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The slope gap distribution of a translation surface is a measure of how random the directions of the saddle
connections on the surface are. It is known that Veech surfaces, a highly symmetric type of translation
surface, have gap distributions that are piecewise real analytic. Beyond that, however, very little is
currently known about the general behavior of the slope gap distribution, including the number of points
of nonanalyticity or the tail.

We show that the limiting gap distribution of slopes of saddle connections on a Veech translation surface
is always piecewise real analytic with finitely many points of nonanalyticity. We do so by taking an
explicit parametrization of a Poincaré section to the horocycle flow on SL.2;R/=SL.X; !/ associated to
an arbitrary Veech surface .X; !/, and establishing a key finiteness result for the first return map under
this flow. We use the finiteness result to show that the tail of the slope gap distribution of a Veech surface
always has quadratic decay.

32G15, 37D40; 14H55

1 Introduction

We will study the slope gap distributions of Veech surfaces, a highly symmetric type of translation surface.
Translation surfaces can be defined geometrically as finite collections of polygons with sides identified in
parallel opposite pairs. If we place these polygons in the complex plane C, the surface inherits a Riemann
surface structure from C, and the one-form dz gives rise to a well-defined holomorphic one-form on the
surface. This leads to a second equivalent definition of a translation surfaces as a pair .X; !/ where X is
a Riemann surface and ! is a holomorphic one-form on the surface. Every translation surface locally
has the structure of .C; dz/, except for at finitely many points that have total angle around them 2�k for
some integer k � 2. These points are called cone points and correspond to the zeros of the one-form !. A
zero of order k gives rise to a cone point of angle 2�.kC 1/.

A translation surface inherits a flat metric from C. Saddle connections are then straight-line geodesics
connecting two cone points with no cone points in the interior. The holonomy vector of a saddle connection
 is then the vector describing how far and in what direction the saddle connection travels:

v D

Z


!:

We will be interested in the distribution of directions of these vectors for various translation surfaces.
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�

Figure 1: A matrix in SL.2;R/ acting on a translation surface.

There is a natural SL.2;R/ action on translation surfaces coming from the linear action of matrices on R2,
as can be seen in Figure 1.

Sometimes this action produces a symmetry of the surface .X; !/. That is, after acting on the surface by
the matrix, it is possible to cut and paste the new surface so that it looks like the original surface again.
The collection of these symmetries is the stabilizer under the SL.2;R/ action and is called the Veech
group of the surface. It will be denoted by SL.X; !/ and is a subgroup of SL.2;R/. When the Veech
group SL.X; !/ of a translation surface has finite covolume in SL.2;R/, the surface .X; !/ is called a
Veech surface. Sometimes such surfaces are also called lattice surfaces since SL.X; !/ is a lattice in
SL.X;R/. Veech surfaces have many nice properties, such as satisfying the Veech dichotomy: in any
direction, every infinite trajectory on the surface is periodic or every infinite trajectory is equidistributed.
For more information about translation and Veech surfaces see Hubert and Schmidt [6] and Zorich [13].

From work of Vorobets [12], it is known that, for almost every translation surface .X; !/ with respect to
the Masur–Veech volume on any strata of translation surfaces (for details about Masur–Veech volume
and strata, please see [13]), the angles of the saddle connections equidistribute in S1. That is, if we let

ƒ.X;!/ WD fholonomy vectors of saddle connections of .X; !/g

and normalize the circle to have total length 1, then for any interval I �S1, as we letR!1, the proportion
of vectors in ƒ.X;!/ of length �R that have direction in the interval I converges to the length of I .

A finer measure of the randomness of the saddle connection directions of a surface is its gap distribution,
which we will now define. The idea of the gap distribution is that it records the limiting distribution of the
spacings between the set of angles (or in our case, slopes) of the saddle connection directions of length up
to a certain length R. We will be working with slope gap distributions rather than angle gap distributions
because the slope gap distribution has deep ties to the horocycle flow on strata of translation surfaces.
Thus, dynamical tools relating to the horocycle flow can be more easily applied to analyze the slope gap
distribution.

Let us restrict our attention to the first quadrant and to slopes of at most 1, and define

S.X; !/ WD fslope.v/ j v 2ƒ.X;!/; 0 < Re.v/ and 0� Im.v/� Re.v/g:

We also allow ourselves to restrict to slopes of saddle connections of at most some length R in the `1
metric, and define

SR.X; !/ WD fslope.v/ j v 2ƒ.X;!/; 0 < Re.v/ and 0� Im.v/� Re.v/�Rg:
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We let N.R/ denote the number of unique slopes N.R/ WD jSR.X; !/j. By results of Masur [7; 8], the
growth of the number of saddle connections of length at most R in any translation surface is quadratic
in R. We can order the slopes:

SR.X; !/D f0� s
R
0 < s

R
1 < � � �< s

R
N.R/�1g:

Since N.R/ grows quadratically in R, we now define the renormalized slope gaps of .X; !/ to be

GR.X; !/ WD fR
2.sRi � s

R
i�1/ j 1� i �N.R/� 1 and si 2 SR.X; !/g:

If there exists a limiting probability distribution function f W Œ0;1/ ! Œ0;1/ for the renormalized
slope gaps

lim
R!1

jGR.X; !/\ .a; b/j

N.R/
D

Z b

a

f .x/ dx;

then f is called the slope gap distribution of the translation surface .X; !/. If the sequence of slopes of
holonomy vectors of increasing length of a translation surface were independent and identically distributed
uniform Œ0; 1� random variables, then a probability computation shows that the gap distribution would be
a Poisson process of intensity 1. In all computed examples of slope gap distributions, however, this is not
the case.

We give a brief overview of the literature on gap distributions of translation surfaces. In [2], Athreya
and Chaika analyzed the gap distributions for typical surfaces and showed that, for almost every
translation surface (with respect to the Masur–Veech volume), the gap distribution exists. They also
showed that a translation surface is a Veech surface if and only if it has no small gaps, that is, if
lim infR!1.min.GR.X; !// > 0. In a later work [3], Athreya, Chaika and Lelièvre explicitly computed
the gap distribution of the golden L, and in [1] Athreya gives an overview of results and techniques about
gap distributions. Another relevant work is a paper by Taha [10] studying cross sections to the horocycle
and geodesic flows on quotients of SL.2;R/ by Hecke triangle groups. The computation of slope gap
distributions involved understanding the first return map of the horocycle flow to a particular transversal
of a quotient of SL.2;R/.

In [11], Uyanik and Work computed the gap distribution of the octagon, and also showed that the gap
distribution of any Veech surface exists and is piecewise real analytic. In [9], Sanchez went on to study
the gap distributions of doubled slit tori. Up until then, all known slope gap distributions were for Veech
surfaces. The above articles focus on gap distributions of specific translation surfaces and their SL.2;R/
orbits. This work applies to any Veech surface and gives insight to the general behavior of the graph of
the slope gap distribution of Veech surfaces. In fact, outside of [2], where it is shown that there are no
small gaps, there is no other work in this direction with this level of generality.

Uyanik and Work gave an algorithm to compute the gap distribution of any Veech surface and showed that
the gap distribution was piecewise analytic. However, their algorithm does not necessarily terminate in
finite time and can make it seem like the gap distribution can have infinitely many points of nonanalyticity,
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as we will see in Section 2.3. We improve upon their algorithm to guarantee termination in finite time
and show as a result that every Veech translation surface has a gap distribution with finitely many points
of nonanalyticity. Uyanik and Work’s algorithm starts by taking a transversal to the horocycle flow which
a priori may break up into infinitely many components under the return map. Our key observation is that,
by carefully choosing this transversal using the geometry of our surface, it will only break up into finitely
many pieces, which will give the following theorem:

Theorem 1 The slope gap distribution of any Veech surface has finitely many points of nonanalyticity.

In addition, we show that the tail of the gap distribution of any Veech surface has a quadratic decay. Let
f .t/� g.t/ mean that the ratio is bounded above and below by two positive constants as t !1.

Theorem 2 The slope gap distribution of any Veech surface has quadratic tail decay. That is, if f
denotes the density function of the slope gap distribution, thenZ 1

t

f .x/ dx � t�2:

Thus, our results and the “no small gaps” result of [2] give a good understanding of the graph of the slope
gap distribution of Veech surfaces: for some time the graph is identically zero before becoming positive.
Afterward the graph has finitely many pieces where it is real analytic and may fluctuate up and down
before it begins permanently decaying quadratically.

Organization In Section 2.1 we will go over background information on slope gap distributions, including
how to relate the gap distribution to return times to a Poincaré section of the horocycle flow. In Section 2.2,
we will outline the algorithm of Uyanik and Work, and observe some possible modifications. In Section 2.3,
we will see how a couple steps of Uyanik and Work’s algorithm apply to a specific Veech surface. A
priori, the first return map to the Poincaré section breaks the section into infinitely many pieces, but after
making some modifications to the parametrization we will see that there are in fact finitely many pieces. In
Section 3 we will give a proof of Theorem 1. The strategy of the proof is to apply a compactness argument
to show finiteness under our modified parametrization of the Poincaré section. We will show that, on
a compact set that includes the Poincaré section, every point has a neighborhood that can contribute
at most finitely many points of nonanalyticity to the gap distribution. This will give us that the slope
gap distribution has finitely many points of nonanalyticity overall. In Section 4, as an application of
Theorem 1, we prove quadratic decay of the slope gap distribution of Veech surfaces. Finally, in Section 5
we discuss a few further questions regarding slope gap distributions of translation surfaces.

Acknowledgements Kumanduri and Wang would like to thank Moon Duchin for organizing the Polygo-
nal billiards research cluster held at Tufts University in 2017, where this work began, as well as all of the
participants of the cluster. The authors would also like to thank Jayadev Athreya, Aaron Calderon, Jon
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Graduate Research Fellowship under grants 1745302 (Kumanduri) and 1122374 (Wang), and the NSF
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2 Background

2.1 A Poincaré section for the horocycle flow

In this section, we review a general strategy for computing the gap distribution of a translation surface by
relating slope gap distributions to the horocycle flow. For more background and proofs of the statements
given here, see [4] or [3].

Suppose that we wish to compute the slope gap distribution of a translation surface .X; !/. We let
ƒ.X;!/, sometimes shortened to just ƒ, be the set of holonomy vectors of the surface. We may start by
considering all of the holonomy vectors of .X; !/ in the first quadrant, with `1 norm �R. If we act on
.X; !/ by the matrix

g�2 log.R/ D

�
1=R 0

0 R

�
;

the slopes of the holonomy vectors of g�2 log.R/.X; !/ in Œ0; 1�� Œ0; R2� are the same as R2 times the
slopes of the holonomy vectors of .X; !/ in Œ0; R�� Œ0; R�, as we can see in Figure 2.

Another important observation is that the horocycle flow

hs D

�
1 0

�s 1

�

g�2 log.R/

R

R

1

R2

ƒ.X;!/ ƒ.g�2 log.R/.X; !//

Figure 2: Upon renormalizing a surface .X; !/ by applying g�2 log.R/, the slopes of the saddle
connections of .X; !/ scale by R2.
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changes slopes of holonomy vectors by s. That is,

slope.hs.z//D slope.z/� s

for z 2R2. As a result, slope differences are preserved by the flow hs .

Now we let the Veech group of the surface be SL.X; !/ and we define a Poincaré section or transversal
for horocycle flow on SL.2;R/=SL.X; !/. By transversal we mean a subset such that almost every orbit
under horocycle flow intersects that subset in a nonempty countable discrete set of times. Two key related
notions are given by the return time of a point in the transversal, which records how long it takes to return,
and the return map, which outputs what the point has returned to in the transversal after flowing by the
return time. Each of these are explicit in our situation and will be described below.

We consider the transversal given by the surfaces in the SL.2;R/ orbit of .X; !/ with a short horizontal
saddle connection of length � 1. That is,

�.X;!/D fg SL.X; !/ j gƒ\ ..0; 1�� f0g/¤∅g:

By [1, Lemma 2.1], �.X;!/ indeed is transversal for horocycle flow.

Then the slope gaps of .X; !/ for holonomy vectors of `1 length � R are exactly 1=R2 times the set
of N.R/� 1 first return times to �.X;!/ of the surface g�2 log.R/.X; !/ under the horocycle flow hs

for s 2 Œ0; R2�. Here we are thinking of return times as the amount of time between each two successive
times that the horocycle flow returns to the Poincaré section. In this way, the slope gaps of .X; !/ are
related to the return times of the horocycle flow to the Poincaré section. Summarizing, since GR.X; !/ is
the set of slope gaps renormalized by R2, we have that

GR.X; !/D ffirst N.R/� 1 return times of g�2 log.R/.X; !/ to �.X;!/ under hsg:

For a point z in the Poincaré section �.X;!/, we denote by Rh.z/ the return time of z to �.X;!/ under
the horocycle flow. Then as one lets R!1, this renormalization procedure gives us that

lim
R!1

jGR.X; !/\ .a; b/j

N.R/
D �fz 2�.X;!/ jRh.z/ 2 .a; b/g;

where � is the unique ergodic probability measure on �.X;!/ for which the first return map under hs
is not supported on a periodic orbit. Computing the slope gap distribution then reduces to finding a
convenient parametrization of the Poincaré section for the horocycle flow on SL.2;R/=SL.X; !/, a
suitable measure on this parametrization, and the first return time function to this the Poincaré section.

We note that this last point also makes it clear that every surface in the SL.2;R/ orbit of a Veech surface
has the same slope gap distribution. We also note that scaling the surface by c scales the gap distribution
from f .x/ to .1=c4/f .x=c2/; see [11] for a proof of this latter fact.
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2.2 Computing gap distributions for Veech surfaces

In [11], Uyanik and Work developed a general algorithm for computing the slope gap distribution for
Veech surfaces. In particular, their algorithm finds a parametrization for the Poincaré section of any Veech
surface and calculates the gap distribution by examining the first return time of the horocycle flow to this
Poincaré section. In this section, we’ll go over the basics of this algorithm. For more details about this
algorithm as well as a proof of why it works, please see Uyanik and Work’s original paper.

We start by supposing that .X; !/ is a Veech surface with n <1 cusps. Then we let �1; : : : ; �n be
representatives of the conjugacy classes of maximal parabolic subgroups of SL.X; !/. We are going
to find a piece of the Poincaré section for each parabolic subgroup �i . The idea here is that the set of
shortest holonomy vectors of .X; !/ in each direction breaks up into

Sn
iD1 SL.X; !/vi , where the vi

vectors are in the eigendirections of the generators of each �i .

The Poincaré section is given by those elements g 2 SL.X;R/=SL.X; !/ such that g.X; !/ has a short
(length � 1) horizontal holonomy vector:

�.X;!/D fg SL.X; !/ j gƒ\ ..0; 1�� f0g/¤∅g:

Here ƒ is the set of holonomy vectors of .X; !/. Up to the action of SL.X; !/, these short horizontal
holonomy vectors are then just gvi for a unique vi .

So �.X;!/ then breaks up into a piece for each �i , which we can parametrize as follows, depending on
whether �I 2 SL.X; !/.

Case 1 (�I 2 SL.X; !/) In this case, �i ŠZ˚Z=2Z and we can choose a generator Pi for the infinite
cyclic factor of �i that has eigenvalue 1. Up to possibly replacing Pi with its inverse, there exists a
Ci 2 SL.2;R/ such that

Si D CiPiC
�1
i D

�
1 ˛i
0 1

�
for some ˛i > 0 and that Ci .X; !/ has a shortest horizontal holonomy vector of .1; 0/. The piece of
the Poincaré section associated to �i is then parametrized by all matrices Ma;b that take the saddle
connection of Ci .X; !/ with holonomy vector .1; 0/ to a short horizontal with holonomy vector .jaj; 0/
of Ma;bCi .X; !/ with �1� a < 0 or 0 < a � 1. With some linear algebra, we can see that this is given
by matrices

Ma;b D

�
a b

0 1=a

�
with �1� a < 0 or 0 < a � 1.

Since Si and �I are in the Veech group of Ci .X; !/, this set of Ma;b has some redundancies. Quotienting
out by �I gives us the set of Ma;b with 0 < a � 1 and arbitrary b. If we further quotient out by Si , we
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a

b

1

1

b D 1

b D 1� .˛i /a

a

b

c

1
b DmaC c

b D .m�˛i /aC c

Figure 3: Two possible Poincaré section pieces �i .

see that Ma;b is identified with Ma;bCn.˛i /a for every n 2 Z. The result is that a Poincaré section piece
associated to �i can be parametrized by

�i D f.a; b/ 2R2 j 0 < a � 1 and 1� .˛i /a < b � 1g;

where each .a; b/ 2�i corresponds to g SL.X; !/ for g DMa;bCi .

Remark 3 While �i is defined in this specific way in Uyanik and Work’s paper, there is actually a lot
more freedom in defining �i . We just need to choose a fundamental domain for the Ma;b matrices under
the action of hSi ;�I i. To do this, we again let 0 < a � 1, but for each a we choose a set of b values
of length .˛i /a to account for the quotienting out by Si . For any m; c 2 R, another such fundamental
domain is

�i D f.a; b/ 2R2 j 0 < a � 1 and maC c � .˛i /a < b �maC cg:

That is, instead of choosing �i to be a triangle whose top line is b D 1 for 0 < a � 1, we choose �i to
be a triangle whose top line is b DmaC c for some slope m and b–intercept c. We see the distinction
between these two Poincaré section pieces in Figure 3.

Furthermore, we can make similar modifications to �i in Case 2 below. In this case, there will be another
triangle with a < 0, and we have the freedom to choose the top line of the triangles with a > 0 and a < 0
independently. These modifications will be integral in our finiteness proofs.

Case 2 (�I … SL.X; !/) This case breaks up into two subcases, depending on whether the generator
Pi of �i Š Z has eigenvalue 1 or �1.

If Pi has eigenvalue 1, then we again can find

Si D CiPiC
�1
i D

�
1 ˛i
0 1

�
Algebraic & Geometric Topology, Volume 24 (2024)
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for some ˛i >0 and that Ci .X; !/ has a shortest horizontal holonomy vector of .1; 0/. We again have that
the matrices Ma;b parametrize the Poincaré section piece, but now we only can quotient out by the subgroup
generated by Si . The result is that the Poincaré section piece associated to �i can be parametrized by

�i Df.a; b/2R2 j 0< a� 1 and 1�.˛i /a < b� 1g[f.a; b/2R2 j �1� a < 0 and 1C.˛i /a < b� 1g;

where each .a; b/ 2�i corresponds to g SL.X; !/ for g DMa;bCi .

When Pi has eigenvalue �1, we can only find Ci 2 SL.2;R/ such that

Si D CiPiC
�1
i D

�
�1 ˛i
0 �1

�
;

where ˛i >0 and Ci .X; !/ has a shortest horizontal holonomy vector of .1; 0/. We again quotient out our
set of Ma;b matrices by the subgroup generated by Si . The resulting Poincaré section piece associated
to �i can be parametrized by

�i D f.a; b/ 2R2 j 0 < a � 1 and 1� .2˛i /a < b � 1g;

where each .a; b/ 2�i corresponds to g SL.X; !/ for g DMa;bCi .

Having established what each piece of the Poincaré section associated to each �i looks like, we also need
to find the measure on the whole Poincaré section. The measure on the Poincaré section is the unique
ergodic measure � on �.X;!/, which is a scaled copy of the Lebesgue measure on each of these pieces
�i of R2. The scaling factor is the total area of all the pieces of the transversal.

Upon finding the Poincaré section pieces, the return time function of the horocycle flow at a point
Ma;bCi .X; !/ is the smallest positive slope of a holonomy vector of Ma;bCi .X; !/ which has short
horizontal component. This is because of the way the horocycle flow acts on slopes. More precisely,
if v D .x; y/ is the holonomy vector of Ci .X; !/ such that Ma;b.x; y/ is the holonomy vector on
Ma;b.x; y/ with the smallest positive slope among all holonomy vectors with a horizontal component of
length � 1, then the return time function at that point .a; b/ 2�i in the Poincaré section is given by the
slope of Ma;b.x; y/, which is

y

a.axC by/
:

We call such a vector vD .x; y/ a winner or winning saddle connection. We note that while technically
v is the holonomy vector of a saddle connection, we will often use the terms holonomy vector and saddle
connection interchangeably. Our proof that the slope gap distribution of a Veech surface has finitely many
points of nonanalyticity will rely on us showing that each piece �i of the Poincaré section has finitely
many winners.

Each such v would then be a winner on a convex polygonal piece of �i , an example of which is given in
Figure 6. Furthermore, the cumulative distribution function of the slope gap distribution would then be
given by areas between the hyperbolic return time function level curves (see Figure 16 for an example
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Figure 4: The surface L with cone point in red.

picture) and the sides of these polygons, and would therefore be piecewise real analytic with finitely many
points of nonanalyticity. For more details about this process and a worked example of a computation of a
slope gap distribution, please see [3].

2.3 Examples and difficulties

In this section, we will give an example of difficulties that arise from the choice of parametrization of the
Poincaré section. In particular, it is possible for there to be infinitely many winning saddle connections
under certain parametrizations, but only finitely many different winners under a different parametrization.
For full computations of a gap distribution we refer to [3; 11].

We will take the surface L in Figure 4 and analyze the winning saddle connection on the component �1
of the Poincaré section corresponding to the parabolic subgroup of SL.L / generated by

�
1
0
1
1

�
. L is a

7–square square-tiled surface with a single cone point.

Since
�
1
0
1
1

�
is in the Veech group and L has a length-1 horizontal saddle connection, the corresponding

piece of the Poincaré section �1 can be parametrized by matrices

Ma;b D

�
a b

0 a�1

�
with 0 < a � 1 and 1� a < b � 1. Notice that L has all saddle connections with coordinates .n; 2/ and
.n; 3/ for n 2 Z, and no saddle connection with y–coordinate 1.

Proposition 4 In a neighborhood of the point .0; 1/ on �1, the winning saddle connection always has
y–coordinate 2.

Proof Take a saddle connection vD .n; k/ with k > 0 such that Ma;bv has horizontal component � 1.
We will show that if k > 2 and a < 1

3
, there is a saddle connection w D .m; 2/ such that the slope of

Ma;bw is less than the slope of Ma;bv, and Ma;bw has short horizontal component. Since there are no
saddle connections with k D 1, this implies that the winning saddle connection must have y–coordinate 2.

Algebraic & Geometric Topology, Volume 24 (2024)
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a

b

1

1

Am Am�1

1
2

Figure 5: Regions Am where .�m; 2/ is a winner.

The x–coordinate of Ma;bw is maC 2b. Since L has all .m; 2/ saddle connections, we may choose an
m so that 1� a < maC 2b � 1. The condition that slope.Ma;bw/ < slope.Ma;bv/ rearranges to

naC kb < 1
2
k.maC 2b/:

If k > 2, then since L is square-tiled k � 3, and when a < 1
3

we have that maC 2b > 1� a � 2
3

; thus
1
2
k.maC 2b/ > 1. Since Ma;bv has a short horizontal component naC kb � 1, so the above inequality

is always true.

Let Am be the region where the saddle connection .�m; 2/ is the winning saddle connection. By
Proposition 4, in the top left corner of �1, Am is the region where Ma;b.�m; 2/ D .2b �ma; 2a

�1/

has smallest slope among all saddle connections with y–coordinate 2 and short horizontal component.
The slope is 2a�1=.2b �ma/, so minimizing the slope is equivalent to maximizing 2b �ma with the
constraint that 2b�ma � 1, or in other words, �mD b.1� 2b/=ac. But as a! 0 inside the region �1,
b!1, so �m��1=a!�1. This implies that there infinitely many saddle connections that occur as
winners in the top left corner of the Poincaré section.

By Remark 3 in Section 2.2, we can change the parametrization of the Poincaré section. One problem in
our previous parametrization was that there were infinitely many winners in the upper left-hand corner
.0; 1/ of our Poincaré section. To fix this, we will change our parametrization so that the upper left corner
is at

�
0; 1
2

�
and the slope of the top line of our Poincaré section triangle is nicely compatible with the

.1; 2/ holonomy vector. This will ensure that there are finitely many winners in the top left corner, and
will result in finitely many winners across the entire Poincaré section. We will prove that we can always
do this for arbitrary Veech surfaces in Section 3.

We will use the parametrization 0 < a � 1 and 1
2
�
3
2
a < b � 1

2
�
1
2
a. This parametrization is chosen

to ensure that the saddle connection .1; 2/ of L wins in a neighborhood of the top line segment, which
prevents the problem that arises in the previous parametrization.
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a

b

1
2

�1

1

.1; 2/ wins

.2; 3/ wins

.2; 2/ wins

Figure 6: The new Poincaré section breaks up into three pieces, with saddle connection (1,2)
winning in the blue region, (2,3) in the yellow region and (2,2) in the red region.

In this case, the only winners are the .1; 2/, .2; 3/ and .2; 2/ saddle connections on L :

(1) .1; 2/ wins in the region˚
.a; b/ j 0 < a � 1; 1

2
� a < b � 1

2
�
1
2
a and 1

3
�
2
3
a < b

	
:

(2) .2; 3/ wins in the region˚
.a; b/ j 1

2
< a � 1 and 1

2
� a < b � 1

3
�
2
3
a
	
:

(3) .2; 2/ wins in the region˚
.a; b/ j 0 < a � 1 and 1

2
�
3
2
a < b � 1

2
� a

	
:

To see this, notice that the saddle connection .x; y/ is the winner at .a; b/ if Ma;b.x; y/ has smallest
positive slope amongst all saddle connections with short horizontal component. Ma;b.x; y/ has short
horizontal component in the region with 0 < a � 1 and .�x=y/a < b � 1=y � .x=y/a. Minimizing
the slope at .a; b/ is equivalent to maximizing x=y over all saddle connections with a short horizontal
component.

Working out the exact winners then comes down to casework. In this case, Ma;b.m; 2/ never has a short
horizontal component for m> 2 and .a; b/ in the Poincaré section, and simple casework shows where
.1; 2/ and .2; 2/ are the winners. For saddle connections with y–coordinate greater than 2, we need to
understand those with x=y > 1

2
which can potentially win against .1; 2/ or .2; 2/. In the yellow region

.2; 3/ wins, as .2; 2/ does not have a short horizontal component for .a; b/ in that region. All other saddle
connections with y D 3 and x � 3 do not have short horizontal component in the Poincaré section. For
y� 4, a similar analysis shows that none of the saddle connections can appear as winners, giving the result.
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3 Main theorem

In Section 2.3, we examined the 7–square square-tiled surface L and saw that, in one parametrization, it
looked like the Poincaré section would admit infinitely many winning saddle connections and therefore
give the possibility of infinitely many points of nonanalyticity in the slope gap distribution. However,
when we strategically chose a different parametrization of this piece of the Poincaré section, there were
only finitely many winners. Thus this piece of the Poincaré section could only contribute finitely many
points of nonanalyticity to the slope gap distribution.

It is interesting to note that this implies that many of the potential points of nonanalyticity arising from
the Uyanik–Work parametrization must cancel each other out and not result in points of nonanalyticity in
the slope gap distribution. Choosing a strategic parametrization of the Poincaré section is one of the key
ideas of the main theorem of this paper:

Theorem 1 The slope gap distribution of any Veech surface has finitely many points of nonanalyticity.

This section is devoted to the proof of this theorem. We will begin by giving an outline of the proof, and
then will dive into the details of each step.

3.1 Outline

The idea is that after choosing strategic parametrizations of each piece of the Poincaré section of a
Veech translation surface .X; !/, we will use compactness arguments to show that there are finitely many
winners on each piece.

(1) We begin with a Veech translation surface .X; !/ and focus on a piece of its Poincaré section
corresponding to one maximal parabolic subgroup in SL.X; !/. Up to multiplication by an element of
GL.2;R/, we will assume that the generator of the parabolic subgroup has a horizontal eigenvector and
.X; !/ has a horizontal saddle connection of length 1. Based on properties of the saddle connection set
of .X; !/, we strategically choose a parametrization TX of this Poincaré section piece. TX will be some
triangle in the plane.

(2) For any saddle connection v of .X; !/, we will define a strip S�.v/ that gives a set of points
.a; b/ 2R>0�R where v is a potential winning saddle connection on the surface Ma;b.X; !/ 2 TX . We
will start by showing various properties of these strips that we will make use of later on in the proof.

(3) We will then show that every point .a; b/ 2 TX in the interior of a strip has an open neighborhood
with finitely many winning saddle connections.

(4) We show that every point .a; b/ on the top edge of TX has an open neighborhood with finitely many
winning saddle connections.

(5) We then move on to show that points .a; b/2 TX that are either in the interior of TX or on the bottom
edge not including the right vertex with aD 1 have an open neighborhood with finitely many winning
saddle connections.
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(6) Next we show that on the boundary aD 1 of TX there are finitely many winning saddle connections.

(7) Using the finiteness on the right boundary, we show that any point .a; b/ 2 TX with aD 1 has an
open neighborhood with finitely many winning saddle connections.

(8) By compactness of TX , there is a finite cover of TX with the open neighborhoods of points .a; b/2TX
that we found in our previous steps. Since each of the these open neighborhoods had finitely many
winners, we find that there are finitely many winning saddle connections across all of TX .

(9) Finally, we show that finitely many winners on each piece of the Poincaré section implies finitely
many points of nonanalyticity of the slope gap distribution.

3.2 Proof

Using the method of [11] outlined in Section 2.2, it will suffice to show that every piece of the Poincaré
section can be chosen so that there are only finitely many winning saddle connections. For most of the
arguments in this section we will fix a piece of the Poincaré section and will work exclusively with it.

We recall that there is a piece of the Poincaré section for each conjugacy class of a maximal parabolic
subgroup in SL.X; !/. We will now fix such a maximal parabolic subgroup �i and work with the
corresponding component of the Poincaré section. Without loss of generality we may assume that .X; !/
has a horizontal saddle connection with x–component 1 and that �i is generated by

Pi D

�
1 ˛i
0 1

�
:

Using the notation of Section 2.2, this is essentially replacing .X; !/ with Ci .X; !/.

Since .X; !/ is a Veech surface with a horizontal saddle connection it has a horizontal cylinder decompo-
sition [6], and therefore, for all a 2R, there are only finitely many heights 0� h� a such that .X; !/
has a saddle connection with y–component h. Let y0 > 0 be the shortest vertical component of a saddle
connection on .X; !/, and let x0 > 0 be the shortest horizontal component of a saddle connection at
height y0. Our first step is to use this saddle connection to give a parametrization of the Poincaré section
that is adapted to the geometry of .X; !/.

By Remark 3, we can choose the following parametrization of this piece of the Poincaré section, as
pictured in Figure 7:

TX D

�
.a; b/

ˇ̌̌
0 < a � 1 and

1� x0a

y0
�na � b �

1� x0a

y0

�
:

Here n is either ˛i or 2˛i depending on which one is needed to fully parametrize this piece of the Poincaré
section, as described in Section 2.2. In the case where �I … SL.X; !/ and P1 had eigenvalue 1, the
Poincaré section has an additional triangle with a < 0. In particular, we can choose this triangle so that it
consists of points .�a;�b/ for .a; b/ 2 TX . But if v were the winning saddle connection for Ma;b.X; !/,
then �v would be the winning saddle connection for M�a;�b.X; !/, and hence when proving that there
are only finitely many winners, it suffices to consider only the portion with a > 0.
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a

b

1

y0

1

b D
�x0
y0

aC
1

y0

b D
�
�x0
y0
�n
�
aC

1

y0

Figure 7: A Poincaré section piece for .X; !/ with y0 > 0 the shortest vertical component and
x0 > 0 the shortest corresponding horizontal component of a saddle connection on .X; !/ with
vertical component y0.

Our goal now is to prove that the return time function is piecewise real analytic with finitely many pieces.
We will do so by proving that there are finitely many winning saddle connections v1; : : : ; vn 2ƒ.X;!/

such that each point .a; b/ 2 TX has a winner Ma;bvi for some 1� i � n. We will repeat this for every
TX corresponding to each maximal parabolic subgroup.

To achieve this goal, we will first define an auxiliary set that will help us understand for what points
.a; b/ 2 TX a particular v 2ƒ.X;!/ is a candidate winner. By a candidate winner, we mean that Ma;bv

has a positive x–coordinate at most 1 and a positive y–coordinate. If v D .x; y/, the x–coordinate
condition is the condition that 0 < axC by � 1. We also note that for Ma;b.x; y/ to be a winner, we
need that a�1y > 0. Since a > 0 on TX , this condition reduces to saying that y > 0.

Definition 5 Given a saddle connection vD .x; y/ with y > 0, we define S�.v/ as the strip of points
.a; b/ 2 R>0 �R such that 0 < axC by � 1. This corresponds to the set of surfaces Ma;b.X; !/ for
which Ma;bv is a potential winning saddle connection.

Let us note some properties of these strips S�.v/ that we will use repeatedly in our proofs. We recall
that we are assuming without loss of generality that .X; !/ has a short horizontal saddle connection of
length 1. Considering the particular piece TX of the Poincaré section, we recall that TX is parametrized
by matrices

Ma;b D

�
a b

0 a�1

�
so that Ma;b.X; !/ has a horizontal saddle connection of length � 1.
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a

b

1

y 1

x

Figure 8: A strip S�.v/ for vD .x; y/. Here y > 0. The slope of the upper and lower lines of the
strip is �x=y.

Then, because .X; !/ is a Veech surface, it breaks up into horizontal cylinders, and therefore there exists a
y0 > 0 such that there is a saddle connection with height y0 and furthermore that every saddle connection
with positive height has height � y0.

With these assumptions in place, we note the following useful properties of the strips S�.v/ that are used
implicitly throughout the proof:

(1) The strip S�.v/ for vD .x; y/ is sandwiched between a solid line that intersects the b–axis at 1=y
and a dotted line that intersects the b–axis at 0. Both lines have slope �x=y. We also know that y � y0,
so 1=y � 1=y0.

(2) Fixing any c > 0, there are only finitely many y–coordinates of saddle connections v such that S�.v/
intersects the y–axis at any point � c.

This is because .X; !/ being a Veech surface and having a horizontal saddle connection implies that
the surface breaks up into finitely many horizontal cylinders of heights h1; : : : ; hn and every saddle
connection with positive y–component must have a y–component that is a nonnegative linear combination
of these hi . Since there are finitely many such y values � 1=c, there are finitely many strips that intersect
the y–axis at points � c.

(3) At a particular point .a; b/ 2 TX , the winner is the saddle connection vD .x; y/ 2ƒ.X;!/ such that
Ma;bvD .axCby; a�1y/ has the least slope among those saddle connections satisfying 0< axCby � 1
and a�1y > 0. Since a > 0 for any point in �i and the reciprocal of the slope of Ma;bv is a2x=yC ab,
this corresponds to the saddle connection with the greatest reciprocal slope, which corresponds to having
the greatest x=y with y > 0.

In terms of our strips, we’re fixing the point .a; b/ and looking for the strip S�.v/ that contains .a; b/ and
has the least slope, since each strip has slope �x=y. We further note that, due to our choice of Poincaré
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section, no saddle connection vD .x; y/ with x < 0 can ever be the winner at a point .a; b/ 2 TX , since
either .a; b/ will not be in the strip S�.v/ or the saddle connection .x0; y0/ that defined TX would win
over .x; y/ at .a; b/. Because of this, from now on we will only consider saddle connections with x � 0
(and y > 0) when looking for potential winners.

(4) For any given y > 0, there are only finitely many saddle connection vectors v D .x; y/ of .X; !/
with x � 0 such that S�.v/ intersects TX .

This is because S�.v/ does not intersect TX for x=y larger than some constant C that depends on TX
and y. Specifically, we can let C D x0=y0Cn, the negative of the slope of the bottom line that defines
the triangle TX . Since the saddle connection set is discrete, there are finitely many x � 0 for a given y
such that x=y � C .

With these facts established, let us first prove a lemma that shows that winning saddle connections exist
and that will be useful in proving Lemma 12.

Lemma 6 Let .a; b/ 2 TX be such that .a; 0/ is a short horizontal saddle connection of Ma;b.X; !/.
Then Ma;b.X; !/ either has a saddle connection v D .x; y/ with 0 < x < a and y > 0, or there exist
two saddle connections v1 D .a; y/ and v2 D .0; y/ with y > 0. This implies that every point in TX
has a winning saddle connection , or equivalently that every point in TX is in some strip S�.v/ for some
vD .x; y/ with y > 0.

Proof Let us take a horizontal saddle connection on our surface Ma;b.X; !/ with holonomy vector
.a; 0/, connecting two (possibly identical) cone points p and q. Then we will consider developing a
width-a vertical strip on our surface extending upward with the open horizontal segment from p to q as
its base. Since our surface is of finite area, this vertical strip must eventually hit a cone point r or come
back to overlap our original open segment from p to q. Now we’re going to define our vectors v, or v1

and v2, in each case.

In the former case when the top edge of our vertical strip hits a cone point r in the interior of the edge,
the straight segment from p to r cutting through our vertical strip gives us v.

The latter case when the top edge of our vertical strip comes back to overlap our original open segment
breaks up into two cases. If we have an incomplete overlap, then the top edge contains the cone point

p q

r

v
p

r D q

:::

:::

v

p q

:::

:::

v1

v2

Figure 9: The vectors v or v1 and v2 in the three different cases of vertical strip.
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a

b

1

y

1

h

S

b D�
x

y
aC

1

h

Figure 10: A choice of 1=h for a particular S .

r D p or r D q, and the saddle connection from p on the bottom edge to r on the top edge gives us v. If
we have a complete overlap, then the saddle connection from p on the bottom edge to q on the top edge
gives us our vector v1 and the saddle connection from p on the bottom edge to p on the top edge gives
us our vector v2.

In any of these cases, letting v0 DM�1
a;b
.v/ or M�1

a;b
.v1/ gives us that S�.v0/ contains our initial point

.a; b/ and v0 is a possible winning saddle connection.

The following lemma will help us show that there are finitely many winning saddle connections on certain
sets in TX :

Lemma 7 Let S be a closed set that is a subset of S�.v/ for v D .x; y/ with y > 0. Then there are
finitely many winning saddle connections on S .

Proof Let S be a closed set contained in S�.v/ for a saddle connection vD .x; y/ of .X; !/ with y > 0.
By definition, v is a potential winning saddle connection on all of S . That is, for any point .a; b/ 2 S ,
Ma;bv has positive y component and positive and short (� 1) x component.

We recall that for a point .a0; b0/ � S to have winner v0 D .x0; y0/ ¤ v D .x; y/, we need that v0 is a
saddle connection of .X; !/, x0=y0 > x=y, and that .a0; b0/� S�.v0/.

This corresponds to the strip S�.v0/ having a smaller slope than S�.v/ and still intersecting S . Given
that S is closed and the bottom boundary of S�.v/ is open, there exists an h > 0 such that the line S is
completely on or above the line b D�.x=y/aC 1=h. Furthermore, since the left boundary of S�.v/ is
open, S is a positive distance away from the y–axis.

Then for S�.v0/ to intersect S and for x0=y0 >x=y, we need that y0 <h, since otherwise the strip S�.v0/
would have y–intercepts 1=y0 � 1=h and 0 and would have smaller slope than that of S�.v/ and would
therefore not intersect S .
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But since .X; !/ is a Veech surface with a horizontal saddle connection, it decomposes into finitely many
horizontal cylinders. Therefore, the set of possible vertical components y0 of saddle connections are a
discrete subset of R, and thus there are finitely many vertical components of saddle connections that
satisfy y0 < h. Since there are finitely many saddle connections in the vertical strip .0; 1�� .0;1/ with
vertical component less than h, there are finitely many possible winning saddle connections on S .

We recall that our goal is to show that every point .a; b/ 2 TX has a neighborhood on which there are
finitely many winners. This will allow us to use a compactness argument to prove that there are finitely
many winners on all of TX . Building off of the previous lemma, we show in the next lemma that certain
points .a; b/ 2 TX have an open neighborhood on which there are finitely many winners:

Lemma 8 Let .a; b/ be in the interior of some strip S�.v/. Then there exists a neighborhood of .a; b/
with finitely many winning saddle connections.

Proof Let .a; b/ be in the interior of the strip S�.v/ for vD .x; y/ with y > 0 and x � 0. Then we can
find an � > 0 such that the closed ball of radius � around .a; b/ remains in the interior of the strip. That
is, we choose an � > 0 such that

B�..a; b//� S�.v/:

We can then use Lemma 7 to conclude that there are finitely many winning saddle connections on
B�..a; b//, and therefore on B�..a; b//.

We now look at points .a; b/ 2 TX that lie on the top edge of TX and show that these points have a
neighborhood with finitely many winners.

Lemma 9 For any .a; b/ that lies on the top edge of TX , including the point .0; 1=y0/, there exists a
neighborhood B�..a; b// such that there are finitely many winning saddle connections on B�..a; b//\TX .

Proof We recall that TX is a triangle bounded by the lines bD .�x0=y0/aC1=y0 on top, the line aD 1
on the right and the line b D .�x0=y0�n/aC 1=y0 on the bottom.

We break up the proof of this lemma into cases, depending on the location of .a; b/ 2 TX [f.0; 1=y0/g:

(1) bD .�x0=y0/aC 1=y0 These points are on the top line of TX . We recall that y0 was chosen to
be the least y > 0 for which X has a saddle connection .x; y0/. Then x0 was the least x > 0 for which
.x; y0/ was a saddle connection of X .

Let .a; b/ be any point on the top line of TX and let v D .x0; y0/. Then .a; b/ is on the top line of
the strip S�..x0; y0//. We can find an � > 0 such that B�..a; b//\ S�..x0; y0// is a closed subset of
S�..x0; y0//. By Lemma 7, there are then finitely many winners on B�..a; b//\S�..x0; y0//.

(2) .a; b/D .0; 1=y0/ This point is not in TX but is the top left corner of the triangle that makes up TX .

We can find a y1 >y0 such that every saddle connection .x; y/ of X with y > y0 must satisfy that y � y1.
Thus, we can choose an � > 0 such that B�..0; 1=y0//\TX � S�..x0; y0// and no strip S�..x; y//, for
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.a; b/

p�

Figure 11: The strip S�.w�/.

a saddle connection with y > y0 and x � 0, intersects B�..0; 1=y0//. This would imply that the only
possible winning saddle connections on B�..0; 1=y0// are of the form .x; y0/ for x � x0.

But if we fix y D y0, since the set of saddle connections .x; y0/ is discrete and TX is bounded below by
the line bD .�x0=y0�n/aC1=y0, there are only finitely many saddle connections vD .x; y0/ of .X; !/
whose strip S�.v/ intersects B�..0; 1=y0//— exactly those x such that x0 � x � x0C ny0. We have
shown then that only finitely many strips S�.v/, for holonomy vectors v that could win over .x0; y0/,
intersect B�..0; 1=y0//, and therefore there are only finitely many winners on this neighborhood.

Having established that points .a; b/ 2 TX on the top edge of TX have neighborhoods with finitely many
winners, we now turn to points .a; b/ 2 TX that lie in the interior of TX or on the bottom edge of TX .

Lemma 10 For any .a; b/ that lies in the interior of TX or on the bottom edge of TX , excluding the
vertex with aD 1, there exists a neighborhood B�..a; b// such that there are finitely many winning saddle
connections on B�..a; b//\TX .

Proof By Lemma 8, it suffices to show that .a; b/ lies on the interior of a strip S�.v/ for some saddle
connection v.

Because .a; b/ is in TX , it must lie in some strip S�.v/. If .a; b/ is in the interior of S�.v/, then we are
done. Otherwise, if .a; b/ is on the boundary of S�.v/, we consider the points p� D ..1C �/a; .1C �/b/,
with winner w� . Since .a; b/ lies in the interior of TX or on the bottom edge of TX , for � > 0 sufficiently
small p� also lies in TX . Moreover, notice that p� and .a; b/ lie on the same line through the origin. This
immediately implies that .a; b/ lies in the interior of S�.w�/, as seen in Figure 11.

Indeed, by the definition of S�.v/ for any holonomy vector v as a half-open strip with the open bottom
boundary passing through the origin, for all points p 2 S�.v/ the points tp for 0< t < 1 lie in the interior,
which gives the desired result.

The combination of our previous lemmas shows that, for all .a; b/ 2 TX away from the right vertical
boundary, there are only finitely many winners in a neighborhood of .a; b/. We also want to show that,
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for each .1; b/ on the right vertical boundary, there are only finitely many winners in a neighborhood.
We will do this in two steps. First we will show that there are finitely many winning saddle connections
along the right boundary of TX . We will then use this result to prove that every point .1; b/ on the right
boundary of TX has a neighborhood with finitely many winning saddle connections.

For our first result, we will need the following definition:

Definition 11 Given .a; b/ 2 R2, define the set Sƒ.a; b/ as the strip of vectors v D .x; y/ 2 R2 such
that 0 < axC by � 1 and y > 0. This corresponds to the set of vectors that are potential winners on the
surface Ma;b.X; !/.

We think of this definition as a sort of dual to Definition 5, where instead of thinking of the surfaces
corresponding to a particular winning saddle connection, we think about the set of possible coordinates
of winning saddle connections for a particular surface.

Lemma 12 There are only finitely many winning saddle connections along the right vertical boundary
aD 1 of TX .

Proof By Lemma 6, we know that every point .1; b/ on the right boundary of TX has a winning saddle
connection. The set of b 2 R such that .1; b/ 2 TX is some interval Œc; d �. We note that since

�
1
0
˛
1

�
is in the Veech group of our surface for some ˛ > 0, it suffices to show that there are finitely many
winners for b 2 ŒcC n˛; d C n˛� for any n 2 Z. This is because .x; y/ is the winner for b0 if and only
if .x � n˛y; y/ is the winner for b0C n˛. For convenience, we will prove that there are finitely many
winners for b 2 ŒM;N �D ŒcCn˛; d Cn˛� for an n such that M;N > 0.

For each such b, we let vb be its corresponding winning saddle connection. We wish to show that the set
of vectors vb is finite. We suppose that fvbg is infinite. Then, since b 2 ŒM;N �, we must be able to find
a convergent subsequence of bi 2R with corresponding winning saddle connections .xi ; yi / such that
bi ! b0 and b0; bi 2 ŒM;N � for all i . In particular, b0 > 0.

We claim now that Sƒ.1; b0/ cannot have a winning saddle connection, which would contradict Lemma 6.
This corresponds to a saddle connection .x; y/ in the strip Sƒ.1; b0/ that maximizes x=y. The strip
Sƒ.1; b

0/ satisfies that y > 0 and 0 < xCb0y � 1, or alternatively that �.1=b0/x < y ��.1=b0/xC1=b0.
We recall that b0 > 0. Figure 12 shows a depiction of this strip.

We suppose that the winning saddle connection .x0; y0/ for b0 lies in the interior of Sƒ.1; b0/. If
x0=y0 > xi=yi and .x0; y0/ 2 Sƒ.1; bi /, then .xi ; yi / could not be the winner for .1; bi / because .x0; y0/
beats it and is still in the strip Sƒ.1; bi /.

We let Cb0 be the cone given by the intersection of y < .y0=x0/x and y > .y0=.x0� 1//x � y0=.x0� 1/.
We notice that if .xi ; yi / 2 Cb0 , then it follows that .x0; y0/ 2 Sƒ.1; bi /. One can see this algebraically
or visually by noting that if .xi ; yi / is in the cone Cb0 as depicted in Figure 13, then Sƒ.1; bi / contains
.xi ; yi / and is bounded by two lines with x–intercepts 0 and 1 and therefore must contain the point
.x0; y0/. Furthermore, the first inequality defining the cone gives us that x=y > x0=y0.
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1

1

b0

Figure 12: The strip Sƒ.1; b0/.

Therefore, if .xi ; yi / is a winning saddle connection for some .1; bi /, it cannot be in the open cone Cb0
as defined above. Since bi ! b0, this implies that for any � > 0 we can find an n large enough that,
for all i � n, the strips Sƒ.1; bi / all lie in a region S� that is the region where .�1=b0 C �/x � y �
.�1=b0 � �/x C .1=b0 C �/ and y > 0. Specifically, we will choose an � such that the slopes of the
two bounding lines of S� are wedged between the slopes of the bounding lines of Cb0 . That is, we will
choose � > 0 such that .�1=b0� �/ > y0=x0 and .�1=b0C �/ < y0=.x0� 1/. We call this latter region S� .
Figure 13 illustrates these regions.

Given these conditions, we notice that S�nCb0 is a compact set. With the possible exception of one point
that equals .x0; y0/, the winning saddle connections .xi ; yi / for i � n must all be in this region. But the
set of holonomy vectors of saddle connections of .X; !/, of which f.xi ; yi /g is a subset, is a discrete
subset of R2 with no accumulation points, and so there are only finitely many .xi ; yi / 2 S�nCb0 . This is a

1

.x0; y0/

S�

Cb0

Sƒ.1; b
0/

Figure 13: The strip Sƒ.1; b0/ with its winner .x0; y0/ and cone Cb0 , along with the region S�
containing the winners .xi ; yi / for i � n.
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1

.x0; y0/

.x00; y00/

S�

C0b0

Sƒ.1; b
0/

Figure 14: The strip Sƒ.1; b0/ with its winner .x0; y0/, the vector .x00; y00/ on its open boundary
and its cone C0

b0
, along with the region S� containing the winners .xi ; yi / for i � n.

contradiction, since the set f.xi ; yi /g is infinite. Hence, if Sƒ..1; b0// contained a point .x0; y0/, it could
not be in the interior of the strip.

We also consider the case when .x0; y0/ is in on the boundary of Sƒ.1; b0/. That is, we suppose that
.x0; y0/ is on the line yD�.1=b0/xC1=b0. If there exists a saddle connection in the interior of Sƒ.1; b0/,
we can appeal to the reasoning in the previous case to find a contradiction. Else, after potentially applying
a shear to our surface, Lemma 6 guarantees that there is also a holonomy vector .x00; y00/ on the open
boundary y D�.1=b0/x of Sƒ.1; b0/.

We now consider the cone C0
b0

given by the intersection of the regions

y <
y0

x0
x and y >

y00

x00� 1
x�

y00

x00� 1
:

Similar to the previous case, we can find n large enough that the strips Sƒ.1; bi / all lie in a region S� that
is defined by .�1=b0C �/x � y � .�1=b0 � �/xC .1=b0C �/ and y > 0. Here we again choose � > 0
such that the slopes of the two bounding lines of S� are wedged between the slopes of the bounding lines
of C0

b0
. That is, we will choose � > 0 such that .�1=b0� �/ > y0=x0 and .�1=b0C �/ < y00=.x00� 1/. We

call this latter region S�. Figure 14 illustrates these regions.

Since the set f.xi ; yi /g has no accumulation points and S�nC0b0 is compact, all but finitely many of the
.xi ; yi / for i � n must lie in the cone C0

b0
and not be equal to .x0; y0/ or .x00; y00/. Let us consider one of

these .xi ; yi /. The corresponding strip Sƒ.1; bi / is the region between two parallel lines that intersect the
x–axis at 1 and 0, including the line through 1 but not including the line through 0. Therefore Sƒ.1; bi /
must either contain .x0; y0/ or .x00; y00/, depending on if bi � b0 or bi > b0, respectively. If it contains
.x0; y0/, then by similar reasoning as in the previous case .x0; y0/ beats .xi ; yi /, and so .xi ; yi / could not
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have been the winner for .1; bi /. If it contains .x00; y00/, then either .x00; y00/ beats .xi ; yi /, which means
that .xi ; yi / was not the winner, or .xi ; yi / was in the interior or Sƒ..1; b0//, which contradicts that the
interior of Sƒ.1; b0/ did not contain any saddle connections. In either case, we have a contradiction.

Since we found a contradiction in both the cases when there was saddle connection in the interior and
on the boundary of Sƒ.1; b0/, we see that there must have been only finitely many winners on the right
vertical boundary of TX .

We can now use the previous lemma to show that points on the right boundary of TX have a neighborhood
with finitely many winners.

Lemma 13 Given any point .a; b/ 2 TX with aD 1, there exists a neighborhood B�..a; b// such that
there are finitely many winning saddle connections on B�..a; b//\TX .

Proof Suppose that we have a point .a; b/ 2 TX with aD 1 and b D b0. Then Lemma 6 guarantees that
.1; b0/ is in some strip S�.v/. If .1; b0/ is in the interior of S�.v/, then Lemma 8 shows that there is a
neighborhood of .1; b0/ in TX with finitely many potential winners.

We now consider the case where .1; b0/ is not in the interior of any strip. This means that .1; b0/ is on
the top boundary of some strip S�.v/. We will first deal with the case where .1; b0/ is not on the top
boundary of TX : Every point .1; b0Cc/ for c > 0 small enough must also be in some winning strip. Since
Lemma 12 tells us that there are finitely many winning saddle connections on the right boundary of TX
where aD 1, this then implies that .1; b0/ is on the bottom boundary of some other strip S�.w/, where
w is the winning saddle connection for all .1; b0C c/ for c > 0 small enough.

Because there are finitely many winning saddle connections on the aD 1 line of TX by Lemma 12, we
can now choose an � > 0 small enough that w is the winning saddle connection for .1; b0C c/ and v is
the winning saddle connection for .1; b0� c/ for any 0 < c � �.

We claim now that there are finitely many winning saddle connections on B�..1; b0//. We recall that for
a point .a; b/ 2 B�..1; b0//\TX to have a winning saddle connection other than v or w, there must be
a strip S�.u/ for a saddle connection u that is steeper (has more negative slope) than S�.v/ or S�.w/
(whichever is the winner at .a; b/) and that contains .a; b/.

Shrinking � if necessary, B�..1; b0// lies above the line bD�.x=y/aC1=h for some h>0 and .x; y/Dv.
Then, as in the proof of Lemma 7, we can show that there are finitely many strips of saddle connections
u of .X; !/ with strips S�.u/ intersecting B�..1; b0// and that are at least as steep as S�.v/.

If S�.u/ is at most as steep as S�.w/, then it cannot win for any point in B�..1; b0//\TX since w or v

would win instead.

If S�.u/ has steepness strictly between that of w and v, then for u to be a winner for some point
.a; b/ 2 B�..1; b

0// \ TX we must have that .a; b/ 2 S�.u/ \ .S�.w/nS�.v//. But then, by slope
considerations, S�.u/ must also intersect the aD 1 boundary of TX in B�..1; b0// above the point .1; b0/.
But this contradicts that w and v were the only winners on the right boundary of TX in B�..1; b0//.
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a

b

1

TX

B�..1; b
0//

S�.v/

S�.w/

Figure 15: The winning strips S�.v/ and S�.w/ near .1; b0/ on the right boundary of TX .

Hence, only the finitely many saddle connections u with strips that intersect B�..1; b0// and have slope
steeper than that of S�.v/ can be winners on B�..1; b0//\TX .

Combining these lemmas shows that for all points in TX there are finitely many winners in a neighborhood,
and hence by compactness there are finitely many winners on TX .

Proof of Theorem 1 We will consider TX D TX [ f.0; 1=y0/g. This is a compact set. We showed in
Lemmas 9, 10 and 13 that, for any point .a; b/ 2 TX , we can find a neighborhood B�..a; b// such that
there are finitely many possible winning saddle connections on B�..a; b//\TX . Since TX is compact, it
is covered by finitely many of these neighborhoods. Since a finite union of finite sets is finite, the set of
possible winners on TX is finite.

Each winning saddle connection vi would then be a winner on a convex (see the remark below) polygonal
piece of TX . The cumulative distribution function of the slope gap distribution would then be given by
the sums of areas between the level curves of the hyperbolic return time functions y=.a.axC by//, as
described in Section 2.2, and the sides of these polygons. Since there are finitely many polygonal pieces,
the cumulative distribution function and therefore also the slope gap distribution would be piecewise real
analytic with finitely many points of nonanalyticity.

Remark 14 While it is not necessary for the proof of Theorem 1, we can see that each v is a winner on a
convex polygonal piece of �i . The convexity arises because the region where v wins is the intersection of
finitely many convex regions: the strip S�.v/, the triangular region TX , and finitely many half-planes that
are the upper piece of the complement of S�.v0/ for other vectors v0 that win on some region of S�.v/\TX .
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4 Quadratic tail decay

As an application of the finiteness result (Theorem 1), we prove:

Theorem 2 The slope gap distribution of any Veech surface has quadratic tail decay. That is, if f
denotes the density function of the slope gap distribution, thenZ 1

t

f .x/ dx � t�2:

Proof We find the decay of the tail on a piece of the Poincaré section given by the triangle TX . Doing
this for all the pieces gives the decay of the tail.

The proof of Theorem 1 shows that there exists a minimal finite set of saddle connections F �ƒ.X;!/
such that, for any point in the triangle TX , there is some v 2 F with Ma;bv being the winning saddle
connection. Let S�.v/� TX denote the strip where Ma;bv could win and W�.v/� S�.v/ denote where
Ma;bv does win.

Fix vD .x; y/ 2F . Then the tail on the piece W�.v/ is proportional to the area of the set of points .a; b/
in W�.v/ with

slope.Ma;bv/D
y

a2xC aby
> t ()

1

at
�
x

y
a > b:

Let mD x=y. By adding the contribution that W�.v/ gives on the tail for each v 2 F , we get the full
contribution to the tail. In what follows we work on one such winning saddle connection v. Hence, it
suffices to understand the portion of W�.v/ below the hyperbola b D 1=.at/�ma. Notice that this
hyperbola approaches the line b D �ma from above. Moreover, notice that the line b D �ma is the
bottom boundary of the strip S�.v/.

We have three situations, depending on how the line b D�ma intersects TX , as shown in Figure 16.

(1) Suppose b D�ma doesn’t intersect TX . This means that the line b D�ma avoids the bottom edge
of TX for a 2 Œ0; 1�. In this case we will only find contribution to the tail when the vertical of v is y0,
since otherwise we can choose large enough t so that the hyperbola misses W�.v/.

Figure 16: An illustration of cases (1)–(3) in the proof of Theorem 2 (from left to right).
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An upper bound for the contribution of W�.v/ is just the part underneath the hyperbola and inside TX .
For t large, the hyperbola b D 1=.at/�ma intersects the triangle twice. First it intersects at the top
through the boundary line b D 1=y0� .x0=y0/a at the point

aCtop D
�1C

p
1C 4y0.my0� x0/=t

2.my0� x0/
;

and then leaves through the bottom boundary line b D 1=y0� .x0=y0Cn/a at the point

aCbot D
�1C

p
1C 4y0.my0� .x0Cny0//=t

2.my0� .x0Cny0//
:

Thus, the contribution is given byZ a
C
top

aD0

Z 1=y0�.x0=y0/a

bD1=y0�.x0=y0Cn/a

1 db daC

Z a
C
bot

aDa
C
top

Z 1=.at/�ma

bD1=y0�.x0=y0Cn/a

1 db da:

The first integral evaluates to 1
2
n.aCtop/

2 and, by using a Taylor series on the square root, can be shown to
decay like t�2.

The second integral evaluates to�
1

t
log.a/C 1

2

�
x0

y0
Cn�m

�
a2�

1

y0
a

�ˇ̌̌̌aCbot

aDa
C
top

:

By performing a Taylor series approximation on aCtop and aCbot, we get that the second integral decays
like t�3.

Thus, the total decay on the integral is like t�2.

(2) Now consider the case when b D �ma intersects TX at the bottom vertex of TX . In this case
mD x0=y0Cn� 1=y0. If the vertical of y is the same as y0, then we get a contribution to the tail at the
top of TX as in case (1). In fact, this is the only way we can get contribution at the top of TX .

Now we find the contribution on the bottom of TX . Thus, we are interested in the intersection of the
hyperbola b D 1=.at/�ma with the bottom boundary line of TX given by 1=y0� .x0=y0Cn/a. This is
the point

a�bot D
�1�

p
1C 4y0.my0� .x0Cny0//=t

2.my0� .x0Cny0//
:

In fact, using that the line b D�ma intersects the bottom of TX , we get that mD x0=y0Cn� 1=y0 and
so we can see

a�bot D
1

2

�
1C

r
1�

4y0

t

�
:

The contribution is then given byZ 1

aDa�bot

Z 1=.at/�ma

bD1=y0�.x0=y0Cn/a

1 db da:
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This integral evaluates to

1

2

�
x0

y0
Cn�m

�
�
1

y0
�
1

t
log.a�bot/�

1

2

�
x0

y0
Cn�m

�
.a�bot/

2
C
a�bot

y0
:

By doing a Taylor series approximation on a�bot we can show that the decay is like t�2.

(3) Now suppose that the line b D �ma does intersect TX and this intersection is above the bottom
vertex of TX , ie above b D 1=y0� .x0=y0Cn/. We have two regions to consider: the top of the triangle
and the region above between the hyperbola b D 1=.at/�ma and b D �ma. The behavior at the top
of the triangle is identical to cases (1) and (2), and only occurs when the vertical y is the same as y0.
Thus we have quadratic decay there. We now focus on the second region and observe that each point on
the bottom edge of S�.v/ must be in some other winning strip S�.v0/. There are finitely many such v0,
and we number them v1; : : : ; vn. Thus W�.v/ �

�
S�.v/�

Sn
iD1 S�.vi /

�
, which is some polygonal

region whose closure is completely above the bottom boundary of S�.v/, b D�ma. Since the hyperbola
b D 1=.at/�ma approaches b D �ma as t !1, for all t large enough the hyperbola is completely
below W�.v/ and therefore W�.v/ has no contribution to the tail.

Adding up the contribution of every v 2 F , we see that there is a constant C > 0 such thatZ 1
t

f .x/ dx �
C

t2
:

Now we compute a lower bound. Let v0 D .x0; y0/ be the saddle connection used to define TX , S�.v0/
denote the associated strip, and b D 1=.at/� .x0=y0/a be the associated hyperbola. We will use this
specific saddle connection to find a lower bound to

R1
t f .x/ dx, essentially by using the argument from

case (1) of the upper bound. That is, by analyzing the behavior at the top of the triangle. Either v0 is
the winning saddle connection for every point on S�.v0/ or there is some other saddle connection v for
which it is the winning saddle connection on S�.v0/\S�.v/. We deal with both cases.

(i) If v0 is the winning saddle connection for every point on S�.v0/, then a lower bound to
R1
t f .x/ dx

comes from the part underneath the hyperbola bD 1=.at/� .x0=y0/a and inside S�.v0/. We can choose
t large enough that the hyperbola intersects S�.v0/ only once, at the point

aCtop D
�1C

p
1C 4y0.my0� x0/=t

2.my0� x0/

with contribution given by Z a
C
top

aD0

Z 1=y0�x0=y0a

bD1=y0�..x0=y0/Cn/a

1 db da:

Earlier we showed this decays like t�2.

(ii) In the case that there is some other saddle connection v that is the winning saddle connection on
S�.v0/\S�.v/ we have two subcases, depending on whether v has the same vertical as v0 or not. In
the latter case we can choose t large enough that the contribution is the same as case (1). We now focus
on when the vertical of v and v0 is the same. Furthermore, since we are looking for any lower bound, it
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suffices to assume that v has the least negative slope among all vectors that win in the intersection of
S�.v0/\S�.v/. The contribution is given byZ a

C
top

aD0

Z 1=y0�.x0=y0/a

bD1=y0�.x=y/a

1 db da:

The integral evaluates to 1
2
.x=y � x0=y0/.a

C
top/

2 and, by using a Taylor series on the square root, can be
shown to decay like t�2.

5 Further questions

We end with a few questions for further exploration:

(1) Are there bounds on the number of points of nonanalyticity of the slope gap distribution of a Veech
surface?

In [5], linear upper and lower bounds in terms of n on the number of points were found for the translation
surface given by gluing opposite sides of the 2n–gon. These surfaces each have two cusps and have
genus that grows linearly in n. This shows that bounds on the number of points of nonanalyticity based
on the number of cusps is impossible. However, we can ask if there are bounds based on the genus of
the surface.

(2) What can be said about the gap distributions of non-Veech surfaces?

In [2] it was shown that the limiting slope gap distribution exists for almost every translation surface, and
in [9] the slope gap distributions for a special family of non-Veech surfaces were shown to be piecewise
real analytic. We can ask if the limiting slope gap distributions are always piecewise real analytic, and if
so, are there always finitely many points of nonanalyticity?

(3) Where do the points of nonanalyticity lie?

Beyond just understanding the number of points of nonanalyticity, we can ask about number-theoretic
properties of the points themselves. In every example known to the authors of a limiting slope gap
distribution, after rescaling, the points of nonanalyticity lie in the trace field of the Veech group. Given
that the gap distribution is computed by integrating areas between hyperbolas in regions related to the
geometry of the surface, it is natural to conjecture that points of nonanalyticity lie in quadratic extensions
of the trace field.

References
[1] J S Athreya, Gap distributions and homogeneous dynamics, from “Geometry, topology, and dynamics in

negative curvature” (C S Aravinda, F T Farrell, J-F Lafont, editors), Lond. Math. Soc. Lect. Note Ser. 425,
Cambridge Univ. Press (2016) 1–31 MR Zbl

Algebraic & Geometric Topology, Volume 24 (2024)

http://dx.doi.org/10.1017/CBO9781316275849.002
http://msp.org/idx/mr/3497256
http://msp.org/idx/zbl/1364.37006


980 Luis Kumanduri, Anthony Sanchez and Jane Wang

[2] J S Athreya, J Chaika, The distribution of gaps for saddle connection directions, Geom. Funct. Anal. 22
(2012) 1491–1516 MR Zbl

[3] J S Athreya, J Chaika, S Lelièvre, The gap distribution of slopes on the golden L, from “Recent trends in
ergodic theory and dynamical systems” (S Bhattacharya, T Das, A Ghosh, R Shah, editors), Contemp. Math.
631, Amer. Math. Soc., Providence, RI (2015) 47–62 MR Zbl

[4] J S Athreya, Y Cheung, A Poincaré section for the horocycle flow on the space of lattices, Int. Math. Res.
Not. 2014 (2014) 2643–2690 MR Zbl

[5] J Berman, T McAdam, A Miller-Murthy, C Uyanik, H Wan, Slope gap distribution of saddle connections
on the 2n–gon, Discrete Contin. Dyn. Syst. 43 (2023) 1–56 MR Zbl

[6] P Hubert, T A Schmidt, An introduction to Veech surfaces, from “Handbook of dynamical systems, 1B”
(B Hasselblatt, A Katok, editors), Elsevier, Amsterdam (2006) 501–526 MR Zbl

[7] H Masur, Lower bounds for the number of saddle connections and closed trajectories of a quadratic
differential, from “Holomorphic functions and moduli, I” (D Drasin, C J Earle, F W Gehring, I Kra, A
Marden, editors), Math. Sci. Res. Inst. Publ. 10, Springer (1988) 215–228 MR Zbl

[8] H Masur, The growth rate of trajectories of a quadratic differential, Ergodic Theory Dynam. Systems 10
(1990) 151–176 MR Zbl

[9] A Sanchez, Gaps of saddle connection directions for some branched covers of tori, Ergodic Theory Dynam.
Systems 42 (2022) 3191–3245 MR Zbl

[10] D Taha, On cross sections to the geodesic and horocycle flows on quotients of SL.2;R/ by Hecke triangle
groups Gq , preprint (2019) arXiv 1906.07250

[11] C Uyanik, G Work, The distribution of gaps for saddle connections on the octagon, Int. Math. Res. Not.
2016 (2016) 5569–5602 MR Zbl

[12] Y Vorobets, Periodic geodesics on generic translation surfaces, from “Algebraic and topological dynamics”
(S Kolyada, Y Manin, T Ward, editors), Contemp. Math. 385, Amer. Math. Soc., Providence, RI (2005)
205–258 MR Zbl

[13] A Zorich, Flat surfaces, from “Frontiers in number theory, physics, and geometry, I” (P Cartier, B Julia, P
Moussa, P Vanhove, editors), Springer (2006) 437–583 MR Zbl

Department of Mathematics, Massachusetts Institute of Technology
Cambridge, MA, United States

Department of Mathematics, University of California San Diego
La Jolla, CA, United States

Department of Mathematics and Statistics, University of Maine
Orono, ME, United States

luisk@mit.edu, ans032@ucsd.edu, jane.wang@maine.edu

Received: 5 December 2021 Revised: 5 August 2022

Geometry & Topology Publications, an imprint of mathematical sciences publishers msp

http://dx.doi.org/10.1007/s00039-012-0164-9
http://msp.org/idx/mr/3000496
http://msp.org/idx/zbl/1257.32010
http://dx.doi.org/10.1090/conm/631/12595
http://msp.org/idx/mr/3330337
http://msp.org/idx/zbl/1332.37027
http://dx.doi.org/10.1093/imrn/rnt003
http://msp.org/idx/mr/3214280
http://msp.org/idx/zbl/1351.37145
http://dx.doi.org/10.3934/dcds.2022141
http://dx.doi.org/10.3934/dcds.2022141
http://msp.org/idx/mr/4514570
http://msp.org/idx/zbl/1520.37006
http://dx.doi.org/10.1016/S1874-575X(06)80031-7
http://msp.org/idx/mr/2186246
http://msp.org/idx/zbl/1130.37367
http://dx.doi.org/10.1007/978-1-4613-9602-4_20
http://dx.doi.org/10.1007/978-1-4613-9602-4_20
http://msp.org/idx/mr/955824
http://msp.org/idx/zbl/0661.30034
http://dx.doi.org/10.1017/S0143385700005459
http://msp.org/idx/mr/1053805
http://msp.org/idx/zbl/0706.30035
http://dx.doi.org/10.1017/etds.2021.81
http://msp.org/idx/mr/4476101
http://msp.org/idx/zbl/1505.37008
http://msp.org/idx/arx/1906.07250
http://dx.doi.org/10.1093/imrn/rnv317
http://msp.org/idx/mr/3567252
http://msp.org/idx/zbl/1404.37039
http://dx.doi.org/10.1090/conm/385/07199
http://msp.org/idx/mr/2180238
http://msp.org/idx/zbl/1130.37015
http://msp.org/idx/mr/2261104
http://msp.org/idx/zbl/1129.32012
mailto:luisk@mit.edu
mailto:ans032@ucsd.edu
mailto:jane.wang@maine.edu
http://msp.org
http://msp.org


ALGEBRAIC & GEOMETRIC TOPOLOGY
msp.org/agt

EDITORS

PRINCIPAL ACADEMIC EDITORS

John Etnyre
etnyre@math.gatech.edu

Georgia Institute of Technology

Kathryn Hess
kathryn.hess@epfl.ch

École Polytechnique Fédérale de Lausanne

BOARD OF EDITORS

Julie Bergner University of Virginia
jeb2md@eservices.virginia.edu

Steven Boyer Université du Québec à Montréal
cohf@math.rochester.edu

Tara E Brendle University of Glasgow
tara.brendle@glasgow.ac.uk

Indira Chatterji CNRS & Univ. Côte d’Azur (Nice)
indira.chatterji@math.cnrs.fr

Alexander Dranishnikov University of Florida
dranish@math.ufl.edu

Tobias Ekholm Uppsala University, Sweden
tobias.ekholm@math.uu.se

Mario Eudave-Muñoz Univ. Nacional Autónoma de México
mario@matem.unam.mx

David Futer Temple University
dfuter@temple.edu

John Greenlees University of Warwick
john.greenlees@warwick.ac.uk

Ian Hambleton McMaster University
ian@math.mcmaster.ca

Matthew Hedden Michigan State University
mhedden@math.msu.edu

Hans-Werner Henn Université Louis Pasteur
henn@math.u-strasbg.fr

Daniel Isaksen Wayne State University
isaksen@math.wayne.edu

Thomas Koberda University of Virginia
thomas.koberda@virginia.edu

Christine Lescop Université Joseph Fourier
lescop@ujf-grenoble.fr

Robert Lipshitz University of Oregon
lipshitz@uoregon.edu

Norihiko Minami Nagoya Institute of Technology
nori@nitech.ac.jp

Andrés Navas Universidad de Santiago de Chile
andres.navas@usach.cl

Thomas Nikolaus University of Münster
nikolaus@uni-muenster.de

Robert Oliver Université Paris 13
bobol@math.univ-paris13.fr

Jessica S Purcell Monash University
jessica.purcell@monash.edu

Birgit Richter Universität Hamburg
birgit.richter@uni-hamburg.de

Jérôme Scherer École Polytech. Féd. de Lausanne
jerome.scherer@epfl.ch

Vesna Stojanoska Univ. of Illinois at Urbana-Champaign
vesna@illinois.edu

Zoltán Szabó Princeton University
szabo@math.princeton.edu

Maggy Tomova University of Iowa
maggy-tomova@uiowa.edu

Nathalie Wahl University of Copenhagen
wahl@math.ku.dk

Chris Wendl Humboldt-Universität zu Berlin
wendl@math.hu-berlin.de

Daniel T Wise McGill University, Canada
daniel.wise@mcgill.ca

See inside back cover or msp.org/agt for submission instructions.

The subscription price for 2024 is US $705/year for the electronic version, and $1040/year (C$70, if shipping outside the US) for print and
electronic. Subscriptions, requests for back issues and changes of subscriber address should be sent to MSP. Algebraic & Geometric Topology is
indexed by Mathematical Reviews, Zentralblatt MATH, Current Mathematical Publications and the Science Citation Index.

Algebraic & Geometric Topology (ISSN 1472-2747 printed, 1472-2739 electronic) is published 9 times per year and continuously online, by
Mathematical Sciences Publishers, c/o Department of Mathematics, University of California, 798 Evans Hall #3840, Berkeley, CA 94720-3840.
Periodical rate postage paid at Oakland, CA 94615-9651, and additional mailing offices. POSTMASTER: send address changes to Mathematical
Sciences Publishers, c/o Department of Mathematics, University of California, 798 Evans Hall #3840, Berkeley, CA 94720-3840.

AGT peer review and production are managed by EditFlow® from MSP.

PUBLISHED BY

mathematical sciences publishers
nonprofit scientific publishing

https://msp.org/
© 2024 Mathematical Sciences Publishers

http://dx.doi.org/10.2140/agt
mailto:etnyre@math.gatech.edu
mailto:kathryn.hess@epfl.ch
mailto:jeb2md@eservices.virginia.edu
mailto:cohf@math.rochester.edu
mailto:tara.brendle@glasgow.ac.uk
mailto:indira.chatterji@math.cnrs.fr
mailto:dranish@math.ufl.edu
mailto:tobias.ekholm@math.uu.se
mailto:mario@matem.unam.mx
mailto:dfuter@temple.edu
mailto:john.greenlees@warwick.ac.uk
mailto:ian@math.mcmaster.ca
mailto:mhedden@math.msu.edu
mailto:henn@math.u-strasbg.fr
mailto:isaksen@math.wayne.edu
mailto:thomas.koberda@virginia.edu
mailto:lescop@ujf-grenoble.fr
mailto:lipshitz@uoregon.edu
mailto:nori@nitech.ac.jp
mailto:andres.navas@usach.cl
mailto:nikolaus@uni-muenster.de
mailto:bobol@math.univ-paris13.fr
mailto:jessica.purcell@monash.edu
mailto:birgit.richter@uni-hamburg.de
mailto:jerome.scherer@epfl.ch
mailto:vesna@illinois.edu
mailto:szabo@math.princeton.edu
mailto:maggy-tomova@uiowa.edu
mailto:wahl@math.ku.dk
mailto:wendl@math.hu-berlin.de
mailto:daniel.wise@mcgill.ca
http://dx.doi.org/10.2140/agt
http://www.ams.org/mathscinet
http://www.emis.de/ZMATH/
http://www.ams.org/bookstore-getitem/item=cmp
http://www.isinet.com/products/citation/wos/
https://msp.org/
https://msp.org/


ALGEBRAIC & GEOMETRIC TOPOLOGY
Volume 24 Issue 2 (pages 595–1223) 2024

595Comparing combinatorial models of moduli space and their compactifications

DANIELA EGAS SANTANDER and ALEXANDER KUPERS

655Towards a higher-dimensional construction of stable/unstable Lagrangian laminations

SANGJIN LEE

717A strong Haken theorem

MARTIN SCHARLEMANN

755Right-angled Artin subgroups of right-angled Coxeter and Artin groups

PALLAVI DANI and IVAN LEVCOVITZ

803Filling braided links with trisected surfaces

JEFFREY MEIER

897Equivariantly slicing strongly negative amphichiral knots

KEEGAN BOYLE and AHMAD ISSA

919Computing the Morava K–theory of real Grassmannians using chromatic fixed point theory

NICHOLAS J KUHN and CHRISTOPHER J R LLOYD

951Slope gap distributions of Veech surfaces

LUIS KUMANDURI, ANTHONY SANCHEZ and JANE WANG

981Embedding calculus for surfaces

MANUEL KRANNICH and ALEXANDER KUPERS

1019Vietoris–Rips persistent homology, injective metric spaces, and the filling radius

SUNHYUK LIM, FACUNDO MÉMOLI and OSMAN BERAT OKUTAN

1101Slopes and concordance of links

ALEX DEGTYAREV, VINCENT FLORENS and ANA G LECUONA

1121Cohomological and geometric invariants of simple complexes of groups

NANSEN PETROSYAN and TOMASZ PRYTUŁA

1157On the decategorification of some higher actions in Heegaard Floer homology

ANDREW MANION

1183A simplicial version of the 2–dimensional Fulton–MacPherson operad

NATHANIEL BOTTMAN

1203Intrinsically knotted graphs with linklessly embeddable simple minors

THOMAS W MATTMAN, RAMIN NAIMI, ANDREI PAVELESCU and ELENA PAVELESCU

A
L

G
E

B
R

A
IC

&
G

E
O

M
E

T
R

IC
T

O
P

O
L

O
G

Y
2024

Vol.24,
Issue

2
(pages

595–1223)

http://dx.doi.org/10.2140/agt.2024.24.595
http://dx.doi.org/10.2140/agt.2024.24.655
http://dx.doi.org/10.2140/agt.2024.24.717
http://dx.doi.org/10.2140/agt.2024.24.755
http://dx.doi.org/10.2140/agt.2024.24.803
http://dx.doi.org/10.2140/agt.2024.24.897
http://dx.doi.org/10.2140/agt.2024.24.919
http://dx.doi.org/10.2140/agt.2024.24.951
http://dx.doi.org/10.2140/agt.2024.24.981
http://dx.doi.org/10.2140/agt.2024.24.1019
http://dx.doi.org/10.2140/agt.2024.24.1101
http://dx.doi.org/10.2140/agt.2024.24.1121
http://dx.doi.org/10.2140/agt.2024.24.1157
http://dx.doi.org/10.2140/agt.2024.24.1183
http://dx.doi.org/10.2140/agt.2024.24.1203

	1. Introduction
	2. Background
	2.1. A Poincaré section for the horocycle flow
	2.2. Computing gap distributions for Veech surfaces
	2.3. Examples and difficulties

	3. Main theorem
	3.1. Outline
	3.2. Proof

	4. Quadratic tail decay
	5. Further questions
	References
	
	

