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Towards a higher-dimensional construction of
stable/unstable Lagrangian laminations

SANGIJIN LEE

We generalize some properties of surface automorphisms of pseudo-Anosov type. First, we generalize the
Penner construction of a pseudo-Anosov homeomorphism, and show that if a symplectic automorphism is
constructed by our generalized Penner construction, then it has an invariant Lagrangian branched subman-
ifold and an invariant Lagrangian lamination. These invariants are higher-dimensional generalizations of
a train track and a geodesic lamination in the surface case. As an application, we compute the Lagrangian
Floer homology of some Lagrangians on plumbings of cotangent bundles of spheres.

53D05, 53D40, 57R17

1 Introduction

By the Nielsen—Thurston classification of surface diffeomorphisms, an automorphism ¢ : § = S of
a compact oriented surface S is of one of three types: periodic, reducible, or pseudo-Anosov. We
recommend Casson and Bleiler [2] or Thurston [14]. Maher [7] shows that, for a suitable notion of
randomness, a random element of the mapping class group is pseudo-Anosov.

Let us assume that i is of pseudo-Anosov type. For any closed curve C C S, it is known that there is a
sequence { L, }menN of closed geodesics such that L, is isotopic to ¥ (C) for all m € N, and { L, }meN
converges to a closed subset & with respect to the Hausdorff metric on closed subsets. Moreover, £ is a
geodesic lamination. The definitions of a lamination, a geodesic lamination, and a Lagrangian lamination

are the following:

Definition 1.1 (1) A k—dimensional lamination on an n—dimensional manifold M is a decomposition
of a closed subset of M into k—dimensional submanifolds called leaves such that the closed subset
is covered by charts of the form [/ k % 1"~k where a leaf passing through a chart is a slice of the
form 1% x {pt}.

(2) An l-dimensional lamination & on a Riemannian 2-manifold (S, g) is a geodesic lamination if
every leaf of &£ is geodesic.

(3) An n-dimensional lamination & on a symplectic manifold (M 2", w) is a Lagrangian lamination if
every leaf of & is a Lagrangian submanifold.

For more details, we refer the reader to Farb and Margalit [5, Chapter 15].
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In [3], Dimitrov, Haiden, Katzarkov and Kontsevich defined the notion of a pseudo-Anosov functor of
a triangulated category, and they gave examples of it on the Fukaya categories: a pseudo-Anosov map
Y on a compact oriented surface S induces a functor, also called v, on the derived Fukaya category
D7 Fuk(S, w), where w is an area form of S. In [3], the authors showed that v is a pseudo-Anosov
functor.

In [3, Section 4], the authors listed a number of open questions. One of them is to find a symplectic
automorphism ¥ on a symplectic manifold M of dimension greater than 2 which has invariant transversal
stable/unstable Lagrangian measured foliations. A slightly weaker version of the question is to define a
symplectic automorphism i with invariant stable/unstable Lagrangian laminations.

The goal of the present paper is to answer the latter question. First, we define symplectic automorphisms
of generalized Penner type.

Definition 1.2 Let M be a symplectic manifold. A symplectic automorphism ¥ : M = M is of
generalized Penner type if there are two collections A = {1, ..., o} and B={f1,..., B;} of Lagrangian
spheres satisfying

e ojNaj =@,and B; NB; = foralli # j,
e «; M B foralli and j, and
o for each o; € A (resp. B; € B), there is at least one B; € B (resp. o; € A) such that o; N B; # O,

so that v is a product of positive powers of Dehn twists t; along ¢; and negative powers of Dehn twists
o; along B, subject to the condition that every sphere appear in the product.

We will define a Dehn twist along a Lagrangian sphere in Section 2.2, partly to establish notation.

Then, we will define the notion of Lagrangian branched submanifold and carried by. These are higher-
dimensional generalizations of the notion of train tracks and “carried by a train track” in surface theory.
Roughly, in the surface theory, if a curve C is carried by a train track t, then it is possible to encode C on
t with the extra data called “weights”. We refer the reader to Farb and Margalit [5] for detail. Motivated
by this, we will give the higher-dimensional generalizations of train tracks and the notion of “carried by”
in Sections 3.1 and 3.3. Then, we prove Theorem 1.3 at the end of Section 3.

Theorem 1.3 Let M be a symplectic manifold and let : M = M be a symplectic automorphism
of generalized Penner type. Then there exists a Lagrangian branched submanifold % such that if L
is a Lagrangian submanifold which is carried (resp. weakly carried) by By, then ¥ (L) is carried
(resp. weakly carried) by B, for all m € N.

Remark 1.4 Theorem 1.3 cares about symplectic automorphisms of generalized Penner type. However,
there should be a generalized version of Theorem 1.3 for arbitrary symplectic automorphisms, which we
do not prove in the current paper.

Algebraic & Geometric Topology, Volume 24 (2024)



Towards a higher-dimensional construction of stable/unstable Lagrangian laminations 657

In Section 4, we will prove that if a Lagrangian L is carried by a Lagrangian branched submanifold %,
one can encode L on 9% with extra data called braids. The definition of braids will appear in Section 4.3.
In Sections 5 and 6, by using the notion of braids, we prove our main theorem, ie Theorem 1.5.

Theorem 1.5 Let M be a symplectic manifold, and let : M —> M be a symplectic automorphism
of generalized Penner type. Then there is a Lagrangian lamination & such that if L is a Lagrangian
submanifold of M which is carried by By, then there is a sequence of Lagrangian submanifolds L,
satisfying

e L, is Hamiltonian isotopic to Y™ (L), and

e L, convergesto ¥ as m — oo.
Also, in Section 6.4, we will see how this generalizes to symplectic automorphisms which are not of
generalized Penner type.
Finally, we will talk about Lagrangian Floer theory related to Theorems 1.3 and 1.5. The results will be

written in Section 7.

Structure of the paper

This paper consists of 7 sections. In Section 2, we review plumbing spaces and generalized Dehn twists.
We will prove Theorem 1.3 in Section 3 and Theorem 1.5 in Sections 4-6. In Section 7, we will discuss
the relation of Theorems 1.3 and 1.5 to Lagrangian Floer theory and give a related calculation of Floer
cohomology (Theorem 7.3).
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2 Preliminaries

In this section, we will review plumbings of cotangent bundles and generalized Dehn twists, partly to
establish notation.

2.1 Plumbing spaces

Let o and B be oriented spheres S”. We describe how to plumb 7*« and T*f at p € @ and g € . Let
U Caand V C B be small disk neighborhoods of p and ¢. Then, we identify 7*U and T*V so that the
base U (resp. V) of T*U (resp. T*V) is identified with a fiber of T*V (resp. T*U).

Algebraic & Geometric Topology, Volume 24 (2024)
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To do this rigorously, we fix coordinate charts ¥1: U — R" and y»: V — R”. Then we obtain a
compositions of symplectomorphisms

(1//1) ! *Rn ~ RZn L) RZn ~ T*Rn I/I_;) T*V,

T"U 11—
where f(xX1,.... X0, V1ser s Vn) = V1see s Vs —X1s oo s —Xpn).

A plumbing space P(a, B) of T*a and T*f is defined by T*a LIT*B/~, where x ~ (Y50 f oyf 1) (x)
forall x e T*U. Since yj o fo wl*_l is a symplectomorphism, P (e, 8) has a natural symplectic structure

induced by the standard symplectic structures of cotangent bundles.

Since the plumbing procedure is a local procedure, we can plumb a finite collection of cotangent bundles
of the same dimension at finitely many points. For convenience, we plumb cotangent bundles of oriented
manifolds.

Note that we can replace f by

g(-xl"'-’xnayls“'syn):(_yl’yZa"'ayn7x17_-x2a"'a_-xn)'

If we plumb 7*« and T* B at one point using g, this plumbing space is symplectomorphic to the previous
plumbing space P(c, ), which is plumbed using f. However, if we plumb at more than one point, then
by replacing f with g at a plumbing point, the plumbing space will change.

Definition 2.1 Let o, ..., a; be oriented manifolds of dimension 7.
(1) A plumbing datum is a collection of pairs of nonnegative integers (a;,;,b; ;) forall 1 <i < j <m
and collections of distinct points
() ewi|1<i<j<ml<k<ai;+bi;}
g eaj|l<i<j<m1<k<ay;+bi}.
(2) A plumbing space P(vy,...,amn), with the given plumbing datum, is given by
P(ay,...,am)=T*a  U---UT 0y, /~,

where the equivalence relation ~ is deﬁned as follows: first, choose small disk neighborhoods
Ul J Ca; ofpk and V Cuaj oqu such that U’1 1 ﬁUl2 2 — if(il,jl,kl) # (iz, j2,k2)
and orlentatlon -preserving coordinate charts ¥ L U L~ ]R” and ¢k’J Vi L~ R"™; then for
all x € T*U

"o fo(y/ ™) it 1<k <ai,

(&g £ 0ogo (Wk’j*) D) ifaij+1<k=<aj;+b;.

(3) A plumbing point is an identified point pf{’j ~ q;;’j € P(oy,...,om).

X ~

Figure 1 shows some examples of plumbing spaces.

If «; is of dimension n > 2, then specific choices of plumbing points do not change the symplectic
topology of P(ay,...,0n).
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Figure 1: P(a ~ S', B ~ S!) with plumbing datum (2, 0) (left) and (1, 1) (right).
2.2 Generalized Dehn twist

Let
T*S™ = {(u,v) e R"TL x R*™ | |u| =1, (u,v) =0},

S" ={(u,0p41) € T*S"},

where (1, v) € R*T1 x R”*1 and (u, v) is the standard inner product of u and v in R”T!. Moreover, let

0x be the origin in R¥.

We fix a Hamiltonian function p(u, v) = ||v|| on 7*S"\ S”. Then p induces a circle action on 7*S"\ §”
given by

o(e™)(u,v) = ((cos(r)u + sin(t)ﬁ), (cos(t)v = sin(1) v ).

Let r: [0, 00) — R be a smooth decreasing function such that »(0) = 7 and r(¢) = 0 for all ¢t > ¢ for
a small positive number €. If wg is the standard symplectic form of 7*S”, we define a symplectic
automorphism 7: (T*S", wo) => (T*S", wy) by
ir(u(u,v)) if 0

o ) — {o(e ) v Oy,

(—u,0n+1) ifv :0n+1-
Let (M?", ®) be a symplectic manifold and let L ~ S™ be a Lagrangian sphere in M. By the Lagrangian
neighborhood theorem — see Weinstein [16] — there is a neighborhood N(L) D L and a symplecto-

~

morphism ¢: T*S" => N(L). We define a generalized Dehn twist 77, along L by

(potodp~N(x) ifxe N(L),
X if x ¢ N(L).

Note that the support of 77, is contained in N(L). From now on, a generalized Dehn twist will just be

(2-2) L (x) = {

called a Dehn twist.
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Remark 2.2 We will use two specific Dehn twists 7, T: T*S” => T*S" which are defined by (2-1) and
two functions r, 7: [0, o) — R. The function r (resp. 7) defining t (resp. T) satisfies the above conditions
in addition to () = 7 for all # < 5 (resp. 7'(0) < 0). The two Dehn twists 7 and 7 are equivalent in the

-1

sense that T o 77 is a Hamiltonian isotopy.

Dehn twists have been studied extensively by Seidel. For example, Seidel [12] proved the following
theorem.

Theorem 2.3 Let o be a Lagrangian sphere and B be a Lagrangian submanifold of a symplectic
manifold M. If « and B intersect transversally at only one point, B # « is Lagrangian isotopic to t4(B),
where B #« is a Lagrangian surgery of B and «.

We prove Theorem 2.3 in the special case that 8 is also a sphere and M = P(w, ), as an illustration of
the “spinning” procedure.

To define “spinning”, we use the following notation. Let y € S”~1 C R”. Then
Yy T*ST ~ ST xR — T*S",
((cos@,sin0),t) — ((cos 0(0,,1) +sin6(y,0)), (¢ cos 8(y,0) —t sin (0, 1)))

is a symplectic embedding. Let W), be the embedded symplectic surface vy, (T*S ). We would like to
note that W), = W_,,.

Definition 2.4 Given a curve C in T*S!, its spun image S(C) is Uyesn—l ¥y (C).

Remark 2.5 A spun image S(C) of a curve C C T*S! is not an embedded submanifold of 7*S" for
all C. However, for some C, S(C) is an embedded submanifold. For example, if C is invariant under
the action (6,¢) — (=6, —t) on T*S!, then S(C) is an embedded submanifold. Moreover, if S(C) is a
submanifold, then it is easy to prove that S(C) is Lagrangian.

Proof of Theorem 2.3 We use T*« and T*f to indicate neighborhoods of « and § inside M = P(«, ).
Let p be the intersection point of & and B. Then, Tya = N T*a. The closure of T« is denoted
by D,; we use D to indicate that this is a disk and the subscript p means that p is the center of D" The
meaning of the negative sign in D, will be explained in the next section. Since 7 is supported on T*a,

() =1(BNT ) Uta(B\ T a) = 1a(D,) U(B\ T a).

There exists ¢p: T*S™ = T*a such that 7, = porop~!. Without loss of generality, ¢ ((0,,, 1), 0p41) = p
and
D, =¢({(0n.1,1y,0) [t €R,y € S""' CR™}).
Then
(potgo¢p™ ) (Dy) = (@o1)({(0n, 1,1y,0) [t €R,y € S""I CR"})

= |J ¢({z0n1.1y.0) |1 €R}).
yesSn—1
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.p :T*Sl

=T*s!

C' cT*S!

Figure 2: Curves C and C’in T*S!.
Since there is a curve C in T*S! such that ¥, (C) = {t(0n, 1,7y,0) | 1 € R}, 74 (D) is given by spinning
with respect to p and ¢.
Figure 2 represents C C T*S'. By Remark 2.5, it is easy to check that 7, (D,) is Lagrangian.

One possible construction of B #« is as follows. The Lagrangian surgery 8 # « agrees with o U 8 outside
of a small neighborhood U of p. On U, there is a Darboux chart ¢ satisfying

p(U)=C", ¢()=R", ¢(B)=(>R)",

T Y (S S — i | W]
VTt xp VX4 xf

We refer the reader to Auroux [1]. Based on this construction, one could say that 8 # « can be obtained
by spinning a curve C’ C T*S! at p. Figure 2, bottom, represents C’ C T*S'!.

Similarly, we can construct a Lagrangian isotopy connecting 74 (8) and 8 #« by spinning. a

3 Lagrangian branched submanifolds

In Section 3.1, we will define Lagrangian branched submanifolds. In Section 3.2, we will introduce a
construction of a fibered neighborhood of a Lagrangian branched submanifold. In Section 3.3, we will
defined the notion of “carried by” by using a fibered neighborhood. In Section 3.4, we will introduce the
generalized Penner construction. Finally, we will give a proof of Theorem 1.3 in Section 3.5.
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3.1 Lagrangian branched submanifolds

Thurston [15] used train tracks, which are 1-dimensional branched submanifolds of surfaces, and defined
the notion of “carried by a train track”. In this subsection, we generalize train tracks.

The generalization of a train track is an n—dimensional branched submanifold of a 2n—dimensional
manifold. We define the n—dimensional branched submanifolds with local models, as Floyd and Oertel
defined a branched surface in a 3—dimensional manifold in [6; 9]. For our definition, we need a smooth
function s: R — R such that s(#) =0 if r <0 and s(¢) > 0if ¢ > 0.

Definition 3.1 Let M 2" be a smooth manifold.

(1) A subset B C M is an n—dimensional branched submanifold if for every p € AR, there exists a
chart ¢ : Up = R2” about p such that ¢p(p) =0 and ¢, (B N Up) is a union of submanifolds
Lo,Ly,..., Ly for some k € {0,...,n}, where

(3-1) Li = {(x1,...,%n,5(x1),5(x2),...,5(x;),0,...,0) € R*" | x; e R}.
(2) A sector of % is a connected component of the set of all points in % that are locally modeled by Ly,
iek =0.
(3) The branch locus Locus(%B) of 9% is the complement of all the sectors.

(4) Let (M?", ) be a symplectic manifold. A subset B C M is a Lagrangian branched submanifold
if for every p € %, there exists a Darboux chart ¢ : (Up, w|y,) = (R2", wg) about p, satisfying
that ¢, (% N Up) is a union of submanifolds Lo, L1, ..., Ly for some k € {0, ... ,n} where L; is
defined in (3-1).

Remark 3.2 (1) Atevery point p of a branched submanifold %, the tangent plane 7, % is well defined.
Moreover, if % is Lagrangian, then 7, % is a Lagrangian subspace of 7, M .

(2) A point on the branch locus is (a smooth version of) an arboreal singularity in the sense of Nadler [8].

Example 3.3 (1) Every Lagrangian submanifold L is a Lagrangian branched submanifold. The
branch locus Locus(L) is empty.

(2) Every train track of a surface equipped with an area form is a Lagrangian branched submanifold.

(3) Let (M, w) be a symplectic manifold and let L and L, be two Lagrangian submanifold of M
such that
L1 (hL2=L1ﬂL2={p}.

The Lagrangian surgery of L1 and L, at p will be denoted by L, #, L1. Then, Lo #, L1 U L4
and L, #, L1 U L, are examples of Lagrangian branched submanifolds.

In Section 3.3, we will define the notion of “carried by” which appears in Theorems 1.3 and 6.6. In order
to define the notion of carried by, we will construct a fibered neighborhood first in Section 3.2.
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3.2 Construction of fibered neighborhoods

Let 9 be a Lagrangian branched submanifold. A fibered neighborhood N (%) of % is, roughly speaking, a
codimension zero compact submanifold with boundary and corners of M, which is foliated by Lagrangian
closed disks which are called fibers.

Definition 3.4 A fibered neighborhood of R is a union Upe% Fp, where {F), | p € B} is a family of
Lagrangian disks which are called fibers satisfying

(1) forany p € B, F, h B,
(2) forany p,q € B, either F, = Fyor F N Fy =@,

(3) there exists a closed neighborhood U C & of Locus(%), such that {F}, | p € U} is a smooth family
over each local sheet L; N U,

(4) for each sector S of B, {F, | p € S\ U} is a smooth family,

(5) if pe SNAU where S is a sector of %, then, for any sequence {g, € S\ U },eN, lim, 0 Fy, is
a Lagrangian disk such that lim, o0 Fy,, C F; = Fp \ 0F).

Example 3.5 Let M be a symplectic manifold and let L be a Lagrangian submanifold of M. Then L
is a Lagrangian branched submanifold of M. By the Lagrangian neighborhood theorem [16], for any
Lagrangian submanifold L of M, there exists a small neighborhood N'(L) of the zero section of 7* L such
that a symplectic embedding iz : N(L) — M is defined on N'(L). Without loss of generality, we assume
that N'(L) is a closed neighborhood. Then N(L) is foliated by closed Lagrangian disks N(L) N Tp*L.
Thus, N(L) is a fibered neighborhood of L.

We will now give a specific construction of a fibered neighborhood N(%). The rough sketch of the
construction is as follows. If p € % lies on a sector S of %, by Example 3.5, there is a natural embedding
is:N(S) < M. Then ig(N(S)NT*pS) th &B. Thus, it is natural to set Fp :=is(N(S)NT*pS) h B.
However, if one sets as above, the odds are that there are p, g € % \ Locus(%) near Locus(%) such that
F, N F; # @, but F,, # F,. See Figure 3 representing the case of dim M = 2.

To handle this issue, we classify p € % into three cases: “near the branch locus”, “far from the branch
locus”, and “between the other two”. Then, we construct a fiber F, for p in each case.

Fibrations over near the branch locus First, we will construct fibers near the branch locus. For
each connected component £ of Locus(%), we choose a small closed Lagrangian neighborhood L of £
satisfying the following. Fix a Riemannian metric g or an almost complex structure J compatible with w.
Then, one can define a normal bundle for every Lagrangian submanifold. We choose any Lagrangian L,
containing £ such that for any x € £, (Tx¢;1(Li))J- M Tx L, for all i. Note that ¢, and L; appeared in
Definition 3.1.
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Figure 3: Black curves are part of a Lagrangian branched submanifold @, the black point is a
connected component £ of Locus(%), the red and blue points are p, g € %, and the red and blue
lines are F}, and Fy.

Then, by Example 3.5, there exists a symplectic embedding
ir,: N(Lg) — M.

Let U(l) = ir,(N(£p)).
Without loss of generality, we can choose a sufficiently small L, such that

iL, (N(L)NT L) NB#@ forall x €Ly,

in,(N(Lg) N TS Lg) h B forall x € Ly,
vnNnui)=wo if L1

If p € B is “close” to the branch locus, ie there is a connected component £ of Locus(%) such that

p € BNU(L), then there exists x € Ly such that p € ip ,(N(Lg) NTF Ly). Let Fp:=ip,(N(Lg)NTFLy).
Then Fj, is a closed Lagrangian disk containing p.

By choosing a sufficiently small Ly, for every p € BN U(L),

(3-2) F,MB and 0F, NB=g.
After possibly renaming U({), from now we assume that
v = J Fp.
DELy

If p € BN U(L), then there is a unique g € Ly such that p € F,;. We define F), := F;. Thus, for p € R
which is close to Locus(%), ie p € U(£) for some connected component £ of Locus(%), we can define a
fiber Fy at p.

Fibrations far from the branch locus If p € B\ | J, U({), then there is a sector S of % containing p.
Since S is Lagrangian, there is an embedding ig: N(S) < M. We can assume N(S) is small enough that
FyNis(N(S)) C F;° = F;\0F; forany g e BNU(Y),
(is(N(S)H\UUW®) N (is/ (N (S ) \UUY)) =2 if $#£S".
Figure 4, bottom right, represents examples of N'(.S).

Algebraic & Geometric Topology, Volume 24 (2024)



Towards a higher-dimensional construction of stable/unstable Lagrangian laminations 665

rp

5 %

14 L)

U F, is not transversal to %

/ , ................ /}

(Fp\F))NB # 2 example of N(S)

Figure 4: Black curves are part of a Lagrangian branched submanifold and the black marked
points denote a connected component £ of Locus(%). In the top left, Ly is in red, and the fibers
Fp, for p e BN U(X), are in blue; the top right and bottom left are not allowed by (3-2); and in
the bottom right, the red and green boxes are examples of N'(.S) and the dotted box is an example

of U(L).

For any sector S, S\ (J,IntU({) is a Lagrangian submanifold with boundary. The boundary of
S\ U, IntU() is a union of S(¢) := S NI(U({)). We fix a tubular neighborhood of S({), which
is contained in S \ |, Int U(£), and identify the tubular neighborhood with S(£) x [0, 1). For convenience,
we will pretend that S(£) x [0, 1] C S and S(£) x {0} = S(¥).

If p e S\, IntU(£) does not lie in any S(£) x (0, 1), then we set F, :=ig(N(S)N T;S). See Figure 5,
top right.

Interpolation on S(£) x [0, 1] Let p € S(£). Then F{, o) and F(, 1) are already constructed. We will
construct F, ;) from F(, oy and F(, 1). The idea is to understand F{, o) as a deformed F(, 1). In order
to measure how much deformed F(, o) is from F{, 1), we will construct a family of Lagrangian discs
B(p,p for all ¢ € [0, 1], which are parallel to F(, 1). The family B, ;) is defined by setting

We note that By, ;) is parallel to B(, 1) = F(p,1) so that there is a natural bijection map between B, ;)
and B(p,l).
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S/ W

U(l) F, for p ¢ S(€) x (0, 1]

4
~

11 /

L
[T ¢ 11

F, for pe S(£) x(0,1]

Figure 5: Black curves are part of a Lagrangian branched submanifold and marked points denote £;
in the top left, U(?) is shaded blue, the vertical line segments are fibers. in the top right, the fiber
F, for p ¢ S(£) x (0, 1] is in green; and in the bottom, the fiber F, for p € S(£) x (0, 1] is in red.

By applying the Lagrangian neighborhood theorem [16] to B, ),

F(p,0)Nis(N(S)) =i, (the graph of a closed section in 7™ B(,q)).

Every closed section of T* B(p,0) 1s an exact section because B, ) is a disk. Thus, there is a function
F(p.0): B(p.0) — R such that

F(p,O) N iS(J\f(S)) = iB(p,o) (the graph of df(p,o)).
In other words, F(, o) is obtained by deforming B, o). The deformation can be understood by using f( .-

Similarly, we will construct F(, ;) by deforming B, ). In order to deform, we define a function

Jo.y: Bip,y > Roas

firty: Bty = Bipoy 2020, R

The first arrow comes from the bijection between them. Then we set

Fp,t) =18, (the graph of df(, 1))

A fibered neighborhood N (%) is given by the union of fibers, ie N(B) = Upe% F,. Note that the
construction of N (%) is not unique.
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3.3 Associated branched manifolds and the notion of “carried by”

We constructed a fibered neighborhood N (). In order to define what it means for a Lagrangian to be
carried by 9B, we introduce a projection map from N (%) to an associated branched manifold %*.

Definition 3.6 Let % be a Lagrangian branched submanifold of M and let N(%) be a fibered neighbor-
hood of . Then, the associated branched submanifold B* is defined by setting

B* := N(B)/~, x ~y if there exists an F,, such that x, y € Fj.

Let 7: N(B) — B* denote the quotient map. We would like to remark that 7 |g is not bijective, but %
and %B* are equivalent as branched manifolds. We explain this with more detail in Remark 3.8.

We note that 3B* is not contained in M. However, since B™* is a branched manifold, we can define the
branch locus and sectors of B* as follows:

Definition 3.7 (1) A sector of B* is a connected component of
{p € B* | p has a neighborhood which is homeomorphic to R"}.

(2) A branch locus of B* is the complement of all the sectors.

Remark 3.8 (1) Fibered neighborhoods N(%) of & are not unique. However, if N(%) is small enough,
then & and B* are equivalent as branched manifolds. For the equivalence between branched manifolds,
we refer to Williams [17]. One can easily check their equivalence by using the Darboux chart that
appeared in Definition 3.1. Thus, %* is unique as a branched manifold under the assumption that N (%)
is small enough.

In the rest of this paper, when it comes to a Lagrangian branched submanifold %, we will consider a triple
(B, N(B), B*) with an arbitrary choice of N (). Moreover, for any triple (B, N(B), B*), the projection
map is denoted by 7 for convenience.

(2) A fibered neighborhood N (%) is a union of fibers, ie N(%) = hea Fp- In the equation, % is an
index set. However, there is a possibility of having two distinct points p, g € % such that F, = F,. From
now on, we will use B* as an index set and, by abuse of notation, Fy denotes a1 (x) for all x € B*.

(3) Let x be a branch point of B*. Then there are sectors S, S1,...,S; of B* for some / > 2 such that
xes; foreveryi =0,1,...,1,
FxNa=1(So) = Fx and Fx N7~ 1(S;) C Fy = Fx \ 0Fy foreveryi =1,2,...,1.
Figure 6, right, represents this.
If a Lagrangian submanifold L (resp. Lagrangian branched submanifold &) is contained in N(%), there

is a restriction of 7 to L (resp. &). For convenience, we will simply use 7 instead of 7|z : L — B*
(resp. m|g: L — B*).

Algebraic & Geometric Topology, Volume 24 (2024)



668 Sangjin Lee

/
III
V4
V4
4
| 194
/
f
Y
LY [
Bad JT_I(Sz)ﬂFx
Fy
7 1(S))NF
N(%) ( 1) X
T
S2
S() Sl
®
X
%*
w: NB) — B* F,

Figure 6: The left represents w: N(B) — B*. In N(B), the blue, red, and green represent
77 1(So), m~1(S1), and 7 ~1(S>), where S; is the corresponding sector of B*. The right represents
F, where x is in the branch locus of B* to the left.

Definition 3.9 Let L be a Lagrangian submanifold (resp. & be a Lagrangian branched submanifold)
of N(B).
(1) A point x of L (resp. ) is a regular point of 7w if L h Fp(y) (resp. £ M Fp(y)) at x.

(2) A point x of L (resp. &) is a singular point of 7 if x is not regular point of 7. Moreover, y € B*
is a singular value of m if there is a singular point x of 7 such that 7 (x) = y.

(3) L is minimally singular with respect to B if w: L — %B* has no singular value on the branch locus
of B* and |Fx N L| = |F) N L|, for any nonsingular value x and y which lie in the same sector
of B*, where |- | means the cardinality of a set.

We recall that by definition, branched manifolds have tangent spaces even along the branch locus, so
Definition 3.9 makes sense.
Definition 3.10 Let % and & be branched Lagrangian submanifolds.

(1) & is strongly carried by B if L (resp. &) is Hamiltonian isotopic to &’ such that £’ C N (%) and
. ¥ — B* has no singular value.
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(2) & is weakly carried by B if £ is Hamiltonian isotopic to &’ such that £’ C N (%), £’ is minimally
singular, and 7 : &' — B* has countably many singular values.

We would like to remark that Lagrangian submanifolds are branched Lagrangian submanifold with empty
branch locus. In the rest of this paper, if L is weakly carried by %, then we will assume that L. C N (%)
and L is minimally singular with respect to 9.

Note that the notion of “carried by” used by Thurston in [14] is our notion of “strongly carried by”. For
the case of surfaces, singularities of 7 can be easily resolved. However, for the case of higher-dimensional
symplectic manifolds, there exists singularities which cannot be resolved. Thus, we defined the notion of
“weakly carried by”. We will give more detail in Section 3.4 with examples.

Thurston showed that for a pseudo-Anosov surface automorphism : S = S, there is a 1-dimensional
branched submanifold t which is called a train track such that ¥ () is strongly carried by t. Our higher-
dimensional generalization is slightly weaker, ie for some symplectic automorphism v : (M, w) = (M, w),
we construct a Lagrangian branched submanifold &y, such that ¥ (By,) is weakly carried by RBy,. In
other words, we allow nontransversality at countably many point p € %By. However, we allow only
one type of nontransversality. In the rest of the present subsection, we will describe the unique type of
nontransversality.

Definition 3.11 Let L be weakly carried by RB. A singular component V of w: L — % is a connected
component of the set of all singular points of 7.

Example 3.12 Let M be the symplectic manifold 7*R” ~ R?" equipped with the canonical symplectic
form. The zero section % := R” x 0 C R?”" is a Lagrangian branched submanifold. The fibered
neighborhood N(#) is M with fibers Fp, := TyR" for all p € R” =%. Then, a Lagrangian submanifold

Ly :={(x,x) eR"xR" |t eR,x € " ! cR"}
is weakly carried by %, and m, has only one singular component
Vi :={(0,x)| x € S"71},
where 4 is the projection map.

In order to understand the singularity, we would like to restrict 774 on L. By definition Ly is R x §771,
and the restriction is the map described as follows. First, the map collapses the center sphere {0} x S”~1
to a point and get two cones of S”~! glued at the vertex. Then, second, the map projects each cone of
S§"~1 to a disk D”. Figure 7 describes the case of n = 2.

Definition 3.13 A singular component V of w: L — @R is of real blow-up type if there exists an open
neighborhood U of V and a symplectomorphism ¢: U —> R?” such that ¢(U NB) =%, ¢(V) = Vi,
and ¢~ oy 0 = 7, where ¥, Vi, and 7 are defined in Example 3.12.
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Figure 7: In the upper left, the Lagrangian L is shaded in black and the set of singular points Vi
is shaded in red; the vertical arrow means the projection map .. In the lower left, the disk is a
target of m,; the red marked point is the singular value. In the middle right, the picture describes
two cones glued at the vertex(red marked point), which is obtained by collapsing V.

Definition 3.14 A Lagrangian submanifold L (resp. Lagrangian branched submanifold &) is carried by a
Lagrangian branched submanifold & if L (resp. ) is weakly carried by % and every singular component
of  is a singular component of real blow-up type.

3.4 Examples of “weakly carried by”

In Section 3.4, we will give three examples of Lagrangians which are weakly carried by Lagrangian
branched submanifolds. The first example is the lowest dimensional example, ie a 1-dimensional
Lagrangian in a 2-dimensional symplectic manifold. The second example is a Lagrangian torus in 7*S?2.
We will introduce these two examples in order to help the reader’s understanding on the notion of “weakly
carried by”. The third example is a Lagrangian sphere in an As—surface singularity. With the example, we
will explain why singular components occur naturally by iterating Dehn twists, which we will consider in
the present paper.

Algebraic & Geometric Topology, Volume 24 (2024)



Towards a higher-dimensional construction of stable/unstable Lagrangian laminations 671

Figure 8: T*S! together with the zero section % (black) and a Lagrangian Z (red) Hamiltonian
isotopic to ARB.

An example in T*S! We consider the cotangent bundle of S!. Let % denote the zero section of T*S!,
Figure 8 describes 7*S! and ®. Let Z denote the red curve in Figure 8. Then Z is a Lagrangian which
is Hamiltonian isotopic to .

By restricting a cotangent bundle map 7 on Z, Z is weakly carried by . However, by Hamiltonian
isotoping Z, one obtains % and one can resolve the singularities of 7: Z — 9. In other words, Z is
strongly carried by 3.

In [14], Thurston proved that on a surface, if a Lagrangian L is carried by a branched submanifold %,
then by isotoping L, one can resolve the singularities. Thus, Thurston used the notion of “carried by”
without defining the notion of “weakly carried by” and his notion of “carried by” is the same to the notion
of “strongly carried by”.

Remark 3.15 Thurston resolved the singularities by isotoping, not Hamiltonian isotoping. Thus, for a
1-dimensional Lagrangian L which is weakly carried by a branched submanifold %, it is possible that
one cannot resolve the singularities of 7w : L — %, ie L is not strongly carried by. However, we do not
discuss the existence of such examples in the current paper.

A torusin T7*S?2 We will introduce an example of a torus 7" in T*S? such that T is weakly carried by,
but not strongly carried by, the zero section %. In order to describe the example, let assume that

T*S?% = ! (x1,x2, X3, y1. V2., y3) € R® ‘ 23:)612 =1, ixi)h' = 0} CR® ~ T*R3.
i=1 i=1
Then it is easy to check that |7« g2 is a symplectic form on 7*S2, where w = Zl~3=1 dx; Ndy;j.
Let T be given by
T = {(cos 6(0,0,1) + sin 6(cos ¢, sin$, 0), —sin 6(0, 0, 1) + cos H(cos ¢, sin, 0)) | 6, ¢ € R}.
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Then it is easy to check that T is a Lagrangian submanifold of 7*S?2. By restricting the cotangent bundle
map 7 on T, T is weakly carried by &B. However, L cannot be strongly carried by %. If L is strongly
carried by %, then L should be a covering space of 3. However, since % is S2, a torus 7' cannot be a
covering space.

This example shows the reason why we need to define the notion of “weakly carried by” in a symplectic
manifold of dimension greater than or equal to 4.

Singularity arising from iterating a Dehn twist We will give an exact Lagrangian sphere in As—surface
singularity. By definition, As—surface singularity M is symplectically identified with

M= {(x,y,2) | x* +y* + 2% = 1} C (C, wga).
We will use well-known properties of M without proof. For details, we refer the reader to Wu [18].

The first property is that M is symplectically equivalent to the plumbing of two copies of 7*S? at one
point, ie

M >~ P(a, B).
We defined P(«, §) in Section 2.1. The second property of M is that M is equipped with a Weinstein
Lefschetz fibration f(x, y,z) = z. The Lefschetz fibration has three singular points. Fibers at regular
points are 7*S!.

The Lagrangian sphere which we will consider is 72(8), where 7 is a Dehn twist along o. We will
encode 72() on the base of the Lefschetz fibration. Figure 9 describes the base of the Lefschetz fibration
f: M — C. Then « (resp. B) is a union of vanishing cycles over a curve connecting two singular points
on the base, which is shaded red (resp. blue) in Figure 9, top. Similarly, 72(8) is a union of vanishing
cycles over a curve shaded green in Figure 9, top.

Let % be the union of vanishing cycles over a curve shaded red in Figure 9, bottom. Then 72 () is carried
by B. The projection map from t2(8) to B could be drawn as arrows on the base of f; see Figure 9,
bottom.

One can observe that, in Figure 9, bottom, there is a arrow from a regular point x to a singular point y.
On 72(p), the point x corresponds to the vanishing cycle on f~!(x). The vanishing cycle is projected to
apointon f~1(y) by m: 72(8) — B. Moreover, one can observe that the singular component is of real
blow-up type. Thus, t2(B) is carried by %.

Remark 3.16 The last example shows that a singular component could occur when we iterate a Dehn
twist. We will consider the natural occurrence in later sections.

3.5 The generalized Penner construction

In this subsection, we give a higher-dimensional generalization of Penner construction [10] of pseudo-
Anosov surface automorphisms. The generalization replaces Dehn twists by generalized Dehn twists
along Lagrangian spheres.
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Vvvvvv*%’\’vvvvw;’.
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Figure 9: Top: base of the Lefschetz fibration f; the red, blue and green curves are images of «,
B and t2(B). Bottom: the red curves are the image of B under f and the arrows are describing
the projection maps from 72(B) to %.

Generalized Penner construction Let M be a symplectic manifold. A symplectic automorphism
Y: M => M is of generalized Penner type if there are two collections,

A={ar,....am}, B={B1....,B1},
of Lagrangian spheres satisfying

oiNaj=a, PiNB, =2 foralli# ],
o; M B for all i, j

such that ¥ is a product of positive powers of Dehn twists 7; along «; and negative powers of Dehn twists
o; along B;, subject to the condition that every sphere appear in the product.

A Lagrangian sphere o; (resp. ;) is called a positive (resp. negative) sphere since only positive powers
of 7; (resp. negative powers of ;) appear in V.
Remark 3.17 (1) In Theorems 1.3 and 1.5, we can assume that the symplectic manifold M is a

plumbing space. Every t; (resp. 0;) is supported on a neighborhood of «; (resp. ), which is denoted
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Figure 10: The blue curves represent D;r in the left-hand picture and D, in the right-hand
picture; the red curves represent N, in both.

by T*a; (resp. T*B;). Thus, ¥ is supported on the union of 7*w; and 7*f;. By the transversality
condition ¢; M B;, we can identify the union with a plumbing space

P :P(al,,am,ﬂl,,ﬂl)
Thus, it suffices to prove Theorems 1.3 and 1.5 on the plumbing space P, which we take to be connected.

(2) In [10], the Penner construction required that A and B fill the surface §; ie the complement of
AU B is a union of disks and annuli, one of whose boundary components is a component of 4S. In
the current paper, we do not require the analogue of the filling condition since we only construct an
invariant Lagrangian branched submanifold and an invariant Lagrangian lamination, not an invariant

singular foliation on all of M.

In the rest of this subsection, we define a set of Lagrangian branched submanifolds in a plumbing space
P(ay,...,om, B1,...,B1). We start from the simplest plumbing space, having one positive and one

negative sphere intersecting at only one point.

Example 3.18 Let o and § be n—dimensional spheres and let M be a plumbing P (c, 8) which is plumbed
atonly one point p. Let B#,« be the Lagrangian surgery of & and 8 at p such that B#, >~ 74 (B) = oﬂ_l ().
See Figure 10, which represents the case n = 1. The cross-shape is the plumbing space P(«, 8), where o
is the horizontal line and B is the vertical line.

The neck Ny, at p connecting  and B is the closure of (8 #, o) — (o U B). In Figure 10, N, is drawn in
red. The positive disk Dl‘f at p is the closure of o — (B #, «) and the negative disk D}, at p is the closure
of B — (B #p ). The disks Djt are drawn in blue in Figure 10. Then, by attaching DI‘," or D, to B#,ca,
we obtain Lagrangian branched submanifolds (8 #, o) Ux and (B #, o) U B.

On a general plumbing space M = P(«q,...,%m, B1,...,B;) with positive spheres «; and negative
spheres B;, we similarly construct Lagrangian branched submanifolds. More precisely, given a plumbing
point p, Np, D, and D, are the closures of (8 #, ;) — (a; U B;), o — (B #p ;) and B; — (B; #p i),
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respectively. In order to construct a Lagrangian branched submanifold &, let D, (%) be either D ;‘ or D,
In other words, to construct %, one choose either Dl‘," or D, for each plumbing points p. Then we
construct a Lagrangian branched submanifold % by setting

(3-3) %::U(ai— U D;)UU(,B,-— g D;)UUNPUUDP(%).
i pEa; J peB; p p
There are 2%V possible choices of %, where N is the number of plumbing points. Let B be the set of all

2N Lagrangian branched submanifolds constructed above.

3.6 Proof of Theorem 1.3

In this subsection, let M = P(aq,...,m, B1.....,B1), let t; (resp. o;) be a Dehn twist along o; (resp. ),
and let ¥ be of generalized Penner type.

In the rest of the paper, we assume that every Dehn twist, 7; and o7, satisfies that

(1) 7 (resp. 0}) is supported on a small neighborhood T*«; (resp. T*B;) of «; (resp. fB;);

(2) 7 (resp. o;) agrees with the antipodal map on «; (resp. ;).
We define + PN

Ap:=71i(D,). Bp:=o0; (D,) if peainp;,
(3-4) of =a;i— | J(DFUA,). Bi=p;— (D, UB).
DEq; PEB;

In words, A, (resp. Bp) is a neighborhood of an antipodal point of p in «; (resp. B;). We are assuming

that D;,t, Ap and B, are sufficiently small that they are disjoint to each other.

Recall that B is the set of Lagrangian branched submanifolds defined in Section 3.5; see the last sentence
of that subsection.

Lemma 3.19 For all k, there exists a function Fr, : B — B such that 73 (B) is carried by Fy, () for all
B € B. Similarly, there is a function F_—1:B — B for all j such that oj_l(%) is carried by F_—1(%).
J J

Proof In this proof, 7z is given by (2-2) and 7: T* S = T*S" defined in Section 2.2; ie 7y = poTogp !
in a neighborhood of oy, where ¢ is an identification of 7*S” and a neighborhood of a.

Given B € B, 9B admits the decomposition
(3-5) B=Jeyul B ulJN,ulJ4,ul )B,ul D).
i j p p p p

where D, (B) is either D;‘ or D, . This follows from (3-3) and (3-4).

1 /

We prove the first statement for 7 ; the proof for o; It

Ny, Ap, Bp, and Dpi. We claim:

is analogous. Our strategy is to apply 7 to o],

() tk(e;) = and 7% (B}) = B, and they are strongly carried by o; and B;.
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(ii) If p ¢ o, then 7% (Np) = Np, (D) = D, 74 (4p) = Ap and 14 (B,) = By, and they are
strongly carried by Np, D;,t, Ap and B.
(i) If p € ak, then 7z (D,f) = Ap, 14 (Ap) = D,f and 1 (B)) = By, and they are strongly carried by
Ap, D; and Bp.
(iv) If p € oy, then 7z (D) and tx (Np) are obtained by spinning with respect to p. Moreover, 7z (D},)
is strongly carried by Np U (ax — D,5) and i (Np) is carried by Np U (ax — D).

By (3-5) and (1)—(iv), 1 (B) is carried by B’ such that
(3-6) @ = Jegul B ul N, ul )4, ul By ul ) Dp@).
i j p p p p

where Dp(B') is D, (B) if p ¢ o and Dl‘f if p € ag. Then Fy : B — B is defined by Fy, (B) = B'.

For (i), since 7 agrees with the antipodal map on ay, ¢ () = a; and 7z (r; ) is strongly carried by o .
Moreover, since 7 is supported on T*ay, o] does not intersect the support of 7z for all i # k. Thus,
Tk (o;) agrees with o} and 7y (et}) is strongly carried by itself. The same proof applies to ¢ (8}).

Statements (ii) and (iii) are proved in the same way.
For (iv), we compute 7z (D) and t¢ (Np) by spinning with respect to p and ¢. We assume
¢(((1’ 01’!)’ Ol’l+1)) =p

without loss of generality. Using the notation from Section 2, D, and N, are contained in Uye sn—1 9 (Wy).
Thus,

(3-7) (D)= |J (@oiod™)(D, Np(W))
yGS"_l
= |J @G@Ewme@ ' @Hnw)) = | w(D,)ne¢m).
yesSn—l1 yesn—1

(3-8) uNp)= | @oFo¢™ (N, Np(Wy))
yGS”_l
= U #Gwm@ ' WNpnm))= | wNp)newy).
yGS"_l yGS”_l

The restriction 7|y, is a Dehn twist on W), ~ T*S 1 along the zero section. Thus, we obtain Figure 11
which represents intersections ¢(Wy) N D, ¢(Wy) N Np, ¢(Wy) N (D), and ¢(Wy) N tx (Np).
Equation (3-8) and Figure 11 imply that 7z (N,) is carried by N, U (ax — D ; ) This is because in each Wy,
the vertical projection has no critical values. Thus, if there is a singular value, then the singular value is
created when one takes the union in (3-8). One can easily check that 7z (p) is the only singular value
when one takes the union. Similarly, 7 (D) is strongly carried by Np U (o — DI‘," ).

Then (i)—(iv) and (3-5) prove that 7z (%) is carried by Fz, (B). O
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Np(red), D, (blue)

Figure 11: In the left picture, the blue curve represents D, and the red curve represents Np;
in the middle picture, the red curve represents 7 (N,); and in the right picture, the blue curve
represents 7x (D).

Lemma 3.20 If L is a Lagrangian submanifold which is carried (resp. weakly carried) by B € B, then
7% (L) is carried (resp. weakly carried) by Fr, (B). The case of crj_l is analogous.

Proof We can assume that L is contained in an arbitrary small neighborhood of %. Then we apply a Dehn
twist 1z as we did in the proof of Lemma 3.19. The details are similar to the proof of Lemma 3.19. O

Proof of Theorem 1.3 Let ¥ : M => M be a symplectic automorphism of generalized Penner type.
Then we can write Y = §; o---06;, where 8 is a Dehn twist 7; or aj_l. By Lemma 3.19, we have specific
functions F; and F -1 acting on B. We then define Fy = Fs, 0---0 F5,: B — B.

J

We claim that Fy, is a constant map, ie there is a unique B, € B such that Fy (B) = By, for all B € B,
which we define as follows: in (3-3), for p € o; N B, we set Dp(By) = DI‘," if the last 7; in ¥ appears
later than the last aj_l, and Dp(By) = D, otherwise. Note that every Dehn twist 7; and O'j_l appears
in ¥; thus By, is well defined. By (3-6), Fy (B) = By, for all B € B. Lemma 3.20 completes the proof. O

Remark 3.21 (1) A singular value of 7 : ¥ (L) — %B* can be moved by isotoping ¥ (L).

(2) Every singular value of 7 : ¢ (By,) — B* lies near 7 (p), 7 (z; (p)), or Jr(crj_l (p)) by isotoping,
where p is a plumbing point.

4 Encoding a Lagrangian on a Lagrangian branched submanifold

In the previous section, we generalized the notion of “carried by” for higher-dimensional symplectic
manifolds. It is well known that on a surface, if a curve is carried by a train track, then one can encode
the isotopy class of curve on the train track with an extra data. The extra data is called weight. We briefly
review the notion of weight in Section 4.1, then generalize this for higher-dimensional case in Section 4.

4.1 Weights on a train track

We will briefly review the notion of weights on a train track with a simple example, and how one
can construct a stable lamination of a surface automorphism of generalized Penner type from them in
Section 4.1. We will introduce some well-known facts without proofs. For more detail, we refer the
reader to Penner and Harer [11], or Farb and Margalit [5].
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Figure 12: Top left: the cross shape is a surface S, the black graph is a Lagrangian branched
submanifold %, and the red curves are carried by %By,. Top right: the numbers are the weights
corresponding to the red curve in the diagram to the left. Bottom: the red curves are parallel
copies of each edges and the blue dotted curves are the unique way to connecting the parallel
copies.

At the end of Section 4.1, we will explain why the construction on surfaces does not work on the cases of
a higher-dimensional symplectic manifold. Then, we will give a detailed organization of Section 4.

The notion of weights Let S be a surface obtained by plumbing two copies of T*S! at one point.
Two zero sections of each copies of T*S! will be denoted by « and B as we did in previous sections.
Similarly, let r and o denote Dehn twists along o and B respectively. We will fix a surface automorphism
¥ := t oo~ L. Then, by Section 3, there is a branched submanifold %y such that if a curve C C S is
carried by B, then ¥ (C) is also carried by %.,. Moreover, as mentioned in Section 3.4, one can assume
that there is no singular value of 7: C — %y, by isotoping. Figure 12, top left, describes the surface S
and %y, together with an example of a curve C which is carried by By;.

Weights on a train track are collection of nonnegative numbers assigned on each edges of the train track. If
a curve C is carried by a train track %, then C gives weights on % by assigning the number of connected
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components of 77~ !(e) for each edge e of PBy . Figure 12, top right, is an example of weights, which are
induced from the curve C drawn in Figure 12, top left.

Conversely, one can recover the isotopy class of a curve C from a train track % which carries C and
the weights induced from C. In order to recover, one can considers parallel copies of each edges. The
numbers of copies are the weights on each edges. Then, it is known that there is a unique way to connect
each copies to construct an isotopy class of the curve C. Figure 12, bottom, is the example of the
recovering process.

Linear algebra on weights By Theorem 1.3, for a surface automorphism i of generalized Penner type,
if a curve C is carried by a train track %, then ¥ (C) is carried by By,. Since C and ¥ (C) are carried
by B, they induce weights on %By,. Moreover, it is well known that the weights for ¥ (C) is obtained
from the weights for C by doing linear algebra. We will review this with the example which we used

above, ie S is the plumbing of T*a and T*8 and = oo 1.

Let C be a curve carried by By, such that the induced weights on By, are a, b and ¢, as drawn in Figure 13,
top left. For simplicity, we write the weight for C in a vector

a
wec=|b
c
Figure 13, top right and bottom left, are (%) and ¥ (B, ). One can observe that ¥ (B, ) is carried by
By and induces weights 3b + 2¢, 2b + ¢ and a on By,. Thus, the weights for C and ¥ (C) satisfy

032
4-1) Wyc)=(021 ‘W
100

Remark 4.1 In (4-1), a 3 x 3 matrix appears. One can replace this matrix with a 2 x 2 matrix. Since the
weight assigned on the blue edge in Figure 13 should be the same to the sum of weights assigned on the
red and black edges in Figure 13. This condition is called the switch condition. For the detail, see Farb
and Margalit [5].

Stable lamination of ¥ For a surface automorphism ¢ of generalized Penner type, it is well known
that the stable lamination of v is easily constructed from %y, and the linear algebra which we did above.
For a rigorous treatment, we should define the notion of measured lamination and should explain how a
measured lamination & can be encoded onto a pair (%, W) of a train track By, and weights wy. However,
for simplicity, we skip this excepts that the weight vector Wy is an eigenvector of Ay, corresponding to
an eigenvalue A > 1, where Ay is the matrix appearing in (4-1).

For more details including the notion of measured laminations and the existence of an eigenvalue A > 1
of Ay, we refer the reader to Farb and Margalit [5].
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Figure 13: Top left: the Lagrangian branched submanifold %, has three edges shaded blue, red
and black, and a, b and ¢ are weights on the edges, respectively. Top right describes o~ (By,);
blue, red and black edges are assigned the same weights a, b and c¢. Bottom left describes
(07 (By)) = ¥ (By); blue, red and black edges are assigned the same weights a, b and c.
Bottom right describes the projection of ¥ (%) onto %, and one finds new weights on each
edge of Ry, .

A difficulty on higher-dimensional symplectic manifolds For a surface automorphism y of generalized
Penner type, one can construct the stable lamination of i by doing some linear algebra on weights on a
train track %B,. This is because, in the case of a surface, the notion of carried by is the notion of strongly
carried by, ie there is no singular component. However, in the case of a higher-dimensional symplectic
manifold, the construction of laminations on surfaces does not work, because of singularities.

In Section 4.2, we will decompose 973"1/‘, into a union of disks. The disks are of two types, one with
singularities and one without singularities. Then, in Section 4.3, we will generalize the notion of weights.
Since the generalization should have information on singularities, it will be defined by using the disks
with singularities. In Section 5.1, we will generalize the linear algebra on weights. In Section 6.2, we
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will construct a stable Lagrangian lamination on a disc with singularities, and in Section 6.3, we will
construct on a disc without singularities.

4.2 Singular and regular disks

As mentioned in the previous subsection, the construction of laminations on surfaces does not work
because of singularities. In Section 4.2, for a symplectic automorphism ¥ of generalized Penner type,
we decompose %y, into a union of disks. The disks are classified into two types, with and without
singularities.

Definition 4.2 Let assume that there is a pair (: M = M, B, ) of a symplectic automorphism v and
a Lagrangian branched submanifold % such that " (By,) is carried by %y, for all n € N. Let %7, be the
associated branched manifold of %By,. Then the triple (V, By, %:/‘f) admits a decomposition into singular
and regular discs if 9732 can be decomposed into the union of a finite number of disks S; >~ D", which
are called singular disks, and R; ~ D", which are called regular disks, ie

(4-2) w5 = JsiulJR;
i J
such that

(1) each singular disk S; is a closed disk contained in a closure of a sector of B*;

(2) SinS; =g foranyi # j;

(3) every singular value of 7 : Y (B, ) — By, after weakly fibered isotopy lies in | J; S forallm € N,
where S7 is the interior of S;;

(4) each regular disk R; is a closed disk contained in a closure of a sector minus Ul- Sl.° ;

(5) S; and R; (resp. R; and R; for i # j) meet only along their boundaries.

For convenience, we simply say that &, , instead of a triple (¢, By, %:"p), admits a decomposition into
singular and regular discs.

Definition 4.3 Let a triple (1, By, %1’7’) admit a decomposition into singular and regular discs. A
Lagrangian L which is carried by By, is compatible with the decomposition if L is Hamiltonian isotopic
to L’ such that every singular value of 7 : L — @By, lies on a singular disc.

Remark 4.4 In Section 3, we used a decomposition of 9B with notation Dljt, Ap, Bp and so on. However,
the decomposition introduced in Definition 4.3 is a decomposition of the associated branched manifold %B*,
not %.

In the rest of Section 4.2, we will introduce and use a specific decomposition of %*1/, for Y of generalized
Penner type. Since the specific decomposition of &, , together with the decomposition of B, in (3-5), is
likely to confuse the reader, we remark that here.
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If 973*1// admits a decomposition into singular and regular discs, then one obtains a decomposition of N (%)
as

N@y) =[x " Snul = (R).
i J

Remark 4.5 In Section 4.3 (resp. Section 6.3), we will construct a Lagrangian lamination on 7~1(S?)
(resp. JT_I(R;)) which is the closure of 7! (S87), not on 77 1(S;) (resp. C ! (Rj)). This is because
x~1(S;) (resp. 7T_1(Rj)) is not a (closed) submanifold of M if S; (resp. R;) intersects the branch locus
of B*.

Figure 6 is an example. If Sy in Figure 6 is a singular disk, then 7~!(S7) is the union of the red box in
Figure 6, left, and Fy.

Decomposition of 973; for ¥ of generalized Penner type Let us assume that a symplectic automorphism
Y : M = M is of generalized Penner type. Then, in Section 3, we constructed a Lagrangian branched
submanifold &By,. We will now give a specific decomposition of 975*]/, into singular and regular discs, which
we will call the standard decomposition of %:’,‘,

By Remark 3.21, after weakly fiber isotoping, every singular value of w: ™ (RBy) — %1’; lies in the
interior of S, (%) or S*. where Sp(By) :=7(Dp(By)), S; :=n(Ap) and S, := n(Bp). We note
that as the notation suggests, S, (%) depends on %, but Spi does not. In the specific decomposition,
Sp(By) and S ;E are singular disks of %*1/, and there is no other singular discs.

Remark 4.6 As mentioned in Remark 4.4, S, (%By) and S 55 are subsets of 973:/‘,, not %B,. However, in
the rest of the current paper, if there is no chance of misunderstanding, we will abuse notation and will
identify the singular disks with D, (%), Ap and B),. This is for notational convenience.

We will divide the complement of singular disks from &7 , ie
(4-3) By \ (U Spy@y)ul Jsul SP_),
p p p

into regular disks. In order to do this, we cut out a symplectic submanifold W2"~2 c M 2" which is
defined as follows: for each «; (resp. B;), there is an equator Cy; (resp. Cg,) = S "1 such that

(1) for any plumbing point p € «; (resp. ), p lies on Cq; (resp. Cg,);
(2) if pea; NB;, then T*Co, = T*Cpg, near p.
Note that the equators on Lagrangian spheres «; and f; are defined using identifications ¢q, : a; = S

and ¢g.: B; = S". Thus, by choosing proper identification ¢, and ¢g,, we can assume the existence
of Cy; and C B;- Then

W= T*Co, Ul JT*Cp,
i J
is a (2n—2)—dimensional symplectic submanifold of M.
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Figure 14: Left: the black curves represent %y and the red dotted circles are C, (left) and Cg
(right). The blue shaded regions are singular disks. Right: W as a symplectic submanifold, black
curves are W N RBy,, red dotted lines are Cy (horizontal) and Cg (vertical), blue shaded regions
are intersections of W and singular disks.

We cut (4-3) along 7 (W). The components of the complement of W are the regular discs R; in the specific
decomposition of %B,. Each Ry is a manifold with corners, where the corners are at Ry N (W) N S;.
Then the proof of Theorem 1.3 shows that this decomposition of %:’,‘/ is a decomposition into singular and
regular discs. More precisely, there are two types of singularities of 7 : " (%By,) — B, one coming
from a singularity of ¥ ~1(%y) and the other occurring when one applies 1. The proof of Theorem 1.3
shows two things; first, ¥ sends a singular value of ™! (By,) onto a singular disk, and second, a new
born singular value lies on a singular disk.

Remark 4.7 (1) If By, = By, then it is easy to check that the standard decomposition with respect
to v; are the same.

(2) In Section 3.5, we defined a set B of Lagrangian branched submanifolds in M. For all 8 € B, one
can find a symplectic automorphism v such that % = %By,. Together with the above argument, for
all B € B, B* admits the standard decomposition.

Example 4.8 Let M be the plumbing of T*« and T*f at one point p, where o, B ~ S2. Let = top~ !
where t (resp. B) is a Dehn twist along « (resp. ). Then By, = (B #, ) U and (Y, By, 973:,‘,) admits
the standard decomposition.

Figure 14, left, is a schematic picture of %By,. The regions shaded blue are singular disks of the standard
decomposition. The red dotted circles are Cy and Cg. Figure 14, right, is the symplectic submanifold W
of codimension 2.

Remark 4.9 For a given symplectic manifold M and a given triple (, By, 9731"/‘,), it is natural to ask
which Lagrangians L are compatible with the standard decomposition of 973:/‘, One can easily check that
if L is one of zero sections «; or B, or if L is obtained by applying a series of Dehn twist to one of zero
sections, then L is compatible with the standard decomposition. See Remark 3.17 for the notation «;
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and B; and see the proof of Lemma 5.1. Also we note that by Wu [18], if M is an A,—surface singularity,
then every exact Lagrangian L is compatible with the standard decomposition of %:‘;f if L is carried
by %By . In the current paper, we simply assume that a Lagrangian M is compatible with the standard
decomposition for convenience.

4.3 Braids

In Section 4.3, we will generalize the notion of weights on higher-dimensional symplectic manifolds. We
will assume that a given triple (y, By, 973*1/,) admits a decomposition into singular and regular disks.

Let S be a singular disk in 9731*/‘, and let S° be the interior of . Then 77 1(5°) = Upese Fp is symplec-
tomorphic to DT*(D")°. Thus, the closure 7~1(S°) is symplectomorphic to DT *D" and there is a
natural symplectomorphism between them. The boundary d7~1(5°) is a D"—bundle over 9§ ~ §"~1
and the natural symplectomorphism induces ¢: d7~1(S°) = §"~1 x D",

Definition 4.10 D(S) (resp. D(9S)) is the D"”—bundle 7~1(S°) (resp. dr~1(S5°)) over S; (resp. 35).
Definition 4.10 is for notational convenience.

Remark 4.11 Since D(S) is symplectomorphic to a disk cotangent bundle of D", coordinate charts on
the base will induce a natural identification between D(S) and D” x D”. By restricting the identification
on the boundary, D(9S) is identified with S”~1 x D",

If L is a Lagrangian submanifold which is carried by %y and if L is compatible with the decomposition
of %*1// then, for all p € 05, ¢(L N F)) is a finite collection of isolated points in F, >~ D"; recall that
m: L — %:"p has no singular value on dS. Thus, ¢(L N D(dS)) can be identified with a map from
385 ~ S~ to the configuration space Conf;(D") of [ points on D" where [ = [(L, S), ie a braid. Since
L is Lagrangian, (¢~ 1)*w vanishes on ¢(L N D(9S)).

From now on, we will define the braids on the boundary of a singular disk S. Let f: S"~! — Conf;(D")
for some /. In other words, there are maps

f1,...,f]2Sn_1—>Dn

such that f(p) ={f1(p),.... fi(p)} with f;(p) # fj(p) foralli # j. We define

B(f):={(p. fi(p) e S" ' xD" | pe S ie{l,... 0}}

4-4) -
Brys :={¢ Y (B(f))| f: " ! — Conf;(D") such that (¢ 1)*(w) is zero on B( 1) for some/}.
Note that ﬁas is a set of closed subsets of D(dS) and independent of ¢.

We define an equivalence relation on IFBVraS as follows: by ~ by for b; € lfSTraS if there exists a smooth
I—parameter family by € Bryg connecting by and by. Let Bryg := Bryg/~.
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Definition 4.12 Let (y, By, %*1//) admit a decomposition into singular and regular discs. If L is a
Lagrangian submanifold which is carried by % and is compatible with the decomposition of %7 , then the
braid b(L, S) of L on a singular disk S is the braid isotopy class of Brgg which is given by

b(L,S) =[L N D@S)] € Brys.

Remark 4.13 The word “braid” comes from the case of % dmM =n=2.1f n =2, then f in (4-4) is
an element of 771 (Conf; (ID?)), ie a braid. For a general 1, we consider an element of 7, (Conf; (D")).

The notion of braid is defined as an equivalence class in Definition 4.12. However, in the rest of the
present paper, if it is not likely to be misunderstood, then we use the word “braid b(L, S)” to indicate a
representative of the class. This is for the notational convenience. By considering a representative of a
braid, we can consider b(L, S) as a subset in D(d.S). For the case of % dim M = n = 2 (resp. general n),
a braid b(L, S) is a union of circles (resp. S”~!) embedded in D(9S).

Definition 4.14 A strand of a braid b(L, S) is a connected component of b(L, S) C D(9S).

As similar to Remark 4.13, the word “strand” comes from the case of % dimM =n=2.

S Action of a symplectomorphism

In Section 5.1, we briefly review how one can keep track of the action of a surface automorphism changing
the isotopy classes of curves. The action can be written as a linear map acting on the set of weights. Also,
we generalized the notion of weights in Section 5.

In Section 5, we generalize the “linear algebra on weights” for higher-dimensional cases.

5.1 Linear algebra on braids
We would like to generalize the linear algebra on weights, which we reviewed in Section 4.1. More

precisely, we claim the following:

Claim (x) If L is carried by By and L is compatible with the standard decomposition of %*1// for a
symplectic automorphism y of generalized Penner type, then there is a systematic way to obtain

{b(y¥(L),S) | S is a singular disk of the standard decomposition of %*1/,}
from
{b(L,S) | S is a singular disk of the standard decomposition of%:‘;}.

Moreover, the systematic way depends only on v, independent of L, as one has a matrix Ay for ¢ of
generalized Penner type as in Section 4.1.
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Instead of proving (), we will prove Lemma 5.1, which considers Dehn twists 7z and 0/_—1 instead of .
Recall Remark 3.17 saying that the symplectic manifold M is a plumbing space of copies of 7*S" and ;
(resp. 0;) is a Dehn twist along one of the zero sections of 7*S”. We also recall Lemma 3.20 saying
the following: there exists a set B of Lagrangian branched submanifolds and functions F, : B — B
(resp. Faj—l : B — B), such that if L is carried by B € B, then 4 (L) (resp. aj_l (L)) is carried by Fz, (B)
(resp. Faj—1 (%)).

Lemma 5.1 Let L be a Lagrangian submanifold of M such that L is carried by B € B and L is compatible
with the standard decomposition of B*. Then tj (L) is compatible with the standard decomposition of
Fr, (B). Moreover, there exists a systematic way to obtain

{b(tx (L), S) | S is a singular disk of the standard decomposition of Fy, (%)™}
from

{b(L,S) | S is a singular disk of the standard decomposition of B*}.

The case of oj_l is analogous.

Remark 5.2 Since a symplectic automorphism i of generalized Penner type is a product of Dehn twists
T and oj_l, Lemma 5.1 is enough to prove (*).

We will prove Lemma 5.1 in Sections 5.2 and 5.3. The proof will be given for an example case. In the
rest of Section 5.1, we will introduce the main idea of the proof. Also, we will introduce the example
case which we will consider in Sections 5.2 and 5.3.

The main idea The main idea is to consider 7z (N (%)) instead of 73 (L). More precisely, for a given
singular disk S” of Fy, (B) = B', we consider 7 (N(B)) N D(dS’). One can check that every connected
component of 7z (N(%B)) N D(3S’) is homeomorphic to S ! x D”. For an arbitrary component, there
isamap fs—s,;: D(S)— D(3S’), where S is a singular disk of %* and a natural number 7, such
that the image of fs_, g/ ; is the connected component. In other words, every connected component of
7% (N(B)) N D(3S’) is given as the image of a function defined on D(dS) where S is a singular disk
of A.

The subscription (S — S’,7) of fs—, s/ ; means that it is a function explaining the contribution of b(L, S)
on b(tx (L), S’). Since it is possible that there are multiple connected components of 7 (N (%)) N D(dS”),
which are induced from the same singular disk S, one needs multiple functions, which are labeled by
natural numbers i in the subscription.

Since L is carried by B, L C N(%B). Thus, 13 (L) C 1% (N(%)). By definition,
b(tx (L), S") = 1 (L) N D(3S") C tx (N(B)) N D(3S).
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We consider the intersection of b(zx (L), S’) with each connected components of 7z (N (%)) N D(9S’).
In the connected component, which is the image of Fs_.s/;, b(tx (L), S’) is given by

fs—s,i(b(L,S)).
Thus, the set { fs—s’,; } of functions gives the systematic way to construct

{b(tx (L), S) | S is a singular disk of the standard decomposition of Fr, (B)*}

from
{b(L,S) | S is a singular disk of the standard decomposition of B*}.

The example case The symplectic manifold we consider is M = P(«, B1, B2), where o and ; are
spheres such that « N 1 = {p} and « N B = {q}, ie M is a plumbing space of three copies of T*S".

Yoo 1. Then Theorem 1.3 gives a

Let 79 and o; be Dehn twists along « and B;, and ¥ = 1900
Lagrangian branched submanifold %,. For the case of dim M = 2n = 2, Figure 15 describes the example
symplectic manifold M. In the example, we will consider the effects of o, 1 on PBy in Section 5.2 and

7o 1n Section 5.3.

For convenience, we establish notation here. The standard decomposition of %y, has 6 singular disks
which are centered at p, 7o(p), o, L(p), g, t0(q) and o, 1(g). As mentioned in Remark 4.6, we are
abusing notation and pretending that the singular disks are in &y, not in 973:"# We also note that 7o(p)
and 7o(q) are antipodal points of p and ¢ on «. Similarly, o L(p) (resp. oy 1(q)) is the antipodal point
of p (resp. g) on By (resp. B2). Let S, ..., S¢ denote the singular disks centered at p, 79(p), ol_l(p), q,
T0(q) and 05 1(g) respectively. Moreover, let b; denote b(L, S;) fori =1,...,6.

Similarly, the Lagrangian branched submanifolds %' := F oy (B) and B” := F,(B) each have 6 singular
disks. By definition of the standard decomposition, those singular disks are also centered at p, 7o(p),
o1 1 (p). ¢, t0(q) and 05 (q). As we did for B, let Sy,..., S; (resp. S7,...,SJ) denote the singular
disks of %’ (resp. B") centered at p, 70(p), o7 1(p), ¢, To(q) and 651 (). Moreover, we label

bi =b(L.S;). bl =b(; (L).S)). b/ =b(ro(L).S!).

~

In the rest of this paper, we make specific choices of 7o and o, given by (2-2) and 7: T*S" = T*S",
which is defined in Remark 2.2. In other words, 179 = ¢ 0 T 0 ¢, 1 and oj =¢p; 010 ¢E'l, where ¢y
: J

(resp. ¢p, ) is a symplectomorphism from T*S" to a neighborhood of « (resp. B;). The neighborhood
of o (resp. B;) will be denoted by T*« (resp. T*f;).
Remark 5.3 Recall that 7 is a Dehn twist on 7*S” which agrees with the antipodal map

T*S" = T*S", (u,v)+ (—u,—v),
on a neighborhood of the zero section S”.
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Figure 15: Top: the black curves represent «, 1 and B, in M = P(«, 1, B2), and the blue curve
is By. Middle: the red curves are singular disks S;. Bottom: the fibered neighborhood N (%)
and a disk bundle D(9S;) ~ D! x §9, ie two intervals attached at 35;.

Remark 5.4 In the next sections, we will consider the example which we specified in the present

subsection. Moreover, for convenience, we will assume that the dimension 2#n of the symplectic manifold
M is 4. For the case of n = 2, we specify identifications ¢;, ¢! and ¢} from D(9S;), D(3S}) and D(9S/")
to S! x D2. We would like to point out that there is no reason to choose these specific identifications,

this is only for the notational convenience.
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In order to construct @1 : D(3S1) = S! x D?, we remark that
D(3S1) = dan~1(S7), D(S1) =n"1(SY)

by definition. Thus, in order to specify ¢y, it is enough to identify D(S;) and D? x D?. We remark that
D(S1) is a disk bundle over S; ~ D?2.

By abuse of notation, let’s assume that S1 C By, not Bip. Then §; is a Lagrangian disk in M. Thus,
D(S1) is a small neighborhood of a Lagrangian disk S;. By the Lagrangian neighborhood theorem [16],
it is enough to choose coordinate charts on S;. Similarly, it is enough to choose coordinate charts for S;,
S/ and S/.

In order to choose specific coordinate charts, we use the symplectic submanifold W C M defined in
Section 4.2.

Let (x1, x2) be a coordinate chart on S; C « such that the x;—axis agrees with W N S;. There are two
choices for the positive x;—direction corresponding to the two orientations of W N S, or equivalently
orientations of Cy. We can choose either of them. Then, let (y, y») be an oriented chart on S5 such that
the yi—axis agrees with W N B; and @(dy, , dy,) > 0. The positive y;—direction determines an orientation
of Cg,. On §3, there exists an oriented chart (x1, x2) such that the positive x;—direction agrees with the
orientation of Cy. For the other singular disks, we obtain oriented coordinate charts from the orientations
of Cy, Cg;, @ and B; in the same way.

5.2 Effect of o 1

In Section 5.2, we discuss how {b] | i =1,...,6} are obtained from {b; |i =1,...,6}. Since 02_1 is
supported on T* B3, a small neighborhood of >, b; and b; are the same braid in Bryg, fori =1,2,3
and 5. We will explain how by is constructed.

We can obtain 0, 1(By) by spinning with respect to ¢ in T*Ba, ie o, 1(@By ) is the union of curves in
a 2—-dimensional submanifold ¢g, (W) ) over y € S n=1 Recall that the spinning and W, are defined in
Section 2.2.

Figure 16 represents a support of 0, Lin M, ie a small neighborhood of B2 C M where M is a symplectic
manifold of dimension 2 given in Figure 15. Similarly, in Section 5.2, the rectangles in Figures 15-19 are
the support of o, 1

By spinning blue, red, and green points in Figure 16, we obtain 05 Y @By)N D(0S¢). Let B, R and G be
obtained by spinning constant curves drawn blue, red and green points in Figure 16, respectively.

Since N(By) D By, 05 1 (N(By))ND(S)) is a neighborhood of o5 1 (By ) N D(dSE). By assuming that
N(By ) is a sufficiently small neighborhood of By, 05 LN (By)) N D(3S) consists of three connected

components, which are neighborhoods of B, R and G. Each connected component will be called N(B),
N(R) and N(G).
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oy ' (By)

Figure 16: The left picture represents By N ¢p, (Wy) and the right picture represents o5 Y @By)N s, (W)).

Since b = 05 (L) N D(3S§) C N(B) U N(R) U N(G), b is divided into three groups, which are
contained in N(B), N(R) and N(G) respectively. We argue the group which is contained in N(B) first.

Let assume that 05 !(S4) = S§. Then 05 1(3S4) = 3S§. Moreover, if 05 1 (D(3S4))) C D(3S}), then

N(B) = 02_1(D(BS4)) C D(0Sg). Also, one concludes that 02_1|D(8S4)3 D(0S4) => N(B). If one

can assume that b4 is a subset of D(0S4) by definition of braids, the set of braids of bg inside N(B) is
-1

oy (Da).

However, o, 1(S4) is not Sg. Thus, we will construct a Hamiltonian isotopy ®; so that there exists a
slightly smaller disk Dp is Sy4 satisfying

(@100, ) (Dp) = Sg.
Note that “slightly smaller” means that there is no singular value on S4 \ Dp. Then
(®1005 ) (D(@Dp)) = N(B),

where D(0Dp) is defined as similar to Definition 4.10. The strands of bg in N(B) will be given by
(P4 002_1)(D(3DB) N L). Moreover, D(dDp) (resp. D(d0Dg)N L) and D(0S4) (resp. by = D(3S4)N L)
are naturally isotopic. Under the isotopic relation, there is a function fi: D(0S4) — D(9S) such that
the strands of by in N(B) are fi(bs).

From now on, we will construct a specific ®;. For notational simplicity, we assume that dim(M) = 4,
but the construction of ®; is easily generalized for the case of higher dimensions.
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toy' (@) ®1 (05 (Dp))
i oy ! @
! —_—> —>
__aPs K
+ I
DS
By o5 (By) 1 (051 (By))

Figure 17: The blue curves represent DgnN ¢, (W) in the left picture, o5 1(D B) Mg, (W))in
the middle picture, and &, (o, (D B)) N ¢, (Wy) in the right picture.

We choose a neighborhood U C B> of 05 1(¢) and a Darboux chart ¢, : T*U == R* such that ¢, (05 Y(@)
is the origin. We remark that 7* 8, denotes a neighborhood of B, in M, which is symplectomorphic to
the cotangent bundle of B5. Thus, for a subset U of B;, one can assume that 7*U is a subset of M.

For convenience, let ¢4 (x) = (x1, x2) where x; € R?. Then there is a Hamiltonian isotopy

(5-1) B, (x) = (¢q © Hes(erllxi I +eallxal) © $g) (x) if x € TV,
ifx¢T*U,
where ¢; is a positive constant, || - || is the standard norm on R?, and H; and § are defined as follows: let

H,:R* — R* be a Hamiltonian isotopy given by

cost 0 —sint O
0 cost O -sint
! sint 0 cost O |[°
0 sint O cost

and let §: [0, 00) — R be a smooth decreasing function such that §(x) = 7 for all x < I and §(x) = 0 for
all x > 2.

Figure 17 represents the case of dim M = 2. We note that the rectangles in Figure 17 represent a support
of 0 1. By choosing proper constants c;, we obtain a small disk Dg C Sy such that

(®1005 1) (D(ODp)) C D(3Sy).
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\D(5)

<I>loc'r271

%v,ﬂT*,BzCM (@1002_1)(%¢)HT*[92CM

Figure 18: Left: the whole rectangle is a neighborhood of 8, in M ; thick black curves are parts
of By and the dashed black curves are N(%By,); the red thick curves represent D(9S4). Right:
thick black curves are (@1 005 ') (By,), dashed black curves are (@1 005 1) (N(By)), blue curves
are D(0S¢), and thick red curves represent the part of D(9Sg) where D(9S4) contributes.

On a small neighborhood of Dpg, 05! agrees with the antipodal map of ¢p,(T*B2) ~T*S 2 as we
mentioned in Remark 5.3. Then we obtain a map

o o ~1
fi: ST (D?)° ~ 7~ (@Dp) 2°% 5 DOSL) ~ ST x D2, (8, x.y) > (0 + 7, —r1x, —11Y).

The first and the last identifications are the natural identifications mentioned in Remark 4.11. The reason
we consider the natural identification is for notational convenience, ie in order to write f] as a map on
(0, x,y) € S xD2. Then, the strands of bg in N(B) is given by f1(b4).

Figure 18 is a picture summarizing the whole process obtaining strands of b in the first group, or
equivalently, the picture explains how b4 contributes on the construction of b, in the case dim M =2n =2.

In order to study the construction of strands of by in N(R) and N(G), one should consider

D(9S4) := g Fp.
pE€Locus(B)NASy

It is easy to check that D(3S4) is a D"—bundle over 3S4 and D(dS4) C D(3S4).

Together with 5(8S4), we observe how bg contributes on the construction of b. First, one can observe
that bg and L N (5(85’4) \ D(0S4)) are isotopic to each other. The isotopy connecting them is along the
fibers on some regular disks such that the union of regular disks has 054 and dS¢ as their boundaries.
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(P 00;*1)'(973,/;) ﬂ T*ﬂlz C M

%v,nT*ﬂ2CM

Figure 19: Left: the whole rectangle is a neighborhood of 8, in M, thick black curves are parts
of By and the dashed black curves are N(%By,), and the red thick curves represent D (0S4). Right:
thick black curves are (@ 005 ') (By,), dashed black curves are (@1 005 ') (N(By)), blue curves
are D(0Sg), and thick red curves represent the part of D(dS¢) where D(9S4) contributes.

More precisely, the union of regular disks (resp. fibers on them) is homeomorphic to $”~1 x [0, 1] (resp. a
disk bundle over S”~! x [0, 1]). The boundary of $”~1 x [0, 1] corresponds to d.S4 and 9Sg.

Similarly, one can observe that L N (D(3S4) \ D(0S4)) and bg are isotopic to each other. The isotopy
connecting them is the intersection of L and the fibers on the regular disks.

Second, one can describe the contribution of L N (5(854) \ D(054)) on the contribution of by. The
contributions are given as two functions as the contribution of b4 is described by the function f;. For the
case of n = 2 and under the identification defined in Remark 5.4, the two functions denoted by f> and f3
are
fa: SlxD? - S xD?, (0,x,y)—~ (0,r9cos6 +rax,rosinf +ray),
and
f3: 81 xD? - St xD2,
(0,x,y) > (8,—rgcos 8 + ra(x cos20 — y sin26), —rg sin 8 + ra(x sin 26 + y cos 26)),

Similar to Figure 18, Figure 19 summarizes the whole process obtaining strands of b in the second and
third groups, or equivalently, the picture explains how 5(854) contributes on the construction of b/, for
the case of dim M =2n = 2.
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Remark 5.5 (1) The constant rq is determined by the choice of an identification ¢pg, T*S2 =5 T* B2,
the fixed Dehn twist T in Remark 2.2, and so on. However, r1 has to be smaller than 1. This is
because Im( f1), Im( f2) and Im( f3) are mutually disjoint, since they correspond to N(B), N(R)
and N(G), respectively. Moreover, ro and r» are also positive numbers smaller than 1.

(2) Note that r¢ and r, are positive constants which are determined by specific choices. However, rq
and rp have to satisfy r1 4+ r» < ro, since Im( f1), Im( f>) and Im( f3) are mutually disjoint.

(3) To obtain fi, we used a Hamiltonian isotopy ®;. Similarly, to obtain f» and f3, we need a
Hamiltonian isotopy.

The situation for b is analogous. We obtain three maps g1, g2 and g3 in the same way. At the end, b} is
represented by g1(bs) L g2(be) U g3(bs). This proves Lemma 5.1 for the case of 0 1

Note that maps f, and g; are given by specific maps acting on S 1 x D2, but we would like to consider
them as maps on Bra s, for some k. We summarize the effect of 02 as the matrix

idO 0 0 O 0
0id 0 0 O 0
Shg = 0 0id 0 O 0
v 000 O0 O0gr+g2+g3
000 0 id 0
000 /10 fot+fs

Thus,

b’ b1

b’ by

il e

A e b g1(be) LI gz (be) U g3(bs)
S1(ba) L fz(bs) U f3(bs)

Remark 5.6 In surface theory, we can do linear algebra on weights, but in a higher-dimensional case, we
cannot do linear algebra with the matrix 35 g, because there is no module structure on ]§}3 s;- In other
words, the matrix X g, and sums of functions, for example g1 + g2 + g3, are for notational convenience.
Thus, the title of Section 5.1 is an abuse of terminologies.

5.3 Effect of 7

The situation for 7 is similar to that for o, 1. For example, by observing how ¢ acts on D(dS7), we
obtain

hi:S'xD? - S xD?,
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explaining the contribution of by on the construction of »%. Then, A is given by a translation on S and
a scaling on D2, as fi is. Similarly, we obtain /5 and h3, which explain the contributions of b3 on the
construction of b%. The maps /2 and /3 are of the same type as f> and f3, respectively, ie

ha(0,x,y)= (0 or 0 +m,Lrycos6 +rax,trysind +ryy),
h3(0,x,y) = (9 or 8 + m,£rycos + ra(x cos26 — y sin20), rq sin 6 + ro(x sin 26 + y cos 29)),

where rq and r, are constants.

We say that a map is of scaling type if a map is of the same type as f1, in other words, if the map is given
by a translation on S! and a scaling on D2. This is because the formula defining the map is given by a
scaling on fibers. The maps of scaling type explain how the braids along the singular disk centered at p
or antipodes of p, b(L, Sp(By)) or b(L, S *+), contribute on the braid along the singular points centered
at the same points, b(S(L), Sp(Fs (973,/,))) or b(6(L), S;E)’ when one applies a Dehn twist 8.

We say that a map is of the first (resp. second) singular type if a map is of the same type as f> (resp. f3).
This is because they are related to a creation of new singular component. The maps of the first and
second singular types explain how the braid 5(L, S;") contributes on the construction of the braid

B(8(L), Sp(Fs(By)))-

To summarize, if b; contributes the construction of bJ/. and if the center of a singular disk corresponding
to b; is either the same point or the antipodal point of the center of the singular disk corresponding to b,
maps of these three types explain the contribution of b; on the construction of b}. Note that the center of
a singular disk is defined in Remark 3.21.

The maps of these three types explain the effects of o 1 on 3. However, to explain the effects of 7o
on Ay, we need maps of one more type. The reason is given in Figure 20, roughly. We note that the
rectangles in Figure 20 are the support of tp in M where M is given in Figure 15, ie a neighborhood of
aCM.

More precise reasoning is as follows. We note that & has two plumbing points, unlike 8; which has only
one plumbing point. Thus, when we apply 7¢, b; can contribute to b]// even if the centers of singular disks
corresponding to b; and bj’/ are neither the same nor antipodes of each other. For example, LNz~ ! (7 (Np))
is stretched by 7o. The stretched part 7o(L N7~ (r(Np))) has intersection with D(3S}) and D(3SZ) as
one can see in Figure 20. Thus, b has some strands corresponding to 7o (L Na~(x (Np))) N D(3S4).
These strands are the contribution of b3 on the construction of b:{ . Similarly, b3 contributes to the
construction of b7, and be contributes to the constructions of b{ and b7.

To describe the contribution of b3 on b}, without loss of generality, we assume that there is no singular
value for
to(L N~ (w(Np))) N D(S4) = Sa.

by Remark 3.21. Thus, 7o (L Nz~! (n(Np))) N D(S4) is a union of disjoint Lagrangian disks on D(Sy).
We note that D(S4) is a disk bundle over (S i)o which is an open disk. Thus, on the boundary D(9S}),
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r'(p) r'(q)

77

%y in a neighborhood of « C M

%/ IE)(BS!() 1:3(3%’)

” P —

To(By )

Figure 20: Top: the thick black and blue curves are %, in a neighborhood of o C M ; in particular,
the blue curves are N, and the red parts are a fibered neighborhood of N, ie 771 (7 (N,)). Bottom:
the thick curves are 7o(%y, ), the red parts are extended neighborhood of N, by applying 79, and
blue dashed lines are D(3S”4) and D(9S7).

b3 contributes to b} by adding strands near to(N,) N D(9S4) which are not braided to each other. The
number of the added strands is the same as the number of strands of b3. In the same way, b3 contributes
to the construction of bZ.

Remark 5.7 In the above argument, we said that the added strands are not braided to each other. To be
more rigorous, we should specify the meaning of “not braided”. We remark that D(9S}) is identified
with §7~1 x D" by the specific identification given in Remark 5.4. The added strands are not braided in
§"~1 x D™ after the identification.

As we did before, we would like to describe the added strands as an image of a function defined on
D(3S) = S""1 xDD". In Section 5.3, we consider the case of dim(M) = 4 as we did in Section 5.2 under
the identifications given in Remark 5.4.

Let h; be the function defined on S x D2. As we explained in Section 5.2, we expect that /;(b3) can
explain the contribution of b3. However, for this case, &;(b3) cannot do that. This is because the important
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factor is the number of strands of b3, not that b3 is braided. Thus, we define a trivial braid bg such that
bg and b3 have the same number of strands as

by = 03 ({(8, x0, y0) € ST xD? | (0, X0, yo) € 93(h3)}) C D(3S3).

Then, one obtains

he: STxD? 25 771(58,) 210, 11985, % ST x D2, (8, x, y) > (6, rox + 1, oy + ¢2),

where rg is a positive constant number less than 1 and ®; is a Hamiltonian isotopy. We note that
in Section 5.2, we needed a Hamiltonian isotopy. In a similar way, we can construct a Hamiltonian
isotopy ®1. Then /;(b]) represents the added strands in b}, which correspond to 7o (L Nzt (n(Np))).

Similarly, if b; contributes the construction of bj// and if the center of a singular disk corresponding to b;
is neither the same point nor the antipodal point of the center of the singular disk corresponding to b]’.’ ,
then the contribution of b; on b;/ can be described by a map like /;. A map is of trivial type if a map is of
the same type with 4, because a map of trivial type adds strands which are not braided with each other.

Then, we can describe the effect of 79 on %y as a matrix

0 i 0 00 h

hi1 0 hp +hs 0 O i

To, = 00 id 00 0

Y 00 hy 0 i 0
00 i hi O ho+h3

00 0 00 id

Among the entries, 41, i and id are of scaling type, /5 and A3 are of the first and second singular types,
and /; and i; are of trivial type.

Remark 5.8 A i of generalized Penner type is a product of Dehn twists. In the general case, when we
apply ¥, each Dehn twist is followed by a Hamiltonian isotopy as o, 1 is followed by ®; in step two. Let
Vg = (P1,10681)0---0(P;106;), where y =81 0---06;, §; is a Dehn twist, and ®; ; is a Hamiltonian
isotopy which follows &;.

After applying the Hamiltonian isotopy, the effect of a Dehn twist 7; (resp. oj_l) on B € B is described
by a matrix T; g (resp. X, ), whose entries are sums of maps of four types.

6 Proof of Theorem 1.5

In Sections 4 and 5, we generalized the notion of weights and linear algebra on weights. In this section,
we prove our main theorem, ie Theorem 1.5, by using those generalizations.
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6.1 Limit of a sequence of braids

By Lemma 5.1, one obtains braid sequences {b(y/"* (L), S;)}meN, Where L is carried by By, and S; is a
singular disk of 973:';[ In the present subsection, we construct a limit of {b(y¥"* (L), S;)}meN as m — oo.

We argue with the above example, ie
M = P(a,B1,B2), ¥ =rt900] 005!, dimM =4

For convenience, let
B =By, R = Fo_2—1 (B), B = Fol—l(%/),

and let S;, S/ and S/ denote singular disks of %, %’ and %" Using notation from Sections 5.2 and 5.3, we
have matrices To g, 21, and X» g. Then we obtain W =To g+ 31 gy - X2 g by defining a multiplication
of maps as the composition of them. Note that a product of two arbitrary matrices is not defined since a
composition of two arbitrary functions is not defined. For example, an input of X5 g and an output of
To, are tuples of braids on singular disks of B*. Thus, X5 g - To.g~ is defined. However, To g - X2 5
is not defined since an input of Tg g~ is a tuple of braids on singular disks of %*, but an output of ¥,
is a tuple of braids on singular disks of %B'*.

Let bjm = b(y™ (L), S;). Then

bi,m by

bam by

b3,m m | b3
=

ba,m ba

bs.m bs

be,m bs

Thus, in order to keep track of braid sequences {b; , }meN, it is enough to keep track of W™,

Every entry of W™ is a sum of compositions of 3m maps. The image of a composition of 3m maps is a
solid torus. By Remark 5.5, the radius of each solid torus appearing in W decreases exponentially and
converges to zero as m — 00.

In order to be more precise, we consider g which is defined in Remark 5.8. One observes
bim C Vg (N(By)) N D(3S;)

forallmeNandi =1,...,6. Let
Bim =Yg (N(By)) N DIS;).

Then B; ;, is the disjoint union of solid tori. Each solid torus in B; ;, is the image of a composition of
3m maps, appearing in V. Conversely, for each composition of 3/ maps appearing in W, the image
is a solid torus contained in B; ;;. The radii of solid tori in B; ;, are decreasing exponentially and are
converging to zero as m — 00.
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Since Bjt1,m C B m for all m € N, there is a limit

Bioo:= lim Bim= () Bim.

m—00
meN

Thus, B; o is the union of infinite strands as a subset of D(dS;) and

im bim = Bi.oo
m—00

as a sequence of closed sets in D(9S;).

Remark 6.1 (1) We have constructed a sequence of specific representatives {b; , }meN such that

lim b;m = Bi.co.
m—00

For the purposes of extending the lamination to the singular and regular disks in Sections 6.2
and 6.3, we assume that the limit B;  is a specific closed subset in D(9.S;).

(2) Each strand of B; o corresponds to an infinite sequence { f,; }men such that fj o---o f3,, appears
in @ for all m € N.

6.2 Lagrangian lamination on a singular disk

Let ¢ be of generalized Penner type and let L be a Lagrangian submanifold which is carried by By;.
In the previous sections, on each singular disk S;, we gave an inductive description of a sequence
{bim :=b(™ (L), Si)}men- There is a limit B; o of the sequence, which is independent of L. In this
present subsection, we will construct a Lagrangian lamination &; C A (S;) from B; .

Lemma 6.2 Let v be of generalized Penner type. For each singular disk S; of %, there is a Lagrangian
lamination &; C D(S;), such that if L is a Lagrangian submanifold of M which is carried by By, then
for every m € N, there is a Lagrangian submanifold L, which is Hamiltonian isotopic to ™ (L) and
Ly, N D(S;) converges to &; as a sequence of closed subsets.

Proof Let Y be of generalized Penner type, ie ¥ = 61 o---0d;, where & is a Dehn twist z; or aj_l. We
will use similar notation as the previous subsections; for example, S; denotes a singular disk of By, W
denotes a matrix corresponding to vV, ¢; : D(9S;) = S"~! x D" denotes the identification induced from
the fixed coordinate chart on .S;, and so on.

We will assume that L, in Lemma 6.2 is ¥ 77 (L) where ¥y is defined in Remark 5.8. Then &; is the limit
of Y37 (L)ND(S;) as m — oo. Thus, £; N D(3S;) is the limit of Y7 (L)N D(9S;), ie £;ND(S;) = Dj,c0-
We will construct a Lagrangian lamination &; when B; o is given. Then we will prove that Lemma 6.2
holds with the constructed ;.

Construction of &; As we mentioned in Remark 6.1, each strand of B;  is identified with an infinite
sequence { fym}men such that fj o---o fix appears in WK for all k € N. For each strand { f;n }meN
of B; o, we will construct a Lagrangian submanifold of D(S;) whose boundary agrees with the strand
{fm}menN in the construction part.
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First, for a given strand { f;; }meN, let f1 be of trivial type. Then the strand is identified with a sphere
(0, x1,....xn) |0 € ST s LD L p(as)),

where x; is a constant. A subsequence { f; }m>2 determines constants x;. Let
D i=1{(p,x1,....xn) | p€Si} D" xD" L D(S)).

Then ¢; (D) is a Lagrangian disk in D(S;), whose boundary agrees with the strands { fi,; }meN-

Second, let f1 be not of trivial type, but there exists m € N such that f,, is of trivial type. Let k > 1 be the
smallest number such that fy, is of trivial type appearing in { f }men. Then ¢ = ko0 - 08108100 -0k, 1,
where ko =~ k (mod /), is of generalized Penner type satisfying the following: % 7 has a singular disk
S’j such that B /.00, the limit of the braid sequence corresponding to ¥ and §j, has a strand identified
with { fin } >k Thus, there is a Lagrangian disk in D(§j) whose boundary agrees with { f;,,},,>%. Let D
denote the Lagrangian disk in D(S",-). Then there is a connected component of

((®1,1081) 00 (Pky,1 08%)) (D) N D(S))
whose boundary is { f }men. Where ®; ; is a Hamiltonian isotopy mentioned in Remark 5.8.

To summarize, if there is at least one map of trivial type in { f;; }meN, then we have a Lagrangian
submanifold in D(S;), whose boundary agrees with { f, }meN. Let £; oo be the union of those Lagrangian
submanifolds.

Finally, suppose that f, is not of trivial type for any m € N. Then, for all k € N, we will construct a
sequence { fnlj tmenN for each k € N, satisfying

(1) {f*)men is a strand of B; oo;
(2) if m <kl, then fX = f;

(3) there exists a constant N € N such that fkkl N, is of trivial type.

To prove the existence of these sequences { f,ﬁ tmenN for all k € N, we use the fact that the limits B; o
depend only on ¥ and are independent of L. Let k be a fixed positive integer. Then fjo---o fi; explains
an impact of b; o = b(L,S;) on b; j = b(yk(L), S;) for some i and j.

Let consider Bi,m = b(wm(wN(L)), Si) = b; m+n for a sufficiently large integer N. Then 51‘,0 is given
by a union of images of g; o--- o gn; which appears in the i™ row of UV . If we assume that there is at
least one compact case having two or more plumbing points, then for a sufficiently large N, there exists
a sequence of functions g1, ..., gx; such that gj o---o0 gx; appears in the i™ row of W and g; is of
trivial type for some ¢ € [1, NI]. The reason is as follows: First, when we apply a Dehn twist along the
compact core with two or more plumbing points, a function g; of trivial type appears. The function g;
appears in a specific row. By applying v sufficiently many times, ie N times, one can guarantee that g;

h

appears in i ™ row. This is because every Dehn twist along each compact core appears in .
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In l;i,kl =b; k1+N1, there is a strand satisfying the last two conditions, and thus it guarantees the existence
of { f,,’f }men for all k € N, assuming at least one compact core has two or more plumbing points. We note
that the assumption excludes only one case, the plumbing of one positive and one negative sphere plumbed
at only one point. The excluded case can be easily handled directly. For more detail, see Remark 6.3

Without loss of generality, there is a strand { f,,’i}keN of B; « for each k € N. These strands converge to
{fm}meN as k — oco. Moreover, by definition of &; ~, the boundary of &; », contains strands { fnlg YmeN
for all k € N. Thus, the strand { f;;; }meN is contained in the boundary of &; := gi,oo, ie the closure
of £ 0o-

Remark 6.3 If there is no sphere with two or more plumbing points, then every sphere is plumbed at
only one point. Thus, there is exactly one positive sphere and one negative sphere plumbed at one point.
In this case, we can construct a Lagrangian lamination & on M by spinning. This is because only two
spheres are plumbed, thus there is a plenty of symmetry, which comes from the symmetry of spheres.
Then, &; := £ N D(S;) is a Lagrangian lamination which we want to construct in Lemma 6.2.

Convergence to &£; Let Ly, := Y7 (L). We defined ¥ in the fourth step of the proof of Lemma 5.1.
We will prove that L,, N D(S;) converges to &;.

First, we will show that
(6-1) lim (L, N D(S;)) = lim (Vi (N(By)) N D(S:)).
m-—0o0 m-—00
Since ¥y (N(%w)) C N(%w),
YL (NBy) N D(S;) CYH(N@By)) N D(S;) forall m e N.
Thus, we have the limit

(VH(N@y) N D(S) = [ (VE (N(@By)) N D(S))).

m

lim
m—0o0

If we equip M with a Riemannian metric g, then dg (Wﬁ (By), v (N (%,/,))), where d is the Hausdorff
metric induced by g, converges to zero as m — oo for the same reason that B; , := Y7 (N(By)) N D(9S;)
converges to an infinite braid B; o in the last part of Section 6.1.

Since for a large integer No, Ly, intersects D(S;) for any singular disk S, and L, 4+n, N D(S})
intersects every connected component of /¢ (N(By,)) N D(S;). Thus,

0= lim dy(Lm+no N D(Si), ¥ (N(By)) N D(Si))
< lim [du (Lm+no N D(Si), Y (By) N D(S1) + du (Vg (By) 0 D(Si), y™ (N(By)) N D(Si)]
< lim 2dy (Ygr (By) N D(Si), v (N(By)) N D(S))
=0.

This proves (6-1). Let IL; be the limit in (6-1).
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Second, we show that IL; is &;. By the construction of ¥;, we know that
£i CY(N(By)) N D(S;) forevery m e N.
It implies that &; C LL;. Moreover,
LN 1 0S:) =Li = Bi,oo N D(S)).

Because every connected component of I; has a boundary on 9S;, this shows &¥; = L;. O
6.3 Lagrangian lamination on a regular disk

In the previous subsection, we constructed Lagrangian laminations on singular disks, when boundary data
for singular disks were given. In the present subsection, first, we will define boundary data for a regular
disk. Second, we will construct Lagrangian laminations on regular disks from the given data. Finally, we
will prove Theorem 1.5 as a corollary of Lemmas 6.2 and 6.5.

Before defining the boundary data, we remark that, 7 ~!(R?) is symplectomorphic to DT *D", where
D" is a disk, by Remark 4.5. Similar to Definition 4.10, let D(R;) (resp. D(dR;)) denote the D" —bundle
n~1(R?) (resp. dn~1(R?)) over R; (resp. dR;).

We define a data c¢; , on the boundary of a regular disk R; for ¥ (L), by setting
Cjm = Lm N D(OR;).

We defined Ly, := ¥ (L) in the proof of Lemma 6.2. Note that ¢}, is a closed subset, not a class of a
closed subset.

To obtain a limit of ¢; 5, we consider

Cjm =Yg (N(Sy)) N D(OR)),
as we did in Section 6.1. Since Y71 (N(By)) C N(By), Cjm+1 C Cjm. Moreover, Cj , is the union of
solid tori in D(3R;) when n = 2, or the union of S”~1 x D" for general n. If a symplectic manifold M is
equipped with a Riemannian metric g, we can measure the radii of solid tori in Cj ;. The radii decrease

exponentially and converge to zero as m — oo, for the same reason that radii of solid tori comprising
B; m decrease exponentially and converge to zero as m — oo in Section 6.1. The limit of ¢;  is given by

Cioo= lim Cjm=()Cjm.
m

m—0o0

The next step is to smooth R;. A regular disk R; has corners. We will replace R; with a smooth disk R}.
This is because, at the end, a Lagrangian lamination will be given as graphs of closed sections. By
smoothing R;, it will be easier to handle closed sections.

To smooth R;, we subtract a tubular neighborhood N(dR;) C R; from R;. Let R} := R; \ N(0R;). Then
R} is a smooth disk. We replace R; with R}. To finish smoothing, we need to obtain boundary data for
R} from cjm.
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Each connected component of ¢}, can be identified with a section of a bundle D(0R;) over dR;. We can
extend this section to a closed section of a bundle 7~ (N(dR;)) over N(dR;) by computations. Then
the graph of the extended section is a Lagrangian submanifold of 7~ 1(N(dR;)). The boundary of the
Lagrangian submanifold on 8R} makes up the boundary data for R}..

From now, we assume that a regular disk R; is a smoothed disk. Lemma 6.4 claims that for a given data
¢j,m on a smoothed regular disk R;, we can construct a Lagrangian submanifold N; ,, C D(R;) such
that 3Nj’m =cCjmN D(R;).

Lemma 6.4 Let Q be a closed subset of 0T *ID™ such that there exists a disjoint union L of Lagrangian
disks in T*D", which are transversal to fibers, such that L N dT*D" = Q. Then we can construct a
Lagrangian submanifold L uniquely up to Hamiltonian isotopy through Lagrangians transverse to the
fibers.

Proof To prove Lemma 6.4, we consider a identification ¢: d7*D” = S"~! x D" which is defined
as follows. If there is a global coordinate charts of the zero section D” of T*D”, then it induces an
identification between D" x D" and T*D”. By restricting the identification on d7*ID”", one obtains
@: 0T*D" = §"~1 x D". With the fixed identification ¢, ¢(Q) = ¢(dL) is isotopic to a union of
spheres

(S" V5 p1,....8" X ppm | pi € D", m is the number of component of L}.

This is because ¢(L) is a union of Lagrangian disks in D" x D" L r*pr.

The proof of Lemma 6.4 consists of two parts: the construction of L and the uniqueness of L.

Construction We start the proof with the simplest case, ie O consists of only one strand.

By fixing coordinate charts on D", we can write down Q as a section of a disk bundle a7 *D" over dD",
ie
Q= {fi(x1. ... Xn)dxy o+ fa(xi,o oo xn)doxn | 3T oo xp = 1,

Then, the simplest case is proved by determining a function ¢ : D" — R such that d¢ = fidx1+-- -+ fndxy
on dD”. The graph of d¢ is a Lagrangian submanifold which we would like to find. Note that there
are infinitely many ¢ satisfying the conditions, but the Hamiltonian isotopy class of the graph of d¢ is
unique through Lagrangians transverse to the fibers.

If O has two or more connected components /;, then we can write /; as a section over dD”. For each i,
we need to determine functions ¢; : D" — R such that d¢; agrees with /; on dD”". Moreover, to avoid
self-intersection, they should not be equal, ie d¢; # d¢; for all i # j. Then, the union of graphs of d¢;
on T*D" is a Lagrangian submanifold L which we want to construct.

We discuss with the simplest nontrivial case, ie Q has two connected components [y and /1, and the
dimension 27 = 4. Without loss of generality, we assume that /g is the zero section. Furthermore, we can
assume that ¢9 = 0. We only need to determine ¢; such that d¢; does not vanish everywhere.
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Figure 21: Example of a collection % on [rg, 1] x S!.

We assume that there exists ¢ satisfying the conditions. Then we will collect combinatorial data from ¢,
and we will construct a function ¢, satisfying conditions given by the combinatorial data. Through this,
we will see what combinatorial data we need. We will end the construction by explaining how to obtain
the combinatorial data from the given Q.

For convenience, we will use the polar coordinates instead of (x, y)—coordinates on D?. Let ry be a small
positive number. We restrict the function ¢1 on [rg, 1] x S. On {1} x §! = 9D?, d¢; agrees with /1. On
{ro} x S, d¢, is approximately a constant section

adx +bdy = a(cos@dr —rosin@ dO) + b(sinf dr + ro cos 6 df),
where d¢1(0,0) = adx + bdy and (x, y) are the standard coordinate charts of D?.

We remark that on {ro} x S, the pair of graphs of d¢; |¢royxs1 Tepresents the trivial braid under the
identification induced from the (x, y)—coordinates. Similarly, on [ro, 1] x S, the pair (dpo = 0, d¢;)
implies an isotopy between two representatives of the trivial braid.

For every ry € [ro, 1], we can find all local maxima and minima of a function
0 > 1(r«. 0).

We mark (74, 0+) as a red (resp. blue) point if the above function has a local maxima (resp. minima) at 0.
If 7 = 1, there are same number of red/blue marked points on {1} x S!, and there is only one red/blue
marked point on {ro} x S!. On [ro, 1] x S, we have a collection ¢ of curves shaded red and blue. If a
curve in € is not a circle, then the curve has two end points on the boundary of [rg, 1] x S!. There are
exactly two curves connecting both boundary components of [rg, 1] x S, and those two curves have end
points of the same color.

If we write d¢py = fd6 + gdr, then f is zero on curves in 6. Since d¢; does not vanish, g cannot
be zero on the curves. Thus, we can assign the sign of g for each curve. Figure 21 is an example of a
collection 6.
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Conversely, if we have a collection € of curves such that each curve is shaded red and blue and is equipped
with a sign, then we can draw a graph of b1 roughly. This is because the collection ¢ determines the
sign of horizontal directional derivative of ¢1, ie d¢1(dg) on every point of [rg, 1] x S, and vertical
directional derivative of qSl, ied qgl (0) on the curves. From these, one obtains a (rough) graph of q§1.
Thus, in order to determine a function ¢1, it is enough to determine a collection € of curves in [ro, 1] x S !
from the given Q.

From now on, we will construct a collection € from the given Q. For the given O, we assume that a
connected component /o of Q is the zero section, without loss of generality. For the other connected
component /1, one has f1,g1:S! — R such that [ is the graph of f; df + g1 dr on {1} x S1 = D2,
We know that Q represents the trivial braid with respect to the standard (x, y)—coordinates of D2. Thus,
there is an isotopy I': [rg, 1] x S — D? such that

r'a,0)=f0),g), TI'(ro,0) = (Argcosb, Asinf),

['(t,0) # (0,0) forall (¢,6) € [ro,1]x S,

where A is a constant.
For every r € [ro, 1], let y,(8) = I'(r, #). Then, y, is a closed curve in D?, for all r. Moreover, I is a
path connecting y1 and yy, in the loop space of (D?)° without touching the origin.

We mark (r,0) on [rg, 1] x S! as a red (resp. blue) point if y,(6) intersects dr—axis from right to left
(resp. from left to right). These marked points comprise curves in [ro, 1] x S, and we have a collection
% of curves, shaded red and blue, in [rg, 1] x S. We know that y; has intersection points. The number
of intersection points is an even number. When r decreases, there is a series of creations/removals of
intersection points, which are given by finger moves along the d r—axis. Each finger move does not touch
the origin. Thus, for a curve in 6, every intersection point composing the curve lies on either the positive
dr—axis or the negative dr—axis. Then, we can assign a sign for each curve in €.

Figure 22 is an example of I', corresponding to the case described by Figure 21.

The upper left of Figure 22 is y; and the upper right is y;,. Through the first arrow, we observe a finger
move removing two intersection points. Those two intersection points correspond to 715, a local maxima
shaded red, and n5, a local minima shaded blue. Thus, we obtain a curve connecting m, and n, in Figure 21.
Moreover, the intersection points lie in the negative part of the dr—axis. Thus, we assign a negative sign
to the curve. Similarly, we observe there are finger moves removing intersection points. We obtain curves
connecting m; and n; fori = 1,2,3 in Figure 21. After the finger moves, there are only two intersection
points corresponding to m 4« and 74, and we obtain curves connecting m4 (resp. n14) and m4 (resp. nx).

We have constructed a collection 6 of curves on [rg, 1] x S! from an isotopy I'. Thus, we can obtain
a function ¢ : [rg, 1] x S' — R. In order to complete the proof, we need to extend ¢; into a small disk
with radius rg. To extend ¢, we assume that

¢1(x,y) = Arsinf = Ay
on the small disk.
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Figure 22: Creation of a collection €.

The situation for the general case is analogous. If O has more connected components /; fori =0,...,k,
then we have to determine ¢; : D? — R such that d¢; = [; on ID?, and d¢; # d¢; for all i # j. We fix an
isotopy I, and obtain a collection € of curves on [rg, 1] x S from I". Each curve in € encodes restrictions
on d¢; —d¢; for some i and j. More precisely, (¢; —¢;) has alocal maxima (resp. minima) in the horizon-
tal direction, only at a point of a curve shaded red (resp. blue), and (d¢; —d¢;)(9,) has the sign assigned
on the curve. For the case of general dimension 27, we obtain combinatorial data from Q, ie a collection
of curves on [rg, 1] x "1 assigned a sign, and construct functions on D" from the combinatorial data.

Uniqueness Recall that the construction consists of three steps. First, we choose an isotopy I' connecting
Q and the trivial representative of the trivial braid. Then, we obtained a collection € of curves from T,
such that each curve encodes restrictions on d¢; — d¢;. The last step is to construct a set of functions
{¢i : D" — R}.
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The construction depends on choices in the first and last steps. More precisely, for the first step, the choice
of isotopy I is not unique. If we choose an isotopy I', then there is a unique collection €. However, a set
{¢;} of functions, which is constructed from the collection %, is not unique. We will show that the Hamil-
tonian isotopy class of L, through Lagrangians transverse to the fibers, is independent of those choices.

First, we discuss the choice in the third step. Let us assume that we have a collection ‘€ of curves in
[ro. 1] x "1 and two sets of functions {¢; }; and {{;}; satisfying the restrictions encoded by %. Then,
by setting 1; ; := (1 —t)¢$; +t{;, we obtain a family of sets of functions such that every member of the
family satisfies the restrictions encoded by 6.

Let L, be the Lagrangian submanifold corresponding to {n; ,} for a fixed . Then L, is a Lagrangian
isotopy connecting L, corresponding to {¢; }, and L1, corresponding to {;}. Since L; is a disjoint union
of Lagrangian disks in 7*D", Lo and L are Hamiltonian isotopic. Thus, the Hamiltonian class of L
through Lagrangians transverse to the fibers is independent of the choice of functions for the third step
of the construction.

Before discussing the choice of the first step, note that a continuous change on a collection ‘€ does not
make a change on the Hamiltonian isotopy class. More precisely, let 6o = {y1,..., yn} be a collection
of curves and let {¢; } be a set of functions corresponding to €g. If {y ,} is a continuous family of curves
with respect to ¢ such that yi o = y for all k, then we can obtain a continuous family {¢1,...,¢n,} such
that ¢; o = ¢; and {¢1,,..., PN} corresponds to €; := {y1+,..., VYN, . Then, it is easy to check that
the Hamiltonian isotopy class of the union of graphs of d¢; ; in T*D”, through Lagrangians transverse
to the fibers, is independent of 7.

Finally, we will discuss the choice of I". Let I'g and I'; be two isotopies obtained from the given Q in the

first step. Then we can understand I'g and I'y as paths on the loop space of the configuration space of (D)
Since the loop space is simply connected, there is a continuous family {I'; };¢[o,1] connecting yo and y;.

Let 6, be the collection of curves obtained from I'; and let {¢; } be a set of functions constructed from €.
There is {¢; ;} corresponding to €; such that ¢; o = ¢;. Then, if L, is the union of graphs of d¢; ;, then
the Hamiltonian class of L; is independent of 7. This shows the uniqueness of L, up to Hamiltonian
isotopy, through Lagrangians transverse to the fibers. a

For a smoothed regular disk Rj, there is a sequence of data c; , for each m € N. Then, we can construct
a sequence of Lagrangian submanifolds N; , C D(R;) such that N; , N0D(R;) = ¢j m. The following
lemma, Lemma 6.5, claims that we can construct N; ,, wisely, so that N; ,, converges to a Lagrangian
lamination N'; as m goes to oo.

Lemma 6.5 It is possible to construct Nj , C D(R}) so that the sequence N, ;, converges to a Lagrangian
lamination N; C D(R;) as m — o0.
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Proof Let the boundary condition ¢; ;, be the set {/1 s, ..., In,, m}, Where l; 5, is a connected component
of ¢j m, or equivalently, /; , is a strand of the braid represented by c¢; ;. Note that C; , is a disjoint union
of solid tori in D(0R;), which is defined at the beginning of the present subsection. Then we can divide
¢j,m into a partition such that /; 5, and /; 5, are in the same subset if and only if /; ,, and [; ,, are in the
same solid torus (or S”~1 x D", for a higher-dimensional case) in C 'j,m- After that, we randomly choose
a connected component /g ,, from each subset of the partition.

By Lemma 6.4, there is ¢ : R; — R such that de¢g ;n =[5, on dR;. Then I'(d¢s ) is a Lagrangian
disk in D(R;), where I'(d¢s, ) is the graph of d¢s . We can choose a neighborhood N(I"(¢s,,)) of
['(d¢s,m) in D(R;), such that N(I'(d¢s,m)) ~ T*D" and N(I'(d¢s,m)) N D(IR;) is the torus in Cj
containing /s »,. Moreover, we can assume that

dyg (N(¢s,m), T'(dds,m)) < 2r™,

where dp is the Hausdorff metric induced by a fixed Riemannian metric and r < 1 is a small positive
number.

We apply Lemma 6.4 to {{; m+1 € ¢jm+1 | lim+1 C N(I'(dgs,m))} in N(I'(dps,m)) >~ T*D". Then
we can construct ¢; ;»+1: R; — R such that de¢; 11 = It m+1 on OR; and I'(des,m) is contained in
N(¢ps.m+1). We repeat this procedure inductively on m € N.

Let / be a strand of C; ». Then there is a sequence /;,, m € cj, such that [;, ,, converges to [. If we
construct ¢; , by repeating the above procedure, we know that

dg (T (dgi,, m). T(dpi, n)) < 4rmxmn)

Thus, d¢;,,.m converges. Moreover, by assuming that ¢; ,,(p) = 0 for every i and m, where p is a center
of R, ¢i,,,m converges to a function ¢. Then I'(d¢) is a Lagrangian disk in D(R;) whose boundary is /,
the stand of C; . The union of I'(d¢) is the Lagrangian lamination N; which N} ,, converges to. O

Proof of Theorem 1.5 By Lemma 6.2, there is a Lagrangian lamination &; in D(S;), and by Lemma 6.5,
there is a Lagrangian lamination N'; in D(R;). Moreover, every Lagrangian lamination agrees with each
other along boundaries. Thus, we can glue them. Then we obtain a Lagrangian lamination £ in M. O

6.4 A generalization

In the previous sections, we assumed that v is of generalized Penner type. In the present subsection, we
discuss a symplectic automorphism ¥ : (M, w) — (M, ), not necessarily to be of generalized Penner
type, with some assumptions. In other words, we prove the following theorem.

Theorem 6.6 Let : M —> M be a symplectic automorphism and let By, be a Lagrangian branched
submanifold such that (®By,) is carried by B,. If the associated branched manifold %, admits a
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decomposition into singular and regular disks, then there is a Lagrangian lamination & such that if L is a
Lagrangian submanifold of M which is carried by By, and if L is compatible with the decomposition
of 973;; then there is a Lagrangian submanifold L,, for all m € N, which is Hamiltonian isotopic to
Y™ (L) and converges to & as closed sets as m — oo.

First, we assume that there is a Lagrangian branched submanifold %y, such that ¥ (%) is (weakly)
carried by By,. Then if a Lagrangian submanifold L is (weakly) carried by %, then ¥ (L) is carried
by By. This is because the proof of Lemma 3.19 carries over with no change.

As mentioned in Section 4.2, we assume that %*1// admits a decomposition into a union of finite number
of singular disks S; >~ D" and regular disks R; ~ D".

Proof of Theorem 6.6 First, we define data on the boundary of each singular and regular disk, in the
same way we did for the case of Y of generalized Penner type. Then, on a regular disk R;, the proofs of
Lemma 6.4 and Lemma 6.5 carry over with no change. Thus, we can construct a Lagrangian lamination
on D(Rj).

On a singular disk S;, we define the boundary data in the same way. In other words, the boundary data is
defined by the isotopy class of ¥ (L) N D(0S;). We also can obtain a matrix W, which explains how the
sequences of braids are constructed inductively. However, the rest of the proof of Lemma 6.2 does not
carry over. This is because in the proof of Lemma 6.2, functions of trivial type have a key role. To use the
same proof, we need to show that there are enough functions of trivial type. However, the assumptions
cannot imply the existence of enough functions of trivial type.

For a singular disk S;, let { f; }men be a strand of the limit braid on S;. We note that each strand can
be identified to an infinite sequence of functions. We forget specific functions f,,, but remember their
types. Then, we obtain a sequence of types. The sequence of types determines the “shape” of strand, for
example, how many times the strand is rotated.

We can construct a symplectomorphism ¢ which is of generalized Penner type such that B4 has a
singular disk S such that the limit braid assigned on S has a strand of the same shape. In Section 4.3, we
constructed a Lagrangian submanifold Lo C D(S) such that 0L is the strand. Since D(S) >~ D(S;), we
assume that Lg is a Lagrangian submanifold in D(S;). By scaling and translating L¢ inside D(S;), we
obtain a Lagrangian submanifold whose boundary agrees with the strand.

The rest of the proof is the same as the proof of Theorem 1.5. O

7 Application to Lagrangian Floer homology

One natural question following the construction of stable/unstable Lagrangian lamination is: how can
we understand those constructed Lagrangian laminations in terms of Fukaya category? The purpose of
Section 7 is to introduce one possible view-point of answering the question. More precisely, we expect
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that a symplectic automorphism of Penner type will induce a pseudo-Anosov autoequivalence in terms of
Fan, Filip, Haiden, Katzarkov and Liu [4].

Remark 7.1 There are two different definitions of pseudo-Anosov autoequivalence. One is defined by
Dimitrov, Haiden, Katzarkov and Kontsevich in [3] and the other is defined in [4].

Roughly, we expect that, for a given ¢ of Penner type, by counting intersection numbers of a Lagrangian
submanifold L and the stable/unstable Lagrangian laminations, we can define a mass function for ¢.
Then, ¢ will induce a pseudo-Anosov autoequivalence with respect to that mass function.

We do not prove the above claim in the current paper. However, we prove Theorem 7.3 which relates the
intersection numbers with Lagrangian Floer theory.

In Section 7.1, we state Theorem 7.3. In Section 7.2, we will give a proof of Theorem 7.3. Moreover, we
will prove Lemmas 7.7 and 7.8, in order to weaken the difficulties of applying Theorem 7.3 together with
Example 7.9.

Remark 7.2 (1) In order to do Lagrangian Floer theory, we should choose a suitable almost complex

structure J. We will discuss our choice of almost complex structure in Section 7.1; see Remark 7.6.

(2) If M is a surface, ie a 2—dimensional symplectic manifold, then Z,- = L;, and Theorem 7.3 is
claiming that the rank of Lagrangian Floer homology of L and L is the same to the intersection
number of L and L,. This is already proven in [3, Lemma 2.18].

7.1 Setting

First, we state Theorem 7.3. Then, we will define the terms in Theorem 7.3.

Theorem 7.3 Let M be a plumbing space of Penner type, and let n: M —> M be the involution
associated to M. Assume that a transversal pair Ly, Lo C M of Lagrangian submanifolds satisfies

(1) n(Lij)=L; fori =0,1,;

2) if Z,' = L; N M;, then Z,- is a Lagrangian submanifold of M such that Zo and Zl are not isotopic
to each other;

3) LoNLi=LoNLy;
(4) Lo and L are not isotopic to each other.
Then
(7-1) dim HF°(Ly, Ly) +dim HF Y (L1, L) =i(Ly, L»),

where HF* (L1, L») denotes 7 /2-graded Lagrangian Floer homology over the Novikov ring of charac-
teristic 2 and i (Zl, Zz) denotes the geometric intersection number of Zl and Zz in the fixed surface M .
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In Section 7, we assume that our symplectic manifold M is a plumbing space

M=P(Ol1,---,am,,61’---’131)

of Penner type defined as follows.

Definition 7.4 A plumbing space M = P(a1,...,0m, B1...., B;) is of Penner type if o; and B; satisfy

(1) «o1,...,0m and By,..., B; are n—dimensional spheres,

(2Q) ojNaj=@and B; NB; = foralli # j.

Note that P(«q,...,%m, B1,...,B;) is defined in Section 2.1.

From now on, we will define an involution n: M = M, which is associated to M.

Involution g on 7*S" First, we will define an involution 79 on 7*S". Let
S"={x eR" | |x| =1},
T*S" ={(x,y) e S" xR | x € §", (x,y) = 0}.
Then we define no: T*S" = T*S" by

N0(X1s ey Xng1s V1see s Ynt1) = (X1,X2, —X3, ooy —Xn41, V1 V2, — V3o s —Vn+1)-

Let
Wo = {(cos 0,sin 6,0, ...,0) | 6 €[0,2n]} C S”,

T*S ={(cosf,sinh,0,...,0,—rsinf,rcosH,0,...,0) |0 €[0,2n],r e R} C T*S".

Then it is easy to check that 7* W} is the set of fixed points of 79, ie ngxed =T*Wp.

Involution 7 associated to M First, we will construct an involution 7q; and ng, on T*«; and T7*g; for
every i and j. Note that T*o;, T*; C M.

For each «;, we will choose a great circle Wy, C «; such that W, contains every plumbing point of ;.
Then there is a symplectic isomorphism ¢q, : T*S" == T*a; such that ¢y, (S”) = o; and ¢g, (Wo) = W, .
One obtains an involution 7y, : T *a; = T*; by setting

No; ~= ¢(¥,‘ ©MNoo© (¢Oli)_1~
Similarly, one obtains an involution ng,: T*B; = T*B,;.
Without loss of generality, one can assume that 1g; (x) = ng; (x) for every x € T*a; N T*B;. Finally,
the involution n: M => M is defined by
Na; (x) if x € T* o,
ng,(x) ifxeT*p;.
Let M be the set of fixed points of 7, ie M = {x € M | n(x) = x}. It is easy to check that M is a
2—dimensional symplectic submanifold of M. Moreover, M is symplectomorphic to a plumbing space

n(x) =

P(Se;+---+Sa,. S, -..Sp,) of Penner type. Note that Sy, and S,g_/. are embedded circles in «; and B;.
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Definition 7.5 (1) The above 7 is called the involution associated to M .
(2) The above M is called the fixed surface of M .

Remark 7.6 It is easy to check that our setting is a special case of Seidel and Smith [13]. More precisely,
[13] considers Lagrangian Floer cohomology on a symplectic manifold carrying a symplectic involution.
Under various topological hypothesis, the authors proved a localization theorem, and the theorem implies
a Smith-type inequality which is closely related to (7-1).

As a basic setup of Lagrangian Floer homology, [13] contains some analytic background; for example, the
choice of almost complex structures. We follow their settings in order to do Lagrangian Floer homology.
We refer the reader to [13, Section 3].

7.2 Proof of Theorem 7.3

Let M be a plumbing space of Penner type, 1 the associated involution of M, and L¢ and L a transversal
pair of Lagrangian submanifolds such that

(1) n(Li) = Li;

) Zi =L;N M isa Lagrangian submanifold of M ;
(3) LoNLy=LoNLy;

(4) Lo and L are not isotopic to each other.

We will compute Z /2—graded Lagrangian Floer homology HF*(Lg, L) over the Novikov field A of
characteristic 2. To do this, we will prove that chain complexes CF*(Lg, L1) and CF *(ZO, Zl) have
the same generators and the same differential maps.

First, it is easy to show that CF*(L¢, L1) and CF *(ZO, Zl) have the same generators since Ly and L
satisfy that Lo N Ly = LoN L. Thus, CF*(Lo,Ly) = CF*(ZO, Zl) as vector spaces.

Second, let 9 (resp. 5) denote the differential map on CF*(Lg, L1) (resp. CF *(Zo, Zl)). Then

Wp)= Y (#M(p.q:[u]. J)T*WDg,

geLoNLy
[u]:ind([u])=1

where J is an almost complex structure on M, u is a holomorphic strip connecting p and ¢, and
M(p,q;[u], J) is the moduli space of holomorphic strips. We skip the foundational details of the
definition of .

One can easily check that 1 o u is also a holomorphic strip connecting p and g. Assume that for a
holomorphic strip u, the image of u is not contained in M. Then u and nou will be canceled together
in d(p), since the Novikov field A is of characteristic 2. Thus, in order to define the differential map 9, it
is enough to count holomorphic strips u such that the image of u is contained in M.

On the other hand, in order to define 9:CF *(ZO, El) —CF *(ZO, Zl), one needs to count the holomor-
phic strips on M. Thus, d(p)=0d(p)forall pe LoNL; = LoNnLy.
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Under the assumptions, HF*(Lg, L) = HF *(Lo, L1). Note that the former is defined on M2", but
the latter is defined on a surface M. Thus, it is enough to check that

dim HF®(L,,Ly) +dim HF (L1, L,) = i(L1, L»).
By Remark 7.2, [3, Lemma 2.18] completes the proof. O

7.3 Example 7.9

In the present subsection, we will prove Lemmas 7.7 and 7.8 in order to slightly weaken the difficulty of
applying Theorem 7.3. Then, we will give Example 7.9.

The difficulty of applying Theorem 7.3 is that there are too many conditions which L and L should
satisfy. Lemmas 7.8 and 7.7 will give us plenty of Lagrangians satisfying the conditions after Hamiltonian
isotopies.

Before giving the statement of Lemmas 7.7 and 7.8, we will establish notation. Since

M = P(ar,....om, B1,....B1)

is a plumbing space of Penner type, we can construct a set B of Lagrangian branched submanifolds of M
as we did in Section 3.4. Every Lagrangian branched submanifold % € B is a union of (parts of) ¢; and f3;
and Lagrangian connected sums «; and ;. However, there are two possible Lagrangian connected sums
of a; and B; at each plumbing point p € o; N B;. They are «; #, B; and B; #, ;. By assuming that «; is
a positive sphere and f; is a negative sphere, one considers the Lagrangian connected sum f; #, «;, not
o; #, B;. Similarly, by assuming that «; is negative and f; is positive, one can construct another set B°P
of Lagrangian branched submanifolds.

Lemma 7.7 Let B1, B, € BUBCP. Then there is a Hamiltonian isotopy ®;: M — M such that
(1) ®ron=nody,
(2) Bo th D1(B1),
(3) forevery q € Bo N P1(MB1), g is not a plumbing point or the antipodal point of a plumbing point.

Proof Since % is a union of (parts of) compact cores and their Lagrangian connected sums, we will
construct Hamiltonian isotopies perturbing each compact core «; and B;. Then, one obtains a perturbation
of %1 as a union of (parts of) perturbations of «;, B; and Lagrangian connected sums of perturbed «;
and S;.

First, we choose a smooth function f;: «; — R with isolated critical points such that
(1) for every plumbing point p € «;, fi(p) = fi(—p) =0, where — p is the antipodal point of p on «;;
(2) every critical point g of f; lies on Sy, and g # p, —p for any plumbing point p € o;;
(3) |dfi(x)| <€ for all x € @; and for a sufficiently small fixed positive number ¢;

(4) fiong, = fi, where 1, is the involution on 7 *w; defined in Section 7.1.
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We remark that
ba;
T*a; ~ T*S" ={(x,y) e R"TLxR"™ ||x| =1, (x,y) =0},

where ¢y, : T*S" = T*q; is the identification which we used in Section 7.1. Also, we remark that
in (3), |df; (x)| is given by the standard metric on R?"+2

Then, we can extend f; to fl : T*a; — R as follows. Let §: [0, 00) — R be a smooth decreasing function
such that
8([0,€]) = 1,5([2¢,00)) =0.
We set
fir T i > R, fi(x.y) = 8(1y]) fi ().
We get g;: T*B; — R in the same way.

These Hamiltonian functions f; and g; induce Hamiltonian isotopies on 7 *«; and T*f;. Moreover,
these Hamiltonian isotopies could be extended on the plumbing space M since the Hamiltonian isotopies
have compact supports on 7 *«; and T*f;.

Let @y, ;: M —> M be the (extended) Hamiltonian isotopy associated to f: It is easy to check that
Qg p0n=1n0Pqg, s,
oy () = o if k # i,
o, (B)) = By forall .
o1 (i) = T'(df),
where I'(df;) is the graph of df; in T*«; C M. Similarly, one can obtain a Hamiltonian isotopy
@Bj’,: M = M for each B;.

Let

q)l = l_[q)ﬂj,t 01_[(1)0[[’[.
Bj i

It is easy to check that ®; satisfies the first condition of Lemma 7.7. Moreover, one can assume that
®1(MW1) is constructed from Pq(c;) and P1(B;). Thus, it is easy to prove that Bo and P (%) satisfy
the second and the last conditions of Lemma 7.7. O

We will now explain how Lemma 7.7 weakens a difficulty of applying Theorem 7.3. The difficulty we
will consider is the last condition of Theorem 7.3,1e Lo N L1 = ZO N Zl. The other conditions can be

weakened by a similar way.

Assume that L¢ (resp. L) is a Lagrangian submanifold which is carried by B¢ (resp. B1) in B U B°P.
Note that ®; (L) is carried by ®1(%;), where ®; is the Hamiltonian isotopy constructed in Lemma 7.7.
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We will count the numbers of intersections Lo N ®1(L;) and Zo N ®, (Zl). If these numbers are the
same, then Lo N ®1(L) = Z() N (Dl(zl).

First, we remark that Zo (resp. & (Zl)) is a curve carried by a train track Bo N M (resp. ©1(B1) N M ).
Then, Lg (resp. ®1(L1)) has weights on the train track B¢ N M (resp. ®1(%B;) N M). Moreover, the
number of Zo N @1(Z1) is

Z (the weight of Lo at x) - (the weight of & (Ly) at x).
XEBoND| (B1)

To count the number of Lo N ®;(L1), we can assume that Lo N ®1(L1) is contained in a small neigh-
borhood of By N ®1(MB;). Since Ly is carried by By, not strongly carried by, Lg can have singular
points. However, the singular points are “close” to one of plumbing points or the antipodes of plumbing
points. Since the intersection points of B and @ (%) are not plumbing points or their antipodes, every
x € LoN®1(Ly) is a regular point of Lg (resp. ®1(L1)). It means that the number |Lo N O (L1)]| is
also given by

Z (the weight of Lo at x) - (the weight of & (Ly) at x).
XEBNDP | (B1)

Thus, [Lo N @1 (L1)| = |Lo N @1 (L1)].
Lemma 7.8 Let Ly and L be carried by By, B1 € B UB°P. Then there is a Hamiltonian isotopy ®;

such that
LoN®1(L1) = LoNPy(Ly).

Thus, if Lo and L; are carried by Bg, B; € B UBP, and if Lo and L; satisfy conditions (1), (2) and (4)
of Theorem 7.3, then one can apply Theorem 7.3 for Lo and ®;(L1).

Example 7.9 Let ¥ and ¥; be symplectomorphisms of Penner type, ie ¥¢ and i, are products of
positive (resp. negative) powers of 7; and negative (resp. positive) powers of o;, where 7; and o; are
Dehn twists along «; and B, respectively. Assume that Lo (resp. L1) is a Lagrangian submanifold of M,
which is generated from one of compact cores by applying g (resp. V1), ie

Lo =volag) or yo(B;), L1= (o) or y1(B;).
Then n(L;) = L; since
n(e)=ai, n(Bj)=pB;j, noti=rtion, nooj=ojon foralli,j

Moreover, L; = Yri(ay) or ¥ (,3~ 7). Thus, Liisa Lagrangian submanifold of M. Finally, L; is carried
by By, .

Thus, if Ly and L are not isotopic to each other, then one can apply Theorem 7.3.
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