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Morse-Bott cohomology from homological perturbation theory

ZHENGYI ZHOU

We construct cochain complexes generated by the cohomology of critical manifolds in the abstract setup
of flow categories for Morse—Bott theories under minimum transversality assumptions. We discuss
the relations between different constructions of Morse—Bott theories. In particular, we explain how
homological perturbation theory is used in Morse—Bott theories, and both our construction and the
cascades construction can be interpreted as applications of homological perturbations. In the presence of
group actions, we construct cochain complexes for the equivariant theory. Expected properties like the
independence of approximations of classifying spaces and the existence of the action spectral sequence are
proven. We carry out our construction for Morse—Bott functions on closed manifolds and prove it recovers
the regular cohomology. We outline the project of combining our construction with polyfold theory.
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1 Introduction

Morse theory [59] enables one to analyze the topology of a manifold by studying Morse functions on
that manifold, or more explicitly by studying critical points and gradient flow lines. Although Morse
functions are generic among all differentiable functions, sometimes it is more convenient to work with
more special functions. Morse—Bott functions were introduced by Bott in [8] as generalizations of Morse

© 2024 MSP (Mathematical Sciences Publishers). Distributed under the Creative Commons Attribution License 4.0 (CC BY).
Open Access made possible by subscribing institutions via Subscribe to Open.


http://msp.org
http://dx.doi.org/10.2140/agt.2024.24.1321
http://www.ams.org/mathscinet/search/mscdoc.html?code=53D40, 57R58
https://creativecommons.org/licenses/by/4.0/
https://msp.org/s2o/

1322 Zhengyi Zhou

functions, and have proven to be extremely useful for studying spaces in the presence of symmetries;
see Bott [9] and Bott and Samelson [10]. Inspired by ideas of Witten [76] and Gromov [37], Floer
generalized Morse theory to various infinite-dimensional settings [27; 28; 29; 30]. Now there are many
invariants in symplectic geometry, contact geometry and low-dimensional topology based on Floer’s
construction. Many of them have a “Morse theoretical” background, eg Dostoglou and Salamon [22],
Kronheimer and Mrowka [50], Ozsvéath and Szab6 [62] and Seidel [70]. Many other invariants (see
Eliashberg, Givental and Hofer [23], Fukaya, Oh, Ohta and Ono [34] and Seidel [71]) are closely related
to Morse theory. Usually invariants are defined in the “Morse” case, ie critical points are isolated, and
invariants or structural maps are defined by counting zero-dimensional moduli spaces. However, often it
is more convenient to study the Morse—Bott case, where we need to “count” higher-dimensional moduli
spaces, since there are several benefits:

(1) Morse—Bott functions usually reflect some extra symmetries of the problem, and computations in
Morse—Bott theory are usually simpler because of the extra symmetries (see Bourgeois [12] and
Diogo and Lisi [20]).

(2) Morse—Bott theories appear in equivariant theories; see Austin and Braam [3], Bourgeois and
Oancea [14] and Lin [53].

There are two aspects of Morse—Bott theories in applications. First, we need to construct compactified
moduli spaces of gradient flow lines/Floer trajectories from one critical manifold to another critical
manifold. Moreover, we need the moduli spaces to be equipped with smooth structures so that the moduli
spaces are manifolds or orbifolds. To achieve that, there are three main methods:

(1) geometric perturbations (see McDuff and Salamon [56]), where one perturbs geometric data like
almost-compact structures or metrics (such methods were used in many classical treatments of
Floer theories),

(2) the Kuranishi method (see [34], as well as Joyce [48] and McDuff and Wehrheim [57]),
(3) the polyfold method (see Hofer, Wysocki and Zehnder [44]).

There are many other methods for specific geometric settings (see Cieliebak and Mohnke [17], Ionel and
Parker [46], Li and Tian [52] and Ruan and Tian [67]) and algebraic treatments; see Pardon [63]. Second,
from critical manifolds and compactified moduli spaces of gradient flow lines/Floer trajectories we need
to construct cochain complexes. We focus on the second part. In particular, we explain how to count when
the dimension of moduli spaces is positive, assuming the moduli spaces are reasonably nice. However, we
will discuss the transversality problem for the finite-dimensional Morse—Bott theory in Section 8§ using
geometric perturbations, and outline the polyfold method for the general case in Section 9.

1.1 Cohomology of flow categories

It turns out that all critical manifolds and compactified moduli spaces from a Morse—Bott setting determine
a category, namely a flow category, which was first introduced by Cohen, Jones and Segal in [19] to
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organize all the moduli spaces of flow lines in Morse/Floer theories. Roughly speaking, the objects of a
flow category come from critical points, and the morphisms are (broken) flow lines.

In the Morse case, the cochain complex is constructed by counting points in the zero-dimensional moduli
spaces (the morphism space). However, in a general Morse-Bott case, higher-dimensional moduli spaces
should contribute nontrivially to the construction. Given a general abstract Morse—Bott flow category,
there are several methods to get a chain or cochain complex:

(1) Austin and Braam’s model [3] The cochain complex is generated by differential forms of the
critical manifolds, and the differential is defined by the pullback and pushforward of differential
forms through the compactified moduli spaces.

(2) Fukaya’s model [33] The chain complex is generated by a certain subcomplex of the singular
chain complex of the critical manifolds, and the differential is defined by the pushforward and
pullback of singular chains through the compactified moduli spaces.

(3) The cascades model of Bourgeois [12] and Frauenfelder [32] The cochain complex is generated
by Morse cochain complexes of critical manifolds after we assign suitable Morse functions to each

critical manifold. The differential is defined by counting “cascades”.!

All of the methods above have to make some assumptions on the compactified moduli spaces of Morse/Floer
trajectories. In the Morse—Bott setting, Morse/Floer trajectories can break into pieces with ends matched.
Hence the boundary of a compactified moduli space consists of fiber products over critical manifolds. The
minimal transversality requirement is that these fiber products are cut out transversely. Such a requirement
is natural using any reasonable virtual technique. We work in the context of flow categories under such
fiber products transversality assumptions.

Our first goal is to unify the three methods and provide a simple and clean construction, called the minimal
Morse—Bott construction, to every Morse—Bott flow category. Moreover, we will explain the following
guiding principle in Morse—Bott constructions:

Claim Formal applications of the homological perturbation lemma tend to give well-defined constructions.

It turns out that both cascades and the minimal construction fit into this principle, and the relations are
described in the following diagram:

Austin and Braam’s
model/Fukaya’s model

\

homological pertubation lemma

[ cascades construction ] [ minimal construction ]

IStrictly speaking, the original cascades model [12; 32] was phrased using homological conventions; the abovementioned
cochain complex is the linear dual of the homological cascades model.
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In applications of the homological perturbation theory, one needs to choose some perturbation data
(projections and homotopies). For the cascades model, the projections and homotopies are provided
by Harvey and Lawson’s work [39] on Morse theory. The minimal construction is based on a more
direct construction of the projections and homotopies. For example, one can choose the projection to
harmonic forms and the associated Green operator (as the homotopy) as the perturbation data. The
principle above also works for structures more general than a “linear structure” like flow categories, as
long as all the relevant moduli spaces satisfy the fiber products transversality assumption; see eg Cieliebak
and Volkov [18]. However, this has gone beyond our scope here.

Our main theorem is that, with suitable orientations, one can associate a well-defined cochain complex
generated by the cohomology of the object space (critical manifolds) to a flow category:

Theorem To every oriented flow category we can assign a minimal Morse—Bott cochain complex
(BC, dgc) over R generated by the cohomology of the object space (with a suitable completion) in a
functorial way.

Of course, this theorem bears no meaning yet. We point out here that:

(1) When the flow category arises from a Morse—Bott function on a closed manifold, the cohomology
of the minimal Morse-Bott cochain complex is the cohomology of the manifold.

(2) When the flow category arises from a Morse case (critical points are nondegenerate and hence
isolated), the cochain complex is the usual cochain complex with differential defined by counting
rigid points in the morphism space.

(3) There are analogous constructions for continuation maps and homotopies, which, in applications,
will yield invariance with respect to various auxiliary geometric data (Hamiltonians, almost-complex
structures, metrics etc).

The construction provides explicit formulae for how higher-dimensional moduli spaces contribute in the
construction; in particular, there are error-correcting terms from moduli spaces related to the boundaries
and corners. Like the cascades construction, to write down an explicit cochain complex we need to
make some choices on each critical manifold. One of the advantages of the minimal construction is that
the choices do not require any compatibility condition with the morphism space (moduli spaces). The
cohomology theory on the level of flow categories in this paper simplifies many geometric constructions
including products (Section 7.1.1), quotients (Section 7.2.1) and fibrations (Section 6.2.1), as such
constructions are natural on the level of flow categories.

The theorem above is the simplest version. We also discuss several generalizations: the critical manifold
C; can be noncompact, the critical manifold C; can be equipped with local systems and does not have
to be orientable, and it is not necessary that the cochain complex is generated by the cohomology, any
finite-dimensional subspace of differential forms satisfying a cohomological relation is sufficient. Such
flexibility allows us to prove a Gysin exact sequence for sphere bundles over flow categories. In [79], we
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use the Gysin exact sequence to show that any exact filling of a simply connected flexibly fillable contact
manifold has the same cohomology ring structure on even degrees.

1.2 Equivariant theories

Our second goal is developing an equivariant theory on the level of flow categories, which would serve as
a model for defining equivariant Floer theory. When there is a group G symmetry on the Morse—Bott
theory, the cohomology theory should be enriched to a G—equivariant theory. One typical method is
approximating the homotopy quotient. Bourgeois and Oancea [16] used a construction inspired by
the cascades method to define the S'—equivariant symplectic homology in this spirit. In our case, the
homotopy quotient construction is very natural on the level of flow categories. Hence we can combine
the Borel construction and our minimal construction, and realize the equivariant cochain complex as a
homotopy limit.

Theorem Assume a compact Lie group G acts on an oriented flow category C and preserves the
orientations. Then there is a cochain complex (BCG, dBGC), whose homotopy type is unique, ie independent
of all the choices in the construction, particularly the choice of finite-dimensional approximations of the
classifying space EG — BG.

1.3 Constructions of flow categories

The remaining obstacle to using the minimal construction in applications is constructing a flow category.
In Section 8, we construct flow categories for the finite-dimensional Morse—Bott theory using geometric
methods. In general, geometric perturbations (perturbing metrics in Morse theory and perturbing almost-
complex structures in Floer theory), may not be enough to guarantee the transversality assumption, and
hence one needs to apply some abstract perturbations. In fact, our minimal construction is applicable
to polyfold theory. We can enrich a flow category (a system of manifolds) to a system of polyfolds
with sc—Fredholm sections, and the boundaries/corners of the polyfolds come from transverse fiber
products of polyfolds. We will refer this system as a polyflow category. Then we can find a coherent
perturbation scheme and apply the abstract perturbation theorem for polyfolds of Hofer, Wysocki and
Zehnder [44] to get a flow category. In the presence of a group action, the theorem above on equivariant
cohomology requires G—equivariant transversality. But we know that G—equivariant transversality is
typically obstructed. In general, we need to apply the Borel construction using quotient theorems of
Zhou [78] to the whole polyflow category instead of the flow category.

Organization

Section 2 discusses the motivation of the minimal construction from homological perturbation theory and
interprets the cascades construction as an example of an application of the homological perturbation theory.
Section 3 defines the minimal cochain complex, as well as continuation maps and homotopies explicitly,
and proves that they satisfy the desired properties. Section 4 discusses the action spectral sequence.
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Section 5 explains how the orientations used in Section 3 arise in Morse/Floer theories. Section 5 also
generalizes the construction to the case with local systems and nonorientable manifolds. Section 6
generalizes the construction to flow categories with noncompact critical manifolds, and also provides
a more general setup which allows us to prove statements like the Gysin exact sequence. Section 7
discusses the equivariant theory. Section 8 is devoted to the Morse—Bott theory on finite-dimensional
manifolds (both open and closed) and proves that the minimal construction recovers the cohomology of the
underlying manifold. Section 9 outlines the project of combining our construction with polyfold theory.
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2 Motivation from homological perturbation theory

2.1 Differential topology notation

We first set up some notation and transversality theory for manifolds with boundaries and corners, and
orientation conventions.

2.1.1 Manifolds and submanifolds with boundaries and corners Unless stated otherwise, all mani-
folds we consider are manifolds possibly with boundaries and corners [58, Definition 1.6.1], ie for every
point in the manifold there is an open neighborhood diffeomorphic to an open subset of R” , where
R4 := [0, 00). A closed manifold is a compact manifold without boundary.

Definition 2.1 Let M be a manifold and x € M a point. Choosing a chart ¢: R’} DU — M near x € M,
the degeneracy index d(x) of the point x is defined to be #{v; | v; = 0}, where (v1,...,v,) € R’} and
o(v1,...,vp)=x€M.

The degeneracy index d does not depend on the local chart ¢ [58, Corollary 1.5.1]. For i > 0, we define
the depth-i boundary d; M to be
(2-1) M :={xeM|d(x)=i}.

Then dgM is the set of interior points of M. Note that all d; M are manifolds without boundary, and
in most cases they are noncompact. Submanifolds of manifolds should be compatible with structures
defined in (2-1):
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Definition 2.2 A closed subset N C M is a submanifold of M if and only if N is a manifold such that
the inclusion N — M is a smooth embedding and, for all i > 0, we have 9; N = N N d; M. In other
words, (M, N) near x is locally modeled on (IR’_‘F xRk, R’i x R?~™ x {0}"—*) near 0 for every x € N.

An instant corollary is that if N is submanifold of M and M is submanifold of K, then N is also a
submanifold of K. Unless stated otherwise, we will only consider submanifolds defined as above. In
particular, when M has no boundary, a submanifold does not have boundary either. Note that d; M is not
a submanifold of M in the sense of Definition 2.2 unless dim M = 0.

Remark 2.3 (1) Some authors require, in the definition of manifolds with boundaries and corners, the
additional property that faces (the closure of connected components of d; M) are submanifolds (not in
the sense of Definition 2.2 but a weaker sense, eg z—submanifolds in [58, Definition 1.7.3]); for example,
[58, Definition 1.8.5]. Such a definition will rule out the “teardrop” shape. Although we do not use this
definition, we note here that in Floer/Morse cohomology theories, which are the main applications of
our abstract construction, the compactified moduli spaces of Floer/Morse trajectories are manifolds with
boundaries and corners in this stronger sense. However, if we were to consider more general algebraic
structures (more complicated than a cochain complex) arising from the compactified moduli spaces of
pseudoholomorphic curves, a “teardrop” moduli space may appear; see for example [64, Figure 8].

(2) There are different notions of submanifolds in a manifold with boundaries and corners depending on
the purpose. For example, there are notions of /—, d—, and p—submanifolds [58, Section 1.7] depending
on the compatibility of tangent spaces at the boundary. However, our notion of submanifolds is stronger
than any of that, as we require that [ = k in the definition of p—submanifolds [58, Definition 1.7.4]. This
is equivalent to requiring that (M, N') near x is locally modeled on (IRI_‘|r x R"k, ]R]f|r x R x {0ym—k)
near 0 for x € N.

(3) Submanifolds in the sense of Definition 2.2 arise naturally as zero sets of sections s: M — E of a
vector bundle £ over a manifold M with boundaries and corners, if s]3, a7 is transverse to O for all i. This
can be viewed as a prototype of how compactified moduli spaces of Floer cylinders/holomorphic curves
can be equipped with the structure of a manifold with boundaries and corners in the polyfold perspective.
The transversality requirements above are equivalent to s being in general position [44, Definition 5.3.9].

Definition 2.4 Transversality is defined as follows, to accommodate the boundary and corner structures:

(1) Let C be a manifold without boundary, B a submanifold of C and M a manifold possibly with
boundaries and corners. A smooth map f: M — C is transverse to B if and only if f 5. pr M B
for all i in the classical sense, ie D fx(T9; M) + Tyx)B = Tr(x)C for all x € 9; M such that
f(x) e B.

(2) Let M be a manifold, and N; and N, two submanifolds. Then we say N is transverse to Ny if
and only if, for all i > 0 and every x € d; N1 N d; N2, we have that 0; Ny is transverse to d; N»
in 0; M in the classical sense, ie Tx9; N1 + T5x9d; No = T 9; M .
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Proposition 2.5 We have the following implicit function theorems:

(1) Let C be a manifold without boundary and B be a submanifold. Given a manifold M along with
a smooth map f, assume that f: M — C is transverse to B in the sense of Definition 2.4(1). Then
f~Y(B) is a submanifold of M (in the sense of Definition 2.2).

(2) Let Ny and N> be two submanifolds of a manifold M such that N1 is transverse to N, in the sense
of Definition 2.4(2). Then N1 N N, is a submanifold of M. The codimension of N1 N N, is the
sum of the codimensions of N; and N5.

Proof The first claim is standard. We sketch a proof of the second claim using the first claim (but not
the “obvious” one, as we cannot assume C = M and B = N, in the first claim since M and N, have
nonempty boundaries). Let x € N, with d(x) = k; we may assume the pair (M, N,, x) N U, for an open
set U C M, is modeled on (IR’_‘F x Rk, R’i x R~k 5 {0} 0), following Remark 2.3. We consider
f:NyNU — R®™_ the projection to the last n —m coordinates. It is straightforward to check that
transversality in Definition 2.4(2) implies (and is actually equivalent to) that 0 is a regular value of f. Since
f -1 (0)=N1NN,NU, we endow N1 NN, with the structure of submanifold with boundaries and corners
in N by the first claim, and hence the structure of submanifold with boundaries and corners in M. 0O

Since measure-zero sets on differentiable manifolds are well defined and our construction is based
on integration, errors over a measure-zero set can be tolerated. In particular, we have the following
useful notion:

Definition 2.6 Let M and N be two manifolds. A smooth map f: M — N is a diffeomorphism up
to zero-measure if and only if there exist measure-zero closed sets M; C M and N; C N such that
Sy, : M\M1 — N\Nj is a diffeomorphism.

2.1.2 Orientations Given an oriented vector bundle E over a manifold M, the determinant bundle
det E is a trivial line bundle, which can be reduced further to a trivial Z/2-bundle sign E. Moreover,
we can assign to sign £ a Z /2 grading |sign E| = rank E. The fiber of sign £ over x € M is the set
of equivalence classes of ordered bases [(e1, ..., e,)] of the fiber E, where (e, ..., ey,) is equivalent
to (e, ...,ey,) if and only if the transformation matrix between them has positive determinant. Then
the orientation of E induces a continuous section of sign £, and we use [E] € I'(sign F) to denote the
section induced by the orientation.

Given two vector bundles £ and F over M, we fix a bundle isomorphism:
meg F:sign(E) ®z,, sign(F) — sign(E @ F),
(1, en)] R[(f1,---s )]l lers . ven, f1,-eos fm)]-

Therefore orientations [E] and [F] determine an orientation of £ @ F through mfg_r, and hence we
denote the induced orientation by

(2-2) [E][F]:=mEg,F([E].[F]).
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Since [(e1,...,en, f1,-- s fm)] = D" [(f1, ..., fm.€1,...,en)], We have
[E][F] = (-DF VI FE].
Definition 2.7 For simplicity of notation, we introduce the following:

e A manifold M is oriented if and only if the tangent bundle TM is oriented, and we use [M] to denote
the orientation.

e 0d[M] denotes the induced orientation (in the usual sense, so that Stokes’ theorem holds without extra
sign) on the depth-1 boundary d; M for an oriented manifold M .

e Let E—> M and F — N be two oriented vector bundles. We use [E] + [F] to denote the induced
orientation on E U F — M U N, and —[E] to denote the opposite orientation.

» Unless stated otherwise, the product M x N is oriented by the product orientation of M and N, and
we use [M x N] to denote the product orientation. Then

(2-3) [M x N] = d[M]x [N]+ (=) ™M [p1] x 3[N].

e If f: M — N is adiffeomorphism, we use f«[M] as the orientation on N induced by D f: TM — TN
and [M].

e Let E — N be an oriented vector bundle and f: M — N a smooth map. Then the bundle map
f*E — E induces a bundle map sign( f * E) — sign(E). Through this map, the orientation [E] induces
an orientation on f*E over M ; the induced orientation is denoted by f*[E].

Example 2.8 Let C be a closed oriented manifold. We now explain our orientation convention for the
normal bundle N of the diagonal A C C x C = C; x C; using the notation introduced in Definition 2.7:
A is oriented by the condition? 714[A] = [C1], where 71 : C; x Cy — Cj is the projection. Then there
exists a unique orientation of N such that, when restricted to A, we have

[A][N] = [TC1][TC]|a.
For simplicity, we suppress the restrictions and the subscripts,® and the equation becomes
(2-4) [A][N] = [C][C] or equivalently [N][A] = (—1)@mO?[C][C].
This determines our orientation convention for the normal bundle N.

2.2 Flow categories

Flow categories was introduced by Cohen, Jones and Segal [19] to organize the moduli spaces in Floer
(co)homology, and were used to construct a stable homotopy type for Floer theories. Our construction
will be based on the concept of flow categories, and hence we recall the definition first:

Definition 2.9 A flow category is a small category C with the following properties:

2This condition is equivalent to 2 [A] = [C2].
3We will never switch the order of the two copies of C.
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(1) The object space Obj(C) = |_|;cy C: is a disjoint union of closed manifolds C;, ie C; is a compact
manifold without boundary. The morphism space Mor(C) = M is a manifold. The source and target
maps s,t: M — C are smooth.

(2) Let M, ;j denote (s xt)~1(C; x C;). Then M; ; = C;, corresponding to the identity morphisms, and
s and 7 restricted to M; ; are identities. M; ; = & for j <1i, and M; ; is a compact manifold for j > i.

(3) Lets;,j and 1;,; denote s|pq; ; and t|pq; ;. For every strictly increasing sequence ip <iy <--- <,
ig,iy XSiyin Xliyin X+ XSix_p g Mig,iy XMy ip X+ XMy iy = Ciy X Ciy XCiy X Ciy XX Gy XCy

is transverse to the submanifold A;; x---x A in the sense of Definition 2.4. Therefore the fiber product

ik—1
Mig,iy Xiy Miy,in Xi *+ Xig oy Mgy g
v= (lig,iy X Siy,ip Xlig,in X+ Xsikfl,ik)_l(Ail X Ajy XX Aje_ ) C Migip X Mg X X Mgy i
is a submanifold by Proposition 2.5.
(4) The composition m: M; j Xj M; x — M; j is a smooth map such that
m: |_| M, jxj Mg — OM; i
i<j<k

is a diffeomorphism up to zero-measure.

Example 2.10 Fix a Morse—Bott function f on a closed manifold M. Then there are finitely many
critical values v; < --- < vy,. Let C; denote the critical manifold corresponding to the critical value v;,
and M; ; the compactified moduli space of unparametrized gradient flow lines from C; to C;. Since the
function value increases along a gradient flow line, M; ; = @ wheni > j. The source map s: M; ; — C;
and target map 7: M; ; — C; are defined to be the evaluation maps at the negative/positive ends of the
flow line in M; ;. The composition map m is the concatenation of flow lines. It’s a folklore theorem that
the M;,; are smooth manifolds with boundaries and corners if one chooses a suitable metric; see [3; 33]
and Section 8. Therefore {C;, M; ;} forms a flow category. We emphasize here that the subscript i
in C; has nothing to do with Morse—Bott indices. Similar constructions also exist in Floer theories, as
long as there is a background “Morse—Bott” functional and all the transversality conditions are met. For
example, [19] gives an explicit construction of the flow category for the Hamiltonian Floer cohomology
theory on CP", where the background Morse-Bott functional is the symplectic action functional with the
Hamiltonian* H = 0. There are also flow categories without obvious background Morse-Bott functionals,
for example, the flow category for Khovanov homology [54].

We associate a natural cochain complex to each (oriented) flow category in a functorial way. The main
application would be defining Hamiltonian—Floer cohomology or Morse cohomology under Morse—Bott
nondegenerate conditions. Although we will be discussing the abstract notion of flow categories, it
would be helpful to keep Example 2.10 in mind. In view of this, with a bit abuse of notation, we will
refer to elements of M; ; as Morse (or Floer) trajectories from C; to C;. Inspired by Example 2.10,

4[19] used homological convention, which gave the opposite category of a flow category in the sense of Definition 2.9.
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Definition 2.9(2) is usually the consequence of the existence of some background functional, and the
morphism space M; ; is the compactified moduli space of “gradient flow lines”,> that is, the space of
possibly broken “gradient flow lines”. Definition 2.9(3) is necessary for the smoothness of the composition
map m. Roughly speaking, Definition 2.9(4) requires that the boundary of the morphism space is the
space of nontrivial compositions of morphisms, although it is only about an essential portion of the
correspondence. In applications, we can stratify M; ; in a cell-like manner by a poset similar to the

construction in [64] such that m respects the structure, but we will not need that level of precision here.

Remark 2.11 (1) A flow category is called Morse if C is a discrete set. Then the fiber product
transversality becomes tautological, and it recovers the definition of a flow category in [19], up to taking
the opposite category.

(2) In the context of Floer theories, the moduli spaces may not be manifolds in general, but instead some
weighted objects with local symmetries, eg weighted branched orbifolds in [42]. All of our arguments hold
for weighted branched orbifolds, since there is a well-behaved integration theory with Stokes’ theorem [43].

(3) When the flow category comes from a Morse—Bott functional f, but f is not single valued,® we
need to lift f to f over the cyclic cover [19] to guarantee Definition 2.9(2). Such modification was
already reflected in the usual construction by introducing the Novikov coefficient.

(4) In Definition 2.9, we require C; to be compact and without boundary. However, the compactness
assumption can be dropped: C; could be a disjoint union of infinitely many closed manifolds or C;
could have noncompact components.” In such generalizations, compactness of M;, ;j can be weakened to
requiring that the target maps ¢: M; ; — C; are proper;® see Section 6.1 for details.

(5) For abackground Morse-Bott function f, sometimes it is impossible to partition the critical manifolds
by Z and in the order of increasing critical values; critical values may accumulate. For example,
Hamiltonian Floer cohomology with Novikov coefficients will have this problem if the symplectic form
is irrational. However, Gromov compactness for the Hamiltonian Floer equation implies that there is an
action gap # such that there are no nonconstant flow lines when the action difference (energy) is smaller
than 7. Therefore we can still divide all the critical manifolds into groups indexed by Z so that there
are no nonconstant flow lines inside each group. Then the flow category can still be defined using the
generalization in (4).

(6) We will mostly work with oriented C;; see Definition 2.15. This assumption can be dropped at the
price of working with local systems. We discuss this generalization in Section 5.

(7) The requirement of the partition of Obj(C) by Z is not necessary. We can certainly work with Obj(C)
indexed by any set /, as long as we require that M; ; has only finitely many degenerations for any
31t could be Floer flow lines, which, strictly speaking, are not gradient flow lines.

For example, Hamiltonian Floer cohomology on (M, w) with oz, (M) 7 0 has this property.

7But those noncompact manifolds should have finite topology; see Section 6.1 for details.
80ne can instead ask s : M, i,j — Ci to be proper, but this will result in a theory analogous to the compactly supported cohomology.
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i, j €I, and the finite set of degeneration configurations is equipped with a partial order, whose minimum
elements are built from M, ; without boundary. This is precisely the setup in [63, Section 7], and is
satisfied by more general constructions in [64]. When Obj(C) is indexed by Z with the properties in
Definition 2.9, the set of degeneration configurations of M, ; is precisely the set of strictly increasing
sequences S := {i <--- < j}, where the partial order is given by S; < S if and only if S, C S1. Then the
minimum element is {i <i + 1 <--- < j —1 < j}, which corresponds to the fiber product of manifolds
My x41 without boundary. However, this level of generalization does not add much to the applications
we have in mind, and hence we choose to work with the more down-to-earth version (Definition 2.9) to
avoid more complication in notation.

Flow categories can be equipped with extra structures. For our construction, the most relevant structures
are gradings and orientations. Given a flow category C = {C;, M; ;}, for simplicity of notation, we
assume through out this paper that dim M;_; and dim C; are well defined. This requirement usually holds
when each C; has one component.

Remark 2.12 When dim C; and dim M; ; are not well defined, then we need to work componentwise.
For example, if a function f in Example 2.10 is Morse and C; contains critical points of different Morse
indices, then M; ;11 has multiple connected components of different dimension. This generalization
only results in complexity of notation; it is straightforward to see that our proofs still hold, and they can
be viewed as formulae on one component.

Let m; j :=dim M; ; fori < j and ¢; := dim C;. We formally define m; ; := ¢; —1. By Definition 2.9(3)
and (4) and Proposition 2.5, #;,; X 5 : M;,; x M, — C; x C; is transverse to A; and an open dense
part of M; ; x; M can be identified with part of the boundary of M; ;. Then

(2-5) mij+mjr—c;i+1=m;; forall i <j<k.

Definition 2.13 A flow category is graded if there is an integer d; such that d; =d; +c; —m; ; —1 for
eachi € Z and all i < j. We will refer to {d;} as the grading structure.® Similarly, we define a Z/k
grading structure if d; € Z/k and the relation holds in Z/ k.

Remark 2.14 The Z/k grading structure on a flow category is used to equip the Morse-Bott cochain
complex with a Z/ k grading. In the finite-dimensional Morse—Bott theory, a Z grading structure exists, ie
d; can be the dimension of the negative eigenspace of Hess( /') on C;. For Hamiltonian Floer cohomology,
a 7 /2 grading structure always exists and a Z grading structure exists if the first Chern class of the
symplectic manifold vanishes; then d; is related to the generalized Conley—Zehnder index [66].

Next, we define orientations on a flow category. Since #; j Xs; i : M, j X M — C; x C; is transverse to
the diagonal Aj, the pullback (#;,; x 5 x)*N; of the normal bundle N; of A; by t; ; X s; i is the normal

9When dim M; ; or dim C; are not well defined, a grading is an assignment of integers to each component of C; satisfying
similar relations.
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bundle of M; ;j x; M, = (t; ; xsj’k)_l(Aj) in M;, ; X M k. If Nj is oriented, then we can pull back
this orientation to orient the normal bundle of M; ; X;j M ;. We define a coherent orientation on a flow
category as follows:

Definition 2.15 A coherent orientation on a flow category is an assignment of orientations for each C;,
Mi;,j and M; ; x; M, such that:

(1) The normal bundle N; of A; C C; x C; is oriented by [N;][A;] = (—1)"1‘2 [Ci1[Ci], as in Example 2.8.
(2) (i, xs5,6) [N]IMi,j xj Mgl = (=DM M 1M, k]
(3) Mkl =2, (=D™ I m(IM;,j x; M;k]).

More precisely, (3) holds on where m is a diffeomorphism. One can combine (2) and (3) as
(11, %576 INjIm ™ QIMi gl ¢ m;.0) = (D FDMT MG 1M ).

Remark 2.16 Orientation conventions are by no means unique; however they typically differ by a global
change. For example, in the context of Morse theory, Definition 3.3 differs from [65] by an opposite sign
on the orientation of every M; ;. Although our orientation conventions for fiber products are different
from [47], our conventions also enjoy the associativity property [47, Proposition 7.5(a)], and hence the
uniqueness property in [47, Remark 7.6(iii)] holds.

We will discuss how coherent orientations arise in applications in Section 5.1. When the flow category is
oriented as in Definition 2.15, we have the following form of Stokes’ theorem:

da = Z (—1)’"’7-// m*a.

Mi k i<j<k M, j XMk
Suppose that @ € Q*(C;), B € Q*(Cy) and i < j < k. Because s; x 0 m| a1, ;x; M, = Si,j © 71 and
lik © m|M,~,j x;M;x =1jk 02, where 71 and 7, are natural projections, we have
* * _ * % * % _ * % * %

(2-6) / Si,ka/\ti,kﬂ— m-s; poAm ti,kﬂ_ Ty Si, jONTTy tj,k'B'

m(M; jxjM;jk) M jXj Mjk M jXj Mjk
Since we will only consider pullbacks of forms by source and target maps, it is convenient to think of
M, j xj M as contained in dM; ., and suppress the composition map m.

2.2.1 Conventions for cochain complexes In a typical homological algebra textbook, for example [75],
a cochain complex is Z graded or Z/k graded for k > 2. As mentioned in Remark 2.14, the grading of
the Morse—Bott cochain complex is a consequence of the grading structure in Definition 2.13, which is an
extra piece of data on flow categories. Although the applications in our mind always have at least a Z /2
grading structure, we will not assume this, and only work with Definition 2.9. As a result, our cochain
complex is simply a vector space C with an operator d : C — C such that d? = 0. Then the cohomology
H(C,d) is defined as ker d /im d. The definitions of cochain maps and homotopies are similar and have
the usual properties. It is clear that by forgetting the grading on a Z/ k graded cochain complex we get a
cochain complex in the above sense. Many basic properties in homological algebra survive for ungraded
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cochain complexes, eg the spectral sequence from a filtration, the exact triangle!? from a short exact
sequence, the mapping cone and mapping cylinder constructions.

2.3 Review of existing constructions

Throughout this subsection we fix a flow category C := {C;, M;_;} such that there are finitely many
nonempty C;, for simplicity (for example, one can take the flow category from Example 2.10). Before
giving our construction of the minimal Morse—Bott cochain complex in Section 3.2, we review the three
constructions in the existing literature: Austin and Braam’s pull-push construction, Fukaya’s push—pull
construction and the cascades construction. For simplicity, we completely neglect the issue of signs!!

and orientations.

2.3.1 Austin and Braam’s Morse-Bott cochain complex (BCAB, d4B) Austin and Braam [3] defined

the Morse—Bott cochain complex of a flow category to be
(BCAB = @ Q*(CZ), dAB)’
i

where Q*(C;) = EB?i:OC" Q7 (C;) is the space of differential forms on C;. The differential d? is defined
as ) g o dk, where dy is defined by
@ do =d: Q*(C;) = Q*(Cy),

-7

dp: Q*(Ci) > D*(Ciyg) givenby a >t 4k, 087 p (@) for k> 1,

where d is the usual exterior differential on differential forms. Here D*(C) is the space of currents on C.
The operator dj taking values in D*(C) instead of Q*(C) causes difficulties getting a well-defined
ungraded cochain complex (BCAB, dAB). Thus, to make it well-defined, the target maps t;,; are assumed
to be fibrations in Austin and Braam’s model. Under such assumptions, ; ; , is integration along the fiber,
and hence dj, actually lands in Q*(C; ). However, it was noticed in [51, Remark 2.4] that the fibration
condition is obstructed for some Morse—Bott functions. That is, there exists a Morse Bott function f
such that the fibration property fails for all metrics.

Remark 2.17 An equivalent form of the fibration condition was studied by Banyaga and Hurtubise
under the name the Morse—Bott—Smale condition [4, Definition 3.4]. More precisely, let ¢; be the
gradient flow of f. The Morse-Bott—Smale condition holds if and only if the unstable manifold U(C;) =
{x|xeM and lim;__s ¢;(x) € C;} and the stable manifold S(p) ={x|x €M and lim;_ o0 ¢:(x)= p}
for p € C; intersect transversely!? for all C;, C 7 and p € C;. Note that (U(C;)NS(p))/R is the intersection

10When we have a Z grading, the exact triangle is a long exact sequence.

U Eor curious readers who would like to verify those constructions, we point out that Austin and Braam [3] have incorrect
orientations and signs. Although our construction is motivated by theirs, we will not appeal to any of their specific formulae in
our proofs.

12Note that we use (un)stable manifolds of the positive gradient flow; this explains the discrepancy with [4, Definition 3.4].
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of the preimage ti?jl (p) with the open stratum of M, ; (the space of unbroken flow lines); it is easy to
check that U(C;) is transverse to S(p) if and only if p is a regular value of #; ; restricted to the open
stratum. In particular, the fibration condition implies the Morse—Bott—Smale condition. On the other hand,
the Morse—Bott—Smale condition implies the fibration condition by [4, Corollary 5.20] and Ehresmann’s
theorem. Latschev introduced another even stronger condition [51, Definition 2.3] to make sure the
generalization of Harvey and Lawson’s method [39] works in the context of Morse—Bott functions. The
existence of a flow category only requires that U(C;) and §(C;)— the stable manifold of C; — intersect
transversely, and the iterated source and target maps from these transverse intersections are transverse for
all7 and j; see Section 8 (this holds automatically when the Morse—Bott—Smale condition holds). We refer
to such a pair (f, g) of a function and a metric as a Morse—Bott—Smale pair in Section 8. It is important
to note that the Morse—Bott—Smale pair condition is much weaker than the Morse—Bott—Smale condition
(namely transversality vs pointwise transversality in a family). Moreover, Morse—-Bott—Smale pairs always
exist. In particular, there is a metric for Latschev’s example that forms a Morse—Bott—Smale pair.

Remark 2.18 One way to get the fibration property is to fatten up all moduli spaces systematically; a
construction in this spirit was carried out in [35] using CF—perturbations.

Remark 2.19 The Austin—Braam cochain complex (BC*B, d2B) explained here is ungraded. However,
we can grade a € Q/(C;) by j + d;, where d; the dimension of the negative eigenspace of Hess( f')
on C;, (the grading structure in Remark 2.14). Then (BCAB, 44B) is graded by Z and the degree of dAB
is 1. It is clear that BCB is equipped with an (action) filtration F; := EB}”;Z Q*(C;) C Fi—1 compatible
with the differential, which induces a spectral sequence. This structure does not depend on the grading and
always exists for all flow categories; we will discuss the induced spectral sequence in Section 4. On the
other hand, if there is a Z grading structure then the cochain complex has the structure of a multicomplex
studied in [45], which can decompose the spectral sequence further by the grading.

2.3.2 Fukaya’s Morse-Bott chain complex Fukaya [33] used “singular” chains of critical manifolds
to model the homology of the manifold for the flow category in Example 2.10, and the Austin—Braam
model can be viewed as the dual of Fukaya’s model. The chain complex is defined to be

(BCF:=EBC*(C,-),3F).

Here C,(C;) is the space of singular chains on C; and 9 := > k>0 Jk» With dy defined by

0k : Cx(Ciyk) = C«(C;) givenby P54k, oti’fi+k(P) for k > 1,

where 0 is the usual boundary operator on singular chains. Now pushforward is well defined. Pullback is
defined as follows. Let P: A — C; 1 be a singular chain and assume the fiber product A x¢; M; ;i +k
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is cut out transversely in the sense of Definition 2.4, and hence is a manifold with boundaries and corners.
Then the projection to the second factor,!3
Mg ik - DXCrpp Miivk = Mijitks
. *
is defined to be the pullback 1y (P)-

To guarantee this pullback is well defined for all singular chains in C; 1, one also needs to assume the
target map #; ;  is a fibration. To drop this constraint, Fukaya constructed a quasi-isomorphic subset
Coeo(Ci) C C«(C;) such that the fiber products in the definition of pullbacks are defined over Cgeo(Ci)
and the operators dy are closed on Cgeo(C;). Then (EB, Coco(Ci). D k>0 Bk) defines a chain complex. It
is important to note that the construction of Cgeo(C;) depends on /\/ll-,;, si,jand ¢ ;.

2.3.3 The cascades model The cascades construction was first introduced by Bourgeois [12] and
Frauenfelder [32]. In the following, we review their constructions, but in the cohomology context to align
with Austin and Braam’s construction. For each C;, we choose a Morse—-Smale pair ( f;, g;).!4 Then the
cascade cochain complex is defined to be

(BCC = EBMC(f,-,g,'), dc),

where MC( f;, gi) is the Morse cochain complex of C; using the Morse—-Smale pair (f;, g;). The
differential d€ is defined to be ) k>0 d,f, where d ,S is defined by

d§ = dw: MC(f;, gi) — MC(f;, gi).

for dy; the usual Morse differential for ( f;, g;), and

di:MC(f;, gi) = MC(f; k. &i+k)-

which is defined by the number of rigid cascades from C; to C; 1 for all k > 1. A O—cascade is an
unparametrized gradient flow line for ( f;, g;). For k > 1, a k—cascade from a € Crit(f;) to b € Crit(f;)
fori < jisatuplefori <ri<---<rp<j,
(thi,r] ’ Vrl ’ Zrl 9. 7mrk_1,rky Vrk,trk,mrk,j, )/j),

where y, is a gradient flow line in Cx, mx « is a point in M x, and the ¢4 are positive real numbers,
satistying y; (—oo) = a, y; (0) = s(m; r,), yj(+00) = b, y;(0) = t(my, ), yr,(tr,) = s(myg ro.) and
yrs (O) = t(mrs—l 5r.Y)'

When appropriate transversality assumptions are met, the moduli space of all cascades from a to b
form a manifold. Moreover, there is a natural compactification of the moduli space by including the

“broken” cascades. Then the differential d€ for the cascades cochain complex comes from counting the
zero-dimensional compactified moduli spaces of cascades.

13To be more precise, we need to choose a triangulation of A XCipx Miji+k-

14That is, stable manifolds and unstable manifolds of Vg, fi intersect transversely.

Algebraic & Geometric Topology, Volume 24 (2024)



Morse—Bott cohomology from homological perturbation theory 1337

Ves 3
————@

Cs
S M2,3
C>
€ Ml’z
a Vgl fl
o ———
Cy

Figure 1: A 2—cascade.

Remark 2.20 The transversality for all compactified moduli spaces of cascades will become tautological if
we assume 7; ; is a fibration. In principle, we can obtain transversality for the cascades moduli spaces with
generic choices of ( f;, g;). However, the choice depends on M; ;, s; ; and #; ;, just like Fukaya’s model.

Remark 2.21 The cascades construction is very popular and has been deployed in many applications;
see [7; 12; 21; 32; 68]. One advantage of the cascades model, besides being locally finite-dimensional, is
the clear relation with the Morse model. More precisely, the additional Morse function f; can be used
to perturb the Morse—Bott function into a Morse function whose gradient flow lines can be identified
with cascades. This identification was carried out by Banyaga and Hurtubise [5] in the context of finite-
dimensional Morse—Bott theory, and Bourgeois and Oancea [15] in the context of symplectic homology
with autonomous Hamiltonians.

2.4 Homological perturbation theory

The fibration condition in Austin and Braam’s construction plays an important role in resolving the
problem of the differential dj taking values in the space of currents. Since fibration conditions are usually
stronger than what one can get in any virtual techniques, we want to replace the fibration condition with a
weaker transversality requirement, ie the fiber product transversality condition in Definition 2.9, which is
generic in every reasonable virtual technique. Note that the operator dj. is defined using the pushforward
of differential forms. Since pushforward is defined as the dual operator of pullback, the problem is rooted
in the fact that the dual space of differential forms *(C;) is the space of currents D*(C;) instead of itself.
However, this problem never appears for finite-dimensional vector spaces; whenever a finite-dimensional
space is equipped with a nondegenerate bilinear form, the dual space is identified with itself. To make use
of this fact, we use the homological perturbation lemma, which is a method of constructing small cochain
complexes from larger ones. The strategy is to formally apply the homological perturbation lemma to the
almost-existing Austin—Braam cochain complex, and then directly verify that the formula suggested by
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the perturbation lemma is well defined and gives the desired algebraic relations. The theme of this paper
can be summarized by the following slogan:

Formal applications of the homological perturbation lemma can resolve the technical difficulty
of infinite-dimensional cochain models.

2.4.1 A homological perturbation theorem Roughly speaking, the homological perturbation lemma
takes in a cochain complex and perturbation data (in most cases projections and homotopies) and produces
another cochain complex which is quasi-isomorphic to the input cochain complex. For simplicity, we
consider a cochain complex A = @B7_; A;, where the A; are Z/2-linear spaces (ungraded as usual — i
is not the grading!). Assume the differential d is in the form of ) ;. dx with di: A; — A; 4 for k > 0.
Then d? = 0 implies that (A4;, do) is also a cochain complex for all i. The perturbation data consists of,
for each 1 <i <n, projections p;: A; — A; and homotopies H;: A; — A; between the identity and p;:

(2-8) id— p; =dgo H; + H; ody.

With this perturbation data, we have the following homological perturbation lemma:
Lemma 2.22 There is a differential on @; p; (A;) such that @, p;(A;) is quasi-isomorphic to A.

The lemma holds for general coefficient rings and graded complexes, once appropriate signs are assigned.
Since we only use Lemma 2.22 to explain the motivation behind the formulae we give in Section 3, we will
not go into the details of the signs nor the proof. What is more relevant to our purpose is the pattern of the
formula for the differential on € p; (A4;), which can be viewed as an analog of the perturbation theorem for
Ao structures proved in [49]. For a strictly increasing sequence of integers 7' = {ip =0, i1,...,ir+1 =k}
for r > 0, we define the an operator Dy 7: p;(A;) — piyi(A;+x) for all integers i by

(2-9) Dir = pitkodi, —i, © Hitj, 0---0 Hitj, odi,—i; o Hitjy odjj—iy o i,

where (; : p; (A;) — A; denotes the inclusion. Dy r can be schematically explained as follows:
Hitiy Hitiy Hiti,

Atk

Pi+k

pi(4;i) Pi+k(Aitr)
The new differential D on €, p;(A;) is defined as

o0
D=>" Dy,
k=0
where Dy =) ' Dy r is the summation over all strictly increasing sequences 7" from O to k.
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2.4.2 Cascades from homological perturbation In this section, we explain how to heuristically
interpret the cascades cochain complex as a homological perturbation on the Austin—Braam cochain
complex. The feature that the cascades construction does not require the fibration condition also reflects
the theme of the paper.

We first explain the perturbation data used to get the cascades cochain complex, that is, a pair of projection
and homotopy (p;, H;i) on Q*(C;) for every i. We require that the image im p; is a finite-dimensional
subspace of 2*(C;). Given such perturbation data, we can formally write down operators Dy 7 from (2-9).
Note that in the cascades construction we choose a Morse—Smale pair ( f;, g;) on each critical manifold C;.
The perturbation data is then given by such a Morse—Smale pair using the construction in [39]. Before
giving the construction, we first set up some notation. We will not be precise about signs and orientations.

Definition 2.23 Let C be an oriented closed manifold.

(1) D*(C) denotes the space of currents' on C. There is a natural inclusion ¢: Q*(C) — D*(C) given by

o) (B) = / anp forall a € Q*(C).
C
(2) Letk € D*(C xC) be a current. Then the induced integral operator I, : 2*(C) — D*(C) is defined as
(2-10) Le(@)(B) := (=) Cr(zfannip) forall a,B e Q*(C).

where 71 and 7, are projections of C x C to the first and second factors, respectively. We make the signs
in (1) and (2) precise for the sake of Section 3.

(3) Let B be an oriented compact manifold and i : B — C a smooth inclusion. Then we can define a

current [B] € D*(C) by

[B](x) := i/ i*a forall o € Q*(C).
B

In general, one can define a current [B] for any oriented singular chain B.

Let Crit( f;) be the set of critical points of the Morse function f; on C;. We use ¢ : C; — C; to denote the
time-7 flow of the gradient vector field Vg, f; on C;. Then the pullback operator P ; o (Ci) — Q*(C))
can be understood as the integralv operator [p,. 611 of the current of graph ¢! = {(x, i (x))} C Ci x C;.
The manifold U0<t./<t graph ¢;, C C; x Cf defines an mtegr.al operator H/ : I[Q0<z/<z graph¢i,] =
I[U()ft’ft graph g, ] Since B(Uog,st graph ¢;,) = A; U graph ¢, Stokes’ theorem implies that

(2-11) id—¢' " =doH! + H od.

It was proven in [39] that when ¢ — oo, (2-11) converges to a projection—homotopy relation. To be more
specific, let Uy and S, denote the unstable and stable manifolds of the critical point x € Crit( f;):

(2-12) Uc:={yeCi| lim ¢i(y)=x} and Sy:={yeC;| lim ¢.(y)=x}.
t—>—00 t—>00
15For basics of currents, we refer readers to [36].
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In the sense of currents, we have the following:

(2-13) tl_i)rgo[graphqﬁi]: Z [Sy x Ux], and tl_l)rgo|: U graph¢§/i|=|: U graphqﬁ;'/]

x€Crit( f;) o<t'<t 0<t/<oo

See [39, Theorems 2.3 and 3.3] for details.

Remark 2.24 Tmportantly, [39] studied lim;—,o0 ¢ (Where ¢ is represented by {(¢! (x), x)} C C; x C;)
and [39, Theorem 3.3] stated that lim; .~ ¢; can be represented by ercm(fi) [Ux] x [Sx]. Then (2-11)
projects Q*(C;) to the Morse chain complex [39, Proposition 4.5], or equivalently the Morse cochain
complex of — f;. Since we need a projection to the Morse cochain complex of f; to explain the cascades
model, we need to work with lim; .o ¢*, instead. This explains the discrepancy with [39].

Hence (2-13) defines two integral operators ¢’ OO*, Hl : Q*(C;) — D*(C;) such that
(2-14) i—¢l =doH! + H! od,
where ¢ is the natural embedding Q*(C;) < D*(C;); see [39, Theorems 2.3 and 3.3]. Note that

@19 d@= Y ([ensa)wa= ¥ ([ els )0

wecm(f;) W i xecrit(f;) V5
can be viewed as the projection from Q*(C;) to the Morse cochain complex; see [39, Theorem 4.1]. By
(2-14), H (’)o defines a homotopy between ¢ and the projection ¢’ oo*.

Remark 2.25 Strictly speaking, (2-14) is not a genuine projection—homotopy relation, since ¢ioo* lands
in space of currents instead of differential forms. To get an honest projection—-homotopy relation, we need
to enlarge 2*(C) by adding some currents of singular chains. Roughly speaking, the enlargement is the
minimal extension which contains [Uy] and [S] for x € Crit( f;) such that it is closed under ¢’ oo*, HL
and d. Such an enlargement depends on M; ;, s; ; and #; j, which leads to the choices in Remark 2.20.

From now on, we will neglect the issue in Remark 2.25 and show formally that the cascades construction
can be understood as applying the construction in (2-9) to the Austin—Braam cochain complex using the
perturbation data (¢’ oo*, H éo). Before “proving” the claim, we first “define” the integration of pullbacks
of currents from singular chains:

Definition 2.26 Let M be a compact manifold with two smooth maps s,¢: M — C1, C,. Assume
B{ C C; and B, C C; are two submanifolds without boundary.16 If s is transverse to By, t is transverse
to B, and s~ !(By) is transverse to ¢ ~!(B,) with finite intersections, then we define

[ A= Y s

pes— 1 (B)Nt~1(By2)

16The inclusion Bx C Cy is not required to be proper, and hence Bx may not be closed. We only require that B is the interior of
a compact manifold with boundaries and corners B so that the inclusion By <> Cy is the restriction of a smooth map B+ — Cx.
Therefore Definition 2.23(3) makes sense for B1. In particular, the (un)stable manifolds satisfy the condition.
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Definition 2.26 is natural in the sense that if we approximate the current [B;] by differential forms
supported in a tubular neighborhood [36, Chapter 3, Section 1], then the limit of the integration of the
pullbacks of the approximations is indeed the number of intersection points counted with sign.!”

Now we apply (2-9). For x € Crit( f;), the first term Do in D = } ;- Dy is defined by
. * . *
Do([Ux) = ¢l oe " (o([Ux]) = #Los @WxD) = & ([ dU:D AISy]) - [0y)
yecrit(f;) /€
It was proven in [39, Proposition 4.5] that when the Morse—Smale condition holds, |, Cid([UX]) A [Sy]

equals the signed counts of rigid gradient flow lines from x to y. Therefore Dy recovers the Morse
differential on C;. Next, we study the higher operators in D. Letting x € Crit( f;),

DiU:) =98 iUl = ¥ ([ iU ALS))- 1) (by (2-15))
yeCrit(fi1) it
yecm%m(/%w U A [S)]) [0 (by @)
= Y #iU) N (Sy) - [Uy] (by Definition 2.26).
yecrt(fi+1) ’

The last equality requires that s;_ l.l +1(Ux) M tl._l.lJrl (Sy). So D1 counts points in s; l.l 1(Ux) N tl._l.lJrl(Sy),
which is exactly the 1-cascades in [12; 32]. By the same argument, D, (o) counts rigid 1-cascades

from C; to C;4>. Next we consider the operator D 9.1 2):

Da.40.1.2([Ux]) = ¢/52  0dy o HLF Vody ([Uy])

= (dioH I odi[UL) ALSy])-[U (by (2-15))
yeCritX(:ﬁJrz)(/CfH 1 1[UxDA] y]) [ y] y

= ¥ i (HIF Lod  [UD ALY | 11018])-[Uy)] (by (2-7)).
yeCritX(:ﬁ+2)(/Mi+l,i+2 +1,i+2( HUD AL ol y]) [Uy] (by )

Let us treat currents just like differential forms for simplicity. By definition,

H odi(Ushne = |

i (UaA[ U eraphglt [ Ania

Citi i+1%xCit1 0<t/<o0o

) i+1
= s;:i+1[Ux]/\(li,i+l x1dc,.+l)*[ U graphqﬁé,‘" ]/\n;a.
Mi i+1%XCit1 0<t’<oo

Then

Héjlod1([Ux])=/M Si i1 lUx] A (i1 Xidc,~+1)*[ U gfaph#/ﬂ]-

ii+1 0<t/<oo

The right-hand side is the integration along the fiber M; ;1 in the trivial fibration M; ;11 X Ci41.
Therefore D ¢9,1,23([Ux]) equals

S:i+1[Ux]/\(fi,i+lxsi+1,i+2)*[ U graph¢§,+1]/\ti*+1,i+2[Sy])~[Uy].

YECrit(f; +2) /Mz’,i+1><Mi+1.i+2 0<t/<00
17The sign is determined by the orientations of By, Bz, C1, C; and M.
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When transversality holds, by Definition 2.26 this equals
> #((Si_,i1+1(Ux) X171 i42(Sy)) ((li,i+1 X Si+1,i+2)_1( (U graph ¢71))) -[Uy],
YECrit( f; +2) 0<t’'<oo
which can be interpreted as the counting of 2—cascades from C; to C; 45 staying on C;; for finite time.
Therefore Dy = D 10,2y + D2 {0,1,2) counts all rigid cascades from C; to Cj5. In general, assuming
transversality for the cascade moduli spaces, we recover the whole cascades construction from (2-9).
Hence the cascades construction fits into the homological perturbation philosophy.

3 The minimal Morse—Bott cochain complexes

In this section, we carry out the construction of the minimal Morse-Bott cochain complex for an abstract
oriented flow category, which is applicable to both finite-dimensional Morse—Bott theory and Floer
theories. The motivation of the construction comes from Lemma 2.22 and (2-9) with different perturbation
data. We still need to make some choices (Definition 3.3) in the construction of the perturbation data.
However, unlike the cascades construction, the choices in the minimal construction only depend on C;,
that is, there is no compatibility requirement with the morphism spaces M; ;.

This section is organized as follows: Section 3.1 constructs the perturbation data for the minimal Morse—
Bott cochain complex. Section 3.2 constructs the Morse—Bott cochain complexes for every oriented
flow category. Section 3.3 defines flow morphisms which can be viewed as the geometric analog of
the continuation maps and shows that flow morphisms induce morphisms between Morse—Bott cochain
complexes. Section 3.4 explains the compositions of flow morphisms. Section 3.5 defines flow homotopies
and proves that flow homotopies induce homotopies between morphisms. Section 3.6 establishes that our
construction is canonical on the cochain complex level, ie it is independent of all choices. Section 3.7
introduces flow subcategories and quotient categories, which are the geometric analogs of subcomplexes
and quotient complexes, respectively. From now on, we will be very specific about the orientations and
signs and provide rigorous arguments. Proofs in this section involve a lot of sign computations; we
provide a detailed proof of déc = 0 for the coboundary map dpc in Section 3.2. Proofs of other results in
Sections 3.3, 3.4 and 3.5 will only be sketched.

3.1 Perturbation data for the minimal Morse-Bott cochain complex

In this subsection, we construct the perturbation data {(p;, H;)} for the minimal Morse—Bott cochain
complex of an oriented flow category C := {C;, M, ;}. Then (2-9) will motivate the definition of Dy 7
for the differential. We will show in the next subsection that they indeed define a cochain complex.

3.1.1 The projection p; We start by defining a projection p; on Q*(C;) = @?h__nlc" Q/(C;). First
note that we have bilinear form on Q*(C;) given by

(3-1) (o, B)i = (—1)dimcf'f’|/ anp forall a, B eQ*(C).

14
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We can pick representatives {0; 4 }1<q<dim H*(c;) C 2% (C;) of a basis of H*(C;), ie 6; 4 are closed
forms such that the corresponding cohomology classes form a basis of H*(C;). Such a choice gives us a
quasi-isomorphic embedding H*(C;) — Q*(C;). Let h(i) denote the image of the embedding above,
s0 h(i) :=(0i,1.....0; gim H*(C;)) C *(C;). Note that (3-1) is nondegenerate on cohomology, and let
{eifa}lfafdimH*(Ci) C h(i) be the dual basis to the basis {6; 4} in the sense that

(3-2) (074, 0i)i = Sap-
Then we can define a projection p;: Q*(C;) — h(i) C Q*(C;) by
dim H*(C;)
(3-3) pil@):= Y (a.bia)i 07,
a=1

If we identify H*(C;) with h(i), then p; can be thought of as a projection from Q*(C;) to H*(C;).

3.1.2 The homotopy H; We now explain the related homotopy H;. First note that the Poincaré dual of
the diagonal A; C C; x C; can be represented by Thom classes. We can identify a tubular neighborhood
of the diagonal A; with the unit disk bundle of the normal bundle N; of A;. Then one way of writing
Thom classes of the diagonal A; is

(3-4) 87 = d(pn¥i),

where ¥; is the angular form of the sphere bundle S(N;) [11, Section 6] using the orientation in
Example 2.8 and p,: R™ — R are smooth functions such that p, is increasing, supported in [0, 1/n] and
is —1 near 0. For details of this construction, we refer readers to [11, Section 6]. We also include a brief
discussion of this construction and its properties in Appendix A. The most important property of 87 is
that it converges to the Dirac current of A;.

Lemma 3.1 The Thom classes §;' converge to the Dirac current §; of the diagonal A; in the sense of
currents: for all o € Q*(C; x C;),

lim oz/\5,’~1=/. o AG; :=/ ap,;-
n—00 Cl'XCl' Cl'XC[ Ai

pn(r)

S | =
—_

Figure 2: The graph of p,.
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We will prove Lemma 3.1 in Appendix A. By (2-10), for , B € Q*(C;), we have fCixCi nianmyBAST =
(—1)W@imC)? fCchiSI’.’ ATFa AT B = (—1)dmCi fC,-xCi‘Szﬂ ArfaAmy = Isn(a)(B). Then Lemma 3.1
can be rewritten as |

nll)ngo 15[{1 = I(gi =id: Q*(Cl‘) — Q*(Ci)
in the weak topology. On the other hand, under the orientation convention (2-4) we have another

representative of the Poincaré dual of the diagonal by ), 7{0; 4 A 750 ,, where 71 and 75 are the

projections to the first and second factors of C; x C;, respectively.
Proposition 3.2 >, 7{'0;.a A 756/, is cohomologous to 8} for all n.

Proof Since the pairing (3-1) is nondegenerate on H*(C; x C;), it suffices to prove that
/Cl-xC,-a A8 = /Cixcia/\%:nf@-,a AN73 07,

for any closed form «. Since all §; are cohomologous to each other for different 7, Lemma 3.1 implies
that if @ € Q*(C; x C;) is closed, then for all n

/ oz/\8;’=/ o|p,;-
C; xC; A;

Therefore it suffices to show that, for all closed forms @ € Q*(C; x C;),

3-5 / /\( F0ia N *9*):/ .

(3-5) C,-xC,-a ;”1 i,a N Vi q AiO‘|Al

Since the cohomology of C; x C; is spanned by {nf‘@i‘c AT 0; d}1<c.d<dim H*(C;)» it is enough to verify
(3-5) for a = m{0, A5 0; 4. By definition (6, 6; )i = 84p. Thenif ¢ #d,

Jo om0 AT3 b a A (S rtbianm36l,) = Sk [ wl6 Anibia nn3tia ATI67,
i i a a i i
= +b8cabga = 0.
a

Similarly, when ¢ = d,
* Nk * * k Nk
/ 7719ic/\nzei,c/\(zﬂlei,a/\nzeia)
C,’XC,‘ > a >

* % * * * )%
- 7T1 ei’c/\j'[zei,c /\T[l 0[,0 An291,0+ Z :l:(gca(gca
Cl'XC,' a#c

.12 . 1.1e*
= (1)l OO [ rg Al e ATF67, AT
C,’XC,' ’ ’

0;.c1?>+10; |07 .| +dim C;16; ¢
= (—1)| i " H101.c 07 [ +dim G | ""l( C. Qix:c /\91',0)<9:c»9i,0)i
1

- /C 07, ABic = /A.(nfegjc A0,
Thus (3-5) is proven. O

Algebraic & Geometric Topology, Volume 24 (2024)



Morse—Bott cohomology from homological perturbation theory 1345

As a consequence of Proposition 3.2, there exist primitives f" € Q*(C; x C;) such that

(3-6) "= —Zm@zawz

3-7 f,n - flm = (on — Pm)‘/fi-

Note that the integral operator /5, of the Dirac current §; is the identity map from *(C;) to itself. The
integral operator Iy~ w0 aATEOF, is the projection p; in (3-3). Therefore, by (3-6), the integral operator
Iyn of the primitive S satisfies

(3-8) lsp =1y, 716, ynnzor, = lagn =dolgn + Ignod.

It is proven in Appendix A that f" converges to a current f; € D*(C; x C;), and the corresponding
integral operator [y, satisfies

(3-9) ld—PdeOIf, +Ifz od,

which is the limit of (3-8). Therefore the integral operator /7, = lim / £ gives us the homotopy H; for the
projection p;. This explains the perturbation data, which shall motivate the differential on the minimal
Morse—Bott cochain complex. However, we will not use (3-9) to avoid working with currents ( f; is only
a current), and always work with the approximation (3-8) and then take limits. More precisely, we will
only use the “classical relation” (3-6).

From the discussion above, we have the following definition:

Definition 3.3 Defining data ® for an oriented flow category C consists of
e quasi-isomorphic embeddings H*(C;) — Q*(C;), where the image is denoted by 4 (C, i) and we
fix a basis {64} of 2(C,7) and a dual basis {6, } in the sense that (6", 0; p)i = Sap.
* a sequence of Thom classes with form 8 = d(p, ;) of the diagonal A; C C; x C; for all i,
e primitives f such that d f* =67 =), n{0;qa A7507, and f" — f™ = (op — pm) Vi for all i.

2%i,a

Remark 3.4 The form ), {6, 4 A7} 9* in Definition 3.3 does not depend on the basis {6; ,} for a
fixed quasi-isomorphic embedding H * (Cl) — Q*(Cy).

3.1.3 The perturbed operator Dy 7 @ Given defining data ®, we are able to write down the operator
Dy 1,0 from (2-9) using the perturbation data introduced above. Those Dy 7 @ will then be assembled
to the differential on the minimal Morse—Bott cochain complex. To simplify the presentation, we first
introduce the following notation:

(1) We use [&] to denote the cohomology class of a closed form « € A(C, i) and |«| to denote the degree
of the differential form.

(2) We write M;)l’,k...,ir = Myptiy X XMy, vtk for 0 =ig <iy <iz <--- <ip <ipy1 =k for
r > 0, with the product orientation.
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(3) For a € Q*(Cy), y € R*(Cyyx) and fy1i; € Q*(Cyyi; X Cyyi;) for 1 < j <r, we define the
pairing le‘)f,k...,ir o, fotiys---» fo+iy, Y] tobe
(3-10) / - S:,U+ila/\(tv,v+i1 XSv+i1,U+i2)*fv+i1 AN

Vi

sy

A (tv+l'r71:v+l.r X sv+ir,v+k)*fv+ir A t;}k-{-ir,v—i—ky‘
Strictly speaking, before taking the wedge Eroduct we need to pullback s:’v +iy 9 t;" iy vtk and
(totij_yv+i; X Svtijvtijyr)” foti; tO ./\/lfl’ ...i, through the natural projections. This also applies
to all similar formulae in this paper.

(4) Fora € h(C,v) and k > 1, we define

(3'11) T(C’avk) = (|Q{| +mv,v+k)(cv+k + 1)3

(3'12) i(cvavk) = (|(X| +mv,v+k + 1)(Cv+k + 1)v

where ¢; :=dim C;, m; j :=dimM; ; wheni < j,and m;; :==¢; — 1.

Then the perturbation data in Section 3.1 and (2-9) motivate the following definition:

Definition 3.5 Given defining data ® and an increasing sequence T :={0 =iy <ij <---<i, <irp4+1 =k},
we define a linear map Dy 1.9 H*(Cy) = h(C,v) = h(C,v + k) = H*(Cy4) such that

. k
(3-13) (Derolel ) vsk = (=D)* Tim MU [ fl o ]
for any y € h(C,v + k), where » := er'=0 1(C,a,i;). In other words, by (3-2), we can write
. k
(3-14) D re(a)) =) (-)* Jlim M e Sl fiy s Ovreal (051 k o)
a

Remark 3.6 One way to understand the signs in (3-13) is to treat Dy 7@ as a composition of certain
operators. Let « € Q*(C;) and f € Q*(C; x C;). Then M; ; defines an operator
M j (. f) = (~)HEO / st n () xid))" f € Q7(C)),
Mij
where ; ; xidj: M; ; x C; — C; x C;. Here, by omitting the pullback of projections for simplicity,
st AN (#;,; xid;)* f is a differential form on M, ; x C;. Integrating along the M; ; fiber in the trivial
fibration M; ; x C;, we obtain a form on C;. If | f| =c¢; —1, then [M; (o, f)| = || +¢c; —1—m; ;, so
i(C,Ml',j(Ol, f),O) = (|Ot| +Cj —1 —mj +mj,j + 1)(Cj =+ 1) = (|Ol| +Cj —1 —mj +Cj)(Cj —+ 1)
=1i(C,a,j) mod 2.

Then for g € Q*(Cy x Cy),

M (M j (@, f), g) = (=1)FCx0+HCa) / S;0 A (.7 X 8500 % f Atk xide) g
M i XM k

In general, (_1)*Mf1’l,€...,ir [o, sn+i1 e fs’er, y] is the integral of the wedge product of compositions of

such operators with t;‘+ir sakV On Mgy sy When fis f/" for n > 0, M;_ j(c, f) should be viewed
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as an approximation of H; od;_; ot;(«) in (2-9). In general, (3-14) can be viewed as (2-9) applied to the
Austin—Braam complex using the perturbation data in this subsection.

The following lemma asserts that (3-13) is well defined and will be used in the proof of the main theorem;
we prove it in Appendix A.

. S,k n n
Lemma 3.7 Wehavethathmn_mo/\/lil,m,ir[ iy Ssvin

y € Q*(Cy4) and any defining data.

v] € R exists for every a € Q*(Cy),

3.2 The minimal Morse-Bott cochain complex

The main theorem of this subsection is that we can get a well-defined cochain complex out of an oriented
flow category with any defining data. The cochain complex is generated by the cohomology H*(C;) of
the flow category, and hence it is called the minimal Morse—Bott cochain complex.

Definition 3.8 Given defining data ®, the minimal Morse—Bott complex of an oriented flow category
C:={Ci, M, ;} is defined by

o
BC(C.®):=BC:= lim []H*(C)).
977 j=q
ie the direct sum near the negative end and direct product near the positive end.'® To be more precise,
every element in BC is a function A: Z — [[7=_., H*(C;) such that A(i) € H*(C;), and there exists
Ny € Z such that A(i) = 0 for all i < Ny4. The differential dpc,@: BC — BC is defined as ]_[k21 dk.@,

where di ¢: H*(Cy) — H*(Cyyg) is defined as

e =Y Dire
T

for all increasing sequence T = {0 =ig <iy <--- <y <ir41 =k} with r > 0. In other words,

(3-15) (drolal. sk = lim Y (D" MYE o £l fl, 7]
T

11,...,ir
fora e h(C,v),y € h(C,v+k) and » = er‘=o 1(C,a,ij). Defining d; @ = 0 for i <0, then for A € BC,
(dpcod)i) =Y di—j0A()).
JEZ
Note that it is a finite sum. If moreover the flow category has a grading structure {d; }, then BC is also

graded. The grading of an element & € H*(C;) is || + d;, which shall be viewed as in Z/ k if {d;} is
only a grading structure in Z/ k.

Remark 3.9 The degree of di gla] in H*(Cyyk) is || + cyqk — My p4i under the simplifying
assumption after Remark 2.11 that ¢; and m;_; are well defined. If the assumption is not satisfied, then

18 Assume C arises from a Morse—Bott function f on a noncompact manifold (but M i,j 18 still compact, so it cannot be any
Morse—Bott function on any noncompact manifold). The differential in the cochain complex should increase the value of f,
which forces the cochain complex to take the direct limit in the positive direction.
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dk. 1,0 can be decomposed with respect to the connected components of M:}lk . so that each component

)
has a well-defined degree in H*(Cy4x). Then we need to keep track of the connected component in the

proofs, which only results in complication of notation.
The main result of this section in the following:

Theorem 3.10 Given an oriented flow category C and defining data ©, (BC, dgc,@) is a cochain complex.
The cohomology H(BC, dgc,e) is independent of the defining data ©. If in addition the flow category is
graded, then BC is also graded and the degree of dpc,@ is 1.

Remark 3.11 (1) We prove in Section 8 that when the flow category comes from a Morse—Bott
function f on a closed manifold M, the cohomology of the minimal Morse—Bott cochain complex is
the regular cohomology H*(M,R). This follows from the definition if f is constant: since the flow
category is {Co = M} with only identities in the morphism space, BC = H*(Cy, R) = H*(M;R) with
dpc = 0. Therefore it suffices to show that the cohomology of the minimal Morse-Bott cochain complex
is independent of the Morse—Bott function f.

(2) If all the critical manifolds C; are discrete, then the defining data ® is unique. Assume, for simplicity,
that each C; consists of one point. The minimal Morse—Bott cochain complex BC is generated by the
critical points and equals the usual Morse cochain complex:

o o
(3-16) BC= lim [[H*(C)= lim []R.
4770 j=q 470 j=¢q
Since | f*| = —1, we have that di g: H*(Cy) — H™*(Cy4x) only has the leading term
(317 (deolt) Mose =M= [ 1
Mv.v—i-k

Therefore the differential dpc,@ := ) x> dk,@, 18 just the signed counting of all zero-dimensional moduli
spaces M, 4k, which is the usual cochain differential in a nondegenerate Morse/Floer theory.

Remark 3.12 Theorem 3.10 is the simplest version. We generalize Theorem 3.10 in Sections 5 and 6 to
the cases where C; is not oriented, C; is not compact, and the defining data is not minimal, ie the rank of
the projection in the perturbation data is larger than dim H*(C;).

Corollary 3.13 If the oriented flow category C has the property that dim C; < k for all i, then the
minimal Morse—Bott cochain complex BC(C) only depends on M; ; with dim M, ; < 2k.

Proof Since | f;"| =dimC; —1 <k—1and ||, |y| <k, if M; ; appears in an integral in the definition of
the differential with dim M;_; > 2k, there is no way the pullbacks of those forms can contain a nontrivial
component in NI M M,;, j. Therefore the integral must be zero. Note that when k = 0, this amounts to
saying that the cochain complex only depends on zero-dimensional moduli spaces (although the existence
of 1-dimensional moduli spaces is needed to show that 2 = 0). |
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We first show that (BC, dgc,@) is a cochain complex; the invariance is deferred to the next subsection.
For simplicity, we first introduce notation:

(1) ForO0<iy <ip- <ir <k, define

v,k .
(3-18) M= Moy wtiy X+ X (Moti, 1 wtiy, Xotip, Muotipvtiprr) X0 X Mygi, vik

seeosipyeensly

with the product orientation.

(2) Define M;}I’,k,,_,,-,. [d(et, fotiys---s Sotip. v)] to be

//\/lv,k d(s:,v—i-ila/\(lvav-i‘il XSv4iy ,v+i2)*fv+l'1 A= ANly+ip_y,v+i, st+irsv+k)*fv+ir /\[:-i-ir,v—i-ky)

i1,...0r

for o € Q*(Cy), y € Q*(Cyy) and fv—i—i_/ € Q*(Cv—i-ij X Cyti;)-

.. v,k v,k
(3) Define the pairing /\/ll.1 s [0, fotiys--os Sotip—is fotipgrs---s Jotir. Y] OVer /\/ll.1 A
to be
* * *
/M"’k Sy vtiy A Tvvtiy XSutiyvtin) Sotis A Allvtiy_o,vtip—1 XSvtip_1v+ipt1) Sotip—i

i1seendpaendr

* * *
A (tv+ip_1,v+i,,+1 X5v+ip+1,v+ip+2) fv+ip+1 A+ "/\(tv—i-ir_l,v—H'r st+ir,v+k) fv—i—ir /\tv—i-ir,v—i-ky'

(4) When we compose two operators, a trace term will appear. Therefore we introduce

j k
(3-19) TV +ip M;)l,---,ir [0, fodgiys---s fv+i,,,1 , 99:+l-p, fv+ip+1 vevos fogins V]

to denote

* *
/M”‘k Sy vtiy @A (to,vtiy X Svtiy,utin)” fotiy Ao

L] seens ly
* *¢ * 1)k * *
/\(tv-i-ip_],v-}-i,,st+i,,,v+ip+1) (Z”l 9v+ip,a/\772 v+[p,a)/\"'/\(tv+irXSv—i—ir) fv+ir/\tv+k%
a

where 71 and 73 are the projections of Cy+, X Cy+;, to the first and second factors, respectively.

Heuristically speaking, the “Thom class” of M;”k Poi ; CMf]’k
Lseeslp—T1slpslp4-1s--eslr (i

* * v,k
(Fo+ip_1,v+ip X Svtip,v+ips1) 8:11+ip € Q*(My+i,_y,v+ip, X Motiyvtips) tO M; ;" ; by the natural

projection. Hence we have the following lemma, which is crucial to the proof that déc o = 0, and will be

. is given by the pullback of

i

proven in Appendix A.

Lemma 3.14 For an oriented flow category C and any defining data, we have

: v,k n n n
nll)ngo Mil,...,ir [Ol, vt+ipe o Yottt fv-l—ir’ V]

= (=1)* lim M"F

n—o00 [1seensip—T1sipslp41seensir

n n
[a’ U+ilv"'7fv+ir’y]7

where * = (|ot| + my,v+i,)Cv+i, -

Proposition 3.15 We have that (BC, dgc,@) is a cochain complex, that is, d}gc e =0.
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Proof For simplicity, we will suppress the subscript ® in the proof. It suffices to show that for all

ae€h(C,v)and y € h(C,v + k),
k—1

(3-20) < X dici odifel, M)Hk = 0.

We first prove the following lemma:

Lemma 3.16 Forr > 1,

(3-21) o:(—1)|°‘|0v/

an,v+k
. ’k
= hm Z (_1)*1M;)1 ir[d(a?fvn+jl’---van—}-jrs)/)]

N0 . . A I
0<iy<--<ir<k

* *
Sv,v+ka A tv,v-i—ky

+ lim > (DT Mk

N0 1<p<g<r
O<ii<-<i,<k
Shsrsles o, vn+i1""’ vn+ip_1»99:+ip’ vn+ip+1’---v vn—i-iq’y]’
where
r . p_l . q .
(3-22)  xi1=laley + Y T(C.a,ij) and xo=|a|(cy +1)+ X £(C.a,ij)+ > F(C.oij).
j=1 j=1 Jj=p

Proof Step1 (r =1) In this case, since p =¢g =r = 1 for the second term, we write i = i;. Then
*2 = |a|(cy + 1) + (C, @, 7). Using the equation 83 — >, w{"0x g A7y 05 , = d f] forany n € N,
(=) T M [, 007, ]
k
- Z(_l)*zM? o, 8y —df ¥
1

. o  quik
= lim > (=1)"2M;" [0, 8y, —d fy ;. V]

n—o00
l
. k . k
(3-23) = lim (=DM (e, 87, ]+ Tim (=D 2 M o d £l ).
1 1
By Lemma 3.14,
3 * .k v,u+i)Cu+i .k
(3-24) Jim S =12 Mo 8 y) = (=) et M ],
l l

Since (—1)*2 (@l Fmovridevti = (—1)lelevtmooti and JM; ] = 3 (=1)™7 [M;;]x; [M k], by Stokes’
theorem this equals

-1 |alcv+mv,v+i/
;( ) "

* *
sv,v-{-ia A tv-i-i,v-l—k)/
v.v+i Xv+i Motiv+k

—_ (_1\lale * * —_ (_1\lale * * _
— (=1)lelew / SE kO AL ey = (—Dleler / d(s) k@ AL ) = 0.
OIMy vtk My vtk

Now, the second summand in (3-23) equals
. * k
nll)rrgo Z(—l) 2+1+|a|./\/l:-) [d(a, £l )]
l
Note that the difference between %1 and %, in the r = 1 case is indeed |«|. This proves the r = 1 case.
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Step 2 (independence of r) We need to prove that the value of the right-hand side does not change
from r to r 4+ 1. To do this, we apply Stokes’ theorem to the exact term in (3-21) in the r case. The
boundary d(My, y4i; X+ X Myt y+k) comes from fiber product at v + w for all # and w such that
0<iy<--<iy <w<izq1 <---<ir <k. Consider the boundary coming from the fiber product at
v + w. After applying Stokes theorem to the exact term in (3-21), the contribution from integration over
the MUK = cMPF s

T yeeeslf s Wyeunyiy 11, iy

(3-25) (=1)*3 lim M>

n n
o0 11, A1 W iy [, vipr e Jutipe vl
where *x3 = |a|cy + Z =1 T(C,o,1j) +my v+,1 + -+ my4i, v+w. By replacing the fiber product in

MV . with the Cartesian product M Lemma 3.14 gives that (3-25) equals

l[,...,l[,w, ol ,l[,w,...,lr’
(3-26)  (=prrleltmateete fim M”, dtwrnip [ Sopis s By oo V]
We replace the Thom class 8} by >, 7 0x g Ay0; , +d f} to get
(3 27) ( 1)*3+(|Ol|+mv v+w)Cotw nll)nolo Trv+w M s [O{, vn_'_il . 89v+w’ o fvn_Hr’ )/]
(3-28) +(_1)*3+(|a|+mv’u+w)cv+w lim My’k ) ) [Ot n dfn fn . ]
n—>00 [ geensltsWyennndp 72 JUF2 20 B 04w 0 0 v+i V1

Let x4 denote *3 + (|| + my,p4+w)Co+w- By (2-5),
t r
sa=lellco+ 1)+ Y HCoi) +HCoaw)+ Y H(Cooij) mod 2.

Because x5 := %4+ || +Z}=1(Cv+ij +1)=|a|cy +er~=1 F(C,o,i;)+1(C,r, w) mod 2 and | v”+l.j | =
Cy+i; + 1 mod 2, (3-28) equals

. * n n n
(3-29) nl;m > (-1 5,/\/111, 1o ’lr[d(a, v+i|"'"fv+w""’fv+i,-’y)]'
0<iy <<iy<w<i;y1<ir<k
Therefore, the right-hand side equals
. _1y*}2 Ui 485k n *
nlggo 1<p2<:q<r (=D Tr Mil [(x ”+’1’ o Jutipy QGU'HP U+lp+1’ T U+lq’ vl
0<i1_<:<2<k
. * v+w S, k n n
+ lim > (=1)**Tr M wi o foiys e 00 s S V]
n_)°°0<i1<---<i,<w<i,+1<i <k Dot Lol "
r
. * n n n
—i—nli)ngo Z =1 5'/\/li s Wl 1,e [d(ot vtip v+w"“’fv+ir’y)]'
0<i| <<ip<w<iy1<ir<k
This is the r 4 1 case, so we have proved the claim. |

Going back to the proof of Proposition 3.15, in the case of r = k — 1 in Lemma 3.16, the terms

. k
(3-30) Jim DM MY @ f e V)
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and

G3D) lim Y (DR MPE o S S 00

n
>0 y<p<g<k—1 7 vtip—17 7 Y vtip? v+lp+1""’ U‘Hq’y]

0<iy<-<ig<k
sum to zero, where
k—1
*1=laley + ) T(C,a,j) and xp =|a|(cy + 1) + Z 1(Coa,ij) + Z T(C, e, ij).
J=1 j= Jj=p

Since M k | 1s a closed manifold, (3-30) is 0 by Stokes’ theorem. For the remaining term, we claim

.....

that (3- 31) equals
(3-32) (% desodital ),

i=1
Since |d;o| = |a| + my y+i + Cp4+i mod 2,
1, dia, j)=1(C,a,i +j) mod 2.

Then the claim simply follows from the definition of d;. |

Remark 3.17 From the proof of Proposition 3.15, we see that there is no harm in suppressing the index n
and limy— oo by Lemmas 3.7 and 3.14. If we write f; as the limit of ;" in the space of currents such that

(3-33) §i =ni0ia "5 0F, +df;,

2Vi,a

where §; is the Dirac current, then we can use (3-33) to do formal computations.
3.3 Flow morphisms induce cochain morphisms

Section 3.2 shows that a flow category carries enough geometric structure to define a cochain complex.
In the following subsections, we study the analogous geometric data for cochain complex morphisms
and homotopies. In this subsection, we introduce flow morphisms between flow categories, which is
the underlying geometric data for defining continuation maps [2, Chapter 11]. We show that every flow
category has an identity flow morphism from the flow category to itself. Using the identity flow morphism,
we show that H(BC, dpc,@) is independent of the defining data ®, finishing the proof of Theorem 3.10.

3.3.1 Flow morphisms

Definition 3.18 An oriented flow morphism $) from an oriented flow category C := {C;, ./\/llC j} to another
oriented flow category D := {D;, M i[,) j} is a family of compact oriented manifolds {#;,;}; jez such that:
(1) There are two smooth maps s: H; ; — C; and t: H; ; — D;.

(2) There exists N € Z, such that H; ; = & wheni —j > N.

(3) Foreveryip<iy <:--<ig, jo<:'< jm—1 < Jjm, the fiber product

MC

. L . . D
io.iy Xit " Xig Higjo Xjo = Xjm—i M;

JWl 1;Jm

is cut out transversely.
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(4) There are smooth maps my, : /\/llcl Xj Hjx —> Hik and mp:H; j X; /\/ljD’k — H; k such that
somp(a,b)=s5C(a), tomp(a,b)=1(b), sompg(a,b)=s(@) and tompg(a,b)=1P®),

where s€ is the source map for the flow category C and ¢ is the target map for the flow category D.

(5) The map my Umpg: (U] Mlcj X; Hjx) U (Uj Hi,j X M})k) — 0, k is a diffeomorphism up to
zero-measure (Definition 2.6).

(6) The orientation [#;, ;] has the following properties:

C .
O[H; 1 = ) (=)™ eitrmp (IMS 4 p Xitp Hitp D + ) (=D mr(Hij—p %j—p M D
p>0 p>0
. C
(1€ x ) INFIIME ;< Hjk] = (= D)™ [ME 1M k]
(e x sPY [NjI[Hs, % Ml = (D)% P00 [y 51 IMP, .

Here ¢; := dim C;, mlC = dim M€

R z,j’dj Z=diij andh,-,j =di1‘Ieri,j-

By (4), we have a formula similar to (2-6). Thus it is convenient to use m;, and m g to identify ./\/llc IR, Hjk
and H; j x; M JI.?  With the corresponding parts of dH; . Hence in the following, we will suppress m,
and mp, and treat MICJ X;j Hjx and H; j x; ./\/ljD,k as though they are contained in 0H; k.

Remark 3.19 Condition (2) is important in obtaining a finite sum in the definition of the induced cochain
morphism. In the context of Morse/Floer theories, the existence of N usually comes from some energy
estimates. More precisely, H;_ ; is typically the compactification of the space of solutions to parametrized
Floer equations/gradient flow equations interpolating the geometric data for C and D. Then there is
usually some notion of energy E(u) for a Floer cylinder/gradient flow u in the moduli space #;,; such
that £(u) > 0. Now we assume that the energy E(u) satisfies inequality E(u) < g(D;) — f(C;) + C,
where f and g are the background Morse—Bott functionals for C and D, and C is a universal constant
depending on the interpolating data we use to define the moduli space #; ;. Assuming the critical values
do not accumulate for simplicity,!® then if j < i we have E(u) < 0, ie there are no curves in #;, j-

Remark 3.20 Similar to Definition 2.13, we say §) is compatible with the grading structures on C and D
if and only if d(C;) =d(D;)+dj —h;,;, where {d(C;)} and {d(D;)} are grading structures on C and D,
respectively. When this holds, the cochain morphism ¢ below will have degree 0.

The main result of this subsection is that oriented flow morphisms induce cochain morphisms between
the minimal Morse-Bott cochain complexes. Let C := {C;, /\/llc j} and D :={D;, Mf j} be two oriented
flow categories and assume $) = {H; ;} is an oriented flow morphism from C to D. Then we introduce
the following:

19%When critical values accumulate see Remark 2.11.
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(1) We write ¢; :=dimC;, d; := dlmD,, m = dlliC/, D = dirn/\/ll.Dj and h; j :==dim*H; ;.

We formally define micl. =c¢; —1 and ml. P = d — 1 as before. We assume, as before, that those numbers
are well defined. Then

hi,j+mjl-’)k_dj+l:hl‘,k for j <k and mfj—i-hj,k—ci-l—l:h,-’k for i <j
by Definition 3.18.
(2) Forv,keZ,0<iy <---<ipand j1 <--- < jq <k, we define

v,k (o . . D .. D
Hil _____ ip|j1sesig Mv v+11 'XMv—i-i,,_l,v—i-i,, XHU‘Hp:U"‘]l XMv+j1,v+j2 x 'XMv—i-jq,v—i-k

with the product orientation.

(3) ’H** [@, fireovs far...,y]is defined similarly to M**[a, fx,...,y] in (3-10).

(4) We define (5., k) = (1] + 1y, 0 %) (dysx + 1) and £, 0, k) = (o] + Iy gk + D(dyig +1)
for o € Q*(Cy).

Let ®; := {h(C.i), fic’"} and ©, := {h(D,i), fl.D’"} be defining data for flow categories C and D,
respectively. Let $ := {#{; ; } be an oriented flow morphism from C to D. The counterparts of Lemmas 3.7
and 3.14 hold for H by the same argument. Then define a linear operator (]5,5@1 0" H*(Cy)—> H*(Dyyr)
for every v, k € Z by

(334 (Bfe, 0,100 YD vrx

o %4 ,0,k
- P%O =D Hil,---,ipljl, [ fv+l1"' fv+lp U+Jl"" v+/q’y]
0=i0<,i1_<o~o<ip

J1 <"‘<jq<jq+l=k
e 1 C,n C,n D.,n D,n
—nlgrolo p%o (=17 H ,,,,, l1)|]l ,,,,, Jq[a’fv+i1""’fv+ip’fv+jl’ fv+1q’y]
0=ig<i| <-<ip
1<=<jg<jg+1=k
where

* = |t ey + hyutjy + Z HCoa,iy) + Zl 9., jw).

The existence of N in Definition 3.18(2) implies that (3-34) is a finite sum and ¢k 0.0, = 0fork <—N.

Theorem 3.21 Let §:C = D be an oriented flow morphism. If we fix defining data ®1 :={h(C, i), fic’n}
and O, :={h(D,1i), fl.D’"} for C and D, respectively, then there is a linear map

H H .
0,0, = kl‘[Z P o,.0,  BC(C,01) = BC(D, 02)
€

given by (3-34) such that
H C D H
¢®1 @20 BC,0; _dBC ®2O¢®1 [CF =0.

In particular, ¢® 05 induces a map H(BC(C), d @ ) —> HBC(D),d @ ) on cohomology.
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Proof Similar to the proof of Proposition 3.15, this theorem follows from the claim that, for & € h(C, v),
y € h(C,v + k) with k € Z, and any r > 1, we have

0:(_1)1+|a|cu+hv,u+k/ o At
aHU v+k v
v,k
= Z ( 1)*17-[ ..... iplj1seees [d(a fv—i—z]"' fv+l,, f+j1"' fv+jr p’y)]

O<p=r
0<iy<-<ip
J1<w<jr—p<k

+ )D (—1)* TyoHir 2k

== =r =tz

*

CpyC
lla 5lp|]15 an P[a U+ll"‘.’9 9U+il > fU+lq p’ ]

0<iy<-<ip
J1<..<jg—p<k

*3 U+ 90k DyD * D
+05p5q5§§t§q p( Do i ipljto jq—p[a fv+’1"' O Ouisi oo Jokigpo V)
0<i<...<ip

J1<..<jg—p<k
Here r—p

*¥1 =1+ a|(cy + 1)+ hy, v+ + Z T(C.a,iy) + Z (9. o, jw),

=1
t—1
*2 = 1+ |a|cy + hyvt ) + Z Coaiy) + Z T(C, o, i) + Z (9, a, jw),

w=t =1

2= 1 foley ey + 3 HC. i) + gls;(sa,a,ij PECE

The proof is again by induction, and we omit it. Then for r > k + N, the first exact term is zero, as
v,k
i1, lp|]1 ----- Jr— p
terms are exactly (¢ od€ —dP o pH)a, Y)v+k»> and hence the theorem holds. |

is necessarily empty by Definition 3.18(2). We can directly check that the remaining

Similar to Corollary 3.13, we have the following:

Corollary 3.22 Assume that oriented flow categories C and D have the property that dim C;,dim D; <k
forall i. If §: C = D is an oriented low morphism, then ¢ : BC(C, ®;) — BC(D, ©,) only depends

on those Ml I Hi,; and /\/l ofd1mens1on <2k.

3.3.2 The identity flow morphism Next we show that, for every oriented flow category C, there is
an oriented flow morphism J: C = C, which is referred to as the identity flow morphism. Roughly
speaking, when the flow category has a background Morse—Bott function, the identity flow morphism
comes from the compactified moduli space of parametrized gradient flow lines, (flow lines not modulo
the R translation action). Using the identity flow morphism, we show the Morse—Bott cohomology is
independent of the defining data.

Definition/Lemma 3.23 For an oriented flow category C, there is a canonical oriented flow morphism
J:C=C givenbyZ; ; = M;,;j x[0, j —i] with the product orientation fori < j, and Z; ; = @ fori > j.
The source and target maps s,t:Z; ; — C;, C; are defined as

s=scon1 and t:tconl,
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where m; is the projection to the M component. The compositions my, and mg are defined by
mp: Mg Xk Ly, j —> 1i s (a,b,t) ~ (m(a,b),t +k—1),
mRZI,"k XkMk,j —Ti;, (a,t,b) —~ (m(a,b),t),

where m is the composition in C.
Before giving the proof, we will first use Definition/Lemma 3.23 to finish the proof of Theorem 3.10:

Proof of Theorem 3.10 Let ®; and ®;, be defining data for the oriented flow category C. We have
shown in Proposition 3.15 that (BC, dgc,@,) and (BC, dgc,@,) are cochain complexes. By (3-34), the
cochain morphism ¢<{)1 ®' (BC,dgc,0,) — (BC, dgc,®,) induced by the identity flow morphism J can
be written as id+ N, where N is strictly upper triangular, ie N sends H*(Cy) to [[7=,; H*(C;). Note
that ) po o(—N)" is well defined on the cochain complex BC, and ) no o(—N)" is the inverse to id + N.
Thus ¢({)l’®2 is an isomorphism, and hence induces an isomorphism on cohomology. |

Remark 3.24 When ©1 = ©®;, we show in Section 3.6 that ¢({)1 ®, 18 homotopic to the identity map. In
particular, we will show that the construction, up to homotopy, is functorial with respect to the choice of
defining data.

Proof of Definition/Lemma 3.23 Definition 3.18(2) follows from Z; ; = & for i > j. Condition (3)
holds for J due to the transversality property of the flow category C. Since mp (M; x Xk Iy ;) =
Mg Xk My, j x [k =i, j —i] and mg(Z; g X My ;) = M; g X My ; X [0, k —i], the flow morphism
conditions (4) and (5) are satisfied by J. Therefore we need only check (6), the orientation condition.

Unless stated otherwise, products of manifolds are always equipped with the product orientation. Fori < j,
(3-35) 9[Z;, /]

=d[M;,;x[0, j =]

= (=)™ My O+ (=)™ [My =i+ Y (1™ M o< M [0, j —i]]

i<k<j
(3-36) = (=)™ T My, O+ (=)™ (M x{j —i}]
(3-37) + Y D)™ My o My <0k —iT14+ > (1) My e My x[k—i, j—i]].
i<k<j i<k<j
Since the flow category C is oriented, fori < k < j
(3-38) (1€ x SO [NKIIMy g Xk M 7] = (=D (M ][ My, 1.

Let 7 be the projection Z; ; — M, ; fori < j. Then
C C C
(t xXs )*Nk = T[*(t X )*Nk|Mj!kaMk!jX[0,k_l.]?
C C C
(t° x8)* N = 7 (t™ x8°)* Niclpy o e Mic s xTk—i,j—il-
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Therefore (3-38) implies

(3-39) (t x SOV [NEl M e e Mi,j x [0,k —i]] = (= 1) RMRTET (M 4o x [0,k —i]][ M, ]
= ()RR TS [T )M ]

(3-40) (1€ X 8)*[NE] M xse My x [k =i j =il = (=D (M 1] [Mye ; x [k — i, j —i]]
= (=D M, k][ ;]

If we orient 7, ; xx My, ; by (—1)™heed TC M, g X My 1110,k — i]] and orient [M; x xi Ty, ;] by
[Mi ke Xk My, jlllk —i, j —i]], then (3-39) implies that the first summand in (3-37) equals

(3-41) (= D)™k M g g My ; < [0,k —i]] = (=1)™5THT; o xpe My ]
and that
(3-42) (t x sE) [N IMy & X5 T ;] = (=)t DT My ]

And (3-40) implies that the second summand in (3-37) equals

(3-43) (=)™ M e X My, j x [k —i, j —i]] = (=1)™* [M; g X Tge 7]
and that
(3-44) (1€ x ) *[NE] M g Xk T, ] = (=1 K™k [M; 4 ][ Tk 5]

We still have to consider the first two copies of M; ; in (3-36). Since myp: I;; X; M; j — M; ;
and mg: M; j x; Z; j — M,; ; are diffeomorphisms, we can orient Z; ; X; M; ; = C; x; M, ; and
M j x; Ij,j = M j xj C; by m;'(IM;,;]) and mz! ([M;,;]). Then by Lemma 3.25 below and the
discussion after,

(3-45) (t x SO [NI][C; x M; j] = (=1 [Gi]IMy. ],
(3-46) (t€ x 5)*[Nj][IM;,; x; Cj] = (=)™ [M; ;][C;].
Therefore

(D)™ M x {03 = (=1 Frm g ([T i Mi ),
[ % s€) NI xi M) = (=D [Z01IM ],
(=DM My, x {j =i}l = (D™ mp (M, x; Zj, ;1)
(1€ X 5)* NillMi,j x; T, 1 = (=D ™7 [My 11T, 1.
To sum up, (3-41), (3-42), (3-43), (3-44) and (3-47) prove the orientation condition, Definition 3.18(6). O

(3-47)

To state Lemma 3.25 we need some notation. Let £ and F be two oriented finite-dimensional vector spaces
and /: E — F be a linear map. We denote by A r the diagonal subspace of F x F. Suppose the ordered
basis ( f1,..., fn) represents the orientation [F] of F' and the ordered basis (eq, ..., ey ) represents the
orientation of E. Then (( f1, f1),...,(fx, fn)) determines an orientation [Ar] of Af. Like (2-4), we
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orient the quotient bundle, ie the normal bundle, (F x F)/AF so that [AF][(F x F)/AFf] = [F][F]. The
fiber product E x; F is the graph of / in E x F', so ((e1 J(er)),. ... (em, 1 (em))) determines an orientation
[E x; F]lon E x; F = graph[. The projection i: E X; F — E is an isomorphism and the orientation we
put on E x; F has the property that 7 ([E x; F]) =[E]. Since ({,id): (EXF)/(Ex; F)—> (FxF)/AF is
an isomorphism, we can orient (E x F)/(E x; F) by (I,id)([((Ex F)/(E x; F)]) =[(F x F)/AF]. What
we describe here is the tangent picture of M; ; x; C;: letting (m, c) € M; ; X; Cj, the correspondences
are E =T,y M; j, F =T.Cj and [ = Ds|;;, and the orientations match up.

Lemma 3.25 Following the notation above, we have
[(E x F)/(E x; F)|[E x; F] = (=)™ EmFE][F).
Proof The ordered basis ((Of, f1),...,(0F, fz)) represents a basis for (F x F)/AF as well as the

orientation [(F x F)/AF]. Note that ((Og, f1),...,(0g, fn)) represents a basis for (E x F)/(E x; F),

and is mapped to ((Of, f1),...,(OF, f»)) through the map (/,id); thus ((Og, f1),...,(Og, fx)) repre-
sents the orientation on (E x F)/E x; F. Since ((e1.1(e1)). ..., (em.l(em)). Og. f1).....(0E. fn))
represents the orientation [E][F],

[E x; FI[(E x F)/(E x; F)] = [E][F] or [(ExF)/Ex; F[(Ex; F)]= (=) FmF[E]F],
which yields (3-46). O
Similarly, consider F x; E oriented by ((l(el), e1),...,(l(em), em)). If we orient (F x E)/(F x; E) by
(id. )([(F x E)/(F x; E)]) = [(F x F)/Af], then

[(F x E)/(F »; E)[F x; E] = (=) @™ P [F][E],
which yields (3-45).

3.4 Compositions of flow morphisms

Roughly speaking, the composition of flow morphisms is taking fiber products. Hence, in the Morse-Bott
case, not every flow morphism can be composed, and we introduce the following concept:

Definition 3.26 Two flow morphisms $: C — D and §: D — £ are composable if and only if the

C C C e ox. MD D T
fiber products M~ . X, +++ Xi,_, Mi,,,l,i,, Xi, Hi,,j1 Xji Mjl,jz Xyt Xju_y qufl,jq Xjy Fiag k1 Xki

E E
M| ey Xhea e Xbep_y My | are cut out transversely.

Heuristically, one can define the composition § o $) of two composable morphisms § and §) to be
(FoH)ix=U i Hi,j Xj Fjk» where the orientation is determined by
(3-48) s INJ MG %) Fred = (D% P07 [Hi 11 F ],
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By Definition 3.18(2), (F o H); x is a compact manifold. However, this is no longer a flow morphism,
since the boundary can come from fiber products in the middle in addition to fiber products at the two
ends,20 violating Definition 3.18(5). Hence we introduce the following definition.

Definition 3.27 An oriented flow premorphism §: C = D is a family of compact oriented manifolds F; ;
with smooth maps s: F; ; — C; and t: F; j — D;. Moreover, there exists N such that, fori —j > N,
Fi,j = @ and the fiber products ./\/llo iy
forall ig <.+ <i and jo <--- < Jj.

Yy A D
Xyt Xig ‘EkaJO Xjo XJ1—1M

_,.j, are cut out transversely

Given a flow premorphism §, one can still define ¢* by (3-34), which may not be a cochain morphism.
Let $ and § be two composable flow morphisms. Then § o ) is a flow premorphism by definition. We
need to understand the relation between ¢ °H and ¢F o ¢ . The main result of this subsection is that
they differ by a homotopy. Before stating the theorem, we first introduce some notation:

(1) &:={E;, ./\/l } is an oriented flow category, e¢; := dim E;, m = dlm/\/l and Ji,ji=dimF; ;.
These are agam assumed to be well defined for simplicity.

(2) ForkeZ,0<iy<---<ip, j1<:--<jgandkj <---<k, <k, wedeﬁne]—'x?’-ll1
to be

5. lp|j1,~-->jq|kls-~-skr

D E
Mv i XX Hv+ipav+jl X Mv—i—jl,v—i-jz Keee X ‘Fv+jq:v+k1 Koo X Mv—i—kr,v—}-k'
Note that we must have g > 1 for this to be defined.

v,k E :
G) (FXH) i il jalleroker 19 fv+11 fv+z,, fv+11 fv+1q fv+k1 o Jyr,» V] is de-
fined similarly to (3-10).

To define the homotopy operator Pg,,@,,0,, or P for simplicity, fork € Z, « € h(C,v) and y € h(E, v+k),
we define P by

(3-49)  (Plal. [yDv+k

= > (—)*F

p,r=0,g>1
0=i0<i1 <~~<l'p,j1 <~~'<jq
ki<-<kr41=k

v,k
XHil,...,i,,ljl, wiglkt,...k [ fv—i—zl"' fv—i—zp f—i—jl fv+]q fv—i—kl fv—i—k, vl
where

p q r
* = Lo (ot 1) Hdim(FoH)y vk, + ) FC i) Fhvoj+ ) 16 juw)+ ) F(FoH, o k).
w=1 w=1 w=1

20 Although, in this case, the breaking from fiber products in the middle should pair up and “cancel” with each other; this is
morally why we have Theorem 3.28.
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Theorem 3.28 Let $ and § be composable oriented flow morphisms from C to D and from D to &,
respectively. If we fix defining data ®1, ®, and ®3 for C, D and &, then there exists an operator
Po,,0,,05: BC(C) — BC(&) defined by (3-49) such that

FoH F H C E _
$6,.6; — 90,.0,°%6,.0, T P0,,0,,0; °dgc o, T dpc.0, ° Po,,0,,0; =0.

Proof Foroa € h(C,v),y € h(E,v+k) with k € Z, and any [ > 1, we have

_ * v,k o) E
0= > (1 l(foH)il,...,ip\kl,...,kq [ fodinr s Jodiypr V]
r<lp+q=r—1

* v,k C D E
+ > (D 2(]:><3'—[)i1 el P (PR SwFSRURR S AT S ST ) ||
pHr+w=I

_1yk3 vt v,k
+P+q§w<l( D™ (]:X/H)il ----- iplj1sesdqlk1sekw

u>1

C c * D E
oo PGt 008 T SR Y]

yka ) v,k c D D * E
+ +§ l( 1) Tr MJ:XHZI kw[Ol,..., Vit U+j*""’991)+ju yeeny U+k>)<"""y]
pPHqtw=i,

u>1

* v+k v,k Cc D E E *
+ > (=D)*5Tr “FxH i 1o jaller kw[a,...,fv+i*,...,fv+j*,..., vk 000k, s 7]

ptg+wst, AT
u>1

where we omit the obvious constraints 0 < iy < --- <ip, j1 <--- < jgand k1 <--- <ky < k. The
indices for signs are

p q
*l = 1 + |05|Cv +dim(]:o7'[)v,v+k1 + Z i(caa’is) + Z i(goﬁ’a7ks)a
s=1 s=1
y4 r w
*2 = |afcy +dim(-7:°7'[)v,v+k1 + Z 7(C,a, i) +hv,v+j1 + Z T(9,a, js) + Z 1(FohH,a.ks),
s=1 s=1 s=1

> HFon.a.ks).

s=1

u—1 V4 r
3 =|a|(cy+1)+dim(FoH)y vk, + 2 HCoa i)+ Y- H(Coais)Fhy vy + 2 T(H.a, js)+
s=1 s=u s=1

D u—1 r w
*4 = |a|(cv+1)+dim(}—oH)v,v+k| + Z i(Cs a,is)+hv,v+j1 + Z i(ﬁvav .]S)+ Z T(ﬁ’avjs)—i_ Z i(gof)vaské‘)’
s=1 s=1 s=u

s=1

)4 r u—1
*5 = |a|(CU + 1) +dim(~FOH)U,U+k1 + Z i(C,Ot,is) +hv,v+j1 + Z i(ﬁ,a, ]S) + Z T(Soﬁ’avké‘)
s=1 s=1 s=1

+ 3 1E o Haks).

S=u

The proof is again by induction on /, which we omit. Then for / > 0, the exact term is zero. It is direct
to check that the first term is —(¢¥ °# o, y), 1, the third term is —(P o d € o, y)y4k, the fourth term is
(¢F opHa, y)yk and the last term is —(d F o P, y),4x: hence the theorem follows. |
As a corollary, ¢g ]"g% is a cochain map between (BC(C), dBCC 91) and (BC(¢), a’]fc G)3), and is homotopic
topE o opH o . ‘

02,03 ~ 701,02
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3.5 Flow homotopies induce cochain homotopies

In this subsection, we introduce the flow homotopies between flow premorphisms. Such structures can be
viewed as the analog of the geometric data needed to define homotopies between continuation maps in
Floer theories [2, Chapter 11].

Definition 3.29 An oriented flow homotopy % between two flow premorphisms § = {F; ;} and §) =
{#;,;} from C to D is a family of oriented compact manifolds {); ;} with smooth source and target maps
s:Yi,j —~ Ciand t:Y; ; — D; such that:

F —F

(1) There are smooth maps tg,tg: Fi j, Hi,j — Vi,j suchthat sotp =57, 501y =sH towp

and ot =t where s¥, s, tF and t¥ are the source and target maps for § and £, respectively.

(2) There exists N € N such that wheni — j > N, we have ); ; = @.

D

i0,i1 < Xix Vir,jo Xjo X1 My, )

(3) Forallig<---<i} and jo <-:-- < jj, the fiber products Mlo iy i

are cut out transversely.

(4) There are smooth maps my, : MICJ Xj Vjk = Vik andmpg: Vi j X, M/l‘,)k — Vi k such that
somyp(a,b) = sc(a), tomp(a,b)=t(b), sompg(a,b)=s(a) and tomg(a,b)=1t"®).

Here s€ is the source map for C and ¢? is the target map for D.

(5) Themapip Utg Ump Umpg: F; y UH; U (UJ MZC] X yj,k) u (UJ Vi,j X Mfk) —0Y; kisa

diffeomorphism up to measure-zero sets.

(6) The orientation [);, ;] has the following properties:

Vi) =r(Fi D) =t (i) + Y (=D mp (M, iy p Vi pj])
p>0

+ ) DY mR(r—p Xjmp M7 5D,
p>0
(1€ ) INFIME ;%) V3] =~ IME N ],
(6 x P INj s, ) M) = (=)D 1) 1M,

where y; j :=dim)) ;.

The main result of this subsection is that flow homotopies induce homotopies between the maps induced
by the boundary flow premorphisms (which are not necessarily cochain morphisms). Before stating the
theorem, we introduce the following notation:

(1) Fork€Z,0<ij<---<ipand j; <--- < j, <k,

v,k o4 4C c . . D D
yi, yeeesip | 1 eeesda Mv,v+i1 X 'XMv+ip—1 S+ip XWv+ip, v+ ><'Mv+j1 42 % X/\/lv+jq,v+k'

Q) Y5*a, f€..... fP.... y]is defined similarly to (3-10).
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(3) For a € h(C,v), we define

(¥, 0, k) = (le| + yypu+a)(dy+x +1) and (¥, e, k) = (|e|+ yyv+kx + D(dysr + D).

To state the formula for the homotopy operator AY , we suppress the subscripts ®1 and ©, for simplicity.
Leta € h(C,v) and y € h(D, v + k). Then (AY [a], [y])y+x is defined to be

(3-50) 2 (= 1)*yv,l-€.-,l [F15eees [ fv+11"' fv+/q’y]’

panO
0=ip<-<ip

jl <...<jq+1 =k
where

j4 q
&= lal(cy + D)+ Yotipots + 2 FCoain)+ Y M, ju).
w=1 w=1

Theorem 3.30 Suppose % is an oriented flow homotopy between two oriented flow premorphisms
5. 9:C = D. After fixing defining data ®, and ®, for C and D, respectively, there exists an operator
A%, e, BC(C) = BC(D) defined by (3-50) such that

F H _
dBC ,07 oA@] (CP + A@] [CF 0 BC .01 +¢®1,®2 _¢®1,®2 =0.

Proof Similar to the proofs of Proposition 3.15 and Theorem 3.21, this theorem follows from the
following claim, whose proof is again by induction and will be omitted.

Fora € h(C,v), y € h(D,v + k) with k € Z, and any r > 0,

0= Z ( 1)‘1yv,].€..,l [ J15eees [d(Ol f+ll"" U+]r p’y)]

0<p<r

1\ M2 Ui Uk c * D

+05P25:q5r( D™ Tr Vil it soesia p[a f”"'“""’ee”""“ o Jorigp Y

1<u=<p
&3 U+ jy Uk D *

4_0§£§;<r( D* Tr Vi it jae p[a j;+1p.. 00,5 - j;+1q V]
I<u=q-p

X EOME ity = T i gty Py By Y-

i1seensplJ1seesjg—p i1sesiplJlsesjg—p vtip o Jotjg—po
0<p=q<r
Here
& = |O‘|Cv+yu+zp v+t Z T(C, o, i) + Z (Y, a, jw).
w=1

&> = |af(cy + 1)+)’v+zp,v+11 + Z HCoa,iy) + Z T(C.a,iy) + Zl (¥, o, jw),

&3 = |O‘|(Cv+1)+YU+ip,v+j1 + Z 1Ca,iy) + Z ., a, jw)+ Z (¥, a, jw).
w=1 w=1 w=u

p q—p
&, = |O‘|Cv+yv,v+j1 + > HCoaiw)+ ) T(Z.a, jw). o
w

=1 w=1
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Remark 3.31 Theorem 3.30 does not require that CIJg1 @, Of @gl ®, 1s a cochain morphism. When
they are (in fact, that one of them is a cochain morphism would imply the other is also by Theorem 3.30),
Theorem 3.30 implies that they are homotopic to each other.

3.6 The minimal Morse-Bott cochain complex is canonical

Unlike the Morse case, where the defining data is unique, there is a lot of freedom in choosing the defining
data for the minimal Morse—Bott cochain complex: choices of quasi-isomorphic embeddings, choices of
Thom classes and choices of f;*. The cochain morphism (]551, @ induced from the flow morphism §) by
(3-34) also depends on ® and ®’. Although Theorem 3.10 asserts that the cohomology is independent of
the defining data, it is important to have the isomorphism be canonical in a functorial way with respect to
the choice of defining data. In this section, we prove that the construction of the minimal Morse-Bott
cochain complex (BC, dpc,@) is natural with respect to the defining data ®. Moreover, we will show that
the cochain morphism ¢g’®, from (3-34) is also canonical in a suitable sense. To explain the claim above
in more detail, we introduce the following category of defining data of an oriented flow category:

Definition 3.32 Given an oriented flow category C, Data(C) is defined to be the category whose objects
are defining data of C, and there is exactly one morphism between any two objects.

For every object ® in Data(C), we can associate it with a cochain complex (BC, dgc,@). The following
theorem says that such an assignment can be completed to a functor Data(C) — KC(Ch), where K(Ch) is
the homotopy category of cochain complexes.

Theorem 3.33 There is a functor BC(C): Data(C) — K(Ch) defined by
®+> (BC.dac) and (01— O2) > (99, e, (BC.dsc,0,) = (BC.dpc.0,)).

where J is the identity flow morphism used to define ¢({)1 0, by (3-34).

Proof Step 1 (¢({) @ is homotopic to the identity) It is not hard to check that ¢é°é can be written as

id + M with M strictly upper triangular. Note that fori < j, I; ; = M; ; x[0,j —i]and (I o 1); ; =
U k,i<k<j lik Xk Ir,; have an interval direction. Since the pullback of differential forms by source and
target maps cannot cover that interval direction, we have

.k k .
I.':].,p|q,...[' .- »fv+17’ fv+qv L =d OI).v“’p|q’m[- --’fv+p»fv+q, ...]=0 if p#gq,
k k .
I.’.).,p| =(I oI)f)“’p| =0 if p#k,
1P = (1oni* =0 if g #0.
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Therefore, for k € N*, o € h(C,v) and y € h(C, v + k), we have

(M, [yD) vtk = g ; o (™1 OI;;’,].C..,iplip ..... i1 Sotivs s Jotips Sotips oo fotigs V]
=p=4=
0<iy<-<ig<k
+ I;p (_1)‘21oI;i:’i_,ipl[“’fv‘i‘i]""’fv+ip’fv+ip’y]
0<iy<-<ip=k
+ > (_1).31°1|ll-)l’]i“,ip[a,fv+i1afv—i—il»---»fv—i-ip’)/],

I<p
0=ij<-<ip<k

where @1, #, and #3 are determined according to (3-34).

Similarly, we have a decomposition ¢é @ = 1d + N with N strictly upper triangular. Note that
(I o)y+iyv+i, = lv+ip,v+i, = Co+i,» and hence

k
(I OI)U [O[, fv+il""’fv+ip’ fv+ip"“’fv+iq7 V]

i seriplipeonsiq
_ yu.k
iLseriplipseonsiq

[, fotivseeos Sotips Jotips ooy Jotigs V]
Similarly for the remaining two terms of M and N. Thus we have N = M. Then by Theorem 3.28,
(id+ M) —(id+ M)* = P odgc,e + dpc,e o P.
Since id + M is a cochain isomorphism,
id—(id+ M) = (id+ M) oPodyce+dpcoo(id+M)loP.
Thusid+ M =id+ N = ¢é,® is homotopic to the identity.

Step 2 (functoriality) Given three defining data ®, ®, and ®3, by the same argument as above we
have, up to homotopy, that
1 _ 1ol
¢®1,®3 - ¢®1,®3'
By Theorem 3.28,

Iol I 1
¢®1,®3 - ¢®2,®3 © d)@],@z + P odpc,0, +dpc,0;0 P =0.

Thus ¢é1’®3 is homotopiC to ¢é2,®3 °© ¢é1,®2' -

Remark 3.34 A similar mechanism of proof appeared in [63, Proposition 7.7.4], where the situation is
Morse and the auxiliary data (which can be viewed as the analog of the defining data) are choices in the
construction of virtual fundamental cycles.

To explain the functoriality for flow morphisms, we introduce the following category:

Definition 3.35 Letting C and D be oriented flow categories, Data(C — D) is defined to be the category
whose objects are defining data of C and D. There is exactly one morphism from ®; to ®; if ®; and ®,
are defining data for the same flow category or ®; and ®, are defining data for C and D, respectively.
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Then Data(C) and Data(D) are full subcategories of Data(C — D). If there is an oriented flow morphism
$: C — D, then for any defining data ® and ® of C and D, respectively, we can assign a cochain
morphism d)@ o - (BC(C), dBC o) — (BC(D), dé)cﬂ,). The next theorem states that such an assignment
along with BC(C) and BC(D) is a functor.

Theorem 3.36 For an oriented flow morphism ), there is a functor
o : Data(C — D) — K(Ch)

which extends functors BC(C) and BC(D) by sending the morphism ©€ — @P to ¢®C on- Here ec
and ©P are defining data for C and D, respectively.
Proof We only need to prove the functoriality. We use @€ and ®2 to denote defining data for C and D,

Hol

respectively. By Theorem 3.28, ¢ oC @D
1>

is homotopic to both

H 1 H 1
¢®C ®D o¢®C @C and ¢®C ®D o¢®C @C'

Since, by Theorem 3.33, ¢/ 0¢,6¢ is homotopic to the identity, ¢ is homotopic to ¢ A

0S.00 ¢®C oS ef.er
Similarly, ¢®D oD o¢®c o> 1s homotopic to d)@C op- O

3.7 Flow subcategories and flow quotient categories

In this section, we introduce subcategories and quotient categories in the setting of flow categories, which
on the cochain complex level correspond to subcomplexes and quotient complexes.

Definition 3.37 Let C = {C;, M; ;} be an oriented flow category. A subset A of Z is called a C—subset
if j ¢ A implies M; ; = & forall i € A.

A basic example of a C—subset is the set of integers bigger than a fixed number.

Proposition 3.38 Let C = {C;, M, ;} be an oriented flow category and A be a C—subset. Then C4 =
{Ci M, j,i,j € Ayand C/ g ={C;, M; j.i, j, & A} are flow categories.

Proof It is clear that both C4 and C, 4 are subcategories. Then it is sufficient to prove that the boundary
of morphism spaces comes from fiber products of the morphisms spaces for both C4 and C, 4. Since the
boundary dM; x comes from M; ; x; M; ., if both i,k € A, then j € A, otherwise one of M; ; and
M i is empty. Similarly for C, 4. m|

We will call C4 a flow subcategory and C, 4 the associated flow quotient category.

Remark 3.39 A finer definition of subcategory is using a subset of components of Obj(C) such that a
similar condition to Definition 3.37 holds.

From Definition 3.8, when the defining data of C4 and C, 4 are restrictions of a defining data on C, we
have the tautological short exact sequence

(3-51) 0 — BC(C4) — BC(C) — BC(C/4) — 0
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by the obvious inclusion and projection. To make the structure more compatible with concepts introduced
here and our future applications [79], we lift the short exact sequence to the flow morphism level. We
first introduce the following:

Lemma 3.40 Assume (Vo & V1,d) is a cochain complex with the property that d(Vy) C Vp, that is,
d has a decomposition into dog + d1o + d11, where d,p: Vy — Vy. Suppose we have another cochain
complex (Vy @ V/{,d') with the same property. Assume the following squares are commutative up to
homotopies Hy and H» with the property that im Hy C Vi, Vo C ker H» and the middle morphism ¢ has
the same decomposition ¢oo + P10 + ¢11. ie ¢ (Vo) C Vy:

O—Vo— VoV — V7 —— 0
bl b
0—Vg—Vg® V), —V{——0
Then they induce a morphism between the long exact sequences of cohomology.

Proof We only need to prove the following square is commutative:

H) -2 H(Vp)

P, b
dio
H(V]) — H(Vy)
By im H; C VO’ and Vy C ker H,, we have Y = ¢pg9 and n = ¢;1 on cohomology. Then the claim follows
because the square below is commutative up to the homotopy?! ¢1¢:

d
(1, d11) —= (Vo, —doo)

l¢1 1 l¢00
d/

(V] d}) — (V§, —d}y) O
Proposition 3.41 Let C = {C;, M; j} be an oriented flow category and A a C—subset. Then we
have two flow morphisms J4: C4 = C and ‘B4: C = C;4, which induces a short exact sequence
0 — BC(C4) — BC(C) — BC(C/4) — 0. The induced long exact sequence is isomorphic to that of (3-51)
if the defining data for C4 and C; 4 are the restriction of defining data on C.

Proof T4 is the identity flow morphism of C4 when the target lands in 4, and the empty set otherwise.
‘B4 is the identity flow morphism of C;4 when the source lands outside A, and the empty set otherwise.
Similar to the proof of Proposition 3.38, both J4 and 34 are oriented flow morphisms. Since the induced
cochain morphism of J4 maps BC(C4) isomorphically to the subspace of BC(C) generated by H*(C;)
for i € A, and the induced cochain morphism of 84 vanishes on the subspace of BC(C) generated by
H*(C;) for i € A and maps the subspace generated by H*(C;) for i ¢ A isomorphically to BC(C,4),

21See Remark 3.42 for the explanation of the sign, although it does not affect the map on cohomology.
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then we have a short exact sequence as below. Moreover, we claim that we have the diagram of short
exact sequences which is commutative up to homotopy

¢l pPA
0 —— BC(C4) — BC(C) —— BC(C/4) —— 0

C

0 — BC(C4) —— BC(C) —=+ BC(C/4) — 0

where the second row is the tautological short sequence (3-51). This is equivalent to proving ¢4 is
homotopic to inclusion i, and ¢4 is homotopic to the projection 7. Note that ¢4 =i + N with N a
strict upper triangular matrix and N = ¢4 —i =i o (¢pTea —id). Similar to the proof of Theorem 3.33,
we have that J4 o J¢, and J4 induce the same map. Hence (i + N) o (id + N) is homotopic to i + N by
Theorem 3.28, and so i + N is homotopic to i if we multiply (id + N)™! to the right of the homotopy
relation. Similarly, $©4 is homotopic to the projection 7. It is clear from Theorem 3.28 that those
homotopies satisfy the conditions of Lemma 3.40, and hence the claim follows. |

Remark 3.42 The conclusion of Lemma 3.40 can be rephrased as saying that Vo — Vo @ V7 — Vi — V(1]
and Vj — V{@® V| — V| — V{[1] are equivalent distinguished triangles in K(Ch).?? In view of Section 3.6,
the minimal Morse—Bott cochain complex is only well defined in IC(Ch). It is natural to expect that we
only get well-defined distinguished triangles in /C(Ch).

Definition 3.43 Let C and D be two oriented flow categories, A a C—subset and B a D—subset. We say
an oriented flow morphism $) maps A4 to B, if and only if #; ; = @ wheneveri € A and j ¢ B.

Proposition 3.44 Let C and D be two oriented flow categories, A a C—subset and B a D—subset. Assume
an oriented flow morphism $) maps A to B. Then we have oriented flow morphisms $4:C4 = Dp and
$/4:C/4 = Dyp, and on the cochain level they induce a morphism between the long exact sequences.

Proof The restriction of §) is $)4 when the source and target land in 4 and B, respectively. ), 4 is the
restriction of §) when source and target land in complements of A and B respectively. Then $4 and $), 4
are flow morphisms by a direct check similar to Proposition 3.38. We define § to be the flow morphism
from C4 to D which is the restriction of ) to C4. Since #; ; = & whenever i € A and j ¢ B, we have that
£ must land in Dpg. Then by the same argument as in Theorem 3.33, $H 0Ty, TJp 0 H4 and § induce the
same cochain morphism. Then Theorem 3.28 implies that both ¢ o ¢4 and ¢?5 o pH4 are homotopic
to ¢3. Similarly, p7/4 0 P4 and ¢ P8 o pH are homotopic. It is clear that the homotopies and ¢ satisfy
the conditions in Lemma 3.40, and hence the claim follows. O

Remark 3.45 1t is clear that the identity flow morphism maps A to A. Hence Proposition 3.44 implies
that the long exact sequence from Proposition 3.41 is independent of the defining data and is isomorphic
to the long exact sequence induced from (3-51).

22When (V, d) is ungraded, V[1] simply means (V, —d).
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4 The action spectral sequence

Given a Morse—Bott function on a closed manifold M, there is a spectral sequence converging to H* (M)
with the first page generated by the cohomology of critical manifolds (sometimes twisted by a local
system). Such a spectral sequence is sometimes referred to as the Morse—Bott spectral sequence. For flow
categories, Austin and Braam’s construction [3] comes with a spectral sequence, which is induced by the
an action filtration. Moreover, it was shown under the fibration condition that the spectral sequence from
Austin and Braam’s construction (from the first page) is isomorphic to the Morse—Bott spectral sequence.
Similar spectral sequences from action filtration in Floer theory can be found in many places, eg [70].
Often the spectral sequence is an invariant of the Morse—Bott function, ie independent of other auxiliary
structures. For example, in the finite-dimensional Morse—Bott theory, any reasonable construction should
recover the Morse—Bott spectral sequence, which can be constructed using only the Morse—Bott function
in a purely topological manner.

The goal of this section is to prove those results for the minimal Morse—Bott cochain complex. The
existences of an “action” filtration is encoded in the definition of a flow category by requiring M; ; = @
fori > j, since we secretly order C; by their critical values of the hypothetical Morse—Bott functional.
For basics of spectral sequences arising from filtrations, we refer readers to [55; 75].

Letting C := {C;, M;_; } be an oriented flow category, we have the following “action” filtration on the
minimal Morse—Bott cochain complex BC:

FpBC:=[] H*(C;) C F,-1BC CBC.
i>p

It is clear from definition that the differential dpc @ is compatible with this filtration for any defining

data ®. The associated spectral sequence can be described explicitly as follows. We define Z ,f 41 to
be the space of g € H*(Cp) such that there exist o1, a2, ..., 0_1 € H*(Cx) with (we suppress the
subscript © in d; @ for simplicity)
dlol() = 0,
drag +diag =0,
4-1) dsog + droy +dial2 =0,
drao + dg—ja1 + -+ dyag_y = 0.
We define B,f+1 to be the space of @ € H*(Cp) such that there exist otg, a1, ..., 051 € H*(Cx) with
o =dgag +dg—101 +- -+ drog—1,
(4-2) 0=dg_1a0 +dg—201+-+-+drog_2,

0 = dla().
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- ) +k+1 +k+1 )
On Zl€+1/Blf+1’ there is a map Ogyq: Z;;LI/B;{Dle — Zlf+1 /B]‘:le defined by 0410 1=
dg+1000 + droy + -+ + drag—;. Since the differential on the minimal Morse-Bott cochain complex
has the special form [ [ d;, unwrapping Leray’s theorem on the spectral sequence associated to a filtered

complex, we have the following:

Proposition 4.1 [55] Following the notation above,

Bl cBfc--cBlc| Bl =Bl czl=(\zlc---czlc..czlczl
k k

Additionally, 0j is a well-defined map from Z,f/B,f to Z,f+k+1/B,f+k+1 such that 8,% = 0 and
Z1€+1/Blf+1 ~ HP(Zy/Bg, ). Here we view the superscript p as a grading and then 0y has grading
k + 1 on Z;. / By,. Hence we have a spectral sequence (E,f = Z,f/B,f, dy) with

EcI;o = Z&/Bé’o il FpH(BC, dgc)/Fp+1H(BC, dBc),

where F, H(BC, dpc) is the associated filtration on the cohomology of (BC, dgc). In other words, the
spectral sequence (EY, 0y.) is the spectral sequence induced from the filtration F,BC.

Remark 4.2 Since we do not assume C carries a grading structure, we do not have a grading on BC (as well
as its relation to the natural degree on H*(Cy)) in general. In particular, we will not get a multicomplex
in [4]. The cost is that we cannot further refine the spectral sequence in £ ]f using their degrees on H*(Cp).

The second page of the spectral sequence is computed by taking the cohomology with respect to d; = dy
in (3-15). Since d; is computed using M x4 1, which are manifolds without boundary, d; is simply the
pullback and pushforward of cohomology. It is more accessible in good cases; works in this direction
using cascades constructions can be found in [20; 21]. In general, even though d; depends on defining
data in general for i > 2, d; does not for any i.

Proposition 4.3 Every page of the spectral sequence is independent of the defining data.

Proof The identity flow morphism J induces a cochain map ¢é)l 0" (BC,dpc,0,) — (BC,dpc,0,)-
The cochain map ¢! preserves the filtrations, thus it induces a morphism between spectral sequences.
Since the induced map on the zeroth page is the identity it induces isomorphisms on every page. |

Remark 4.4 Proposition 4.3 only asserts the invariance of the spectral sequence with respect to defining
data for a fixed flow category. However, the spectral sequence is expected to be an invariant of the
hypothetical Morse-Bott functional, ie independent of other choices (metrics, almost-complex structures,
abstract perturbations) in the construction of the flow category. To prove this claim, one needs to study
the underlying moduli problem and deploy some virtual techniques. We will touch on this aspect of
the theory briefly in Section 9. The spectral sequence is also expected to be independent of the specific
construction method. It is an interesting question to find applications of those invariants, particularly in
the quantitative aspects of symplectic geometry like symplectic embedding problems.
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The final page of the spectral sequence only recovers the associated graded of the cohomology with
respect to the induced filtration. We define

Eoo El,.

@@.

= lim lim
“— —
ie the direct sum at the negative end and the direct limit at the positive end of E fx, Following [55, Proof
of Lemma 3.10], we have the following exact sequence (note that we are using field coefficients):
0 — lim F, H(BC, dpc) — H(BC, dpc) — Eoo — lim ' F, H(BC, dpc) — 0.
p p

In some good cases, like F,BC = 0 for p > 0, E is (noncanonically) isomorphic to the Morse-Bott
cohomology. For example, the symplectic cohomology considered in [70] satisfies this condition, as the
symplectic action is bounded from above.

5 Orientations and local systems

The aim of this section is explaining how orientation conventions in Definitions 2.15, 3.18 and 3.29
arise in applications. In applications like Morse or Floer theories, coherent orientations usually use
extra structures from the moduli problem, namely the gluing theorem for the determinant line bundles
of Fredholm sections; see [31]. Similar properties and constructions exist in Floer theories of different
flavors beyond cohomology theory, eg [13; 34; 71]. In this section, we explain the structure which is
necessary for the existence of coherent orientations on flow categories and how they arise in applications.
Then we generalize the construction of the minimal Morse—Bott cochain complex to flow categories with

local systems, where critical manifolds C; can be nonorientable.

5.1 Orientations for flow categories

5.1.1 Orientations in the Morse case We first review how coherent orientations arise in the construction
of Hamiltonian Floer cohomology in the nondegenerate (Morse) case following [1]. We will not just orient
0- and 1-dimensional moduli spaces but all of them, and show that they satisfy Definition 2.15. Assume
a symplectic manifold (M, w) is symplectically aspherical, that is, @|,ar) = 0. Let H;: S IxM >R
be a Hamiltonian such that all contractible 1—periodic orbits of the Hamiltonian vector field Xg, are
nondegenerate. For simplicity, we assume that every moduli space of Floer cylinders is cut out transversely.
We note here that the orientation problem is independent from many other aspects of the theory, and in
particular, the transversality problem.?3 In other words, we have a flow category {x;, M;, i}, where x; is
a nondegenerate contractible periodic orbit and M; ; is the compactified moduli space of Floer cylinders
from x; to x;, where the symplectic action of x; is smaller than that of x; if and only if i < ;.

Wnontransverse case, the discussion of the determinant line bundle below can be lifted to the underlying Banach

manifolds/polyfolds. However, when transversality holds, there is a canonical isomorphism depending on the section/perturbation
from the determinant bundle of the moduli space to o; ; that it is compatible with gluing, ie (4) and (5).
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To orient M; ; in a coherent way such that Definition 2.15 holds, we recall the following extra structures
that can be associated to the moduli spaces M; ; in the Hamiltonian Floer cohomology:

(1) For every periodic orbit x;, we can assign an orientation line o; with a Z/2 grading. Such a line is
constructed from the determinant line of a perturbed 9 operator over C with one positive end at infinity
[1, (1.4.8)] and the grading is the index of the operator (modulo 2).

(2) For every point in M; ;, there is an orientation line with a Z /2 grading coming from the determinant
line bundle of the linearized Floer equation at that point. All these lines form a line bundle o; ; over M; ;.
We refer readers to [80] for the topology on the determinant bundle.

(3) By the gluing theorem for linear Fredholm operators [1, Lemma 1.4.5], we have a grading-preserving
isomorphism over My y:

(5-1) pi,j:s%0i ®oij — t%0;j.
Over M;,j x M C dM,; g, there is a grading-preserving isomorphism
Pi,jk’ 1 0i,j ® T3 0)k = Oik,

where 71 and 7> are the two projections. Note that p; j and p; ; x are compatible in the sense that there
is commutative diagram over M;, j X M; . up to multiplying by a positive number:

pi.j ®id n3Pjk
$%0; @ mi0i,; ®MFoj ) ——— W10 @m0 = )T 0; @ Wj0j ) ——— WytT o = "0
lid@)l)i.j,k l
Pi.k
5%0; ®0; k t*oy

(4) Let 5@ ;j be the Floer operator cutting out M; ;. When transversality holds for every moduli space,
ker D; ; is a vector bundle over M; ;. Then ker Dd;, ; contains an oriented trivial line subbundle R
induced by the R translation action, and

(5-2) kerDéi,j =TM,; ;dR.
Moreover, we have a grading-preserving isomorphism ¢; ;: 0;, ; — detker D('_J,-, j

(5) On M;, j x M, we have an isomorphism ker DE_),',J' @ ker Déj,k 2, Ker Déi,k and the following
diagram commutes (we suppress the pullbacks):

Pi.j.k
0i,j ® 0,k 0i k

ldh’._/ ®, .k Lﬁi,k

_ _ d _
detkerD9;,; ® detker D9 N detker DO;

(6) LetR,, Rs and R; be the trivial subbundles in ker Dé,-, j, ker Da jk and ker Déi’k, respectively. Then
by [1, Lemma 1.5.7],

(5-3) ¢({r,s)) =t and ¢((—r,s)) is pointing out along M; ; X M ; C IM,;  in (5-2).
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Proposition 5.1 If we fix an orientation for every o;, then (3) and (4) determine an orientation of M, ;
and [M; j][M;x] = (=15 F1OIM; k]| vty xa -

Proof Given orientations of o;, the isomorphism p; ; determines an orientation of o; ;. Then by (4)
and ¢; ;, there is an induced orientation [M; ;]. We claim this orientation satisfies the claimed relation.
By (3), pi,jx preserves the orientations. Therefore ¢: kerD?),-, i ® kerDéj’k — ker DE_)i,k preserves
the orientations. That is, [M; ;][R,][M; ¢][Rs] = [M; ¢][R¢]. Then by (6), we have [M; ;][M; k] =
(_l)mi’j+1a[Mi,k]|/\/li_jXMj.k' .

Orientations from Proposition 5.1 can be used to prove d? = 0 for Hamiltonian Floer cohomology in the
nondegenerate case. Moreover, orientations —[M; ;] fit into the orientation convention in Definition 2.15.

5.1.2 Orientations in the Morse-Bott case We should expect similar structures and properties in
Morse—Bott theories. We phrase the structures as a definition and explain how to get an oriented flow
category from there. Before stating the definition, we introduce some notation:

(1) Let E — M be a vector bundle. Then det E := A" E with Z /2 grading rank E (mod 2). We write
detC :=detTC.

(2) For Z/2 graded line bundles o; and 05, unless stated otherwise the map 01 ® 02 — 02 ® 07 is
defined by

(5-4) V1 @ vy — (=D)lortho2ly, @ 4
for vectors v and v, in 07 and 0,, respectively.

(3) Let A be the diagonal in C x C with normal bundle N. Unless stated otherwise, det A ® det N —
det C ® det C on A is the map induced by the isomorphism TA @ N — TC & T C. In particular, if we
orient N following Example 2.8, such a map preserves orientations.

Definition 5.2 An orientation structure on a flow category C = {C;, M;_;} consists of the following
structures:

(1) There are topological line bundles o; over C; with Z /2 gradings for every C;, and topological line
bundles o;,; over M; ; with Z/2 gradings for every M, ;.

(2) There is a grading-preserving bundle isomorphism over M; ;

(5-5) pi,j:sT0i ®@s*detC; ® 0 j —t*0;,

and a grading-preserving bundle isomorphism over M; ; x; M C OM; i

(5-6) Pijj: 100 @ (txs5) det TA; ® 530,k — 0 k| My ;> Mg
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The bundle isomorphisms are compatible in the sense that the following diagram over M; ; X; M i is
commutative up to multiplying by a positive number:

s*0; @ s*detC; @ mio; ; ® (t xs)* detA; ® mjox 8Pk 5%0; ® s* detC; ® 0; i
lp,;,-@id
(-7 nys%0; @ mys*detC; @ mjojk Pi k
l”ikpj.k
1*0g t*og

The diagram makes sense because over the fiber product M; ; x; M x, we have m{t*0; = w5 s*0; and
(t xs)*detA; =m)s* detC;.

(3) There are vector bundles V; ; over M, ; with smooth bundle maps
Si,j:Vi,j—=>TC; and T;;:Vi;—>TC;

covering s; ;: M; ; — C; and 1; j: M; ; — C;, respectively. Moreover, there is an oriented trivial
subbundle R of V; ; such that S; ;(R) =T; ;(R) =0,

(5-8) Vi,j=TMi,j®R,
Si.jlTsm; ; =dsij and T; j|Taq; ; = dt; ;. There is a grading-preserving isomorphism
(5-9) (]51',]'25* detC; ®o;,; ®t* detC; — detV; ;.

(4) On M;, j xj M, we have Vi j xrc; Vjx = Vi, and the following diagram commutes, where the
last map is induced by the isomorphism V; ; @ V; x = (t X s)*N; @ V; k-

Pi.j.
(txs)* det N;®s™ det C; ®0;,; ®(t xs5)* det A ; ®0 ;1™ det Cy LR (txs)* det N;®s™* det C; ®0; 1 ®1* det Cy

s*det C; ®0;, ; ®(txs)*(det A ;®@det N;)®o &t ™ det C

bik
s*detCi®o0;, ;®t* det C; ®s™ det C; ®0 ; x ¢t ™* det C
i, ®¢;.k
detV; ;®@detV; (txs)* det N;@det V;

(5) LetR,, Rs and R/ be the trivial subbundles in V; ;, V; ;. and V;, ;, respectively. We have

(5-10) (r.s) =t and (-r,s) is pointing out along M; ; X; M, C IM, .

In applications, the topological line bundle o; is the determinant line bundle of a perturbed Floer equation
with exponential decay at the end over a domain with one positive end. For details on exponential decay,
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we refer readers to [12; 32]. The topological line bundle o;,; usually comes from the determinant bundle
of the Floer equation with exponential decay at both ends over a cylinder. The bundle isomorphism and
its compatible diagram come from a version of the linear gluing theorem for Fredholm operators [1; 31].
Vi, 1s the kernel of the linearized Floer operator defining M; ; and the trivial subbundle comes from
the R translation. The last condition (5) comes from a similar argument as in [1, Lemma 1.5.7]. The
bundle o; ; can be defined on the background Banach manifold or polyfolds [44, Chapter 6], however
Vi,j is defined only when transversality holds. Definition 5.2(3) states the relation between V; ;, 0; ; and
T M;,j, and (4) states the compatibility with the gluing map p; ; .

Remark 5.3 Similar to Definition 2.13, Definition 5.2 is a simplified version. In general, we should
associate each component of C; with a line bundle and each component of M;_; with a bundle isomorphism
satisfying similar compatibility conditions.

Remark 5.4 Definition 5.2 is modeled on the classical treatment of the Floer equation [12; 32]. That
is, we mod out the R translation after solving the Floer equation. Hence we expect that bundles V; ;
over M, ; contain a trivial oriented R direction. If we use the polyfold setup, then the Floer operator is
defined on polyfolds of cylinders with the R translation already quotiented out; see [26; 73]. One can
adjust Definition 5.2 to be consistent with such a point of view.

Proposition 5.5 Assume the flow category C has an orientation structure, all the line bundles o; are
oriented and all C; are oriented. Then C can be coherently oriented.

Proof By the map p; ; in (5-5), if the o; and C; are oriented, then there are induced orientations [0; ;]
on o;, ;. By (5-7), over the fiber product M; ; x; M; ; we have

(5-11) pi,jk (i 0i j1® (t X ) [A;]1 @ 75 [0 k]) = [0 k]

Using ¢;,; in Definition 5.2(4), we have an orientation [V; ;] on V; ;. Then by (5-11), the commutative
diagram in Definition 5.2(4) implies that the natural map V;, ; @ V; x — (¢ x s)*N; x V; i induces

Vi 1® [V;k] = (=D T (1 x 5)*[N;] @ [Vi ]

on the prescribed orientations. By Definition 5.2(3), the orientation [V;, ;] induces an orientation [M; ;].
Hence on M; j x; M COM,,

My JRAIM; ] [Rs] = (1) 75D (15 5)* [N 1IM; k][R ].
Then Definition 5.2(5) implies that
[Mi, /1M k] = (=)0 (1 ) * [INFIIM ki -
Then the orientations —[M; ;] satisfy Definition 2.15.24 a

240ne can certainly modify the definition of coherent orientations of a flow category (Definition 2.15) so that [M;, ;] gives a
coherent orientation. Then the signs in (3-15) do not factorize nicely.
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When the o; are not oriented or the C; are not oriented, Definition 5.2 gives all the structures we need to
work with the local system o;. We discuss such generalization in Section 5.2.

5.1.3 Orientations for flow morphisms We explain how the orientation convention in Definition 3.18
arise in application.

Definition 5.6 Assume §) = {#; ;} is a flow morphism from flow category C to D such that C and D
have orientation structures. A compatible orientation structure on $) is the following:

(1) There are Z/2 graded line bundles Oij over H; j. Over H; ;, we have a grading-preserving

isomorphism
(5-12) pfj:s*oic ® s* det C; ®ol{1j —>t*0]l~).

(2) Over the fiber product Mlc %Mk C 0H,; k., we have a grading-preserving isomorphism

(5-13) ,olCJIZ nfol-CJ ® (t x 5)* det AJ-C ® n;‘ofk — OiI,{k'

Over the fiber product H; ; x; M JD © C 0H; ., we have a grading-preserving isomorphism

(5-14) pfj?i:ni"ofj ® (t x5)* detAf@n;ojD’k —>0£Ik.

(3) The bundle isomorphisms in (1) and (2) are compatible in the sense that over /\/llc IR, H;k and
Hi,j Xj /\/l]l.) > We have the commutative diagrams

id@pH
s*oic ®s*detC; ® nf‘ofj ® (¢ x 5)* det A]C ® ”;Ofk M s*oic ®s*detC; ® ofk
pf; ®id
5-15
( ) n;s*of.) ®mys*detD; ®n;0€k plt
Pik
t*og t*og
and
o H D p @Rk C H
s¥or ®@s*detC; ® ni"oi’j ® (¢t x s)* det AT ® n;oj’k ——s¥o; ®s*detC; ® 0/ %
p!, ®id
5-16
( ) n;s*of Qmys*detD; ®71§0£k plt
PPk
1* o t* ok
respectively.
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(4) There is a grading-preserving isomorphism d)l}i cs*detCi ® of/- ®t*detD; — detTH; ;.

(5) On Mlcj X; Hjx COH,;x wehave Vlcj xrc; THjr =TH,; k, and the following diagram commutes,
where the last row is induced by the isomorphism VZC] S TH; ) — (tx s)*NjC ©TH,;k:

pAC'AI—]](
(txs) dethC ®s* detC; ®OEJ- ®(txs)* det A_/C- ®ofk®t* det Dy —25 (1xs)* dethC ®s*detC; ®0£Ik ®t* det Dy,

s*detC; ®ofj ®(txs)* (det AJC. ®Njc)®0jf.1k®t* det Dy

ok
s* detC; ®ofj ®t*detC;@s*detC; ®ofk ®t* det Dy,
90971k
det V,C, @det TH, 1 (1xs5)* det N @det TH, x

On H; ; %, /\/ljDk C 0H,; ., we have TH; ; XTD; VJDk = T'H; k., and the following diagram commutes,
where the last row is induced by the isomorphism 7', ; ® lei — (t x s)*NjD S TH;k:

H.D
p. .
(txs) dethD ®s* det C; ®01{1j Q(t xs5)* det AJD ®0]Dk®t* det Dy MELN (txs)* dethD ®s* det C; ®0in ®t* det Dy

s*detC; ®0£Ij ®(t><s)*(detAjD®NJ.D)®0§)k®t* det Dy

97k
s*detC; ®0£Ij ®t*detD;®s*detD; ®0£k®t* det Dy
/107
detTH;,; ®det Vj.?k (1xs5)* det N P @det TH; 4

(6) LetRyandR; be the trivial lines in V; ™ and Vj,Dk, respectively. Then s points in along MZC XMk C
0H,; x and ¢ points out along H; ; X; Mfk C M, k-

In the example of Hamiltonian Floer cohomology for nondegenerate Hamiltonians, the bundle Oij is the
H

i,J
is the determinant line bundle of the time-dependent Floer equation with exponential decay at both ends.

determinant line bundle of the time-dependent Floer equation [2, page 384]. In the Morse—Bott case, o

By the same argument as in Proposition 5.5, we have the following:

Proposition 5.7 Let C and D be two flow categories with orientation structures and §) be a flow morphism

I.C, oiD, C; and D; are oriented, and C and

D are oriented using Proposition 5.5. Then Definition 5.6(1) and (4) determine orientations on H; j such

from C to D with a compatible orientation structure. Assume o

that $) is an oriented flow morphism from C to D.
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Remark 5.8 A compatible orientation structure on a flow premorphism is Definition 5 6(1) and (4),
and hence we have enough structures to orient the spaces in a flow premorphism when 0 D ¢; and
D; are oriented. The composition F o ) of two composable flow morphisms § and § Wlth compatlble
orientation structures has a natural compatible orientation structure, where

FoH * D *x F
|Hl ]X]]:]k 7'[1 l_] ®(tl] ,k) detA ®J‘[20Jk

5.1.4 Orientations for flow homotopies In applications, a flow homotopy from £) to § usually comes
from considering a time-dependent Floer equation with an extra [0, 1], parameter [2, page 414] such that
when z = 0 the equation defines the flow morphism §), and when z = 1 the equation defines the flow
morphism §. Hence we have the following definition:

Definition 5.9 Let $ and § be two flow premorphisms with orientation structures from C to D whose
orientation structures are compatible with those of C and D. A flow homotopy % between $) and § is
said to have a compatible orientation structure if:

(1) There are Z /2 graded line bundles 0 jover,j. Over )); ; there is a grading-preserving isomorphism
(5-17) ,on s 0 ® s* det C; ®0 - t*ojD
(2) Over the fiber product M ;% Vik C i we have a grading-preserving isomorphism

(5-18) ,olcjl; m 0 ® (t x 5)* det AC ® ﬂ;OYk — on

Over the fiber product V; ; X; ./\/ljl.’)k C 0); k., we have a grading-preserving isomorphism

(5-19) plYJDk 7110” ® (xs)* detAD®n20Jk —>0Yk

3) pl.Y IT ,OICJ);C and plY]Dk are compatible so that commutative diagrams similar to Definition 5.6(3) hold.
(4) OnH; ; C3);,; we have 0 il = IHJ and P,-Y,J~|H,-,,- = p,-{ij; similarly for F; ; C 9); ;.

(5) TYijlu;; =R, ®TH, ; with z pointing in along the boundary and T'Y; ;|7 ; =R, ® T F; j with
z pointing out along the boundary. And there is a Z/2-bundle isomorphism

¢l/ R, ®s* detC,®0 ®t detD; —detTY; ;
such that ¢ |3, ; = idg. ® ¢/, and ¢} ;|7 ; = idr. ® ¢

(6) On /\/l %Yk C 0Y; x we have VC xrc; TYjr =Tk, and the following diagram (we suppress
the pullback notation) commutes, where the last row is induced by the isomorphism Vlcj STY ik —
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(t x s)*NjC STk

C.Y

bi.j,
R: ®det NE @ det G; ® 0, @ det AS ® 0% @ det Dy =5 R @ det N€ ® det C; ® 07 ® det Dy,

R; ®detC; ® of, @ det AT @ N ®o§k®detDk

¢I},Ik
det C; ®01C,j ®detC; @R, ®detC; ®0§,k ®det Dy
;89
det VlCJ ®detTY; x (t x 5)* det Njc QdetTY;

On Y ; x; ./\/ljDk C Yk we have TY; ; XTp; VJDk = TY; k, and the following diagram commutes,
where the last row is induced by the isomorphism 7°); ; @ VJDk — (txs)*N jD ® T k twisted by (-D%

(because of the extra R,):
Y.D

Pij.
R: ®det NP ®@det C; ® o) ; ® det AP ® 0P\ @ det Dy —5 det NP ® det C; ® 07, @ det Dy

R, ®detC; ®0] ; ®det AP @ NP ®o§?k®detDk
ik

detC; ® 0} ; ®det D; @ R, ®@det D ®oj?k®detDk

¢ ;867

(-D%
detTY;,; ®det VE

det NP @det TV x
(7) Let R and R be the trivial lines in VIC; and Vj?(, respectively. Then s points in along MZC X% Vjik C
0Y; . and ¢ points out along Y, j X Mfk C ik
If we can fix orientations of Oic , 0P, C; and D;, then (1), (4) and (5) imply that the induced orientations
of Vi, j, Hi,j and F; ; satisfy

Vi jlw ;1=—Hij] and 0[Vi ;|7 ;1= [Fi ]

In general, we have the analog of Proposition 5.5 and 5.7:

Proposition 5.10 Let # be a flow homotopy between two flow premorphisms $ and § from C to D.
Assume everything is equipped with compatible orientation structures, and ol.C, ol.D , C; and D; are oriented.
If C, D, $) and § are oriented by Propositions 5.5 and 5.7, then ; ; can be oriented by Definition 5.9(1)
and (5) so that % is an oriented flow homotopy between $) and §.
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5.2 Local systems

From the discussion in Section 5.1, to orient a flow category, a flow morphism or a flow homotopy with
orientation structures, we need to orient o; and C;. However, in the Morse—Bott case, it is possible that
C; is not orientable or o; is not orientable. Hence we need to upgrade the minimal Morse—Bott cochain
complex to a version with local systems. In fact, Definitions 5.2, 5.6 and 5.9 already provide all the
structures needed to define a cochain complex without any orientable assumptions; the generator will
be the cohomology of C; twisted by o;. In the case of finite-dimensional Morse—Bott theory, let C be a
critical manifold with stable bundle S. Then in view of the Thom isomorphism, the contribution from a
critical manifold C to the total cohomology should be the cohomology with local system H*(C, det S).
In the abstract setting, if a flow category has an orientation structure, then the line bundle o; plays the
role of det S.

We will introduce a more compact definition, just like Definition 2.15. First we introduce some notation.
Let C = {C;, M;,;} be a flow category. Over M; ; x; M; x C dM,; ., we have an induced isomorphism
TMi; ®@TM;j — (txs5)*N;j & TIM, j. If we use the identification t*T'C; — (¢ x s)* N; given by
v = (—v,v), we have an isomorphism T M; ; & T M, — t*C; @ TOM,; i. Therefore we have an
isomorphism over M; j Xj M, :

det M; ; @ det M — t* det C; @ det I M .

Using the isomorphism Roy @ 70M; g = T M, g, there is a natural isomorphism det dM; x — det M;
preserving compatible orientations. Hence we have an isomorphism of degree 1

det M; j ® det M j — t* det C; ® det My,
which induces an isomorphism
(5-20) fdetM; ; ®t* det* C; ® det M o — det M i,

where det* C; = (detCj)*. Here f is induced by the natural isomorphism t* det C; ® r* det* C; = R
and the order-switch convention (5-4).

Definition 5.11 LetC ={C;, M;_;} be a flow category. Then a local system on C consists of the following:
(1) There is a line bundle o; on each C;.
(2) Over the M, ;, there is a bundle isomorphism

pi,jis*0;i @det M; ; @ t* det* Cj — t*0;
such that the following diagram over M; ; x; M, C 0M; ; commutes, where f is defined in (5-20):
s*0; @det M; ; @ t* det* C; @ det M @ t* det”™ C LAEN s*0; @ det M ; ®t* det™ Cy Lrky t*ok

| |
(D"t i

s*0; ® det M; j @ t* det™ Cy 1*ok
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Proposition 5.12 If C has an orientation structure, then o; is a local system on C.

Proof Since C has an orientation structure, ie we have isomorphisms pfj 15%0; ®s*detC; ®o;, j —t%0;,
Viji=TM;; ®R and ¢; ;: s¥0; ® 0;,j ® t*0; — detV} ;, using the natural orientation on R and
isomorphisms ¢;, ; and pfj we get an isomorphism p; ;: s*0; @ det M; ; ® t* det* C; — t*0;. Similarly
to Proposition 5.5, Definition 5.2(4) and (5) imply the commutative diagram in Definition 5.11. O

Similarly, we have the following definitions of local systems on flow morphism and flow homotopies:

Definition 5.13 Let ) = {#; ;} be a flow morphism from the flow category C to the flow category D.
Both C and D are equipped with local systems. We say §) has a compatible local system if, on each H; ;,
we have an isomorphism
H . *x C * * * D
piljisTo; @detH; ; @™ det” C; — 1705

such that the two following diagrams over ./\/llc % Hjx COH;x and H; j X; M/.D x C 0H; k., respectively,
commute, where the map f in the first columns of both diagrams is defined in a similar way to (5-20):

C H
p., . p.k
s*0f ® det M, @ 1* det* C; ® det H e ® t* det™ Dy —5 s*0§ ® det H; i ® 1* det* Dy = 1*0P

=1y “

Pik
s*ol-c Q Hi g ®t* det™ Dy t*o,?

H D
Pij Pk
s*o€ ®detH;, ; ®1* det* D; ®det/\/ljDk ®1* det* Dy —% s*ojD ®det/\/ljDk ®1* det* D —= 1*oP

| |
()it Il

s*oic®7-[,~’k ®t* det* Dy, t*o,?

Definition 5.14 A compatible local system on a flow premorphism $) from C to D consists of bundle
isomorphisms piHj :5*0€ ®@detH; j ®t* det* D; — t*ojl.) on every H; ;.

Definition 5.15 Let ¢ be a flow morphism between flow premorphisms $) and § from the flow category C
to the flow category D. Assume C, D, $ and § are equipped with compatible local systems. We say % has a
compatible local system if on each )V; ; we have an isomorphism ,ol-Y IE s*oic ®det ), j®t* det* D; — t*ojl-)
such that:

(1) Under the identification det )}, |7 ; = det F; ; induced by Rouw @ T Fi,j = TV, ;|7 ;» we have
Pin 7. = PiFj. Under the identification det )y, jy; ; = det#;,j induced by Rin ® THi,j =T Vi, | ;-
we have PZJ- ;. = 'OlHJ
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(2) The following two diagrams over MIC % Yk C ik and Y ; x; ./\/ljl.)k C 0Y; k., respectively,
commute, where the map f in the first columns of both diagrams is defined in a similar way to (5-20):

C Y
p.. . p.k
s*ol.c ®detMl.Cj Qt* det* C; @det )  ®t* det™ Dy SN s*ojc ®det Y x ®t* det™ Dy 5 t*o,?

| |
(=D 'Ol?jk

s*ol-c®y,-,k ®t* det* Dy, t*o,?

Y D
pAg . p’k
s*o€ ®det Y, j ®t* det* D ®dethDk ®t* det* Dy —% s*ol-D ®detMl.Dk ®t* det* Dy — t*oP

| J
(—1)YikFlpr,

s*oic®yl~’k ®t* det™ Dy t*o,?

The propositions below follow from arguments similar to the proof of Proposition 5.12.

Proposition 5.16 Let C and D be two flow categories with orientation structures. Assume ) is a flow mor-
phism with compatible orientation structures. If C and D are given local systems using Proposition 5.12,
then $ has a compatible local system. If $) is only a flow premorphism from C to D with compatible
orientation structure, then §) can be given a compatible local system.

Proposition 5.17 Let C and D be two flow categories with orientation structures, and §) and § two flow
premorphism with compatible orientation structures. Assume % is a flow morphism with compatible
orientation structures. If C and D are given local systems using Proposition 5.12 and $) and § are given
local systems using Proposition 5.16, then % has a compatible local system.

5.2.1 De Rham theory with local systems To generalize the construction of the minimal Morse—Bott
cochain complex to flow categories with local systems, we first recall the de Rham theory with local
systems [11, Section 7]. Let M be manifold and o a local system over M. The de Rham complex
Q*(M, 0) with local system o is defined as sections of AT*M ®z/, 0. The usual exterior differential
lifts to a differential on *(M, 0), which is still denoted by d. The associated cohomology is denoted by
H*(M,o0). The wedge product defines a bilinear map

Q*(M,0)x Q*(M,0') - Q*(M,0®0'),

which induces a map on cohomology. Using local systems, the integration is well defined for forms in
Q*(M, det M) without assuming M is oriented. Moreover, we have the form of Stokes’s theorem

[docz[ i*o,
M M
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where i: Q*(M,det M) — Q*(0M,detdM) is defined by the restriction map and the isomorphism
det M |yps — det IM induced by the isomorphism Roy @ TOM = TM.

Let C be a closed manifold with a local system o. Since there is a canonical isomorphism from 0* ® o to
the trivial line bundle, we have a paring

(5-21) H*(C,0*")x H*(C,o®detC) - R
by integrating over C. It is a nondegenerate pairing just like the usual case.

5.2.2 The minimal Morse-Bott cochain complex for flow categories with local systems Let C =
{Ci, M;,;} be a flow category with a local system. Define o7 X (0; ®det C;) to be 7] 0 ® 5 (0; ®det C;).
Since 712 det C; is canonically isomorphic to det A; and (ol- Xoi)|a;, = ol- ® 0; = R, when w €
Q*(CixC;, 07 R(0; ®det Cy)) is restricted to the diagonal A;, we have w|a; € 2*(A;, det A;). Therefore
/ A® is well defined. In particular, A; descends to a well-defined map on H*(C; xC;, 07 ®(0; ®det C;)).
Since the pairing in (5-21) is nondegenerate, |’ A is represented by a class in

H*(C;i xCi, (0; ®det C;) K o]) = H*(Ci,0; ®detC;) ® H*(C;, 07).

If we choose representatives {6; .} C Q*(C;,0; ® detC;) of a basis of H*(C;,0; ® detC;) and
representatives {9* } C Q*(C;,07) of the dual basis in H*(C;,0]) in the sense that (Gl*a, 0;p) =
(—1)dim Ci-[6; ] fc 9* AOip = 8aqp, then Y, 1 0; g A1) 91 , Tepresents fA by the same proof as in
Proposition 3.2. On the other hand, there is a natural isomorphism 771 det C; ®7r2 det C; ~det A; ®det N;
over the diagonal A;, induced by the isomorphism 7C; T C; = T A; & N;. Using the natural identification
n;‘ det C; — det A;, there is an induced isomorphism ni" det C; — N;. A similar isomorphism was already
used in the definition of (5-20). Using this isomorphism, if a form in Q*(C; x C;, (0; ® det C;) K oY) is
supported in the tubular neighborhood of A;, then it can be viewed as a form in Q*(N;, det N;). Using
the twisted Thom isomorphism in [72], we get another representative of | A; by the Thom classes ;. As

a consequence, we find primitives f* € Q*(C; x C;, (0; ® det C;) K o) such that
dff' =6 =) 7i0ia nm365,
a

with a relation similar to (3-7). Similarly to Definition 3.3, such choices are referred to as defining data.

Given defining data on a flow category with a local system, we define the minimal Morse-Bott chain
complex to be

(5-22) BC(C) := lim ]_[H*(C,-,o;‘)z lim HH*(Cj,Oj)

(since 0; 2~ o}, but not canonically). Next, we explain how (3-15) for dy in the construction of the minimal
Morse—Bott cochain complex still makes sense in the setting of local systems. Let « € 2*(Cy, 0}) and
Y € R (Cyik, 0yt+k ®det Cyyg). Then s*a At*y € Q¥(My y4k, 5% 05 @ 1% 0y ®1* det Cyig). By
Definition 5.11, we have an isomorphism

Pv,v+k - 5% 0y ® det My y 1k ® t*det” Cyqg — "0y 4k,
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which induces an isomorphism
(5-23) det My, yyk —> 5705, @1 0y1x Q1% det Cyy.

Let ¥y, y4+ denote the inverse of (5-23) with an extra negative sign. The extra negative sign is to
match the negative sign in the proof of Proposition 5.5. Using v ,+, We can view s*a At*y as in
Q*(My,y+k-det My, 1 k), and hence the integration va v+ks*(x At*y is well defined.

Next, we consider M?’k[a, oi» V1. Then s*a A (2 x 8)* f1; At*y is a form in
QF (Myppi X Mygi vk, 5705 @ (1 X 8)*((0y+i @det Cyyi) Moy ;) @ 1% (0y 4k @ det Cyyg)).
Since
5% 0y ® (t X 8)*((0p+i ®detCyyi) Moy ;) ® 1™ (041 ®det Cyyi)
= (s"0y ® 1™ (0p+i ®det Cyyi)) W (s* 0y, ; ® 1™ (0y4k ®det Cyyg)),
using Yy v+; and Yy 4; y4k» We get a bundle isomorphism
5%05 ® (t X $)* ((0p+i ®det Cyyi) Moy ;) ® 1™ (0y4x ® det Cyyi) — det My y i Kdet My 4k
— det(My,p+i X Mytiv+k)-

Thus /\/l:-”k [a, fi ;> v] is defined. Similarly, Mflk i [o, vn+i1 ey fv”+ir, y] makes sense in the local
system setting. Thus the differential dgc = [ [ dj is well defined and dE%C = 0 by the same proof as in

Theorem 3.10.

Theorem 5.18 Let C be a flow category with a local system. Then (BC(C), dgc) is cochain complex for
any defining data and the cohomology is independent of defining data.

Similarly, we have analogs of Theorems 3.21, 3.28, 3.30, 3.33 and 3.36 in the setting of local systems by
the same argument.

6 Generalizations

In this section, we give two generalizations of the minimal Morse—Bott cochain complex. The first is
dropping the compactness assumption on the C; in flow categories. The second extracts abstract properties
used in the construction of the minimal Morse—Bott cochain complex and provides more flexibility in
choosing the “homological perturbation” data. Such generalization leads to Gysin exact sequences for
flow categories.

6.1 Proper flow categories

We first generalize to the case that C; is not compact. However, we cannot work with every noncompact
manifold. Hence we introduce the following:
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Definition 6.1 A manifold C is called of finite type if and only if C is the interior of a compact manifold
M with boundary.

In particular, any closed manifold is of finite type. An infinite-genus surface is not of finite type. For any
manifold C of finite type, H*(C) is a finite-dimensional vector space.

Definition 6.2 A proper flow category is defined similarly to Definition 2.9, except for the following
two differences:
(1) C; is a manifold such that each connected component of C; is of finite type.

(2) M, ; is not assumed to be compact. However, the target map #; ;: M; ; — C; is proper.

To explain the generalization of the minimal Morse—Bott cochain complex to proper flow categories, we
first explain the counterpart of the perturbation data. Although the following discussion does not require
a coherent orientation as explained in Section 5, we assume {C;, M; ;} is equipped with a coherent
orientation for simplicity. In particular, C; is oriented. Let C be an oriented manifold of finite type and
Q7 (C) denote the space of compactly supported differential forms on C. Then we have a bilinear form

Q*(C)xQX(C) —>R givenby (o, B) — (o, B) := (—1)m Al / anB,
C
and Lefschetz duality asserts that the bilinear form is nondegenerate on cohomology.

Definition 6.3 Let C be an oriented manifold of finite type. We define Q27 (C x C) to be
{o € Q7 (C xC)|supp(a) C K x C for some compact set K}.
Similarly, we define 2*.(C x C) to be
{o € QF.(C xC)|supp(er) C C x K for some compact set K }.

Q7 .(CxC)and QF,(C x C) are both cochain complexes using the usual exterior differential. Moreover,
HI(CxC):=H*(Q; (CxC),d)=H(C)® H*(C) and H*.(C xC) := H*(QX,(C xC),d) =
H*(C)® H}(C), where H}(C) is the cohomology of compactly supported differential forms. The
following proposition is an analog of the Lefschetz duality with a similar proof to [11, Theorem 12.15]:

Proposition 6.4 The bilinear form Q7 .(C x C) x Q¥ (C x C) — R defined by (o, B) — Joxca A B
descends to cohomology. The induced bilinear form on cohomology is nondegenerate.

To explain the perturbation data for proper flow categories, we need to interpret the diagonal A C C x C
as a cohomology class and represent the cohomology class two different ways: Thom classes which
approximate the Dirac current of the diagonal, and a trace term. Let & € Q. (C x C). Then supp(a) N A
is compact, and hence || A@ is well defined. Moreover, for o € Qf‘:c(C x C) we have | rda = 0 by
Stokes’ theorem. Therefore A determines a linear function [A] on H*.(C x C). In particular, [A] can
be represented by a cohomology class in H*.(C x C) by Proposition 6.4. Since C is of finite type, both
H*(C) and H;(C) are finite-dimensional. Let {0, € 27 (C)}1 <4 <dim . () be representatives of a basis
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Figure 3: The graph of A" near the boundary.

of HX(C)in Q}(C), and {87 € 2*(C)}1<q<dim H*(C) be representatives of a basis of H*(C) in Q*(C),
such that (6], 6p) = 6,p. The following proposition is proven by the same argument as in Proposition 3.2:

Proposition 6.5 Y 770, A75 0, € Q7 (CxC) represents [A], ie for any closed form o € Q. (C x C),

[ aA(an@a/\n; ;)=/a.
CcxC a A

The Dirac current § of the diagonal A and any of its approximations given in (3-4) are not in QZ,,(C xC).
To overcome this problem, we need to perturb A to A" so that A” C K x C for a compact set K and A”
approximates A in a suitable sense. In order to do this, we write C as M U (0, 1) x dM for a manifold M
with boundary dM . We fix a smooth nondecreasing function f: R — R4 such that f(x) =0 for x <0
and f(x) < x for x > 0. Then we define A" C C x C to be

A" := Apr U Ao, 1—1/mxam U A",

where

[1—l,l)x8Mx[1—l,1)x8M3A" ::{(1—l+f(r),x,l—l+r,x) !re [0,1),x€8M}.
n n n n n
Proposition 6.6 [, defines the same map on H*,(C x C) forall n € N and equals [, .

Proof The claim follows from the fact that any class in H}(C) has a representative supported in
MCC=MU(QO,1)xIM and A, N(C xM)=AN(C x M) for all n. |

The Thom class of A” constructed from (3-4) gives a form §" € Q7 (C x C)—in a sufficiently small
tubular neighborhood of A” —representing the map | N / A through the nondegenerate bilinear
form in Proposition 6.4. As a consequence of Propositions 6.4 and 6.5, §” and ) _, {0, A ;0 are
cohomologous in Q7 .(C x C), ie we can find primitives f” such that

df" =6"=Y n0a A730y.
a

The following proposition shows that we can choose 6" and f” carefully so that the relation (3-7) holds
asymptotically. Such a result is crucial for setting up the convergence results and follows directly from
the construction.
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Proposition 6.7 Fix a tubular neighborhood of A C C x C. Then there exist Thom classes §" of A"
and primitives f" such that f" — f™ = (pp — pm)¥ on C x (M U (0,1 —2/min(n, m)) x dM).

Following the same idea as in Definition 3.3, the bases {0; 4} and {6}, along with Thom classes &/ and
primitives f;" in Proposition 6.7 for each C;, give defining data for a proper flow category. Next, we
show the analog of Lemmas 3.7 and 3.14 hold for proper flow categories:

Lemma 6.8 Let C be an oriented proper flow category. Given defining data as above, then for every
o € Q*(Cy),y € Q:(Cyyi):

. v,k n n i
(D) limpsoo M; 7 o [l o0 foty o v] € Rexists.

(2) For x = (|et| 4+ myy+i,)Co+iy
v,k

: n n n
nh_{goMil,...,ir[a’ v4ipr v—i—ip""’fv—i-ir’)/]
. k n n
= (-D* lim m?” . o e vl
( ) n—00 [ seenslp—15ipsipt1sees ir[ > Ju+tip? ’ U‘Hr’y]

Proof Since the target map ¢ is proper,

1"y € QF(Myti,,p+k) and (£ x5)* vtij € Qf Motiy_ywtiy X Mot otigg)-

sos*aA(txs)* A A(ExS)* f1 /\t*yeQ:(Mfl’f”,ir). Hence/\/l;)l’k

vt v+iy i L S fl,
makes sense. For the convergence, take M:-)’k[oe, wii»v] as an example. Let K denote the subset
Sp+iv+k (tv_—i{i,v—i-k (supp(y))) of Cy+;. Then we only need f,”, ; for its value on Cy4; X K to determine
/\/l:.)’k [a, f;» v]- By the properness, K is compact. We write Cy4; = M U (0, 1) x dM . Therefore, for
n big enough, K C M U (0,1—2/n) x M. Hence for n and m big enough, the difference f,",, — /71,

on Cy4; X K is prescribed in Proposition 6.7. Therefore the argument in the proof of Lemma 3.7 can

n n .
oitiys oo Joi, s v] exists. The

second claim follows from a similar argument and the proof of Lemma 3.14. |

be applied to prove the convergence. Similarly, limy,— o0 M;’l’k

yeeesiy

[a,

Similarly to Definition 6.2, we have proper flow morphisms, proper flow premorphisms and proper flow
homotopies if we require the target maps to be proper. With Lemma 6.8, all results in Section 3 can be
generalized to proper flow categories with the same proof.

6.2 Flexible defining data

The following discussion works for proper flow categories with orientation structures. However, for
simplicity of notation, we only work with oriented flow categories. Let C be an oriented flow category. From
the discussion in Section 3, the essential property we need for the construction is the following relation:

(6-1) 5 =df" + > wibia nT36;,
a

In fact, it is not necessary to construct our cochain complex from the cohomology of the critical manifolds.
We only need to find differential forms {6; 4} and {6} such that (6-1) holds and they are dual bases
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in the sense that (9: 2 0i.b)i = 8ap. Such generalization provides some flexibility in applications. For

example, one can use the generalized construction to prove Gysin exact sequences for sphere bundles
over flow categories.

Definition 6.9 For an oriented closed manifold C, a reduction of Q*(C) is a pair (A4, A*) such that:
(1) A and A* are finite-dimensional subspaces of Q*(C) with dim A = dim A*.
(2) There exists a basis {6, } of A and a basis {6} of A* such that (6, 6p) = 845.

(3) Y47y 0a Am30] is cohomologous to the Thom class 6”.

Example 6.10 In the construction of the minimal Morse—Bott cochain complex on an oriented flow
category, we use that the reduction A = A* equals the image of chosen quasiembedding H*(C) — Q*(C).

Using Definition 6.9, we can generalize defining data to the following: a reduction (A4;, A7) for C;, a
family of Thom classes §}' converging to the Dirac current of the diagonal A;, and primitives fn’ such
that (6-1) and (3-7) hold. We will call this generalization defining data with reductions.

Let C be an oriented flow category. Given defining data with reductions A, we define
(6-2) BC(C.4):= lim []A4;.

The differential is defined as dq = ]_[ioio da,;, where

(6-3)  dgoo = (—1)llevtDey Z([

with d the normal exterior differential and o € A}. Fork > 1 and y € A, ¢,

da A ev,a)e,ja = (=Dt Mda, 6,,4)07 .
a

v

. k
(6_4) (dA,kOl’ V)U+k = hm Z (_1)*M:)1 _____ iy [C(, vn+il LA fvn—{-ira y]’

n—o00
r>0

O0=ip<i|<-<ir<k
where x = 37 $(C, , ij).

Remark 6.11 We can view (6-3) as the composition of d with the projection (3-3) twisted by a sign.
The extra sign could be eliminated by using a suitable change of coordinates on A} (ie conjugate by an
automorphism of A}). Then the sign in (6-4) would be modified accordingly. The upshot is that there
is no canonical orientation and sign convention, but different conventions typically differ by a “change
of coordinates”.

One important feature of our construction is that the choices we make on the critical manifolds C;
(reductions, Thom classes and primitives f;") are independent of the structures of the flow categories,
flow morphisms or flow homotopies.

Example 6.12 Now we can (heuristically) rephrase the perturbation data for the cascades construction
as a reduction. Let C = {C;, M, ;} be an oriented flow category. We neglect the difference between
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differential forms and currents, as well as orientations and signs for now. For a Morse—Smale pair ( f;, g;)
on a critical manifold C;, let 4; := {[Sx]}xecrit(f;) and A7 := {[Ux]} xecrit( ;). Then, by [39],

[Ad= D [Sx]lUx]=4d lim [Ugraphd):v],

x €Crit( f;) <t
and [Uy] is the dual of [Sy]. Thus {4;, A%} isa reduction.?®

One should be able to modify our construction to make the argument above rigorous. In particular, we need
an extension of the space of differential forms to include [Sx] and [Uy] as well as the homotopy operator.
However, such an extension will depend on M; ;, which explains various transversality requirements of
the gradient flows of f; with M; ; in the cascades construction.

In general, a reduction for manifolds of finite type with local systems is defined as follows:

Definition 6.13 For a manifold C of finite type with a local system o, a reduction is a pair (4, A*) such that:

(1) A and A* are finite-dimensional subspaces of 2% (C, o0 ®det C) and Q*(C, 0*), respectively, such
that dim A = dim A*.

(2) There exists a basis {6, } of A and a basis {6} of A* such that (6, 0p) = 845.
(3) >4 7y ba A 730 represents the same map as [, on H*(C,0*) ® HX(C,o®detC).

Constructions in Section 3 combined with results in Sections 5.2 and 6.1 yield the following results by
identical proofs:

Theorem 6.14 (1) LetC be a proper flow category with local systems and let A be defining data with
reductions. Then (6-2), (6-3) and (6-4) define a cochain complex (BC(C, A), d4), and the homotopy
type of (BC(C, A), d4) is independent of the defining data.

(2) Let D be another proper flow category with local systems, B defining data with reductions for D
and $) a proper flow morphism from C to D with compatible local systems. Then (3-34) defines
a cochain morphism ¢ZB :(BC(C, A),d4) — (BC(C, B),dp) and the homotopy type of ¢ZB is
independent of the defining data.

(3) Let & be another proper flow category with local systems, C defining data with reductions for £
and § a proper flow morphism from D to £ with compatible local systems. Assume $) and § are

composable. Then ¢f ‘éH and ¢§ c©° ¢f g are homotopic.

(4) Let $ and § be two proper flow premorphisms from C to D with compatible local systems. Assume
there exists a proper flow homotopy % from $) to § with compatible local systems. Then ¢£I B IS
homotopic to ¢If B

25The “homotopy operator” fl." in our construction might be different from the “homotopy operator” [UO <t <00 graph ¢;] in

the cascades construction. However, the homotopy operator in our construction is irrelevant as long as the convergence results in
Section 3 hold.
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Remark 6.15 When C is a single manifold C, let (A, A*) be a reduction. Then the independence result
in Theorem 6.14 shows that the cohomology of (A*, d4 o) is H*(C, 0*). In particular, dim A = dim A* >
dim H*(C, 0%).

We end this subsection with a general way of constructing a reduction (but not all reductions arise in
this way).

Proposition 6.16 Let C be a manifold of finite type with a local system o, and assume A and A* are
finite-dimensional subspaces of Q(C,o0 ® detC) and Q*(C, 0*), respectively. If d is closed on both A
and A*, the pairing A*® A — R given by («, B) > (—1)4imC 11 [caAB is nondegenerate, and both A —
Q*(C,o0®detC) and A* — Q*(C, 0*) induce surjections on cohomology, then (A, A*) is a reduction.

Proof Let {0,} be a basis of A, and {6} the dual basis under the pairing. It remains to verify
Definition 6.13(3). We first claim that 7' := ), 710, A 7560 is closed. By our assumption that A and
A* are closed under d, we have dT € nfA Ay A* C Q7 (C x C, (0 ® detC) K 0*). Moreover, the
pairing on (77 A A7) A*) ® (] A* A 75 A) from integration is nondegenerate by the nondegeneracy of

the paring on A* ® A. Therefore to show d7 = 0, it is sufficient to prove that for any 81’," €A*and ; € A,

AT A¥0* A6, = 0.
/CXC 1%p 2Yq
Hence

/Cxcdmn;‘e;m;e =/CXC(Zni"d0a/\n; o+ ()%t 0, A w30} ) A Oy A 36
a

= ()M pam el [ agy oy + [ a6y A6,

Since the only case where the above integration is nonzero is when [04] + |6, | = dim C — 1, the above
integration is fcd(Q;= A B4) = 0. As a consequence, T is closed. Since 4 — Q*(C,0 ® detC) and
A* — Q*(C, 0*) induce surjections on cohomology, every class H*(C,0*) ® H}(C,o0 ®@det C) can be
represented by an element in 77 A A5 A. Then by the same argument as in Proposition 3.2, T' represents
the diagonal. Hence (A4, A*) is a reduction. |

6.2.1 Gysin sequences Let C be a manifold and 7 : E — C an oriented sphere bundle over C with
fiber S*. Then we have an exact sequence [11, Section 14]

> HY(C) %5 H*(E) 5 H*4(C) 2% H*T1(C) — -+,

where e is the Euler class of E. In this section, we generalize it to the setting of flow categories. This
construction plays an important role in proving the uniqueness of the cohomology ring of exact symplectic
fillings of a flexibly fillable contact manifold in [79].

Definition 6.17 Let C be an oriented flow category. A k—sphere bundle over C is a functor 7: &€ — C
such that 7 maps E; to C; and /\/ll-Ej to MZC] both7: E; — C; and 7: MiEj — Micj are k—sphere
bundles, and sf | and tfj are bundle maps covering s; ; and #; ;. A k—sphere bundle 7: £ — C is said to
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be oriented if and only if = : E; — C; are oriented sphere bundles, and there is an orientation on each
bundle r: MIE i MIC j with both bundle maps sl.E j and tiEj preserving the orientation.

Proposition 6.18 Let 7: £ — C be an oriented k—sphere bundle. Then £ is oriented using the convention
(£ =[CISHL - M1 = (~DFIME 1S9,
Proof This is proven in Definition/Proposition 7.2. |

Theorem 6.19 Let 7: £ — C be an oriented k—sphere bundle. There exist flow morphisms I1*: C = £
and [14: £ = C and defining data ® and E for C and &, respectively (where ® is minimal but 2 is
defining data with reductions), such that we have a short exact sequence

¢]'I* ¢1_I*
0 — BC(C,0) — BC(£, E) —— BC(C,®) — 0.
Assume C has a grading structure (Definition 2.13). Then we have a long exact sequence
(6-5) > H*(0) ES H* (&) I H* % (0) > H* ' (0) - - .

Otherwise, we have an exact triangle (without grading).

Before giving the proof, we first explain the defining data ® and E. The defining data for C is any
minimal defining data ®. For the defining data of &, we fix an angular form y; € QX (E;) such that
dy; = —m*e;, where e; is the Euler class (viewed in QFk Jrl(C,-)) of the sphere bundle £; — C;. When
k is even, the cohomology class [e;] is zero. Hence when k is even, we can choose i such that
e; =0e QFT1(C;). Assume {0; a} is the chosen basis in the minimal defining data ®, with {Gi":a} the
dual basis. Then for each 6; , there exists a unique 1 € (6; 4) = (Qi”:a) such that [(—l)wia +1 Ql.’fa neil=[n]
in cohomology. In other words, we can find 7; 4 such that (—1)|9ia|+19:a ANej —dniq € (0iq). If we
write m = dim H*(C;), then we define

* . k * k Nk * * Nk *
Ai=A7 = (n"0i1,.... 0 0. 9,',1/\%—77 Mids-wos T Qi,m/\%‘—” Nim)-

The above construction ensures that d is closed on 4; = A}. Since |, E 7*60; 4 N (71*9;:[) AV = N p) =
fCi Oi.a N Qi’fb, for any nonzero vector v in A = A*, there is a vector u € A = A* with (v,u) # 0. In
particular, the pairing is nondegenerate on A ® A*. That A — Q*(E;) induces a surjection on cohomology
follows from the Gysin sequence associated to the sphere bundle E; — C;. Therefore by Proposition 6.16,
(A;, A;") is a reduction for E;. Moreover, we can choose 7; 4, such that the following holds:

Lemma 6.20 We write n*@i‘a AYi —*ni.q as & 4. Then there exist {n; 4} from the construction above
such that (7*6; 4,&; p)i #0ifand only if a = b and (§; 4.&; )i =0 for any a and b.

Proof We have some freedom in the choice of 7; 4, since we can modify it by an element in (6; ). The
first claim is obvious by integrating the S¥ fiber first. The only nontrivial part is proving (§ia.6ib)i =0
for any a and b. We will proceed by induction. Assume for a,b < N <dim H*(C;) that (§; 4.&; )i =0.
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Then we can find & n 41 such that (§; 4, & v+1)i =0 forany a < N + 1. We first take any é,-,NH in
the form 7*6* L AYi— 7*Ni N+1 € A from the construction above. Then we define

N
N1 =E N1 — ) (i EiN+1)im O

a=1
It is straightforward to check that (& 4. & ny+1); = 0 for any @ < N. Now note that, by degree reasons,
if (§ N+1.& N+1)i #0 we must have |§; yy1]| = % dim E;. In this case,

(ENt1EN1)i = () EmE/D+T_ /C NiN+1 A0y

However, no matter what the parity of % dim E; is, we can add a multiple of 7*6; x4 to & n41 to
make sure that (§; y+1,& ~+1)i = 0. Note that this modification does not affect the property that
(Eia,Ei.N+1)i =0forany a < N, as (& 4. 7*0; N+1)i = 0 for a < N. The above argument also proves
the induction foundation when N = 1. Hence the claim follows. O

In order to obtain the proof of Theorem 6.19, we need to use the following approximations of Dirac
currents of diagonals and primitives f” on the sphere bundle E; — C;:

Proposition 6.21 Let 7: E — C be an oriented k—sphere bundle over an oriented closed manifold. Let
A = A* be the reduction on Q*(E) built from the previous discussion (in particular, we choose ; such
that dy; = 0 if k is even). Suppose T is the closed form in | A A 75 A representing the diagonal in the
definition of reduction. Then there exist approximations 8" of the Dirac current of the diagonal Ag
such that:

(1) There exist forms fE" on E x E such that
dfEn=sEn_T
(2) Lemmas 3.7 and 3.14 hold for f£". In particular, the construction in Section 6.2 works for f£".

(3) Let my 2 denote the projection E x E — C x C. Then f En can be written as sums of differential
forms in the form (ni“’za) A B with @ € Q*(C x C) and deg(B) < k, ie the fiber degree of fE£-" is
at most k. In other words, if vy, ..., vk are k + 1 vertical vectors in T,(E x E) for p e C x C,
then fE™(vy A Avgpg A=) =0.

Proof See Appendix B. a

Proof of Theorem 6.19 The defining data ® and E are explained above. We now explain the flow
morphisms IT, and IT*. On the space level, I, is the same as the identity flow morphism JZ for £. The
only difference is that the source map on IT* is the projection to C;. Similarly, IT, from £ to C on the
space level is the same as the identity flow morphism 3, but the target map for IT, is the projection
to C;. We point out here that if the flow category C is an actual space (concentrated in one level), then
IT* and T4 induce 7* and 74« on cohomology by definition.
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With the defining data ® and E, we get maps
I* TTx
(6-6) 0— BC(C,®) 2— BC(&, B) &5 BC(C, ©) — 0.

We will show (6-6) is a short exact sequence. Using the reduction from Lemma 6.20, the dual basis
of {m*0; 4} U{&ia}is {&ia} U{m™0i 4}, up to sign. Then BC(E, E) can be decomposed into Vp & V3
as a vector space, where Vj is generated by (7*6;,) and V; is generated by (& 4). Next we use
approximations of the Dirac currents of the diagonal and primitives fz from Proposition 6.21. By

‘o . * * U,k C,n C,n E.,n E.,n
Proposition 6.21(3), 1f3</ € (m* 0 vk), then T, 0 foi o oy ok gy oo Jogj V]
in the definition of ®I1" is zero. Otherwise we cannot cover the fiber directions to get a nonzero integration,

as the total fiber degree contributed by fvEJr’?l ey fﬁr’?q
3 U,k

AT R k(g + 1). Hence im ¢™" C V. Moreover, ¢'1" is an isomorphism onto Vp, as it is
sersip | 1 5eees Jg

the identity plus a strictly upper triangle matrix, similar to the proof of Theorem 3.10 using the identity

is at most k¢, but the total fiber dimension in

flow morphism. Similarly, Vo C ker ¢T1* and ¢ lv,: V1 — BC(C, ©) is an isomorphism. Therefore
(6-6) is a short exact sequence, and the induced long exact sequence is the Gysin exact sequence (6-5). O

Remark 6.22 There are two cases of the Gysin exact sequence for which we do not need to appeal to
Proposition 6.21:

(1) When C is a single space C, the reduction of the sphere bundle £ can be viewed as decomposed into
two copies of H*(C'), which corresponds to the classical Gysin exact sequence. This is explained
in Proposition 6.24.

(2) When dimC; < 1 for all i, deg f£" = dimC; + k — 1 < k, and Proposition 6.21(3) holds
tautologically for any defining data.

These two cases are enough for the argument in [79].
By Corollaries 3.13 and 3.22, we have the following:

Corollary 6.23 If C is a Morse flow category and & an oriented k—sphere bundle over C, then the Gysin
exact sequence only depends on ./\/llE I of dimension no greater than 2k.

The next proposition follows from direct computation:

Proposition 6.24 If C is a single space C, then an oriented k—sphere bundle £ over C is an oriented
k—sphere bundle w: E — C. Then the Gysin exact sequence in Theorem 6.19 is the classical Gysin exact

sequence /\(_l)dimC—i-le
SAL L NN

- HI(C) T HI(E) &5 HITF(C) H'™HC) e

where e € H*(C) is the Euler class of w: E — C and 7« is the integration along the fiber following the
convention in [11, Section 6].

Proof Let {01,...,0} and {67, ..., 0} be representatives of a basis and the dual basis of H*(C).
Assume ¥ is the Thom class of E such that dy» = —n*e, where e is a closed differential form representing
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the Euler class. BC(C) is (07, .., 0;) = (61, ..., 0) with zero differential. On the other hand, by the
proof of Theorem 6.19, BC(E) is the reduction A* = A in the form
(501, .. T O &L =T O Ay = S =AY — ).

The differential dq on 7*6; is zero. Since (6-3), in this case, can be equivalently expressed for y € A,

we have
(daofiy) = (~DENEmETDRIE [ ()l Gx n e —dn) ny.

Since [d§; A7*6; =0, it is sufficient to compute the case when y = §;:
(daoi, &) = (~DIENEmEXDTINE [ ()08 Ao —dn) A (60 A —nip)

— (_1)|Ei\(dimE+1)+dimE/ Jr*((—l)lef*|+19i*/\e—dm)/\n*Of/\w.
Note that £
fEJT*(dnl-/\ij")/\lp:/Cdni/\ij":/d(m/\QJ’.“):Q
Then we have

(dA,OSi,Ej) — (_1)|Ei\(dimE+1)+dimE An*((_1)|0i*|+19i*/\e/\ejfk)/\w

— (_l)léi\dimE+dimc+1 /cei* Ae A 9;‘
On the other hand,
(m*0;.&;) = (D)% T]1dmE
As a consequence,
daofi = Z(_1)|fi|dimE+dimC+1+|9j|+|fj|dimE(/C o /\e/\gjfk)n*ejl
J
Note that to have a nonzero integration it is necessary to have |&;| 4 |§;| + 1 = dim E, and hence

|&/|dim E +dimC + 1+ 16;| 4+ |§;|dim E =dimC + 1+ |0;| =dim C + |§| mod 2

dpoki = (—1)imCHE ( (/ 0F e nO? )9)

and

Since
(/ 9*/\6/\9) > (—1)l; H9|/9*/\9*/\e—( %P (0%, 67 Ae),

we know that

(6-7) [( 1)dlmc+|¥z‘z(/ 0F NenB? ) -]_[( DAmCHLgx 1\ o] € H*(C).

Next, by Theorem 3.21 and similar computation as above, o (6;) = n*6; and p™T* (&) = 6. Then the
connecting map §: H*7¥(C) — H**1(C) is given by §(6) = (=1)4mC+19* A e by (6-7). m|

Remark 6.25 To explain the sign twist compared to [11, Section 14], recall from (6-3) that d4§&; is,
roughly speaking, (—1)4mE+I&ildg; (then project to A). Then (—1)dm E+IEildg; = (—1)dmCHIz*g* e,
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In other words, if we consider the Gysin exact sequence following [11, Section 14] but with the cochain
complex (Q*(E), (=1)3mE+*d) then we get the long exact sequence with sign twist in Proposition 6.24.

Next, we consider the functoriality of Gysin exact sequences.

Definition 6.26 Let C and D be two oriented flow categories, and ng: £ — C and g : F — D be two

oriented k—sphere bundles. Assume $): C = D is an oriented flow morphism. A compatible k—sphere

bundle T over §) is a flow morphism (not oriented a priori) from & to F such that 7; ; is an S k_bundle

T ,T
, 1

over H; ;j and s are bundle maps covering sH , +H 1t is oriented if the sphere bundles 7; ; — H; ;

are oriented and s7, T preserve the orientation.

Similar to Proposition 6.18, we have that if the k—sphere bundle ¥ over ) is oriented, then 7 is an
oriented flow morphism from £ to F with orientation [7; ;] = [H;,;][S K.

Proposition 6.27 Let C and D be two oriented flow categories, and ng: £ — C and ng: F — D be
two oriented k—sphere bundles. Assume $): C = D is an oriented low morphism and ¥ is a compatible
oriented k—sphere bundle over §). Then we have a morphism between the Gysin exact sequences below,
assuming they have grading structures. Otherwise it is a commutative diagram of exact triangles:

S HC) - HY(E) T H R () —— HFTI(C) —— -

b e

o —— H*(D) = H*(F) —% H* k(D) — H*T1(D) — .-

Proof We define 13 to be a flow morphism from C to F which on the space level is same as T, but the
source map is 7 o tgj, where 7 is the projection E; — C;. We claim that © = ¢T°Te = ¢TTroH By
the argument in Theorem 3.33, the contribution from ¥ o IT% containing (IT%);,; for i < j is zero due to
the extra interval direction in (IT%;);, ;. Then it is easy to identify pf = ¢T°H*E on the nose. On the other
hand, the contribution from 1% o §) containing (I1%);,; fori < j is zero and (I1%);,; xp; Hi,j = Ti,;
by Definition 6.26. Hence ¢* can also be identified with ¢H?°H on the nose. Then by Theorem 3.28,
T o * is homotopic to 7* o ¢ . Similarly, ¢ o 7, is homotopic to 74« o pT . By the same argument
as in Theorem 6.19, using the special defining data in Proposition 6.21, the homotopies above and ¢T
satisfy the conditions of Lemma 3.40, and hence the claim follows. |

7 Equivariant theory

The aim of this section is to construct an equivariant theory for a flow category with a smooth group action.
Our method is based on the approximation of the homotopy quotient. In the context of Floer theory,
a construction in this spirit can be found in [16]. All the results in this section, namely Theorems 7.1
and 7.14, can be generalized to proper flow categories with local systems. However, for simplicity, we
only consider oriented flow categories.
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7.1 Parametrized cohomology

Similar to the construction of parametrized symplectic homology in [16], we need the parametrized
cohomology of an oriented flow category, ie we need to take the product of a flow category C with a
closed oriented manifold B. Since taking a product with B automatically falls into the Morse-Bott case,
using the theory developed in previous sections, we have a direct, also geometric construction. Then all
that remains are some orientation checks.

Let C = {C;, M;,;} be an oriented flow category and B an oriented compact manifold throughout
this section. We construct the product flow category C x B first. The parametrized cohomology is
defined to be the cohomology of C x B. Each map f: B; — B induces an oriented flow morphism
H(f): C x B = C x B;. Similarly, a homotopy induces a flow homotopy. The main result of this
subsection is that, after taking the minimal Morse—Bott cochain complex, we have a contravariant functor
by this product construction.

Theorem 7.1 Let C be an oriented flow category. Then we have a contravariant functor
Cx: K(Man) — K(Ch),

where K(Man) is the category whose objects are closed oriented manifolds and morphisms are homotopy
classes of smooth maps.

7.1.1 Product flow categories The first step towards the construction of the functor Cx is to construct
the functor on objects, that is, the product flow categories.

Definition/Proposition 7.2 If we orient C; x B and M; j x B by [C; x B] = [C;][B] and [M; ; x B] =
(—l)dimB[M,',j][B], then C x B = {C; x B, M; ; x B} is an oriented flow category.

Remark 7.3 The reason we oriented M, ; x B by (=D)dimBAg; ;1[B] is that in Definition 5.2 and
Proposition 5.5 we mod out the R translation from the right in the construction of coherent orientations
in applications which motivate those definitions.

Definition 7.4 Let £y — M; and E» — M5 be two vector bundles. Then £ H E, is defined to
n{ E1 @ my E5 over My x My, where 7y, m2: My x My — My, M are the projections.

Proof of Definition/Proposition 7.2 It is clear that we only need to verify that C x B satisfies the
orientation property in Definition 2.15. Note that
O Mige x B] = Y (=1)ImEFFMs [My j x; M ] [B].
J
Let Np be the normal bundle of Ap in B x B, and orient it by [Ap][Ng] = [B][B]. Then the normal
bundle of Ac;xp is NjEHNp. If we orient N; HH Np by the product orientation, then [Ac; «g][N; B Np] =
[C; x B][C; x B], ie [N; H Np] satisfies our orientation convention (2-4) for C; x B.
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Then
[Ni B NBIO[M; kX Blsm; ;x; M, 1 xB]

= (=D)ImBHmiJ [N; B N|[M,j x; M; k][ B]

= (—1)tim Bt hdim Bomp k=D +dm B[N, 10y 5 ¢ M ][ A5)[NB)

_ (_l)dimB-l-mi’j +dim B(m; x—1)+c;m; ; +dimBz[Mi,j][Mj’k][B][B]

_ (_l)dimB+ml~,,~+dimB(mi,k—1)+c,ml~,,+dimB2+dimBm,-,k [M; ; x B][M; x B].
Because
dim B +m; ; +dim B(m;  — 1) +c¢;jm; ; + dim B? +dim Bmj j

=dim B +m; j + (m; ; +dim B)(c; +dim B) mod 2,

by Definition 2.15, C x B is an oriented flow category. |

Remark 7.5 It is very natural to expect a Kiinneth formula for C x B. Indeed, H(Cx B) ~ H(C) ® H(B).
Since we will not use it, we omit the proof.

7.1.2 Flow morphisms between product flow categories The second step is to construct the functor
on morphisms: we want to associate every smooth map f: By — B with a cochain map BC(C x Bz) —
BC(C x Bj). To that end, we first construct a flow morphism $)( /) from C x B; to C x By, which is
defined similarly to the identity flow morphism of C x By. Then the associated cochain map is ¢ ),
defined by Theorem 3.21.

Definition 7.6 Let C be an oriented flow category and f: B; — B» a smooth map between two closed
oriented manifolds. Then we define $H( f) = {”H,lf ;1 as follows:

(1) Hlfj = M;,j x [0, j —i] x By with the product orientation when i < j, and #/ . = & when i > j.

l’.]

(2) The source and target maps s and ¢ are defined by
siH] = Cix By, (m.t.b) > (sC(m). f(b)) and t:H];— Cix Bi. (m.t.b)r> (t€(m).b)
forme M, ;,t €0, j —i] and b € By, and where s€ and 1€ are source and target maps of C.

(3) Forme M; j,ne M, t€[0,k—j]and by € By, by € B, such that (m,n) € M, ; x; M ;. and
f(by) = by, we define
mp: (M; ; x B2) x; H]{k _>Hi{k by (m,by,n,t,by)— (m,n,t+j—i,by).
(4) FormeM; j,neM;,t€l0,j—i]and by € By such that (m,n) € M; ; X M; i and f(b1) = b2,
we define
mR:Hl{j Xj (M k xBl)—>7-ll.fk by (m,t,b1,n,by) > (m,n,t,by).

Proposition 7.7 The flow morphism $)( ') in Definition 7.6 is an oriented flow morphism Cx B, = Cx Bj.
Proof All we need to do is the orientation check. It is analogous to the proof of Definition/Lemma 3.23. O
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Remark 7.8 In other words, $( f) can be viewed as the identity flow morphism on C x By with source
maps twisted by f. In view of the Kiinneth formula, the morphism induced by $( f') is given by id® f*
twisted by an appropriate sign. We can similarly define another flow morphism from C x By to C x B,
as the identity flow morphism on C x B; with target maps twisted by f. Then the induced map on
cohomology is id ® fx twisted by an appropriate sign, where fi: H*(B;) — H*1tdimBa—dimBi (B, jg
the pushforward.

7.1.3 Flow homotopies between product flow categories For an oriented flow category C, we now
have enough ingredients to define the functor Cx: K(Man) — K(Ch):

B+— BC(Cx B) on objects,
f pH) .
(B1 = By) — (BC(C X By) —— BC(C x Bl)) on morphisms.

To finish the proof of Theorem 7.1, we still need to show that homotopic smooth maps induce homotopic
cochain maps, and the functoriality of Cx.

Let f,g: By — B> be two smooth maps and D: [0, 1] x B; — B, a homotopy between them such that
Dl0yxB, = f and Dyyyx g, = g. We claim there is a flow homotopy %' (D) between the $( /) and $(g).

Definition 7.9 We define /(D) = {yl.Dj} as follows:

(1) Fori < j, we define y,{)j = [0, 1] x M;,; x [0, j —i] x By with the product orientation. For i < j,
we define yl/?j =g.
(2) The source map s is defined as
5:[0,1]x M; ; x[0, j —i]x By = Ci X Ba,  (z.m.1,b) > (s€(m), D,(b)).
(3) The target map ¢ is defined as
t:00,1]x M; ; x[0, j —i]x By — C; x By, (z,m,t,b) > (€ (m), b).
(4) We define ¢/ : ] ; => {0} x M, ; x [0, j —i]x Bi C VP,
(5) We define g : HE , => {1} x My ; x [0, j —i]x By CYP..
(6) We define
mp: (M, j x B2)x; ([0, 1] x M, x [0,k — j] x B1) = [0, 1] x M; ; x [0,k —i] x By :ka,
(m,ba,z,n,t,b1)—~ (z,m,n,t +j—i,by).
(7) We define
mp: ([0, 1] x M; ; %[0, j —i]x B1) xj (M g X B1) = [0, 1] x M; y X [0,k —i] x By = y,-f)k,

(z,m,t,by,n,by)— (z,m,n,t,by).
Proposition 7.10 %/(D) in Definition 7.9 is an oriented flow homotopy from $( f) to H(g).
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Proof We need only check the orientations, and it is analogous to the proof of Definition/Lemma 3.23. O

To complete the proof of Theorem 7.1, we still have to prove the functoriality. Let g: B; — B> and
f: By — B3 be two smooth maps. It is not hard to see that $H( /) and $H(g) can be composed. We claim
that there is a homotopy #°¢ from $( ) o H(g) to H(f o g) o J, where J is the identity flow morphism
on C x B3.

Definition 7.11 #“ = {)); ;} is defined as follows:

o Vi ; =10,2]xM;,; x[0, j —i] x By with product orientation for i < j. We define ), =@ fori < j.
e The source map s is defined as

5:0,2] x M; j x [0, j —i]x By, — Ci x B3, (z,m,t,b) > (s€(m), f o g(b)).

The target map ¢ is defined as

£:00,2] x M; j x[0, j —i]x By = C; x By, (s,m,t,b) — (t€(m), b).

Since (H/°# ol)ix = Uisjsk Ti,j X Hjj.j]:g, we define (g fog)05 in tWO cases:
(1) When j =i, we define t5( rog)oy as
Tii xi MO8 = (Ci x Bs) xi (Mg x [0,k —i] x By) = [0,2] x M 4 x [0,k —i] x Bi,
(c,b3z,m,t,by)— (0,m,t,by).
(2) When j > i, we define tg(fog)oy ON Z;,j X; Hjj.f]:g as
(M, ; x[0, j —i]x B3) xj (M x[0, j —i] x By) = [0,2] x M; x x [0,k —i] x By,

1
(m.t1,b3.n.13,b1) = (].—il.,nu(m,n),tz +J —i,b1).

e For j <k, we define t5(f)os(g) ON Hlfj X Hj’:k as
(M;,; x[0, j —i] x B2) Xj (M g x [0,k — j]x B1) = [1,2] x M; x x [0,k —i] x By,
(m,t1,ba,n,t2,b1) — (ktTZ] +1,m,n, 1y +k—j,b1).
When k = j, we define tg(r)os(g) as
(M ke x[0,k—i]x B2) Xj (C x B1) = [1,2] X M, ; [0,k —i]x By, (m,t,ba,c,b1)—> (2,m,t,by).

e We define
mp: (M, j x B3)x; ([0,2] x M g x [0,k — j]x By) = [1,2] x M; j x [0,k —i] x By cy,.fk,
(m,bs,z,n,t,by) —~ (%Z-i— 1, (m,n),t+j—i by).
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e We define
mg: ([0,2] X./\/li,j X [O,j —i] XBl)Xj (Mj,k X B1) — [0, 1] XMi,k X [O,k—i] X B1 C yﬁk,
(z,m,t,b,n,b) —~ (%Z,(m,n),t,b).

Proposition 7.12 %€ in Definition 7.11 is an oriented flow homotopy from $)(f) o $H(g) to H(f og)oT.
Proof The proof is analogous to the proof of Definition/Lemma 3.23. |

Proof of Theorem 7.1 This follows by Definition/Proposition 7.2 and Propositions 7.7, 7.10 and 7.12. O

Remark 7.13 There is a generalization of the construction above. Let Bj J s B> be maps

between closed oriented manifolds. Then there is a flow morphism $) from C x B, to C x B; with
Hi,j = M;,j x[0, j —i] x B, where the source and target map are induced by g and /. The homotopy
type of the induced cochain map is determined by the oriented bordism group Q75 (B1, B2), which is
defined as follows: an element in Q% (B1, B>) is represented by a closed oriented n—manifold M and
two maps f and g from M to By and B,. The triples (M, f, g) and (N, f’, g’) are equivalent if and
only if there is an oriented bordism D from M to N and two maps F and G from D to B; and B,
extending f, g, f’ and g’.

7.2 Equivariant cohomology

The functor Cx is not very interesting, because it is quite independent of the flow category C. However, if
C has a compact Lie group G acting on it, then the Borel construction, which is just a product modulo the
G—-action, merges some information of C into the “homotopy quotient”. Thus nontrivial phenomena may
arise from this construction. The first step towards the Borel construction is to upgrade Theorem 7.1:

Theorem 7.14 Let the compact Lie group G act on C in an orientation-preserving way (Definition 7.15).
Then there is a contravariant functor

Cxg: K(Pring) — K(Ch),

where K (Pring) is the category whose objects are closed oriented principal G-bundles and morphisms
are G—equivariant homotopy classes of G —equivariant maps.

The classifying space EG — BG can be approximated by a sequence of closed oriented G-bundles
E, — B, suchthat-.--C E, C E,4+1 C---. Note that EG — BG can be understood as the “G—equivariant
homotopy colimit” of the diagram --- C E, C E,4+1 C ---. The classical Borel construction of the
equivariant cohomology [38] suggests that the equivariant cochain complex of a flow category should
be the composition of a homotopy limit and the functor C x¢ to the diagram --- C E,, C Epp41 C -+ -.
We will construct this theory in this subsection. In particular, we will show that such a construction is
independent of the approximation {E;, — B,}.
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7.2.1 The functor Cx ¢

Definition 7.15 A G-action on an oriented flow category C consists of left G—actions on C; and M; ;
such that the source, target and multiplication maps are G—equivariant. We say the G—action preserves
the orientation if the G—actions on C; and M, ; preserve the orientations.

Let E — B be an oriented G-bundle. Assume G acts on C in a orientation-preserving manner. Then G
acts from the right on C; x E and M; j x E by (x,e)-g= (g7 -c,e-g). Let Ci xg E and M, j xg E
denote quotients of the respective G-actions. If we orient B, C; xg E and M; ; xg E by [B][G] = [E],
[Ci xg E][G] = [C{][E] and [M; ; x E][G] = (—=1)%™B[M; ;][E], then Definition/Proposition 7.2 can
be generalized to the following statement by an analogous proof:

Proposition 7.16 If G acts on the oriented flow category C and preserves orientation, then C xg E =
{Ci xg E, M;,j xg E} is an oriented flow category.

Moreover, Propositions 7.7, 7.10 and 7.12 can be generalized to the equivariant settings:
Proposition 7.17 Assume G acts on the oriented flow category C and preserves the orientation. Let

E1 — B and E; — B3 be two oriented G—principal bundles.

(1) Let f be a smooth G—equivariant map E1 — E,. Then there is an oriented flow morphism g (f)
fromC xg E» toC xg Eq.

(2) Let g be another G—equivariant map E1 — E» and D: [0, 1] x E1 — E; an equivariant homotopy
between f and g. Then there is an oriented low homotopy %g (D) between $Hg(f) and Hg(g).

(3) Let h: E; — E3 be another equivariant map between two oriented G —principal bundles. Then
there is an oriented flow homotopy %5 from $G (h) o HG(f) to Hg(ho f)o7T.

Then Theorem 7.14 follows from Propositions 7.16 and 7.17.
7.2.2 Approximations of classifying spaces

Definition 7.18 Let G be a compact Lie group. An approximation of the classifying space EG — BG is
a sequence of oriented principal G-bundles E,, — Bj, such that E,, C E, 4 equivariantly. Moreover, for
each k € N, there exists N, € N such that for all n > N, E}, is k—connected.

Given an approximation of the classifying space, we can compute the equivariant cohomology for
G-actions:

Theorem 7.19 [38] Let M be a compact manifold with a smooth G —action and E, — B, an approxi-
mation of the classitying space EG — BG. Then

lim H*(M xg Ep) = H*(M x¢ EG) = H5(M).
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Approximations of the classifying spaces can be constructed as follows. Fix an embedding G C U(m).
By H(n,m), we mean the set of m orthogonal vectors in C”, which is a compact orientable smooth
manifold. U(m) acts on it with quotient the Grassmannian Gr(n,m), and {H(n, m) — Gr(n,m)} serves
as a finite-dimensional approximation of the classifying principal bundle EU(m) — BU(m) as n — oo.
Then EG — BG can be approximated by H(n,m) — H(n,m)/G. It was checked in [38] that this
construction is an approximation in the sense of Definition 7.18.

7.2.3 Homotopy limit Since our construction uses an approximation, we need to take a limit in the
end. Consider a directed system of cochain-complexes

---—)A3—)A2—)A1—)A0.

Then the limit lim 4; is also a cochain complex. However, this limit is not very nice from the homotopy-
theoretic point of view. If we change the maps in the directed system by homotopic maps, then the
homotopy type of lim A; may change. In our setting, the cochain map is constructed only up to homotopy
(Section 3.6), thus we need to apply a better limit called the homotopy limit, whose homotopy type is
invariant under the replacement of homotopic maps. We recall some of the basic definitions and properties
of homotopy limits from [60].

Let N°P be the inverse directed set {--- — 2 — 1 — 0} and {A,, Unm: An — Am} an inverse system of
cochain complexes over this directed set:

SR A5 B3 4, B2 4 B Y4,

Then there is a map v: [[ A; — [] 4; such that v(a,) = s (an) over the basis a, € A,. Then holim 4,
is defined to be the homotopy kernel of 1 — v, that is, Z~1C(1 —v), where C(-) denotes the mapping
cone and ¥ is shifting by 1.26 Then we have a triangle in K(Ch):

[T 4n — [T 4n

(7-1) \ /
+1

holim 4,,

This construction is the infinite telescope construction. Thus it is clear that the homotopy limits of any
final subsets of N°P are homotopic to each other, and changing p; up to homotopy does not affect the
homotopy type of the homotopy limit. There is a commutative diagram in X(Ch),

holim A, —— [[ 4x

i

Lim A,

26We assume everything is graded by Z /2 for simplicity. If everything is ungraded, then shifting just means multiplying the
differential by —1. This also enters into the definition of mapping cone in the ungraded case.
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When l(iLn1 A, = 0, ie the Mittag-Leffler condition holds for A4;, then lin A, — holim A4, is a quasi-
isomorphism [60, Remark 27]. This is the reason why sometimes we can use the limit instead of homotopy
limit in applications, eg [16]. The long exact sequence from the triangle (7-1) implies we have the short
exact sequence

0— lim" H*7'(4,) > H*(holim 4,) — lim H*(A4,) — 0.

7.2.4 Equivariant cochain complexes Now, we are ready to define the equivariant cochain complex of
a flow category with a group action. Pick an approximation Eog C --- C E; C .-+ of the classifying space
such that E; is oriented and G preserves the orientation. Then applying the functor Cx g to this sequence,
we get an inverse system in K(Ch),

-++—>BC(C xg E2) - BC(C xg E1) — BC(C xg Ey).
Definition 7.20 The equivariant cochain complex BCg is defined as holim BC(C xg Ej).

Results in Section 3.6 imply that the homotopy type of BCg is independent of the auxiliary defining
data. To get a canonical theory, we still need to check that BCg does not depend on the choice of the
approximation £, — Bj.

7.2.5 Independence of approximations With another approximation E, — B, of the classifying
space, we claim that we can form a new sequence of approximations containing both E;, — B; and
E, — B, as final subsets. As preparation, we state two propositions; the first is a simple application of
obstruction theory.

Proposition 7.21 Let Y — X be a smooth fiber bundle, where the fiber F is k—connected and X is
a k—dimensional manifold. Then there is a cross-section for Y — X, and any two cross-sections are

homotopic.
By this proposition, [38, Proposition 1.1.1.] can be modified into the following:

Proposition 7.22 Let E — B be a G—principal bundle, with E k—connected. Then, for any closed
manifold M with dim M < k, the G—principal bundles over M are classified by [M, B] (the set of
homotopy classes of maps from M to B).

Therefore by Definition 7.18 and Proposition 7.22, there exists 71 € N such that there is an equivariant

/

map Eq; — E;”. Moreover, there exists m1 € N such that there is an equivariant map E,,

— E, and
the composition E; — E), , = Em, 1s equivariantly homotopic to £y C Ep,. We can keep applying this

argument to get a directed system in the equivariant homotopy category of spaces
Ey— E, = Em = Ep, = Emy — -,
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which is also compatible with the two approximations { £, } and {E;z,-} up to equivariant homotopy.
Then Theorem 7.14 implies that there is a well-defined inverse directed system in the homotopy category
of cochain complexes,

(7-3) -+ = BC(C xg Em,) - BC(C x¢ E,;z) — BC(C xg Em,;) = BC(C x¢ E,’“) — BC(C xg E1).
Let H denote the homotopy limit of (7-3). Since both BC(C xg E{,I,) and BC(C xg E;) are final in the
inverse directed systems above,

holim BC(C xg Ej) = holimBC(C x¢ E,,) = H =holimBC(C xXG Em,;) = holim BC(C xg Em).

Therefore the homotopy type of BCg is independent of the approximation, giving the following theorem:

Theorem 7.23 Let C be an oriented flow category. Assume the compact Lie group G acts on C and pre-
serves the orientation. Then the homotopy type of the equivariant cochain complex BCg in Definition 7.20
is well defined, ie independent of all the choices, particularly the choice of the approximation { E,, — By, }.

7.2.6 Spectral sequences From (7-1), the homotopy limit is the shifted mapping cone of 1 —v. Thus
the action spectral sequence in Proposition 4.1 on BC(C x¢g E,) induces a spectral sequence on the
homotopy limit. In particular, we need to apply the following result:

Proposition 7.24 [75, Exercise 5.4.4] Let f: B — C be a map of filtered cochain complexes. For a
fixed integer r > 0, there is a filtration on the mapping cone C( f'), defined by

FpC(f) := FptrBu+1® FpCy.
Then the r'" page E,(C(f)) of the induced spectral sequence is the mapping cone of the map on the r'™
page f": Er(B) — E;(C).

Let r = 1. By Proposition 7.24, there is a spectral sequence for BCg induced from the action filtration
on TIBCC*G En_ Since Ef’(HBC(C xg En)) = IIH*(Cp xG Ep) with the differential coming from the
dq term in (3-15) for each C xg E,, again by Proposition 7.24 E{(BCg) is the (shifted) mapping cone
of the cochain morphism

o0 o0
L—v:[] tim []H*CpxcEn)—]] lim [] H*(Cpxc En).
n 497X p=¢q n 47>~ p=q
Since LiLnl H*(Cp xg Ey) =0, ie the Mittag-Leffler condition holds for inverse system
—>H*(Cp XG En) —>H*(Cp XG En—l) —> ey
the natural map (7-2)
o0 o0
lim [] HE(Cp) =lim lim [] H*(Cpxg En) - E1(BCq)
4=~ p=q n g—>—p=¢q
is a quasi-isomorphism. The induced differential d 1G on li_r)nq ]_[;c’: o H & (Cp) is the limit of dy for Cx g Ej.

Since d; comes from the moduli spaces without boundary (the pullback and pushforward on cohomology),
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d 1G istxos™: HE (Cp) — HE (Cpy1) up to sign (the pullback and pushforward on equivariant cohomology).
The polyfold theoretic version of d IG is the analog of the equivariant fundamental class in [77].

Corollary 7.25 There is a spectral sequence for BCg such that

o0
Eg’(BcG):H*( lim ] Hg(c,,),df).

g—>—X p=q

8 A basic example: finite-dimensional Morse—-Bott cohomology

The aim of this section is to construct a flow category for the finite-dimensional Morse-Bott theory. The
existence of such a flow category is a folklore theorem, stated in various places, eg [3; 33]. The Morse
version of the flow category was introduced in [19], and [74] provided a detailed construction for the
flow category of a Morse function for metrics which are standard near critical points. In this section, we
prove that there is a flow category for any Morse—Bott function if we choose a suitable metric. The local
analysis in our case is just a family version of the analysis in [74].

In the Morse case, [2, Section 3.4] provides an argument to reduce constructions of continuation maps
and homotopies to counting gradient flow lines on some larger manifolds. Similarly, we can construct the
flow morphisms and flow homotopies by looking at flow categories arising from some larger manifolds
with suitable Morse—Bott functions. With all of these established, just like the Morse case, we can prove
that the cohomology of the flow category is independent of the Morse—Bott function. The main theorem
of this chapter is the following:

Theorem 8.1 Let f be a Morse—Bott function on a closed manifold M . Then there exists a metric g
such that the compactified moduli spaces of (unparametrized) gradient flow lines form a flow category
with an orientation structure. The cohomology of the flow category is independent of the Morse—Bott
function and is equal to the regular cohomology H* (M, R).

Let f be a Morse—Bott function on M throughout this section, and let the critical manifolds Cy, ..., C,
be such that f(C;) < f(Cj) if and only if i < j. We can fix a real number § > 0 such that § is strictly
smaller than the absolute values of the nonzero eigenvalues of Hess( f') over all critical manifolds C;.

8.1 The Fredholm property for the finite-dimensional Morse-Bott theory

Like the Morse case, the moduli spaces of parametrized gradient flow lines from C; to C; is a zero set of
a Fredholm operator over some Banach space B;, ;. The construction of B;, ; was included in the appendix
of [32] as part of the Banach manifolds of the cascades construction; we review the construction briefly.
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First we fix an auxiliary metric go on M. Let y be a smooth curve defined over R such that

(8-1) lim y(t) =x € (;, lim y(t)=yeC(Cj,
t—>—00 t—>+o00
(8-2) |%y < Ce 81t for |t| > 0 and some constant C.
go

Let P(C;, C;) be the space of continuous paths defined over R connecting C; and C;. The Banach
manifold B; ; will be a subspace of P(C;, C;). We will first describe the neighborhood of y in B;, ;. For
this purpose:

(1) Fix a smooth function y: R — R such that y(¢) = |¢| for |¢| 3> 0. Then we can define the weighted

Sobolev space Hé‘(R, y*TM) with norm |f|H§ = [e8X® £, for k > 1.
(2) Fix local charts of M near x and y such that C; near x is a radius-r ball in the x1,..., Xx;

1

coordinates, and Cj near y is a radius-r ball in the y1, ..., y., coordinates.

(3) p+(¢) are smooth functions which are 1 near 00 and 0 near Foo such that (8-3) makes sense
using the local charts above.

There exists a positive number K such that when f € H Bk (R, y*TM) with | f| HE < K, we have that
| f] is pointwise smaller than the injective radius of the metric go. Let exp denote the exponential map
associated to the metric go. Then there is a map

Bx (HE (R, y*TM)) x B, (R%) x B,(R%) — P(C;, C)),

(8-3) Ci Cj
(ﬁxl,...,xcl,yl,...,ycj)|—>expyf+Zp_x,-+Zp+yi.
1 1

B;,; consists of images of all such maps in P(C;, C;) for all curves y satisfying (8-1) and (8-2). Let
&i,j — B, ; be the vector bundle, where the fiber over y € B; ; is H(g‘_l(R, y*TM).

Proposition 8.2 [32] B; ; is a Banach manifold and &; ; — B;, ; is a Banach bundle.

Since the evaluation maps B;, ; — C; X C; are submersions for all i < j, the fiber products B;, j X -« Xy By |
are Banach manifolds. Moreover, & i, Xi; *** Xir_; Eir_y.ix = Bio,is Xiy *** Xix—; Bir_,,ir are Banach
bundles for all ip < iy <--- <i,. Given a metric g, then there is a section s; ; : B; ; — &; ; defined by
s() =v'=Vg f(y).

Proposition 8.3 [32] The section s;, ; is a Fredholm operator with index dj —d; 4-c; +c;, where d; is the
dimension of the negative eigenspace of Hess( f') on C; (d; is the grading structure for our flow category).

Proposition 8.4 For a generic metric g, s; ; is transverse to 0 and, for all ig < --- < iy, the fiber products
-1

Siosi1 (0) are cut out transversely.

. . —1
(O) ><ll T Xlk—l Sik_l,ik

Proof The proof follows from a standard Sard—Smale argument by considering the universal moduli

space of all metrics. The result for the fiber products follows from applying the Sard—Smale argument to

Sig,it Xiy ** Xig_y Sig_,ix * Bioyis Xiy *+* Xig_y Big_y,ix = Eioir Xiy == Xig—y Eig_y,ix - d
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We call such a pair ( f, g) a Morse—Bott—Smale pair (this is weaker than the Morse-Bott—-Smale condition
in Remark 2.17). Let M; ; denote sl_J1 (0)/R. Then M; ; := Ui<i1<-~-<ik<j M; i, X, -+ X, M, ; can
be made into a compact topological space. The topology on this space is completely analogous to the
Gromov—Floer topology on the set of broken flow lines in the Morse case; see [2; 74] for details.

8.2 Flow categories of Morse-Bott functions
The main theorem of this section is that we can put smooth structures on M; ; such that the following holds:
Theorem 8.5 The set {C;, M;, ;} is a flow category with an orientation structure.

To prove this theorem, we need to equip M, ; with a smooth structure with boundaries and corners. One
strategy is using a gluing map [69], which can be generalized to Floer theories. This method requires
certain compatibility between gluing maps to guarantee a smooth structure.?” In the context of Lagrangian
Floer theory, such a construction was carried out in [6]. Another method is finding an (M-)polyfold
description of the moduli spaces. Then the manifold structures with boundaries and corners come from
those of the ambient (M—)polyfolds; see [24; 44]. In this section, we will adopt a more elementary
method from [2; 19; 74], so that the smooth structure on the moduli spaces is inherited from some
ambient manifolds.

Lemma 8.6 [61] Let C; be a critical manifold of the Morse—Bott function f. Then there is a tubular
neighborhood of C; in M diffeomorphic to the normal bundle N of C;. Moreover, N can be decomposed
into stable and unstable bundles N* and N*, and there are metrics g5 and g* on N¥ and N* such that
f) |y = f(C))— v z,s + |v¥ éu, where v € N, and v’ and v¥ are the stable and unstable components
of v.
If we fix a connection on N, then g* and g* can be understood as bilinear forms on TN. Let gc, be a
metric on C;. If a metric g near C; has the form 7*gc, + g° + g%, where 7 is the projection N — C;,
we say the metric g is standard near C;. In fact, we can require the Morse—Bott—Smale pair to have
standard metric near all critical manifolds, as we can obtain transversality by perturbing the metric away
from critical manifolds. For a standard metric, the gradient vector in N is contained in the fibers of the
tubular neighborhood. Therefore the local picture of the gradient flow is just a family of the Morse flow
lines in each fiber. When restricted to a fiber F' with coordinate xy, ..., Xs, V1,..., Yu, the pair (£, g) is
standard and is in the form
flp ==xf—=xi+y7 +- g +C,
glF =dx; ®dx; + -+ +dxs ®dxz +dy; ®dy; + -+ +dyy @dyy.
Inside the fiber F', we define
S{=An x| ek xd =2 =0 ) [y e =17
Dl i={(x1,...,xs) | X7+ +x2<r?l, DLi={(y1,....yu) | yi+---+y2<r?}.

270ne condition that guarantees compatibility is the so-called “associative gluing” [74].
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Let M be the moduli space of gradient flow lines and broken gradient flow lines of (f|r, g|F) from
Six D] to D] x S]. Let ev_ and ev be the two evaluation maps at the two ends defined on M. Then
the following lemma is essentially contained in [74]:

Lemma 8.7 The image im(ev_ x evy)(M) C (S] x D])) x (D} x S},) is a submanifold with boundary
inside the fiber F.

Proof The gradient flow lines are (e=2?’x,e?'y), and thus the images of unbroken flow lines are
(x,y,(ly|/r)x.(r/ly])y), which is a submanifold in (S} x D],) x (D} x S};). The images of broken flow
lines are (x, 0,0, y), which is also a submanifold in (S] x D])) x (D} x S];). The boundary chart is given
by (¢,x,0,0,y) — (x,ty,tx,y) for t € [0, 1); thus the lemma is proven. |

Remark 8.8 Lemma 4.4 of [74] composes the map ev_ x evy with the projection (x, y’, x’,y) —
((x|"+1¥')/(2r), x, y) to get a homeomorphism from M to [0, 1) x ST x S7. This was used in [74]
to construct a smooth structure with boundaries and corners on M. Since the projection restricted to
im(ev_ X ev4)(M) is a diffeomorphism, we can also use the smooth structure on im(ev— X ev4)(M) to
make M into a manifold with boundaries and corners.

Since S} x D] and D} x §], are transverse to the gradient flow, Lemma 8.7 also holds if we replace S} x D],
and D} x S; by open sets in f |1,_,-1 (C—¢)and f |1,_,1 (C + €). Now we return to the Morse-Bott case with
a standard metric near C;. Let ¢* be the flow for V f. Then the stable manifold S; of C; is defined to be

Si={xeM| lim ¢'(x) € G},
t—>00
and the unstable manifold U; is defined to be
Ui={xeM| lim ¢'(x)eC}.
t—>—00
Both §; and U; are equipped with smooth evaluation maps to C;. Then we have the family version of

Lemma 8.7 as follows:

Lemma 8.9 Given a standard metric near C;, let N, be the radius-r open tube of C;. Suppose € is a
small positive real number, and vl.jEe denotes f(C;)£e€. Let M; ¢, denote the moduli space of flow lines
and broken flow lines from f~! (v )N N, to f1 (v;re) N N;. Then there exist €, r > 0 such that the
image of ev_ X evy|n; ., 1s a submanifold with boundary in (f_l(vl._e) N N;) X (f_l(v;re) N N;), and
the boundary is (S; N f 1 (v7€)) x¢, (Ui N f 71 (v;F€)).

Proposition 8.10 M, ; x; M;; U M, ;. can be given the structure of a manifold with boundary.

Proof Since we have diffeomorphisms
M;;~U;nNn§;N f_l(l)j_e) and M, ~U; NS N f_l(l)/—-ipe),
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the Morse—Bott—Smale condition implies that the intersections are transverse. On the other hand, let
M; j N M e r be the set of flow lines in M; ;. which contains a flow line in M ¢ . Then it is an open
set of M; i, and we have the embedding

evoxXevi: Mg N Mjer = (f T 7NN X (f 710 N Ny).

The image is
im(ev_ x evy)(M; ;- N Mer) = im(ev— x evi)(BoMj.er) N ((Ui N f 7 (7)) x (S N f_l(vfe))),

where dg.M ¢ is the interior (depth-0 boundary, Definition 2.1) of M ¢ ,. The Morse-Bott—Smale
condition implies that the intersection is transverse. Moreover, since the fiber product M; ; x; M; j
is transverse, dim(ev_ x evy)(Mje,) = (S; N £ (vj_e)) xc; (Ui N [t (v;re)) is also transverse to
;N f_l(vj_e)) X (S N f_l(v;re)). Thus im(ev— x ev4)(M; x N M ) can be completed by the
boundary structure of im(ev_ x ev4)(M, ¢ ). That is, we can add in

Ui NS N 7)) xe; Sk NU N fTH 7€) = My X My

as the boundary of M; ; N M; ¢ ». The topology check is analogous to [74]. O

Therefore we have a smooth boundary structure on M, ; x; M, C M, ;. We still need to construct
corner structures near curves with multiple breaking and prove the compatibility of smooth structures.
The proof is very similar, and the corner structure will be inherited from (fiber) products of the manifolds

with boundary in Lemma 8.9.

Proposition 8.11 M, ; x; M g X My ; UM; g X My UM; jx; M; UM, ; can be given the structure
of manifold with boundaries and corners, which is compatible with structure given in Proposition 8.10.

Proof Let Ny, denote the radius-r open tube around Cix. We use M; i . » to denote the moduli space
of gradient flow lines from f~! (vj_é) NN, to f1 (v,je) N Nk, passing through f_l(v‘;re) NN,
and f_l(v]:E) N Nk, such that the only breaking allowed is at C; or Cg, or both. Thenev_ 4 4 :=
ev_ x evy xev_ x evy defines an embedding

Miker = (FTHOT)NN) X (FTHOF) NN < (1) NN ) < (F7H ) N Ny,

We define V C f_l(v;re) NN;UC f_l(vlze) N N, be the sets such that the flow lines from V'
will end in U without breaking. Then V and U are both open subsets and there is a diffeomorphism
¢:V — U defined using the gradient flow, and so im(ev— 4 _ 1) is contained inside the fiber product
(f_l(vj_e) NNj)xV xe U x (f_l(vlje) N N ). By a little abuse of notation, we use V N M; ¢ »
to denote evjrl(V) C Mjer and U N My ., to denote ev_1(U) C Mk e.r» Which are both open
subsets and inherit the structure of a manifold with boundary from Lemma 8.9. Then im(ev_  _ 1) =
ev— + (VN Mjer) xp ev— +(U N Mg ). The Morse-Bott—Smale condition implies that the fiber
product ev— + (VN Mje ) Xp ev— + (U N My ¢ ) is cut out transversely as a manifold with boundaries
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and corners. Therefore M; x . , inherits the structure of a manifold with corners from its image under
imev_ y _ 1, whose depth-1 boundary is

(ev—,+ (VNOiMjer) Xpev_ 1 (UNdgMpge ) U(ev_ +(VNIoMjer) Xpev_ + (U NI Mg r)),
and depth-2 boundary (corner) is ev— 4 (V N1 M e ) Xgev— 4 (U N1 Mg ¢ ).

We define M; ;N M i ¢, to be the open subset of M; ; consisting of flow lines with a portion in M; . ¢ .
Similar to the proof of Proposition 8.10, we can use the boundary and corner structures on M; . , to give
a corner structure near M; ; N\ M, . . » by intersecting the unstable and stable manifolds of C; and C; with
im(ev—,+,—+) inside (f T () NN ) < (f 71NN X THOE) N Nk ) > (F THOE) N N ).
More explicitly, we get a corner structure near M; ; Xj M j X My 1, which also gives a boundary structure
near M; ; x; (M;; N (U NdgMper)) and (M; N (V N doMj e r)) X My ;. Moreover, the boundary
structure is exactly the one constructed in Proposition 8.10. This finishes the proof. a

Proof of Theorem 8.5 Following the same proof as that of Proposition 8.11, we can prove that M; ; is
endowed with the structure of compact manifold with boundaries and corners. Let o; be the determinant
line bundle of the stable bundle N* over C;. Then {C;, M; ;} defines a flow category Cr,, with an
orientation structure following the construction in Section 5.1.2. O

8.3 Morphisms and homotopies

To derive the flow morphisms between different Morse—-Bott functions and flow homotopies between them,
we will use the argument from [2] to reduce the construction of flow morphisms and flow homotopies
back to flow categories.

8.3.1 Flow morphisms [2, Theorem 3.4.2, first step] Let ( f1, g1) and ( f2, g2) be two locally standard
Morse—Bott—Smale pairs, and let C! = {Ci1 , Mll j} and C? = {Ciz, /\/ll2 j} denote the associated flow
categories. We can find a smooth function F: R x M — R such that

(A ifr< i

) ifr> 2

We consider a Morse function 4 on R that only has two critical points: one local minimum at 0 and one

F(t,x)

local maximum at 1. Also, & satisfies

aF | dh
W+E>O forall x e M and ¢ € (0, 1).

Then F + h defines a Morse—Bott function on R x M with critical manifolds {Cl.1 x {0}} and {Cl.2 x {1}}.

We can find a locally standard metric G such that
: 1
_)81 +dr@dr ift < g,

G,
0= var@dr ifr> 2.

We can assume (F, G) is a locally standard Morse—Bott—Smale pair. Then by Theorem 8.5, we can
associate to (F +h, G) a flow category with an orientation structure. Let 7; ; dquadenote the compactified

Algebraic & Geometric Topology, Volume 24 (2024)



1410 Zhengyi Zhou

moduli space of flow lines from Cil x{0}to C /.2 x {1}. Then F; ; forms a flow morphism § from C! to C2.
When F(z, x) = f(x), we can choose metric g +dt?. Then F; ; = C; and F;,j ~ M, j x[0, j —i] ~I; ;
for i < j, that is, the construction gives the identity flow morphism [2, Theorem 3.4.2. second step].

8.3.2 Flow homotopies [2, Theorem 3.4.2, third step] Assume we have continuations F', G and H
from fj to f>, f> to f3 and fi to f3, respectively. Then we can find K: Ry x R; x M — R such that

. 1
H(,x) ifs< ?
F(s,x) ift< g
G(t,x) ifs>3%,
fa(x) ift> %

We can find /& with one local minimum at 0 and local maximum at 1 such that

aa—IS{+h’(s)>0 V(s,t,x) € (0, 1) xRx M and aa—lt(+h’(t)>0 V(s,t,x) eRx(0,1)x M.
Then K +h(s)+h(t) defines a Morse-Bott function, with critical manifolds {C;! x{(0, 0)}}, {C?x{(1,0)}},
{C l.3 x{(0,1)}} and {C l.3 x{(1, 1)}}, and we can find a locally standard Morse-Bott—Smale metric extending
the locally standard metrics used in F', G, H and f3. Then the flow lines from Cl.1 x{(0,0)} to C j3 x{(1, 1)}

give rise to a flow homotopy between & o § and J o 5.

K(s,t,x) =

Proof of Theorem 8.1 By Theorem 8.5, we have a flow category Cy,, with an orientation structure for
any locally standard Morse-Bott—Smale pair ( f, g). Using the flow morphisms and flow homotopies
above, we can see that the cohomology of Cr,, does not depend on ( f, g). Thus we can let f = C, and g
be any metric. Then ( f, g) is a locally standard Morse-Bott-Smale pair. The object space and morphism
space of the corresponding flow category are both M ; thus the cohomology of the flow category equals
the cohomology H *(M, R). |

A Morse—Smale pair is a special case of a Morse—Bott—Smale pair, and our definition of the minimal
Morse—Bott cochain complex recovers the Morse cochain complex when the function is Morse. As a
corollary, the R coefficient Morse cohomology equals the de Rham cohomology of M.

8.4 Noncompact case

Let M be a noncompact manifold of finite type, as introduced in Definition 6.1, throughout this subsection.
That is, M is the set of interior points of a compact manifold with nonempty boundary. Let d, be a
nonzero outward-pointing vector field on the collar neighborhood of the end of M. In the following, we
will only consider two types of Morse—Bott functions:

(1) Morse-Bott functions f such that d, f > 0 on the collar,
(2) constant functions.

In (1), we have a flow category Cy by Theorem 8.5. In (2), the flow category is a single space M, which
is a proper flow category. Next we will show how to associate a flow morphism between flow categories
from different Morse—Bott functions and flow homotopy between them. Once they are set up like the
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compact case, we have that the cohomology of the flow category is independent of the Morse—Bott
function. In particular, one can choose a constant, and hence the cohomology is the regular cohomology.

8.4.1 Flow morphisms and homotopies Given two admissible Morse-Bott functions f; and f> on M,
the homotopy between them is a smooth function F: R x M — R such that

filx) ifr <3,

falx) ifr> 2,

and when ¢ € (% %) we have d, F' (¢, x) > 0 on the collar. Then & + F defines a Morse—Bott function
on R x M, and we claim that the associated flow category defines a proper flow morphism from Cg,

F(t,x) =

to Cr,. We may assume the metric on R x M has the property that the gradient for the collar coordinate
r € (—1,0) is 9, on the collar. Then 9, F (¢, x) > 0 for all ¢ implies that d, F(¢,x) = d,(h + F(t,x)) =
(Vr,V(h+ F(t,x))) > 0. Therefore any gradient flow line from a critical point of f] to a critical point
/> has the property that if it touches the collar then it stays in the collar after the touching point. In
addition to the argument in Section 8.3, we need to show the properness of the target maps in order to
prove the claim. We divide it into the following cases.

(i) Both f1 and f, are of type (1) Any gradient flow line that touches the collar neighborhood cannot
return to the interior side. Hence the construction in Section 8.3 gives compact moduli spaces and a flow
morphism from Cy, to Cg,.

(i) f1 is of type (2) and f7 is of type (1) The same argument as in case (i) holds.

(iii) f7 is of type (1) and f3 is of type (2) Let K C M = Crit( f2) be a compact subset. For points
outside the collar, we define r = —1. Let R := max{r(x) | x € K}. Then R < 0 and all gradient flow
lines from critical points of f] to a point in K stay inside the domain [0, 1] x {r < R}, and hence the
space of such flow lines is compact. This shows that the target maps are proper.

(iv) Both f7 and f5 are of type (2) The same argument as in case (iii) holds.

Remark 8.12 If we replace the condition on the collar by 9, F (¢, x) < 0, this would force f; and f to
have the property that d, f1, 9, f2 <0 if they are not constant. In this case, the gradient flow lines in R x M
will shrink on the collar neighborhood instead of expanding, and hence the source map is proper and the
target map is not. We can similarly define a cochain complex using the compactly supported cohomology
in this case. The cohomology of the cochain complex is the compactly supported cohomology, which is
isomorphic to the homology.

The asymmetry of the flow morphism prevents us from constructing a flow morphism from Cr to Cy.
Assume f > 0 without loss of generality. There exists a flow morphism from Cy to C; ¢ constructed from
F(t,x) = ¢(t) f(x), where ¢ () is an increasing function with ¢(¢) = 1 fort <0 and ¢(¢) =2 fort > 1.
The flow morphism is diffeomorphic to the identity flow morphism when we use the metric g + dt2. The
flow homotopy follows from the same argument as if we require the increasing property on the collar
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when constructing the homotopy of homotopy. Therefore we have the invariance of the cohomology with

respect to the Morse—Bott function:

Theorem 8.13 If M is a noncompact manifold of finite type and f is a Morse—Bott function of type (1)
or (2), then the flow category Cy is proper and has a local system such that the cohomology is H* (M ; R).

8.4.2 The Gysin exact sequence Let M be an n—dimensional manifold of finite type. Assume f is
a Morse—Bott function on M and, when M is noncompact, f is one of the two admissible types (1)
or (2). Let g be a metric such that ( f, g) is a locally standard Morse-Bott—Smale pair. Then we have
a (proper) flow category Cr = {C;, M, ;}. Let w: E — M be a oriented k—sphere bundle. Then * f
is a Morse—Bott function on E with critical manifolds {7 ~!(C;)}. We pick a metric gz on the fibers
of E, (a metric only defined on the subbundle of fiber directions TV E of TE). Fix a connection of
TE=TVE®T"E. Then gF can be understood as a semipositive bilinear form on 7E vanishing on T"E,
and g + 7™ g is a metric on E. It can be verified directly that a gradient flow line y of (7™ f, gF + 74 g)
is a parallel lift of a gradient flow line y of (£, g). Hence (7™ f, g + m«g) is again a Morse-Bott-Smale
pair, and the induced flow category Cr« s is given by

Obj(Crr ) = {E; :=7"(Ci)} and  Mor(Cps r) = {MF, =57 E;}.

The source map is the natural map and the target map is given by the parallel transportation along flow
lines in M; ;. As a consequence, we have an oriented k—sphere bundle C+ y — Cr. The flow morphisms
and flow homotopies defined in the previous discussions can be lifted to the sphere bundle level by the
same parallel transportation construction. Therefore the induced Gysin exact sequence is independent
of the function f. In particular, one may choose f to be constant, and hence the Gysin exact sequence
will become the usual Gysin exact sequence by Proposition 6.24. Therefore we have the following
isomorphism of long exact sequences:

Theorem 8.14 Let M be an n—dimensional manifold of finite type and w: E — M a k—sphere bundle.
Suppose f is an admissible Morse—Bott function on M. Then we have the following isomorphic long

exact sequences:

o —— HI(Cf) —— H (Cpry) — H () ——— HITY(Cp) —— -

N l

. - A s K /\(_l)dimc—‘rle 4
S HIWM) - HI(E) s miy S ity

9 Transversality by polyfold theory

With the theory on flow categories developed in the previous sections, we now want to get flow categories
in applications, ie we need to solve the transversality problems. For this purpose, we will adopt the
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polyfold theory developed by Hofer, Wysocki and Zehnder [40; 42; 43; 41; 44]. This section outlines
some ideas on combining our construction with polyfold theory; details will appear in a future work.

9.1 Polyflow categories

The main result of Section 3 is that, for any oriented flow category, we can construct a well-defined cochain
complex up to homotopy. If we want to write down a representative cochain complex of the homotopy
class, we need to fix defining data ®. In applications, take Hamiltonian Floer cohomology as an example,
the flow category consists of the zero sets of some sc—Fredholm sections over a family of polyfolds [73].
A natural idea is that we replace every manifold M; ; in the flow category by strong polyfold bundle
Wi, ; — Zi,; with an sc—Fredholm section «; ; such that all W; ; — Z; ;, «; ; are organized just like a
flow category. When all «; ; are transverse to 0, then Ki ]1 (0) defines a flow category. In this case, we
expect to assign a well-defined cochain complex to such a system of polyfolds up to homotopy. When we
need to write down an explicit representative cochain complex for the homotopy class, we need to fix a
family of perturbations that are compatible with category structure and defining data (on C;), which does
not depend on the perturbation. We first give a preliminary definition of such a system:

Definition 9.1 A polyflow category is a small category Z with following properties:

(1) The object space Obj(Z) = C :=| |;¢z C; is the disjoint union of manifolds C; such that each
connected component of C; is a manifold of finite type (Definition 6.1).

(2) The morphism space Mor(Z) = Z is a polyfold. The source and target maps s,¢: Z — C are
sc—smooth. Let Z; ; denote (s x 1)~ NG x Cj).

(3) Z;,; ~ C; (the identity morphisms), Z; ; = & for j <i, and Z; ; is a polyfold for j > i.

(4) The fiber product Z;, iy Xiy Ziy,ir Xin** *Xir_; Zir_,iy 18 cut transversely, for all increasing sequences

g <ip <:++ <lg.

(5) The composition m: Z; j Xj Z;  — Z; i 18 an sc—smooth injective map into the boundary of Z; ;.
Moreover, 0Z; j = Ui<j<k m(Zi,jx; Zjx)andd(x)+d(y)+1=d(m(x,y))for (x,y) € Z; jx; Zj,
where d is the degeneracy index [44, Definition 2.4.1]. When restricted to any stratum of fixed degeneracy
index, m is a local sc—diffeomorphism to a stratum with a fixed degeneracy index.

(6) There are strong polyfold bundles W; ; — Z; ; and sc—Fredholm sections «;, ; such that both bundles
and sections are compatible with m, ie m*W; x|z, ;x;z,, = Wi,j x W and Kiklm(z; ;jx;Z; 1) =
m(si,j.Sjk)-

(7) «;_;(0) Nt} (K) is compact for every compact set K N C;.

Remark 9.2 (i) Condition (4) can be replaced by the more convenient condition that the (s X ¢)| Zi;
are submersions. Then (4) follows from [25].
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(i) Theindex inds; ; plays the role of m; ;. Orientation structures defined in Section 5 can be generalized
to polyflow categories such that orientation structures are enough to give coherent orientations or local
systems on flow categories from perturbations in Claim 9.3.

(iii) Condition (5) is stronger than Definition 2.9(4). When we define operators from a flow category, we
use integration and Stokes’ theorem. Hence an almost identification on the boundary is enough. However,
in the polyflow category, we need to perturb Z; ; inductively in a coherent way, which requires a finer
identification of all the boundary and corner structures.

When all sections «; ; are transverse to 0, the zero sets form a proper flow category. Hence our goal
is to find a family of sc™—perturbations 7;,; such that s; ; + 7;; is transverse in general position and
consistent with the composition m. The consistency depends on the combinatorics of the problem in
general. In the case of polyflow categories, the combinatorics are relatively simple and we expect to have
a perturbation scheme.

Claim 9.3 There exist coherent perturbations t; j such that k; j + t; ; is transverse to 0 and in general
position [44, Definition 5.3.9].

Remark 9.4 The claim does not hold when there are inner symmetries that we want to preserve. To be
more precise, assume we have a strong polyfold bundle W — Z with two submersive evaluation maps
s,t:Z — C. Letk:Z — W be a Fredholm section. When dim C > 0, given any transverse perturbation
t: Z — W, itis not necessarily true that (z, ) is a transverse perturbation to (k, k) on the fiber product
Z; x5 Z. In fact, it is possible that there is no transverse perturbation to («, k) on Z; X Z in the form of
(7, 7) for a perturbation 7: Z — W. Such phenomena can appear in a polyflow category, eg we may have
Ci=Cj=Cy, Wi j=W;andk; j = kj. If we require 7; j = 7k, then we run into this problem. In
applications, for example Hamiltonian Floer cohomology, we see this when the Novikov coefficient has to
be used. The requirement of symmetry in perturbations guarantees the cochain complex is a module over
the Novikov field. In the S!'—Morse theory case, this also causes problems (self-gluing) in the homotopy
argument. The homotopy argument can be viewed as a Morse—Bott problem with critical manifolds
copies of R. In these two explicit examples, special methods can be adopted to overcome the challenge.
In the most general case, under certain assumptions>® of the polyflow category, we can actually perturb
the source and target maps consistently to destroy all the inner symmetries. We will discuss this in detail

in our future work.

Although the polyfold perturbation only produces weighted branched suborbifolds as the transverse zero
sets, it causes no problem, since the convergence results (Lemmas 3.7 and 3.14), are local in nature.
The only thing we need about M;_; is Stokes’ theorem, which was proven in [43]. Thus all the proofs

28Basically, we require a collar neighborhood near the boundaries and corners of polyfolds. Such assumptions are satisfied in all
known examples.
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in Section 3 apply to the weighted branched suborbifold case. Similar to Definition 9.1, we can define
polyflow morphisms and polyflow homotopies by replacing the manifolds by polyfolds with sc—Fredholm
sections. Once the perturbation scheme is given for those structures, we can generate flow morphisms
and flow homotopies.

Remark 9.5 To generalize the identity flow category (Definition/Lemma 3.23) to the polyfold case, the
naive construction of multiplying by an interval does not work, because the product with an interval does
not have the right boundary and corner structures to apply an inductive perturbation scheme. However,
there is a more natural construction of the identity (poly)flow category which has the right boundary and
corner structures. The construction is closely related to the geometric realization of the category, which
will be discussed in a future work.

The enrichment to polyflow categories causes more choices, ie the choice of perturbation. We would like
to have the cohomology independent of the perturbation. Such invariance can be proven using the identity
polyflow category or a homotopy argument.

Claim 9.6 Let Z be a polyflow category with orientation structures. If there is no inner symmetry,*°
then we can associate it with a Morse—Bott cochain complex (BC(Z), dpc) such that the homotopy type
of the cochain complex is independent of defining data and sc —perturbations.

9.2 Equivariant theory

In Section 7, we discuss the equivariant theory when the flow category is equipped with a group action.
However, requiring G symmetry on the flow category is equivalent to requiring G—equivariant transver-
sality on the background polyflow category. Since G—equivariant transversality is often obstructed, the
construction in Section 7 cannot be applied directly. However, the construction in Section 7 can be
generalized to polyflow categories. Hence we can apply the Borel construction on the level of polyfolds.

Definition 9.7 Let Z be a polyflow category. A compact Lie group G acts on Z if and only if G acts on
C; and W; ; — Z; ; in the sense of [78, Definition 3.66] so that all sc—Fredholm sections «;, ; and the
structure maps s, ¢t and m are G—equivariant.

Assume G acts a polyflow category Z. If we fix an approximation E, of EG, then we can form a
sequence of polyflow categories Z xg E, by the quotient construction in [78]. Using the identity polyflow
morphism and the construction in Section 7, we have a sequence of polyflow morphisms connecting
different Z xg E,. Then we have a directed system in the “category” of polyflow categories. We can get
an inverse system of cochain complexes by applying Claim 9.6. Then the equivariant cochain complex will
be the homotopy limit of such an inverse system. Details of the construction will appear in a future work.

290r collar neighborhood assumptions on the polyfolds hold, if there are inner symmetries.
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Appendix A Convergence

This section proves the convergence results used in Section 3. We will see that transversality of fiber
products is not only natural from the polyfold point of view as explained in Section 9, but also essential
in proving the convergence results, especially Lemma 3.14.

A.1 The Thom class

We review the construction of Thom classes in [11, Section 6]. Let 7: E — M be an oriented vector
bundle with a metric over an oriented manifold. The fiber F', the base manifold M and the total space E
are oriented in the manner of [M][F] = [E]. If S(E) denotes the sphere bundle of E, then we can find a
form ¥ (an angular form) on S(E) such that the integration over each fiber is 1, and dyy = —n*e, where
e is the Euler class of the sphere bundle. Then we pick smooth functions p, : Rt — R such that p,, is
increasing, supported in [0, 1 /7] and is —1 near 0; see Figure 4.

Then d(p, V) defines a form on Rt x S(E), and it is 7*e on an open neighborhood of {0} x S(E). Thus
d(pn¥) is a lift of some form on E, that is, d(p, ) = p*6" for §" € Q*(E), where p is the natural
map Rt x S(E) — E. This §” is a Thom class of 7: E — M. The next lemma asserts that §” actually
represent the zero section not only in the cohomological sense, but also in a stronger sense of currents.
Let 837 denote the Dirac current of the zero section: Spr () = |, yitafora e Q*(E), wherei: M — E
is the zero section.

Lemma A.1 (Lemma 3.1) We have §" — &7 in the sense of currents, ie for all @ € Q*(E),

lim | aA8” — Sy ().
n—00 E

Proof Let F ~R" be a fiber of the bundle. Since §" is compactly supported, the integration over a fiber is

[o=[ =] pe=f o pe=  der=-[ yel
F F—{0} (0,00)xS"—1 [0,00)xS7—1 [0,00)x S7—1 {0}xS§n—1

pn(r)

S | =
—_

Figure 4: The graph of p,.
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Let o € Q*(E). Since [8" = 1 for any fiber F,

/n*i*a/\c?":/ /n*i*a/\S”:/ i*a.
E MJF M

Therefore, it is enough to show
lim / (@—m*i*a)A8" =0

n—-oo JE
We will prove this by partition of unity. Let {U;} be an open cover of M and {p;} a partition of unity
subordinated to this open cover. We fix trivializations over each U;. Then over 7~ 1(U;),

(*pi)-(@—n*i*a) =Y fI7dx" ady”,
where x are the coordinates in U; and y are the coordinates in the fiber direction. I and J are sets of

indices. Since « and 77*i*« are the same when restricted to the zero section, lim, ¢ f/*? = 0, where r
is the radius coordinate in the fiber direction. Hence

. 1,41 n__ 1 1,41 _ploq 1 *
nli)ngo n_l(U,-)f dx® A8 —nli)ngo R+xS"—1xU,-f dx® Adpp Ay — f57dx" AppmTe
1/n
=1'm/ / + f1%dp, Ay Adx! £ o, f1P7%e AdxT
i [ [y A A a7
1/n

Since |pp| is supported in [0, 1/n] and bounded by 1, [y "|dp,| =1, lim; o £ 1.2 — 0 and v is bounded
on S(E), we have

lim f2dxI A" =0
n—>o00 Jx—L(U)

When the cardinality |J| of J is greater than 0, using the spherical coordinate in the fiber direction,
dy! = crV1d6? + DriV1=1dr Ad7—1, where d67 and d97 1 are forms on the sphere of degree |/ |
and |J|—1 and C, D are bounded functions. Because dpj, is purely in the dr direction,

lim 7 dx! Ady? As™

n—o0 Jx—1L(U;)

1/n
= lim f LI oyl axT Ado? Adp, A
s, on Y

n—>o00 Jo
(A-1) ~ lim 1/"/ FLICrlVly AdxT AdBY A pprte
n>ooJo  JsE)y,
. 1/n 17 py, 1 J]-1 1 J—1 x
(A-2) ~ lim [ /S(E)'Uf Dr=Y Ay AdxT Adr AdOT ™ A pprte.

Because f !/ and C are bounded, d§” is bounded on S(E), fl/"|dpn| =1 and lim, o /1 =0, the
first term limits to zero. Since everything in (A-1) and (A-2) is uniformly bounded and pj, is supported in
[0, 1/n], (A-1) and (A-2) have limit zero. Hence

. * o kex n_
nlgrgo n—l(U,»)n pilai — ™ iTa) NS 0
Therefore
. * -k n __ n_
nlggo/E(oz, rriTa) AS" = hm E / 1(U)( *pi)-(aj —m*i*a) A8 = |
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the homotopy
fiber F i i i i
Hfibers f (:F ) !
T V.
f1(B) i i sup:port ofESn

Figure 5: The pullback of Thom classes.

Next we will show that Lemma A.1 is preserved under pullback, when transversality conditions are met.

Lemma A.2 Let M be a compact manifold with boundaries and corners and E — B a vector bundle
over a closed manifold B. If f: M — E is transverse to B and we orient f~1(B) by [f~Y(B)] f*[E] =
[TM|s-1(p)l, then fora € Q*(C),

lim oc/\f*8”=/ alr—1(py.

Proof Fix a tubular neighborhood 7: N — f~!(B). For n big enough, f*§" is the Thom class
of f~1(B), ie f*8" has integration 1 along each fiber. This is because the fiber F of f~1(B) is
diffeomorphic to a submanifold homotopic to a fiber of £ — B though the map f. Since §” is closed
and has a small enough support, Stokes” theorem implies [ f*8n = [¢(py8" = [iperof g 6" = 1. Then
by the same argument as in the proof of Lemma A.1, we only need to prove

lim /(oc—n*i*oz)/\f*é’” =0.
N

n—00
Picking a point x € f~!(B), by the implicit function theorem, we can find a local chart of x in M,
¢:RE XR" > M, $(0)=x,
and local trivialization of £ — B over f(x),
v:RIXR = E,  ¥(0,0) = (f(x),0),
such that
Y o fod (Xt Xy Vine oo Ynejs Znejtds oo Zn) = (floe v fisZnmjt 1o -2 Zn),

where fi,..., f; are functions of x«, y« and z.. Replacing the z coordinates by spherical coordinates,
the pullback of d(p, V) through f is d(p,V), where v is defined on ]R]fi_ xR"™/ x §/71 xR, and
uniformly bounded. Then the proof of Lemma A.1 can be applied to prove the claim. |
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A.2 Proof of Lemmas 3.7 and 3.14

Following the discussion in Section 3.1, we pick representatives {6; 4} of a basis of H*(C;) in Q*(C;)
to get a quasi-isomorphic embedding

H*(C) — Q*(C)),
and denote the dual basis by {6} such that {6} are in the image of the chosen embedding H*(C;) —
Q*(C;) and (—1)dim Cil67 | fC,- 0, A 0; p = 84p. Then by Proposition 3.2, the Thom class 87 = d(on ;)
of A; CCi xCjand ), 7{0; 4 A 750, both represent the Poincaré dual of the diagonal A;, thus they

are cohomologous in 2*(C; x C;). Therefore we can find f;" such thatd f;" =67 — >, n{0ia Ay 0",

and

(A-3) fln - flm = (on — Pm)Vi.

Thus the support of f" — f™ converges to a measure-zero set. To show the convergence results
(Lemmas 3.7 and 3.14), we need to show that f;* is uniformly bounded. The uniform boundedness is not
necessarily true in C; x C;, but it holds if we use spherical coordinates near the diagonal A;. To apply
spherical coordinates in an intrinsic way, we recall blow-ups of real submanifolds:

Definition A.3 [58, Chapter 5] Let p: E — M be vector bundle over a manifold. Then the blow-up of
E along M is the manifold

Blys E ={(v,e) € ExS(E) | p(v) = p(e) and ae = v for some a > 0},
where S(E) is the sphere bundle (E\{0ps})/R™, and 0y is the zero section of E — M.

Then one can define a blow-up of a submanifold N C M in the sense of Definition 2.2 by blowing up N
in the tubular neighborhood which is identified with the normal bundle. Moreover, the blow-up of the
submanifold N can be described intrinsically as

Bly M := (M\N)U S(TM/TN|y),

where S(TM/TN|py) is the sphere bundle of the quotient bundle (normal bundle) TM/TN|y over N. The
smooth structure on Bl M can be given using an auxiliary tubular neighborhood and it is independent of

M oM Bly M

S(TM/TN)

Figure 6: Blowing up one submanifold.
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SR

M | N oM

\HB'”HJ

Figure 7: Blowing up two submanifolds.

Bly, n, M

N>

the tubular neighborhood [58, Chapter 5]. The natural map Bly M — M is smooth and is a diffeomorphism
up to measure-zero sets. Thom classes §!' = d(p, ;) can be pulled back to Bla,; C; x C;, and the primitives

pn Vi are uniformly bounded on Bla; C; x C;.

Using this intrinsic description, when a smooth map f: M x N — C x C is transverse to the diagonal A,
there is a natural map Bla f :Blpysx-n M XN — Bla. C xC induced by f: M xN — C xC. Moreover,
we have the following commutative diagram of smooth maps:

Blyrxon Mx N 220 By C xC

L,

MxN———CxC

If we have two submanifolds N1 and N, of M such that N7 is transverse to N5 in the sense of Definition 2.4,
then we can blow up Nj and N;. It was shown in [58, Chapter 5] that the order of blowing up does not
influence the diffeomorphism type. The resulting blow-up is denoted by Bly, n, M. Similarly, if we have
a sequence of submanifolds N1, Na, ..., Ni such that (ﬂae A Na) is transverse to Ng for B ¢ A, then we
can blow up all Ny,..., Nr. The dlffeomorphlsm type does not depend on the order; let Bly, .. .y, M
denote the blow-up.

In the setting of a flow category (Definition 2.9), any fiber product M, i Xi; My is Xiy *++ Xiy My in g
is cut out transversely in Mg i, X My, X -+ X M;, i, . Therefore

Nj = Mig,iy X Miyip X+-- X Mi_j—l:i_/ Xi; Mi_/,i_/+1 Ko X Min,in+1
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are submanifolds in the product Mg j; X M;, i, X -+ X M;, i, ., such that ((,eq Na) is transverse to
Ng for B ¢ A. Then we have a blow-up Bl := Bly, ... N, Mig,iy X My i, X+ X M;, j, ., and a similar
commutative diagram of smooth maps

Bla; (txs)
Bl, BlAij Cij X Ci/

| |

txs
Migiy X My ig X oo x M o ——— Ci, X i,
+ J J

Now we start to prove Lemmas 3.7 and 3.14. The definition of Mflklr loe, £ oo St > V] is (3-10).

Lemma A4 (Lemma 3.7) For every « € Q*(Cy) and y € Q*(Cy+x), and any defining data ©,
limy, 00 M:')l’,k...,i, lo, folhiys - S, V] exists.

. v,k ni ny .
Proof Since M, ; lo, fy ;... f,{; - v]is an integration over /\/l .i,»and UJ i ,lj,...,ir is

a measure-zero set in M}’

ir...i» Wecan restrict the integral to

v,k v,k
My UMil,.. P

- 0 .
J
to get the same value.

We have a blow-up Bl, Mv ok i, by blowing up all M i for 1 < j < r. The primitives

S can be lifted to Bla, C; x C, and ¢ X s can be hfted to the blow—ups to Bla; (r x 5). We define

BI, Mv K il fv’g'_h ey fvn;i,’ )Ii] to be the result of int:grating the Wedge product of pullbacks of
ni ny v, v, U,
o, v+i1"“’fv+ir’ y to Bl, M;"" . . Because Bl, M;"" and M~ UJ oo also
differ by a measure-zero set, by the commutative diagram (A-4),
v,k n n _ U,k n n
Bl My~ il folins oo o VI = MG o ol oo fo, s V]
Then
v,k n n v,k m m
(A-5) Bl M7 Gl flviy oo foi V=B MG e %0 fo, o V]
v,k m n m n n
= Z Bl M;; [O‘ v+z1 v Jvtipop Jvtip T Jvtip Jotipgr o Joties vl
p=1
Note that the f _H are uniformly bounded over Bla, i Cy+ti X Cy+i  forevery n € N, and the support
of v+l — U’f’H converges toa measure zero set in BlAvJﬂ Cy+i; X Cy4i; whenn,m — oo. By (A-4),
the pullbacks of f;] +z to Bl, /\/l -,ir have the same properties. Thus (A-5) implies the convergence. O

Lemma A.5 (Lemma 3.14) For an oriented flow category C and any defining data, we have
lim /\/l i lo U+ll,...,81')’+lp s oo V]

n—o0
=(-D* lim M” . o Sty o Y

n—oo lls alp—lslpslp+ls'-'slr
where * = (|Ot| + mv,v-{-ip)cv-i-i,,v
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s,k

k s,k
Mfl Jin Mﬁ,iz Bl Hly Mfl i Bl V2
s,k
U blow up Mi1 A Bl U partition of Bl; U 4
-

s,k

i1,i2
—U —BL, U =p~ (")

. =p 1 (V2)
Figure 8: Ther =2, p =1 case.

Proof The limit limy, oo le, iy 1T i 1o [a, iy
used in the proof of Lemma A.4. To prove the 11m1t on the left-hand side exists, we can blow up everything

fvn+i,’ y] exists by the same argument

except for M oy 1O 8L Bl,—1. Assume that the pullback of &7, +iy is supported in the tubular
neighborhood U of /\/lllk. - . in MY . Then U can be lifted to the blow-up Bl,_; to get Bl,_; U

seensl poeeisly ll, ol
(see Figure 7). For simplicity, we suppress the wedge and pullback notation. Then we have
nlggo Mv,k Fv+iy " 8U+ip vtV T nll>nc}o Bly— Ua vty 8U+1p vetip V-

. r—

Let Bl,— 1./\/1 e denote the lift of /\/l ey in Bl,_q. Then Bl,—1 U is still a tubular
neighborhood of Bl,— 1M Tponips LEUD: Blr 1 U - Blr 1M” Epseeesir
of the tubular nelghborhood Then we can divide Bl,—; /\/l

. into two parts, V7 and V3, such
that V; is a small open set containing the blow-up domain, and V2 is the complement. Then p~!(V7) and

denote the projection

lp: alr

_1 (V2) are partitions of Bl,—; U (see Figure 8). Using the same local coordinates as in Lemma A.2, if we

1ntegrate the fiber direction of the tubular neighborhood, because f." iy U”+l-p_1 , U”+l-p+l e v”+l.r
are uniformly bounded over Bl,_1, we have
(A-6) ‘/_I(V @iy B, fl | < Kvol0n),

n n

where K is a constant. Over p~!(V5), the pullbacks of fv”+l.r do not

v+l rrt v+ip—l’ U+l‘p+]’...’
change for n large enough, because p~!(V5) stays away from the blown-up area. Thus the only thing

that varies over p~1(V>) is 8y, - Note that
lim

n n
00 J p=1 vy H v+ 5v+ip oti, Y

_ e+ < pevti; =D)evtip 1 n n .. ¢n
=(-1 J Jlim p_l(V2)5v+ipa vty " oty
By Definition 2.15, the orientation relation on ka iy 2 V5 satisfies
Nori JIMEE 2 1= () (Brmp Moty Jevtin o0k )

Combining with Lemma A.2 and
(lal + > (cvti; — 1))Cu+i,, + ( > mv+ij,l,v+ij>cv+ip = (|lo| +my,y+i,)Cv+i, mod 2,
J<p J=p
Algebraic & Geometric Topology, Volume 24 (2024)
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we can conclude that

. n
(A-T) nlggo 11y fv+11 ) v+z,, 'fv—i—iry
— Tim (1 el+my vpiy)eyti nooo,.. fn n e 1
—nlil)'l'olo( 1) v-vTipTvTe VOl v+iy vt+ip—1/v+ipg v—HrV'

By (A-6) and (A-7), since V1 can be arbitrarily small, lim,_, o M [a Y _H] 81')l+z,, vn+ir 7]

n n n
exists. Slncef_H s Sogipoy Josippr s o Jori, areumformlyboundedoverBlr 1/\/111’ iy
n n /
(A-8) ‘/ o v+11 . v+l, o "'fv+iry‘ < K" vol(Vy).
Since Bl,— 1M . and MI.)’ - . differ by a measure-zero set,
15 ,lp, Hip [1seensipseensiy
n n n n
(A-9) / iy Sotip i Foi, ¥
..... ip....ir
n n n n
= a . PR . . e . )/
v.k v+iy vt+ip—1/v+ip41 v+iy
Bl,~_1/vli1 ..... ipeir
f— n .o n . n . DY n .
- V1UV20[ v+ig vtip—1/vtip41 v—HrV‘
Therefore by (A-6), (A-7), (A-8) and (A-9),
lim Gf™ N L _(_1)(\a|+mu,u+ip)6’s+ip af . ... fn .
n—oo\Jpu:k  TIUH v vtiy Y MUK v+iy vti, VY
ST ir [T ip.o, ir

< (K + K") vol(V7).

Thus, since V7 can be arbitrarily small,

N—00 M:)1klr v+ig v+ip v+i, Y
= lim (=1 (|0l|+mu,v+ip)cv+ip/ af™ . .. f* .y O
n—>oo( ) VLI A v+iy v+iy YV

Appendix B Proof of Proposition 6.21

Proposition B.1 (Proposition 6.21) Let w: E — C be an oriented k—sphere bundle over an oriented
closed manifold. Let A = A* be the reduction on Q* (E) built from the discussion after the statement of
Theorem 6.19 (in particular, we choose V; such that dy; = 0 if k is even). Suppose T is the closed form
in w{ A A 7 A representing the diagonal by the definition of reduction. Then there exist approximations
§E-m of the Dirac current of the diagonal Ag such that:

(1) There exist forms fE" on E x E such that
de,n — SE,n _T
(2) Lemmas 3.7 and 3.14 hold for f £ In particular, the construction in Section 6.2 works for f £
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(3) Let m; > denote the projection E x E — C x C. Then f E.n can be written as sums of differential
forms in the form (Jtik,zo{) A B with @ € Q*(C x C) and deg(B) < k (the fiber degree of fE-" is
at most k). In other words, if vy, ..., vx4 are k + 1 vertical vectors in T, (E x E) for p e C xC,
then fE™(vy Ao Avgpqg A=) =0.

Proof Let §€” be the Thom classes of Ac C C x C constructed using (3-4) with the angular form
Ve of the normal bundle. Let §5“" be the Thom classes of A E C E x¢ E constructed using (3-4).
We define p: U — E X¢ E to be a projection in a tubular neighborhood U of E x¢ E in E x E.
Then m1,2(U) is a tubular neighborhood of A¢c C C x C. By the same argument as in Lemma 3.1,
limy, 0o ni",z(gc’” A p*(SSk’” is the Dirac current of the diagonal A C E x E. Since, for n > 0, the
support of nf’28c’" is contained in U, the ni“’ZSC’” A p*SSk’” are cohomologous to each other and
represent Thom classes of Ag for n > 0.

Next, we show that we can find the desired primitives f£-". Let py, p2: E xc E — E be the projections
to the first and second components, respectively. Then (—l)k piv + p>y is aclosed form on E xc E
because d((—l)kp’lkw + piv) = (—Dktlg*e — g*e = 0 for any k (when k is even, e is zero by
assumption), where ¢: E x¢ E — C is the projection. We claim (—1)¥ Pi¥ + p3 Y is cohomologous to
§5n: there are £5"" € Q¥~1(E x¢ E) such that

(B-1) 55— (=DF piy —pyw =dfSt .

We first proceed assuming (B-1). Let IT; and II, be the two projections E x E — E. Note that
(—l)kH’fw + I3 is not closed on U. We have d((—l)kH’fljf +I5¥) = ni",z((—l)k“e Rl-1R®e),
and the closed form (—1)**1e ® 1 —1 ® e is zero on A¢. Hence (—1)ftle ® 1 — 1 ® e is exact on
71,2(U). Therefore we can find i € Q¥ (7r1,2(U)) with h|a. = 0 and (=¥ y + TI5W + i Hh s

closed on U. Since ((—l)kH’l‘w + ISV + 7y 1) ExcE = (—l)kp’lkw + p> ¥, we know that there exists
g € Q¥=1(U) such that

P~ py + p3y) — (~DFITTy — T3y = dg + {5

Now we make any extension of & to C x C; the extended form is still denoted by 4. We have

7728 A p* 85t = 1l 8N A p*(=DF Y + pEw) + mER8CM A prd St

= 7728 A (DRI} Y + T3 + 77 ) + 77 58C7 A (dg + p*d f5°m)).

If we write d f € = §C" — Y w¥0, A7}0, then
7} 28C" A (=D Ty + T3y + 7 )

=77 (dfC" + Y w100 AT205) A(=DF Iy + T3y + ) 5 h)

a
= d(f o f A DT Y+ T3y o) 8 5 (5 77 020 ) A= DF Ty + Ty )
a
+(=DIMCrt, FON AA(-DFITTY + T3y + 77 5h).
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Let S, denote the last two terms. Then S, — Sy, = 0 for n, m > 0 as supp(fc’" - fc’m) C (m1,2)(U)
and d((—D*TT}y + I3y + i yh) is zero on U.

Next, recall from Lemma 6.20 that A = A™ has a basis of the form
(501, . O E =T O A — T, S =0 A — )

such that the dual basis is (§1,...,&, 7*01,...,7%60), up to sign. It is easy to check that S,, — T
is in the form 7{ ,a for o € Q*(C x C). Since T and nf"ZSC’” A p*85m both represent Ag, we
have that S, — T is exact. Therefore & is a closed class in 2*(C x C) such that [z} ,a] = 0. As a
consequence, [or] =) ; ([e;] A[e]) ® [Bi] + Zj [a}] ® ([,B;.] A [e]) on cohomology. Therefore there exist
ag, a1, € Q*(C x C) such that

S, —T = JTizOl = d(JTiZOtO AN HT\P + j'[izoll A H;\I{ + ﬂizaz) = dw.
So we can take §5-" := ”T,z‘gc’n A p*(gsk,n and
B-2) fEM = w4 fON A=) T + T + 77 k) + (= 1) C (1 x12) *8C7 A (g + p* £5°7).

Since f/ and f;k can be chosen so that (3-7) holds, Lemmas 3.7 and 3.14 hold for f£-* using the same
argument as in Appendix A. By (B-2), the third property of the proposition holds, since each component
has the property. O

Proof of (B-1) Note that p: E x¢c E — E is also a sphere bundle (it is the pullback of the bundle
n: E — C through m itself). Then pjv is the angular form of p;. After fixing representatives
{a1,...,q;,} of abasis of H*(E), we get a reduction of Q*(E X¢ E) by the same argument as the one
after the statement of Theorem 6.19:

B=B"={(pla1,...,pYom, x1:= pTar Ap3V¥ —pY fiso oo\ Xm := PTom A D3V — DY fm)-

Since d is closed on B and the cohomology is the cohomology of E x¢ E (since it is a reduction), it
suffices to prove that, for any € B,

/ BA=DFpiy + piy) = / .
ExcE Ag

If B = pTa;, then

/ prag A(=DF pry + piy) = f
EXCE

EXC

(1Y plai A ) + / Pt A pLY.
E

E Xc E
The first term is clearly zero, and the second term is |’ g = / Ap (pYai)|a, by integration along the
fiber of pi. If B = x; = pioi A p5¥ — p7 fi, then by the same argument as above, we have

LxcExiA((—l)kaw+p§w>=/

EXC

(prai A p3U) A (DR pEyr + phv) +/ PFf)las.
E AE

The first term is fEXCEp’l"ai APYUADPIY = [pai AY ZfAE(PTOli APV |ag- o
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