing the main theorem of [2] as follows:

Proposition 4.1 [2, Theorem 7.5] For any bridge diagram L, we have an isomor-
phism H between symplectic Khovanov cohomology and Khovanov homology,

4-1) H:Kh%, (L) > Kh*(L).

In [2], we can only conclude from the original argument of Abouzaid and Smith that
H is canonical for braid closures. With Proposition 2.2, that symplectic Khovanov
cohomology is defined canonically (and the same for combinatorial Khovanov homol-
ogy), we can claim that H is canonical for any link diagram. This is an isomorphism
with only information on the homological grading. But Abouzaid and Smith’s proof
of the isomorphism between symplectic and ordinary Khovanov homology implies
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that the long exact sequence in equation (3-20) commutes with the corresponding long
exact sequence for Khovanov homology, as illustrated in the following lemma.

Lemma 4.2 Fix a link diagram L 4 and its unoriented resolutions Lo and L, at one
of the crossings. We represent their corresponding bridge diagrams with («, 8), («, y)
and («a, §) arcs respectively such that o, 8, y and § are locally shown in Figure 11. The
isomorphism H is compatible with the exact sequence (3-20), ie the following diagram
commutes:

HF* (Ko, Ky) — HF* T2 (K, K5) — HF*T1 (Ko, Kp)

(42) lH lH E

Kh*(Lo) — Kh*t2(Ls) —— Kh*TI(L )

— HF*T1(KCy, KCy) — HF* 3 (g, Ks)

Lo |
SN Kh*+l (LO) - Kh*+3(Loo)

where the upper row is the exact sequence of equation (3-20), and the lower row is the
exact sequence for combinatorial Khovanov homology with grading i — j.

Proof In the proof of the Abouzaid—Smith isomorphism, they show that the cup
functors of Khovanov and symplectic Khovanov are identified with the isomorphism in
the arc algebra; see [2, Corollary 6.16]. Moreover, we know that the cap functors in
both cases are adjoint to the corresponding cup functors from [2, Proposition 7.4]. The
horizontal maps in the first squares are given by applying the same cap—cup functor in
each case, and thus they commute with the isomorphisms in the first square.

For the other squares, the diagram naturally commutes if we replace the third group
of each row with the mapping cone of the other two, given the fact that the first
square is already commutative. Moreover, in the proof of [2, Theorem 7.6], the
isomorphism H and the long exact sequences are constructed via the mapping cones,
and thus factor through the cones of horizontal maps of the first square. Together with
the fact that the third group of each row is isomorphic to a mapping cone of the other
two (see [2, Proposition 7.4]), we conclude that the second and third squares are also
commutative. d

Corollary 4.3 The diagram involving the exact sequences of resolving a negative
crossing is also commutative.
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Recall that we compared the bigradings of two theories at the end of Section 3.1 for
unlinks.

Proposition 4.4 [1, Proposition 6.11] The isomorphism H preserves the weight
grading if D is a crossingless diagram, with grading correspondence gr =i — j and
wt=—j.

We are now ready to prove the main theorem.

Proof of Theorem 1.3 We only need to prove that for any fixed Jones grading jj,

H is also an isomorphism with wt = — jy + ¢ with some grading shift c,
(4-3) H:Kh¥ /o (L) — Kh*/o(L).

We prove that this statement is true for any link (bridge) diagram by induction on the
number of crossings. The base case for unlinks is proved with Proposition 4.4.

Now we assume that L is a link diagram with n crossings, whereas its resolutions L
and L, have n — 1 crossings. Let us assume we are resolving at a positive crossing. If
all crossings are negative, a similar argument can be applied for the exact sequences
induced by resolving at a negative crossing. By the inductive hypothesis, the maps H
are bigraded isomorphisms for Ly and L. Let us fix a Jones grading j; on Kh(Ly).
The maps in the long exact sequence will be trivial unless the Jones grading j, on
Kh(L o) is j1 —3v — 2, where v is the signed count of crossings between the arc that
ends at the left-most endpoint in Figure 11 and other components, and j3 on Kh(L4)
is j1 4+ 1. Thus we can decompose our commutative diagram with respect to the Jones
grading:

HF* /1 (Kq. Ky) — HFF2702 (g, Kg) — HF* 173 (g . Kp)
(4-4) lH lH lH
Kh*J1(Ly) ————— Kh*t2:/2(L o) ——— Kh*T1J/3(L )
L HPA LT (K, ) 2 HR*T3702 (K, Ky)
L |
— S Kh*ThJI(Lg) —— Kh*t372(L o)

where the weight grading j3/ is given by — j» + wt(c3). The first, second, fourth and
fifth columns are all isomorphisms, so by the five lemma, we conclude that the third
column is also an isomorphism and thus we know that the map H is also a bigraded
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isomorphism for L. As for the grading correspondence, because the ¢; all have fixed
weight grading after specifying the choice of equivariant structures, if we change j; by
any number k, we change j3 also by k. As for the first row, if — j; is changed into
—j1 — k, this will result in j; shifting by —k as well. This is enough to show that the
weight grading recovers the Jones grading as relative gradings. a

As a corollary of the theorem above, we also conclude Theorem 1.5, that the relative
weight grading is independent of the choice of link diagrams.

Proof of Theorem 1.5 For any two bridge diagrams D and D’ representing a
link L, relative weight gradings wt and wt’ can be defined on D, and respectively D’.
Theorem 1.3 indicates that both wt and wt’ coincide with — j with as relative gradings.
Thus wt and wt’ are the same as relative gradings. |

Lastly, we provide some insight into Question 1.6. At the writing of this paper, the
author cannot provide a pure symplectic proof of Theorem 1.5 without referring to the
invariance of the bigrading on Khovanov homology. Such a proof would consist of the
invariance of weight grading under isotopy, handleslide and stabilization.

Isotopy and handleslide invariance could be potentially proved via Proposition 3.8,
if we look closely enough into the bridge diagrams and the Floer products. Isotopy
and handleslide invariance can also be deduced from Hamiltonian isotopy invari-
ance. But general Hamiltonian isotopy invariance will require virtual perturbations
(see [1, Remark 3.21]) because some of the transversality assumptions will not be
preserved under general isotopies — the Lagrangian might bound some Maslov zero
discs after isotopy, say.

The proof of stabilization invariance will be different from the other two invariance
proofs. It requires some degeneration arguments in the Hilbert scheme setup, relating
holomorphic discs in Y, and discs in Y,_; so that differentials in the stabilized diagram
can be identified with differentials in the original diagram. One could extend the existing
degeneration arguments for Y, before the partial compactification. In the original
nilpotent slice setup, Seidel and Smith gave such an argument in [11, Section 5.4].
However, the weight grading is defined using Hilbert schemes, but a stabilization
invariance is never fully established in the Hilbert scheme setup. The author expects that
one could potentially adapt the recent work of Mak and Smith [6] into the degeneration
argument (or the so-called neck-stretching argument) of Hendricks, Lipshitz and Sarkar
in [4, Section 7.4.1], fixing the issue mentioned in their correction, and then generalize
the argument to the partial compactification Yo
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Given a 3-manifold M fibering over the circle, we investigate how the asymptotic
translation lengths of pseudo-Anosov monodromies in the arc complex vary as we
vary the fibration. We formalize this problem by defining normalized asymptotic
translation length functions pg for every integer d > 1 on the rational points of a
fibered face of the unit ball of the Thurston norm on H'! (M ;R). We show that, even
though the functions g themselves are typically nowhere continuous, the sets of
accumulation points of their graphs on d—dimensional slices of the fibered face are
rather nice and in a way reminiscent of Fried’s convex and continuous normalized
entropy function. We also show that these sets of accumulation points depend only on
the shape of the corresponding slice. We obtain a particularly concrete description of
these sets when the slice is a simplex. We also compute j; at infinitely many points
for the mapping torus of the simplest pseudo-Anosov braid to show that the values
of 1t are rather arbitrary. This suggests that giving a formula for the functions g4
seems very difficult even in the simplest cases.

57M10, 57M50, 57M60; 11HO06, 11P21

1. Introduction 4088
2. Background 4094
3. Asymptotic translation length via cycles in graphs 4097
4. Estimating the stashing sets 4107
5. Lemmas on cones, lattices and volumes 4115
6. Proof of the main theorem 4123
7. An example 4128
References 4141

© 2023 MSP (Mathematical Sciences Publishers). Distributed under the Creative Commons Attribution
License 4.0 (CC BY). Open Access made possible by subscribing institutions via Subscribe to Open.


http://msp.org
http://dx.doi.org/10.2140/agt.2023.23.4087
http://www.ams.org/mathscinet/search/mscdoc.html?code=57M10, 57M50, 57M60, 11H06, 11P21
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://msp.org/s2o/

4088 Baldzs Strenner

1 Introduction

To every fibration M — S! of a 3-manifold M over the circle, there is an associated
element of H(M;Z), the pullback of a generator of H!(S';Z) = Z. The integral
cohomology classes that correspond to fibrations of M are organized by the faces of
the unit ball of the Thurston norm || - || on H1(M;R) [16]: a face F can be fibered,
in which case every integral point in the interior of the cone R4 .F corresponds to
a fibration, or not fibered, in which case no integral point in R F corresponds to a
fibration.

An element ¢ € H'(M;Z) is primitive if it cannot be written in the form k¢’ for
some ¢’ € H'(M;Z) and integer k > 2. If an element ¢ € H'(M; Z) corresponds
to a fibration, then it is primitive if and only if the fibers are connected. For any
¢ € H'(M;Q), denote by ¢ € H'(M;Z) the unique primitive integral point on the
ray R4 ¢.

We can now state a classical result of Fried from 1982, which was the main motivation
for this work. If M admits a complete finite-volume hyperbolic metric, then the
monodromies of the fibrations are pseudo-Anosov mapping classes by Thurston’s
hyperbolization theorem; see Otal [13]. For a fibered face F of M, define the normalized
entropy function

E:int(F)NHY(M:;:Q) - Ry
by the formula

(1-1) £(@) = ¢l -log A(),

where A(¢) denotes the stretch factor of the pseudo-Anosov monodromy corresponding
to ¢. Fried [5, Theorem E] proves that the function £ extends to a convex, continuous
function to the interior of F and &(¢) — oo as ¢ — d.F. The goal of this paper is to
investigate analogous functions on the rational points of the fibered faces that are defined
not in terms of the stretch factor but via another numerical invariant of pseudo-Anosov
maps, the asymptotic translation length in the arc complex.

The arc complex A(S) of a connected punctured surface S is a simplicial complex
whose vertices are isotopy classes of properly embedded essential arcs in S and whose
simplices correspond to collections of disjoint arcs. For two vertices « and 8 of A(S),
their distance d 4(«, B) is defined as the minimal number of edges of a path in the
1-skeleton of A(S) that starts at « and ends at 8. The asymptotic translation length of
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a mapping class f in the arc complex is defined as

La(f) = liminfM,

n—o00 n
where « is any arc. The number £ 4( f) is a natural invariant encoding geometric
information about the 3—manifold M: Futer and Schleimer [7] showed that it is
proportional to the height and area of the boundary of the maximal cusp in M.

Based on work of Baik, Shin and Wu [3], we define the d—adic normalized asymptotic
translation length function

pg:int(F)N HY(M:Q) - Ry
by the formula

(1-2) 1a (@) = llgll' ™7 La(9),

where £_4(¢) is defined as £ 4( ), where f is the monodromy of the connected fiber
corresponding to ¢. In order for 11,4 to be defined, the fibers of M have to be punctured,
so M has to be a cusped 3—manifold. We will work under the stronger hypothesis that
the fibered face F is fully punctured, meaning that the singular set of every pseudo-
Anosov monodromy in R F is contained in the set of punctures of the fiber. (If this
condition holds for one monodromy in R4 7, then it holds for all.)

A d—dimensional slice of a fibered face F is an intersection F N X, where X is a
(d +1)—dimensional linear subspace of H!(M;R) intersecting the interior of 7. The
slice is rational if ¥ N H'(M; Q) is dense in X.

Theorem 1.1 Let M be a connected cusped 3—manifold that admits a complete finite-
volume hyperbolic metric. Let F be a fully punctured fibered face of the unit ball of
the Thurston norm on H'(M ;R). Suppose that 1 < d < dim(H'(M;R))—1 and let
Q be a rational d —dimensional slice of F. Consider Graph(ig|q) C 2 X R, the graph
of the normalized asymptotic translation length function 4 restricted to 2.

There is a continuous function g : int(2) — R such that g(¢) — oo as ¢ — I and
the set of accumulation points of Graph(ug|g) is

{(w, g(w)) : w €int(Q)}
if d =1 and

{(w,r):weint(),0<r < g(w)} U (02 x [0, 00))
if d > 2.
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In words, the set of accumulation points is the graph of g if d = 1 and the closure of
the region under the graph of g if d > 2.

As an immediate corollary, we have:

Corollary 1.2 If M, F, d > 2 and Q2 are as in Theorem 1.1, then j14|q is a nowhere-
continuous function.

In this sense, the functions 4 are therefore very different from Fried’s function &,
which is always continuous. Nevertheless, the properties of continuity and blowing up
at the boundary still make an appearance in Theorem 1.1 for the bounding function g.

We derive a formula for g in Theorem 6.1. However, it is not clear from this formula
whether g is always convex.

Question 1.3 Is the function g in Theorem 1.1 convex?

When €2 is a simplex, we are able to describe the function g explicitly. We will show
in Lemma 6.2 that convexity holds in this case.

Theorem 1.4 Let M, F, d, Q2 and g be as in Theorem 1.1. Suppose 2 is a simplex
with vertices w1, . .., w441 and define the reparametrization

d+1

g (o1, .. 0g11) =g(
i=1

of the function g by
d+1
{(“1’---,Old+1) ’fxi >0, Z“i = 1},
i=1
the interior of the standard simplex. Let X be the subspace spanned by 2, let A =

YN HY(M;Z) be the integral lattice in ¥ and let vol be the translation-invariant
volume form on ¥ with respect to which A has covolume 1. Then

g (o1, .. ag1q) = ‘i/

1
04 -d-vola(S/ (@1, ... wa11)z) [12 o

where O is a constant depending only on d .

In the case d = 1, we have O = 1; therefore,

. B 1
=) = (S o @a)z) all—a)
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Figure 1: The half-twists o7 and o5.

The constant O; has a concrete interpretation: it is the smallest possible volume for a
d—dimensional simplex ¢ in R? with the property that each larger scaled and translated
copy of 0 (aoc + b with a,b € R and a > 1) contains a point of Z4 in its interior.
Although determining the value of Oy for d > 2 seems to be an elementary lattice
geometry question, we do not even know the value of O;.

Question 1.5 What is the value of the constant Oy for d > 2?

To shed some light on the exact values of the functions pt4 in addition to the accumula-
tion points of their graphs, we compute (41 at infinitely many points for the mapping
torus of the simplest hyperbolic braid. Both the answer and the proof are rather ad hoc,
suggesting that it is very difficult to elegantly describe 4 even in the simplest cases.

Theorem 1.6 Let M be the mapping torus of the pseudo-Anosov braid f = 0105 1
(read in either order) on three strands; see Figure 1. The fibered face F containing f
is 1—dimensional and f corresponds to the midpoint of F. By choosing a linear
identification of F with [—1, 1], we have 1 (0) = % and

5 if 1 =41,
4 if t = +1,
MOERE= if t =+%,
8/(1 4+ |t])? if t =+1/k whenk > 5 is odd,

8/(142|t|—t?) ift==+1/k whenk > 6 is even.
Moreover,

li =
Q311£n—>t () 1—1¢2
for all t € (—1, 1). Therefore,

pi() < lim  pq(u)
Qsu—t

fort =0andall t = +1/k withk € Z and k > 2, and . is discontinuous at all of
these points.
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In other words, the function (1 defined on the 1-dimensional fibered face in Theorem 1.6
is discontinuous at every point where we have computed its value. We wonder if (1 is
discontinuous at every rational point of every 1-dimensional slice. More generally:

Question 1.7 Suppose M, F, d, Q and g:int(2) — R4 are as in Theorem 1.1. Does

Ha(x) < g(x)

hold for every rational point x in the interior of 2?

It would be interesting to generalize Theorem 1.1 in various directions. For example,
one could try to drop the hypothesis that the fibered face F is fully punctured. Instead of
the arc complex, one could also consider the curve complex and define the normalized
asymptotic translation length functions analogously. Our proof has two key ingredients
that are specific to the arc complex:

e Agol’s veering triangulation of 3—manifolds [1], and

¢ a theorem of Minsky and Taylor stating that there is a 1-Lipschitz retraction
from the arc complex .A(S) to the edges of the veering triangulation [12].

Generalizing Theorem 1.1 to other cases would require replacing these technical tools
with tools suitable in the other cases. Of Sections 3, 4, 5 and 6, containing the proof of
Theorem 1.1, only Section 3 relies crucially on veering triangulations. We use veering
triangulations also for proving Proposition 4.5, but, as we remark there, alternative
approaches to analogous results already exist. The remaining parts of Sections 4, 5
and 6 should generalize to other cases essentially without modifications.

Dependence only on shape

One interesting property of the functions . is that, up to a constant factor, their
bounding function g on any d—dimensional slice 2 only depends on the shape of 2.
This is in sharp contrast to Fried’s normalized entropy function &, which can take
different forms even on 1-dimensional fibered faces.

Theorem 1.8 Fori = 1,2, let M; be 3—-manifolds as in Theorem 1.1. Suppose
F; c H! (M;;R) are fibered faces of M; and 2; C F; are d—dimensional slices for
some integer d > 1. Let X; be the span of Q; in H'(M;;R) and consider the lattice
Ai =% NHYM;;Z)in %;. Let g; : int(2;) — R4 be the bounding functions for
the functions ,ui;" |@; as in Theorem 1.1.
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If there is a linear isomorphism i : 31 — X5 such that i (21) = Q», then

g2(i(¢1) = 07 g1(d1)
holds for all ¢ € int(21) for
_vol(Z2/A2)
vol(22/i(A1))’
where vol is any translation-invariant volume form on X,.

Related results

Kin and Shin [10] have shown that the function u%, defined analogously to (1 using the
curve complex instead of the arc complex, is bounded from above on infinite subsets of
slices arising from projecting an arithmetic progression in H!(M; Z) onto F. Using
this, they improved the upper bound of a result of Gadre and Tsai [8], stating that
the minimal asymptotic translation length in the curve complex for pseudo-Anosov
maps on the closed surface Sy of genus g is between C;/ g2 and C»/g? for some C;
and C,. Using the bounds on u?, Kin and Shin [10] also provided upper bounds for the
minimal asymptotic translation length in the curve complex for certain sequences of
punctured surfaces (for this, see also Valdivia [17]), handlebody groups and hyperelliptic
handlebody groups. It would be interesting to investigate the implications of our more
explicit description of the function 11 on similar questions.

Baik, Shin and Wu [3] have studied the function “Sl’ defined analogously to (4 using
the curve complex instead of the arc complex. They proved that the function ug is
bounded from above on compact d—dimensional polytopes contained in the interior
of F. In Conjecture 1 of their paper, they conjecture that their bound is sharp in the
sense that, for each d > 2, there exist M, F and 2 such that the function ;Lfl is bounded
away from O on an infinite subset of €2. Although in the arc complex instead of the
curve complex, our Theorem 1.1 verifies the stronger statement that u; is bounded
away from zero on an infinite subset of €2 for all choices of M, F and 2. Moreover, in
addition to showing that the values are bounded away from zero, Theorem 1.1 precisely
specifies the values 4 can approach along accumulating sequences in €2.

For more related results involving the curve complex instead of the arc complex, see
Baik, Kin, Shin and Wu [2].
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2 Background

2.1 Fibrations over the circle

Let m: M — S' be a fibering of M over the circle with fiber S = 771(0). Let
¢ € H' (M) be the pullback of one of the two generators of H1(S!) 2 Z. There is an
infinite cyclic cover S X R — M corresponding to the homomorphism ¢ : 7wy (M) — Z.
Let h: S xR — § x R be the element of the deck group that maps S x {1} to S x {0}.
The composition
S x {0} > 8 x {1} 1> § x {0},

where the first map is the isotopy map (x, 0) — (x, 1) in the product S x R, yields a
homeomorphism of S. The mapping class of this homeomorphism is the monodromy f

of the fibration. The monodromy depends on which of the two generators we pick
for 1.

In other words, we can present the 3—manifold M as the quotient

M = (S xR)/((x,1) ~ (¥ (x).1 = 1))

for any homeomorphism i : S — S representing the mapping class f.

The map ((x,1),s) — (x,t + s) defines a flow (S x R) x R — § x R which is h—
equivariant; therefore, it descends to a map M x R — M, defining the suspension flow
on M.

Finally, we will use the following conventions to make the discussions more intuitive.
We picture the product S x R so that the R—coordinate axis is vertical and where co is
up and —oo is down. So, if ] < t», then we will say that the slice S x {5} is above
S x{t1}and S x {t1} is below S x {t2}.

2.2 Pseudo-Anosov monodromies

When 7: M — S is a fibration and M is hyperbolic, the monodromy f is pseudo-
Anosov by Thurston’s hyperbolization theorem. Let A* C S be the invariant singular
(unmeasured) foliations of f. We will refer to the foliation whose leaves are expanded
by f as the horizontal foliation and the foliation whose leaves are contracted as the
vertical foliation.

Since A* are invariant under the monodromy, their orbits under the suspension flow
are singular 2—dimensional foliations AT in M, transverse to the fibers, whose singular
set is the suspension of the singular points of A*. Conversely, the foliations A* can be
obtained from AT by taking the intersection of A* with the fibers.
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2.3 Fully punctured fibered faces

Let M be a hyperbolic 3—manifold and let F be a fibered face of the Thurston norm
ball of H'(M;R). Every integral cohomology class in the interior of the cone R F
corresponds to a fibration of M over the circle.

Fried [5] (see also McMullen [11, Corollary 3.2]) showed that the suspension foliations
AT constructed from any two fibrations in this fibered cone are the same (up to isotopy)
when the singular points of A* are all at punctures of the fiber for some fibration. It
follows that in this case AT do not have any singular points and therefore the singular
points of A* are all at punctures of the fiber for all fibrations in this fibered cone. Such
a fibered face F is called fully punctured.

2.4 Relating different fibrations

From now on, suppose that F is a fully punctured fibered face. The maximal abelian
cover M of M is the cover corresponding to the natural homomorphism

71 (M) — G = H{(M;Z)/torsion.

The foliations A* in M lift to foliations A¥ in M. The suspension flow on M also
lifts to a flow on M, leaving invariant the foliations A*. The leaf space of this flow is
homeomorphic to a surface S and the foliations A* define foliations A% on §.

Every fiber of every fibration in the cone R F is a quotient of the foliated surface
(S, Ii) by a covering map. One can see this as follows. Let ¢ € R F be a primitive
integral point with monodromy f and fiber S with stable and unstable foliations A*.
The covering M — M factors through the infinite cyclic covering S x R — M induced
by ¢: (M) — Z. The lift of S to S xR is an infinite collection of parallel copies of S.
Under the covering M — S xR, each copy lifts to a surface intersecting every flowline
of M exactly once. This gives rise to a foliation-preserving covering (S, Xi) — (S, A%)
whose deck group is the kernel of the homomorphism G — Z induced by ¢.

2.5 Veering triangulations

This section recalls some facts about veering triangulations of hyperbolic 3—manifolds
defined by Agol [1], refined by Guéritaud [9] and further studied by Minsky and
Taylor [12].
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When the foliations A* for some fibration are endowed with the measure invariant
under the pseudo-Anosov monodromy and this measure is lifted to AE, the measured
foliations A* endow the surface S with a singular Euclidean metric. Denote the metric
completion of S by S. Each completion point in S —§ is an isolated point whose small
neighborhood minus the completion point covers the neighborhood of a puncture in
any fiber S. The metric on S depends on the fibration chosen in the construction, but
the topology of S does not. In the future, we will ignore the metric and consider S
together with the unmeasured foliations A obtained from AT by extending to the
completion points.

A singularity-free rectangle in (§ Xi) is an immersion [0, 1]*> — S such that the
vertical and horizontal foliations of [0, 1]? map to A* and the interior of the rectangle
does not contain any completion point of S-8 By the interior of the rectangle, we
mean the image of (0, 1)2 under the immersion. Similarly, by the boundary of the
rectangle, we mean the image of the boundary of [0, 1]? under the immersion.

A singularity-free rectangle is maximal if all four sides of [0, 1] contain the preimage
of a completion point in their interior under the immersion map. (Each side may contain
only one completion point, since the horizontal and vertical foliations, being invariant
foliations of a pseudo-Anosov map, cannot have saddle connections.) By connecting
each pair of the four points with an arc inside [0, 1]? and considering the image under
the immersion map, we obtain six arcs in S, forming a flattened tetrahedron in S

These arcs are defined only up to isotopy. To make the choice of the arcs canonical,
we choose a fibration in our fibered cone and — as we have seen above — this choice
endows S with a singular Euclidean metric. We choose the arcs to be the unique
geodesics in their isotopy class in this metric.

We think of the arc connecting the horizontal sides to be above the arc connecting the
vertical sides. So the two triangles containing the arc connecting the vertical sides are
the two bottom triangles and the remaining two triangles are the two top triangles of
the tetrahedron.

Consider all maximal singularity-free rectangles in S and all the arcs, triangles and
tetrahedra they define through this process. For each triangle the smallest singularity-
free rectangle containing it can be enlarged in two ways to a maximal singularity-free
rectangle: we can enlarge the rectangle horizontally or vertically. In the former case,
we obtain a tetrahedron that contains our triangle as one of the two top triangles. In the
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latter case, we obtain a tetrahedron that contains our triangle as one of the two bottom
triangles. Therefore the tetrahedra glue together in a layered fashion.

The links of the triangulation around the vertices are not spheres. Instead we glue up
the ideal tetrahedra that do not include the vertices. With more work (see [9]), one
can check that the links of the edges are circles, so the ideal tetrahedra glue up to a
3—manifold. Moreover, this 3—-manifold is homeomorphic to M = § x R and the ideal
triangulation is called the veering triangulation of M. The veering triangulation is
invariant under the G—action, and the quotient is the veering triangulation of M.

We conclude by comparing the conventions regarding above and below introduced in
this section versus the conventions introduced earlier. Recall from Section 2.1 that, for
any fibration in our fibered cone, the deck transformation #: § x R — § x R satisfies
h(x,t) = (¥(x),t — 1), where ¥ is a pseudo-Anosov homeomorphism representing
the monodromy mapping class. Recall also that our convention is that ¥ expands
horizontally and contracts vertically. Therefore the tetrahedra and the corresponding
maximal singularity-free rectangles become wider and shorter as we go down in the
product S x R. This is consistent with the convention that the top edge of each
tetrahedron, connecting the horizontal sides of the corresponding rectangle, has larger
slope than the bottom edge, connecting the vertical sides.

3 Asymptotic translation length via cycles in graphs

3.1 Intersecting edges of the veering triangulation

Given an edge of the veering triangulation of M =~ § xR, its projection onto S is an
arc in S. We say that two edges intersect if their projections intersect in S. Otherwise
we say that the two edges are disjoint. Recall that we have chosen these arcs to be
geodesics in a singular Euclidean metric, so the arcs are automatically in minimal
position and we do not need to be concerned about isotopies. Recall also that the edges
do not have endpoints, so, if they intersect, they have to intersect in their interiors.

For our applications, it will be important to keep track of which pairs of edges of the
veering triangulation of M intersect and which two are disjoint. We can organize this
information as follows.

Let E be the set of edges of the veering triangulation of M. The set E is finite, which
follows from Agol’s construction of the veering triangulations by periodic train track
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sequences [1]. For each edge e € E, choose a lift € in the veering triangulation of M.
Denote the set of these lifts by E. Each edge of the veering triangulation of M can be
uniquely written in the form gé for some g € G and ¢ € E.

When two edges gé and g’¢’ intersect, one of the edges is above the other with
respect to the pseudo-Anosov flow. If gé is above g’é’, we write gé > g’é’. By our
conventions, gé is above g’é’ if they intersect and the smallest singularity-free rectangle
containing g’é’ is wider and shorter than the smallest rectangle containing gé.
Definition 3.1 (stashing set) For any e, ¢’ € E, introduce the notation

Stash(e,e’) ={ge G:é > gé'}.
In words, Stash(e, ¢’) is the set of deck transformations in G that send (or stash) &’

below ¢; hence, we call Stash(e, e’) the stashing set of &’ with respect to é.

The knowledge of the sets Stash(e, e’) for all pairs e, ¢’ € E contains all disjointness
information, since gé > g’é’ if and only if g~1'g’ € Stash(e, ¢’).

3.2 Frobenius numbers

We define the Frobenius number of a function f: A — Z as
(3-1) Frob(8) = max(Z — B(A))
if the maximum exists.

We remark that this notion is closely related to the Frobenius coin problem [15],

which, given relatively prime positive integers ay, ..., ay, asks for the largest integer
that cannot be written as a linear combination of a1, ..., a, with nonnegative integer
coefficients. Indeed, let H be the free commutative monoid generated by x1, ..., X,

and let 8: H — 7Z be a homomorphism such that 8(x1), ..., B(x,) are positive. Then
the Frobenius number of §, as defined in (3-1), is the largest integer that cannot be
written as a nonnegative integral linear combination of 8(x1), ..., B(x»).

3.3 Translation length in the arc complex via graphs

To every primitive integral class ¢ in the interior of R F, we associate a weighted
directed graph W(¢) on the vertex set E. There is an edge from e to ¢’ if and only if
there is at least one integer that is not contained in the subset

—¢(Stash(e, ¢’)) U ¢p(Stash(e’, e))

Algebraic & Geometric Topology, Volume 23 (2023)



Fibrations of 3—manifolds and asymptotic translation length in the arc complex 4099

of Z. Here ¢ stands for the surjective linear functional G — Z associated to ¢. If
there is an edge from e to €/, then its weight w(ee’) is defined as the largest integer not
contained in the subset —¢ (Stash(e, e’)) of Z. Alternatively,

(3-2) w(ee/) = FrOb(d)l—Stash(e,e’))'

In Corollary 3.4, we will see that this largest integer always exists and therefore w(ee’)
is always well defined.

Lemma 3.3 below will explain the information contained by the weighted graph W(¢).
First we need the following lemma:

Lemma 3.2 Any element of —¢ (Stash(e, €’)) is larger than any one of ¢ (Stash(e’, e)).
In addition, if —¢(Stash(e, e’)) U ¢(Stash(e’, e)) is not all of Z, then the difference
between the smallest element of —¢ (Stash(e, e’)) and the largest one of ¢ (Stash(e’, e))
is at least 2.

Proof To prove the first statement, let g1, g2 € G be such that ¢ > g1¢’ and &’ > g,eé.
Since the relation > is transitive, we have &’ > g1g,¢". One should think of ¢ as a
height function: since g1g,¢é’ is below &', we have ¢(g1g2) = ¢(g1) + ¢(g2) <0. So
—¢(g1) is indeed larger than ¢(g»).

Assume that the difference is between the smallest element of —¢ (Stash(e, e’)) and
the largest element of ¢ (Stash(e’, ¢)) is 1. Then there are g1, g» such that & > gy’
and &’ > g, and ¢(g1g2) = —1. As before, we have &’ > g1g2¢’. So

¢>g18 > g1(8182)% > g1(g182)%¢ > -+,

which means that every integer at least —¢(g1) is contained in —¢ (Stash(e, €’)). Simi-
larly, we obtain that every integer at most ¢(g>) is contained in ¢ (Stash(e’, e)). Since
the gap between —¢(g1) and ¢ (g2) is 1, we have —¢ (Stash(e, e’))U¢ (Stash(e’, e)) = Z.
This proves the second statement. O

In the following lemma, S is the fiber of the fibration corresponding to ¢, f is the
monodromy and pg is the composition M=SxR—>S—S.

Lemma 3.3 There is an edge from e to ¢’ in W(¢) if and only if there exists an
integer k such that py(€) and f k(p¢ (&")) are disjoint in S. Moreover, if there is an
edge from e to €', then its weight w(ee’) is the largest integer k such that pg(€) and
f*(py(&')) are disjoint in S.
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Proof One can check step by step that following are equivalent for any integer k:
(1) The arcs pg(e) and fk(p¢(é/)) are disjoint in S.
(2) The edge é is disjoint from all lifts of f%( pe(€')) to S.
(3) The edge ¢ is disjoint from gé’ for all g € G with ¢(g) = —k.
(4) é#gé'andeé £ gé' for all g € G with ¢(g) = —k.
(5) g ¢ Stash(e,e’) and g~! ¢ Stash(e’, e) for all g € G with ¢(g) = —k.
(6) —k ¢ ¢(Stash(e, e’)) and k ¢ ¢(Stash(e’, e)).
(7) k ¢ —¢(Stash(e, e’)) U ¢(Stash(e’, e)).

By definition, there is an edge from e to e’ in W(¢) if an integer k satisfying the last
statement exists. The first statement of the lemma follows.

Using the equivalences again, the largest integer k such that pg(€) and f k( Pe(€')
are disjoint in S is the largest k that is not contained in either —¢(Stash(e, ¢’)) or
¢ (Stash(e’, e)). But, if there exists such a k, then by Lemma 3.2 it is the largest k
that is not contained in —¢ (Stash(e, e’)). The second statement now follows from the
definition of w(ee’). O

Corollary 3.4 For any pair e,e’ € E and primitive integral class ¢ in the interior
of R F, there exists some integer N such that n € —¢(Stash(e, ¢’)) for all n > N.

Proof We will show that there exists some N such that, for all n > N, the arcs pg(€)
and f"(pg(e’)) are not disjoint. Using the equivalences in the proof of Lemma 3.3,
the statement will follow.

Let R and R’ be the rectangles with horizontal and vertical sides whose diagonals
are pg(e) and pgy(e’), respectively. Let s’ be a horizontal side of R’ The side s’
is a starting segment of a horizontal separatrix emanating from a singularity. For
any n, the segment " (s’) is the starting segment of a horizontal separatrix. There are
finitely many horizontal separatrices and each such separatrix is dense in the surface.
The map f stretches the surface horizontally by the stretch factor, so, if n is large
enough, then f"(s’) intersects the interior of R and consequently both horizontal sides
of f™(R’) intersect the interior of R and therefore f”(pg(€’)), the diagonal of f”(R’),
intersects pg(€), the diagonal of R. a

We define the average weight of a cycle y = ey ...eneq1 in W(¢) as

w(erez) + -+ wlen—16n) + wlener)
" .

w(y) =
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Proposition 3.5 (asymptotic translation length via weighted graphs) For any primitive
integral class ¢ in the interior of the cone R 4 F, the asymptotic translation length in the
arc complex of the pseudo-Anosov monodromy corresponding to ¢ is

1
max{w(y) :y is acycle in W(¢)}

ta(p) =

Proof First note that the maximum is indeed realized, since any cycle decomposes
to minimal cycles and the average weight of the cycle is at most the average weight
of the minimal cycle with the largest weight. The fact that there is at least one cycle
in W(¢) will follow from the rest of the proof.

For any cycle y = e ...ege1, extend the sequence e; fori > d + 1 such thate; y ; = ¢;
for each integer i > 1. Consider the sequence

pe(@1), P19 (py(83)), frlereTwleses) (py(23)), ...

of arcs in S. By Lemma 3.3, consecutive arcs are disjoint. Therefore, we have

- nd o -
du(pe(@r), fRi=1W it (py(é1))) < nd
for any integer n > 1. This demonstrates that
~ nd . ~
da(pg(@r)., fri=1wici+1)(py (1))
Y14 wieieiv)

< 1 nd 1
< lim = —.
n—o0 Z?il wleieir) W)

(a9) = lim

Since this inequality holds for any cycle y, it follows that the left-hand side in the
proposition is bounded from above by the right-hand side.

A key ingredient for the inequality in the reverse direction is a result of Minsky and
Taylor [12, Theorem 1.4], which states that there is a 1-Lipschitz retraction from the
arc complex A(S) to the set of arcs that are projections of the edges of the veering
triangulation of M under D¢ In particular, any two arcs f k(p¢ (e)) and f k/(pq) @)
in S are joined by a geodesic in the arc complex A(S) whose vertices are all of the

form f*"(py(")).

Fix &1 € E and let n be a positive integer. Denote the distance d.4(pg(é1), /" (pg(é1)))
by d,; then there is a sequence of arcs

FF1(ps1), f*2(pg(@2)), ..., fran+1(pg(Ea,11))
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such that consecutive arcs are disjoint in S, €4, 41 = e1, the k; are integers and
kq,+1—k1 =n. By Lemma 3.3, there is an edge from e; to e; 11 in W(¢) and we have

ki+1—ki <wl(ejejy1) foralli =1,...,d,. Summing these inequalities, we obtain
n< ngl w(eje;j+1). After dividing both sides by d,, and taking reciprocals, we have
dn 1
n = w(yn)

where y,, denotes the cycle ey ... eg, e;. In particular, this shows that there is at least
one cycle in W(¢).

Note that
da(ps @), f™(ps(@
a(pp@1). f"(py(e1))) — m d—”zliminf

n n—oo n n—00 w(yn)

ta(¢) = lim

The right-hand side in the proposition is a lower bound for 1/w(y) for any cycle y
in W(¢); therefore, it is also a lower bound for £ 4(¢). This completes the proof of the
reverse inequality. |

3.4 The graph A

In this section, we introduce a digraph A that serves as a model for the veering
triangulation. We will use this graph to compute the weighted graphs W(¢) discussed
in the previous section.

The vertices and edges of A correspond to the tetrahedra and the triangles, respectively,
of the veering triangulation of M. The edge corresponding to a triangle ¢ starts at the
tetrahedron that has ¢ as one of its two bottom triangles and ends at the tetrahedron that
has ¢ as one of its two top triangles. Note that every vertex has exactly two outgoing
and two incoming edges.

There is a one-to-one correspondence from the tetrahedra to the edges of the veering
triangulation that assigns to each tetrahedron its bottom edge. Using this correspondence,
we can alternatively think about the vertices of A as edges of the veering triangulation.
For an edge e € E, Figure 2 illustrates the two other edges e1, e € E such that there
is an edge of A from e; to e. We can describe e; and e; as follows. Expand the
smallest singularity-free rectangle containing e vertically as far as possible — the four
singularities on the boundary of the resulting rectangle R define the tetrahedron 7'
whose bottom edge is e. The edges e; and e; are the two edges of this tetrahedron
that are neither the top nor the bottom edges such that the interiors of the rectangles
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Figure 2: The edges e; and e, representing the vertices of A such that there
is an edge from those vertices to the vertex represented by e.

R, and R; obtained by expanding the smallest singularity-free rectangle containing
e1 and e, vertically cover the interior of R. This is because e; and e, are the bottom
edges of tetrahedra 77 and 7> determined by R; and R», respectively, and both T
and 75 have a bottom triangle that is a top triangle of 7.

We also label each edge of A by an element of G, called the drift of the edge. To
do this, choose a lift 7 of the triangle ¢ corresponding to an edge of A in the veering
triangulation of M. If the bottom edges of the tetrahedra right above and right below 7
are gé and g'é’, respectively, then the drift of the edge of A corresponding to ¢ is g~ ! g’
The drift measures how much the coefficient of the edge gé changes as we proceed to
the other edge g’¢’. Note that this definition is independent of the choice of the lift 7.

Recall that a digraph is strongly connected if there is a path from any vertex to any
other vertex. We will need the following lemma later:

Lemma 3.6 The graph A is strongly connected.

Proof Since pseudo-Anosov homeomorphisms of surfaces have dense orbits [14],
there is a dense flowline in M. A dense flowline visits every tetrahedron of the veering
triangulation infinitely often. Associated to this flowline is a bi-infinite path in A
visiting every vertex infinitely often. This shows that A is strongly connected. |

3.5 The extended graph A*

We also define a graph A*, obtained by adding some more labeled edges to A, one for
each tetrahedron of the veering triangulation of M. For each tetrahedron 7, we create
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an edge from the top edge to the bottom edge of 7. To define the label of this edge,
choose a lift of 7" in the veering triangulation of M. If the bottom and top edges of the
lift are g1€1 and gze3, then our edge points from e, to eq and has drift g5 lg,. This
definition is also independent of the choice of the lift.

To distinguish between the edges of A and the edges of A* that are not in A, we will
call the two types of edges triangle edges and tetrahedron edges, respectively, as a
reminder that they correspond to triangles and tetrahedra of the veering triangulation.

3.6 Computing the stashing sets

In this section we explain how the stashing sets Stash(e, ¢”) can be computed from the
digraph A*. We begin with a few definitions.

A path in the digraph A* is a sequence of edges ¢1, €2, ..., &, of A* with n > 1 such
that the endpoint of ¢; is the same as the starting point of &; 1 foralli =1,...,n—1.
We caution the reader that we cannot refer to edges of A* simply by their endpoints,
since there might be multiple edges between vertices; see Figure 11, for example.

The drift of a path is the product of the drifts of the edges of the path. Formally, the
drift of the path €165 ...¢, is

n
1_[ drift(e;) € G,

i=1
where drift(e;) € G denotes the drift of the edge ¢;.

A good path is a path whose first edge is a tetrahedron edge and whose remaining
edges are triangle edges.

Proposition 3.7 (stashing sets via good paths) We have

Stash(e, e’) = {drift(y) : y is a good path from e to e’ in A*}.
Proof First we show that the right-hand side contains the left-hand side. Suppose
g’ € Stash(e, ¢’), which means that & > g’¢". Let p be the intersection of the images of
¢ and g’¢’ in S under the projection M-S by collapsing the flowlines. The preimage

of p is a flowline that intersects ¢ and g’¢’. Consider the subinterval I of this flowline
between ¢ and g’¢’.

If 1 does not intersect an edge of the veering triangulation aside from its endpoints,
then it passes through a sequence of tetrahedra in a way that it enters each subsequent

Algebraic & Geometric Topology, Volume 23 (2023)



Fibrations of 3—manifolds and asymptotic translation length in the arc complex 4105
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Figure 3: The edges of the veering triangulation of M corresponding to a
good path in A*. Every edge after the first one (the blue edge with the largest
slope) is below the first edge.

tetrahedron through the interior of a face. Denote the bottom edges of these tetrahedra
by gi1€1,..., gkér, where gié; is the bottom edge of the tetrahedron whose top edge
is € and gré; = g’e’. Then there is a tetrahedron edge in A* from e to ey with drift g,
and a triangle edge from ¢; to e; 41 foralli = 1,...,k — 1 with drift gl._lgiH. Hence
there is indeed a good path in A* from e to ¢, = ¢’ with drift g = g’.

If I does intersect an edge of the veering triangulation aside from its endpoints, then
we can perturb I slightly so that it passes from one tetrahedron to the next through the
interior of a face. From this sequence of tetrahedra, we obtain a good path with drift g
just like in the previous case. The good path we get depends on how the perturbation
is done, but any of them works for our purposes.

For the other direction, let £1&5 . . . £, be a good path in A*. Let e; be the endpoint of &y
forallk =1,...,n and let ey be the starting point of 1. Forallk =1, ..., n, let Ry be
the maximal singularity-free rectangle obtained by expanding the smallest singularity-
free rectangle containing drift(e; ... &y )ey vertically as far as possible. Note that &g
and drift(e1)e; are the top and bottom edges of the tetrahedron corresponding to R;.
In particular, éq intersects R at its two horizontal sides. Each Ry ; is shorter and
wider than Ry, so, by induction, we see that ¢g also intersects R, at its two horizontal
sides (Figure 3). Therefore, drift(e; ...é&,)é,, being the arc connecting the vertical
sides of Ry, is indeed below ¢g. Hence, drift(e; .. .&;,) € Stash(eg, e5). O
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The drift of a path in A* is independent of the order of edges of a path. So it will often
be useful to think of a path in A* as a nonnegative integer-valued function on the edges
of A*, where the value on each edge is the number of times that edge appears in the
path. This viewpoint allows us to define the sum of two paths by taking the sum of the
corresponding functions.

By a cycle in the digraph A*, we mean a path ¢; ... &, consisting of triangle edges
such that the starting point of &1 coincides with the endpoint of &,. A minimal cycle is
a cycle that traverses every vertex at most once. A minimal good path in A* is a good
path €1 ... &, such that the endpoints of ¢; are pairwise distinct fori =1,...,n. Itis
allowed, however, that the starting point of £; coincides with one of the other vertices
traversed. There are finitely many minimal cycles and minimal good paths in A*.

Let y =¢;...¢, be a good path traversing the vertices ey, ..., e, and let y1,..., vk
be cycles in A*. We call the collection of paths y, y1, ..., yx connected if

(1) the triangle edges appearing in these paths (that is, every edge other than &1)
form a connected subgraph of A* when the orientations of the edges are ignored,
and

(2) at least one cycle y; traverses the vertex e; when n = 1.

We have the following decomposition lemma of good paths:

Lemma 3.8 (decompositions of good paths) The sum of a connected collection
of a minimal good path and a finite number of minimal cycles in A* is a good path.
Conversely, every good path in A* can be written as such a sum.

Proof To prove the first statement, we build up the sum step by step, adding one
minimal cycle at a time. Denote by 1 the minimal good path of the collection. There
must be a minimal cycle from the collection that forms a connected union together
with 7o. Their sum 7 is a good path. Then there must be another minimal good cycle
from the collection that forms a connected union with 7. Their sum is a good path 7,.
Repeating this process until all cycles are added, we obtain the first statement.

For the second statement, let y = €1 ..., &, be a good path in A*. If it is minimal, we
are done. If it is not minimal, then there are 1 <i < j < n such that the endpoints of
e;i and ¢; agree. Moreover, we can choose i and j so that j —i is as small as possible.
Then the subpath &; 1 ...¢; is a minimal cycle and y can be written as a sum of this
minimal cycle and a good path shorter than y. We can repeat this process of removing
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minimal cycles until the remaining good path is minimal. It is straightforward to verify
that the collection of summands is connected. Hence, we obtain the second statement. O

An immediate corollary of Proposition 3.7 and Lemma 3.8 is the following:

Corollary 3.9 Denote by P. . C G the set of drifts of minimal good paths from e
to e’ and by B C G the set of drifts of the minimal cycles of A*. The set Stash(e, e’) is
the set of products pb{" .. .b,‘:", where p € Pe e/, k > 0 is an integer, by, ..., by € B,
o1,...,0 are positive integers and p, by, . . ., by are drifts of a minimal good path and
minimal cycles that form a connected collection.

We will use Corollary 3.9 to compute exact values of the asymptotic translation length in
the arc complex in Section 7. For the proof of Theorem 1.1, the following approximation
of the stashing sets will be more convenient:

Corollary 3.10 Denote by P, C G the set of drifts of minimal good paths from
e to e’ and by B C G the set of drifts of the minimal cycles of A*. Furthermore, let

P;’e/ = Pe’e/ HbGB b Then
Pé’e/ (B)ZZO C Stash(g, e/) C ’Pe,e/ <B>Z20’

where (B)z_ , denotes the monoid generated by B.
By the product of two sets X and Y, we mean

XY ={xy:xeX,yeY}.

Proof The second containment is a trivial consequence of Corollary 3.9. The first
containment follows from Corollary 3.9 and the fact the union of any minimal good
path from e to ¢’ with all the minimal cycles is always a connected collection. This is
because, by Lemma 3.6, the graph of triangle edges is strongly connected, so the union
of all cycles or, equivalently, the union of all minimal cycles is a strongly connected
graph containing all vertices. |

4 Estimating the stashing sets

4.1 Monoids and cones

We begin this section by proving some general lemmas. We will use these lemmas to
estimate the stashing sets at the end of the section.
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For any B C R” and £ C R, we introduce the notation

k
(B)g = ;Zﬂibi Ibi EB, ni eé&
i=1
for the set generated by B with coefficients in £ (The empty sum is allowed in the
definition and it is defined to be zero.) For example, (B)Rr.,, is the cone generated by B
and (B)z_, is the monoid generated by B.

Lemma 4.1 Let B C Z" be a finite set and let C = (B)r_, be the cone generated
by B in R™. Then there exists some x* € Z" such that

(B)z.oN(x*+C)=(B)zN(x*+C).

In words, the lemma says that the sets (B)z_, and (B)z are equal inside the translated
cone x* + C. From this viewpoint, it is clear that the lemma also holds for any element
of the cone x* + C instead of x*.

Proof The left-hand side is clearly contained in the right-hand side for any x* € Z".
We will find some x* € Z" such that the reverse containment also holds. Let B =
{b1.....bpn} and consider the compact subset K = {>_/L, k;b; : 0 < k; < 1} of C.
Each element of K N (B)z can be represented in the form Y ;- n;b; with n; € Z. By
choosing such an expression for each element, we may choose a positive integer n* so
that all 7; that appear in these finitely many representations satisfy —n™ < ;.

We claim that the reverse containment in the lemma holds for x* = n* Z;"zl b;. To
see this, let x € (B)z N (x* + C). Since x € x* + C, we have x = ) /- | a;b; for
«; € R and «; > n*. We can rewrite this representation of x as
m m
x = leilbi + Y {ailbi.

i=1 i=1
where [o;] and {o; } denote the integer and fractional parts of ;. The first of the two
terms on the right is in ()7 and so is x, therefore the second term on the right is also
in (B)z. It is also in K therefore, we can replace it by > ;- n;b;, where n; € Z and
ni > —n*. Since [¢;] > n*, we obtain a representation of x as a sum of the b; with
nonnegative integer coefficients. Therefore, x € (B)z_,, and the right-hand side in the
lemma is indeed contained in the left-hand side. O
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Lemma 4.2 Letn > 2 and let B C Z" be a finite set. Let D C Hom(R", R) such that
the cone (D)R. , has nonempty interior in the n—dimensional vector space Hom(R", R).
Assume that Frob(¢ |, Z>0) < oo for every primitive integral point ¢ in (D)Rr_ . Then
the following statements hold:

(i) (B)z=17".
(i) The cone (B)Rr., has nonempty interior.

(iii) There exists x € Z" such that Z" N (x + (B)r.,) C (B)z-,-

Proof We begin by proving (i). If (B)z was a proper subgroup of Z", then there
would exist a surjective homomorphism ¢: Z" — Z such that ¢ ((B)z) is not all of Z.
Since ¢ is surjective, it is a primitive integral point in Hom(R”, R).

Let ¢o be any primitive integral point in the interior of (D)g_, that is not a scalar
multiple of ¢. For alarge enough positive integer N, N¢o+¢ is in the interior of (D)gr_,,.
We may choose a basis for the 2—dimensional lattice obtained as the intersection of
Hom(Z", Z) with the 2—dimensional subspace spanned by ¢¢ and ¢ in Hom(R", R)
such that ¢ has coordinates (0, 1). Let (¢, ) be the coordinates of ¢. Note that ¢ 7 0
and ¢ and r are relatively prime. From this, we see that, for any integer N, the point
W = Nqpo+ ¢ is primitive since it has coordinates (¢, ¥ + N¢). Since ¢ ({B)z) is not
all of Z, there is some integer d > 2 that divides every element of this image. Choosing
N = ad for some large positive integer a, we can see that all elements of ¥,4 ({(B)7)
are divisible by d. But this contradicts the fact that Frob(y,4|(5) Z>O) < Q.

The statement (ii) is a straightforward corollary of (i).
By Lemma 4.1, there is some x € Z" such that
(B)zZ.o N (x + (B)r.o) = (B)z N (x + (B)r.o)-
Using that (B)z = Z" from (i) and that the left-hand side is contained in (B)z_,, we
obtain (iii). O

Lemma 4.3 For all e € E, we have Stash(e, e) C (B)z.,-

Proof Observe that, for any tetrahedron edge of A* from e to ¢/, there is a path of
triangle edges from e to ¢’ with the same drift. To see this, choose a flowline close
to e that does not intersect any edges of the veering triangulation. This flowline has a
subarc that starts at the tetrahedron whose bottom edge is e and ends at the tetrahedron
whose bottom edge is ¢’ and whose top edge is e. Between the two tetrahedra, the
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flowline intersects a sequence of tetrahedra. This sequence defines a path from e to e’
with the required properties. As a consequence, for any good path in A* starting and
ending at the same vertex, there is a cycle in A with the same drift. So the statement
follows by Proposition 3.7. a

We are now equipped with the tools to prove the following statement, describing the
structure of the stashing sets:

Proposition 4.4 Let B C G be the set of drifts of the minimal cycles of A*. Then the
cone (B)R., has nonempty interior and there exists g € G such that

G Ng(B)R.y C (B)z-o-
Moreover, for every e, e’ € E, there exist g1, g> € G such that

GNgy (B>R20 C Stash(e,e’) C G N g2<B>RZo'

Proof By Corollary 3.4,

4-1) Frob(¢ |Stash(e,e)) <0

for every primitive integral point ¢ in —RF. If we replace Stash(e, e) with the
set (B) Z-o (Which is larger by Lemma 4.3) in (4-1), the statement remains true.
Therefore, we may use Lemma 4.2 with G =~ Z" and any generator set D for the
cone —R4 F to obtain that (B)r_, has nonempty interior and that there exists g € G
such that

4-2) GnN g<B)RZo C (B>Zz()'
Moreover, we obtain that there are g1, g» € G such that
G Ng1{B)Roy C P, o(B)z-, C Stash(e,e’) CPee(B)z.o, C G N g2(B)R-y-

where the first containment follows from (4-2), the second and third containments were
shown in Corollary 3.10, and the last containment follows from the simple observation
that g> can be chosen so that g5 1P,er C (B)R-, since (B)R. , has nonempty interior. O

4.2 Duality of cones

The goal of this section is to prove Proposition 4.5 below, which states that the cone over
the fibered face consists of precisely those cohomology classes that take nonpositive
values on the cone (B)r_,,-
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Proposition 4.5 Let B C G be the set of drifts of the minimal cycles of A*. Then the
interior of the cone R F C H'(M;R) can be described as

{p € H'(M:R): ¢(x) <0 forall x € (B)r_,}-

We remark that an analogous statement was proven by Fried [6, Theorem D]. In that
paper, Fried defined the set of homology directions of a flow on an n—dimensional
closed manifold and showed that the integral cohomology classes that correspond
to a fibration of the manifold over the circle are exactly the ones that take positive
values on the set of homology directions. Unfortunately, Fried’s proof assumes that
the manifold is closed, so the theorem cannot be directly applied in our case. In the
end of the introduction, Fried mentions that under appropriate hypotheses the results
carry over also to compact manifolds by doubling the manifold along the boundary, but
details are not given. In order to make the proof of Proposition 4.5 as transparent as
possible, instead of extending Fried’s theorem to the nonclosed case and relating the set
of homology directions to our cone (B)Rr.,, we give a direct proof of Proposition 4.5,
following Fried’s strategy but in the combinatorial spirit of this paper.

Before giving the proof of Proposition 4.5, we prove a few brief lemmas.

Given any nonzero ¢ € H'(M;Z), not necessarily in the fibered cone, consider the
infinite cyclic covering My — M corresponding to ¢. This covering induces an infinite
cyclic covering Ay — A of the graph A modeling the veering triangulation of M. We
define the drift of each edge of Ay as the drift of the its projection in A.

Define an integer-valued function on the vertices of Ay as follows. By associating
to each tetrahedron of the veering triangulation its bottom edge, each tetrahedron in
the veering triangulation of M can be referred to as geé for some g € G and e € E.
Since My is a quotient of M, where two edges g1¢ and g»¢é have the same image if
and only if ¢(g1) = ¢(g2), the integer ¢(g) is a well-defined invariant of the image of
any edge ge in M. This way we obtain an integer associated to each vertex v of Ag,
which we will denote by ¢ (v).

Lemma 4.6 For any nonzero ¢ € H'(M; Z), there exists some Q > 0 such that, if y
is a path in Ay starting at v and ending at v’, then

k
P =) =g+ pb)

i=1

for some q € 7. with |q| < Q and some k > 0 and b; € B.
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Proof It is straightforward to verify from the definition of ¢(v) and ¢ (v’) that

$(v) — ¢(v) = $(drift(y)) = $(drift(r(y))),

where 7(y) is the projection of y in the graph A with finitely many vertices. As in
Lemma 3.8, we can decompose () as a sum of minimal cycles and a path that does
not contain a cycle. By setting

0 = max{|¢(drift(§))| : 6 is a path in A containing no cycles},

we obtain the statement of the lemma. O

Lemma4.7 Let ¢ € H'(M;Z) such that ¢(b) <O forall b € B. If ... v_jvguy ...
is a bi-infinite path in Ay, then limy, o0 ¢ (Vy) = —00 and limy, oo ¢ (Vy) = 00.

Proof Using Lemma 4.6 and its notation, we have
kn
lim ¢(va) —¢(vo) = lim gn + Y p(bin),
where g, € Z with |g,| < Q and b; , € B. Since the ¢ (b; ) are negative integers and
limy,— 00 kn = 00, we have limy, o ¢ (v,) = —o0. The proof of the limit as n — —oco
is analogous. |

Lemma 4.8 Let ¢ € H'(M;Z) be such that ¢(b) < 0 for all b € B. Let vy be a
vertex of Ay and let V4 be the set of vertices (including vo) that are endpoints of a
path starting at vg. Then there exist N1, N> € Z such that

fveAy (V) S N1y CVEClveAy:dp(v) < Naj.

Proof If v e V4, then, by Lemma 4.6, we have

k
() =d (o) +q+ Y _d(bi),
i=1
where g € Z with |¢| < Q and b; € B. Hence, the second containment in the lemma
holds with N, = ¢(vg) + Q. For the first containment, observe that there is some
N1 <0 such that every integer less than N can be written in the form 25;1 ¢ (b;). This
follows from the fact that the cone (B)r., has nonempty interior and that the monoid
(B)z>0 contains every integral point in some translate of (B)r., (Proposition 4.4). O
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Proof of Proposition 4.5 First we will show that, if ¢ is a primitive integral point
in the interior of R4 7, then ¢(g) < 0 for all g € (B)r_,. It suffices to show this
for all g € B. Let y be a cycle in A with drift g. Corresponding to the cycle y is a
sequence of tetrahedra Ty, ..., Ty, in the veering triangulation of M such that, for each
i =1,...,m, the tetrahedra T;_1 and 7T; share a face and 7; is below 7;_1. Moreover,
T = gTp. Therefore, multiplication by g translates T to a tetrahedron below it.

By convention (see Section 2.1), the cohomology class ¢ evaluates to positive integers
on loops of M whose lift “goes up” (the endpoint of the lift is higher than the starting
point) in the infinite cyclic cover S x R — M corresponding to ¢. As we see from
the tetrahedron sequence, loops representing g lift to paths that “go down” in S x R.
Therefore, ¢ (g) < 0 indeed.

Consider the (open) cone
D={pecH'(M:R):¢(g) <Oforall g€ (B)r.o} C H (M:R).

What we have just proved implies that the interior of R4 F is contained in D. To
prove the proposition, we need to prove that, conversely, D is contained in the interior
of R F. If this was not true, then D would contain a primitive integral class on the
boundary of R F. (The boundary faces of the cone R F are defined by rational
equations, so primitive integral points are projectively dense on the boundary of R F)
Since primitive integral classes on the boundary of R F are known not to correspond
to fibrations, it suffices to show that if ¢ € D is a primitive integral class, then ¢ is
dual to a fibration.

A cut of Ay is a way of dividing the vertices of Ay into two disjoint nonempty sets V_qo
and V4, that are closed under “going forward” and “going backward”, respectively.
More precisely, if there is an edge from vy to vy in Ay, then vi € V_o implies
V2 € V_oo and vy € Vo implies v; € V.

To see that cuts exists, let v be a vertex of Ay and let V_o, be the set of vertices
(including v) that are endpoints of a path starting at v and let V, be the set of the
remaining vertices. It is clear that V_o, and V4, are closed under going forward and
going backward, respectively. It follows from Lemmas 4.7 and 4.8 that both V_,
and V4, are nonempty.

Next, we associate an embedded surface in My to each cut. Given a cut V_go U Vi,
let X be the union of triangles of the veering triangulation corresponding to the edges
starting at a point of Vs, and ending at a point of V_s,. To show that ¥ is a surface,
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Figure 4: The immersed subgraph I, in A whose vertices correspond to the
tetrahedra adjacent to e.

we need to prove that there are two triangles meeting at every edge. (We are gluing
together ideal triangles — their vertices are not part of the 3—manifold — therefore, we
do not need to check that the links of the vertices are circles.) Let e be an edge of the
veering triangulation of My and let 7' and 7" be the tetrahedra whose bottom and top
edges are e, respectively. The tetrahedra adjacent to e define an immersed subgraph I
of Ay with the structure shown in Figure 4.

Observe that either

(1) all vertices of I}, are in V_qo,
(2) all vertices of I}, are in Vg, or

(3) T € Voo, T' € V_s and exactly two edges of I}, start in Voo and end in V_q,
with one edge on each of the two paths from 7 to 7”7 in Tp.

Hence there are indeed either zero or two triangles meeting at every edge and ¥ is an
embedded surface.

Next, observe that each flowline in M intersects X at exactly one point. This is because
the tetrahedra intersected by the flowline give rise to a bi-infinite path ...v_jvovy ...
in Ag. By Lemmas 4.7 and 4.8, there exists some ig € Z such that v; € V_ if i > ig
and v; € V4 otherwise. Therefore, the flowline intersects exactly one triangle of X:
the one corresponding to the edge from v;,—1 to v;,. When the flowline intersects some
edges of the veering triangulation, the corresponding bi-infinite path is not unique, but
it is straightforward to verify that such flowlines also intersect ¥ in one point.

As a corollary, we obtain a homeomorphism ¥ x R — My defined by the formula
(x,1) = g¢(x), where g; denotes the flow on M.

Let h: My — My be the generator of the deck group of the covering My — M such
that ¢ (h(v)) = ¢ (v) — 1 for every vertex v of Ag. Our final step is to replace X with
a homotopic surface X’ in My such that #(X') is disjoint from and homotopic to X
This will show that the covering My — M comes from a fibration.
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Every surface X’ in My intersecting every flowline once can be represented by a
continuous function u#: ¥ — R such that ¥’ = {g,,(x)(x) : x € X}. For example, the
function corresponding to X is the constant zero function.

Let n be a positive integer and consider the surfaces X, h(X), ..., A" (X), which all corre-
spond to cuts of Ay, and therefore intersect every flowline once. Letug, ..., u,: X —R
be the corresponding functions. Let u’ = (ug + -+ + up—1)/n and let X’ be the
corresponding surface. The function corresponding to 2(X’) is (uq + -+ + uy)/n,
which is strictly larger than u’ at every point of X if n is large enough, since u, > uq
if n is large enough. Therefore, X’ is an embedded surface intersecting every flowline
exactly once such that #(X’) is homotopic to and disjoint from X’. Hence, My — M
comes from a fibration, and that is what we wanted to show. O

5 Lemmas on cones, lattices and volumes

This section contains various lemmas on cones, lattices and volumes in Euclidean
spaces that will be used to prove the main theorems. All results in this section are
self-contained and independent of 3—manifold theory.

5.1 Occupancy coefficients

Let V be an n—dimensional real vector space, let K C V' be a compact set with nonempty
interior and let A C V be a lattice. The occupancy coefficient occ(A, K) of K with
respect to the lattice A is the ratio

vol(K")
vol(V/A)’

where K’ = a 4+ bK with a, b € R, is a set of maximal volume that is obtained from K

(5-1) occ(A, K) =

by dilatation and translation and does not contain any point of A in its interior.
It seems difficult to compute occupancy coefficients in general, but some basic facts

can easily be deduced.

Lemma 5.1 The occupancy coefficient of a connected set in a 1-dimensional vector
space equals 1.

Proof Identifying V with R, we have A = aZ for some a > 0. Our connected set K
is an interval. The longest interval K’ that does not contain a point of A in its interior
has length a. By (5-1), we have occ(A, K) =a/a = 1. |
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Lemma 5.2 The occupancy coefficient is always at least 1.

Proof If a set K C V has volume less than vol(V/A), then its image in the n—
torus V /A is not everything; therefore, there is a translate of K that is disjoint from A.
So vol(K") >vol(V/A) for the set K’ with maximal volume and therefore the occupancy
coefficient is at least 1. m|

5.2 Occupancy coefficients as the lattice is varied

For any compact set K C V' with nonempty interior, introduce the notation
i K) = inf A, K),

min occ(K) Alg . oce( )
where A ranges over the lattices in V. By Lemma 5.2, min occ(K) > 1 holds for all K.
Lemma 5.3 Let K C V be a compact connected set with nonempty interior in an
n—dimensional vector space V. Consider the set
(5-2) occs(K) = {occ(A, K) : A C V is a lattice}.
If n =1, then occs(K) = {1}. If n > 2, then occs(K) is a half-infinite interval whose
left endpoint is min occ(K).
Proof The n =1 case follows from Lemma 5.1.

The space of lattices is connected and the occupancy coefficient is a continuous function,
so occs(K) is an interval. It is clear that the left endpoint of this interval is min occ(K).
It remains to show that A can be chosen so that occ(A, K) is arbitrarily large when n > 2.

Let eq,...,e, be a basis for V' and consider the sequence of lattices generated by
cey,cep,...,cep—1,ey, as c — 0. The covolumes of these lattices go to zero. However,
a dilated and translated copy of K that lies between the hyperplanes ¥ and e, + %,
where X is the hyperplane spanned by eq, ..., e,—1, is disjoint from all these lattices;
hence, vol(K’) in (5-1) is bounded from below as ¢ — 0o. So, indeed, the occupancy
coefficient can be arbitrarily large. a

5.3 The main technical lemma on Frobenius numbers

The following technical lemma is at the heart of the proof of Theorem 1.1:
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Lemma 5.4 Let A be a lattice in an n—dimensional real vector space V. Let C =
(B)r., be a cone with nonempty interior, generated by a finite set B C V. Let eg be
a point in the interior of C and let x1,x, € V be arbitrary. Then there is a constant
K = K(A, C,eq, x1,x2) > 0 such that the following holds.

Let A’ C A be such that
(5-3) ANxi+C)cNCAN(xy+C).

Let B:V — R be a linear tunction with B(eo) = 1 that takes rational values on A and
positive values on C — {0}. Let B be the unique positive scalar multiple of the B such
that B(A) = Z. Let P be a polytope that is the intersection of the hyperplane $~1(0)
and y — C for some y € V with 8(y) > 0. Then

— 1 [occ(A N B~L(0), P)-vol(R"/A)
FrOb(ﬁlA’) - \/ n VOI(C n ﬂ_l ([0’ 1]))

Bleo)! TV =D < K B(eo).

Proof Let Py be a polytope in the hyperplane 87~1(0), obtained from P by a dilatation
and translation whose interior does not contain any point of A and whose (n—1)—
dimensional volume is maximal with respect to this property. Let yo € V' be such that
Po=B"1(0)N(yo—C). Let Ag = B~1(0) N A be the lattice in the hyperplane 8~1(0).

Step 1 (upper bound on the Frobenius number) The following inequalities hold:

(5-4) Frob(B|a') < Frob(Blanx +¢))

= Frob(B|an(x; +Ao+C))

< Frob(B|An{zer":8(z)>B(x1+y0)})

< B(x1 + yo).
The first inequality follows from the containment A N (x1 4+ C) C A. The equality holds
because S(Ag) = 0. For the second inequality, note that, if z satisfies 8(z) > B(yo),
then z € C + Ay. This is because the polytope B~1(0) N (z — C) is a scaled-up copy
of Py, so it contains some x* € Ay in its interior and therefore z € x* + C C Ag + C.

So, if B(z) > B(yo + x1), then z € x1 + Ao + C. Finally, the last inequality simply
follows from the definition of the Frobenius number.

Step 2 (lower bound on the Frobenius number) Let Q be the polytope that is the
intersection of C and eg — C (see Figure 5). Let m = m(C, eg, A) > 0 be a number
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1=(1.1)
Ty L .' y

__-'ﬂ‘_‘(O) 0

Figure 5

such that any translate of mQ contains some point of the lattice A in its interior. We
claim that

(5-5) Frob(B|a') > Frob(B|an(x,+c)) > B(yo + x2) —mPB(eo).

The first inequality is a consequence of the containment A’ C A N (x; + C). For the
second inequality, consider the polytope U = B~ ([B(yo) — m. B(¥0)]) N (yo — C)
that contains the polytope yo —mQ.

The translate x, + U of U contains a point p € A in its interior. The side of x, + U
opposite to x5 + yo is contained in the level set B~ 1(B(x2 + yo) — m). Therefore,

B(p) > B(yo + x2) —m and
B(p) > B(yo + x2) —mB(eo).

The second inequality in (5-5) now follows from putting this together with the inequality
Frob(B| AN(C+x2)) = B(p), which holds because the elements of A on which B takes
the value B(p) are exactly the points of p 4+ Ag, none of which are contained in C + x5,
since the set U + Ay is disjoint from C + x,. (Figure 5 shows the case x, = 0.)

Let Y, be the pyramid (yo — C) N B~1([0, 00)).
Step 3 (expressing the volume of the pyramid Y,,, first way) We claim that
(5-6) vol(Yy,) = %ﬂ_(yg) occ(Ag, P)vol(R"/A).

One can see this by comparing the pyramid Yy, with a pyramid ¥ whose base is a
parallelepiped spanned by a basis of the lattice A in the hyperplane f~1(0) and whose
tip is some v € A with B (v) = 1. Note that a parallelepiped Z that contains the base
of Y as a face and eq as a vertex is a fundamental domain for A, since it is spanned by
n linearly independent elements of A and it only contains elements of A at its vertices,
since f is a primitive integral class with B(eg) = 1. So vol(Z) = vol(R"/A).
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Recall that the volume formulas for a pyramid and a parallelepided are (1/n)bh and bh,
respectively, where b is the (n—1)—dimensional area of the base and / is the height.
Since Y and Z have the same base and same height, but Y is a pyramid and Z is a
parallelepiped, we have

(5-7) vol(Y) = % vol(Z) = % vol(R"/ A).

Both Yy, and Y are pyramids with a base on the hyperplane f~!(0). To compare
the volumes, we need to compare their heights and the areas of their bases. The base
of Yy, is Pp and the base of Y is a fundamental domain for Ag. Therefore, the ratio
of the areas of the bases is the occupancy coefficient vol(Pg)/vol(B~1(0)/Ag) =
occ(Ag, Pg) = occ(Ag, P). The tips of Yy, and Y are at the level sets B~1(B(»0))
and B1(1), respectively; therefore, the height of Yy, is B(yo) times the height of Y.
The formula (5-6) follows from (5-7) and the comparisons between the bases and the
heights.

Step 4 (expressing the volume of the pyramid Y),,, second way) Let Y., be the
pyramid (eo — C) N B~1([0,00)). Using the similarity between the polytopes Yy,
and Ye,, we have
A n
(5-8) vol(Yy,) = ’;_iy 0 ol(Yy).
e

0)"

Step 5 (expressing B(yo)) Using the equality between the right-hand sides of (5-6)
and (5-8) and solving for B (y0), we obtain

jocc(Ag, P) vol(R"/A)

(5-9) ,3_()’0)="_\/ pEPSTIAN Bleg)! T/ (=),

Step 6 (conclusion) The pyramid Y, is isometric to the pyramid C N B~L(0, 1])
The statement of the lemma now follows from (5-9), the upper and lower bounds
(5-4)~(5-5) on the Frobenius number and the fact that all the error terms (B(x1), B(x2)
and m B (eq)) are constant multiples of B(eg), where the constant depends only on x7,
x2, C, A and ey. O

Remark 5.5 For a given C, ep and A as in Lemma 5.4 and any K > 0, there are only
finitely many linear functions B: V — R taking positive values on C — {0} and integer
values on A such that B(eg) < K. To see this, let vy, . . ., v, € C form a basis for A such
that eg is in the interior of the cone generated by the v;. That is, eg = c1v; +...cpvp
with ¢; > 0 fori =1,...,n. Then B(eg) = c1 (V1) + - - -+ cu B (vy), where the B(v;)
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are positive integers. From this, we see that there are only finitely many choices for
the B(v;) that make this sum less than K. Since the 8(v;) determine 8, we obtain that
there are indeed finitely many possibilities for S.

From Lemma 5.4 and Remark 5.5, we obtain the following:

Corollary 5.6 LetV, C, eg, A and N be as in Lemma 5.4. Consider a sequence of
pairwise distinct linear functions {f }ren and associated polytopes { Py }reN as in
Lemma 5.4. Then

Frob(Bela) | 0e(A N B (0). P)-vol(V/A)
k00 B (eg) 11/ (=D nvol(C OB, 1))

5.4 Cones with a tetrahedron base

In the following lemmas, 7; : R” — R denotes the projection to the i coordinate.

Lemma5.7 Letn>1 beanintegerandlet « = (a1, ..., ) be such that Y 7 _; o; =1
and o > 0 for each i. Let By = Z?zl a;j; and denote by T, the tetrahedron
RZ, N Bg " ([0, 1]). Then

n
vol(Ty) = nl l_[ ozl

Proof One vertex of Ty is the origin; the other n vertices are the intersections of the
hyperplane B, !(1) with the coordinate axes. For example, the intersection with the
first axis is the point (x1,0, ..., 0) that satisfies

1=,Ba(x1,0,...,0) =1X1,

which yields x; = 1/«y. Similarly, we obtain that the only nonzero coordinates of
the other intersection points are 1/«;. The parallelepided spanned by the intersection
points has volume [/_; 1/e; and the tetrahedron spanned by them has volume 1/n!
times that. d

5.5 Projective convergence of lattices

The occupancy coefficient term in Corollary 5.6 is not very well behaved, since the
lattices A N ,3,:1 (0) may vary wildly even when the linear functions 3 converge. It
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will be useful to single out subsequences where the lattices are stable in a sense. This
section introduces some lemmas and terminology for this.

Lemma5.8 Ifai,...,an€Zand vy,...,v, € R"T! are the columns of the (n+1)xn
matrix
(al 1 0 0 --- 0
0 a 1 O 0
0 0 as 1 . 0
(5-10) I ,
0 0 0 . ap— 1
00 0 -+ 0 ay
\1 0 0 0 0)
then (v1,...,vn)z = (V1,..., V)R NZ"T1L,
Proof The group (vy,...,v,)z is a finite-index subgroup of (vy,...,v,)g NZ"T1.

To show that they are equal, it suffices to show that there is some v, 41 € Z" 1 such
that vy, ..., vy form a basis for Z"**+1. The vector v, 41 = (0,...,0,1,0)7 has this
property, since, by adding this vector as the last column of the matrix above, we obtain
a matrix whose determinant is £1. O

If A and {Ag}ren are discrete subgroups of rank 7 in a vector space V =~ R”, then we

say that Ay — A projectively if there is a basis {v!, ..., v"} of A, a positive constant cj,
and a basis {v,i, ..., v} of Ay for every k € N such that limg _, ckv;C = v’ for every
i=1,...,r.

Lemma 5.9 Let A be a lattice in an n—dimensional vector space V. Let ¥ be a
hyperplane in V and let A be any lattice in 3. Then there exists a sequence {3y }reN
of hyperplanes in V such that X; N A is a lattice in Xy, for all k and X N A — Ay
projectively.

Proof First we prove the statement in a special case and then we use this special case
to prove the general case.

In the special case, we assume that ¥ N A is a lattice in X. In this case, we can choose
an isomorphism ¢: V' — R” that identifies A with Z" and the hyperplane X with the
orthogonal complement of (0, ...,0, 1)7. In this special case, we further assume that
Ay is rational; that is, there is a positive constant ¢ such that cAg C A. Then we may
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choose the isomorphism ¢ so that the columns of the n x (n — 1) matrix

bl 0o .- 0
0 bz 0
o o0 .- bn—l
o 0 .- 0

form a basis for t(cAg) for some by,...,b,—1 € Z. Applying Lemma 5.8 with
al-(k) = kb; fori =1,...,n—1 and all k € N yields a sequence of hyperplanes
(spanned by the columns of the matrix (5-10)) whose pullbacks by ¢ satisfy the required
properties.

To prove the general case, we take a sequence of hyperplanes X, converging to Xg
such that X,, N A is a lattice in X, for all m and, for each m, we take a rational lattice
A(Om) in X, so that the lattices A(Om) converge to Ag projectively. As we have already
shown, we can construct sequences of lattices of the required properties converging
projectively to each A(Om). From this, the statement of the lemma follows also for Ag. O

5.6 Projection of cones

The following lemma will be used for projections of the cone dual to the cone R .F.
Such projections naturally correspond to slices of the fibered face F.

Lemma 5.10 Let C = (B)r., C R" be the cone generated by some subset B C R".
Suppose C has nonempty interior and let p: R" — R¥ be a linear map such that p(Z™)
is a lattice in R¥. Then there exists x € R¥ such that p(Z") N (x + p(C)) C p(Z"NC).

Proof Since p(Z") is a lattice in R¥, the subset A = p~1(0) N Z" is a lattice in
the (n—k)—dimensional kernel p~1(0). Let K > 0 be large enough that B(y, K), the
ball of radius K centered at y, contains some a € A for all y € p~!(0). Since the
cone C has nonempty interior, there is some ¢g € C such that B(co, K) C C. But then
B(c,K)C C forall c € cg+ C.

We claim that any point b € p(Z") that lies in p(co+C) = p(co)+ p(C) is the image of
some point of Z” that lies in C. This will prove the lemma with x = p(cg). To see this,
let ¢ € co+ C be such that p(c) =b. We know that B(c, K) C C, and the ball B(c, K) is
centered around a point of the translate p~1(0) + ¢ of the subspace p~!(0). Moreover,
this translated subspace p~!(0) + ¢, being a preimage of b, contains some point in Z"
and hence contains a translate of A. As a consequence, (p~1(0) 4+ ¢) N B(c, K) N Z"
is nonempty and any element of it is a point of Z" that lies in C and maps to b. O
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6 Proof of the main theorem

We are now ready to prove our main theorem.

In the statement of the theorem, we use the following notions of duality. Let V' be a
vector space, let C = (B)r., be a cone with nonempty interior, generated by some
subset B C V, and let A C V be a lattice. Then the dual of the triple (V, C, A) is the
triple (V*,C*, A*), where V* is the dual vector space of V, the cone C* C V* is
the set of linear functions V' — R that take nonnegative values on C, and A* C V* is
the lattice consisting of linear functions that take integer values on A. Note that, if
¢:V — R is a linear function that takes positive values on C, then ¢ € int(C*).

Theorem 1.1 is a direct corollary of the following theorem, which additionally describes
the bounding function g:

Theorem 6.1 Let M be a connected 3—manifold that admits a complete finite-volume
hyperbolic metric. Let F be a fully punctured fibered face of the unit ball of the
Thurston norm on H'(M;R). Let 1 <d < dim(H'(M;R))—1, let Q be a rational
d—dimensional slice of F cut out by the (d +1)—dimensional subspace X, let C be the
cone ()Rr., in X and consider the lattice A = X N HY(M:Z) in £. Consider the
dual triple (X*, C*, A*) of the triple (X, C, A).

Let Graph(itg|g) C 2 xR be the graph of the normalized asymptotic translation length
function g, restricted to 2. Let g: int(2) — R4 be the function defined by the
formula

4| (d +1) volpx (c*n ,8(;1([0, 1))
minocc(C* N ,3;1 (1))

(6-1) g(p) =

’

where vol p+ is the translation-invariant volume form on X* with respect to which A*
has covolume 1 and B¢ denotes the linear function ¥* — R corresponding to the
element ¢ € X in the dual space of X*.

Then the set of accumulation points of the graph Graph(itg|g) is

{(w, g(w)) : w € int(RQ)}
ifd =1 and

{(w,r):weint(R),0<r < g(w)} U (02 x [0, o0))

if d > 2. Moreover, the function g is continuous and g(¢) — 0o as ¢ — 012.
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Proof Once again, we break the proof into several steps.

Step 1 (asymptotic behavior of the weighted graphs W(¢)) Every element of
H{(M;R) defines a linear function H (M ;R) — R and this linear function restricts to
a linear function ¥ — R. This way we obtain a natural linear map p: H;(M;R) — X*.
It is easy to see that p(G) = A*.

By Proposition 4.5, the elements of the cone C take nonpositive values on the cone
(B)R-,; therefore, p({(B)r.,) C —C*. Conversely, every element of —C™ is a linear
function ¥ — R that takes nonpositive values on C and every such linear function is a
restriction of a linear function H1(M; R) — R that takes nonpositive values on the cone
R F over the fibered face. By the other direction of Proposition 4.5, this last linear
function corresponds to an element of (B)r.,. Hence, we have p({(B)r.,) = —C*.

Fix some e, ¢’ € E. By Proposition 4.4, there are g1, g2 € G such that
G N g1(B)r., C Stash(e, eycGn g2(B)R-,-
We claim that it follows that there are some vy, v € X™* such that
A* N (vy + C*) C —p(Stash(e,e’)) C A* N (v +C™),

using additive notation in the vector space X*. The existence of vy follows from
Lemma 5.10. The existence of v; is simply a consequence of the identity p(A N B) C

p(A) N p(B).

Let eg: X — R be the linear function that takes the value 1 on 2. Note that ¢g is in
the interior of C*.

We now wish to apply Corollary 5.6 with V = X*, C = C*, ¢g, A = A* and N =
— p(Stash(e, e’)) to conclude that

(6-2) lim fr"b(@lzvz 4| oce(Ar ”ﬂil(o);sz)'_\;Ol(E*/A*) o
¢—d0 By(eg)!t/ (d + 1) vol(C* N B3 ([0, 1]))

where Py = ,8‘;1(0) N (y —C*) for some y € int(C*) and vol(-) is any translation-
invariant volume form on X*. The cohomology classes ¢ are rational points of the
interior of €2 and ¢y is an arbitrary element of €2.

It is straightforward to check that the hypotheses of Corollary 5.6 are satisfied. For
example, the classes B4 take positive values on C*, since ¢ is assumed to be in the
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interior of €2 and hence in the interior of C. The equality B4 (eo) = 1 holds because
eg takes the value 1 on €2 and ¢ is in €2. The rest of the hypotheses are also satisfied;
therefore, Corollary 5.6 applies and (6-2) holds.

Denote by wg(ee’) the weight of the edge ee’ in the weighted graph W(¢). Using the
definition (3-2), we have

we (ee”) = Frob(¢|_siash(e.e’)) = Frob(Bgla).

To see that the second equality holds, first note that B4 (p(x)) = ¢(x) for all x €
Hi(M;R). So ¢ (G) CQis the same discrete subgroup as ¢ (A*) = B4 (p(G)) CQ, so
¢ =c¢ and ,B_¢ = ¢y hold with the same constant ¢ > 0. Therefore, d(x) = ,g¢ (p(x))
for all x € H{(M;R).

Finally, we have B¢ (eg) = 1 = ||¢|| whenever ¢ € Q. After multiplying by ¢, we obtain
,54, (e0) = ||¢|l. Applying these substitutions to (6-2) yields

) . we(ee’) 4 occ(A* ﬂﬂ;l(O), Py) - vol(X*/A*) B
6-3) ¢1i>nqlﬁo ||t t1/d d+1) Vol(C* N ,3;1([0, 1])) =0

Step 2 (accumulation points in int(£2) x R) Assume that ¢y is in the interior of 2.
Let us apply Lemma 5.9 with V = X* A = A*, ¥ = ,3;01 (0) and for a lattice Ao
in X such that occ(Ag, Pg,) = a for some « € occs(Pgy,). Such a lattice A exists by
the definition of the set occs(Pg,) in (5-2). Lemma 5.9 guarantees that there exists a
sequence ¢ — ¢o such that

lim occ(A* N ﬂ;l(O), Py, ) = occ(Ag, Py,) =
k—o00 K

and therefore

(6-4) g, (ee’) _d\/ a vol(X*/A*)

k=00 || g |11/ \[ (d + 1) vol(C* N 51 ([0, 1]))

for each edge ee’. Since ¢y is in the interior of €2, the set C* N ,3;01 ([0, 1]) is a pyramid
of finite volume.

Now recall from (1-2) that pg(¢) = || |1 1/4£.4(¢). Moreover, by Proposition 3.5,
£ 4(¢) equals the reciprocal of the maximal average cycle weight in the graph W(¢).
By (6-4), the weight of each edge has the same asymptotics for the sequence ¢y ;
therefore, the average weight of every cycle also has the same asymptotics. So we can
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replace wg, (ee’) by 1/€4(¢x) in (6-4) and the limit still holds. Taking the reciprocal
of both sides, we obtain

. o[ (d +1)vol(C* N B 1([0,1]))
kll>moo Ha (Pr) = \/ a vol(Z*/A*)

i/(d + D) vola= (C* N B30, 1)

o

Such a sequence ¢y — ¢ exists for every o € occs(Pg,). Using Lemma 5.3 and the
fact that the polytope Py, in the hyperplane ,3501 (0) and the polytope C* N ,B;OI €))
in the hyperplane ,3;01 (1) are homothetic, we obtain that the accumulation points of
Graph(ug|g) in int(2) x R are as specified in the theorem.

Step 3 (accumulation points in Q2 xR) If ¢ — ¢, then the pyramid C*N ,8;1 ([0, 1])
converges to the set C* N ,8501([0, 1]). If ¢9 € 92 and hence ¢g € dC, then this limit
set is unbounded and has infinite volume. By Lemma 5.1, the occupancy coefficient
is 1 if d = 1; therefore, the expression under the root in (6-3) goes to 0. Hence,
limg g, we(ee’)/|PlI'T1/4 =0 and limg— 4, ta (¢) = 0o when ¢o € 32 and d = 1.
Therefore, Graph(itz|g) does not have any accumulation point in 2 x R when d = 1.

Similarly, the limit of the pyramids C* N ,3(;1([0, 1]) in the definition of g is an
unbounded set when ¢ — 9d<2. This shows that g(¢) — oo whenever ¢ — IQ. It is
clear that g is continuous.

It is now automatic that the set of accumulation points of Graph(ug|g) in 92 X R is
02 x [0, 00) when d > 2, since g goes to infinity at d€2 and the set of accumulation
points is closed. O

Next, we prove Theorem 1.4.

Proof of Theorem 1.4 Choose wy, ..., w41, the vertices of the simplex €2, as the
basis for 3. This choice of basis naturally defines coordinates on 3 and the dual
space X*. With these coordinates, we have C =~ R”ZZE)H ~ C*.

By Theorem 6.1, the function g takes the form

(@ + D volps (RES! N B, ([0. 1))

29 = min occ(Rigl N ,8;1(1))
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Using the definition of g* in the theorem and denoting B¢ for ¢ = Z?:ll a; w; by Bg,
where & = (a1, ...,0441), We can rewrite this as

| (d + 1) vol o« (Rggl NBz1([0,1]))

6-5 * =
(©>) g @ minocc(Riz{l NBLL(1))

Note that R‘igl N By (1) is a d—dimensional simplex for all e. All d—dimensional
simplices have the same minimal occupancy coefficient, since they differ only by a
linear transformation. Therefore, the denominator is a constant O, depending only
on d. (It is straightforward to check that this definition of O, is equivalent to the
definition provided in the introduction after Theorem 1.4.)

The volume in the numerator can be written as
vol(RZE N Bz 1([0,1]))
Vol(Rd‘"1 /A*¥)

(6-6) volax (REST M B2 ([0, 1])) =

’

where vol( - ) denotes the standard volume form on R?*1. Note that B4 = sz=+ 11 o T,
where 77; : R4+ — R is the projection to the i " coordinate. So we can apply Lemma 5.7

to obtain that

1
1 d+

“ @t o

6-7) vol(REE! n B (0. 11))

Finally, the covolume of A* equals the reciprocal of the covolume of A. By our choice
of basis, the volume form on ¥ 2 R4+ is the one with respect to which the lattice
I'={(w1,...,wg+1)z has covolume 1. So

1
vol(RZ+1/A)  volp(Z/A)
Putting together (6-5), (6-6), (6-7) and (6-8), we obtain that
@y = ¢TI Ve
O4 VOIA(E/F) '

This is what we wanted to prove. The fact that O; =1 follows from Lemma 5.1. O

6-8)  vol(RYT1/A*) = = vola(Z/T).

Using Theorem 6.1, we can also prove Theorem 1.8.

Proof of Theorem 1.8 The isomorphism i: 31 — X5 induces a dual isomorphism
i*:X35 — X7 of the dual spaces. By indexing the objects in the statement of Theorem 6.1
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by 1 and 2, corresponding to the manifolds M7 and M5, respectively, the isomorphism
i* identifies C; with C{*. From

_ vol(Z2/A2)

vol(Z/i(Ay))

_vol(Z1/AY)

~ vol(21/i*(A2))
and therefore vol;«(5,) = 6 vol A% The functions B¢ are also identified in the sense
that, for ¢ € Q1, we have B;(4,)(x) = By, (i*(x)) for all x € X5. So

| @+ Dvolys (C5 N ﬁi—(;l)([o, 1)))
\ minocc(Cy N ,31._(;51)(1))

@+ 1) voliepsy (CF 0 B3 (0. 1D)
\ min occ(C; N ,3;11(1))

we obtain that

g2(i(¢1)) =

d +1)8 vol = (CF N B ([0,
_ o @ DO (G O OID) _ gy
\ mmocc(C1 ﬂ,3¢1 (1)

by Theorem 6.1. =]

Finally, we show that the bounding function g in Theorem 1.4 is convex.

Lemma 6.2 For any § > 0 and integer n > 1, the function

f(ocl,...,ozn)=l_[ozi_3

i=1
is convex on its natural domain {(«1,...,0,) :e; >0 fori =1,...n}.
Proof The Hessian of log f is a diagonal matrix with diagonal entries §/ ozl.z. This
matrix is positive definite; therefore, f is logarithmically convex. Every logarithmically

convex function is also convex, since a composition of a convex function with the
increasing convex function e* is also convex. Hence, f is indeed convex. O

7 An example

In this section, we consider the simplest pseudo-Anosov braid on three strands, describe
the veering triangulation of its mapping torus, and compute the asymptotic translation
length in the arc complex for infinitely many fibrations of this 3—manifold. The purpose
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Figure 6: The half-twists o7 and o5.

of this computation is two-fold: to illustrate the methods of Section 3 on a concrete
example and to show that it seems very difficult to find an explicit formula for the
normalized asymptotic translation length functions u,; defined in (1-2).

A good reference for the pseudo-Anosov theory appearing in this section (invariant
train tracks, measured foliations and translation surfaces) is [4, Chapters 14 and 15].

Let S be the sphere punctured at four points Py, P>, P3 and P. Let o1 and o3 be the
half-twists illustrated in Figure 6.

Invariant train tracks

The train track 7 on the left of Figure 7 is invariant under f = 010, 1 (read from left
to right) and the train track z~! on the right is invariant under f~!. On each train
track, measures are parametrized by measures on two of the branches. The action
of f and f~! on the measures are (x1,x2) — (X2 4+ 2x1, X1 4+ x2) and (y1, y2) —
(y2 +2y1,¥1 + y2). In other words, both maps are described by the matrix (% %),

whose eigenvalues are ¢? and ¢ 2

x2 — x — 1. The eigenvector corresponding to @2 is (¢, 1). Therefore the unstable

, where ¢ is the golden ratio, the largest root of

foliation F* is represented by the measure (x1, x2) = (¢, 1) on 7 and the stable foliation
F* is represented by (y1, y2) = (1,¢~!) on t™!. (The invariant measured foliations are
well defined only up to scaling. We choose the scaling in a way that will be convenient
later on.)

W 2 %

Figure 7: The invariant train tracks t and 77!,
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(¢ 1)

Figure 8: The measures of the edges with respect to 7* (second coordinate)
and F¥ (first coordinate).

The half-translation surface

Our next goal is to draw a picture of the half-translation surface whose horizontal folia-
tion is ¥ and whose vertical foliation is F*. For this, consider the ideal triangulation
of S consisting of four triangles, shown in Figure 8. The measures of the edges with
respect to 7% and F* can be obtained from the measured train tracks. These measures
on the edges provide the widths and heights of the edges in the half-translation surface.
Using these coordinates for the edges, we obtain the upper left picture in Figure 9
showing the half-translation surface defined by F* and F*.

5
P ) 72
P3 p P1
0 2

P
P, 3

P P,

Figure 9: The half-translation surface defined by % and F°. Pairs of bound-
ary edges are identified by 180° rotations.
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The veering triangulation

We can now use Guéritaud’s construction to find the veering triangulation of the mapping
torus M. Flipping the edges P; P, and P P3 yields the upper right triangulation in
Figure 9. Then flipping P> P3 and P P; yields the third triangulation in Figure 9. This
triangulation is the image of the initial triangulation under f (stretched horizontally
by @2 and compressed vertically by ¢~2). So the veering triangulation 7 is obtained by
gluing two tetrahedra below the initial triangulation, then two tetrahedra under that, and
finally mapping the top (initial) triangulation to the bottom (final) triangulation by f.

Therefore, t consists of four tetrahedra, four edges and eight faces. The four edges
are colored by blue, red, purple and green. Note that the top and bottom edges of the
tetrahedra and either blue and red or green and purple. For each tetrahedra, the other
four edges are colored by four different colors.

The infinite cyclic cover of S

The homology of § is generated by the loops c1, ¢2 and ¢3 around the punctures Py, P>
and P3, respectively. We have f(c1) =cs3, f(c2) =cy and f(c3) =c3. Therefore the f—
invariant cohomology is H'(S;Z)/ = («), where a(¢1) = a(c2) =a(c3) = 1. Let ¢ be
a generator for H = Hom(H (S; Z)/ , Z) =~ Z. By evaluating elements of H'(S;Z)’
on loops, we obtain a surjective homomorphism 71 (S) — H. Corresponding to this
homomorphism is an infinite cyclic covering S — S. For more details about the theory,
see [11, Section 3].

To construct S explicitly, cut the upper left surface in Figure 9 along the edges P Py,
P P, and P Ps, take infinitely many copies of this cut-up surface, and reglue the edges
according to the labeling in the left column of Figure 10 to obtain a surface S. (Ignore
the meaning of the labels for now; we will elaborate on that later.) The action of the
deck transformation ¢ is translating each triangle to the triangle below it. To check
that this is the right infinite cyclic covering, all we need to check is that the loops ¢y,
¢z and c3, oriented clockwise, all lift to paths in S connecting some point x to 7x;
therefore, c1, ¢z and c3 all map to ¢ under the homomorphism 71 (S) — H.

The maximal abelian cover of M

To construct the maximal abelian cover M of M and its veering triangulation, we start
with the triangulated surface in the left column of Figure 10 and we build down by
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Figure 10: Part of the 2—skeleton of the veering triangulation on the maximal
abelian cover M of M. The picture continues in all four directions indefinitely.
The deck transformation ¢ acts by translating down by one triangle. The deck
transformation u acts by translating to the right by two columns, rotating each
triangle by 180°, and stretching horizontally by ¢? and vertically by 1/¢?.

gluing tetrahedra below it in the same way as we did for the construction of the veering
triangulation of M.

First, we glue tetrahedra to all quadrilaterals whose diagonals are lifts of the edges
Py P and P P3. The bottom of the resulting cell complex is triangulated as shown in
the second column (after some rearranging of the triangles to make the second column
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look similar to the first column). Then we glue another round of tetrahedra to the bottom
again obtain a cell complex whose bottom is triangulated as shown in the third column.

Take infinitely many copies of this cell complex, indexed by Z. Choose a lift f of f
identifying the triangulated surface in the first column with the triangulated surface in
the third column, and use this to glue together the top of copy i with the bottom of copy
i + 1. There is an isomorphism u of the resulting cell complex that maps copy i + 1 to
copy i. (One should think of copy i 4 1 to be above copy i in the flow. Therefore, u
shifts downward.) Our 3—manifold M is the quotient of this cell complex by the group
generated by 7 and u.

Labeling the edges by G

The labeling of the edges in Figure 10 can be found as follows. First, for each color,
label exactly one edge in the left column by 1. These edges are the chosen lifts of the
four edges of the veering triangulation of M. For simplicity, we have chosen all four
lifts in the upper left triangle.

Using the f—action, the translates of the four edges in the middle left and bottom left
triangle should get the labels ¢ and ¢2, respectively. Using the identification of the
boundary edges, we can label all edges in the left column except one red and two purple
edges in each triangle.

Now, using the u—action, we can label all edges in the right column except one red and
two purple edges in each triangle.

The second column is obtained from the first column by flipping two edges for each
triangle, and the third column is obtained from the second column analogously. This
yields identifications between certain edges in the first and second columns and also in
the second and third columns. In fact, the one purple and two red edges in each triangle
in the first column are present in the third column, where they are already labeled.
Copying this labeling to the first column yields a complete labeling of edges there.

Now, using the u—action, we obtain a complete labeling of the third column as well.
Finally, using the identifications between the first and second and the second and third
columns, respectively, it is possible to fully label the second column as well.

7.1 The graph A*

Using Figure 10, it is straightforward to construct the graph A* defined in Section 3.5.
See Figure 11.
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1y
tu
u t
172 i)
)’.
t2u

Figure 11: The graph A* corresponding to the fibered face containing the
pseudo-Anosov braid f = 010, 1. The black edges are the triangle edges
and the red edges are the tetrahedron edges. Therefore the graph A is the
subgraph consisting of black edges.

7.2 Minimal cycles and minimal good paths
The minimal cycles are listed in Table 1 with their drift. Denoting the set of drifts of
minimal cycles by B as in Section 3.6, we have

B={"Yuu, tu, 1722, 12u?}
and
(B)R.o = {*u : |a] < b}.

The minimal good paths are listed in Table 2.

7.3 Determining the stashing sets Stash(e, e’)

For a minimal good path y, denote by Stash(y) the set of drifts of good paths that
decompose as the union of y with minimal cycles (see Lemma 3.8).

Proposition 7.1 If y is a minimal good path in A*, then Stash(y) = drift(y)- D, where
(B)z.,—{tu}  if y =RB,BR,RBR, BRB,
D = {(B)z.,—{t"'u} if y=GP,PG,GPG, PGP,
(B)z-, otherwise.

cycle | RBR RGR BPB GPG RBPGR RGPBR
drift 1y u u tu 12u? 12y

Table 1: The drifts of minimal cycles.

Algebraic & Geometric Topology, Volume 23 (2023)



Fibrations of 3—manifolds and asymptotic translation length in the arc complex 4135

path RB RBR RBP RBRG RBPG RBRGP RBPGR
drift | 'uw 2% w2 W 2w B tu’

path BR BRB BRG BRBP BRGP BRBPG BRGPB
drift | ~1u? 1y u? tu’ u3 t2u3 723

path GP GPG GPB GPGR GPBR GPGRB GPBRG
drift tu? 2u? 1y tu’ 72y3 tu’ 1yl

path PG PGP PGR PGPB PGRB PGPBR PGRBP
drift tu tu? w2 T2 u? 723 2u3

Table 2: The drifts of minimal good paths.

Proof If y consists of three or four edges, then it forms a connected collection with
all minimal cycles. So, in these cases, we have D = (B)z_,.

If y = RBP, then the only minimal cycle y does not form a connected collection with
is RGR. But the drift of the cycle BPB is the same as the drift of the cycle RGR, so we
still have D = (B)z_,. We obtain D = (B)z_, similarly for y = BRG, GPB and PGB.

For the remaining four possibilities for y starting with R or B (namely RB, BR, RBR
and BRB), the cycles RBR, RBPGR and RGPBR form a connected collection with v,
so t~lu,t?u?,t72u? € D. Also, at least one of RGR and BPB forms a connected
collection with y, so u € D. However, the cycle GPG does not form a connected
collection with y, so tu ¢ D.

It remains to show that all elements of (B)z. , — {fu} that are not nonnegative integral
linear combinations of u, t~1u and t%u? are _in D. This follows from the fact that, once
we add to y a minimal cycle with drift u or 212, we can now add the cycle GPG to
obtain a connected collection. So the translated cones u(B)z_, and tzuz(B)ZZO are
contained in D. This completes the proof in the case that y starts with R or B.

The proof is analogous if y starts with G or P. |

Proposition 7.1 allows us to determine the stashing set Stash(e, ¢’) for every pair
e,e’ € {B, R, G, P} using the formula

Stash(e, ') = U{Stash(y) .y is a minimal good path from e to e'}.
For example,
Stash(R, R) = Stash(RBR) U Stash(RBPGR)
=172u*((B)z., — {tu}) Utu*(B)z_,.
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since drift(RBR) = t ~2u? and drift(RBPGR) = tu3. We can visualize that computation
as follows.

Draw the cone (¢!

the vertical axis is the u—axis. Mark the point # ~2u? with a “left tick” and the point 713
with a cross, indicating the coloring of the sets t_zuz((B)Z20 —{tu}) and tu3(B)ZZO.
The union of these two sets forms Stash(R, R). Figure 12 illustrates the computation
for all Stash(e, ¢’).

u,u,tu)z_, asin Figure 12. The horizontal axis is the /—axis and

7.4 The fibered face

Denote by ¢, j the element of H'(M) such that ¢ap(t) =a and ¢, p(u) =b.

1

Lemma 7.2 The monodromy f = 010, * corresponds to ¢, 1.

Proof The homology class ¢ can be represented by loops in M that are in the fiber
dual to f, and loops representing # wind around the fibration dual to f once in the
opposite direction of the flow. a

Let F be the fibered face such that the cone R F contains ¢g 1.
Lemma 7.3 Ry F ={¢ap:lal| <—b,b<0}.

Proof By Proposition 4.5, the cone R+ F contains precisely those cohomology classes
that take nonpositive values on (B)r., = (t7u, TU)R~ - |

Lemma 7.4 lpo,—1]| = 2.

Proof The fiber dual to f is a four-punctured sphere and has Euler characteristic —2.
O

Lemma 7.5 We have ||¢, | = —2b whenever ¢, j, € R F.

Proof This follows from Lemma 7.4 and the fact that the Thurston norm on the
cone R F has the symmetry ¢, 5| = [|¢—gpll. This symmetry can be seen from
the following symmetry § of the veering triangulation of M. The symmetry § maps
the upper left triangulation in Figure 9 to the upper right triangulation by vertical
reflection and a horizontal stretch. This map extends to a symmetry of the whole
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Figure 12: The sets Stash(e, e’) for all pairs e, e’ € {R, B, G, P}.
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veering triangulation and exchanges the red edge with the green edge and the blue edge
with the purple edge. The symmetry §: M — M maps the fiber S to a homotopic fiber
by an orientation-reversing map, but preserves the orientation of the flow. Therefore,
the action on homology is 8« (#) = u and §«(¢) = —¢. So, in the cone R 7, two integral
points ¢_, p and ¢, p are dual to homeomorphic fibers and hence their Thurston norms
are equal. O

Corollary 7.6 F=A{pa—1/2:lal <3}.

7.5 Accumulation points of the graph of u;

We will apply Theorem 1.4 to the fibered face F to find the accumulation points of the
graph of the function p1. According to the theorem, the set of accumulation points is
the graph of a continuous function g: int(F) — R4.

2
Proposition 7.7 g(@a,—1/2) = m'
2 2

Proof By Theorem 1.4, we have

. _ 1
glawr + (1 —ajwz) = g™ (@ 1 —a) = oo (=)’

where @1 = ¢_1/2_1/2 and w2 = ¢1/2 _1/2, T = H'(M:R) and A = H' (M Z).
Since
det (

the covolume in the denominator is % So

NIEINTEN
|
Nl= D=
\—/
Il
NI—

2
g(D—a/2+(1—-a)/2,~1/2) = a(l—a)
and, by substituting a = % — o, we obtain the desired formula. O

7.6 Exact values of the function g

Proposition 7.8 For the primitive integral cohomology classes ¢ listed in Table 3, the
asymptotic translation length £ 4(¢) of the monodromy corresponding to ¢ is as shown
in the table.

For each fibration, the table also shows the cycles of A* with maximal average weight.
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¢ LA(9) maximal cycles

bo,-1 2 BPB, RGR
¢1,2 : BB

¢1,-3 5 BB, RR
P1,—4 % RR
$1.—k (k > 5 0dd) 2/(k + 1)? BB
¢1,-k (k> 6even) 2/(k*+2k—1) BPB

Table 3

We remark that these cycles correspond to bi-infinite geodesics in the arc complex of
the fiber that are invariant under some power of the monodromy.

Proof Using the stashing sets Stash(e, ¢’) shown in Figure 12, we can determine the
weighted graphs W(¢) using the definition (3-2).

Case 1 (¢o,—1, $1,—2. $1,—3 and ¢1,—4) In these cases, we find the graphs W(¢)

shown in Figure 13 by a case-by-case inspection of each set in Figure 12. The maximum

1

averages are %, 6, 9 and 13; therefore, the asymptotic translation lengths are %, %, 3

and %, respectively, by Proposition 3.5.

Case 2 (k > 5is odd) Note that 1 k—1/2y(k+3)/2 qnq ;—k+1)/29,(k+1)/2 gpe ot
in Stash(B, B), and both evaluate to —%(k + 1)? by ¢1,—k- Hence, %(k +1)% ¢
—¢1 —k (Stash(B, B)). One easily verifies that %(k + 1)? is in fact the largest integer
that is not contained in —¢; _ (Stash(B, B)). Since Stash(B, R) = Stash(B, B), it is
also the largest integer not contained in —¢; _x (Stash(B, R)).

The set
Zy ={tub Lk -1 <a<lk—1),b>Lk+3)}

is contained in Stash(R, R), Stash(R, B), Stash(R, G), Stash(R, P), Stash(B, G),
Stash(G, G), Stash(G, R), Stash(G, B), Stash(P, G), Stash(P, B) and Stash(P, R),
so the weights of the corresponding edges are less than

k-3 +3)—5(k—=1)=3(k>+2k+1) = 3k +1)*.

The set ¢t Z, is contained in Stash(G, P) = Stash(P, P), so the weights of the corre-
sponding edges are strictly less than %(k +1)2 —1. For the only remaining pair, (B, P),
one can check that w(B, P) = %(k +1)2-1.
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Figure 13: The graphs W(¢o,—1) (top left), W(¢p1,—2) (top right), W(p1,—3)
(bottom left) and W(¢1,—4) (bottom right).

Therefore, w(B, B) = w(B, R) = %(k + 1)2 and the weights of the other edges are
strictly smaller. Therefore, the largest average cycle weight is %(k + 1)2, realized only
by the loop on the blue vertex.

Case3 (k > 6iseven) The set

Wi ={t%ub Yk <a<l(k—2),b> Lk +2)} — (1 *2/2,k+2)/2,

is contained in Stash(R, R), Stash(R, B), Stash(R, G), Stash(B, R), Stash(B, B),
Stash(G, R) and Stash(G, B); therefore, the weights of the corresponding edges are at

most
X =k 3k +2)—3(k—2)=L(k*+k+2).

The set tWj, is contained in Stash(R, P), Stash(B, G), Stash(G, G), Stash(P, G),
Stash(P, B) and Stash(P, R); therefore, the weights of the corresponding edges are at
most X — 1.

The set t2 W is contained in Stash(G, P), Stash(P, P), therefore the weights of the
corresponding edges are at most Xz — 2.
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There is one remaining edge: BP. Neither 1 ~(k=2)/2y(k+2)/2 yop 1 (k+2)/2,(k+4)/2 g
in Stash(B, P) and both expressions evaluate to %(k2 + 3k —2), so one can verify
that w(B, P) = %(k2 + 3k —2). One can also check that w(P, B) is in fact exactly
Xy — 1; therefore, the cycle BPB has average weight %(k2 + 2k —1). Since this weight
is larger than X, no other cycle can have the same of larger average weight. O

Finally, we give the proof of Theorem 1.6.

Proof of Theorem 1.6 Parametrize the fibered face F with the interval [—1, 1], using
the map ¢, — a/b.

Using Lemma 7.5, we have [|¢o,—1]|* = 4 and ||¢+1 —¢||*> = 4k? for every integer
k > 2. Together with Proposition 7.8, we obtain the values of tt1(¢) in Theorem 1.6 for
t <0. By the symmetry discussed in the proof of Lemma 7.5, we have p;(¢) = wq(—1t)
for all t € (—1, 1), which yields the claimed values of () when ¢ > 0.

Using the substitution ¢ = a/ (—%) whence a = —%t, in Proposition 7.7, we obtain
that the set of accumulation points of the graph of (¢) is the graph of

2 8

T, 1.0(1_ 1, 2°
(z+20)(z—31) 1-¢
as claimed. Finally, it is straightforward to check that yt1(t) < 8/(1 —t2) for all values
of ¢ for which we have determined 1 (¢). a
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A uniformizable spherical CR structure
on a two-cusped hyperbolic 3—manifold

YUEPING JIANG
JIEYAN WANG
BAOHUA XIE

Let (Iy, I, I3) be the complex hyperbolic (4,4, co) triangle group. We prove
Schwartz’s conjecture that (I, I5, I3) is discrete and faithful if and only if 71131513
is nonelliptic. If 11131, I3 is parabolic, we show that the even subgroup (1,13, I51;)
is the holonomy representation of a uniformizable spherical CR structure on the
two-cusped hyperbolic 3—manifold s782 in SnapPy notation.

20H10, 22E40, 51M10, 57M50

1 Introduction

Let H(ZC be the complex hyperbolic plane and PU(2, 1) be its holomorphic isometry
group; see Section 2 for more details. It is well known that Hé is one of the rank-one
symmetric spaces and PU(2, 1) is a semisimple Lie group. H(zc can be viewed as the
unit ball in C? equipped with the Bergman metric. Its ideal boundary BH?C is the
3—sphere S3. We study the geometry of discrete subgroups of PU(2, 1).

Let M be a 3—manifold. A spherical CR structure on M is a system of coordinate charts
into S3 such that the transition functions are restrictions of elements of PU(2, 1). Any
spherical CR structure on M determines a pair (p, d), where p: 71 (M) — PU(2, 1) is
the holonomy and d': M — S3 is the developing map. There is a special spherical CR
structure. A uniformizable spherical CR structure on M is a homeomorphism between
M and a quotient space 2/ I', where I' is a discrete subgroup of PU(2, 1) and 2 C BH%:
is the discontinuity region of I". An interesting problem in complex hyperbolic geometry
is to find (uniformizable) spherical CR structures on hyperbolic 3—manifolds.

Geometric structures modeled on the boundary of complex hyperbolic space are rather
difficult to construct. The first example of a spherical CR structure existing on a cusped
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4144 Yueping Jiang, Jieyan Wang and Baohua Xie

hyperbolic 3—manifold was discovered by Schwartz. In [23], Schwartz constructed
a uniformizable spherical CR structure on the Whitehead link complement. He also
constructed a closed hyperbolic 3—manifold that admits a uniformizable spherical CR
structure in [26] at almost the same time.

Let Mg be the complement of the figure eight knot. In [9], Falbel constructed two
different representations p; and p, of w1 (Mg) in PU(2, 1), and proved that p; is the
holonomy of a spherical CR structure on Mg. In [11], Falbel and Wang proved that
P> is also the holonomy of a spherical CR structure on Mg. In [7], Deraux and Falbel
constructed a uniformizable spherical CR structure on Mg whose holonomy is p;. In [6],
Deraux proved that there is a 1-parameter family of spherical CR uniformizations of the
figure eight knot complement. This family is in fact a deformation of the uniformization
constructed in [7].

Let us return to the Whitehead link complement. It admits a uniformizable spherical CR
structure which is different from Schwartz’s. In the recent work [22], Parker and Will
also constructed a spherical CR uniformization of the Whitehead link complement. By
applying spherical CR Dehn surgery theorems to the uniformizations of the Whitehead
link complement, one can get infinitely many manifolds which admit uniformizable
spherical CR structures. In [28], Schwartz proved a spherical CR Dehn surgery theorem,
and applied it to the spherical CR uniformization of the Whitehead link complement
constructed in [23] to obtain infinitely many closed hyperbolic 3—manifolds which
admit uniformizable spherical CR structures. In [2], Acosta applied the spherical CR
Dehn surgery theorem he proved in [1] to the spherical CR uniformization of the
Whitehead link complement constructed by Parker and Will in [22] to obtain infinitely
many one-cusped hyperbolic 3—manifolds which admit uniformizable spherical CR
structures. In particular, the spherical CR uniformization of the complement of the
figure eight knot constructed by Deraux and Falbel [7] is contained in this family.

There are some hyperbolic 3—manifolds described in the SnapPy census (see [4])
which admit spherical CR structures. In [5], Deraux proved that the cusped hyperbolic
3—manifold 7,009 admits a uniformizable spherical CR structure whose holonomy
representation was constructed by Falbel, Koseleff and Rouillier in [10]. In [16; 18], Ma
and Xie proved that the cusped hyperbolic 3—manifolds 72038, s090, m295 and 6? admit
spherical CR uniformizations. They also gave the second explicit example of a closed
hyperbolic 3—orbifold which admits a uniformizable spherical CR structure in [17].

We show that the two-cusped hyperbolic 3—manifold s782 admits a uniformizable
spherical CR structure. By studying the action of the even subgroup of a discrete
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complex hyperbolic triangle group on HZ2., we prove that the quotient space of its
discontinuity region is homeomorphic to s782. That means the holonomy representation
of the spherical CR uniformization of 5782 is a triangle group.

Now let us talk about the complex hyperbolic triangle groups. Let A, 4 » be the abstract
(p, g, r) reflection triangle group with the presentation

(01,02,03 | 0} = 07 = 07 = (0203)7 = (0301)? = (0,02)" =id),

where p, ¢ and r are positive integers, or co in which case the corresponding relation
disappears. A complex hyperbolic (p, q,r) triangle group is a representation of Ap 4 »
in PU(2, 1), which maps the generators to complex involutions fixing complex lines
in H(ZC. The study of complex hyperbolic triangle groups was begun by Goldman and
Parker, and in [13] they studied the complex hyperbolic (co, 0o, 00) triangle groups.
They conjectured that a representation of Ao, 00,00 into PU(2, 1) is discrete and faithful
if and only if the image of 0707073 is nonelliptic. The Goldman—Parker conjecture
was proved by Schwartz in [24] (and with a better proof in [27]). In particular, the
representation with the image of 010,03 being parabolic is closely related with the
holonomy of the spherical CR uniformization of the Whitehead link complement
constructed in [23]. In the survey [25], a series of conjectures on complex hyperbolic
triangle groups are put forward.

Conjecture 1.1 (Schwartz [25]) Suppose that p < g <r. Let (I, 15, 13) be a
complex hyperbolic (p, q, r) triangle group. Then (I, I, I3) is a discrete and faithful
representation of Ap 4, if and only if 11131513 and 111513 are nonelliptic. Moreover:

e If3 < p <10, then (I, I, I3) is discrete and faithful if and only if 1115113
is nonelliptic.

e If p > 13, then (I, I, I3) is discrete and faithtul if and only if 111,15 is
nonelliptic.

In a recent work [22], Parker and Will proved Conjecture 1.1 for complex hyperbolic
(3, 3, 00) groups. They also showed that, when /1 /31,15 is parabolic, the quotient
of Hé by the group (I, 13, I51;) is a complex hyperbolic orbifold whose boundary
is a spherical CR uniformization of the Whitehead link complement. In [21], Parker,
Wang and Xie proved Conjecture 1.1 for complex hyperbolic (3, 3, n) groups with
n > 4. Furthermore, Acosta [2] showed that when 131,15 is parabolic the group
(I, 13, I,1;) is the holonomy representation of a uniformizable spherical CR structure
on the Dehn surgery of the Whitehead link complement on one cusp of type (1,7 — 3).
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We give a proof of Conjecture 1.1 for the complex hyperbolic (4, 4, oo) triangle groups
and further analyze the group when I /31,13 is parabolic. Our result is as follows:

Theorem 1.2 Let (11, I, I3) be a complex hyperbolic (4,4, co) triangle group. Then
(I1, I, I3) is a discrete and faithful representation of A4 4,0 if and only if 11131513
is nonelliptic. Moreover, when 1,131,153 is parabolic, the quotient of Hé by the
group (I, 13, I, 1) is a complex hyperbolic orbifold whose boundary is a spherical CR
uniformization of the two-cusped hyperbolic 3—manifold s782 in the SnapPy census.

In [29], Wyss-Gallifent studied the complex hyperbolic (4, 4, co) triangle groups. He
discovered several discrete groups with I /31, I3 being regular elliptic of finite order
and conjectured that there should be countably infinitely many. It would be very
interesting to know what the manifold at infinity is for the group with /{131, 3 being
regular elliptic of finite order.

Our method is to construct Ford domains for the triangle groups acting on IHI(ZC. The
space of complex hyperbolic (4, 4, co) triangle groups (I, I, I3) is parametrized by
the angle 6 € [0, %), see Section 3. Let S = I, 15, T = I,1y and ' = (S, T). Here S
is regular elliptic of order 4, and T is parabolic fixing the point at infinity. For each
group in the parameter space, the Ford domain D is the intersection of the closures
of the exteriors of the isometric spheres for the elements S, S™!, §2, (S™!7)? and
their conjugations by the powers of 7. The combination of D is the same except
when [ 151,13 is parabolic, in which case there are additional parabolic fixed points.
D is preserved by the subgroup (7') and is a fundamental domain for the cosets of
(T') in T'. Its ideal boundary deo D is the complement of a tubular neighborhood of
the T—invariant R—circle (or horotube defined in [28]). By intersecting doo D with a
fundamental domain for (T') acting on dHZ, we obtain a fundamental domain for I'
acting on its discontinuity region; see Section 4.

When [, 131,15 is parabolic, that is 8 = %, there are four additional parabolic fixed
points fixed by 77152, S27~1, ST7'S and T-!ST~!ST, except the point at
infinity which is the fixed point of T'; see Section 5. By studying the combinatorial
properties of the fundamental domain for I" acting on its discontinuity region Q(T"),
we prove that the quotient Q(I')/ I is homeomorphic to the two-cusped hyperbolic
3—manifold s782. Motivated by the work of Acosta [2], we guess that there are similar
structures on its surgeries.

Acknowledgments We thank Jiming Ma for his help in the proof of Theorem 5.22.
Xie also would like to thank Jiming Ma for numerous helpful discussions on complex
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hyperbolic geometry during his visit to Fudan University. We would like to thank
the referee for comments which improved a previous version of this paper. Jiang was
supported by NSFC 12271148. Wang was supported by NSFC 11701165. Xie was
supported by NSFC 11871202 and Hunan Provincial Natural Science Foundation of
China 2018JJ3024.

2 Background

The purpose of this section is to briefly introduce complex hyperbolic geometry. One
can refer to Goldman’s book [12] for more details.

2.1 Complex hyperbolic plane

Let (z, w) = w* Hz be the Hermitian form on C3 associated to H, where H is the
Hermitian matrix

H=

—_ o O

01
10
00
Then C?3 is the union of the negative cone V_, null cone V}, and positive cone V., where

Vo={zeC3—{0}:(z,2) <0}, Vo={zeC?>—{0}:(z,z) =0},
and
Vy={zeC*—{0}:(z,z) > 0}.

Definition 2.1 Let P:C3—{0} — C P2 be the projectivization map. Then the complex
hyperbolic plane Hé is defined to be P(V_), and its boundary 8H(2C is defined to be
P(Vp). This is the Siegel domain model of Hé.

There is another model of Hé.
Definition 2.2 The ball model of H(ZC is the unit ball in C2, which is given by the

Hermitian matrix J = diag(1, 1, —1). In this model, 8]1—]1(%j is then the 3—dimensional
sphere S* C C2. The Cayley transform C is given by

L0
C=7 02 0
2\1 0 -1

It satisfies C* HC = J and interchanges the Siegel domain model and the ball model
of H2..
C

Algebraic & Geometric Topology, Volume 23 (2023)
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Let V= C x R be the Heisenberg group with product
z.t]-[¢v]=[z+ ¢t +v—2Im(Z0)].

Then, in the Siegel domain model of H2., the boundary of the complex hyperbolic
plane BH(ZC can be identified to the union N U {¢o}, Where ¢ is the point at infinity.
The standard lift of oo and ¢ = [z,¢] € N in C? are

1 F(=lz> +it)
(2-1) oo =10 and ¢ = z
0 1
The closure of the complex hyperbolic plane H(ZC U aHé can be identified to the union
of ' x R>¢ and {goo}. Any point ¢ = (z,7,u) € N'x R>¢ has the standard lift

%(—|Z|2 —u-+it)
q= z
1

Here (z,t,u) is called the horospherical coordinates of H(zc U BH(ZC. Let d(u,v) be
the distance between two points u, v € H(zc Then the Bergman metric on the complex
hyperbolic plane is given by the distance formula
(u,v)(v,u)

coshz(%d(“»v)) = (u,u)(v,v)

where u, v € C? are lifts of u and v.

Definition 2.3 The Cygan metric dcy, on 8H<2C —{¢oo} is defined to be

22 deye(p.q) = 12(p. )V> = ||z —w]? —i(t — s+ 2Im(zw))|*,

where p =|[z,t] and ¢ = [w, s].

The Cygan metric satisfies the properties of a distance. The extended Cygan metric on
H(2C is given by the formula

(2-3) deye(pq) = |17 = w> + Ju—v] —i(t —s + 2Im(zw))| "/,

where p = (z,t,u) and ¢ = (w, s, v).

1/2

The formula dcye(p, q) = |2(p.q)|"/ < remains valid even if one of p or g lies on 8]1-]1(%.

A Cygan sphere is a sphere for the extended Cygan distance.

There are two kinds of 2—dimensional totally real totally geodesic subspaces of ]HI(ZC:
complex lines and Lagrangian planes.

Algebraic & Geometric Topology, Volume 23 (2023)



A uniformizable spherical CR structure on a two-cusped hyperbolic 3—manifold 4149

Definition 2.4 Let v be the orthogonal space of v € V4 with respect to the Hermitian
form. The intersection of the projective line P(v-) with H(ZC is called a complex line.
The vector v is its polar vector.

The ideal boundary of a complex line on BH?C is called a C—circle. In the Heisenberg
group, C—circles are either vertical lines or ellipses whose projections on the z—plane
are circles.

Let H]é ={(x1,x3) € H(ZC : X1, X2 € R} be the set of real points. H]%g is a Lagrangian
plane. All the Lagrangian planes are the images of H]%R by isometries of H(2C The
ideal boundary of a Lagrangian plane is called an R—circle. In the Heisenberg group,
R—circles are either straight lines or lemniscate curves whose projections on the z—plane
are the figure eight.

2.2 Isometries

Let SU(2, 1) be the special unitary matrix preserving the Hermitian form. Then the
projective unitary group PU(2, 1) =SU(2, 1)/{I, wI, w? I} is the holomorphic isometry
group of HZ, where w = %(—1 +i+/3) is a primitive cubic root of unity. Note that
complex conjugation also preserves the Bergman distance, and the full isometry group
of Hé is generated by PU(2, 1) and complex conjugation; see Section 3.4 of [20].

Definition 2.5 Any isometry g € PU(2, 1) is loxodromic if it has exactly two fixed
points on 8H(2C, parabolic if it has exactly one fixed point on dHZ, and elliptic if it
has at least one fixed point in Hé.

The types of isometries can be determined by the traces of their matrix realizations; see
Theorem 6.2.4 of Goldman [12]. Now suppose that A € SU(2, 1) has real trace. Then
A is elliptic if —1 <tr(A4) < 3. Moreover, A is unipotent if A4 is not the identity and
tr(A) = 3. In particular, if tr(4) = —1,0, 1, A4 is elliptic of order 2, 3 or 4, respectively.

There is a special class of elliptic elements of order two:

Definition 2.6 The complex involution on complex line C with polar vector n is
2(z, n)

n
(n.n)

It is obvious that /¢ is a holomorphic isometry fixing the complex line C.

2-4) Ic(z)=—z+

Algebraic & Geometric Topology, Volume 23 (2023)
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There is a special class of unipotent elements in PU(2, 1):

Definition 2.7 A left Heisenberg translation associated to [z, t] € N is given by

1 =z L(—|z> +it)
(2-5) T;n=10 1 z
0 0 1

It is obvious that T}, ;] fixes goo and maps [0, 0] € N to [z, 7].

2.3 Isometric spheres and Ford polyhedron

Suppose that g = (g,-j)l?’j:1 € PU(2, 1) does not fix goo. Then it is obvious that
g31 # 0. We first recall the definition of isometric spheres and relevant properties; see
for instance [20].

Definition 2.8 The isometric sphere of g, denoted by Z(g), is the set
(2-6) I(g) = {p € HE UIHZ : [(p. go0)| = |(P. g7 (go0))]}-
The isometric sphere Z(g) is the Cygan sphere with center

g N (qo0) = [832/831,2Im(g33/231)]

and radius rg = \/2/|g31]-

The interior of Z(g) is the set

(2-7) {p € HE UIHE : |(Pp. goo)| > (P, 27" (g00))}-
The exterior of Z(g) is the set
(2-8) {p € Hg UIHE 1 [(p.goo)| < |{P. 87" (400}

The isometric spheres are paired as follows:

Lemma 2.9 [12, Section 5.4.5] Let g be an element in PU(2, 1) which does not
fiX ¢oo. Then g maps Z(g) to Z(g~") and the exterior of Z(g) to the interior of Z(g™1).
Also, for any unipotent transformation h € PU(2, 1) fixing g0, we have Z(g) = Z(hg).

Since isometric spheres are Cygan spheres, we now recall some facts about Cygan
spheres. Let S[g,01(r) be the Cygan sphere with center [0, 0] and radius > 0. Then

(2-9) Si0.01(r) = {(z, t,u) e HZ UIHZ : (|z]* + u)* + 12 = r*}.

Algebraic & Geometric Topology, Volume 23 (2023)
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The geographical coordinates on the Cygan sphere will play an important role in our
calculation; see Section 2.5 of [22].

Definition 2.10 The point ¢ = ¢(a, B, w) € Syg,01(r) With geographical coordinates
(a, B, w) is the point whose lift to C? is
_%I,Ze—ia
(2—10) q :q(a,ﬂ’ w) = rwel(_‘x/z"rﬂ)
1
where a € [—%, %], B €[0, ) and w € [—/cos(a), y/cos(a)]. The ideal boundary of
S[o0,07(r) on BH(ZC consists of the points with w = +/cos(®).

We are interested in the intersection of Cygan spheres.

Proposition 2.11 [22, Proposition 2.10] The intersection of two Cygan spheres is
connected.

Remark 2.12 This intersection is often called a Giraud disk.

The following property should be useful to describe the intersection of Cygan spheres;
see Proposition 2.12 of [22] or Example 5.1.8 of [12].

Proposition 2.13 Let S| 0)(r) be a Cygan sphere with geographical coordinates
(. B.w).

(1) The level sets of a are complex lines, called slices of S[g,01(r).

(2) The level sets of B are Lagrangian planes, called meridians of So o1(r).

(3) The set of points with w = 0 is the spine of Syg o)(r). It is a geodesic contained
in every meridian.

A central part of this paper is constructing a polyhedron for a finitely generated subgroup
of PU(2, 1).

Definition 2.14 Let G be a discrete subgroup of PU(2, 1). The Ford polyhedron Dg
for G is the set

DG ={p e HE UIHE : |[(p.go0)| < (P, & 'qo0)| for all g € G with g(qoo) # goo}-

That is to say Dg is the intersection of closures of the exteriors of all the isometric
spheres for elements of G which do not fix goo. In fact, the Ford polyhedron is the
limit of Dirichlet polyhedra as the center point goes t0 oo
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3 The parameter space of complex hyperbolic (4, 4, co)
triangle groups

In this section, we give a parameter space of the complex hyperbolic (4,4, co) triangle
groups.

Let 0 G[O, %) Let I;, I, and I35 be the complex involutions on the complex lines
C1, C; and C3 in complex hyperbolic space Hé with polar vectors ny, n, and n3;,
respectively. By conjugating elements in PU(2, 1), one can normalize so that 0C3 =
{z.0] e N : |z| = V2}, 0C) = {[z1.t] e N :t € R} and IC, = {[z5,t] e N : t € R}.
That is, dC3 is the circle in the z—plane of the Heisenberg group with center the origin
and radius +/2, and dC; (resp. dC») is the vertical line whose projection on the z—plane
of the Heisenberg group is the point z; (resp. z5). Thus the polar vectors of the complex
lines can be written as

Z1 z3 1
ni=\|1|, np=1|1 and n3;=10
0 0 1

Since tr(/113) = tr({,13) = 1, we have |z1| = |z2| = 1. Then, up to rotation about the
t—axis of the Heisenberg group, the C—circles dCy and dC, can be normalized to be
the sets dC; = {[—e 1%, 1]e N :t € R} and dC, = {[¢'?, 1] e N : 1 e R}.

Note that the C—circles dCy and dC; coincide with each other if 6 = 7. According
to (2-4), the complex involutions /1, I, and I35 on the complex lines are given as

—1 2¢1? 2 —1 =207 2 0 01
Ii=| 0 1 27|, L= 0 1 =2, I;=|0-10
0 0 —1 0 0 —1 1 00

Proposition 3.1 Let 0 € [0, %), and I, I, and I3 be defined as above. Then
(I, I, I3) is a complex hyperbolic (4, 4, co) triangle group. Furthermore, the element
11151, 15 is nonelliptic if and only if 0 < 6 < %

Proof By computing the products of two involutions

2 20710 0 0 —I
LI;= |29 —1 0|, LiIy=| 0 —1 —2¢710 ],
—1 0 0 —1 et 2
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and ;
1 —4cos(9) —4(1 4 e~2i9)
1211= 0 1 4005(9)
0 0 1

It is easy to verify that I, 13 and I51; are elliptic of order 4 and I, /; is unipotent.
Thus (I, I, I3) is a complex hyperbolic (4,4, co) triangle group.

Since the trace of I 131,13 is tr(I1I31513) = 7+ 8 cos(20), the element I;I31,15 is
elliptic if and only if
—1 <tuw(lI31,15) =7+ 8cos(20) < 32,

that is, < 6 < Z. Thus I I31,13 is nonelliptic if and only if 0 < 6 < Z. Moreover,
when 6 = %, the element 11 I3 1,13 is parabolic. O

If 6 = 0, all entries of I, I; and /3 are in the ring of integers Z, and if 6 = F all

entries of /1, I, and I3 are in the ring of Eisenstein integers Z[(—l +i JT§)] In both

cases, the group (/1, I, I3) is arithmetic. Thus, we have the following proposition:

Proposition 3.2 (1) If 6 =0, then the group (I, I, I3) is discrete and preserves a
Lagrangian plane.

(2) If 8 = 7, then the group (11, I>, I3) is discrete.

4 The Ford domain

For 6 € [O, %], let S = I,I3 and T = II;. Then " = (S, T) is a subgroup of
(I, I, I3) of index two. In this section, we will mainly prove that T" is discrete. Our
method is to construct a candidate Ford domain D (see Definition 4.12), then apply the
Poincaré polyhedron theorem to show that D is a fundamental domain for the cosets
of (T') in I', and also that I is discrete.

4.1 The isometric spheres

Definition 4.1 For k € Z, let
. I]j be the isometric sphere Z(T*ST %) = T*¥Z(S) and clj be its center,
* T, be the isometric sphere Z(T*kS—'7—k)y = T*k7(S~1) and ¢, be its center,
* I} be the isometric sphere Z(T*S2T7%) = Tk7(S?) and ¢y, be its center,
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. I;; be the isometric sphere Z(TX(S™1T)2T—k) = TkZ((S~'T)?) and ¢, be
its center.

Note that S and S~!7 both have order 4, so S2=S"2 and (S™'7)2 = (S~'T)72.
The centers and radii of the isometric spheres I]j , I,:, I]: and I;g are listed in the
following table:

isometric sphere center radius
in c;f = [4k cos(6), 8k sin(20)] V2
I cf =4k cos(@).—i- 2619, 0] V2
I cf = [4k cos () + e’?, 4k sin(20)] 1
2 ¢y = [4k cos(0) — e 19 4k sin(20)] 1

Proposition 4.2 Letk € Z.

(1) There is an antiholomorphic involution t such that r(I,j') =771, () =1,_,
70
and ©(Z;) =1°,.
(2) The complex involution I, interchanges I]: and T* x> interchanges I,j and 77,

. <> <>
and interchanges 7)” and 7,  ,.

Proof (1) Lett:C3 — C3 be given by

1 21

T |z | > | —2>

z3 Z3
Then ©2 is the identity. It is easy to see that T fixes the polar vector n3, and interchanges
the polar vectors n; and n,. Thus t conjugates I3 to itself, I; to I, and vice versa. So
7 conjugates T to T~1, Sto T71S, S to S™!T and S? to (T~18)? = (S™'T)2.
This implies that ‘L’(I]j) = Ifk, ©(Zy) =17, _, and T(Z}) =1°,.

(2) The statement is easily obtained by the facts I,SI, = S~ and I,TI, =T"!. O

Before we consider the intersections of two isometric spheres, we would like to give a
useful technical lemma. Suppose that g € ISL . Then by (2-10) the lift of ¢ = ¢ (e, B, w)
is given by
_ e—i(x
4-1) g =q@ p,w)=| V2we! /2P
1

where o € [-%, %], B €[0,7) and w € [—/cos(a), y/cos(a)].
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Definition 4.3 Let («, 8, w) be the geographical coordinates of IJ" . We define
fo (@, B, w) = 2w? +1+cos(e) —v2w cos(— 1+ B—0) —2+v2w cos (L + - 0),
fo (e, B.w) = 2w? + 1 +cos(e) — V2w cos (S o+ f—0) —2v/2w cos(—1a+ B —6),
S5 (@, B, w) =2w?+ 1+cos(e) + /2w cos(La+ B +0) +2v2w cos(—La+ B +6).
Lemma 4.4 Suppose that 6 € [0, %] Let f5(a, B,w), fy (o, B, w) and [ (a0, B, w)
be the functions in Definition 4.3. Suppose that g € ISL . Then
(1) ¢ lies onZj (resp. in its interior or exterior) if and only if f(c, B, w) = 0 (resp.
is negative or positive),
(2) g lies on Z (resp. in its interior or exterior) if and only if f (&, B,w) =0
(resp. is negative or positive),
(3) ¢ lies on I~ (resp. in its interior or exterior) if and only if f— (a, B, w) =0
(resp. is negative or positive).
Proof (1) Any point g € ISL lies on Z (resp. in its interior or exterior) if and only if
the Cygan distance between ¢ and the center of Z] is 1 (resp. less than 1 or greater
than 1). Using (4-1), the difference between the Cygan distance from ¢ to the center of
75 and 1 is
dCyg(‘]a 68)4 —1
= d]—e71% 4 2we TH/2HE0) 112
= 4(2w2 + 1+ cos(a) — V2w cos(—%a +B—0)— 2+/2w cos(%a +B-10))
=4f5 (o, B, w).
Hence, ¢ lies on Zj (resp. in its interior or exterior) if and only if /" (a, B,w) =0
(resp. negative or positive).

The rest of the proof runs as before. a

4.2 The intersection of isometric spheres

Proposition 4.5 Suppose that 0 € [O, %] Then each pair of isometric spheres in

{Zf k€ Z} is disjoint in H U 9HZ..

Proof Tt suffices to show that IJ and I,j are disjoint for |k| > 1. Observe that T is a
Heisenberg translation associated with [4 cos(8), 8 sin(26)]. According to the Cygan
metric given in (2-2), the Cygan distance between the centers of I;r and I,j' is

4/1k| cos(0) - |k cos(9) — i sin(0)|'/? > 4./cos() = 2+/2.
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Thus the Cygan distance between the centers of I(;r and I,j is bigger than the sum of
the radii, except when k = &1 and 6 = %. This implies that Ig' and I,j’ are disjoint
for all |k| > 2.

When k = +1 and ) = %, although the Cygan distance between the centers of I;r and
IL is the sum of the radii, we claim that they are still disjoint. Using the symmetry
T in Proposition 4.2, we only need to show that IS‘ N Il‘" = . Suppose that g € I(')" .
Using the geographical coordinates of ¢ = ¢g(«, 8, w) given in (4-1), we can compute
the difference between the Cygan distance of ¢ and the center of Il+ with its radius.
That is,

deye(q.12.4V3)* ~4
— 4|_e—i(¥ + ﬁwei(—a/2+ﬂ—0) _4eiﬂ/3|2 _4
= 32(w2 + 411}(005(%0{ +B) +2cos(3a— B+ %)) +cos(a+ %)+ 2)
=32f(a, B, w).
Here f(c, B, w) can be seen as a quadratic function of w. Let
B = 42 (cos(a-+ B) + 200s(Ja—f +5))

and C = cos(a + ) 4 2. If B> —4C <0, then it is obvious that f(a, B, w) > 0. If
B%—4C >0, then B < —2+/C (which is impossible by numerically computation) or
B >2+/C. In this case we have B —2m > B —2+/C > 0 since cos(a) < C.
This means that the symmetry axes of f lie on the left side of w = —/cos(«). Besides,
one can compute numerically that f(«, f, —\/F(oe)) > ( on the range of « and f.
So, we have f(«, 8, w) > 0. This means that every point on IJ lies outside of Il+.
Hence ISL ﬂIfL =. O

By a similar argument, we have the following propositions:

Proposition 4.6 Suppose that 6 € [0, %] Then
(1) I(;r and T,  are disjoint in H(ZC U aHé, except possibly when k = —1, 0,
2) Igr and I are disjoint in Hé U BH(%:, except possibly when k = —1, 0,
3) I(;F and I,j are disjoint in H?C U BH(ZC, except possibly when k =0, 1.

Proposition 4.7 Suppose that 6 € [0, % |. Then:
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(1) Z§ and Z; are disjoint in Hé. Furthermore, when 6 = % the closures of Z;
and T*, (respectively, I7) are tangent at the parabolic fixed point of T -1g2
(respectively, T(T~'S*)T~') on 9HZ..

(2) Z§ and I;; are disjoint in H(zc U BH(ZC, except possibly when k = 0, 1.

Lemma 4.8 Suppose that 6 € [0, Z]. ThenZ} NI} NI~, = @ except when § = Z,

in which case the triple intersection is the point [e'2™/3, —\/3] € 8Hé. Moreover, this
point is the parabolic fixed point of T~1S2.

Proof Suppose that g € IJ . Using Lemma 4.4, the geographical coordinates (&, 5, w)
of g € Igr NZ§NZZ, should satisfy
(4-2) 2w?+1+cos(e) — V2w cos(—%a +B-0) — 232w cos(%(x +B-6)=0,
(4-3) 2w?+ 1+ cos(a) + V2w cos(%a +B+6)+ 242w cos(—%a +B+ 9) =0.
Subtracting (4-2) and (4-3),

242w cos(,B)(cos(la +6) + 2 cos(a —0)) =

This implies that either w = 0 or § = Z, since (cos( Lo+ 9) +2 cos(1 6)) #0
for 6 € [ ] We know that the pomts with w = 0 lie in the merldlan with 8 =
Therefore, a necessary condition for g € Z(;r NZ;NIZ, isthat B =

s
-
Substituting B = 7 into (4-2) and simplifying,

(4-4) 2w? + 2 cos? (L) + V2w (sin(La) cos(9) — 3 cos(1e) sin(8)) =

Let b(c, ) = sin(4a) cos(9) — 3 cos(2a) sin(H). It is easy to see that, for every a, the
function 6 — b(a, 6) is decreasing on [0, %]

The left-hand side of (4-4) can be seen as a quadratic function of w with positive leading
coefficient. Thus (4-4) has at least one solution only if b —8 cos (2 ) >0, thatis b >
2«/5005( ) which is impossible since b < b(«, 0) = sm( ) orb < Zﬁcos( )
Since m < cos( ) we have b + 2«/_\/m <b+ 2\/§cos( ) < 0. This

means that the symmetry axes of the quadratic function lie on the right-hand side of

w = Jeos(@).

Besides, one can compute that

b+/cos(a) + ~/2(cos(a) + cos? (L)
> (sin(%a) cos( 3 ) cos(%a) sin %)) m + \/i(cos(a) + cosz(%a))

= L2 (4 Veos(@) + 2 sin(30))? + 242 (42 yeos(a) — 2 cos( b))

N~—
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Then b /cos(a) + ﬁ(cos(a) + cosz(%a)) > 0. Ifitis 0, theno = —% and 6 = .
This means that for w € | \/ cos(a), \/ cos(a)] equation (4-4) has no solution except

when 6 = % and o = —%, in which case w = \/cos(a) = 4

Hence ¢ eI"' NZyNIZ, ifandonlyif 6 = 5, o =—% and w = \/cos(a) = ~2 When
0=3.T 1S 2 s umpotent and its fixed point is the eigenvector with elgenvalue 1.

One can compute that its fixed point is [¢/27/3, —/3] € 8Hé, which equals the point
T T 2

9(-%.3.°7) =

Proposition 4.9 Suppose that 6 € [0, %] Then:

(1) The intersection I(;‘ N Ig lies in the interior of Igr .

(2) The intersection Z N7, either is empty or lies in the interior of Ig' . Further,
when 0 = %, there is a unique point on the ideal boundary of Zj N2~ on oH2Z.,
which is fixed by T~'S2, lying on the ideal boundary of I(;r .

Proof (1) Let p=(z,t,u) €I] ﬂIg , then p satisfies the equations
’|Z—ei9|2+u—i(t +2Im(ze_i0))| =1, ||z-|—e_i9|2 +u—i(t+2lm(—zei9))} =1.
Set z = |z|e’?. By simplifying, we have

|1z1% 4+ 1 +u —2|z| cos(¢ — 0) —i (¢ + 2|z| sin(¢ — 0))| = 1,

|1z1% + 14+ u + 2|z| cos(¢ + 0) —i (t —2|z| sin(¢ + 0))| = 1.

Now set

(4-5) |z + 1 +u—2|z| cos(¢p — 0) —i (1 + 2|z| sin(¢p — 0)) = €'*,
(4-6) 1212 + 1 4+ u + 2|z| cos(¢ + 0) — i (t — 2|z| sin(¢p + 6)) = &P
Since

cosa = |z|? + 1 +u—2|z| cos(¢p — 0) = (|z] — cos(¢p — 0))* +sin®(p—0) +u >0
and

cos B = |z|* + 1 4+ u +2|z| cos(¢p + 0) = (|z| + cos(¢p + 6))* +sin?(¢ + 6) +u > 0,

we have =7 <a < Z and —7 < 8 < Z. Thus cos( B— a) > 0. By computing the
difference of (4-5) and (4- 6), we have
; i .1 1
(4_7) 7 = elﬂ _ela — j:snl(iﬂ — ) l(iﬂ/2+ﬂ/2+0{/2)
4 cos(6) 200s(9)
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Thus ¢ = +% + 38 + 5. Therefore,
(12> +u)? +¢2

= (cos(ar) — 1 4 2|z| cos(¢p — 0))? + (sin(e) + 2| z| sin(¢p — 6))?

=2 +4|z|*> =2 cos(ar) —4|z| cos(¢p — 6) +4|z| cos(¢p — 0 — )

<244z =2(|z)*> + 1 —2|z| cos(¢p — 0)) —4|z| cos(¢p — ) + 4|z cos(¢p — 6 —ax)

=2|z|? +4|z| cos(¢p — 0 —a) = 2|z|* + 4|z| cos(£5 -6+ %,3—%0{)

= 2|z|* +4|z| (% sin(F) cos (38— Sr) Fcos(F) sin(1 B — 1))

B sin?(18—1a)

2 cos?(6)

Since 0 € [0, %], we have that sinz(%,B — %a)/(2 cos?(0)) < 2sin2(%,3 — %a) and
tan(6) sin(f — ) < +/3. This implies that (|z|% + u)? + 12 < 4, so the intersection
Ty NIy lies in the interior of I(')" )

+ tan() sin(B — o) — 2 sin* (3 8 — 3 t).

(2) Suppose that p = (z,,u) € Z; N IZ,. Then p satisfies the equations

1= ||z—ei9|2+u—i(z+21m(ze_i9))‘ = ‘|z|2+u+1—il—2ze_i9

’

2=|lz4+2e7 0P tu—i(t+2Im(=2z¢"0))| = ||z +u+4—it + 4z

Now set
(4-8) |z|2+u+1—it—2ze_i0=eiﬂ,
(4-9) IZ2 +u+4—ir+4ze'? =20/

By computing the difference of (4-8) and (4-9), we have

201 _ oiB _3

4_10 zZ = = A A .
( ) 4eib 4 210

According to (4-8),

4-11) u =cos(ﬁ)—|ze_i9—1|2,
(4-12) t = —sin(B) — 2 Im(ze 7).
Since

cos 8 =u+|Z€_i9—1|2 >0 and 2cosw =u—|—|ze’.9+2|2 >0,

we have —Z <@ <Zand —Z <f <

SIE]
[SIE]
[SIE]
(SE]
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Figure 1: The ideal boundaries of the three spheres Z;r ,I”, and Z§ on SH(ZC.
(On the left is the case when 6 = 0 and on the right is 6 = %.)

Now let us consider the case when 6 = %.. Substituting &« = % and B = 0 into (4-10),
(4-11) and (4-12), we obtain the point

o= (43 +V3)+ikG+3).L6-7V3), L-13+8V3) e Ty N1,
One can compute that pg lies in the interior of I(;" , since
22 +u—it] =] =142z 0P =422 =2 —23 <4,

We know that Z§ N Z~, is connected from Proposition 2.11. Thus, according to
Lemma 4.8, I(’)‘ NZZ, lies in the interior of Igr except the point [ei 27/3, —«/3], which
lies on the ideal boundary of Z.; see Figure 1.

Observe that coordinates of the centers of Ig and 7, are continuous on 0. Thus the
geometric positions of the spheres Z5 and Z~; depend continuously on 6. When 6 =0,
since the Cygan distance between the centers of ZJ and Z~, is bigger than the sum
of their radii, one can see that Ig ni-, =a. When 6 = %, we have shown that
7§ NZZ, lies in the interior of I(;L. We also have Igr NZENIZ, =@ forf e [O, %)
by Lemma 4.8. Hence, the intersection Z NZ~, is either empty or contained in the
interior of IJ . O

Proposition 4.10 Suppose that 6 € [0, %] For k € 7, the three isometric spheres T;',
I, and I} (resp. I,j' Ip_, and IZ ) have the following properties:

¢ The intersections I]j NI . I, ﬂI]: and Z; N I,j (resp. I,j Nz,

— o
f—1> L1 NI
and I;; ﬂI,j ) are discs.

¢ The intersection I,j NI, NIy (resp. I,j nZ,_, ﬂI;; ) is a union of two geodesics
which are crossed at the fixed point of T*ST* (resp. T*(S™'T)T %) in H(zc
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Figure 2: The ideal boundaries of the three spheres Zg‘ , Iy and Z§ on aHé.
(On the left is the case when 6 = 0 and on the right is 0 = %)

and whose fours endpoints are on E)H(zc. Moreover, the four rays from the
fixed point to the four endpoints are cyclically permuted by TkST—* (resp.
Th(S~1T)T ).

Proof According to Definition 4.1 and Proposition 4.2, it suffices to consider the
isometric spheres I , I, and Z[; see Figure 2.

Let g € Ig' . Consider the geographical coordinates (¢, 8, w) of ¢ in (4-1). By
Lemma 4.4, if g lies on IS’ NZ,,then o, B and w should satisfy the equation

(4-13) 2w? 4+ 1 + cos(ar) — v2w cos(%(x +B-0)— 2+/2w cos(—%a +B-6)=0.
Similarly, if ¢ lies on Ig' NZ], then o, B and w should satisfy the equation
(4-14) 2w? + 1 + cos(ar) — V2w cos(——(x +B-0)— 242w cos(la +B-6)=0.

Thus I+ NZ, is the set of solutions of (4-13) and I+ ﬂI* is the set of solutions of (4-14).
One can easﬂy verify that the geographical coordmates of the point q(O 0, [) € H2

satisfy (4-13) and (4-14), so the intersections I;r NZ; and IJ N Ig are topologlcal
discs from Proposition 2.11.

The intersection of these two sets gives the triple intersection I(;L NZy NZ;. Now let
us solve the system of equations (4-13) and (4-14). Let t = 8 — 6. Subtracting (4-13)
and (4-14) and simplifying, we obtain

2w sin(%a) sin(¢) = 0.

Thus w = 0 (this is impossible), « = 0, or t = 0. If = 0, then setting § = 6 in (4-13),
we get

2w? — Sﬁcos(%a)w 4+ 1 +cos(a) = 2(w — —«/_cos( ))(w — \/Ecos(%oz)) =0.
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Note that the solutions of the above equation for w should satisfy w? < cos(e). Thus
w = %ﬁcos(%a) with cos(a) > %

If « = 0, then (4-13) becomes

(4-15) 2w? —3v2cos(t)w +2 = 0.

Note that the solutions of (4-15) for w should satisfy w? < cos(a) = 1. Thus the
solutions of (4-15) are

3 _ 2 —
_ cos(t) — /9 cos?(¢) — 8 with 22
2V2 3

3 cos(?) + /9 cos?(r) —
2V2

So the triple intersection I(;r NZ, N Ig is the union £; U C; U C,, where

<cos(t) <1,

and

2f

—1=<cos(t) < —=—=

L= {q(a,t+9, w) EI(;r :cos(a) > %,l =0and w = l 2c0s(loz)},

2
Cl={q(o’t—i_e’w)ez(j_:%zSCOS(Z)flandw 3COS(t) !EW}
and
C2={ (0,446, w)eI+ —1<cos(t) < — 2«/_ 3cos(t)+\/W}

232

Note that £; lies in a Lagrangian plane of Z.", and C; UC, lies in a complex line of I+.
It is obvious that C; is an arc. One of its endpoints is ¢ (0, 6, f) € HZ, which is the
fixed point of S. The other one is ¢ (0, arccos(zf) +6,1) € JHE.. S1m11ar1y, Cy is an
arc with endpoints ¢ (0, 6, “f) and q(O arccos(— 2‘f) +60,-1)€ 8H2 Thus C; UC,
is connected. The endpoints of £; are q(arccos( ) 0, f) and q( arccos( ) 0, £)

which are on 8H2 It is easy to see that £; intersects with C; U C, at the point
q(0.6, i) € HZ.

Moreover, C; U C, is a geodesic. In fact, the complex line containing C; U C; is
C={(-1,z)¢ H(ZC U 8H(2C :|z] < +/2}. This is a disc bounded by the circle with center
the origin and radius V2, while C; UC, lies in the circle with center %ei 9 and radius %
which is orthogonal to the boundary of the complex line. The Cayley transform given
in Definition 2.2 maps C to the vertical axis {(0, z) € Hé U 8H(2C :|z| <1} in the ball
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&)

Cy

Figure 3: The triple intersection I(;r NZ, NI viewed on the vertical axis in
the ball model of Hé. The blue curve is C; and the red one is C,. The black
point on the curve is the projection of £ on the complex line. The left curve
is the case when 6 = 0 and the one on the lower left is the case when 8 = %

model of Hé. Thus C is isometric to the Poincaré disc. Then C; U C, is mapped by
the Cayley transform to an arc contained in the circle with center —3et? /(2+/2) and
radius 1/(2+/2), which is orthogonal to the unit circle. Hence C; U C, is a geodesic;
see Figure 3.

The Cayley transform maps £ to {(—tan(%a)i, —e"9/ﬁ) € H(2C U BH(ZC :cos(a) > %}
Thus £, and C; U C, are crossed at the point (0, —e’ 0 / \/5) € H2., which is the image
of q(O, 0, 4) under the Cayley transform.

It is easy to check that .S (q (0, 0, “/TE)) = q((), 0, 4), and that the other four points

are cyclically permuted by S:
q(0, arccos(%i) +6.1) 5 ¢ (arccos(). 6, JT§)
S lS
q (— arccos(%), 0, “/TE) <—S q (0, arccos(—%i) + 0, —1)
Moreover, it is easy to verify that C; UC, = S(£1), S?(L£1) = £ and S?(C;) =C,. Thus,
the four rays from the fixed point to the four endpoints are cyclically permuted by S. O
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By applying powers of 7" and the symmetries in Proposition 4.2 to Propositions 4.6,
4.7 and 4.9, all pairwise intersections of the isometric spheres can be summarized:

Corollary 4.11 Suppose that 0 € [0, ]. Let S = {Ii,I,:,I;; : k € 7} be the set of
all the isometric spheres. Then for all k € 7Z.:

(1) I,j is contained in the exterior of all the isometric spheres in S except I, , I, ,,
Iy Ip_ |, I¢ and I}, . Moreover, I,j NZ;_, (resp. I,j NZy ) is either empty
or contained in the interior of Z,__, (resp. Z,)). When ) = %, I,j' NZ;_, (resp.
I,j N I]‘j 1) will be tangent with Z,_, (resp. Z;") on 8]1-]1(% at the parabolic fixed
point of TK(S2T)T~* (resp. T*(S™' TS~ T 7).

(2) I is contained in the exterior of all the isometric spheres in S except I]j , I]j e
7, II:+1’ I;; and I;;Ll. Moreover, Z,” N I;; (resp. T, ﬂI]:H) is either empty
or contained in the interior of I,j (resp. I,j +1). When 6 = %, I, N I;j (resp.
I, NI +1) will be tangent with I,j' (resp. I,;" 4p)on BH(ZC at the parabolic fixed
point of T*(ST18)T~k (resp. T*(S2T—1T—%).

(3) Iy is contained in the exterior of all the isometric spheres in S except I;{t, I,j e
I, I} and I/:+1' Moreover, Ty NI7 (resp. Z; N Il<c>+1) is contained in the
interior of I,j (resp. Z)). Iy N Ilj+1 is described in (1), and Z; NI, is
described in (2). When 6 = %, T will be tangent with I 41 (resp. I;_,) on

OH2. at the parabolic fixed point of T*(S2T )T~k (resp. T*(T~1S*)T ).

4) I;; is contained in the exterior of all the isometric spheres in S except T;-,
I;{t_l, I and I _,. Moreover, I NIy and I NT;_, are described in (3).
T2 NI, is described in (2) and Z; N I,j_l is described in (1). When 6 = %, T
will be tangent with I;; 4 (resp. I;;_l) on BH(% at the parabolic fixed point of
TH(T=1S2)T~* (resp. T*(S2T~1)T~5).

4.3 The Ford domain

Definition 4.12 Let D be the intersection of the closures of the exteriors of the
isometric spheres I,j . I, I and I,f, fork e Z.

Definition 4.13 For k € Z, let s]j (resp. s, , s,: and sl‘;) be the side of D contained in
the isometric sphere Z Ij (resp. I, , T ]: and I;;).

Definition 4.14 A ridge is defined to be the 2—dimensional connected intersections of
two sides.
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By Corollary 4.11, the ridges are s,': ns, s,': Nsgs s,': NS _ys s,': N s;;, s N s,: and
S N s;; for k € Z, and the sides and ridges are related as follows:

e The side s,j is bounded by the ridges s]j NSy, s,j nsg, s,j Ns,_, and s,j N s;;.
 The side s,  is bounded by the ridges s,j N, s, Nsgy s N 51;-1 and s, N s,ﬁH .
* The side s; is bounded by the ridges Slj Nsy and 53" Nsp.

e The side s; is bounded by the ridges s Ns;_, and s,j Nsz.

Proposition 4.15 The ridges s,j Nsys s,j N s,:, s,j Nsp_qs slj N s;, sp N s,: and
S N s; for k € 7. are all topologically the union of two sectors.

Proof The ridge s,': N, is contained in I]j NZ, . According to Proposition 4.10,
I]j NZ, is topologically a disc and I]j NI, ﬂI]: is the union of two crossed geodesics.
The two crossed geodesics divide the disc into four sectors, one opposite pair of which
will lie in the interior of the isometric sphere Z;. Thus s,j Ny is the other opposite pair
of the four sectors in the disc. More precisely, up to the powers of 7', let us consider
so+ Ns, - Let A be the disc IO+ NZ, described in (4-13) and the two crossed geodesics
L1 UCy UC, be as described in Proposition 4.10. By Proposition 4.2, the complex
involution /I, preserves A and £ Uy UC,. Recall that I, fixes the complex line C,
with polar vector n;, described in Section 3. One can compute that the intersection
C, N A is the curve

(4-16) CNA={g(a,Jo+0, */TE) eI :cos(a) = 1}.

Of course C, N A intersects with £1 UC; U C, at the fixed point of S, and divides
A into two parts. I fixes C; N A and interchanges £; and C; UCy. Thus C; N A is
contained in the union of two opposite sectors. By Lemma 4.4, C; N A lies on the
closure of the exterior of Z§, since f;(«, %a +0, ﬁ) = 1 —cos(a) > 0. Therefore,
the union of two opposite sectors containing C, N A is the ridge s;r N, . Moreover,
this ridge is preserved by I,. By using the parametrization of the Giraud disk in [8],
we can draw the Giraud disk I(;r NZy and the intersection with the isometric spheres
1~,,1§,1*,,I; and Z7; see Figure 4.

The other ridges can be described by a similar argument. |
Proposition 4.16 (1) The side s,j (resp. s;°) is a topological solid cylinder in

]H[é U 8Hé. The intersection of 8S2_ (resp. ds; ) with Hé is the disjoint union
of two topological discs.
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N

)

Figure 4: The ridge sg N s, (the shaded region in the intersection of Igr NZy)
in the plane with spinal coordinates introduced in [8]. The triple intersection
IO+ NZy NZ{ is the two mutually perpendicular lines. Compare to [8, Figure 16].

(2) The side s; (resp. s,‘;) is a topological solid light cone in Hé U 8H<2C. The
intersection of ds; (resp. ds;) with H(ZC is the light cone.

Proof (1) The side s,’: is contained in the isometric sphere I,j . By Corollary 4.11,
s,j might intersect with the sides contained in the isometric spheres I, Iy I,:,

* > >
Zy_y» Iy and Ik+1'

Let A be the union of the ridges s]:r Nsy and s,j N s]:, and A, be the union of the
ridges s]j Ns;_, and s,': ﬂs;. By Proposition 4.10, A contains the cross I]j NZ, ﬂI]: .
By Proposition 4.15, A1 is a union of four sectors which are patched together along
the cross. Hence, A is topologically either a disc or a light cone. By a straightforward
computation, the ideal boundary of A; on H(zc is a simple closed curve on the ideal
boundary of Z;'; see Figure 2. Thus A is a topological disc. By a similar argument,
A\, is a topological disc.

If 6 # % then I,j NIy NI,_, =3, s0 Ay and A; are disjoint, and if 6 = 7§ they
intersect at two points on dH2; see Figures 9 and 10. Note that isometric spheres are
topological balls and their pairwise intersections are connected. So, s,j is a topological
solid cylinder; see Figure 5. A similar argument describes s, .

(2) The side s} is contained in the isometric sphere Z;7. According to Corollary 4.11,
sy only intersects with S]j and 5, ". Let A3 be the union of s/j Ns; and s, Ns;. By
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Figure 5: A schematic view of the side sk+ (s )-

Propositions 4.10 and 4.15, A3 is a union of four sectors which are patched together
along the cross I]j NZ, NZ;. By a computation for the case k = 0, one can see that
the ideal boundary of A3 is a union of two disjoint simple closed curves in the ideal
boundary of Z;'; see Figure 2. Thus Aj is a light cone. Hence, s]: is topologically a
solid light cone; see Figure 6. A similar argument describes s,‘;. O

By applying a Poincaré polyhedron theorem in H(ZC as stated for example in [22], [8]
or [19] (see [3] for a version in the hyperbolic plane), we have our main result:

Theorem 4.17 Suppose that 0 € [0, %] Let D be as in Definition 4.12. Then D is a
fundamental domain for the cosets of (T') in I". Moreover, T is discrete and has the

presentation
=(S,T|S*=(T"18)*=id).

Proof The sides of D are slj Sk s s,: and s;. The ridges of D are s,j NSy, s,j N s,:,
s,j NSy s,j N s,‘;, s Nspand s, N SZ. To obtain the side-pairing maps and ridge
cycles, by applying powers of T, it suffices to consider the case where k = 0.

The side-pairing maps The side s;r is contained in the isometric sphere Z(S) and
s, in the isometric sphere Z(S ~1). The ridge S(J)r N s, is contained in the disc
Z(S)NZ(S™'), which is defined by the triple equality

[{z. goo)| = 1{z. S ™1 (go0))| = {2, S(go0))]

¢

Figure 6: A schematic view of the side s; (s?).
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v .
s;ns3< oD

Figure 7: A schematic view of the ridges S(T Nsys saL N sy and sg N s
The thick cross is the triple intersection IO+ NZy N Ig , that is the union
L1 UCy UC, described in Proposition 4.10.

and the ridge sy, N s is contained in the disc Z(S ~1YNZ(S?), which is defined by
the triple equality

[z, goo)| = {2, S(goo))| = (2, S 2 (go0))]-

Since S mMaps goo t0 S(Goo)s S (Goo) 10 Goo and S(goo) 10 S2(Goo) = S 2 (goo), S
maps the disc Z(S) NZ(S™') to the disc Z(S~') NZ(S?). Note that

Z(S)NZ(S™HNZ(S?

is the union of two crossed geodesics (see Proposition 4.10) whose four rays are
cyclically permuted by S. Since the ridge So N, lies in the closure of the exterior of
the isometric sphere Z(S?), according to (4- 16) the point q( T, f) is contained
in sSL Ns, . One can easily verify that § ( ( e to, ‘[)) lies in the exterior of Z(.S).
Thus S(¢(%.% + 6. %)) is contained in s; N sy, which lies in the closure of the
exterior of the isometric sphere Z(S).

Hence S maps the ridge s(')" N s, to the ridge sy N sg. Similarly, S maps s(‘)" Nsg
to s(')" N s, ; see Figure 7. Since S maps I(;" NIZ,NIgtoZy ﬂIl‘" NZ7, asimilar
argument shows that S maps sSL NsZ, to sy Nsy and saL Nsg tosg N st.

By a similar argument, s§ (resp. sg ) is mapped to itself by the elliptic element of order
two S2 (resp. (T~'5)? = (S~!T)?), which sends so Nsg to sy Ny (resp. sg Ns”,
to So Nsg) and vice versa.

Hence, the side-pairing maps are

TkST_k:slj—nv,:, TkSzT_k:s/:—>s,: and Tk(T_lS)zT_k:s;as;.

Algebraic & Geometric Topology, Volume 23 (2023)



A uniformizable spherical CR structure on a two-cusped hyperbolic 3—manifold 4169

The cycle transformations According to the side-pairing maps, the ridge cycles are

TkST—K

— — _ _ Tks2T—k
(s,;F ﬂsk,s;,sk) = (Sy NS, S5, 8 ) ————>

(s,j ﬂs,:,s,j,s,:)

ThST—*  + o — + —
= (s N5, 57 ,5;)
and

TR(Tr—1Hr—*% , o _ o —
—————> (g NSy S Sg—1)

Tk(T=18)T—*
_—

FAm o
(S8 NSE_y 85+ Sk—1)

TR@=18s)T=*% 4+ o 4+ 0 + o~ - + -
—>(sk ﬂsk,sk,sk) (sk ﬂsk_l,sk,sk_l).

Thus the cycle transformations are
TEST=* . TkES2T=*K . ThSTF = Tk g4T~K
and
TR 's)yr=*. Tk 's)2r=* . TR(T's)T7*F = TR (T $)*T7*,
which are equal to the identity map, since S* =id and (7~15)* =id.
The local tessellation There are exactly two copies of D along each side, since the

sides are contained in isometric spheres and the side-pairing maps send the exteriors to
the interiors. Thus there is nothing to verify for the points in the interior of every side.

According to the ridge cycles and cycle transformations, there are exactly three copies

of D along each ridge.

s;' Ns,,syNs, and s;' N sy These three ridges are in one cycle. Thus, we only

need to consider the ridge Slj N s, . Since the cycle transformation of s,j' N5y is
ThsT=*. RS2k . ThST=F = id,

the three copies of D along s,': N, are D, T*kS=1T7=%(D) and T*ST—*(D). We
know that s,': N s, is contained in (TkST )N I(T"S‘1 T—%), which is defined
by the triple equality

(2, qoo)| = |z, TESTIT ™% (qoo))| = |(z, TK ST (go0))]-

For z in the neighborhoods of s,j Ny in D, [{(z,qo0)] is the smallest of the three
quantities in the above triple equality.

For z in the neighborhoods of s; Ns;” in D, [(z, goo)| is at most |(z, TEST*(gs0))]
or |(z, T*S™2T7k(g00))|. Applying TXS~1T~* gives a neighborhood of s,j Ns; in
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T*kS=1T=k(D), where |(z, T* ST~k (g5))| is the smallest of the three quantities
in the above triple equality.

For z in the neighborhoods of s,j Ns;in D, [(z, o) is at most |(z, TS T (go0))|
or |z, T*S™2T*(g0))|. Applying T*ST ¥ gives a neighborhood of s; N5y in
T*kST=*(D), where |(z, TK ST*(go0))] is the smallest of the three quantities in the
above triple equality.

Thus the union of D, TXS~1T~%(D) and T*ST~* (D) forms a regular neighborhood
of each point in S]j Nsy .

+ - ° - + ° : : + - ;
Sp NS _pspNs,_ands,;”Ns; Weneed only consider the ridge s,” N, . Since

the cycle transformation of s,j Ns,_, 1s
To T 'syr~*.T*Tr7 S k. TR S TF = id,

the union of D, TK(T=18)~'T~%(D) and T*(T~'S)T % (D) forms a regular neigh-
borhood of each point in s,j N, _, by a similar argument as in the previous case.

Consistent system of horoballs When 6 = 7., there are accidental ideal vertices on D.
The sides s; and s} 41 Will be asymptotic on BH(ZC at the fixed point of the parabolic
element 75(S2T~1)T~k, and the sides sy and s,f 41 Will be asymptotic on BH(ZC at
the fixed point of the parabolic element T%(ST~1S)T k. To show that there is a
consistent system of horoballs it suffices to show that all the cycle transformations
fixing a given cusp are nonloxodromic.

Let p, be the fixed point of 77152 and ¢, be the fixed point of (T~1S)2T (the
coordinates of p, and ¢, are given in Definition 5.1, or see Figure 9). Then all the
accidental ideal vertices {T%(p,)} and {T%(¢,)} are related by the side-pairing maps

as follows:
T @) e S ) T2 ———
| e s
T—1ST S
——— T (py) P2 — T(py) ——— T2(p)) ——

Thus, up to powers of T, all the cycle transformations are S - S - S~2 = id and
T7IST-(STIT) 2.8 =(T718%)? = (11 31, 13)?,

which is parabolic. This means that p, is fixed by the parabolic element (7~1.52)2.
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Therefore, D is a fundamental domain for the cosets of (7') in I". The side-pairing
maps and 7" will generate the group I". The reflection relations are

(T*S*T7%)2 =id and (TH(T7'$)2T7%)? =1d.
The cycle relations are
TES*T % =id and TKT'$)*T* =id.
Thus I' is discrete and has the presentation

[=(S.T|S*=(T"19)*=id). O
Since I is a subgroup of (11, I, I3) of index 2:

Corollary 4.18 Let (I1, I, I3) be a complex hyperbolic (4,4, c0) triangle group as
in Proposition 3.1. Then (I, I, I3) is discrete and faithful if and only if 1113115 is
nonelliptic.

This answers Conjecture 1.1 on the complex hyperbolic (4, 4, 0o) triangle group.

5 The manifold at infinity

In this section, we study the group I in the case when 6 = Z. That is, the group
I'=(S,T) = (13, I,1;) with T~1S? = I, 151,15 being parabolic.

In this case, the Ford domain D has additional ideal vertices on BH(ZC, which are
parabolic fixed points corresponding to the conjugators of 7! 5?2, By intersecting a
fundamental domain for (7") acting on BH(%: with the ideal boundary of D, we obtain
a fundamental domain for I" acting on its discontinuity region (I").

Topologically, this fundamental domain is the product of an unknotted cylinder and a
ray; see Proposition 5.13. By cutting and gluing we obtain two polyhedra P and P_;
see Proposition 5.18. Gluing P_ to P4+ by S™!, we obtain a polyhedron P. By studying
the combinatorial properties of P, we show that the quotient Q2(I")/ " is homeomorphic
to the two-cusped hyperbolic 3—manifold s782.

Let U be the ideal boundary of D on B]HI(ZC. Let EI'C" (resp. 5, , 5y, and 5,‘;) be the ideal
boundary of the side of D contained in the ideal boundary of the isometric sphere I,j
(resp. Z,_, Z; and Z?). Then the union of all the sides {5,':} {5}, {37} and {57} for
k € Z form the boundary of U'.
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5.1 The vertices of U

Definition 5.1 In the Heisenberg coordinates we define the points

02=[3(3+1V3). - V3], Pe=[2—v6+i(2V3+v2).-42],

7 =[2040V. V3] pr=[+V6+i(2v3-2)), $V72),
p2 =14V~ V3] Py =[L(-24V6+i V3 +V2). 4V2),
p3=[303+iV3). V3] po=[L(—2—V6+i(2v3-v2)),-4V2],
Pa=[+@+6+i(4V3-v2)).0]. pro=[4(-4+V6+i(4v/3++2)).0].
Ps=[L(@4—V6+i(4v/3+v2)),0], pi1=[L(—4—6+i(4v/3-+/2)),0],
and

r12=T(p9), p13=T(ps), p1a=T(p11), p15s=T(p1o)-
By Proposition 4.10 and Corollary 4.11, we have the following:

Proposition 5.2 The points in Definition 5.1 satisty:

* p4, Ps, Pe and p; are the four points on the ideal boundary of I(;r NZ, NIj,
which is described in Proposition 4.10.

* ps, Py, P1o and py are the four points on the ideal boundary ofI(;r VA ﬂIg.

* P12, P13, P14 and pqs are the four points on the ideal boundary ofl'lJr NZy ﬂIf.

e p, (resp. p3) is the parabolic fixed point of T~'S? (resp. ST "), which is the
intersection Igr NZI-,NI§ NI, (resp. Il+ NZ, NIy NIY).

e 3 (resp. q») is the parabolic fixed point of ST™'S (resp. T~'ST~1ST),

which is the intersection of the four isometric spheres Igr NZy NIy NI} (resp.
I, NIZ, NI NIE).

Proof As described in Proposition 4.10, all of the triple intersections ISL NZy NI,
I(;r NZ-,NZg and Il+ NZ, NZ7 have exactly four points lying on 8H<2C. When writing
the standard lifts of p4, ps, pg and p7, one can see that they are the four points in the

proof of Proposition 4.10. Thus the first item is proved.

By Proposition 4.2, the four points of ISL nzi-,n I(‘)’ are the images of p4, ps, pe and
p7 under the antiholomorphic involution t, which are p11, p1g, pg and pg.

The second item and the fact that Il+ NIy NIY = T(I(;L NZZ, NZy) imply the
third item.
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Figure 8: Intersections of the isometric spheres Z, Z~, Z5, Z* |, Zg and Z7

with ng in aHé, viewed in geographical coordinates. Here o € [—% %] in

the vertical coordinate and § € [0, ] in the horizontal one. The region exterior
to the six Jordan closed curves has two connect components. One of them is
the topological octagon with vertices pa, pe, P4, P7. 43, Ps, P11 and po. The
other one is a topological quadrilateral with vertices p,, ps, g3 and po.

We will only prove the statement for p, in the last two items; the others follow by
similar arguments. By Lemma 4.8, p, is the parabolic fixed point of 7~!S? and is the
triple intersection IJ NZZ,NZ{. By Corollary 4.11(3), Zj is tangent with 7*  at p,. O

5.2 The sides of U
Now we study the combinatorial properties of the sides; see Figures 8 and 9.

Proposition 5.3 The interior of the side Sar has connected components

e an octagon, denoted by OF, with vertices p>, pe, pa, P7. q3. Ps. p11 and po,

e a quadrilateral, denoted by Q(’)L, with vertices p;, ps, g3 and pig.
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Proof By Proposition 4.16, when 6 < %, the side 53“ is topologically an annulus
bounded by two disjoint simple closed curves which are the union of the ideal boundaries
of the ridges s(‘)" Ns_, and s(‘)" N sg, respectively s(‘)" Ns, and s(')" Nsg. When 6 = %,
these two curves intersect at two points, which divide 53’ into two parts. That is to say
the interior of the side 58L has two connected components.

By Proposition 5.2, the ideal boundary of the ridge saL NsZ, (resp. sgr N sg ) is a union
of two disjoint Jordan arcs [pg, p1o] and [pg, p11] (resp. [p1o. pg] and [p11, po]), and
the ideal boundary of the ridge s;r Ns, (resp. s;r Nisg) is a union of two disjoint Jordan
arcs [ps, p7] and [p4, pg] (resp. [p7, p4] and [pe, ps])- Since p; is the intersection of
four isometric spheres Igr NZIZ,NZ{NZI*,,itlieson[pg, p1o] and [ps., ps]. Similarly,

g3 lies on [ps, p7] and [p1o. ps].

By Proposition 4.2, the antiholomorphic involution t preserves §(;r and interchanges its
boundaries. It is easy to check that t interchanges p, and g3, ps and pq9, p4 and pq1,
Ps and pg, and p7 and pg. Thus one part of E(;r is a quadrilateral with vertices p;, ps,
g3 and p1g, denoted by (’)(‘)’r. The other is an octagon with vertices p,, pes, p4, P7, 43,
Ps, P11 and pg, denoted by Q(')". Both of them are preserved by 7. |

According to the symmetry /5 in Proposition 4.2, which interchanges I(;r and Z:

Proposition 5.4 The interior of the side 5, has connected components

* an octagon, denoted by O, with vertices ps, pe, P4, P3, P15, P13> P14 and q3,

* aquadrilateral, denoted by Q ', with vertices p3, p7,q3 and pi3.

Proof Note that side s is bounded by the ridges s, ﬂsf, o ﬂsf, o ﬂs(;L and 55 Ns].
By Proposition 4.2, the side s, is isometric to sSL under the complex involution /5.
Thus its ideal boundary 5 will be also isometric to §ar . This implies that §; has the
same combinatorial properties as 5: . One can check that

I>:(q3, ps. p2. P1os P8» P11s P9. P6) <> (q3. P7. P3. P12, P14- P13+ P15+ D4).

Thus one part of 5 is an octagon, denoted by O, whose vertices are ps, pe, P4, P3»
P15 P13, P14 and g3. The other is a quadrilateral, denoted by Q, whose vertices are
D3, P71, ¢3 and pqs; see Figure 9. O

Remark 5.5 The vertex g3 lies on the C—circle associated to I, that is, the ideal
boundary of the complex line fixed by /5. One can also observe that p, is fixed by /.
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q> P11 P8 q3 P14 P13

Figure 9: A combinatorial picture of dU. The top and bottom curves are
identified. O(ﬂf (resp. Ofl) is divided by ¢¢ (resp. c—1) into a quadrilateral
Q' (j,t (resp. Q’fl) and a heptagon Hf)t (resp. ’H:—LI), Vo is the intersection of cq
with the arc [p4, ps] and v_; is the intersection of ¢_; with the arc
[T~ (pa). T~ (po)]-

Proposition 5.6 The interior of side S§ is a union of two disjoint triangles, denoted by
(T1) and (T2)g, whose vertices are p,, ps and pe and p3, p4 and p7, respectively.

Proof By Proposition 4.16, the side 5§ is the union of two disjoint discs, which are
bounded by the ideal boundary of the ridges s(‘)|r Nsg and 55 Nsf.

As stated in Proposition 5.2, the ideal boundary of Igr NZ, NZ{ contains the four
points py, ps, pe and p7. Thus 57 is the union of two disjoint bigons, one with vertices
ps and pg, and the other with p4 and p7. Proposition 5.2 also tells us that p, and ps;
lie on different components of the boundaries of the two bigons.

Therefore, both of the components are triangles, denoted by (71)7 and (72)g, whose
vertices are p,, ps and pg and p3, p4 and p7, respectively. a

According to the symmetry 7 in Proposition 4.2, the side 5§ has the same topological
properties as the side §5. Thus by a similar argument:

Proposition 5.7 The interior of side 5 is a union of two disjoint triangles, denoted by
(T1)g and (T2)g . whose vectors are g, py and py1, and g3, pg and pio, respectively.

5.3 A fundamental domain for the subgroup (7')

Proposition 5.8 Let L = {[x + i“/Tg, ﬁx] € N':x € R}. Then L is a T—invariant
R—circle. Furthermore, L is contained in the complement of D.

Algebraic & Geometric Topology, Volume 23 (2023)



4176 Yueping Jiang, Jieyan Wang and Baohua Xie

Figure 10: A realistic picture of the ideal boundaries of the isometric spheres.
I+ I+ and I+1 (red), Z, and Z—, (blue), Z; and Z* | (pink), Z;, Z°, and
Z° (yellow) The line L is the T—invariant R—cucle

Proof It is obvious that L is an R—circle, since it is the image of the x—-axis of N by
a Heisenberg translatlon along the y— ax1s For any point [x +i%5= \/_ x] €L, we
have T([x +i%= fx]) [(x +2)+i%= \/_(x + 2)] which hes in L. Thus L is
a T'—invariant ]R—cucle, see Figure 10.

Note that 7" acts on L as a translation through 2. To show L is contained in the
complement of D, it suffices to show that a segment with length 2 is contained in
the interior of some isometric spheres. By considering the Cygan distance between a
point in L and the center of an isometric sphere one can compute that the segments
{[x+i*/75, V3x]:—1<x<1l}and {[x+l ,+/3x]: 4 <x <3} lie in the interiors
of I(;" and Z ., respectlvely. a
Definition 5.9 Let

S ={[-3+iy.t]eN:y,teR} and To={[+iy.t]eN:y teR}
be two planes in the Heisenberg group.
In fact, the vertical planes X _; and X are boundaries of fans in the sense of [14]. Let
Dt be the region between X _ and X, that is

Dr ={[x+iy.tf]leN: -3 <x <1}

Itis clear that ¥o = T'(X_;). Thus D7 is a fundamental domain for (7} acting on B]HI(ZC.

Algebraic & Geometric Topology, Volume 23 (2023)



A uniformizable spherical CR structure on a two-cusped hyperbolic 3—manifold 4177

Yo nI()_

Figure 11: The intersection of X with It 7, and I(;‘ viewed in X¢. Here
co = c(;r Ucy is a simple closed curve, where c;r and ¢, are the solid line
parts of o N ISL and ¥y NZ;, respectively.

Proposition 5.10 The intersections of ¥y and ¥_1 with the isometric spheres IF,
I]: and I;; are empty, except:

e X ﬂZgE and Xy NI are circles, and o NZ5 = To NI = {q3}.
o ¥_, ﬂIfl and Xy NZ* arecircles,and X1 NZI° =X | NIJ = {q2}.

Proof Since the isometric spheres are strictly convex, their intersections with a plane
are either a topological circle, a point or empty. Note that ¥y = 7 (X_1). Thus it
suffices to consider the intersections of ¥, with the isometric spheres. By a strait
computation, each one of Xy N IgE and X NZ] is a circle; see Figure 11. O

Lemma 5.11 The plane X (resp. X_;) is preserved by I, (resp. T7'I,T). The
intersection o N AU (resp. X_; NAU) is a simple closed curve cq (resp. c—y) in the
union EJUEO_ (resp. §f1 Us_, ), which contains the points q3 and vo = [%—i—i@, —\/5]
(resp. q» and v_1 = T~ (vg)).

Proof It suffices to consider Xy. The C—circle associated to I, that is, the ideal
boundary of the complex line fixed by I, is {[% + i*/Tg, t] eN:te ]R}, which is
contained in X¢. Thus X is preserved by 1.

It is obvious that ¥, contains g3, which is the tangent point of Ig and Z7. The
intersections X N I(;r » 20 NZy and 2o N I(’)‘ are circles by Proposition 5.10. One can
compute that the intersection X ﬂZgr NZ; contains g3, and vy = [% +i JT§, _ﬁ];
see Figure 11. These two points divide the circles on ISL and Z;" into two arcs. Let c(')Ir
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be the arc with endpoints g3 and vy on Igr lying in the exterior of Z ;" and ¢ be the
one on Z, lying in the exterior of I(;" . Then ¢y = c(')" Uc, is a simple closed curve.
Observe that X N Ig lies in the union of the interiors of IS‘ and Z;". Thus ¥¢ does
not intersect §5. By Proposition 5.10, c('f lies on 53’ and ¢, lies on 5. Therefore, the
intersection X N AU is ¢y, which is a simple closed curve containing ¢3 and vg. O

5.4 The topology of U

Proposition 5.12 Let U€ be the closure of the complement of U in N'. Then the
closure of the intersection U¢ N D is a solid tube homeomorphic to a 3—ball.

Proof It suffices to show that the boundary of U¢ N Dy is a 2—sphere. Now let us
consider the cell structure of U¢ N Dr; see Figure 9. According to Lemma 5.11, the
intersection of U¢ with X (resp. X_;) is a topological disc with two vertices, g3 and
Vg (resp. ¢, and v_1), and two edges, cgt (resp. cfl). Also, cq (resp. c_1) divides (’)gE
(resp. Ofl) into a quadrilateral Q’ (d): (resp. @ fl) and a heptagon Hoi (resp. Hfl).

Since p,, ps and T1(p4) are contained in D7, one can see that Dy contains Q'
Q'fl, H(J)r and HZ, . Besides, Dt contains Q(J)r, Q”,, (1), (T2)g, (T1)g and (T2)* ;.
Thus the boundary of U¢ N Dt consists of 12 faces, 23 edges and 13 vertices; see
the region between ¢y and c_; in Figure 9. Therefore the Euler characteristic of the
boundary of U¢ N Dr is 2. So the boundary of U¢ N Dr is a 2—sphere. m|

Propositions 5.8 and 5.12 imply the following result:

Proposition 5.13 U N D7 is the product of an unknotted cylinder with a ray, which is
homeomorphic to S x [0, 1] x Rxy.

Proof As stated in Proposition 5.8, U¢ contains the line L. Thus U¢ N D is a tubular
neighborhood of L N Dy. It cannot be knotted. Therefore dU N Dy is an unknotted
cylinder homeomorphic to S x[0, 1]. One can see that U N Xy is the product of ¢y with
aray, and U N X_; is the product of ¢_; with a ray. Both of them are homeomorphic
to S xRxg. Hence U N D7 is the product of an unknotted cylinder with a ray, and is
homeomorphic to ST x [0, 1] x R>g. |

Applying powers of T', Proposition 5.13 immediately implies the following corollary:

Corollary 5.14 U is the product of an unknotted cylinder with a ray homeomorphic
to ST xR x Rxo.
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Remark 5.15 U is the complement of a tubular neighborhood of the 7T—invariant
R—circle L, that is, a horotube for T'. (See [28] for the definition of a horotube.)

5.5 The manifold

Definition 5.16 Suppose that the cylinder S'! x [0, 1] has a combinatorial cell structure
with finite faces { F;}. A canonical subdivision on S x [0, 1] x R is a finite union of
3—dimensional pieces {1?',} where F; = Fj x R>g.

Proposition 5.17 There is a canonical subdivision on U N Dr.

Proof As described in the proof of Proposition 5.12, the combinatorial cell structure
of 3U N Dy has 10 faces, Q'y, @'\, HE, H™,. QF, 7, (T))S. (T2)8, (T1)§ and
(T2)%,. By Proposition 5.13, U N Dr is the union of 3—dimensional pieces o,
@/_Jrl, ";lar, 7?{:1, @(J)r, @:1, (7A'1)8, (7\-2)8, (7A'1)6 and (7A'2):1. Combinatorially, these
3—dimensional pieces are the cone from ¢« to the faces of dU N Dr. |

Let 2(I") be the discontinuity region of I" acting on BH(%. Then U N Dr is obviously
a fundamental domain for I'. By cutting and gluing, we can obtain the following
fundamental domain for I' acting on Q(I"):

Proposition 5.18 Let Py be the union of?fl:)r, (7A'1)§, (7A'2)3, T(@/_Jrl), T(@:l) and
T((7A'2)11). Let P_ be the union of@:)r, (’?'1)6, AE)_ and T(?lel). Then Py UP_isa
fundamental domain for T" acting on Q(I"). Moreover, P+ (resp. P—) is combinatorially
an eleven-pyramid (resp. nine-pyramid) with cone vertex g~ and base

OF UQy U(T)§U(T2)§ U(Ta)g (resp. Op U Qf U (Ti)g)).

Proof Since Xg=T(X_;)and ¢ =T (c—1), UN Dy and T(U N D7) can be glued
together along co X R>¢. Note that U N Dr is a fundamental domain for I" acting on
Q(T") and has a subdivision as described in Proposition 5.17. Therefore P4 U P_ is
also a fundamental domain.

As described in Proposition 5.12, ¢q (resp. c—1) divides Og: (resp. Ofl) into a quadri-
lateral Q' (j)t (resp. @' fl) and a heptagon ’H(:)t (resp. Hfl). Note that (90i =T (Ofl) and
(T2)5 = T((T2)*,). Thus the base of P (resp. P-) is (’)(')F UQy U(T)gU(T2)gU(T2);
(resp. Oy U Q(’)L U (T1)g), which is combinatorially a hendecagon (resp. an enneagon);
see Figures 9 and 12. |
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Figure 12: A schematic view of the fundamental domain of I" on (I"). The red
vertices are the parabolic fixed points. The yellow polygon is Oy U Q(‘)" U(T1)g-

Definition 5.19 Let p, = S™!(p2), p1 = S7'(goo) =[0,0] and p; = S~ (p10).

Lemma 5.20 Let P

be the union P4+ U S~Y(P_;). Then P is combinatorially a

polyhedron with 8 triangular faces, 4 square faces, 2 pentagonal faces and 2 hexagonal
faces. The faces of P are paired as

T
ST
(S7'7)?

: (goos P2 P9.q2) = (oo. P3+ P12 93).

(9o0+ 92+ P11, P8, P10) = (P1, P2, P9, P11, D),

:(q2, P9, P11) > (43, P8, P10)s

1 (goor P10-93) = (P1. Plg- P2)-

1 (P15 P8, q3) + (P1, Plos P5)s

1 (g3, P12, P3. P7) = (D5, Plo» P2, Pé)

1 (goos P2, P6» Py» Pas P3) > (D1, Py, Pas 3, P71, 43),
1 (p6> Py Pa) F> (Pas P3, P1)-
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Figure 13: The combinatorial picture of P. The red vertices of P are the

parabolic fixed points.

Proof The bases of P and P_; are paired as
S:9f - 9.

S%: (T = (T2)ss

(S7'T)*: (T1)g = (T2)g-

(p2. ps. pe) = (3, P4, P7),
(92, Po. P11) > (q3. P8, P1o),

and

(P2, P5.43. p1o) = (q3. P7. P3. P12),

4181

S71:05 > OF. (p3.pa.P6.P5.q3.914.P13. P15) > (43, P7. P4, D6 P2+ P9+ P11+ Ps)-

Thus S~!(P_;) and P are glued along O(J)r . According to Lemma 2.9, S~ (P_,) lies
in the interior of I(;r , since P_1 lies in the exterior of I(;r . Moreover, p; =S 1 (¢o0) =

[0, 0] is the center of the isometric sphere Z.; see Figure 13.

Proposition 5.21 Let €2 be the discontinuity region of I' acting on ]HI(ZC. Then the

fundamental group of €2/ " has a presentation

(w,v,w|w e v wu = vVZwuw 3y = id).
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Proof Let x; fori =1,2,3,4,5,6,7,8 be the corresponding gluing maps of P given
in Lemma 5.20. These are the generators of the fundamental group of 2/ I

By considering the edge cycles of P under the gluing maps, we have the relations

X7

Xs5-x7-x1 =1id, X,

X4 X1 =1d, xz-x3_1 "Xy Xg-X1 =1id,

x3_1-x5 - Xg X1 =1id, X7+ X3+Xp =1id, X,y +Xs5-Xp =id,

X7-Xg-Xg = 1d, Xg+X7-Xg = 1id, xg_l-mzid.

For example, the edge cycle of [¢oo, p2] is
x—l
[9oo: P2] ™ [qoo. P31 =5 [P1.43]1 = [p1. P3] == [goo. P2)-
Thus

X7 - X5-X7-x1 =id.

This is the first relation. The others can be given by a similar argument.

Simplifying the relations and setting ¥ = x;, v = x, and w = X7, we obtain the
presentation of the fundamental group of 2/ T. |

Now we are ready to show the following theorem:

Theorem 5.22 Let Q2 be the discontinuity region of T' acting on H(ZC. Then the
quotient space 2/ I" is homeomorphic to the two-cusped hyperbolic 3—manifold 5782
in the SnapPy census.

Proof Let M = Q/T. According to Proposition 5.21, the fundamental group of M

has a presentation
— -1, —1,—1 .2 -3, _ .
(M) ={u,v,w|w vu v wu=vwuw “u=id).

The manifold s782 is a two-cusped hyperbolic 3—-manifold with finite volume. Its
fundamental group, provided by SnapPy, has a presentation

m1(s782) = (@, b, ¢ | a*cb*c = abca™ b7 17! =id).
Using Magma, we get an isomorphism W: 77 (M) — 71 (s782) given by
Vu)=c 7!, Yw)=>b""! and Y(w)=a.

Therefore M will be the connected sum of s782 and a closed 3—manifold with trivial
fundamental group by the prime decompositions of 3—manifolds [15]. The solution of
the Poincaré conjecture implies that the closed 3—manifold is the 3—sphere. Thus M is
homeomorphic to s782. |
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Associated to every closed, embedded submanifold N in a connected Riemannian
manifold M, there is the distance function d which measures the distance of a point
in M from N. We analyze the square of this function and show that it is Morse—Bott
on the complement of the cut locus Cu(N) of N provided M is complete. Moreover,
the gradient flow lines provide a deformation retraction of M — Cu(N) to N. If
M is a closed manifold, then we prove that the Thom space of the normal bundle
of N is homeomorphic to M/Cu(N). We also discuss several interesting results
which are either applications of these or related observations regarding the theory of
cut locus. These results include, but are not limited to, a computation of the local
homology of singular matrices, a classification of the homotopy type of the cut locus
of a homology sphere inside a sphere, a deformation of the indefinite unitary group
U(p,q) to U(p) x U(q) and a geometric deformation of GL(n, R) to O(n, R) which
is different from the Gram—Schmidt retraction.
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1 Introduction

On a Riemannian manifold M, the distance function dy () := d (N, -) from a closed
subset N is fundamental in the study of variational problems. For instance, the viscosity
solution of the Hamilton—Jacobi equation is given by the flow of the gradient vector
of the distance function dy when N is the smooth boundary of a relatively compact
domain in manifolds; see Li and Nirenberg [17] and Mantegazza and Mennucci [18].
Although the distance function dy is not differentiable at N, squaring the function
removes this issue. Associated to N and the distance function dp is a set Cu(N ), the
cut locus of N in M. The cut locus of a point, a notion initiated by Poincaré [23],
has been extensively studied (see Kobayashi [16] for a survey as well as Buchner [4],
Myers [20], Sakai [26] and Wolter [29]). There has been work on the structure of
the cut locus of submanifolds. One may refer to the works of Hebda [9; 10], Sabau
and Tanaka [25] and Singh [28]. Suitable simple examples indicate that M — Cu(N)
topologically deforms to N. One of our main results is the following:

Theorem A (Theorem 3.32) Let N be a closed embedded submanifold of a complete
Riemannian manifold M and dy : M — R denote the distance function with respect
to N.If f =d?, then its restriction to M — Cu(N) is a Morse—Bott function, with N
as the critical submanifold. Moreover, M — Cu(N) deforms to N via the gradient flow

of f.

It is observed that this deformation takes infinite time. To obtain a strong deformation
retract, one reparametrizes the flow lines to be defined over [0, 1]. It can be shown
(Lemma 3.18) that the cut locus Cu(/V) is a strong deformation retract of M — N. A
primary motivation for Theorem A came from understanding the cut locus of N =
O(n,R) inside M = M(n,R), equipped with the Euclidean metric. We show in
Section 2.2 that the cut locus is the set Sing of singular matrices and the deformation
of its complement is not the Gram—Schmidt deformation but rather the deformation
obtained from the polar decomposition, ie A € GL(n,R) deforms to AVATA _1.
Combining this with a result of Hebda [9, Theorem 1.4], we are able to compute the
local homology of Sing (see Lemma 2.15 and Corollary 2.16).

Theorem B For A € M(n,R),
H,>_,_;(Sing, Sing— A) =~ H (O(n —k,R)),

where A € Sing has rank k < n.
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When the cut locus is empty, we deduce that M is diffeomorphic to the normal bundle v
of N in M. In particular, M deforms to N. Among applications, we discuss two families
of examples. We reprove the known fact that GL(n, R) deforms to O(n, R) for any
choice of left-invariant metric on GL(#n, R) which is right-O (n, R)—invariant. However,
this deformation is not obtained topologically but by Morse—Bott flows. For a natural
choice of such a metric, this deformation (4-2) is not the Gram—Schmidt deformation
but one obtained from the polar decomposition. We also consider U(p, ¢), the group
preserving the indefinite form of signature (p,g) on C”. We show (Theorem 4.6)
that U(p, q) deforms to U(p) x U(q) for the left-invariant metric given by (X,Y) :=
tr(X*Y). In particular, we show that the exponential map is surjective for U(p, q)
(Corollary 4.8). To our knowledge, this method is different from the standard proof.

For a Riemannian manifold we have the exponential map at p € M, exp,: TpM — M.
Let v denote the normal bundle of N in M. We will modify the exponential map
(see Section 3.2) to define the rescaled exponential exp: D(v) — M, the domain
of which is the unit disk bundle of v. The main result (Theorem 3.16) here is the
observation that there is a connection between the cut locus Cu(N) and Thom space
Th(v) := D(v)/S(v) of v.

Theorem C Let N be an embedded submanifold inside a closed, connected Rie-
mannian manifold M. If v denotes the normal bundle of N in M, then there is a

homeomorphism
exp: D(v)/S(v) => M/Cu(N).

This immediately leads to a long exact sequence in homology (see (3-6))
oo Hj(Cu(N)) 5> H; (M) <> H;(Th(v)) 2> H; 1 (Cu(N)) - --- .

This is a useful tool in characterizing the homotopy type of the cut locus. We list a few
applications and related results.

Theorem D Let N be a homology k—sphere embedded in a Riemannian manifold
M4 homeomorphic to S d,

(1) If d > k + 3, then Cu(N) is homotopy equivalent to S¢—%~1. Moreover, if
M and N are real analytic and the embedding is real analytic, then Cu(N) is a
simplicial complex of dimension at mostd — 1.

(2) If d = k + 2, then Cu(N) has the homology of S'. There exist homology

3—spheres in S* for which Cu(N) ~ S'. However, for nontrivial knots K in S3,
the cut locus is not homotopy equivalent to S*.
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The above results are a combination of Theorems 3.24 and 3.9 and Example 3.29. In
general, the structure of the cut locus may be wild (see Gluck and Singer [7], Itoh
and Sabau [13] and Itoh and Vilcu [15]). Myers [20] had shown that, if M is a real
analytic sphere, then Cu(p) is a finite tree each of whose edges is an analytic curve
with finite length. Buchner [4] later generalized this result to the cut locus of a point
in higher-dimensional manifolds. Theorem 3.9, which states that the cut locus of an
analytic submanifold (in an analytic manifold) is a simplicial complex, is a natural
generalization of Buchner’s result (and its proof). We attribute it to Buchner although it
is not present in the original paper. This analyticity assumption also helps us to compute
the homotopy type of the cut locus of a finite set of points in any closed, orientable,
real analytic surface of genus g (Theorem 3.27). In Example 3.29 we make some
observations about the cut locus of embedded homology spheres of codimension 2.
This includes the case of real analytic knots in the round sphere S3.

We apply our study of gradient of distance-squared function to two families of Lie
groups: GL(n,R) and U(p, g). With a particular choice of left-invariant Riemannian
metric which is right-invariant with respect to a maximally compact subgroup K, we
analyze the geodesics and the cut locus of K. In both cases, we obtain that G deforms
to K via Morse—Bott flow (Lemma 4.1 and Theorem 4.6). Although these results are
deducible from classical results of Cartan and Iwasawa, our method is geometric and
specific to suitable choices of Riemannian metrics. It also makes very little use of
structure theory of Lie algebras.

Organization of the paper In Section 2 we first recall basic definitions of Morse—
Bott functions and cut locus of a subset (see Section 2.1). In Section 2.2 we ana-
lyze the distance function from O(n,R) in M(n,R). This highlights and motivates
Theorem A as well as allows for computation of local homology of singular matrices
(Theorem B). In Section 3 we first recall some relevant basic definitions from geometry
(see Section 3.1). We make some observations about the differentiability of the distance
function (following Wolter [29]) and show that the cut locus is a simplicial complex
for an analytic pair (following Buchner [4]). In Section 3.2 we prove Theorem C and
discuss some applications, including Theorem D. In Section 3.3 we prove Theorem A.
In Section 4 we discuss two specific examples: we analyze the cut locus of O(n, R)
inside GL(n, R) in Section 4.1 and the cut locus of U(p) x U(g) inside U(p, g) in
Section 4.2. In Appendix A we prove Proposition 3.14, the continuity of the map s
(see (3-2)). This result is crucial for Section 3.2. In Appendix B we compute the

Algebraic & Geometric Topology, Volume 23 (2023)



A connection between cut locus, Thom space and Morse—Bott functions 4189

derivative of the square root map for positive-definite matrices (Lemma B.1). We also
analyze the differentiability of the map A — tr(~/ATA) in Lemma B.2.

Acknowledgements Basu acknowledges the support of the SERB MATRICS grant
MTR/2017/000807. Prasad was supported by a UGC (NET)-JRF fellowship.

2 Preliminaries

We recall the notion of Morse function and Morse-Bott function in Section 2.1, keeping
in mind the square of the distance function from a submanifold being a potential Morse—
Bott function, which we will analyze in Section 3.3. We also recall the definition of cut
locus of a subset in a Riemannian manifold. In Example 2.7 we observe that the join of
spheres being a sphere can be observed geometrically via cut locus. In Section 2.2 we
analyze the cut locus of orthogonal matrices and compute the relative homology of the
cut locus (2-8). Along the way, we note that the geometric deformation of GL(n, R)
to O(n,R), obtained via the distance-squared function, is not the Gram—Schmidt
deformation.

2.1 Background

Given a smooth n—dimensional manifold M, we say that a point p € M is a critical
point of a smooth function f: M — R if

dfpi TpM —> Tf(p)R

vanishes. In a coordinate neighborhood (¢ = (x1, x2,...,Xxy), U) around p, for all
j=1,2,...,n we have
Ifop™h)
S22k =0,
AXj

A critical point p is called nondegenerate if the determinant of the Hessian matrix

?(fogp™h

0x; 0x;

}M%ur=( <mm9

is nonzero. Let us denote the set of all critical points of f by Cr( f). If all the critical
points are nondegenerate, then f is said to be a Morse function. Morse-Bott functions
are generalizations of Morse functions, where we are allowed to have nondegenerate
critical submanifolds.
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Definition 2.1 (Morse—Bott functions) Let M be a Riemannian manifold. A smooth
submanifold N C M is said to be a nondegenerate critical submanifold of f if
N C Cr(f) and, for any p € N, Hess,( f) is nondegenerate in the direction normal
to N at p. The function f is said to be Morse—Bott if the connected components
of Cr( f) are nondegenerate critical submanifolds.

Note that “Hess, (/') is nondegenerate in the direction normal to N at p” means for
any V € (TpN)J- there exists W € (TpN)J- such that Hess, (f)(V, W) #0.

Example 2.2 Let M = R"*! equipped with the Euclidean metric d. If N = S” is
the unit sphere, then the distance between a point p € R”*1 and N is given by

d(N, p):= inf d(q, p).
geN

We shall denote by d? the square of the distance. Now consider the function
fiM—>R, x—d*N.x)=(|x]-1>

The function f: M — {0} is a Morse—Bott function with N = S” as the critical
submanifold.

The trace function on SO(n, R), U(n, C) and Sp(n, C) is a Morse-Bott function (see
Banyaga and Hurtubise [1, Exercise 22, page 90]). We refer the interested reader to [1]
for basic results on Morse—Bott theory.

We shall now define the cut locus for a point. The notion of cut locus was first
introduced for convex surfaces by Poincaré [23] in 1905 under the name la ligne de
partage, meaning the dividing line.

Definition 2.3 (cut locus) Let M be a complete Riemannian manifold and p € M. If
Cu(p) denotes the cut locus of p, then a point ¢ is in Cu(p) if there exists a minimal
geodesic joining p to g any extension of which beyond ¢ is not minimal.

Recall that a minimal geodesic joining p and ¢ is a geodesic that realizes the distance
between p and g. The existence of minimal geodesics joining two given points is
implied by completeness of the Riemannian manifold. Therefore, in almost all of the
examples, the manifolds under consideration will be complete Riemannian manifolds.
When M = S”, ie an n—sphere with the round metric induced from R”*1, for any
p € S", the cut locus Cu(p) will be the corresponding antipodal point. Later, in
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Definition 3.11, we give a slightly different but equivalent definition of cut locus,
following Sakai’s book [26, Section 4.1].

In order to have a definition of the cut locus for a submanifold (or a subset), we need
to generalize the notion of a minimal geodesic.

Definition 2.4 A geodesic y is called a distance-minimal geodesic joining N to p
if there exists ¢ € N such that y is a minimal geodesic joining ¢ to p and £(y) =
d(N, p) =:dn(p). We will refer to such geodesics as N—geodesics.

If N is an embedded submanifold, then an N—geodesic is necessarily orthogonal to N.
This follows from the first variational principle. We are ready to define the cut locus
for N C M.

Definition 2.5 (cutlocus) Let M be a Riemannian manifold and N be any nonempty
subset of M. If Cu(/N) denotes the cut locus of N, then we say that ¢ € Cu(N) if and
only if there exists a distance-minimal geodesic joining N to g such that any extension
of it beyond ¢ is not a distance-minimal geodesic.

The cut locus of a sphere (see Example 2.2) is its center. The set Cu(p) is closed; see
Postnikov [24, Exercise 28.4, page 363]. In general, the cut locus of a subset need not
be closed, as the following example, due to Sabau and Tanaka [25], illustrates.

Example 2.6 (Sabau and Tanaka 2016) Consider R? with the Euclidean inner product.
Let {6,}, with 6; € (0, ), be a decreasing sequence converging to 0. Let B(0, 1) be
the closed unit ball centered at (0, 0). Let B, := B(gn, 1) be the open ball with radius 1
and centered at g,. We have chosen ¢, so that it does not belong to B(0, 1) and
denotes the center of the circle passing through p, = (cos 8,,sin6,) and p,4+; =
(cos0,41,sin6,41). Define N C R? by
o0
N :=B0.D\ [ B(gn. D).

n=1
See Figure 1. Note that N is a closed set and the sequence {g,} of cut points of N
converges to the point (2, 0). However, (2, 0) is not a cut point of N.

In Theorem 3.30 we will prove that, for a submanifold N, the set Cu(N) is closed,
by showing that it is the closure of the set of all points in M which have at least two
minimal geodesics joining N to p € M.
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e = p, = (cosb,,sinb,) | B2
= AT

p B’l

N = B0. )\ U,Z; B

Figure 1: The cut locus need not be closed.

Example 2.7 (join induced by cut locus) Let Sf.‘ <> S" denote the embedding of
the k—sphere in the first k¥ 4+ 1 coordinates and S;‘_k ~1 denote the embedding of the
(n—k—1)—sphere in the last n — k coordinates. It can be seen that Cu(Sf.C )= S;’_k_l.
In fact, starting at a point p € Sf.‘ and traveling along a unit-speed geodesic in a direction
normal to TpSf.‘ , we obtain a cut point at a distance % from S{.‘ . Moreover, in this case,
Cu(S;‘_k_l) = SII.‘ and the n—sphere S” can be expressed as the union of geodesic

Figure 2: The cut locus of the equator in S2.
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segments joining Sf.‘ to S}’_k ~1. This is a geometric variant of the fact that the n—sphere
is the (topological) join of S¥ and S”~%~1. We also observe that S" — S;’_k_l deforms
to Sf.‘ while S” — Sf.‘ deforms to S;’_k_l.

In our example, let vlf’_k and vlk *1 denote the normal bundles of Slk and S?_k_l,
respectively. We may express S” as the union of normal disk bundles D(v;) and D(v;).
These disk bundles are trivial and are glued along their common boundary Sf.‘ X S;’_k -1
to produce S™. Moreover, Sl].‘ is an analytic submanifold of the real analytic Riemannian
manifold S” with the round metric. There is a generalization of this phenomenon due
to Omori [21, Lemmas 1.3-1.5 and Theorem 3.1].

Theorem 2.8 (Omori 1968) Let M be a compact, connected, real analytic Riemann-
ian manifold which has an analytic submanifold N such that the cut point of N with
respect to every geodesic which starts from N and whose initial direction is orthogonal
to N has a constant distance 7 from N. Then N’ = Cu(N) is an analytic submanifold
and M has a decomposition M = DN Uy, DN’, where DN and DN’ are the normal
disk bundles of N and N’, respectively, and ¢ is the gluing map.

2.2 An illuminating example

Let M = M(n, R), the set of n xn matrices, and N = O(n, R), the set of all orthogonal
n x n matrices. Let A, B € M(n,R). We fix the standard flat Euclidean metric on
M (n, R) by identifying it with R"”. This induces a distance function given by

d(4, B) := Vtur(A— B)T (4 - B)).

Consider the distance-squared function
f:GL(n,R) >R, Ar> dé(n’R)(A).

Lemma 2.9 The function f can be explicitly expressed as

(2-1) F(A) =n+tr(ATA) =2t (v ATA).
Proof Let A € GL(n, R) be any invertible matrix. Then
2-2 A= inf tw((A-B)T(A-B
@D (W)= inf (4= B) (A= B))
= inf [r(ATA) —t(ATB) —t(BTA) + (BT B
Beg}n’R)[r( ) — (4" B) —tr(B"A) + (B B)]

=t(ATA)+ inf [2tr(ATB)]+n
( )Beo(n’R)[ (A B)]

=tu(ATA)+n—2 sup tw(ATB).
BeO(n,R)
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In order to maximize the function
ha: O(n,R) >R, B> tr(47B),

for any invertible matrix A, we may first assume that A is a diagonal matrix with
positive entries. Then

n n

<D laiihii] £ aii = e(AT) = ha(D).

i=1 i=1

n
E a;jibii

i=1

|ha(B)| = |te(ATB)| =

Thus, one of the maximizers is B = I. For a general nonsingular matrix 4, we will
use the singular value decomposition (SVD). Write A = UDV' T, where U and V are
n x n orthogonal matrices and D is a diagonal matrix with positive entries. For any
B € O(n,R), using the cyclic property of trace, we can see that

tr(ATB) = w(D(UTBV)).

Since UTBV is an orthogonal matrix, maximizing over B reduces to the earlier
observation that B will be a maximizer if UT BV = I, which implies B = U VT

Since A is invertible, by the polar decomposition, there exists an orthogonal matrix Q

and a symmetric positive-definite matrix S = v/ AT4 such that A = Q'S. Since S is a

symmetric matrix, we can diagonalize it, ie S = PDPT, where P € O(n,R) and D

is a diagonal matrix with the eigenvalues of S as its diagonal entries. Thus,
A=0S=0PDPT,

Set U = QP and V = P to obtain the SVD of A. In particular, the minimizer is given

by
—1
B=0Q=AVATA .
Therefore,
f(A) =n+tr(ATA) —2tr(vV ATA)

for invertible matrices.

In order to compute f for a noninvertible matrix A, we note that GL(#, R) is dense in
M(n,R) and that /AT A is well defined for A € M(n,R). The continuity of the map
A+ v ATA on M(n,R) implies that the same formula (2-1) for f applies to A4 as
well. |

In order to understand the differentiability of f, it suffices to analyze the function

A tr(VATA).
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Lemma 2.10 The map g: M(n,R) — R, A > tr(~ATA), is differentiable if and
only if A is invertible.
The proof of this postponed to the appendix (see Lemma B.2).

Let us define the function

d:M(n,R) >R, A—tr(VATA).

We claim that
o0
(2-3) Doa(H) = tr(/ e IVATAUT [ 4 HT g)e—tVATA dt).
0

The following lemma (see Lemma B.1 for a proof) along with chain rule will prove
our claim:

Lemma 2.11 Let A be a positive-definite matrix and ¥ : A — +/A. Then
Dya(H) = /Ooo e VAR VA gy

for any symmetric matrix H.
We may drastically simplify, using basic analysis and linear algebra, the derivative of ¢
given by (2-3) to obtain

Do (H) = (AVATA ' H).
For any A € GL(n, R),

Dfy = 2A—24VATA = —24(VATA  —1I).

Hence, the negative gradient of the function f, restricted to GL(n, R), is given by

CVfla=24(YATA | —1).

The critical points are orthogonal matrices. If y(¢) is an integral curve of —V f initialized
at A, then y(0) = A and

a4 W =2y + 2(0VY OO =270+ 2007 VYO ).

Take the test solution of (2-4) given by

(2-5) y(t) = Ae 2 + (1 —e ) (AT) I VATA = A2 4+ (1 —e_Zt)A\/ATA_l.
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In order to show that y(¢) satisfies (2-4), we may verify the simplifications
y) (1) = (VATAeT + (1—e2)1)2,
T
VyTy() = ATAATy ()" =y (4T) TV ATA.

This implies that

GO WVye)Ty@) =(AT)" 1V ATA,

The right-hand side of (2-4), with the test solution, can be simplified to
—24e7? 4 2e721(AT)T1V AT 4,

which is the derivative of y. Thus, y(¢), as defined in (2-5), is the required flow line
which deforms GL(n, R) to O(n, R). In particular, GL™ (n, R) deforms to SO(n, R)
and the other component of GL(n, R) deforms to O(n,R) \ SO(n,R). We note,
however, that this deformation takes infinite time to perform the retraction.

Remark 2.12 A modified curve
-1
(2-6) nt)=A(1—t)+tAvVATA

with the same image as y, defines an actual deformation retraction of GL(n, R) to
O(n,R). Apart from its origin via the distance function, this is a geometric deformation
in the following sense. Given A € GL(n, R), consider its columns as an ordered basis.
This deformation deforms the ordered basis according to the length of the basis vectors
and mutual angles between pairs of basis vectors in a geometrically uniform manner.
This is in sharp contrast with Gram—Schmidt orthogonalization, also a deformation of
GL(n,R) to O(n, R), which is asymmetric as it never changes the direction of the first
column, the modified second column only depends on the first two columns, and so on.

We now show that f is Morse—Bott. The tangent space 77 O(n, R) consists of skew-
symmetric matrices while the normal vectors at I, are the symmetric matrices. As
left translation by an orthogonal matrix is an isometry of M (n, R), normal vectors at
A € O(n,R) are of the form AW for symmetric matrices W. Since

Dfs(H) = 2(A. H) —2(AVATA . H),

the relevant Hessian is
Dfavig/(H)— Dfa(H)
t

Hess(f)a(H, H) = lim
t—0
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with H = AW and H' = AW’ for symmetric matrices W and W’ A standard
computation leads to

Hess(f)a(H,H) =2w(HTH')y=2(H, H').

Therefore, the Hessian matrix restricted to (74O (n,R))~ is 2l5(41)/2- This is a
recurring feature of distance-squared functions associated to embedded submanifolds
(see Proposition 3.5).

There is a relationship between the local homology of cut loci and the reduced Cech
cohomology of the link of a point in the cut locus. This is due to Theorem 1.4 of
Hebda [9] and the remark following it.

Definition 2.13 Let N be an embedded submanifold of a complete smooth Riemannian
manifold M. For each g € Cu(N), consider the set A(g, N) of unit tangent vectors
at ¢ such that the associated geodesics realize the distance between ¢ and N. This set
is called the link of g with respect to N.

The set of points in N obtained by the endpoints of the geodesics associated to A(g, N)
will be called the equidistant set, denoted by Eq(q, N), of ¢ with respect to N.

Since the equidistant set Eq(g, N ), consisting of points which realize the distance dy (¢),
is obtained by exponentiating the points in A(g, N), there is a natural surjection map
from A(g, N) to Eq(q, N).

Theorem 2.14 (Hebda 1983) Let N be a properly embedded submanifold of a
complete Riemannian manifold M of dimension n. If ¢ € Cu(N) and v is an element
of A := A(q, N), then there is an isomorphism

(2-7) H'(A,v) = Hy—1-;(Cu(N),Cu(N) — ¢).
We are interested in computing A(A, O(n,R)) for singular matrices A. Note that
geodesics in M (n, R), initialized at A, are straight lines and any two such geodesics

can never meet other than at A. Therefore, there is a natural identification between the
link and the equidistant set of A.

Lemma 2.15 If A € M(n,R) is singular of rank k, then Eq(A, O(n,R)) is homeo-
morphic to O(n —k, R).
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Proof Using the singular value decomposition, we write A = UDVT, where U,V €
O(n,R) and D is a diagonal matrix with entries the eigenvalues of VATA. If we
specify that the diagonal entries of D are arranged in decreasing order, then D is unique.
Moreover, as A has rank k < n, the first k diagonal entries of D are positive while the
last n — k diagonal entries are zero. In order to find the matrices in O(n, R) which
realize the distance d(A, O(n, R)), by (2-2), it suffices to find B € O(n, R) such that
sup tr(ATB) = sup tr(VDUTB) = sup tr(DUTB V)
BeO(n,R) BeO(n,R) BeOn,R)
is maximized. However, UTBV € O(n,R) has orthonormal rows and the specific
form of D implies that the maximum happens if and only if UTBV has ey, ..., ex as
the first k rows, in order. Therefore, UT BV is a block orthogonal matrix, with blocks
of I and C € O(n—k,R),ie Be U(I x O(n—k,R)VT. o

Corollary 2.16 Let Sing denote the space of singular matrices in M (n, R). If A € Sing
is of rank k < n, then there is an isomorphism

(2-8) H'(O(n—k,R)) = H,>_,_;(Sing, Sing — A).

Proof It follows from Lemma 2.15 that A(4, O(n,R)) = O(m — k,R) if A has
rank k. Since O(n —k, R) is a manifold, the Cech and singular cohomology groups are
isomorphic. The space Sing is a star-convex set, whence all homotopy and homology
groups are that of a point. Applying (2-7) in our case, we obtain an isomorphism

H' (O(n—k,R)) = H,>_,_;(Sing, Sing— A)
between the reduced cohomology and local homology groups. In particular, the local

homology of the cut locus at A detects the rank of A. |

Similar computations hold for U(n, C) and singular n x n complex matrices.

3 Main results

We recall some results about exponential maps and Fermi coordinates in Section 3.1. A
result of Wolter [29] may be generalized to prove (Lemma 3.7) that the distance-squared
function from a submanifold is not differentiable on the separating set. This result may
be well known to experts, but the proof, following Wolter, is elementary. Buchner’s
result [4] may be generalized to prove (Theorem 3.9) that the cut locus is a simplicial
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complex for real analytic pairs. In Section 3.2 we recall the notion of Thom space
and apply it to the normal bundle of an embedded submanifold in a closed, connected
Riemannian manifold. Our first main result, Theorem 3.16, states that the quotient of the
ambient manifold by the cut locus of the submanifold results in the Thom space of the
normal bundle. As a consequence we obtain Theorem 3.24, which says that a homology
k—sphere inside a manifold homeomorphic to S 4 has cut locus weakly homotopy
equivalent to S¢~%=1 provided d —k > 3, k > 0 and H;_; (Cu(N)) is torsion-free.
Theorem 3.27 is another consequence about analytic surfaces. In Section 3.3 we prove
(see Theorem 3.30) that the cut locus of a submanifold is closed, essentially following
Wolter’s arguments [29]. This leads us to the other main result, Theorem 3.32, which
proves that the complement of the cut locus Cu(N) deforms to N.

3.1 Basic results

For understanding the geometry in the neighborhood of a submanifold, it is convenient
to use Fermi coordinates, a generalization of normal coordinates. We shall briefly
introduce Fermi coordinates and state some of their relevant properties. Let N be an
embedded submanifold of a Riemannian manifold M. Let v be the normal bundle of
N CM,ie

v:={(p,v):peN,ve (TpN)L}.

In fact, v is a subbundle of the restriction of TM to N. We define the exponential map

of the normal bundle as

(3-1) exp,:v — M, exp, (p,v) :=exp,(v) for (p,v) €v.

We may write exp,,(v) in short and call this the normal exponential map.

Now we will list some lemmas; for proofs we refer to Gray [8, Sections 2.1 and 2.3].
Lemma 3.1 Let N be a topologically embedded submanifold of a Riemannian mani-

fold M. Then the normal exponential map exp,,: v — M maps a neighborhood of N
in v diffeomorphically onto a neighborhood of N in M.

Let Oy denote the largest neighborhood of the zero section of v for which exp,, is a
diffeomorphism. We shall later be able to describe this neighborhood in terms of a
function s; see (3-2). To define a system of Fermi coordinates, we need an arbitrary
system of coordinates (y1, ..., ) defined in a neighborhood &/ C N of p € N together
with orthogonal sections Ex 1, ..., E, of the restriction of v to I.
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Definition 3.2 (Fermi coordinates) The Fermi coordinates (x1,...,x,) of N C M
centered at p (relative to a given coordinate system (y1, ..., yx) on N and orthogonal
sections Exy1,..., E, of v) are defined by
n
xl(expv( Z szj(p/))) =y (p) forl=1,...,k,
j=k+1
n
xi(expv( Z tjEj(p/))):l[ fori=k+1,...,n,
j=k+1
for p’ € U provided the numbers 511, ..., 1, are small enough that

1 Ex1(P) + -+t En(p') € On.

Since exp,, is a diffeomorphism on Oy, (x1,..., Xk, Xk41,...,X,) defines a coor-
dinate system near p. In fact, the restrictions to N of the coordinate vector fields
0/0Xg+1,...,0/0x, are orthonormal.

Lemma 3.3 Let y be a unit-speed geodesic normal to N with y(0) = p € N. If

u = y’(0), then there is a system of Fermi coordinates (x1, . .., X») such that, for small
enough t, ie for (p, tu) € Oy, we have

) K

Xk 41 ly@) x;

for1 </ <k and k 4+ 1 <i <n. Furthermore, forl < j <n,

—(). L 1
=V, G| €TV G| e @)

(xj o)) =18k +1)-

Definition 3.4 Let (x1,...,x,) be a system of Fermi coordinates for N C M. Define

o(x1,...,Xn) to be the nonnegative number satisfying
n
0% = Z x?.
i=k+1

It is known that o does not depend on the choice of Fermi coordinates.

Proposition 3.5 Let U be a neighborhood of N such that each point in U admits a
unique unit-speed N —geodesic. If p € U, then

o(p) =dn(p).
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dn (p) = (¥ lfo.10)

Figure 3: Distance via Fermi coordinates.

Proof Since the expression of ¢ is independent of the choice of the Fermi coordinates,
we will make a special choice of the Fermi coordinates (xp,...,x,). For p € U,
choose the unique unit-speed N—geodesic y joining p to N. This geodesic meets N
orthogonally at y(0) = p’. Choose fy so that y(z9) = p; see Figure 3. According to
Lemma 3.3, there is a system of Fermi coordinates (xy, ..., X,) centered at p’ such
that x; (y(1)) = 18; (x+1)- The sequence of equalities

0(p) = xk+1(y(t0)) = 1o = dn(p)
completes the proof. a

Corollary 3.6 Consider the distance-squared function with respect to a submanifold
N in M. The Hessian of the distance-squared function at the critical submanifold N is
nondegenerate in the normal direction.

Towards the regularity of the distance-squared function, the following observation will
be useful. It is a routine generalization of [29, Lemma 1].

Lemma 3.7 Let M be a connected, complete Riemannian manifold and N be an
embedded submanifold of M. Suppose two N —geodesics exist joining N toq € M.
Then d ]%, : M — R has no directional derivative at ¢ for vectors in direction of those
two N —geodesics.

Proof Let us assume that all the geodesics are parametrized by arc length. Let

vi:1[0,f] = M for i = 1, 2 be two distinct geodesics with y;(0), ¥2(0) € N and
v1(l) = g = y2(l), where [ = dy(g) and 0 <[ < 7. Let us suppose that the two
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geodesics start at p; and p, and so d(p1,q) =1 = d(p2, q). Note that the directional
derivative of d? at ¢ in the direction of ¥{(q) from the left is given by
di (i (D)) —dg (yi(l —¢)) 2—(-#? _

d?) (g):= lim = lim
( )_(Q) e—>0t & =071 &

21.

Next, we claim that the derivative of the same function from the right is strictly bounded
above by 2/. Let w € (0, 7] be the angle between the two geodesics y; and y; at g.
Define the function

u(t) :==dy 1l —¢) +dyi(l —¢). y2(z +1)).

By the triangle inequality, we observe that

f(@) = (@)? = d*(p1, y2(x +1) = dj (y2(x + 1)),

and equality holds at = 0 and (u(0))?> = d 1%, () = I?. Thus, in order to prove the
claim, it suffices to show that the derivative of f from the right, at t = 0, is bounded
below by 2/. We need to invoke a version of the cosine law for small geodesic triangles.
Although this may be well known to experts, we will use the version that appears in
Sharafutdinov’s work [27] (see also Daniilidis et al [6, Lemma 2.4] for a detailed proof).
In our case, this means that

d?(y1(l —¢), ya(r + 1)) = 2 + 1> + 2et cos w + K(r)e? 72,

where | K(7)| is bounded and the side lengths are sufficiently small. Note that we are
considering geodesic triangles with two vertices constant and the varying vertex being
y2 (I 4+ 7). It follows from taking a square root and then expanding in powers of t that

diyi(l —e), y2(r + 1)) = Ve2 + 12 + 2et cos o (1 + O(72)).

It follows that

u(t) =1—e+Ve2 +12+2etcosw (1 + 0(z?)).
Therefore, u’, (0) = cosw = d, (y1(l — &), y2(l)). Observe that
f-;-(f)lr=0
=2dn (1l —e)dy (y1i(l —&), y2(1)) +2d(y1(I — &), y2(1)d’y (y1(I — &), y2(1))
=2dn(y1(l —¢))cosw +2d(y1(l —¢), y2(l)) cosw
=2dn(y1(l))cosw < 21.

Thus, we have proved the claim and subsequently the result. |
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Figure 4: When two N—geodesics meet.

The above lemma prompts us to define the following set, the notation being consistent
with Wolter’s paper [29]:

Definition 3.8 Let N be a subset of a Riemannian manifold M. The set Se(/N ), called
the separating set,! consists of all points ¢ € M such that at least two distance-minimal
geodesics from N to g exist.

If g € Se(N) but g ¢ Cu(N), then we have Figure 4, ie y; is an N—geodesic beyond ¢
while y; is another N —geodesic for ¢. The triangle inequality applied to y1(0), g =y1 ()
and y»(/ 4+ 7) implies that

dy(y2(l+71)) <l +7,

while, for T small enough, dy (y2(I + 7)) =1 + t as y, is an N—geodesic beyond g.
This contradiction establishes the well-known fact Se(N) € Cu(N). In quite a few
examples, these two sets are equal. In the case of M = S” with N = {p}, the set
Se(N) consists of —p. There is an infinite family of minimal geodesics joining p
to —p. An appropriate choice of a pair of such minimal geodesics would create a loop,
which is permissible in the definition of Se(N).

Regarding the question of cut loci being triangulable, we recall the result of Buchner [4]
that the cut locus (of a point) of a real analytic Riemannian manifold (of dimension d)
is a simplicial complex of dimension at most d — 1. It follows, without many changes,
that the result holds for cut loci of submanifolds as well. Hence, we attribute the
following result to Buchner:

IWe could not find any name for this set in the literature. This terminology is our own although this
nomenclature is rarely used in the paper.
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Theorem 3.9 (Buchner 1977) Let N be an analytic submanifold of a real analytic
manifold M. If M is of dimension d, then the cut locus Cu(N) is a simplicial complex
of dimension at most d — 1.

The obvious modifications to the proof by Buchner are the following:

(i) Choose ¢ to be such that there is a unique geodesic from p to ¢ if (p,q) < ¢
and, if dn (¢) < ¢, then there is a unique N—geodesic to g.

(i) Consider the set Qpy (0,11, ..., ), the space of piecewise broken geodesics
starting at NV, and define Qn (%9, 1, . . ., tx)* analogously.
(iii) The map
QN (o, t1,....15) > NXMx---xM, o+ (0(to),w(t1),...,o(t)),
determines an analytic structure on Qn (%o, f1, ..., %)%,

The remainder of the proof works essentially verbatim.

Remark 3.10 As we have seen in Example 2.7, the dimension of the cut locus of a
k—dimensional submanifold is d — k — 1. However, generically, we may not expect
this to be true. In fact, for real analytic knots (except the unknot) in S3, it is always the
case that the cut locus cannot be homotopic to a (connected) 1-dimensional simplicial
complex (see Example 3.29).

3.2 Thom space via cut locus

Let (M, g) be a complete Riemannian manifold with distance function d. The expo-

nential map at p,
exp,: TpM — M,

is defined on the tangent space. Moreover, there exists a minimal geodesic joining any
two points in M. However, not all geodesics are distance-realizing. Given v € T, M
with ||v]| = 1, let y, be the geodesic initialized at p with velocity v. Let S(7'M) denote
the unit tangent bundle and let [0, co] be the one-point compactification of [0, o).
Define

5:S(TM) —[0,00], s(v) :=sup{t € [0,00) : yyl[o,] is minimal}.

Definition 3.11 (cutlocus) Let M be a complete, connected Riemannian manifold. If
5(v) < oo for some v € S(Tp M), then exp,, (s(v)v) is called a cut point. The collection
of cut points is defined to be the cut locus of p.
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As geodesics are locally distance-realizing, s(v) > 0 for any v € S(TM). The following
result [26, Proposition 4.1] will be important for the underlying ideas in its proof:

Proposition 3.12 The map s: S(TM) — [0, co], u — s(u), is continuous.

The proof relies on a characterization of s(v) provided s(v) < co. A positive real
number T is s(v) if and only if y,: [0, T] — M is minimal and at least one of the
following holds:

(1) yv(T) is the first conjugate point of p along yy.
(ii) There exists u € S(T, M) with u # v and yy(T) = yu(T).

Recall that, if y: [0,a] — M is a geodesic, then ¢ = y(fp) is conjugate to p = y(0)
along y if exp,, is singular at 79y (0), ie (D exp,)(foy(0)) is not of full rank.

Remark 3.13 If M is compact, then it has bounded diameter, which implies that
s(v) < oo for any v € S(TM). The converse is also true: if M is complete and
connected with s(v) < oo for any v € S(TM), then M has bounded diameter, whence
it is compact.

We shall be concerned with closed Riemannian manifolds in what follows. Let N be
an embedded submanifold inside a closed, ie compact without boundary, manifold M.
Let v denote the normal bundle of N in M with D(v) denoting the unit disk bundle.
In the context of S(v), the unit normal bundle and the cut locus of N, distance-minimal
geodesics or N-—geodesics are relevant (see Definitions 2.4 and 2.5). We want to
consider

(3-2)  s:S(v)—>1[0,00), s(v):=sup{t €[0,00): yyl[o, is an N—geodesic}.

Notice that 0 < s(v) < s(v) for any v € S(v). In the special case when N = {p},
s is simply the restriction of s to 7, M. Analogous to Proposition 3.12, we have the
following result:

Proposition 3.14 The map s: S(v) — [0, 00), as defined in (3-2), is continuous.

As expected, the proof of Proposition 3.14 relies on a characterization of s(v) similar
to that of s(v) (refer to Lemma A.2 and Bishop and Crittenden’s book [3, Exercise 23,
page 241]).

Let us postpone the proofs (see Appendix A) and proceed with some immediate
applications.
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Definition 3.15 (rescaled exponential) The rescaled exponential or s—exponential
map is defined to be

exp,(s(D)v) if v =|v[| #0,

exp: D(v) > M, (p,v) —~ =0

We are now ready to prove the main result of this section.

Theorem 3.16 Let N be an embedded submanifold inside a closed, connected Rie-
mannian manifold M. If v denotes the normal bundle of N in M, then there is a
homeomorphism

exp: D(v)/S(v) => M/Cu(N).

Proof It follows from Proposition 3.14 that the rescaled exponential is continuous.
Moreover, exp is surjective and exp(S(v)) = Cu(N). If there exist (p, v) # (¢, w) €
D(v) such that

exp(p.v) = &xp(q, w) = p',

then dy (p’) can be computed in two ways to obtain

dn(p") = s@Dlv]l = s(@)w].

Thus, T = d(p’, N) is a number such that y,: [0, T] — M is an N-geodesic and
Yu(T) = yw(T) = p’ By Lemma A.2, we conclude that T = s(0) = s(0), whence
|v|| = ||w|| = 1. Therefore, exp is injective on the interior of D(v).

As Cu(N) is closed and M is a compact metric space, the quotient space M/Cu(N)
is Hausdorff. As the quotient D(v)/S(v) is compact, standard topological arguments
imply the map induced by the rescaled exponential is a homeomorphism. |

Recall that the Thom space Th(E) of a real vector bundle £ — B of rank k is
D(E)/S(E), where it is understood that we have chosen a Euclidean metric on E. If
B is compact, then the Thom space Th(E) is the one-point compactification of E. In
general, we compactify the fibers and then collapse the section at infinity to a point to
obtain Th(E). Thus, Thom spaces obtained via two different metrics are homeomorphic.
We will now revisit a basic property of Thom space via its connection to the cut locus.
It can be seen that

(3-3) Cu(N1 x N2) = (Cu(N1) x M2) U (M7 x Cu(N2))
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for an embedding N1 x N3 inside M1 x M>. If v; is the normal bundle of N; inside M;,
then Theorem 3.16 along with (3-3) implies that

Th(vy & v2) = My x M __ My/Cu(Ny) x M3/Cu(N>)
P (M x Cu(N2) U (Cu(N1) x M) — M /Cu(Ny) v Ma/Cu(N2)
= Th(\)l) A Th(l)z).

Let N = N U N, be a disjoint union of connected manifolds of the same dimension.
If N < M, then let v; denote the normal bundle of N; in M. If v is the normal bundle
of N in M, then

(3-4) Th(v) = Th(vy) Vv Th(vy).

This implies that
M/Cu(N) = M/Cu(Ny) Vv M/Cu(N>).

Example 3.17 Consider the two circles
N1 ={(cost,sint,0,0) |t € R}, N, ={(0,0,cost,sint) |t € R}
in S3. The link N := N; U N> has linking number 1. It can be checked that
Cu(N) = {Jii(cos s,sins,cost,sint) | s,t € R}
is a torus. Note that Cu(N;) = N, and vice versa as well as
S3/Cu(N;) = (S x $2)/(S! x 00),

where S1 x $? is the fiberwise compactification of the normal bundle of N;. We

S3/Cu(N) = (Sl XSz)v (Sl XSZ).

conclude that

S1x o0 ST x o0
There are some topological similarities between Cu(N) and M — N.

Lemma 3.18 The cut locus Cu(N) is a strong deformation retract of M — N. In
particular, (M, Cu(N)) is a good pair and the number of path components of Cu(N)
equals that of M — N.

Proof Consider the map H: (M — N) x [0,1] = M — N defined via the normal
exponential map

. g eXpEI(q)) PN }expil(q)}
ep“[{t (nexp;l(q)n A =0lexey @Dl oot

H(q.1)= ifge M —(Cu(N)UN),
q if ¢ € Cu(N).
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Ifge M —(Cu(N)UN), then let y be the unique N —geodesic joining N to g. The path
H(q, ) is the image of this geodesic from ¢ to the first cut point along y. The continuity
of s implies that H is continuous. It also satisfies H(g,0) = ¢ and H(g, 1) € Cu(N).
The claims about good pair and path components are clear. a

Corollary 3.19 Iftwo embeddings f, g: N — M are ambient isotopic, then Cu( f(N))
and Cu(g(N)) are homotopy equivalent.

Proof The hypothesis implies that there is a diffeomorphism ¢: M — M such that
o(f(N))=g(N). Thus, M —Cu( f(N)) is homeomorphic to M —Cu(g(N)) and the
claim follows from the lemma above. Note that, in the smooth category, the notion of
isotopic and ambient isotopic are equivalent (refer to Section 8.1 of Hirsch’s book [12]).
Thus, the same conclusion holds if we assume that the embeddings are isotopic. O

Remark 3.20 Without the assumption of M being closed, the above result fails to
be true. One may consider M = S! x R with the natural product metric and N = S*.
In fact, the universal cover of M is R x R while that of N is R. If we choose a
periodic curve in R? which is isotopic to the x—axis and has nonempty cut locus in R?,
then we may pass via the covering map to obtain an embedding g of N isotopic to
the embedding f identifying N with S! x {0}. For this pair, Cu( f(N)) = @ while
Cu(g(N)) # 2.

Several other identifications between topological invariants can be explored. For
instance, if t: N ks pd is, as before, such that M — N is path-connected, then

(3-5) tx: 70 (Cu(N)) => 7; (M)

if 0 < j <d —k —2 while ¢ is a surjection for j = d —k — 1. The proof of this relies
on a general position argument, ie being able to find a homotopy of the sphere that
avoids N, followed by Lemma 3.18. Surjectivity of i if j <d —k — 1 is imposed by
the requirement that a sphere S/ in general position must not intersect N*. Injectivity
of « for j <d —k —2 is imposed by the condition that a homotopy S/ x [0, 1] in general
position must not intersect N k _This observation (3-5) generalizes a result of Sakai
[26, Proposition 4.5(1)].

The inclusion i : Cu(N) < M induces a long exact sequence in homology
-+ — H;(Cu(N)) RN H;j(M)— H;j(M,Cu(N)) 9, Hi _1(Cu(N)) = ---.

As (M, Cu(N)) is a good pair (see Lemma 3.18), we replace the relative homology
of (M, Cu(N)) with the reduced homology of M/Cu(N) = Th(v). This results in the
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long exact sequence
(3-6) ---— H;(Cu(N)) EEN H;(M) AN ﬁj(Th(v)) RN Hj 1(Cu(N)) —---.
If N = {p} is a point, then Th(v) = § 4 and (3-6) imply isomorphisms

ix: Hj(Cu(p)) => H;(M), i*:H/(M)=> H’(Cu(p))

for j #d,d —1 (see [26, Proposition 4.5(2)]).

Remark 3.21 The long exact sequence (3-6) can be interpreted as the dual to the
long exact sequence in cohomology of the pair (M, N). f N = Ny U---UN;isa
disjoint union of submanifolds of dimension k1, ..., k;, respectively, then the Thom
isomorphism implies that
H;(Th(v)) = H;(Th(v1)) -~ & H; (Th(v;)
= H; _(q—k)(N1)®---® Hj_q—k,)(Np),
where v; is the normal bundle of N;. Applying Poincaré duality to each N;, we obtain
isomorphisms ;
H;(Th(v)) = @@ H?/ (N;) = H*~/(N).
i=1

Poincaré-Lefschetz duality applied to the pair (M, N) provides isomorphisms
(3-7) H/(M,N)= Hy_;(M —N).

As M and N are triangulable, Cech cohomology may be replaced by singular co-
homology. Since M — N deforms to Cu(N) by Lemma 3.18, we have isomorphisms

(3-8) H’(M,N) = Hy_;(Cu(N)).
Combining all these isomorphisms, we obtain the long exact sequence in cohomology

for (M, N) from (3-6).

Lemma 3.22 Let N be a closed submanifold of M with [ components. It M has
dimension d, then Hy_,(Cu(N)) is free abelian of rank [ — 1 and Hy_ ; (Cu(N)) =
H/ (M) if j —2 > k, where k is the maximum of the dimensions of the components
of N.

Proof It follows from (3-7) that

H;_1(Cu(N))~ H' (M, N).
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Consider the long exact sequence associated to the pair (M, N),
0— HYM,N)— H(M)L> HON) — HY(M,N) - H' (M) — H (N) - --- .

If N has [ components, ie N = Ny U ---U N;, where N, has dimension k;, then
HY (M, N) is torsion-free. This follows from the fact that i*(1) = (1,...,1) and
H'(M) is free abelian. In particular, if H'(M) =0, then Hy_, (Cu(N)) =~ Z!~1.

The long exact sequence for the pair (M, N) implies that there are isomorphisms
(3-9) Hy—;(Cu(N)) = H/(M,N) = H/ (M)

if j >k + 2, where k = max{ky,...,k;}. a

Remark 3.23 The cut locus can be very hard to compute. For a general space,
we have the notion of topological dimension. This notion coincides with the usual
notion if the space is triangulable. However, Barratt and Milnor [2] proved that the
singular homology of a space may be nonzero beyond its topological dimension. Cech
(co)homology is better equipped to detect topological dimension and is the reason why
one may prefer it over singular homology due to the generic fractal-like nature of cut
loci (see the remarks following Theorem C in Section 1). Although the topological
dimension of Cu(N) is at most d — 1, it is not apparent that H;_1(Cu(N)) is a free
abelian group.

There are several applications of this discussion.

Theorem 3.24 Let N be a smooth homology k—sphere embedded in a Riemannian
manifold homeomorphic to S?. If d > k + 3, then the cut locus Cu(N) is homotopy
equivalent to §d—k—1,

Proof As N has codimension at least 3, its complement is path-connected. It follows
from (3-5) and Lemma 3.18 that M — N is (d —k—2)—connected. In particular, M — N is
simply connected and, by the Hurewicz isomorphism, H; (M —N)=0if j <d —k—-2.
Note that H;(M — N) =0 as M — N is a noncompact manifold of dimension d.

If k > 0, then, by Lemma 3.22, H;_;(M — N) = 0. Moreover, by Poincaré—Lefschetz
duality (3-7), the only nonzero higher homology of M — N is Hy_j_1(M — N) = Z.
By the Hurewicz theorem, there is an isomorphism 7y _j_1(M — N) = Z. Let

a: SR S - N
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be a generator. The map o« induces an isomorphism on all homology groups between
two simply connected CW complexes. It follows from Whitehead’s theorem that « is
a homotopy equivalence. Using Lemma 3.18, we obtain our homotopy equivalence
Hyoa: S4 %=1 5 Cu(N).

If K = 0, then, by Lemma 3.22, H;_{(M — N) = Z. Arguments similar to the k > 0
case now apply to obtain a homotopy equivalence with S d-1, |

The above result was foreshadowed by Example 2.7, where we showed that the cut
locus of N = Sl’.‘ inside M = S? is Sld —k=1 Tt also differs from Poincaré-Lefschetz
duality in that we are able to detect the exact homotopy type of the cut locus. In fact,
when M and N are real analytic and the embedding is also real analytic, then, by
Theorem 3.9, we infer that Cu(/N) is a simplicial complex of dimension at most d — 1.
Towards this direction, Theorem 3.24 can be pushed further.

Proposition 3.25 Let N be a real analytic homology k—sphere embedded in a real
analytic homology d —sphere M. If d > k + 3, then the cut locus Cu(N) is a simplicial
complex of dimension at most d — 1, having the homology of the (d —k—1)—sphere
with fundamental group isomorphic to that of M.

The proof of this is a combination of ideas used in the proof of Theorem 3.24. The
homotopy type cannot be deduced here due to the presence of a nontrivial fundamental
group. An intriguing example can be obtained by combining Proposition 3.25 and the
Poincaré homology sphere.

Example 3.26 (cut locus of O—sphere in the Poincaré sphere) Let I be the binary
icosahedral group. It is a double cover of I, the icosahedral group, and can be realized
a subgroup of SU(2). It is known that H; (I:Z)=H,(I;Z) =0, ieitis perfect and
the second homology of the classifying space BI is zero. A presentation of I is given
by

I=(s,t]|(s)?=s>=15).

In fact, if we construct a cell complex X of dimension 2 using the presentation above,
then X has one O—cell, two 1—cells and two 2—cells. The cellular chain complex, as

computed from the presentation, is given by
-1 2
anZMZZLZ—w.

Therefore, H1(X) = H»(X) = 0 while 71 (X) = I.
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In contrast, consider the cut locus C of the O—sphere in SU(2)/ I, the Poincaré homology
sphere. As SU(2) is real analytic, so is the homology sphere. By Proposition 3.25,
C is a finite, connected simplicial complex of dimension 2 such that 71 (C) = I and
H,(C:;Z) = H,(S?;Z). The existence of this space is interesting for the following
reason: although X Vv S has the same topological invariants we are unable to determine
whether X v §2 is homotopy equivalent to C.

In the codimension two case, we have two results.

Theorem 3.27 Let X be a closed, orientable, real analytic surface of genus g and N
a nonempty finite subset. Then Cu(N) is a connected graph, homotopy equivalent to a
wedge product of [N |+ 2g — 1 circles.

Proof As M — N is connected, Lemma 3.18 implies that Cu(/N) is connected. It
follows from Theorem 3.9 that Cu(N) is a finite 1-dimensional simplicial complex, ie
a finite graph. In this case, Th(v) is a wedge product of |N| copies of S? (see (3-4)).
We consider (3-6) with j = 2:

057 L5 Hy(vinS?) - Hi(Cu(N)) 2> Hy(S) — 0.

Note that H;_; (M) is torsion-free, whence all the groups appearing in the long exact
sequence are free abelian groups. This implies that

dimz Hy(Cu(N)) =2g + [N|—1.

As Cu(N) is a connected finite graph, collapsing a maximal tree 7" results in a quotient
space Cu(N)/T which is homotopic to Cu(N) as well as being a wedge product of
IN|+2g —1 circles. |

Remark 3.28 Itoh and Vilcu [15] proved that every finite, connected graph can be
realized as the cut locus (of a point) of some surface. There remains the question of
orientability of the surface. As noted in the proof of Theorem 3.27, if the surface is
orientable and |N | = 1, then the graph has an even number of generating cycles. If X
is nonorientable, then T 22 (RPP?)** has nonorientable genus k and the oriented double
cover of 3 has genus g = k — 1. Recall that H;(Z) = Z¥~! @ Z, and H,(Z) = 0.
Looking at (3-6) with j = 2, we obtain

0—Z — H{(Cu(p)) —> Z¥'e 7, —>0.

Algebraic & Geometric Topology, Volume 23 (2023)



A connection between cut locus, Thom space and Morse—Bott functions 4213

Thus, H; (Cu(p)) = Z* as homology groups of graphs are free abelian. Let B.(Cu(p))
denote the e—neighborhood of Cu(p) in X. For ¢ sufficiently small, this is a surface
such that Bg(C—u(pm has one boundary component. The compact surface B;(Cu(p))
is reminiscent of ribbon graphs. The surface X can be obtained as the connect-sum of
a disk centered at p and the closure of B.(Cu(p)). Therefore, nonorientability of X
is equivalent to nonorientability of B;(Cu(p)). A similar observation appears in the
unpublished work of Itoh and Vilcu [14, Theorem 3.7].

Example 3.29 (homology spheres of codimension two) In continuation of Theorem
3.24,let N < Skt2 pe a homology sphere of dimension & > 1. Since N has co-
dimension two, S¥¥2 — N is path-connected and so is Cu(N). We are not assuming
that the metric on S*¥*2 is real analytic. Using (3-8) and the long exact sequence
in cohomology of (M, N), we infer that H1(Cu(N)) = Z and all higher homology
groups vanish. However, the Hurewicz theorem cannot be used here to establish that
m1(Cu(N)) = Z.

In particular cases, we may conclude that Cu(/N) is homotopic to a circle. It was proved
by Plotnick [22] that certain homology 3—spheres N, obtained by a Dehn surgery of
type 1/2a on a knot, smoothly embed in S> with complement a homotopy circle. Since
M — N deforms to Cu(N), it follows that there is a map a: S' — Cu(N) inducing
isomorphisms on homotopy and homology groups.

If k = 1, then a homology 1—sphere is just a knot K in 3. Since §3 — K deforms to
Cu(K), the fundamental group of the cut locus is the knot group. Moreover, in the case
of real analytic knots in S3, the cut locus is a finite simplicial complex of dimension at
most 2 (see Theorem 3.9). Except for the unknot, the knot group is never a free group,
while the fundamental group of a connected, finite graph is free. This observation
establishes that Cu(K) is always a 2—dimensional simplicial complex whenever K is a
nontrivial (real analytic) knot in S3.

3.3 Morse-Bott function associated to distance function

We first prove that the closure of Se(V) is the cut locus, closely following the proof
given in [29] for the case of a point.

Theorem 3.30 Let Cu(N) be the cut locus of a compact submanifold N of a complete
Riemannian manifold M. The subset Se(N) of Cu(N) is dense in Cu(N).

Proof Letqg €Cu(N)butnotin Se(N). Choose an N—geodesic y, joining N to ¢, such
that any extension of y is not an N-geodesic. This geodesic y is unique as g ¢ Se(N).
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Figure 5: Co(xg, 9).

We may write y(¢) = exp,(tx), where y(0) = p € N and y'(0) = xo € S(vp). It
follows from the definition of s that ¢ = exp, (s(x0)xo). We need to show that every
neighborhood of ¢ in Cu(/N) must intersect Se(/N). Suppose it is false. Let § > 0 and
consider B(xo, §), the closed ball with center xo and radius §. Define the cone

Co(x0,0):={tx:0<t <1,x € B(x09,8)NS(v)};

see Figure 5. Since B(xg,8) N S(v) is homeomorphic to a closed (n—1)-ball for
sufficiently small §, the cone will be homeomorphic to a closed Euclidean n—ball.
Similarly, define another cone

Co* (xo, 8) = {s(”i—”)x ‘ x € Co(xg, 8), x £ 0L U{o.

Note that s(xg) is finite. As s is continuous, due to Proposition 3.14, for sufficiently
small § the term s(x/||x||) is still finite, whence Co*(xo, §) is well defined. We claim
that Co*(xo, 8) is also homeomorphic to a closed Euclidean (n—k)-ball. Indeed, a
nonzero x € Co(xg,§) implies x = A% for some A € (0, 1] and £ € B(xg,8) N S(v).
Since s(X)x = As(X)Xx, it follows that Co* (xg, §) is the cone of the set

{s(X)X | X € B(x0.8) N S(v)},
which is homeomorphic to B(xg,§) N S(v). Now we have a dichotomy:

(a) for a fixed small § > 0, the restriction of exp,, to Co*(xg, §) is a homeomorphism
to its image because it is injective, or

(b) for any § > 0, the restriction of exp,, to Co*(xg, §) is not injective.

If (b) holds, choose v, # w, € Co*(xg, 1/n) such that these map to g, under exp,,.
Thus, ¢, € Se(N) and compactness of S(v) ensures that g, converges to ¢. If (a) holds,
then let B(q, ¢) denote the open ball in M centered at ¢ with radius ¢ > 0. We claim
that it intersects the complement of exp, (Co* (xo,§)) in M. But it is true as s(xg)xo
lies on the boundary of Co*(x¢,d) and hence it has a neighborhood in Co*(xg, §)
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which is homeomorphic to a closed n—dimensional Euclidean half plane. Since exp,
restricted to Co™ (xg, 8) is a homeomorphism, the open ball B(g, €) must intersect the
points outside the image of exp,, (Co*(xo, §)).

Now take ¢ = 1/n. For each n, there exists g, € B(q, 1/n) with g, ¢ exp, (Co*(x¢, §)).
Since M is complete, for each point g, let y, be an N—geodesic joining p, € N to ¢p.
We may invoke the following result from Busemann’s book [5, Theorem 5.16, page 24].
Let {y,} be a sequence of rectifiable curves in a finitely compact set X such that the
lengths £(yy) are bounded. If the initial points p, of y, form a bounded set, then {y,}
contains a subsequence y,, which converges uniformly to a rectifiable curve ¥ in X and

£(y) <liminf€(yy, ).
Since {py} lie in the compact set N, we obtain a rectifiable curve ¥ such that
4(y) < liminf€(yn,) = 1i]£n€()/nk) = lilgndN(CInk) =dn(q).

Thus, ¥ is actually an N—geodesic joining p’ = limg p,, to ¢ and the unit tangent
vectors x,, =Y, . (0) at pp; converges to the unit tangent vector X = ¥'(0) at p’. Since
Xg is an interior point of the set B(xg, §) N S(v), any sequence in S(v) converging to xg
must eventually lie in Co(xo, §). According to our choice, ¢, ¢ exp,(Co*(xo,5)) and
the x,, all lie outside of Co(xo, §). Hence, xo # X and y # y. Thus, there are two
distinct N—geodesics y and ¥ joining N to ¢, a contradiction to g ¢ Se(N). |

We have seen (in Lemma 3.7) that d]%, is smooth away from the cut locus. It follows
from Theorem 3.30 that the cut locus is the closure of the singularity of d]%,. The
following example suggests that d ]%, can be differentiable at points in Cu(N) — Se(N)
but not twice differentiable:

Example 3.31 (cut locus of an ellipse) We discuss the regularity of the distance-
squared function from an ellipse x2/a® + y?/b? = 1 (with @ > b > 0) in R?. For
a discussion of the cut locus for ellipses inside S? and ellipsoids, see Hebda [10,
pages 90-91]. Let (xo, yo) be a point inside the ellipse lying in the first quadrant. The
point closest to (xg, yo) and lying on the ellipse is given by
. a’xo b2y
YTivar T e
where ¢ is the unique root of the quartic

axo 2+ byo 2=1
t +a? t + b2
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(]

Figure 6: Cut locus of an ellipse.
in the interval (—b?2, 00). Given (a, B) with B > 0, we set

Po(, B) = (“2_b2 +8a,sﬁ);

this defines a straight line passing through Py(«, B) in the direction of (¢, 8). For

e >0, P.(a, B) lies in the first quadrant and we denote by ¢ = (&) the unique relevant
root of the quartic

a((@®—b2?)/a+ea)\? bep 2_1
( t+a? ) +(t+b2) B

Simplifying this after dividing by ¢ and taking a limit ¢ — 0", we obtain

2aux 2 t + b2 £
— i _2gr— )
a% — b2 si%l+((a2—b2) s p (t+b2)2)

On the other hand, the point Q. (c, B) on the ellipse closest to P¢(x, B) is given by
. a’((a*>—-b?)/a + ea) . b2ep
- t+a? ST e

&

It follows that

t2 (a®> —b> fasa\* 12 [ bef \?
2 g2 _ P

Using ¢(0) = —b?2, simplifications lead us to

lim dZ—dg 2ab*a lim (t +b%)(a?b? —a’t +2b%t) B2 t2e
1 = — 11 —
e>0t € a?(a?2—b?) s—o+ e(t +a?)? (t +b2)2
2ab*a 2% t+b2 214 1
= 2@ b e im T T M e
B 2ab*a 2ab%a B 2h%a
©a2(a?-b2%) a2-b2 a
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On the other hand, for ¢ <0, the point P¢(«, B) lies in the fourth quadrant. By symmetry,
the distance between P.(«, 8) and Q. (c, ) is the same as that between P_.(—c«, )
and Q_.(—«, ). However, it is seen that

dZ(P—é‘(_a’ ;8)’ Q—S(_a7 IB)) = dzg(_a’ 18)’
as defined in (3-10). Therefore,
d*(Ps(a, B), Qs(a, B)) —d*(Po(e, B), Qola, B))

lim
e—>0— & 5 5
o d2(cap)—d3(-a.p)
e—>0— &£
—e—0t —&
B 2b%a
= o

where the last equality follows from the right-hand derivative of d?2, as computed
previously.

When B = 0, we would like to compute d2(c, 0). If & > 0, then

b*  2b%ae
> = + azsz.
a

(3-11) d%(a,0) = (b*/a —ea)* = -

On the other hand, if ¢ < 0 is sufficiently small, then there are two points on the ellipse
closest to Pg(a,0) = ((a? — b?)/a + ea,0), with exactly one on the first quadrant,
say Q. Since the segment P; Q. must be orthogonal to the tangent to the ellipse at Q,
we obtain the coordinates for Q;:

_ a’((a® —b?)/a + ca)

2 2 xgz
Xe 22 , ye=0>b (1—a—2), ye > 0.

We may compute the distance
b* 2b%ae  b2a?e?
2 g2 —
(3-12) di(a,0):=d"(Pg, Q¢) = 2, a2 p
where ¢ < 0. Combining (3-11) and (3-12), we conclude that d 2 is differentiable at Py =
((a®>=b?)/a,0), a point in Cu(N ) but not in Se(N ). However, comparing the quadratic
part of d2 in (3-11)—(3-12), we conclude that d? is not twice differentiable at Py.

Theorem 3.32 Let N be a closed embedded submanifold of a complete Riemannian
manifold M. Let dy : M — R be the distance function with respect to N. If f = d?%,
then its restriction to M — Cu(N) is a Morse—Bott function, with N as the critical
submanifold. Moreover, the gradient flow of f deforms M — Cu(N) to N.
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Proof Tt follows from Lemma A.2 that the map exp, ' : M —(Cu(N)UN) — v—{0} is
an (into) diffeomorphism and dy (¢) = |lexp, ! (¢)|| and hence the distance function is
of class C*° at g € M — (Cu(N) U N). Using Fermi coordinates (see Proposition 3.5),
we have seen that the distance-squared function is smooth around N and therefore
it is smooth on M — Cu(/N). By Corollary 3.6, the Hessian of this function at N is
nondegenerate in the normal direction. It is well known [26, Proposition 4.8] that
Vd(q)|| = 1if dy is differentiable at ¢ € M. Thus, forg € M — (Cu(N)U N), we
have

(3-13) IV = 2dn (@IIVdn (@)l = 2dn (q).
Let y be the unique unit-speed N—geodesic that joins N to ¢, ie
y:0dv@l =M, yO)=p. ydn@)=q. Y=L
We may write V£ (q) = Ay’(dn(q)) + w, where w is orthogonal to y’(dxn(q)). But
(VFlg-¥ @n @) = = 7 (y(dw(g) +1)
=2dn(q).
Thus, A = 2d(q) and, combined with (3-13), we conclude that

Vf(g) =2dn(q)y'(dn(q)).

Therefore, the negative gradient flow line initialized at ¢ € M — Cu(N) is given by

n(t) = y(dn(q)e™").

These flow lines define a flow which deforms M — Cu(N) to N in infinite time. O

d 2 2
= — 2
dt(dN(Q) +2dy(q)t +1t )t=0

t=0

The reader may choose to revisit the example of GL(n, R) discussed in Section 2.2
and treat it as a concrete illustration of the theorem above.

4 Applications to Lie groups

Due to classical results of Cartan, Iwasawa and others, we know that any connected
Lie group G is diffeomorphic to the product of a maximally compact subgroup K
and an Euclidean space. In particular, G deforms to K. For semisimple groups, this
decomposition is stronger and is attributed to Iwasawa. The Killing form on the Lie
algebra g is nondegenerate and negative-definite for compact semisimple Lie algebras.
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For such a Lie group G, consider the Levi-Civita connection associated to the bi-
invariant metric obtained from the negative of the Killing form. This connection
coincides with the Cartan connection.

We consider two examples, both of which are noncompact and nonsemisimple. We
prove that these Lie groups G deformation retract to maximally compact subgroups K
via gradient flows of appropriate Morse—Bott functions. This requires a choice of a
left-invariant metric which is right- K—invariant and a careful analysis of the geodesics
associated with the metric. In particular, we provide a possibly new proof of the
surjectivity of the exponential map for U(p, q).

4.1 Invertible matrices with positive determinant

Let g be a left-invariant metric on GL(n, R), the set of invertible matrices. Recall that
a left-invariant metric g on a Lie group is determined by its restriction at the identity.
For A € GL(n,R), consider the left multiplication map l4: GL(n, R) — GL(n, R),
B +— AB. This extends to a linear isomorphism from M (n, R) to itself. Thus, the
differential (Dl4);: T1GL(n, R) — T4GL(n, R) is an isomorphism and given by /4
itself. For X,Y € T;GL(n, R),

gr1(X.Y)=ga((Dlg)1 X, (Dlg)1Y) = ga(AX, AY).

We choose the left-invariant metric on GL(n, R) generated by the Euclidean metric
at I. Therefore,

ga-1(X.Y) = (AX, AY ) :=tr(AX)TAY) = r(X TATAY).

Note that this metric is right-O(n, R)—invariant. We are interested in the distance
between an invertible matrix A (with det(4) > 0) and SO(#n, R). Since SO(#n, R) is
compact, there exists B € SO(n, R) such that d(A4, B) = dso,r)(A).

Lemma 4.1 If D is a diagonal matrix with positive diagonal entries A1, ..., A,, then

dsom,r)(D) =d(D,1).

Moreover, I is the unique minimizer and the associated minimal geodesic is given by
)/(l) _— logD.

Proof Choose B € SO(n, R) satisfying d(A, B) = dso(»,r(A)). Since, with respect
to the left-invariant metric, GL™ (1, R) is complete, there exists a minimal geodesic
y:[0,1] = GL* (n,R) joining B to D, ie

y(0O)=B, y(l)=D and {(y)=d(D,B).
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The first variational principle implies that y’(0) is orthogonal to TpSO(n,R). It
follows from Martin and Neff [19, Section 2.1] that n(z) = % is a geodesic if W
is a symmetric matrix. Moreover, 1'(0) = W is orthogonal to 77SO(n, R). As left
translation is an isometry and isometry preserves geodesic, it follows that y(t) = Be!V
is a geodesic with y’(0) orthogonal to TgSO(n, R). By the defining properties of y,
D = y(1) = Be". Since eV is symmetric positive-definite, we obtain two polar
decompositions of D, ie D = ID and D = Be". By the uniqueness of the polar

decomposition for invertible matrices, B = I and D = ",

In order to compute d(/, D), note that

€W =D = elogD’

where log D denotes the diagonal matrix with entries logA1,...,logA,. As W and
log D are symmetric, and matrix exponential is injective on the space of symmetric

matrices, we conclude that W = log D. The geodesic is given by y(¢) = 2P and
n 1/2
(4-1) dso,r(D)) = y' ()1 = |log D|I; = (Z(IOg li)z) :
i=1
Thus, the distance-squared function will be given by Y 7, (log Ai)2. a

Now, for any A € GL™ (n, R), we can apply the SVD decomposition, ie A = UDVT
with vATA =VDVT and log VATA = V(log D)VT. Note that U, V € SO(n, R) and
D is a diagonal matrix with positive entries. The left-invariant metric is right-invariant
with respect to orthogonal matrices. Thus,

dson,r)(A) = dsom,r)(D) = ||log D],
where the last equality follows from the lemma (see (4-1)). As
llog DIl = [V (log D)V |1 = |llog v ATAll1,

It follows from the arguments of the lemma and the metric being bi- O (7, R)—invariant
that
)/(t) — UetlogDVT

is a minimal geodesic joining UV T to A, realizing dso(n,r)(A). As the minimizer
UVT is unique, Se(SO(n, ]R)) is empty, implying that Cu(SO(n, R)) is empty as well.
In fact, UVT = AV ATA

-1
(4_2) )/(t) _ Uet logDVT UvTVet lOgDvT A /ATA et log «/m
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If we compare (2-6) — the deformation of GL(n,R) to O(n,R) inside M(n,R) —
with (4-2), then, in both cases, an invertible matrix A deforms to A~ ATA . Finally,
observe that the normal bundle of SO(, R) is diffeomorphic to GL™ (1, R).

4.2 Indefinite unitary groups

Let n be a positive integer with n = p + ¢g. Consider the inner product on C” given by
((W1,...,wn), (21, ..., zp)) = 21W1 -+ ZpWp — Zp4+1Wp41 —*** — Zp Wh.
This is given by the matrix [, 4 as
_ _ (I, o\ [
(w,z)=w'l, 4z = (w1 wn) (é) _Iq) Z:
n

Let U(p, q) denote the subgroup of GL(n, C) preserving this indefinite form, ie A €
U(p,q) if and only if A*I, ;A = I, 4. In particular, det A is a complex number of
unit length. By convention, 1, 0 = I, and Iy, = —I, both of which correspond to
U(n,0) =U(n) = U(0, n), the unitary group. In all other cases, the inner product is
indefinite.

The group U(1, 1) is given by matrices of the form

A:(“ ﬁ) with 1 € S! and || —|B)*> = 1.

AB A&
A B
=(e5)

to denote an element of U(p, ¢g). It follows from the definition that A € U(p, q) if and

More generally, we shall use

only if
A*A-C*C=1,, A*B—C*D=0,xq, B*B—D*D =-1,.
Observe that, if Av =0, then
0=A%Av=C*Cv +,
which implies that C *C, a positive semidefinite matrix, has —1 as an eigenvalue unless

v = 0. Therefore, A is invertible and the same argument works for D.

Lemma 4.2 The intersection of U(p + q) with U(p, q) is U(p) x U(q). Moreover, it
AeU(p,q), then A*, s/ A*A € U(p, q).
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Proof If Ae U(p)xU(q), then
A*A+C*C=1,. B*B+D*D=1,.

This implies that both B and C are zero matrices. If A € U(p,q), then A* =
Ipg A~ Ipq and

(A*A)* 1, 4 (A*A) = (A*A)V 1, g (A*A) = 1y g A, g ALy g 1y g AN, 4 A
This also implies that Al ; A* = I, 4.

All the eigenvalues of A*A are positive. Moreover, if A is an eigenvalue of A*A with
eigenvector v = (V1,...,Vp, Up41,..., V), then

Ip’qv == A*Alp’qA*Av = A(A*Alp,qv),

which implies that A =1 is also an eigenvalue with eigenvector

vV = (V1. Vp, —Uptl,eens—Un).
If {v1,...,v,} is an eigenbasis of A*A with (possibly repeated) eigenvalues A1, ..., Ay,
then
VAAL gV A A = VA AL gV A jvj = VAV ARAY; = 0] = Ip gv;.
Thus, +/ A*A satisfies the defining relation for a matrix to be in U(p, q). O

We may use the polar decomposition (for matrices in GL(n, C)) to write
A=U|A|, where U = Am_l and |A| = vV A*A,
where U, | A| € U(p, q). For U(1, 1), this decomposition takes the form
( o« B ) _ (a/|a| 0 ) ( o Ialﬂ/a) |
AB Ax 0 Ao/|a|) \|x|B/a |«
The Lie algebra u, 4 is given by matrices X € M, (C) such that
X*Ipg+1pqX =0.

This is a real Lie subalgebra of M) ,(C). It contains the subalgebras u, and u, as
Lie algebras of the subgroups U(p) x I and I, x U(q). Consider the inner product

(«,)iupg xupg —> R, (X,Y):=tu(X*Y).
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Lemma 4.3 The inner product is symmetric and positive-definite.

Proof Note that

Since (X, Y) = (Y, X) due to the invariance of trace under transpose, we conclude that
the inner product is real and symmetric. It is positive-definite as (X, X) =tr(X*X) >0
and equality holds if and only if X is the zero matrix. |

The Riemannian metric obtained by left translations of (-, -) will also be denoted by
(-,-). We shall analyze the geodesics for this metric. The Lie algebra u, @ u, of
U(p) x U(q) consists of matrices

(1(‘)1 g) with A+ A*=0and D+ D*=0.

Let n denote the orthogonal complement of u, @ u, inside u, 4. As n is of (complex)

{ (13* g) Be M,,,q(C)}

is contained in n, this is all of it. We may verify that
A0 0 B\| _ 0 AB — BD cn
0 D)’\B* 0)| \DB*-B*A 0 '
0 B 0 C BC*—-CB* 0
B* o) \cx0)|™ 0  B*c-c*p) SOl

Lemma 4.4 Let y be the integral curve, initialized at e, for a left-invariant vector

dimension pg and

field Y. This curve is a geodesic if Y (e) belongs either to n or to u, @ uy.

Proof The Levi-Civita connection V is given by the Koszul formula

22X, VzY)Y=Z(X,Y)+Y (X, Z)=-X(Y, Z)+(Z,[ X, Y])+ (Y, [X, Z])= (X, [Y, Z]).

Putting Z =Y and Z = X, two left-invariant vector fields, in the above, we obtain
(X, VyY) =(Y,[X,Y]).

To prove our claim, it suffices to show that Vy Y =0, ie (Y, [X, Y]) = 0 for any X. Let
us assume that Y (e) € n. If X(e) € n, then [X(e), Y(e)] € up @ uy, which implies that
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(Y(e).[X(e),Y(e)]) =0. If X(e) € up ®uy, then

=5 0)-(om- " *75")

_ . (B(DB*—B*4) 0

- 0 B*(AB — BD)

= tr(BDB* — BB*A) + tr(B*AB — B*BD)
=0

by the cyclic property of trace. Thus, Vy Y = 0 if Y(e) € n; a similar proof works if
Y(e) € up ®uy. |

Remark 4.5 An integral curve of a left-invariant vector field (also called one-parameter
subgroups) need not be a geodesic in U(p, g). For instance, if X + Y is a left-invariant
vector field given by X(e) € u, @ uy and Y(e) € n, then Vy 1y (X +7Y) = 0if and
only if Vxy Y = %[X ,Y]Jand Vy X = %[Y , X]. This happens if and only if the metric is
bi-invariant, ie
(X.Z].Y) = (X.[Z.Y]).

This is not true; for instance, for X (e) € u, @u, and linearly independent Y (e), Z(e) €n,
we get {[X, Z], ¥) — (X, [Z,Y]) #0.

0 B
Y_(B* O)En.

Let B=U+/B*B and B* = /B* BU* be polar decompositions, where U and U*
are partial isometries. It follows from direct computation that
y Ip+2BB*+ L (BB*)*+--- B+ % B(B*B)+ 4 B(B*B)*+---
B*+3(B*B)B*+4(B*B)>B*+---  I;+2B*B+J;(B*B)*+---
_ ( cosh(vBB*) U sinh(\/B*B))

Consider the matrix

sinh(v B*B)U* cosh(+/B*B)
It can be checked that
e"N(U(p) xU(q) = {In}.

It is known that the nonzero eigenvalues of Y are the nonzero eigenvalues of / BB*
and their negatives.
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Theorem 4.6 For any element A € U(p,q), the associated matrix ~/A*A can be
expressed uniquely as e¥ for Y € n. Moreover, there is a unique way to express A
as a product of a unitary matrix and an element of e", and it is given by the polar
decomposition.

In order to prove the result, we discuss some preliminaries on logarithms of complex
matrices. In general, there is no unique logarithm. However, the Gregory series

o0
[ L _ —112m+1
log A = n;)ZmH[(z AT + A1

converges if all the eigenvalues of A € M, (C) have positive real part; see Higham [11,
Section 11.3, page 273]. In particular, log A is well defined for Hermitian positive-
definite matrices. This is often called the principal logarithm of A. This logarithm

log A

satisfies e = A. There is an integral form of the logarithm that applies to matrices

without real or zero eigenvalues; it is given by
1
logA=(A-1) / [s(A—1)+ 117" ds.
0

Lemma 4.7 The inverse of A*A + I, for A € U(p, q) is given by

. a1 I, —A7'B
[A*A+ 1, = 5 (—B*(A*)—l L)

Proof Since A*A has only positive eigenvalues, A*A 4 I, has no kernel. We note that
2C*C + 21, 2A*B 24*A 2A*B
2B*A 2B*B +21, 2B*A 2D*D )"

WA+ T, = (
The inverse matrix satisfies
2A*A 2A*B E F\ (I, O
2B*A 2D*D ) \F* G)  \0 1)
As the matrices are Hermitian, the three constraints that £, F' and G must satisfy (and
are uniquely determined by) are

1 * \—1 —1 * 1 * —1 —1 —1
E=1A*)"'-a7'BF*, G=1(D*D)'-D7'CF, F=-4"'BG.

We note that £ = %Ip, G = %Iq and F = —%A_lB satisfy the above equations. For
instance,

2 AA) T = AT BF* = L4t + L A7 BB (4!
= 2(A* )T+ 1A A4 - 1)(A4Y T =11,
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where BB* = AA* — I, is a consequence of A* € U(p, q). Yet another consequence
is AC* = BD™, which is equivalent to

A'B=(D"lO)*.
In a similar vein,
i*p)y'-p7'cF=L*D) ' +ip 'ccH(p*)!
=3(D*D)"' +iD7 ' (DD* - 1,)(D*) ' =11,
where CC* = DD* — I, is due to A* € U(p, q). |

Proof of Theorem 4.6 We use Gregory series expansion for computing the principal
logarithm of A*A along with Lemma 4.7:

~ _ 2m+1
e o) A*A-I, A*B 1 Ip —A7'B
m=

B i 2 ( 0 A_IB)2m+1
- or 11 * 0 Ax\—1 :
£ 2m+1 \ B*(4%) 0

Weset Y = % log(A*A). It is clear that Y € n and e¥ = +/A*A. It is known that the
exponential map is injective on Hermitian matrices. This implies the uniqueness of Y.

If Upe?' = Use¥? are two decompositions of A € U(p, q) with U; € U(p) x U(q) and
Y; €n, then
2V = Ny F Ut = 2US Upe?? = 212,

By the injectivity of the exponential map (on Hermitian matrices), we obtain Y; = Y5,
which implies that Uy = Us. O

We infer the following result (see Yakubovich and Starzhinskii [30, Lemma 1, page 211]
for a different proof):

Corollary 4.8 The exponential map exp: u, 4 — U(p, q) is surjective.

Proof Using the polar decomposition and Theorem 4.6,
-1 -1
A= AVAA VA= AVAA e

Since the matrix exponential is surjective for U(p) x U(g), choose Z € u, @ u, such
that eZ = A/ .A*A_l. By the Baker—Campbell-Hausdorff formula, we may express

eZeY as the exponential of an element in Upg. O
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The distance from any matrix .4 € U(p, q) to U(p) x U(q) is given by the length of

(t) = AVAA et

which can be computed (and simplified via left-invariance) as

1 1
aw=Ammmmm=Anmm=ww

the curve

Note that
1Y |2 = te(Y*Y) = tr[ § (log(A*A))?].

Thus, the distance-squared function is given by

A3 yxvi: Up-9) =R, At r[(log(A*4)2].

Appendix A The continuity of the map (3-2)

Recall the statement of Proposition 3.14:

Proposition A.1 The map s: S(v) — [0, 00), as defined in (3-2), is continuous.

The proof relies on a characterization of s(v).

Lemma A.2 Let u € S,(v). A positive real number T is s(u) if and only if

Yu:[0,T] = M is an N —geodesic and at least one of the following holds:

(1) yu(T) is the first focal point of N along y,,.
(ii) There exists v € S(v) with v # u such that y,(T) = y,(T).

Note that y, (T') being a focal point of N along y;,, means that (D exp,)(uT) is not
of full rank, where exp,, is the normal exponential, as defined in (3-1). When N is a
point, this notion of focal points reduces to that of conjugate points.

In order to prove the lemma, we need the following observations:

Observation A [26, Lemma 2.11, page 96] Let N be a submanifold of M and
y:la,o0) > M a geodesic emanating perpendicularly from N. If y(b) is the first focal
point of N along y, then, fort > b, y|[4,] cannot be an N —geodesic, ie £(y|[q,]) >

dn (y(1)).

Recall that a sequence {y, } of geodesics, defined on closed intervals, is said to converge
to a geodesic y if y,(0) — y(0) and y,,(0) — y’(0). It follows from the continuity of
the exponential map that, if ¢, — ¢, then y, (t,) — y(¢).
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Observation B Let y, be unit-speed N —geodesics joining p, = Y, (0) to gn = yn(ty).
If y, converges to a geodesic y and t, — [, then y is a unit-speed N —geodesic joining
p =1limy, p, toq :=y(l) =1lim, y,(t,).

Proof The unit normal bundle S(v) is closed. Since y;,(0) — y’(0), it follows that
y’(0) € S(v). Note that

dn(q) = lim dn(gn) = lim d(pn,gn) = lim tn =1 = L(y][o.1)
implies that y is an N—geodesic. O
Proof of Lemma A.2 If y,,(¢) is the first focal point of N along y,,, then Observation A
implies that y,, cannot be minimal beyond this value. If (ii) holds, then we need to
show that, for sufficiently small & > 0, yy|[o,T +¢] is not minimal. Suppose, on the

contrary, that y,, is minimal beyond 7. Take a minimal geodesic f joining y, (T — ¢)
to yu (T + ¢). Observe that

2e =d(yu(T + &), yu(T)) +d(yo(T), yo(T = €)) > d(yu(T + &), o (T —¢)).

If p,q,r € M are such that d(p, q) +d(q,r) = d(p, r) and there exist shortest normal
geodesics Y1 and y» joining p to g and ¢ to r, respectively, then y1 U y5 is smooth at g
and defines a shortest normal geodesic joining p to r. Therefore, we have

Eyolo,r-UB) =T —e+d(yo(T — &), yu(T + ) <T +&=L(yuljo,r+¢)-
This contradiction establishes that yy (9,1 +¢] is not minimal.

For the converse, set T = s(u) and observe that y,|[o,7] is an N—geodesic. Assuming
that ¢ := y,,(T) is not the first focal point of N along y,, we will prove that (ii)
holds. Let p = y,(0) and choose a neighborhood U of Tu in v such that expy, |7
is a diffeomorphism. For sufficiently large n, g, := yu(T + 1/n) € exp, (U). Take
N—geodesics y;, parametrized by arc length joining pj, to ¢, and set u, := y,(0) €
S((Tp, N )1). Since S ((Tp,N )1) is compact, by passing to a subsequence, we may
assume that u,, converges to v € S(N,). By Observation B,

: 1
7o) = lim yu, (T + ) = yu(D).
If v = u, then, for sufficiently large n, d(p, gn)u, € U, whence

(T + %)u =d(p,qn)in.

Taking absolute values on both sides implies 7 + 1/n > d(p, ). This contradiction
implies v # u. m|
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Proof of Proposition A.1 We will prove that s(u,) — s(u) whenever (py,u,) —
(p, u) in the unit normal bundle S(v). Let T be any accumulation point of the sequence
{s(un)} including oco. By Observation B, yy[[o,77 is an N —geodesic and hence T < s(u).
If T = 400, we are done. So let us assume that 7' < 4+00. From Lemma A.2, at least
one of the following holds for infinitely many 7:

(i) s(up) is the first focal point of N along yy,,.

(ii) There exist v, € S(Np,) with v, # uy, and yy,, (s(Un)) = Yo, (s(un)).
If (i) is true for infinitely many n, then choose infinitely many unit vectors {wy}
which belong to the kernel ker(D exp, (s(upn)u n)) and are contained in a compact
subset of S(v). Choose a convergent subsequence whose limit w is contained in

ker(D exp, (T'u)). Since w # 0, the rank of D exp, (T'u) is less than dim M. Thus,
yu(T) is the first focal point of N along y,, and T = s(u).

If (ii) is true for infinitely many #n, then we may assume that v, — v € S(v). If v # u,
then Lemma A.2(ii) holds for 7, whence T' = s(u). If v = u, we claim that y,,(T) is
the first focal point of N along y;,. If not, then the map exp,, is regular at Tu € v and

hence the map
S:v—>MxM, (p.u)r(p.exp,(p.u)),

is regular at 7'u. Therefore, ® is a diffeomorphism if restricted to an open neighborhood

U of Tu in v. Since v = u, which implies, for sufficiently large n, (pn, s(un)un)
and (py, s(uy)vy) belong to U and are different. On the other hand, by assumption,
D(s(up)un) = ®(s(un)vy), which is a contradiction. Therefore, y,, (T') is the first focal
point and T = s(u). |

Appendix B Derivative of the square root map

Lemma B.1 Let A be a positive-definite matrix and ¥ : A — +/A. Then
Dya(H) = /Oo e IVAf VA gy

for any symmetric matrix H. ’

Proof As y(A)-y(A) = A, differentiating at A, we obtain

(B-1) Dya(H)Y(A) + v (A)Dya(H) = H.

(i) Given a positive-definite matrix A and a symmetric matrix H, we need to show

BVA+~NAB=H

that the equation
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has a unique solution. For that, we will prove that the map
f:Symm, - Symm,, B~ B A+ AB,

is bijective, where Symm,, denotes the set of all n X n symmetric matrices. Equivalently,
we will show that f is injective. Without loss of generality, we assume that v/ A4 is a
diagonal matrix with positive entries ?1, 3, ..., t;. Note that

ker(f) ={B € Symm,, : BV A+ VAB =0}.
Consider
BVA+~VAB=0 = Bdiag(t,....t,)+diag(t1,....1tn)B=0
= tjbjj +1;bijj =0 for 1 <i,j <n.
Since t; > 0 for 1 <i <n, we see b;; = 0. Therefore, f is injective.

(i1) For any positive-definite matrix X and for any symmetric matrix Y, the integral
o0
(B-2) / e Xye X gy
0

X t

converges. We note that the eigenvalues of e /4 are e~ Aj, where A ; are the eigenvalues

of X. Since X is a positive-definite matrix, each of the A; is positive. Without loss of

generality, we assume that A = A; is the smallest eigenvalue of X. Then we have
e—t)lj < e—tl — ”e—tX” — e—tk’

where || - || is the operator norm. Therefore, the operator norm of the integrand in (B-2)
is bounded by 2¢~*||Y ||, which is an integrable function. Hence, the integral given
by (B-2) converges.

(iii) D4 (H) satisfies (B-1). Observe that
(/ e_tﬂ-H'e_tﬂdt)«/Z—Fx/Z(/ e_tﬂ-H-e_tﬂdt)
0 0
2/ (e_tﬂ-H-e_tﬂ«/Z+ JAe VA [ -e_t“/z) dt
0

:[ (e VAR VAY 41 = H.
0

From (i), (ii) and the uniqueness of the derivative, the lemma is proved. O

LemmaB.2 Themapg: M(n,R) — R, A tr(v ATA), is differentiable if and only
if A is invertible.
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Proof Let A be an invertible matrix. We will prove that the function g is differentiable
at A. Let P be the set of all positive-definite matrices, which is an open subset of the
set of all symmetric matrices S. We will prove that the map

r:P—->"Pr, A VA ,
is differentiable. Define a function
s:P—>P, A A2

We will show that s is a diffeomorphism and, from the inverse function theorem, r will
be differentiable. In order to show that s is a diffeomorphism, we claim that, for A € P,
Dsyg: TgP — T42P is injective. Note that P is an open subset of a vector space S
and, therefore, 74P = S =~ T42P. So take B € S such that Ds4(B) = 0. We will
show that B = 0. Recall that Ds4(B) = AB + BA. Now choose an orthonormal basis
{vy,v3,...,v,} of the eigenspace of A and let Av; = A;v; (A; > 0). Then,

A(Bv,') = —BAU,' = —Bkivi = —Xi(ij),

which implies Bv; is also an eigenvector of A with eigenvalue —4; < 0. Hence,
Bv; =0, which implies B = 0.

For the converse, we will show that, if A is a singular matrix, then the map g is
not directional differentiable. Let A be a singular matrix. Using the singular value

_ (D 0\ 1
A—U(O Ok)V ,

decomposition, we write

where D is an (n — k) x (n — k) diagonal matrix with positive entries. If

{0 O
B_U(O Ik)’

then we claim that g is not differentiable in the direction of B. Since

VA+BYT(A+1B)=V (D 0 ) T,

0 It
the limit
A+tB)—g(A
tim $ATB =g oy Ly (P 0 V) _g(v (P Oy
t—0 t t—0t 0 Ii|t] 0 O
t
=k lim u
t—0 ¢
does not exist and hence the function g is not differentiable. O
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Staircase symmetries in Hirzebruch surfaces

NICKI MAGILL
DusA McDUFF

This paper continues the investigation of staircases in the family of Hirzebruch
surfaces formed by blowing up the projective plane with weight b, that was started by
Bertozzi, Holm Maw, McDuff, Mwakyoma, Pires and Weiler (2021). We explain the
symmetries underlying the structure of the set of b that admit staircases, and show
how the properties of these symmetries arise from a governing Diophantine equation.
We also greatly simplify the techniques needed to show that a family of steps does
form a staircase by using arithmetic properties of the accumulation function. There
should be analogous results about both staircases and mutations for the other rational
toric domains considered, for example, by Cristofaro-Gardiner, Holm, Mandini and
Pires (2020) and by Casals and Vianna (2022).

53D05; 11D99

1 Introduction

1.1 Overview

This paper continues the investigation of the ellipsoidal embedding capacity function
for the family of Hirzebruch surfaces Hj that was begun by Bertozzi, Holm, Maw,
McDuff, Mwakyoma, Pires and Weiler [1]. Here (Hp, ®) is the one-point blowup
CP2(1) # CP2(b) of the complex projective plane with line class L of size 1 and
exceptional divisor E¢ of size b. The capacity function cy : [1, c0) — R for a general
four-dimensional target manifold (X, A) is defined by

cx(z):=inf{A | E(1,z) <> A X},

where z > 1 is a real variable, AX := (X, Aw), an ellipsoid E(c,d) C C? is the set

2 2
pren=fingeca (B 2P o}

and we write E <*> A X if there is a symplectic embedding of E into A X.

© 2023 MSP (Mathematical Sciences Publishers). Distributed under the Creative Commons Attribution
License 4.0 (CC BY). Open Access made possible by subscribing institutions via Subscribe to Open.
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It is straightforward to see that cg, (z) is bounded below by the volume constraint
function Vj,(z) = /z/(1 —b2), where 1 — b? is the appropriately normalized volume
of Hp,. Further, the function z — cy, () is piecewise linear when not identically equal
to the volume constraint curve. When its graph has infinitely many nonsmooth points
(or steps) lying above the volume curve, we say that cg, has an infinite staircase.

It was proven by Cristofaro-Gardiner, Holm, Mandini and Pires [3] that when b = 1/3,
ie in the case when Hj, is monotone, the function ¢y, admits a staircase with outer steps
at points z = xy /xg— that satisfy the recursion xx; = 6x; — xx—1 and accumulate
at the fixed point 3 + 2+/2 of this recursion.! Another key result from this paper is [3,
Theorem 1.8], stating that if ¢y, has an infinite staircase, then its accumulation point
is at the point z = acc(b), the unique solution > 1 of the following quadratic equation
involving b:

2
(1.1.1) z2—(%—2)z+1:0.
Further, if Hp has an infinite staircase, then at z = acc(b) the ellipsoid embedding
function must equal the volume:

(1.12) cn, (ace(b)) = ,/gl‘cj—(lfz) —: Vj (acc(h)).

We say that Hy, is unobstructed if ¢y, (acc(b)) = Vp(acc(b)). Thus if Hy, has a staircase,
it is unobstructed. However the converse does not hold: [1, Theorem 6] shows that,
although H1 /5 is unobstructed, it has no staircase. As shown in Figure 1, the function
b+ acc(b) decreases for b € [0, 1/3), with minimum value @i, :=acc(1/3) =3+2+/2,
and then increases.

It turns out that the nature of the accumulation function plays a crucial role in our
discussion. For example, as shown in Lemma 2.1.1, the properties of the pairs of
rational numbers (b, z) with z = acc(b) are a key to the symmetries of the problem.
Other important consequences are collected in Section 2.2. Note also that the case b =0
(that is, the case of CP?) was fully analyzed by McDuff and Schlenk [6]. Here there
is a staircase, which is called the Fibonacci stairs because its numerics are governed
by the Fibonacci numbers; see Figure 1. The new staircases that we have found for
general Hj, are all analogs of that one. However, as we explain in Example 2.3.7, it is
perhaps better to consider our staircases to be offshoots of the 1/3—staircase.

IThis staircase actually consists of three intertwining strands that each satisfy this recursion; for details

see Example 2.3.7. Further, conjecturally » = 1/3 is the only rational value of b at which Hp admits a
staircase.

Algebraic & Geometric Topology, Volume 23 (2023)
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2.5+ /

5.5 6 6.5 7 £

Figure 1: This shows the location of the accumulation point (z,y) =
(acc(b), V(acc(b))) for 0 < b < 1. The blue point with b = 0 is at (¢4, t?)
and is the accumulation point for the Fibonacci stairs. The green point with
z =34 2+/2 and b = 1/3 is the accumulation point for the stairs in Hys,
and is the minimum of the function b — acc(b). The black point with z = 6
and b = 1/5 is the place where Vj,(acc(b)) takes its minimum.

Obstructions to embedding ellipsoids come from certain exceptional divisors in blowups
of the target manifold. When X = Hj, these divisors live in CP2# (N + 1)CP? and
their homology classes E have the form

dL—mEo—ZmiEi =:(d,m,m),

where m := (my,...,my) with m; > mp > --- > my. In the most relevant such
classes, the tuple of coefficients m consists of the (integral) weight expansion of a
center point p/q (see Definition 2.1.5); correspondingly we say that E is perfect and
write E := (d,m, p, q). For z near p/q, the embedding obstruction is given by

qz/(d —mb) ifz<p/q,
p/d—mb) ifz=p/q;
in particular, it has an outer corner (or step) at z = p/q. Since, as explained in [1,

(1.1.3) /LE’b(Z)I {

Section 2.1], ¢, (z) is the maximum over all exceptional classes E of the obstruction
functions wg p(2), given E = (d,m, p, q) as above, we must have cg, (z) > nEg 5(2)
for z ~ p/q. We say that the function ug j is

e obstructive at z if g p(z) > Vp(2), and
e liveatz ifcy, (z) = ug p(z) > Vp(2).

Further, we call E a center-blocking class if, for one of the two elements b of
acc™1(p/q), the function z WE b(2) is obstructive at the center z = p/q, since in

Algebraic & Geometric Topology, Volume 23 (2023)
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this case it follows from (1.1.2) that the corresponding surface Hp has no staircase. As
explained in [1, Lemma 38], it follows by continuity that for every center-blocking
class E there is an open interval Jg C [0, 1) that contains the appropriate? point of
acc~!(p/q) and is a component of the set of b—values that are blocked by E.

The paper [1] found three families of center-blocking classes, BU, BL, and BE for
n > 0, together with six associated sequences of staircases. Each of these blocking
classes B has an associated maximal blocked interval Jp = (Bp ¢. BB,u) C (0,1)
consisting of points b that cannot admit a staircase because g p(acc(b)) > Vp(acc(b)).
However, it turns out that there are staircases at both endpoints of these intervals, which
gives three staircase families, SU, S, and S, with staircases indexed by 7 > 0 and £
or u, where the steps of staircases labeled £ (for “lower”) ascend, while those labeled u

(for “upper”) descend. The Fibonacci stairs appear as SeLO.
It was noted in [1, Corollary 60] that the centers p/g of the blocking and step classes for
the family SY are related to those of S& and SE by a fractional linear transformation,

that we denote by either p/q +— (ap +bq)/(cp+dq) or (p,q) — (ap +bg,cp+dg).
In particular, the two families SU, SE are related by the shift

(1.1.4) S:(p.q) = (6p—q.p)

that implements the recursion underlying the staircase at 1/3; while the two families
SY and ST are related by the reflection

(1.1.5) R:(p.q) — (6p —35q, p—69),
which fixes the point 7 and takes oo to 6.

Our main result verifies a conjecture in [1], and can be informally stated as follows.
(For more detail, see Theorems 1.2.4 and 1.2.6.)

Theorem 1.1.1 Foreachi > 1 there are staircase families (S7)#(SY) and (S)#(SL) =
(ST R)}(SY), where the i—fold shift S* and reflection R act on the centers of the
blocking classes and staircase steps as above.

Moreover, we will see in Proposition 1.2.2 that each staircase family is generated by its
blocking classes together with two “seed” classes, a fact that makes it much easier to
establish the effect of the symmetries on the staircase families. Note also that although
the action of the symmetries S’ and S’ R on the centers p/q of the classes is clear, the
2If m/d > 1/3 then this will be the larger element in acc™(p/q), while if m/d < 1/3 it will be the

smaller one; see [1, Definition 37]. By Lemma 2.2.13, there is no quasiperfect class with m/d = 1/3. If
there is no possibility of confusion, we often simply call these classes blocking classes.

Algebraic & Geometric Topology, Volume 23 (2023)
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action on the other two coordinates (d, m) (that we call the degree coordinates) is much
less obvious. In particular, this action is not compatible with composition. However,
we will see in Section 3.4 that the action on degree can be understood because, as we
explain below, the coefficients d and m of all the relevant classes are given in terms of
p and g by a general formula (1.2.4).

Remark 1.1.2 In the setting considered by Usher [7], the target manifold P(1, b) is
the polydisc B?(1) x B2(b), or equivalently the product of two spheres of areas 1 and b.
He finds a doubly indexed family of staircases S, x = (E; , x)i>0, Where i indexes
the staircase steps, n > 0 indexes the intrinsic recursion X; 41, k = VnXin k —Xi—1,n.k
satisfied by the parameters of the perfect classes E; , x fori > 0in S, , and k indexes
a symmetry generated by so-called “Brahmagupta moves” that generate infinitely
many families of staircases from a basic family (S;,0)n>0. More precisely, in [7,
Section 2.2.1], Usher finds a way to encode the parameters of the relevant perfect
classes E by means of a triple (x, 8, €) of integers that satisfy the Diophantine equation
x2 =282 = 2 — ¢2. Here the value of ¢ is related to the recursion variable n, and,
if this is fixed, he shows that a (very!) classically known maneuver that goes from
one solution of x2 — 282 = N to another can be implemented in such a way that it
preserves the set of perfect classes. Usher expressed this maneuver in arithmetic terms
(multiplication by a unit in a number field). However, as we explain in Remark 2.2.6,
when expressed in terms of the coordinates (p, ¢), Usher’s basic symmetry is the same
as ours, namely the transformation (p, g) — (6p —q, p).

Usher’s setting is simpler than ours in that the function b + acc(b) that specifies the
accumulation point of any staircase for P (1, b) is injective rather than two-to-one.>
Also the symmetry between the two classes [pt x S?] and [S? x pt] allows the arithmetic
properties of a general quasiperfect class to be encoded by means of variables that
satisfy the equation x2 — 282 = N, while the corresponding equation in our setting is
x2 —8y2 = k? (see Lemma 2.1.1). Nevertheless, the two situations are very similar.

The work presented here leads to many interesting questions. Here are some of them.

¢ The picture developed here seems to make up the first level of an iterative “fractal”
kind of structure for the Hirzebruch surfaces Hy. One might consider the family

3This statement is oversimplified in that one could well argue that the analog of our family Hy, for
b €10, 1) is the family P (1, b) for b > 0 with involution b > 1/b. However, P(1, b) is symplectomorphic
to a rescaling of P (1, 1/b), so cp(y p) is arescaling of cp(q,1/p) and acc(b) = acc(1/b). In our case, if
acc™1(z) = {bT, b7}, the two functions CH, and ¢y, can be very different, one with a staircase, and

one without; see Figure 2.

Algebraic & Geometric Topology, Volume 23 (2023)



4240 Nicki Magill and Dusa McDuff

of blocking classes B,ﬂj , for n > 0, extended by two seeds as in Proposition 1.2.2,
to be the backbone of the first level of this structure. This level also includes the
associated staircase classes. We prove in Proposition 2.2.9 that all the staircase classes
are also center-blocking classes. Further, numerical evidence suggests that there are
staircases whose steps have centers with 4—periodic continued fractions, indeed it
seems with any even period. What seems to be the case is that each pair of adjacent
ascending/descending staircases at level one shares a first step, and that this first step
is a blocking class with associated 4—periodic staircases. Thus the backbone of the
second level should consist of these shared steps, with associated 4—periodic staircases
generated by appropriate seeds at level one. For more details, see Magill, McDuff and
Weiler [5].

¢ [t also would be very interesting to analyze Usher’s results using the current frame-
work, to see if there are analogs of blocking classes, seeds and staircase families. One
might be able to build a bridge between the two cases by thinking of a polydisc as
a degenerate two-point blowup of CP?2, and then looking at the ellipsoidal capacity
function for the family of two-fold blowups of CP? that join the two cases. This will
also be the subject of future work.

e The recursive patterns behind the staircases for rational target manifolds X are
related to almost toric structures and the transformations called mutations that appear
for example in [3] and Casals and Vianna [2]. It would be very interesting to know
how the symmetries discussed here appear in those contexts.

Acknowledgements We thank Chao Li for help with Diophantine equations, and
Tara Holm, Peter Sarnak and Morgan Weiler for useful discussions and comments.
We also thank the referee for a very thorough reading that has helped to improve
the accuracy and clarity of several arguments. Magill also thanks Tara Holm in her
capacity as research advisor for introducing her to the subject and for support and
encouragement along the way. Magill was supported by the NSF Graduate Research
Grant DGE-1650441.

1.2 Main results

‘We now describe our main results in more detail.

In what follows it is important to distinguish purely numerical properties — such as
those in (1.2.1) — from geometric properties that are needed to guarantee that a class E
gives a live obstruction (g 5 (z) at relevant values of b and z. As above we represent a

Algebraic & Geometric Topology, Volume 23 (2023)



Staircase symmetries in Hirzebruch surfaces 4241

class E=dL—mEy—)_; m; E;, where (m1,ma, ...) is the weight expansion of p/q,
by the tuple (d,m, p, q), and say that E is quasiperfect if and only if the Diophantine
conditions

(1.2.1) 3d=p+q+m, d*—m?=pg—1

hold. (As explained in [1, Section 2.1], these are equivalent to the conditions c; (E) = 1
and E - E = —1, where c; is the first Chern class of Hj.) We say that a quasiperfect
class E is perfect if it is represented by an exceptional curve, which holds if and only
if it reduces correctly by Cremona moves (see Lemma 4.1.1). Although a quasiperfect
class is obstructive at its center z = p/q for b = m/d by [1, Lemmma 15], the fact
that this obstruction is live in a neighborhood of this (b, z) (and hence coincides with
the capacity function in some range) follows from “positivity of intersections”, namely
the fact that the intersection number of two different exceptional divisors is always
nonnegative; see [ 1, Proposition 21]. This implies that the obstruction function g 5(2)
given by an exceptional class E is strictly larger than all other obstructions for z & p /g
and b &~ m/d. Hence in order to show that a given surface Hp, actually has a staircase,
we need to prove that the relevant staircase classes are exceptional classes. However,
a large part of the following discussion is purely numerical. Notice also that because
quasiperfect classes can be obstructive, it makes sense to consider quasiperfect blocking
classes, ie tuples (d,m, p,q) such that ug ,(p/q) > Vi(p/q) for the appropriate

beacc(p/q).

The coefficients (dy, my, pi, qi) of the step classes of the staircases we consider always
satisfy a recursion of the form

(1.2.2) Xie+1 = VX — Xg—1, K = Ko,

for suitable recursion parameter v and initial value ko.# Hence, given v, each sequence
of parameters (X, ),>; (for x = p,q,d,m) is determined by two initial values x,, and
Xko+1 that are called seeds. It turns out that the relevant classes (d,m, p,q) can be
extended to tuples

(123) (d7map’qsta8)7 t>07 86{:}:1}»

where the integer ¢ is a function of p and ¢g. Further, the tuple (p, g, ¢, €) determines
the degree variables (d, m) by the formulas

(1.2.4) d:=30G(p+q)+et)., m:=%L((p+q)+3st).
4Not all infinite staircases satisfy this recursion. The b = 1/3 staircase is given by a nonhomogenous

recursion. Further, it is not known that all staircases must be given by some recursion.
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Hence |d —3m| = t, and ¢ = 1 if and only if m/d > 1/3. This point of view is
explained in Section 2.2.

It is straightforward to check that both S and R preserve ¢ and hence e(d —3m), while
they both change the sign of e. Further, for classes that give obstructions when b > 1/3
we have ¢ = 1, while ¢ = —1 if the classes are relevant for b < 1/3; see Example 3.4.7.

Our first main result is that all the numerical data of a staircase family such as SY
is determined by a family of quasiperfect classes (B"),>¢ together with two seeds
E¢ geeq and Ey eeq. To explain this, we introduce the following language.

e A prestaircase S is a sequence of tuples Ey := ((di, Mk, Pic. qic- i, €))ic>0 that
is defined recursively with recursion parameter v, and that satisfy (1.2.4). Given
such a sequence, the limits deo := lim py /g, and b := limm, /d, always exist by
Corollary 3.1.5. We say that S is perfect if all the classes E, are perfect, and that S
is live if the obstructions wg, p_, are live near z = p,/q, for all sufficiently large
k and with b equal to the limiting value boo. We will refer to a staircase as a live
prestaircase.” Thus if S is live, Hp__ has a staircase. This is a slight abuse of notation
as not all staircases follow the recursive structure of a prestaircase, but all staircases
considered in this paper are indeed prestaircases.

e A prestaircase S is said to be associated to a quasiperfect class

B =(dp.mp.pB.qB)
if the following linear relation is satisfied by its step coefficients:

(mp —qB)pxe +mpq, if S ascends,

1.2.5 3mp —dp)di =
(1.2.5) (Bmp —dp)di mppe—(pg —mp)ge if S descends.

If in addition the prestaircase is perfect, then Hj__ is unobstructed, ie cg, (acc(b)) =
Vp(acc(b)), and it is shown in [1, Theorem 52] that the limits (bso,doo) are the
parameters (b, z) of the appropriate endpoint of the blocked h—interval Jg.° Moreover,
if there is both an ascending and a descending perfect prestaircase associated to B then
B is a perfect blocking class. This means in particular that B is obstructive for the
b—value corresponding to its center.

SWe do not insist that the classes in a staircase are perfect; however in all known cases they are perfect.
Indeed the only way that we know of to prove that a staircase is live is first to show that it is perfect and
then to show there are no “overshadowing classes”. See the beginning of Section 4 for more details.
OThis follows very easily from the calculation in (2.2.8).
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e A prestaircase family F consists of a family of quasiperfect classes (B ),>0 (called
preblocking classes) together with ascending prestaircases S{ o forn # 1, and de-
scending prestaircases S;, ,, for n # 0, where S/, is associated with B; for e = £, u.

The family F is said to be perfect if all the classes in F are perfect, and live if all the
prestaircases an, e = /{ u, are live.

e A prestaircase family is called a staircase family if it is live. Then the preblocking
classes are perfect by [1, Theorem 52], and in all cases encountered here the step
classes are also perfect.

Finally, we make the following definition. It follows from the formulas in Theorems 2.3.1
and 2.3.3 that, because S’ preserves order, prestaircase families that are obtained from
SU by applying the shift S’ have preblocking classes whose centers ascend, while
those that are obtained from S* by applying S’ have preblocking classes whose centers
descend. It turns out that in all cases the adjacent preblocking class can be considered

U

as part of the appropriate staircase; for example in SU the blocking class B, | canbe

considered as a step in the ascending staircase SEU ,» While B,(l] 11 can be considered as
a step in the descending staircase S, g .- Clearly the numbering of this adjacent blocking

class depends on whether the centers of these classes ascend or descend as n increases.

Definition 1.2.1 A prestaircase family F is said to be generated by the quasiperfect
classes By, for n > 0, and seeds Ey cq and Ey geeq if the By, = (dp,mpu, pn.qn, th. €)
are its preblocking classes, and, for all n and » € {¢, u}, the steps in the prestaircase
Sf ,, have recursion parameter v = 1, and seeds

* Ey eq- By—1 for e =€ and Ey seed, By+1 for e = u, if the B, ascend;

* E{ eds Bpy1 fore={ and Ey seeq, By—1 for « = u, if the B, descend.

In Propositions 3.2.2 and 3.2.6, we establish the following compact description of the
numerical information that determines each of our staircase families. This information
will make it much easier to understand the effect of the symmetries.

Proposition 1.2.2 The staircase families SU and ST are generated by their blocking
classes together with two seeds.

Remark 1.2.3 As we explain in Example 2.3.7, all the classes (both blocking classes
and seeds) that generate SU are directly related to the classes that generate the staircase
at b = 1/3. Since the staircase classes in Hj 3 satisfy the recursion (1.2.2) with v =6
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given by S, one can see that the whole structure of the staircases so far discovered in
the family of manifolds Hj, stems from that of the staircase at b = 1/3.

We now explain the action of the family” of transformations
(1.2.6) G:={S'R%|8€{0,1},i >0},

where S is the shift p/q — (6p —¢q)/p and R is the reflection z — (6z —35)/(z — 6).
The sequence of numbers

1 6 i—1
V] =00 = g, v2=S(v1)=T, e, Ui =8y,

has limit a.y;, ;=3 + 2«/5, which is the accumulation point of the » = 1/3 staircase.
With wy := 7 and w; = S'~!(wy), we have the following interleaving family of
numbers:

(L.2.7) v1:oo>w1:7>v2:6>w2:471>--->v,~>wl~>v,~+1>---—>amin.

The symmetry S acts as a shift, S(v;) = v;+1, S(w;) = w; +1, while R and its composi-
tion with powers of S are reflections. In particular Ry, := S I=2RS—*1 is a reflection
that fixes v; and interchanges w;_; with w;. As we show in (2.1.3), for each i the
two b—values that correspond to the point z = v; are rational and have simple linear
expressions in terms of the numerator and denominator p; and g; of v; = p; /q;. Hence
one might expect them to be relevant to the problem. Note that (except for one or two
initial terms) the staircase steps in SU all lie in the interval (7, o0) = (wy, v1), where v;
and w; are as in (1.2.7). Further, S((w1, v1)) = (w2, v2) while R((w1, v1)) = (v2, wy).
We showed in [1] that R takes the blocking classes and staircase steps of SU to S&
and that S takes SU to SE.

The next theorem gives a numerical description of the image of the staircase families
SY by T € G. This extends [1, Corollary 60] where it is shown that S and R take the
centers of the classes in SU to those of SE and S’ respectively. This extended action
is illustrated in Figure 2. Note that S preserves the direction (ascending or descending)
of the centers of a family of classes, while R reverses it.

Theorem 1.2.4 For each T € G there is a corresponding prestaircase family T#(SY),
consisting of tuples (d,m, p,q,t, €) where

e (p.q) are the image by T of the corresponding tuple in SU;

e ¢ is unchanged and ¢ transforms by the factor (1)t where T = S’ R?;

76 is not a semigroup because S’ RS/ = S~/ R € G only if i > j; see Lemma 2.1.3.

Algebraic & Geometric Topology, Volume 23 (2023)



Staircase symmetries in Hirzebruch surfaces

b >

RU5 Rv"}
| Wws | W4 w3 | wy wy =7
1 L L
3 1 1 1 o
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1 :
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Figure 2: The centers of the staircase family SU (resp. S¥) live in the right-
most red (resp. orange) interval. Connecting these, in green, we have the
reflection R about w; = 7 which sends the SU to the SE family. The shift S,
purple, preserves orientation and takes staircase families with b value below
(resp. above) 1/3 to staircases with b value above (resp. below) 1/3. By
applying S iteratively to SV and S%, one obtains staircase families in the
other red or orange half-intervals. In each of these half-intervals, there is a
family of ascending and descending staircases whose accumulation points
converge to some v;. For each i > 1, each interval (w;, w;—1) admits a
reflection Ry, that fixes its center point v; and interchanges the staircases in
that interval. Finally, the blue intervals are blocked by a family of principal
blocking classes with centers at the v;.

=0
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(d, m) are determined by (p, g, t, €) according to (1.2.4). In particular, e(d —3m)

remains unchanged.

This prestaircase family is generated in the sense of Definition 1.2.1 by the images
under T of the seeds and blocking classes of SU. Further,

(i) If T =S for somei > 0, then the centers of the preblocking classes of T#(SV)
increase with n, and the prestaircase steps lie in the interval (w; 41, vi+1) and

have ¢ = (—1).

(i) If T = S'R for some i > 0, then the centers of the preblocking classes de-

crease with n, and the prestaircase steps lie in the interval (vj+1, w;) and have

e = (_1)i+1'

In particular, R#(SY) = ST while S#(SV) = SE.

For the proof see Section 3.3.

Remark 1.2.5 (i) When b > 1/3, the accumulation points of the staircases lie in

the intervals (wa;+1, wai), while, for each i, the interval [wy;, w2;—1] is blocked by
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the principal blocking class B,f; =(S 2"_Z)ﬂ(Bg ) with center vy;. Similarly, when
b < 1/3, the accumulation points of the staircases lie in the intervals (ws;, Wai—1),
while, for each i, the interval [wy; 41, w2;] is blocked by the principal blocking class
BP .= (SZi_l)ﬂ(Bg) with center v,; 4+1. See Figures 2 and 3 and Corollary 4.1.5.

V2i+1

(i) As already noted, the action of a general symmetry 7 = S 'R% on the degree
variable (d, m) of the blocking classes is determined by its action on (p, g) together
with (1.2.4). We will see in Lemma 3.4.1 that the action of T on the (d, m) coordinates
of the family of blocking classes B,EJ is given by a 2 x 2 integral matrix Tg. Because,
as noted after (1.2.4), the linear function d — 3m is invariant by Tz modulo sign, this
matrix has eigenvector (3, 1), with eigenvalue (—1)! 8 det(T'g). In general, the other
eigenvector (with eigenvalue (—1)i+8) has no obvious interpretation.

However, there are two cases in which it does. Indeed if T is the reflection Ry, that
fixes v;, interchanging w; with w;_1, then it has two lifts to an action on degree
depending on whether we take b > 1/3 or b < 1/3. As we show in Section 3.4, it
turns out that only one of these actions on degree has order two, though they both
have clear geometric interpretations. For example, if i = 2, so vy = 6, then Ry, = SR
interchanges the centers of the blocking classes and seeds of the staircase families ST
and SE. The lift (Ry,)p that acts on the degree components of the blocking classes
has order two and eigenvector (5, 1)V, since 1/5 = accz1 (6) is the limit of the ratio
of the degree components. On the other hand, the matrix (Ry,)p = (SR)7 takes the
blocking classes of the staircase family SU to those of SR(SY), fixing the shared
principal blocking class Bg] . Thus it has eigenvector (3,2)", but, as we calculate in
Example 3.4.7, does not have order two. For more details about the action of a general
element T € G on the degree components of the blocking classes, see Proposition 3.4.3.

Our second main result is that all the new staircases are live.

Theorem 1.2.6 Foreach T € G the prestaircase family T#(SY) is live, and hence is a
staircase family.

The proof that all the classes involved are perfect is given in Proposition 4.1.4. It is
greatly eased by the discovery that their (d, m) components satisfy (1.2.4). The proof
that the classes are live is given in Section 4. Although it is based on the methods
developed in [1] that we explain at the beginning of Section 4, we have significantly
simplified the proof by using new arithmetic arguments. Indeed, in Proposition 4.3.7
we establish a simple, widely applicable criterion for an arbitrary perfect prestaircase
family to be live.

Algebraic & Geometric Topology, Volume 23 (2023)



Staircase symmetries in Hirzebruch surfaces 4247

The paper [1] considered the following subsets of the h—parameter space [0, 1):
Stair := {b | Hp, has a staircase} C [0, 1),
Block :=|_J{/p | B is a blocking class} C [0, 1).

Each blocking class B,SJ defines an interval Jy, C (1/3, 1) of b—values that have no
staircase because u g Uy (acc(b)) > Vyp(acc(bh)). Further, the end points of these inter-
vals lie in Stair. Similarly, the blocking classes in the staircase family ST = R*(SY)
define blocked intervals J, ,, C (0, 1/3), whose endpoints lie in Stair.

There is an induced action of the symmetries in G on the b—variable [0, 1). This is
easiest to describe for the shift S since this gives an injection [amin, 00) = [@min, 00)
that fixes ami, := acc(1/3) =3+ 24/2. Hence, if we write

accr,: [1/3,1) = [@min, 0), accy: [0, 1/3] = [@min, 0)

for the appropriate restriction of the function b + acc(b) in (1.1.1), for each k > 1 we
can define (S%)* by
aCCZI o Sk oaccy, ifb <1/3,

1.2.8 SKY* () =
( ) (5%)7®) accaloSkoaccU ith>1/3.

Since (S¥)* is conjugate to S¥, the assignment k > (S¥)* is a homomorphism; ie

(SKy* o (S™)* = (Sk+m)y* for k,m > 0.

The reflection symmetries S k R are not defined on the whole z—interval [@min, 00) and

so do not extend to a global action on b—variable. Instead, in view of Remark 1.2.5(ii),

it is most natural to restrict the reflection Ry, := S 2i=1 R that fixes v; to the appropriate

b—interval corresponding to (vj+1, vi—1) D (w;, w;j—1). Thus we define

(129)  (Ry)*(b) = | %L, ° Rulipapop oacer ifiis even,
' accy © Ry, | (v 1,0;_1) 0accy if i is odd.

The following is an immediate consequence of Theorem 1.2.6 because the endpoints

of the blocked b—intervals, Jy , and Jr, ,, are taken by the function b — acc(d) to the

accumulation points of the corresponding staircases, upon which G acts geometrically.

Corollary 1.2.7 Let Jy, (resp. Ji ) be the b—interval blocked by BY (resp. BL).
For J = Jy, withn >0, or Ji , withn > 1 and each k > 0, the interval (Sk)*(J)
is a component of Block, and its endpoints are in Stair. Moreover, for eachi > 2 the
reflection (R,,)* permutes those intervals (S*)*(J) that lie entirely in (v; 11, vi—1).

Remark 1.2.8 (i) We conjecture that the action of the elements T € G described
above preserves the sets Stair and Block. This would hold if, for example, every interval
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in Block was defined by a single blocking class with two associated staircases, and if
these, plus the staircases at 0 and 1/3, were the only staircases. However, the proof of
such a result seems out of reach at present.

(ii) Note that the map (Ry;)* has order two since it is defined to be the conjugate
of a reflection. The statements in Remark 1.2.5(i1) about the transformations (Rvi)ﬁ
are rather different, since here we are concerned with the action of R, on the degree
variables (d, m) of the relevant blocking classes, and not on the conjugate to its action
on the z—variable.

2 The accumulation function and its symmetries

In this section, we first discuss the arithmetic properties of the symmetries and related
topics. In Section 2.2 we first give an alternative way to understand the coordinates
(d,m, p,q) of a quasiperfect class, and then show that all such classes are center-
blocking. This second result relies on the particular form of the accumulation function
b + acc(b). Finally, we describe the staircase families SU and ST and the staircase at
b = 1/3 in the language used in [1].

2.1 The fundamental recursion

We have two sets of variables: the z variable on the domain E (1, z) and the b variable
on the target. They are related by the equation

EAY
(2.1.1) 22—((3 b) —2)z+1:o.

1—b2
Since b € [0, 1), one can check that this equation has two positive solutions that we
denote by a and 1/a, where a := acc(b) > 1. As illustrated in Figure 1, this function is
in general two-to-one with a unique minimum acc™ (3 +2+/2) = 1/3. We denote by

accy ! (3+ 24/2, %(7 + 3«/5)] — [0, %), accy': (3+ 22, 0) — (% 1)

the corresponding inverses to the function b — acc(b). Thus, with

_ 1 (3—b)?
we have
1 3—-v12-87 _1 34+ V12281
acc; (@)= ——, accy (@)= ———.

T+1 T+ 1

8Here and elsewhere, L (or £) denotes “lower” while U (or u) denotes “upper”.

Algebraic & Geometric Topology, Volume 23 (2023)



Staircase symmetries in Hirzebruch surfaces 4249

The minimum t = 8 is attained when » = 1/3. The corresponding equation
22—6z+1=0

is therefore very special. It arises by taking the limit lim x, 41 /x, of the recursion
Xe4+1 = 6x, — x,—1 that seems to play a central role in this staircase problem. For
example, the steps of the staircase at b = 1/3 satisfy this recursion. Moreover, as the
following lemma shows, certain properties of the function b + acc(b) are invariant
with respect to this recursion.

Lemma 2.1.1 (i) If acc(b) = p/q then

_3pqE(p+9Vo
p*+4*+3pq

(2.1.2) b ,  where o := (p—3q)* —84>.

In particular, b and acc(b) are both rational if and only if (p —3q)? — 8q* = k? for
some integer k > 1.

(ii) The quantity o(p.q) := (p —3q9)*> —8q? = p? + q* — 6pq is invariant under the
transformation (p, q) — (6p —q, p).

(iii) In particular, because (p, q) = (6, 1) is a solution of o (p, q) = 1, any successive
pair in the sequence

(yl, yV2,¥3, )4, .. ) = (1, 6,35,204,.. )
gives another solution. Further, these are the only solutions for o = 1.

(iv) If p=y; andq = y;—1 for somei > 1, we have

3 -3
213 accy! (2) __PHAF3 (2) _ Pta=3
q

S 3p+3¢+1 q 3p+3qg—1’
and so
1 5 1,35 11 1,204 121 1
accy (6) = 7. accy' (@) =37, acey (35) = 339 3
1 1 1,35 19 1,204 59 1
ace;'(6) =5, accr (B) =451 acer (57) = 1o 3

Proof Leta = p/q > 1 so that a = acc(b) where b = 3+ v12—87)/(t + 1), and
T=p/q+q/p—+2. Since

(p* +4%+2pq)(p* + 9> —6pq)

t(t—8) = 2242
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and p? 4 q% — 6pg = (p —3q)* — 84?2, this formula for b simplifies to that in (2.1.2).
The rest of (i) is clear. Next, note that (ii) holds because

(6p—4)> +p*>—6(6p—q)p = p> +4>—6pq.
To prove (iii), note that given any solution (p, g) with p > ¢, one can use the reverse
iteration (p, ¢) — (¢, 6g— p) to reduce to a solution with p > ¢ >0 and 6g— p <0. But
the only such solution is (6, 1). Finally, to see that the formula in (iv) for acca1 (p/q)
is the same as that in (2.1.2) we must check that

Bpg+p+q)Bp+3q+1)=Cpg+p>+¢>)(p+q+3)=0pg+ (p+q+3).

One can check that the third order terms on both sides are the same, and that the rest
of the identity holds because p? + g2 = 6pg + 1. The proof for accz1 (p/q) is similar.
Thus acc[_]1 (yi/yi—1) decreases with limit 1/3, while achl(y,- /yi—1) increases with
limit 1/3. m|

Remark 2.1.2 Sinceo(p,q)=0(q, p), (p,q) is a solution of the equation o (p, g) =1

if and only if (¢, p) is. We always assume that p > ¢ so that the entries in the pairs
(p.q).S(p.q),S(S(p.q))....increase; with the other convention they would decrease.
Notice also that the Pell numbers 0, 1,2, 5, 12,29, 70, . . . that form such a basic element
in the polydisc case considered in [4; 7] are closely related to the sequence 0, 1, 6, 35, . ..

that is fundamental here; indeed the numbers 2y; for i > 0 are precisely the even-placed
Pell numbers.

Let § := ( ? _(1)) be the “shift” matrix that implements the recursion

(2.1.4) Xer1 = 6% — X1, S ( Xi ) _ (XK-l-l) ’

Xk—1 Xk

where the matrix 4 := (? 2) acts on the z variables by the fractional linear transforma-
tion
az+b
2.1.5 — =: Az
( ) cz+d

taking (by extension) oo to a/c. Starting with yo = 0 and y; = 1, we get the sequence
vo=0, y1=1, y» =6, y3=35 ys4=204, ys=1189, ye=6930, ...,
=515, Z=[51415, YE=[5141415, ...,

with general term [5; {1, 4}¥, 1, 5]; see Lemma 2.1.6. If we define
6 —35 Y2 —ya)

2.1.6 R:= = )

@10 (1 20)=Cr =
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then R? =id and det R = —1, and we will see that the reflection R and shift S generate
symmetries of our problem.

It is convenient to consider the following decreasing sequences of points in the interval

(3 4 2+/2, 0):

V1 =00, UV2:=6, Uv3:= %5, vj = _y, ,
2.1.7) it
_ 41 _ Vk+1 T Yk
w1 = 7’ W2 .= 7 Wk = —.
Vit Yk—1

These sequences interweave:

3+2\/§<---<wk<vk<wk_1<---<w2<v2<w1<v1=oo.

Lemma 2.1.3 Letv;, w;, S, and R be as above. Then:
(i) The following matrix identities hold:

SR=RS7!, ST'R=RS, RoR=1d
gk _ (yk+1 — Yk )
Yk —Yk—1

(2.1.8) Ve = Vk+1Vk—1+ 1 =6yp g1k —yeo +1 forall k > 1.

(i1) The matrix

has determinant 1; ie

(iii) With action as in (2.1.5), S(v;) = vj4+1 and S(w;) = w41, for j > 1.

(iv) The matrices S and R generate the subgroup of PGL(2, Z) that fixes the qua-
dratic form p? —6pq + q>.

Proof The proof of (i)—(iii) is straightforward. In particular the formula for S k holds
because S implements the recursion, and we also have det(S ky = (det(S)* = 1.
Further, one can check that A € GL(2, Z) preserves the form p? —6pq + ¢? if and
only if

ab

Az( ), where ¢ = —b, d =6b +a.

c d
Hence, if det(A4) = 1 then a? + 6ab + b? = 1, which implies by Lemma 2.1.1(iii) that
when a > —b > 0 we must have (a,b) = (yg41, —yk) for some k, so A = Sk for
some k > 1. It follows similarly that the only other matrices A that preserve the form
and have det(4) = 1 have the form +S* for some k < 0. Further, if det(4) = —1 then
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because the matrix RA has determinant 1 and preserves the quadratic form, we must
have A = £S¥ R for some k € Z. Thus (iv) holds. O

Corollary 2.1.4 (i) Foreachi > 1, the restriction of
(2.1.9) Ry, := S"2RS™0~D = §21=3R = (yzl'—l e )
Y2i—2 —Y2i-1
to the interval (v2;—1, v1) is a reflection that fixes v; and interchanges the points
Wi 4> Wi—f—1> and VitksVi—k> for 0 = k = i—1.

(ii) The restriction of R to the interval (v, v1) = (6, o0) is a reflection that fixes
w1 = 7.

We end this subsection with a brief discussion of the weight expansion and continued
fractions.

Definition 2.1.5 The (integral) weight expansion of a rational number p/q > 1 is
a recursively defined, nonincreasing sequence of integers W(p/q) = (W1, Wa,...)

defined as follows: W; =¢q and W), > W,y forall n, and if W; > W41 =--- =W,
(where we set Wy := p), then
W = Wit fWit1++Wopr=n—i + DWig1 < Wi,
el Wi —(n—i)W;4+1 otherwise.

Thus W(p/q) starts with | p/q | copies of ¢ (where | p/q | is the largest integer < p/q),
and ends with some number > 2 of copies of 1. One can check that

Y Wi=p+q-1. Y W2=pq.

i>1 i>1
Using this, it is straightforward to check that equations (1.2.1), for a quasiperfect
tuple (d,m, p,q), imply that the corresponding class E = dL —mEo— ) ; W; E;
satisfies the conditions ¢1(E) =1 and E - E = —1, as claimed earlier. Moreover, the
multiplicities £, . . . , £ of the entries in W(p/q) are the coefficients of the continued
fraction expansion of p/g. Thus, if the distinct weights are Xo:=¢ > X1>---> X3 =1
and we write

W(p/g) = (X5 X7 1),
then

1
3:[50;61,...,£k]:=£0+£

—
1F G/t
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As we see from Theorems 2.3.1 and 2.3.3 below, the centers of the staircase steps have
very regular continued fraction expansions that, as we now show, behave well under
the symmetries.

Lemma 2.1.6 (i) The shift S = (? _01) has the following effect on continued fraction
expansions, where, for x > 1, CF(x) denotes the continued fraction of x:
e Ifz=p/q=[5+k;CF(x)] for some k > 0,x > 1, then

6 —
Sz = % —[5:1,4 4k, CF(x)].

In particular, if z > 6 then k > 1 and the third entry in CF(Sz) is at least 5,
while if z < 6 then k = 0 and x > 1 and we have

S(5:CF(x)]) = [5:1.4.CF(x)].

(i1) The reflection R = (? __365) has the following effect on continued fraction expan-

sions:
e Ifz=p/q=1[6+k;CF(x)] for some k > 1 and x > 1, then
_ 6p—35¢q
p—6q

Rz = [6:k, CF(x)].

Further, R o R = id.

(ili) The quantity p?> —6pq + q? is invariant by both S and R.

Proof Ifz=[54+k;CF(x)|]=5+k+1/x=(5+k)x+1)/x then

g, - 9+6)x+6  (A+k)x+1
G+k)x+1 G+k)x+1°
while
1 _ d+k)x+1
1+1/@G+k+1/x) =~ G+kx+1"

This proves (i). The proof of (ii) is similar, and (iii) follows by an easy calculation. O

[5:1,4+k CF(x)] =5+

2.2 Quasiperfect classes

We first explain the action of the symmetries on the quasiperfect classes, and then show
in Proposition 2.2.9 that every quasiperfect class with center > amin = 3 +2+/2 is a
center-blocking class.
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As explained in (1.2.1), a quasiperfect class E =dL —mEg—)_; m; E; is determined
by atuple (d, m, p, q) of positive integers (Where (m1, ms, .. .) is the weight expansion
of p/q as in Definition 2.1.5) that satisfies the conditions

(2.2.1) 3d=p+q+m, d*>—m?>=pq—1.

We will continue to call these the Diophantine conditions on E as in [1]. If we use the
first equation above to express m as a function of d, p, and ¢, the second equation is a
quadratic in d,

(2.2.2) 8d%? —6d(p+q)+ p*+3pg+4¢*—1=0,

with solution

d=30B(p+q) = Vp2—6pq +4> +38).
Thus, if we define

(2.2.3) t:=Vp*—6pg+q*>+8, e:==%l,
the coefficients d and m in E are given by the formulas
(2.2.4) d:=3@(p+q)+et), m:=z((p+q)+3et)

in (1.2.4). In other words, modulo an appropriate choice of e, we can think of a
quasiperfect class as an integer point on the quadratic surface X defined by (2.2.2),
where we can use either the coordinates (d, p, q) or (p.,q.t).° Note, however, that the
fact that p, g, and ¢ are integers does not imply that d and m are also.

We now show that a quasiperfect class (d,m, p, q,t, €) is uniquely determined by its
center p/q.
Lemma 2.2.1 For each integral solution (p, ¢, t) of the equation t*> = p>—~6pq+q>*+8,
there are integers (d, m) satisfying
(2.2.5) d=1C3(p+q) +et), m=3((p+q)+e3t)
for at most one value of ¢ € {+1}.
Proof If this is false there are positive integers p, ¢, t, d+, and m+ such that (d4,m4)
solve (2.2.5) for ¢ = +1, while (d—, m_) solve it for ¢ = —1. Then

dy +d-=3(p+q). dy—d_=yt

9We are indebted to Peter Sarnak for explaining this point of view to us.
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are integers. Since p and g cannot both be even they may written as 4a + 1 and 45 — 1
(in some order), and, with ¢ := 4s,

s> =a%>—6ab+b>+2a—2b+1.

But also we need 8 to divide 3(p + ¢q) + &t, which implies that @ 4+ b + s is even. It is
now easy to see that there are no integer solutions. O

Corollary 2.2.2 There is at most one quasiperfect class with center p/q. Conversely,
for given (d,m) there is at most one quasiperfect class with these degree variables and

p/q>1.

Proof The first claim follows immediately from Lemma 2.2.1. To prove the second,
notice that d and m determine p +¢ = 3d —m and pg = d? —m? + 1, which uniquely
determines p and g modulo order. O

We now discuss the effect of the symmetries on these classes. As always, we write

6 —1 6 —35
=(70) #=(0%0),
where S is the shift and R is the reflection that fixes 7. Note that the action of S on p
and ¢ fixes t by Lemma 2.1.1(ii). It is also easy to check that R also fixes . We now
show that the action of these transformations act on the integer points of X extends to

an action on the tuples (d,m, p,q,t, ¢). It follows from Lemma 2.1.3 that any element
of the group generated by S and R can be written S’ RS forieZ and § e {0, 1}.

Definition 2.2.3 Let 7 = S'R% fori € Z and § € {0,1}, and suppose that (d,m, p.q.t.,)
is a tuple of integers that satisfy the identities in (2.2.3) and (2.2.4). Then we define
2.2.6) THd,m,p,q.t,e):=(d'.m',p'.q' 1,6y = (d'.m', T(p.q),t, (1) 3¢)
where d’ and m’ are given by the formulas

d' =16 +q)+et), m =L +q)+3), &= (=)

The next lemma shows that this action of 7" preserves integrality.

Lemma 2.2.4 Foreach (d,m, p.q.t,&) and T = S R® as above, T#(d,m, p.,q.1,¢)
is also integral and satisfies the Diophantine conditions (2.2.1). Moreover, for all such
Ty and Ta, (T1T2)*(d, m, p,q.t,e) = (T1)*(T2)*(d, m, p,q.t, ).

Algebraic & Geometric Topology, Volume 23 (2023)



4256 Nicki Magill and Dusa McDuff

Proof The above construction shows that every integral point (p,q,t) of X can
be extended to a tuple (d,m, p,q,t, ¢) that satisfies the Diophantine conditions. In
particular, since ¢ is invariant under the action of S and T, the tuple (d’,m’, p’,q’,t,&’)
satisfies these conditions; however we do need to check that it is integral. Because
3B3(p' +4q') +€'t) — ((p' + q') + 3¢'t) is divisible by 8, it suffices to check that
(p' +¢q’) + 3¢'t is divisible by 8. Thus it suffices to check that if 8 divides p + ¢ + 3&t
for some ¢ € {£1}, and we set (p’.q") = S(p.q) = (6p — q, p), then 8 divides
p'+q'—3st =Tp—qg—3¢t. But this is immediate, since 7p—g—3et =8p—(p+q+3st).
A similar calculation proves that the action of R preserves integrality.

This proves the first claim. The second follows immediately from the fact that the
action of S and R on the coordinates (p, ¢) is compatible with composition. |

Remark 2.2.5 The tuples (d, m, p, q,t, €) that correspond to quasiperfect classes have
positive entries with p > g > 0. As we shall see in Example 2.3.7, the classes with
t = 1 belong to the staircase at b = 1/3, while all other classes of interest have ¢ > 3
and hence p/q > amin := 3 + 2+/2 (so that p2 —6pq + g% > 0). Therefore the full
subgroup of PGL(2, Z) generated by S and R does not act on the staircases. This is
why in Theorem 1.2.4 we only consider the restriction of the action of the elements
S?R% for i > 0 to the classes with centers p/q>T.

Remark 2.2.6 We now relate our description of the symmetries to that given by Usher
in [7, Section 2.2.1]. He denotes a quasiperfect class E in a blowup of S x S? by
the tuple (a, b, ¢, d), where a and b are the coefficients of the two lines (each with
Chern class 2) and (¢, d) := (p, q) are the coordinates of its center. Thus the equations
ci1(E)=1and E - E = —1 become

2a+b)=p+q, 2ab=pg—1.
The first equation implies that there are integers x, §, and € such that
(a,b,p.q) = (3(x+e), 2(x—e),x+68,x-3).
With these variables, the second equation is then
(2.2.7) x?—28% =2-¢

In terms of the element x + §+/2 € Z[+/2], this equation simply says that x + §+/2 has
norm 2 — 2. He now considers symmetries of the form

X+ 8V2 X + 8 V2= (u+vvV2)(x +8v2) = ux + 208 + (vx + ud) V2,
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where u + v+/2 € Z[+/2] is an element of norm 1, ie u%2 —2v2 = 1. Then (x, &', ¢) is
another solution of (2.2.7). Usher considers the symmetries given by

U+U\/§=H2k+P2k\/§
where H,; and P, are respectively half-Pell and Pell numbers. When k =1, H, =3
and P, = 2, and we get the unit u + v/2 = 3 + 2+/2. Therefore x’ = 3x + 48
and 8’ = 2x 4+ 38,50 (p'.q") ;= (x' + 8, x'—8) = (5x + 78, x + §). Substituting
x = %( p+q)and§ = %( P —¢q), we obtain the transformation
(p.@) > (p'.q") = (6p—q. p).

More generally, Usher states that the transformation has formula

(x,8) = (Harx + 2Py 8, Pogx + Hoid),

which, in terms of the (p, ¢) coordinates, translates to

(p.q) = ((Hag + 3 Pog)p — 3 Pokq. 5 Pog p + (Hok — 3 Pai)q).

To see that this map is the same as (p, q) — S¥(p, ¢), notice that by Remark 2.1.2,
the entries y; of S k have the form %le'. Therefore, we have to check a linear identity
between the Pell numbers P, and their half-companions H,. But because of the
recursion, such an identity holds if and only if it holds for two distinct values of n, and
when k = 2 we have (Hy, P4) = (17, 12), which gives (p,q) — (35p —6¢,6p —q),
as required.

Finally, we observe that Usher’s symmetries preserve & which is related to the recursion
variable for his staircases, and hence plays much the same role as our variable .

The next lemma, taken from [1, Example 32] is the key to the proof that every quasiper-
fect class is center-blocking.

Lemma 2.2.7 For all b € [0, 1) the graph of the function z — (1 + z)/(3 — b) passes
through the accumulation point (acc(b), Vy(acc(b))). Moreover, tor each b, the line
lies above the volume curve when z > acc(b).

Proof Letc(h) = (3—5b)?/(1—b?)—2. We have

I +acc(b)  [acc(b)
(2.2.8) - _‘ll—bz

> (14 acc(h))?® = acc(b)

(3-b)?
1—b2
> acc(b)? —c(b)acc(h) +1=0,

=acc(b)(c(b) +2)
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which holds by the definition of acc(b) in (2.1.1). It follows that the two functions

1 b
(2.2.9) b Vy(acc(b)), b “;LZ()
are the same.

It remains to note that for all z > ani, > 5, the slope
d z 1 Vp(2) 14z
E( 1—b2):§ z  2:3-b)
of the volume curve V}(z) at z = acc(b) is smaller than 1/(3 — b) which is the slope
of the line. O

z :=acc(b)

Remark 2.2.8 (i) This special property of the function z — (1 +z)/(3 —b) is the
key reason why the linear relations in (1.2.5) imply that the staircase converges to an
endpoint of the interval blocked by the associated blocking class; see the proof of [1,
Theorem 52].

(ii) By [1, Example 32], when 5 < z < 6 the function z — (1 4 z)/(3 — b) that occurs
in Lemma 2.2.7 is the obstruction given by the class E =3L — Eo—2E1 — E>. 6. As
noticed by Tara Holm, all the other convex toric domains discussed in [3] seem to have
classes that play a similar role.

Proposition 2.2.9 Every quasiperfect class E := (d,m, p,q,t, &) with p/q > amnin =
34+ 2\/5 is center-blocking.

Proof Define acc, ! to be acc&1 ife=1and accz1 if ¢ = —1.19 Then we must check

that P P P p+q P
— )= V=)= —1, b:=acc ' £),
’“‘E”’(q) d—mb b(q) g(3—b) e (q)

where we have used (1.1.3) and (2.2.9). Thus we need

pqB—=b)> (p+q)(d—mb),

or equivalently
3pq—d(p+q) > b(pg—m(p+q)).

By (2.1.2) we have b = (3pg + e(p + q)/0)/((p + 9)? + pq), where o + 8 = t2.
Thus we must check that

(p+a)*+ pg)Bpg —d(p+q)) > Bpq +&(p + q)Vo ) (pg —m(p + q)).

10By (2.2.4) we have m/d > 1/3 exactly when & = 1. Moreover the condition p/q > ami, implies that
p/q = acc(b) for at least one b so it is in the domain of acc's_1 for at least one value of ¢.
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By deleting the term 3p2g? from both sides, multiplying by 8 and substituting for d
and m, we obtain the equivalent inequality

24pq(p+9)> —(p+9)((p+9)* + pg)3(p +q) + 1)
> =3pq(p+q)(p+q+3et) +e(p+q)VoBpg — (p+q +3et)(p+q))
=-3pg(p+q)(p+q+3et) +e(p +q) Vo (—o —3et(p +q)),

where the last equality uses the identity 8pg — (p + q)? = —o. If we take all the terms
in this inequality that involve an even power of €, and put them on the left-hand side,
we obtain

24pq(p +9)* —3(p +9)*((p+9)* + pg) + 3pq(p + 9)* +3(p + 9)*t /o
=3(p+9)*Bpg—(p+9)>—pqg+ pq+0+ (1o —0))
=3(tvo—0)(p+q)> =:4>0,

since 0 = p?2 —6pq + q? and t? = o + 8. If we do the same with the coefficient of &,
we obtain

—t(p+9)((p+9)* + pq) + 91 (p + @) pq + (p + 9)o /o
=1(p+9)(=p* =3pq =4 +9pq +0) = (1 = /o) (p +q)o
= (Wo—1)(p+q)o=:B.
We need to check that A > | B|, which is equivalent to 3(p + ¢g) > /o. Since this
holds, the required inequality is established. O

Remark 2.2.10 Proposition 2.2.9 shows that every class that is defined by a tu-
ple (d,m, p,q,t,&) with p/q > ami, as in (1.2.4) is in fact a center-blocking class.
Thus all our stair steps are center-blocking. However, we have not been able to
resolve the question of whether there is a blocking class B of more general type
that is not center-blocking. In this case, there would be a point by € [0, 1) such that
B b, (acc(bg)) > Vp, (acc(bg)). However, if [ is the largest interval containing acc(bg)
on which pp p, is obstructive, and if a € I is the corresponding break point— see
[1, Lemma 14]—then up 5 would not block a, ie for both elements b € acc™!(a)
we would have g p(a) < Vp(a). (For further discussion of blocking classes, see [1,
Section 2.3].) We bypass this question here by restricting attention to (quasiperfect)
center-blocking classes.

The following fact about blocking classes was pointed out to us by Morgan Weiler.
It is somewhat surprising since we know from [1, Lemmma 15(iii)] that every quasi-
perfect class B = (d, m, p,q) is obstructive when b = m/d and z = p/q, ie we have
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WB.m/d(P/q) > Vin/a(p/q). Thus it is natural to think that m/d would lie in the
blocked interval J g, which is defined to be the maximal interval containing acc; ! (p/q)
consisting of parameters b such that g p(acc(b)) > Vj(acc(b)). However, we now
show that this never happens.

Lemma 2.2.11 Every quasiperfect class B=(d,m, p,q,t,&) withe =1 (resp. e =—1)
has the property thatm/d > b (resp. m/d < b), for all b in the closure of the blocked
b—interval Jg.

Proof We first argue by contradiction to show that m/d ¢ cl(Jg), and then finish the
argument by considering the cases b < 1/3 and b > 1/3 separately.

Thus suppose that m/d € cl(Jg), and let zg := acc(m/d). We first claim that zg > p/q.
To see this note that by (2.1.1) zg is the unique solution > 1 of the equation

1 (3-m/d)?
0t —=—F—"55 "2
zo 1—(m/d)?

and the function z — z + 1/z increases when z > 1. Therefore, zg > p/q exactly when

zo+1/z0 > p/q +q/p. But

1 3—m/d)? 24+q%+2

ZO+_:(%_2):L>£+Z,
zo  \1—(m/d) pq—1 q P

where the second equality uses the identities d> —m? = pg—1and 3d —m = p +q.

Thus zo > p/q.

Ifm/d ecl(Jg) then zog = acc(m/d) € cl(Ig) = acc(cl(Jg)), so, by [1, Lemma 38(ii)]
and [1, Lemma 16], B /4 (z0) is given by the formula in (1.1.3). Thus we must have

KB .m/d(Z0) = m > Vinyd (20) = ;:FTZ/OQ,,
where the first equality holds by (1.1.3) and the fact that zo > p/q, the inequality holds
because we assume (g /4 18 at least as large as the volume at zo, and the last equality
holds by Lemma 2.2.7 and the fact that zo = acc(m/d). Therefore zg < z;, where z;
satisfies the equation p/(d —m-m/d) = (1+4+z1)/(3—m/d).

Next note that, by solving for z; and using the identities d?> — m? = pgq — 1 and
3d —m = p +q, we obtain z; = (p?> +1)/(pg—1). It is now straightforward to verify

that 1 p2+q2+2 q2+1 pg—1 1
=—=17] >+t 5 —=21+ .
+1 Z1

But this is impossible since we saw above that zg < z;. This completes the first step.
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To finish the argument, notice that we proved above that zo = acc(m/d) > p/q, while
Proposition 2.2.9 shows that p/g is always blocked by B. Thus if /g := acc(Jp)
denotes the set of blocked z—values, we have acc(m/d) > p/q where p/q € Ip.
Therefore acc(m/d) must be greater than all points in cl(/g). Since b +— acc(b)
preserves orientation exactly if b > 1/3, this implies that m/d > b for all b € cl(Jp)
whenm/d > 1/3 and m/d < b forall b € cl(Jg) when m/d < 1/3. |

We end this subsection with a few remarks about the case b = 1/3, which is the focal
point of the shift S and separates the two regimes, b > 1/3 and b < 1/3. As far as we
know, this is the unique rational value of b with a staircase.!! Example 2.3.7 below
describes the ascending staircase at b = 1/3. Although we have not managed to resolve
the question of whether there is also a descending staircase at b = 1/3, we can make
the following observation. Note that the proof uses the same idea as in Lemma 4.3.3.

Lemma 2.2.12 If there is no descending staircase when b = 1/3, then there is an ¢ > 0
such that ¢y /3(z) = 3(1 +z)/8 for 3 + 22 = amin < Z < dmin + €.

Proof It follows from [1, Example 32] (also see Remark 2.3.8(ii)) that the obstruction
WE, b given by the class Ey :=3L—Eqo—2E1—E,_ ¢ is precisely z+— (1+2)/(3—b)
when 5 < z < 6. Thus for z € [amin, 6] we know that ¢y, ;(z) > 3(1 +2)/8. If we
do not have equality for z € (@min, dmin + €) and there is no staircase, then there
must be a different obstruction curve z — (A + Cz)/(d —m/3) that goes through
the accumulation point (@min, BW). Because ap,, is irrational, the equation
(A+Camin)/(d —m/3) =3(1 + amin)/8 can hold only if A = C. But then the graphs
of the two obstructions are lines of the form z — A(1 + z), and hence coincide. O

This following observation is also relevant because, for example, dg —3m p appears as
the coefficient of d in the linear staircase relation (1.2.5), so that it would be awkward
if it were ever zero.

Lemma 2.2.13 There is no quasipertect class E = (d,m, p,q) withm/d = 1/3.

Proof By (1.2.1), given any such E the positive integers m, p, and g would have to
satisfy 8m = p 4+ ¢ and 8m? = pg — 1. Since m € Z we must have p 4+ ¢ =g 0, so the
second equation gives p? =g —1. This is impossible because (4k 4 1)? and (4k + 3)?
are both congruent to 1 mod 8. O

Uy particular, there should be no staircases at the points b € acc ™! (v;). This was proved in [1, Theorem 6]
for the case b = 1/5 € acc™1(6), but the proof seems too elaborate to be easily generalized.
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2.3 The known staircases

The paper [1] found three different families of blocking classes BY, BE and BL and
their associated staircases. For our purposes, SU and S are the essential families, since
applying powers of S to these staircases generate all the staircase families discussed
here.

We now review the theorems in [1, Theorems 56 and 58] that define these two staircase
families. In all cases the staircase steps E, x are quasiperfect classes given by tuples
(dn k- My ks Pn k- 4nk) that for x = d,m, p, q satisfy the recursion described below.
We call p, x/qn i the center of the step, and use the staircase relation!? (together with
the linear Diophantine condition 3d = m + p + ¢) to determine the entries d and m
from knowledge of p and ¢.

Theorem 2.3.1 The classes B,EJ =m+3,n+2,2n+6,1), for n >0, with increasing
centers, are perfect blocking classes, with the following associated staircases Séj n
and SU | where 0,, = (2n + 5)(2n + 1) and end,, = 2n + 4) or 2n + 5,2n + 2):

u,n>
e Foreachn>1, Sg{n has limit point ag’nm =[2n+5:2n+1,{2n+5,2n+1}*],
and its
— centers [{2n + 5,2n + l}k,endn], for k > 0, where end,, = 2n + 4 or
2n+5,2n+2),
— recursion x, j 41 = (0n + 2)Xp g — Xp k—1,
— relation 2n +3)d, x = (n+ Dpp i+ +2)g, k-
e Foreachn >0, S,Zn has limit point a,i{moo =[2n+7;{2n+5,2n+1}°°], and has
— centers[2n+7;{2n +5,2n + l}k, endy],
— recursion x, j 41 = (0n + 2)Xp k — Xp k—1>
— relation 2n +3)d, x = (n +2)pp i — (M +4)gy k-

U

The limit points a,,

form increasing unbounded sequences in (6, 00) = (va, V1),
while the corresponding b—values lie in (5/11, 1), where 5/11 = acc[_]1 (6), and increase

with limit 1.

Remark 2.3.2 (i) If v is an integer > 3, the recursion xx4; = VX; — X;—1 has a

2

unique solution > 1 of the form x; = o* where @2 —va 4+ 1 = 0. If the recursion

has seeds x¢ and x1, the general rational solution can be written X ok + Xak where
@ := 1/« is the other solution, X € Q[+/v2 —4], and for X = a + b~/ v2 — 4 we define
X :=a —b~/v2 —4. Hence, if x, and y, both satisfy this recursion, the ratio x,/y,

121, [1] we did not yet realize the role of the variable 7.
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converges to the quantity X /Y. Tt is thus straightforward to calculate quantities such

as a,ﬁ{ n,00 from knowledge of the recursion plus its seeds; see Lemma 3.1.4.

(i1)) The staircases Sf,]n are described above as having two intertwined strands, one
for each end;,. We show in Lemma 3.2.1 that these classes may be combined into a
single family with recursion variable 2n + 3. This simpler description of the staircases
clarifies their essential structure.

(iii)) Notice that there is no ascending staircase in this family with n = 0 since the
centers of its steps would be < 6, the center of Béj . Of course, there is a staircase of
this kind, but we view it here as the image of S,i{ o by the reflection R, = SR, and so
consider it a member of the staircase family (SR)#(SY).

(iv) Finally, note that staircases that are associated to a blocking class B and labeled
with the subscript £ are always ascending, and converge to the lower end of the z—
interval blocked by B, while those labeled u descend and converge to the upper
endpoint of this z—interval.

There is a corresponding definition of the staircase family SL.

Theorem 2.3.3 The classes BnL =(5n,n—1,12n + 1,2n), for n > 1, with decreasing
centers, are perfect and center-blocking, and have the following associated staircases
SeL,n and SuL,n forn > 1, with o, and end,, as in Theorem 2.3.1:
. SKL’n is ascending, with limit point aeL’n’OO =[6;2n+1,{2n+5,2n+1}°°], and
has
— centers [6;2n + 1,{2n +5,2n + l}k, endy],
— recursion x, j 1 = (05 +2)X, k — Xy k—1, Where o, :== (2n +1)(2n +5),
— relation 2n +3)d, x = (n+ 1) py i — (n— 1)y k.
. SLIZ” is descending, with 11'm1'tpo1'nta,in,oo =[6;2n—1,2n+1,{2n+5,2n+1}°°]
and has
— centers [6;:2n —1,2n +1,{2n +5,2n + 1}¥  end,],
— recursion x, i1 = (0n +2)Xp k — Xy k—1,
— relation 2n +3)d, y = —(n— 1) py x + (11ln +2)q, k.
The limit points af‘,nm (with e ={ oru) form a decreasing sequence in (6, 7) = (v2, w1)
with limit 6, while the corresponding b—values lie in (O, l) and increase with limit %

Remark 2.3.4 (i) It follows from Lemma 2.1.6(i)-(ii) that the symmetry R takes the
centers both of the blocking classes and of the staircase steps for the family SU into
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those for S&. Notice that in the case of S éjn it takes the step with label k to the step in
Sy U with label k — 1. Note that, with this choice of labeling, the image by R of the
n+1,0 and as S 1) has
though it could be added to it.

step with center [2n + 7; 2n + 4] (which appears both as SY ‘

no counterpart in the staircase Su Al

(i) The Fibonacci stairs The Fibonacci stairs are the ascending stairs that should be
associated to Bé‘ = Rﬁ(Béj ). However, such a class would have center at R(6) =
and so it does not exist as a geometric obstruction. Nevertheless, if we ignore the first
few steps, the steps of the Fibonacci stairs have precisely the form predicted by putting
n = 0 in the formulas for S ZL,n; namely, they have

e centers [6; 1, {5, 1}*, endy],
e recursion xjyi = 5x; — X;—1,
e relation 3d; = pi + qz.

Moreover, although the class E’ :=3L(—0Ey)—2E, — E; —---— E7 is not perfect, its
obstruction g o(z) for z € (6, 7] is the function z — (14-z) /3, which goes through the
point (@000, Vo(@0,00)) (Where ag,00 = t#) and equals ¢y, (z) for z € [t4, 7]. Therefore
this class E’ plays the geometric role of the blocking class, and we consider these stairs
as part of the family S¥ = R*(SY). As we explain before Lemma 3.2.5, there is a
different tuple with negative entries that plays the numeric role of the missing blocking
class; below we denote this by BOL.

Notice that all the other families (S?)#(SL), for i > 1, have an ascending staircase for
n = 0 that is associated with the blocking class (S i)ﬂ(B()L), which now has positive
entries and so is geometric.

Lemma 2.2.11 shows that for every n > 0 the ratio (n 4+ 2)/(n + 3) does not lie in the
b—interval J BU blocked by B,(l] . The next lemma locates this point more precisely.

Lemma 2.3.5 Let (d,, my) = (n+3,n+2) and a, = 2n + 6 be the degree variables
and center of the blocking class BU (n+3,n+2,2n+6,1). Then for all n > 0,
we have acc(my /dy) < ap4+1 and my /d, € JBU+I

Proof To see that z, := acc(my,/dy) < an+1 = 2n + 8, it suffices to check that
+1/z, <2n+8+1/(2n +8). But (2.1.1) implies that

1 (B—(+2)/(n+3))? o 4n? +24n 439

T IC (43 T 2mn+s
. _ 2n+1 1
=2n+38 45 <2n —|—8+—2 T8
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A similar argument shows that z,, > 2n + 7. Therefore, [1, Lemma 16] implies that
HBY, |\ m,/d, (zp) is given by the formula (1.1.3), so

Zn Zn

U Zn) = 27
lLBn+1,mn/dn( n) dn+1 —(mn/dn)mn+1 2

On the other hand, it follows from [1, Lemma 38] that m, /d, € J BY,, exactly when

KBY, \ my/d, (zn) > Vi, /d, (zn). Since z, = acc(my/dy), we have

1+z
Vonafan n) = 5=,
n n

Thus we need z,,/2 > (1 + z,)(n + 3)/(2n 4+ 7), which holds because z, > 2n 4+ 6. O

Remark 2.3.6 We show in Corollary 4.2.6 that for all our staircases, whether ascending
or descending, the ratios (my /dy)r>1 decrease when my /dy > 1/3 and increase when
my /dr < 1/3. (Since the staircase steps are defined recursively, Corollary 3.1.5 shows
that this follows from the structure of the first two steps.) Further, Proposition 3.2.2
shows that the blocking class B,l,] can be considered as a step in the ascending stair
SU . associated to BY

{,n+1 n+1-
on the lower endpoint of JgU an Thus, once we have shown that m, /d, < a,+1, this

Hence my, /d, is part of a decreasing sequence that limits

reasoning implies that m, /d, € J BY, - More generally, an analog of Lemma 2.3.5
holds for any prestaircase family.

Example 2.3.7 (the staircase at b = 1/3) This staircase, discovered in [3], behaves
in a different way from all other known staircases in Hp. It has three interwoven
sequences,

Er; = (dk,i» Mri> Pik = 8k,i»> 9ik = 8k—1,i)» 1 =0,1,2,
where for each i the numbers g ; satisfy the recursion
8k+1,i = 08k,i — &k—1,i
with seeds (ie initial values)
goo=1 gro=2 goa=1 gr1=4 g2=1 g2=5

The centers p; x/q; k := &k.i / §k—1,; have continued fractions [5; {1, 4¥k end;], where
the possible ends are endy = 2, end; = (1, 3) and end, = @.

Normally one needs two seeds, say xo and x1, to fix an iteration of the form x; 4 =
VX — Xr—1. However the variables p and ¢ for the 1/3—staircase have the form xj
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and xj;_p, and so are part of a single recursive sequence. Thus we can consider that
each of the three strands of the 1/3—staircase has a single seed Egeq = (d,m, p,q),
namely

Eseed,O = (1» 0,2, l)a Eseed,l = (2, 1,4, 1), Eseed,Z = (2, 0,5, 1),

and that the rest of the staircase comes from the images of the (p, g) components of
these three classes under the action of S: (p, q) — (6p —q, p), with (d, m) determined
by a modification of (2.2.4) as follows. We have

(23.0) di; =508k + 8k—1,) +ekiti)s Mi; = (ki + Gk—1, + 3ek,ili),

where g ; = (—D)k*1 while #; is constant with respect to k and equal to

1 ifi=0,1,
2 ifi =2.

i = Vel +80, —681i80i +8=

Note that e ; = 1 if my ; /dy ; > 1/3 and = —1 otherwise.

Note that, in contrast with the case of SU and ST discussed in Remark 2.3.2(ii) above,
it is not possible to combine these three interwoven sequences into a single recursive
sequence; for example, there is no constant ¢ such that for all k

8k,2 = C8k,1 — 8k,0-

Further, the relation between the d, p, and ¢ variables in this staircase is significantly
different from the homogenous linear relation satisfied by the other staircases. By [1,
Proposition 49] the latter relation implies that the ratios my ; /dj ; are monotonic and
converge as k — 0o so quickly that the step classes are themselves center-blocking
classes. On the other hand, classes with centers < ap,;, cannot be center-blocking, and
the ratios my ; /dy ; lie on both sides of 1/3. Another important distinction between
this staircase and the others is the fact that the r—variable is fixed for each strand. The
point here is that in all cases the variable called ¢ is fixed by the shift S. This shift
implements the recursion of the 1/3-staircase, while it takes every other staircase to a
different one.

Finally, we remark that the three seed classes Egeeq,i, fori =0, 1, 2, have rather different
natures. The first two have the form of the blocking classes

BY =(n+3.n+2.2n+6,1), n=>0,

and indeed are given by taking n = —2, —1 in this formula. One might consider that
the B,? , for n > =2, form a single family of classes, that behave differently according
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as to where the center 2n + 6 lies in relation to ani,. If the center is < ani, then
iteration by S gives a staircase forb =1/3 = acc™! (amin), while if the center is > @iy
then we get a family of blocking classes that block b—intervals that converge to 1/3,
but do not form a staircase since they are not live when b = 1/3. (To see this, note that
t = |d —3m)| is fixed by S, while by [1, Lemma 15] a perfect class E with center p/g
is obstructive at its center for a given value of b if and only if |bd —m| < v/1 —b2.
Hence a class that is live at » = 1/3 must have |z| < 3, while B,(l] has t =2n+3.)
The third seed Egceq,2 = (2,0, 5, 1) with (¢, &) = (2, —1) is significantly different. Both
itand Egeeq,0 = (1,0, 2, 1) are steps in the Fibonacci staircase at b = 0, but the iteration
that gives this sequence is not S but rather x, 1 = 3x, — x,—1. All the other steps in
the Fibonacci staircase have centers > ani,, and are blocking classes by [1, Lemma 41].
On the other hand, because S(1, 1) = (5, 1), the strand formed by Eecq,2 and its iterates
under S can be extended one place backwards by the tuple

(2.3.2) E_12:=(1,1,1,1) with (1,&) = (2, 1).

It turns out that the sequence of classes formed by E_j 5, Egceed,2, and the images of
Eecq2 by S i have an important role to play in generating the staircase families; see
for example Corollaries 3.2.3 and 3.2.7 and Lemma 3.3.3.

Remark 2.3.8 (the role of low degree classes) (i) The three seeds of the 1/3—
staircase are given by the only exceptional curves in Hp with degree at most two. These
classes have centers < amin = 3 + 2+4/2, while all the other classes of interest here have
centers > amin-

(i) There is one exceptional divisor of degree three, that gives rise to three potentially
interesting exceptional divisors in Hj that we will label by the coefficient of Ey,
namely!3

Eo:=3L—-2E\—E>.7, Ei1:=3L-FE¢—2E1—Ez.6, E2:=3L-2E¢—E;. e
Each of these classes has a special role to play:

e [FE( substitutes geometrically (but not numerically) for the blocking class for the
Fibonacci stairs (see Remark 2.3.4(ii)).

e F; is a (nonperfect) class with breakpoint 6. This class is discussed extensively

in [1, Example 32]. It is obstructive at z = 6 for
acc; ' (6) = t<b<= accy; (6),

13Here we use the shorthand of [6], where E; ;= Zi:i E;.
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and for this range of b we have

14z _ 7
/’LE,b(Z) - 3—b for zZ € (5a6)a I’LE,b(Z) - 3—b for Z Z 6

The obstruction given by this class is discussed further in Lemma 2.2.7. Its
properties turn out to be a crucial element in our proofs.

e [E5 is the perfect blocking class Bg with center 6.

3 Structure of the prestaircase families

We begin by explaining the recursion that underlies our staircases. In Section 3.2, we
then describe the staircase families SU and S* in the new language, and show that
they are indeed generated by their blocking classes together with two seeds, as claimed
in Proposition 1.2.2.

In Section 3.3, we prove Theorem 1.2.4. This establishes that for each T = S’ RS,
T#(SY) is a prestaircase family. This entails examining how the seeds and blocking
classes are transformed under S. Furthermore, this implies that each prestaircase in
T#(SY) is associated to a blocking class, an essential feature of a prestaircase family.
In Section 3.4, we compute how S # and Rﬁi act on the degree coordinates (d,m) of
the blocking classes.

3.1 The single recursion

The following lemma shows that we can consider each staircase in SU and S to be
a single family of classes satisfying the recursion x,41 = (2n + 3)x, — X,—1 With
parameter 2n + 3 instead of a double family of classes as in Theorems 2.3.1 and 2.3.3
that each satisfy the recursion xx 1 = ((2n 4+ 1)(2n +5) +2)x — x—1 with parameter
(2n 4+ 1)(2n + 5). Note that an increase of k by 1 corresponds to an increase of x by 2.

Lemma 3.1.1 (i) Letm > 1 be any integer, and consider

ﬂ=[m;2n—+—4], &=[m;2n+5,2n+2],

q1 q2

p3 D4

—=[m;2n+52n+1,2n+4], —=[m;2n+52n+1,2n+5,2n+2].
93 q4

Then for X, = pa,q. we have x,+1 = 2n + 3)x, — Xe—1 fork =1, 2.
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(1) If x, is a sequence such that x, 1 = vx, — X,—1 for all k, then
X = (V2 —=2)x¢ — X_p forall k.
In particular, if v = 2n + 3 then v?> —4 = 2n + 1)(2n + 5).
(iii) If y, and z, satisfy the recursion X, 41 = VX, — X«¢—1, then

Y422k — Zk+2Yk = V(YK+IZK - Z/c+1y;c)~

Proof Item (i) by direct calculation. Item (ii) holds because vx,—1 = X, + Xx—2, SO
2 2
X2 = VX1 =X = V(WX —Xg—1) =X = (V"= 1) X = VX1 = (V=2) X — X —2.

Finally, (iii) holds because

Zk Yk Zg Yi
Ve4+2Zk — Zk4+2) =det( )=det( ) O
“ “ “ “ Zk+2 YVe+2 VZk+1 VYi+1

We next show that this recursion extends naturally to the triples (P, g, ) that param-
etrize quasiperfect classes as in Definition 2.2.3, provided that the initial seeds satisfy
the compatibility condition (3.1.3) that is given below. Further, (3.1.2) below states that
the tuple (p, ¢, ) is the coordinate of a point on the surface X defined by (2.2.2). Thus
the next lemma gives compatibility conditions on the seeds (po, o, fo) and (p1, g1, 1)
under which the recursion with parameter v extends to the integral points of X.

It is convenient to use matrix notation with

-1 30 p
(3.1.1) A= 3-10], x:=|g¢g
0 01 t

Thus the matrix A is symmetric, and X = {x | xTAx = 8}.

Lemma 3.1.2 Suppose that x¢ and x are integral vectors that satisty the following
conditions for some integer v > 0:

(3.1.2) xTAx; =8, i=0,1,

(3.1.3) xTAxg = 4v.

Then the vectors x, := VX1 — X, X1 also satisty these conditions for the given v.

Proof Since A is symmetric,

(vx1—x0)TA(vx1 —x0) = vzx{Axl —2vx{Axo —i—ngxo =38
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exactly when 812 = 2vx1TAxo, which holds by (3.1.3). Further, (3.1.3) holds for
VX1 — X, X1 because, by (3.1.3),

(vx1 —x0)TAx; = 8v — (x0)TAx; = 4v. O

Corollary 3.1.3 Any two integral triples x; = (pi,qi,t;) for i = 0,1 that satisty
(3.1.2) and (3.1.3) for a given v can be extended to a sequence x; for i > 0 using
recursion parameter v, where each successive pair satisfies these conditions. Further,
for fixed ¢ € {11}, the corresponding quantities

di = g(3(pi +qi) +eti), m;i = g(pi +qi +3et;)
of (2.2.4) also satisfy this recursion and hence are integers, provided that they are

integers fori =0, 1.

We end this section with some useful formulas about recursively defined sequences.
The following is an adaptation of [1, Lemma 47].

Lemma 3.1.4 Let x, for k > 0 be a sequence of integers that satisfy the recursion
(3.1.4) X1 = VX — Xg—1, V=3,
and let

A =30+ +0)eQ[Vol

2

be the larger root of the equation x> —vx 4+ 1 = 0, where 0 = v?> —4 > 1. Then there

is a number X € Q[+/0] such that
(3.1.5) Xe = XA* + XX,

where a + b/ := (a —b+/0), so that AA = 1. Further, if we write X = X'+ X" /o,
then

3.1.6) X' = @’ X" = 2x1 _on'
2 20

Proof If the monomials x, = c¥ satisfy the recursion then we must have ¢2—vc+1=0,
so that ¢ = %(v +Vv2—4)= %(v + /o). Let A be the larger solution so that A is
the smaller one, and we have AA = 1. Since (3.1.4) has a unique solution once given
the seeds xq and xp, it follows that for each choice of constants A and B, the numbers

(3.1.7) X 1= AL + BAK
form the unique solution with

xo=A+ B, x;=A\+ BA.
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Then A, B € Q[/o]. Notice also that /o is irrational since 0 = v? — 4 is never a
perfect square when v > 3. It follows easily that xg, x; € Q only if we also have
B:=A.

Thus we have
xo=X+X=X'+X"Vo+ X -X"Jo=2X
which gives X’ = x¢/2, and
x1=X'+X"'Vo) 3w+ Vo)+ (X' —X"Vo) (v—o)=X"v+ X0,

which gives X" = (2x; —vx)/(20), as claimed O

Corollary 3.1.5 Let x, and y,, for k > 0, be increasing sequences that both satisfy
(3.1.4) for some v > 3 and are such that x, and y, are positive for k > 1. Suppose
turther that at most one of x¢ and yg are zero. Then:

(i) The ratios (X, /Y« )i>1 form a monotonic sequence that is strictly increasing if
X1Y0 — Xoy1 > 0 and is strictly decreasing if x1yo — xoy1 <O0.

(ii) In all cases, limy— o0 Xi/ Vi exists and equals X /Y, where X and Y are the
constants defined in (3.1.6).

(iii) Provided that x1yo — xoy1 7 0, the limit X /Y is irrational.

Proof Note first that

Xic+1 Yk = Xk Vie+1 = (06X — Xe—1) Yie — X (6Yk — Yie—1) = X Yie—1 — Xe—1)x
is independent of . Hence the sequence x,/y, for kx > 1 is monotonic,'# and the

quantity x;y9 — xoy1 determines whether it is increasing or decreasing. Part (ii) is an
immediate consequence of the formula in (3.1.7), and the fact that A > 1.

To prove the third claim, suppose first that 2x; > vxg. Then X = X' + X" /o is
irrational since the coefficient X” of \/o does not vanish, and 0 = v?> —4 is not a
perfect square. Similarly, if 2y, > vyg then Y is irrational. Further,
X _ (X/+X/,ﬁ)(Y/—Y//ﬁ) B (lel_X//Y//o,) + (X”Y/—X,Y”)ﬁ
Y — (Y’ + Y”\/E)(Y’— Y"ﬁ) - (Y)2—(aY")2
is irrational unless XY’ — X’Y” = 0. But formula (3.1.6) implies that X"Y' — X'Y"”
is a multiple of x1y9 —xoy1 and so is nonzero by hypothesis.

141 xo/yo < 0, then the sequence is only monotonic for ¥ > 1. This will be the case for the seeds of S,S/
computed in Lemma 3.2.1(ii)
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To deal with the possibility that X” or Y equals 0, notice that the limit ratio X /Y
does not depend on which pair of terms kg, kg + 1 we take as the initial terms (though
the values of X and Y do depend on this choice). Further, because by hypothesis v > 3
and x¢ < x1, we have xo = vx] — X > vx1/2, so 2x > vxy. Similarly, 2y, > vy;.
Therefore if we define the quantities X and Y as in (3.1.6) but starting with k = 1 then
the above argument shows that the ratio X /Y is irrational. |

3.2 Generating the known staircase families

‘We now prove Proposition 1.2.2; its proof is contained in Corollaries 3.2.3 and 3.2.7. In
all cases considered in this paper, the recursion variable v = 2n + 3 for the prestaircase
Sf ,, 1In a staircase family F is a linear function of n, and we will enumerate the terms
X, in our recursively defined sequences such that the value of x, is a polynomial of
degree « in n. In particular, x¢ is a constant. In contrast, the staircase sequences were
enumerated in Theorems 2.3.1 and 2.3.3 via a number k that counted the iterations of
the repeated pair {2n + 5, 2n + 1} in the continued fraction expansion of py /qy.

Lemma 3.2.1 @) If (po,qo,t0) = (1,1,2) and (p1,q1,t1) = (v +1,1,v=2) for
any v > 3, then the identities in Lemma 3.1.2 hold. Further, with (dg, mo) =
(1,1) and (d1,m1) = (3(v + 1), (v — 1)), the identities in (2.2.4) hold with
e=1.

(i) If (po,qo,to) = (=5,—1,2) and (p1,491,t1) = (v+5,1,v+2) forany v > 1,
then the identities in Lemma 3.1.2 hold. Further, with (dg, mg) = (—2,0) and
(d1.m1) = (3(v+5), (v + 3)), the identities in (2.2.4) hold with e = 1.

(iii) If we define the triple (py, 4k, ti) by the recursion Xy +1 = VX — Xe—1 for k > 1,
then the ratios p,/q, form an increasing sequence in case (i) and a decreasing
sequence in case (ii).

Proof The claims in (i) and (ii) hold by an easy computation. To prove (iii), it suffices
by Corollaries 3.1.3 and 3.1.5 to check the first two terms. But in case (i) we have
p1/41> po/qo, while in case (ii), p1/q1 =v+5> p2/q2 = (V?+5v+5)/(v+1). O

Proposition 3.2.2  All the classes involved in the staircase family SU can be extended
to tuples (d,m, p,q,t, &) with e = 1. Moreover, the staircase Sffn has recursion
parameter 2n + 3, which is the t—coefficient in B,? , and it can be extended to have the
seeds described in Lemma 3.2.1. More precisely:
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e The ascending staircase Sgn for n > 1 has initial step given by the tuple
(d,m,p,q,t)=(1,1,1,1,2) and next step (at k = 1) given by the (t—extended)
blocking class

BY | =(m+2n+1.2n+4,12n+1).

e The descending staircase S,Z , for n > 1 has initial step given by the tuple
(d,m, p,q,t) = (=2,0,—5,—1,2) and next step (at k = 1) given by the (-
extended) blocking class

Bthl (n+4,n+3,2n+8,1,2n+5).

Corollary 3.2.3 The family SUY is generated in the sense of Definition 1.2.1 by its
blocking classes BU (n+3,n+2,2n+6,1,2n + 3) together with the seeds

EZ seed (1 11,1, 2) Eu seed — ( 2,0,-5, 1’2), e=1.

Moreover, for all staircases in this family, whether ascending or descending, the ratios
my /d, decrease.

Proof of Proposition 3.2.2 1t is straightforward to check that the d and m coordinates
in B,ﬂj :==(n+3,n4+2,2n+6,1) for n > 0 are given by the formulas in (2.2.4) with

(3.2.1) (p.qg.t)=02n+6,1,2n+3), e=1.

By Lemma 3.1.1, if for each n > 1 we enumerate the ascending staircase sg’ ,asa
single staircase that is indexed by the degree « of p, as a function of n, then this
staircase has

e recursion parameter v = 2n + 3,
 initial steps with centers p;1/¢1 = (2n +4)/1 and

2n+5)2n+2)+ 1
P2 _pysion o= FICED T
q2 2n+2

e linear relation 2n 4+ 3)d, = (n + 1) pr + (n + 2)qx.

’

The linear relation implies that the d values of the first two steps are d; = n + 2 and
d> = (n+1)(2n + 5). Note also that the class with center at p;/q; is precisely B,(lj_1

By the definition of ¢ in (2.2.3), we have that {; = 2n + 1 = v — 2 and that d; is
as predicted by (2.2.4) with ¢ = 1. Further if we take (po, go,%) = (1,1,2) as in
Lemma 3.2.1(i), then

(p2.92) = (vp1 — po, vq1 — qo)-
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Therefore we may think of the tuple (da, m2, p2, g2, t2) as given by a recursion with
v =2n + 3 and ¢ = 1, with initial terms

(3.2.2) (Po.q0.10) = (1,1,2), (do,mo) = (1,1).
Note that the entries dg, po, and gg also satisfy the linear relation
2n+3)de = (n + 1) pe + (1 + 2)q.

Therefore, as in Corollary 3.1.3, all subsequent terms in this staircase must have degree
coefficients (d,m) given by (2.2.4). Thus, as claimed, for each n this sequence is
generated by the tuple (d,m, p,q,t) = (1,1,1,1,2) together with the appropriate
blocking class.
Similarly, by Lemma 3.1.1, the descending staircase classes for Sﬁ{ , With n > 0, when
indexed by k have

e recursion parameter v = 2n + 3,

e initial steps with centers

2 (2 4 1
&:[2n+7;2n+4]:(n+ )(2n +4) 4+ ’
q2 2n+4
D3 Cn+7ND((2n+52n+2)+1)+2n+2
—=2n+72n+52n+2] = ;
q3 [ ] 2n+352n+2)+1

e linear relation 2n + 3)d, = (n + 2) pi — (n + 4) gy

The linear relation implies that the corresponding d values are dp = 2n% + 11n + 14
and d3 = 4n3 4 28n2 + 60n + 38. Note that we can add the blocking class B,?H =
(n+4,n+3,2n + 8, 1) to the staircase as the step for k = 1 because

pri=02n+3)p2—p3=2n+8, q1:=02n+3)q2—q3=1,
and the appropriate linear relation (2n +3)(n +4) = (n + 2)(2n + 8) — (n + 4) holds.
In fact, this staircase has the form of Lemma 3.2.1(ii), with initial tuples
(3.2.3) (Po.qo0.%0) = (=5,—1,2), (p1,91,t1) = (2n+38,1,2n+5).
The next entry in the recursive sequence is then
(p2,q2.12) = ((2n +8)(2n+3)+52n+4,2n+5)(2n +3) — 2),

which has the same values for p; and g5, as does the first staircase step given above.
The formulas in (2.2.4) give

(3.2.4) (do,mo) = (—2,0), (di,m)=m+4,n+3)
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with ¢ = 1. Further, the linear relation (2n + 3)d, = (n + 2) p, — (n + 4)g, holds in
both cases. Thus, again, this staircase is generated by the initial tuple (d,m, p,q,t) =
(—2,0,—5, —1, 2) together with the appropriate blocking class. |

Proof of Corollary 3.2.3 The first claim is an immediate consequence of Proposition
3.2.2. By Corollary 3.1.5 to check the second claim we must check that mdo—mod; <0
for all staircases. For the descending staircases, this is immediate because mg = 0 and
do < 0 while m; > 0. For the ascending staircases, this holds because my = dop = 1
while m; < d;. O

Remark 3.2.4 (i) The parameters (d,m, p,q) = (1, 1, 1, 1) of the initial step in the
ascending staircases do correspond to those of an exceptional class in Hp, albeit one
that is not live for the relevant z values (which are all > 3 + 22 = Amin). Thus its
parameters are both geometrically and numerically meaningful. (See also the discussion
concerning (2.3.2).) On the other hand, the parameters (—2, 0, —5, —1) of the initial
step in the descending staircases are negative and so, though numerically meaningful,
have no immediate interpretation in terms of a point p/q € (1,00). Instead, they
parametrize the ray {(—=5,—1)A | A > 0} in R?. Though we do not do this here, one
could think of the symmetries in terms of their action on these rays; see Remark 3.3.6.

(i) Foreachn > 1, the ascending staircase S ZU ntl with recursion parameter g =2n+5
has the same second step as the descending staircase S,K ., With g = 2n + 3. Indeed,
the formulas given above show that this step has center (d,m, p, q,t, 1) with p and ¢
given by

=2n+72n+4=2n+1)+52n+1)+2]

QS

and with t = 2n +3)(2n +5) — 2.

There is a similar story for the staircase family S, except that now there is no geometric
blocking class for n = 0, and the tuple (d,m, p,q,t) = (0,—1, 1,0, 3) that replaces it
has no obvious geometric meaning. Nevertheless, we define BOL :=(0,-1,1,0,3) for
the current purposes. (See Remark 2.3.4(ii).)

Here is the appropriate numerical lemma.
Lemma3.2.5 (i) If (po,qo0.%0)=(5,1,2)and (p1,491,t1) =(6v—=5,v—1,v+2)
for any v > 1, then the identities in Lemma 3.1.2 hold. Further, with (dy, mg) =

(2,0) and (dy,my1) = (3(v— 1), 1 (v — 3)), the identities in (2.2.4) hold with
e=-—1.
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(i) If (po,qo0,t0) = (—=29,—5,2) and (p1,491,t1) = (6v —29,v — 5,v — 2) for
any v > 3, then the identities in Lemma 3.1.2 hold, Further, with (dg, mo) =
(—13,-5) and (d1,m1) = (3(v —5), (v — 7)), the identities in (2.2.4) hold
with e = —1.

(iii) If we define the triple (py, qi, tic) by the recursion x,41 = VX, — X—1 fori > 1,
then the ratios p, /q, form an increasing sequence in case (i) and a decreasing
sequence (for k > 2) in case (ii).

Proof This is left to the reader. O

Proposition 3.2.6 All the classes involved in the staircase family S* can be extended
to tuples (d,m, p,q,t,e) with e = —1. Moreover, the staircase S.Ijn has recursion
parameter 2n + 3, which is the t—coefficient in B[, and it can be extended to have the
seeds described in Lemma 3.2.5. More precisely:

¢ The ascending staircase SeL,n for n > 0 has initial step given by (d,m, p,q,t) =
(2,0, 5,1,2) and with the next step (at k = 1) given by the blocking class BnL+1
witht =2n + 5.

¢ The descending staircase S,f’ ,, for n > 2 has initial step given by (d,m, p,q.t) =
(—13,-5,-29,—5,2) and with the next step (at k = 1) given by the blocking
class B,{‘_l witht =2n + 1. When n = 1 there is the same initial step, and the
step at k = 1 is given by the tuple Bé‘ :=(0,-1,1,0,3).

Corollary 3.2.7 The family S is generated in the sense of Definition 1.2.1 by its
blocking classes BnL :==(0Gn,n—1,12n +1,2n,2n 4+ 3) for n > 1, together with the
seeds

Efq=1(2.0.512), El 4=(-13-5-29.-52)., e=—I,

u,seed —

where in the definition of SuL’l we take the tuple Bé“ to be (0,—1,1,0,3). Further,
for all staircases in the family with n > 0, both ascending and descending, the ratios
my /d, increase.

Proof of Proposition 3.2.6 The blocking classes BnL :=(n,n—1,12n +1,2n) for
n > 1 are given by the formulas in (2.2.4), with

(3.2.5) (p,g,t)=(12n+1,2n,2n+3), e=-—1.

By Lemma 3.1.1, if for each n > 0 we enumerate the ascending staircase SeL ,asa
single staircase that is indexed by the degree « of p, as a function of n, then this
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staircase has
e recursion parameter v = 2n + 3,

e initial steps p. /g, with centers

24n2 4+ 62n + 34

&:[6;2n+1,2n+4]: ne+62n+ ’

92 4n2 +10n +5
24n2% + 98n + 121)2n + 89
ﬁ=[6;2n+1,2n+5,2n+2]=( n”+98n+121)2n + ’
7 (4n2 + 16n + 19)2n + 13

e linear relation (2n 4 3)d, = (n + D) pe — (n — 1) g
The linear relation implies that (da, m2) = (10n? + 251 + 13, 2n% + 3n).

One can easily check that the values (p2, g2) and (p3, g3) given above agree with those
in the recursive sequence with v = 2n + 3 and initial terms

(dO’mO’ p09 q()! IO) = (2’ 0’ 5’ 1’ 2)’
(di,mi, p1.q1.t1) = (5(m+1),n,12n +13,2n 4+ 2,2n +5).
Hence because the tuple for k = 0, 1 satisfies (2.2.4) with ¢ = —1, all classes in the

staircase have this form. This establishes the claims concerning SeLn.

By Lemma 3.1.1, if for each n > 1 we enumerate the descending staircase S,i , as
a single staircase that is indexed by the degree k of p, as a function of n, then this
staircase has

e recursion parameter v = 2n + 3,

¢ initial steps with centers

48n3 +100n2 +22n—1
P 62n—1.2n+1,2n+4] = + +
N 8n3+16n2+2n—1
96n* 4 344n3 +320n2 +50n + 1
P4 l62n—1.2n4 1,21 45,2042 = — +344n” + 32017 + 50n + ’
. 16n* +56n> 4 48n> +2n—2

e linear relation (2n 4+ 3)d, = —(n — 1) pie + (111 + 2) g
Again one can check by direct computation that this sequence is generated by the tuples
(po. qo.t0) = (=29, -5,2),
(p1.q1,t1) = (12n —11,2n—2,2n + 1),
(P2.q2.12) = 24n 4+ 14n —4,4n% 4 2n — 1,4n% + 8n + 1),

which have the form described in Lemma 3.2.5(ii) with v = 2n + 3, ¢ = —1. Moreover,
formula (2.2.4) gives the following values for d and m with ¢ = —1:
(do,mo) = (—13,-5), (d1,m1) = (5n—5,n-2). ]
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Proof of Corollary 3.2.7 The first claim is a consequence of Proposition 3.2.6. By
Corollary 3.1.5, to check the second claim we must check that mdy —mod; > 0. For

the descending staircases, we have mg = —5, dg = —13,my =n—2,d; =5n—>5 and
n>1,somydg =—13(n—2) > —5(5n —5) = —25n + 5 = mod;. For the ascending
staircases with n > 1, this holds because mg = 0 while m1, dg > 0. O

3.3 Proof of Theorem 1.2.4

We now prove Theorem 1.2.4 stating that each symmetry 7" € G transforms the staircase
family SU into another prestaircase family T7#(SY); in particular 7 = R interchanges
the families SY and S*.

We know from Definition 2.2.3 and Lemma 2.2.4 how 7' = S’ R® acts on quasiperfect
classes. The corresponding definition for staircase families is as follows.

Definition 3.3.1 Given T = S'R% € G, we define T#(SY) to be the collection of
preblocking classes (Tﬁ(B UY)nso together with the seeds Tﬁ(E v K) and T# (ESeed w)-
We first prove our earlier claim that the reflection R takes the family SU to the family S .
Recall from Propositions 3.2.2 and 3.2.6 that all the classes in SU have & = 1 while all
those in ST have ¢ = —1.

Lemma 3.3.2 (i) The map R # takes the blocking classes and seeds of the staircase
family SY together with all the associated staircase steps to the corresponding
elements in the family SL. Further, Eu seed = —EeLseed,

E=({d.,m,p,q,t,e) wedefine—E := (—d,—m,—p,—q,t,—¢).
(ii) Moreover, S*(E and S* (E, Seed) EL

u,seed’

where for a class

l, seed) = ( seed

Proof We already noted in [1, Corollary 60] that the reflection R takes the step classes

in 8Y to those of SL. By Corollaries 3.2.3 and 3.2.7, the seeds of these families are
ECUseed’ EuUﬂeed : (d’m7 p.9q, [,8) = (la 1,1,1,2, 1), (—2,0, -5,-1,2, 1)

Ef seed’ Eu seed * (d’ m,p.q,t, 8) = (2, O’ 5, 1, 2’ _1)’ (_137 =5, —29, =5, 2, —1)

Therefore Eu wed = —E stee 4 s claimed. Moreover, because R(1, 1) = (=29, —5) and

R(5,1) = (=5, —1), we find that

Rﬁ(Eé seed) u seed’ Rﬁ(ETﬁJ,SCCd) = Eel:seed'
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i -1 01 2 3 4 5 6

gi 1 1 5 29 169 985 5741 33461
m; 1 0 5 24 145 840 4901
d; 1 2 13 74 433 2522 14701

Table 1

Since R is a reflection that interchanges the ascending and descending staircases, this
reversal of seeds is to be expected. Note also that the centers of the blocking classes
BE descend rather than ascend, so this reversal is also consistent with Definition 1.2.1
that explains how the blocking classes and seeds generate a staircase. Thus R takes the
full structure of the family SU to that of ST.

The proof of (ii) is straightforward, and is left to the reader. a

In order to show that for arbitrary 7' € G the seeds and preblocking classes T#(SY)
define a staircase family, we must show that the appropriate linear relations (1.2.5)
hold. This proof is largely based on analyzing the seed classes.

As already noted, modulo sign, the seeds E U and EL__ for the staircase families

o seed o,seed

SY and ST are classes that appear in the third strand (the one with i = 2) of the
staircase at b = 1/3; see Example 2.3.7. This strand is generated by the recursion S
with action on (d, m) given by (2.3.1), and hence consists of the classes

E;:=(di,mi. gi.gi—1.2,(=1)"), i>0,
di = §3(gi + gi—1) +2(=1)"),  m; = 5 (3(gi +gi—1) + 18(=1)"),

with values given in Table 1. Note that g; = y;+1 — y; for all i. Further, the ¢ coordinate

(3.3.1)

alternates between the value +1 and —1, while r = 2 for all ;.

Lemma 3.3.3 For alli > 0, the families (S i+1)ﬁ(8 U) and (S! R)*(SY) have the same
lower seeds and the same upper seeds; namely

(STTHASY) _ pSTRMST) _
£,seed — “4,seed -

(STHHHSY) L (STRH(SY)

EH'I’ u,seed — Tu,seed = _EH'Z’

where E; is as in (3.3.1). Furthermore, the extended action Rﬁ of the reflection

Vi42
Ry, ., that is defined in (2.2.6) interchanges the lower and upper seeds of these families.

Proof The first statement is an easy consequence of Lemma 3.3.2(ii) and the fact that
SY(E;) = Ej4 foralli.
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For the second statement, note that by Corollary 2.1.4(i),
(Rvi+2)ﬂ — (S2i+1R)ﬂ — (SiRs—(i-i'l))ﬂ.
The upper seed of 8,5] is — E'1; thus to compute the lower seed of (RﬁiJrz)((Si +1)’i(S,i]))
we are considering
(STRSTUHDYE(STHH (—E) = (S) R*(—E1) = (SHH(E1) = Ei 1.

where the first equality follows from Lemma 2.2.4. The upper seed can be computed
similarly. a

Recall from the discussion concerning (1.2.5) that, in order for a staircase S with steps
E :=(d,m, p,q,t,¢) to be associated to the preblocking class

B =(dp,mB,pB.4B.1B,¢),
we require that for each step the following linear relation holds:

(3.3.2) Gmp —dg)d = (mp —qp)p +mpq if S ascends,
- mpp— (pp—mp)q if S descends.

Lemma 3.3.4 (1) The identities in (3.3.2) may be rewritten as

(3.3.3) mgpm =dpd —qgp if S ascends,
(3.34) mpm =dpd — ppq if S descends.
(ii) Given any two classes E’ and E”, (3.3.3) holds for the pair (E, B) = (E', E")
if and only if (3.3.4) holds for the pair (E, B) = (E", E’).
(iii) Equation (3.3.3) holds for the pair (E, B) if and only if (3.3.4) holds for the
pair (S*(E), B). Further, (3.3.4) holds for the pair (E, B) if and only if (3.3.3)
holds for the pair (E, S*(B)).

(iv) Ifboth(3.3.3) and (3.3.4) hold for (E, B) then they both hold for (S*(E), S*(B)).
Proof To prove (i), rewrite the term 3m gd on the left-hand side as mpg(p + g + m)
and simplify.

Proving (ii) is also straightforward: if E’:=(d’,m’, p’,q')and E" :=(d",m", p", q"),
then both equations reduce to the claim that m'm” = d’'d"” — p'q”.

Now consider (iii). Let E = (d,m, p,q,t,¢), so that
SHE) = (d',m'.(6p—q). p.1,—e),
d'=L130p—q)—et), m' =%((Tp—q)—3et).
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To prove the claim about the pair (S¥(E), B), we want to show that the equation
mp(p+q+3te) =dp(3(p+q)+te)—8qp p holds if and only if

mp((7Tp—q)—3¢et) =dp(3(7p—q) —¢t) —8ppp

also holds. But by adding the two equations, we obtain the linear Diophantine identity

mp8p = dp24p —(qB + pB)8p.
which always holds. This proves the first claim in (iii).

The second claim in (iii) now follows from the symmetry relation in (ii). We have
(3.3.4) holds for (E, B) <= (3.3.3) holds for (B, E) (by (ii))
< (3.3.4) holds for (S*(B), E)
< (3.3.3) holds for (E, S*(B)) (by (ii)).

Thus (iii) holds, and a similar argument proves (iv). O

Proof of Theorem 1.2.4 We must show that for each T € G the seeds and preblocking
classes in Tﬁ(S U) form a prestaircase family in the sense of Definition 1.2.1. Here, we
define the preblocking classes and seeds of Tﬁ(S U) to be the images of the preblocking
classes and seeds in SY by the formula in (2.2.6). Lemma 2.2.4 shows that these are
quasiperfect classes. Further, Lemma 3.3.3 shows that the lower and upper seeds of
both families (S’ T1)#(SY) and (S?R)*(SY) are E; 4 and —E; 4 ».

Therefore, it remains to check that each preblocking class B, is associated both to the
ascending prestaircase with seeds Ey seq, Bn—1 and recursion parameter 7g, , and to the
descending prestaircase with seeds Ey seed, By+1 and recursion parameter /g, . Thus

each prestaircase must satisfy the appropriate linear relation (1.2.5). Because the steps

F
£,seed’

classes B; are defined recursively by Corollary 3.1.3, it suffices to check this in the

in the staircases of a staircase family F with seeds E Euf «eeq and preblocking

cases
(E,B)=(E] ., B}).(Bj_\,B]), n>1, ifsteps 1, B} 1
= (E;l eea» B7). (Biiy1, By), n=0, ifsteps |, By 1,

(E,B)=(E] . By) (B 1. B;), n>1, ifsteps 1, B, |
=(E] ea»B)).(B]_,.B)), n>0, ifsteps |, B] |.

u,seed’ n—1-

It is shown in [1] that the prestaircases in the families S U and ST are staircases, and
their seeds, blocking classes and steps are described in Corollaries 3.2.3 and 3.2.7.
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Therefore the needed identities hold when F = SY (with ascending blocking classes)
and ST (with descending blocking classes). Thus it suffices to show that if F satisfies
the appropriate set of identities, then its image S¥(F) does as well.

For clarity, let us first suppose that 7 has ascending blocking classes, and denote its
seeds by E/ _ E7/ —s# (E 7 <o) @nd its preblocking classes by B forn > 0.

£,seed’ U, seed —
Then we know that for all n,

(Ee weq- B) and (B;.
(ES

T 1. B)) satisfy (3.3.3),
B) and (B;,,, B;) satisfy (3.3.4).

u,seed’

In particular, adjacent blocking classes B; and B,f 41 satisfy both relations (3.3.3)
and (3.3.4). Hence Lemma 3.3.4(iv) shows that their images by S # also satisfy both
relations. Further, since

St
E¢:=SYE] ) = E,.0) = —E]

{ ,seed u, seed

Lemma 3.3.4(iii) shows that the pair

S*(B;))

u,seed’

(SHE] or)- SH(BT)) = (—E;,
satisfies (3.3.3) because (3.3.4) holds for (Eu seed B,f ). (Note that the — sign in front
of Eu seed 18 immaterial.) In turn, applying Lemma 3.3.4(ii), we find that (3.3.3) for
(Eu ceed? S (BF)) implies (3.3.4) for (Sﬁ(Bf) E Seed) and hence, by Lemma 3.3.4(iii),
(3.3.3) for (S*(B;), SHE] ) and therefore (3.3.4) for (S*(E] o). S*(BY)).
This completes the proof in this case.

u,seed

The argument when F has descending blocking classes is essentially the same, and is
left to the reader. Finally note that claims (i) and (ii) in the theorem follow from the
known behavior of SY and S%, and the fact that S(v;) = v;+; and S(w;) = wj+1. O

Remark 3.3.5 (i) As the elements T € G bring the seeds to seeds and the blocking
classes to blocking classes by formula (2.2.6), Lemma 2.2.4(ii) implies composition
behaves nicely on the staircase families, namely Tlﬂ T2ﬂ (SY) = (T1T»)*(SY). This is
simply because the formulas for TH( P, q,t) are compatible with composition, and the
degree coordinates (d,m) are determined by the values of p and g. We will see in
Section 3.4 that while T* acts linearly on (p, ¢) (namely, via products of S and R), there
is no general linear map on the degree coordinates (d, m) that respects composition.

(i) The paper [1] established the existence of a third set of staircases, there called
SE, and showed that the centers of its blocking classes and staircase steps are the
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images via S of the centers of the corresponding classes in SU. The interested reader
can check that, just as in the proofs of Propositions 3.2.2 and 3.2.6, SE forms a
staircase family with seeds S*(E (USCC 2> S ﬁ(E;{ «eq) and blocking classes Sﬁ(E,? ).

Thus SE = §#(SY), and so has the same seeds as ST by Lemma 3.3.2.

Now the E—family has an ascending family of blocking classes in the interval (w, v2) =
(41/7, 6), while the L—family has a descending family of blocking classes in the interval
(v2, w1). We showed in [1, Corollary 60] that the centers of the blocking classes and
steps in SE are mapped to those in S¥ by the reflection Ry, = RS™! = SR that
fixes v, and interchanges wy = 41/7 and w; = 7. Moreover, by Lemma 3.3.3,
Rﬁz interchanges the seeds of these two staircase families S¥ and S¥. We show in
Lemma 3.4.5 below that the action of Rgz on the (d,m, p,q) components of those
blocking classes of S E and ST with centers in (w2, w;) decomposes as the product
(Ru,) g X Ry, 22 x Z* — 7> x Z* of two matrices of order 2. This is a rather special
situation that, we explain in the discussion before Proposition 3.4.3, does have a nice
geometric interpretation.

Remark 3.3.6 The sequence g; is recursively generated by g;+1 = 6g; — gi—1 giving
us terms in the sequence as i increases. Rewriting this as g;—; = 6g; — g;+1, we can
solve for terms in the sequence as i decreases. In particular, from the data in Table 1,
we can solve for terms in this sequence with negative indices. Geometrically, we want
to consider the sequence {g;/g;—1}, the center of these classes. Computing a few terms
in these sequences, we get

I -4 -3 -2-1 01 2 3
8i 169 29 5 1 1 5 29 169
169 29 5 1 29 169
8i/&i-1 | 385 Te6 35 5 1 5 F o5

Thus the sequence {g;} reflects on itself, namely g; = g_(;+1). Note that both the
centers of E; and —E; are elements of this sequence {g;/gi—1} when i > 0. In
particular, only terms with i > 0 appear as centers of the seed classes.

As S implements the recursion by 6, S(g;/gi—1) = gi+1/&i, so S always shifts
this sequence one step to the right. Now, R is the reflection of this sequence about
5 = g1/go; indeed we can compute that R(g;/gi—1) = g2—i/g1—i. (Note: R is not
the reflection about 1 which would map each element to its reciprocal.) Hence, R
takes centers of seeds to terms in the sequence, but not necessarily to valid centers
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since go—;/g1—i < 1 when i > 2. But applying S will shift g,—; /g1—; to the right. In
particular, the reflection R,, = S 2i=3 R has just the right number of shifts to move the
image under R of the seeds of S'~1(SY) to the seeds of §~2(ST). In other words,
this reflection interchanges the lower and upper seeds of these families. As we show in
Lemma 3.4.5 it also interchanges their blocking classes.

3.4 Action of the symmetries on blocking class degree

Although the results in this section are not needed for the proof of our main results, they
throw light on the geometric nature of the symmetries. To simplify the language needed,
we will assume it is already known that all classes in T#(SU) are perfect, a result that
is proved in Proposition 4.1.4. In particular, this means that all the preblocking classes
in T#(SY) are in fact blocking classes, and so we will talk about blocking classes
rather than preblocking classes.

The first step is to derive a formula for the action of 7" on the degree coordinates (d, m)
of the blocking classes in SU. Because the formula (2.2.4) for d and m in terms of p
and ¢ is affine, we might expect this action to be affine and to depend on the 7—variable
(or equivalently on n). However, it turns out to be linear and independent of ¢ and n,
and in fact is given by a 2 x 2 matrix (with integer entries) that we denote by 7. Note
that T gives the action on the degree coordinates of blocking classes, and in particular
does not describe the action on the degrees of the staircase steps. For convenience, we
denote the vector with components d and m by (d,m)".

Lemma 3.4.1 (i) ForeachT = SIRS ¢ G, there is a 2 X 2 matrix TB’f such that
for each blocking class B,S’ = (dn, My, pn,qn,t, 1) with 4n > 0, in SY, the
corresponding blocking class in Tﬁ(B,SJ ) has degree coefficients Tg ((dp, mn)").

(i) In all cases, T has eigenvector (3, 1)" with eigenvalue (=1)its det(Tg).

Proof Let T%(d,m, p.q.t,1)=(d'.m’,p'.q'.t.&), where BY = (d,m, p,q.t,1).
By (2.2.4), 3m’ —d' = t¢’ where t is constant under 7* and
(3.4.1) gt = (=) = (1) GBm—d) = (-1) ¥ (p-3¢).

where the last equality holds because B,ﬂj =m+3,n+22n+6,1,2n+ 3,1).

Therefore, .
d'=13(p' +q")+1) =136 +¢") + ()T (p—3q)),

(3'4'2) ’ 1 / / / 1 ’ / i+68
m =35((p'+q)+3et) =5((p"+4¢)+3(=1)"""(p—39)).
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Since p’ and ¢’ are linear functions of p and ¢, and the coefficients of the B,ll] satisfy
p = 2d and ¢ = d — m, the degree coefficients d’ and m’ are linear functions of d
and m. This proves (i).

To prove (ii), let A = Tp = (? 3) Because the transformation A preserves the
linear function d — 3m modulo the sign factor (—1)'*9 the transpose matrix A7 has
eigenvector (1, —3)V with eigenvalue (—1)!+%. This implies that the transformation
A preserves the subspace orthogonal to (1, —3)", and hence has eigenvector (3, 1)V
with some eigenvalue A. Further, the matrices A4 and A7 have the same eigenval-
ues, A1 and A, where A1 + A, = Tr(A) = a + d. We know that one eigenvalue,
say A1, is (—=1)" T8, If A1 = A = (—=1)"*9 then the identities A(3,1)Y = A(3,1)Y and
AT(1,-3)V = 1(1,-3)" imply that a + d = 2A. The identity Tr(4) = a + d = 2A
shows that the other eigenvalue is also A = (—1)!*t%. Therefore det(4) = 1 and
A= (=1)its det(Tg) as claimed. On the other hand, if A # A = (=1)I*3 then
det(Tg) = A1A2,50 A = Ay = (—1)i+8 det(7'g) in this case as well. O

Remark 3.4.2 It would be more correct (though also more cumbersome) to denote the
map Tz by T(j, g since its formula depends on the domain staircase S U via the identity
3m—d = p—3q in (3.4.1) used to express £t as a function of p and ¢. Each staircase
family has an analogous, but different, identity of this kind. For example, the blocking
classes (5n,n —1,12n + 1,2n) satisfy 3m —d = —3p + 17¢q. Correspondingly, the
assignment 7' — T is not compatible with composition in general, though it is in a
few special cases. For example, even though the reflection R in w; = 7 has order 2,
R% does not have determinant 1 and (R;)2 = id; see Proposition 3.4.3(ii). Further,
we show in Example 3.4.4 that (S4)*B £ ((Sz)"l})z.

We now show that the formula for T; does have understandable features. Observe that
the blocking classes B,l,] have centers at (py, gn) = (2n + 6, 1) and degree components
(d,m),
dpmy) = B+n.24n) =32+, Dn,  lim 2% —1,
n—o0o (

n
This is no accident: we should expect the limits of the sequences (my,/dy,) and (p,/qn)
to correspond via the function acc{,l. However, this is a degenerate case since both
limits lie on the boundary of the domain of this function. Let us apply the same analysis
to the staircase families S& = R*(SY) and SE = S#(SV). As illustrated in Figures 2
and 3, both these families have steps in the interval (w,, wy) = (41/7,7). Further, the
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centers of the blocking classes in S E increase with limit v, = 6, while those of ST
decrease, also with limit v,. Thus, in both cases, the ratios (m,/d,) of the degree
coefficients of the blocking classes converge to ach1 (6) = 1/5. Correspondingly, we
show below that in both cases 7 = R, S the matrix 7'y takes the vector (1, 1) that
gives the coefficient of  in (d, m) to (5, 1)V. This observation generalizes as follows.

Proposition 3.4.3 (i) The matrix (S’ ) has integer entries and is determined by
the following properties:

o (8)%5((3.2)Y) = 5 (B3(ri42 + yi+1) +3(=D". yigyo + yit1 + 9(=1D7)Y).
o (SHH((L.1)Y) = ((si,ri)Y), where

(3.4.3) si=2@yit14+3yi+ (D). ri =30+ yi 3D,
In particular r; /s; = acc;1 (vi+1), where ¢ = (—1)! and we define

-1 accl_]1 if e =+1,
acc, = 2.
acc; - ife=—1.

Further, det((S") ) = (1) (yi+1 — yi)-
(ii) WhenT = R we have Ry = (T'077).

(iii) The matrix (S iR)*B has integer entries and is determined by the following
properties:

s (S"R)F((3.2)Y) = 5(30i+14+y) =3(=D", yiy1+yi —9(=1")Y).
o (S'RY((1,1)Y) = ((Si+1.7i+1)"), where s; 41 and rj 11 are as in (3.4.3).

Further, det((SiR)E) = (=1)' (Vit2 — Yi+1)-

Proof The matrix (S’ ) is obviously determined by the images of the vectors (3, 2)V
and (1, 1)V, and we first check that these images are as stated. Recall the sequence

Y0.Y1,¥2,¥3,...=0,1,6,35,..., where S(y;,yi—1) = (Vi+1,)i),

and write

(Pn.qn)” =(6,1)Y +2n(1,0)" = (y2,y1)¥ +2n(y1. y0)".
Then
S ((Pnrqn)Y) = Git2, vit+1)¥ +2n(it1, 1)V,
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and because ¢ = 2n + 3 is fixed by S, we can derive the formula for (S’ )5((3.2)Y) and
(S i)j} ((1, 1)V) by looking at the constant term and coefficient of 7 in (2.2.6). Thus, if
X is the matrix with columns (3,2)" and (1, 1)V, we have (S')% X = %A, where

. (3wi+1 + 3¢ 6w; +2¢

P . = _11"
wi+1 + 9¢ 2wi—|—6e)’ w; =yi+1+yi, e:=(=1)

It follows from Lemma 2.2.4 that the entries of (S i)*B X are integers. Hence, because
the matrix X with columns (3,2)Y and (1,1)Y has determinant +1, the entries of
(S i)’g are also integers. Further,

det A = e(18w; 41 + 6w; —54w; —2w; +1)
=16e(yi+2 + yi+1—3Yi+1 + yi))
= 64e(yi+1— Vi),

where the last equality holds because y;+» = 6y;+1 — y;. Therefore det((S i)*B) is as
claimed. This proves (i).

Claim (ii) follows from the fact that R} takes the degree components (4, 3) and (5, 4)
of B{J and Bg to the corresponding components (5, 0) and (10, 1) of B IL and BZL;
see (3.2.5). Note that

R*32—_1015 32y _( 05
B\11) 7\ -3 4)\11) \—11)°
Finally, (iii) follows by arguing as in (i), noting that R interchanges the pairs (6, 1) =
(y2,y1) and (1,0) = (y1., yo). Therefore
S'R((6. DY) = ((yi41. 7)), S'RI(1,0)Y) = ((yi42. yi+1)"),

s0, as before, (2.2.6) implies that the action on the corresponding degree coordinates
(3,2)V and (1,1)" is
(S'R)E(3.2)Y) = g(BGri+1 + 1) +3=D" 1 yis +yi +9(=D"1)Y),
(SRR, DY) = (B2 + yirn) + (D yiga + yir1 +3(=DIF1)Y).
These formulas are consistent with the fact that by Proposition 3.2.6 the blocking
classes BE = R*(BY) and BL = R*(BVY), are (0,—1,1,0) and (5,0, 13,2). The
determinant calculation can be checked as before. O

Example 3.4.4 As examples of the above formulas, we have
« (5 0 2% [28 3 3% _ (164 15 v _ (955 90
SB_(Z—I’ S8=9 2) ©IB=\55 4) CB=(31831)
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Note that the second column of these matrices coincides with the degree components

of a corresponding principal!>

blocking class (S i_z)*(Bg ). However, these matrices
do not give the action of S’ on the seed classes, even when i is even. For example, the

lower seeds of SU and (S2)*(SY) are

EY o= (L1 112.1), ES)NED = 13,529,5.2.1).

Because these matrices (S’ ) do not give the action on the seeds, they also do not act
on the degrees of the staircase steps.

We could compute similar matrices (7))} seed that would take the degrees of E. “seed
to the degrees of T#(E. ‘seed)- However, as above, (T)fSee

composition because there is no analog of the identity t =3m —d = ap + bq in (3.4.1)
for the seeds. (This is easy to check using the fact that t = 2 by (2.3.1).) Thus we only

present the formulas for the degree coordinates generated by the recursion S by (3.3.1);

4 would also not respect

also see Lemma 3.3.3 and Remark 3.3.6.

By Lemma 2.1.3 and Corollary 2.1.4 we can also write

STIR=(S"'RSTHS' =Ry, S,

where Ry, , is a reflection that fixes the point v; 4+ and interchanges the steps of the
two staircase families (S7)#(SY) and (ST~ R)#(SV) with steps in the short interval
(wi+1,w;) around v;+1; see Figure 2. Let us denote by (Ry,;, )% the matrix that
takes the blocking class degrees in (S ~! R)*(SY) to those of (ST)#(SY); see Figure 3.
Note that to be consistent with our interpretation of R that takes SU to ST we take the
p/q coordinates of the domain staircase family of this reflection to lie above the fixed
point.'® Further, when i is even (resp. odd), (Ry; ) p acts on blocking classes of
staircases with boo > 1/3 (resp. boo < 1/3). For example, (Ry,)% takes the blocking
classes of ST to those of SE = §#(sY).

Lemma 3.4.5 The matrix

(R, )p = (SDp o (S R)p)™!
has eigenvectors (s;, r;)" and (3, 1)¥ with corresponding eigenvalues 1 and —1. Thus
it has order two, and hence also takes the degree components of the blocking classes in
(SH#(SY) to those of (ST~IR)#(SY).

15See Lemma 3.4.6; these are well defined for i —2 > 0 and need appropriate interpretation when i = 1.
16This choice is relevant because in general the degree component Tl’; of a reflection T# does not have
order two; see Lemma 3.4.6.
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Proof Proposition 3.4.3 shows that

(S"TRF((L DY) = (si.r1) = (SHB((L DY)
and det((S'~1R)*) = — det((S?)*). The result now follows from Lemma 3.4.1(ii). O

There turns out to be a second natural action of the reflections Ry,; for j >0 on blocking
class degree corresponding to its action on the other component of [0, 1/3) U (1/3, 00).
Indeed, as illustrated in Figure 3 and Remark 1.2.5(i), this reflection acts in two ways
on our staircases depending on whether one takes » > 1/3 or b < 1/3. The action
discussed above (with j =i + 2 > 2) interchanges the blocking classes of the two
staircase families (STT1)#(SY) and (ST R)*(SY) = (S7)#(SL), the centers of whose
blocking classes converge to v; 42 while, as we will see, the second action of Ry, ,
fixes the center v; 4 of the blocking class (S’ )“(Bg ) and takes the ascending blocking
classes in (S7)*(SY) with centers in [w; 41, vi +1] to the descending blocking classes
in (SIH1R)H(SY) = (Si+1)#(SL) with centers in [v; 13, w;12]. Note, when i is odd
(resp. even), the principal blocking class (S’ )ﬁ(Bg ) blocks a b—region with b < 1/3
(resp. b > 1/3).

We will denote the matrix that gives this second action on degree by (Ry, ,,)p. Itis
again defined by its action on relevant blocking classes, but the family used is different
than before.

Notice that the matrix (Ry,,)p obtained this way does not have order two, so that
it matters that we define it via (2.2.6) applied to its action on the blocking classes in
(SH#(SY). Besides the eigenvector (3, 1)V, its second eigenvector (with eigenvalue 1)
must be given by the degree components of the class (S i)ﬂ(Bg ). Note also that the
resulting matrix (Ry,,,)p is not in general integral.

We call the blocking classes (S i)u(Bg ),i > 0, principal blocking classes. The next

result spells out their main properties.

Lemma 3.4.6 (i) The principal blocking class (S i)ﬁ(Bg ) has components
Btz +yit1+ (—=D)H), itz +yiq1 + =1, yit2, yit+1,3, (=1)").

(ii) The transformation (va.+2)§, S (SH#(SY) — (STT1)#(SL) acts on the degrees
of the blocking classes by the matrix

(Ro; )5 = (SR B ((SHR) ™
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7N\

. (SHHSY)  sHsh) By sY
3 t t t t t O
> w3 U3=35/6 125 vy =6 w1 V] =00
) (S2)%(s™) SHBY) SHSY) st =RH(SY)
b<3 V4 u|)3 l|)3 u')2 vlz w1

v

Figure 3: Here we illustrate the different actions of the reflection R, that
acts on the z axis by fixing v3. The reflection (Rv3)#, represented by the light
blue arrow, interchanges the upper and lower staircase families of (S2)#(SY)
and S#(ST), and the corresponding matrix (Ry;) acts as a reflection on the
degrees of the blocking classes associated to these staircases. On the other
hand, on the lower number line, we have the principal blocking class S*(B g )
with center v blocking the corresponding blue interval with b < 1/3. On
either side of this blocked region live the centers of the blocking classes of
(S2)#(ST) and S#(SY). The matrix (Ry;)p maps the degree coordinates of
S#(SY) to those of (S2)#(ST). This is represented by the green arrow. Note
that this is not a reflection, so the arrow only goes in one direction.

with determinant given by —(y;i+3 — Yi+2)/(Vi+2 — yi+1). Its eigenvalues are
det((Ry;,,)p) and 1, with corresponding eigenvectors given by (3, 1) and the
degree components of (S i)ﬁ(BS] ).

Proof The formula for the degree components of the principal blocking class B :=
(S i)ﬂ(Bg ) follows from (2.2.6). The claim in (ii) follows from Proposition 3.4.3. O

Example 3.4.7 The reflection Ry, that fixes 6 has two extensions to an action on
blocking classes,

. (415 « _ (5990
(34.4) (Rop)g = (1 _4) + (Ru)p = (—20 31) ‘

Here (Ry,)%. with determinant —1, interchanges the blocking classes of S E—=58Y)
with those of SL. Both of these families have bo, < 1/3 and their accumulation
points limit to v2. On the other hand, (Ry,)p, With determinant —29, fixes the degree
components (3, 2) of B(()J and takes the blocking classes of SU to those of (S2R)#(SY).
Both of these staircases have boo > 1/3 and lie on different sides of the interval blocked
by the principal blocking class BY ; see Figure 3. Thus (Ruy))g =)o (R,
and one can check that (Ry,)p = (SR)g.
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4 The prestaircases are live

This section completes the proof of Theorem 1.2.6. We first show that the prestaircase
families defined in Section 3 are perfect prestaircase families. Establishing that all
staircase classes are perfect implies that each such class E, = (dy, My, P, Gk, te, €) 18
live at its center p/q, when b = my /d,. Therefore, by (1.1.3), the capacity function
CHppysa, takes the value pydy/ (d? —m?2) at the point py/q,, and this implies by
continuity!” that the limiting value b, is unobstructed, ie CHp, (@o0) = Vi (aco),

where aoo = lim(py/qyx)-

What we have to show is that, at least for sufficiently large «, the class E, remains
live at the limiting b value b := limmy /dj. In [1] we established this in two steps,
first showing that if the ratios m, /d, satisfy a bound such as that in (4.2.1) below
then, by the positivity of the intersections of exceptional classes, the degree of any
class E such that ug p__(pic/q9x) = IE, bo, (Pic/qi) is bounded above by a constant
that is independent of «. This means that there can be only finitely many such classes.
In particular, there must be one class E,, that dominates infinitely many of the steps.

This is possible only if the obstruction ug (z) given by this class goes through

ov:boo

the accumulation point (deo, Vp_ (doo)) of the staircase.!® We call such a class an

overshadowing class because its obstruction yg (z) overshadows the staircase

OVSbOO

steps so that they cease to be visible at b = b.

In [1] we were able to find rather good bounds for the degree of a potentially overshad-
owing class, and hence could show that they do not exist by a case by case analysis.
This method is not feasible here since the bounds on the degree of any overshadowing
class of a staircase in the family (S* Rs)ﬁ(S U increase too rapidly with i. However

it turns out that we can exploit the fact that the obstruction ug (z) goes through

OvabOO
the accumulation point to obtain powerful arithmetic information about the degree
components doy, and m,y, of E,y,, which is enough to rule out the existence of such a
class. This argument hinges on the results of Lemma 2.2.7, namely, that the following
two functions are the same:

1+ acc(b
17This holds because, for any quasiperfect class E = (d,m, p,q), we have that KE p(P/q) <

Vo (p/q)(y/1+1/(d? —m?2)) and here d;; — oo; see [1, Lemma 15].

181ndeed, we know that the accumulation point is unobstructed, so Esy cannot be obstructive at this point,
and if (for a descending staircase) the obstruction u g p. crossed the volume curve to the right of the
accumulation point then it could at best overshadow only a finite number of steps.
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4.1 The prestaircase classes are perfect

We first prove that all the classes in the families T#(SY) are perfect, that is, they are
exceptional classes, and then use this fact in Corollary 4.1.5 to gain information about
the z—intervals that are blocked by the blocking classes.

We use the following recognition principle, which is explained for example in [6,
Proposition 1.2.12].

Lemma 4.1.1 An integral class
N
E :=dL - Z n; E i
i=1
in the N—fold blowup CP? # N CP? represents an exceptional divisor if and only if it
may be reduced to E1 by repeated application of Cremona transformations.

Here, a Cremona transformation is a composition of the transformation

Cxyz (dL - ZniEi) = (d +0xyz)L — Z (ni +8x,y,2)Ei — Z ni Ej,

i=1 ie{x,y,z} i¢{x,y,z}
where 8xy; =d —nx —ny —n;, and a reordering operation. Writing E in coordinates
(din1,...,nN), Cxyz adds éxy; to the coordinates d, ny, n, and n, and the reordering
can reorder any of the n;. Because Cremona moves are reversible, to verify Ej is
exceptional, we just need to show it reduces to some other E; that we know to be
exceptional. We say Ey and E; are Cremona equivalent if one can be reduced to the
other.

Our staircase classes are quasiperfect and hence have the form (d,m, W(p/q)) where
W(p/q) = (W1,..., Wy) is the integral weight expansion of p/q. We denote such
a class by the tuple (d,m, p, q), and consider the Cremona moves as acting on the
corresponding sequence (d,m, Wy, W,, Wa, . ..). Thus, for example,

cor2((d,m, Wy, Wa, W3, ...))
:(2d_m_Wl_W2ad_(Wl+W2)7d_(m+W2)ad_(m+Wl)7W3a"')‘

Here is the key lemma.

Lemma 4.1.2 Suppose (d,m, p,q) with p/q > 5 satisfies 3d = m + p + ¢, and

that d and m are defined by (2.2.4). Then (d,m, p,q) is Cremona equivalent to
Std.m, p.q).
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Proof Let S¥(d.m, p,q.e) = (D, M, P, Q,—¢). By Lemma 2.1.6, when p/q =
[5+ k,CF(x)] we have S(p/q) = [5;1,4 + k, CF(x)]. Thus, the integral weight
expansion of S(p/q) will always have five more integers than the integral weight
expansion of p/q. As S(p/q) = P/Q = (6p —q)/ p, we have that

W(P/Q)=W(6p—q)/p)=p"°.p—q) UW(P—9)/9)
= (0™, P=5Q)uW((p—q)/9),
where W((p —q)/q) by definition is W(p/q) with the first entry g removed. Thus, to

reduce the class (D, M, P, Q) to the class (d,m, p, q), it suffices to show that we can
reduce

(D.M,Q*°,P-50)uW((p—q)/q) to (d.m.q)UW((p—q)/q).

Note that in this reduction we must get rid of five terms because as mentioned
W(S(p/q)) has five more terms than W(p/q).

Next, observe that
€256¢234C016C345C012(D: Q™ M, P —50)

= (8D —3(M + P);0*2,3D —M —2P +50Q,0%3,3D —2M — P).
This can be seen by direct computation, where the zeros come from the linear Dio-
phantine condition 3D — M — P — Q = 0. The first three steps give the two zeros in
positions 1 and 2, the fourth step results in the two zeros in positions 4 and 5, and the

fifth step results in one zero in position 6. Furthermore, since P = 6p —¢q and Q = p,
it follows from (2.2.4) that

D=3B(Tp—q)—et). M=g((Tp—q)—3en).
Performing these substitutions, we get
8D —3(M +P)=503(p+q)+et)=d,
3D—-M —-2P +5Q =g,

3D—2M — P = §(p+q+3et) =m.
‘We conclude that

256C234C016C345C012(D; Q°°, M, P —5Q) = (d;0°%,¢,0%3,m).

Thus these five Cremona moves and an appropriate reordering reduces

(D, M, Q*°, P=50)UuW((p—q)/q) to (d.m,q)UuW((p—q)/q).

Hence, the class (D, M, P, Q) is Cremona equivalent to (d,m, p,q), as claimed. O
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In [1], it was shown that both SU and S” are perfect, so it is enough to show that S*
preserves Cremona equivalence, but there is an equally nice argument that R* preserves
Cremona equivalence.

Lemma 4.1.3 Suppose (d,m, p,q) are such that d and m are defined by (2.2.4), and
p/q >7. Then (d,m, p,q) is Cremona equivalent to R*(d,m, p, q).

Proof Let R¥(d,m, p,q) = (D, M, P, Q). Assume p/q = [6 + k; CF(x)] for some
k >1and x > 1. Then

W(p/q) = @ . p—(6+K)q....).
By Lemma 2.1.6(ii), R(p/q) = (6p —35q)/(p — 6q) = [6,k, CF(x)], and thus

W(P/Q)=(0*¢, P60k 0—k(P—60),...)=(p—6¢"°,¢*, p—(6+k)q,...).

Only the first 6 terms of the weight expansions W(P/Q) and W(p/q) differ. Thus,
to show that (D, M, P, Q) is Cremona equivalent to (d,m, p, q), we need to consider
the degree coordinates and the first 6 terms of the weight sequence for each.

We use the notation > to represent applying ¢; ;i to the previous tuple. Applying
two Cremona moves to (D, M, P, Q) gives
@.LD) (D, M, 0*°) =125 2D =30, M, D =20, 0)
456 (4D —90, M, D —20%3,2D —50>3).
Applying three Cremona moves to (d,m, p, q) gives:
(d,m,q ) =012 (2d—m—2q,d—2q,d—m—q"*,q**)

F>034 (3d—2(m+2q),2d —m—4q,d—m—q**, ¢*?)

156 (5d—3(m+3q). 2d—m—4q,3d—2(m+3q), d—m—q*>, 2d—m—4¢*?),
which we can reorder to get

(4.1.2) (5d —3(m +3q).3d —2(m +3q),2d —m — 4¢3, d —m —q*3).

We claim this reordered tuple is precisely (4.1.1). To see this, we write each term in
each of the tuples in terms of p and ¢. We are going to assume that for (d,m, p, q),
¢ = 1. By (2.2.4), Lemma 2.1.6(iii), and the definition of R, we can write (d,m, p, q)
and (D, M, P, Q) completely in terms of p and ¢,
(d.m,p.q) = (gB(p+q)+1), g(p+4q+30),p.q),
(D.M,P,Q)=(§Q2lp—123q—1), §(Tp —41q —31),6p —35q, p — 6q).
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Now, we expand all of the entries in (4.1.2) and (4.1.1) in terms of p and g to get the

equalities
5d —3(m+3q) =3(3p—15¢—1) =4D — 90,

3d —2(m+3q) = §(Tp—41qg —3t) = M,
2d —m—4q =§(5p—27g—1)=D-2Q,
d—m—q:%(p—3q—t):2D—5Q. |

Proposition 4.1.4 Foreach T € G, the classes in the prestaircase family T#SY) are
perfect, that is, they are exceptional classes.

Proof By [1, Section 3.4], this holds for S U and SL. Hence this is an immediate
consequence of Lemma 4.1.2. a

Here is a typical corollary. For simplicity we only consider the principal blocking
classes mentioned in Lemma 3.4.6, but a similar argument applies to all blocking
classes that have associated perfect staircases.

Corollary 4.1.5 For eachi > 0, the z—interval blocked by the principal blocking class
(Si)ﬁ(Bg) contains [Wj 42, Wi +1].

Proof It follows from Remark 2.3.4(i) and Theorem 1.2.4 that the prestaircases
(Sit1 R)ﬁ(Sg), (Si)ﬁ(Sg) are associated to B = (Si)ﬁ(Bg). Because they consist of
perfect classes, we know from [1, Lemma 27 and Theorem 52] that their z—limit points
ap ¢ and ap , are unobstructed and that the interval (ap ¢, @p ) lying between them
is precisely the z—interval blocked by B. Thus it suffices to show that

OB ¢ <Wit+2 <Wj+1 <R y.

Since S preserves order and takes w; to w; 41 for all i, we only need check this for
i = 0, and this can be done either by direct evaluation or by comparing the continued
fraction expansions of these quantities. a

4.2 Recognizing staircases
We proved the following staircase recognition theorem in [1, Theorem 51].

Theorem 4.2.1 LetS = (E,) be a perfect prestaircase, let A be as in Lemma 3.1.4, and
denote by D, M, P, Q the constants X defined by (3.1.6), where x, = dic, My, Pic» Gk
respectively. Suppose in addition that at least one of the following conditions holds:
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(i) Thereisanr/s > 0 suchthat M/D <vr/s,

21 M de —
M <_<s+mK(r kS for all k > ko,
diemy D  r+d(rde —smy)
and there is no overshadowing class at (z,b) = (P/Q,M/D) of degree d’ <
s/(r —sboo) and withm'/d" > r/s.

(ii) Thereisanr/s > 0 suchthat M/D > r/s,

me(sme —rde)—s M my
< — < — forall k > ko,
de(smye —rdy)—r D dy orattfc=xo

and there is no overshadowing class at (z,b) = (P/Q,M/D) of degree d’ <
§/(sboo —r) and withm./d' <r/s.

Then S is live, and it is a staircase for Hyy/p that accumulates at P/ Q.

The next result states the estimates that we must establish in order to apply the above
theorem.

Lemma 4.2.2 Consider a prestaircase with classes (dy, my; g w( P /4 )), Where the
ratios b, := my /d, have limit by, and Iet the constants D, D', D", M, M’, M" and
o be as in (3.1.6), with x, = d,, m, respectively.

(i) Suppose that M D — M D # 0. Then the b, are strictly increasing if and only if

_ o
MD_MD:zx/E(M”D/—M’D”):%>O,
o

and otherwise they are strictly decreasing.

(i) If mydy—dimg>0,bo <r/s <1, and

sD —rM
4.2.1 do—d < -
(4.2.1) lm1do 1mo|_«/5|rD_SM|
then there is a ko such that
My boo_%is-l—m,{(rd,(—sm,() for & > ko,
dK D r+de(rde —smy)
(iii)) If mido—dimg <0, boo > r/s > 0, and (4.2.1) holds, then there is a k¢ such
that ( do) Iy
mK SmK—V K _S mK
<boo = — < — [ > Ko.
de(sme —rd)—r — 7 D~ d, orfe=%o
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Proof This is a reformulation of [1, Lemma 67] in which (i) incorporates the calculation
mi d() —d 1Mo

20
that follows from (3.1.6). O

M//D/ _ M/D// —

In [1, Section 3], an r /s was carefully chosen in order to reduce the number of potential
overshadowing classes that needed to be ruled out. For our purposes, we simply need
to know an r/s exists since we use an arithmetic argument to rule out overshadowing
classes. The following corollary shows that some r/s does indeed exist.

Corollary 4.2.3 There exists r/s such that either condition (ii) or (iii) in Lemma 4.2.2
is satisfied.

Proof For condition (ii), assume mdo — dymyg is positive. As r/s approaches b

from the right,
sD—rM — 1—(r/s)bso

rD —sM|  r/s —boo

approaches infinity. Hence, there always exists some boo < /s such that condition (ii)

is satisfied. A similar argument applies for condition (iii). O

Remark 4.2.4 The statement in Lemma 4.2.2 is not identical to that in [1, Lemma 67]
because we have changed notation, now indexing by « rather than by k. We now
explain the relation between the two statements. In [1, Remark 68(i)], we calculated
that

1
M//D,— M/D// = m(ﬂ’l]do —m()d]).

However, there the staircases were divided into two parts according to the different
endings, and (as in Lemma 3.1.1) the recursion parameter was o + 2, where

o=02n+1)Q2n+5) =v>—4.

This reformulation should not change the limiting values M and D, and hence M’,
M", D', and D”. However in our current notation my—; and dy—; are denoted by
my=> and d=», since the staircases in [1] are indexed by k while in the current paper
we combine the two strands and index via «, which is (approximately) 2k. Thus if we
index by k and take 2n 4+ 3 = v we have

}’H2d0 —m0d2 = (vm1 —}’H())do —mo(vd1 —do) = v(m1d0 —modl),
1 1
(mado —modz) = —U(mldo —mody),

22n +3)/o 2o

which is consistent with the identities in Lemma 4.2.2.
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By Corollary 4.2.3, we do not need to estimate r/s by computing midg — dimyg.
However, Lemma 4.2.2(i) shows that the sign of mdy — d1mg determines whether the
terms b, = m,/d, strictly increase or decrease for a prestaircase, which is important
for the overshadowing argument.

While the quantities m, and d, do depend on both i and n, we suppress those indices
for simplicity.
Lemmad4.2.5 (i) ForSi(Sgn), mido—mod; =—e(2ny; +yi 1), wheree = (—1)".
(i) For S"(Sg’n), mido —mody = —e(2nyis1 + yit2), where e = (—1)".
(iii) For Si(ngn), mido —mody = —e(2ny;i 11 + yi), where ¢ = (—1)I T1,
(iv) For S"(SuL’n), mydy —mody = —e(2ny; 42 + yit1), where e = (—1)' T1,

Proof Let ¢ be one of (U, ¥), (U,u), (L,£), or (L,u). For two seeds (po, g0, to, €)
and (p1.4q1.11.€) of S'(S. ), the degree formulas from (2.2.4) imply that

(4.2.2) mydo —mody = ge((po + qo)t1 — (p1 + q1)10).

Denote the seeds of the initial staircase in SV or ST by (pg-4q4-t3) and (py.4q3.17),

Siz(yi+1 —yi)
i —Yi-1)’

where y;—1 = 6y; — y;+1. Using the invariance of 7; and 77 under S, we obtain that

and note that

mldo—modl

= ge((7(P5+a5)—15 (P1+aD)yi+1+(] (P5—a5) 16 (PT—a}) +6(t5q1 ~1145)) Vi )-
Then, by substituting the relevant formulas for the seeds from Lemma 3.2.1 and
Lemma 3.2.5, we get the desired results.

For example, for (ii), we have
@.23)  (p§y.ad 1) = (=5.-1.2).  (p¥,.qVu. 1) = @n+8.1,2n+5)
giving
mido —mody = —e((2n + 6)yi+1— yi) = 2nyi+1+ yi+2,
as claimed. O

Corollary 4.2.6 For a prestaircase T#(SY), if boo > 1/3, then my/d, strictly de-
creases. If boo < 1/3, then my /d, strictly increases.
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Proof Lemma 4.2.5 implies that mdo — mod; always has the opposite sign to €. As
¢ is positive if and only if bso > 1/3, it follows that mdg —mod; < 0 if and only if
boo > 1/3. Now use Lemma 4.2.2(i). O

Finally, we prove an estimate that will be useful below.

Lemma 4.2.7 Let S be one of the descending stairs S’ (S,S{ ,) foralli,n > 0 except
(i,n) = (0,0) or one of the stairs S' (S,f,n) for alli > 0 and n > 1. Denote the steps
of S by (di, My, P, G, te, €) for k > 0, and let boo = limm,/d,. Then there is a kg
such that

Prqxk die —myboo

(424) > s K> KoQ.
Pr + 4k 3—bo

Proof Since (3d —mi) pidic = (pic + 4ic)(dZ —mZ + 1), we have

p/c+q/< my mI%
ds ( d. )p/ccbc (Pk +QK)( K d. )

dic
The inequality (4.2.4) is equivalent to the claim that the sum of the first two terms on

the right-hand side is positive. Therefore (4.2.4) will hold provided that

Pr + 4k -
dy

= (3—boco) PG~ (Prc +qi) (die =My boo)— (ﬂ_boo) (Prqie—mi (Pret4i))-

m

d_K _boo) (mi (P + i) — Pedqi), K > Ko.
K

Since

My (Pic + Gic) — PeQic = My (3dic —mye) — (d,cz _m% +1),
it suffices to show that
3dK - mK mK'
—_— > —_—
dIC dIC
Since by Lemma 3.1.4 we have m, = MAX + M A~ and d, = DA* + DA™ for some
A > 1, one easily checks that this will hold if
3D-M — — do—d
4.2.5) 3D=M _\5ip_py=mdo—diml 2
|3M — D| Jo

where v is the recursion parameter of S.

- boo)(m,{(fid,{ —me)—(d2—m2+1)), K>«

Claim 1 Equation (4.2.5) holds when S = (Si)ﬁ(S,E{n) foralli,n >0 excepti =n =0.

Proof First consider the case S = S,Z n- When X = P, O, T, Lemma 3.1.4 implies
that X = (1/24/0)(2x1 —xo(v — 4/0)), where v = 2n + 3 is the recursion variable,
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and 0 = v2 —4 = (2n + 1)(2n + 5). The seeds for this staircase are given in (4.2.3).
Since v — 4/0 > 0 and the seed class has pg + go < 0 while 79 > 0, we have

3D-M _P+Q _2(p1+4q1)—(po+40)(v—+0)

3M—-D| T 2t1 —to(v — 4/0)
- pitq1  2n+9
I C 2n+5
mody —mydo 2n+6
Vo V@ +1)2n +5)

provided that (21 +9)%(2n+1) > (2n +6)%(2n+5). But this holds unless n =0, 1, 2, 3.
If n = 1,2, 3 then one can check by direct calculation that (4.2.5) holds. Moreover,
although it does not hold when n = 0 one can check that in this case we have
3D—-M >3_4m0d1—m1d0_ Y4 i

3M—D|~ 35 o yy3 Vo

Now suppose that S = (S i)#(S,EJ, n) Notice that o and v are invariant under the
shift. The quantity |3M — D] is also invariant under the shift since 3M — D is the
limit of (3my — d)A™ = et, A7, To consider how much the right-hand side of
(4.2.5) increases under iterations of the shift, we again use Lemma 4.2.5. Because

(4.2.6)

Vi42 < 6y;41 forall i > 0, we can estimate

2nyi+1+ Yi+2 _ 2nyi+1+ Vit
2ny1 +y2 2n+6

<yiy1 forall i >0, n>0.

Therefore the result will hold in the case n > 0 if we show that when we apply S’
the quantity 3D — M increases by a factor of at least y;41. But by Lemma 2.1.3,
3D —M = P + Q is taken by S’ to (y;+1 + yi)P — (i + yi—1)Q. Therefore we
need (yi+1+yi) P —(yi +yi-1)Q > yi+1(P + Q), or equivalently

YiP > it1+yi+yi-1)0 =17y 0.
But this holds because P/Q is the accumulation point of a staircase in SU and so

satisfies P/Q > 7. Indeed w; = 7 is blocked by Bg by Corollary 4.1.5.

In the case n = 0, the right-hand side of (4.2.5) increases by the factor y; 45 /6. Therefore
it suffices to show that when we apply S’ the quantity 3D — M increases by a factor
of at least (35/34)(y;+2/6). Since (35/34)(yi+2/6) < yi+1 when i > 2, the previous
argument applies to show that this holds. In the case i = 1, we must check that

7P —Q >33 (P +Q),
which holds because P/Q = [7;{5,1}°°] > [7; 6] = 43/6. |
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Claim 2 Equation (4.2.5) holds when S = (Si)ﬂ(S,AL,n), n>1landi>0.

Proof Let S = SuL,n. The initial seeds are now (p(iu,q{iu,t&u) = (-29,-5,2)
and (pf,u,qlL,u,tlL,u) = (12n — 11,2n — 2,2n + 1). Further v = 2n 4 3 so that
o = /(2n +1)(2n + 5) as before. If we simplify the inequality as before and use the
result in Lemma 4.2.5(1v), it follows that it suffices to check that

pitar mydo —mody _ 2nys+y1  12n41
f Jo Jo Jo

But this holds for all n > 4. For the cases n = 1, 2, 3, we directly compute both sides

of (4.2.5) to verify the inequality holds.

Next consider the case i > (0. We argue as before, noting that for each n the accumulation
point P/Q is larger than the center of the blocking class B,{‘, which is (12n + 1)/2n
by Theorem 2.3.3. By Lemma 4.2.5(iv), when we apply S’ the right-hand side of
(4.2.5) grows by the factor

2nyiy2 +yiv1  2nyiy2+ yit1

= , n>1.
2nys + y1 12n+1
Therefore it suffices to check that
211 . + .
Yi+1+y)P =i +yi-1)Q > M(P +0)
12n +1

2n
= (J’z+1 - m)’z)(P + 0).
Because y; 1+ yi +yi—1 = 7y;, this simplifies to

14n+1 (+__2n

12n+1y’P>yl(7 12n+1)Q'
Thus we need P/Q > (82n + 7)/(14n + 1). But this holds for all n > 1 since
P/O > (12n+1)/2n. O

The proof of the lemma is now complete. |

4.3 Overshadowing classes

To utilize the staircase recognition Theorem 4.2.1, it remains to show there are no
overshadowing classes. Here, we not only show that there are no overshadowing classes
for S R? (SY), but prove a more general result about overshadowing classes. Namely,
given a general perfect prestaircase family with recursion parameter > 3, if boo < 1/3
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and m, /d, strictly increases (resp. boo > 1/3 and m, /d, strictly decreases), then the
staircase family is live provided only that the staircase is not overshadowed by the
obstruction from the exceptional class E| := 3L — Eg —2E; — E5.. 6. Recall from
Remark 2.3.8(ii) and Lemma 2.2.7 that when b € (1/5, 5/11) this obstruction is given
by the formula z — (1 +z)/(3—b), and hence always passes through the accumulation
point (acc(b), Vp(acc(b))). Hence, it could overshadow the descending staircases for
these b. Since the SU staircases have b > 5/11 while the ST staircases have b < 1/5,
we only need be concerned about their images under a shift S?. The next lemma
shows that these staircases are not overshadowed in this way, because the slope of any
overshadowing class must be greater than the slope of the obstruction g, 5.

Lemma4.3.1 LetS be any descending prestaircase in one of the families (S'R%)#(SY)
where § € {0,1} and i > 0 ori =0 andn > 1. Then the slope of an overshadowing
class must be larger than 1/(3 — boo).

Proof The slope of an overshadowing class must be larger than the slope of the line
segments from the accumulation point (zZeo, boo) to the outer corners

(&7 ns)
qx ' die —Myichoo
of the staircase. Therefore we must check that
Pic/(die —Myboo) — (1 4 200) /(3 —boo) S 1
pK/qK_Zoo 3—[?00.
When we simplify zo, cancels from the inequality, and we get

(3 —=boo) P > (Pxc + qic)(die —Myboo),

which was proved in Lemma 4.2.7. |

We now use an arithmetic argument to rule out the existence of any other overshadowing
classes. The following lemma establishes properties about the common divisors of
(d,m, p,q) needed for the argument.

Lemma 4.3.2 Given a quasiperfect class (d, m, p, q), assume there is an integer k such
thatkm/p and kd/p (resp. km/q and kd /q) are both integers. Then p |k (resp. q | k).

Proof Assume km/p and kd/ p are both integers. Since g := gcd(m, d) is an integral
combination of m and d, this implies kg/p € Z. But because ¢ = 3d — p —m and
gcd(p,q) = 1, we must have ged(p,d,m) = ged(p, g) = 1. Therefore p|k and,
similarly, g | k. |

Algebraic & Geometric Topology, Volume 23 (2023)



Staircase symmetries in Hirzebruch surfaces 4303

Suppose that at (zeo, boo) there is an overshadowing class Eyy = (doy, Moy, m) for
some prestaircase. Recall from Corollary 3.1.5 that the limit points zs, and b, are
irrational. By [6, Proposition 2.3.2], there are integers A > 0 and C > 0 such that

A+Cz

KE, b(2) = dow —moih

. IR Zoo.
Lemma 4.3.3 Let S be a descending prestaircase with irrational accumulation point
Zoo that is associated to a perfect blocking class B = (dg,mp, pB.qB.tB). Suppose

that Eo, = (dov, moy, m) is an overshadowing class, and denote by
A+Cz

KE,,.b(2) = m

the corresponding obstruction. Assume the slope C /(doy — Movboo) Of UE,, b, (2) IS

> 1/(3 —boo). Then there is a positive integer k such that

(1) Ifbso >1/3and mpg/dp > 1/3, then meyy/doy < 1/3 and doy —3moy = kitp.
(i) Ifboo <1/3and mp/dp < 1/3, then meoy/doy > 1/3 and 3mo, —doy = ktp.

Proof Note first that the function g 5. must obstruct an interval (Zoo, Zoo + €) t0
the right of the limit point and hence have break point a,y > zxo. Further, the condition
on the slope implies that C > A.

Next note that V;,__(zoo) is given by the expressions

14+ Zoo DB A+ Czs

’

3—bo B dp —mpb B doy — Moyboo
where the first equality holds by (4.0.1) and the second holds by [1, Lemma 16]. The
first equality implies

(1 + Zoo)(dB _meoo) =PB (3 _boo)
PB(B —boo) —(dp —mpboo) _ boo(mp —pp) +3pp —dp

= feo = dp —mphe dp —mphe

while the second gives

(A4+Czoo)(dp—mBboo) = pB(dov—10vboo)
— g = PB (dov_boomov)_A(dB_meoo) _ boo(AmB_pmov)+PBdov_AdB
* C(dp—mpboo) C(dp—mpboo) '

Therefore,

boo(Amp — pgmey) + pBdoy — Adp = C(boo(mp — pB) +3pB —dB).
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All quantities here are integers except for b, Which is irrational because z is. There-
fore the coefficients of o, must be equal. Thus we have

Amp — pgmoy = C(mp — pp), ppdey— Adp =C(3pp—dp).
We can solve these equations for m,y, and d,y to get

_(A-C)mp+Cpp

423.1)
3pgC + (A—C)d
dy, = LB ]f )48 —3C +(A—C)dg/ps.
B

As moy and dy are integers, (A — C)mpg/pp and (A — C)dpg/pp are both integers.
Then, by Lemma 4.3.2, pg | (A — C). This proves k = (C — A)/ pp is an integer.

Since C — A > 0, we also have k > 0. Since mg /dg > 1/3 by assumption, the formulas
in (4.3.1) then imply that 3mqy < doy.

We can compute
doy —3mey =3C —kdg —3C +3kmp = k(3mp —dg) = ktp.

This proves (i). The proof for (ii) follows similarly. o
We prove a similar result for ascending staircases.

Lemma 4.3.4 LetS be an ascending prestaircase with irrational accumulation point
Zso that is associated to a perfect blocking class B = (dgp,mp, pB.qB.tB). Suppose

that Eoy, = (doy, Moy, m) is an overshadowing class, and denote by

@) A+Cz

ME,b\Z) = 77—
doy — Moyb

the corresponding obstruction. Then there is a positive integer k such that

(1) If boo >1/3and mpg/dp > 1/3, then meyy/doy < 1/3 and do, —3my, = ktp.
(i) Ifboo <1/3 and mp/dp < 1/3, then meoy/doy > 1/3 and 3mo, —doy = ktp.

Proof Notice first that we must have A — C > 0 since if A < C the slope of the
obstruction g, p_ is at least that of the line z — (1+42)/(3—boo) Whichis < V},__ (2)
for z < zso, and so is not obstructive for z < z,,, while the overshadowing class is
obstructive.
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Next, as in Lemma 4.3.3 we consider the equalities

l+200 dBZoco _ A+ Czs
3—bo dp —mpbo doy —Moyboo

’

where the second equality follows from [1, Lemma 16]. This implies

qB(3—boo) — (dp —mpbss)’

(14 z00)(dB—mBboo) = qBZo0(3—boo) = Zoo =

(A+Czoo)(dp —mBbso) = B Zoo(doy — Moyboo)
A(dp —mpboo)

qB (dov _movboo) - C(dB _meoo) '

= Zoo =

Hence we must have

A(gB(3—beo) —(dB —mBbeo)) = qB(dov —Moyboo) — C(dp —mBboo).
As before, the coefficients of bo, on both sides must agree, which gives
(4.3.2) dow=3A—(A-C)dp/qp., moy=A—(A—C)mp/qp.

Since A—C > 0 and d,y and m,y are integers, Lemma 4.3.2 implies k = (A —C)/qp
is a positive integer.

Furthermore, these formulas prove that if boo > 1/3 and mp /dg > 1/3 then do, > 3mgy.
We can again compute
doy—3moy =k tpg.

This proves (i). The proof for (ii) follows similarly. O

We use the results of Lemmas 4.3.3 and 4.3.4 to rule out overshadowing classes for a
large set of prestaircases, which implies that none of the prestaircases considered in
this paper have overshadowing classes.

Lemma 4.3.5 Let S be a prestaircase with irrational accumulation point z« that is
associated to a perfect blocking class B = (dg,mp, pB,qB,tp) such thattg > 3.
Suppose that either boo > 1/3 and mpg /dpg > 1/3 and the m, /d, strictly decrease or
boo < 1/3 and mp/dp < 1/3 and the m, /d, strictly increase. Assume further that
if S is descending any overshadowing class must have slope > 1/(3 — bs). Then the
prestaircase S has no overshadowing classes at all.

Proof These conditions, with Lemma 4.3.1, ensure that the conditions in either
Lemma 4.3.3 or Lemma 4.3.4 hold for S. For a class E,, = (doy, Moy, Moy) to be
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overshadowing, it must be obstructive for b = b, at its break point aoy. By [1,
Lemma 15] this is possible only if |dovboo — Moy| < 1. Further, for each staircase there
is a positive integer k such that |doy — 3m,y| = tgpk. Thus we have

3> 3|boodoy —Moy| > |doy —3mey| = tgk > 3k,

where the second inequality holds because Lemmas 4.3.3 and 4.3.4 imply that either

mov<l<b or b <1<m0V
dOV 3 o oo 3 dOV .
As k must be positive, no such d,, and mqy, can exist. O

Corollary 4.3.6 ForeachT €, the prestaircase family T*(SU') has no overshadowing
classes.

Proof Because g =2n+ 3 in all cases, the results of Corollary 4.2.6 and Lemma 4.3.1
show that all the staircases in T#(SY) except for S;J, o satisfy the conditions in Lemma
4.3.5 and hence have no overshadowing classes. The proof for Sﬁj’ o 1s given in [I,
Example 70]. |

Now, we establish a straightforward way to check if a perfect prestaircase is live based
on the above overshadowing arguments.

Proposition 4.3.7 Let S be a perfect prestaircase with irrational accumulation point
Zoo associated to a blocking class B with recursion parameter tg > 3. Suppose that
either boo > 1/3 and the m, /d, strictly decrease, or boo < 1/3 and the m, /d, strictly
increase. Assume further that if S is descending the slope of any overshadowing class
must be > 1/(3 —bo). Then S is a staircase, namely it is perfect and live.

Proof By Corollary 4.2.3 and Lemma 4.3.5, the perfect prestaircase satisfies the
conditions of Theorem 4.2.1 implying that S is live. a

A consequence of this proposition is Theorem 1.2.6.
Corollary 4.3.8 ForeachT € G, T#(SY) is live.

Proof For all staircases except Sg’ o (which was shown to be live in [1]), the conditions
of Proposition 4.3.7 are satisfied since g = 2n 43, and Corollary 4.2.6 and Lemma 4.3.1
hold. m]
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Geometric triangulations of a family of hyperbolic 3-braids

BARBARA NIMERSHIEM

We construct topological triangulations for complements of (—2, 3, n)—pretzel knots
and links with n > 7. Following a procedure outlined by Futer and Guéritaud, we use
a theorem of Casson and Rivin to prove the constructed triangulations are geometric.
Futer, Kalfagianni and Purcell have shown (indirectly) that such braids are hyperbolic.
The new result here is a direct proof.

57K32

1 Introduction

A knot or link in §3 is hyperbolic if its complement admits a complete hyperbolic
structure. A braid on n strands, which is represented by a word in the braid group,
w € By, is hyperbolic if its braid closure, L, is. Hyperbolic braids formed from three
strands have been characterized by Futer, Kalfagianni and Purcell [7], a characterization
that depends on their representation in the braid group. B3 has two generators, o
and o, shown in Figure 1, and one relation, 610,01 = 020102. The square of this
element is commonly denoted by C, which is central. In [7, Theorem 5.5], Futer,
Kalfagianni and Purcell have shown that S3 — L,, is hyperbolic if and only if w is
conjugate to C kol 0, . of’ SOZ with k € Z and p;, ¢;, and s positive integers,
and w is not conjugate to 01 020 for some integers pg and go (closures of such braids
are either unknots, torus knots, or connected sums of torus knots). The proof is by
contradiction; they show the required hyperbolic structures exist without constructing
associated triangulations. In this paper, we construct geometric triangulations for braids
withk =2,5 =1, p; > 1, and g1 = 1, thus offering a direct proof of the “if” direction
of their theorem in these cases.

Let L, be the braid closure of C 20{’ 0, ! with p > 1, which has one component if p is
odd and two if p is even. The complement of L, is homeomorphic to the complement

© 2023 The Author, under license to MSP (Mathematical Sciences Publishers). Distributed under
the Creative Commons Attribution License 4.0 (CC BY). Open Access made possible by subscribing
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Figure 1: The generators of B3, the braid group on three strands.

of a (2,3, p+6)—pretzel (Corollary 5.6), so proving C 20{’ 0, 1 is hyperbolic will
cover those pretzel knots and links as well. To show C zalp 0, 1 is hyperbolic, we
will first decompose its complement into ideal tetrahedra whose faces are identified
in pairs (Section 2). These topological triangulations (one for each p) are very much
in the spirit of the canonical decompositions first described for 2—-bridge knot and
link complements by Sakuma and Weeks in [19]. It turns out that, as in the 2—bridge
case detailed by Futer in [9, Appendix A], our triangulations are not just topological;
they are also geometric (though not canonical). In other words, each ideal tetrahedron
can be given a hyperbolic shape of positive volume and, when the faces are paired
by hyperbolic isometries, the resulting hyperbolic structure on S — L p 1s metrically
complete.

To prove that our topological triangulations are geometric, we will employ the “Casson—
Rivin program” laid out by Futer and Guéritaud in [5]—their survey of Casson
and Rivin’s technique for finding the hyperbolic structure on a 3—manifold whose
boundary consists of tori. Guéritaud has implemented this program for punctured
torus bundles and 4—punctured sphere bundles [9] and Futer for 2-bridge knots [9,
Appendix A], whereas Guéritaud and Schleimer have applied it to layered solid tori
and Dehn fillings [10] and Ham and Purcell used the same procedure to determine
geometric triangulations on highly twisted links [11].

Geometric triangulations can lead to better understandings of the geometry of finite-
volume hyperbolic 3—manifolds, including simpler proofs. However, it is not known
whether every such 3—manifold admits a geometric triangulation. Currently the list of
infinite families of finite-volume hyperbolic 3—-manifolds that have been shown to admit
geometric triangulations is short: punctured torus bundles and 4—punctured sphere
bundles [9], 2-bridge knots and links [9, Appendix A], and certain Dehn fillings of
fully augmented 2-bridge knots and links [11]. The main result of this paper is that the
(=2, 3, n)—pretzel knots and links with n > 7 can be added to the list.

Algebraic & Geometric Topology, Volume 23 (2023)



Geometric triangulations of a family of hyperbolic 3—braids 4311

Organization

After constructing the topological triangulations in Section 2, we offer definitions and
a basic outline of the Casson—Rivin program in Section 3. The first step of the program
is carried out in Section 4, where we show that the space of positive angle structures
for our triangulations (Definition 3.1) is nonempty. The final step — arguing that the
critical point of the volume functional (Definition 3.3) is a positive angle structure —
is presented in Section 5 with some comments about extending the construction in
Section 6.

Acknowledgements
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2 Ideal triangulations

Let X, = S3 — L,, the complement of the closure of the braid C20¥0;!. In this
section, we construct a triangulation of X,. In other words, we decompose the space into
tetrahedra with face pairings. The decomposition will be developed using ideas from
the appendix, which contains a slight revisualization of the geometric triangulations of
2-bridge link complements presented by Futer in [9, Appendix A]. There he uses the
fact that a 2-bridge link can be described as a 4-braid “closed up” with a clasp at each
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Figure 2: The closure of C%07 05! is the 6-braid 0{ 05 ' — or equivalently
o7 0, ' —“closed up” with a three-stranded full twist on both the top and the
bottom.

end. The 4-braid lives in a product region, S2 x I, and its complement in this region is
also a product, S x I, where § is a 4—punctured sphere. In [9, Appendix A], the product
region, S x I, appears between two nested pillowcases and Futer showed that the region
can be triangulated using a sequence of layers of ideal tetrahedra. In the appendix, we
position the product region vertically. As a result, the faces of Futer’s layered tetrahedra
can be easily seen in the braid complement, and the bottom of one layer is identified
to the top of the next according to the half-twist between them. (See, for example,
Figures 12 and 13.) The full link complement can be obtained by identifying the top of
the product region to itself in a way that forms the clasp needed at the top and similarly
for the bottom (Figure 14). These identifications amount to capping off each end of the
S x I with a 3-ball from which the clasp has been removed.

Analogously, we observe that the closure of C 20{’ 0, ! can be formed from a 6-braid

“closed up” with a three-stranded full twist on both the top and the bottom. In this

context, the 6-braid 0 05! can be replaced by o0, ! because 05!

1

can slide past
the central full twist C on the bottom to become o, * as indicated in Figure 2. In this
section, we will triangulate the complement, X, by placing ideal tetrahedra in the
product region containing the 6-braid of’ o4 1 and identifying the topmost layer to itself
in a way that forms a full twist on three strands and similarly at the bottom. We begin

with the challenge of how to identify a 6—punctured sphere to itself to form a full twist.

2.1 Forming a three-stranded full twist

Let Sp be the top 6—punctured sphere. Label the punctures O through 5 and divide Sy
into eight triangles as shown in Figure 3(a). Think of the punctures — and the strands
descending from them — as living in the plane of the page, so A025 is in front of the
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Figure 3: Forming a full twist C.

page and A035 is behind the page. Their shared edge, 05, passes through the point at

infinity. The colors indicate the identifications on Sg that will yield a full twist:

gray
white
yellow

pink

A025 is identified to A035.
A023 is identified to A523.
AO012 in the front is identified to A543 in the front.
AO012 in the back is identified to A543 in the back.

To see that identifying Sg to itself in this way is the same as attaching a 3—ball with

a full twist removed, first fold Sy along the 23 edge into a cylindrical pillow shown

in Figure 3(b). As we go step-by-step through the identifications, we will follow the

punctures (their paths are drawn as strands) and see they sweep out a full twist. The

extra markings — cyan on the white triangles and gray on the yellow and pink ones —

will help us follow the triangles through each step.
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e AO025 is identified to A035: Figure 3(c) shows the result of bringing the 2 and 3
strands together to identify the gray triangles. Placing this triangle in the plane of the
page means the 23 (blue) edge forms a belt around a new pillow with half in front, as
the 1 and 2 strands are, and half behind as the 3 and 4 strands are. The left side of the
pillow consists of A023 and both A012’s (appearing in the front). The right side is
formed by A523 and both A543’s (in the back). This diagram is analogous to the third
step in Figure 14 in the appendix.

e AO023 is identified to A523: By pushing the 0 and 5 strands into the pillow until
they meet, A023 can be identified to A523 as shown in Figure 3(d). The 0 strand goes
behind 1 and 2 and the 5 strand passes in front of 3 and 4. The result is not the same
as the final step in Figure 14, because of the presence of the two A012’s and the two
A543’s. While these triangles themselves are not identified yet, their 02 edges and
53 edges (dark red and green) have come together, and they form a sphere with the
two pink triangles in front and the two yellow in back. The interlocked gray and white
faces meet along the dark red and green longitudes. These faces appear behind the
sphere on the left and in front on the right.

e The A012’s are identified to the A543’s: Bringing strands 1 and 4 together and
identifying each A012 to its corresponding A543 collapses the sphere. The result,
shown in Figure 3(e), is the desired positive full twist on three strands (read right to left,
the positive direction for the top of the 3—braid with a counterclockwise orientation).

To obtain the triangles for the 6—punctured sphere at the bottom of the product region,
rotate Sy about the horizontal line through the punctures, so now the strands of the
braid go up, and use the same identifications. For example, at the bottom A023 is in
the front and is identified to A523 in the back.

Having capped off the ends, we turn our attention to placing ideal tetrahedra in the
product region, determining their face pairings, and thus defining triangulations t, on
the manifolds X, for all p. We start by constructing a triangulation of X; upon which
the other triangulations will be built.

2.2 A foundational ideal triangulation

To specify the triangulation of X, we will place tetrahedra in a product region from
which the 6-braid, 10, 1 has been removed. The left diagram in Figure 4 shows this
region with the braid in the plane of the page, except near the crossings.
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The method of the appendix suggests using three layers of tetrahedra (one on either
side of the two crossings). Label the top, middle, and bottom layers A;, Ay, and Ay
(with A; split into A;; and A,p). The six ideal tetrahedra that will triangulate the
complement are shown in Figure 4: ¢] and ) in A, my and m in Ap,, and by and b}
in Ay, where a prime indicates that the tetrahedron is behind the plane of the page; the
labels on the ideal vertices come from the labels on their punctures (0 through 5 when
read left to right); and the “top” faces of a tetrahedron are above the “bottom” faces
relative to the product region.

The edges of the tetrahedra are drawn both in the braid complement on the left and
in flattened versions in the center and on the right. On the left, layers are expanded
by making two copies of the edges where the top of a tetrahedron meets the bottom,
allowing the faces of the tetrahedra and their remaining edges to be seen more easily.
The flattened versions show just one copy of each edge.

The tetrahedra ¢ and #} share the face 025, shaded orange on the left, and their flattened
versions are drawn separately. The pair 7, and m, share only an edge (thickened in
the center diagram), so their interiors do not overlap when flattened, and they can both
be seen when drawn side-by-side. The same is true for by and bJ,.

The left figure contains additional segments that divide the boundaries of each layer into
triangles. These curves appear gray in the diagram and will be useful in determining
the face pairings for this initial triangulation, which we shall refer to as 7.

When comparing to the appendix, the reader should be concerned that the pairs of
tetrahedra do not fill the entire layer. In A,,, for example, the tetrahedra are only in
front of the plane of the page. Nonetheless, if we slide the faces of these six tetrahedra
around the link—up and down the braid and through the full twists at the top and
bottom — they will fill out the entire product region. For example, face 235 on the
bottom of #] can slide down the braid through A and A, and past the o, 1 half-twist
to be identified with the 245 face of b}. We denote such faces and face pairings by

11(235) ~ b} (245),

taking care that the order of the vertices indicates the correct match. Images of the
intersection of this triangle’s path with each layer’s boundary are shaded pink in the
diagram. They make use of the aforementioned additional gray segments and show
that the back 235 region of A, is indeed covered.

As indicated in Figure 4, ] sits on top of ¢, with their 025 faces identified. The
remaining faces on the top of the tetrahedra in A; and those on the bottom of the
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Figure 4: A triangulation of the complement of the closure of C%a10; 1.
tetrahedra in A are triangles appearing in Section 2.1 and are identified by the full-twist
identifications described there. For example, the face b1 (023) on the bottom of Ay is
the triangle A023, which is identified to A523, which is the 523 face of b, another
face on the bottom of Ap, so b1(023) ~ b5(523). These faces are shaded green.

Sometimes the full-twist identifications will combine with sliding along the braid. To
see such a combination, look at triangles shaded blue, starting with the 125 face of ¢}.
After traveling through the half-twist that interchanges 0 and 1, #5(125) becomes A025
on the top of A, still in the back. Then it can travel through A, and Ay all the way
to A025 on the bottom of Ay in the back. This triangle is identified to A035 in the
front, ie the 035 face of by, so #5(125) ~ b1 (035).

The remaining face pairings of 7 are obtained by sliding the remaining faces along
the braid, twisting through half-twists and using full-twist identifications at the top
and bottom as needed. The reader may enjoy tracing the long and twisted journey of
15,(012) to its mate, m1(021). All twelve face pairings of 7; are listed in Table 1.

For reasons explained in Section 4.1, the triangulation 7; is not quite what we want for
our triangulation of X7j. Instead, we will simplify 7; by applying Pachner moves — also
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11(023) ~ m5(523) 1, (125) ~ by (035)
1](025) ~ £}(025) m1(025) ~ by (025)
1](035) ~ my(125) m(345) ~ bly(354)
1](235) ~ b} (245) my(234) ~ b}y (243)
14(015) ~ m1(105) m2(245) ~ by (235)
£(012) ~ my(021) b1(023) ~ b} (523)

Table 1: Face pairings for 77, an initial triangulation of X7.

known as bistellar flips, introduced in [16]. Table 1 shows the following identifications
of the 24 edge of m»:

24 in my ~ 23 in by ~ 23 in b} ~pack 10 24 in M.

Whenever three tetrahedra surround an edge, we can perform a 3-2 Pachner move that
replaces them with two tetrahedra sharing a face. Figure 5 shows how to replace m»,
b1, and b, with § on the top and s on the bottom. Label the vertices of s with abcd
(circled in the diagram), where a represents 3 in m, and 4 in b); b represents 3 in by
and bé and 4 in my; ¢ represents 5 in m, and by; and d represents 0 in b; and 5 in bé.
The surviving faces of m», by, and b/, are renamed as follows: m2(235) — 5(2ac),
m2(345) = s(abc), b1(025) — 5(d2c), b1(035) — s(dbc), b5 (245) — 5(2ad), and
b5 (345) = s(bad). Making these substitutions and adding 5(acd) ~ s(acd) yields

the face pairings listed in Figure 5.
11(023) ~ §(c2a)

11(025) ~ 15(025)
1](035) ~ my(125)
11(235) ~ 5(2ad)
1(015) ~ m1(105)
15(012) ~ my(021)
15,(125) ~ s(dbc)
m1(025) ~ 5(d2c)
s(abc) ~ s(bda)
S(acd) ~ s(acd)

Figure 5: A 3-2 move eliminates the 24 edge of m,, which is also the 23
edge in by and b/, and yields the indicated face pairings.
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15(015) ~ m1(105)
15(012) ~ m1(021)
15(025) ~ m1(520)
15(125) ~ s(dbc)
m1(125) ~ s(cad)
s(abc) ~ s(bda)

Figure 6: A 2-0 move eliminates t{ and s, stacked as indicated, and yields
face pairings for 71, a triangulation of X.

Next, observe that the 23 edge of #{ is identified to the 2a edge of 5, which is taken
back to the 23 edge of ¢{. This very short cycle of edges means #{ and § are identified
across an edge, so we can perform a 2-0 Pachner move to collapse #; and 5. This move
identifies #{ (025) with 5(c2d) and ¢{(035) with 5(cad). See Figure 6, which shows
how ¢{ and § are stacked before they are collapsed and eliminated. The 2-0 move
results in a triangulation of X; comprising three tetrahedra— té, m1, and s — whose
face pairings are in Figure 6. Define 77 to be this triangulation.

2.3 Adding layers to extend to p =2 and 3

It will be more instructive to first extend the construction of the previous section to

3051, where there are four

p = 3. To triangulate the complement of the closure of C 2o
half-twists in the braid, begin with five layers: A;, A, and A and two layers inserted
between A; and A,,, labeled Ay and Ay». Place two tetrahedra in each layer as
indicated in Figure 7. Though A; is depicted slightly differently (as one layer with
the shared face of t{ and té, 025, positioned in the middle), all tetrahedra in A¢, Ay,
and Aj are named and situated exactly as in Figure 4. The new tetrahedra, those in
the Ay); layers, will be called w; and wlf, where a prime still indicates the tetrahedron

is behind the plane of the page.

The face pairings are determined in the same manner as they were for p = 1, but now
over half of the twenty face pairings result from moving through a half-twist from the
bottom of one layer to the top of the next. These appear in the left column of Table 2.
The middle column contains the face pairings that come directly from Table 1 and
are unaffected by adding the w—layers. The final column contains more complicated
face pairings that do not occur in Table 1 because these triangles hit tetrahedra in
the w-layers before encountering their mates from Table 1. For example, #;(035) is
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Figure 7: A triangulation of the complement of the closure of 20051, with
A; depicted as one layer with the shared face of #] and ¢}, 025, positioned in
the middle.

identified to A025 in the front, which, after passing through the half-twist, becomes
A125, a top face of wy, so #1(035) hits w; before it gets to m;. We will call this
initial triangulation 73, and, as in the p = 1 case, will perform simplifying Pachner
moves on 73 to create 3. The shadings in Table 2 will help us determine the resulting
identifications.

Again, three tetrahedra in 73 surround the 24 edge of m, (which is identified to the 23
edges of by and b’z), allowing for the same 3-2 move shown in Figure 5. Thus m5, by,
and b/, are replaced by § and s. As before, we can then perform a 2-0 move collapsing
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£5(015) ~ w; (105)

15(125) ~ w} (025)
w1(025) ~ w,(125)
wi(012) ~ wh(102)  6(023) ~m,(523)
W, (015) ~ w5(1035)  #](025) ~ £5(025)
wi(125) ~w(025)  4/(235) ~ b} (245)

w2(025) ~mi(125) 11 012) ~ my (021)

wh (015) ~ m1(105) b, (023) ~ By(523) b3(345) ~ w,(201)

m,(234) ~ b}(243)
m»(245) ~ by (235)

£](035) ~ w, (125)
m,(345) ~ w}(201)
b,(035) ~ wh(125)

Table 2: Face pairings for 73, an initial triangulation of X3.

t; and § because they are identified across the edge 23 = 2a. Again, #{(025) and
11(035) are identified with 5(c2d) and §(cad) as in Figure 6. Let 3 be the resulting
triangulation of X3, consisting of the seven remaining tetrahedra: ¢}, wy, w}, wa, wj,
mi, and s.

The face pairings in the darkest cells in Table 2 involve only the four replaced or
collapsed tetrahedra (m», b1, b;, t{), so none of them will survive the Pachner moves
defining 3. The face pairings in the unshaded cells, on the other hand, do not involve
any of these tetrahedra, and are, thus, unaffected by the two Pachner moves.

The remaining face pairings of 3 come from those in the light gray cells in Table 2.
They involve the faces of m,, by, b/z, and t{ that survive the Pachner moves. In other
words, these faces do appear in 73. They are just relabeled by the Pachner moves.
Consider first mj(025) ~ b1(025). Under the 3-2 move shown in Figure 5, b1 (025)
becomes 5(d2c), which is identified by the 2-0 move in Figure 6 to 7] (520). This face
is paired with ¢}(520), so, after the two Pachner moves, m1(025) is identified with
15,(520), which we choose to write as ¢ (025) ~ m1(520).

The final four faces to be relabeled —#1(035), m2(345), b1(035), and b} (345) —are
all faces that belong to the new tetrahedra s. More specifically, the 2-0 move identifies
11(035) with 5(cad ), which is the new face introduced by the 3-2 move, the face shared
by 5 and 5. Thus, after the two Pachner moves, 7] (035) becomes s(cad ). The other three
faces form the rest of s as indicated in Figure 5 and are thus the faces s(abc), s(dbc),
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£5(015) ~ w, (105)
£(125) ~ w’, (025)
w1(025) ~ w,(125) s(cad) ~ wy(125)
w1 (012) ~ w5(102)  #5(012) ~m1(021)  s(abc) ~ w7 (201)
w(015) ~ wy(105)  15(025) ~m1(520)  s(dbc) ~ w5 (125)
w1 (125) ~ w5 (025) s(bad) ~ w,(201)
w3 (025) ~ m; (125)
w5(015) ~ my(105)

Table 3: Face pairings for t3, a triangulation of X3.

and s(bad), respectively. Table 3 contains all identifications of 73, where the first
column still lists face pairings that result from moving from the bottom of one layer to
the top of the next and the final column now shows how the new tetrahedron, s, glues in.

The reader likely anticipates that we will create the desired triangulation of X}, in two
steps: first form an initial triangulation, 7,, consisting of the tetrahedra in Figure 4
together with some w-layers between A; and A,,, and then perform two Pachner
moves — a correct guess that will be made explicit in the next section. Before moving
on, we make some observations about the p = 3 construction and address the p =2 case.

Figure 7 shows that ¢ is situated and labeled in exactly the same way as w/ and wy, so
the labels on the bottom faces of ¢, 015 and 125, are the same as those on w/ and w.
Furthermore, as the face #,(015) slides through the half-twist, it rotates to the front,
matching with w; (105), just as the 015 face of w| matches with w>(105). Similarly,
as the face 15 (125) slides through the half-twist, it stays in the back, matching with
w1} (025), just as the 125 face of w| matches with w}(025). In these identifications, ¢}
is acting as a tetrahedron labeled w;, would. A similar analysis at the bottom of the
w-layers shows that the top faces of m; glue to the bottom faces of w, in the same
way those in a tetrahedron labeled w3 would.

Using this relabeling, we make several observations about the face pairings in t3.

* By relabeling ¢} as w, and m as w3, the unshaded face pairings in the first column
of Table 2 can be summarized as follows:
w;(015) ~ w;4+1(105) for i =0,1,2, w;(125) ~ w;;(025) for i =0,1,
w; (025) ~ w;j+1(125) for i =1,2, w; (012) ~ wl{+1(102) for i = 1.
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wg(015) ~ wq(105) s(cad) ~ wy(125)
wg(125) ~ w7 (025)  wg(012) ~ wp(021)  s(abc) ~ wj(201)
w1(025) ~ wy(125)  wg(025) ~ w2(520)  s(dbc) ~ w(125)
w1 (015) ~ wy(105) s(had) ~ w1 (201)

Table 4: Face pairings for 1,, a triangulation of X>.

These inter-w identifications of 73 are not affected by Pachner moves involving m», by,
b, and t1, so they are also face pairings of 73, as shown in the first column of Table 3.

* The top faces of wy, are not included in the identifications listed above, and neither
are the bottom faces of ws3. These faces are identified to each other. More specifically,
after the Pachner moves, wg(012) ~ w3(021) and wg(025) ~ w3(520). Both of these
pairings also occur in 7; (see the table in Figure 6) and were, thus, unaffected by the
addition of the w—layers. These face pairings appear in the second column of Table 3.

e The face pairings in the third column of Table 3, those involving s, can be character-
ized as follows: two of the faces of s are identified to top faces in the first w-layer,
w1(125) and w}(201), and the other two are identified to bottom faces in the last
w-layer, w»(201) and w(125).

Properly interpreted, these observations also apply when p = 2. Let the triangulation 7,
of X5, the complement of the closure of Czolzoz_l, consist of wé), wi, w/l, wy and s.
Because there is only one w—layer, it is both the first w—layer and the last w-layer,
and the final observation tells us that the faces of s are identified to four faces in Ay1.
Harvesting the remaining face pairings from the first two observations, we obtain the

face pairings for 75 given in Table 4.

2.4 An ideal triangulation for any p

Guided by the previous examples along with Figure 7, form an initial triangulation, z,,
of X, the complement of the closure of C 20117 0, 1, that consists of 2p + 4 tetrahedra:
t; and wg (née t}) in As; wp (née my) and ma in Ay, by and b5 in Ap; and w; and
w; in Ay; wherei =1,..., p— 1. The face pairings of 7, are determined by sliding
faces along the braid and using the full-twist identifications at the top and bottom
of the product region as described in Sections 2.2 and 2.3. As before, the addition
of the w-layers does not affect identifications amongst m», by, b’z, and t{, so the

Pachner moves depicted in Figures 5 and 6 can be applied. Define 7, to be the resulting
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w; (015) ~ w;4+1(105) for i =0,...,p—1

w](125) ~ w),(025) for i =0, ..., p—2
wi(025)~wi+1(125) for i=1,...,p—1
w; (012) ~ wj,,(102) fori=1,...,p—2

wh(012) ~ w, (021)

wg(025) ~ w, (520)
s(cad) ~ wq(125)
s(abc) ~wi(201)
s(dbc) ~w,_;(125)
s(bad) ~ wp—1(201)

Table 5: Face pairings for 1, a triangulation of X, for p > 1.

triangulation. As with 5, the observations about t3 from the previous section apply
to 7, yielding the face pairings listed in Table 5 for p > 1. (For p = 1, see Figure 6.)

The triangulation 7, had 2p + 4 tetrahedra. The 3-2 Pachner move reduced this
number by one and the 2-0 Pachner move further reduced the number of tetrahedra
by two, so 1, has 2p + 1 tetrahedra and thus 4p + 2 face pairings. There are exactly
4p + 2 identifications in Table 5 (and six in Figure 6). Thus, the definition of the
triangulation 7, is complete.

Note that most of the tetrahedra in 7, (all but s) are visible in the complement of the

6—braid af Oy 1. Using this visualization can help us quickly deduce relationships

between the tetrahedra. For example, Figure 8 shows how w{), wi, w’l, cees Wp—1,
/

wy,_, and wp are situated in the braid complement, and all but six face pairings of z,

can be derived directly from following their faces through the half-twists in the braid.

2.5 Equivalence classes of edges in the triangulation

Knowing the relationships between the edges of 7, will prove helpful because their
equivalence classes form the edges of X}, and the (internal) dihedral angles along these
edges will dictate its geometry. In determining equivalence classes, we can use Figure 8
or Table 5, whichever is easier.

As an example, we will determine all edges identified to the 01 edge of wy. In the
braid picture, wg(01) slides down through the first oy half-twist to be identified with
w1 (10) and w/ (10), so the equivalence class of wg(01), [wg(01)], contains the 01 edge
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Figure 8: The tetrahedra of 7, with [w(01)] colored red. All but s are
shown in the braid complement on the left. The dashed arrows on the right
indicate that a bottom face of the originating tetrahedron is identified through
a half-twist to a top face of the target tetrahedron. Among faces unpaired by
half-twists, the top faces of wy, are identified to the bottom faces of w), and
s is glued to the top faces of w; and w} and the bottom faces of w,—; and
wl’,_1 as in Table 5.

of wy and of w/. Continuing to move the 01 edge through more half-twists shows
the 01 edges of w; and w; belong to [wg(01)] for all i. Two edges of s also appear in
this equivalence class, which can be seen most easily in Table 5: w}(01) ~ s(bc) and
wp—1(01) ~s(ad). These edges of s, s(bc) and s(ad), are also identified to w;_l (25)
and wj (25), respectively, which can themselves be slid along the braid to show that
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the 25 edges of each w; and w; are in [w((01)]. We have not yet considered face
pairings between wg and wp,. The first in Table 5, wg(012) ~ w,(021) shows w,(02)
and w(02) are also in [w((01)]. Based on how the tetrahedra are positioned in the
braid complement, 02 is the top edge in wy, and the bottom edge in w;,, which allows
us to describe [wg(01)] as follows.

Observation 1 The equivalence class [wg(01)] contains a total of 4p + 4 edges: the
01 edges and 25 edges of each w; and w}; s(bc) and s(ad ); the top edge of wy, and the
bottom edge of w,. These edges are colored red in Figure §.

Observation 2 A similar analysis shows that X}, has two edges with degree 5. The
edge [w(,(05)] arises from
wo(05) ~ wi(15) ~ s(cd) ~ wy_;(51) ~ wp(05) ~pack 1o wo(05)
and, when p > 1, the edge [wg (12)] from
wh(12) ~ w} (02) ~ 5(ba) ~ wp—1(20) ~ wp(21) ~pack 10 wh(12).
When p = 1, w|(02) and wp—1(20) are undefined and are replaced by s(db) and s(ac).

It turns out that the remaining 2p — 2 edges have degree 4.

3 Angle structures and the Casson—Rivin program

We will prove that the triangulation 7, of X, defined in Section 2.4 is geometric by
applying the Casson—Rivin program. This section provides some definitions, useful
results, and a basic outline of the program. For more details and a beautiful exposition,
including an elementary proof of the Casson—Rivin theorem, the reader is encouraged
to read Futer and Guéritaud’s paper [5].

3.1 Angle structures

To move from a topological triangulation to a geometric one, we need a way to impose
a hyperbolic structure on each tetrahedron where the face pairings are hyperbolic
isometries. A start is to assign angles to the edges of the triangulation.

Definition 3.1 An angle structure on an ideal triangulation t of a 3—manifold is
an assignment of angles to the edges of the tetrahedra in t satisfying the following
conditions:

Algebraic & Geometric Topology, Volume 23 (2023)



4326 Barbara Nimershiem

(1) Angles assigned to opposite edges of a tetrahedron are equal, meaning it is enough
to specify three angles 03;_5, 03;—1, and 03;, for each tetrahedron 7; € t.

(2) 03i—2+03;_1+ 63 = foralli.

(3) The sum of the angles surrounding an edge of the 3—manifold equals 2.

This paper utilizes both taut angle structures, where ), € {0, 7} for all k, and positive
angle structures, where 0y > 0 for all k. Note that condition (2) of the definition
implies that a positive angle structure must have all angles strictly between 0 and 7. In
this case, the three angles that sum to 7 specify a positively oriented ideal hyperbolic
tetrahedron. The tetrahedron is isometric to one whose vertices are at 0, 1, oo, and a
complex number z with Im(z) > 0, where 0, 1, and z form a Euclidean triangle having
the assigned angles. If Im(z) = 0, the tetrahedron is said to be degenerate, and, if
Im(z) < 0, negatively oriented. If an angle structure 6 assigns the same angles to two
tetrahedra, T and T», then we will say they are isometric with respect to 6 and write
T =p T>.

We use A(7) to denote the space of all positive angle structures on a triangulation t
and note that, if 7 has n tetrahedra, A(t) C (0, )" is a convex polytope with compact
closure. As such, the points obtained through coordinate-by-coordinate averaging of
elements of A(t) are again in A(t). Also, real-valued functions defined on A(7) attain
their extreme values. See [5, Proposition 3.2] for more details about the space of angle
structures.

As will be described in Section 3.3, the initial step in the Casson—Rivin program is to
argue that A(7) is nonempty, ie that the triangulation admits a positive angle structure.
We accomplish this in our case by first showing (in Section 4.1) that 7, admits a special
type of taut angle structure — a veering angle structure. The notion of “veering”, first
introduced by Agol [1], has several equivalent formulations. The simplest to apply to
our triangulations is from [12].

Definition 3.2 A veering angle structure on an ideal triangulation t of an oriented
3—manifold M is a taut angle structure meeting an additional condition: The edges of
M can be colored red and blue in such a way that, within each tetrahedron,

¢ two of the edges with angle 0 are red and two are blue (the color on an angle 7
edge can be either red or blue);

¢ when viewed from any of the four ideal vertices, the w—angled edge is followed
in the counterclockwise direction by a blue edge and then a red edge.
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Figure 9: A tetrahedron in a veering triangulation.

Each tetrahedron in a veering triangulation appears as the one in Figure 9, where
the w—angled edges on the diagonal can be red or blue. If there is also a consistent
“upward” orientation on the four faces (for example out of the page in Figure 9), the
angle structure is transverse taut. A triangulation that admits a veering angle structure
is said to be veering.

Positive angle structures give geometric structures on the tetrahedra in a triangula-
tion. In turn, these structures determine the face-pairing isometries. Condition (3) of
Definition 3.1 guarantees that, under these isometries, the tetrahedra fit together to
fill the space around the edges of the manifold, because the sum of dihedral angles
around any edge is 2. However, there is no guarantee that the result is metrically
complete. In fact, if a 3-manifold has a complete hyperbolic structure of finite volume,
Mostow—Prasad rigidity ensures that the structure is unique up to isometry [14; 17], so
one should not expect completeness for an arbitrary point in A(7). It turns out that the
independent work of Casson and Rivin [18], which forms the basis of the Casson—Rivin
program in [5] and outlined in Section 3.3, connects the question of completeness to
the volume associated to an angle structure in A(7), ie the sum of the volumes of the
corresponding hyperbolic tetrahedra.

3.2 Volumes of angle structures

Recall —see [13], for example — that the volume of an ideal hyperbolic tetrahedron 7',
with dihedral angles 61, 6> and 63, is given by

V(T) = JI(61) + JL(62) + JL(63),

where the Lobachevsky function, JI, is defined as

X
JI(x) = —/ log |2sint|dt.
0
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Definition 3.3 For a point 8 € A(t), which specifies angles for the n tetrahedra T; € ©
and has all 6; € (0, ), define the volume associated to 6, V(0), by

n 3n
V(O) =Y V(T;) =) J()

i=1 i=1
and note that V(0) > 0 for 6 € A(7).

As summarized in [5], JI is well-defined and continuous on R. Thus, the definition
of V can be extended to the closure of .4(7), which may include points with coordinates
equal to 0 or = where the integral itself is improper. If § € A(t), then V(6) > 0.

Straightforward tetrahedra-by-tetrahedra calculations show that for a positive angle
structure 6 and a tangent vector v € Ty A(7),
9y 3n aZV

5= ;—vi logsin#; and 952

(D <0.

See for example [5, Lemma 5.3].

Because V is strictly concave down on A(7), any critical point in .A(7) is unique and
an absolute maximum. In fact, the first and second partials (1) are enough to prove the
same for a maximal point on the boundary.

Proposition 3.1 Whenever A(t) # @, the point at which the volume functional
V: A(t) — [0, 00) attains its maximum is unique.

Proof If there is a critical point « in \A(7), the strict concavity of VV guarantees that
« is unique and that V(&) is the maximum volume. If, on the other hand, there is no
critical point on the interior, the compactness of A(7) ensures that there is a point
o € A(t) — A(r) with V(«) maximal. To show such an angle structure is unique, we
first examine its coordinates. Because o ¢ A(7), there is at least one tetrahedron in t
with an assigned angle of 0 or 7. The maximality of « further constrains the angles of
such a tetrahedron as noted in the following lemma.

Lemma 3.2 When V() is a maximum, any tetrahedron assigned an angle of 0 or
must have angles of 0, 0, and & in some order.

Proof By condition (2) of Definition 3.1, the angles in a tetrahedron must sum to 7,
so this statement is obviously true if one angle in a tetrahedron is assigned 7 or if two
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angles are assigned 0. We now argue, as also noted in [9, Proposition 7.1] and [10,
Proposition 7], that assigning exactly one 0 angle contradicts the maximality of «.

Consider, for example, a tetrahedron, Ty € t, with nonnegative angles 0, 6y, and
7 — 0. For any 0 < A < 1, define a family of tetrahedra 7'(¢)|;>0 with angles 6; =1,
0y = 6g—At,and 63 = 7 — (¢t + 6y — A1), so T(0) = Ty and, as ¢ increases, the angles
of the tetrahedron change — 6 is increased, while 6, and 83 are decreased. The first
partial in (1) restricted to this family of tetrahedra yields

dV(T(t))

pT = +o00.

t=0t

3
do;
= E —— logsin 6;

In other words, increasing the solitary 0 angle by a small amount would increase
To’s volume (and thus the total volume V) by a much larger amount, violating the
maximality of . Thus, if a maximal angle structure assigns any angles in {0, 7} to a
tetrahedron, two of its angles are assigned 0 and one 7, thus proving the lemma. We
call a tetrahedron with angles in {0, 7} flat and observe that its volume is 0. O

Returning to the proof of Proposition 3.1, we will use the constraints Lemma 3.2
imposes on the coordinates of a maximal point @ € ./Tt) — A(7) to prove that « is
unique. Let B be in A(t) — A(t) with V(B) = V(«) and let i € [0, 7]>" be the point
whose coordinates are determined by averaging those of & and 8. Then u € A(v),
because the set ,Tr) is convex. We will examine the volume of each tetrahedron T
under the angle structure assigned by u and will denote this volume by V(u|7).

Case 1 If @ and B assign the same angles to a tetrahedron T, then their average u
does as well, so V(u|7) is equal to V(x|7) (and also V(B]|T)).

Case 2 If o and B assign different angles to a tetrahedron 7" and both «|7 and B|r

are flat, then, because « and 8 are maximum points, the angles must be 0, 0, and 7 (in
b %?
case, V(u|r) equals O just as V(«|7) and V(B|T) do.

different orders), and the coordinates of |7 are 0 and 7 in some order. In this

Case 3 If @ and B assign different angles to a tetrahedron 7" and at least one of « |7 or
BT is not flat, we will argue that V(u|7) is strictly greater than the average of V(«|r1)
and V(B|r). Without loss of generality suppose «|7 is not flat. Define y(¢) to be the
line segment joining «|7 and B|r,

y(@t)=ta|lr+ (1 —=1)B|r forte]0,1].
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Let V(¢) be the volume of the tetrahedron whose angles are given by y(¢). As a
restriction of V, the function V' is continuous on [0, 1]. Also, because «|7 is not flat, y
is in (0, )3 for 0 < ¢ < 1, so V is differentiable on (0, 1] and by the second partial
in (1), V" < 0. Applying the mean value theorem to V' yields points ¢1 € (0, 1) and
cp € (%, 1) with

Ve =2(V(3) = V), V'(e2) =2(V()-V(3))

and negative second derivatives, so V/(c1) > V’(c2), which means!

2V (3) > V(1) + V(0).

Because V(%) =V(u|r), V(1) =V(x|T), and V(0) = V(B]|T), this inequality implies
V(ulr) > 3(V(e|r) + V(BIT)).

In all cases, the volume of a tetrahedron 7" computed using u, the average of the angle
structures, is greater than or equal to the average of the volumes of 7' computed using
the angle structures o and 8, so summing the individual volumes over all tetrahedra in
T yields

V() = 30(@) +V(B) = V(@)

with equality only when there are no tetrahedra in case 3. But V(«) is the maximum
volume, so V(u) < V(«), meaning V(i) = V(«) and there are no case 3 tetrahedra.
The only way « and § can assign different angles to a tetrahedron T is if «|7 and S|

are both flat (case 2). In this case, V(i) = V(«), so u is also maximal, but, as we have
T

>

structures. Therefore, o and B cannot assign different angles to any of the tetrahedra

seen, the coordinates of w|7 are 0 and 7, which is not allowed for maximal angle

and B = «, which is the unique maximum point. |

Positive angle structures that maximize the total volume play an important role in the
Casson—Rivin program.

3.3 The Casson-Rivin program

In their proof of Casson and Rivin’s theorem, Futer and Guéritaud relate the critical
point of the volume (if it exists) and the complete hyperbolic structure (if it exists).
More specifically, they show that the derivative of the volume vanishes in every direction
1f neither «|7 nor B|7 is flat, this inequality follows immediately from the strict concavity of V. We

appeal to the mean value theorem, because, in general, strict concavity does not extend to the boundary
of A(7).
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exactly when Thurston’s system of gluing equations guaranteeing completeness (given
in [20]) is satisfied. In doing so, they prove their main result, a theorem based on
independent work of Rivin and Casson usually cited as [18].

Casson—Rivin theorem [5, Theorem 1.2] Let M be an orientable 3—manifold with
boundary consisting of tori, and let T be an ideal triangulation of M. Then a point
0 € A(t) corresponds to a complete hyperbolic metric on the interior of M if and only
if 0 is a critical point of the functional V: A(t) — [0, 00).

In our situation, the manifold M is the complement of an open neighborhood of the braid
closure, L,. We seek a complete hyperbolic metric on X, which is homeomorphic to
the interior of M and is triangulated by 7).

The Casson—Rivin theorem will enable us to conclude 7, is geometric as follows. In
Section 4.1, we establish that the space of positive angle structures on our triangulations,
A(zp), is nonempty. Consequently, the volume functional V: m — [0, 00) will
attain its maximum. Then, in Section 5, we show that the maximum point of V
must belong to A(t,). Then, by the Casson—Rivin theorem, there is a positive angle
structure on our triangulation 7, that yields the complete hyperbolic structure on the link

p

complement, X,,. Thus, the constructed triangulations are geometric and C 201 0y Lis

hyperbolic for p > 1.

3.4 Symmetries of angle structures

When arguing that the maximum of the volume cannot appear on the boundary of A(z,),
a certain symmetry of the space of positive angle structures will be helpful.

Definition 3.4 Any symmetry, p, of a triangulation, 7, induces a map on the space
of positive angle structures by assigning the angles of T to p(T') for all T € 7. When
such an assignment results in a positive angle structure for all points in A(t), we say p
induces a symmetry of the space of positive angle structures, which we will also denote
by p. More specifically, given a symmetry p: t — 7 with p(7;) = T}, let 6 € A(1)
and define the coordinates of p6 by pf3;_» = 03;_2, pt3j_1 = 03;—1, and pb3; = 03;.
The angles of pf are positive and meet conditions (1) and (2) of Definition 3.1, so p
induces a symmetry of A(t) whenever condition (3) is also met.

Observation 3 A symmetry p: A(t) — A(t) rearranges the angles of 0 triple by
triple, so V(0) = V(pb).
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4 The space of positive angle structures is nonempty

We now return to the triangulations, 7,, defined in Section 2.4. Our immediate goal
is to complete the first step of the Casson—Rivin program by showing that A(t) is
nonempty, ie that 7, admits a positive angle structure. We will do so by showing that
7, has a veering angle structure, which can be deformed to a positive angle structure
[6; 12]. We then use the veering structure to describe an explicit coordinate system for
A(tp) and conclude the section by writing the edge equations in these coordinates and
using them to describe a useful symmetry.

4.1 The triangulations are veering

While the initial triangulations 7, were not veering, the Pachner moves eliminated the
obstructions and:

Proposition 4.1 Each triangulation T, is veering.

Proof With the exception of s, the tetrahedra in 7, have an upward orientation induced
by the product region containing the 6-braid, which is how the non-s tetrahedra of 7,
are flattened in Figure 8. Flatten s as indicated in the same figure. In each tetrahedron,
assign an angle of 7 to the diagonal edges and an angle of O to the others. Use red to
color the 01 and 25 edges of each w; and w}; the edges s(bc) and s(ad); and the top
diagonal of wy, along with the bottom diagonal of w,. (These are exactly the edges
colored red in Figure 8.) Color the remaining edges blue. We claim this coloring forms
a veering angle structure on 7, which is also transverse taut.

By Observation 1, the edges in the equivalence class [wy(01)] are exactly the edges
colored red. Thus, the blue edges compose the remaining equivalence classes, and the
colorings are consistent with the face pairings that form M.

Next we show that the assignment of angles forms a taut angle structure. The angle
assignments themselves guarantee conditions (1) and (2) of Definition 3.1 as well as
the requirement that taut angle structures have angles in {0, 7}. Only diagonals are
assigned an angle of m, so, if there are exactly two diagonals in each equivalence class,
condition (3) will also be met (the angle sum around each edge is 27).

The class [wg(01)], whose members are listed in Observation 1, contains exactly two
diagonals, w((02) and wy,(02). The degree 5 edges of X, are completely described in
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Observation 2. The edges [w;(05)] and [wg(12)] each contain exactly two diagonals:
the top diagonal wj (15) is matched with the bottom diagonal wfp_l (51) and similarly
for w/ (02) and wp—1(20) (or s(db) and s(ac) when p = 1, which completes this case).

To check the remaining 2p — 2 edges of X, for p > 1, ie those of degree 4, we
examine w;—1(02) and wlf_l(IS), the bottom diagonals of w;_; and wlf_l in the braid
complement in Figure 8. The edge w;—1(02) bounds both w;—1(012) and w;—1(025).
After passing through the o; half-twist, the first of these faces is rotated to the back
and identified with w}(102), whereas the second stays in front and is identified with
w; (125). These faces share the edge 12, which, after another oy is twisted to the back
and identified to w;_ ;(02). A similar argument applies to w;_, (15). Symbolically,

w;i—1(02) ~ w; (12) = w;(12) ~w; ;(02) for i =2,...,p—2,

(2)
wi_q(15) ~ w; (05) = w;(05) ~ w;j4+1(15) fori=1,...,p—1.

The only diagonals are the 02 and 15 edges, so the edge classes, [w; (12)] and [w; (05)],
contain exactly two m angles as required. The remaining degree-4 edges contain
the diagonals of s, s(ac) and s(bd). The identifications in Table 5 show that their
equivalence classes contain exactly one other diagonal:

. s(ac) ~ wi(21) = w1 (21) ~ wh(20),

©) s(bd) ~ wl/,_l(Zl) = wp—1(21) ~ wp—2(20).

With exactly two diagonals in each equivalence class, the angle structure is taut. Each
tetrahedron appears as in Figure 9, and the gluings of Table 5 identify bottom faces to
top faces, so the “upward” orientations are consistent, forming a transverse taut angle
structure, which is also layered. a

Corollary 4.2 The triangulation t, admits a positive angle structure.

Proof In their main result, [12, Theorem 1.5], Hodgson, Rubinstein, Segerman and
Tillmann prove that veering triangulations admit positive angle structures (which they
call strict angle structures). A constructive proof showing how to deform a veering
angle structure to a positive angle structure has also been given by Futer and Guéritaud
[6, Theorem 1.3]. O

4.2 Coordinates for the space of positive angle structures

The veering structure on 7, allows us to introduce convenient coordinates for a point ¢
in A(tp). For T in 1p, let Op T denote the angle assigned to the diagonals of T, Og T
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the angle assigned to the red edges, and g T to the blue edges. Thus, we can write
6 € A(tp) C (0, 7)3PHD a5

/
p—1

Orwi, Opwi, Opwi, ..., 0wy, Opwy, Opwy, Ors, Ops, Ops).

1 / ’ l 1
(GRwO, GBwO, (91)11)0, ey Qpr_l, QBwp_l, QDw

Observation 4 Using this notation, the edge identifications in Observations 1 and 2 and
equations (2) and (3) together with condition (3) of Definition 3.1 yield the following
edge equations:

p—1 V4
( Z 20Rwl{) —i—(ZZ@Rwi) +20RS+9DW6+9pr =2m,

i=0 i=1
Opwy+6pw; +935+91)w;)_1+93wp =2m,
Opwy+0Opwi+0ps+Opwp—1+60pw, = 27,
Opw;—1+0pw; +0pw;+0pw;  ; =27 fori=2,...,p-2,
Opw;_; +0pw;+0pw;+0pw;y1 =21 fori=1,...,p—1,
Ops+0pw)+0pwi +0Opw), =2,
Ops+0pw,_;+0pwp—1+0pwp— = 27.
These equations hold for p > 1 as long as each term is defined. (Recall that there are

no tetrahedra labeled wq or w;).)

The first two equations also hold when p = 1, and, after substituting s(db) and s(ac)
for the undefined terms w1} (02) and wp—1(20) as in Observation 2, so does the third:

0wy + Ops + Ops + Ops + Opwy = 2.

Observation 5 Several pairs of edge equations above share angles coming from the
blue edges. These angles will cancel when one equation is subtracted from the other,
yielding the following equalities for the diagonals:

Opwy —Opw] = Opws —Opwy = Opws —Opws =---,
9Dw2—9Dw/2 = 0Dw4—9DwQ = 9Dw6—9Dw/6 =

In addition,
Opwp—2 —Opw,_, = Opw, —Ops,

Ops — Opwy = Opws — Opwy,

/ /
Opwp—1 — 9pr_1 =6pw; —Opw;.
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These equations hold when p > 1 and each term is defined. The final equation, which
is derived by taking the difference between the equations for the degree-5 edges implies
that, if p is odd (so p — 1 is even), then all of the differences listed above are equal. If
p is even, all differences, Opw; —0p w}, with j even are also equal to ps — 6pwy
and Opw, — Ops, but not necessarily to fpw — Opw}, etc.

The corresponding equation for p =1 is

Ops —Opwy = Opwy —Ops.
4.3 A symmetry of the space of angle structures

Consider the closure of C 20117 o, I"as shown on the right of Figure 2. Moving the
lone half-twist up so that it occurs halfway along the o; half-twists reveals an order 2
symmetry of X, —rotate about a horizontal line through the lone half-twist. This
involution induces a symmetry on the triangulation 7, — rotate the tetrahedra in Figure 8
about a horizontal line and take s to itself. This symmetry will respect angle structures:

Proposition 4.3 An involution t: T, — 1, that fixes s and takes w; tow,—; by matching
up their R, B, and D edges induces a symmetry of A(zp).

Proof Let 6 € A(tp). According to Definition 3.4, to verify that 6 is also in A(tp),
we need to check that the sum of the dihedral angles at each edge of of X, is 2, when
the angle measure is given by (6. Thus, it is enough to verify that (6 satisfies the edge
equations listed in Observation 4 where

0us = Ous,  10,w] = Ouwp—i, 10 w; = H*w;,_i

for x =R, B,and D.

The first equation describes the angle sum around the red edge of X, which consists
of all R edges and the red diagonals of w and w). The involution ¢ permutes these
edges, thereby permuting the terms of the sum:

p—1
( Z 2L9Rwl{) + (
i=0

p
Z 2t0Rw,-) + 210Rrs + 0pwy + tbpwy

i=1

p p—1
= (ZzeRw,-) + (Z‘ 29ng) +20rs + 6pwp + Opw)

=2,
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so the first edge equation is satisfied by (6. The terms in the next two sums, those for
the degree-5 edges, are also permuted by ¢, so those equations are satisfied by (0 as
well.

Something a little different happens with the degree-4 edges (only present when p > 1).
To confirm the final equation of Observation 4, for example, we need to examine

10ps + 10pw,_; 4 10pwp—1 + t0pwp—2,
but this sum is just
Ops + Opwy + 0w} + Opw),

which equals 27 by the penultimate equation in Observation 4. In this instance, the
involution takes the terms in one sum to the terms in another, effectively permuting the
edge equations themselves. The same happens for the remaining degree-4 equations. O

Corollary 4.4 Let t: T, — 1, be as in Proposition 4.3 and let k be such that p = 2k
if p iseven and p =2k + 1 if p is odd. Positive angle structures 6 € A(t,) with the
property that 10 = 6 have w} 22 wp—; and thus satisfy a simpler list of edge equations:

p
4) (Z49Rw,~) +20gs +20pw, = 27,
i=1
5) 20pwy, +20pw; + Ops = 2m,
(6) 293wp + 29pr_1 + 6gs = 2m,

@) Opw;—1 + Opw; +Opwp—; +Opwy_i+1) =2 fori=2,...,k,
() Opwy_(i—1) +0pw; +0pwp—; +Opw;4+1 =27 fori=1,... k,
9) Ops +0pwp—1 + 0wy + Opwp_» = 27.

In addition,

(10) Opwp, =6ps and Opw; =0pw,—; fori=1,... k.

These equations hold for all p > 1, with one exception. When p = 1, (6) reads:
20pw1 +20ps + Ops = 2.

Proof By assumption, (6, w; = 6, w; for x = R, B, and D, and, by definition, 16, w/
also equals O, wp—;, 50 Ox wl’. = 0xwp—;, and the tetrahedra wl’- and wp—; have the same
angle assignments under 6, so wlf >~p wp—;. This isometry allows us to obtain (4)—(9),
by replacing w; with w,_; in the edge equations of Observation 4 and eliminating
redundancies.
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To obtain (10) for p = 1, replace w with w in the p = 1 equation of Observation 5,
which shows
Ops —O0pwy; = Opwy —Ops,

so Opwy = Ops. If p > 1, (5) and (6) imply that Opw; equals Opwp,—_1, which,
because of the isometry, equals p w’l, so the difference Opw; — 6p w’1 equals 0 as do
all odd-index differences listed in Observation 5. Replacing w; with wj,_; yields (10)
for odd i. The remaining equations are derived differently depending on the parity
of p. As noted in Observation 5, when p is odd, all differences are equal (in this case,
equal to 0), so, after replacing w; with w,_;, (10) holds for all i when p is odd. To
see that (10) also holds when p and i are even, note that

Opwp —Ops = Opwz —Opwy = Opwp—2 —Opw,_, = Ops —Opwy = Ops —Opwp

so Ops = Opw,. Thus, all differences in Observation 5 with even index are also 0 and
replacing w; with w,—; results in (10). O

5 The maximal volume occurs at a positive angle structure

Corollary 4.2 shows that the space of positive angle structures on each triangulation t,
is nonempty, so we have accomplished the first step of the Casson—Rivin program
described by Futer and Guéritaud in [5] and summarized in Section 3.3. In this section,
we complete the program, proving the main result.

Theorem 5.1 Let L), be the closure of the 3—braid Czaf(rz_l and X, be its comple-
ment in the 3—sphere. Then there is an ideal triangulation of X, that is geometric.

Proof Let 7, be the triangulation defined in Section 2.4. By Corollary 4.2, A(tp) # @,
which means the volume functional V attains its maximum on the compact set A(zp),

say at the point @. A maximal point has two important properties. The first was proved
in Lemma 3.2.

Property 1 If o is maximal and assigns an angle in {0, 7 } to a tetrahedron, then the
tetrahedron must be flat, ie its angles are 0, 0, and 7 in some order.

The second important property derives from a symmetry of the coordinates of a maximal
point. Let the involution ¢: 7, — 7, be as in Proposition 4.3, so ¢ fixes s and takes wlf
to wp—;. Then ¢ induces a symmetry on .A(z,), which rearranges the coordinates of an
angle structure tetrahedron by tetrahedron, so, just as in Observation 3, V(i) = V(«).

Algebraic & Geometric Topology, Volume 23 (2023)



4338 Barbara Nimershiem

Thus, if o is maximal, so is t«, but maximal points are unique by Proposition 3.1, so
ta = a, and Corollary 4.4 together with Definition 3.1 guarantee the following:

Property 2 If « is maximal, then the angles assigned by « belong to [0, 7], sum to 7
within a tetrahedron, and are determined by the angles assigned to wi, wa, ..., Wy
and s, which must satisty (4)—(10).

Our goal is to use these properties to show that the maximal point, «, is in A(tp),
not its boundary. Then we can apply the Casson—Rivin theorem from Section 3.3 [5,
Theorem 1.2] and conclude that o corresponds to the complete hyperbolic structure
on Xp, thus proving Theorem 5.1. We will show that « is in A(t,) by showing that
points in B = m — A(tp) will never maximize the volume. We do so by proving
the following:

Proposition 5.2 Any 8 € B satistying Properties 1 and 2 must have V() = 0.

Proof Let B € B satisfy both Properties 1 and 2. Because f is in the boundary of the
space of positive angle structures, there is a tetrahedron in t,, to which f assigns angles
from the set {0, w}. By Property 1, this tetrahedron is flat (has angles 0, 0, and ).
Using Property 2, we can conclude that 8 must assign 7 to at least one of the edges
of wy, wa, ..., wp ors. We now explore which edges can have such assignments and
determine the resulting volume.

Observe that, because all angle assignments are nonnegative, assigning an angle measure
of  to any R edge of a w tetrahedron violates (4) of Corollary 4.4 and thus Property 2.
Therefore, no Brw; can equal w. We will use this result often, so we record it as a
lemma and follow with another useful lemma.

Lemma 5.3 If 8 € B satisfies both Properties 1 and 2, Brw; cannot equal wt for
i=1,...,p. O

Lemma 5.4 If B € B satisfies both Properties 1 and 2, and either wy, or s is flat, then
all tetrahedra are flat, so V(B) = 0.

Proof If a tetrahedron is flat, one of its edges is assigned an angle of 7. By Lemma 5.3,
BRrw)p cannot equal 7. However, Brs could equal m, and, if this is the case, (4) forces
Brw; toequal 0 foralli =1,..., p, so, by Property 1, the non-s tetrahedra are also
flat. Because, Bpw), also appears in (4), a similar argument shows that if Bpw, = «,
all tetrahedra are flat. By (10), Bpw, = Bps, so the same holds if Bps = . Thus, it
only remains to check what happens if the angle at a B edge of w, or s equals 7.

Algebraic & Geometric Topology, Volume 23 (2023)



Geometric triangulations of a family of hyperbolic 3—braids 4339

e If Bpw, = m, (5) implies that Bps = 0, so, by Property 1, there is a 7 angle at
either the R or D edge of s, and, in either case, as observed above, all tetrahedra
are flat.

e If Bps = m, then Bps = 0, so Bpw, also equals 0—see (10)—and, by
Property 1, either Brw), or Bpw), equals . Because of Lemma 5.3, Bpw, must
be 7, so, by the previous case, all tetrahedra are flat.

Therefore, if either w), or s has an assigned angle of &, V() = 0. O

Returning to the proof of Proposition 5.2, recall that 8 € B must assign 7 to at least
one of the edges of wy, w2, ..., w, or s. Lemmas 5.3 and 5.4 cover the R edges and
the tetrahedra w, and s, so the only edges left to consider are the B and D edges
of wi,ws,...,wp—1. We start with the B edges and first examine the case when

Bpwi =m.

If Bpwy =, then Bpw; equals 0 and, by (10) with i =1, so does Bpw,—1. Property 1
implies that in wp—1 one of the other angles must be 7, but, because of Lemma 5.3, it
cannot be the angle at the R edge. Consequently, Bpw,—1 equals 7 and (9) implies
Bps must equal 0, so s is flat and, by Lemma 5.4, V(8) = 0.

Having shown that if 8 assigns the angle 7 to a B edge of wi, then V(B8) = 0, we
now consider the B edges of w; with 1 < j < k. By repeatedly applying (10) and (7)
together with Property 1 and Lemma 5.3, we will push the flatness of w; all the way
down to w1, allowing us to once again conclude V(B) = 0. In particular, if Bpw; = 7,
then Bpw; equals 0 and, by (10) with i = j, so does Bpw,—;. There is a 7 angle
in wy—; (Property 1) and it cannot occur at the R edge (Lemma 5.3), so Spwp,—;,
will equal . With both Bpw; and Bpw,—; equal to &, (7) with i = j implies that
Bpwj—1 =0, so, by (10) withi = j — 1, Bpw,_(;—1) = 0 also. Another application
of Property 1 and Lemma 5.3 shows both Bgw;—1 and Bpw,_(;—1) are equal to 7
and we can apply (7) with i = j —1 to conclude Bpw;_» = 0. Continuing in this
manner and eventually applying (7) with i =2 when both Bgw, and fpw,—> are
equal to s, allows us to conclude that Spw; = 0. Thus (by Property 1 and Lemma 5.3),
Bpwi =m,s0 V() =0.

It remains to examine the B edges of w; where j > k. If Bpw; equals m, then
Bpw; =0, so applying (10) with i = p — j, Property 1, and Lemma 5.3 shows that
Bpwp—; = m. Because p — j <k, this case has already been covered. Therefore, if
any of the B edges of wi, w2, ..., wp—1 have angle equal to rr, then V(B) = 0.
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The proof for the D edges is a little simpler, because there is no need to appeal to
Lemma 5.3. If Bpw; = m, then, by (10) withi =1, Bpwp—1 = 7, so both Bpw;
and Bpw,_1 are equal to 0. In this situation, applying (9) yields Bps = 7, so s is
flat and, by Lemma 5.4, V() = 0. If j <k and Bpw; equals &, then, by (10) with
i = j,sodoes Bpwp,—;, and both Bp(w;) and Bp(wp—;) equal 0, so (7) with i = j
implies Bpw; 1 = 7. Continuing in this manner shows that if Bpw; equals m, so
does Bpwy, and thus V(B) =0. If j >k and Bpw; = 7, then, by (10) withi = p — j,
Bpwp—; = m with p — j <k, a previous case. |

Any point maximizing the volume functional must satisfy Properties 1 and 2. By
proving Proposition 5.2, we have shown that any point, 8, on the boundary of A(z,)
satisfying these properties has V() = 0. Therefore, the maximal point & must be on the
interior of A(tp), and, by the Casson—Rivin theorem (Section 3.3 and [5, Theorem 1.2]),
a corresponds to the complete hyperbolic structure on Xj,. Thus, the triangulation 7,
is geometric, which concludes the proof of Theorem 5.1. |
Corollary 5.5 In the braid group, C Zalp 0y ! is not conjugate to Glp Oazqo for integers
Po and qo.

Proof Closures of braids of the form af 0030 are not hyperbolic, but Theorem 5.1

shows that the closure of C?0¥ 05! is. O

Corollary 5.6 The complements of the (—2, 3, n)—pretzel knots and links admit geo-
metric triangulations for n > 7.

Proof Recall that the braid group has the single relation 010,01 = 020107 and that C,
which is this element’s square, is central. Conjugate words in the braid group yield
equivalent braid closures, so, using the relation and the centrality of C, L, the closure
of C2of 05! with p > 1, is also the closure of

1 pt+2

~ 020102C0o;

3
= 0102C01p+

(020102)(010201)Cof oy

+4
~ 02(010201)(010201)07

5
= 0'10'20'101010'20'11)+
3 p+6 __ |
~ 07020 02,

here ~ denotes the equivalence relation of conjugacy.
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Figure 10: The (—(p+6),2,—3)—pretzel is also the closure of the braid

opor07 *04,. Start at the dashed line and read the braid counterclockwise

(strands numbered from the outside in).

As indicated in Figure 10, the closure of 013 azof’ +602 is a pretzel. Using our definitions,

o1 and o3 generate left-handed (negative) twists, so L is a pretzel with —(p + 6), 2,
and —3 half-twists, or equivalently — after rolling the p + 6 half-twists to the right —
Ly is the (2, -3, —(p+6))—pretzel, and X, is its complement. By Theorem 5.1, X,
admits a geometric triangulation. But the complement of the (—2, 3, p+6)—pretzel is
homeomorphic (via a reflection) to X, so it also has a geometric triangulation. a

The braid relation 010201 = 020107 and the centrality of C = (0102)3 can also be
used to show that L, is equivalent to the braid closure of af’ +l (0102)°:

2 —1 6 _—1 5 +1 5
C 011702 =Gf(01(72) 0, =0f’((7102) o1 ~0f) (0102)°.

In this form, L, is a T-link as defined by Birman and Kofman in [2], where they show
that T-links are in one-to-one correspondence with Lorenz links.

Corollary 5.7 The complements of the T-links/Lorenz links formed as closures of the
braids alp + (0102)° admit geometric triangulations for p > 1. |

6 Extending the construction

Having constructed geometric triangulations for the braid closure of C20¥ 05!, it is
natural to ask whether this construction can be extended to cover more cases. For
example, hyperbolic T-links on three strands must be equivalent to closures of braids
of the form Ck(ff’ o, 1 with p > 0 and k > 2, so adding more full twists to the
construction would provide triangulations of all possible hyperbolic T-links on three
strands. However, a useful combinatorial triangulation is not obvious.
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Another possible extension would be to add more o, ! half-twists. The construction
of 7, in Section 2.4 can be extended, without difficulty, to C26¥ 0, ? for all ¢ > 0,
and, in each case, there is also a sequence of Pachner moves that results in a veering
triangulation. Thus, the first step of the Casson—Rivin program can be carried out.
However, the final push for geometricity (the analog of Proposition 5.2) would require
additional arguments. After completlng C 201 02 , it may be possible to further extend
the construction to C 201 0, . 01 ‘o, %5, moving closer to the general form in
the Futer—Kalfagianni—Purcell characterization of hyperbolic 3—-braids [7] stated in

Section 1.

Appendix Visualizing triangulations of 2-bridge link
complements

Sakuma and Weeks constructed topological triangulations of 2—bridge link complements
in [19], which Futer showed were geometric [9, Appendix A]. Futer’s approach follows
that of Guéritaud, whose development of geometric triangulations of once-punctured
torus bundles and 4—punctured sphere bundles forms the bulk of [9]. This appendix
presents another way to visualize the triangulations of 2-bridge link complements.

Futer’s description of these triangulations is based on the fact that, with the exception of
the unknot and the trivial link with two components, 2-bridge links can be constructed
from certain 4-braids whose ends are connected. More specifically, these 4—braids
run between nested pillowcases; are formed by a sequence of R and L moves on the
strands; and are closed off by adding crossing strands inside the inner pillowcase and
outside the outer one. Please see [9, Appendix A] for the details and a very clear
exposition.

As Futer mentions, his 2-bridge link diagrams can be isotoped so the pillowcases are
horizontal; that is, they are perpendicular to the plane of the page and contain the point
at infinity. The result is a diagram in which the braid strands run vertically between the
bounding pillowcases, constrained to the plane of the page, except near the crossings.
See Figure 11 for a comparison of the defining R and L moves that occur between two
pillowcases.

Just as in Futer [9, Appendix A], the 4-braid lives in a product region, S2 x I, and its
complement in the region is also a product, S x I, where S is a 4—punctured sphere.
As an example (left side of [9, Figure 18]), Futer uses the 2-bridge link K(£2) where
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Figure 11: The actions of R and of L on strands between pillowcases. The
left side is [9, Figure 14]. The right side is a version with vertical strands.

Q = R3L?R, so we will too. The left side of Figure 12 shows how to visualize
K(2) —the thickened curves —in a vertical product region. (The thinner curves will
be explained later as will the right side.)

Following Futer’s techniques, we triangulate the product region using a sequence of
layers of ideal tetrahedra where the top of one layer is identified to the bottom of the
next. Adopting his notation, the layers in Figure 12 are labeled A; and they each
contain ideal tetrahedra 7; and T7. The layer A; is bounded by 4—punctured spheres,
below by S; and above by S; 11, with S; 41 in A; identified to S;4+1 in A; 41 by passing
through a half-twist. Numbering the punctures 0-3 will help in describing the resulting
face pairings.

The right side of Figure 12 shows the tetrahedra forming the complement of K(£2).
These tetrahedra also appear in the left side of the figure. The thin curves are their
edges. To see how this works, examine the bottom layer, redrawn in Figure 13. The
first diagram of Figure 13 (in the top left) shows an expanded version of the tetrahedra
that compose A1, one in which there are two copies of each edge in the plane of the
page. This expansion makes it easier to see the triangles in the bounding punctured
spheres, S7 and S», and how these triangles — faces of the tetrahedra 77 and Tl’ —
live in the link complement. The coloring indicates how the triangles in the lower S»
pillowcase are identified to those in the upper one after passing through the R half-twist
(our version of [9, Figure 15]):

e AO013 in the front (blue) is half twisted to A023 in the front;
e A123 in the front (green) is half twisted to A213 in the back;
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Figure 12: The link K(2) where = R3L?R. Compare the left side to the
left side of [9, Figure 18]. This is also similar to the top of [19, Figure 11.3.3].

e A023 in the back (orange) is half twisted to A013 in the back; and
¢ AO012 in the back (pink) is half twisted to A021 in the front.

The face pairings defined by passing through the L half-twist can be determined in the
same manner, using, for example, the pillowcase S4 in Figure 12.

The second diagram in Figure 13 shows a collapsed version of A, one consisting of
two tetrahedra identified along the edges 01, 12, 23, and 30, which contains the point at
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S2

S2

S1

Figure 13: The layer A;. Compare the first figure to [9, Figure 15] and the
last figure to [9, Figure 16].

infinity. 77 is in front of the page with faces 013 and 123 on top. 77 is behind the page
with faces 012 and 023 on top. The next two diagrams also show T and 77, using
arrows to indicate edge identifications. The last one is our version of the two tetrahedra
in [9, Figure 16], which can be separated to form the pair of tetrahedra on the bottom
right in Figure 12.

In each layer, the expanded version of the pair of tetrahedra on the left of Figure 12
can be similarly associated with the flattened versions on the right. Thus, the tetrahedra
that triangulate the product region appear in our visualization and the half-twists show
how to obtain the face pairings between them.

All that remains to specify a triangulation of the link complement is to show how to
close off the top and bottom. This amounts to saying how the triangles in the bounding
pillowcases are identified to themselves to form clasps: If €2 starts with R, identify
bottom layer triangles A012 ~ A013 and A023 ~ A123. If Q starts with L, identify
bottom layer triangles A012 ~ A312 and A023 ~ AO013. The top layer triangles
are identified in the same way. For example, if 2 ends with R, A012 ~ A013 and
A023 ~ A123.
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1 2 3

1
0

S -l

o8}

L

Figure 14: Forming a clasp. Compare to [9, Figure 17; 19, Figure 11.2.7].

It should not be surprising that these identifications yield diagrams looking very much
like [9, Figure 17; 19, Figure I1.2.7]. For example, the steps forming the bottom clasp
of K(2), where Q = R3L?R, are shown in Figure 14. While making the specified
identifications, we can follow the punctures (their paths are drawn as strands) and
see that they sweep out a clasp. Folding S; down along the 12 edge forms a pillow.
Bringing the 2 and 3 strands together identifies the gray triangles, A012 and A013.
Placing this triangle in the plane of the page means the blue 23 edge forms a belt around
a new pillow with half in the front, like the 2 strand, and half behind as the 3 strand is.
The top of the pillow is a cone formed by A123 and the bottom by A023, the white
triangles with the cyan markings. Pushing the 1 and O strands into the pillow flattens
the cones and identifies A123 to A023, thus completing the identifications.

Because the strands form a clasp, identifying S to itself in such a way is equivalent
to attaching a 3-ball with the needed clasp removed. Doing the same at the top results
in a triangulation of the 2-bridge link complement. This triangulation is the same as
Sakuma and Weeks’ as described by Futer and is one in which the faces of the tetrahedra
are easy to see in the braid diagram, as are the face pairings induced by the half-twists.
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Beta families arising from a v} self-map on S/(3, v})

EvA BELMONT
KATSUMI SHIMOMURA

We show that vg is a permanent cycle in the 3—primary Adams—Novikov spectral
sequence computing 7. (S /(3, vf)), and use this to conclude that the families Bo;3/;
fori = l, 2, ,39t+6/i fori = 1, 2, 3, ,69t+9/i fori = 1, cee 8, Ol1,39t+3/3, and ()61,39[+7
are permanent cycles in the 3—primary Adams—Novikov spectral sequence for the
sphere for all # > 0. We use a computer program by Wang to determine the additive
and partial multiplicative structure of the Adams—Novikov £, page for the sphere in
relevant degrees. The i = 1 cases recover previously known results of Behrens and
Pemmaraju and the second author. The results about B9;43/3, Bor+6/3 and Bosyo/s
were previously claimed by the second author; the computer calculations allow us to
give a more direct proof. As an application, we determine the image of the Hurewicz
map xS — mytmf at p = 3.

55Q45, 55Q51, 55125

1 Introduction

Miller, Ravenel and Wilson [9, Theorem 2.6] showed that the 2-line of the Adams—
Novikov E; page for the sphere is generated by classes B;/; x for i, j, k satisfying
certain conditions. At the prime 3, the 8 elements with i <9 are

Bi fori=1,2,4,5717,8, B3sj and Bg;; for j =1,2,3,
,Bg/j for ] = 1,...,9, ,89/3,2,

where we write B;/; := B;/;,1 and B; := B;/;. They have order 3 except for B9/3 »,
which satisfies 389/3,, = Bg/3. Of these, the permanent cycles are

Bi. B2, Bzjzn B3, Bs. Besz. Bes2s  Pes

(1
B7+cBo9 forsome c € {£1}, Bosj for 1 <j<8.

© 2023 MSP (Mathematical Sciences Publishers). Distributed under the Creative Commons Attribution
License 4.0 (CC BY). Open Access made possible by subscribing institutions via Subscribe to Open.
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Fori <7 and B7 + cBy/9, these assertions can be read off the exhaustive calculation
of Ravenel [14, Table A3.4] of S_,f in stems n < 108; see also Oka [11] for many
of the survival results and Shimomura [15] for the nonsurvival results. The element
B7 + cBoyg is an Arf invariant class (an odd-primary analogue of the p = 2 Kervaire
invariant classes), discussed in Ravenel [13, page 439]; the survival of the Arf invariant
classes is not known in general at p = 3. The survival of B ,; for j <8is a consequence
of Theorem 5.1, which does not depend on prior knowledge about this element, but we
do not claim originality for this result.

These results arise from exhaustive calculations in tractable stems, but it is possible to
prove results about 8 elements outside the range of feasible computation. One strategy
is as follows. Suppose ;/; is a permanent cycle. It is vl—power—torsmn that is, there
exists a type 2 complex V' such that j;/; factors as sl y L g (we omit degree
shifts for clarity of notation). If v2 is a vy self-map on V, then we may construct
elements of 74(S) as

s V—>V S, with t =0.

For this family to be of interest, one must also show that the elements are nonzero, for
example by identifying their Adams—Novikov representatives.

Let S /3 denote the mod 3 Moore space, and for m > 1 let S/(3, v{") denote the cofiber
of the m—fold iterate of Adams’ v self—map S/3 2> §/3; see Toda [19]. Behrens
and Pemmaraju [3] show there is a v2 self-map on S/(3,v1) and use this to prove
the existence of nonzero homotopy classes represented by fg;4 fors =1,2,5,6,9
and ¢ > 0. The second author [18] proves the existence of B¢;43. By comparison to
L>-local homotopy, he shows in [15] that the elements

Bor+a.  Bor+7. Bor+s. :39t+3/3’ ,39t/3,2, :83is/3i

are not permanent cycles for £ > 1, s % 0 (mod 3), and i > 1. The main goal of
this paper is to construct a vg self-map on S/(3, v8) and show that the remaining
B elements in g (S) for s < |v2| = 144 also give rise to infinite families.

Theorem 5.1 For all t > 0, the classes

Bory3yj for j=1,2, Boryeyj for j=1,2,3,
Botygyj for j=1,....8, a1Bor+3/3 and aifosyr

are permanent cycles in the Adams—Novikov spectral sequence for the sphere.
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These families are interesting in part because the Hurewicz map 74 (S) — w4 (tmf)
detects Bos41,@1Bor+3/3> Bor+6/3 and o1 Bos 47, as we show in Theorem 6.5. Together
with the well-known behavior in the 0— and 1-lines, this completely determines the
Hurewicz image of tmf at p = 3. Behrens, Mahowald and Quigley [2] calculate the
Hurewicz image of tmf at p = 2. Since 74 (tmf[%]) = Z[%, ay, a6] is concentrated on
the Adams—Novikov 0-line, our work together with the p = 2 case forms the complete
determination of the Hurewicz image of tmf at all primes.

Following the strategy outlined above, much of the work involves showing that vg isa
permanent cycle in the Adams—Novikov spectral sequence computing 7+ (S/(3, vf));
this is Theorem 4.6. All of our explicit calculations are in the Adams—Novikov spectral
sequence for S /3. To relate this to S/(3, vf) we use a lemma due to the second author
(Lemma 4.1) that relates v{"—extensions in the Adams—-Novikov spectral sequence for
S /3 to differentials in the Adams—Novikov spectral sequence for S'/(3, v{"). Combined
with Oka’s result [10] that §/(3, v{") is a ring spectrum for m > 2, this implies the
existence of a vg self-map.

Corollary 4.7 For 2 <m < 8, there is a nonzero self-map

vy 283,01 — S/3.007.

There is also a similar result for m = 9, but correction terms for vg are needed; see
Remark 4.8.

Our proof that vg is a permanent cycle in the Adams—Novikov spectral sequence com-
puting 774 (S/(3, vf)) relies on analysis of the 143 stem in the Adams—Novikov spectral
sequence for the sphere. This is greatly aided by software written by Wang [21; 20],
which computes the E, page of the Adams—Novikov spectral sequence for the sphere
using the algebraic Novikov spectral sequence. In addition, the software computes
multiplication by p, a; and arbitrary §;/; elements. Wang’s software was originally
written for use at p = 2; the minor modifications we used to change the prime are
available at [5] and data, charts and more documentation are available at [4]. The
calculations that make use of computer data occur solely in Section 3.

We now comment on the overlap between this work and the preprint [16] by the second
author: both works construct vg and the families Bo;y3/3, Bor+6/3, and Bo; 19/, but
we find the methods here to be more straightforward. The earlier preprint uses the
machinery of infinite descent to control the complexity of the Adams—Novikov spectral
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sequence, while we opt to work directly with the Adams—Novikov E; page, controlling
the complexity using Wang’s program. In particular, our analysis in Section 3, which
is the crucial input for the construction of vg , follows from the B;—multiplication
structure given by the computer calculations, as most of the elements in play are highly
B1—divisible.

We conclude this section by giving an outline of the rest of the paper. In Section 2
we state notational conventions for the rest of the paper and write down some easy
facts about the Adams—Novikov spectral sequence that will be used extensively in the
remaining sections. Most of the work for proving Theorem 4.6 occurs in Section 3,
which makes use of computer calculations to determine the Adams—Novikov spectral
sequence for S /3 near the 143 stem. Theorem 4.6, which constructs vg , 1s proved in
Section 4. In Section 5 we prove Theorem 5.1, which constructs the promised 8 families.
This involves explicit calculations in a tractable range of stems to prove that v%vg, V1 vg
and alvlvg in E,(S/(3, v?)), and oclvlv; in E,(S/(3, vf)), are permanent cycles. In
Section 6 we determine the 3—primary Hurewicz image of tmf (Theorem 6.5).

Acknowledgements Belmont would like to thank Paul Goerss for suggesting this
project, and for many helpful conversations along the way. She would also like to
thank Guozhen Wang for explaining some aspects of his program, and for some code
changes.

2 Notation and preliminaries

At a fixed prime p, the Brown—Peterson spectrum BP has coefficient ring BP, =
Zpylvi, vz, ... ] with |v;| = 2 p' —2, and ring of co-operations BP,BP =BP.[t;. 15, .. .]
with |#;| = 2p’ —2. Given a finite p—local spectrum X, the Adams—Novikov spectral
sequence

2) E; = Extgp pp(BPx, BPx X) = 74(X) ()

converges. Henceforth everything will be implicitly localized at the prime p = 3. The
E, page of (2) can be calculated as the cohomology of the normalized cobar complex

3) BP, 2", BP,BP — BP,BP®? — -,

although this is not an efficient means of computation. For further background on the
Adams—Novikov spectral sequence, see [6] and [14, Sections 4.3—4.4].
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Let E;v’f (X) denote the E, page of (2), restricted to stem s and Adams—Novikov
filtration f". We say that an element in 73 X is detected in filtration f"if it is represented
by a nonzero class in Eggf (X). Throughout, any equality of homotopy or £, page
elements should be understood to be true up to units (that is, up to signs).

We will make frequent use of the cofiber sequence
s3s 53158,
We will also consider the cofiber sequences
s4ms /32 573 § /(3,0 22 SIS 3 for m> 1,

eventually focusing primarily on m = 8. Henceforth, degree shifts in cofiber and long
exact sequences will usually not be shown. The maps i, j, i,; and j,, induce maps of
Adams—Novikov spectral sequences, which we will denote with the same letters. We
note the effect on degrees: given x € E;’f(S/S), we have j(x) € E;_l’fJrl (S); given
X € E;’f(S/(3, vi")), we have jm(x) € E;_4m_1’f+l(S/3). The maps i and i,
preserve degrees. Sometimes we omit applications of i or i, in the notation for brevity;
for example, we write B € EZIO’2 (S/3) to refer to i (B1). This is justified by regarding

E,(S/3) as a module over E,(S).

By the geometric boundary theorem (see [14, Theorem 2.3.4]), the maps induced by j
and j,, on E, pages coincide with the boundary maps in the long exact sequences of
Ext groups

Exty p(BPy, BPy/3) — Extyy 55 (BPs, BPy),

Exth 5p(BPx, BP./(3,07")) — Extyy 3t (BPx, BP./3).

Definition 2.1 We will say that an element x € E ; *(8/3) is a bottom cell element if
itis in the image of i : E,"*(S) — E,""(S/3). Anelement x € EJ"*(S/3) is a top cell
element if its image under the boundary map j: E;"*(S/3) — E; ~1*($) is nonzero.

Notation 2.2 (i) If x € ES/(S) is 3—torsion, we will let ¥ € EST"/ 71 (5/3)
denote a class such that j(x) = x. Note that ¥ may not always be uniquely
determined.

(i) If x € E,(X) is a permanent cycle converging to y € . (X), write y = {x}.

In the rest of this section we present some preliminaries that are important for working
with the Adams-Novikov spectral sequences for S, §/3 and S/(3, v{"). All of these
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facts are well known, and the rest of this section can be skipped by a knowledgeable
reader. First we recall some frequently encountered permanent cycles in the 3—primary
Adams—Novikov spectral sequence for the sphere. The comparisons below to the
Adams spectral sequence are not needed in the rest of the paper, and are just presented
for those readers who are more familiar with the Adams elements; a reference for
computational facts about the Adams spectral sequence E, page is [14, Section 3.4],
and for the corresponding Adams—Novikov elements is [9] or [6, Section 6] for the
Greek letter construction and [14, Theorem 4.4.20] for low stems.

e a1k ; 1 () is represented by [¢1] in the cobar complex (3), and is called /¢ in
the Adams spectral sequence.

e B € E210’2(S) equals the Massey product {o1, o1, 1), and is called by = by
in the Adams spectral sequence.

e fBr€ E§6’2(S) is called k = kg = (hg, h1, h1) in the Adams spectral sequence.
(This does not correspond to an Adams—Novikov Massey product since /2; does
not exist in the Adams—Novikov £, page.)

The 0-line (generated by just 1 € E ; ’O(S )) and the 1-line £ ; ’I(S ) consist of the
image of the J homomorphism. These classes are all permanent cycles; the image
of the 1-line under i is a;vY" for m > 0. The O-line of E>(S/3) is the polynomial
algebra on v;.
Fact2.3 Let X =S§,5/3,0rS/(3,v]") form > 1.

@) EST(X)=0ifs+ f #0 (mod 4).

Giy EX(x)=EY (x).
Proof See [14, Proposition 4.4.2] for the statement about X = . This sparseness for
the sphere also implies the first statement for X = §/3 and S/(3, v{"), as can be seen

by looking at the degrees of the long exact sequences in Ext groups corresponding to
the short exact sequences

BP, —> BP, — BP,/3 and BP,/3 —> BP4/3 — BP./(3.0™).

The second statement follows from the first. O

Most of our calculations in the Adams—Novikov spectral sequence for S/(3, v{") for
m > 2 implicitly use the following fact.
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Theorem 2.4 [10] Form > 2, §/(3,v") is a ring spectrum.
It is also well known that S /3 is a ring spectrum.

Lemma 2.5 (i) If x € E1o(S), then B¢x is zero in E1o(S). If x € E1o(S/3),
then B8x is zero in E19(S/3).

(ii) If x € E4(S), then al,fo is zero in E¢(S). If x € E¢(S/3), then alﬂfx is
zeroin Eg(S/3).

(ili) We have v - By = 0in E>(S/3).

Proof For (i), the classical differential do (a1 84) = ,Bf (see Table 1) implies that 8 f =0
in E1¢(S), and hence ,316 =0in E19(S/3). Part (ii) is an analogous consequence of
the Toda differential ds(B3/3) = ozl,Bf. Part (iii) is [17, Lemma 2.13]. |

Next, we record some basic facts about transferring differentials by naturality across
various Adams—Novikov spectral sequences.

Lemma 2.6 Letm > 1.
(1) Ifthere is a nontrivial differential ds(x) = y in Es(S) where y is not 3—divisible,
then there is a nontrivial differential ds(i (x)) =i(y) in E5(S/3).

(ii) If there is a nontrivial differential ds(j(x)) = j(y) in E5(S) forx, y € E5(S/3),
then ds5(x) # 0, and d5(x) = y (mod Im(7)).

Proof For (i), by naturality of i, there is a differential ds(i(x)) = i(y). We just
need to check that i(y) is nonzero in E5(S/3). This follows from the fact that
E,(S/3) = E5(S/3) and the assumption that 7 (y) is nonzero in E,(S/3). For (ii),
since j commutes with the differential and £,(S/3) = E5(S/3), we have that ds(x) =
y (mod ker(j)). The long exact sequence

25 By () L Ex(S/3) L Ex(S) 2 -

implies that ker(j) = Im(7). m|

We use the following lemma without further mention when working with 8 elements,
applying it to the case x = vé.
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Lemma 2.7 Letm > 1. For any x € E»(S/(3,v{")), we have jmu(X) = jmik (v{‘x).

Proof The map of short exact sequences

vm
BP,/3 —— BP,/3 ——— BP,/(3,0")
|l
v1111+k "
BP,/3 —— BP,/3 ——— BP,/(3,v]"™")

induces a map of long exact sequences after applying Extgp,gp(BP«, —). In particular,
we have a commutative diagram

E>(S/(3,v1") E»(S/3)
I ! j’n I !
Extgp,sp(BPx, BP«/(3, an)) —— Extpp,Bp(BPx, BP«/3)

Jm

3 Computer-assisted calculations in the 143 stem

In this section we study the Adams—Novikov spectral sequence for S /3 in the 143
stem and nearby stems; this is the main technical input needed for Theorem 4.6. We
make use of computer calculations of the Adams—Novikov E, page for the sphere; the
specific facts from the computer data we use are given in Lemma 3.1. The results from
this section that are used later are Lemma 3.2 and Proposition 3.7. The former follows
immediately from the IF;3—vector space structure of £ ; "*(S). The rest of the section is
devoted to proving the latter, which says that every permanent cycle in 7w143(S/3) is
detected in filtration < 5. This requires more careful analysis using the multiplicative
structure of the £, page. Lemmas 3.5 and 3.6 give the differentials responsible for
killing higher filtration elements in E,***(S/3).

We encourage the reader to refer to the Adams—Novikov chart in [4] while reading this
section. Table 1 is a summary of this data: all of the differentials in the chart in [4]
are derived from «, B; and B,—multiples of the classes in Table 1. Here x57 is the
generator of E;m (S), x75 is the generator of E;S’S(S), and xgg is the generator of
E ; 6’4(S ). Moreover, the differentials are complete through stem 108.

Algebraic & Geometric Topology, Volume 23 (2023)



Beta families arising from a v] self-map on S /(3,v) 4357

source

s f source dy, target reason

34 2 B33 ds o ;313 Toda differential

57 3 Xs57 ds B3 B2 forced by [14, Table A3.4]
58 2 Ba ds a1 B3B3/ forced by [14, Table A3.4]
61 6 a1 B4 dy ,816 forced by [14, Table A3.4]
89 3 | nonzeroclass ds nonzeroclass forced by [14, Table A3.4]
9% 4 X96 ds Bix7s see Lemma 3.4

Table 1: Some classical Adams—Novikov differentials.

Lemma3.1 [4;5] (i) We have dim(E; >(S)) =2, E5"7(S) = F3{a; B2B4}
and dim(ES"/ (S)) =0 if f #3,7.

(ii) E;S 9(S) = IF_;,{,B%x”}, where x75 is the generator ofE;S’S(S), and we have
alﬂfx” = 0. The only other generator in E§5’29(S) is ocl,B‘l‘,Bg € E§5’13(S).

(iii) We have that dim(E99 5(S)) =2 and dim(c; £ 99 5) = 1, and one of the genera-

96,4
tors ofE (S) is 1 X9¢, Where xg¢ is the generator of E;7"(S). Moreover,

99"7(5) Fs{a1B7 B2}, and Ey >/ (S) =0 for f # 5, 5
(iv) 135 S(S)_O_E134 5(5).
(v) ;41 15(S) 56 ESL: 3(S) and this group has dimension 2.
(vi) Figure 2, left, displays the vector space structure of E ; S (S) for 140 < s < 144,

as well as selected multiplicative structure.

141,15

In Figure 2, left, the names in E, (S) follow from the proof of Lemma 3.3; other

names are multiplications computed using Wang’s program.
Lemma3.2 Ifx e E,*°(S/3) is v2—divisible, then x = 0.
Proof Lemma 3.1(iv) implies £,°>°(S/3) = 0. 0

Lemma 3.3 We have that E 2 1,3 (S) is 2—dimensional,, and both generators are perma-
nent cycles.

Proof By [14, Table A3.4], g1 (S )’\ is 2—dimensional, and is generated by 3, and
(a1, a1, Bs). Lemma 3.1(i) gives the structure of E, 81, *(S). It suffices to show that
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oy ,3%;34 supports a nontrivial differential; Table 1 implies dg (ot ﬂf,&;) = ,Bf. Moreover,
it is clear from an E,(S) chart (see [4]) that S f cannot be the target of a shorter
differential. |

Lemma 3.4 There is a differential

ds(x96) = ,B%X75-

The F3—vector space o1 E g 9,5 (S) is 1-dimensional and is generated by a class a1 xgg,
where x99 IS a permanent cycle.

See Lemma 3.1 for element definitions. The second sentence is used implicitly when
identifying one of the generators of £ 2142’14(S )as a1 ;‘X99 (as seen in Figure 2, left):
Wang’s program only shows that there is a nonzero element in £ ;42’14(S ) that is o1 8 f

times an element of £ ; 9’S(S).

Proof By [14, Table A3.4], m96(S)5 = 0, and the generator x96 € E§6’4(S) must
support a nontrivial differential as it cannot be a target for degree reasons. We claim
this implies a differential ds(x9¢) = B fX7 5: by Lemma 3.1(ii) the only other possible
target is oel,B?,Bg € E;S’n
Lemma 2.5(ii) as it is o ,3:1" times the permanent cycle 8 ,3%.

(S) (a possibility for dy(xg¢)), but this is zero in E¢ by

From Lemma 3.1(ii), we have that a;ds(x96) = ds5(0t1X96) = alﬁfxﬁ is nonzero.
By [14, Table A3.4], we have m99(S)5/Im J = [F3. We claim this permanent cycle

10 o0
Bixis A
y \
A \
8 \\ ° \
\ \
\
6 \ \ o0
® \‘\ oe
\\ X99
4 ° °
X96

96 98 100 102

Figure 1: Ez’f(S) in degrees 95 <s <102 and 4 < f < 10. Brown lines rep-
resent orj—multiplication. Each dot represents a copy of 3. The information
in this chart used in the proof of Lemma 3.4 is summarized in Lemma 3.1(ii)
and (iii).
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is detected in filtration 5. By Lemma 3.1(iii), the only other possibility is o ,BZ B2 €
E 3 9’17(S), which is the target of a d5 differential by Lemma 2.5(ii). Let x99 de-
note the permanent cycle in E§9’5(S). Since a12 =0 and dim(oelEgg’S(S)) =1 by

Lemma 3.1(iii), we have that o E299’5(S) is generated by o xgg. |
Lemma 3.5 The generator of E ;42’10(S ) supports a nontrivial Adams—Novikov
142,6

ds differential. The generator of E,"~"(S) supports a nontrivial Adams—Novikov
dq differential.

Proof Combining Lemma 3.1(v) with Lemma 3.3, we have that the 2—dimensional vec-

tor space E 2141’15 (S) is generated by ,316—divisible permanent cycles. By Lemma 2.5(i),
141,15

both classes in E, (S) are hit by some differential. By the vector space structure
of E 2142’*(5) displayed in Figure 2, left, the only possibilities are the indicated d’s
and dy. O

Lemma 3.6 The generator of E ;43’9(S ) supports a nontrivial Adams—Novikov ds

differential hitting oy ﬂ?X99, where x99 is the permanent cycle introduced in Lemma 3.4.
One of the two generators of E ;43’5(5 ) supports a nontrivial Adams—Novikov dg
differential hitting B¢ B¢ /3.

Proof This proof relies on Figure 2, left, in particular the fact that the elements
mentioned are all nonzero. For the first statement, we have ds(B3/3 - B1X99) = oy ,Bf .
B1xgg since x99 (and hence B1xg9) is a permanent cycle. Since B¢/3 € E§2’2(S)
is a permanent cycle by [14, Table A3.4], we may apply Lemma 2.5(i) to show that
,8?,86/3 € E2142’14(S) is the target of a differential d, for r < 9. Since the group
E 2143’9(5' ) is one-dimensional and we proved above that the generator supported a
nontrivial ds, the element ,Bf Be/3 must be hit by a dy. |

Proposition 3.7 Every element in 7143(S/3) is detected in Adams—Novikov filtra-
tion < 5.
Proof We list the elements in E;43’f(S/3) for f > 5 in Table 2.

We encourage the reader to refer to Figure 2 alongside the rest of the proof: the diagram
on the right is derived from that on the left.

Filtration 9 We claim that both classes £ ;43’9(S /3) support ds differentials. The
bottom cell class does so because of Lemmas 3.6 and 2.6(i), and the top cell class does
so because of Lemmas 3.5 and 2.6(i1).
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Figure 2: Left: E g’f (S) in degrees 140 < s < 144, along with some Adams—
Novikov differentials. A box containing “3” denotes a copy of Z/27. Multi-
plications by «; are not shown. Right: £ g’f (S/3) in degrees 140 < s < 144,
along with some Adams—Novikov differentials. Green dots denote top cell
classes. Multiplications by «; are not shown.
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filtration f | # bottom cell generators # top cell generators
9 1 1
13 0 2
17 1 0
21 0 1
29 1 0

Table 2: Classes in E2143’f(S/3) for /> 2.

Filtration 13 We may take the two generators of £ ;43’13 (S/3) to be classes a1 B fx”
and ,816 Be,3 defined such that their image under j is oy B fxgg and ,816 Be,3 respectively.
By Lemma 2.6(ii), the ds in Lemma 3.6 induces a d5 differential hitting o ﬂ;‘x%;
note that Im(i) = 0 in this degree.

By Lemma 3.6 we have a class ¢, € E;43’5(S) such that do (1) = ﬂfﬁ6/3. Let 7, be
the top cell class in E 2144’4(5 /3) associated to the 3—torsion element #,. We wish to
show that there is a differential dg(7,) = ,816 Be,3- First we check that 7, survives to the
Eg page. The only possible targets for such a shorter differential are in £ 2143’9(5' /3),
and we showed above that these both support nontrivial ds differentials. The map

induced by j on E, pages shows that dy(t;) = ﬂfﬂ6/3 modulo ker(j). We have

E;43’13(S/3) = IF3{,816,36/3}, and j(,316,86/3) = ,316,86/3, which is nonzero in Eqg(S).
Thus there is a nonzero dg differential as claimed.

Filtration 17 The generator of E 2143’17(S ) is ,316 B2x57, where xs7 is the generator of
E;7’3 (S). Using a differential in Table 1, we have a differential ds (,316,32)(57) = /3?,8%.
By Lemma 2.6(i) we have a differential d5 (i (,316,32x57)) = i(,B?,B%).

Filtration 21 By Lemma 2.6(ii), the ds differential on B$B,x57 discussed in the
filtration 17 case above gives rise to a differential ds (,Bf Baxs7) =P 19,33 over S/3.

Filtration 29 The generator of E;43’29(S/3) is i(alﬁ%“); this class is zero in
E¢(S/3) by Lemma 2.5(ii). ]

Remark 3.8 The dependence of Proposition 3.7 on computer calculations would be
reduced if we could make precise the observation that much of the Adams—Novikov
E,—page is B1—periodic, and classes in high filtrations are highly B;—divisible. Using
[12, Theorem 2.3.1, Remark 2.3.5(c)], one can prove that multiplication by 8 is an
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isomorphism on the Adams E, page restricted to Adams filtration fy4, stem s, and
filtration v in the algebraic Novikov spectral sequence Ext:;’*(IF3 JF3) = E ; *(S) if

fa4 > 21—35 + %v + %.
By keeping track of the effect on the algebraic Novikov spectral sequence, one can
derive that B; acts injectively (up to higher algebraic Novikov filtration) on the subspace
of E;’f (S) in algebraic Novikov filtration v if

(@) f>21—3s+%v+%.

Surjectivity is harder to prove. Even if we knew that B; acted isomorphically on the
region (4) (which is often true), this is not enough to prove the 8;—divisibility results
we need. For example, in Proposition 3.7 we use the fact that the generator x of
E2143’17(S) is divisible by ,Bf. This element has v = 0, and ,81_1x and /31_2x lie in
the region (4) but j 1_3x does not. Improving this bound would also be of use more
generally to the study of the 3—primary Adams and Adams—Novikov spectral sequences.

4 Survival of vg

In this section, we prove Theorem 4.6, which says that vg is a permanent cycle
in E5(S/(3, v?)). We first explain the choice of exponent of v{. Since ng(vy) =
vy + vllf - vfll (mod 3) in the Hopf algebroid (BP., BP«BP) (see eg [14, (6.4.16)]),
we have that vg is an element of E5(S/(3,v]")) for m < 3, and vg is an element of
E»(S/(3,v{")) for m < 9. On the other hand, we would like to work with m > 8,
since those are the values of m for which B9/g is in the image of the composition
of Adams-Novikov E; page boundary maps E5(S/(3,v{")) — E2(S/3) — E»(S).
Trivial modifications to the work in this section show that vg + va; is a self-map
on S/(3, v?); see Remark 4.8. However, this slight strengthening is not necessary for
our purposes, and we write down our results for vg € m+(S/(3, vf)) essentially for
cosmetic reasons, avoiding the correction term. To obtain the families in Theorem 5.1

other than Bg; 9/, it suffices to work with §/(3, vf).

The main ingredients for proving Theorem 4.6 are Lemma 3.2 and Proposition 3.7 from
the previous section, and the following lemma (below, specialized to our setting) due
to the second author. It draws a connection between hidden vf—extensions in 74(S/3),
and differentials of the minimum length (ie ds differentials) in the Adams—Novikov
spectral sequence for S/(3, vf).
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Lemma 4.1 [15, Lemma 1.4] Letm > 1. Suppose we have y € E5(S/(3,v")) such
that j,,(y) is a nontrivial permanent cycle in Eg’f(S/3), and let w denote an element
in E5(S/3) detecting the product v'" - { jm(y)} € w«(S/3). Then there is a differential

ds(y) = im(w)
in Es(S/(3,v™)).

In the next lemma we separate out the general strategy used to prove that vg and other
elements in Section 5 are permanent cycles.

Lemmad.2 (i) Letx e ES/(S/3) for f <3 be such that j(x) € ES~"/ 11 (s)
is a permanent cycle and {j(x)} € mws—1(S) is an essential element of order 3.
Furthermore, suppose that Im(i : E ;’f (S)— Ei’f (S/3)) consists of permanent
cycles. Then x € E;’f(S/3) is a permanent cycle.

(i) Letx e ESY(S/(3,vM)) for f <3 be such that ju(x) € E5*" /41 (8 /3) s
a permanent cycle and { j, (x)} is an essential element with v{* - { j;(x)} = 0 in
7+(S/3). Furthermore, suppose that Tm(iy, : E;’f(S/3) — E;’f(S/(3, v")))
consists of permanent cycles. Then x € E;’f (§/(3,v7")) is a permanent cycle.

Proof We just prove (i), as (ii) is analogous. Consider the exact sequences

- EyT ()2 BV (5) s B (5/3) L ESTHHG).

75(S) = 75(S) ~ 75(S/3) Lo 751 (S) 2 75-1(S),

associated to the cofiber sequence S 3.5 /3 I, 8. (For the first long exact
sequence, we are using the fact that j induces the zero map in BP-homology.) Suppose
X € E;’f(S/Z%) is an element such that j(x) is a permanent cycle with 3-{j(x)} = 0.
Then there exists an element £ € 5(S /3) such that j(§) ={j(x)}. Since j:S/3—> XS
induces a map of Adams—Novikov spectral sequences, the induced map on homotopy
Jimx(S/3) = mx(XS) = m4—1(S) respects Adams—Novikov filtration; thus j(x)
being detected in filtration f 4 1 implies £ is detected in filtration < f. The assumption
/< 3 combined with Fact 2.3 implies that £ is detected in filtration f. We may write
the detecting element as x + y for some y € E i’f (S/3). By the geometric boundary
theorem, j(x + y) converges to j(£), and we also have that j(x) converges to j(£). So
j(») is aboundary. But j(y) has filtration < 4, so Fact 2.3 implies j(») =0in E,(S).
By (5), we have that y is in the image of i. By the assumption about Im(i), y is a
permanent cycle, and we have from above that x 4 y is a permanent cycle. Therefore,
X is a permanent cycle. |
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Lemma 4.3 The element ,89_/8 = Jg (vg) € E;“’I(S/3) is a permanent cycle.

Proof By [14, Table A3.4], there exists ¢ € {£1} such that x;96 = B9/9 + ¢f7 in
E 2106’2(5 ) is a 3—torsion permanent cycle. Lemma 4.2(i) applies since E3!(S) consists
of permanent cycles; it implies that ,39_/9 +cB7=Jjo (vg) +cj (v;) € E;w’l (S/3)isa
permanent cycle. Hence vy - (jo (vg) +cji (v;)) =1 Jg (vg) = Jg (vg) is a permanent
cycle. |

Lemma 4.4 We have that ds(v)) = 0 in E}*°(S/(3,v%)).

Proof Letx =ds (vg ). We first consider the image of this differential along the natural
map induced by i§:S/(3, vf) —S/(3, vf). Since vg is an element of E;S’O(S/(i v3)),
by the Leibniz rule and Theorem 2.4, we have i}(x) = i5(ds(v))) = ds((v3)*) =
3vgd5 (vg) =0.

Using Lemma 4.3, we have
Js(x) = js(ds(v3)) = ds(js(v3)) =0
in E5(S/3) = E,(S/3). Thus the exact sequence
EM3(5/3) L B33 (5/(3,0%)) L5 EN (5/3)
gives x = ig(y) for some y € E2143’5(S/3).

Consider the commutative diagram of cofiber sequences obtained using Verdier’s axiom:
g q g

3

vy i3

S/3 S/3 S/(3.v?)
©®) S/(3.v%) IR S/G.v%) —2s 5/, 0%)

jsl ljs l

S3——S/3— %

This implies that i3 = i} oig; in particular, i3(y) = i5(ig(y)) = i3(x) = 0. By the long
exact sequence corresponding to the top row of (6), we have that y is vf—divisible. By
Lemma 3.2, y = 0. O

Lemma 4.5 The product vf -{Js (vg)} is zero in 7« (S /3).

Algebraic & Geometric Topology, Volume 23 (2023)



Beta families arising from a v] self-map on S /(3,v) 4365

Proof Letw € E;43’f(S/3) be a representative of vf -{Js (vg)} € m143(S/3). By
Proposition 3.7, we have f < 5, and by Fact 2.3, the only possibilities are / =1, 5.
The product vf - Js (vg) is zero on the E, page, so we must have f = 5.

By Lemma 4.3, Lemma 4.1 applies to vg ; combining this with Lemma 4.4, we have
0=ds(v3) =igw) in E5*7(S/(3,v}) = E;*°(S/(3,0])).

Thus w is divisible by vf in E2143’5(S/3). By Lemma 3.2, we must have w = 0
in E;43’5(S/3). Since w was defined to be an element detecting Uf {Js (vg)}, this
product is zero in homotopy. O

Theorem 4.6 The element vg ek 2144’0 (S/G, vf)) is a permanent cycle in the Adams—
Novikov spectral sequence computing 7+ (S /(3, vf)).

Proof This will follow from applying Lemma 4.2(ii) to vg . The first two hypotheses
of that lemma are satisfied due to Lemmas 4.3 and 4.5. For the last hypothesis, note
that £ ;44’0 (S/3) is generated by vf6, which is a permanent cycle. m|

Corollary 4.7 For 2 < m < 8, the class vg in 1w144(S/(3,v]")) lifts to a class vg in
[S/(3,v]"), S/ (3. v)]144.

Proof Naturality of the map S/ (3, vf) — §/(3, ") for m <8 means that Theorem 4.6
directly implies vg € E2144’0(S/(3, v{")) is a permanent cycle. By [10, Theorem 6.1],
R = S/(3,v]") is a (homotopy) ring spectrum for m > 2. Thus the desired self-map
may be obtained as

VAT “

R—->SAR—— RAR-— R. |
Remark 4.8 Essentially the same argument shows that vg + va; is a permanent cycle
n E;44’0(S/(3, v19)). In the proof of Lemma 4.3 we show that jg(vg) + ji (v;) =
Jo (vg + v?v; ) is a permanent cycle. The proofs of Lemmas 4.4 and 4.5 go through
without modification to show that d5(v§ + va;) = 0 in E;43’5(S/(3,v?)) and
v? . {jg(vg + va;)} = 0. In the proof of Theorem 4.6, we have x = ¢; (vg + v?v;) +
czvg +c3 vf6. This time, vg and v?v; are not permanent cycles since B9/9 = j (jo (vg))
and 87 = j(Jjo (va;)) are not permanent cycles, and vfG is a permanent cycle. Thus
vg + va; is a permanent cycle for some choice of sign.
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5 Survival of beta elements

Our goal in this section is to prove that several infinite families of 8/, elements are
permanent cycles in the Adams—Novikov spectral sequence for the sphere. For indices
a and b satisfying the conditions in [9, Theorem 2.6], Miller, Ravenel, and Wilson
define cycles B,/p in E;’z (S) as the image of certain classes in E;’O(S/(S, vll’)) under
the composition j o jp. In this section we will only consider classes B;,n /p (With p 4 s)
such that b < p", which enables us to use the equivalent, but simpler, definition

L —4b—2,
Basp = j(p(v9)) € E;S47H722(8)

(at p = 3). These elements are defined using the boundary maps j and jp on Ext
associated to the short exact sequences

b
BP, —> BP, — BP,/3 and BP,/3 —> BP,/3 — BP./(3.v%);

by the geometric boundary theorem these coincide with the maps induced on Adams—
Novikov spectral sequences by the maps j and j, of spectra that we have been
considering in this paper. Recall the convention that B4 := B4/1.

Suppose that B,/ is a permanent cycle with » < 8 and, in addition, suppose that the
corresponding element in homotopy ,Bfl’ /b € Tx (S) factors as

M Bl L g Dar, —, 5/(3, vb)i)S for some By € mx(S/(3,1?)).

In this case, for ¢ > 1, Corollary 4.7 allows us to define elements in 74 (S):

Bl arn: S =L 8 /(.08 2 5/3,08) 20

We warn that existence of a factorization (7) is not automatic, even if 8,5, is a permanent
cycle and such a factorization exists on the level of Adams—Novikov E; pages. Our
goal is to show the following, proved at the end of the section.

Theorem 5.1 For all t > 0, the classes

Borysyj for j=1,2, Bor+ey;j for j=1,2,3,
Boryoyj for j=1,....8, a1Bory3/z and oy Bosyr

are permanent cycles in the Adams—Novikov spectral sequence for the sphere.
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Since fB3/3 and B7 support Adams-Novikov differentials, none of the families in
Theorem 5.1 are trivially multiplicative consequences of a different family. Instead, we
have a1 B33 € (al,al,ﬂf) and oy 87 € (al,al,ﬂ%ﬂsﬂ). As we will see in Section 6,
the families a1 B9;43/3, Bos+6/3 and a1 Bo; 47 have nontrivial image in 7, tmf, along
with the family B9, constructed in [3, Corollary 1.2].

Lemma 5.2 The class j, (v%vg) € E;g’l (S/3) is a permanent cycle such that
JUsiv) =P3j2 € E;2(S) and v} {ja(]v3)} =0 € ma(S/3).

Proof We have j(j4(va§)) = j(jz(vg’)) = fB3/2 in E>(S) by the definition of the 8
elements along with Lemma 2.7. By classical computations of the Adams—Novikov
E, page (see eg [14, Figure 1.2.19]), E;S’f(S) =0= E;7’f+1(S) for /> 3, so
E;S’f(S/3) =0 for f > 3. Thus j4(vag) € E;g’l (S/3) cannot support a differential
of any length.

As vf - j4 = 0 as amap E,(S/(3, vf)) — FE,(S/3), it remains to rule out hidden
v‘f—extensions on ,Bg/z_:= {j4(va§)} € m39(S/3). Using [14, Table A3.4] we have
w51(S/3) =F3{a;s, ,Bf}, and so vi’ . ’3/2 = c,Bf = cﬁfﬁf for some ¢ € IF3. (If there
were an o13 component, then the extension would not be hidden.) We have vy - 8 f =0

for degree reasons, as Ravenel’s table implies 7,5(.S/3) = 0. Thus v; -vf -,3’3/2 =0. 0

Lemma 5.3 The class j4(vq vg) € E;S’l (S/3) is a permanent cycle such that
JUsiv9) = Bejz € E;7*(S) and v} -{ja(viv9)} = 0 € mx(S/3).

Proof By Ravenel’s table [14, Table A3.4], B¢/3 and B¢ are 3—torsion permanent
cycles. Since j(j4(v1vg)) = B3 and j(j4(vag)) = B¢, we apply Lemma 4.2(i) to
j4(v1vg) € E§3’1(S/3) and j4(vag) € E;l’l(S/fS), noting that E;’I(S) consists of
permanent cycles. This shows that j, (vlvg) and j4 (vag) are permanent cycles.

To determine v‘l‘ -{Jja(vq vg)}, we first consider the possibilities for vf SIACH vg)} €
791(S/3): from Ravenel’s tables, we have

791(S/3) = F3{o23, B1y2, B1xs1. Bg ).

where j(B;) = B¢. Since vf - B1 = 0 in homotopy by Lemma 2.5(iii), we have
v% . {j4(v1vg)} = c10023 + ¢ B for ¢; € F3. If ¢y # 0, then v‘f . {j4(v1vg)} would be
detected in filtration 1, contradicting the fact that vf - ja(vq vg) =0in E,(S/3). So
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it suffices to show that v? - 8% = 0. From above, we may write f = {j4(v;v5)} =
{jz(vlvg)}. By [11, Lemma 3], vlvg € Ezloo’o(S/(3, vf)) is a permanent cycle, and
hence so is jz(vlvg). We have {j, (vlvg)} = J ({vlvg}) by the geometric boundary
theorem, and v% - Jo({vy vg}) = 0 by definition of j, as a map on homotopy groups. O

Lemma 5.4 The classes vag € E§6’0(S/(3, v‘l‘)) and vlvg € E;OO’O(S/(S, vf)) are

permanent cycles in the Adams—Novikov spectral sequence computing 7.(S/(3, v‘l‘)).

Proof Use Lemma 4.2(ii), with Lemmas 5.2 and 5.3 as input. To check the condition
about the image of i4: E»(S/3)— E>(S/(3, v;‘)) in these degrees, note that E;’l (S/3)
is generated by the image of i : E;’l (S) — E;’l (S/3), which consists of permanent
cycles (these are all image of J classes), along with elements that map to 8 elements
under j. Standard theory about the B elements [9] implies that ,33_/2 and ,36_/3 are
the only such elements in the relevant degrees; these are both permanent cycles by
Lemmas 5.2 and 5.3. |

Lemma 5.5 The class o1 vy vg € E;S’l (S/(@3, vf)) is a permanent cycle in the Adams—
Novikov spectral sequence.

Proof There is a Toda bracket (o1, o1, ,Bf) € m37(S) detected by a1 B33 in filtration 3,
and this class is 3—torsion; see [14, Table A3.4]. In order to apply Lemma 4.2(i)
to j4(a1v1v§) € E;g,z (S/3), we must check that E;S’Z(S) consists of permanent
cycles. It follows from standard facts about the Adams—Novikov 2-line [9] that
E;S’Z(S) = F3{B3/2}. So we may conclude that j4(aqv; vg) is a permanent cycle.

Moreover, vf . {j4(a1v1v§)} is zero in homotopy: since w53(S) = 0 = 7w54(S) by
[14, Table A3.4], we have m54(S/3) = 0. In order to apply Lemma 4.2(ii) to o1 vy vi” €
E;S’l (S/@, vf)), we must chec}< that E;S’l (S/3) consists of permanent cycles. This
is true because the image of E ; " (S) consists of permanent cycles, and analysis of the
2-line reveals that there cannot be a class with nontrivial image in £ ;4’2(S). Thus we

have that o1 vq vg is a permanent cycle. O

Lemma 5.6 The class o1 v vz € E; 19,1 (S/(@3, vf)) is a permanent cycle in the Adams—
Novikov spectral sequence.

Proof Since S/(3, vf) is aring spectrum (Theorem 2.4), we may consider this element
as a product vy vg -0 v%. Oka [11, Lemma 2] showed that vg is a permanent cycle in
E;O’O(S/(& v1)). This implies that vlvg is a permanent cycle in E§4’0(S/(3, v%)).
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Next we consider possible differentials on a1v2 € E; 35 1(S / (3 vz)) An element in
E; 34/ (S/(@3, vz)) either has nonzero image under j, in E (S /3) or is the image
under i» of an element of E > (S /3). From classically known computations of the
Adams—Novikov E, page (see eg [14, Figure 1.2.19]), we deduce that

EY(S/3)=0 and E3*Z(S/3) =Fs{enp}}.

This implies E§4’23(S/(3, vf)) is generated by iz(ozlﬁf). Observe that alﬂf =
aq ,Bi” = ﬁf Thus the only possible nonzero differential on v, vg o v% is a d5 with
target v, vg . vl,Bf. But the target is divisible by vf, hence zero in E5(S/(3, vf)). |

Proof of Theorem 5.1 We show that B9, 13,5 and Bo; 3,1 are permanent cycles for

t > 0. Since vg is a permanent cycle in E,(S/(3, vf)) by Theorem 4.6, its image in

E>(S/@3, v4)) is a permanent cycle Lemma 5.4 says that v2 3 is a permanent cycle in

E>(S/@3, v4)) so the product v? v2 v2 e E,(S/(3, v4)) isa permanent cycle. Recall

that Bg; 13/ € E»(S) is defined as j (]2(1)2’Jr N=7j (]4(v2v§t+3)) in £,5(S/3). Since
2,3

(v 9’H’) is a permanent cycle, so is j(ja (v 9t+3)) Since vjv; is a permanent

Cycle in E2(S/(3,v})), so is v]v3, 50 Bos13/1 = J(]l(vzH_ ) = j (a3 ™) is
a permanent cycle in E;,(S).

The family Bo; 49,5 (and hence Bo;49/; for j < 8) follows directly from the fact that

vg is a permanent cycle in E,(S/(3, v8)) The other families of permanent cycles

follow analogously, using Lemma 5.4 again as the input for B9;46/3 = j(ja(v1 vzt t6y),

Lemma 5.5 as the input for a1 894373 = j(ja(aqvy v2 +3)), and Lemma 5.6 as the
input for a1 Bo; 17 = j(ja(et1v1v5 7). |

6 3-Primary Hurewicz image of tmf

In this section we determine the image of the Hurewicz map /: 4SS — 4 tmf induced
by the unit map S — tmf. The target 7« tmf has been computed via the elliptic spectral
sequence (see [1, Section 3]); this is the Y (4)-based Adams spectral sequence for tmf,
where Y (4) is the Thom spectrum of QU (4) — Z x BU. We will denote this spectral
sequence by E¢!(tmf).

Theorem 6.1 (Hopkins—Mahowald, Bauer [1, Section 6]) At p = 3, w4 tmf is
generated by c4, cg, A, @, f and b, subject to the relation cf; — cé = 1728A and the
relations on the other generators displayed in Figure 3. Multiplication by A* € 17, (tmf)
is injective.
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Figure 3: The E page of the elliptic spectral sequence computing 75 tmf
for 0 < s < 76. Dashed brown lines represent hidden o—multiples. Squares
indicate copies of Z 3y and dots indicate copies of [F3.
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We will show (Theorem 6.5) that all classes in filtration > 2 are in the Hurewicz image,
and the only classes in filtrations 0 and 1 in the image are the summands generated
by 1 and «. Instead of directly mapping to the elliptic spectral sequence, we use the
K(2)-local E-based Adams spectral sequence

EE(TMF) = H*(Ga4; E+) = 74(Lg(2)TMF)

where E = E is height 2 Morava E—theory and TMF is the periodic version of tmf.
There is a map of spectral sequences £, (S) — E ,E (TMF) induced by the natural maps
BP — E and S — TMF. Henn, Karamanov and Mahowald [7, Theorem 1.1] completely
determine E f (TMF/3) and provide formulas that we use to compute the map on E,
pages E»(S) — E f (TMF) in cases of interest; see Lemmas 6.2 and 6.3. For each
class in E, £ (TMF) in filtration > 2, we identify a preimage in E»(S) that is among
the classes proved to be permanent cycles in Theorem 5.1 or [3]; see Proposition 6.4.
As we explain in the proof of Theorem 6.5, it suffices to understand the Hurewicz
image in 7« (L g (2)TMF) because there is an injection 74 (tmf) — 74 (L g (2)TMF);
see Lemma 6.6.

First we review some notation and basic facts. We have E/3 = Fo[u;][u*!], and
there is a natural map BPy, — E that sends v{ — uiu=2, vy > u"% and v; > 0 for
i > 2. Abusing notation, we will let v; denote its image in E/3.

Recall j:S/3— XS denotes the boundary map in the cofiber sequence S 2,58 /3.
We will also use j to refer to the map j ATMF: TMF/3 — XTMF. Similarly, j,, will
denote both boundary maps S/(3, v{*) — S /3 and TMF/ (3, v{") — TMF/ 3, depending
on context.

Lemma 6.2 In E,. we have

3 A2 2 6
v, = —A"— VA mod (3,v;),
Vo= A% — 2y, A3 3
2: A" —viv A mod (3, vy),
23}171 2.31— 1 311 1 3n 2.37
vz =—A —vl A mod (3,v;7 ).

Proof The formula A = (l—wzu%—ku‘l‘)wzu_lz mod (3, u?) from [7, Proposition 5.1]
implies
A*=(1— 2w2u% + u‘l‘)(—vg) mod (3, vf),

vlzva = v; (wzu% + u?) mod (3, v16).
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8th

where @ denotes an 8" root of unity in 9. Combining these facts, we obtain the

formula for vg; the formulas for vg and vgn follow from it by squaring and successive
cubing, respectively. a

Let
H: Ey(S) — EE(TMF),
H': E5(S/3) — EE(TMF/3),
H,,: E2(S/(3, ") > E7 (TMF/(3,v]")),

denote the natural maps of spectral sequences.

Lemma 6.3 We have
H()=a, H(j3(3)=Aa, H(j;(viv]) = A,
H(B1) =B, H(B3/3) = AB, H(B7) = A*B,
H'(j3(viv)) =& H'(j3(v9)) = A,
H(Bs/3) = N°B,

where j (&) = . (Here = denotes equality up to multiplication by a unit.)

Proof Following Bauer [1, Section 6], we have H(«;) = « since they both come from
the cobar class [¢1], and H(B1) = B because of the Massey products 8; = {1, @1, 1)
and 8 = (&, @, a). We have j(@) = B and j(j3(va2)) = B1, s0

J(H'(j3(v1v2))) = H(j(j3(viv2))) = B.

This specifies H'(j3 (v%vz)) up to the image of Ef (TMF), but since Ef (TMF/3) is
I-dimensional in the degree of &, there is no ambiguity.

For the next column, we have in E f (TMF/ (3, vl3 )) that
H'(j3(v3)) = j3(Hy(v3)) = ja(—=A> —vivA) = —=Aj3(v]vy) = —A- @,

using Lemma 6.2 and the earlier fact about H'( j3 (vaz)). Note that j3(A") = 0 since
A" is in the image of Ef (TMF/3). Now apply j to get the statement about H (B3,3).
The remaining facts in this column are analogous, using the fact that 8¢/3 = j (/3 (vg)).
The last column is also proved similarly, using the fact that 87 = j (/3 (va; ). m|

By our convention about naming elements in the image of the map BP, — E, we
have H}(v;) = v,.

Algebraic & Geometric Topology, Volume 23 (2023)



Beta families arising from a v] self-map on S /(3,v) 4373

Proposition 6.4 Fort > 0 the map H: E,(S) —> E f (TMF) satisfies

(i) H(Boiy1) = AP,

(i) H(Bor+3/3) = A"T!B,
(i) H(Borte/3) =AY 3B,
(iv) H(Bor+7) = AYT4B.

Proof These statements are all proved the same way; we show (ii). First observe that
Lemma 6.2 implies v; = —A® (mod (3, v16)). Using Lemmas 6.2 and 6.3 we have

H(Borr3j3) = H( (303 7)) = j (s (H;034))
= j(3(Hy(v3) - Hy(03)) = j (3 (=A% = vivaA) - (=)' A%))
= jUs((=DTTAYT2) 4+ 7 (3 (=D ofua A%TT)
=0+ (_1)t+1A6t+1j(j3(v%U2)) _ (_1)t+1A6t+1ﬁ.

The last line uses the fact that j; (v%vz) =dain E f (TMF/3) from Lemma 6.3. |

In the next theorem, we show that every element in w4 tmf detected in filtration > 2 is
in the Hurewicz image. This result is stated without proof in [8, Section 1], but we do
not know of any prior proof in the literature.

Theorem 6.5 The image of the map h: m4«S — 7y tmf at p = 3 consists of the Z3)
summand generated by 1 and the 3 summands generated by

a, AMBL A'ap, A'Bb for1<i<4 andt>0.
More precisely, we have
h(ay) = a, h(B ! Bors1) = A B for 1 <i <4,

h(o Bory3/3) = A% Bb, h(BY ! Borge3) = A3 for 1 <i <4,
h(o1 Bor+7) = AS"13Bb.

Proof Let Eg"(tmf) denote the elliptic spectral sequence for tmf (see [1, Section 6]);
recall this is the Y (4)-based Adams spectral sequence for tmf. There is a map of
spectral sequences L: ES(tmf) — E f (TMF) that comes from the map on Adams
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towers induced by the maps Y (4) - MUp — E (where MU p denotes periodic MU)
and tmf — TMF. These maps assemble into a diagram of spectral sequences

EN(tmf) —2— EE(TMF) 22— E5(5)

®) ﬂ ﬂ ﬂ

7y tmf ——— 7y L g (o) TMF A TS
\—//
h

No element x € E ggs’o(tmf) for s # 0 is in the image of 4: Lemma 6.6(ii) implies x
would be detected in filtration O of E fo (TMF), and H: E(S) —> E fo (TMF) is zero
in filtration O for nonzero stems.

Next we turn to elements detected in filtration 1. We have H(«1) = o by Lemma 6.3;
since we have H = L o/ as maps 7«S — mxLg2)TMF and L is injective by
Lemma 6.6, this implies /i(a;) = o € 74 tmf. The other elements of ES!(tmf) in
filtration 1 are A3’« for ¢t > 1 and A3’h for ¢ > 0; we will show that the permanent
cycles they represent are not in the Hurewicz image. By Lemma 6.6(i) they are in the
image of / if and only if their images in 7« L g (2)TMF are in the image of H. By
Lemma 6.6(ii) they are also detected in filtration 1 in E fo (TMF), so if they were in the
image of H, they would be the image of a class in £, (.S) in filtration O or 1. We have
E;’O(S) =0 for s > 1, so it suffices to show that the elements in E;’l (S) except for o
are in the kernel of 4. If x € E;’I(S) with s > 3 then i (x) = alv{‘ for some k > 1.
If 4’ denotes the map 7«(S/3) — m«(tmf /3) induced by 4, we have A'(ajv1) =0
since 77 (tmf /3) = 0. Thus i (2(x)) = A'(i(x)) = 0 in 74(S/3), which implies that
h(x) is 3—divisible. But Figure 3 shows that there are no 3—divisible nonzero targets in
Adams—Novikov filtration 1.

We will now show how to use Proposition 6.4 to derive the remaining claims about /;
for multiplicative reasons, it suffices to show i = 1 in those statements. We will
illustrate this with the element oy B9, 3/3; the other elements are analogous, using
Theorem 5.1 for Bg;46/3 or [3, Corollary 1.2] for Bg; 1 in place of Theorem 5.1
below as necessary. By Proposition 6.4, H(a1Bo13/3) = A% Tlap in EE(TMF).
Since A®T1aB is a permanent cycle in E;“ (tmf) converging to A% b, we have that
AS"*1gB is a permanent cycle in £E£(TMF) converging to A%’ Bb. Theorem 5.1
shows that a1 89,4 3/3 is a permanent cycle in the Adams—Novikov spectral sequence;
write a1 B9, 4 3/3 for the (non-a;—divisible) element in homotopy it converges to. The
following diagram summarizes these statements by illustrating (8) applied to these
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elements:
6141 L 6r+1 H
i\ af —— A + aﬂ%alﬂglﬂﬂ

ASIBb s ASTBD oy Bos s
\_/

h

Thus H: m4«S — mx L g(2)TMF satisfies H(a1Bos43/3) = A% Bb. Since H factors
through /2 and L: 7y tmf — 74« L g (o) TMF is injective by Lemma 6.6(i), we have that

h(a1 Bor+373) = A% Bb. O

Lemma 6.6 (i) The map L: my tmf — my L Kk (2) TMF is injective on the classes in
Theorem 6.5.

(ii) The map L: ES!(tmf) — E fo(TMF) is injective in filtrations 0 and 1.
In fact, L is injective on E pages in all filtrations, but we do not need this fact.

Proof (i) We have
705 (L g (2)TMF) = (m«(tmf)[(A%) 1)),

where I = (3,c4); see [8, Section 2]. It is clear from the calculation of 7, tmf
that the localization map 4 (tmf) — (A®)™ !4 (tmf) is an injection. It suffices to
show that completion at [ is injective on the specified classes. This holds because
0=c4 -0 =cy-B =cs-bin (A**)" !, tmf for degree reasons (and these classes are
also all 3—torsion).

(i) Consider an element of ker(L: Egg(tmf) — E fo(TMF)) represented by x €
E SH (tmf) in filtration O or 1. We claim that x is in ker(L,: E ;“ (tmf) - E f (TMF)):
since L,(x) is in filtration O or 1, it cannot be the target of a d, differential for r > 2.
By comparing the calculations of Egu(tmf) and F f (TMF/3) in [1, Section 5] and
[7, Theorem 1.1], respectively, it is clear that L’,: E SH (tmf /3) > FE f (TMF/3) is an
injection, so the image of x in £ SH (tmf /3) is zero, which implies (using exactness of
the top row in the diagram) x € F ;ﬂ (tmf) is 3—divisible:

ES\(tmf) —— ESN(tmf) —— EZ)(tmf /3)

L

EE(TMF) —— EE(TMF/3)
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Since £ g” (tmf) has no 3—divisible classes in filtration 1, we now focus on the filtration 0
case. Let y=x/3"€ FE g” (tmf) be the non-3—divisible generator, which then has nonzero
image i (y) in E§'(tmf /3). Since L/, is an injection, L}, (i (y)) =i(L2(y)) # 0. We
claim that the (nonzero) group generated by L,(y) is torsion-free: if not, then the
corresponding top cell class would be a nonzero class in £ f (TMF/3) in filtration —1,
contradicting [7, Theorem 1.1]. So L,(x) = 3" L,(y) # 0, contradicting the fact above
that x € ker(L,). |

Remark 6.7 Our methods are not sufficient to completely determine the image of
the map /’: 74 (S/3) — w4« (tmf /3). The remaining nontrivial part of this question is
to determine which elements A"« are in the image. Arguments similar to those we
have given in this section show that /’(Bo;42) = A%+l and h'(Bos45) = A H3a.
However, the families A%« for ¢ > 1 and A% T4« for ¢ > 0 fit into patterns that are
not described by our work in this paper. For example, A*a € g9 (tmf /3) is not in the
image of /" for degree reasons. On the other hand, using the more precise definitions
of the B elements in [9, (2.4)] and calculating analogously to Lemma 6.3, we find
that the map E,(S/3) — Ef (TMF/3) sends m to A'%. As we do not know if
B1is/11 is a permanent cycle, we are unable to conclude whether A%« is in the image
of 7.(S/3).
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Uniform foliations with Reeb components

JOAQUIN LEMA

A foliation on a compact manifold is uniform if each pair of leaves of the induced
foliation on the universal cover are at finite Hausdorff distance from each other. We
study uniform foliations with Reeb components. We give examples of such foliations
on a family of closed 3—manifolds with infinite fundamental group. Furthermore,
we prove some results concerning the behavior of a uniform foliation with Reeb
components on general 3—manifolds.

57R30

1 Introduction

Consider a foliation F on a compact Riemannian 3—manifold M. This foliation lifts to
a foliation 7 on the universal cover M. We will say that F is uniform if any pair of
leaves of JF are at finite Hausdorff distance from each other.

A lot can be said about a uniform foliation if we further assume F to be Reebless;
see for example Fenley and Potrie [6] and Thurston [17]. In this paper, we will focus
on the opposite case. More precisely, we will study the following question posed by
Fenley and Potrie [6, Question 1]:

Question 1.1 If F is uniform in M with infinite fundamental group, does it follow
that F is also Reebless?

Our first result will be to give a negative answer to the question (see Section 4):

Theorem 1.2 Forevery [,m € N and every choice M1, ..., M; of 3—manifolds with
finite fundamental group, there exists a uniform foliation with Reeb components on
M= (#", S'x S2)#(#_, My).

i=1
One can arrange the foliations given by Theorem 1.2 to be C °*°—smooth; see Remark 4.3.
We will also give an example of uniform foliation with Reeb components on the solid
torus, which is trivial on the boundary. However, these 3—manifolds are “small” in the
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4380 Joaquin Lema

sense that they are the only ones not admitting an immersed essential closed surface of
genus g > 1; see Proposition 2.5. In this paper, we will say that an immersed surface is
essential if the immersion induces an injective morphism from the fundamental group
of the surface to my (M).

We can say the following for the rest of the 3—manifolds:

Theorem 1.3 Let F be a uniform foliation on a compact 3—manifold M admitting an
immersion i : ¥ — M from a closed surface ¥ of genus g > 1 such that ix: w1(X) —
1 (M) is injective. Then i (¥) must intersect the set of Reeb components.

The idea of the proof is to put the immersion in general position with respect to
the foliation, and then apply Poincaré—Bendixson theory on the induced foliation on
> ~R2

Theorem 1.3 and some remarks in Section 3 motivate us to modify Question 1.1: does
an irreducible 3—manifold with infinite fundamental group admit a uniform foliation
with Reeb components?
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2 Preliminaries

2.1 Foliations on 3—-manifolds

We will work on a compact 3-manifold M endowed with a C*-%F codimension-one
foliation F. From now on, by foliation on a 3—manifold we refer to a foliation of
codimension one. We will assume some familiarity with foliation theory; the reader
may find a comprehensive treatment of the subject in [3; 4] and [9; 10].

A Reeb component is a foliation of the solid torus such that the boundary is a leaf, and
there is a circle’s worth of planar leaves in the interior spiraling towards the boundary
torus. We will also call some quotient of this foliation a Reeb component. These are
crucial in the study of foliations on 3—manifolds by Novikov’s celebrated theorem [11].
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It says (among other things) that if F is orientable and transversely orientable, then it
is Reebless if and only if every leaf L is essential (as defined in the introduction). In
this sense, for Reebless foliations, the topology of a leaf is tied to the topology of the
manifold.

Considering this fact, it is natural to ask if there exists some property of a foliation F
with Reeb components “reading” the topology of the 3—manifold. This does not seem
plausible, as every 3—manifold admits a foliation with Reeb components. Furthermore,
Thurston shows in [16] that every plane field on M is homotopic to the tangent space
of a foliation. His construction is local in nature, so we do not care about the global
topology of M. The Reeb components play a key role because holes can easily be
filled using them. See [4, Section 8.5] for a detailed treatment of this construction.

However, we believe that if a compact 3—manifold M is “big enough”, then it does
not admit a uniform foliation with Reeb components; see Section 3. In particular,
Lemma 3.1 would tell us that every foliation on these manifolds must have leaves
lifting to unbounded sets on the universal cover. This would be interesting because not
much is known about the behavior of a foliation with Reeb components on a general
3—manifold.

Suppose that M is equipped with a Riemannian metric, and let us denote the universal
cover of M by p: M — M, equipping M with the pullback metric.

Definition 2.1 Let F be a foliation on a compact manifold M, and denote the lifted
foliation on M by F. We will say that F is uniform if any pair of leaves of F are at
finite Hausdorff distance from each other.

This notion was introduced by Thurston in [17], who further required F to be Reebless;
see also [2, Section 9.3]. We stick to the definition given by S Fenley and R Potrie
in [6].

2.2 Turbulization

To prove Theorem 1.2, we will rely on a method for modifying foliations along a
transverse curve known as turbulization.

Suppose that a 3—manifold M is endowed with an oriented and cooriented foliation F
admitting an embedded closed curve 7 transverse to the foliation. Let N(7) be the
closure of an embedded tubular neighborhood of r. Then the orientability and coori-
entability of F implies that if N () is small mlgh, F| NG is homeomorphic to the
product foliation by disks on the solid torus N (7).
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Figure 1: Left: some leaves of the foliation 7. Right: the function A control-
ling the vector field normal to ker w.

Fix an identification of N(t) with D2 x S! sending the leaves of F| N@) © D?x{-\.
We will denote points in D? x S using cylindrical coordinates, by which we mean
that (r, 6, z) represents a point whose projection to D? has polar coordinates (r, #) and
which projects to z € S!. Notice that the plane field tangent to the foliation by disks is
given by the kernel of the 1-form «g = dz.

Now we will construct a new foliation 7 on D? x S! with a Reeb component on the
interior and coinciding with the foliation by disks on a neighborhood of the boundary
torus. This will give us a new foliation 7' on M, defined as F in the complement of
N(z) and as 7 on N (7).

Take A: [0, 1] — [—%, %] to be a smooth function which is a strictly increasing bijection
3

'z
right. Now define the 1-form
W(r,0,z) = cos(A(r)) dr + sin(A(r)) dz.

This is well-defined on D2 x S! if A®)(0) = 0 for every k > 1. Using Frobenius’
theorem, one can check that w = ker w is an integrable plane field. The foliation tangent

restricted to the interval [0 ], and satisfies A(%) =0 and A|[3/4,1] = 5 see Figure 1,

to 7 is the desired foliation 7" depicted at the left of Figure 1.

If we are careful with the choice of A, it can be shown that the resulting foliation F’
on M is as regular as F. The reader can find a detailed description of this construction
in [3, Example 3.3.11].

2.3 General position

Let F be a foliation on a 3—manifold M and i: ¥ — M an immersion. We can always
take a small perturbation of i in order to suppose that i (X) is “as transverse as possible”
to the foliation.
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Definition 2.2 Let X be a closed surface and let i : ¥ — M be an immersion into
a 3—manifold M endowed with a foliation F. We will say that the immersion is in
general position with respect to F if the following happens:

(1) Except at a finite set of points {p1,..., p;} C X, i is transverse to F.
(2) The points {i(p1),...,i(p;)} lie on distinct leaves of F.

(3) For every pj and every submersion ¢ defined on a neighborhood around i (py)
locally defining the foliation! sending i (py) to zero, there exists a neighborhood
Uk of pi such that ¢ o iy, is topologically conjugated to f. or fs, where
fe(x,y) =x%+ y? and fi(x,y) = x> — y2. By this we mean that there exists
a homeomorphism between Uy and some neighborhood U ]2 of 0 € R? such that

the diagram
(@oD)u
Uk —

e

/
Uk
commutes, where o may be ¢ or s.

Geometrically the last condition says that the tangencies between X and the foliation
look like a critical point of a Morse function on X (up to homeomorphism); see Figure 2.

The following theorem dates back to Haefliger when the foliation F is sufficiently
regular. It was generalized to the case of C° foliations by Solodov in [14].

Theorem 2.3 Leti:¥— M be an immersion of a closed surface ¥ on a 3—manifold M
endowed with a oriented and cooriented foliation F. Then for every € > 0, there exists
an immersion j: ¥ — M in general position with respect to F and e—close to i in the
C°—topology.

Suppose that F is oriented and cooriented and 7 : ¥ — M is an immersion in general
position with respect to F. The first condition of Definition 2.2 tells us that F induces
a foliation on X \ {p1, ..., p;} whose leaves are intersections of leaves of F and i (X).
The third condition gives us a model neighborhood around a singularity; more precisely,
they look like saddles in the case of fs, or centers in the case of f.; see Figure 2.

By this we mean a map ¢: U — R such that the preimages of the regular values are disks contained in a
leaf.
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Figure 2: Bottom: tangencies of a surface in general position (in yellow) and
the foliation (in green). Top: the induced singular foliation on the surface.
The orientation and coorientation of F induces an orientation on the singular

foliation.

These local models give us what is called a singular foliation with Morse singularities
on X. The orientation of F induces an orientation on this singular foliation (this is an
orientation outside its singular points).

The second condition tells us that a separatrix cannot join two distinct singularities;
see below for a definition of separatrix.

2.4 Singular foliations of Morse type

In this section, we will fix some notation that we are going to use throughout this
text. Let ¥ be a surface endowed with an oriented singular foliation with Morse
singularities G. Suppose that p is some nonsingular point; we will denote the leaf
passing through p by L,. If L, is noncompact (ie not a circle) then p separates L
into two components L;‘ and L, where L;‘ is composed of points greater than p
with respect to the order imposed by the orientation, and L of points smaller than p.

If L is some noncompact leaf, we will say that the w-limit of the leaf is the set
o(L)=per L. Analogously we define the a—limit of the leaf as (L) = ) pel L_; )
A leaf L is a separatrix if the o— or w—limit of L is a singularity.

Let C be a union of singularities and separatrixes S; such that the ¢—limit and w-limit
of S; are singularities in C. This set defines a directed graph with one vertex for each
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singularity in C and one edge for each S;, with the orientation induced by the foliation.
We will say that C is a closed graph if there exists a closed path on the graph which
travels through every edge only once (respecting the orientation).

We will end up studying Morse-type singular foliations on R?. In this context, we can
apply the classical Poincaré—Bendixson theorem (see for instance [12, Theorem 1.8]):

Theorem 2.4 (Poincaré—Bendixson) Let G be a Morse type singular foliation on R?
and L a leaf with compact closure. Then a(L) and w(L) can be a saddle singularity, a
closed leaf or a closed graph.

2.5 Essential immersions

Let M be some closed 3—manifold. We will say that a 2—sided embedded closed
surface X is compressible if there exists some embedded disk D on M such that
DN X =09D and 9D is not homotopically trivial in . We will call D a compressing
disk for . A 2-sided embedded surface X of genus g > 1 is incompressible if there
are no compressing disks.

If a 2—sided embedded surface X is compressible, we can do surgery on a compressing
disk D in order to obtain a simpler surface [8, Section 1.2]. This operation preserves
the homology class [X] € H, (M, Q). Doing finitely many surgeries on 3, we obtain an
embedded 2—sided surface, whose connected components are incompressible surfaces or
spheres. The sum of the homology class of the connected components is the homology
class of .

The disk theorem [8, Theorem 3.1] tells us that a 2—sided embedded surface X is
incompressible if and only if the embedding i : ¥ — M induces an injective morphism
ix:m1(X) > w1 (M), ie the surface is essentially embedded.

Thanks to the virtual Haken conjecture proved by Agol in [1], we can say exactly which

closed 3—manifolds admit essentially embedded closed surfaces of genus g > 1:

Proposition 2.5 A closed 3—manifold M admits an essentially immersed surface X of
genus g > 1 if and only if some factor of the prime decomposition of M is irreducible
with an infinite fundamental group.

Proof The “if” part is a direct consequence of the virtual Haken conjecture. Suppose P
is a factor of the prime decomposition, which is irreducible with an infinite fundamental
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group. Then it has a finite cover P which admits an embedded incompressible surface
of genus g > 1. Projecting this surface to P and avoiding the balls of the connected
sums, we obtain an essential immersion on M.

To see the “only if” part, it is enough to show that the fundamental group of the
remaining 3—manifolds does not admit a subgroup isomorphic to the fundamental
group of a closed surface. No factor of the prime decomposition of M is irreducible
with an infinite fundamental group. Therefore, factors can be irreducible with a finite
fundamental group or S! x S (prime but not irreducible). The fundamental group of
such a 3—manifold must be a free product of infinite cyclic and finite groups.

If the fundamental group of a closed surface I" were isomorphic to a subgroup of
such a group, then the Kurosh subgroup theorem [13, Section 1.5.5] tells us that I" is
isomorphic to a free product of infinite cyclic groups and finite groups. However, the
fundamental group of a closed surface is freely indecomposable; this means that it is
not isomorphic to a free product of two nontrivial groups (this follows from Stallings’
end theorem [15, Section 4.A.6]). Therefore it would be isomorphic to a cyclic group
or a finite group. Both options are impossible. O

We remark that the last proof shows that the only closed 3—manifolds which do not
admit an essential immersion are those where we can use Theorem 1.2.

3 Some remarks

We begin with some general facts about uniform foliations with Reeb components on
3—manifolds. We will assume that M is equipped with some Riemannian metric; this
induces a metric on the universal cover p: M — M.

The following was observed by Fenley and Potrie in [6]; we include the proof for
completeness.

Lemma 3.1 Let F be a uniform foliation with Reeb components on a compact man-
ifold M. Then every lift of a leaf to the universal cover M has compact closure. In
particular, the inclusion of a leaf i : L — M induces a morphismiy: w1 (L) — (M)
with finite image.

Proof It is enough to show that a boundary leaf of some Reeb component lifts to
a compact leaf because any pair of leaves of the foliation F are at finite Hausdorff
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distance from each other. So assume for the sake of contradiction that the lift of a
boundary leaf of some Reeb component R is noncompact. Let ¢ € R and y C R be a
loop at ¢ homotopic to the core of the Reeb component. The homotopy class of this
curve is nontrivial; otherwise, R would lift to a compact set. Choose some lift of y
starting at § € p~!(g), we claim that diz (G, y"(q)) —n .

One way to see this is to use that the map « € 7;(M) — «(p) is a quasi-isometry (by
the Milnor—Svarc lemma). This fact implies that the distance between a lift of a plane
on the interior of the Reeb component and y"(g) goes to infinity with #, contradicting
the uniform condition.

To see that the inclusion of a leaf i : L — M induces a morphism with finite image,
suppose for the sake of contradiction that #(ix7; (L)) = co. Then the cardinality of
the stabilizer of a connected component L of p~Y(L) is infinite. In particular, the orbit
of every p € L is infinite. But the action is proper, so L escapes every compact set,
contradicting the last paragraph. |

This lemma motivates us to look for counterexamples in foliations such that every leaf
of F has compact closure. The following gives us a criterion for a foliation to verify
this condition.

Lemma 3.2 Let F be a foliation on a compact manifold M. Suppose that there exist
compact leaves Ay, ..., Aj such that every connected component of the complement
of Uf-;l p~1(A;) has compact closure. Then F is uniform.

Proof Take a leaf L of F different from a lift of some A;. Then some connected
component of the complement of Uf-;l p~1(A;) contains L because the boundaries of
these regions are composed of leaves. Therefore, the leaf has compact closure because
each one of these regions is compact. |

This remark motivated our first counterexamples to Question 1.1; see Constructions 4.2
and 4.10. However, the reader may notice that the existence of these compact leaves
imposes conditions on the topology of the 3—-manifold M. Lemma 3.1 allows us to use
compression disks on compact leaves until we get spheres on M. These spheres must
bound some topology in order for us to use Lemma 3.2.

The following is a consequence of this idea.
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Lemma 3.3 Let F be an oriented and cooriented uniform foliation with Reeb compo-
nents on a closed, irreducible 3—manifold M with an infinite fundamental group. Then
every compact leaf is a torus, bounding a solid torus on one of its sides.

Proof The inclusion i of a compact leaf L induces the zero morphism ix: 7 (L) —
71 (M), because the fundamental group of a closed, irreducible 3—manifold is torsion-
free. We can compress the surface L using the disk theorem until we get a union of
spheres S. The compression operation preserves the class [L] € H, (M ; Q). However,
S is composed of spheres and M is irreducible, therefore [L] = [S] = 0.

This implies that the leaf L cannot admit a closed transversal t, because if it did
then the intersection product between [t] € H; (M ; Q) and [L] € Hp(M ; Q) would
be nontrivial and [L] # 0. A theorem of Goodman (see [3, Theorem 6.3.5]) implies
that L must be a torus. To see that it bounds a solid torus, do surgery on L with some
compressing disk to get a sphere. This sphere bounds a ball on one side, so we obtain
a solid torus bounded by L by reversing the compression operation. O

Lemmas 3.1 and 3.3 paint a strange picture. For instance, if the universal cover is R3
then the foliation fills all the space, but every compact leaf cannot bound topology. An
exceptional minimal set is not much worse because they must have compact closure. On
the other hand, our main theorem, Theorem 1.3, tells us that the set of Reeb components
must intersect every essentially immersed surface. Figure 3 shows a possible picture
for the set of Reeb components on a uniform foliation on T 3.

Question 3.4 If F is uniform in an irreducible 3—-manifold M with an infinite funda-
mental group, does it follow that F is also Reebless?

4 Constructions

We begin with an explicit counterexample to Question 1.1 on S! x §2. To do so,
consider the characterization of S! x S? given by the following remark.

Remark 4.1 The manifold S! x S? is homeomorphic to M, which is constructed as
follows. Start with the solid torus S x D? and a circle K, which is the boundary of an
embedded disk D. Identify a tubular neighborhood of the knot K with S! x D? in such
a way that the longitude S! x { -} bounds an embedded disk in the complement of the
neighborhood. Drilling this tubular neighborhood, we obtain a compact 3—manifold N
with two boundary components homeomorphic to S! x S!. Identifying both boundary
components via the identity map, we obtain the closed 3—manifold M.
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Figure 3: Can we have a uniform foliation on T 3 so that the Reeb components
are the ones depicted in this image?

To prove this, notice that S! x S2 is homeomorphic to the quotient of R3 \ {0} induced
by the properly discontinuous Z-action generated by the map f(x) = %x. If S? is
the standard sphere, the set bounded by S? and f(S?) is a fundamental domain. Now
consider a torus S resulting from S? by adding a small handle. Notice that f(S) is
contained in the solid torus bounded by S and containing 0. Furthermore, the set N
bounded by S and f(S) is also a fundamental domain for the action. Therefore,
S x §? is homeomorphic to N, where we identify both boundary components via the
map /. This identification coincides with the identification defining M.

We will be referring to a curve K on a 3—-manifold which is the boundary of an
embedded disk as an unknot. We will always equip an unknot with a frame such that
the longitude of the tubular neighborhood is the boundary of some embedded disk in
the complement of the neighborhood.

The following construction is motivated by Lemma 3.2.
Construction 4.2 We will construct a uniform foliation with Reeb components F on
S x §2? which admits a transversal unknot.

Thanks to Remark 4.1, it is enough to find a foliation tangential to the boundary of the
manifold N obtained from S! x D? by drilling a tubular neighborhood of an unknot.
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Figure 4: The foliation on N before turbulizing along t.

To see this, notice that S' x S? is obtained from N by identifying the boundary
components. The foliation on N projects to a foliation of S! x S? with a toric leaf S
coming from the boundary components of N. We saw in Remark 4.1 that the lift of .S
to the universal cover R3 \ {0} bounds a compact fundamental domain. Therefore this
foliation falls under the hypothesis of Lemma 3.2. In particular, it is uniform.

We may construct a foliation tangential to the boundary on N as follows: let D? be
the unit disk on R? and A C D? be the annuli with inner and outer radii % and 1,
respectively. Equip 4 with a Reeb component and consider the product foliation
induced on S' x 4 C S x D2. We can complete this foliation to S x D? by adding a
Reeb component on S x (D?\ 4). Notice that the core of a Reeb annulus is transversal
to the foliation; this induces a transversal 7 to the foliation on the solid torus bounding
a disk. Turbulizing along t and drilling the newly generated Reeb component, we
obtain the desired foliation on N ; see Figure 4.

Remark 4.3 The constructed foliation can be made C°°. We just have to choose the
Reeb annulus and the turbulization process in such a way that the resulting foliation
on N has C*—trivial holonomy on the boundary; see [3, Definition 3.4.1]. The reader
may check that each construction on this section can be made C°°. We will not pay
attention to this.

Now we describe a procedure that will allow us to start with a pair of foliated 3—
manifolds M and N and construct an explicit foliation on its connected sum. Further-
more, if we look at M and N with balls removed inside M # N, the foliation on the
connected sum coincides with the original pair of foliations outside the boundary of
the drilled balls. The idea comes from the following remark.
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Remark 4.4 Let M, and M, be a pair of 3—manifolds. For i = 1,2, consider an
unknot K; on each M; contained in a certain 3-ball B; C M; — for example, a tubular
neighborhood of the spanned disk. Drilling a tubular neighborhood of K; contained
on B; from M;, we obtain N;. Identifying this tubular neighborhood with S x D?
via the standard framing, we get an identification between the boundary component
of N; coming from K; and Slx st

We claim that if we start from Ny U N, and we identify the boundaries of the drilled
tubular neighborhoods of K; and K, viathe map f:S! x S! — S! x S! defined as
f(x,y) = (y,x), we obtain a 3-manifold M homeomorphic to the connected sum
M #M,. To prove this claim, notice that if we start with the balls B;, drill an unknot K;
from each of them, and sew the resulting sets along the boundary tori according to the
map f, then we obtain S3 with a pair of 3-balls removed, ie S? x [0, 1]. Therefore
M =~ M, #S3# M,, as desired.

Lemma 4.5 Let M, and M, be compact 3—manifolds endowed with foliations F;
and F,. Suppose that there exists an unknot K; in M;, transverse to F; and contained
in a ball B;. Then there exists a foliation F on M # M, admitting a transversal unknot
and coinciding with F; on M; \ B;. Furthermore if F; and JF, are uniform, then F is
also uniform.

Proof We start by turbulizing F; along the transversal K;. This process can be done
by letting the foliation F; fixed outside the ball B;. Drilling the newly generated Reeb
component, we obtain a 3—manifold N; equipped with a foliation tangential to the
component S; of dN; coming from the Reeb component. Identifying S; C dM; as in
Remark 4.4, we obtain the desired foliation F on M7 # M. Notice that the leaf obtained
by identifying S; is a torus S such that the inclusion i : S — M # M, induces the
zero morphism on the fundamental group. Near this leaf, there are a lot of transversal
unknots resulting from the turbulization process.

Now we will see that this construction preserves the uniform condition. Notice that
as F; admits a homotopically trivial transversal, it must have Reeb components by
Novikov’s theorem; see, for instance, [4, Theorem 9.1.4]. Therefore, Lemma 3.1 tells
us that every leaf of the induced foliation ]?, on the universal cover M, ; has compact
closure.

Let N; be as above and consider the cover ¢; : ]V,- — N; defined as ]\2,- with the solid tori
bounded by lifts of S; drilled, and the projection ¢; = p;| P (NI where p; : M, i —> M;
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is the universal cover of M;. We claim that if p: M—>M 1 # M> is the universal cover
of the connected sum, then each connected component of p~!(X;) is homeomorphic
to ]\Afi (notice that each NVj; is naturally embedded in M # M>).

To see this, it suffices to notice that if j;: N; C M; — M # M, is the inclusion on the
connected sum, then ker( j;)« is isomorphic to 4 (]/\\7,-), by Galois correspondence. By
Van Kampen’s theorem 71 (N;) = 71 (M;) # (m;), where m; is the homotopy class of
a meridian of the drilled solid torus on M;. The morphism (j;)« sends each word y
of 71 (N;) to the word obtained by deleting all appearances of (m;) from y, because
ix: w1(S) = w1 (M # M,) is zero. Therefore, ker(j;)« is the normalizer of {m;),
which is exactly the image of (]V,-) C w1 (N;).

To conclude the lemma, notice that every leaf apart from § is either contained in N;
or N,. In any case, the lift of each of those leaves cannot leave a connected component
of p~1(IV;) because its boundary is composed of leaves. The restricted foliation on this
connected component is the foliation on ]V,- C M;. Therefore every leaf has compact
closure, and the foliation is uniform. O

Lemma 4.5 and Construction 4.2 gives us the following.

Corollary 4.6 Given k € N, there exists a uniform foliation F with Reeb components
on #5_, S x S2. Furthermore, this foliation admits a transverse unknot.

Every foliation on a compact 3—manifold with a finite fundamental group is uniform
because the universal cover is compact. Furthermore, it has Reeb components by
Novikov’s theorem. We will see that we can construct such foliations in a way that we
fall under the hypothesis of Lemma 4.5.

For the next construction, we will use the notion of open book decomposition. An
open book decomposition on a closed 3—manifold M is a pair (B, ), where B is an
oriented link on M (called the binding) and w: M \ B — S is a fibration. We ask
the fibers 77! (-) to be the interior of compact surfaces whose boundary is B; these
are called the pages of the open book. There is a classical theorem (due to Alexander)
saying that every closed 3—manifold has an open book decomposition; see [5] for a
nice introduction to these objects.

Construction 4.7 We will construct a (uniform) foliation F on every closed 3—
manifold M with a finite fundamental group, such that there exists a torus transverse
to F which bounds a solid torus 7. In particular, every meridian of 97 is an unknot.
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To see this, we will briefly recall the argument which shows that every closed 3—
manifold admits a foliation. Choose an open book decomposition (B, 7) on M. Let
T be a tubular neighborhood of B and identify every connected component of 7'
with S x D2. With this identification, define a tubular neighborhood 7’ C T whose
connected components are S x D> C S x D?, where D'? is an open disk properly
contained on D?.

On M \ T’ we have a foliation transverse to the boundary defined by the fibers of the
fibration 7: M \ B — S!. Spinning this foliation along the boundary and filling the
boundary with a Reeb component (see for instance [2, Example 4.10]), we obtain a
foliation on M. Notice that 97 is composed of a torus transversal to the constructed
foliation, bounding a solid torus.

Construction 4.7 and Corollary 4.6 immediately give us Theorem 1.2.

Corollary 4.8 Given k € N and a choice My, ..., M; of 3—-manifolds with finite
fundamental group, there exists a uniform foliation with Reeb components on

k l
( # st xSZ)#( # M,-).
i=1 i=1

We will finish this section by sketching an example of a uniform foliation on the solid
torus inducing the trivial foliation by meridians on the boundary. To do so, we will use
the following well-known lemma. A visual proof can be found in [7, Section 5.3].

Lemma 4.9 Identify T? as the quotient R /73, and let Ty, Ty and T be disjoint
tubular neighborhoods of curves on T * which are projections of lines parallel to the
x—, y—and z—axes, respectively. Then, if L is the Borromean link on S3 and N is a
tubular neighborhood of L, there exists a homeomorphism

h: T3\ (Tx UTyUT,) — S*\ N.

Furthermore, the homeomorphism takes a meridian of T, T), and T} to a longitude of
a component of the Borromean ring, ie a curve on a component of N bounding a disk
on S3.

Construction 4.10 We will construct a uniform foliation with Reeb components on

the solid torus S! x D2, inducing a foliation by closed curves of meridional slope on
the boundary.

Algebraic & Geometric Topology, Volume 23 (2023)



4394 Joaquin Lema

trivial foliation { -} x T2

RS

Figure 5: Left: a foliation F; on T? transverse to curves parallel to the x—,
y—and z—axes. Right: the image of a compact leaf via /1 on the complement
of the Borromean rings.

Start with T? endowed with a foliation 7, as depicted in Figure 5. This foliation is
transversal to three closed curves ¢y, ¢y and c; lifting to R3 as lines parallel to the
x—, y—and z—axes, respectively. Take tubular neighborhoods T, Ty and T} of ¢y, ¢y
and c;, respectively, where the foliation restricts to a trivial foliation by disks.

By Lemma 4.9, there is a homeomorphism /: T3\ (Tx U T, UT;) — S*\ N, with N
a tubular neighborhood of the Borromean link. Notice that S® \ N is homeomorphic
to a solid torus, with the tubular neighborhood of two linked unknots drilled as to the
right of Figure 5. To see this, look at the complement of the tubular neighborhood of
one link component.

The homeomorphism / sends the foliation on T* to a foliation F, on the solid torus
minus the link. This foliation is transverse to the boundary: it induces on the boundary
of the solid torus the trivial foliation by meridians and the trivial foliation by longitudes
around the link components. Spiraling around the link in the interior of the solid torus
and then adding Reeb components, we obtain a foliation F on the solid torus, which
has the desired behavior on the boundary.

We claim that F is uniform. To see this, take a compact leaf L of F; in T ? intersecting
only the curve ¢,. Without loss of generality, /#(37%) is identified with the boundary of
our solid torus with a link drilled. The leaf L does not separate T3 \ (T U T, UT;).
Therefore, its image /(L) is a leaf of the foliation F which does not separate the solid
torus. A nonseparating surface on the solid torus must have a nontrivial intersection
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number with the curves S! x {-}. This implies that when we lift the foliation to the
universal cover, the lifts of this compact leaf bound a fundamental domain for S! x D2,
Explicitly, this leaf on the solid torus looks like the yellow surface at the right of
Figure 5; see the proof of Lemma 4.9 in [7, Section 5.3]. We conclude the uniform
condition using Lemma 3.2.

5 Proof of Theorem 1.3

In this section, M will be a compact 3—manifold endowed with a uniform foliation F
with Reeb components. We equip M with a Riemannian metric; this induces on the
universal cover p: M — M the pullback metric. Lifting the foliation F to M we
obtain a foliation F. By Lemma 3.1, every leaf of this foliation has compact closure.

We will prove Theorem 1.3 by contradiction. Suppose that there exists an essential
immersion i : 3 — M from a closed surface ¥ of genus g > 1 such that i (X) does
not intersect R, the union of the Reeb components. Up to taking a finite cover, we
can assume that F is oriented and cooriented. Using Theorem 2.3 we can assume
that i is in general position with respect to the foliation. This is because there are
immersions C%—close to i which are in general position, therefore if i (X) is at a finite
distance from R, a sufficiently small perturbation of i will also be disjoint from R.
The foliation F induces on X a singular foliation of Morse type, which will be denoted
by G.

Denote by ¢: R? = ¥ — ¥ the universal cover of X. Lifting the immersion we obtain
a map 7:R%2 >~ % — M. As the immersion is essential, 7 is equivariant with respect
to the actions of 771(X) on R? and M . More precisely, for every y € m{(X) we have
io y =ix(y) o7. The immersed plane T(Rz) is also in general position with respect
to F. In fact the induced singular foliation on R? is exactly the lift of G to the universal
cover; we will denote it by G. Notice that every leaf of G has compact closure because
every leaf of F has compact closure.

We can classify every closed graph of G:
Remark 5.1 Let S be a separatrix of G whose a—limit and w—limit are singularities.
Then a(S) = w(S). To see this, let {x} and {y} be the a— and w-limit, respectively.

The separatrixes of G cannot joint two distinct singularities by the second item in the
definition of immersions in general position; therefore y = yx for some y € 71 (X).
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(XD O

Figure 6: The possible configurations for the saddles in G.

If y is not the identity, then ¢(S U {x} U {yx}) is a homotopically nontrivial curve. As
the immersion is essential, this curve is sent to a homotopically nontrivial curve on M
contained on certain leaf of F. This is a contradiction by Lemma 3.1; therefore x = y.

We will call a closed leaf or closed graph of G which is maximal with respect to
inclusion (ie which is not strictly contained on another closed graph) a generalized
closed leaf. The last remark tells us that a separatrix limits on at most one singularity.
Therefore, if S is a separatrix of a generalized closed leaf limiting on a singularity x,
then S U {x} bounds a disk (by the Jordan curve theorem). This leaves us with exactly
two possible configurations for a generalized closed leaf containing a singularity. Either
the disk bounded by one separatrix contains the disk bounded by the other, or both
disks are disjoint; both configurations are depicted in Figure 6. These disks project
homeomorphically to 3, because their boundaries project homeomorphically.

Suppose that D C R? is a disk bounded by a separatrix S of a generalized closed
leaf. Then there is a well-defined notion of holonomy transport on the side of D.
More precisely, take a half-open transversal t of a point of S, with © C D. Start
with a point x in t and look at the next point of intersection between the leaf passing
through x and 7 (with respect to the orientation on G). This defines a map from t to itself.
Choosing finitely many foliated neighborhoods of S and a model neighborhood of
its corresponding singularity, one can see that this map is well-defined up to taking
a smaller half-open transversal. Analogously, we can define the holonomy on the
unbounded side of a generalized closed leaf.

Lemma 5.2 Let F be an oriented and transversely oriented uniform foliation with
Reeb components on a compact 3—manifold M, and leti: ¥ — M be an essential
immersion of a surface ¥ of genus > 1 in general position with respect to F. Suppose
we further assume that i (X) is disjoint from the set of Reeb components. Then every
leaf of the induced singular foliation G on % is either compact or a separatrix such that
its «— and w—limits coincide.
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Proof First, we prove that no generalized closed leaf of G has holonomy on any of its
sides. Let C be a generalized closed leaf. If we had nontrivial holonomy on a certain
side of C, then the curve ¢(C) C ¥ would be sent via i to a homotopically nontrivial
curve on a leaf of F. To see this, if ¢(C) were sent to a homotopically trivial curve on
a leaf of F then it would have trivial holonomy on F, and therefore trivial holonomy
onG.

Now we can use standard Haefliger-type arguments: by Remark 5.1, ¢(C) bounds
one or two disks which are sent via i to immersed disks on M. The curve i (¢(C)) is
not homotopically trivial on its corresponding leaf of F; therefore, the boundary
of at least one of the immersed disks is not homotopically trivial. This implies
the existence of a vanishing cycle on at least one of the immersed disks; see for
instance [4, Lemmas 9.2.2 and 9.2.4]. However, Novikov’s theorem says that if a leaf
admits a vanishing cycle, then this leaf is the boundary of a Reeb component; see
[4, Theorem 9.4.1]. Therefore, i (X) intersects the set of Reeb components, which is a
contradiction.

Now we prove that either every leaf of G is compact, or a separatrix limiting on a single
singularity. It is enough to see this on G. Suppose that L is a separatrix of G with
a(S) # w(S), or a noncompact leaf. In any case, w(L) or a(L) must be a generalized
closed leaf or a closed leaf, by Remark 5.1 and the Poincaré—Bendixson theorem. This
generalized closed leaf must have nontrivial holonomy on one of its sides, which is a
contradiction by the last paragraphs. a

It is not hard to see that a singular foliation G on ¥ without holonomy must have a
generalized closed leaf which is homotopically nontrivial:

Lemma 5.3 Let X be a closed Riemannian surface of genus g > 1 and G an oriented
singular foliation of Morse type. Furthermore, suppose that every leaf is compact
or a separatrix with the same a— and w—limit. Then some leaf of the lifted singular
foliation @ on R? =~ ¥ is unbounded.

Proof Assume for the sake of contradiction that every leaf of G is bounded, and
therefore has compact closure. Let C be the set of generalized closed leaves of G, and
define the function A4:C — R such that A(C) is the area of the bounded component
of the complement of C € C. Each connected component of the bounded component
of an element of C is a disk that projects homeomorphically to X, therefore its area
cannot be greater than the area of 3. This shows that the function A4 is bounded.
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We claim that we can achieve the supremum sup . A(C). Choose x, € R? such that
there exists a generalized closed leaf C,, with x, € C, and A(Cy) — supcee A(C) an
increasing sequence. As the surface X is compact, up to translating {x,} by 7{(X) we
can assume that the sequence {x,},eN converges to x € R2.

Let C be the generalized closed leaf passing through x; we claim that A(C) is the
desired supremum. To see this, notice that if m > n then A(C,) < A(Cy,) and therefore,
C, is contained on the bounded component of Cp,. This implies that for n suffi-
ciently big, C, is contained on the bounded component of C. Otherwise, there would
exist some Cj bounding a region containing C,, with n > k, which is a contradiction.

Now choose C as in the last paragraph. This leaf cannot have holonomy because every
leaf is compact. Therefore we can find a foliated neighborhood of C' composed of
closed orbits. In particular, some closed leaf bounding C exists, which contradicts the
fact that C bounds the largest area. a

Therefore, Lemma 5.2 tells us that the induced foliation on the surface ¥ satisfies
the hypothesis of Lemma 5.3. However, this lemma contradicts the uniformity of the
foliation F. This contradiction concludes the proof of Theorem 1.3.

Remark 5.4 Suppose that F is an oriented and transversely oriented uniform foliation
with Reeb components on a compact 3—manifold M, and leti : ¥ — M be an essential
immersion in general position as before. We just proved that i (X) must intersect the

Figure 7: Turbulizing around the attracting/repelling fixed points we obtain a
uniform foliation on T?2.
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set of Reeb components. Thus, the induced singular foliation on X is uniform and

necessarily contains vanishing cycles.

There exist singular foliations on surfaces satisfying these conditions; see for example

Figure 7.2 It is not obvious how the singular foliation induced on ¥ would help in

answering Question 3.4. We believe that an extra argument is needed.
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