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The K.�; 1/ conjecture and acylindrical hyperbolicity
for relatively extra-large Artin groups

KATHERINE M GOLDMAN

Let A� be an Artin group with defining graph � . We introduce the notion of A� being extra-large relative
to a family of arbitrary parabolic subgroups. This generalizes a related notion of A� being extra-large
relative to two parabolic subgroups, one of which is always large type. Under this new condition, we show
that A� satisfies the K.�; 1/ conjecture whenever each of the distinguished subgroups do. In addition, we
show that A� is acylindrically hyperbolic under only mild conditions.

20F36, 20F65

Let � be a finite simplicial graph whose edges are labeled with (finite) integers, each at least 2. For
vertices s; t of � connected by an edge, let m.s; t/ denote the label of the edge between s and t . Let
S D Vert.�/. Since � is simplicial, we use the convention that an edge of � is the same as an unordered
pair fs; tg of vertices of � . The Artin group defined by � is

A� D hS j prod.s; t Im.s; t//D prod.t; sIm.s; t// for fs; tg an edge of �i;

where prod.a; bIn/ is the alternating word in a and b starting with a of length n (eg aba : : : ). We call
the pair .A; S/ an Artin–Tits system.

There is a Coxeter group also naturally associated with this defining graph; namely,

W� D hS j .st/
m.s;t/

D 1 for fs; tg an edge of � and s2 D 1 for s 2 Si:

It is well known that there is a natural surjective homomorphism A� !W� induced by the identity map
on S. Recall that, if W� is finite, then we call W� spherical and call A� spherical type. In this case, we
may sometimes refer to � itself as spherical type.

By [van der Lek 1983], if � 0 is a full (or “induced”) subgraph of � , then the natural map from the Artin
group A� 0 to A� is an injection. (Recall that a subgraph � 0 of � is called full if, for any pair of vertices
v;w of � 0 which span an edge fv;wg in � , we also have that fv;wg is an edge of � 0.) We call such a
subgroup of A� a (standard) parabolic subgroup. Sometimes, if T D Vert.� 0/, we write AT for A� 0 .

It is also well known that the Artin group A� is the fundamental group of a space N.W / which is the
quotient of a complement of a certain complexified hyperplane arrangement by a natural W�–action. (See
[Paris 2014] for more details.) The long-standing K.�; 1/ conjecture states that N.W / is aspherical (ie
has contractible universal cover). Currently, the K.�; 1/ conjecture is known to be true when

(1) A� is spherical type [Deligne 1972];
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1488 Katherine M Goldman

(2) A� is affine type (meaning W� has a finite-index subgroup which acts properly by isometries on a
Euclidean space), proven in general in [Paolini and Salvetti 2021];

(3) if � 0 is a full spherical-type subgraph of � , then jVert.� 0/j D 2 (in which case A� is called
2–dimensional) [Charney and Davis 1995], or, more generally, if A� is locally reducible [Charney
2000],

(4) every full complete subgraph of � is spherical type (in which case A� is called FC type) [Charney
and Davis 1995]; and

(5) some combination criteria are satisfied, including results by Godelle and Paris [2012] and Ellis and
Sköldberg [2010].

We present a new criterion based on the following familiar condition: an Artin group A� is extra-large
type if every edge of � has label at least 4. In this case, A� is 2–dimensional, and thus satisfies theK.�; 1/
conjecture. Juhász [2018] introduced the following condition: Let H D A� 0 be a standard parabolic
subgroup of A (with � 0 � � a full subgraph). Then A is extra-large relative to H (or � 0–relatively
extra-large) if

(1) for every edge fs; tg of � with s 2 � 0 and t … � 0, we have m.s; t/� 4; and

(2) for every edge ft; t 0g of � with t; t 0 … � 0, we have m.t; t 0/� 3.

It is then shown that A� satisfies the word problem or K.�; 1/ conjecture whenever H does. It is in this
spirit that we make the following generalization.

Let f�ig be a finite family consisting of disjoint, nonempty full subgraphs of � with vertex sets SDVert.�/
and Si D Vert.�i /. Suppose also that S D

S
Si . In direct analogy to the relatively extra-large condition,

we consider:

(REL) Every edge of � between �i and �j for some i ¤ j has label at least 4.

If this condition is satisfied, we say that A� is f�ig–relatively extra-large. We establish the following
theorem regarding such Artin groups:

Theorem Suppose A� is f�ig–relatively extra-large. Then A� satisfies the K.�; 1/ conjecture if and
only if each A�i does.

In fact, a somewhat stronger fact can be established using our methods. Instead of (REL), consider:

(REL0) If e is an edge of � between �i and �j for some i ¤ j and e shares a vertex with a distinct edge
between �i and �k for some i ¤ k, then e has label at least 4.

Specifically, this allows edges which are isolated among those edges between the subgraphs in the
family f�ig to have label 2 or 3. We show:

Theorem A Suppose � and f�ig satisfy (REL0). Then A� satisfies the K.�; 1/ conjecture if and only if
each A�i does.

Algebraic & Geometric Topology, Volume 24 (2024)



The K.�; 1/ conjecture and acylindrical hyperbolicity for relatively extra-large Artin groups 1489

In addition to this, we are able to show under mild hypotheses that Artin groups satisfying (REL0) are
acylindrically hyperbolic. Acylindrical hyperbolicity is a property of interest for many groups, including
Artin groups. Some of the classes for which acylindrical hyperbolicity is known for include

(1) right-angled Artin groups (m.s; t/D 2 for each edge of �) which are not cyclic or a direct product
of nontrivial subgroups [Osin 2016],

(2) spherical-type Artin groups [Calvez and Wiest 2017],

(3) type FC Artin groups whose defining graph has diameter at least 3 [Chatterji and Martin 2019],

(4) extra-extra-large type Artin groups (meaning m.s; t/� 5 for each edge fs; tg of the defining graph)
of rank at least 3 [Haettel 2022],

(5) Artin groups A� such that � is not a join of two subgraphs �1 and �2 [Charney and Morris-Wright
2019],

(6) affine-type Artin groups [Calvez 2022],

(7) 2–dimensional Artin groups of hyperbolic type (meaning the associated Coxeter group is hyperbolic)
[Martin and Przytycki 2022], and

(8) 2–dimensional Artin groups [Vaskou 2022].

We show acylindrical hyperbolicity in our setting as well:

Theorem B Suppose A� and f�igniD1, n� 2 satisfy (REL0). In addition , assume jVert.�/j � 3 and not
all edges between the family f�ig have label 2. Then A� is acylindrically hyperbolic.

We note that the conditions in Theorem A include the original relatively extra-large condition of Juhász
as a special case. Suppose A� is � 0–relatively extra-large (in the sense of [Juhász 2018]). Let � 00 be
the full subgraph on the vertices of � which are not in � 0. Then A� is f� 0; � 00g–relatively extra-large in
our sense. The condition (2) in the definition of �–relatively extra-large is equivalent to requiring that
A� 00 be large type (ie all edge labels are at least 3). Then A� 00 satisfies the K.�; 1/ conjecture as A� 00 is
2–dimensional. Thus according to our result, A� satisfies the K.�; 1/ conjecture if and only if A� 0 does.

Our theorems include many new examples for which the K.�; 1/ conjecture and/or acylindrical hyper-
bolicity was not previously known. As one example, consider two graphs �1 and �2 of type zC3 (see
Figure 1). These defining graphs generate an affine Artin group, and thus satisfy the K.�; 1/ conjecture.

3

42
24

2

Figure 1: A defining graph of type zC3.
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Then let � be the join of �1 and �2 with each of the new edges labeled by 4 (or greater). It is quickly
checked that A� satisfies none of the previously listed conditions. But � and f�1; �2g satisfy (REL0), and
each A�i satisfies the K.�; 1/ conjecture, so A� does. In addition, none of the edges between �1 and �2
are labeled 2, so A� is acylindrically hyperbolic. More generally, if a clique � with at least three vertices
is extra-large relative to a family f�ig, then A� is acylindrically hyperbolic, and, if each �i satisfies the
K.�; 1/ conjecture, then A� does as well.

We also note that our methodology for proving Theorem A differs from Juhász’s original work, allowing
us to drop his condition (2) and treat more general defining graphs. This also allows us to easily prove
acylindrical hyperbolicity. We hope that this method may be adapted for other similar restrictions on A� .
Namely, our strategy for proving Theorem A is as follows. In Section 1, we construct a simplicial complex
as a variation of the usual Deligne complex. We show the complex is CAT.0/, and hence contractible, in
Section 2. Then, in Section 3, we show that this complex is homotopy equivalent to the universal cover
of N.W / by a result of Godelle and Paris [2012]. In Section 4, we prove Theorem B using recent results
of Vaskou [2022].

We would also like to note that the conditions (REL) and (REL0) can be naturally relaxed to allow edges
with label at least 3, which would define a relatively large type condition. This case is also currently of
interest to the author; however, it is somewhat more complicated.

The author would like to extend great thanks to Mike Davis and Jingyin Huang for their helpful comments
and advice given through the writing of this paper.

1 The Deligne-like complex

Before we define our complex, we wish to establish a lemma in Artin groups similar to a well-known
property of cosets of standard parabolic subgroups of Coxeter groups. We include a proof for the reader’s
convenience. We make heavy use of this result in the subsequent sections.

Lemma 1.1 Suppose .A; S/ is an Artin–Tits system , ˛; ˛0 2 A and T; T 0 � S. Then , if ˛AT � ˛0AT 0 ,
we have ˛�1˛0 2 AT 0 and T � T 0.

Proof Let w and w0 be the image of ˛ and ˛0, respectively, under the quotient homomorphism A�!W� .
The inclusion ˛AT � ˛0AT 0 is preserved under the quotient map, giving us the relation wWT � w0WT 0
in W� . So, by [Bourbaki 2002, Chapter IV, Section 8, Theorem 2(iii)], T � T 0 as subsets of W� . Since
the quotient map is bijective on the generators, this gives T � T 0 viewed in A� .

To see that ˛ and ˛0 must be in the same AT 0–coset, note that ˛AT � ˛AT 0 as well as ˛AT � ˛0AT 0 , so
¿¤ ˛AT � ˛AT 0 \˛0AT 0 . Since cosets partition the group and these cosets have nonempty intersection,
they must be the same.
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We also briefly give a restatement of a result of van der Lek.

Lemma 1.2 If .A; S/ is an Artin–Tits system and s 2 S, then s cannot be written as a product of the
elements of S n fsg.

Proof By [van der Lek 1983],

Afsg\ASnfsg Š Afsg\Snfsg D A¿ D 1:

Thus, in particular, s … ASnfsg. Since ASnfsg is the collection of all possible products of the generators
S n fsg, the result follows.

1.1 Definition of the complex

Through the rest of the paper, we let ADA� be an Artin group such that � and f�ig satisfy (REL0), with
Si D Vert.�i / and Ai D A�i .

We now introduce a simplicial complex based on our distinguished subgroups Ai of A analogous to the
Deligne complex. To do this, we mimic the construction of the Deligne complex in [Charney and Davis
1995], but replace the poset of spherical generating sets with the following set:

Definition 1.3 Let S` be the set of all T � S satisfying either

(1) T D¿ (in which case AT D 1, the trivial subgroup of A),

(2) T D Si ,

(3) T D fsi ; sj g for vertices si 2 Si and sj 2 Sj of an edge between �i and �j with i ¤ j , or

(4) T D fsg for a vertex s of an edge between �i and �j with i ¤ j.

With this, we define
AS` D f˛AT W ˛ 2 A; T 2 S`g;

and order these sets by inclusion. We then let X denote the geometric realization of the derived complex
of S` and ŷ denote the geometric realization of the derived complex of AS` (recall that the derived
complex of a poset is the set of chains in the poset ordered by inclusion of chains).

We will denote an n–simplex of ŷ by

Œ˛0AT0 ; ˛1AT1 ; : : : ; ˛nATn �;

where ˛0AT0 < ˛1AT1 < � � � < ˛nATn is a chain in AS`. We use similar notation for simplices of X.
Notice that ŷ inherits a natural left action of A with fundamental domain isomorphic to X via the
simplicial map induced by the set map T 7! AT .
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We note that, if one replaces S` by Sf, the set of T � S such that AT is spherical type, then the definition
of the (modified) Deligne complex of [Charney and Davis 1995] is recovered. To further borrow their
notation, we will let K denote the geometric realization of the derived complex of Sf, let ASf denote
the cosets of AT for T 2 Sf, and let ˆM D ˆM .A�/ denote the geometric realization of the derived
complex of ASf.

The rest of this section and the next is dedicated to showing that ŷ is CAT.0/. First we show that ŷ is
simply connected, then endow it with a metric of nonpositive curvature.

To show that ŷ is simply connected, we will use basic facts about complexes of groups. We will only
need the fact that the action of A� on ŷ has a complex of groups structure briefly, so we will summarize
the basic argument here, and refer the reader to [Haefliger 1992] for more details on complexes of groups.

Lemma 1.4 The complex ŷ is simply connected.

Proof The stabilizer of a vertex Œ˛AT � of ŷ is the subgroup ˛AT ˛�1 of A. Thus, A acts on ŷ without
inversion. The complex X is homeomorphic to the quotient ŷ=A via the simplicial map induced by
T 7! AT . In addition, X is simply connected, as Œ¿� is a cone point in X. This information determines
a complex of groups [Haefliger 1992, Section 2.1], which we denote by A.X/. The edge maps are the
usual inclusion maps AT ,! AT 0 . Note that this complex is developable by definition.

Since X is simply connected, �1.A.X// is the colimit of the groups AT along the inclusion maps
[Haefliger 1992, Section 2.7], implying �1.A.X//D A. It follows that the classifying space of A.X/ is
BA.X/D ŷ �AEA [Haefliger 1992, Proposition 3.2.3], and thus the universal cover isfBA.X/D ŷ �EA;
which is homotopy equivalent to ŷ . This shows that ŷ is simply connected.

1.2 The metric on ŷ

In order to put a metric on ŷ , we first note the following:

Lemma 1.5 The complex ŷ is 2–dimensional.

Proof Suppose we have a 3–simplex Œ˛0AT0 ; ˛1AT1 ; ˛2AT2 ; ˛3AT3 � of ŷ . By Lemma 1.1, we then
have a chain T0 < T1 < T2 < T3. In particular, jT2j � 2. The only sets of S` with cardinality at least 2
are either Si for some i or an edge fsi ; sj g. But, in either case, there is no element of S` containing T2, a
contradiction.

As a consequence of the proof of the lemma, there are only two kinds of top-dimensional simplices of ŷ :
the first is Œ˛01; ˛1Afsg; ˛2Ai � for a vertex s 2 Si of an edge between �i and some �j , and the second is
Œ˛01; ˛1Afsi g; ˛2Afsi ;sj g� for fsi ; sj g an edge between �i and �j .
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We now put a metric on the two kinds of 2–simplices of ŷ . First consider Œ˛01; ˛1Afsg; ˛2Ai �. We give
this simplex the metric of a Euclidean isosceles right triangle with right angle at ˛1Afsg and whose legs
have length 1. Pictorially, we have

˛01

�
4

˛2Ai

�
4

˛1Afsg

�
2

1

1

p
2

The arrows here denote the inclusion of the relevant groups.

Now consider a simplex of the form �D Œ˛01; ˛1Afsi g; ˛2Afsi ;sj g� for e D fsi ; sj g an edge between �i
and �j .

1.2.1 Case 1: a disjoint edge Suppose that e is disjoint from all other edges between any �k and �̀ .
We then put a similar metric on � as in the previous case, namely

˛01

�
4

˛2Afsi ;sj g

�
4

˛1Afsi g

�
2

1

1

p
2

1.2.2 Case 2: a nondisjoint edge Now suppose that e shares a vertex with some other edge between �i
and �j . Then we still put the metric of a Euclidean right triangle on �, but it will no longer be isosceles.
Specifically, the metric we put on � still assigns a right angle to the vertex ˛1Afsi g, but now places an
angle of 3�

8
to ˛01 and an angle of �

8
to ˛2Afsi ;sj g. Moreover, importantly, the 1–simplex Œ˛01; ˛1Afsi g�

is given length 1. The diagram for this case is

˛01

3�
8

˛2Afsi ;sj g

�
8

˛1Afsi g

�
2

1
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In order to show this properly defines a piecewise Euclidean metric on ŷ , we examine the gluings between
adjacent simplices. We begin with a simplex of the form � D Œ˛01; ˛1Afsg; ˛2Ai �. The only type of
simplex� can be adjacent to which is not of the same type is one of the form�0D Œ˛01; ˛1Afsg; ˛

0
2Afs;tg�

with fs; tg an edge between �i and �j and t a vertex of �j . These simplices are glued only along the
edge Œ˛01; ˛1Afsg�, and within both simplices we have assigned this edge a length of 1.

Now consider �D Œ˛01; ˛1Afsi g; ˛2Afsi ;sj g� for fsi ; sj g an edge between �i and �j . The case where �
is adjacent to a simplex of the form Œ˛01; ˛1Afsg; ˛2Ai � was covered above. So consider an adjacent
simplex of the form Œ˛001; ˛1Afsi g; ˛2Afsi ;sj g� or Œ˛01; ˛01Afs0i g; ˛2Afsi ;sj g�. In either case, the metric put
on the simplices is the same as that of � as this metric only depended on the edge fsi ; sj g, so there is no
issue with the gluing.

It remains to check the simplices of the form �0 D Œ˛01; ˛1Afsi g; ˛2Afs0i ;skg
� for an edge fs0i ; s

0
j g and

sk 2 �k for some k ¤ i . By Lemma 1.1, since ˛1Afsi g � ˛2Afs0i ;skg, we have fsig � fs0i ; skg, and since
sk 2 �k we must have s0i D si . Thus, if this is to be a simplex distinct from �, we must have sk ¤ sj , so
fsi ; skg and fsi ; sj g are both edges which are not distinct. Thus, the metrics on � and �0 are the same,
so they may be glued as required.

2 Links

The purpose of this section is to show the following:

Proposition 2.1 The complex ŷ (with the above metric) is CAT.0/ (and hence contractible).

To do this, we compute the link at each relevant vertex of ŷ and show that the link condition is satisfied.
Let us briefly recall the relevant definitions. (For more details, see [Bridson and Haefliger 1999].)

Definition 2.2 (link of a vertex) Let K be a polyhedral complex and v a vertex of K. Then the link of v
in K, denoted by lkK.v/, is the "–sphere of K centered at v. We give the link a cell structure coming from
the intersection of the sphere with the cell structure of K. The link is endowed with a natural spherical
metric inherited from the "–sphere.

In the case of the geometric realization of an abstract simplicial complex (such as ŷ ), we can give an
explicit description of the link of a vertex using the underlying set. Let Œ˛AT � be a vertex of ŷ (so
˛AT 2 AS`). Then the vertex set of lk ŷ .Œ˛AT �/ is

f˛0AT 0 W ˛
0AT 0 � ˛AT g[ f˛

00AT 00 W ˛
00AT 00 � ˛AT g:

But, by Lemma 1.1, this is the same as the set

f˛0AT 0 W ˛
0AT 0 � ˛AT g[ f˛AT 00 W T

00
� T g:
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A collection of vertices ˛0AT0< � � �< j̨ATj <˛AT 00
< � � �<˛AT 0

k
spans a .jCk/–simplex of lk ŷ .Œ˛AT �/

if and only if
Œ˛0AT0 < � � �< j̨ATj < ˛AT < ˛AT 00

< � � �< ˛AT 0
k
�

is a .jCkC1/–simplex of ŷ . In the case of ŷ , we can say slightly more than this. Our complex ŷ is
2–dimensional, so the link of any vertex is 1–dimensional. Moreover, the link of a simplicial complex is
itself a simplicial complex, so the link here is always a simplicial graph.

We can also explicitly describe the spherical metric on each link in ŷ . If Œ˛AT � is a vertex of ŷ and
e D Œ˛0AT0 ; ˛1AT1 � is an edge of lk ŷ .Œ˛AT �/, then the length of e is the angle assigned above to the
vertex corresponding to ˛AT in the simplex of ŷ spanned by the vertices ˛AT , ˛0AT0 and ˛1AT1 .

Definition 2.3 We say that a polyhedral complex K satisfies the link condition if, for each vertex v of K,
the link lkK.v/ is a CAT.1/ space (under the induced spherical metric).

To show ŷ is CAT.0/, we make use of the following criterion, proven in [Bridson and Haefliger 1999]:

Lemma 2.4 If K is a Euclidean polyhedral complex (meaning each cell of K has the metric of a
Euclidean polytope) and K is simply connected , then K is CAT.0/ if and only if it satisfies the link
condition.

Since our complex ŷ is 2–dimensional, to verify our links are CAT.1/, we can use the following equivalent
condition, also proven in [Bridson and Haefliger 1999]:

Lemma 2.5 A 2–dimensional Euclidean simplicial complex K satisfies the link condition if and only if ,
for each vertex v of K, every embedded closed loop in lkK.v/ has length at least 2� .

We now turn to examining the links of our complex in detail. Since each vertex of ŷ is a translate of one
of the cosets AT , it suffices to just compute the link at AT for T 2 S`.

2.1 Case 1: T D Si

Let us first examine the link of Ai for fixed i . The vertex set of this link can be decomposed as

f˛1 W ˛ 2 Aig and f˛Afsg W ˛ 2 Ai ; s 2 Sig:

It is easily seen that there is no edge between any two vertices which are in the same set, meaning the
link is a bipartite graph. By definition, we can only have an edge when ˛1� ˛0Afsg, or, in other words,
when ˛ 2 ˛0Afsg.

To show that the shortest embedded closed loop in Ai has length at least 2� , we claim that any embedded
closed loop in lk ŷ .Ai / must have at least eight edges. Since the link is a bipartite graph, we know the
edge length of any cycle is even and at least 4. So we only need to verify that there are no cycles of edge
length 4 or 6.
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Suppose we have a loop with four edges. Then, by our discussion regarding the possible edges in the link,
this loop must have the form

˛11

˛0Afs0g ˛00Afs00g

˛21

(The arrows correspond to inclusions; the paths we consider are not directed.) This gives us equations of
the form

˛0.s0/k1 D ˛1 D ˛
00.s00/j1 and ˛0.s0/k2 D ˛2 D ˛

00.s00/j2 :

Or, rewriting,
.s00/j1.s0/�k1 D .˛00/�1˛0 D .s00/j2.s0/�k2 ;

implying
.s00/j1�j2 D .s0/k1�k2 :

Since we’re assuming the loop is embedded, s0¤ s00 (otherwise two cosets of the same subgroupAs0DAs00
would intersect nontrivially, and thus be the same), and ˛1¤ ˛2, so k1¤ k2 and j1¤ j2. However, these
are distinct generators, so this cannot happen by Lemma 1.2. Thus, this loop is not embedded.

Now suppose we have a loop with six edges. This loop has the form

ˇ11

˛1Afs1g ˛3Afs3g

ˇ21 ˛2Afs2g ˇ31

Since the loop is embedded, each ˇi is distinct and at most one of the ˇi can be the identity, so assume
ˇ1 ¤ 1 and ˇ2 ¤ 1. Then, since ˇ1 ¤ 1, we must have s1 ¤ s3 (as before, if we did have s1 D s3, then
the cosets ˛1Afs1g and ˛3Afs3g would be cosets of the same subgroup Afs1g D Afs3g which intersect
nontrivially, and thus would be the same coset). Similarly, s1 ¤ s2.

From our diagram, we see that

˛1s
k1
1 D ˇ1 D ˛3s

k3
3 ; ˛2s

j2
2 D ˇ2 D ˛1s

j1
1 ; ˛3s

`3
3 D ˇ3 D ˛2s

`2
2

for some ki ; ji ; `i 2 Z. Then

s
j1�k1
1 D s

�k1
1 s

j1
1 D .˛

�1
1 ˇ1/

�1.˛�11 ˇ2/D ˇ
�1
1 ˇ2;

and, similarly,
s
`2�j2
2 D ˇ�12 ˇ3; s

k3�`3
3 D ˇ�13 ˇ1:
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Note that, since the ˇi are distinct, none of these exponents are zero. But

s
j1�k1
1 D ˇ�11 ˇ2 D ˇ

�1
1 .ˇ3ˇ

�1
3 /ˇ2 D .ˇ

�1
3 ˇ1/

�1.ˇ�12 ˇ3/
�1
D s

`3�k3
3 s

j2�`2
2 :

This means sj1�k11 2 Afs2;s3g, and so Afs1g\Afs2;s3g ¤ 1 since j1� k1 ¤ 0. But then, by [van der Lek
1983], this would mean fs1g\ fs2; s3g ¤¿, a contradiction. Thus, this loop cannot be embedded.

Therefore, each embedded loop in lk ŷ .Ai / has at least eight edges. The spherical metric on the link
assigns each of these edges a length of �

4
, so the shortest possible length of an embedded loop is 2� .

2.2 Case 2: T D fsg

Now we look at the link of Afsg with s 2Vert.�i / a vertex of an edge between �i and �j . In this case the
link is again a bipartite graph: the vertices can be divided into the sets

f˛1 W ˛ 2 Afsgg and fAig[
˚
Afs;skg W fs; skg is an edge between �i and �k with k ¤ i

	
:

So every embedded loop has at least four edges. The spherical metric on the link assigns a length of �
2

to
each of these edges, implying the length of every embedded loop is at least 2� .

2.3 Case 3: T D fsi ; sj g

The link of AT for T D fsi ; sj g with si 2 Si and i ¤ j, is slightly different, as there are two cases to
consider. However, in both cases the minimal number of edges in an embedded loop are the same.

Lemma 2.6 If T D fsi ; sj g is an edge between �i and �j for i ¤ j, then each embedded loop in
lk ŷ .ŒAT �/ has at least 4m.si ; sj / edges.

Proof The link of AT has vertex set which can be split into

f˛1 W ˛ 2 AT g and f˛Ask W ˛ 2 AT ; k D i; j g;

on which the link is a bipartite graph. By applying the natural AT –action on the link, we may consider
only loops which contain the vertex 1. Namely, we may consider only loops of the form

˛1At1 ˇ1 ˛2At2 ˇ2

1
:::

˛nAtn ˇn�1 ˛nAtn�1 ˇn�2

where each ˛k 2AT and each tk 2 T. This loop has 2n edges. Moreover, assuming this loop is embedded,
this gives rise to a (reduced) word in si and sj of syllable length at least n (see [Appel and Schupp 1983,
Section 4] for the definition of syllable length) which is equal to the identity in AT . By [Appel and
Schupp 1983, Lemma 6], this means n� 2m.si ; sj /. Thus, this loop has at least 4m.si ; sj / edges.

Now we can compute the length of these loops in each given link.
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2.3.1 Case 3a: a disjoint edge If fsi ; sj g is disjoint from every other edge between the subgraphs
in f�kg, then the spherical metric on the link of AT implies that the length of each edge here is �

4
. So the

length of any embedded loop is at least .4m.s1; s2//
�
�
4

�
D �m.s1; s2/. Since m.s1; s2/ � 2, this loop

has length at least 2� , as required.

2.3.2 Case 3b: a nondisjoint edge If this edge is not disjoint from every other edge between the
subgraphs in f�kg, the metric we have assigned implies that the length of each edge is �

8
. So the length

of any embedded loop is at least .4m.s1; s2//
�
�
8

�
D

�
2
m.s1; s2/. But in this case we have also assumed

m.s1; s2/� 4, so the length of this loop is still at least 2� .

2.4 Case 4: T D ¿

It remains to check the link of the trivial coset 1. Note again that this link is bipartite, with a partition of
the vertices given by

fAfsg W s a vertex of an edge between the subgraphs in f�kgg
and

fAig[
˚
Afsi ;sj g W fsi ; sj g an edge between �i and �j with j ¤ i

	
:

We first verify that there are no embedded loops with four edges. Suppose we had such an embedded
loop, say

Afsg

AT1 AT2

Afs0g

Since this loop is embedded, s ¤ s0. Thus, by Lemma 1.1, both T1 and T2 contain fs; s0g. If s and s0 are
in the same vertex set Si , then T1 D T2 D Si by our definition of S`. Similarly, if they are in distinct
vertex sets, then both T1 and T2 must exactly be the edge fs; s0g. In either case, we have a contradiction.

It is entirely possible that we have embedded loops of length 6. Suppose

Afs1g

AT1 AT3

Afs2g Afs3g

AT2

is such a loop. If each pair fsi ; sj g is an edge between the family of subgraphs f�ig, then the Ti must be
the edges

T1 D fs1; s2g; T2 D fs2; s3g; T3 D fs3; s1g
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since these are the only sets of S` which satisfy the containments implied by the diagram. But none of
these edges are disjoint, so the metric we’ve put on ŷ assigns the following edge lengths to this path:

Afs1g

AT1 AT3

Afs2g Afs3g

AT2

3�
8

3�
8

3�
8

3�
8

3�
8

3�
8

And thus this loop has length at least 2� . Now suppose two of the vertices si are in the same vertex set
and the other is in a distinct vertex set. Without loss of generality, we can take s1; s2 2 Si and s3 2 Sj
with i ¤ j. Then the only set T1 2 S` containing both s1 and s2 is T1 D Si , and so

T1 D Si ; T2 D fs2; s3g; T3 D fs3; s1g:

The metric on ŷ then assigns the edge lengths

Afs1g

AT1 AT3

Afs2g Afs3g

AT2

�
4

3�
8

�
4

3�
8

3�
8

3�
8

which is still at least 2� total. We note that it is not possible to have s1; s2; s3 2 Si for any i , since then
T1 D T2 D T3 D Si , and this loop would not be embedded.

Finally, if we have a loop with eight edges in this link, then the length of each edge under our metric is at
least �

4
, and thus the length of this loop is at least 2� as well.

This concludes every possibility for T, so it follows that ŷ satisfies the link condition by Lemma 2.5. By
Lemma 1.4, ŷ is simply connected, so, by Lemma 2.4, ŷ is CAT.0/ and thus contractible, as desired.

3 The K.�; 1/ conjecture

In this section only, we assume that each A�i satisfies the K.�; 1/ conjecture. In addition, we assume
that A� is not spherical type. (Since the K.�; 1/ conjecture is known for spherical-type Artin groups,
there is no loss of generality in making this assumption.)
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We will use the following:

Definition 3.1 [Godelle and Paris 2012] Let .A; S/ be an Artin–Tits system and let S be a family of
subsets of S. Then S is complete and K.�; 1/ if the following are satisfied:

(1) If T 2 S and T 0 � T, then T 0 2 S.

(2) .AT ; T / satisfies the K.�; 1/ conjecture for each T 2 S.

(3) If AT is spherical type, then T 2 S.

Then let
ASD f˛AT W ˛ 2 A; T 2 Sg

and let ˆ.A;S/ denote the geometric realization of the derived complex of AS.

The relevant result for us is:

Theorem 3.2 [Godelle and Paris 2012, Theorem 3.1] Let .A; S/ be an Artin–Tits system and let S be a
complete and K.�; 1/ family of subsets of S. Then ˆ.A;S/ has the same homotopy type as the universal
cover of N.W /.

Our family S` is not itself complete and K.�; 1/, so we cannot directly apply this result. Instead we
show that ŷ is homotopic to ˆ WDˆ.A;S/ for a certain complete and K.�; 1/ collection S, which we
define as follows: the sets of S are the subsets of S consisting of the sets in S` and every subset of Si .

Lemma 3.3 S is a complete and K.�; 1/ family of subsets of S.

Proof First we note that (1) and (2) are satisfied immediately by our definition of S (to see (2), note
that a standard parabolic subgroup satisfies the K.�; 1/ conjecture whenever the original group does by
[Godelle and Paris 2012, Corollary 2.4]). It remains to show that S contains all spherical-type generating
sets.

Suppose � 0 is a full subgraph of � such that A� 0 is spherical type, and let T D Vert.� 0/. If T � Si , then
we already have T 2 S. So suppose there are t1; t2 2 T with t1 and t2 in distinct vertex sets, say t1 2 Si
and t2 2 Sj with i ¤ j.

If T D ft1; t2g, then, since we’re assuming A� 0 is spherical type, ft1; t2g is an edge of � , and thus T 2 S.
In other words, whenever jT j D 2 and T š Sk for any k, we must have that T is an edge of � , so T 2 S.

Suppose jT j> 2 and let t3 2 T be distinct from t1 and t2. If any of ft1; t2g, ft2; t3g or ft3; t1g were not an
edge of � , then A� 0 would not be spherical, so each of these are edges. There are three cases to consider:
t3 is in either S1, S2 or neither. By symmetry, we may consider only the cases where t3 2 S1 and t3 is in
neither. In both of these cases, ft1; t2g and ft3; t2g are distinct nondisjoint edges between the family f�ig,
so, by the (REL0) condition, both of their labels must be at least 4. By the classification of finite Coxeter
groups, then, A� 0 is not spherical type. Thus, if T š Si , we cannot have jT j> 2.
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Thus, ˆ is homotopy equivalent to the universal cover of N.W /. It remains to show that:

Theorem 3.4 There is a deformation retract from ˆ to ŷ .

Proof Note that there is a natural embedding of ŷ into ˆ induced by the inclusion of S` in S.

We establish the deformation retract directly by describing the maps on each simplex. Let � be a maximal
simplex of ˆ (ie one which is not a face of any other simplex). There are two types of simplices to
consider. The first is

�D Œ˛01; ˛0Afsg; ˛1Afs;tg�

for an edge fs; tg between the family f�ig. This is already a maximal simplex of ŷ , so we leave it
unchanged. In the other case,

�D Œ˛0AT0 ; ˛1AT1 ; : : : ; ˛n�1ATn�1 ; ˛nASi �

for some Si . Since � is maximal, T0 D ¿ and T1 D fsg for some s 2 Si . There are two subcases to
consider. If s is a vertex of an edge between �i and some �j , then there is a natural deformation retract
from � to the simplex Œ˛0AT0 ; ˛1AT1 ; ˛nASi � of ŷ . Otherwise, there is a natural deformation retract
from � to the simplex Œ˛0AT0 ; ˛nASi � of ŷ . Moreover, these can easily be parametrized so that we
can glue deformation retracts of adjacent maximal simplices to attain a deformation retract on the entire
complex ˆ.

We have therefore proven:

Theorem A Suppose � and f�ig satisfy (REL0). Then A� satisfies the K.�; 1/ conjecture if and only if
each A�i does.

Proof First supposeA� satisfies theK.�; 1/ conjecture. Then, by [Godelle and Paris 2012, Corollary 2.4],
each A�i also does.

Now suppose each A�i satisfies the K.�; 1/ conjecture. Combining Theorem 3.2 and Lemma 3.3, ˆ is
homotopy equivalent to the universal cover of N.W /, and, by Theorem 3.4, ŷ is homotopy equivalent
to ˆ. Thus, by Proposition 2.1, the universal cover of N.W / is contractible.

4 Acylindrical hyperbolicity

We conclude by showing the following:

Theorem B Suppose A� and f�igniD1, n� 2 satisfy (REL0). In addition , assume jVert.�/j � 3 and not
all edges between the family f�ig have label 2. Then A� is acylindrically hyperbolic.

For the full definition of acylindrical hyperbolicity, we refer the reader to [Bowditch 2008].
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First, if there are no edges between the family f�ig, then A� is a free product of the A�i , and thus is
acylindrically hyperbolic by considering the action of A� on its Bass–Serre tree. So we assume there is
an edge between the family f�ig, say eD fsi ; sj g with si 2 Si and sj 2 Sj . By our assumptions on � , we
may take e to have label at least 3. In this case, we make use of the following adaptation of a theorem
from [Martin 2017]:

Theorem 4.1 [Martin 2017, Theorem B] Let X be a CAT.0/ simplicial complex and G a group acting
on X by simplicial isomorphisms. Suppose there is a vertex v of X with stabilizer Gv satisfying:

(1) The orbits of Gv on the link lkX .v/ are unbounded in the associated spherical metric.

(2) Gv is weakly malnormal in G (ie there exists an element g 2G such that Gv \gGvg�1 is finite).

Then G is either virtually cyclic or acylindrically hyperbolic.

Remark 4.2 This is a strictly weaker statement than the one given in [Martin 2017], which allows X to
be a polyhedral complex satisfying the “strong concatenation property”. By [Martin 2017, Example 2.9
and Lemma 2.11], CAT.0/ simplicial complexes always satisfy this property.

We use the action of A� on our Deligne-like complex ŷ , which we have shown is CAT.0/ for any Artin
group satisfying (REL0). We claim that ve WD ŒAfsi ;sj g� is a vertex of ŷ which satisfies the conditions of
Theorem 4.1.

Since we have assumed jVert.�/j � 3, there is at least one vertex s of � distinct from si and sj . If
there is no such s for which either fs; sig or fs; sj g is an edge of � , then A� is a free product and thus
acylindrically hyperbolic by our previous remarks. In the other case, take s such that one of fs; sig
or fs; sj g is an edge of � , and define � D fs; si ; sj g. Then the full subgraph of � on vertices � is
connected and, by the (REL0) condition, A� is a 2–dimensional Artin group. Moreover, we have assumed
m.si ; sj / > 2, so A� is not a right-angled Artin group. Thus, we may use the following:

Theorem 4.3 [Vaskou 2022, Lemma 5.7] Let Aƒ be a 2–dimensional Artin group of rank at least 3, and
suppose thatƒ is connected and Aƒ is not a right-angled Artin group. Then there exists an Artin subgroup
Afa;bg with coefficient 3�m.a; b/ <1 and an element g 2 Aƒ such that Afa;bg\gAfa;bgg�1 D f1g.

Applying this to A�, we have a; b 2 � and g 2 A� such that Afa;bg \ gAfa;bgg�1 D f1g. The proof
of the theorem implies that we may take fa; bg D fsi ; sj g. This shows that ve satisfies (2). To show ve

satisfies (1), we use:

Theorem 4.4 [Vaskou 2022, Lemma 4.5] Consider an Artin group Afa;bg with coefficient 3 �
m.a; b/�1. Then

f`S.g/ W g 2 Afa;bgg

is unbounded (where `S.g/ is the syllable length of g).
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By the same analysis in the case of loops, if fa; bg is an edge between the family f�ig, then reduced
words in a and b correspond to paths in lk ŷ .ŒAfa;bg�/, and vice versa. The edge length of such a path
is at least the syllable length of the given word. So, since m.si ; sj / � 3, the action of Afsi ;sj g on
lk ŷ .ŒAfsi ;sj g�/D lk ŷ .ve/ is unbounded. Therefore, ve also satisfies (1), and thus A� is acylindrically
hyperbolic.
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