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The K(m, 1) conjecture and acylindrical hyperbolicity
for relatively extra-large Artin groups

KATHERINE M GOLDMAN

Let Ar be an Artin group with defining graph I". We introduce the notion of Ar being extra-large relative
to a family of arbitrary parabolic subgroups. This generalizes a related notion of Ar being extra-large
relative to two parabolic subgroups, one of which is always large type. Under this new condition, we show
that Ar satisfies the K (s, 1) conjecture whenever each of the distinguished subgroups do. In addition, we
show that Ar is acylindrically hyperbolic under only mild conditions.

20F36, 20F65

Let I" be a finite simplicial graph whose edges are labeled with (finite) integers, each at least 2. For
vertices s,¢ of I' connected by an edge, let m(s, t) denote the label of the edge between s and 7. Let
S = Vert(I"). Since I is simplicial, we use the convention that an edge of I" is the same as an unordered
pair {s, 1} of vertices of I'. The Artin group defined by I is

Ar = (S | prod(s, t;m(s,t)) = prod(t, s;m(s,t)) for {s, ¢} an edge of '),
where prod(a, b; n) is the alternating word in a and b starting with a of length n (eg aba . ..). We call
the pair (A4, S) an Artin—Tits system.
There is a Coxeter group also naturally associated with this defining graph; namely,
Wr = (S | (st)™ =1 for {s,} an edge of I" and s> = 1 for s € S).

It is well known that there is a natural surjective homomorphism Ar — Wr induced by the identity map
on S. Recall that, if Wr is finite, then we call Wr spherical and call At spherical type. In this case, we
may sometimes refer to I itself as spherical type.

By [van der Lek 1983], if I'” is a full (or “induced”) subgraph of I, then the natural map from the Artin
group Arv to Ar is an injection. (Recall that a subgraph I'” of T is called full if, for any pair of vertices
v, w of IV which span an edge {v, w} in ", we also have that {v, w} is an edge of I".) We call such a
subgroup of Ar a (standard) parabolic subgroup. Sometimes, if T = Vert(I'"), we write A7 for Ap.
It is also well known that the Artin group Ar is the fundamental group of a space N(W) which is the
quotient of a complement of a certain complexified hyperplane arrangement by a natural Wr—action. (See
[Paris 2014] for more details.) The long-standing K (7, 1) conjecture states that N(W) is aspherical (ie
has contractible universal cover). Currently, the K (s, 1) conjecture is known to be true when

(1) Ar is spherical type [Deligne 1972];
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1488 Katherine M Goldman

(2) Ar is affine type (meaning Wr has a finite-index subgroup which acts properly by isometries on a
Euclidean space), proven in general in [Paolini and Salvetti 2021];

(3) if I’ is a full spherical-type subgraph of I', then |Vert(I'’)| = 2 (in which case Ar is called
2—dimensional) [Charney and Davis 1995], or, more generally, if Ar is locally reducible [Charney
20001,

(4) every full complete subgraph of I' is spherical type (in which case Ar is called FC type) [Charney
and Davis 1995]; and

(5) some combination criteria are satisfied, including results by Godelle and Paris [2012] and Ellis and
Skoldberg [2010].

We present a new criterion based on the following familiar condition: an Artin group Ar is extra-large
type if every edge of I" has label at least 4. In this case, Ar is 2-dimensional, and thus satisfies the K (7, 1)
conjecture. Juhasz [2018] introduced the following condition: Let H = Ay~ be a standard parabolic
subgroup of A (with I C T" a full subgraph). Then A is extra-large relative to H (or I''—relatively
extra-large) if

(1) for every edge {s,t} of I" with s € I and ¢ ¢ I"", we have m(s,t) > 4; and

(2) for every edge {t,t'} of I" with 7,¢" ¢ I'’, we have m(¢,t") > 3.
It is then shown that Ar satisfies the word problem or K (s, 1) conjecture whenever H does. It is in this

spirit that we make the following generalization.

Let {I; } be a finite family consisting of disjoint, nonempty full subgraphs of I" with vertex sets S = Vert(I")
and S; = Vert(I}). Suppose also that S = (_J S;. In direct analogy to the relatively extra-large condition,
we consider:

(REL) Every edge of I' between I} and I'; for some i # j has label at least 4.
If this condition is satisfied, we say that Ar is {I; }-relatively extra-large. We establish the following

theorem regarding such Artin groups:

Theorem Suppose Ar is {I} }-relatively extra-large. Then Ar satisfies the K (7, 1) conjecture if and
only if each Ar; does.
In fact, a somewhat stronger fact can be established using our methods. Instead of (REL), consider:

(REL) If e is an edge of I" between I; and I'; for some i # j and e shares a vertex with a distinct edge
between [} and I}, for some i # k, then e has label at least 4.

Specifically, this allows edges which are isolated among those edges between the subgraphs in the
family {I;} to have label 2 or 3. We show:

Theorem A Suppose I" and {I}} satisfy (REL’). Then Ar satisfies the K(, 1) conjecture if and only if
each Ar; does.
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In addition to this, we are able to show under mild hypotheses that Artin groups satisfying (REL’) are
acylindrically hyperbolic. Acylindrical hyperbolicity is a property of interest for many groups, including
Artin groups. Some of the classes for which acylindrical hyperbolicity is known for include

(1) right-angled Artin groups (m(s,t) = 2 for each edge of I") which are not cyclic or a direct product
of nontrivial subgroups [Osin 2016],

(2) spherical-type Artin groups [Calvez and Wiest 2017],

(3) type FC Artin groups whose defining graph has diameter at least 3 [Chatterji and Martin 2019],

(4) extra-extra-large type Artin groups (meaning m(s, t) > 5 for each edge {s, ¢} of the defining graph)
of rank at least 3 [Haettel 2022],

(5) Artin groups Ar such that I' is not a join of two subgraphs I'y and I; [Charney and Morris-Wright
2019],

(6) affine-type Artin groups [Calvez 2022],

(7) 2-dimensional Artin groups of hyperbolic type (meaning the associated Coxeter group is hyperbolic)
[Martin and Przytycki 2022], and

(8) 2—dimensional Artin groups [Vaskou 2022].

We show acylindrical hyperbolicity in our setting as well:

Theorem B Suppose Ar and {I;}?_,, n > 2 satisfy (REL"). In addition, assume |Vert(I")| > 3 and not

all edges between the family {I;} have label 2. Then Ar is acylindrically hyperbolic.

We note that the conditions in Theorem A include the original relatively extra-large condition of Juhész
as a special case. Suppose Ar is I-relatively extra-large (in the sense of [Juhdsz 2018]). Let I'” be
the full subgraph on the vertices of I' which are not in I'". Then Ar is {I'/, ' }-relatively extra-large in
our sense. The condition (2) in the definition of I'-relatively extra-large is equivalent to requiring that
Ar» be large type (ie all edge labels are at least 3). Then Ap~ satisfies the K (7, 1) conjecture as Ar~ is
2—-dimensional. Thus according to our result, Ar satisfies the K (7, 1) conjecture if and only if A/ does.

Our theorems include many new examples for which the K (7, 1) conjecture and/or acylindrical hyper-
bolicity was not previously known. As one example, consider two graphs I'1 and I of type Cs (see
Figure 1). These defining graphs generate an affine Artin group, and thus satisty the K (i, 1) conjecture.

4 2

N\

2

Figure 1: A defining graph of type Cs.
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Then let I be the join of I} and I with each of the new edges labeled by 4 (or greater). It is quickly
checked that Ar satisfies none of the previously listed conditions. But I" and {I'y, I} satisfy (REL’), and
each Ar; satisfies the K (i, 1) conjecture, so Ar does. In addition, none of the edges between I and I
are labeled 2, so Ar is acylindrically hyperbolic. More generally, if a clique I" with at least three vertices
is extra-large relative to a family {I;}, then Ar is acylindrically hyperbolic, and, if each I} satisfies the
K(m, 1) conjecture, then Ar does as well.

We also note that our methodology for proving Theorem A differs from Juhasz’s original work, allowing
us to drop his condition (2) and treat more general defining graphs. This also allows us to easily prove
acylindrical hyperbolicity. We hope that this method may be adapted for other similar restrictions on Ar.
Namely, our strategy for proving Theorem A is as follows. In Section 1, we construct a simplicial complex
as a variation of the usual Deligne complex. We show the complex is CAT(0), and hence contractible, in
Section 2. Then, in Section 3, we show that this complex is homotopy equivalent to the universal cover
of N(W) by a result of Godelle and Paris [2012]. In Section 4, we prove Theorem B using recent results
of Vaskou [2022].

We would also like to note that the conditions (REL) and (REL’) can be naturally relaxed to allow edges
with label at least 3, which would define a relatively large type condition. This case is also currently of
interest to the author; however, it is somewhat more complicated.

The author would like to extend great thanks to Mike Davis and Jingyin Huang for their helpful comments
and advice given through the writing of this paper.

1 The Deligne-like complex

Before we define our complex, we wish to establish a lemma in Artin groups similar to a well-known
property of cosets of standard parabolic subgroups of Coxeter groups. We include a proof for the reader’s
convenience. We make heavy use of this result in the subsequent sections.

Lemma 1.1 Suppose (A, S) is an Artin-Tits system, «,a’ € A and T,T' C S. Then, if a A C o’ A7/,
we havea ‘o’ € Aprand T C T,

Proof Letw and w’ be the image of « and o/, respectively, under the quotient homomorphism A — Wr-.
The inclusion A7 € ' A7 is preserved under the quotient map, giving us the relation wWy C w’ Wy
in Wr. So, by [Bourbaki 2002, Chapter IV, Section 8, Theorem 2(iii)], T < T" as subsets of Wr. Since
the quotient map is bijective on the generators, this gives T C T’ viewed in Ar.

To see that & and o’ must be in the same A7 —coset, note that e A7 € oA as well as A7 C o’ A7/, so
@+ aAr CaAp Na’Ar. Since cosets partition the group and these cosets have nonempty intersection,
they must be the same. |
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We also briefly give a restatement of a result of van der Lek.

Lemma 1.2 If (A, S) is an Artin—Tits system and s € S, then s cannot be written as a product of the
elements of S\ {s}.

Proof By [van der Lek 1983],

Ay N Ag\(sy = Asyns\sy = Az = 1.

Thus, in particular, s ¢ Ag\(5}. Since Ag\ (s is the collection of all possible products of the generators
S\ {s}, the result follows. ad

1.1 Definition of the complex
Through the rest of the paper, we let A = Ar be an Artin group such that I" and {I;} satisfy (REL), with
S; = Vert(I;) and A; = Ar,.

We now introduce a simplicial complex based on our distinguished subgroups A; of A analogous to the
Deligne complex. To do this, we mimic the construction of the Deligne complex in [Charney and Davis
1995], but replace the poset of spherical generating sets with the following set:

Definition 1.3 Let &¢ be the set of all T C S satisfying either
(1) T = @ (in which case A7 = 1, the trivial subgroup of A),
2 T=S5i,
(3) T ={si,s;} for vertices s; € S; and s; € S; of an edge between I; and I'; with i # j, or
(4) T = {s} for a vertex s of an edge between I} and I'; with i # j.

With this, we define
AS ' ={aAr 0 € A, T € 94,

and order these sets by inclusion. We then let X denote the geometric realization of the derived complex
of #* and ® denote the geometric realization of the derived complex of A¥* (recall that the derived
complex of a poset is the set of chains in the poset ordered by inclusion of chains).
We will denote an n—simplex of ) by

[O‘OATO, alATl L] anATn],

where agAr, < a1 A1, <--- < anAr, is a chain in AYY. We use similar notation for simplices of X.
Notice that ® inherits a natural left action of 4 with fundamental domain isomorphic to X via the
simplicial map induced by the set map 7' +— Ar.
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We note that, if one replaces ¢ by &7, the set of T C S such that A7 is spherical type, then the definition
of the (modified) Deligne complex of [Charney and Davis 1995] is recovered. To further borrow their
notation, we will let K denote the geometric realization of the derived complex of 97, let AP denote
the cosets of Ay for T € ¥/, and let @y = Ops(Ar) denote the geometric realization of the derived
complex of AY7.

The rest of this section and the next is dedicated to showing that D is CAT(0). First we show that D is
simply connected, then endow it with a metric of nonpositive curvature.

To show that ® is simply connected, we will use basic facts about complexes of groups. We will only
need the fact that the action of AT on ® has a complex of groups structure briefly, so we will summarize
the basic argument here, and refer the reader to [Haefliger 1992] for more details on complexes of groups.

Lemma 1.4 The complex P is simply connected.

Proof The stabilizer of a vertex [@Ar] of ® is the subgroup aAra ™! of A. Thus, A4 acts on ® without
inversion. The complex X is homeomorphic to the quotient P /A via the simplicial map induced by
T +— Ar. In addition, X is simply connected, as [J] is a cone point in X. This information determines
a complex of groups [Haefliger 1992, Section 2.1], which we denote by A(X). The edge maps are the
usual inclusion maps A7 < A7-. Note that this complex is developable by definition.

Since X is simply connected, m1(A(X)) is the colimit of the groups A7 along the inclusion maps
[Haefliger 1992, Section 2.7], implying 71 (A(X)) = A. It follows that the classifying space of A(X) is
BA(X) = d x 4 E A [Haefliger 1992, Proposition 3.2.3], and thus the universal cover is

BA(X)=®x EA,

which is homotopy equivalent to ®. This shows that ® is simply connected. |

1.2 The metric on ®

In order to put a metric on ®, we first note the following:
Lemma 1.5 The complex ® is 2—dimensional.

Proof Suppose we have a 3—simplex [aoAT,, 01 AT, 02 AT,, 003 AT;] Of . By Lemma 1.1, we then
have a chain Ty < Ty < T» < T3. In particular, |T>| > 2. The only sets of Ft with cardinality at least 2
are either S; for some i or an edge {s;, s, }. But, in either case, there is no element of gt containing 75, a
contradiction. O

As a consequence of the proof of the lemma, there are only two kinds of top-dimensional simplices of P:
the first is [ag 1, a1 A5y, a2 A;] for a vertex s € S; of an edge between I; and some I';, and the second is
[ool, a1 Ags, ) Ole{s,;,s_,-}] for {s;,s;} an edge between I; and I';.
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We now put a metric on the two kinds of 2—simplices of ®. First consider [0, a1 Agsy, a2 Ai]. We give
this simplex the metric of a Euclidean isosceles right triangle with right angle at oy A5, and whose legs
have length 1. Pictorially, we have

Ole,'

(04} 1 1 o1 A {s}
The arrows here denote the inclusion of the relevant groups.

Now consider a simplex of the form A =[x, a1 A(s;}, @2 A(s; 5,3] Tor e = {si, 57} an edge between T;
and I';.

1.2.1 Case 1: a disjoint edge Suppose that e is disjoint from all other edges between any [}, and T7.
We then put a similar metric on A as in the previous case, namely

aZA{Si,Sj}

Ol()l 1 alA{si}

1.2.2 Case 2: a nondisjoint edge Now suppose that e shares a vertex with some other edge between [
and I';. Then we still put the metric of a Euclidean right triangle on A, but it will no longer be isosceles.
Specifically, the metric we put on A still assigns a right angle to the vertex a1 A}, but now places an
angle of %” to g1 and an angle of ¥ to a2 Ay, ,s;3- Moreover, importantly, the 1-simplex [ao1, o1 Ags;3]
is given length 1. The diagram for this case is

2 Ags; s}

|
SIE

Otol 1 OllA{sl-}
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In order to show this properly defines a piecewise Euclidean metric on ®, we examine the gluings between
adjacent simplices. We begin with a simplex of the form A = [agl, o1 Agsy, @2 A4;]. The only type of
simplex A can be adjacent to which is not of the same type is one of the form A" = [ag1, oty Ay, 005 Ags 13
with {s,7} an edge between I; and I'; and ¢ a vertex of I';. These simplices are glued only along the
edge [aol, a1 Aggy], and within both simplices we have assigned this edge a length of 1.

Now consider A = g, 01 Ay}, 02 Ay, 5;3] for {si,s;} an edge between I; and I';. The case where A
is adjacent to a simplex of the form a1, a1 Agy, an A;] was covered above. So consider an adjacent
simplex of the form [og1, a1 Ay, 2 Ay, syl or[aol, “llA{slf}’ a2 Ay, s;3]- In either case, the metric put
on the simplices is the same as that of A as this metric only depended on the edge {s;, s;}, so there is no
issue with the gluing.

It remains to check the simplices of the form A’ = [og1, a1 A3, 2 Ay 53] for an edge {s’, s;-} and
sk € I for some k # i. By Lemma 1.1, since a1 A,y C azA{slf’Sk}, we have {s;} € {s], sx }, and since
sk € Iy we must have 57 = s;. Thus, if this is to be a simplex distinct from A, we must have s; # s;, so
{si, sk} and {s;, s;} are both edges which are not distinct. Thus, the metrics on A and A’ are the same,
so they may be glued as required.

2 Links

The purpose of this section is to show the following:
Proposition 2.1 The complex ) (with the above metric) is CAT(0) (and hence contractible).

To do this, we compute the link at each relevant vertex of ® and show that the link condition is satisfied.
Let us briefly recall the relevant definitions. (For more details, see [Bridson and Haefliger 1999].)

Definition 2.2 (link of a vertex) Let K be a polyhedral complex and v a vertex of K. Then the link of v
in K, denoted by lkx (v), is the e—sphere of K centered at v. We give the link a cell structure coming from
the intersection of the sphere with the cell structure of K. The link is endowed with a natural spherical
metric inherited from the e—sphere.

In the case of the geometric realization of an abstract simplicial complex (such as ®), we can give an
explicit description of the link of a vertex using the underlying set. Let [¢AT] be a vertex of ® (so
aAr € AFY). Then the vertex set of lkg ([wAT]) is

{Ot/AT/ A C aArt U {O(/IATH A D aAr}.
But, by Lemma 1.1, this is the same as the set
{d’Apr ' A CaAryUlaAry : T" DT},
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A collection of vertices g Aty <--- <aj Ar; <aAgy <---<aAg, spansa (j+k)-simplex of lkg ([eAT])
if and only if
[O(()ATO < e < O(jATJ. < OlAT < O‘AT(; <o < OlATIé]

is a (j +k—+1)-simplex of ®. In the case of ®, we can say slightly more than this. Our complex d is
2—-dimensional, so the link of any vertex is 1-dimensional. Moreover, the link of a simplicial complex is
itself a simplicial complex, so the link here is always a simplicial graph.

We can also explicitly describe the spherical metric on each link in ®. If [@AT] is a vertex of ® and
e = [aoATy, 21 AT,] is an edge of kg ([wA7]), then the length of e is the angle assigned above to the
vertex corresponding to ¢ A7 in the simplex of ) spanned by the vertices €A, agAr, and a1 A, .

Definition 2.3 We say that a polyhedral complex K satisfies the link condition if, for each vertex v of K,
the link lkg (v) is a CAT(1) space (under the induced spherical metric).

To show & is CAT(0), we make use of the following criterion, proven in [Bridson and Haefliger 1999]:

Lemma 2.4 If K is a Euclidean polyhedral complex (meaning each cell of K has the metric of a
Euclidean polytope) and K is simply connected, then K is CAT(0) if and only if it satisfies the link
condition.

Since our complex ® is 2—dimensional, to verify our links are CAT (1), we can use the following equivalent
condition, also proven in [Bridson and Haefliger 1999]:

Lemma 2.5 A 2-dimensional Euclidean simplicial complex K satisfies the link condition if and only if,
for each vertex v of K, every embedded closed loop in Ikg (v) has length at least 2.

We now turn to examining the links of our complex in detail. Since each vertex of  is a translate of one
of the cosets Ar, it suffices to just compute the link at A for 7" € gt.

21 Casel: T = 5;

Let us first examine the link of A; for fixed i. The vertex set of this link can be decomposed as
lal:a € A;} and {adgy:a € A;, s €S8}

It is easily seen that there is no edge between any two vertices which are in the same set, meaning the
link is a bipartite graph. By definition, we can only have an edge when a1 € o’ Ay, or, in other words,
when o € o’ Agq.

To show that the shortest embedded closed loop in A; has length at least 277, we claim that any embedded
closed loop in Ikg(A4;) must have at least eight edges. Since the link is a bipartite graph, we know the
edge length of any cycle is even and at least 4. So we only need to verify that there are no cycles of edge
length 4 or 6.
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Suppose we have a loop with four edges. Then, by our discussion regarding the possible edges in the link,

o
O[/A{S/}

\0(

(The arrows correspond to inclusions; the paths we consider are not directed.) This gives us equations of

this loop must have the form

/A{S//}

H\ Q\/:

the form
Ol/(S/)kl o = a//(s//)jl and Ot/(S/)kz =0y = O(”(S//)jz.
Or, rewriting,
(s/l)jl (S/)—k1 — (a//)—lal — (S//)jz (S/)—kz’
implying
(s”)jl—jz — (S/)/ﬂ—kz'

Since we’re assuming the loop is embedded, s’ # s (otherwise two cosets of the same subgroup Ay = Ay~
would intersect nontrivially, and thus be the same), and o7 # o3, s0 k1 # k» and j; # j». However, these
are distinct generators, so this cannot happen by Lemma 1.2. Thus, this loop is not embedded.

Now suppose we have a loop with six edges. This loop has the form

Bl
N

a1 Ay a3 Ay
A N

ﬂzl E— a2A{s2} — /331

Since the loop is embedded, each §; is distinct and at most one of the §8; can be the identity, so assume
B1 # 1 and B, # 1. Then, since B # 1, we must have s; # s3 (as before, if we did have s; = 53, then
the cosets a1 A,y and a3 As,;) would be cosets of the same subgroup A3 = A,y which intersect
nontrivially, and thus would be the same coset). Similarly, 51 # s2.

From our diagram, we see that
061S]f1 =p1= Ot3sl3f3, a2s2 =P = oels1 , a3s§3 =f3= azsgz
for some k;, j;i,¢; € Z. Then
s = sTM s = @B e B) = BT Ba.

and, similarly,

62 —J2 132 1,83, S§3_€3 — ,B?jlﬂb
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Note that, since the §; are distinct, none of these exponents are zero. But
1—k —1 —1 —1 —1p \—1p—1p \—1 l3—k3 ja—t
{1 =BT B = B (B3B3 B2 = (B3 1) TN (5 Ba) T = s s

This means s{l_kl € Agy, 553 and so Aggy N Ags, 553 7 1 since j; —ky # 0. But then, by [van der Lek
1983], this would mean {s1} N {s2, 53} # &, a contradiction. Thus, this loop cannot be embedded.

Therefore, each embedded loop in lkg(4;) has at least eight edges. The spherical metric on the link
assigns each of these edges a length of Z, so the shortest possible length of an embedded loop is 27.

2.2 Case2: T = {s}

Now we look at the link of Ay with s € Vert(I5) a vertex of an edge between I} and I';. In this case the
link is again a bipartite graph: the vertices can be divided into the sets

{al € Ay} and  {A;} U {Ag 5, {5, 5k} is an edge between I} and Ty with k #i}.

So every embedded loop has at least four edges. The spherical metric on the link assigns a length of 7 to
each of these edges, implying the length of every embedded loop is at least 2.

23 Case3: T ={s;,s;}

The link of A7 for T = {s;,s;} with s; € S; and i # j, is slightly different, as there are two cases to
consider. However, in both cases the minimal number of edges in an embedded loop are the same.

Lemma 2.6 If T = {s;,s;} is an edge between I and I'; fori # j, then each embedded loop in
lkg ([AT]) has at least 4m(s;, s;) edges.

Proof The link of A7 has vertex set which can be split into
{al:a€ At} and {ads o€ Ar. k=i,j},

on which the link is a bipartite graph. By applying the natural Ar—action on the link, we may consider
only loops which contain the vertex 1. Namely, we may consider only loops of the form

1A 4 B1 > Ay, —— B2
T i
1 :
A T

anAtn — ﬂn—l — anAtnq — ﬂn—Z

where each o, € A7 and each ¢t € T. This loop has 2n edges. Moreover, assuming this loop is embedded,
this gives rise to a (reduced) word in s; and s; of syllable length at least n (see [Appel and Schupp 1983,
Section 4] for the definition of syllable length) which is equal to the identity in A7. By [Appel and
Schupp 1983, Lemma 6], this means n > 2m(s;, s;). Thus, this loop has at least 4m(s;, s;) edges. O

Now we can compute the length of these loops in each given link.
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2.3.1 Case 3a: a disjoint edge If {s;,s;} is disjoint from every other edge between the subgraphs
in {I} }, then the spherical metric on the link of A7 implies that the length of each edge here is 7. So the
length of any embedded loop is at least (4m (sl,sz))(%) = wm(s1, s2). Since m(sy, s2) > 2, this loop
has length at least 27, as required.

2.3.2 Case 3b: a nondisjoint edge If this edge is not disjoint from every other edge between the
subgraphs in {I} }, the metric we have assigned implies that the length of each edge is %. So the length
of any embedded loop is at least (4m(sq, sz))(%) = Zm(s1,s2). But in this case we have also assumed

m(s1, s2) > 4, so the length of this loop is still at least 2.

24 Cased: T =2

It remains to check the link of the trivial coset 1. Note again that this link is bipartite, with a partition of
the vertices given by

{A¢sy o s a vertex of an edge between the subgraphs in {I} }}
and
{A;}U {A{si,s_,-} :{si,s;} an edge between I; and I'; with j # i}.
We first verify that there are no embedded loops with four edges. Suppose we had such an embedded

loop, say
Asy

W AW
AT, AT,
N A
Agsry

Since this loop is embedded, s # s”. Thus, by Lemma 1.1, both 77 and T, contain {s, s’}. If s and s’ are
in the same vertex set S;, then 77 = 7> = §; by our definition of gt. Similarly, if they are in distinct
vertex sets, then both 7 and 7> must exactly be the edge {s, s’}. In either case, we have a contradiction.

It is entirely possible that we have embedded loops of length 6. Suppose

is such a loop. If each pair {s;, s;} is an edge between the family of subgraphs {I}}, then the 7; must be
the edges
Ty ={s1.52}, Ta={s2,83}, T3={s3.51}
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since these are the only sets of ¢ which satisfy the containments implied by the diagram. But none of
these edges are disjoint, so the metric we’ve put on d assigns the following edge lengths to this path:

And thus this loop has length at least 27r. Now suppose two of the vertices s; are in the same vertex set
and the other is in a distinct vertex set. Without loss of generality, we can take 51,52 € S; and 53 € §;
with i £ j. Then the only set 77 € s containing both s; and s5 is 77 = S;, and so

Th=Si, Tr={s2,83}, T3=1{s3,51}.

The metric on ® then assigns the edge lengths

which is still at least 27 total. We note that it is not possible to have 51, 52, 53 € S; for any i, since then
T, =T, = T3 = §;, and this loop would not be embedded.

Finally, if we have a loop with eight edges in this link, then the length of each edge under our metric is at

least 7, and thus the length of this loop is at least 27 as well.

This concludes every possibility for 7, so it follows that @ satisfies the link condition by Lemma 2.5. By
Lemma 1.4, ® is simply connected, so, by Lemma 2.4, D is CAT(0) and thus contractible, as desired.

3 The K(x,1) conjecture

In this section only, we assume that each Ar; satisfies the K(mr, 1) conjecture. In addition, we assume
that Ar is not spherical type. (Since the K (7, 1) conjecture is known for spherical-type Artin groups,
there is no loss of generality in making this assumption.)
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We will use the following:

Definition 3.1 [Godelle and Paris 2012] Let (A4, S) be an Artin—Tits system and let & be a family of
subsets of S. Then ¥ is complete and K (m, 1) if the following are satisfied:

(1) ¥TeSandT'CT,thenT' €.
(2) (Ar,T) satisfies the K (7, 1) conjecture for each T € &.
(3) If At is spherical type, then T € &.

Then let
AY ={aAr:0 € A, T €S}

and let ®(A4, &) denote the geometric realization of the derived complex of AY.
The relevant result for us is:

Theorem 3.2 [Godelle and Paris 2012, Theorem 3.1] Let (A, S) be an Artin-Tits system and let & be a
complete and K (7, 1) family of subsets of S. Then ®(A, ¥) has the same homotopy type as the universal
cover of N(W).

Our family ¢ is not itself complete and K(7, 1), so we cannot directly apply this result. Instead we
show that ® is homotopic to ® := ®(A, F) for a certain complete and K (i, 1) collection &, which we
define as follows: the sets of & are the subsets of S consisting of the sets in ¥t and every subset of ;.

Lemma 3.3 & is a complete and K (i, 1) family of subsets of S.

Proof First we note that (1) and (2) are satisfied immediately by our definition of & (to see (2), note
that a standard parabolic subgroup satisfies the K(7r, 1) conjecture whenever the original group does by
[Godelle and Paris 2012, Corollary 2.4]). It remains to show that & contains all spherical-type generating
sets.

Suppose I'’ is a full subgraph of T" such that Ar is spherical type, and let T = Vert(I'’). If T C S;, then
we already have T € % So suppose there are 71,1, € T with #; and 7, in distinct vertex sets, say 71 € .S;
and 1> € §; with i # j.

If T = {t1,1}, then, since we’re assuming Ay is spherical type, {t1,?,} is an edge of I, and thus T € g
In other words, whenever |T| =2 and T ¢ S for any k, we must have that T is an edge of ', so T € &

Suppose |T'| > 2 and let 3 € T be distinct from ¢ and #,. If any of {t1, 22}, {¢2, 3} or {t3, 1} were not an
edge of I', then Ars would not be spherical, so each of these are edges. There are three cases to consider:
t3 is in either S7, S or neither. By symmetry, we may consider only the cases where f3 € S7 and #3 is in
neither. In both of these cases, {t1, >} and {t3, t} are distinct nondisjoint edges between the family {I;},
so, by the (REL') condition, both of their labels must be at least 4. By the classification of finite Coxeter
groups, then, Ay is not spherical type. Thus, if T ¢ S;, we cannot have |T| > 2. |
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Thus, ® is homotopy equivalent to the universal cover of N(W). It remains to show that:
Theorem 3.4 There is a deformation retract from ® to .

Proof Note that there is a natural embedding of ® into ® induced by the inclusion of $tind

We establish the deformation retract directly by describing the maps on each simplex. Let A be a maximal
simplex of ® (ie one which is not a face of any other simplex). There are two types of simplices to
consider. The first is

A =laol, oAy, a1 Ags ]

for an edge {s,7} between the family {I;}. This is already a maximal simplex of ®, so we leave it
unchanged. In the other case,

A =[aoA1,, 1AT,, ..., 0n1AT,_,,0nAs;]

for some S;. Since A is maximal, Tp = @ and T; = {s} for some s € S;. There are two subcases to
consider. If s is a vertex of an edge between I; and some I';, then there is a natural deformation retract
from A to the simplex [« AT,, 01 AT, anAs;] of d. Otherwise, there is a natural deformation retract
from A to the simplex [agA7,, @nAs;] of ®. Moreover, these can easily be parametrized so that we
can glue deformation retracts of adjacent maximal simplices to attain a deformation retract on the entire
complex . O

We have therefore proven:

Theorem A Suppose I' and {I;} satisfy (REL'). Then Ar satisfies the K (7, 1) conjecture if and only if
each Ar; does.

Proof First suppose Ar satisfies the K (7, 1) conjecture. Then, by [Godelle and Paris 2012, Corollary 2.4],
each Ar; also does.

Now suppose each Ar; satisfies the K(r, 1) conjecture. Combining Theorem 3.2 and Lemma 3.3, ® is
homotopy equivalent to the universal cover of N(W), and, by Theorem 3.4, d is homotopy equivalent
to ®. Thus, by Proposition 2.1, the universal cover of N(W) is contractible. |

4 Acylindrical hyperbolicity

We conclude by showing the following:

Theorem B Suppose Ar and {I;}!_,, n > 2 satisfy (REL"). In addition, assume |Vert(I")| > 3 and not
all edges between the family {I;} have label 2. Then Ar is acylindrically hyperbolic.

For the full definition of acylindrical hyperbolicity, we refer the reader to [Bowditch 2008].
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First, if there are no edges between the family {I;}, then Ar is a free product of the Ar;, and thus is
acylindrically hyperbolic by considering the action of Ar on its Bass—Serre tree. So we assume there is
an edge between the family {I;}, say e = {s;, s;} with s; € S; and s; € S;. By our assumptions on I", we
may take e to have label at least 3. In this case, we make use of the following adaptation of a theorem
from [Martin 2017]:

Theorem 4.1 [Martin 2017, Theorem B] Let X be a CAT(0) simplicial complex and G a group acting
on X by simplicial isomorphisms. Suppose there is a vertex v of X with stabilizer G, satisfying:

(1) The orbits of G, on the link Iky (v) are unbounded in the associated spherical metric.

1

(2) Gy is weakly malnormal in G (ie there exists an element g € G such that G, N gG, g™ " is finite).

Then G is either virtually cyclic or acylindrically hyperbolic.

Remark 4.2 This is a strictly weaker statement than the one given in [Martin 2017], which allows X to
be a polyhedral complex satisfying the “strong concatenation property”. By [Martin 2017, Example 2.9
and Lemma 2.11], CAT(0) simplicial complexes always satisfy this property.

We use the action of Ar on our Deligne-like complex ®, which we have shown is CAT(0) for any Artin
group satisfying (REL’). We claim that v, := [Ay;, s;3] is a vertex of ® which satisfies the conditions of
Theorem 4.1.

Since we have assumed |Vert(I")| > 3, there is at least one vertex s of I' distinct from s; and s;. If
there is no such s for which either {s, s;} or {s, s;} is an edge of I', then Ar is a free product and thus
acylindrically hyperbolic by our previous remarks. In the other case, take s such that one of {s,s;}
or {s,s;} is an edge of I', and define A = {s,s;,s;}. Then the full subgraph of I" on vertices A is
connected and, by the (REL') condition, A is a 2-dimensional Artin group. Moreover, we have assumed
m(s;,s;) > 2,50 A is not a right-angled Artin group. Thus, we may use the following:

Theorem 4.3 [Vaskou 2022, Lemma 5.7] Let Ax be a 2—dimensional Artin group of rank at least 3, and
suppose that A is connected and A 5 is not a right-angled Artin group. Then there exists an Artin subgroup
Ayq,py with coefficient 3 < m(a,b) < oo and an element g € A such that Ay, py N gA{a,b}g_l ={1}.

Applying this to Ax, we have a,b € A and g € A such that A, 5y N gA{a,b}g_l = {1}. The proof
of the theorem implies that we may take {a, b} = {s;, s;}. This shows that v, satisfies (2). To show v,
satisfies (1), we use:

Theorem 4.4 [Vaskou 2022, Lemma 4.5] Consider an Artin group Ay, py with coefficient 3 <
m(a,b) < oco. Then
{y(g) : & € Agapy}

is unbounded (where {4 (g) is the syllable length of g).
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By the same analysis in the case of loops, if {a, b} is an edge between the family {I;}, then reduced
words in a and b correspond to paths in lkg ([A(4 »}]), and vice versa. The edge length of such a path
is at least the syllable length of the given word. So, since m(s;,s;j) > 3, the action of Ay, 5,3 on
lkg ([A¢s;,5,3)) = kg (ve) is unbounded. Therefore, v, also satisfies (1), and thus Ar is acylindrically
hyperbolic.

References

[Appel and Schupp 1983] K1 Appel, PE Schupp, Artin groups and infinite Coxeter groups, Invent. Math. 72
(1983) 201220 MR Zbl

[Bourbaki 2002] N Bourbaki, Lie groups and Lie algebras, Chapters 4-6, Springer (2002) MR Zbl

[Bowditch 2008] B H Bowditch, Tight geodesics in the curve complex, Invent. Math. 171 (2008) 281-300 MR
Zbl

[Bridson and Haefliger 1999] M R Bridson, A Haefliger, Metric spaces of non-positive curvature, Grundl. Math.
Wissen. 319, Springer (1999) MR Zbl

[Calvez 2022] M Calvez, Euclidean Artin—Tits groups are acylindrically hyperbolic, Groups Geom. Dyn. 16
(2022) 963-983 MR Zbl

[Calvez and Wiest 2017] M Calvez, B Wiest, Acylindrical hyperbolicity and Artin-Tits groups of spherical type,
Geom. Dedicata 191 (2017) 199-215 MR Zbl

[Charney 2000] R Charney, The Tits conjecture for locally reducible Artin groups, Int. J. Algebra Comput. 10
(2000) 783-797 MR Zbl

[Charney and Davis 1995] R Charney, M W Davis, The K (r, 1)-problem for hyperplane complements associated
to infinite reflection groups, J. Amer. Math. Soc. 8 (1995) 597-627 MR Zbl

[Charney and Morris-Wright 2019] R Charney, R Morris-Wright, Artin groups of infinite type: trivial centers
and acylindrical hyperbolicity, Proc. Amer. Math. Soc. 147 (2019) 3675-3689 MR Zbl

[Chatterji and Martin 2019] I Chatterji, A Martin, A note on the acylindrical hyperbolicity of groups acting on
CAT(0) cube complexes, from “Beyond hyperbolicity” (M Hagen, R Webb, H Wilton, editors), Lond. Math. Soc.
Lect. Note Ser. 454, Cambridge Univ. Press (2019) 160-178 MR Zbl

[Deligne 1972] P Deligne, Les immeubles des groupes de tresses généralisés, Invent. Math. 17 (1972) 273-302
MR Zbl

[Ellis and Skoldberg 2010] G Ellis, E Skéldberg, The K (7, 1) conjecture for a class of Artin groups, Comment.
Math. Helv. 85 (2010) 409415 MR Zbl

[Godelle and Paris 2012] E Godelle, L Paris, K (7, 1) and word problems for infinite type Artin-Tits groups, and
applications to virtual braid groups, Math. Z. 272 (2012) 1339-1364 MR Zbl

[Haefliger 1992] A Haefliger, Extension of complexes of groups, Ann. Inst. Fourier (Grenoble) 42 (1992) 275-311
MR Zbl

[Haettel 2022] T Haettel, XXL type Artin groups are CAT(0) and acylindrically hyperbolic, Ann. Inst. Fourier
(Grenoble) 72 (2022) 2541-2555 MR Zbl

[Juhdsz 2018] A Juhasz, Relatively extra-large Artin groups, Groups Geom. Dyn. 12 (2018) 1343-1370 MR Zbl

Algebraic & Geometric Topology, Volume 24 (2024)


http://dx.doi.org/10.1007/BF01389320
http://msp.org/idx/mr/700768
http://msp.org/idx/zbl/0536.20019
http://msp.org/idx/mr/1890629
http://msp.org/idx/zbl/0983.17001
http://dx.doi.org/10.1007/s00222-007-0081-y
http://msp.org/idx/mr/2367021
http://msp.org/idx/zbl/1185.57011
http://dx.doi.org/10.1007/978-3-662-12494-9
http://msp.org/idx/mr/1744486
http://msp.org/idx/zbl/0988.53001
http://dx.doi.org/10.4171/ggd/683
http://msp.org/idx/mr/4506543
http://msp.org/idx/zbl/1517.20057
http://dx.doi.org/10.1007/s10711-017-0252-y
http://msp.org/idx/mr/3719080
http://msp.org/idx/zbl/1423.20028
http://dx.doi.org/10.1142/S0218196700000479
http://msp.org/idx/mr/1809385
http://msp.org/idx/zbl/1012.20035
http://dx.doi.org/10.2307/2152924
http://dx.doi.org/10.2307/2152924
http://msp.org/idx/mr/1303028
http://msp.org/idx/zbl/0833.51006
http://dx.doi.org/10.1090/proc/14503
http://dx.doi.org/10.1090/proc/14503
http://msp.org/idx/mr/3993762
http://msp.org/idx/zbl/1483.20068
http://dx.doi.org/10.1017/9781108559065.011
http://dx.doi.org/10.1017/9781108559065.011
http://msp.org/idx/mr/3966610
http://msp.org/idx/zbl/1514.20168
http://dx.doi.org/10.1007/BF01406236
http://msp.org/idx/mr/422673
http://msp.org/idx/zbl/0238.20034
http://dx.doi.org/10.4171/CMH/200
http://msp.org/idx/mr/2595184
http://msp.org/idx/zbl/1192.55011
http://dx.doi.org/10.1007/s00209-012-0989-9
http://dx.doi.org/10.1007/s00209-012-0989-9
http://msp.org/idx/mr/2995171
http://msp.org/idx/zbl/1300.20045
http://dx.doi.org/10.5802/aif.1292
http://msp.org/idx/mr/1162563
http://msp.org/idx/zbl/0762.20018
http://dx.doi.org/10.5802/aif.3524
http://msp.org/idx/mr/4500363
http://msp.org/idx/zbl/1511.20128
http://dx.doi.org/10.4171/GGD/471
http://msp.org/idx/mr/3874644
http://msp.org/idx/zbl/1456.20035

1504 Katherine M Goldman

[vander Lek 1983] H van der Lek, The homotopy type of complex hyperplane complements, PhD thesis, Katholieke
Universiteit Nijmegen (1983) Available at https://hdl.handle.net/2066/148301

[Martin 2017] A Martin, On the acylindrical hyperbolicity of the tame automorphism group of SL,(C), Bull.
Lond. Math. Soc. 49 (2017) 881-894 MR Zbl

[Martin and Przytycki 2022] A Martin, P Przytycki, Acylindrical actions for two-dimensional Artin groups of
hyperbolic type, Int. Math. Res. Not. 2022 (2022) 13099-13127 MR Zbl

[Osin 2016] D Osin, Acylindrically hyperbolic groups, Trans. Amer. Math. Soc. 368 (2016) 851-888 MR Zbl

[Paolini and Salvetti 2021] G Paolini, M Salvetti, Proof of the K(7, 1) conjecture for affine Artin groups, Invent.
Math. 224 (2021) 487-572 MR Zbl

[Paris 2014] L Paris, K (7, 1) conjecture for Artin groups, Ann. Fac. Sci. Toulouse Math. 23 (2014) 361-415 MR
Zbl

[Vaskou 2022] N Vaskou, Acylindrical hyperbolicity for Artin groups of dimension 2, Geom. Dedicata 216 (2022)
art.id. 7 MR Zbl

Department of Mathematics, Ohio State University
Columbus, OH, United States

goldman.2240osu.edu

https://www.asc.ohio-state.edu/goldman. 224/

Received: 20 November 2021 Revised: 25 February 2022

Geometry € Topology Publications, an imprint of mathematical sciences publishers :.msp


https://hdl.handle.net/2066/148301
http://dx.doi.org/10.1112/blms.12071
http://msp.org/idx/mr/3742454
http://msp.org/idx/zbl/1439.20046
http://dx.doi.org/10.1093/imrn/rnab068
http://dx.doi.org/10.1093/imrn/rnab068
http://msp.org/idx/mr/4475273
http://msp.org/idx/zbl/07582349
http://dx.doi.org/10.1090/tran/6343
http://msp.org/idx/mr/3430352
http://msp.org/idx/zbl/1380.20048
http://dx.doi.org/10.1007/s00222-020-01016-y
http://msp.org/idx/mr/4243019
http://msp.org/idx/zbl/07355938
http://dx.doi.org/10.5802/afst.1411
http://msp.org/idx/mr/3205598
http://msp.org/idx/zbl/1306.20040
http://dx.doi.org/10.1007/s10711-021-00664-5
http://msp.org/idx/mr/4366944
http://msp.org/idx/zbl/1515.20175
mailto:goldman.224@osu.edu
https://www.asc.ohio-state.edu/goldman.224/
http://msp.org
http://msp.org

ALGEBRAIC & GEOMETRIC TOPOLOGY
msp.org/agt

EDITORS

PRINCIPAL ACADEMIC EDITORS
Kathryn Hess
kathryn.hess@epfl.ch
Ecole Polytechnique Fédérale de Lausanne

John Etnyre
etnyre @math.gatech.edu
Georgia Institute of Technology

BOARD OF EDITORS

Julie Bergner

Steven Boyer

Tara E Brendle

Indira Chatterji
Alexander Dranishnikov
Tobias Ekholm

Mario Eudave-Muiioz
David Futer

John Greenlees

Ian Hambleton
Matthew Hedden
Hans-Werner Henn
Daniel Isaksen
Thomas Koberda

Christine Lescop

University of Virginia
jeb2md@eservices.virginia.edu
Université du Québec a Montréal
cohf@math.rochester.edu
University of Glasgow
tara.brendle @ glasgow.ac.uk
CNRS & Univ. Céte d’ Azur (Nice)
indira.chatterji @math.cnrs.fr
University of Florida
dranish@math.ufl.edu

Uppsala University, Sweden
tobias.ekholm @math.uu.se

Univ. Nacional Auténoma de México
mario @matem.unam.mx

Temple University
dfuter@temple.edu

University of Warwick
john.greenlees @warwick.ac.uk
McMaster University
ian@math.mcmaster.ca
Michigan State University
mhedden @math.msu.edu
Université Louis Pasteur
henn@math.u-strasbg.fr

Wayne State University

isaksen @math.wayne.edu
University of Virginia
thomas.koberda@virginia.edu
Université Joseph Fourier

lescop @ujf-grenoble.fr

Robert Lipshitz
Norihiko Minami
Andrés Navas
Thomas Nikolaus
Robert Oliver
Jessica S Purcell
Birgit Richter
Jérome Scherer
Vesna Stojanoska
Zoltan Szabd
Maggy Tomova
Nathalie Wahl
Chris Wendl

Daniel T Wise

University of Oregon
lipshitz@uoregon.edu

Yamato University
minami.norihiko@yamato-u.ac.jp
Universidad de Santiago de Chile
andres.navas @usach.cl
University of Miinster

nikolaus @uni-muenster.de
Université Paris 13

bobol @math.univ-paris13.fr
Monash University
jessica.purcell@monash.edu
Universitit Hamburg
birgit.richter @uni-hamburg.de
Ecole Polytech. Féd. de Lausanne
jerome.scherer @epfl.ch

Univ. of Illinois at Urbana-Champaign
vesna@illinois.edu

Princeton University
szabo@math.princeton.edu
University of ITowa
maggy-tomova@uiowa.edu
University of Copenhagen

wahl @math.ku.dk
Humboldt-Universitit zu Berlin
wendl@math.hu-berlin.de
McGill University, Canada
daniel.wise@mcgill.ca

See inside back cover or msp.org/agt for submission instructions.

The subscription price for 2024 is US $705/year for the electronic version, and $1040/year (4-$70, if shipping outside the US) for print and
electronic. Subscriptions, requests for back issues and changes of subscriber address should be sent to MSP. Algebraic & Geometric Topology is
indexed by Mathematical Reviews, Zentralblatt MATH, Current Mathematical Publications and the Science Citation Index.

Algebraic & Geometric Topology (ISSN 1472-2747 printed, 1472-2739 electronic) is published 9 times per year and continuously online, by
Mathematical Sciences Publishers, c/o Department of Mathematics, University of California, 798 Evans Hall #3840, Berkeley, CA 94720-3840.
Periodical rate postage paid at Oakland, CA 94615-9651, and additional mailing offices. POSTMASTER: send address changes to Mathematical
Sciences Publishers, c/o Department of Mathematics, University of California, 798 Evans Hall #3840, Berkeley, CA 94720-3840.

AGT peer review and production are managed by EditFlow® from MSP.
PUBLISHED BY

:l mathematical sciences publishers
nonprofit scientific publishing
https://msp.org/
© 2024 Mathematical Sciences Publishers


http://dx.doi.org/10.2140/agt
mailto:etnyre@math.gatech.edu
mailto:kathryn.hess@epfl.ch
mailto:jeb2md@eservices.virginia.edu
mailto:cohf@math.rochester.edu
mailto:tara.brendle@glasgow.ac.uk
mailto:indira.chatterji@math.cnrs.fr
mailto:dranish@math.ufl.edu
mailto:tobias.ekholm@math.uu.se
mailto:mario@matem.unam.mx
mailto:dfuter@temple.edu
mailto:john.greenlees@warwick.ac.uk
mailto:ian@math.mcmaster.ca
mailto:mhedden@math.msu.edu
mailto:henn@math.u-strasbg.fr
mailto:isaksen@math.wayne.edu
mailto:thomas.koberda@virginia.edu
mailto:lescop@ujf-grenoble.fr
mailto:lipshitz@uoregon.edu
mailto:minami.norihiko@yamato-u.ac.jp
mailto:andres.navas@usach.cl
mailto:nikolaus@uni-muenster.de
mailto:bobol@math.univ-paris13.fr
mailto:jessica.purcell@monash.edu
mailto:birgit.richter@uni-hamburg.de
mailto:jerome.scherer@epfl.ch
mailto:vesna@illinois.edu
mailto:szabo@math.princeton.edu
mailto:maggy-tomova@uiowa.edu
mailto:wahl@math.ku.dk
mailto:wendl@math.hu-berlin.de
mailto:daniel.wise@mcgill.ca
http://dx.doi.org/10.2140/agt
http://www.ams.org/mathscinet
http://www.emis.de/ZMATH/
http://www.ams.org/bookstore-getitem/item=cmp
http://www.isinet.com/products/citation/wos/
https://msp.org/
https://msp.org/

ALGEBRAIC & G

Volume 24 Issue 3 (pag

Models of G—spectra as presheaves of spectra
BERTRAND J GUILLOU and J PETER MAY
Milnor invariants of braids and welded braids up to homotopy
JACQUES DARNE
Morse-Bott cohomology from homological perturbation theory
ZHENGYI ZHOU
The localization spectral sequence in the motivic setting
CLEMENT DUPONT and DANIEL JUTEAU
Complex hypersurfaces in direct products of Riemann surfaces
CLAUDIO LLOSA ISENRICH
The K (7, 1) conjecture and acylindrical hyperbolicity for relatively extra-la
KATHERINE M GOLDMAN
The localization of orthogonal calculus with respect to homology
NIALL TAGGART
Bounded subgroups of relatively finitely presented groups
EDUARD SCHESLER
A topological construction of families of Galois covers of the line
ALESSANDRO GHIGI and CAROLINA TAMBORINI
Braided Thompson groups with and without quasimorphisms
FRANCESCO FOURNIER-FACIO, YASH LODHA and MATTHEW C B Z
Oriented and unitary equivariant bordism of surfaces
ANDRES ANGEL, ERIC SAMPERTON, CARLOS SEGOVIA and BERNA
A spectral sequence for spaces of maps between operads
FLORIAN GOPPL and MICHAEL WEISS
Classical homological stability from the point of view of cells
OSCAR RANDAL-WILLIAMS
Manifolds with small topological complexity
PETAR PAVESIC
Steenrod problem and some graded Stanley—Reisner rings
MASAHIRO TAKEDA
Dehn twists and the Nielsen realization problem for spin 4—manifolds
HokuTO KONNO
Sequential parametrized topological complexity and related invariants
MICHAEL FARBER and JOHN OPREA
The multiplicative structures on motivic homotopy groups
DANIEL DUGGER, BI@RN IAN DUNDAS, DANIEL C ISAKSEN and PA
Coxeter systems with 2—dimensional Davis complexes, growth rates and Pe

NAOMI BREDON and TOMOSHIGE Y UKITA




	1. The Deligne-like complex
	1.1. Definition of the complex
	1.2. The metric on Phi hat
	1.2.1. Case 1: a disjoint edge
	1.2.2. Case 2: a nondisjoint edge


	2. Links
	2.1. Case 1: T = S_i
	2.2. Case 2: T = {s}
	2.3. Case 3: T = {s_i,s_j}
	2.3.1. Case 3a: a disjoint edge
	2.3.2. Case 3b: a nondisjoint edge

	2.4. Case 4: T = empty set

	3. The K(pi,1) conjecture
	4. Acylindrical hyperbolicity
	References
	
	

